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Chapter O

Introduction

0.1 The number field picture

The idea of mixed motives and motivic cohomology has been gradually formu-
lated by Deligne, Beilinson and Lichtenbaum and aims to extend Grothendieck’s
philosophy of pure motives. Before discussing the function fields side, subject
of this thesis, let us first present the classical setting.

The theory, mostly conjectural, starts with a number field F'. The hypo-
thetical landscape portrays a Q-linear Tannakian category MM of mized
motives over F'| equipped with several realization functors having MM as
source (see [Del, §1]). Among themE], the Betti realization functor A,, at an
infinite place v of F'| takes values in the category of Q-vector spaces and the
(-adic realization functor Vy, for a prime number ¢, takes values in the category
of continuous /-adic representation of the absolute Galois group G of F.

It is expected that reasonable cohomology theories factor through the cat-
egory MM p: for all integer 7, one foresees the existence of a functor h?, from
the category of algebraic varieties over F' to MM, making the following
diagram of categories commute:

{Varieties/F'}

XHHét(XXFF57Qg) XHHZ((XXF,vC)(C)vQ)

~

Repg,(Gr) -+ MH: "... Repgy(Gal(CJR))

The dots hide other cohomology theories not discussed in this text (De Rham,
crystaline, etc).

IThere are other realization functors which we do not discuss in this text.
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A mized Hodge structure (abridged MHS) is a triple (H,W,, F'*) where
H is a finite dimensional R-vector space, W, is an increasing filtration of H
(the weight filtration) and F* is a decreasing filtration of H ®g C (the Hodge
filtration). The weight and Hodge filtrations are subject to a certain condi-
tion which guarantees that the category of MHS with morphisms preserving
filtrations is abelian (|[Delll|]). Given an infinite place v : F' — C, to a va-
riety X over F' one associates a MHS whose underlying R-vector space is its
Betti-realization at v:

H:=A,(h (X)) ®o R = H'((X x, C)(C),Q) ®q R. (0.1)

Note that the complex conjugation ¢ acting on the C-points defines an invo-
lution on H, denoted by ¢, preserving W, and such that ¢, ® ¢ preserves
F*. Such an involution is usually referred to as an infinite Frobenius (e.g.
[Nek]). The category MH; appearing in the above diagram is the category
of pairs (H, ¢o,) where H is a MHS and where ¢, is an infinite Frobenius. As
presented in the diagram, the existence of an exact functor

H+ : MMF — MH]EQ

is expected, so that the association X +— (H,W,, F'*) factors through H™.
According to Deligne [Del, §1.3|, the category MM g should admit a weight
filtration in the sense of Jannsen in [Janll, Def 6.3|, which would coincide with
the filtration W, on . The weights of a mixed motive M would then be
defined as the breaks of its weight filtration.

From the Tannakian formalism, M M r admits a tensor operation, extend-
ing the fiber product on varieties, and we fix 1 a neutral object. According to
Beilinson [Beill, §0.3] (see also [Andr2, Def 17.2.11]), the motivic cohomology
of M is defined as the complex

RHOHIMMF(I[,M)

in the derived category of Q-vector spaces. Its ith cohomology is the Q-vector
space Ext’y \,.(1, M), the ith Yoneda extension space of 1 by M in MMp.
We quote from [Schl §2] and [Dell, §1.3] respectively:

Conjecture. We expect that:
(C1) for i & {0,1}, Extiyuy, (L, M) =0,
(C2) if the weights of M are positive, Ext}WMF(]l, M) =0.

Admitting those two conjectures, the interesting part of RHom . (1, M)
is then concentrated in degree 1. From now on, we focus on the first Yoneda
extension space Ext) . (1, M).

A subspace thereof of fundamental importance is the space of extension
having everywhere good reduction. Given a prime number ¢, one predicts that

2
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the (-adic realization V; in the above diagram is exact. Given a mixed motive
M over F', this allows to construct a Q-linear morphism, called the ¢-adic
realization map of M,

rare s Bxtin, (1, M) — H'(Gp, VM)

which maps the class of an exact sequence [E] : 0 - M — F — 1 — 0 in
MM to the class of the exact sequence [V,E]: 0 — V;M — V,E — V,1 — 0
in Repg, (GF).

Scholl in [Sch| defines the integral part of the motivic cohomology as follows.
Given a finite place p of F' not above £, it is said that [E] € Ext, (1, M)
has good reduction at p if rp([E]) splits as a representation of I, the inertia
group of p (that is, [V;E] is zero in H'(I,,Gr)). In [Schl §2 Rmk], Scholl
conjectures:

Conjecture. We expect that:

(C3) The property that [E] has good reduction at p is independent of the
chosen prime ¢ such that ¢ 1 p.

Admitting[(C3)] the extension [E] is said to have everywhere good reduction
if F has good reduction at p for all finite places p of F'. The set Ext%gF(]l, M)
of extensions having everywhere good reduction defines a natural Q-subspace
of Extly (1, M) which is at the heart Beilinson’s conjectures (see below).

The forecasted property that the Hodge realization H™' is exact would
similarly induce a Q-linear morphism

Reg(M) : Extj . (1, M) — Ex%HE(ﬂ, HT(M)). (0.2)

This is, or rather should be, Beilinson’s requlator for M. Because the category
MH is R-linear and have finite dimensional extension spaces over R, the
right hand side should have finite dimension. It is a much more elementary
object than the source Ext}, My (1L, M). The first Beilinson’s conjecture can
be formulated as follow.

Conjecture (Beilinson). We expect that
(1) The Q-vector space Extg, (1, M) has finite dimension.

(1) If the weights of M are < —2, the regulator Reg(M) induces an isomor-
phism of R-vector spaces

Exty, (1, M) ®g R = Ext}\/mﬂ_{(]l, HT(M)).

Even if these conjectures are surrounded by heavy hypothetical theory, they
have down-to-earth applications. We present some of these in a nutshell] Let

2T thank Francois Brunault who taught me these examples.
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Q1) := W(Gpr)” in MMpg be the Tate twist over F and, given M in
MMy and n > 1, denote by M(n) the mixed motive M @ Q(1)®". For
M = h°(Spec F), it is expected that Ext)y ., (1, 2°(Spec F)(1)) is isomorphic
to F* ®z Q and that Ext, (1, h°(Spec F)(1)) corresponds to O @z Q under
this isomorphism. Conjecture then implies that O modulo torsion is a
finitely generated group (weak version of Dirichlet’s unit Theorem). Given an
abelian variety A over F and for M = h'(A)(1), Extly,, (1, h*(A)(1)) should
equal Exty (1,h*(A)(1)) and be isomorphic to A(F) @z Q. Conjecture (i)
implies that A(F) modulo torsion has finite rank (weak version of Mordell-
Weil Theorem).

Remark. The second Beilinson’s conjecture, not discussed in this text, relates
the determinant of Reg(M), relative to certain Q-structures, to the special L-
value of M. We refer to |[Nek| for a more detailed introduction on Beilinson’s
conjectures.

0.2 The function field picture

Despite its intrisic obscurities, Motivic cohomology remains a difficult sub-
ject also because its definition sits on a completely conjectural framework.
The present thesis grew out as an attempt to understand the analogous pic-
ture in function fields arithmetic. There, the theory looks more promising
using Anderson A-motives, instead of classical motives, whose definition is not
conjectural. This parallele has been drawn by many authors and led to cel-
ebrated achievements. The analogue of the Tate conjecture [Tag| [Taml|, of
Grothendieck’s periods conjecture [Pap| and of the Hodge conjecture [HarJul
are now theorems on the function fields side. The recent volume [tMo| records
some of these feats. Counterparts of Beilinson’s conjectures in function fields
arithmetic have not been studied yet, although very recent works of Taelman,
V. Lafforgue, Mornev and Anglés-Ngo Dac-Tavares Ribeiro on class formulas
[Tae3], [LafV], [Mol], [ANT] strongly suggest the pertinence of such a project.

A disclaimer:
In the present document, we do not pretend to explain how Anderson A-
motives are analogous to classical motives. We rather relate to the surveys
articles in [tMo]. However, we hope the results presented below will give more
intuitions and guidance on the parallel drawn between A-motives and classical
motives.

The setting

Let us first give the setting and notations for global fields in positive charac-
teristic.

Let F be a finite field, ¢ its number of elements, and let (C,O¢) be a
geometrically irreducible smooth projective curve over F. The curve C' is
determined up to F-isomorphism by its function field K := F(C'). The set of

4
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closed points p of C' is in correspondence with the set of discrete valuation
rings O, in K with field of fraction K. We write O, for the completion of O,
with respect to the valuation v, of O,.

Let oo be a closed point on C' with associated valuation v, and consider
the ring

A= {z € K| vy(x) > 0 for all closed point p of C distinct from oo}.

Geometrically, A corresponds to I'(C'\ {00}, O¢) and the field of fractions of
A identifies with K. We let K, be its completion with respect to v, C,, be
the completion of an algebraic closure of K, and K3 be the separable closure
of K inside C,,. We let G, = Gal(KZ |K) be the absolute Galois group of
K. The analogy with number fields that should guide us in this text is:

Number fields: Z ¢ Q ¢ R < C = C Gal(C|R)
l l l l l l
Function fields: A ¢ K C K, C K C Cg G

Giving F' a finite extension of K is equivalent to give a smooth projective
curve X over FF together with a non-constant morphism f : X — C' of algebraic
curves. We partition the closed points of X into the infinite points being the
one above oo via f, and the other ones, the finite points. The ring of integers O
of F' is defined as the integral closure of A in F', and is equivalently described
by

Op ={z € K | v,(z) > 0 for all finite places of F'}.

The analogy with number fields disappears when one considers the fiber
product C' x X, which is at the heart of the definition of Anderson A-motives
(unlabeled fiber and tensor products are over F). On the surface C' x X, we
consider the morphism 7 which acts as the identity on C' and as the ¢-Frobenius
on X. C' x X admits Spec(A ® F) as an affine Dedekind subscheme, and we
let j be the maximal ideal of A® F' generated by the set {a®1—1®ala € A}.

Following [And|, an Anderson A-motive M over F is a pair (M, 7)) where
M designates a finite locally free A ® F-module of constant rank, and where
Ty (T*M)[i7Y — M7 is an (A® F')[j~!]-linear isomorphism (see Definition
[1.2). We let My denote the category of Anderson A-motives with obvious
morphisms. M is known to be A-linear, rigid monoidal, and is exact in the
sense of Quillen but not abelian ([HarJu, §2.3] or Section [1.1). Let 1 in My
be a neutral object for the tensor operation.

Extensions of A-motives

The category Mg, or rather full subcategories of it, will play the role of the
category of Grothendieck’s motives. Guided by this, the next theorem already
describes the analogue of motivic cohomology in an explicit manner, and is
the starting point of our research (see Theorem . Let M be an A-motive
over F.
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Theorem A. The complex [M i M[jfl]} of A-modules placed in degree 0
and 1 represents the compler RHom . (1, M).

We immediately deduce that Ext', (1, M) is zero for i > 1, revealing that
the analogue of the number fields conjecture is true for function fields.
For 7 = 1, one obtains an isomorphism

Mj~] ~ 1
—————— — Ext 1,M 0.3
L (id—TM)(M) X/\/lp( )_) ( )
which can be explicitely described by mapping a representative m € M[j~!] to
the class of the extension of 1 by M given by [M & (A® F), ("3 '1")] (Section
3.1)).
Remark. Extension groups in the full subcategory of Mr consisting of effec-
tive A-motives (see Definition were already determined in the existing
literature (see e.g. [Taed], [Taeh|, [PapRal). The novelty of Theorem A is to
consider the whole category Mp.

To pursue the analogy with number fields, we now present the notion
of mizedness and weights for Anderson A-motives. In the case A = F[t] or
deg(oco) = 1 with base field C, the corresponding definitions were carried out
respectively by Taelman [Tael| and Hartl-Juschka [HarJu]. We completed this
picture in the most general way (any global field F' and without any restriction
on deg(o00)).

To an Anderson A-motive M over F'| we attach an isocrystal Z.,(M) over
F at oo (in the sense of [Mor2]). The term isocrystal is borrowed from p-
adic Hodge theory, where the function field setting allows to apply the non-
archimedean theory at the infinite point oo of C' as well. In Section [1.2] we
prove that the isocrystal Z,, (M) carries a uniquely determined slope filtration

(see Definition [1.18):
0= IOO(M);LO g Ioo(M),ul - Ioo(M),uz g o g IOO(M>H = ZOO<M> (04)

- S

for uniquely determined rational numbers p; < ... < pg called the weights of
M. We say that M is mized if there exists an increasing filtration (W, M )1<i<s
of M by subobjects in My whose associated filtration (Zoo(W,,M))1<i<s of
T (M) by subisocrystals matches with (Definition [1.30)). We let MM p
be the full subcategory of M whose objects are mixed Anderson A-motives

over F (Section [1.2)).
In Section [3.2] we prove:

Theorem B. Let M be an object of MMp. If all the weights of M are
negative, then every extension of 1 by M s mixed, that is:

Extja, (1, M) = Exty, (1, M).

If all the weights of M are positive, then an extension of 1 by M is mixed if
and only if its class is torsion, that is:

Extiu, (1, M) = Extl,, (1, M)"".

6
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Remark. Although the category of classical mixed motives is expected to be
Q-linear, the category MM of mixed Anderson A-motives over F' is only
A-linear. To obtain a K-linear category, it might be convenient to introduce

—_—~—

MM whose objects are the ones of MM and whose Hom-spaces are given

by Hompamm,(—, —) ®4 K. In the literature, WF is called the category of

mixed A-motives over F' up to isogenies [Har2|, [HarJu]. Theorem B implies

that Extm (1, M) = 0 if the weights of M are positive. This is the function
F

fields’ formulation of conjecture |(C2)

Extensions having good reduction

Let F* be a separable closure of F' and let G = Gal(F*|F) be the absolute
Galois group of F' equipped with the profinite topology. Given A a closed point
of C' distinct from oo, there is a A-adic realization functor from Mg to the
category of continuous O,-linear representations of Gr. For M an object of
M, it is given by the Oy-module

M = l&n{m € (M/mxM) ®@p F* | m =1y (7"m)}

where m,, is the maximal ideal of A corresponding to the point A\, and where
Gr acts on the right of the tensor (M/myM) ®p F*° (Definition [1.42)). We
prove in Corollary that T is exact.

This paves the way for introducing eztensions with good reduction in Mp,
as Scholl did in the number fields setting. For a finite point p of X not above
A with inertia group I,, we consider the A-adic realization map restricted to
I:

ra : Exty, (1, M) — H'(1,, T\M) (0.5)
(we refer to Section . Mimicking Scholl’s approach, we say that an exten-
sion [E] of 1 by M has good reduction at p if [E] lies in the kernel of (0.5)), and
we let Ext}\AFpp(]l, M) denote the kernel of (0.5)) (Section . As expected
in the number fields setting, we prove (consequence of Theorem [3.15)):

Theorem C. The A-module EXt}MF,@p(LM) 1s independent of the place .

This is the function field analogue of Conjecture [(C3)] We say that [E] €
EXt}MF(ﬂ,M) has everywhere good reduction if [E] has good reduction at p for
all finite points p of X. We let EXt}VlEOF (1, M) be the A-module of extensions
with everywhere good reduction.

To prove Theorem C, we developed the notion of integral models of A-
motives (Chapter . They form the function field analogue of Néron models
of abelian varieties, or more generally, of proper flat models over Spec Op of
varieties over Spec F'. We found inspiration for the next definition in the work
of Gardeyn |Gar2|, where he introduced the eponymous notion in the context
of 7-sheaves.
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Definition (Definition [2.10). An Op-model for M is a finite sub-A @ Op-
module L of M which generates M over F', and such that 7p,(7*L) C L[j~'].
We say that L is mazximal if L is not strictly contained in any other Opg-models
for M.

As opposed to |Gar2, Def 2.1 & 2.3], we do not ask for an Op-model to be
locally free. We show that this is implicit for maximal ones using Bourbaki’s
flatness criterion (Proposition . Compared to Gardeyn, our exposition is
therefore simplified and avoids the use of a technical lemma due to L. Lafforgue
[Gar2, §2.2]. Our next result should be compared with [Gar2, Prop 2.13| (see

Propositions [2.30}, in the text).

Proposition. A mazimal Op-model My for M exists and is unique. It is
locally free over A ® Op.

The next theorem determines explicitly the module Extj,, o, (1, M) in
terms of Mp.

Theorem D. The morphism ¢ in (0.3)) induces an isomorphism of A-modules

Moli™']
(id —7ar) (Mp)

We observe that Ext}\,leF(]l, M) in general is not a finitely generated A-
module. This prevents the naive analogue of Beilinson’s conjecture|(z)|to hold.
To understand precisely why EXt}wF,oF(LM ) is not the right analogue of
number fields” Extg, (1, M) of Section [0.1) and present the natural submodule
which would play this role, a discussion of extensions of function fields Mixed
Hodge Structures is called for.

;> EXt}VlF,OF(I]‘?M)

Hodge realization functor

We define a mized Hodge Structure (MHS) to be a triple (H, W,, F'*) where
H is a finite dimensional K-vector space, W, the weight filtration, is an in-
creasing rational filtration of H and F'*°, the Hodge filtration, is a decreasing
filtration of Hxs = H ®g. K3 such that the weight and Hodge filtrations
are submitted to a local semi-stability condition (Definition [4.6). They are the
analogue of the eponymous structure for number fields, where K, is replaced
by R. The category of MHS is denoted MHx__.

More relevant to function field arithmetic are Mixzed Hodge-Pink Structures
(MHPS), introduced and extensively studied in [Pin]. They form a finner ver-
sion of MHS where the Hodge filtration is replaced by the refined data of the
Hodge-Pink lattice q (Subsection [4.3). We denote MH Py the category of
MHPS. To any MHPS (H, W,, q) is associated an induced Hodge filtration F'*
(Subsection [£.3.2). However, the datum of (H,W,, F**) does not necessarily
define a MHS (see Subsection [4.3.4)).
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To accord with the classical analogy, one requires infinite Frobenius in
addition to Pink’s theory. In our setting, we suggest the following alternative

definition (Section [4.2)):

Definition (Definitions and [4.21). Let H be a MHS (resp. MHPS) with
underlying space H. An infinite Frobenius for H is a continuous K-linear
representation

¢:Go — Endg_(H)

such that, for all 0 € G, ¢(0) preserves the weight filtration ¢(o)®0c preserves
the Hodge filtration (resp. the Hodge-Pink lattice).

As we saw in the number fields setting (Section , Beilinson’s regulator
is defined via the Hodge realization functor. However, the naive replicate of
what is done for number fields does not work in our setting, and the next
discussion aims to understand the reasons why.

We require few additional notations. For the sake of the introduction, we
simplify slightly our setting by assuming that all A-motives are over K (we
treat the case of A-motives over a finite extension of K in the text). Let M
be a mixed A-motive.

The norm on C,, extends canonically to a norm on A ® C,,, called the
Gauss norm, for which nonzero elements of A ® 1 have norm 1. We denote
Coo(A) the completion of A ® C,, with respect to the Gauss norm (it was
denoted T in [GazMal, §2|). The Betti realization A(M) of M is the A-module

AM) :={w e M a9k Coo(A) | w =7y (7T"w)}.

In Section [1.4] we make the new observation that A(M) is naturally endowed
with a continuous action of G, and compute the H* of this action in Theorem
11,50

Following Anderson [And| §2|, we say that M is rigid analytically trivial
if the rank of A(M) over A equals the rank of M (Definition [L.50). We let
MM denote the full subcategory of MM g whose objects are rigid analyt-
ically trivial.

Announced in [HarJu| and proved in [HarPi|, there is an exact functor
AT MMEE — MHPY:

(See Definition , where MHP;. is the category of MHPS enriched with
infinite Frobenius. This is the Hodge-Pink realization functor. As a striking
difference with the classical picture, given a rigid analytically trivial mixed
motive M over K, the data of 7 (M) and its induced Hodge filtration does
not necessarily define a MHS. In other terms, the category MM is too large
to be the source of a Hodge realization functor targeting MH . .

9



Motivic Cohomology in Function Fields Arithmetic Q. Gazda

Regulated A-motives

Let H = (H,W,,q) be a MHPS and let F'* be its induced Hodge filtration
(Definition . As explained above, the data of H* := (H,W,, F*) does
not necessarily define a MHS. In Subsection we show that there exists a
largest full and exact subcategory of MH Pk, denoted MH P} | such that
the functor

#: MHP}I{‘; — MHg,, H— H* (0.6)
is well-defined and exact. Objects of MHP%O are said to have Hodge descent
(Definition [4.41]).

At the side of A-motives, we say that an object M of ./\/l./\/l?(g is requlated
whenever 7+ (M) has Hodge descent. We choose the naming "regulated" to
refer to the upcoming regulators. On the full subcategory MMZ® they form,
we define the exact functor:

HY: MMEE — MH}OO
as the composition of 7% and . We call Ht the Hodge realization functor
(Definition [5.14)).

General and Special regulators

Let M be an object of MM 5. The exactness of the Hodge realization functor
induces an K -linear morphism at the level of extensions

Reg(M) : EXt}MMI;g(ﬂ,M) Xa Koo — EXti\/IHP?(d (17 H+(M))

which we call the special requlator of M.

For various reasons, working in the category MM might be too restric-
tive. For instance, it has way less objects than ./\/l./\/l]}i(g. We figured it was
interesting for future applications to remove the "regulated" assumption on M
and to displace it on the side of extensions. For M an object of MM*E, we

define a natural sub-A-module

Ext j\;‘jang(]l M)

of Ext? M Mmg(]l M) which coincides with Ext},, Mreg(ﬂ M) whenever M is reg-
ulated (Deﬁnltlon E Similarly, given a mixed Hodge structure H, there is
a natural K ,,-subspace

Ext i, (1 H)
of Ext}\AHPK (1, H), already considered by Pink |[Pinl §8], which coincides
with Ext} MHP_ (1, H) whenever H has Hodge descent (Definition 4.50|). The

supscript ha stands for Hodge additive.
We prove that the exactness of 72" induces an K-linear morphism

GEAM) Bt 378 (L M) @4 Ko — Bxtigyp, (1,267 (M)

which we call the general requlator of M (Definition |5.21]).

10
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Analytic reduction at oo

However, because extension spaces in the categories MH} and MHPS_
are intertwined with the continuous cohomology of the profinite group G, the
targeted vector spaces of Reg(M) and %M ) do not have finite dimension

over K, in general (see Section . For a similar reason, Exti\ﬁig/irig(ll, M) is
K
Corollary [5.30)).

Inspired by Taelman in [Tae2| in the context of Drinfeld modules, we con-
sider in Subsection the morphism of A-modules

not a finitely generated A-module

"Moo @ EX 1,M) — H' (Gu, A(M))

M/vl“g(
induced by the exactness of the functor A ([HarJu, Lem. 2.3.25| or Corollary
1.61). We prove the following theorem, which in many aspects resembles to
[Tae2, Thm. 1] (or [Mol, Thm. 1.2]) for Drinfeld modules.

Theorem E. The A-linear morphism

oo - Exth wingzs 4 (L M) = HY(Goo, A(M)),
where the index "A" refers to "everywhere good reduction”, has finitely gen-
erated kernel and cokernel. If, in addition, all the weights of M are negative,
then coker(ry o) is finite.

Definition (Definition |5.26). We let Exti\;ig/l’ng (1, M) be the finitely gener-
K

ated A-module given by the kernel of 7/ .

Remark. In the number field case, the analogue of the K-vector space

1,reg,
Extyrees (LM) @4 K
would be Ext}\/IMQZ(Il, M) because H'(Gal(C|R), —) is torsion. To that extent,
Theorem E is the analogue of Conjecture .

At the side of Hodge-Pink structures, and under the assumption that the
weights of M are negative, we construct similarly a surjective morphism of
K -vector spaces

dy : Extifipgm(lﬁ, HY (M) — HYGoo, AIM) @4 Ko),

functorially attached to M, whose kernel has finite dimension over K, (Defi-

nition [4.53). We denote by Extij‘il’;o;w (1F,H*(M)) the kernel of dy; and give

a name to its elements: the extensions having analytic reduction at oo.

Remark. Similarly, classical extensions of mixed Hodge structures would all
have "analytic reduction at oo" in that sense.

11
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Let M be an object of ./\/l./\/l?{g with negative weights. A key observation
is that the general regulator of M induces a K-linear morphism:

reg,00 ,ha, 0o
Ry M) - Bt s (L M) 4 Koo — Extivmpjgoo (L7, 1 (M)

(this follows from Theorem [5.31)). We prove (see Theorem [6.4] in the text):

Theorem F. Let M be an object of MM with negative weights. The rank of
the A-module Ethﬁaz{Z’,A<ﬂ7 M) equals the dimension ofExtﬁ;;%m (1,HT(M))
over K.

The proofs of Theorems E and F use methods close to Shtuka Cohomology
as developed by Mornev in his thesis [Mol]. To a mixed rigid analytically trivial
A-motive M = (M, 7)) with negative weights, we associate non-canonically a
C' x C-shtuka model for M (Definition . The later is a triple (M, N, Tr),
where N is a coherent sheaf on C' x C', M is a subsheaf of N and 7y : 7*M —
N is a morphism of coherent sheaves, such that 7 restricts to

TMIT*MA —)MA[j_l]ﬁ(M—FTM(’T*M))

on Spec(A ® A) (here, My, the maximal A-model of M seen as an A-motive
over K), which satifies some technical assumptions (see Definition [6.9). The
(coherent and rigid) cohomology of a C' x C-shtuka model traces back the
modules of extensions introduced earlier, in a way similar to the cohomology
of global models of Drinfeld modules in [Mol]. The cohomological tools we
developped in Section [6.3] to prove Theorems E and F are inspired by compu-
tations of V. Lafforgue in [LafV].

Finally, let us mention that Theorem F reveals what should be the corre-
sponding function fields” analogue of conjecture . At last, we formulate:

Definition. Let M is a mixed rigid analytically trivial A-motive over K with
negative weights. We say that M satisfies Beilinson’s conjecture if the linear
map

: ,reg,00 ,ha, oo
Dof M) @4 1, : Ext)! i (L M) @4 Koo — EX%HP;M (1, H* (M)

is an isomorphism of K .-vector spaces.

Surprisingly, it will appear from Corollary that not all A-motives sat-
isfy Beilinson’s conjecture. We leave the problem of characterizing A-motives
not satisfying Beilinson’s conjecture open, and hope to study it in near future
works.

Motivic cohomology of the Carlitz tensor powers

In our last Chapter [7| we describe the module Extj\’;ig/l’fiz A(]l, M) where M is
K

the nth tensor power of the Carlitz motive over K, analog to the classical nth

12
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Tate twist motive.

The setting is as follows. The curve C' is the projective plane Pt over F
and oo is the point of coordinates [0 : 1]. The ring A is identified with F[t],
where ¢! is a uniformizer in K of Q. The field K is identified with F(¢) and
K., with F((¢t7')). The valuation vy, at oo corresponds to minus the degree
in t. We identify the tensor product A ® K = F[t| ® K with F(0)[t] where ¢
corresponds to t ® 1 and 0 to 1 ®¢. The ideal j is principal, generated by ¢ — 6.
The morphism 7 maps a polynomial p(t) € F(6)[t] to p(t)!) whose coefficients
in ¢ have been raised to the gth power.

The nth tensor power of the Carlitz motive C™ is the A-motive whose under-
lying module is K [t] and where the T-action is given by 7p(t) + (t—60)"p(t)™)
over K. We rather denote by A(n) the dual of C" to stress the analogy with
the Tate twists Z(n).

As an application of the above theory, we prove (see Theorem :
Theorem G. Let n be an integer. A(n) is an object in MM?, and we have

0 ifn <0,
1,A(n)) = < Ft" ifn>0 and ¢ —11{n,
F[t]" "t @ F[t]/(dn(t)) if n >0 and ¢ — 1|n

1,00
EXtMM;gg,A(

where d,(t) is a certain monic polynomial. If n = ¢*(q — 1) for some k > 0,
then
d,(t) =11

The general determination of d,(t) remains a difficult task which we par-
tially complete using linear relations among the Carlitz period and polylog-
arithms (Theorem . We leave open the question of determining those
extension groups for tensor powers of the Carlitz motive over finite extensions

of K.

Remark. Compared to the number fields situation, Exti\’/;’oMreg (1, A(n)) is "too
K
large by a n — 1-rank": in [Dell, §1.4] (see also [BeiDé, §1.11]), Deligne conjec-

tures that for n > 0:
EXt%(]l, Q(n)) = Kgn_l(Z) ®Z Q

We deduce Exty,(1,Q(n)) is zero if n is even and has dimension 1 if n is odd.
In the function fields/number fields dictionnary, multiples of ¢ — 1 are the
analogue of even integers.

For n > 0, explicit computations with the regulator morphism %{M ) in
the case where M = A(n) makes Carlitz’s polylogarithms naturally appear.
This is highly reminiscent of computations by Deligne and Beilinson in [BeiDe].

13
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For a € C with ve() > —ngq/(q — 1), the nth Carlitz polylogarithm of « is
defined the converging series

ad”

Li, (cr) ;:a+; T SN T

Let 7 € K2 be the Carlitz’s period (function fields analogue of 2im). As an
application of the ABP criterion [ABP] and results of Chang and Yu in [Cha¥Yu]
together with the above corollary, we obtain an algebraic independence result

for the latter series (see Corollaries and [7.30)):

Theorem H. Let (aq,...,a,) be a basis of {f € F[0] | degf < n}. The
series Lip (), Liy(ag), ..., Lin(ay) are algebraically independent over K. If
further ¢ — 1 1 n, the series 7, Li, (1), Liy(ag), ..., Liy(ay) are algebraically
independent over K.

Remark. In the case where g — 1|n, there is a linear relation among the con-
verging series 7", Li, (1), Li,(0), ..., Li,(#""!). Tt can be deduced from the
Euler-Carlitz formula for the Carlitz zeta value (¢(n) together with Anderson-
Thakur’s identity [AndT, Thm 3.8.3], which yields:

Cc(n) € Spang, {Lin(éi) |0 <i<mng/(q— 1)} )

See Lemma [7.200 in the text.

0.3 Plan of the thesis

The aim of Chapter [I|is to review the usual set up (notations, definitions,
basic properties) of A-motives over an arbitrary A-algebra or field. We shall
use it as a range of useful results that we will refer to throughout the next
chapters. We follow [HarJu| as a guideline, though loc. cit. is concerned with
the particular choice of a closed point oo of degree one and over a complete
algebraically closed field. Most of the results on A-motives extend without
changes to our larger setting. An addition to the existing literature is Section
m where our presentation of mixedness sensibly differs from [HarJul §2.3.2].
In section [I.4] we define and study the action of G, on the Betti realization
of an A-motive. We also review the notion of rigid analytic triviality in a way
which avoids the use of rigid analytic geometry.

In Chapter we develop the notion of mazimal integral models of A-
motives over a local or global function field. It splits into three Sections. In
Section [2.1) we present integral models of Frobenius spaces over local function
fields. The theory is much easier than the one for A-motives, introduced over
a local function field in Section and over a global function field in Section
2.3 Although our definition of integral model is inspired by Gardeyn’s work
in the context of 7-sheaves [Gar2|, our presentation is simpler as we removed

14
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the locally free assumption. That maximal integral models are locally free is
automatic, as we show in Propositions and [2.32] The chief aim of this
chapter is to do the groundwork for Chapter [3] precisely Section [3.3] where
integral models play a leading role in the determination of extensions having
everywhere good reduction.

Motivic Cohomology for function fields is introduced in Chapter We
describe the extension modules in M in Section [3.1] and deduce Theorem A
from Theorem [3.4. We focus on extension modules in the category MM in
Section [3.2) where we deduce Theorem B from Propositions 3.8} [3.9) The main
results of this chapter are gathered in Section |3.3] where we study the module
of extensions having good reduction. Theorem C follows from Theorem |3.15
and Theorem D from Theorem [3.18 There, the full force of Chapter [2 is re-
quired.

In Chapter [4] after a recall of filtered spaces in Section [4.1], we develop the
theory of mixed Hodge structures (Section and review mixed Hodge-Pink
structures (Section . This chapter owes much to Pink’s unpublished mono-
graph [Pin], although we present new notions as infinite Frobenius (Definitions
and and Hodge descent (Definition [4.41]). Tts objective is to describe
the extension modules in several categories and pave the way for Chapter [3]
where the present results will serve to define and describe function fields reg-
ulators.

We attach regulators to rigid analytically trivial mixed A-motives in Chap-
ter In section , we introduce the Hodge-Pink realization functor €+
as presented in [HarJu|. As explained above, s#* does not induce a functor
targeting M?—[}w. For this reason, we exhibit in Subsection a full and

exact subcategory MM'® of /\/l/\/l;;g. This category is constructed so that
one can define the Hodge realization functor Ht : MM — MM} which
factors through 7. We define general and special regulators in Subsection
. In Section , we define extensions in M/\/l;ig having analytic reduction
at co. This notion will appear to be the right one to obtain a finitely gener-
ated natural sub-A-module of Ext}, M?g,oF(ﬂv M). In Section , we conclude

by a description of the extension modules in M’ in terms of solutions of 7-
difference equations. These formulas will be used to describe explicitly general
and special regulators (see Theorem . These observations are at the origin
of Chapter [7], where we relate special regulators of the Carlitz tensor powers
to function fields polylogarithms.

In Chapter |§|, we state and prove Theorems E and F (Theorems and
in the text). The impetus of all the previous chapters is called for. Chapter
[6] splits into two sections. In Section we develop the theory of shtuka
models attached to A-motives. This is highly reminiscent of Mornev’s global
models [Moll, §12] in the context of Drinfeld modules, although not directly

15
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linked. A major step in this section is to relate shtuka models on C' x C' to cer-
tain extension modules of Hodge structures (Subsection [6.2.3)). In Section [6.3]
we develop cohomological tools for coherent cohomology of schemes covered
by two affine subschemes which, applied to the (Zariski and rigid) cohomology
of shtuka models, will achieve the proofs of Theorems E and F. Our proof is
inspired by cohomological techniques of V. Lafforgue in [LafV].

In Chapter [7, we apply the theory presented in the previous chapters to
compute Exti\’/lofvlreg(ﬂ,ﬁ(n)). This results in Theorem G above, proved in
K

Section [7.2] We prove Theorem H in Section [7.3] using the ABP criterion as
a main ingredient [ABP]. We end this text by a equivalent formulation of
function fields Beilinson’s conjecture in the case of A(n) (n > 0) in terms
of generalized polylogarithms (Proposition . As a corollary, we prove
that Beilinson’s conjecture is true for A(1) (Corollary but false for A(n)
whenever n is a multiple of the characteristic p of F (Corollary [7.34).
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Chapter 1

Anderson A-motives

Let F be a finite field of cardinality q. By convention, throughout this text
unlabeled tensor products and fiber products are over F. Let (C,O¢) be
a geometrically irreducible smooth projective curve over F, and fix a closed
point co on C. Let A :=T'(C'\ {00}, O¢) be the ring of regular functions on
C'\ {oo} and let K be the function field of C.

We review here the theory of Anderson A-motives over any A-algebra and
study their A-adic and Betti realization functors. We shall use this first chapter
as a range of useful results that we will refer to throughout the next chapters.
One goal is to define the category /\/l/\/lljpig which shall be our function field
analogue of the category of mixed motives. We use [HarJu| as a guideline,
though loc. cit. is concerned with the particular choice of a closed point oo of
degree one and over a complete algebraically closed field. Most of the results
on A-motives extend without changes to our larger setting, but we prefer to
give full details when necessary.

In Section [I.1] we review the usual definitions of Anderson A-motives over
an arbitrary A-algebra R and give the basic properties of the category Mg
they form, ought to be known to specialists. We set our main notations for
the rest of the text. We also introduce the category Mp of A-motives up
to isogenies, and review the classical operations (tensor, dual, restriction of
scalars,...)

In Section [1.2] we introduce function fields isocrystals over an A-field F
following the recent work of Mornev in [Mor2]. We prove that isocrystals
admit a uniquely determined slope filtration in Theorem[1.19] This was already
proven in [Harll, Prop. 1.5.10] under a certain assumption, but we explain how
the latter result implies ours. Given an object M in M and a closed point
A on C, we attach functorially an isocrystal Z, (M) in Definition [I.28 We use
the slope filtration of Z (M) to define mizedness and weights in Definition
1301

In Section [I.3| we introduce the A-adic realization functor for A-motives.
We prove that it is exact in Corollary [1.46|

In Section [1.4] we introduce the Betti realization functor when the base
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A-algebra is a finite extension of K. Compared to the existing litterature,
where A-motives are considered over a subfield of C.,, our definition involves
the choice of a K-algebra morphism v : ' — Cy (Definition [1.48). We denote
the Betti realization functor A,. This allows us to define v-rigid analytically
triviality, extending slightly Anderson’s definition [And, §2]. For the study
of the analogue of Beilinson’s conjectures, as we do in the present text, we
could have restricted ourselves to A-motives over K and the distinction of
embeddings v could have been reduced to the inclusion 7 : K — C,,. We stick
to this slightly more general setting for future references with incoming works.

We let F, be the completion of F' with respect to |- |, := |v(-)|, we fix F a
separable closure of F, and we let G, be the Galois group Gal(F?|F,). Given
an A-motive M over F, a novelty of our approach is to consider the action
of G, on the v-Betti realization A,(M) of M. Under the assumption that M
is v-rigid analytically trivial, we show in Proposition that this action is
continuous, and we determine H'(G,, A,(M)) in Theorem . We end this
chapter by interpreting elements of A,(M) as analytic functions on affinoid
subdomains of (C' x Spec C.,)"® and discuss their analytic continuations to
larger subdomains. This is inspired by [HarJul §2.3.3].

1.1 Definitions of A-motives

Let R be a commutative F-algebra and let x : A — R be an F-algebra mor-
phism. R will be refered to as the base algebra and k as the characteristic
morphism. The kernel of k is called the characteristic of (R, k). We consider
the ideal j = j, of A ® R generated by the set {a ® 1 — 1 ® k(a)la € A};j is
equivalently defined as the kernel of A® R — R, a® f + k(a)f. The ideal j
is maximal if and only if R is a field, and is a prime ideal if and only if R is a
domain.

Lemma 1.1. Let a € A be a non constant element. Then, a®1—1® k(a) is
a non-zero-divisor in A @ R.

Proof. Let {fi,..., fa} be alift in A of a basis of A/(a) over F. Then

{CLnfl, ey anfd}nzo

forms a basis of A over F. It follows that {a"f; ® 1,...,a"f; ® 1},>0 forms
a basis of A ® R over R. In this basis, and given € A® R, (a ® 1)x and
(1 ® k(a))z do not have the same coordinates unless z = 0. It follows that
a®1—1® k(a) is regular. O

Let Quot(A ® R) be the localization of A ® R at its non-zero-divisors (if
A ® R is an integral domain, Quot(A ® R) is the field of fractions of A ® R).
Let M be an A ® R-module. For n € Z, we denote j~" M the submodule of
M ® s5r Quot(A® R) consisting of elements m for which (a®1—-1®k(a))"m €

18
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M for all a € A\ F. We then set

M7 = Uj—”M.

n>0

Let 7: A R — A® R be the A-linear morphism given by a®7r +— a®r? on
elementary tensors. Let 7*M denotes the pull-back of M by 7 (|[Boul, A.I1.§5]).
That is, 7 M is the A ® R-module

(A® R) ®;40r M

where the subscript 7 signifies that the relation (a ®,bm) = (a7(b) ®,m) holds
for a,b € A® R, and where the A ® R-module structure on 7*M corresponds
tob-(a®,m) = (ba®,m). Welet 1: 7*(A® R) - A® R be the A® R-linear
morphism which maps (a®7r)®, (b®s) € T*(A®R) :== (AR R); asr(A® R)
toab®rs? € A® R.

The next definition takes its roots in the work of Anderson |[And|, though
this version is borrowed from [Har2, Def. 2.1].

Definition 1.2. An Anderson A-motive M (over R) is a pair (M, 7)) where
M is a locally free A ® R-module of finite constant rank and where 7, :
(r*M)[j~'] = M[j™'] is an isomorphism of (A ® R)[j~!]-modules.

In all the following, we shall more simply write A-motive instead of Anderson
A-motive. The rank of M is the (constant) rank of M over A ® R.

A morphism (M, 7y) — (N,7y) of A-motives (over R) is an A ® R-linear
morphism f : M — N such that f o1y = 7y o 7*f. We let Mp be the
A-linear category of A-motives over R.

Remark 1.3. A-motives as in Definition [1.2| are called abelian A-motives by
several authors (see e.g. [BroPal). The word abelian refers to the assumption
that the underlying A ® R-module is finite locally free. Dropping this assump-
tion is not a good strategy in our work, as too many analogies with number
fields motives would fail to hold.

Definition 1.4. An A-motive M = (M, 7y) (over R) is called effective if
T (T*M) C M. We let M be the full subcategory of Mg whose objects are
effective A-motives.

Let 1 be the unit A-motive over R defined as (A® R, 1). The biproduct of
two A-motives M and NN, denoted M & N, is defined to be the A-motive whose
underlying A ® R-module is M & N and whose 7-linear morphism is 7p; & 7.
Their tensor product, denoted M ® N, is defined to be (M ®@agr N, Tar @ Tn ).
The tensor operation admits 1 as a neutral object. The dual of M is defined to
be the A-motive whose underlying A® R-module is M := Homagr(M, AQR)
and where 73,v is defined as

v (M) = (M) = MY, hr—hor)
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(we refer to |[HarJu, §.2.3] for more details). Given S an R-algebra, there is
a base-change functor Mr — Mg mapping M = (M, 7y) to Mg := (M ®g
S, T ®pidg). The restriction functor Resg/r : Mg — Mg maps an A-motive
M over S to M seen as an A-motive over R. Given two A-motives M and N
over R and S respectively, we have

Hom (M, Resg/r N) = Hom (Mg, N).
In other words, the base-change functor is left-adjoint to the restriction functor.

Example 1.5 (Carlitz’s motive). Let C' = P be the projective line over F
and let oo be the closed point of coordinates [0 : 1]. If ¢ is any element in
['(Pg \ {00}, Op1) whose order of vanishing at oo is 1, we have an identification
A = F[t]. For an F-algebra R, the tensor product A ® R is identified with
R[t]. The morphism 7 acts on p(t) € RJ[t] by raising its coefficients to the
gth-power. It is rather common to denote by p(¢)") the polynomial 7(p(t)).
Let k : A — R be an injective F-algebra morphism and let § = x(t). The ideal
j C R[t] is principal, generated by (¢ — 0).

The Carlitz F[t]-motive C over R is defined by the couple (R[t], 7c) where
7c maps 7°p(t) to (t —0)p(t)M. Tts nth tensor power C" := C®" is isomorphic
to the F[t]-motive whose underlying module is R[t] and where 7on maps 7*p(t)
to (t — 0)"p(t)M). We let A(n) :=C ™" = (C™)".

For A = F[t], A(1) plays the role of the number fields’ Tate motive Z(1)
and, more generally, A(n) plays the role of Z(n). We discuss in more details
the Carlitz motive and its tensor powers in Chapter [7}

The category My of A-motives over R is generally not abelian, even if
R = F is a field. This comes from the fact that a morphism in M might not
admit a cokernel. However, there is a notion of exact sequences in the category
M which we borrow from [HarJu, Rmk. 2.3.5(b)]:

Definition 1.6. We say that a sequence 0 — M’ — M — M" — 0 in My is
exact if its underlying sequence of A ® R-modules is exact.

The next proposition appears and is discussed in [HarJu, Rmk. 2.3.5(b)]
and will allow us to consider extension modules (Chapter . Although stated
in the case where R is a particular A-algebra and deg(cc) = 1, it extends
without changes to our setting:

Proposition 1.7. The category Mp together with the notion of exact se-
quences as in Deﬁm’tz’on is exact in the sense of Quillen [Quil, §2/.

In the rest of this section, we define the category My of A-motives up to
isogeny (over R) (see Definition [1.10)) which is abelian when R = F' is a field.
We first discuss the notion of saturation.

Definition 1.8. Let M = (M, 7)) be an Anderson A-motive over R. A
submotive of M is an A-motive N = (N, 7y) such that N C M and 7y =
™

v Nf=1]-
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We set N*** to be the submotive of M whose underlying A ® R-module is
N2*:={neM|Jac AQR, an € N}

and call it the saturation of N in M. We say that N is saturated in M if
M — Msat‘

Following [Har2, Def. 5.5, Thm. 5.12], we have the next:

Definition 1.9. A morphism f : M — N in My is an isogeny if one of the
following equivalent conditions is satisfied.

(a) f

(b

(c

(d) there exists 0 # a € A such that f induces an isomorphism of (A ®
R)[a"']-modules M[a~'] = N[a™1],

is injective and coker(f : M — N) is a finite locally free R-module,
M and N have the same rank and coker f is finite locally free over R,
M and N have the same rank and f is injective,

) f
)
)
)

(e) there exists 0 #a € Aand g: N — M in Mg such that fog = aidy
and go f = aidy,.

If an isogeny between M and N exists, M and N are said isogenous.

As a consequence of those equivalent definitions, a submotive of an A-
motive M is isogenous to its saturation in M. This motivates the definition of
the category of A-motives up to isogeny (see [HarJul Def. 2.3.1]).

Definition 1.10. Let Mg be the K-linear category whose objects are those of
M i and where the hom-sets of two objects M and N is given by the K-vector
space

Hom g (M, N) := Homp, (M, N) ®4 K.

We call the objects of Mg the A-motives over R up to 150g€eny.

An isogeny in Mp then becomes an isomorphism in M. According to
[HarJul Prop. 2.3.4], the category M is abelian. We also claim:

Proposition 1.11. Any object of My has finite length.

Proof. Any subobject of a rank 1 object in Mp, has either rank 0 or 1. If
1t has rank 1, then it is isomorphic in My to the whole object by Definition
LIt follows that any rank 1 object in Mp is simple. As a consequence,
for any increasing sequence

O=MyCM,C---CM,=M
in Mg, n is bounded by the rank of M. This concludes. O
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1.2 Mixed A-motives

We discuss here the notion of weights for Anderson A-motives in our setting.
In the A = F|t]-case, the definition of pure A-motives is traced back to the work
of Anderson [And, 1.9], but the definition of mized A-motives appeared only
some decades later in the work of Taelman [Tael| in the case A = F[t]. It was
extended to more general coefficients ring A by Hartl and Juschka in [HarJul
§3], under the assumption deg(oco) = 1 and over C,,. Our presentation deals
with the case of general A (that is, without assumption on deg(o0)) and R = F
a field. We require some pieces of the theory of function fields isocrystals to
begin.

1.2.1 Isocrystals over a field

We introduce function fields isocrystals following [Mor2]. Our objective is to
prove existence and uniqueness of the slope filtration with pure subquotients.
The general theory has been developed in [Andr2], and the results of interest
for us appear in [Harl|]. The new account of this subsection is the adaptation
of [HarI, Prop 1.5.10] to our more general setting (see Theorem [1.19]). This
result will allow us to define mixedness and weights in Subsection [1.2.2

Let R be a Noetherian F-algebra. Let k be a finite field extension of ' of
degree 0. Let E be the field of Laurent series over k in the formal variable 7,
O the subring of E consisting of power series over k£ and m the maximal ideal

of O. Explicitely E = k((7)), O = k[r] and m = 7 O.

We let A(R) be the completion of the ring O ® R at its ideal m ® R, that

is

A(R) =1m(O ® R)/(m" ® R)
and we let B(R) be the tensor product £ ®¢ A(R). Throughout the previ-
ous identifications, we readily check that A(R) = (k ® R)[r] and B(R) =
(k ® R)((m)). Since O ® R is Noetherian, A(R) is flat over O ® R (|Bou,
AC.IIL.§4,Thm 3(iii)]). It follows that B(R) is flat over K ® R.

Let 7: O ® R — O ® R, be the O-linear map induced by a ® r — a ® .
We shall denote by 7 also its continuous extension to A(R) or B(R). Similarly,
we denote by 1 the canonical A ® R-linear morphisms 7*A(R) — A(R) and
T*B(R) — B(R).

We assume that R = F' is a field.
Definition 1.12. An isocrystal D over F is a pair (D, ¢p) where D is a free
B(F)-module of finite rank and ¢p : 7°D — D is a B(F)-linear isomorphism.
When understood by the context, we simply refer to D as an isocrystal.

A morphism (D, pp) — (C,¢¢) of isocrystals is a B(F')-linear morphism of
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the underlying modules f : B — C' such that fopp = pco7*f. We let Zg
be the category of isocrystals over F'.

From [Mor2, Prop. 4.1.1], we deduce that the category Z is abelian.

Let D = (D, ) be an isocrystal over F. In Zg, a subobject of D, or sub-
isocrystal of D, is an isocrystal G = (G, pq) for which G C D, ¢g = ¢pl+c-
The quotient of D by G is the pair (D/G, ¢p) (this is indeed an isocrystal by
[Mor2, Prop. 4.1.1]).

We define the rank tk D of D to be the rank of D over B(F). If D is
nonzero, let b be a basis of D and let U denote the matrix of ¢ expressed
in 7*b and b. A different choice of basis b’ leads to a matrix U’ such that
U = 7(P)U'P~! for an invertible matrix P with coefficients in B(F). As such,
the valuation of det U in 7 is independent of b. We denote it by deg D and we
name it the degree of D. We define the slope of D to be the rational number
u(D) = ddeg D/ rk D, where § is the degree of k over F.

The degree and rank are additive in short exact sequences over the abelian
category of isocrystals, and the association D +— (D) defines a slope function
for Zr in the sense of [Andr2, Def. 1.3.1]. The next definition should be
compared with [Andr2, Def. 1.3.6]:

Definition 1.13. The isocrystal D is semistable (resp. isoclinic) if, for any
nonzero subisocrystal D' of D, u(D') < u(D) (resp. u(D') = u(D)).

These notions are related to the notion of purity, borrowed from [Mor2,
Def. 3.4.6]. We first introduce A(F)-lattices:

Definition 1.14. Let D be a free B(F')-module of finite rank. An A(F)-lattice
in D is a sub-A(F')-module of finite type of D which generates D over E.

Let L be an A(F)-lattice in D. Because D is a free B(F')-module and A(F)
is a finite product of principal ideal domains, L is free as an A(F')-module and
has the same rank as D. We denote by (ppL) the sub-A(F)-module ¢p(7*L)
in D. Because ¢p is an isomorphism, (¢pL) is a A(F)-lattice in D. By
recursion, we define (¢, L) the A(F)-lattice (op{(@} 'L)). We set (p%L) = L.

Definition 1.15. A nonzero isocrystal (D, ¢p) over F is said to be pure of
slope p if there exist an A(F)-lattice L in D and integers s and r > 0 such
that (¢39L) = 7°L and p = s/r. By convention, the zero isocrystal is pure
with no slope.

Example 1.16. Let D be the free B(F)-module of rank s > 1 with basis
{eg,...,es_1} and let ¢p : 7D — D be the unique linear map such that
ep(T*e;_1) = e; for 1 <i < sand pp(t¥es 1) = n"eg. Then (D, pp) is a pure
isocrystal of slope rd/s with A(F)eq & --- & A(F)es_; for A(F)-lattice.

The following lemma relates the definition of slopes from purity and from
slope functions:
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Lemma 1.17. If D is a pure isocrystal of slope p, then u(D") = u for any
nonzero sub-isocrystal D' of D. In particular, D is isoclinic (hence semistable).

Proof. Assume there exists an A(F)-lattice T in D such that (¢™T) = m*T
for integers r > 0 and d such that p = s/r. If D' = (D', ) is a nonzero
subisocrystal of D, then 7" = T'N D’ is an A(F)-lattice in D’ such that
(eT") = m*T". As T’ is nonzero, let {t,...,t,} be a basis of T" over A(F).
We have

l
(det @) (ty A= Ate) =m™(t A+ Aty) in AT

Hence rd deg D' = stk D', which yields u(D') = p. O

Definition 1.18. A slope filtration for D is an increasing sequence of sub-
isocrystals of D
0=Dy&cD, C---CD,=D,

satisfying:
(i) Vie{l,..,s}, D,/D,_, is semi-stable,
(21) we have (Dy) > p(Dy/Dy) > -+~ (D, /D,_y).

It follows from [Andr2l Thm 1.4.7] applied to the slope function D — pu(D)
on the abelian category Zp, that a slope filtration for D exists and is unique

(up to unique isomorphism). A much stronger result holds: the quotients in
are pure. This is the next theorem.

Theorem 1.19. Let D be an isocrystal over F. In the slope filtration for D
OZQOQng"'QQSZQ, (1'1>
for alli € {1,...,;s}, the quotients D,/D,_, are pure isocrystals.

Remark 1.20. It would be relevant to have a lemma stating the equivalence
between semi-stable and isoclinic, so that Theorem |[1.19] would follow from
André’s theory. Yet, the only proof I know already uses [Harl, Prop. 1.5.10]
and follows from Theorem [L.19

Proof of Theorem[1.19 1f 6 = 1, then A(F) is identified with F[r] and The-
orem is proved in [Harll Prop. 1.5.10]. We now explain how the general
case follows from the above. Let G be the finite field extension of F corre-
sponding to

G:={feFnF|f=r}

Let ¢ : G — F denote the inclusion. Note this defines an embedding of G in
k. Let A,(F') be the completion of O ®¢ F' at the ideal m®g F. In the theory
of isocrystals over F' with G in place of F, A4(F) appears in place of A(F)
and 6 = 1. In [Mor2, §4.2], Mornev defines a functor

[¢]" : (A(F) — isocrystals) — (Ag(F') — isocrystals)
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By [Mor2, Prop 4.2.2] (see also [BorHa, Prop 8.5]), the functor [¢]* defines an
equivalence of categories such that [¢]*(D) is a pure isocrystals of slope u if D
is. Let

(6], : (Ag(F) —isocrystals) — (A(F) — isocrystals)

be a quasi-inverse of [¢]* and let £ : [¢].[#]* = id be a natural transformation.

Let D be an A(F)-isocrystal. We only need to prove existence of with
pure subquotients since uniqueness follows from [Andr2, Thm 1.4.7]. By [Harl,
Prop. 1.5.10], there exists an increasing sequence of sub-A,(F')-isocrystals of

[¢]* D:
OIQOQQQQQQ“'QQSZW*Q

the subquotients G, /G,_, being pure of slopes y; with py > -+ > p,. Applying
[¢]. and then ¢, we obtain

OZQOQQ1§Q2§“'§QSZQ (1-2)

with D, := {([¢].[¢]*D,) for all i € {0,1,...,s}. We claim that the isocrystals
D,/D,_, are pure of slope ;. Indeed, we have

D;/D; = [0].Gi/[9].G; 1 = [0]«(G,/Gi )

where the last isomorphism comes from the fact that [¢]. is an exact functor
(any equivalence of categories is exact). Because G,/G,_; is pure of slope p;,
D,/D,_, is also pure of slope ;. We conclude that is the slope filtration
for D and satisfies the assumption of the theorem. O

We introduce the next definition:

77777

slope filtration. The elements of the set {—u(D,/D; ;) | 1 <i < s} are called
the weights of D. We call the weight filtration of D the increasing filtration
(D))aeq of D defined by

For A € Q, we let Gry D := D,/ ., Dy-

Remark 1.22. The breaks of the weight filtration of D are the rational numbers
A such that Gry D # 0. By definition, the set of breaks equals the set of
weights.

It follows from Theorem[I.19that any semi-stable isocrystal is pure, and us-
ing Lemma|1.17], that any semi-stable isocrystal is isoclinic. Restating [Andr2,
Thm 1.5.9] in our setting, we obtain:

Corollary 1.23. For all A € Q, the assignment Lp — Zp, D — D, defines
an ezxact functor. Equivalently, any morphism f : D — C' of isocrystals over
F' s strict with respect to the weight filtration, that is:

VAEQ, [f(Dx)=f(D)NCi.
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The weight filtration is not split in general. However it splits when the
ground field F' is perfect.

Theorem 1.24. If F' is perfect, the weight filtration of D splits, i.e. D de-
composes along a direct sum

D= P Gri(D).
A€Q

Remark 1.25. The proof is similar to the argument given for Theorem [I.19}
the corresponding result for 6 = 1 is proven in [Harll, Prop 1.5.10] and the
general d-case is easily deduced from [Mor2, Prop 4.2.2].

Remark 1.26. The above theorem is the Dieudonné-Manin decomposition for
isocrystals. When F' is algebraically closed, given p € QQ there exists a unique
(up to isomorphisms) simple and pure isocrystal S, of slope y (see [Mor2), Prop
4.3.4]). Any pure isocrystal of slope p decomposes as a direct sum of S, (see
[Mor2, Prop 4.3.7]) and together with Theorem yields the Dieudonné-
Manin classification (see [Lau]). It does not hold for any F, even separably
closed, as noticed by Mornev in [Mor2, Rmk 4.3.5].

1.2.2 Isocrystals attached to A-motives
Let R be a Noetherian F-algebra and let x : A — R be an F-algebra morphism.

We chose the rings A(R) and B(R) of subsections in the following
way. Given a closed point A on C', we let O, C K be the associated discrete
valuation ring of maximal ideal m,. We denote O, the completion of O, and
K the completion of K. We let F) denote the residue field of A (of finite
dimension over F, its dimension being the degree of X). We let A,(R) and
B (R) be the completions of O\ ® R and K, ® R for the my-adic topology.

Recall that j, is the ideal of A® R generated by {a®1—1®k(a) | a € A}.

Lemma 1.27. We have ). Boo(R) = Boo(R). For X a closed point of C' distinct
from oo such that k(my)R = R, then j.A\(R) = Ax(R).

Proof. We prove the first assertion. let a be a non constant element of A so that
a ! €my. Then a®1—1®#(a) € j is invertible with — Y ., a~ ") @ k(a)"
as inverse, where the infinite sum converges in A (R) C Boo(R).

To prove the second assertion, let £ € my be such that x(¢) is invertible
in R. Then £ ® 1 —1® k(f) € j is invertible with — > _ " ® k(£)~"+Y as
inverse, where the infinite sum converges in A, (R). - O

We assume that R = F'is a field.

Definition 1.28. Let M = (M, 7)) be an A-motive over F' and let A be a
closed point of C. We let Z,(M) be the By(F)-module M ®agr BA(F'). Let
Z,(M) be the pair (Z\(M), 7y ® 1).
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Proposition 1.29. Let M = (M, 1y) be a nonzero A-motive over F. Let A
be a closed point of C' distinct from ker k.

(1) Zn(M) is an isocrystal over F.
(17) If X\ # oo, I\(M) is pure of slope 0.

Proof. Because M is locally free of constant rank and B, (F') is a finite product
of fields, Z,(M) is a free By(F)-module. Thus, point |(z)| follows from Lemma
[1.27 To prove[(ii)] it suffices to note that L = M ®agp A\(F) is an A, (F)-
lattice in M ® agr By(F) such that (1p,L) = L. O

We now choose A = co. Let M be an A-motive over F. The isocrystal
Zoo(M) admits a weight filtration (Zoo(M),)ueq:

0= IOO(M> - IOO(M)IM - IOO(M)MQ -G IOO(M)MS = IOO(M)

HO =

—1

where 1y < po < ... < ps are the rational numbers such that Z. (M), /Lo (M),
is a pure isocrystal of slope —p;. For p € Q, we write Zoo (M),, = (Zoo (M), Tar)-

Definition 1.30. Let M be a nonzero A-motive over F'.

(a) The elements of the set w(M) := {u, ..., us} are called the weights of
M. We agree that w(0) is the empty set. We say that M pure of weight

wif {pg, .oy ps b = {w}.

(b) We say that M is mized if there exists an increasing filtration (W, M );cq
of M by sub-A-motives such that (Z..(W,,M));cq coincides with the
weight filtration of Z,(M). In particular, a pure A-motive is mixed.

Remark 1.31. If M is an A-motive over F' of weights {u1, ..., us} and F’ is a
field extension of F', then M, also has weights {1, ..., s }. This follows from
the uniqueness of the slope filtration (Theorem [1.19)). If M is mixed, then so
is M.

Remark 1.32. In [HarJu, Ex. 2.3.13], the authors constructed an A-motive

which is not mixed. The latter is constructed starting from an extension of a
pure Anderson A-motive of weight 2 by another pure of weight 1.

If a filtration as in @ exists, it might not be unique. However, if we
impose that the filtration is composed with saturated submotives of M, then
it is unique. This follows from the next lemma.

Lemma 1.33. Let M be an A-motive over F' and let P be a submotive of M.
Then Loo(P) = Too(P*™). If Q is a submotive of M such that Too(P) = Zoo(Q)
inside Too(M), then P*™ = Qsat.

Proof. The inclusion P C P*' is an isogeny and therefore its cokernel is A-
torsion (see [Har2, Thm. 5.12]). Consequently, Z.(P) = Zo.(P*").

We prove the second part. The A® F-modules P, P @, Q%" and (PNQ)%" =
Psat M Q% are locally-free of the same rank, as they become equal once Z.
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is applied. Note that (P N Q)%™ = P%* N @Q**" is again endowed with an A-
motive structure and hence so is the quotient A ® F-module P**/(P N Q)%".
The underlying A ® F-module is locally-free and has rank 0; hence it is zero.
The inclusion P%' N Q%' — P is therefore an isomorphism which yields
Pt %', We conclude by exchanging the roles of P and @ in the above
argument to obtain the converse inclusion. O

We deduce at once:

Proposition-Definition 1.34. Any mixed A-motive M over F admits a
unique increasing filtration by saturated sub-Anderson A-motives (W, M );c(1,...,
such that (Z,,(W,,M)); coincides with the weight filtration of Zo (M) (Defi-

nition |1.21]).

(i) We call (W,, M), the weight filtration of M.
(1) For all 7 € {1,...,s}, we let W,, M be the underlying module of W, M.
(17i) For all p € Q, we set

WM = | W, M, W,M :=(W,M,7y),
Hi<p
W, M = | WM, WM := (WM, ry),
Hi<p
and Gr, M =W, M/W_,M. Both Gr, M and W,M, as well as W, M,
define mixed A-motives over F' for all u € Q.

(tv) The semi-simplification M* of M is the mixed A-motive over F' given
by
M .= @ Gr, M.

(v) We let MMp (resp. mp) be the full subcategory of Mp (resp.

M) whose objects are mixed.
The next lemma follows closely [HarJul, Prop 2.3.11(c)]

Lemma 1.35. Any submotive M' < M and any quotient A-motive M —» M"
of mized A-motives M is itself mized.

Proof. Let f denotes the morphism M — M" in Mpg. For p € Q, let W, M :=
W, M N M and W,M" := f(W,M)*** N M". Both are saturated modules in
M'" and M" respectively. They are also canonically endowed with an A-motive
structure. Because B(F) is flat over A ® F' (as the composition of the flat
morphisms A ® F C Ko ® F C B(F)), [Bou, §1.2, Prop. 6] implies that
— ®agr Boo(F) commutes with finite intersections and we have

W, M' @agr Boo(F) = (WM @agr Boo(F)) N Lo (M) = Lo (M), N Lo (M)
:IOO(M/>u
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where the last equality follows from Theorem Similarly,
WHM” Rapr Bo(F) = (f(WuM)Sat Raer Boo(F)) N IOO(M”)
= [(Zoo(M),) NZoo(M") = Zoo(M"),,.
This shows that M’ and M"” are both mixed with respective weight filtrations
(WuM/)uGQ and (WuMH)uEQ' L
As a consequence, we record:

Proposition 1.36. The category M Mg is an exact subcategory of Mp.
Proof. This follows from Lemma and [HarJu, Rmk 2.3.12]. O

Proposition 1.37. Any morphism of mized A-motives preserves the weight
filtration, that is, given a morphism f: M — N in Mp,

VpeQ, fW,M)cC W,N.

In particular, for oll p € Q, the assignation M — W, M is functorial over

MMp. Over ./\//_l\./\//lp, this assignation defines an exact functor, that is, the
inclusion
VpeQ, [f(W,M)cCW,Nnf(M).

becomes an isogeny at the level of A-motives.

Proof. Let f: M — N be a morphism of mixed Anderson A-motives over F'.
In the category of isocrystals, f defines a morphism from Z., (M) to Z.(N).
We have

Loo(fWuM)) = f(ZocWuM)) = f(Zoo(M)y)
and, by flatness of Bo(F') over A® F,
Zoo(f(T"M)NW,N) =Zoo(f(T"M)) N Loo(W,N) = f(T"Zoo(M)) N Zoo(N),
= [(To(M),) (13)
where the last equality follows from Theorem [1.19] By Lemma [1.33|applied to

(L.3).

fW,M) C fW,M)*™ = f(r*"M )™ N W,N C W,N. (1.4)
To conclude that W, is exact over m r, it suffices to note that all inclusions
in (|1.4) are isogenies of A-motives over F. m

Remark 1.38. Here is a description on how weights behave under linear algebra
type operations. First note that 1 is a pure A-motive over F' of weight 0. Given
two mixed A-motives M and N, their biproduct M @& N is again mixed with
weight filtration W,(M & N) = W,M & W,N (p € Q). Their tensor product
M ® N is also mixed, with A-part of its weight filtration being:

sat
WA(M ® N) = ( Y WMo Wyﬁ> .

prv=A>A
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We took the saturation A-motive to ensure that the above is a saturated sub-A-
motive of M ®N. The dual M" is mixed, and the p-part of its weight filtration
W, M has for underlying module W, M"Y = {m € MY|VA < —p: m(W M) =
0}, In general, given M and N two A-motives over F' (without regarding
whether M or N are mixed) and an exact sequence 0 — M’ — M — M" — 0
in Mp, we have

w(0) = 0

W) = —w(a)

wMeN) = wlM)Uwl)

w(M) = w(M) Uw(M’)

wMeN) = {w+v]|wewd), vew(lN)}

See [HarJul, Prop. 2.3.11].

1.2.3 Non-positively weighted A-motives

The content of this subsection will be used only in Chapter [6] where we will
attach C' x C-shtuka models to A-motives with negative weights (Theorem
6.11). This construction is at the heart of the proof of Theorem F' (Chapter

0.
The next lemma is the reason why A-motives with non-positive weights are
peculiar.

Lemma 1.39. Let M be an A-motive over F whose weights are all non-
positive. Then Lo,(M) contains an A (F)-lattice stable by ;.

Proof. We first treat the case where M is pure. In this case there is an A (F)-
lattice T' in Zo (M) such that (75,7) = m. T for two integers s > 0 and r > 0.
The A (F)-module generated by T, ()T, ..., (ti;'T) defines an A, (F)-
lattice T" stable by 7.

We now treat the general case. Let F’ be a perfect field containing F'.
The A-motive M ., obtained from M by base-change, has the same weights as
M (Remark [I.31). The Dieudonné-Manin Theorem [1.24] states that Zo (M)
decomposes as a direct sum:

Too(Mpr) = M @ axr Boo(F') = @D D
=1

where, for all ¢, D; is a submodule of Z.,(Mg) stable by 73 and (D;, Ta)
defines a pure isocrystal over F’ of non-negative slope. As such, D; contains
an A (F')-lattice T} stable by 7a;. We let T := @, T.

Let T be the A, (F)-module given by the intersection of the A, (F")-
module 7" and the B (F)-module Zo(M). We claim that T is an A (F)-
lattice stable by 7). Stability by ) is clear, so we prove that T is an A (F)-
lattice. First of all, we have

T Q0. Koo = (T" ®0.. Koo) N (M @agr Boo(F) @0, Koo) = M @aer Boo(F)
= IOO(M)
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(for the first equality, we used that the inclusion O, — K is flat, and thus
that — ®p_, Ko commutes with finite intersections [Bou, §1.2, Prop. 6]). It
follows that T' generates Zo(M) over K.

Secondly, we show that T is finitely generated over Ay (F). Since A (F)
is a Noetherian ring, it suffices to find a finitely generated A, (F)-module
which contains T'. If M has rank r, the By (F)-module Z,, (M) is free of rank
r by [Mor2, Cor. 3.5.2]. We fix b a basis of Z,,(M). Then b induces a basis of
the Boo (F')-module Zoo(Mp/) = Lo (M) ®@p. () Boo(F'). We let L be the free
A (F')-module generated by b. Because T" is finitely generated over A, (F"),
there is a large enough integer k such that 7" C m_*L’. Therefore,

T=TNZo(M)C (mFL)YNT(M)=m (L' NTo(M)).

Now, L' N Z(M) equals the A, (F)-module L generated by b. As desired,
T C m*L and T is finitely generated. [l

Compare to Lemma [1.39] if the weights are negative there is further:

Lemma 1.40. Let M be an A-motive over F whose weights are all negative.
There exist an A (F)-lattice T in Loo(M) and two positive integers d and h
such that (th,/T) Cc md.T.

Proof. If M is pure, this follows from the definition of purity. For the gen-
eral case, we proceed as in the proof of Lemma [1.39] For F’ a perfect field
containing F', the A, (F’)-module Z, (M) decomposes as a direct sum:

IOO(MF/) - M ®A®F BOO(F/) = @DZ
1=1

where, for all ¢, (D;, 75s) defines a pure isocrystal over F” of negative slope. As
such, D; contains an A (F’)-lattice T/ such that (7/4T;) = m% T} for integers
hi,d; > 0. We let T" := @, T/, so that (rj;7") C m&T" for h = maxh; and
d = mind;. We let T be the A (F)-module given by the intersection of the
Ao (F')-module 7" and the B (F)-module Zo(M). We prove that 7' is an

A (F)-lattice satisfying (7§,7) C m4 T as in the proof of Lemma[l.39} O
Conversely, we record:

Lemma 1.41. Let M be an A-motive over F such that Z,.(M) contains an
Ao (F)-lattice T such that (tpyT) C T. Then, all the weights of M are non-
positive.

Proof. As in the proof of Lemma [1.39, up to a base-change, one can assume
that I is a perfect field. By Theorem [1.24] the B (F')-module Z, (M) decom-
poses as a direct sum

To(M) = EB D;
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where, for all i € {1,...,s}, D, := (D;,7a) defines a pure subisocrystal of
Zoo(M). For all i € {1,...,s}, there exists an A (F)-lattice L; C D; and
integers r; > 0, s; such that (r3;L;) = m%L,. Taking determinants over
Ao (F) yields

ri - deg(D;) = s;

On the other-hand, if Z,(M) contains an A, (F)-lattice T" stable by 7, then
T N D; defines an A, (F)-lattice T; in D; such that (1),/T;) C T;. It follows
that

deg(D;) = 0.
Hence, s; > 0 for all ¢ € {1, ..., s} which implies that the slopes of Z (M) are
all non-negative. Hence, the weights of M are all non-positive. O]

1.3 The M\-adic realization functor

We now introduce the function field analogue of the f-adic realization functor
(Definition [1.42]), and show that it is exact (Proposition [1.45)). It will allow us
to define extensions with good reduction in Chapter [3]

For the rest of this section, A is a closed point of C distinct from oco. We
denote by m = m,, the maximal ideal of A associated to A and by O, the com-
pletion of A at m. We let F' be a field containing K and let x : A — F be the
inclusion, so that kerx = (0) (generic characteristic). Let F*° be a separable
closure of F' and denote by Gr = Gal(F*|F) the absolute Galois group of F’
equipped with the profinite topology.

Let M = (M, 7p) be an A-motive over F of rank r. Let M p. = (Mps, Tar)
be the A-motive over F*® obtained from M by the base-change functor. By
Proposition [1.29], Z)(My.) defines an isocrystal over F*. Given o € G, o
acts on A, (F*) via idp, ®c. This action extends to the Oy-module

IN(Mps) = M @aer Ar(F?)

which leaves the left-hand side of the tensor invariant. Following [HarJu,
§2.3.5], we define:

Definition 1.42. We define the \-adic realization T\M of M to be the Oy-
module
M :={m € J\(Mps) | m = mp(7"m)}

given with the compatible action of G it inherits as a submodule of J(Mps).

Remark 1.43. In [Mor2|, Mornev extended this construction to the situation
where \ is the closed point cc.

The next lemma is well-known in the case of T-sheaves (e.g. [Gar3|, Prop.3.3|
or [TagWa, Prop.6.1]).
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Lemma 1.44. The map ThM ®o, A\(F*) = I\(Mps), w® f+— w- f is an
isomorphism of Ax(F*®)-modules. In particular, the Ox-module Th\M is free of
rank v and the action of Ggp on ThM is continuous.

Proof. Let n > 1. The ideal j is invertible in A (F*) by Lemma and it
follows that m + m™ — 75/(7*m) + m” induces a well-defined A-linear auto-
morphism of

M@F Fs/m"(M KRp FS> = j,\(MFs)/m"jA(MFs).

The above is a finite dimensional F*-vector space, and m+m"™ — 7 (7*m)+m"
is q—linemﬂ in the sense of [Katll §1|. By [Katl, Prop. 1.1], the multiplication
map

{m e T\(Mp:)/m" I\(Mps) | T (7"m) = m} @p F* — Tn(Mp) /m" T\ (M)

(1.5)
is an isomorphism. Taking the inverse limit over all n yields the desired iso-
morphism. Because J,(Mps) is a free module of constant rank r over A, (F*),
the same is true for Jy\(Mps)/m" J\(Mps) over (A/m™)® F*. The isomorphism
(1.5) implies that the A/m™-module

[TIn(Mps) /m™ In(Mps)|™=t = {m € Jn\(Mps) | Tae(7"m) = m}
is free of rank r over A/m™. The projective limit over n:

ThM = lgn[jk(MFS)/m"jA(MFS)]Tle

is then a free O -module of rank r.

By definition, the action of G on Th\M is continuous if, and only if, for
all n > 1, the induced action of Gr on T\M /m"T\ M factors through a finite
quotient. For n > 1, let t = {¢;,...,ts} be a basis of the finite dimensional
F-vector space J\(M)/m™J\(M). Let Fj; be the matrix of 75, written in the
basis 7*t and t. Let w = {wy,...,w,} be a basis of T\M /m"T\M over F.

By (LF)), w is a basis of J\(Mps)/m"Jy(Mps) over F*, and we let w;; €
F* be the coefficients of w expressed in t, that is, for i € {1,...;s}, w; =
> wjtj. We let E,, denote the Galois closure of the finite separable extension
F(wi|(i,5) € {1,...,s}?) of F in F*. We have

M /m"T\M = {m € (M ®@p E,)/m"(M ®p E,) | Tm(7"m) = m}.

As such, the action of G factors through Gal(E,|F) = G/ Gal(F*|E,). We
conclude that the action of G is continuous. O

Proposition 1.45. The following sequence of O|Gg|-modules is exact

0— TZM — M ®@aer AN(F®) 3" M @4p Ay (F*) — 0.

'For k a field containing F and V a k-vector space, an F-linear endomorphism f of V is
g-linear if f(rv) =rif(v) for allr € k and v € V.
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Proof. Everything is clear but the surjectivity of id —7,. Let 7 be a uni-
formizer of O, and let Iy be its residue field. Let f =) ., a,m™ be a series in
Ay (F?) = (FA®F?)[r]. Let b, € Fy\&F*® be such that [idg, ®(id — Frob,)](b,) =
a, (which exists as F** is separably closed), and let g be the series ) ., b,7"

in A,(F*). For w € T\M, we have

(id—7y) (w-g) =w- f.

It follows that any element in M ®agr A\(F®) of the form w - f is in the
image of id —7,,. By the first part of Lemma those elements generates
M Ragr Ax(F*). We conclude that id —7y; is surjective. O

We obtain the main result of this section:

Corollary 1.46. The functor M — T\M, from Mg to the category of con-
tinuous Oy -linear Gp-representations, is exact.

Proof. Let S : 0 — M' — M — M"” — 0 be an exact sequence in M. The
underlying sequence of A ® F-modules is exact, and because A, (F*) is flat
over A® F', the sequence of A, (S)-modules J,(95) is exact. In particular, the
next commutative diagram of A, (F*)-modules has exact rows:

00— (M) — Th(M) —— T\(M") —— 0

lid —Tar! lid —TMm lid — Tt

0 —— (M) —— Th\(M) —— J\(M") —— 0

and the Snake Lemma together with Proposition [I.45 yields that 7,5 is exact.
[l

1.4 The Betti realization functor

Here, we introduce the Betti realization of an A-motive (Definition and
discuss rigid analytically triviality (Definition . One chief aim is to define
the full subcategory M ?f; of MM consisting of rigid analytically trivial
mized A-motives, which shall be the source of the Hodge realization functor
to be defined in Chapter [5

The notion of rigid analytic triviality dates back to Anderson [And, §2|
(see also [HarJu, §2.3.3]). But a novelty that we add here is the definition of
a natural action of the absolute Galois group of K, on the Betti realization
A-module, similar to the action of Gal(C|R) on the Betti cohomology groupsE|
H(X(C),Z) of an algebraic variety X over Q.

We recall that K, is the completion of K at the place oo, and that O
denotes its valuation ring. We fix K3 a separable closure of K, and we let

2This action is induced by functoriality of X — H?(X(C),Z) on the action of Gal(C|R)
on the C-points of X.
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Cs be the completion of K3 . The field C, is algebraically closed by Kras-
ner’s Lemma (see [FonOul, Cor.3.2]). We let |- | be the unique extension of the
norm on K to Cy. Let G be the absolute Galois group Gal(K$|K). By
continuity, the action of G, extends to C.

Let L be a complete subfield of C,, containing K. We present three
equivalent constructions of the affinoid algebra L(A).

1. Consider the non-archimedean norm |- | on L it inherits as a subfield of
Cs, and define a norm on A ® L by

||| := inf (maxyzio forz € A® L

where the infimum is taken over all the representations of x of the form
> (a; ®1;). We define L({A) to be the completion A®L of A ® L with
respect to the norm || -||. Given any basis (¢;);>¢ of A over F, it is proved
in [GazMal Prop.2.2| that

L({A) = {itz@li

=0

l;e L, lim a, — 0} . (1.6)
n—oo
2. Let Op, be the valuation ring of L with maximal ideal m;. We denote
by Op(A) the completion of A ® O with respect to A ® my, that is
OL(A) = lgln(A ® Op/A®@m?7). Then, L(A) is isomorphic to the L-
algebra L @p, Or(A).

3. Let t € A be a non constant element. The inclusion F[t] — A makes A
into a finite flat A-module. We let

L(t) = {i ant"

n=0

an, € L; nli_)rroloan—>0}.

Then, A ®ppy L(t) is isomorphic to L(A).

If L is fixed under the action of G, the latter action extends to L(A) by
leaving A invariant. Under the description [1| for elements in the form of (1.6]),
0 € G acts on L(A) as follows:

This definition is independent of the chosen basis (%;);>o.

The following preliminary lemma will be used next, in the definition of the
Betti realization functor.

Lemma 1.47. Let k : A — L be an F-algebra morphism with discrete image.
We have j,L{A) = L(A).
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Proof. Because k(A) is discrete in L, it contains an element « of norm || > 1.
Let a € A be such that a = k(a). Then, k(a)™! € my and the series

— Z a" @ k(a)” Y

converges in O (A) to the inverse of (a ® 1 — 1 ® k(a)). O

1.4.1 Definition

Let F' be a finite extension of K and let v : F' — C, be a K-algebra morphism.
Here, k : K — F is the inclusion of fields. The assignation |z|, := |v(z)]| for
x € F defines a norm on F', and we denote by F;, the corresponding completion
of . We let F? be a separable closure of F,. Let G, = Gal(F?|F,) be the
absolute Galois group of F),. By continuity, GG, acts on Cg..

Let M = (M, 1)) be an A-motive over F. By Lemma the ideal j of
A® F is invertible in C(A) and 7), induces an isomorphism of modules over
Cos{4)

T*(M ®A®F,v COO<A>> ; M ®A®F,U COO<A> (17)
which commutes with the action of G, on M ® g5, Coo(A), inherited from the
right-hand side of the tensor. We still denote by 7j; the isomorphism .

Definition 1.48. The v-adic Betti realization of M is the A-module
Ay(M) :={w e M Qagry Coo(A) | w=Tm(T"w)}

endowed with the compatible action of G, it inherits as a submodule of M ® agr.
Coo(A). Let Ay(M)™ be the sub-A-module of A, (M) of elements fixed by the
action of GG,. Similarly, the Betti realization of M is the A-module

AM) :={w e M @agrx Coo(A) | w=Tn(T"w)}.

endowed with the compatible action of Go,. We let A(M)™ be the sub-A-
module of A(M) of elements fixed by G ..

Remark 1.49. The distinction between v-Betti and Betti realization seems to
be new. It does not appear in [HarJu| as A-motives are all considered over C..
This distinction is already made in the number fields case where, given a variety
X over I' and a positive integer i, the Betti realizations of the hypothetical
mixed motive M := h*(X) are given by

Mp := H(X(C),Z), Mp,:=H (X xg,C)(C),Z)

for v : F — C an embedding. Admitting the philosophy of mixed motives,
we have a direct sum decomposition Mp = @U|oo Mp,. In function fields
arithmetic, there is no such a decompostion property for arbitrary extensions
F/K. Indeed, let K C E C F be such that K C E is separable and E C F'is
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purely inseparable. Then M ®x C, decomposes as the direct sum @, (M ®g
Cw) indexed over K-linear embeddings v : E — C,. In particular, if F is
separable over K, we have

A(M) = P A,(M)

where the sum is indexed over K-algebra morphisms v : F' — C... Yet, if F//K
is inseparable, this is no longer true.

An A-motive M = (M, 1) over F of rank r induces an A-motive M’ over K
of rank r[F" : K] by seeing M as an A® K-module. Let Resp/x : Mp — Mk,
M s M’ be the restriction of scalars functor. If i : K — C. denotes the
inclusion of fields, we have by definition

A(M) = A;(Respx M). (1.8)

As the Betti realization is contained in the case F' = K, it is enough to study
the v-Betti realization.

Definition 1.50. The A-motive M is called rigid analytically trivial if the
Coo(A)-linear morphism A(M) @4 Coo{A) - M Ragx Coo(A) given by the
multiplication is an isomorphism. For a K-algebra morphism v : FF — C.,, M
is called v-rigid analytically trivial if A,(M) ®4 Coo(A) = M @agr, Coo(A) is
an isomorphism.

Remark 1.51. Not every A-motive is rigid analytically trivial. An example of
A-motive which is not rigid analytically trivial is given in [And} 2.2].

The following Proposition rephrases [BécHal Cor.4.3]:

Proposition 1.52. Let M be an A-motive over F of rank r and let v : F —
Cw be a K-algebra morphism. Then N, (M) is a finite projective A-module
of rank r' satisfying ' < r with equality if and only if M v-rigid analytically
trivial.

The next proposition assembles the definitions of [I.50]

Proposition 1.53. Let M be an A-motive over F. The following are equiva-
lent:

(1) M is rigid analytically trivial.

(i7) There exists a K-algebra morphism v : F — Cy such that M is v-rigid
analytically trivial.

(1ii) M isv-rigid analytically trivial for all K-algebra morphisms v : F' — Cy.

Proof. We have that implies Conversely, assume and let v’ :

F — C4 be a K-algebra morphism. The image of v and v' both land in the
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algebraic closure K of K in Co. Let 0 € Autg(K) be such that v/ = o o v.
By continuity, o extends to C,, and then A-linearly to C,(A). We have

(M ®agF0 Coo(A)) @c.ay,e Coo{A) = M Ragry Coo(A)

The above maps isomorphically A,(M) to A, (M). We obtain [(zz2)]

It remains to show that is equivalent to . Let K C E C F be such
that F is a separable extension of K and F' is a purely inseparable extension
of E. Let s = [E : K| and m = [F' : E]. We decompose A(M) as follows:

AM) ={w e M @agx Cu(A) | w =71y (T7w)}
~ B {weMagpyCulA) | w=1y(r"w)}

v:E—Cqo

P {weMOur (A8 F) ®aspo Co(A)) | w = mu(77w)}

0v:E—Cqo

I

(1.9)

where the sum is indexed over the embeddings v : £ — C,. Let us denote by
A} (M) the summand of (1.9)) so that A(M) = @, AL(M). Let e = (eq, ..., e)
be a basis of F' ®p C,, over C,,. The A-linear map

v

eV : A,L,(M)m — A:(M), (wz)z — Zwiei

is an isomorphism, and thus rka A (M) = mrks A, (M). Hence, we find

tka A(M) = > tkaAJ(M)=m Y rkaA,(M).

v:E—Coo v:E—Cqo

Because # Homg(E,Cy) = s and ms = [F : K], the proof is ended by
Proposition [I.52] O

In virtue of Proposition [1.53] we now voluntarily forget the notion of v-rigid
analytic triviality. When M is rigid analytically trivial, in Definition the
field C., can be replaced by a much smaller field. This is the next proposition.

Proposition 1.54. Let M be a rigid analytically trivial A-motive over F and
let v: F — Cy be a K-algebra morphism. There exists a (complete) finite
separable field extension L of F, contained in C, such that A,(M) is contained
in M @agro L(A). In particular, the action of G, equipped with the profinite
topology, on A, (M) equipped with the discrete topology, is continuous.

Proof. Let t be a nonconstant element of A. The inclusion F[t] C A makes
A into a finite flat A-module, therefore M defines an F[t]-motive of rank
deg(t) rank M over F'. Using the identification F[t|® F' = F'[t|, we rather write ¢
for t®1 and 6 for 1®k(t). Let n > 0 be an integer so that (t—0)"1y (7*M) C M.
Let N be the F[t]-motive over F' whose underlying module is N = Ft] and
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where 7y is the multiplication by (¢ — 6)". If “3/—6 denotes a ¢ — 1-root of
—0 in C,, we have

Ay(N) = ("~ —9)—”f[ (1 — eiq)n Flt] € K ( q*€/—_9> (t).

The F[t]-motive N has been chosen so that M ® N is effective (see Definition
[1.2). By [And, Thm 4], there exists a finite extension H of F, in C such that

Ay(M) @5 Ay(N) = Ay(M @ N) C (M @ppg N) @ppg0 H(t) = M Qg0 Ht).

It follows that there exists a finite extension L' of F, such that A,(M) C
M @y, L'(t) (take for instance L' := H( “v/—0)).

We now show that one can choose L' separable over F, (the argument
ressambles to the proof of Lemma [1.44). Note that M ®@pp, Fj(t) is free
of finite rank over F;(t). Therefore, (M ®pp, Fy(t))/(t") is a finite dimen-
sional F-vector space for all positive integers n. By [Katl, Prop. 1.1], the
multiplication map

{m € (M @pw, F}()/(t") | m=1u(T"m)} ® F — (M ®ppg,0 F () /(t")
is an isomorphism. In particular, the inclusion of
{m € (M @pp F,(t)/(t")|m = 1o (7"m) }

in {m € (M ®pjg,0 Coo(t))/(t")|m = 7as(7*m)} is an equality. It shows that
A, (M) is both a submodule of M ®py, F;(t) and M @pp, L'(t). Because
M is free over F[t], it follows that A,(M) C M ®pp,. L(t) where L is the
finite separable extension L' N F of F, in Cu. Since (A ® F) @ppy,o L(t) is
isomorphic to L{A), we deduce that A,(M) C M Qaer L(A). O

By the faithful flatness of L{A) — C..(A) (|[Bou, AC I§3.5 Prop. 9]), we
have:

Proposition 1.55. Let v : F — C, be a K-algebra morphism and let M be
a rigid analytically trivial A-motive over F. Let L be as in Proposition [1.5].
The multiplication map

AU(M) Xa L<A> — M ®A®F,v L<A>
is an isomorphism of L{A)-modules.

The next result is inspired by [BécHal Prop. 6.1]. We have adapted it to
descend from C,, to F?¥ in order to compute the module H'(G, A,(M)) of
continuous Galois cohomology.

Theorem 1.56. Let v : F — C,, be a K-algebra morphism, and let M be
a rigid analytically trivial A-motive. There is an exact sequence of A[G,]-
modules:

0— AU(M) — M ®A®F,v COO<A> idiﬁ” M ®A®F,v COO<A> — 0. (11())
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Furthermore, it induces a long exact sequence of A-modules

0= Ay(M)T = M®ugroFy(A) S M@ aor,Fo(A) 25 HYG,y, Ay(M)) — 0.
(1.11)

Remark 1.57. The fact that (1.10]) implies (1.11)) has nothing immediate. We

have to descend from the completion F¥ of the perfection of F,, which cor-
responds to the fixed subfield of C,, by G, by the Ax-Sen-Tate Theorem, to
F,.

Remark 1.58. The morphism ¢, is defined using the Snake Lemma. It can be
described as follows: for m € M ®@agr, Fiy(A), let &, € M ®agro Coo(A) be
such that

Em — TM(T*§m> =m.

For o € G, &2 — &,,, is an element of A,(M). The cocycle
d(m) € H' (G, Ay(M))

then corresponds to o +— &7 — &,,, and the Theorem states that any
continuous cocycle of G, — A, (M) is of this form.

Proof of Theorem[1.56. Let F[t] — A be a nonconstant morphism of rings (A
is then a finite and flat F[t]-module). We have C.(A4) = A ®pp Coo(t) where
Cwo(t) is the Tate algebra over C., in the variable ¢.

The exactness of ((1.10]) follows from [BocHal, Prop. 6.1]. We shall use the
same argument as in loc. cit. to show that the sequence

id —7

0 — Apy(M) — M Qppy, F3(t) "M ®pp, Fi(t) — 0, (1.12)

where the first inclusion is well-defined by Proposition [I.54] is exact. It suffices
to show the surjectivity of id —7p; on M &gy, F;5(t). The argument ressambles
to the proof of Proposition . Let f € M ®ppy,» F(t). Since M is v-rigid
analytically trivial, without loss of generality we can assume that f = c¢-w for
c=>  sot" € Fi(t) and w € A, (M). There exists a solution b, in F) of
x — 29 = ¢, for all n > 0. The condition |¢,| — 0 implies |b,| — 0. Hence, the

element
g .= (Z bnt"> cw
n=0

belongs to M ®pp,. £ (t) and satisfies (id —7a7)(g) = f. It follows that (1.12)
is exact. By Proposition G, acts continuously on (1.12) and taking

invariants yields a long exact sequence of A-modules:

A(M) 5 M ®agpy Fy(A) 3 M @ ggp Fy(A) — HY(Gy, Ay(M)) — - --
To conclude, it remains to prove that the module

HY Gy, M ®pp0 Fi(t) = M Qpy,0 H (G, FL (L))
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is zero. We claim that H'(G,, F5(t)) vanishes. By continuity, it suffices to
show that H'(G,, L(t)) vanishes for any L C F? finite Galois extension of F,,
with Galois group H. By the additive version of Hilbert’s 90 Theorem [Serl]
x.§1, Prop. 1|, H(G,, L) = H'(H, L) vanishes and it follows that H'(G,, L[t])
is zero. Therefore, we have a long exact sequence

0 — F,(t) = F,[t] — (L[[t]]/L(t))G“ — HY(G,, L{t)) — 0.
In particular, for any cocycle ¢ : G, — L(t), there exists f € L[t] such that,
VoeG,: clo)=f"—F.

Because L is separable over F, its trace forme is non-degenerated, that is, there
exists o € L such that n:= ) _, a” € F, is nonzero. Thus, f can be written

f= (77_1 Z of’f”) — (7]_1 Z a”c(a)) € F,[t] + L(t).

oceH oceH

It follows that c is trivial, and that H'(G,, L(t)) = 0. This concludes the
proof. O

We introduce the category mentioned in the introduction.

Definition 1.59. We let M}# (resp. MME) be the full subcategory of My
(resp. MM ) whose objects are rigid analytically trivial.

The next proposition, which ensures us that extension modules in the cat-
egory MM7E are well-defined, is borrowed from [HarJu, Lem. 2.3.25].

Proposition 1.60. Let 0 — M' — M — M"” — 0 be an exact sequence in
Mp. Then M is rigid analytically trivial if and only if M' and M" are. In
particular, the category M7 (resp. MM7G?) is exact.

We finally record that Betti realization functors having ./\/l/\/liig as its
source are exact.

Corollary 1.61. The functors M — A(M) and M — A, (M) from M (resp.
MME?) to the category Rep4(G,), of continuous A-linear representations of
G, is exact.

Proof. The proof is similar to the one of Corollary [1.46} this follows from
Theorem together with the Snake Lemma. n

1.4.2 Analytic continuation

We end this subsection by showing that elements of A(M) — which can be seen
as functions over the affinoid subdomain Spm C,(A) with values in M @ Cy
— can be meromorphically continuated to the whole rigid analytification of the
affine curve Spec AQC,,, with their only poles supported at the closed support
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of j and its iterates 7*j, 7*%j, ... . In the deg(oo) = 1-case, this is treated in
[HarJu, §2.3.4]. The results of this subsection will be needed in Chapter
where we attach a mized Hodge-Pink structure to a mixed rigid analytically
trivial A-motive.

Fix v : F — C, a K-algebra morphism and let L be any complete subfield
of C that contains F,. Let |- | be the norm on L it inherits as a subfield
of C. In what follows, we construct two sub-L-algebras L{A)) and L{A)),
(Definition of L{A). Our aim is to show that A, (M) C M @agr. L{A);
for any rigid analytically trivial A-motive M over F' (Theorem .

By the so-called rigid analytic GAGA functor |[Bosl, §1.5.4], we associate
to C' x Spec L its rigid analytification (C x Spec L)"8. It contains the rigid
analytification 2, of Spec(A ® L) as an affinoid subdomain. We recall briefly
its construction. Let t € A be a non-constant element and fix ¢ € L whose
norm satisfies |¢| > 1. We define:

t - A t
L{-):= Wt a, € Ly i nC" = , L{(—)=A L{-).
<c> {Za an € lim a,c O} <c> O <c>

n=0
A A
LM>3L<Z>3L<2>D-~3A®L

give rise to inclusions of affinoid subdomains

The inclusions

Spm L(A) C Sme<é> C Sme<§> C -

where Spm L (£4) can be interpreted as the scale of coefficient |c|' of Spm L{A).
The union of all these domains can be constructed using a glueing process, re-
sulting in the rigid analytic space 21 = (Spec A ® L)" equipped with the
admissible covering J;2, Spm L <Cé> This construction is independent of the
choice of ¢ and ¢ (we refer to [Bos, §1.5.4] for details). We recall that, as sets,
2, and Spm A ® L coincide. Given an ideal a of A ® L, we let V(a) be the
finite subset {m € Spm A ® L | a C m} of 2A;. We denote by L{A) the ring
of global sections of ;.

We again denote by 7 the scheme endomorphism of C' x Spec L which
acts as the identity on C' and as the g-Frobenius on Spec L. 7 extends to
(C x Spec L)"&, and stabilizes both 2(;, and Spm L(A). For a a nonzero ideal
of A® L and i > 0, we let a® be the ideal of A® L generated by the image of
7(a). As A® L-modules, al is isomorphic to 7*'a. For instance, j¥) = i9 s
the maximal ideal of A ® L generated by the set {a ® 1 — 1 ® r(a)?|a € A}.

Example 1.62. Let C' = P} and let oo be the point [0 : 1]. We identify A
with F[t] and the tensor product A ® F with F[t]. We let § € F denote k()
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so that 7 corresponds to the ideal (t — 89') of F[t]. Let v : F — Cy be a
K-algebra morphism and let L be a complete field in C,, containing F. We

have
L(A) = L(t) = {Z ant"

n=0

a, € L; r}Lriloan—)O},

L{A) = L{t) = {Z ant"

n=0

a, € L; Vp>1: lim a,p" — O} . (1.13)
n—oo

The ring L({A) corresponds to series converging in the closed unit disc, whereas
L{(A)) consists of entire series. The morphism 7 acts on both rings by mapping

f= ano ant™ to fO) = ano alt™.
Let u € A be a separating element, that is, such that K is a separable

extension of F(u). Let L{{u)) denote the subring of L(u) defined by (1.13]).
The multiplication map

A @pp) L{u) = L(A), A @ppy L{u)) — L{A)

are isomorphisms. For ¢ > 0, the converging product

. et ®1
o .— T
¢=T1( )

j=i
defines an element in L{{A)) whose only zeros in 2(; are supported at
UVwel-1&kw)?).
Jj=i
We set II,, := H&O).

Definition 1.63. We let L{A));w» be the subring of Quot L{A)) consisting of

elements f for which there exists n > 0 such that (I)"f € L{AY for all
separating element u € A.

Remark 1.64. The ring Co((A));) could have been defined as the subring of
Quot C ((A)) consisting of elements f which are meromorphic on ¢, and
whose poles are supported at V(3@), V(;0+Y), ... with bounded orders. Def-
inition has the small advantage of not requiring much of rigid analytic
geometry. The next lemmaﬂ is a bridge between both definitions:

Lemma 1.65. Let m be a mazimal ideal of A ® Cs distinct from j, iV, i@,
. There exists a separating element u such that, for all non-negative integer
i, u®1—1® k(u)! does not belong to m. In particular,

N (U Vuel-1e n<u>q">) -Uvi?)

u =0

where the intersection is indexed over separating elements u € A.

3] thank Andreas Maurischat who gave me permission to include this lemma, which
originally was part of an unpublished collaborative work.
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Proof. Let t be a separating element. We first compute the prime ideal decom-
position of (t® 1 — 1 ® k(t)) in the Dedekind domain A ® C,. The inclusion
of Dedekind ring F[t] ® Coo C A® Cy makes A® Cy, a free F[t] @ Coo-module
of rank [K : F(¢)]. In particular, there are at most [K : F(t)] prime divi-
sors of (t ® 1 —1® k(t)). For o : K(K) — C an F(t)-algebra morphism,
the ideal j” of A ® C,, generated by the set {a ® 1 — 1 ® o(k(a))la € A}
is maximal and divides the principal ideal (t ® 1 — 1 ® k(t)). There are
# Hompy (k(K),Cs) = [K : F(t)] such ideals, hence

(tel-10k() =]

where the product runs over o € Homg (5(K), Cx).

We turn to the proof of the lemma. Assume the converse, that is, for all
separating element v there exists 5 > 0 such that v ® 1 — 1 ® k(v)? € m.
This means that there exists a non-negative integer i for which m O (t ® 1 —
1®k(t)7) =II,(7)%. By uniqueness of the prime ideal decomposition, there
exists ¢ € Homy ) (k(K), Cs) such that m = (j)@. Because m is distinct
from j, iV, @, ..., the morphism ¢ is not the inclusion x(K) C C,. Because K
is generated by separating elements over [F, there exists a separating element
u such that o(k(u)) # x(u). From our converse assumption, there exists a
non-negative integer j such that u® 1 —1® k(u)? € m = (j)®. Hence, both
u®1—-1®kKw)? and u®1—1®0o(k(u))? are in m. Since m # A ® Cy, this
implies o(k(u))? = Kx(u)? . ‘ ‘ _

This is a contradiction. Indeed, x(u)? and o(k(u))? = k(u)? have the
same minimal polynomial over x(IF(¢)) so that either the latter polynomial has
coefficients in F or ¢ = j. The first option is impossible as it would imply
k(u) € FNk(A) = F. The second option is also impossible as we choose u
such that o(k(u)) # k(u). O

We are now in position to prove the main result of this subsection (compare
with [HarJul Prop. 2.3.30]).

Theorem 1.66. Let v : FF — C,, be a K-algebra morphism and let M be
a rigid analytically trivial A-motive over F. There exists a finite separable
extension L of F, such that Ay(M) C M @agry L{A);.

Let us start with a lemma:

Lemma 1.67. Let n > 0 be such that "7y (7"M) C M. Let u be a separating
element in A. Then 117 - Ay(M) C M R agry Coo(A)).

Proof. Let “{/—kr(u) be a ¢ — 1-root of —k(u) in Cy. Let

Wy = N/ —k(u) H (1 L®1>_ = 1/—k(u) - I, € Quot Coo (A)).

1@ k(u)

As in the proof of Proposition [1.54] let N be the F[u]-motive over F' whose
underlying module is N = F[u] and where 7y is the multiplication by (u ®
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1 —1® k(u)™ We have A,(N) = w,™ - Flu]. The Flu]-motive N has been
chosen so that M ® N is effective. Using [BécHal Prop. 3.4, we deduce that
A(M®N) C M ®@pp,0 Coo(u)), and hence w,™ - Ay(M) C M ®@agr Coo((A)).
The Lemma follows. O]

Proof of Theorem[1.66 Because M is projective over A® F', there exists t > 1
and an A ® F-module M’ such that M & M’ = (A® F)". We let py; denote
the projection from (A® F)! onto M. By Lemmall.67] there exists n > 0 such
that, for all u separating element of A, I - A, (M) C M ®agry Coo((A)). This
yields

Ay(M) C par (ﬂ IL," - Coo«A»t)

u

where the inner intersection is over separating elements u € A. The right-hand
side is M ®@agrw Coo{(A)); by definition of Coo (A));. It follows at once that:

Ay(M) C (M @apro Coo(A))) N (M Qagrw L(A)).
To conclude that the right-hand side is M ®agr» L{A));, we use the equality
L{A); = Coo (AN, N L(A)

together with the flatness of M over A ® F, which by [Bou, §.I1.2, Prop.6]
implies that M ®45r — commutes with finite intersections. O]

We end this subsection by the following consequence of Theorem [I.66}

Corollary 1.68. Let v : F' — C,, be a K-algebra morphism and let M be
a rigid analytically trivial A-motive over F. Let m € M[™'] and let & €
M ®agry Coc(A) be such that & — Ty (7%€) = m (€ ewists by Theorem [1.56]).

There exists a separable field extension L of F, such that § € M @ agry L{A);.

Proof. Let E = (E,7g) be the A-motive over F' whose underlying module is
E:=M® (A® F) and where 7z acts by the matrix ("3’ 7") (namely, £ is an
extension of 1 by M). The A-module A,(E) is described by the couples (v, a)
where ¢ € M ®@agry Coo(A) and a € C(A), satisfying

GO0 e

The bottom rom equation yields that a € A whereas the top row yields
Tn (T*Y) + am = 1. It follows that

ME) ={(w+ag,a) [we AMM), ac A}

The corollary follows from Theorem [1.66| applied to E. O
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Chapter 2

Integral models of Anderson
A-motives

In this chapter we illustrate the notion of maximal integral models. For A-
motives, maximal integral models are understood as an analogue of Néron
models of abelian varieties. The notion dates back to Gardeyn’s work on mod-
els of T-sheaves |[Gar2| and their reduction |Garl|, where he proved a Néron-
Ogg-Shafarevich type criterion. However our setting differs by the fact that,
in opposition to T-sheaves, A-motives might not be effective. We also removed
Gardeyn’s assumption for an integral model to be locally free. We will show
in Propositions [2.14] and that this is implicit for maximal ones over local
and global function fields. Our presentation thus allows to avoid the use of a
technical lemma due to Lafforgue in Gardeyn’s exposition |Gar2l §2|. In that
sense, the content of this chapter is original.

In practice, to make maximal integral models of A-motives explicit is a dif-
ficult task. In section we consider the easier problem of finding maximal
integral models of Frobenius spaces. Those are pairs (V, @) where V is a finite
dimensional vector space over a local field £ containing F and ¢ is a ¢-linear
endomorphism of V. We show in Proposition that there exists a unique
Opg-lattice in V stable by ¢ and which is maximal for this property. In the
remaining of the section, we study the type of an Og-lattice stable by ¢ and
provide numerical criteria of maximality (see Propositions [2.6] 2.8).

In Sections and we shall be concerned with integral models of A-
motives. Given R C S an inclusion of F-algebras and an A-motive M =
(M, Tpr) over S, an R-model for M is a finite sub-A ® R-module of M stable
by Ty (Definition [2.10)).

We study the case where M is an A-motive over a local function field S
and where R is its valuation ring in Section [2.2] In Proposition [2.12] we prove
existence and uniqueness of R-models which are maximal for the inclusion,
and we prove that they are locally free in Proposition 2.14, We show that,
given a well-chosen maximal ideal m C A and a positive integer n, the data
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of (M/m"M, 7)) defines a Frobenius space over S. Theorem our main
result of this section, describes how to recover the maximal integral model of
M in terms of the data of the maximal integral model of (M /m™M, 1) for all
n. It permits to obtain a good reduction criterion for A-motives in Proposition
2.28

In Section [2.3] we treat the case where M is an A-motive over a global
function field S and R is a Dedekind domain whose fraction field is S. If p is a
nonzero prime ideal of R, we obtain an A-motive Mg by the base field exten-
sion from S to S,. Our Proposition explain how to recover the maximal
integral model of M from the data of the maximal integral models of M for

all p.

We end this chapter by our Remark which explains how our notion of
maximal integral models matches Gardeyn’s.

2.1 Integral models of Frobenius spaces

In this subsection we work with notations that are more general to what we
need in the sequel. We let k be a field containing F and let £ = k((w)) be the
field of Laurent series over F in the the variable w. We let ¢ : E — E denote
the g-Frobenius Frob, on E (it fixes F), vg be the valuation of E, O = k[w]
be its valuation ring with maximal ideal m = mp = (w).

Given a matrix M with coefficients in £, we let M? be the matrix whose
entries have been raised to the power g. If M has coefficients in E, we let vg (M)
be the minimum of the valuations of the entries of M. We have vg(M?) =
qug(M) and vg(MN) > vg(M)+vg(N) for any two matrices M and N whose
product makes sense.

Our object of study are pairs (V, ¢) where V is a finite dimensional E-vector
space and ¢ : 0"V — V is an E-linear isomorphism. In the existing litterature,
there are generally referred to as étale finite F-shtukas over E (e.g. [Har2, §4]).
We prefer here the shorter name Frobenius spaces. By an Og-lattice in V we
mean a finitely generated sub-Og-module L of V' which generates V' over E.
A sub-Og-module L is stable by ¢ if p(c*L) C L.

Definition 2.1. We say that L is an integral model for (V,p) if L is an Op-
lattice in V stable by . We say that L is maximal if it contains all the integral
models for (V).

Proposition 2.2. There exists a unique maximal integral model.

Proof. If it exists, a maximal integral model is clearly unique. We prove ex-
istence by first showing that there exists an Og-lattice in V' stable by . Let
v := (vy,...,u¢) be a basis of V and let 7" be the Og-module generated by v.
There exists a positive integer k such that o(c*T") C @ *1". Inspired by the
proof of [Gar2, Prop. 2.2|, we let T := @*T" so that

o(o*T) = w(c*T") C Ve = a2k < T,
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Hence, the Og-module T is an Og-lattice in V stable by ¢.

We turn to the existence of the maximal integral model. Let L be the
union of all the Og-lattices in V stable by ¢. The union L is non empty (it
contains 7") and hence generates V over E. It suffices to show that L is finitely
generated. Let U be an Og-lattice stable by ¢. As O is a discrete valuation
ring, U is free over Op. Let u be a basis of U and let A € GLy(E) be the
base-change matrix expressing u in v. Let F' be the matrix of ¢ expressed in
the bases o*v and v. As U is stable by ¢, we have FFA” = AM for a certain
matrix M with coefficients in Of. Therefore,

qup(A) = vE(A%) = vp(FYAM) > vg(F~1) + vg(A)

and hence vg(A) > vp(F~1) /(¢ — 1). This implies U € w=F /(@D and
it follows that L C w=E /(=T As Op is Noetherian, it yields that L is
finitely generated. 0

Example 2.3. Suppose V := E, f € Op a nonzero element and ¢ is the
morphism corresponding to z +— fz?. Write f = uw”h?! where u € OF,
0 <k < qg—1isan integer and h € Og. Then, the maximal integral model of
(V, ) is given by h='Opg. This follows from Proposition below.

Let T be an integral model for (V) ¢) and let r be its rank as a free Op-
module. The cokernel of the inclusion p(o*T) C T is a torsion Og-module
of finite type and there exists elements g,...,g, in Op with vg(g;) < ve(gii1)
such that

T/p(c*T) = Op/(g1) ® Op/(g2) © -+ Or/(g:).

Equivalently, there exists a basis (vy, ..., v,) of T over O such that

o(0*T) = (g1)v1 @ (g2)v2 @ - D (g )y

The elements g¢,...,g, are unique up to multiplication by units and are called
the elementary divisors relative to the inclusion of Og-lattices (c*T) C T.

Lemma 2.4. Let t be a basis of T over Og and let F be the matriz of ¢
written in the bases o*t and t. The elementary divisors relative to the inclusion
o(c*T) C T are the elementary divisors of the matriz F', up to units in Op.

Proof. If (f1, ..., f+) denotes the elementary divisors of F', the Smith’s normal
form Theorem implies that there exists U,V € GL,.(Og) such that UF =
diag(f1, ..., fr)V. If we let v = (vy,...,v,) be the basis of T corresponding to
V - ¢, this relation reads

o(d™T) = (fr)v1 ® (f2)v2a @ -+ D (fr)vr

By uniqueness of the ideals (g1), ..., (g-), we conclude that (f;) = (g;) for all
ie{l,...,r} O
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Definition 2.5. We let the type of T be the sequence (ey, ..., ) of the valua-
tions of the elementary divisors relative to the inclusion ¢(o*1") C T' ordered
such that e; < ey < ... <e,. We define the range rr of T to be the integer e,.

Proposition 2.6. Let T' be an integral model for (V, p).
1. If T is the mazximal integral model of (V, ), then e; < q — 1.
2. If re < q—1, then T is the mazimal integral model of (V, ).

Proof. Let g1, ..., g, be the elementary divisors in Of relative to the inclusion
@(c*T) C T. There exists a basis v = (v, ...,v,) of T over O such that

©(0™T) = (g1)v1 @ (g2)v2 @ ... D (gr)Vy-

We prove[l] If e; > ¢ —1, then e; > g — 1 for all i € {1,...,r} and hence
o(0*T) C @i 'T. If we set T" := w™'T, then

o(0*T") = %(c*T) Cw 'T =T,

and 7" is an integral model for (V) which contains T strictly. Hence T is
not maximal.
We prove . Because 7 < g — 1, we have 0 < ¢; < ¢—1foralli € {1,...,r}.
Let L be the maximal integral model of (V, ), let u = (uy, ..., u,) be a basis
of L over O and let M € M, (Og), invertible over E, such that v = M - u.
To conclude that T'= L, we have to prove that M € GL,(Og).

Let F' be the matrix of ¢ expressed in o*v and v. We have

o(o*L) = M,(Og)-¢(c*n) = M, (Og)F(M™ ) v = M, (Og)F(M~ ') M-u.

The inclusion ¢(o*L) C L implies that F(M ') M has coefficients in Op.
Therefore, we have qug(M™') > vg(F™') + vg(M™') and hence vg(M™') >
vp(F~Y) /(¢ —1). The elementary divisors of F~! are (¢g;!,...,¢;"') and our
assumption reads vg(F~') > —(¢ — 1), which amounts to vg(M~') > 0. This
concludes. ]

Remark 2.7 (Extension of the base field). Let E’ be a finite field extension of
E with ring of integers Op,. We let V' be V ®p E' and ¢’ be the extension of
@ to V'. Let L and L’ be the maximal integral models of (V,¢) and (V' ¢).
We have L ®p, O C L', but we cannot always claim equality. Indeed, if
(e1,...,e,) is the type of L and e is the ramification index of E’/FE, then the
type of L®o, Op is (eeq, ..., ee,). In particular, if ee; > ¢—1 then L®p, Op
is not maximal by Proposition [2.6]

The following proposition enables us to say how far an integral lattice is
from being maximal given its range.

Proposition 2.8. Let T be an Opg-lattice in V' stable by ¢ and let L be the
mazimal integral model of (V, ). Let s be a non-negative integer. If the range
of T satifies rp < s(q— 1), then L C w*T.
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We start by a lemma:

Lemma 2.9. Let U be an Og-lattice in V' such that U C @(c*U). Then
LcU.

Proof. For n > 0, we let ¢™ := (¢")* and denote by ¢" : 0™V — V the
E-linear morphism given by the composition

(n—1)* «
oV — ey . eV SV

We consider the following sub-Og-module of V:

LN (U go”(a"*U)) . (2.1)

It is stable by ¢, finitely generated because contained in L, and generates V'
over F because contains the Opg-lattice L N U. By maximality, equals
L and we deduce that there exists a non-negative integer m such that L C
©"™(c™*U). Because p(c*L) C L, we have 0*L C ¢ '(L) and by immediate
recursion one gets 0”™*L C ¢~ ™(L) C 0™ U. We conclude that L C U because
o : O — Op is faithfully flat. O

Proof of Proposition[2.8. Let (ey, ..., e,) be the type of T'. Recall that m = mpg
denotes the maximal ideal of Og. There exists a basis (t1,...,t,) of T" such
that o(c*T) = m®t; @ m=2ty & - - - Gmt,.. By assumption, ey, ...,e, < s(g—1)
and thus

w T C w* (me1—s(Q—1)t1 D me2—s(¢1—1)t2 - mer—s(q—l)tr>
= m61—sqt1 EB mez—sqt2 EB . EB mer—sqtr
=w Pp(a*T)
= (" (@ °T)).

Hence, U := w*T satisfies U C ¢(c*U) and we deduce that L C U by Lemma
2.9 O

2.2 Integral models of A-motives over a local
field

Let R be a commutative F-algebra given together with an F-algebra morphism
k: A — R. Let S be a commutative F-algebra containing R. Let M = (M, 7p)
be an A-motive over S (with characteristic morphism x : A — 5).

Definition 2.10. We define an R-model L for M to be a sub-A ® R-module
of M of finite type such that

(i) L generates M over A® S,
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(i) Tar(7*L) C LY.
We say that L is maximal if it contains all the R-models of M.
The next proposition is inspired by |Gar2, Prop. 2.2|:

Proposition 2.11. If S is obtained from R by localization, an R-model for M
ex1sts.

Proof. Let (my,...,ms) be generators of M as an A ® S-module, and let Ly be
the sub-A® R-module of M generated by (my,...,ms). Let d € R be such that
T (7*Lo) C d71Lyli™!], and set L := dLy. We have

T (T°L) = di7p (7" Lo) C d¥ ' Lo[i™'] = d*2L[i™'] € LY.

Thus L is an R-model. O

2.2.1 Existence and first properties

Let E be a local field containing F, let O = Opg be its ring of integers and
let &k = kg be its residue field. In this subsection, we shall be concerned
with the case where S = E and R = Opg, where the characteristic morphism
k : A — Opg is an F-linear morphism. Let M be an A-motive over E of
characteristic k.

Proposition 2.12. A mazimal Og-model for M ezists and is unique.

Proof. A maximal Og-model, if it exists, is necessarily unique. We show exis-
tence. Let U be the A ® Og-module given by the union of all the Og-models
for M. We claim that U is the maximal Og-model of M. As U is non-empty
by Proposition m, it generates M over E. We also have 75, (7*U) C U[j7'].
So our task is to show that U is finitely generated.

Let T be an Og-model for M and let t = {¢1, ..., ts} be a set of generators of
T over AQ Og. Let m be a basis of M ® 4qrQuot(A® E) as a vector space over
Quot(A® E), and let Fi; € GL,(Quot(A® E)) be the matrix of 75, written in
the bases 7*m and m. Let P € M, ,(A® E) be the matrix expressing t in m.
Because of points in Definition [2.10] there exists N € M,(A ® Op[i™!])
such that P Fy, = NP. If v denotes the valuation in Quot(A ® E) at the
special fiber C' x Spec kg of C' x Spec O, then v(N) > 0 and

qu(P) = v(PW) = o(NPF;') > v(N) 4+ v(P) 4+ v(F;*) > v(P) + v(Fi;}).

Hence, v(P) > v(F;;*)/(g—1). We conclude that 7T is contained in the A® O -
module

Up = {aymi @..®am, | Vi€ {l,..r}, a; € ARE, (¢—v(a;) > v(Fy)}

(2.2)
In particular, U is contained in Uy. The latter being a finitely generated module
over the Noetherian ring A ® O, the former is finitely generated. m
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Definition 2.13. We denote by My the unique maximal Og-model of M.
We have the next:

Proposition 2.14. The mazimal Og-model Mo of M is locally free over A®
Og.

We start with a useful lemma.
Lemma 2.15. Let a C A be an ideal. Then Mp NaM = aMp.

Proof. The inclusion D is clear. We assume a # 0 and consider the sub-
A-motive (aM,1y) of M. If T is an Og-model for (aM, 7)), then a='T is
an Opg-model for M and we have a™'T" C Mp. This implies that aMp is
the maximal Og-model of (aM, 7)) so that (aM)o = a(Mp). Therefore, the
inclusion MpNaM C aMy follows from the fact that MpNaM is an Og-model
for (aM, Tar). O

Proof of Proposition[2.1]]. Because A ® Op is a Noetherian domain and Mp
is finitely generated, it is enough to show that My is flat. We use Bourbaki’s
local criterion of flatness. Let m C A be a maximal ideal and let F,, be its
residue field. Note that

Tor!®P2 (A/m ® Op, Mp) = {m € My | ¥r e m, (r®1)m =0} = 0.

Hence, by [Bou, AC §I11.5.2 Thm. 1], the flatness of My over A ® Op is
equivalent to that of Mo /mMp over Fy, @ Op. The ring Fy, ® Op is a product
of discrete valuation rings and thus Mp/mMp is flat (and then locally free)
if and only if it is Og-torsion free. The latter condition is easily seen to be
equivalent to the equality:

mMo = Mo NmM
which follows from Lemma [2.31] ]

Remark 2.16. Let M and N be two A-motives over F/, and let M» and Ny be
their respective integral models. While the maximal integral model of M & N
is easily shown to be My @& Np, it is not true in general that the maximal
integral model of M @ N is the image of Mo ®saz0, No in M ®agr N. To find
a counter-example, we assume ¢ > 2 and consider @ € O a uniformizer. We
consider the A-motive M over E where M = A ® E and where 73y = w - 1.
The maximal integral model of M is Mp = A ® Op. However, M®@~Y hag
w‘lMg(q_l) for maximal integral model.

2.2.2 Comparison with Frobenius spaces

As in Section let F = k((w)) for a field k& containing F, let Op = k[w]
be its valuation ring and let mp = (w) be the maximal ideal of Og. Let m

be a maximal ideal of A. Note that j(A/m" ® E) = A/m™ ® E for all positive
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integers n.

Let M be an A-motive over E. We have canonical isomorphisms
Vn>1: M/m"M = M[j™')/m"M[j™. (2.3)

In particular, for all n > 1, 75, defines an A® E-linear morphism 7*(M /m" M) —
M /m"™M through the composition

(0 ) 25 MG e B 2

which we still denote by 7. The pair (M /m"M, 7)) defines a Frobenius space
over E in the sense of Section [2.1] Let L,, C M/m"M be its maximal integral
model.

Remark 2.17. In general, we cannot claim equality between (Mp+m"M)/m" M
and L,. Here is a counter-example.

Suppose that A = Ft], so that A ® Op is identified with Ogl[t], and let
m = (t). Let k : A — Opg be the F-algebra morphism which maps ¢ to w. In
this setting, j is the principal ideal of Og[t] generated by (¢ — @w). Consider
the A-motive M := (EJt], f - 1) over E where f = w? ! — @??. We claim
that the maximal integral model of M is Oglt]. Clearly, Oglt] is an integral
model for M so that Og[t] C Mp. Conversely, by [Qui2, Thm. 4|, Mp is free
of rank one over Og[t]. If h generates My, there exists b € Og[t] such that
fht) = bh. For p € E[t], let v(p) be the infinimum of the valuations of the
coefficients of p. We have

o(f) — q-—2

h) > — =

> —1

and h € Oglt]. We get Mo C Oglt].
On the other-hand, the Frobenius space (M/mM, 7)) is isomorphic to
(Op,w?11) whose maximal integral model is @ 'Op, not O.

If one wants to compare Mo with (L,),>1, then one wishes that (Mo +
m"M)/m™M defines an integral model for (M /m" M, 15) for all n > 1. This is
the case in Remark [2.17] although it is not maximal, because the considered
A-motive M is effective. In general, this is not true[|. From now on, we assume

(Cwn) The ideal m C A is such that x(m) contains a unit in O, that is,

Ii(ﬂl)OE = OE

The above assumption ensures that j(A/m"® Og) = A/m"® Op for alln > 1
(e.g. the proof Proposition [1.29), and thus that (Mp + m"M)/m"M is an
integral model for (M/m"M, p).

'For instance, consider the t-motive (E[t], (t— @)~ '1) over E, whose maximal O g-model
is Og[t], together with m = (¢).
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Remark 2.18. Note that there always exists a maximal ideal m in A satisfying
(Cpp )b it suffices to take a maximal ideal m in A coprime to k= (mpg).

Even though we cannot claim always equality between (Mo +m"M)/m" M
and L,, the data of L, for all n > 1 is enough to recover My as we show in
the next theoremP]

Theorem 2.19. Let L, be the maximal integral model of the Frobenius space
(M/m"M,1pr). Let m € M. Then m € Mp if and only if m +m"M € L,, for
all positive integers n large enough.

We start with some lemmas:
Lemma 2.20. The Og-module L,, is an A/m™ @ Og-module.

Proof. For an elementary tensor r® f in A/m"® Opg, the Og-module (r® f)L,
is stable by 7y;. Indeed, we have 7y (7*(r @ f)L,) = (r ® fO)7n(7*L,) C
(r ® f)L,. By maximality of L,,, we have (r ® f)L, C L,. O

Lemma 2.21. Let 1, be the range of the Og-lattice (Mo + m™M)/m"M in
M/m"M. Then (ry,)n>1 is bounded.

Proof. Note that Mo is a finite projective A® O pg-module by Proposition [2.14]
Let P be a finitely generated A ® Og-module such that N := Mo & P is free
of finite rank. Let r’ be the rank of N and let n be a basis of N. Let also
v : T*N[j7'] = N[j~!] be the morphism 7); & 0, and denote by

Fy = (bij)ij € Mw(A® Og[i™'))

the matrix of 7y written in the bases 7*n and n.

For n > 1, let t,, be a basis of A/m™ over F. For i,j € {1,...,7'}, let B}
be the matrix with coefficients in O representing the multiplication by b;;
on A/m" ® Op in the basis t, ® 1. Then, the matrix of 7y : 7*(N/m"N) —
N/m"N, seen as an Opg-linear map, and written in the bases 7*(t,, ® n) and
t, ® n, takes the form of the block matrix:

F;\l] = (BZ)U € Mr/dn(oE)

where d,, is the dimension of A/m" over F. One verifies that v(B]};) equals the
infinimum of the valuation of the coefficients of b;; (mod m") in Op written
in t,,. Thus, for large values of n, we have

Vi,je{l,...r"}: w(Bjj) =v(by) (nlarge enough). (2.4)

For alln > 1, note that (Mp+m"M)/m"M = Mo /m"Mo by Lemmal[2.15] Be-
cause Mp/m" My is a direct factor in N/m" N, the range of (Mp+m"M)/m"M

2In Theorem one could weaken assumption to "(Mo + m"M)/m™M is an
integral model for all n > 1". It would then include the setting of Remark 2.17 We do not
need, however, this degree of generality in the sequel.
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equals the maximal valuation of the (nonzero) elementary divisors relative to
the inclusion of Og-modules

(T (N/m"N)) C N/m"N. (2.5)

The elementary divisors relative to coincide, up to units of O, to those
appearing in the Smith normal form of the matrix F{ € M,.q (Og).

By , the valuations of the coefficients of F} are stationary. The range
of (Mo +m"M)/m"M in M/m"M is thus stationary and hence bounded. [

For n > 0, let Zn be the inverse image in M of L, C M/m"M.

Proof of Theorem[2.19. The statement is equivalent to the equality

MO: ﬂ (En—i—mnM)
n=D

for all positive integer D > 1. The sequence of subsets (L, + m"M),>; de-
creases for the inclusion: for n > 1, we have f/n+1 +m" M C f/nH +m"M
and, because (L, 1+m"M)/m"M defines an integral model for (M/m"M, 7y;),
we also have En+1 +m"M C L, +m™M. Consequently, it suffices to treat the
case D = 1.

Consider
o0

L:=()(L,+m"M).
n=1
By Lemma [2.20] L is an A ® Og-module. The inclusion Mo C L follows
from the fact that, for all n, (Mo + m"M)/m"M is an integral model for
(M/m™M, 15r). To prove the converse inclusion, we show that L is an integral
model for M. From My C L, one deduces that L generates M over E. Because
7 (7*(Lyy + m"M)) C L, + m"M[i~!], we also have 7,(7*L) C L[j~']. The
theorem follows once we have proved that L is finitely generated.

Assume that L is not finitely generated. From the Noetherianity of AQ O,
for all s > 0, it follows that L ¢ w *Mp. Equivalently, there exists an
unbounded increasing sequence (s,)n,>o of non-negative integers such that
w* L, ¢ (Mo + m"M)/m"M. By Proposition the range of (Mo +
m"M)/m"M is > s,(¢ — 1). But this contradicts Lemma [2.21] O

For the sequel, it is also useful to have the next statement which is easily

deduced from Theorem 2.19

Corollary 2.22. For all positive integers n, let L, be the maximal integral
model of (M[j7Y]/m"M[~'],7a). Let m € M[i™']. Then m € Mp[i™'] if and
only if m +m"M[j~1] € L,, for all positive integers n large enough.

For the next chapter, we shall not only be interested in how to recover My
from L,, but also in how to recover My + (id —757)(M). We continue with
some technical lemmas.
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Even if we do not have equality between L, + m"M and My + m"M,
the former is a good approximation of the latter as we show in the next two
lemmas.

Lemma 2.23. Letn > 1. The sequence (L, +m"M),,>, is decreasing for the
inclusion, stationary and converges to Mo +m" M.

Proof. Let m > 1. (Lyy1 + m™M)/m™M is an Opg-lattice stable by 7/ in
M/m™M so that £m+l +m™M C L, +m™M. If m > n, we have Em+1 +
m'M C [:m + m"”M which shows that (f/m + m™),,,>, decreases. Similarly,
Mo+m"M C I~/m +m"M for all m > n. Because the set of Og-lattices A such
that Mo +m™M C A C L, + m"M is finite, the sequence (im +m" M) 18
stationary. We denote by .%, its limit. By Theorem [2.19, we have

L= ﬂ (I’m+mnM) = ﬂ (im—f‘mmM) +m"M = Mo +m"M.
This concludes the proof. n

Lemma 2.24. There exists an unbounded and increasing sequence (ky)n>1 of
non-negative integers such that, L, +mw"M C Mo +wk M (typically, k, <n
for alln).

Proof. For m > 1, let I,, be the set of non-negative integers k such that
Ly +m™M C Mp +m*M. I, is nonempty as it contains 0. I,, is further
bounded: otherwise we would have

L +m™M C (Mo +m*M) = Mo (2.6)
k

which is impossible (L, + m™M is an A ® Og-module which is not of finite
type). Hence I, has a maximal element, which we denote by k,,. Because
Z~Lm+1 +m™ M C L, + m™M, we have km+1 > kp,. This shows that (kp,)m>1
increases. We show that it is unbounded. Let n > 1. By Lemma [2.23] there
exists m > n such that Mp+m” = Ly+m™M. Thus L,,+m™M C Mo+m"™M.
In particular, there exists m > n such that k,, > n. O

Proposition 2.25. Let m € M[j~']. We have m € Mo + (id —71a)(M) if and
only, for all positive integers n > 0, the image of m in M[j~']/m"M belongs
to L, + (id —7p) (M) + m" M.

Proof. By Theorem the inclusion

Mo + (id —71) (M) C ﬁ [in + (id —7ar) (M) + m"M}

n=1
holds as subsets of M[j~!]. The converse inclusion follows from Lemma [2.24}
| L+ (id =ra) (M) + M| € () [Mo + (id ~7ar) (M) + m 1]
n=1 n=1

= Mo + (id —7ar) (M).
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Similarly, we rewrite Proposition in view of ({2.3).

Corollary 2.26. For all positive integers n, let L, be the maximal integral
model of (M[i7']/m"M[i7'], 7ar). Let m € M[j7']. We have m € Mp[j™'] +
(id —7a7) (M) if and only if, for all m > 0, the image of m in M[j~]/m"M[j~!]
belongs to L, + (id —7a7) (M) +m"M[j~1].

2.2.3 Good reduction criterion

In this subsection we prove a good reduction criterion, similar to Gardeyn’s
slogan "a T-sheaf has good reduction if and only if it admits a good model”
(see Proposition [Gar2, Prop.2.13(ii)]). The results of this subsection are not
needed in the remaining of the text, although they are useful in examples to
compute maximal models.

We begin with the following key lemma:

Lemma 2.27. If there exists an Og-model L for M such that Ta(7*L)[j7'] =
L™, then L = M.

Proof. From Remark , let m be a maximal ideal of A such that
holds. For all positive integers n, the Og-lattice L, := (L + m"M)/m"M in
M /m™ M defines an integral model of (M /m" M, 75) satisfying 7as(7*Ly,,) = Ly,.
By Proposition [2.6] L,, is maximal. We conclude that L = My by Theorem
2.10 O

The next proposition follows by Lemma and Proposition [2.14]
Proposition 2.28. The following statements are equivalent:
(1) Tn (7" Mo)[i'] = Moli™],
(ii) there exists an Og-model N for M such that T (7*N)[j7'] = N[,
(i1i) the data (Mo, Ty) forms an A-motive over Op,
(iv) there exists an A-motive N over Og such that N g is isomorphic to M.

Definition 2.29. We say that M has good reduction if one of the equivalent
points of Proposition is satisfied.

2.3 Integral models of A-motives over a global
field

We go back to Definition 2.10} Let S = F' be a global function field that
contains [, and let R be a sub-F-algebra of I’ which, as a ring, is a Dedekind
domain whose fraction field is F'. Given a maximal ideal p in R, we denote
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by R, the completion of R at p and we let F}, be the fraction field of R,. Let  :

Let M = (M, 7ar) be an A-motive over F' of rank r, and let M, = M be
the A-motive over F, of rank r obtained from M by base extension from F' to
F,. We let Mg, denote the maximal R,-model of M,.

Proposition 2.30. There exists a unique mazximal R-model for M. It equals
the intersection ﬂp(MﬂMRp) for p running over the maximal ideals of R. We
denote it Mp.

Proof. The uniqueness of a maximal R-model, when it exists, is clear. We
focus on existence.

We begin by the mazimality. Let N be an R-model for M (whose existence
is ensured by Proposition . For any maximal ideal p of R, we have N C
N ®gr Ry C Mg, by maximality of Mg,. Therefore N C (,(M N Mg,).

It remains to show that () (M N Mg,) is an R-model. First note that it is
a sub-A ® R-module of M which, as it contains N, generates M over F. To
show stability by 7y, let e > 0 be such that 7y, (7*M) C j7“M. Then,

Tar (r* (M N MRp)> C)i (M N Mg,) C (ﬂMﬂ MRp) -
p

b p

It then suffices to show that (), (M N Mg,) is finitely generated over A®@ R. We
use a similar argument than that of the proof of Proposition 2.12] Let m :=
(myq, ..., m,) be a family of elements in M ® yor Quot(A® F) and let a C AQ F
be a nonzero ideal such that M = (AQ F)m1 & - & (A® F)m,_1 & am,.. Let
Fyr € GL,(Quot(A ® F')) be the matrix of 75, written in 7*m and m and let
U € M, (Quot(A® F)) be a matrix expressing generators (u1, ..., us) of N in
m. Because 7y/(7*N) C N[j~!], there exists P € M (A ® R[j™!]) such that
UWFy = PU. In particular, for all nonzero prime ideal p of R of valuation
Vy,

qup(U) = 0p(UD) = 0p(PUF') > 0p(U) + v0p(Fy').
Hence, v,(U) > v,(Fy;')/(q — 1). The A ® R-module:

{aymy + ...+ a,;m,|Vi,Vp € Spm R : a; € AR F, (q — 1)vy(a;) > v, (Fy,M)}

contains [),(M N Mg,) and is finitely generated (compare with (2.2))). Because
A ® R is Noetherian, (,(M N Mg,) is finitely generated. O

We now state the global version of Lemma and Proposition (with
R in place of R,). The argument is similar, so we omit proofs.

Lemma 2.31. Let a C A be an ideal. Then
MR NaM = CIMR.
Proposition 2.32. The mazimal R-model of M is locally-free over A ® R.
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Remark 2.33. An Op-model for M, when not maximal, is not necessarily
locally-free. For instance, the F[t]-motive 1 = (F[t](f),1) over F(f) admits
L := tF[t, 0] + OF[t,0] as F[#]-model. But it is well-known that L is not a
flat F[t, 0]-module. A short way to see this consists in considering the element
A=(t®0—-0®t) € L Qg L. A isnonzero in L Qg g L, but

0-A=(0t)@0—0(0t) = (0t) @0 — (0t) @0 = 0.

Then L is not flat because L ®g(;g) L has non trivial torsion.

Here is a useful consequence of Lemma [2.31}

Proposition 2.34. If R equals the integral closure of k(A) in F, then
Mgl[i™'|N M = M.

Proof. The inclusion D is clear. Because R is the integral closure of k(A) in F,
for m € M there exists a € A such that (1®k(a))m € Mg. If m € Mgl[i~!], for
k large enough we have (a®1—1®(a))? m € Mg. Hence, (a® 1)* 'm € Mp.
Therefore (a ® 1)?"m belongs to Mz N (a ® 1)?" M. We conclude by Lemma
that (a ® 1)""m € (a ® 1)?" Mg, 0

Definition 2.35. We say that M has good reduction at p it M, has good reduc-
tion. We say that M has everywhere good reduction if M has good reduction
at p for all maximal ideals p of R.

The good reduction criterion of Lemma can be extended to the global
situation:

Proposition 2.36. Let L be an R-model for M such that (t*L)[j~'] = L[i7!].
Then L = Mg and M has everywhere good reduction.

Proof. Let us first show that L is a flat A ® R-module. Let m be a maximal
ideal in A. By Bourbaki’s local criterion for flatness, L is flat over A ® R if
and only if L/mL is a flat A/m ® R-module. Because A/m ® R is a finite
product of finite flat R-algebras, L/mL is flat if and only if it is R-torsion free.
Therefore, we reduce the problem to showing the equality:

mMNL=mL

as subsets of mM. Clearly, we have an inclusion mL C mM N L whose cokernel
is R-torsion. For all nonzero prime ideal p C R, L ®g R, is an R-model for
M, which satisfies the equivalent points of Proposition [2.28. As such, L ®r Ry
is maximal and M has good reduction at p. Hence, M has everywhere good
reduction and it follows that

(mL)®r Ry =m(L ®p Ry) =m(M ®r Ry,) N (L ®r R,) (by Proposition [2.15))
=(mMNL)®g R,.
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Because this equality holds for all p, we conclude that mL = mM N L. Thus,
L is flat over A ® R.

We now show that L = Mpg. Let m € Mg, and let d € R be such that
m € L[d™']. Tf py, pa, ..., ps are the prime ideal divisor in R of (d), then

Ry ORI = R

i=1
Because L is flat over A ® R, we have

s

(L, ML) = L.

i=1
Because m is a member of the left-hand side, we deduce that m € L. n

We continue this section by recording additional properties of maximal R-
models. Those will eventually by useful in Chapter |3| for the computation of
extensions groups with good reduction in the category of A-motives.

Proposition 2.37. Let N be a finitely generated sub-A® R-module of M such
that Ty (T*N) C N[j7Y. Then, N C Mpg. In particular, any element m € M
such that T (7*m) = m belongs to Mg.

Proof. 1t suffices to notice that the module L generated by Mgz and N over
A ® R is an R-model for M, and hence N C L C M. ]

Corollary 2.38. We have (id —7p)(Mg) = (id —7ar) (M) N Mg[i~'].

Proof. The inclusion (id —73)(Mg) C (id —7a7) (M) N Mg[j7'] is clear. Con-
versely, let m € Mg[j™'] and let n € M be such that m = n — 7 (7"n).
The sub-A ® R-module (Mg, n) of M generated by elements of Mg together
with n over A ® R is an R-model for M. In particular, (Mg, n) C Mg and
n € MR- ]

We end this chapter with a remark on the assignment M +— Mg, and
explain how our notion of maximal integral model matches [Gar2l, Def. 2.3].

Corollary 2.39. Let f : M — N be a morphism in Mp. Then f(Mg) C Ng.
In particular, the assignation M — Mpg is functorial.

Remark 2.40. Let M’, be the category whose objects are pairs N = (N, 7y)
where N is a finite locally-free A ® R-module and 7y : (7*N)[j7'] — N[j7!]
is an injective A ® R-linear morphism whose cokernel is R-torsion. We have
a functor My, — M which assigns to N = (N,7y) the A-motive N :=
(N ®gr F,7v ®p1).

Given an A-motive M over F', N an object in M’ and h : Np = M an
isomorphism in Mg, we call (N, h) a Gardeyn’s model for M. We call (N, h)
mazimal if it satisfies the following universal property: given an object N’ in
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'» and a morphism h' : N — M in Mg, there exists a unique morphism
f:N'— N in M/, such that the following diagram commutes

Ny~ M

L

Ir
Np

It is formal to check that if a maximal Gardeyn’s model exists, it is necessarily
unique up to unique isomorphism. If My is the maximal integral model of M,
we check easily that (My, My ®p, F = M) is a maximal Gardeyn’s model of
M, where M, := (Mo, Ta). This proves existence.

In other words, the covariant functor

M’y — Set, N’ +— Homp, (M, N%)
is representable. Equivalently, the functor M +— M, is left-adjoint to N’
Y.

This universal property satisfied by maximal integral models is closed to
the Néron mapping property for schemes (cf. [BLR]).
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Chapter 3

A-Motivic Cohomology

Let R be a commutative A-algebra whose A-algebra structure is given through
a morphism x : A — R.

As we showed in Proposition [1.7] the category My is A-linear and ex-
act. The Yoneda extension modules Ext’M ., do make sense and this section
is devoted to their computation. There have already been researches related
to these computations in the particular case of extensions in the the full sub-
category M of Mg (see Definition [1.4]). We refer for instance to [PapRal,
[Tael]. To the extent of my knowledge, the general case of Mg has not been
studied yet.

Section is devoted to the computation of EthMR for 7 > 0. To achieve
the determination of these extension groups, we rather offer the computation
by hand of Ext}, .- Given an A-motive M over R, we show in Theorem
that there is an A-linear isomorphism

L % — Bxtly, (1, M).

This explicit description will allow us to conclude that Ext’jMR vanishes for
¢ > 1 when R is Noetherian. This is conjectured for classical mixed motives
over a number field [Nekl §4].

In Subsection [3.2] we restrict our attention to extensions in the subcategory
MM of mixed A-motives over R = I a field. In the case where M is pure
of weight u over F', we prove in Corollary that

Exth, (LM)  ifp<0
1 — Mp ™ == _

This solves the analogue of a number field conjecture which states that every
extension of the unit motive 1 by a pure motive of positive weight, in the
category of mixed motives over a number field, is split ([Dell, §1.3|).

In the case where F is a local or a global function field, and R is its ring
of integers, following Scholl [Sch| in the number field case we consider, in
Subsection , the A-module EX’E}MB r(1, M) of extensions having everywhere
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good reduction. We present our main results in this chapter, Theorems
and |3.18| which state that ¢ induces an isomorphism

Mpg[i~"]
(id —7ar ) (MR)

where My denotes the maximal R-model of M. This answers positively to the
analogue of a number field’s conjecture due to Scholl.

AN Ext}MRR(]l,M)

3.1 Extension modules in Mp

Let R be an F-algebra and let M and N be two A-motives over R. The
morphisms from N to M in My are precisely the A ® R-linear map of the
underlying modules f : N — M such that 7y o 7*f = f o 7y. Because 0Oth
extension group is given by the homomorphisms, we have:

Ext{, (N, M) = Homu, (N, M) = {f € Homagr(N, M) | Tyyor* f = forn}.

As we saw in Proposition , My possesses exact sequences in the sense
of Quillen which turns it into an A-linear exact category. It allows us to
consider higher Yoneda extension A-modules Ext’y (N, M) (for n > 1) of two
A-motives M and N. The next proposition computes the first extension group.

Proposition 3.1. Let M and N be A-motives over R. There is a canonical
isomorphism of A-modules

Homgr(T*N, M)[j"]
{forn —myor*f | f € Homagr(N, M)}

which maps the class of a morphism u € Homagr(7*N, M)[i™'] to the class of
the extension [M ® N, (73" )] in Exty,, (N, M).

% EXt}VlR (M? M)?

Proof. Let [E] : 0 - M % E = N — 0 be an exact sequence in Mg,
that is an exact sequence of the underlying A ® R-modules with commuting
T-action. Because N is a projective module, there exists s : N — E a section
of the underlying short exact sequence of A ® R-modules. We let £ :== 1@ s :
M & N — E. We have a congruence:

0 > M - > F z > N > 0
idT ET idT
0 > M » (M@ N, orgpol) > N > 0

Because £7! o 737 0 € is an isomorphism from 7*M[i~!] @ 7*N[i7!] to M|~ &
N[j~!] which restricts to Tp; on the left and to 7y on the right, there exists
u € Homagr(T* N[, M[i7']) = Homagr(7*N, M)[j~!] such that ¢ Torgof =

o' -y )- We have just shown that the map
v Homagr(T*N, M)[i'] = Exty (N, M), u—[M &N, (7§ )]

N
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is onto. Note that ¢(0) corresponds to the class of the split extension. Further,
t(u 4 v) corresponds to the Baer sum of «(u) and «(v). In addition, given the
exact sequence [E] and a € A, the pullback of multiplication by a on N and
7 gives another extension which defines a - [E]. If [E] = ¢(u) then it is formal
to check that a - [E] = ¢(au). As such, ¢ is a surjective A-module morphism.
To find its kernel, it suffices to determine when ¢(u) is congruent to the split
extension. The extension ¢(u) is congruent to the split extension if and only if
there is a commutative diagram in Mg of the form

0 » M r Mo N » N > 0
lidM lh lidN
0 > M > (M N, (78 )] > N > 0

where h is a morphism in Mg. Since the diagram commutes in the category
of A ® R-modules, it follows that h is of the form (idé” idi) for an A ® R-
linear map f : N — M. Because it is a diagram in My, it further requires
commuting 7-action which translates to

™ uw\ . (idy  f idy  f ™ O
(0 TN)T < 0 idN>_< 0 idN)(O TN>'
The above equation amounts to u = f o 7y — 73y o 7* f, and hence
ker(t) ={forn —mmo7"f | f € Homagr(N,M)}.
This concludes. O

Corollary 3.2. Suppose that R is Noetherian. Let N be an A-motive over R
and let f: M — M" be a surjective morphism in Mp. Then, the induced map
Ext)y, (N, M) — Extj,, (N, M") is onto.

Proof. As R is Noetherian, so is A ® R. Because 7N is finite locally-free
over A® R, it is projective. The induced morphism Hom agr(7*N, M)[j~1] —
Homagr(7*N, M")[j7!] is thus surjective. We conclude by Proposition (3.1} [

Let N be an A-motive over R. The functor Hom,,, (N, —) from the cate-

=

gory Mg to the category Mod 4 of A-modules is left-exact and therefore right-
derivable. Because My is an exact category, the higher extensions modules
Ext’MR(M , M) are computed by the cohomology of RHom,, (N, M). This
implies that, given a short exact sequence in Mg

0O— M —M-—M —0,
we have a long-exact sequence of A-modules given by its cohomology
Hom py,, (N, M") < Homp, (N, M) — Hom g, (N, M") — Extjy (N, M') — ...

We deduce the following from Corollary [3.2]
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Proposition 3.3. Suppose that R is Noetherian. The modules EthMR(M, M)
vanish for i > 1. In particular, the cohomology of RHompy,, (N, M) is repre-
sented by the complex of A-modules

v
TN —TM

Homgr(N, M) =" Homagr(T*N, M)[i '] (3.1)

placed in degree 0 and 1.
Proof. Let C be the complex ({3.1]). We have

EXt?VlR(ﬂ’ M) = HomMR<M> M) = {f € EndA@R(Mv N) ‘ forn=Tmo T*f}
= ker(ry — i) = H°(O).

By Proposition , Exty, (N,M) = H'(C). By Corollary , the func-
tor Extly, (N, —) is right-exact. By [PefSt][Lem. A.33|, we deduce that
Ext'y (N, M) = H'(C) =0 for i > 2. O

Let N be an nonzero A-motive over R. The canonical morphism of A-
motives
1y: 1 - N®NY=Hom(N,N), a+—a-idy

induces functorial isomorphisms for all ¢ > 0:
Extly,, (N, M) —= Extly, (1, M @ NV). (3.2)

In particular, there is no loss of generality in considering extension modules of
the form Ext’y,, (1, M). From now on, we will be interested mainly in extension
modules of the latter form. We shall restate the main results of this section in
this case (repeated from Theorem A in Chapter @

Theorem 3.4. Suppose that R is Noetherian, and let M be an A-motive over
R. The cohomology of RHom (1, M) is computed by the cohomology of the
complex of A-modules

M M|
placed in degree O and 1. The induced A-module isomorphism

M~

G D) — Bxtly, (1, M)

is given explicitely by mapping the class of m € MI[i~'] to the class of the
extension
0=-M—=>MdA®R),("YT)—1—=0.

We end this subsection by some remarks.

Remark 3.5. There is a harmless abuse of notations in the above theorem,
where, in the matrix (7}’ 7"), 1 rather designates the A ® R-linear map ¢ :
T(A® R) - A® R which maps a ®,; b € (A® R) ®: a9r (A ® R) to ar(b),

and m rather designates m - ¢.
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Remark 3.6. Let Mz be the category of motives over R up to isogenies (see
Definition . From the identity Hom g (—, —) = Hompy, (=, —) ®4 K, we
deduce that the extension groups of 1 by M in the K-linear category My, are
computed by the complex

[M@AK“*”M[;“] ®AK].

Remark 3.7. Let S be a Noetherian R-algebra, and consider the restriction
of scalar functor Resg/r : Mg — Mp. Given M an A-motive over S, then
Ext}ws(]ls,M) is naturally isomorphic to Ext}\/lR(]lR, Resg/r M).

3.2 Extension modules in MMy

Let F be a field containing I and consider an F-algebra morphism «: A — F'.
As we showed in Proposition [1.36 the category MM g of mixed A-motives
over F is exact, and we can consider the extension groups Ext’,, My (L, =),
Given a mixed A-motive M and ¢ > 0, the module Extfy,, (1, M) is a sub-
module of Ext’y,, (1,M). In particular, Ext,, (1,M) = 0 for i ¢ {0,1}.
The next propostion can be used to spot some cases of equality of the inclu-
sion Extly v, (1, M) C Extly, (1, M).

i

Proposition 3.8. Let 0 — M' = M 2 M" — 0 be an ezact sequence of
A-motives in Mp.

1. If M is mized, so are M' and M".

2. If M" and M" are mized, and if the smallest weight of M" is strictly
bigger than the biggest weight of M', then M is mixed.

Proof. Point [1]is a reformulation of Lemma, [1.35]

We move to point . Let {p1, ..., its} be the union of the sets of weights for M,
M’ and M" sorted by increasing order. Let i € {1,...,s — 1}. By Proposition
the sequence of K ® F-modules

0— (W,M)oaK — W, M)®@4 K — (W,,M") @4 K — 0

is exact. Let s; : (W,,M") ®4 K — (W,,M) ®4 K be a section of the above.
We have decompositions of K ® F-modules

w,

Hit1

M = Gr,,, M® W, M, and W,

Hit1

M" = Gr,,,,, M" & W, M".

Let sip1 @ Wy, . M" — W, ..M be the the linear morphism g;;; @ s; where

Giv1 : Gry,,, M" — Gr,,,,, M is a splitting of
0— (GI’M+1 M/) Xa K — (GrI'MJFI M) XA K — (GI‘M+1 M”) Xa K —0.
By induction on i, we construct a splitting s : M" @4 K — M ®4 K of

0— M3 K—MuK—M 4, K—0
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preserving the weight filtration.
Extending scalars from K ® F' — B, (F), we obtain a splitting of B, (F')-
modules

(Zu (M) = (((Zu(M)) & 5(Zu(M"))) -

The filtration (i(W,M') @ s(W,M")),cq seems a good candidate to be the
weight filtration on M. It only remains to check that elements of this fam-
ily indeed define A-motives. The action of 7, on i(M') @& s(M") decomposes
as (T%W TAZ,,) for a certain morphism v : 7*M"[j7!] — M'[i7!] of A ® F[j~Y]-

modules. From the weight assumption, the fact that v preserves the weight fil-
tration on M"” and M" is automatic. Therefore (i(W,M")ds(W,M"), (4" +.,))

TA/I”

defines a sub-A-motive of M for all u € Q. n

Proposition implies that Exty,, (M", M') = Extly, (M", M') when
the weights of M are bigger than the biggest weight of M’. In general this is
not true. In this direction we record:

Proposition 3.9. Let 0 — M' — M — M" — 0 be an exact sequence of
A-motives where M' and M" are mized. We assume that all the weights of
M" are strictly smaller than the smallest weight of M'. Then, the sequence is
torsion in Ext)y, (M", M) if, and only if, M is mized.

Proof of Proposition[3.9. Taking N := M' ® (M")Y, we can assume that the
exact sequence is of the form (S) : 0 - N — E — 1 — 0, N having
positive weights In view of Theorem [3.4] we may assume that E is of the form
M & (A F), ("8 1)] for some u € M[j~!]. Note that 0 is a weight of E, the
smallest.

If E is mixed, E contains a sub-A-motive L = (L, 7)) of weight 0 which is
isomorphic to 1. Let (m@®a) € M @ (A® F) be a generator of L over A® F.

We have
TV U T"m\ _(m
0 1 ™a) \a)’

This amounts to a € A and au € im(id —7y), and then that a[E] = 0 in
Ext),, (1, N). Conversely, if there exists a nonzero a € A such that a[E]
is split, Theorem [3.4] implies that there exists m € N such that au = m —
Ta(7*m). The nonzero A ® F-module L generated by m @ a together with 7,
defines a sub-A-module of E isomorphic to 1. For all 4 € Q, we define the
A ® F-module

WME = W#M + 1IJZOL

where (W, M) ,cq is the weight filtration of M. It is easy to see that W,E :=
(W,E,Tr) defines a sub-A-motive of E and that (Zoo(W,M)),eq coincides
with the slope filtration of Z,,(E). Hence, E is mixed. O

Remark 3.10. Under the same hypothesis, Proposition can be rephrased

into

EXt}MF(M//’MI)torS — EXt}\/[MF(MH;M/)-
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In particular, the K-vector space Extm (M", M') vanishes. The latter is
F
only conjectured to be true in the number fields setting ([Del, §1.3]).

According to the latter reference, it is believed that the extension group of
two classical pure motives motives of the same weight vanishes. This is not
expectable for mixed Anderson A-motives by the next proposition:

Proposition 3.11. Let M be a pure A-motive of weight 0 over F'. We have
Extja, (1, M) = Exty,, (1, M).

Proof. As the weights remain unchanged by base change, we can assume that F'
is a perfect field. Let [E] € Ext},, (1, M). By the Dieudonné-Manin Theorem
0 is the only weight of E. In particular, Z,,(E) is pure of slope 0. O

As a consequence of Propositions [3.8] and [3.11], we record:
Corollary 3.12. Let M be a pure A-motive over F of weight p. We have:

Extly, (1,M)  ifu<0
1 — Mg ) ¥4 =
EXtMMF(lyﬂ) { EXt}\/{F(ﬂ,Mymﬂs Zf,u > 0.

3.3 Extensions with good reduction

In this section, we introduce and study extensions with good reduction for A-
motives over local and global function fields. Our philosophy follows Scholl’s
ones in the number fields setting [Schl.

We first describe the local situation. Let E be a local field containing F
and let O be its valuation ring. We let k be the residue field of E (it is a
finite extension of F). For a uniformizer w € E, we have the identifications
E = k(w)) and O = k[w]. Let E* be an algebraic closure of E and let E™
be the maximal unramified extension of £ in E*. We have E" = k((x)) where
k is the algebraic closure of k in E*. Finally, we let G = Gal(E*|E) be the
absolute Galois group of F and let Ip = Gal(E*|E") be the inertia group of E.

Let k : A — Opg be an F-algebra morphism, and let m C A be a maximal
ideal such that kK(m)Og = Op (hence, condition is satisfied and the re-
sults of Subsection apply). Let O, be the completion of A at m endowed
with the trivial action of Gg. Let M be an A-motive over E.

Given an extension [E] : 0 - M — E — 1 — 0 in Ext), (1, M), the
sequence of Oy [Ggl-modules [TLE] : 0 = TowM — ThE — Oy — 01is exact by
Corollary [1.46] In the category of On-modules, the latter sequence splits and
the choice of a splitting yields an Oy-module isomorphism T FE = T M & Oy,
on which ¢ € Gg acts by a matrix of the form (§{). The mapping o — ¢
defines a cocycle cg : Gg — T M which, up to principal cocycles, does not
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depend on the choice of a splitting. The association [E] — cg defines an
A-linear map
Ext), (1, M) — H'(Gp, TnlM).

We call the above the m-adic realization map of M. We shall rather be inter-
ested in the restriction of the m-adic realization map to the inertia subgroup:

rm o BExtly, (1, M) — H'(Ip, TaM). (3.3)

Definition 3.13. We let Ext), ,, (1, M) be the kernel of r,. We say that
the extension [E] has good reduction if [E] lies in Exty,, . (1, M).

Remark 3.14. This definition is the analogue of Scholl’s notion of extensions
of mized motives over Z in the number fields setting (see [Schl §III]). It will
follow from our Theorem below that Extj,, . (1, M) does not depend
on the choice of m. The analogous result for number fields is still a conjecture
([Schl, §ITT,Rmk.(z)]).

The next result implies Theorem C of Chapter [0}

Theorem 3.15. Let M be an A-motive over E and let My be its maximal
Og-model. The morphism « of Theorem induces an isomorphism of A-
modules

Moli™']
(id —7ar) (Mo)

We now present a similar result for the global situation. Let F be a fi-
nite extension of K and let Op be the integral closure of A in F. We let
k : A — Opr denote the inclusion. We fix S to be a finite set of nonzero prime
ideals of O and consider the Dedekind subring R := Or[S™!] of F whose
spectrum is (Spec OF) \ S.

- EXt'lMEmE(]l,M).

We let F* be a separable closure of F' and let G = Gal(F*|F) be the
absolute Galois group of F. We let R® denote the integral closure of R in F*.
For p a maximal ideal in R, we let IR, be the completion of R at p and we let
F, be its fraction field. If P denotes a maximal ideal in R° above p, we let

Gy :={p € Gr | PP =B}

be the decomposition group of . Any automorphism p in Gg induces an
automorphism p of Fy := R*/B leaving F, := R/p invariant. Note that Fy is
an algebraic closure of F,. Further, it is well-known that the group morphism

Gy — Cal(FylF,), pr—s p

is surjective ([Neu, §I,Prop.9.2]) and that its kernel is Iy the inertia group of
B ([Neu, §I,Def.9.5]). If P’ is a maximal ideal of R® above p, then Iy and Iy
are conjugated.
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For any maximal ideal m C A such that p N A # m (we say that p is not
above m), we have mR, = R,. The morphism (3.3)) in the local function field
situation induces

gt Extiy, (1, M) — H'(Iy, TuM). (3.4)

We denote by Ext}\,lm(L M) the kernel of rg . It does not depend on the
choice of ¢ above p, and by Theorem [3.15] it does not depend on the choice
of m.

Definition 3.16. We say that [E] has good reduction at the mazimal ideal p
if [E] lies in Ext}y, (1, M).

In other terms, [E] has good reduction at p if and only if [Ef | has good
reduction in the sense of Definition B.13|

Definition 3.17. We say that [E] € Ext)y,, (1, M) has everywhere good re-
duction if [E] has good reduction at p for all maximal ideals p of R. We let
Ext}\/m r(1,M) be the sub-A-module consisting of extensions having every-
where good reduction, that is,

Exthq,. p(1, M) = [ Extly, (1, M)
PCR

where the intersection is indexed over nonzero prime ideals of R.
Repeated from Theorem D, we state:

Theorem 3.18. Let M be an A-motive over F' and let My be its mazimal R-
model. The morphism v of Theorem|[3.4] induces an isomorphism of A-modules

Mp[i™]

The next sections are devoted to the proof of Theorems and [3.18]

— Extly, r(1,M).

3.3.1 Preliminaries for Theorem [3.15|

We recall the notations used in the context of Frobenius spaces (Subsection
: E is a complete local field containing [F whose residual field is denoted by
k, vg is its valuation, Op is its ring of integers, mg is its maximal ideal, w is
a uniformizer. We let E be an algebraic closure of E, E* the separable closure
of £ in E and E™ the subfield of E given by the union of the unramified field
extensions of E in E.

We recall some notations from section [1.2] Given m a maximal ideal of A,

we let Oy, be the completion of A at m. For L a subfield of E, we let Ay (L)
denote the completion of A ® L at m ® L.
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Let M be an A-motive over E and let Mo be its maximal Og-model. By
Theorem [3.4] every extension [E] of 1 by M in Mg is of the form ¢(m) =
M & (AR E), (T3 )] for some m € M[j~']. Let us precise the morphism
(3.3) under this explicit description.

The m-adic realization T, E of E = ¢(m) is the O[Gg]-module consisting
of solutions £ ®a € M R gr An(E?®) & An(E?) of the equation

()= ()

(see Definition [L.42). It follows that a € Oy, and that ¢ satisfies £ — 7 (77€) =
am. A splitting of [T, E] as a sequence of Op-modules corresponds to the
choice of a particular solution &,, € M ®@agr An(E®) of & — Ty (7%) = m
(whose existence is provided by Proposition . We then have

It follows that the morphism (3.3) maps t(m) for m € M[j~!] to the cocycle
(00— &7 — &), where &, is any solution in M ®sgr An(E?®) of the equation
E—Tu(T*E) = m.

Therefore, an extension [M @& (A® E), (" )] has good reduction if and
only if, given a solution &,, € M @ agp Am(E?) of & — 1y (7€) = m, the cocycle
(0 £ —&,,) is trivial in H'(Ig, Ty, M). This amounts to say that there exists
w € TuwM for which (&, —w)? =&, —w for all ¢ € Ig. This can be rephrased
into the following:

Proposition 3.19. The following are equivalent:

(a) The extension «(m) = [M ® (A E), (7Y )] for m € M[i~'] has good
reduction,

(b) There ezists a separable unramified extension E' of E such that the equa-
tion & — Ty (T*E) = m admits a solution & in M @ aer An(E").

This motivates the study of the equation & — 75,(7*¢) = m, and the search
of solutions ¢ inside M @ agp Am(E™) rather than inside M @ ggp An(E*). We
discuss this problem in the setting of Frobenius spaces in the next subsection.

3.3.2 Artin-Schreier type equations in Frobenius mod-
ules

Let (V, ¢) be a Frobenius space over E and let L be its maximal integral model.
The next proposition is an essential ingredient in the proof of Theorem [3.15]

Proposition 3.20. Let x € V. The following are equivalent:
(1) there ezists y € V @g E" such that y — ¢(c*y) = x,
(i1) z € L+ (idy —¢)(V).
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Proposition |3.20]is a useful criterion to determine the existence of solutions
y over E" of y — ¢(0*y) = x. This subsection is devoted to its proof. We
begin by some preliminary results Lemmas [3.21], [3.22] and [3.23], the first one
being a well-known particular case of what we aim to prove.

Lemma 3.21. Let ¢ € E and y € E be such that y — y? = x. Then, the
following are equivalent:

(a) the extension E(y)/E is unramified,
(b) = € O + (id — Frob,)(E).

Proof. Let us show that @ implies @ Assume that x does not belong to
Opg+(id — Frob,)(E). Let e be the ramification index of the extension E(y)/FE
so that vgy) = evg over E. Up to the substitution of x by x + % — k% and y by
y + k for k € F (this does not change E(y)), we can assume that vg(x) < 0
and that vg(z) is not divisible by ¢q. As y — y? = x, we have vg,)(y) < 0 and
hence qup(y) = vp(z) = evg(x). As ¢ does not divide vg(x), we have e > 1
and the extension E(y)/E is ramified.

We now show that @ implies @ Assume that z belongs to Op +
(id — Frob,)(E). Up to replacing x by x+k — k? for some k € E we can assume
that vg(x) > 0. Let P(X) be the minimal polynomial of y over E. It has in-
tegral coefficients. By Hensel’s Lemma, if &’ is a finite extension of k in which
P(X) splits modulo (w), then P(X) splits in £'(ww)) (P(X) and P’'(X) are co-
prime since P(X) divides X?— X 4+ z). We then have k(7)) C E(y) C k¥'(w)),
where k(7)) is a unramified extension of k((w)). Therefore, E(y)/FE is unram-
ified. ]

The next lemma is a generalization of Lang’s isogeny Theorem for pre-
scribed ranks.

Lemma 3.22. Let k be a field containing F, and let M € M,y(k) be a matriz
with rank r. There exists an finite extension k' of k and G € GL,(k") such that

M = Gillg,rGU
where Iy, denotes the diagonal matriz of rank r with diagonal (1,...,1,0,...,0).

Proof. Our proof is inspired by [Katll, Cor 1.1.2]. Denote by M,(k,r) the set
of square matrices of size £ x ¢ of rank r over the field k. M,(k,r) is a Zariski
open subset of

{A € My(k) | det(U) = 0 for all square submatrices U of A of size r + 1}
= [J Mk, ")

r'<r

and hence is an algebraic variety. If k is an algebraic closure of k, M,(k,7) is
also irreducible. Indeed, GL,(k)? is irreducible and we have a surjective regular
morphism

GLo(k)? — My(k,1), (P,Q)+— PI, Q7.
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The morphism
or : GLg(k) — My(k,7), G+— G '1,,G°

is étale as one can see by computing is tangent map. Therefore its image is
open. As My(k,r) is irreducible, ¢z, is surjective. O

The next technical lemma will help to use a Galois descent argument, re-
ducing the proof of Proposition to the case of Lemma |3.21}

Lemma 3.23. Let E' be a tamely ramified finite Galois extension of E and
let (V',¢') be the Frobenius module obtained from (V,p) by base-change to
E'. Let L' be the mazximal integral model of (V',¢') and let x € V. If x €
L'+ (idy: —¢')(V'), then z € L + (idy —¢)(V).

Proof. The group Gal(E'|E) actson V' = V®gE' by idy ®p for p € Gal(E'|E).
We claim that L' is stable under this action. Indeed, for p € Gal(E’'|E) and
e L', p(c*tr) = p(c*x)? so that {¢°|¢ € L'} is stable by ¢. It is also an
Op-lattice in V', and {¢°|¢ € L'} C L' by maximality of L'.

We show that H'(Gal(E'|E), L") = 0. If k' denotes the residue field of
FE’, then k'/k is a finite separable extension and there exists « € k’ such that
Try k(o) # 0. If e denotes the ramification degree of E’'/E, then

TI'E/|E(04> = eTrk/|k(oz) S l{?X

as E'/E is tamely ramified.

Let c € HY(Gal(E'|E), L'). By the additive version of Hilbert’s 90 Theorem
(see [Serdl, §X.1, Prop 1]), H*(Gal(E'|E), V") is zero, and there exists w € V'
such that c¢(p) = w — w? for all p € Gal(E'|E). We have

w3 g | (s S pla)elp) | € VL

RETEIC) peGal(E'|E) Tepp(a) peGal(E'|E)

In particular, there exists ¢ € L’ such that ¢(p) = w — w? = £ — (° for all
p € Gal(E'|E), and c is trivial.

We return to the proof of the lemma. Assume that z € L' + (id —¢')(V").
There exists a € L', w € V' such that z = a + w — p(c*w). From x € V, we
have z” = x for all p € Gal(E'|E). This reads

¢ (0" (w —w”)) = (a—a’) + (w — w”).
In particular, the Og-module L'+ (w —w?) - Op is stable by ¢’ and defines an
integral model for (V’,¢’). This implies L' + O (w —w”) C L' by maximality
and thus w — w” € L'. The map

Gal(EF'|E) — L', pr—w—w’
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defines a cocycle which is trivial by H'(Gal(E'|E), L') = 0. Therefore, there
exists v € V and b € L' such that w = v + b. We thus have

x=L0+v—p(c*v)

where ¢ = a+ b — ¢/'(0*b) € L'. Since (¢ = ¢ for all p € Gal(E'|E), we also
have £ € VN L' C L. Tt follows that x € L + (id —¢)(V). O

Proof of Proposition[3.20. Let v = (v1,...,v¢) be a basis of L and let F €
GL/(FE) with coefficients in Of be the matrix of ¢ written in 7*v and v. By
the Lang-Steinberg Theorem for GL, [Ste, Thm 10.1], there exists a finite
Galois extension E’/FE and G € GL,(E’) such that F = G7'G?. Without loss,
E’ can be chosen so that E'/E is tamely ramified. Indeed, for s big enough
the matrix G°" has coefficients in a tamely ramified extension E* C E' of F,
and we have

G =G (FF°---F" ) € GLy(E").

The relation F' = G~1G7 also implies that G has coefficients in Q.

Let X € M1 (E) be the column vector expressing the coefficients of z in the
basis v. If[(2)]is satisfied, there exists Y € M (E"™) such that Y — FY7 = X
and hence GY — (GY)? = GX. The extension E'(Y)/E’ is unramified and
Lemma implies that GX € O%, + (id, — Frob,)(E’)* which is equivalent to
X € G'O%, + (idy —F Frob,)((E")*). The lattice G™1OY, corresponds to an
Op-lattice in V @ g E’ stable by ¢'. Because E'/E is tamely ramified, Lemma
implies that x € L + (id —¢)(V).

Conversely, if is satisfied, we write X = A+W —FW? for some A € O%
and W € E*. Tt suffices to show that the equation

Y —FY =A (3.5)

admits a solution Y in (E™)’. Let A and F' denote the reduction modulo mg
in k of A and F. Let k° be the separable closure of k£ given by the residue field
of E". By Lemma there exists Gy € GLy(k*) such that F = Gy'I,,G§
for some integer 7 < ¢ corresponding to the rank of F. Let Y € (k*)" be a
solution of Y; — I, Y" = GoA. Then Yy := Go_lYl is a solution of modulo
mpg. By the multivariate Hensel’s Lemma [Con|, a solution of (3.5]) exists in

k() = B O

3.3.3 Proof of Theorem [3.15|

Let M = (M, 7)) be an A-motive over E and let My be its maximal Og-
model. Let m be a maximal ideal of A such that k(m)Og = Op.

Proof of Theorem[3.15. We aim to prove that the morphism ¢ of Theorem
induces an isomorphism of A-modules
Moli™']
(d—rar) (Mo)

— Extj, o, (1, M).
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By Corollary we have
Mol[i™']  Mo[™'] + (id —7ar) (M) M~

(id —7ar) (Mo) (id —7ar) (M) (id —7ar) (M)

Thus, in view of Proposition [3.19] we need to show that the following are
equivalent:

(1) there exists £ € M ®agp An(E™) such that & — 7y, (7€) = m,
(i) m € Mo[i™'] + (id —7ar)(M).
For a positive integer n, we denote (V,,, ¢,,) the Frobenius module
(M~ /m" M[~], 7ar)

and let L,, be its maximal Og-model.

Let n > 1. If[(¢)|is satisfied, then &, := ¢ (mod m™) belongs to V,, @p E™
and satisfies &, — ¢, (7%¢,) = m (mod m™). By Proposition [3.20] m belongs to
Ly, + (id =7p7) (M) +m™M[i~'] and by Corollary [2.26] we have m € Mo[i~'] +
(id —7ar) (M).

Conversely, if[(i)|is satisfied, Corollary[2.26|implies m € L,,+(id —7ar) (M )+
m"M[i~!] for all positive integers n. By Proposition , there exists &, €
V., @ E™ such that

En — T (776,) =m (mod m™). (3.6)

Note that, for each n, there are only finitely many such &,. To obtain , we
need to show that we can choose compatible &, for all n (that is &, = &,
(mod m™)). To this end, let us define a tree T" indexed by n > 1 whose nodes
at the height n are the solutions &, of in V, ®g E". There is an edge
between 2, and z,,; if and only if z,,; coincides with 2z, modulo m"M[j~1].
The tree has finitely many nodes at each height and it is infinite from the
fact that a solution of exists for all n. By Konig’s Lemma, there exists
an infinite branch on 7. This branch corresponds to a converging sequence
(&1)n>1 whose limit £ in M ®@agr An(E™) satisfies m = £ — 7 (77). O

3.3.4 Proof of Theorem [3.18

Let F be a finite field extension of K and let O be the integral closure of A
in F. Welet k : A — Op denote the inclusion. We fix S to be a set of nonzero
prime ideals of O and consider the subring R := Op[S™!] of F. The ring R
is a Dedekind domain whose fraction field is F.

Let M = (M, 7)) be an Anderson A-motive over F'. Given a maximal ideal
p C R, let M, be the A-motive over F} obtained from M by base-change from
F to F,. Let Mg, be the integral model of M.

Lemma 3.24. We have

M0 (Mg, (71 + (d =) (M) = M0 Mg, [i7'] + (id =7ar) (M)
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Proof. The inclusion D is clear. Since M is generated over F' by elements in
M N Mg, and F, = F + R, we have My, = M + Mpg,. Let m € M[j~ '] N
(Mg, [i7'] + (id —7ar)(M,)). We can write m as my + n, — 7ar(771) + 0 —
v (T*n) where m, € Mg [j7'], n, € Mg, and n € M. In particular, m, +
ny — Tar(7*ny) belongs to M[j~'] N Mg, [i~'] which implies that m € M[~'] N

MRp[j_l] + (1d —TM)(M) ]
Lemma 3.25. Let m € M. Then m € Mo, for almost all prime ideal p of R.

Proof. There exists a nonzero element d € R such that dm € Mpg. Let
{q1, ..., qs} be the finite set of maximal ideals in R that contain (d). By Propo-

sition m € Mp, for all p not in {qi,...,q,}. O

Let N be a finite dimensional vector space over F' (resp. Fy). By a lattice in
N we mean a finitely generated module over R (resp. R,) in N that contains
a basis of V.

Lemma 3.26 (Strong approximation). Let N be a finite dimensional F-vector
space and, for all mazimal ideals p of R, let Ng, be an Ry-lattice in N, :=
N ®pg F, such that the intersection ﬂp (N N NRP), over all mazimal ideals p of
R, is an R-lattice in N. Let T be a finite set of mazimal ideals in R and, for
q €T, let ng € Nyg. Then, there erists n € N such that n —ng € Ng, for all
qeT andn € Npg, for all p not inT.

Proof. Let Ng denote the intersection ﬂp (N NN Rp) over all maximal ide-
als p of R. By the structure Theorem for finitely generated modules over
the Dedekind domain R, there exists a nonzero ideal a C R and elements

{b1,...,b.} C M such that
Ngp=Rby @ -+ ® Rb,_; ® ab,.

Because Nr®gr R, C Ng, for p C R, we have Ryb; ®- - -@p”p(“)RPbr C Ng,. For
q e T, let us write ng = >, fq.:b; with f; € Fy. By the strong approximation
Theorem |[Ros, Thm. 6.13|, for all i € {1,...,r}, there exists f; € F such that

1. forqeT and i € {1,...,r — 1}, vq(fi — f4:) =0,
2. for q € T, vy(fr — for) = vq(a),
3. forp¢ Tandie {1,..,r—1}, v,(f;) >0,
4. for p ¢ T, v,(fr) > vp(a).
The element n = ), fib; € N satisfies the assumption of the lemma. n

Lemma 3.27. We have

() (M0 M, 7] + (id =7a) (M) = Mg[i™"] + (id —7ar) (M)
PCR

where the intersection is indexed over the mazximal ideals of R.
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Proof. The inclusion D follows from Proposition [2.30] Conversely, let m be an
element of (), (M[~"] N Mg, [i'] + (id —=7as)(M)). By Lemma there
exists a finite subset T of maximal ideals of R such that m € Mg [j7!] for
p ¢ T. For q € T, there exists ng € M and mq € M[j~'] N Mg,[i~"] such that
m = mg +ng — T (7).

Let N be a finite dimensional sub-F-vector space of M that contains m
and ng for all g € T'. For a maximal ideal p of R, let Ng, := Mp, N (N @p F).
We have Ng :=[,(N N Ng,) = N N Mg. The latter is an R-lattice in N and
hence we are in the situation of Lemma [3.26] Therefore, there exists n € N
such that n —ng € Ng, for all ¢ € T" and n € Npg, for all p not in 7T'. Then
m—+n — 1y (7*n) € Ng C Mg, which ends the proof. O

Proof of Theorem[3.18 Let [E] be an extension of 1 by M in Mg, and let
m € M[j~'] be such that [E] = ¢(m) where ¢ is the isomorphism of Theorem
.4 Let Spm R be the set of maximal ideals of R. We have the following
equivalences

[E] has everywhere good reduction,

Vp € Spm R: [E}, ] has good reduction, (Definition (3.16
Vp € Spm R: m € M[j7' )N [Mg, [~ + (id —7ar)(M,)], (Theorem [3.15
(
(

Vp e SpmR: m e M~ N Mg, [i™'] + (id —7ar) (M), Lemma (3.24
m € Mg[i7' + (id —7ar) (M), Lemma [3.27)).

We obtain that ¢ induces an isomorphism of A-modules

111l

MR[j_l] + (ld —TM>(M)

—> EXt}VlF,R(:ﬂ"M)'

(id —7ar) (M)
We conclude by Corollary [2.38] n
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Chapter 4

Mixed Hodge Structures in equal
characteristic

To define function fields regulators and state the analogue of Beilinson’s first
conjecture, we require the notion of mixed Hodge structures (abridged MHS)
in positive characteristic. In this chapter, we provide the definitions and main
properties related to MHS. Our ultimate reference is Pink’s unpublished mono-
graph [Pin], from which we adapt the definitions to allow slightly more general
coefficient rings R. The main novelty of this section is the introduction of func-
tion fields’ infinite Frobenius, which allows us to define the categories MH} _
and MH P} evoked in the introduction (Chapter @ The objective is to
describe the extension spaces in both categories, a task we achieve under mild
conditions (Propositions and . In Chapter , these computations will
be used to express regulator morphisms in a very explicit manner (see Theorem
5.34)).

After a review of filtered spaces in Section we develop the theory of
MHS in Section[d.2] we construct the abelian categories MH z and MHF, over
a certain coefficient ring R and compute the respective extension modules.

More relevant to function field arithmetic are Mized Hodge-Pink Structures
(MHPS) which form higher versions of MHS, where the Hodge filtration is
replaced by the refined data of the Hodge-Pink lattice. In Section [4.3] following
closely [Pin], we define the categories MHPgr and MHP; and compute the
extension modules similarly.

To an MHPS, one associates an Hodge filtration. Yet, this does not neces-
sarily define a MHS. To circumvent this obstruction, we introduce a category
M’HP}‘{‘L in Subsection m, the supscript hd standing for Hodge descent.

We prove that there is an exact functor:
# - M’HP}? — MHp

(see Theorem [4.47)). This constitutes an improvement of Pink’s theory. The
functor # will be used in Chapter [5|to define regulated objects of MMZE.
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4.1 Filtered spaces and classical mixed Hodge
structures

4.1.1 Filtered spaces

We review filtrations of vector spaces following [DaOrR], §I.1|. Let V' be a finite
dimensional vector space over a field k. An increasing filtration F on V is an
increasing function of ordered sets

(R, <) — ({subspaces of V},C), z+— F,V,

that is, F,V C F,V if # < y. The filtration F' is separated if F,V = (0) for
r < 0 and ezhaustive if F,,V =V for x > 0. For x € R, the xth graded piece
of F'is the k-vector space

Grl (V) = F,V/ | F,V.

T
y<x

A break of F is an element = € R such that Gr%' (V) is nonzero. Because V is

finite dimensional, the number of breaks is finite. For S a subset of R, we say
that F'is S-graded if the all the breaks of F' are in S. The degree of F is the
real number given by the finite sum

deg” (V) = Z ¢ dimy, Grf (V).

zeR

If V! C V is a subspace, the induced filtration by F' on V' is the increasing
filtration

(R, <) — ({subspaces of V'},C), z+— F,VNV".
The induced filtration by F' on V/V' is the increasing filtration
(R, <) — ({subspaces of V/V'},C), x+— (F,V+V")/V".

Let W be a finite dimensional vector space equipped with an increasing fil-
tration G. A k-linear map f : V — W is said to preserve filtrations, to be
compatible with the filtrations, or is a morphism of filtrated spaces from (V) F)
to (W,G) if, for all z € R, f(F,V) C G,W. f is said to be strict if, for all
r € R, f(F,V) = f(V) NG, W. In other words, f is strict if the filtration
x— f(F,V) on W equals the induced filtration by G on f(V).

Lemma 4.1. Let S: 0 —» V' =V = V" — 0 be an exact sequence of k-vector
spaces equipped with filtrations which are preserved by the morphisms of the
sequence. The following properties hold:

(1) The morphisms of S preserve the filtration strictly if and only if the
sequence F,S : 0 — F,V' — F,V — F, V" — 0 is exact for all x € R.
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(17) If is satisfied, there exists a section s : V" — V which preserves the
filtration strictly.

Proof. is obvious. We prove Let {z1,...,x¢} be the union of the set
of breaks for the filtrations on V', V and V" sorted by increasing order. For
1 <i</{, fixasection s; : F,,V" — F,.V of F,,S which preserves the induced
filtration. The following sequence is exact by :

Grf;“S: 0 —>Gr£+1 Vi— Gt v— Grlrf;+1 V" — 0.

Tit1

Let tiy : Gt V" — Gr£+1 V' be a section of the above. We have the

Tit1
decompositions

F, V'=Grl V'@ F,V' and F, V=Gl VaeFRV,

Ti+1 T Ti4+1 Tiy1

so that s, := ;11 @ s; defines a section of F,, S preserving the filtration.
By induction, we deduce the existence of a section s : V/ — V of S which
preserves the filtration. One verifies that s preserves the filtrations strictly

because p : V — V" is strict and po s = idy~. H

Let n be a positive integer. By a polygon of length n, we mean the graph
in R? of a piecewise linear convex function [0,n] — R, mapping 0 to 0, and
such that the length of the subinterval on which the function has a given slope
x € R is an integer, called the multiplicity of x. Convexity means that the
slopes increase.

To a filtration F' on V one can attach a unique polygon Pg of length
the dimension of V, such that for all x € R the multiplicity of x equals the
dimension of GrZ (V). We call Pr the polygon of F.

Remark 4.2. We define decreasing filtrations and the notions attached similarly.
For a decreasing filtration F', we switch upperscripts and subscript, hence
writing: degp, F*, Gry, etc. All the results can be turned in corresponding
statements for decreasing filtrations by considering x — F_, V.

4.1.2 Classical mixed Hodge structures

Let us review the classical definition of mixed Hodge Structures in the number
fields setting. According to Deligne (we refer to [Dell, Def. 1.1| for the precise
definition), a mixed Hodge structure (over Z) consists of

(a) A Z-module H of finite type (the integral lattice),

(b) A Z-graded increasing filtration W on Hy := H®zQ by R®;Q-subspaces
(the weight filtration),

(¢) A Z-graded decreasing filtration ' on H¢ := H ®7 C by C-subspaces
(the Hodge filtration).

81



Motivic Cohomology in Function Fields Arithmetic Q. Gazda

Those datas are subject to the following condition:
Condition (Deligne): For all n € Z, there exists on Grjy, (Hc) a bigraded
filtration by subspaces HP¢ such that

(i) GV (He) = @ B,

ptg=n

(41) the filtration F' induces on Gr!” (Hc) the filtration given for p € Z by

W I, !
F*Gr)(He) = @ H",
p'>p
p'+q'=n

(i7i) (idg ®zc)(HP?) = H?? where ¢ : C — C is the complex conjugation.

We form the category MHz whose objects are mixed Hodge structures and
whose morphisms are morphisms of the underlying Z-modules which preserve
the weight (resp. Hodge) filtration once scalars are extended to Q (resp. C).

An equivalent formulation of points () was found by Pink in [Pin|
Prop. 2.4]:
Condition (Pink): For every R-subspace Hy of Hg := H ®7 R, we have

1
deg(HE) < 5 deg (1)

with equality whenever Hy, = W, Hg for n € Z.

Remark 4.3. Pink’s condition is also called the local semistability condition over
R. The factor 1/2 reflects the degree of C/R and can be removed by renormal-
izing the weight filtration using half-integers. As there is no analogue of the
complex conjugation in the function fields setting, hence no clear analogue of
Deligne’s condition, it is better suggested to follow Pink’s reformulation.

According to Nekovar |[Nekl (2.4)] and Deligne [Del, §1.4 (M7)], an infinite
Frobenius ¢, for a mixed Hodge structure (H, W, F') is an involution of the
Z-module H which is compatible with the weight filtration once scalars have
been extended to Q and such that ¢, ® ¢ preserves the Hodge filtration. MHS
coming from the singular cohomology groups of a variety X over a number
field are naturally equipped with an infinite Frobenius coming from the action
of the complex conjugation on the complex points X (C).

We let MH be the category whose objects are pairs (H, ¢o,) where H is
a mixed Hodge structures and ¢, is an infinite Frobenius for H. Morphisms
in MH} are the morphisms in M%Hz which commute to infinite Frobenius.

4.2 Function fields’ mixed Hodge structures

We now discuss the function fields situation. To the extent of my knowledge,
the ad hoc definition of mixed Hodge structures over function fields was not
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defined yet, although Deligne’s formalism seems to apply without changes us-
ing Pink’s condition.

Let L be a complete subfield of C,, containing K, and fix L® a separable
closure of L. In the next chapters, L will be F), for F' be a finite extension of
K,v: F — C, be a K-algebra morphism and F}, be the completion of F' with
respect to |z|, := |v(x)|. Let R be a Noetherian subring of K., containing
A such that R ®4 K is a field (in all the following, R will be A, K or K,).
Because L contains K, the field R® 4 K identifies canonically with a subfield
of L.

4.2.1 The categories MH and MH™"

Definition 4.4. A pre-mized Hodge structure H (with base field L, coefficients
ring R) consists of a triple (H, W, F') where

e H is a finitely generated R-module,

o W is a Q-graded increasing filtration on Hxy = H ®p (R ®4 K) by
R ® 4 K-subspaces which is exhaustive, separated,

e Fis a Z-graded decreasing filtration of Hys := H ®g L® by L*-subspaces
which is exhaustive, separated.

We call W the weight filtration of H and F the Hodge filtration of H. The
weights of H are the breaks of its weight filtration.

Let H and H' be two pre-mixed Hodge structures. A morphism f: H — H'
is an R-linear morphism f : H — H' such that fx = f ®idx : Hx — H}; and
frs = f®idps : Hps — Hj. preserve W and F respectively. The morphism f
is said to be strict if fx and frs are strictly compatible with the weight and
Hodge filtrations respectively.

Remark 4.5. The category of pre-mixed Hodge structures is too large to be
an abelian category. Indeed, given a morphism f between two objects in this
category, the natural map coim f — im f needs not to be an isomorphism (it
is bijective on the underlying vector spaces, but its inverse does not necessarily
respect both filtrations). It is an isomorphism if and only if f is strict.

Let H be a pre-mixed Hodge structure. A sub-R-module H' C H de-
fines a subobject of H = (H', W', F’) of H with weight filtration W’ (resp.
Hodge filtration F”) the induced filtration on H' by W (resp. on Hj. by
F). By definition, the inclusion H' < H is strict. Similarly, the quotient
H/H' = (H/H',W" F") is defined so that W" (resp. F") is the induced filtra-
tion on H/H' by W (resp. on Hys/H}. by F). The quotient map H — H/H'
is also strict.
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The weight and Hodge degrees of H are defined as follows:

deg" (H) := Zudim[{ GrZV(HK), degp(H) = ZpdimLs Gri.(Hp).

HEQ pEZ

The next definition is directly inspired by Pink’s condition.

Definition 4.6. Let H be a pre-mixed Hodge structure with coefficients ring
K. We call H locally semistable if for each K -subspace H' C H, we have

degp(H') < deg” (H'),

with equality whenever Hj, = W, H for some p € Q.

If H=(H,W,K) is a pre-mixed Hodge structure over R, we say that H a
mized Hodge structure it H _ is locally semistable, where H __ is the pre-mixed
Hodge structure with coefficient ring K, given by (H ®r Koo, W ®r Koo, F).
We form the category MHp as the full subcategory of the category of pre-
mixed Hodge structures whose objects are mixed Hodge structures.

The following proposition, inspired by Deligne’s [Delll, Thm. 2.3.5|, is due
to Pink (see [Pinl, Thm. 4.15]) in the case of mixed Hodge-Pink structures.
Because Pink’s proof applies almost without changes to our situation, we omit
the proof.

Proposition 4.7. Every morphism of mized Hodge structures is strict. The
category MH g is R-linear abelian.

We fix L*® a separable closure of L and let G = Gal(L*|L) be the absolute
Galois group of L. One novelty of our account is the notion of function fields
infinite Frobenius akin to the eponymous notion for number fields:

Definition 4.8. Let H be an object of MH}. An infinite Frobenius for
H = (H,W,F) is an R-linear continuous representation ¢y : G, — Endg(H),
G'1, carrying the profinite topology and H the discrete topology, such that, for
all o € G,

1. ¢u(0)®aidk preserves the weight filtration, that is, (¢ (0)®@4idk ) (W, Hk) C
W, H for all p € Q,

2. ¢y (0)®@go preserves the Hodge filtration, that is, (¢ (0)®0)(FPHs) C
FPHys for all p € Z.

Remark 4.9. Let 1 be the triplet (R, W, F) where W = 1,5¢(R ®4 K) and
F =1,.0(R®4 L?). One easily verifies that 1 is a mixed Hodge structure and
we call it the unit mized Hodge structure with coefficient ring R. The map
¢1: G, — R, 0+ idg defines an infinite Frobenius for 1.

We let MHF be the category whose objects are pairs (H, ¢y) where H
is a mixed Hodge structure and where ¢y is an infinite Frobenius for H. A
morphism (H,¢) — (H',¢') in MH7, is a morphism f : H — H in MHg
such that fo¢(0) = ¢'(0) o f for all 0 € G. We let 11 be the object (1, ¢;)
in MHE.
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The next proposition is a formal consequence of Proposition SO we omit
the proof.

Proposition 4.10. The category MH}, is R-linear abelian.

4.2.2 Extensions of mixed Hodge structures

By Propositions [4.7]and [£.10], the extension R-modules in the categories MH g
and MH}, are well-defined, and this subsection is devoted to their description.

Comparison with the classical theory

In the classical setting, extension modules in the category MHr of mixed
Hodge structures with real coefficients are well known. Given H an object of
MHg, the complex of R-vector spaces

(z y)Hx Yy

WoH @ FOW,He WOH(C]

represents the cohomology of RHom sy, (1, H) (e.g. [Beill, §1], [Carls, Prop.
2], [PetStl, Thm. 3.31]). We obtain an R-linear morphism

WoHc
WoH + FOWyHc

— Extlyqy, (1, H). (4.1)

If now H" denotes an object in the category MMt with infinite Frobenius
(oo, the complex RHom MHH{(TF’ H™) is rather represented by

(WoH)* @ (FOWoHe)™ “28 Y (WoHe) ]

where the subscript + means the corresponding R-subspace fixed by ¢ ® ¢
(e.g. |Beill, §1], [Nek, (2.5)]). We obtain an R-linear morphism

WoHe)* 1
(WoH)(++(1:'C‘3W0HC) — Exty, (L, H). (4.2)

In this subsection, we proceed to the analogue constructions for MHS and
MHPS in the function ﬁelds setting. While the ingenous analogue of holds
in MH}, (Proposition4.11)), a description similar as (4.2)) does not hold in our
setting as G, is an mﬁmte group For H" = (H, ¢y) an ob ject in MHFE (resp.
MHP}), the extension space Ext Mt (1T, H') is 1ntertw1ned with the Galois

cohomology of G, preventing an 1somorphlsm as simple as ) to exist. In
fact, the latter extension space has generally infinite dlmensmn In order to
clarify how Galois cohomology interferes with the computation of extension
spaces, we introduce an R-linear morphism dg+ (Definition 4.13)), functorial
in A", which inserts in a non-necessarily exact sequence of R-modules:

WoH;s)t
(WoH.) — Ext

d
+ oty EN gl
(WOH)++(FOWOHLS) M;.ﬁ(ﬂ ,ﬂ )—> H (GOO,H) —0

0—
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where the superscript + now designates the submodule of elements fixed by
¢p(o)®o for all o € G. We prove in Proposition that, under the condi-
tion that H'(Gp, Hys) and HY(Gp, F°Hps) vanish, the above sequence is exact
(this condition will hold for MHS coming from regulated objects in MM,
see Theorem [5.31)). The kernel of dy+ is then the correct analogue of the
right-hand side of (its elements will be said to have analytic reduction).

Extensions in MHp

We now turn to the computation of extension modules in the category MHg.
The theory is similar to the number field situation. For instance, the number
fields version of the next proposition is due to Carlson [Carls|. We give a proof
adapted to our different setting.

Proposition 4.11. Let B and C' be two mixed Hodge structures such that there
ewists jp € Q for which W,Cx = Cg and W,Bx = 0. Assume further that the
underlying module B of B is projective. There is a canonical isomorphism of
R-modules
Homys(Bps, Cps)
Homg(B, C) + Hom?, (Brs, CLs)

— Extj, (B, C) (4.3)

where Hom?¥,(Byps,Crs) designates the L*-vector space of L*-linear map from
Brs to Cps which preserve the Hodge filtrations. (4.3)) is given explicitely by
mapping h € Homps(Bps, CpLs) to the class of the extension

id h
[h] == |C & B, (W,Cx ® W,Bx) uco, ((1 o dB) FPCLe @ FpBLS) ]
PEZL

in Extyp,, (B, C).
Proof of Proposition[/.11. Let h : Brs — Cps be an L°-linear morphism. To

see that the pre-mixed Hodge structure [h] is a mixed Hodge structure, it suf-
fices to note that the canonical morphisms « and [ appearing in the sequence
0—~C LA [h] % B — 0 are strict. Because W,Cx = Ck and W,Bk = 0 for
some u € Q, [h] is locally semistable by [Pin, Prop. 4.11].

Conversely, let 0 — C b, H 2 B — 0 be a short exact sequence in MHg.
Since the underlying R-module B of B is projective, the exact sequence

0—C—H—B—0

splits. We fix s : B — H a section. From Proposition [£.7, the R ® 4 K-linear
maps ax and [x are strict with respect to the weight filtration. As the highest
weight of C'is lower than the lowest weight of C, sx : By — Hyg automatically
preserves the weight filtration strictly. The next diagram of R-modules

0 > C P L H ® + B > 0
idT B@ST idT
0 y ' >»(C ® B y B > 0.
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defines a congruence between the class of the extension [H] in Ext}MHR (B,C)
with the class of the extension

[O ® B, (W,.Cx & W,Bk)ueq, (B & 5)71<FPHLS)p€Z} :

By Proposition Brs and aps are strict with respect to the Hodge filtra-

tion and induce, for all p € Z, an exact sequence 0 — FPCps 2 prH L —
FPBrs — 0 of L’-vector spaces. By Lemma [4.1{(:7), the latter sequence
possesses its own splitting o : Brs — (s preserving the Hodge filtration
strictly. Setting h := o — srs, we obtain that (3 @ s)"'(FPHyzs) has the form
("l i(ilB) (FPCps @ FPBps) for all integers p. Therefore [H] is congruent to [h]
as desired.

Note that if »’ € Hom%,(Bps,Crs), then [h + h/] = [h] as their Hodge
filtrations coincide. We have proved that there is a surjective application

HOHlLs (BLs7 OLS)
Homfs (BLS ; CLS)

Note that [0] corresponds to the class of the split extension. Further, [h + k]
corresponds to the Baer sum of [h] and [k]. In addition, given the exact
sequence [H] and a € R, the pullback of the extension [H] by the multiplication
by a on B gives another extension which defines a - [H]. If [H]| = [h] then it is
formal to check that a - [H] = [ah]. As such, is R-linear. The extension
[h] is congruent to the split extension if and only if there is a commutative
diagram in MHp of the form

— Extlyy,, (B, C), h~—> [h]. (4.4)

0 > C' >»CdB » B > 0
[ [t
0 > C > [h)] » B > 0

where j is a morphism in MHpg. The fact that j is an automorphism of
C @ B which restricts to the identity on C' and B implies that there exists g €
Hompg (B, C) such that j = (i%c s ). The property that j stabilizes the Hodge
filtration is therefore equivalent to g—h € Hom?, (Bzs, Crs). We conclude that
the kernel of is Hom?, (Bys, Cps) + Homg(B, C) as desired. O

The following corollary is a reformulation of Proposition in the special
case of B = 1.

Corollary 4.12. Let H be an object in MHg whose weights are negative and
whose underlying R-module is projective. We have an R-linear isomorphism
Hys
H+ FOH s
which maps the class of h € Hrs to the class of the extension

idg h
H®R,(W,Hk ® 1,50K),c0, ((1 OH 1) FPHps & 1p<oLS) ]
PEZ

AN EmeR(ﬂ, H)

in Ext)ygy,, (1, H).
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Extensions in MH},

Extension modules in the category MM}, are more involved than the ones in
MHp as they involve the cohomology of the profinite group G. We are able
to compute them under some vanishing assumptions on Galois cohomology
groups (see Proposition below). In the number fields case, the situation
is much easier as Gal(C|R) = Z/2Z (e.g. [Nek, (2.4)]).

Given an object H™ = (H, ¢y) of MH}, the R-module H is endowed
with a continuous action of Gy, via ¢y. We suppose that the weights of H are
negative and that its underlying R-module is projective.

We next define a canonical R-linear map

dy+ - Ext}\/m;(ll*, H") — HY (G, H) (4.5)

as follows. An extension in Ext) , . (17, H) is of the form [E, ¢g] where, by
R
Corollary |4.12} [E] is congruent to an extension in the form

idyg h
[h] = |H® R, (WMBK &P 1,LLZOK)/LEQ7 ((1 OH 1) FpHLS &P lpgoLs) ] .
PEZL

Under the above description, and for ¢ € Gp, the action of ¢g(c) on the
underlying R-module is given by (¢£0(U) C(l" )) for a certain cocycle ¢ : G, — H.
We define dg([E]) to be the image of the cocycle ¢ in H (G, H). Tt is well-
defined as if [h] = [I/], there exists m € H such that ' —h € m + FOHp.. Tt
follows that dgy([h])(0) = c¢(o0) + m — ¢u(o)(m), and thus that dg([h]) and

dg([h']) are equivalent.
Definition 4.13. We call dy the adic realization map of H.
Proposition 4.14. Suppose that H'(Gp, Hys) = HY(Gp, F°Hps) = 0. We

have an exact sequence of R-modules

)T d
(H) — Bxtt (17, H) 2 HYGy, H) — 0

0— H+ + (FOH..)* MH,

where the second arrow maps the class of h € (Hps)" to the class of the exten-

sion ([h],% o (¢H0(0) (1)))

Proof. For a cocycle ¢ : G, — H, we denote by [c] the R-linear G -representation
of H & R given by

in Bxt) g (1, 7).

[c] : G, — Endr(H ® R), o0+ (¢HO<J) c(la)) .

88



Motivic Cohomology in Function Fields Arithmetic Q. Gazda

We first show that dy+ is surjective. Let ¢ : G — H be a cocycle. Because
HY(Gp, Hps) = 0, there exists h € Hy. such that c(c) = h — (¢ (o) @ o)(h).
It is formal to check that [c] defines an infinite Frobenius for [h] and that the
extension given by the pair ([h],[c]) is an element of Ext M?-ﬁ(]ﬁ’ HY). Tts
image through dg+ is ¢, as desired.

Before computing the kernel of dy+, we begin with an observation. Let ¢
be a cocycle G, — H such that ([h], [c]) defines an extension of 1* by H in
MHE. For m € H, the diagram

0 —— HF > ([1],[c]) y 17 » 0
J» () I
0 —— H" —— ([h+m],[0 = c(0) + m — dpu(o)(m)]) > It » 0

defines a congruence in MM}, between the extensions:
([rl;[e]) and  ([h+m], [0 = (o) +m = ¢u(o)(m)]). (4.6)

Let us compute the kernel of dy. If [E] is an element of ker dy there exists
R € Hps and m € H such that [E] is congruent to an extension of the form
('], [0 = m—¢pu(o)(m)]). By our computation ([4.6)), we can assume without
loss of generality that [E] is of the form ([h],[0]). The condition that the
infinite Frobenius of E preserves the Hodge filtration reads

Vo€ Gy, (¢u(o)®0)(h)—h € F°Hps.

In particular, h + F°Hps is invariant under Gy, in (Hps/F°Hps)". Because
HY(Gp, FPHys) vanishes, we have (Hps/F°Hps)t = (Hps)T/(F°Hps)*. To
conclude, it suffices to note that [E] = ([h],[0]) is congruent to ([k], [0]) if and
onlyif h— ke HT. O

Remark 4.15. We present a cohomological definition of dg+, although less
explicit, which provides an alternative proof of Proposition [£.14 Given two
objects (X, ¢x) and (Y, ¢y) in MH}, the R-module

Hom gy, (X, Y)

is naturally endowed with a continuous action of G: to ¢ € GG1, and a mor-
phism f : X — Y in MHpg, we define f7 to be ¢y (o) o f o ¢x(o)™!. By
definition of morphisms in MM}, we have

HOIHMHR(X, X)+ = HOHIM’HE((X> Qsi)v (Xa QSX))

where the superscript + designates the submodule of elements fixed by Gf.
That is to say, the functor I'" : MH}, — Modpg, which associates HomMHg (1+,H™")

to H" = (H, ¢g), factors through

MHE T, Repyr(Gyr)

™ e

MOdR
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where I" assignates Hom g, (1, H) equipped with its continuous action of G,
to H" and I'g, takes the invariant under the action of G. Now, if the weights
of H are negative, Corollary implies that there is a distinguished triangle
in the derived category of R[G]-modules:

H[-1] @ F°Hps[-1] — Hps[-1] — RI'(H) — [1].

By the composition Theorem for right-derived functor, there is a canonical
isomorphism RIg, o RI' 2 RI'". Applying RI'g, to the above triangle yields
another a distinguished triangle

R, (H)[-1]®RIq, (F°Hyps)[-1] — RIg, (Hps)[—1] — RI'M(H) — [1].
We obtain a long exact sequence of R-modules

0 — Extg\m;(ﬂtﬂﬂ —— H" @ (F'Hp)" ————— (Hpo)™"

Extlyg,. (1", H') — H'(Gy H) & H'(Gy, FOHye) — H'(Gp, Hye)

The first morphism on the bottom row recovers dy+ as the induced morphism

dy+ Ext}\m%(]ﬁ,ﬂ*) — HY(Gy, H).

If HY(Gr, F°Hps) and H'(Gp, Hys) vanishes, we obtain the exact sequence of
Proposition [4.14]

4.3 Mixed Hodge-Pink structures

In this section, we discuss mixed Hodge-Pink structures (MHPS) as in |Pin]
and compare them with MHS. The main innovation here is the study of Hodge

descent (Subsection [4.3.4). This notion will be used in Chapter 5| to define the
Hodge realization functor.

4.3.1 Completion along the diagonal

We begin with some preliminaries on the ring L[j] for a complete subfield L

of Cy containing K, generalizing Pink’s Co,[z — (]. Let L be an A-field. We
let L[j] be the completion of A ® L at the ideal j = j, generated by the set
{a®1—-1®k(a) | a€ A}:

L[j] =lmA® L/j"

This is a discrete valuation ring with maximal ideal j, residue field L, and we
let L((j)) denote its fraction field.
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From now on we assume that L is a complete subfield of C, that contains
K. Before introducing MHPS, we begin by some prelimary results on the
ring L[j], where k : A — L is the inclusion. The next lemma extends [Pin|
Prop. 3.1].

Lemma 4.16. The mapv: A — AR L, a+— a ® 1 defines a ring homomor-
phism A — L[j] which extends uniquely to a ring homomorphism v : Ko, —
L[i] such that the composition of v followed by reduction modulo j coincide
with the canonical inclusion Ko, — L = L[j]/j.

Proof. Uniqueness is clear. We proceed in three steps for the existence. The
first step is to extend v to K. Let a € A. We have a ® 1 = 1 ® a (mod j).
Additionally, L[j] is a discrete valuation ring with maximal ideal j and residue
field L. Hence, if a is nonzero, a ® 1 is invertible because a is invertible in L.
This extends v to K.

Let 7, € K be a uniformizing parameter for K., and let a, b # 0 be
elements of A such that 7., = a/b. We have the identification K, = Fo. (7))
where F, is the residue field of K. Let E be the subfield F := F((7.,)) of
K. Our second step is to extend v to E. Following Pink’s observation [Pin),
Prop. 3.1|, we unfold the formal computation

E3Y (Arh, @1) = fill @ Moo + oo ® 1 — 1@ 700)
k k
a®@b—-—b®a k
— 1 -
;fk(®7r+ )

ep () e

>0

-3 (1ol (“2imne)

>0

where the inner sum converges in K,,. We then set

v (; fm’;o> = <1 ® ;fk (D w’;of> <%€;2®“>€ e L[j].

>0

It is formal to check that this defines a ring homomorphism £ — L[j] which
extends v.

Finally, we extend v to K. Let a € K, and let p,(X) be the minimal
polynomial of « over E. As K /F is a separable extension, p,(X) € E[X] is
separable. We consider p,(X) as a polynomial in L[j][X] via v : E — L[j].
It admits the image of a through K., < L = L[j]/j as a root modulo j. By
Hensel’s Lemma, p,(X) admits a unique root & in L[j] which lifts «. Setting
v(a) = & extends v to Ko, — L[j] in a morphism which verifies the assumption
of the lemma. O
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The next lemma follows from the above construction:

Lemma 4.17. The kernel v of v ®id : K ® L — L[j] is the ideal of Ko ® L
generated by the set {f @1 -1 f | f € Foo}.

Proof. Let dy, = [Fs : F|. For i € Z/dZ, we consider the ideal of K, ® L
given by

W= ({fol-1a /"] feFx})
It is the kernel of the map Koo @ L — L, a ® b — ab?, hence is a maximal
ideal. For f € Fe, the polynomial [[;cz /4 7 (z — f9) belongs to F[z], and
thus the product of the 9@ is zero. By the chinese remainders Theorem, we
have

Ko®L=FKye® LW ..ol = T Koo L/
1€L)deo

which is a product of d, fields. Because v is a prime ideal of K, ® L, we have
v =0 for some i. If f € Fo, then f ® 1 — 1 ® f belongs to v by definition.
We deduce that ¢ = 0. O

4.3.2 The categories MHP and MHP"

The next definitions are inspired by [Pinl Def. 3.2|. We slightly generalize
Pink’s setting to handle a general coefficient ring R and A not necessarily a
polynomial ring.

Definitions of mixed Hodge-Pink structures

Let R be a Noetherian subring of K, that contains A and such that R ®4 K
is a field. As in the previous ssubsection, let L be a complete subfield of C,,
that contains K.

Let v : Koo — L[j] be the A-algebra morphism of Lemma [4.16] Given a
R-module H, we obtain a L[j]-module H ®pg, L[j] by tensoring H with L[j]
seen as an R-algebra via v.

Compared to Definition [£.4] we obtain MHPS by replacing the data of the
Hodge filtration by the data of an L*[j]-lattice:

Definition 4.18. A pre-mized Hodge-Pink structure H (with base field L,
coefficients ring R) consists of a triple (H, W, q) where

e H is a finitely generated R-module,

e W is a Q-graded increasing filtration of Hx = H®4 K by sub-(R®4 K)-
vector spaces which is exhaustive, separated,

e qis a L*[j]-lattice in the L*((j))-vector space H ®g, L*((j)), that is, q is
a finitely generated L*[j]-module in H ®p, L*((j)) that contains a basis.
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We call W the weight filtration of H and q the Hodge-Pink lattice of H. We
define the tautological lattice of H to be p := H ®pg,, L*[j].

As for filtrations, we have a notion of degree for lattices. For any L*[j]-
lattice [ contained both in ¢ and p, the quotients g/l and p/[ are finite dimen-
sional L®-vector spaces. Under this observation, we let the Hodge-Pink degree
of H be the integer

) q . p
H) = s | — | — s | —— .
degq(_) dim;, <pﬂq) dim;, (pﬂq)

Let H=(H,W,q) and H = (H',W’,q') be two pre-mixed Hodge-Pink struc-
tures. The next definitions are borrowed from [Pinl Def. 3.7|:

(a) A morphism f: H — H'is an R-linear morphism f : H — H’ such that
fx = [ ®aidg : Hx — Hj preserves the weight filtration and frs() =
f ®R,u idLs((j)) - H ®R7u Ls((])) — H' ®R,V LS((])) satisfies fLs((j))(q) - q’.

(b) A morphism f : H — H' is strict if fx is strictly compatible with the
weight filtrations, and if frs(;) satisfies

fregp(@) = ' 0 fre)(H @rp L°((5))-

As for deg"’, deg, is additive in strict short exact sequences.
We form the category of pre-mixed Hodge-Pink structures with morphism

as in [(a)]

Let H = (H,W,q) be a pre-mixed Hodge-Pink structure. A sub-R-module
H' C H defines a subobject H = (H',W’,q') of H by taking for W’ the in-
duced filtration on H' by W, and for q’ the lattice ¢ N (H' ®r, L*((j))). The
canonical morphism H' < H is strict. Similarly, the quotient H/H' is defined
so that the underlying module is H/H’, its weight filtration W” is the filtration
on Hg /Hj induced by W, and its Hodge-Pink lattice q” is q/q’. The canonical
morphism H — H/H' is strict.

The next definition is inspired by [Pinl, Def. 4.5].

Definition 4.19. Let H = (H,W,q) be a pre-mixed Hodge-Pink structure
with coefficients ring R.

o If R = K, wecall H locally semistable if for each K,-subspace H' C H,

we have
deg,(H') < deg" (H),

with equality whenever Hy, = W, Hg for some ;1 € Q.

e For general coefficients R, we call H = (H,W,q) a mized Hodge-Pink
structure if H . is locally semistable, where H - is the pre-mixed Hodge
structure with coefficients in K, given by (H ®r Koo, W Qg Koo, q).
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We form the category MHPgr as the full subcategory of the category of pre-
mixed Hodge-Pink structures whose objects are mixed Hodge-Pink structures.

The triplet (R, W, q) where W := 1,50(R ®4 K) and q = L°[j] defines a
mixed Hodge-Pink structure. It is the unit mized Hodge-Pink structure with
coefficients ring R, we denote it 1.

The following Proposition is due to Pink [Pin, Thm. 4.15]. Although our
setting differs slightly, it is straighforward to adapt Pink’s proof to our context.

Proposition 4.20. Every morphism of mized Hodge-Pink structures is strict.
The category MHPg is abelian.

Definition 4.21. An infinite Frobenius for H = (H, W, q) an object of MHPgr
is an R-linear continuous representation ¢y : Gy — Endg(H), H carrying the
discrete topology, such that, for all o € G,

1. ¢g(0) ®aidg : Hx — Hy preserves the weight filtration,

2. ¢u(0) ®r o Hpsg) — Hps(y) preserves the Hodge-Pink lattice, that is,
we have (¢ (o) @r 0)(q) C q.

We let MH P}, denote the category whose objects are pairs (H, ¢y) where
H is a mixed Hodge structure and where ¢y is an infinite Frobenius for H.
Morphisms in MHP;; are morphisms in MM Pr compatible with the infinite
Frobenius.

It follows easily from Proposition that:

Proposition 4.22. The category MHP}, is abelian.

Induced Hodge filtration

We now discuss the relation between pre-MHPS and pre-MHS. Let H =
(H,W,q) be a pre-mixed Hodge-Pink structure over R. H induces a pre-
mixed Hodge structure H* as follows (see [Pin, Def. 3.5]). By Lemma m,
the reduction modulo j:

p= H®R,V LS[[]]] — H®R L =: HLS

identifies p/jp with Hp.. We define a Z-graded decreasing, exhaustive and
separated filtration F' on Hps by setting, for all p € Z, FPHs to be the image

of pNjPq in p/jp.

Definition 4.23. We define H# to be the pre-mixed Hodge structure (H, W, F),
and we call F' the induced Hodge filtration. We let degp(H) be the degree of
the filtration F'.

The next lemma is immediate:
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Lemma 4.24 (Functoriality of the Hodge filtration). Let f : H — H' be
a morphism of pre-mixzed Hodge-Pink structures over R. Then, frs = f ®g
idys 1s compatible with the Hodge filtration, that is, for all integers p we have
frs(FPHps) C FPHy,. Furthermore, deg,(H) = degp(H).

Remark 4.25. Be aware that a strict morphism H' — H of pre-mixed Hodge-
Pink structures does not necessarily induce a strict morphism H'# — H¥ of
pre-mixed Hodge structures. As a consequence, if H' — H is an inclusion of
subobject, the inequality (following from Lemma [4.24))

deg, (H') < degpip (H')

might not be an equality.

Remark 4.26. Related to the above, that H is a mixed Hodge-Pink structure
does not necessarily imply that H# is a mixed Hodge structure. We use Pink’s
[Pin, Ex. 6.14] as a counter-example. Consider the pre-mixed Hodge-Pink
structure H pure of weight 0 where H = R%? and with Hodge-Pink lattice

() (4)),,

where ¢. € L*((j)) is an element of valuation —e for an integer e > 0. By [Pinl,
Cor. 4.12|, H is locally semistable and hence defines an object in MHPg.
Consider H' the R-submodule of H generated by (). It defines a strict sub-
object of H whose Hodge-Pink lattice is

q'=an(H @r, L*(() = H @ro L[] = p".
We then have

. q/ . p/
deg,(H') = dimp, <p’ 5 q/) — dimps (p’ = q/) =0

On the other-hand, the induced Hodge filtration on Hys turns out to be

0 ifp>e
FpHLs — His lfe Zp> —e€
H;s ifp<—e

As such, deg,((H)#) = e > 0 although deg" ((H')#) = 0. Hence, H* is not
locally semistable.

Let H = (H,W,q) be an object in MHPp and let r be the dimension of
H ®4 K over R®4 K. Let p be the tautological lattice of H. By the relative
version of the elementary divisors Theorem applied to the discrete valuation
ring L*[j], there exists a family of integers (w,...,w,) sorted by ascending
order such that, for any large enough integer e for which j°p C q and j°q C p,
we have

q/jep ~ @ Ls[[j]]/jeeri, p/]eq ~ @Ls[[j]]/jefwi.
=1 =1

The next result is immediate from Definition [4.23 (see also [HarJu, Rmk.
2.2.4]).
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Lemma 4.27. For all p € 7, we have
dimLs(FpHLs) = #{Z c {1, ...,7“} | p - ’LUZ}

where F' is the induced Hodge filtration. In particular, the elements of {wy, ..., w, }
are the breaks of F.

Definition 4.28. The Hodge polygon of H is the polygon of length r whose
multiplicity at any x € R is #{i € {1,...,r}|]x = w;}. We denote it by
HodPol(H). By Lemma [4.27, the Hodge polygon of H is the polygon of the
induced filtration F.

4.3.3 Hodge additivity

We review some materials of [Pin, §7]. In order to characterize the Tannakian
Hodge group of a mixed Hodge-Pink structure, Pink introduced the notion of
Hodge additivity. The very same notion will allow us to define a sub-abelian
category MHPE of MHPr on which the assignation H +— H¥ defines an
exact functor

MHPE — MHp.

We first need the concept of semisimplification in abelian categories with finite
length. Let A be an abelian category and let X be an object of A. We refer
to [EGNO) Def. 1.5.3| for the next definition:

Definition 4.29. (i) X is called simple if it is nonzero and 0 and X are its
only subobjects.

(17) X is said to have finite length if there exists a sequence of inclusions
O:X(]CXlC"'CXn,lCXn:X (47)

such that X;/X;_; is simple for all 7. Such a filtration is called a Jordan-
Hélder series of X. We will say that this Jordan-Ho6lder series contains
a simple object Y with multiplicity m if the number of values of i for
which X;/X;_; is isomorphic to Y is m.

We refer to [EGNOL Thm. 1.5.4| for the next lemma.

Lemma 4.30 (Jordan-Hélder). Suppose that X has finite length. Then any
increasing sequence of inclusions

0=4yCZ41C--Clhs1Clh;=X

can be completed into a Jordan-Holder series of X, and any two Jordan-Hdlder
series of X contain any simple object with the same multiplicity, so in partic-
ular have the same length.

96



Motivic Cohomology in Function Fields Arithmetic Q. Gazda

Definition 4.31. Fix a Jordan-Holder series for X as in (4.7)). The associated
semisimplification of X, denoted X®, is the object of A given by

X% = @XZ/le

By Jordan-Holder (Lemma [4.30]), X* does not depend on the Jordan-Hélder
series of X, up to isomorphisms. We call n the length of X.

We come back to the category MHPg. In the case where the coefficient
ring R is K, any object H of MHPk_, has finite length (this can fail for
R not a field). Indeed, any subobject H' of H is such that the inclusion
H' — H is strict, and hence is determined by its underlying K..-vector space.
A Jordan-Holder series for H is then constructed by immediate induction. It
yields the inequality:

length(H) < dimg,_ (H). (4.8)

Remark 4.32. Note however that (4.8)) may not be an equality as not every K-
subspace H' of H equipped with the induced filtrations is locally semistable
(we do not necessarily have deg,(H') = deg" (H').)

By Jordan-Hélder (Lemma [£.30)), the Hodge polygon (Definition of
a semisimplification H* attached to a Jordan-Holder series of an object H of
MHPg., does not depend on the chosen Jordan-Holder series. We denote it
by HodPol(H*). The next lemma is adapted from [Pin, Prop. 6.9] (see also
[Kat2, Lem. 1.2.3]).

Lemma 4.33. Consider an exact sequence 0 — H' — H — H" — 0 in
MHPy_. The Hodge polygon of H @& H" is above that of H and has the
same endpoints. In particular, the Hodge polygon of H* is above that of H.

Before proving Lemma [4.33] some notations are called for. For P and P’
two polygons of length n and n’, we write P L P’ for the polygon of length
n 4 n' given by the slope-by-slope concatenation of P and P’: if P (resp. P’)
has multiplicity m (resp. m’) at the slope x € R, then P U P’ has multiplicity
m +m' at x. Note that, for H and H’' two objects in MHPgr, we have

HodPol(H & H') = HodPol(H) LI HodPol(H').

If n =n/, we write P < P’ if P’ lies above P, that is, if for every point (z,y)
of P, the point with the same abscissa (x,y’) of P’ satisfies y < v/

Proof of Lemma[{.33 Only the second assertion does not already appear in
[Pin, Prop. 6.9] (nor [Kat2, Lem. 1.2.3]). It follows by induction on the length
nof H If n =1, H is simple and H = H®. We fix n > 2 and assume the
assertion proven for n — 1. We consider a Jordan-Holder series of H:

0=Hy¢CH ¢---CH,=H.
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By assumption, HodPol(H,,_;) < HodPol(H?® ;). The first part of the lemma
applied to the exact sequence 0 - H, , - H — H/H, | — 0 yields:

HodPol(H) < HodPol(H, , @ H/H,_,)
= HodPol(H,, ;) UHodPol(H/H, )
< HodPol(H$ ;) UHodPol(H/H,, ;)
= HodPol(H*_, & H/H,_,)
= HodPol(H)*

as desired. O
Following [Pin, Def. 7.1 (a)|, we define Hodge additivity as follows:
Definition 4.34. Let H be an object of MHPg.

o If R = K, we say that H is Hodge additive if the Hodge polygons of
H* and H coincide.

e For general ring R, we say that H = (H,W,q) in MHPg is Hodge
additive if Hy = (H ®r Koo, W ®p K, q) is Hodge additive as an
object of MHPxk._,.

Remark 4.35. Let us use the notations of Remark Assuming first R =
K, we easily find out that 0 € H' C H is a Jordan-Holder series of H with
respective quotients isomorphic to 1. By Remark the Hodge polygon of
H* =~ 192 and that of H do not coincide as ¢. has valuation < 0. Hence, for
general coefficient ring R, H is not Hodge additive. On the contrary, if ¢. has
non negative valuation, H is Hodge additive.

Our next objective is to define the category of Hodge additive objects, and
show that it is abelian. We begin with a crucial observation.

Lemma 4.36. Let H be Hodge additive. Any subobject or quotient of H 1is
also Hodge additive. Any exact sequence 0 — H' — H — H" — 0 in MHPxr
is such that the Hodge polygons of H' @& H" and H coincide.

Proof. By Definition 4.34, we may assume R = K. In MHPg_, consider
an exact sequence 0 — H' — H — H"” — 0. By Lemma [4.33| we have

HodPol(H) < HodPol(H") LU HodPol(H").

By Jordan-Hoélder (Lemma , there exists a Jordan-Holder series (H;)o<i<n
for H such that (H,)o<i<m and (H,;/H')m<i<n are Jordan-Holder series for H’
and H" respectively. Because H is Hodge additive, it follows that:

HodPol(H) = HodPol(H*) = HodPol(H"*) LI HodPol(H"*).
By Lemma [£:33] again, we obtain:

HodPol(H") U HodPol(H") < HodPol(H).
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This proves the second assertion. The first assertion follows since
HodPol(H') L HodPol(H") < HodPol(H')* LI HodPol(H")*
is an equality. O]
Conversely, we have:

Lemma 4.37. If 0 - H — H — H" — 0 is an exact sequence in MHPgr
with H' and H" Hodge additive and such that the Hodge polygons of H' & H"
and H coincide, then H is Hodge additive.

Proof. We have

HodPol(H)* = HodPol(H')* U HodPol(H")*
= HodPol(H') LI HodPol(H")
— HodPol(H)
as desired. O]

Definition 4.38. We let MHPL* be the full subcategory of MHPr whose
objects are Hodge additive.

The next proposition is an immediate consequence of Lemmam (compare
with [Pinl Thm. 7.9]):

Proposition 4.39. The category MHP is R-linear abelian.

An important feature of the category MHPE is that it preserves the
exactness of the induced filtration. We end this subsection by quoting the
corresponding statement of Pink (|Pin, Prop. 6.12]):

Proposition 4.40. Let 0 — H — H — H" — 0 be an exact sequence in
MHPr. The following are equivalent:

(a) the Hodge poylgons of H & H" and H coincide,

(b) For all integer p, the sequence 0 — FPH;, — FPHp: — FPHY/. — 0 is
exact in the category of L®-vector spaces.
Proof. Suppose (bl We obtain dim(FPH.) = dim(FPH}.) + dim(F?HJ.) for
all integers p, and @ follows.
Conversely, let j be a uniformizing parameter of the complete discrete

valuation ring L*[j]. For an integer p, consider the commutative diagram of
L?-vector spaces with exact columns:

0 SN p/mjp—lq/ SN pmjp—lq SN p/lmjp—lqll SN 0

B s

0 —— p' NPy —— pNjPqg —— p" Ni’q" —— 0 (4.9)

! ! !

0 —— FPH;, ——— FPH; s ——— FPH/, ——— 0
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(the last row is well-defined by Lemma [4.24]). Consider for induction hypoth-
esis: the sequence

0—p'Ni’g = pni’g—=p"Nj’q" =0 (Hp)

is exact. There exists an integer py (large enough) such that for all p > py,
the above equals 0 — j#q' — j?q — j*q” — 0 which is exact by strictness of
0— H — H — H" — 0. Hence (H,))) is exact for p > po. If is exact for
an integer p, a simple diagram chase shows that FPHs — FPHY, is surjective.

Suppose@ and let p € Z such that is exact. We obtain dim(FPHs) =
dim(FPH}.)+dim(FPH].) so that the bottom row is exact. The 3 x 3-Lemma
on then implies that the upper row is exact. That is, (H,_1) is exact. By
descending induction, [(0)] follows. O

4.3.4 Hodge descent

In the previous section, we have revealed a category MHPE on which the
hashtag functor # preserves the exactness of the Hodge filtration (Proposition
. Yet, this does not guarantee us that the image of # lands in MHp as
Example below shows. This motivates the next definition.

Definition 4.41. Let H be a mixed Hodge-Pink structure. We say that H has
Hodge descent if it is Hodge additive and if H* is a mixed Hodge structure.

We let MHP be the full subcategory of MHPE whose objects have
Hodge descent.

Remark 4.42. We would have preferred a less artificial Definition 4.41) We
hope to come up with a less obvious version in a second form of this text.

Example 4.43. We exhibit a simple object H in the category of mixed Hodge-
Pink structures such that H* is not a mixed Hodge structure. Hence, H is
Hodge additive but does not have Hodge descent.

We assume R = K, and consider the pre-mixed Hodge structure H, made
pure of weight 0, whose underlying vector space is H = K22 and whose Hodge-

Pink lattice is
ce ‘_f
Gy = ) )
H - 0)° jfe

for two distinct positive integers f > e > 0.

We claim that H is locally-semistable. First note that if p denotes the tau-
tological lattice of H, the elementary divisor Theorem provide a basis (eq, e3)
of p over L*[j] with respect to which we have

= {0) () enee{(6)-6))

It follows that

deg,(H) = dimy. (ﬂ) — dimgs <p—> =f—f=0=deg"(H).
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Let H' be a nonzero strict subspace of H. Then H’ has dimension 1, and we
fix a basis of it () (a,b € K ). We compute its associated Hodge-Pink lattice

q"
r / . H/ je jﬁf
T =) M= L) N9\ g ) TY -

If b # 0, we find ¢’ = j/ (§) whose degree is deg,(H') = —f < 0. If b= 0, then
q'=j° (%) and deg,(H') = —e < 0. We conclude that H is locally semistable,
hence is a MHPS, and that H is a simple object in the category MH Pk .

We claim that H#, however, is not locally semistable. An easy computation
shows that the induced Hodge filtration on H has the form:

x,yELS[[j]]}.

0 ifp>f
FPHp s =<¢ L°(}) it f>p>—f
Hrps ifp<—f

In particular, the choice of H' = K, (}) provides a K -subspace of H such
that degp(H') = f > deg" (H').

The next Proposition is inspired by Pink [Pin, Prop. 4.11]

Proposition 4.44. Let 0 — H' — H — H" — 0 be an exact sequence
in MHPE such that H' and H" have Hodge descent. Then H has Hodge
descent.

Proof. The sequence 0 — H'#* — H* — H"# — 0 is strict by Proposition
4.40, and by assumption, both H'# and H"# are locally semistable. Our aim
is to show that H? is locally semistable as well.

We assume R = K. Let G be a subspace of H, and let G be the strict
subobjec of H* whose underlying space is G. Let Ql be the strict subobject
of G whose underlying space is G’ :== G N H'. Let Q// be the strict quotient of
G by Ql. We have a strict exact sequence of pre-mixed Hodge structures:

0—>Ql—>Q—>Q//—>O. (4.10)

While & < H'* is strict, G gt may not. Let K " be the strict subobject
of H"# whose underlying space is G” := G//G'. We have an inclusion of pre-

mixed Hodge structures
~ I

G K (4.11)

which is an equality if and only if it is strict, if and only if G" < H" is strict.

"'We denoted it by G to avoid confusions with G which would be here the strict sub-pre-
mixed Hodge-Pink structure of H whose underlying space is G; note that we might not even
have G* = G.
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We have:

degp(G) = degF(G +degF(Qw ((4.10) is strict exact)

< deg (Q,) + degF(Q ) (local semistability of H'#)

< deg" (@) + degp(K")  (by (11))

< deg" (&) + deg" (K") (local semistability of H"#)

< deg" (G) + deg"(G")  (by again)

= deg'(@) (([E10) is strict exact). (4.12)

This is the required inequality for the local semistability of H?, and it remains
to prove that this is an equality whenever G = W, H for some v € Q.
We have a commutative diagram with exact lines in the category MH Pha

0O — W,H —— W,H — W,H" —— 0

I / I

0 » H' > H s H' > 0

whose morphisms are all strict for the Hodge filtration (by Proposition [4.40)).

Hence for G = W, H, then G = W, H#, Ql =W, H'", Qw = W, H"# and ([&.11)
is an equality. From the local semistability of H'# and H"#, we conclude that
(4.12) is an equality for G = W, H. ]

It follows from Proposition that MHPLE! is a Serre subcategory of
MHPE (in the sense of (02MO)). We obtain from (02MP):

Corollary 4.45. The category MHPL is a strictly full abelian subcategory
of MPH

We also record the following result, useful to spot when an Hodge additive
MHPS has Hodge descent:

Corollary 4.46. Let H be an object of MHPR, and let
0=HyCH, CH,C---CH,=H

be a Jordan-Holder series for H. Suppose that for all i € {1,...,m}, the K-
vector spaces (H;/H;_1) ® r K« have dimension 1. Then H has Hodge descent.

Proof. If the underlying vector space of H has dimension 1, then H* is a
mixed Hodge structure as deg,(H) = degr(H). The general case follows by
induction on the length of H using Proposition [4.44] O

We summarize the previous observations into a theorem, which constitutes
the main innovation of this subsection.
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Theorem 4.47. The association H — H? defines an exact functor
#: MHPL — MHg
of abelian categories.

Remark 4.48. One shows that MHPAE is the biggest full subcategory of
MHPg on which H — H? defines an exact functor with target M#p. This
is almost tautological: if A is a full subcategory of MHPr with the same
property, then for H object of A, H* must be a mixed Hodge structure. The
exactness of # imposes all exact sequences in A to satisfy I@] of Proposition

4.40| and we deduce that 4 C MHPE. Therefore, A C MHP.
R R

4.3.5 Extensions of Hodge-Pink structures

Next we consider extensions modules in the categories MHPr, MHPL and
MM P}, This has been initiated by Pink in [Pinl §8]. Some arguments are
similar enough to the ones discussed in Subsection to be omitted.

Extensions in the category MHPxr

In [Pinl §.8], Pink studied extension modules of Hodge-Pink structures. We
restate Proposition 8.6 in loc. cit. adaptin it to our notations:

Proposition 4.49 (Prop. 8.6 loc. cit.). Let B and C be two mized Hodge-Pink
structures such that there exists ;1 € Q for which W,Cx = Cx and W, Bk = 0.
Assume further that the underlying module B of B is projective. There is a
canonical isomorphism of R-modules

Homp: ) (Brs (), Crs(j))

5 Exthgp, (B,C). (413
Homp(B,C) + Homgsf(9s, 9¢) mupp (B, C) ( )

It is given explicitly by mapping h € Homps )y (Brsy, Cre@y) to the class of
the extension

id h

in Ext)ygp, (B, C).

=) =

Extensions in the category MHPpa

Let B and C be two objects in MHPg. As one notices by Proposition [4.13]
the module EX’C}WHPR (B, C) is not finitely generated over R. Handling finitely
generated extension modules guarantees the possibility to construct appropri-
ate regulator maps. In this regard, finite generation is necessary. As Pink
already noticed (|Pin, Prop. 8.7]), this is solved by working with extension
modules in the category MHPhE. However, it might be too restrictive. For
that reason we introduce Hodge additive extensions:
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Definition 4.50. An extension [H] in Ext}vmpR(Q, C) is said to be Hodge
additive if the Hodge polygon of H coincides with that of C' @& B. We denote
by Ext}\jlim (B, C) the subset of Ext)p, (B, C) consisting of extensions that

are congruent to an Hodge-additive extension.
The next proposition rephrases [Pin, Prop. 8.7].

Proposition 4.51. Under the assumptions of Pmpositz’on the map (4.13)
induces an isomorphism

Hompsf (b, pc) + HomLs[[j]](qB7 qc) h
Wail = =5 Ext o (B, O).
HomR(87 C) + HomLs[j]] (qﬁ; qQ) MHPR( )

If we suppose that B and C are Hodge additive, then EXt}MHP}}?(E, C) is
well-defined and lemma yields the equality

Ex t}\/}llilp (B,C) = EXt}vmp}lza(Ea Q).
In this case, Proposition [4.51] describes extension modules in the category

MHPE under the assumptlons of Proposition “ If further B and C have
Hodge descent, then Ext MHPhd(B C) is well-defined and Proposition |4.44fim-

plies that
Ex t}\/}ll;}tp (B,Q) = EXt}\/allgd (§7 Q)

Using the functor # (Definition [4.23]), these modules can be compared with
extension modules in the category MHr. By Theorem [4.47, # is exact and
the assignation [H] + [H*] defines an R-linear morphism

Ext)ppna (B, C) — Extaen, (B¥, C*).

Under the exphc1t descriptions of Proposmons [4.51) and [4.11} the above map
specializes to "reduction modulo j":

Proposition 4.52. Let B and C be two objects of MHP. Under the as-
sumptions of Proposition [{.49, we have a commutative square of R-modules:

Homy[(ps. pc)
Hompg(B, C) + Hompsp(as, q¢) N Hompspp(ps, Pe)

l l[H]H[H#}

H s(Brs, CpLs .
omy: (Br O ) B3, Bxtly, (B* C*)
Hompg(B,C) + Homj.(Bgs, Cps)

E51,
~ 7 EXt}VlHPgd<§’ Q)

where the left vertical map is induced by Hompsp(pp, pc) — Homps (Brs, Crs),

mapping h to the composition Brs ——— Bps[ —h Crej —mod Jo O
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Proof. Given [H] in EXt}prgd (B, (), we can assume by Proposition 4.51| that
there exists h € Homysp(pp, pc) such that [H] = [h]. The Hodge-Pink lattice
of H is then (i%B i(?c) qe®qc. Let j € L*[j] be a uniformizer at j. The induced
Hodge filtration is defines so that, for all integer p, the L*-vector space FPH s
identifies with the quotient of

(b ®pc) N7 (7 i) (a5 @ ae) < (e @ pe) NJ7 ('Y w,.) (42 © 40)-
It follows that FPH = (i%B fé?) (FPBrs@®FPCps), where § : Hompsp(ps, be) —
Homys(Byps,Cps) is the map appearing in the proposition. We conclude by
Proposition [4.11] 0

We immediately reformulate Proposition in the simpler case (the only
one used later on) where B is the unit mixed Hodge-Pink structure 1 over R
(it is an object of MHPE by Corollary and C = H has Hodge descent,
has negative weights, and has a projective underlying R-module. The diagram
of Proposition [£.52] clarifies to

bu ~
H+puNau
hh(mod j)l l{E}H[E#]
Hps N
H+ F9H s

~

EXt}\/l'H'Pgd (1]_, ﬂ)

» Extlygy, (1, H)

Extensions in the category MHP;

We end this chapter by considering extension modules in the category MHP},.
Let ¢y : 0 — idg be the trivial infinite Frobenius attached to 1 and let 1*
denote the object (1, 1) of MHPE.

Let H" = (H, ¢u) be an object of MHP;,. We suppose that the weights
of H are negative and that H is projective over R. Under these assumptions,
the R-module EX‘L}MHPR(H, H) is described by Proposition . As we did in
Subsection Definition [4.13] we now define an adic realization map for
Ht:

dy+ Ext}\/mpg(]ﬁ,ﬂ*) — HY(Gyp, H).

We use the same process: by Proposition any extension [E] of 1 by H in
the category MH Py is of the form
ide A
[h] = |C® B, (W,Ck & W.Bk)ueq, 0 idg qdc D ap (4.14)
for some h € H ®p, L*((j)), and the infinite Frobenius ¢p acting on C' & B
takes the form (‘%ﬂ f) for a certain cocycle ¢ : G, — H. The choice of an

other expression of the form (4.14])) produces an equivalent cocycle, and we
define dg([E™]) to be the well-defined class of ¢ in H' (G, H).
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Definition 4.53. We call dy+ the adic realization map of HT.

Remark 4.54. When H has Hodge descent, note that d+ on Exti\fll;p+ (1, H™)
- R

coincides with the composition:

[E}H[E J

Ext'™ (1%, HY) (1F, (HH)#) Yty HY(Gp, H)

/vmw+ Ext,

MHE,

where dj+)# is the adic realization map of (H*)# (Definition [4.13)).

The next proposition synthesizes Proposition and extends it to the
Hodge-Pink context. It allows to compute the extension spaces under certain
Galois cohomology vanishing assumptions.

Proposition 4.55. Let H" = (H, ¢5) be an object in MHP;, whose weights
are negative, whose underlying R-module is projective, and such that H has
Hodge descent. Assume that HY(Gp, Hps) = HY(Gp,pgNay) = HY (G, qu) =
0. The following diagram of R-modules is commutative and exact on rows:

(H ®ry L(G)" _ he(n,fo])

d
y Bxtl (17, HY) — 2 HY(Gy, H)

H+ +q}; § MHPE ’
| |
b 1,ha + ot dy+ .
H* + (ppNam)™ ( r Bt Mmﬁ(ﬂ H") ———» H'(GL, H)
thh(mOd ) l[E}H[E#] id
H+ i]f;o);pﬁ ‘ EXtMH+(1+7 (H)#) dr+y# H (G, 1)

Proof. We claim that H'(Gr,pg Nqg) = 0 implies H' (G, F°Hys) = 0. In-
deed, a cocycle ¢ : G — F°Hps can be lifted to a cocycle G, — py N qg via
the splitting

pu N Ay = F Hps ®j(pu N an) (4.15)

and our assumption H'(G,pgNqy) = 0 implies that there exists h € py Ny
such that ¢(c) = h—(pg(o)®a)(h) for all o € Gy, The fact that c(o) € FOH s
yields that the projection of h onto j(py N qgy) under the decomposition (4.15))
is G-invariant. As such, c¢(o) = ho — (¢ (o) @ 0)(ho) where hy denotes the
projection of h onto F°H s. Hence, c is trivial.

By Proposition and the previous claim, the last line is exact. The fact
that H' (G, H) =0 and HY(Gp,pyNqy) = 0 (resp. H' (G, qy) = 0) implies
that the middle line (resp. the first line) is exact, yet the details of the proof
are similar enough to the one of Proposition to be skipped. O
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Chapter 5

Hodge realizations and regulators
of A-motives

In the hypothetical landscape of classical mixed motives, Beilinson’s regulators
are constructed as follows. There should exist a Hodge realization functor H ™
from the category of mixed motives over a number field F' to the category of
mixed Hodge structures over R, equipped with infinite Frobenius, expected
to be exact. In this hypothesis, given a mixed motive M over F', H* would
induce an R-linear map at the level of extension modules:

Extl g, (1, M) ®g R — Exm%(ﬂt HT(M)). (5.1)
The above is the abstract construction of the Beilinson regulator for M (|[Nek,
(2.6.1)]). As any extension space in the category MH™, the right-hand side of
is expected to be finite dimensional (e.g. beginning of Subsection [4.2.2)).
Beilinson’s first conjecture states that, under an assumption on the weights
of M, is an isomorphism once restricted to the subspace of extensions
having everywhere good reduction (e.g. [Nek]).

In the first Section [5.1] we construct regulators in the function field situa-
tion. Let F be a finite extension of K = F(C), and let MM# be the category
of mixed rigid analytically trivial A-motives over F' (Definition [1.59)). Follow-
ing Pink, we define a Hodge-Pink realization functor 7+ from the category

MM to the category MH P (Subsection . Given an object M of
MM the exactness of # (Corollary allows us to define the general
requlator of M (Definition [5.21):
GEAM) Bty s (1, M) @0 Koo = Extl e (17,204 ().
However, because the image of 7" does not land in the subcategory of
Hodge additive objects of MM P _, it does not induce a functor MME —
M”H}Qm. This prevents the analogue of (5.1 to exist in the function field

setting. To palliate this issue, we introduce in Subsection the notion of
requlated objects of MM7GE and the subcategory M M8 they define. We will
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show that Pink’s functor .+ induces an exact functor
HY : MMEE — MHT

which, by construction, factors through MH P (Proposition [5.15). In the
case where M is regulated, we define the special regulator of M from the
exactness of H* (Definition [5.23)):

Reg(M) : Extiy e (1, M) ®4 Koo — Exti\/m}m (1, (M),
Although special regulators are closer in analogy to (5.1]), it will appear next
(Chapter @ that general regulators are more relevant in the study of Beilin-
son’s first conjecture. Special regulators will play an important role in Chapter
[7] to study algebraic relations among polylogarithm.

For an object of MMj;g, to be regulated appears to be a strong condi-
tion. As considering extension modules in the category MM ® may be too
restrictive, we discuss in Subsection requlated extensions in MM and

the associated modules Exti\’/rliarig. From Definition [5.16| the general regulator
F

of M, an object of MM", induces

R M) : Extmi;g(ﬂ,ﬂ) ®4 R — Exti\j‘:mg(rr’ A (M),

This will be required for Chapter [0

The target spaces of general and special regulators are not finite dimen-
sional over K. In that respect, we showed in Chapter [4] that kernels of adic
realization maps are more convenient to represent the analogue of the right-
hand side of . In Section we investigate the notion of extensions
in MM having analytic reduction at v, v : F — C4 being a K-algebra
morphism (Definition . Retrospectively, our definition shares similarities
with Taelman’s work [Tae2] in the context of Drinfeld modules. Analytic re-

duction at v will provide us a natural module Ext"* . (1, M) whose image

MME
through general and special regulators lands in the kernel of adic realization
map. EXtiﬁ/{rig@a M) (for F = K, v is the inclusion) plays a central role in

K
our counterpart of Beilinson’s conjecture (c.f. Chapter @

Finally, in Section [5.3 we give a description of the several extension groups
in MM7ZE or MM® we encountered in terms of modules of solutions of cer-
tain 7-difference equations (Proposition [5.33)). These formulas will be needed
for explicit computations with special and general regulators (Theorem ,
and widely used in the proof of Theorems E and F (Chapter @

5.1 Hodge structures associated to A-motives

In this section, we define the Hodge-Pink and Hodge realization functor, the
general and special regulators.
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Let F' be a finite extension of K and let v : F¥ — C, be a K-algebra
morphism. We denote F, the completion of F' with respect to |z|, = |v(z)].
We fix F? a separable closure of F, and let G, = Gal(F}?|F,) be the absolute
Galois group of F,. Let R be a Noetherian subring of K, containing A such
that R®4 K is a field (in all the following, R will be A, K or K,). We denote
MHPg (resp. MHP;, MHPE) the corresponding category with L = F,
for base field.

5.1.1 The general Hodge realization functor

Let M be a mixed rigid analytically trivial A-motive over F' (Definition .
Let A, (M) be the v-Betti realization of M (Definition [1.48). By Theorem
there exists a finite separable extension L in C,, of F), such that A, (M)
identifies with the sub-A-module of M ®agr, L{A)); of elements satisfying
w = 7y (7*w). Because M is rigid analytically trivial and because the inclusion
L{A)); — Cs(A) is faithfully flat, the multiplication map

Ay(M) @4 L<<A>>j — M @agro L{A)),

)

(5.2)
is an isomorphism of L{{A));-modules. Localizing at j, the multiplication
Ao(M) @40 FJ () — M ®agro F(G), w® fr—wf,  (5.3)

where v : A — F?[j], a — a ® 1, is the morphism of lemma 4.16, is an
isomorphism of F((j))-modules.

Definition 5.1. We denote by 7}, the isomorphism ({5.3)).
A trivial yet important remark is the following;:

Lemma 5.2. The morphism 3, is G,-equivariant, where o € G, acts on the
right-hand side of (5.3)) via o0 ® o and on the left via idy; ®o.

In the next definition, attributed to Pink, we attach a pre-Hodge-Pink
structure to M following [HarJu, Def. 2.3.32].

Definition 5.3. We let 7z(M) be the mixed pre-Hodge-Pink structure (at
v, with coefficients ring R)

e whose underlying R-module is A, (M) ®4 R,
e whose weight filtration is given, for all u € Q, by
AW, M) = AW,M)®r (R®4 K) (see Definition [1.34),

e whose Hodge-Pink lattice is qu = (73,) " (M Qagro F3[5])-

v

The tautological lattice of J#R(M) is pyr = Ay(M) ®4 FS[j]. The action of
G, on A,(M) is continuous (|1.54) and defines an infinite Frobenius ¢y, for
HR(M). We denote by 5 (M) the pair (H#R(M), dur).
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The following Theorem is announced in |[HarPi|, and proved in [HarJu,
Thm. 2.3.34| under the assumption deg(oo) = 1.

Theorem 5.4. The pre-mized Hodge-Pink structure #xz(M) is a mized Hodge-
Pink structure. The assignment M +— (M) defines a fully faithfull evact
functor 5 : MMP — MHPrg.

Remark 5.5. Theorem 2.3.34 in loc. cit. is more elaborate than the subpart
we quote, and states an analogue of the Hodge conjecture in function fields
arithmetic.

As an immediate consequence of Theorem [5.4] we obtain the corresponding
version for MHP}:

Corollary 5.6. The datum of 7 (M) defines an obect in MHPL. The as-
signment M — (M) defines an ezact functor 5 : MME — MHP}.

We now discuss the induced mixed Hodge structure 5#%(M)# (Definition
. The induced Hodge filtration is computed by the elementary divisors of
pa relative to qps. In this direction, the next key lemma precises pys seen as
a submodule of M ®agr., F2[].

v

Lemma 5.7. We have 73, (ppr) = T (7° M) @ agro Fy[l]

v

Proof. If one take the pullback of (5.2) by L{A);, — L{A}),w), f+> 7(f), one
obtains an isomorphism of L{A});-modules:

Ao(M) @4 L{AY ) — (T"M) @agro L{A)j0)-

The local ring of L{A);u) at j is canonically identified with L[j]. It follows
that the morphism of F?[j]-modules:

5+ AM) @4 F3[] = (M) @aory FL],

defined as the multiplication, is an isomorphism. It further inserts in a com-
mutative diagram

< 03 ®rs 1 rs ()
A(M) @4 F3 () —

» (T M) Ragrw F5((5))

\ lTM®idF5 )
Tm

M ®agro ()

Note that this already appears in [HarJu, Prop.2.3.30] under different nota-
tions. The equality ya(py) = Tm (7 M) @ agr Fo[j] follows from the com-
mutativity of the above diagram together with the fact that 4}, is an isomor-
phism. B O
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Let e be a large enough integer so that we both have j°rp (7"M) C M
and j°M C 1p(7*M) as inclusions of A ® F-modules. The cokernels of those
inclusions are annihilated by a power of j, and thus, are canonically endowed
with a F[j]-module structure. By the elementary divisors Theorem applied to
the principal ideal domain F'[j], we deduce that there is a family of integers
(w1, ..., w,) sorted by ascending order, r being the rank of M, such that

M /i€ (7" M) @A@ F/it myp (7" M) [i*M = EBA@ Fliew,

The family (wy, ..., w,) is independent of e, and we call it the Hodge weights of
M. In virtue of Definition [4.28] and Lemma [5.7], we deduce:

Proposition 5.8. The breaks of the Hodge filtration on H#x(M)* = (H,W, F)
are exactly the Hodge weights of M. The multiplicity of w wn the family
(wi,...,w,) equals the dimension of Gry(Hps) over Fy. In particular, the
Hodge Polygon of 7#%(M) is independent of v.

Remark 5.9. Note that this is in accordance with what is expected in the
classical setting [Jan2, Principle 1.7].

5.1.2 Regulated A-motives

Let M = (M, 1y) be a mixed rigid analytically trivial A-motive over F. In
this subsection, we answer to the following question: when (M) has Hodge
descent? We design the notion of requlated A-motives to address the above.

Definition 5.10. We say that M is v-regulated if the mixed Hodge-Pink struc-
ture .#%(M) has Hodge descent (Definition4.41)). We say that M is requlated if
Resp/i (M) is i-regulated, where i : K — C is the inclusion. We let MM®

be the full subcategory of MM"® whose objects are regulated.

Example 5.11. Let e be an integer and consider the A-motive M over K
whose underlying module is (A ® K)®2, and where 7, acts by

T*a . 1 t\ [(7(a)

T*b 0 1) \7(b)
for t € (A® K)[j7']. It is an extension of 1 by 1 in the category MM:E
and hence it is pure of weight 0 (Proposition |3.11)). The mixed Hodge-Pink
structure J#z(M) is isomorphic to the one presented in Remark with e

being the opposite of the j-valuation of t. By Corollary [4.46], M is regulated if
and only if e < 0, that is, if and only if t € A ® K.

Remark 5.12. The property of being regulated is independent on the choice
of R. Let us check that the Hodge additivity of #%(M) is independent on v.
For that, we write ¢, := . For the choice of another K-algebra morphism
v . F — Cu, we denote by J, the functor % which associates a mixed
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Hodge-Pink structure with base field F,,. Proposition [5.8| implies that the
Hodge polygons of .7, (M) and 47, (M) coincide, so that it remains to show
that the Hodge polygons of 7, (M)* and .7, (M)* are equal. By [HarPi| (or
[HarJu, Thm. 2.3.34]), the essential image of 7% is closed under the formation
of subquotients. This implies that there exists a sequence of inclusions in
MMGE
0=MyCM, G- CM,=M

such that (J4,(M,)); is a Jordan-Holder series for J#,(M) (note that n <
ranky A, (M) = rank M). In addition, the quotients M /M, , are simple in

M/\/l;g. It follows that (77, (M,)); is a Jordan-Holder series for .7, (M). Still
by Proposition [5.8, the Hodge polygons of 7%, (M)* and 2, (M)* coincide.

We leave open the question whether the property: "#z(M) have Hodge
descent" is independent on v.

From the exactness of %% (Theorem [5.4)), we record:
Proposition 5.13. The category MM 9 is R-linear exact.

Proof. That MME® is R-linear follows from the fact that MMEE is a full
subcategory of MM We now show that MM together with the notion
of exact sequences inherited from MM7%® forms an exact category.

If M" and M" are two objects in MM, then (M & M") = AR(M') &
HAr(M") is Hodge additive by Lemma [4.37] By Proposition [4.44] % (M' @
M") has Hodge descent. It follows that M' & M" is in MM%? and that

O—>M,—>M,@M”—>M”—>O

is exact in MMEE.

Secondly, we need to show that extensions in MM® are stable through
pushouts and pullbacks. We denote by x and LI the fiber product and the
amalgamated sum in MM respectively (see [Stack, 001U, 04AN]). Let 0 —

7

M 5 M2 M"” — 0 be an exact sequence in MMSE. Because 7% is exact,

it preserves pushouts and pullbacks. That is, given a morphism N — M" in
MMEE, we have

HR(M Xy N) = AR(M) X 017y HR(IN).

As a subobject of HR(M) @ H#R(N), the above is Hodge additive (Lemma
4.36]) and has Hodge descent (Proposition 4.44)). We deduce that M x N is
regulated. Dually, given a morphism N — M’ in MM, we have

Hr(M' Uy N) = HAR(M') Usyury #r(N).

The above is a quotient of J#%(M )@ 7#%(N) and hence is Hodge additive (and
has Hodge descent by Proposition . Hence M' Uy, N is regulated. The
sequences

0— M — Mxyw N— N—0
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0—N-—MUyN-—M —0

are then exact in MME, as desired.

That admissible monomorphisms (resp. epimorphisms) are kernels (resp.
cokernels) of their corresponding admissible epimorphisms (resp. monomor-
phims), and that the composition of two admissible monomorphisms (resp.

reg

epimorphims) is admissible, is clear as exact sequences in MM® are exact
sequences in MMZE. O

By Theorem {4.47, if M is an object of MM:8 then J#3(M)# is a mixed
Hodge structure. We are thus in position to define the Hodge realization
functor.

Definition 5.14. We call the Hodge realization functor and denote it by Hg
the functor MMs® — MM g given by the composition of J#; and H ~ H¥.
We define H}, similarly, with %" in place of 5.

The next statement makes sense by Proposition |5.13| and is evident from
Theorem (resp. Corollary and Theorem m

Proposition 5.15. The functors Hg : MM — MHp and HE - MM —
MHYE are exact.

5.1.3 Regulated extensions

In Chapter [4] we introduced the concept of Hodge additive extensions in order
to work with more general extension spaces than the ones in the category
MHPL2. Similarly, considering extension modules in the category MM
may be too restrictive, and we discuss in the rest of this section the notion of
requlated extensions.

Let N and M be two objects of MMjég.

Definition 5.16. Let [E] € Extiwwig(ﬂ, M). We say that [E] is regulated
F
if [#&(E)] is an Hodge additive extension of J#x(N) by #%(M) in MHPgr

(Definition 4.50]). We let Exti\’;‘jarig (N, M) be the subset of extensions that are
F

congruent in MM" to a regulated extension.

Remark 5.17. As in Remark [5.12], to be requlated for an extension does not
depend on R nor on v. This follows from Proposition [5.8|

Remark 5.18. Note that if both N and M are object of MM7%E, then

1,re _ 1
EXtM/\g/ll;‘g(M7M) — EXtMMTF?g(M,M)

This follows immediately from Proposition [£.44, As expected, this shows
that the bifunctor Ext''*® . on MM.}¥ extends the bifunctor Ext}, Mies 01

MME
MMEE.
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We now assume that the smallest weight of IV is bigger than the highest
weight of M. By Proposition [3.8] any extension of N by M is mixed, and by
Proposition [3.1], we have an isomorphism of A-modules

Hom g p (7N, M)[j 7] ~ 1
. — E t ri N,M .
tN.M {fory—tmor*f| f € Homagr(N, M)} XMMFg(_ M)

Proposition 5.19. Let u € Homagpr(7*N, M)[j7!]. The extension ty p(u) is
regulated if and only if u(7*N) C Tar(7*M).

Proof. Let [E] be the extension ¢y p(u). By Proposition E is the A-
motive whose underlying module is M @& N and where 75 acts by (75" .y )
The extension of mixed Hodge-Pink structures [H*(E)] is Hodge additive if
and only if, for e large enough, the F?[j]-modules qg/i°pr and (qu/jpar) ®
(qn/i°pn) have the same elementary divisors with the same multiplicities. By

Lemma 5.7} they are respectively isomorphic to
M & N/i® {(tp(7"m) + u(r™n), 7n(7*n)) | (m,n) € M & N}

and M /ity (7* M) & N/jtn(7*N). Tt follows that [HT(E)] is Hodge additive
if and only if u(7*N) C 7 (7*M). O

Corollary 5.20. Let M be a mized A-motive with negative weights. Then, the
morphism v of Theorem[3.4] induces an isomorphism
M+ 1y (M)~

Extb™ (1, M).
Gd—m) (M) < gL )

In particular, Ext™™ (1, M) is an A-module.
MM

5.1.4 Regulators of A-motives

We are now in position to discuss regulators in the function fields setting. We
define to types of them: the general requlator being associated with the functor
6, and the special regulator associated with H.

General regulator

Let M be an object in MM, We recall that v : ' — C, is a K-algebra
morphism and R is a Noetherian sub-A-algebra of K. Corollary makes
the next definition consistent.

Definition 5.21. The general v-regulator of M (with coefficient ring R) is the
R-linear morphism

Dop(M) : Ext, pis (L, M) @4 B — Bt 0 (L7, 5 (M)),
which maps the class of [E] to the class of [ (E)].
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In this subsection, we describe explicitly %UR(M ) in the case where the
weights of M are all negative. Let ¢ be the isomorphism of Theorem 3.4 From
Proposition [3.8], ¢ induces an A-linear isomorphism

. MY ~ 1
L m — EXtMM;g(I]"M)'

Let [E] € Ext}MMrig(]l,M) and let m € MJ[j™'] be such that [E] = «(m).
From Proposition the extension of mixed Hodge-Pink structure 7% ([£])

associated to [E] is of the form

(80008 A0 (0, 07,00 © Lok () s @:) 60

for a certain h € M ®@agr, F5(j). The infinite Frobenius ¢g acts as

v

o — (450(0) c(f )> (5.5)

for a certain cocycle ¢ : G, — A,(M)g. Our aim is to express h and ¢ in terms
of m.

Proposition 5.22. Let m € M[j™!]| and let £ be a solution of
E—Tu(T°E) =m

in M ®@agry Coo(A) (By Corollary[1.68, & exists in M @agry Fi((3)). Then,
the image of 1(m) through %};(M) is congruent to an extension of the form

(B.4) with h = —(vy,) "' (€) and with infinite Frobenius of the form (5.5) with
clo)=¢&7 =€ forallo € Gp.

Proof. By definition, [E] = «(m) is of the form [M & A® F, ("3 "7")]. Let us
first compute its v-Betti realization. The A-module A,(E) is described by
couples (w, a) where w € M ® g5, Coo(A) and a € Co(A), satisfying

(50 E)-0

The bottom row equation yields that a € A whereas the top arrow yields
v (T*w) + am = w. Let £ be any solution in C,(A) of the equation £ —
T (7%€) = m. Then,

A(E)={(w+a&,a) | weAN(M), a€ A}

The choice of £ is equivalent to the choice of a splitting A, (M) ® A = A,(E)
which maps (w,a) to (w+ a&, a). Because the weights of M are negative, this
splitting preserves the weight filtration. In addition, the infinite Frobenius ¢
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acts on A,(£) by mapping, for o € G, (w+ a&,a) to (w7 + a&?,a). In terms
of the above splitting, we get a commutative diagram:

A(M) & A —— Ay(E)

(#2() Eafg)l l@(a)

Ay(M) & A —— Ay(E)

It follows that the cocycle ¢ : G, — A, (E)g is given by o — £7 — £.

We come back to the determination of h. By Corollary there exists a
finite separable extension L of K in Cy such that £ € L{A));. In particular,
the image of € in F?((j)) is well-defined. The morphism g is computed from
that splitting through the following diagram of F?((j))-modules:

A(E) @4 F3() ——=—— E ®aro F3 ()

ZT (“m 3 ) idT

(A(M) @ A) @4 F3() = (M ® A® F) @agro F3 ()

We deduce that the Hodge-Pink lattice qf is

qp = <(71]\]/I)1 _(7}\)4)1<€)> (MEBA@F) ®A®F,v Fvs[[]]]

Special regulator

The general regulator of M induces an R-linear morphism

‘%R(M) : Eth\jji?@;(]LM) ®a R — Eth\f;;P;(]l+, %JF(M))

We now assume that M is an object of MME. We introduce the special
regulator.

Definition 5.23. The special v-regulator of M (with coefficients in R) is the
R-linear morphism

Regp(M) « Bxtyypres (1, M) @4 B — Exct) 0 (17, H (M)

which maps the class of [E] to the class of [H3(E)].

Remark 5.24. By Definition [5.14] Reg} (M) is the composition of %};(M)
and [H] — [H7].
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5.2 Extensions with analytic reduction at v

Let v : ' — C,, be a K-algebra morphism and let F, be the completion of F
for |z|, = |o(x)|. Let F¥ be a separable closure of F, and let G,, = Gal(F?|F,)
be the absolute Galois group of F,. In this section, we introduce the notion
of extensions in MM having analytic reduction at v. The notion plays a
central role in the rest of the text, and answers two main issues:

e In Chapter [6] we showed the kernels of the adic realization maps (Def-

initions K4.13| and |4.53)) are more relevant than EXt}vmg and EX’E}MHP;g

in the study of Beilinson’s conjectures (e.g. the beginning of Subsection
4.2.2). Extensions in the category MM having analytic reduction at

v will provide a natural sub-A-module of Extiw Mrig(ll, M) whose image
F

through %2 lies in the kernel of d e+ () (see Corollary [5.30)).

e If M is an object in MME, say with negative weights, the sub-A-
module Ext}w M;eg,OF(LM ) of extensions of 1 by M in the category
MMSE having everywhere good reduction (as in Subsection is
not a finitely generated module unless M = 0 (Theorem [6.2)). This is
in opposition to what is expected in the number field situation. The
essential reason for the non-finiteness feature comes from a phenomenon
already observed by Taelman in [Tae2| from the side of Drinfeld mod-
ules. Contrary to the number field setting where, for a classical mixed
motive M over Q and Mp its Betti realization, H'(Gal(C|R), Mp) is,
conjecturally, a finite abelian group, H'(G,, A,(M)) is generally not of
finite type over A. In the next chapter, Theorem|[6.2] we explain that this
prevents Ext, M‘"Feg,Op(l’ M) from being finitely generated. We equally
show that the natural submodule of extensions having analytic reduction
at oo is finitely generated over A.

Let M be an object in MM, Inspired by [Tae2] in the context of Drinfeld
modules, we introduce the v-adic realization map as follows. Given a short
exact sequence of A-motives over F

Ll: 0—M-—FE-—1-—0, (5.7)
the induced sequence of A[G,]-modules

is exact by Corollary [[.61] In the category of A-modules, the above sequence
splits, and the choice of a splitting yields an A-linear isomorphism A, (E) =
Ay(M) ® Ay(L) on which o € G, acts by a matrix of the form (g {) for some
application ¢ : G, — A,(M). The property that this association is a group
morphism translates to the assertion that the mapping o +— ¢ defines a cocycle
cg : Gy, = Ay (M). The latter cocycle is well-known to not depend on the choice

of the splitting modulo principal cocycles.
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Definition 5.25. We call the v-adic realization map of M, and name it ry,,
the A-linear morphism

M ! Ext?

1
g (1 M) — H'(G A (M)

induced by the exactness of A, (Corollary |1.61). It maps [E] to cg.

Similarly, the Betti realization functor is exact and, as such, defines an
A-module morphism, called the co-adic realization map of M,

"M oo ¢ Ext? (1, M) — H (Goo, A(M)). (5.9)

MME
The morphism 7y « is already covered by Definition taking F' = K and
for v = i the inclusion. Indeed, we have a commutative square of A-modules

EX I[F,M) — EXtMMrlg(ﬂK,ReSF/KM>

MMrlg (

= |

HY(Goo, A(M)) —=— H'(Guo, Ai(Resp i M))

Definition 5.26. We say that [E] € ExtMMng(

at v (resp. at oo) if [E] lies in the kernel of rys, (resp. 7y.o). We denote

Bt g (1, M) (resp. Ext) % (1, M) the kernel of raz, (esp. 7a1.00).

1, M) has analytic reduction

Mrlg
We now assume that M has negative weights. We describe explicitly
a0 (t(m)), where ¢ is the isomorphism of Theorem (3.4 and m € M[j~!].

Proposition 5.27. For m € M[j™], the morphism ry,, maps the extension
t(m) to the cocycle ¢y, : 0+ £, — &, where &, € M @agry (COO(A> is any
solution of the equation & — Ta(T*E) = m (which exists by Corollary[1.68).

Remark 5.28. Note the similarities between Propositions [5.27 and [5.22] This
proximity is at the heart of Theorem [5.31] below.

Proof of Proposition[5.27. Choose m € M[j~!] and let [E] = «(m). By defini-
tion, the v-Betti realization of E consists of pairs (£, a), £ € M @ agr, Coo(A)
and a € F,(A), solution of the system

() ()= ()

It follows that @ € A and £ — 75/ (7°¢) = am. A splitting of exact sequence
[A,(E)] in the category of A-modules corresponds to the choice of a particular
solution &, of the equation & — 7y (7%¢) = m in M ®agry C(A). To the
choice of &, corresponds the splitting

Ao(M) & Ay(1) — A(E),  (w,a) — (w + a&m,a).
An element o € G, acts on the right-hand side by
(W am, a) = (W7 +a&7,a) = (W + a(&l, = &m) + alm, a)
where €7, —&,, € Ay (M). Hence, o acts as the matrix (§ “» ¢ ) as desired. [0
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The next definition introduce new appropriate notations.

Definition 5.29. Let M be an object of MM with negative weights. We
let

Ext (17,56 (M)) (resp. ExtMH+(]l+,7-[E(M)))

denote the submodule of ExtM%P+ (1, jé”+( )) (resp. EXtMH* (1T, 54 (M)))
given by the kernel of d (M (resp. deg Deﬁnltlon H resp. -

As an immediate consequence of Propositions [5.27] and [5.22] we have the
next important result, already announced in the beginning of this section:

MHP+

Corollary 5.30. Let M be an object of MM with negative weights. Then,

P (Extyy, (L M) C Bxty, o (17,06 (M),
The above corollary is in fact a particular case of the next theorem.

Theorem 5.31. Let M be an object in ./\/l/\/l;fg with negative weights. We
have a commutative diagram of A-modules whose lines are exact:

Ext' (1, M) —— Ext! (1, M) ——— HYGy,Ay(M))

MM MM
l Py (M) l”ﬁ% (M) lid ®alr
Exct){pi (1, 265 (M) = Bxtly g p (14, 24 (M) 5 H' (G, Ay(M) @4 R)

where r =y, ®aidr and d = d 1 ) (see Definitions and .
We begin with a lemma.

Lemma 5.32. Let M be a rigid analytically trivial A-motive. Let | be a F2[j]-
lattice in A(M) @4 F5((3). Then, [ is G,-equivariant and H'(G,,!) = 0.
Proof. The F?[j]-lattice [ is isomorphic to an F?[j]-lattice in M ®agr» F2((5))
via 7%, (5.3). By the elementary divisor Theorem in the discrete valuation
ring F?[j], there exists a G,-equivariant F%((j))-linear automorphism v of the
F?((5)-vector space M @ agr, F2((j)) such that

v

V(D) = V(M ®agrw F,[i]).

This implies that [is G,-equivariant and further that [is isomorphic to M ® agr
F?[5] as a F?[j]|G,)-module. By the additive Hilbert’s 90 Theorem we have
HY(G,, F?[j]) = 0 and it follows that H*(G,,[) = 0. O

Proof of Theorem[5.31. The upper row is exact by construction (Definition
5.26|). The exactness of the lower row follows from Lemma and Proposition
455 Propositions [5.27 and [5.22) imply that the squares are commutative. [
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5.3 Rigid analytic description of extension mod-
ules

We end this chapter by a description of the extension groups in M;g in terms
of solutions of 7-difference equations (Proposition . These formulas will
be used to describe general and special regulators. In that respect, Theorem
below show that Regp (M) can be interpreted as an "evaluation at j" of
certain transcendental series given by solutions of these 7-difference equations.
This key observation is at the origin of Chapter [7, where we use Reg} (M) to
study algebraic relations among values of Carlitz’s polylogarithms. Also, the
content of this section is one of the main ingredients in the proofs of Theorem
E and F (Chapter [6).

Let v : F' — C,, be a K-algebra morphism. Recall that F, is the comple-
tion of F' with respect to |z|, := |v(z)|. The embedding v extends by continuity
to F, = C, so that it makes sense to consider the algebra F,(A) of Section

L4l

Let M be an object of M 8 Let us give a name to various sub-A-modules
of Ext M“g(]l, M). To this end we identify Ext® .., (1,M) as a submodule of

For % € {oo,v}, we set:

ME

./\/l;ig,OF (]]‘7M)7

/\/lrlg

1,reg,* 1,reg L*
. ExtMng (I, M) :=Ex tMr,g(]l M)ﬂExtM“g(I[ M),

o Ext'®* (1, M) := Ext'*

50, (1, M) N Ext""2 (1, M).

M O M8
The next proposition describes elements of the above modules as solutions
of r-difference equations.

Proposition 5.33. Let M = (M, 1)) be a rigid analytically trivial A-motive
over F. Let v be the isomorphism of Theorem|[3.4. The A-linear map

(€ € M ®aory Cool A~ u(r®) € MET} oy

M + A, (M) e (1 M), (5.10)

mapping the class of €& to (& — Ty (7)), is an isomorphism. Let M™ =
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M + 7y (T M) and My? := M™ N Mo[i~']. Then 0) specializes to:

{£ e M ®,C(A) | € —Tn(T°€) € Mo[i™']} ~

T % Bxtly o (LM),  (5.11)
{£e M®, OO]<\4 >+|A§ (—]\;;4(7 £) e M} Extx;?g(ﬂ,M), (5.12)
AR} +| ¢ U—(%ﬁ r) e M} Bt (1, M), (5.13)
{¢ e M ®,Cy ]\(4,2>+| i —( T]\;(T*i) e M5’} ~ Extnggm(ﬂ, M), (5.14)
{¢ e M ®, Fv(Mi9 !fA— (TM(;:@ € Mo[i ']} ~ Bxty, o (LM),  (5.15)
{{eMe, Flféfzr'z\i(_MT;W(T*g) €M™} ~ by Xt (1, ), (5.16)
{¢ e M®, F},\g! EUIMTA;(T*&) e MF"} Extngfw(]l’ M). (5.17)

Proof. First note that because both M and 1 are rigid analytically trivial,

Ext) e (1, M) equals Exty, (1, M) (Proposition [1.60). Let N C N* < M[j~']

be 1nclus10ns of sub-A-modules, and assume that 7,(7*N) C N’. We have the
following diagram of A-modules, exact on lines with commutative squares

M ®A®F,U (Coo <A>

0 s N » M @agrn Coo(A) 5 N s 0
lid —TM J/id —TM l‘pN,N/
M » Coo(A
0 s N’ > M Ragrn Coo(A) > DAsr, (A) > 0,

NI

where we denoted ¢y n/ the induced morphism id —75; on the quotient. By
definition, we find

{£ € M ®agrw Coo(A) | £ — (7€) € N'}_

ker oy N = N

By Theorem the middle vertical arrow is surjective. The snake Lemma
implies that there is a natural isomorphism

kercpN,N/ - {f € M®A®Fﬂ, (COO<A> | f— TM(T*f) € N/} ~ N’
Ay(M) N + Ay (M) (id =7a7) (V)

given explicitly by mapping & to & — 7 (7).

We obtain the isomorphism by taking N = M and N’ = M[j7}]
above. By Theorem follows from N = My and N’ = Mp[i~!]. By
Corollary , follows from N = M and N' = M™®. follows from
N = Mp and N' = M;®.
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To obtain the remaining isomorphisms, we apply the same argument to the
following commutative diagram of A-modules, exact on rows:

ker(id —7p/|N) —— A, (M)

> e M o P (A

0 > N > M Qagrp Fo(A) — ®A®;’[ (4) -0
id —7mpg id —7ar l‘pN,N’
3 3 M CFL(A

0 > N’ > M Qagro Fo(A) — ®A®J’:f’/ (A) — 0

coker(id —mp|N) = HY(G,, A, (M))
(5.18)

The middle column is exact by Theorem
When N = M and N’ = M[j7!], it follows from the explicit description
of the v-adic realization map 7y, in Proposition that r coincides with
Tamw © L. Hence ) follows from the snake Lemma. Similarly, (5.15]) follows
from N = Mp, N’ = Mo[i™'], (5.16) follows from N = M, N’ = M™% and
follows from N = Mo, N' = My®. O

We now assume that M is an object of MMj;g. We regard Ext}w Mrig(]l, M)
F

as a submodule of Ext}, (1, M). We assume that the weights of M are nega-

tive, so that the latter inclusion is an equality (Proposition . We end this

chapter by a conclusive commutative diagram of A-modules which synthetizes

results on regulators.

Theorem 5.34. Let M be an object of MM with negative weights. We
have a commutative diagram of A-modules:

{$ € M@, F,(A) | § —mu(77¢) € Mp*}

Ext 1,reg,v 1. M
Xt ( ) AU(M)++MO

MM'Mg

Py (M) l& = &

(M + 1 (7" M)) @, F[j]
Ay(M)F + M @, F,[j]

Regh(M)|  Ext ;j;;gw HF (M) =

[H) [H#] l& o —(73)71(E) (mod i)

(Ao (M) @4 F7)7
Ao(M) g + FO(A(M) @4 F)*

Ext 1T, HE(M)) <=

MH+(
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Proof. The top isomorphism is Proposition [5.33{(5.17). The middle isomor-
phism results as the composition of

p&+q+ﬂ ~ (M+TM<T*M)) o Fv[[]]]
AM)5 + ay, Ay (M)} + M ®, F,[j]

shav ~
Extivmpg(]l*,%’ﬁ(ﬂ)) VAl

where the first isomorphism follows from Proposition [£.55 and the second is
induced by —(vj,)~" (Lemma . That the upper square commutes is due to

Proposition [5.22] The lower square commutes by Proposition That the

loop (with the curved arrow) commutes follows from the definition of Reg},
(Definition [5.23)). O

Remark 5.35. From Theorem [5.34] Reg} (M) can be interpreted as an "eval-
uation at j" of certain transcendental series given by solutions of 7-difference
equations. This key observation is at the origin of Chapter [7, where we use
Regh (M) to study algebraic relations among values of Carlitz’s polylogarithms.
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Chapter 6

Towards Beilinson’s first
conjecture for A-motives

This chapter is devoted to the proof of Theorems E, F (6.2 and in this
chapter) stated in the introduction (Chapter @, and aims to lay down the
statement of Beilinson’s first conjecture in the function field setting.

6.1 Statements and methods of proof

6.1.1 Statements

Recall that (C, O¢) is a geometrically irreducible smooth projective curve over
F and that oo is a closed point on C'. Let F' be a finite field extension of
K = F(C) and let Of be the integral closure of A = H°(C'\ {00}, O¢) in
F. Let M be a rigid analytically trivial A-motive over F' and let A(M) be its
Betti realization equipped with the continuous action of Go, = Gal(K3 |K)
(Definition [1.48)). Recall that we denoted

B, 100 = (B, (1,0 ™5 A6 (AD))

where )y is the co-adic realization map (see Definition [5.25). Let us denote
by U(M) the corresponding cokernel:

U(M) := coker <Ext1’rf§g (1, M) 23 Hl(GOO,A(M))) . (6.1)
MEEOF

Inspired by [Tae2, Rmk. 6.2], we call U(M) the class module of M.

Remark 6.1. By Theorem [1.56, the computation of the class module U(M)
can be made explicit: we have a natural isomorphism of A-modules:

M ®agx Koo(A)
(M + 7 (7*M)) N Mo[i~] + (id =7a0) (M @aex Ko(A))
The next theorem is the function field analogue of the finiteness conjecture

in classical motivic cohomology. Repeated from Theorem E in Chapter [0 we
state:

U(M) =
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Theorem 6.2. The A-modules Extxffg’oz (1, M) and U(M) are finitely gener-
F YF

ated. If all the weights of M are negative (even if M is not necessarily mized),

then U(M) is finite.

Remark 6.3. It follows from Theorem 6.2{that Ext;’jfi o, (L, M) is generally not
yYE

a finitely generated A-module. To wit, let M be a non zero rigid analytically

trivial A-motive over K satisfying

AM) = A(M)*

so that Go acts trivially on A(M). By Theorem [6.2] the non-finite generation
of Exti\’;figg (1, M) is equivalent to that of H WG, A(M)). Any cocycle thereof
is described by an additive continuous function G, — A(M). To conclude that
H' (G, A(M)) is not finitely generated, it then suffices to show that G, is
not topologically finitely generated. This follows from class field theory: its
wild inertia group is isomorphic to the group of one-units in O, which is

isomorphic to a countably infinite product of Z,.
1,reg,oo
MEE O
termined, up to isomorphisms, by its rank and its torsion submodule. While
the latter seems very hard to determine in practice (see Chapter [7] for explicit
computations in the case of Carlitz’s tensor powers), the former is accessible
from our next theorem which is the highlight of this thesis.

Let s+ MMGE — MHPE_ be the Hodge-Pink realization functor
with base field K., and coefficients in K, (Definition . By abuse of nota-
tions, we still denote by 7 : MME — MHP;; _ the functor given by the
composition

Inasmuch as Ext (I, M) is a finitely generated A-module, it is de-

Resp/k

. o
MM MMEE T Py

Repeated from Theorem F in Chapter [0 we state:

Theorem 6.4. Assume that M is mized and that all the weights of M are neg-
. 1,7reg,00 1,ha,00

ative. The spaces EXtM/\g/l;ig,OF(]l’M> ®a4 Ko and EXtMHP;OO (I+, 75 _(M))

have the same dimension over K.

The proof of Theorem exhibits an isomorphism p(M) of K-vector
spaces. Theorem [6.4] motivates the next definition:

Definition 6.5. Assume that M is mixed and that all the weights of M
are Igg}gative. We say that Beilinson’s conjecture is true for M whenever
‘%Koo (M) induces an isomorphism of K,-vector spaces:
1,reg,00 ~ 1,ha,co
Bxt e o, (1 M) @4 Koo = Bxtign (17,06 (M)).
It will appear from Chapter [7] that Beilinson’s conjecture is not true in

the case of p tensor power multiple of the Carlitz module, where p is the
characteristic of F.
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6.1.2 Methods and plan of proof

Let M be a mixed rigid analytically trivial A-motive over F'. A first observation
is that in both Theorems [6.2] and [6.4] one can assume that F' = K and that
v = i is the inclusion. Indeed, we have (e.g. Proposition [5.33)):

Ex t“‘ﬁi‘;o (1, M) = Ex t“jing(ﬂ,ResF/KM).

We therefore assume that M is over K. A main ingredient in the proof of
Theorems and is what we call shtuka models of A-motives. We discuss
this notion in Section [6.2] Shtuka models correspond roughly to compactified
versions of A-motives over K, where the Dedekind scheme Spec A ® K is re-
placed by C'x C and the ideal j is replaced by the diagonal divisor A (Definition
. Under the assumption that the weights of M are negative, we associate
non-canonically a C x C-shtuka model to M (Theorem [6.11]). Our construction
shares many similarities with Mornev’s global models in the context of Drinfeld
modules [Moll, §12|, although it is not directly linked. An important feature
of Section is Subsection where we show an unexpected link between
shtuka models at {co} x {00} and Hodge additive extensions of Hodge-Pink
structures (Theorem . This link is at the heart of the proof of Theorem
0.4l

In Section [6.4] we focus on the proof of the theorems. We begin by coho-
mological preliminaries in Subsection [6.3.2 The objective there is to develop
a simple method to compute the Zariski and formal coherent cohomology on
schemes covered by two affine subschemes (Theorems and [6.28)). In Sub-
section [6.4.1], the proofs of Theorems [6.2] and [6.4] are achieved as an applica-
tion of the methods of Subsection [6.3.2 to a C' x C-shtuka of M. Compar-
ison of Zariski and formal cohomology will lead to an isomorphism of K-
vector spaces p(M) (see Definition which we conjecture to be related to

%K ) (Conjecture ??7). We leave this question open for now.

6.2 Shtuka models of A-motives

In this section, we define Shtuka models associated to A-motives M over K.
Being defined on proper varieties over [F, they are better suited for cohomo-
logical computations. We consider two types of them: C' and C' x C-models
(introduced in Subsection [6.2.1] and [6.2.2| respectively). While the former ex-
ist unconditionally (Proposition , C x C-models exist if and only if the
weights of M are non-positive (Lemma and Theorem [6.11). The most
important part of this section is Subsection [6.2.3] where a link is made between
C' x C-shtuka models at {oo} x {00} and Hodge additive extensions of mixed
Hodge-Pink structures (Theorem [6.19).

We denote by 7 : C'x C'— C x C the morphism of F-schemes which acts as
the identity on the left-hand factor C' and as the ¢-Frobenius on the right-hand
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one. Because C' is separated over F, the diagonal morphism C' — C' x C is
a closed immersion and its image defines a closed subscheme A of C' x C of
codimension 1. It defines a divisor A on C' x C' which we call the characteristic
divisor. Because O(A) C Ocxe, A is an effective divisor. The evaluation of
O(A) at the affine open subscheme Spec(A ® A) of C' x C' recovers the ideal
j:jidA OfA®A

Let us recall some notations introduced earlier in Chapter [Il For R a
Noetherian F-algebra, we denoted by A, (R) the R-algebra

As(R) = 1m(O ® R)/(mZ, @ R).

This ring was considered to define isocrystals and mixedness in Subsection
[1.2l We denoted B (R) the R-algebra Ky ®o, As(R). The formal spectrum
Spf A (R) corresponds to the completion of the Noetherian scheme C'x Spec R
at the closed subscheme {oo} x R, that is, Spf Oy, X Spec R = Spf A (R).

In the context of Betti realizations, Section [I.4] we also considered the
algebra O (A), defined by

Oue(A) = lim(A® O)/(A®m,)

and, given a complete field L in C,, that contains K, we denoted by L(A) the
algebra O (A) ®o., L. Similarly, Spf O, (A) is the completion of Spec(A ®
Ow) at Spec A x {o0}.

The closed subscheme C' x {oo} defines an effective divisor on C' x C' which
we denote ococ. Similarly, we let coy be the effective divisor (Spec A) x {oo}

of (Spec A) x C.

6.2.1 (C-shtuka models

Let M be an A-motive over K. Let M4 be the maximal A-model of M (Propo-
sition [2.30). We set N := M + 7 (7*M) and N4 := N N M4[i~!].

Definition 6.6. A C-shtuka model for M is the datum (N, M, ) of
(a) A coherent sheaf A/ on (Spec A) x C such that N (Spec A ®@ A) = Ny,

(b) A coherent subsheaf M of N such that M(Spec A ® A) = M, and for
which the cokernel of the inclusion ¢ : M — N is supported at A,

(¢) A morphism 7 : 7*M — N (—004) which coincides with 737 : 7 M4 —
N4 on the affine open subscheme Spec A ® A.

In the case of effective A-motives, a reference for the next proposition is |?,
Prop. 4.5.1].

Proposition 6.7. A C-shtuka model for M exists.
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Proof. Let B be a sub-F-algebra of K such that (Spec A) U (Spec B) forms an
affine open covering of C' in the Zariski topology. Let D be the sub-F-algebra
of K containing both A and B and such that Spec D = (Spec A) N (Spec B}
For S € {A, B, D}, we let js be the ideal of A ® S given by either j4 := j,
ip =j(A® D) and jp :=jp N (A ® B). Note that O(A)(Spec A ® S) =js.

Let Mp be the A ® D-module M4 ®4 D, and let M} be an A ® B-lattice
in Mp (for instance, if my, ..., m, are generators of Mp, consider M} to be the
A ® B-submodule spanned by my, ..., my).

Since Tp(T*Ma) C Ma[i7!], we have 7 (7*Mp) C Mplip']. However, it
might not be true that 74, (7*M}) C My[i5']. Yet, there exists d € B invertible
in D such that

rar(r* My) © d- M)
Let r € B invertible in D which vanishes] at oo and let Mp := (rd)M}. We

now have
mu(T*Mp) C rMpli5'].

Since r is invertible in D, the multiplication maps furnish glueing isomorphisms
MA®AD;MD<LMB®BD. (62)

For S € {A, B, D}, we set Ng := (M + 73(7"M)) N Mg[ig']. Ngis an A® S-
module of finite type which contains Mg. By flatness of D over A (resp. B),
the multiplication maps also are isomorphisms:

Na®a D =5 Np < Np ®p D. (6.3)

Let M (resp. N') be the coherent sheaf on Spec A x C' resulting from the
glueing (resp. ) Since M4 C Ny and Mp C Ny, M is a subsheaf of
N. We have further M4[i~!] = N4[j~!] and Mp[j5'] = Ng[i5'] which implies
that the cokernel of M C N is supported at A.

Because 1y (7*Mg) C Ng for all S € {A, B, D}, one obtains a unique
morphism of Ogpec 4)xc-modules 7o 1 7*M — N. Since 7y (7*Mp) C rNp
and r vanishes at oo, we also have 7 (7* M) C N (—004). O

The fact that the image of 7, lands in N (—o004) allows to show the fol-
lowing lemma. It will be used later on in Subsection [6.4.1] to simplify some
cohomological computations. Let (A, M, 7r() be a C-shtuka model for M.

Lemma 6.8. Let i : Spec Ox(A) — Spec A ® Oy < (Spec A) x C' be the
canonical morphism of A-schemes. The inclusion of sheaves i*M C i*N is an
equality and the induced morphism

L — T P M(Spec Ogo(A)) — i* N (Spec Oy (A))

is an isomorphism of Oy (A)-modules.

Let x be a closed point on C distinct from co. Then B := H°(C\ {z}, O¢) works. In
the latter case, we have D := H°(C'\ {0, 2}, O¢).

2Such an r always exists: the divisor D := deg(z)- 0o —deg(co) - = has degree zero so that
nD is principal for n large enough by the fact that C° (K) is finite [Ros, Lem. 5.6]. Chosing
r such that (r) = nD, then r € B and r is invertible in D.
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Proof. By Lemma [1.47, we have jO.(A) = Ox(A). In particular, i*A is the
empty divisor of Spec O (A). The equality between i* M and i*\ follows.

Let 7o be a uniformizer of O,. We denote by = the O, (A)-module
i* M (Spec O5(A)). Because Ta(7*M) C N(—004), we have 7y(7*E) C
To=. In particular, for all £ € =, the series

V= (T
n=0

converges in =. The assignation £ + 1 defines an inverse of id —7y; on =. [

6.2.2 (C x (C-shtuka models

We want to extend the construction of Proposition from (Spec A) x C' to
CxC.

Definition 6.9. A C' x C-shtuka model for M is the datum (N, M, 7p) of
(a) a coherent sheaf A/ on C' x C such that N (Spec A® A) = Ny,

(b) a coherent subsheaf M of A such that M (Spec A® A) = M4 and such
that the cokernel of the inclusion ¢ : M — N is supported at A,

(¢) a morphism of sheaves Ty : 7*M — N(—o00¢) which coincides with
Tv T My — Ny on Spec A ® A.

Remark 6.10. The restriction of a C' x C-shtuka model for M on (Spec A) x C'
is an C-shtuka model for M.

We prove:

Theorem 6.11. If the weights of M are non-positive, a C x C-shtuka model
for M exists.

Proof. We use the notations and definitions of the proof of Proposition [6.7]
That is, B is a sub-F-algebra of K such that (Spec A) U (Spec B) forms an
open affine cover of C, D is the sub-F-algebra of K containing A and B such
that Spec D = (Spec A) N (Spec B).

Recall that, given an F-algebra R, A (R) and B (R) are defined respec-
tively as the completion of O, ® R at the ideal m,,® R and as Ko, ®0_ A (R).

Because the weights of M are non-positive, there exists by Lemma [1.40] an
Ao (K)-lattice T in M ® a0k Boo (K) stable by 7,. We define two sub-A.(B)-
modules of T"

Tp:=TN(Mp®app Bx(B)), Up:=T0N(Np®agp Bw(B)),
two sub- A, (D)-modules of T
Tp =T N (Mp ®agp Boo(D)), Up:=TN(Np®agp Bo(D)),
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and two sub-A. (A)-modules of T"
Ty:=TN(Ms®aga Boo(A)), Ua:=TN(Nag®aga Bso(A)).

The above two A, (A)-modules are in fact equal. Indeed, as jB,(A) = By (A)
and since the inclusion A ® A — B (A) is flat, we have

Na @aga Boo(A) = [(M + 1as(7*M)) N Ma[i™]] ® apa Bao(A)
= [(M + 70 (7*M)) ® a4 Boo(A)] N [Ma[i™] @ap4 Boo(A)]
= [M ®aek Boo(K)| N [M4 ®aga Boo(A)]
= My ®@ag4 Bo(4).

Our aim is to glue together My, Mp, T4 and Ty (resp. N4, Np, U and
Up) to obtain M (resp. N) along the covering Spec A ® A, Spec A ® B,
Spec A (A) and Spec A (B) of C' x C.

CxC
( 4 ‘
Spec A ® B
e :
SpecA® A
Spec B ‘ﬁ
K Spec A Spec A 0
— ~ _/
C

Figure 6.1: The covering {Spec A ® A, Spec A® B, Spec A (A), Spec A (B)}
of the F-scheme C' x C

This covering is not Zariski, so we will use the Beauville-Lazslo Theorem
[BeaLa)] to carry out the glueing process. By functoriality, the morphism 7,
will result as the glueing of

T* My T*Mp T4 71T
| | | | (6.4
Ny Npg Ua Up

along the corresponding covering. Note that the first two arrows glue together
by the proof of Proposition [6.7}
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Step 1: the modules T4, Tp, Uy and Up are finitely generated. We
prove finite generation for 74 (the argument for T, U4 and Up being similar).

The A ® A-module M, is finitely generated projective and, as such, is a
direct summand in a free A ® A-module L of finite rank. In particular, the
Boo(K)-module L ® g4 Boo(K) is free of finite rank and contains M ®agx
B (K) as a submodule. Let n = (nq,...,n;) be a basis of L. For any element
m in L ®@aga Boo(K), we denote by v (m) the minimum of the valuations of
the coefficients of m in n. Because T is finitely generated over A, (K), there
exists a positive integer vy such that v, (t) > —vr for all t € T.

Let N C L ®aga Boo(K) be the finite free A, (A)-module generated by n.
We have by definition v, (n) > 0 for any n € N. We have

T C M ®apa Boo(A) € N @ (a) Buo(A) = | J 7N
n=0

For x € T4\ {0}, let n be a non-negative integer such that x = 7 *m for some
m € N \ moN. Comparing valuations yields

N = Uso(M) — Voo (7) < Voo (M) + vr.

The number vy (m) cannot be positive, otherwise we would have m € 7o (N® 4. (4)
A (K)) which contradicts m ¢ m. N because of the equality

Moo N = Nﬂﬂ'oo(N ® Ao (A) .AOO(K))

Therefore, n < vy, and we deduce that
v
T4 C U s gonN .
n=0
Because A (A) is Noetherian, it follows that T4 is finitely generated.

Step 2: Ty ®4 D and T ®p D (resp. Uy ®4 D and U ®p D) are dense
in Tp (resp. Up) for the m -adic topology. We only prove the density
of Ty ®4 D in Tp since the argument for the others follows the same lines.

Lett € Tp = TN (Mp®agp Boo(D)). Let (my, ..., ms) be generators of My
as an A ® A-module. ¢ can be written as a sum » ;_, m; ® b; with coefficients
b; € Boo(D). For i € {1,...,r}, let (b;n)nez be a sequence in By (A) ®4 D,
such that b;,, = 0 for n < 0, satisfying b; — b;,, € ML A (D) for all n € Z.
In particular, (b;,,)nez converges to b; when n tens to infinity. For n € Z, we
define

by = Zmz ® bin € (Mo ®@aga Boso(A)) ®a D.
i=1
Then ¢ — t,, belongs to m% N where N is the A, (D)-module generated by
(myq, ...,ms). For n large enough, m? N C T, hence t —t, € T and t,, € T". We

deduce that t,, € T4 ®4 D for large value of n and that (¢,),ecz converges to t
when n goes to infinity. We conclude that Ty ® 4 D is dense in Tp.
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Steps 1&2 =— compatibility. Because T4 and Ty are finitely generated
over A, (A) and A, (B) respectively, T ®4.(a) Asc(D) coincides with the
completion of Ty ®4 D and T ® 4 (5) Aoc(D) with the completion of T ®p
D (by [Bou, (AC)§.3 Thm. 3.4.3]). Therefore, the multiplication maps are
isomorphisms:

Ta ® a4 A(D) — Tp «— Tp Q. (5) Ax(D),

U @ aru(a) Ase(D) = Up «— Up @ 4. () Ase(D).

Step 3: the glueing. We consider the morphisms of formal schemes over
Spf O

Spf Ao (A) = Spf O @A — Spf O XC 1= Spf O @B = Spf A (B).

By the Beauville-Laszlo Theorem [Bealal, there exists a unique pair of coher-
ent sheaves (M, N') of O¢xc-modules such that

M(SpecA® A) =M, N (SpecA® A) = Ny
M(Spec A® B) = Mg N(SpecA® B) = Np
*M(Spf Ose®A) =Ty "N (Spf Os®A) = Uy
T*M(Spf On®B) =Tz J*N(Spf O ®B) = Ug

Since, for each line of the above table, the left-hand side is canonically a
submodule of the right-hand side, we have M C N. Because these inclusions
become equalities away from A, we deduce that the cokernel of the inclusion
M c N is supported at A. The glueing of then defines a morphism
™ @ T"M — N. Finally, we recall that there exists r € B invertible in D
and vanishing at oo such that 7),(7*Mpg) C rNp and thus 7y, (7*Tg) C rUg.
Hence, the image of 7o lands in N (—ooc). O

As a matter of fact, the converse of Theorem holds (the next lemma
is only informative and will not be used later in the text).

Lemma 6.12. If M admits a C' x C-shtuka model, then all the weights of M
are nmon-positive.

Proof. Recall that we denoted A (K) the completion of O, ® K with re-
spect to the ideal my, ® K. Let i : Spec Ay (K) — C x C be the canonical
morphism of schemes. Because jAy(K) = A (K), *A is the empty divi-
sor of Spec Ao (K). If (N, M,7y) is a C x C-shtuka model for M, then
i*M = i*N. The global sections module of i*M defines an A, (K)-lattice
T in Zoo(M) = i* M(Spec A (K)) ®0., Ko which satisfies (13,7) C T. We
conclude by Lemma that the weights of M are non-positive. O
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We assume that the weights of M are negative. By Theorem let M
be a global model for M. Let i : Spec A (A) — C x C'. We denote:

La = i* M(Spf Aw (A)) = i*N(Spf A (A))
L= Ls® 1) Acsc(K)

(indeed, A is not supported at Spf.A.(A)). 7 induces an Ou-linear endor-
morphism of L (resp. Ly). We record the following counterpart of Lemma
0.3k

Lemma 6.13. The morphism id —7 induces an Oy -linear automorphism of
L and L 4.

Proof. The statement for L, implies the one for L. Because the weights of
M are negative, Lemma implies that there exists an A (K)-lattice T' in
M @ apx Boo(K) and let h and d be positive integers such that (77, L) = md L.
There exists a positive integer k > 0 such that L, C m* T

To show that id —7p¢ is injective on Ly, let x be an element of ker(id —7a¢|L4).
Without loss, we assume x € T'. For all positive integer n,

Because d > 0, x = 0.

We turn to surjectivity. Let 7" be the A (K)-lattice generated by T', (13T,
ey {TR7IT). Then T is stable by 74. Let # € La and let k > 0 be such that
W’;O:c € T. For all n > 0, we have

]1\1/[}1( nhx )E mnd kT/

and, in particular, for all ¢ € {0,1,...,h — 1},

T]T\L4h+Q(7_(nh+q)* ) e mnd kT/
Therefore, the series
S i) = 3 (S oo
t=0
converges to a solution f in Ly of f — 7y (7% f) = x. O]

6.2.3 Shtuka models and extensions of MHPS

Let M be a mixed and rigid analytically trivial A-motive over K with negative
weights. Let (N, M, 7p) be any C' x C-shtuka model for M, whose existence
is ensured by Theorem Let  : M — N be the inclusion of sheaves. We

consider the inclusion of ringed spaces

Spf Ase (Ouo) = Spt One @O — C' x C (6.5)
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and denote respectively N and M the pullback of N' and M through (6.5)).
Finally, denote by N, and M, the finitely generated A, (O )-modules:

N = N(Spf Os®04), Moo := M(Spf Oe®04).

The aim of this subsection is to prove that there is an exact sequence of K-
vector spaces (Corollary [6.22)):

~

AM)t @4 Ky — Noo —— Qo K —» Bxthh

(= Ta) (M) MHPic,

(1, A% (M)).

We start by a proposition.

Proposition 6.14. There is an isomorphism of K. -vector spaces

~

NOO
(6= 7at) (Mec)

We split the proof of Proposition [6.14] into several lemmas.

®000 Koo % (Noo/Moo) ®Ooo Koo

Lemma 6.15. There exists an injective Ao (Ou)-linear morphism o : Nog —
/\/loo and a positive integer e such that 't and v/ coincide with the multiplica-
tion by (Moo @ 1 — 1 @ Tao)® on Moo and Na respectively.

Proof. Let 2 := O(A)(Spf 0.,.804) as an ideal of A, (O). The cokernel of
the inclusion ¢ : Mo — N is 0-torsion. It is also finitely generated, and since
Too®1— 1R € 0, there exists e > 0 such that (7, @1 —1Q7)v € M., for
allv € Now. Welet /1 Ny — M be the multiplication by (7o ®1—1® 7, )¢
and the lemma follows. ]

Lemma 6.16. Let t be a positive integer. Then, + — Ty and 1 respectively
induce isomorphisms of K -vector spaces:

M v N.
© Ko LA Ol [
((1 ® Woo)t./\/loo> 90~ ((1 ® 7roo)t/\/'oo> 90

Mo . N
= ®Ooo Koo — —_——— ®Ooo Koo-
(1® 7o)t Moo (1® Too) N
Proof. Let ' and e > 0 be as in Lemma [6.15. The multiplication by

(o)

on (Meoo/(1807a0)' Meoo) Q0. Koo defines an inverse of //v. The same argument
shows that ¢/ is an automorphism of (N /(1 ® 7s)'Na) ®0., Koo
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On the other-hand, we have (/'7()F(T**Moyo) C (1 ® o) Mo for k large

enough. Hence, (1/75) is nilpotent on M, /(1®74 ) Mo, and so is (/t) 71 (/7).
In particular,

o= 7m) = () (d = () T TM))

is an isomorphism. It follows that ¢ — 74 is injective and ¢’ surjective. Since
vt/ is invertible, ¢/ is injective. We deduce that « — 7p¢, ¢/ and thus ¢ are
isomorphisms. ]

Lemma 6.17. Let t be a non-negative integer. Then, the canonical maps

(1 = WOO)tNOO ~ ®Ow Koo — NOO ~ ®(900 Kom (66)
(6= 7a) (1 ® T ) M) (b = 7m) (M)
e .
(18 Too) Noc R0, Koo — Noo R0, Kuo, (6.7)
L((1® T )M o) 1(Moo)

are isomorphisms of K..-vector spaces.

Proof. In the category of O.-vector spaces, we have a diagram exact on lines
and commutative on squares:

0 —— (1@ 7o) Mo —— Mo —— Moo /(1 @ 7og) Moy — 0

lL—TM lL*TM lL—’TM

0 —— (1@ 7Too)Nog — Nog —— Noo/(1 @ 7o)’ N — 0
(6.8)
By Lemma[6.16, the third vertical arrow once tensored with K, over O is an
isomorphism. The first isomorphism then follows from the Snake Lemma. The
second one follows from the very same argument, with ¢ in place of t — 7. [

Lemma 6.18. Fort large, we have (1— 7)) (10750 )'Moo) = (10700 ) M so).

Proof. Let // and e > 0 be as in Lemma/|6.15 We chose ¢ such that (¢—1)t > e.
For s > t, let M, == (1 ® Too)’Meo. (M;)s>: forms a decreasing family of
A (Oy)-modules for the inclusion. It suffices to show that

~ ~

V(e —1m) (M) = (1) (My). (6.9)

By our assumption on ¢, we have (//t) 7 (M) € M,y for all s > ¢. Hence,
the endomorphism id —(+/t) "'7pq of M, becomes an automorphism over the
completion of M, with respect to the (1 ® 7o )-adic topology (equivalently,
the topology which makes (M,)ss, a neighbourhood of 0 for all n > ¢). To
conclude, it suffices to show that M, is already complete for this topology.
Because ./\;lt is Noetherian, we have

—

~

(Mt)(1®7roo) = Mt ®A<>0((900) AOO(OS)(I@WOQ)’

136



Motivic Cohomology in Function Fields Arithmetic Q. Gazda

and it suffices to show that A, (O) is complete for the (187, )-adic topology.
We have the identifications

Ao (On) = (Foo @ Ooo) oo @ 1] = (Foo @ Foo)[1 ® Moo, Too ® 1]

which allows us to conclude that A (Os) is complete for the (1 ® my)-adic
topology. O]

Proof of Proposition[6.1]). The desired isomorphism results of the composition

S
NOO = ®Ooo Koo " (1 @ WOO) NOO = ®OOO Koo
(L = 7m)(Moo) (L= Tam) (1 @ Too )" Moo)
i ZlLemmam
~ i
A(OO R0, Koo < " (18 o) '/\(OO ®0., Koo
(M) L(1® 7o)t M)

For v € Ny ®o,, Ko, the dashed morphism maps

~

vt (1= i) (Moo) @0, Koo — V' + 1(M) @0, Koo,

where v’ is any element of N ®o., Ky satisfying

~ ~

V' =0 € 1(Mx) ®o Koo+ (1 — M) (Ms) ®0,, Koo
]

Recall that the A ® K-module M + 7y/(7*M) was denoted N. We are
almost in position to prove the main result of this section.

Theorem 6.19. Let (M, N, 7)) be a C x C-shtuka model for M. Then, there
15 an isomorphism of K.,-vector spaces

N(SpAf OOO®OOOA) R0 Ko AN N RagK Koo[b]]
(1 — T ) M (Spf O0®O4) M ®asx Kolj]

where the K .-vector space structure on the right-hand side is given through

v: Koo = Koo[j] of Lemmal4.16,
We begin by two preliminary lemmas concerning the ring B, (O ).

Lemma 6.20. Let 0 C O, ® O be the ideal generated by elements of the
forma®1—1®a fora € Oy. The canonical morphism

0" Ko @ O 0" Boo(Oxo)

is an tsomorphism for all m > 1.
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Proof. The sequence of Oy @ Oy-modules 0 = 0 — Oy @ Oy — Oy — 0
is exact, and extending the coefficients from O, to K, reads

0 — (Koo ® Ox) ®000., 0 — Koo @ Ope — Koo — 0. (6.10)

The morphisms appearing in are continuous with respect to the 7, ® 1-
adic topology on K., ® O and the topology on K. Taking the completions
yields

0 — 0B,(0Ox) — Boo(Ox) — Koo — 0
and the case m = 1 follows. Before treating the general m-case, note that /02
is the Ox-module Qf,_ se of Kéhler differentials. In particular, d/ 9% is a free

O4-module of rank 1. We deduce that for any r € 9\ 9, the multiplication
by r induces an isomorphism of K. -vector spaces of dimension 1

Koo ®0., (O ® O /) — Ko R0, (0/0%).

It follows that 3(Ky ® Ou) = 0*(Ko ® Oy) + r(Ky ® Ou) and hence
" Ky ® On) = 0™(Ko @ Oy) + 10 Ky @ Oy) for all m > 1. From
Nakayama’s Lemma, 0™~ # 0™ and we deduce from the sequence of isomor-
phisms

Xr

Ky Q0. 0/0%) 28 Koo @0, 02/0°) 2 ... B K @0, ™ /o™)

that K, ®o_, (0™ !/0™) has dimension 1 over K. It follows that there is an
exact sequence

0—0"Ko®O0sp — 0" 'Ky ® Opy — Koy — 0.
Similarly, taking completions yields
0 — 0"Bo(Os) — 0" B (Oy) — Koo — 0.
Hence, for all m > 1, the canonical map
0" MK @ Oue /0" Koo @ O — 0™ ' Boo(Os) /0" Boo (Oo). (6.11)

is an isomorphism.

Back to the proof of the lemma, where we so far only proved the case
m = 1. The general m-case follows by induction using the Snake Lemma on
the diagram

" Ko @ On 0™ s Ko @ O /O ————————% Ko @ Oy /o™
l? l ll hypothesis
0" 1B (0s0) /0™ Boo (One) = Boo(Oo0) /0™ Boo (One) — Boo(Ooo) /0™ 1B (Ono)

where our induction hypothesis implies that the middle vertical map is an
isomorphism. O
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Lemma 6.21. Let P (resp. Q) be a finitely generated module over K & Oq
(resp. over A ® K ) which is 0-power torsion (resp. j-power torsion), that is,
for all x € P (resp. § € Q) there exists m > 0 such that ™x = 0 (resp.
0™z =0). Assume further that we are given a Ko @ Oy -linear isomorphism

Then, there is a Ko ® Ouo-linear morphism extending (6.12))

Q ®A®K Kooﬂ]]] ; P ®Koo®(9oo Boo(ooo)

Proof. By Lemma [£.16] the inclusion A ® K., — K[j] extends canonically
to Koo ® Koo — Koo[j)]. By Lemma , we have an exact sequence 0 —
b > Ko ® Koo = Ky [j] where v is the ideal of K, ® K, generated by
{f®el—-1® f| f €Fy}. Thus, we have an isomorphism

0+ "MK @ Koo m

Because () is j-power torsion and finitely generated, for m large enough we

have K K

Ky ®Ky) = x>
Q Pagk (Koo ® Ko) = Q Qagk T ® Ko
From (6.12), there exists n > 0 such that for all z € Q aex (Koo ® Ku),

0" -z = 0. Because v C 0, we thus have v-x = p?" " . = 0. Hence, we can
refine the above to:

Koo ® Koo
b+ )" Ko ® Koo

Q Bagk (Koo ® Koo) = Q gk = Q Raekx Ko [j]-

On the other-hand, that the map
(Koo ® Ox) /0™ — Boo(Os) /0" B (Oo)

is an isomorphism for all m > 1 by Lemma [6.20, Because P is 0-power torsion
and finitely generated, we deduce that the canonical morphism

P — P®KOO®OOO Boo(ooo)

is an isomorphism. On the other-hand, because the ideals of the form (1®a) C
Ky ® Oy for a € O are coprime to 0, the map

P— PRk g0, (K ® Ky)

is also an isomorphism. Hence P has a natural structure of K, ® K, -module
extending the one over O, ® K,. Combining both, we get the claimed iso-
morphism of K, ® K, -modules

Q ®asr Kuo[i] — P ®kou90. Boo(O)
extending (6.12]). O
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Proof of Theorem[6.19. We apply Lemma with the A ® K-module N/M
for @ and the K, ® Oy -module ./\A/'oo//\;lOO for P. The isomorphism (|6.12)
follows from the sheaf property of N and M. From the flatness of A ® K —
Koo[j] and Koo @ O — Boo(Os), we obtain the desired isomorphism

~

Noo ~ N@A@K Koo[[]]]
— Qo K — —.
© M ®agrx Kolj]

Pre-composition with the isomorphism of Proposition [6.14] gives the desired
isomorphism. ]

As announced, we have:

Corollary 6.22. There is an exact sequence of K., -vector spaces:

~

AM)t @4 Ky — Noo R0, Koo —» Exthheo

(t = Tam) (M) MUP

(1F, A5 (M)).

Proof. By Theorem we have an exact sequence

A + ¢ N p+M+ q+M o 1,ha,co + +
M e}

Let 737 : AM) @4, Kso[j] = M ®asx Ko[i] be the isomorphism (5.3) with
respect to the choice of F' = K and v =i : K — C, the inclusion. We have:

Pty ~ N ®@agx Koofj] ThmEId N
h = ~ Ooo oo
G M Kl () (M)
where the first isomorphism is induced by ~37. The corollary follows. O

6.3 Cohomological computations

In this section, we establish general preliminary observations related to sheaf
cohomology. We refer to [Wei| for the definitions of homological algebra (cones,
distinguished triangles, derived categories, etc.)

6.3.1 Change of coefficients

To fix the setting, we consider the following commutative square in the category
of schemes over C"

Spec Ko, x C AN Spec Oy x C

li lq (6.13)

Spec K x C —2 5 C'x C

Our first result is the following.
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Proposition 6.23. Let F be a sheaf of modules on C' x C. In the derived
category of Ko-modules, there is a quasi-isomorphism

RT(Spec A x C, F) ®4 Ko = RT'(Spec O X C,¢*F) @0, Koo

which is functorial in F.

Proof. For G a sheaf of modules on Spec A x C, we first claim that
RT'(Spec A x C,G) ®4 Koo = RI'(Spec K x C,G) @ K. (6.14)

This follows from the composition Theorem on derived functors (015M) applied
to the commutative square of categories

Mod(Spec A x ') “EXC pod(4)

F(SpecKXC)l l@AKoo
Mod(K) — 258> 5 Mod(K )
On the other-hand, for H a sheaf of modules on Spec K x C, we have
RT'(Spec K x C,H) @ Ko = RI(Spec Koo x C,i*H) (6.15)

which again follows from the composition Theorem on derived functors applied
to the commutative square of categories

Mod(Spec K x ') ——— Mod(Spec Ko, x C)
F(SpecKXC)l lF(SpecKOOXC)

Mod(K) — 255> Mod(K)

(we used that i is flat, and hence that i* is an exact functor). Finally, for a
sheaf of modules 7 on Spec O, x C, we have

RIU(Spec Ko, x C,j°J) = RI'(Spec Oy x C, J) ®o., Koo (6.16)
using the commutative square
Mod(Spec Ose x ') —2— Mod(Spec Ko x C)
F(Spec@ooXC’)l lF(SpecKooXC')

Mod(Ou) —22=1  Mod(K..)

together with the flatness of j. The composition:
RI'(Spec A x C, F) ®4 Koo = RI'(Spec A x C,p*F) @4 Ko
>~ RI'(Spec K x C,p*F) @k Ko (by (6.14))
>~ RI'(Spec Ko x C,i*p*F) (by (6.17))
= RI(Spec Ko, x C,j*¢*F) (by (6.13))
>~ RI'(Spec O x C,¢*F) @0, Koo (by (6.16)).

is the claimed isomorphism of the proposition. O
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6.3.2 Cech cohomology of schemes covered by two affines

Let S be a scheme and let T be a separated scheme over S. Let U, V and W
be affine schemes over S which insert in a commutative diagram of S-schemes

U—‘ 5T

T k7 T
L J

W —V

such that {U — T,V — T} forms a covering of 7.
For F a sheaf of Op-modules, we denote by S(F) the sequence of Or-
modules:
0 — F — i, " F D juj F — kKEF —0

where the morphisms are given by the adjunction unit (note that the data of
S(F) is functorial in F). The next lemma is of fundamental importance for
our cohomological computations:

Lemma 6.24. Assume that S(Or) is exact. Then, for any finite locally free
sheaf F of Or-modules, S(F) is exact. In particular, the natural map

RINT,F) — [F(U)® F(V) — F(W)], (6.17)

where the right-hand side is a complex concentrated in degrees 0 and 1, is a
quasi-isomorphism.

Proof. We show that S(F) is an exact sequence (the second assertion follows,
since applying RI'(T, —) to S(F) yields the distinguished triangle computing
(6.17)). To prove exactness of S(JF), first note that 4, j and k are affine mor-
phisms because T is separated (01SG). Thus, the pushforward functors appear-
ing in S(F) are naturally isomorphic to their right-derived functor (0GI9R).
Thereby, S(F) in Dy.(T"), the derived category of quasi-coherent sheaves over
T, is naturally isomorphic to the triangle

F — Ri.i*"F & Rj,.j°F — Rk F — [1] (6.18)

and it is sufficient to show that the latter is distinguished. Yet, because F is
finite locally-free, the projection formula (01E8) implies that (6.18]) is naturally
isomorphic to

Because F is locally-free, the functor F@g,_— is exact on Dgo(T') and it suffices
to show the distinguishness of

But because Oy = i*Or, Oy = 7*Op and Oy = k*O7, this follows from our
assumption that S(Or) is exact. We conclude that (6.18)) is distinguished. [
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Assuming that T is a smooth varietyﬂ over a field allows us to relax the
"locally free" assumption in Lemma to "coherent".

Proposition 6.25. Let k be a field and assume that S = Speck. Assume
further that T' is a smooth variety over k, and that i, j and k are flat. Let F
be a coherent sheaf on X. Then, S(F) is exact. In particular, the natural map

RINT,F) — [F(U)e F(V) — F(W)]
1S a quasi-isomorphism.

Proof. Choose a resolution of F by finite locally free sheaves 0 — F,, — -+ —
Fo — F — 0. Because ¢ (resp. j, k) is flat, ¢* (resp. j*, k*) is an exact functor
on quasi-coherent sheaves. Because it is affine, i, (resp. j., k.) is an exact
functor on quasi-coherent sheaves. Thereby, for all s € {0, ..., n}, the sequence
S(F;) is exact by Lemma . Using the n x n-Lemma in the abelian category
of quasi-coherent sheaves of Or-modules, we deduce that S(F) is exact. [

The main result of this subsection is:

Theorem 6.26. Assume the setting of Proposition[6.25. Let F' be a coherent
sheaf of Or-module and let f : F — F' be a morphism of sheaves of abelian
groups. Then, the rows and the lines of the following diagram

RUNT,F) —— FU)» F(V) ——— F(W) —— [1]

fr fudfv fw

~ v

RNT,F) ——— P & F(V) —— F(W) — [1]

~ ~ ~

cone( fr) —— cone(fy) @ cone(fyy) —— cone(fw) — [1]

~ ~ ~

[1] [1] 1]

form distinguished triangles in the derived category of abelian groups, where
fy = RF(Yaf) (fOT’ Y e {T7 U,‘/,W})

Proof. We lift the first two lines in the category of chain complexes: by Lemma
6.24] the diagram

0 s F y 0 F @ ju gt F —— kL TF —— 0
lf li*i*f@j*j*f lk*k*f (6.20)
0 — F —— i F @ F —— bk F —— 0

3By variety over k, we mean that T is integral and that 7" — Speck is separated and of
finite type.
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is exact on lines and commutative on squares in the category of quasi-coherent
sheaves of Or-modules. From (013T) we can find injective resolutions F — I,
W F @70 F — I3 and kk*F — I3 (respectively F/' — J7, i, 0" F @ j* F —
J3 and k.k*F' — J3) such that

0 > 17 > I3 >y I3 > 0

bl L

0 > JT > Js > Js > 0

is an injective resolution of the whole diagram (6.20). Completing the vertical
maps into distinguished triangles gives:

i
S
i
S
i
S

(6.21)

~ ~ ~

0 —— cone(i;) —— cone(iy) — cone(iz) — 0

~ ~ ~

1] 1] 1]

where the rows are distinguished triangles. The third line is a direct sum
of exact sequences and therefore is exact. The horizontal exact sequences
transform to distinguished triangles in the derived category of abelian module.
This concludes. O

Under Noetherianity assumptions, Theorem [6.26] can be extended to the
case of formal schemes. Our main reference is [KaFl §I]. From now on, we
assume that T, U, V and W are Noetherian schemes over S. Let T C T,
U cU, V' CcV and W C W be closed subschemes such that i=1(T") = U’,
JHT) = V', and p~Y(U') = W = ¢ }(V'). Tt follows that k=Y(T") = W'.
Let T, U , V and W be the formal completions along the corresponding closed
subschemes [KaF), §1.1.4]. We obtain a commutative diagram of formal schemes

—Z> T
];’ ,/7( TA.
// J

—

W —V
Given an adically quasi-coherent shealﬁ F of Oz-modules [KaF, §I,Def.3.1.3],
we consider the sequence

S(F): 0= F =i "F® )" F = kk*F — 0.

4e.g. the formal completion of a quasi-coherent sheaf with respect to a closed subscheme
of finite presentation is adically quasi-coherent by [KaF|, §I, Prop.3.1.5]
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Lemma 6.27. Let F be a quasi-coherent sheaf on T'. Then S/(?) = S”(]—A"),
where G — G denotes the formal completion functor along T'. In particular,

if S(F) is exact, then S(F) is ezact.

Proof. This almost follows from the flat-base change Theorem (02KH)). Indeed,
the diagram

fu

e N

L

where fy and fr are the canonical maps, is Cartesian. Because ¢ is affine, 7 is
quasi-compact and quasi-separated (01S7). On the other-hand, fr is flat and
the flat-base change Theorem applies. It states that for any quasi-coherent
sheaf G of Op-modules, the natural map

frRi.G — Ri.(f;9)

is a quasi-isomorphism in the derived category of Op-modules. Because i is
affine, the functors Ri, and i, are isomorphic on the category of coherent
sheaves (0G9R). Similarly, but in the setting of formal geometry, ¢ is also
affine [Kal", §I,Def.4.1.1], and the formal analogue of the previous argument
[KaFl §1, Thm.7.1.1] reads that the functors Rz* and Z* are isomorphic on the
category of adically quasi-coherent sheaves. Therefore, in the derived category
of Opy-modules, we have an isomorphism

friG =159

Applied to G = i* F for a quasi-coherent F on T', we obtain fji,i*F = i*i*f}]:
functorially in F. In other words,

—

(AN

~

L F.

Il

=0

The very same argument for j and k in place of 7 yields respectively m =
7.5 F and kk*F = kk*F. Tt follows that S(F) = S(F). Since the formal
completion functor is exact, S(F) is exact if S(F) is. O

Thanks to Lemma [6.27] the proof of Theorem blithely applies to the
formal situation:

Theorem 6.28. Assume the setting of Theorem [6.20. Then, each rows and
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each lines of the following diagram

RUT,F) ——— FO)® F(V) ——— F(W) —— [1]

fr foofe Fw

~ 2

Rr(:}, Fy—s FO) e F V) —— F(W) —— [1]

~ 2 2

~ A ~ A

cone( f;) —— cone(fy) @ cone(f;;) —— cone(fy,) —— [1]

~ 2 2

[1] [1] 1]

form distinguished triangles in the derived category of abelian groups, where

fy = RU(Y,f) (for Y € {T,U,V,W}).

6.4 Proof of Theorems E and F

6.4.1 Proof of the first part of Theorem [6.2

Let M be a rigid analytically trivial A-motive over K. We let U(M) be the
class module of M (6.1). In this subsection, we prove the first part of Theorem

6.2 that is
Theorem 6.29 (First part of. The A-modules Ext}\’ﬁfjf(l,M) and U(M)

are finitely generated.

The proof of Theorem [6.29]is organized as follows. We first introduce the G-
complex Gy of M, a complex of A-modules in direct link with Ext}\jg:zo(]l, M)
and U(M) as we show in Proposition [6.30] From it, Theorem becomes
equivalent to the fact that the A-modules H°(Gy) and H'(Gy) are finitely
generated. In Proposition , we show that Gy is quasi-isomorphic to a
complex of A-modules involving the global sections modules of a C-sthuka
model for M. Theorem [6.29) will ultimately follow from the finiteness Theorem
for proper varieties.

The G-complex of an A-motive

Let M4 be the maximal A-model of M (whose existence is prescribed by
Proposition 2.30). Let Na := Mu[i~'] N (M + 7y (7*M)). We introduce the
complex of A-modules

M K (A idery, M K (A
Gay = ®aek Ko(A) d-ry M Bagk (4)
M4 Ny

(6.22)

placed in degrees 0 and 1. We call Gy, the G-complex of M.
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Proposition 6.30. There is a long exact sequence of A-modules, given func-
torially in M :
0— Extswzg(]l,M) — AM)" — H°(Gy)

— Bxt\ (1, M) 3 H' (Goo, A(M)) — H'(Gar) — 0.
K k)

Proof. By Proposition [5.33] applied in the case FF = K and v =i : K — C,
the A-module morphism

{£ € M @usk Koo(A) | £ —Tu(77E) € Na} !
E ,reg,oo ]1 M
MA"‘A(M)JF XtM?(g’A( 7_)7

which maps £ to (& — 7 (7%E)), is an isomorphism. The proposition then
follows from the snake Lemma applied to the diagram of A-modules:

M @aer Ko(A)

0 > MA > M®A®K KOO<A> MA > 0
lld —TM J/id —TM l
M K (A
0 > Ny » M ®agr Koo(A) S ®A®§A (A) > 0.
together with Proposition [5.27] O

We are going to prove that the A-modules H°(Gys) and H'(Gy,) are finitely
generated. By Proposition this will imply Theorem [6.29]

The G-complex is perfect

The main ingredient are the cohomological preliminaries of Section [6.3] We
consider the particular setting of S = SpecF and of the commutative diagram
of S-schemes

Spec Os(A) —— (Spec A) x C

[ 2
p - J

Spec Koo (A) —L— SpecA® A

Because A is geometrically irreducible over F, (Spec A) x C' is a smooth variety
over IF. To use the results of Section [6.3, one requires the next two lemmas.

Lemma 6.31. The morphisms i, j, k are flat.

Proof. We consider the affine open cover (Spec A ® A) U (Spec A ® B) of
(Spec A) x C. We first show that i is flat. We have i~!(Spec A ® A) =
Spec Ko(A) and i~!(Spec A ® B) = Spec O (A). The morphism A ® B —
O (A) is flat (because it is the completion of the Noetherian ring A ® B and
the ideal m,, C B) and thus, so is A® A — K (A). By (01U5), 7 is flat.
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We have j~!(Spec A® B) = Spec A® D, where D C K is the sub-F-algebra
such that Spec D = Spec A N Spec B. The inclusion B — D is a localization,
and hence A® B — A® D is flat. Thereby, j is flat.

Because K (A) = Ky ®o,, Ox(A), p is flat. Since compositions of flat
morphisms are flat, k =7 o p is flat. O]

Lemma 6.32. For T = (Spec A) x C, the sequence 0 — Or — ,i*Or &
G35 Or — kk*O7p — 0 is exact.

Proof. We need to show that the complex Z := [Ox(A) B (AR A) = K (A)],
where the morphism is the difference of the canonical inclusions, represents
the sheaf cohomology in the Zariski topology of Ogpec axc, the latter being
quasi-isomorphic to

RT'(Spec A x C, Ogpec axc) = (A®B) @ (A® A) - A® D|.

Let (¢;)i>0 be a (countable) basis of A over F. Any element f in K. (A) can
be represented uniquely by a converging series

i=0
Elements of O (A) are the ones for which f; € O (Vi > 0) and elements of
A ® A are the ones for which f; € A (Vi > 0) and f; = 0 for i large enough.
Therefore, it is clear that O (A) N(A® A) is AR (OxxNA). Yet, Oy N A s
the constant field of C, showing that H°(Z) = H°(Spec A X C, Ogpec axc)-
Because Ko, = O + A + D, the canonical map

A®D . K (A)
AQB+A®A O (A)+A® A
is surjective. Because (A® D) N Oy (A) C A® B+ A® A, it is also injective.
It follows that H'(Z) = H'(Spec A x C, Ogspec axc)- O

Let M = (N, M, 7)) be a C-shtuka model for M (Definition [6.6). We
have

J*M(Spec A®@ A) = M(Spec A®@ A) = My,
j*N(SpeCA ®A) = N(SpecA ® A) = Ny,
k*M (Spec Koo (A)) = k* N (Spec Koo (A)) = M @agr Koo(A).
Theorem [6.26] yields a morphism of distinguished triangles

RT(Spec A x C; M) ——— i* M(Spec O (A)) M ®A@3\1; Koo (A)
A

MTM id =7 J{id —TMm

RI'(Spec A x C,N') ———— i*N(Spec O (A)) M ®A®§ Koo (A)
i A
[

cone(t — Tpm| Spec A x C) 0 G
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where the cone of the middle upper vertical morphism is zero by Lemma [6.8|
The third row is a distinguished triangle, hence we have proved:

Proposition 6.33. Let (N, M, 75s) be a C-shtuka model for M. Let . denotes
the inclusion of M in N'. There is a quasi-isomorphism of A-module complezes

Gy — cone (RF(SpecA x C, M) = RT(Spec A x C, N)) .
We have all the tools in hand to prove Theorem [6.29

Proof of Theorem[6.29. As Spec A x C'is proper over Spec A and both M and
N are coherent sheaves of Ogpec 4xc-modules, both RT'(Spec A x C, M) and
RT'(Spec A x C, N) are perfect complexes. Hence

cone <RF(SpecA x C, M) =X RI'(Spec A x C, N))

is a perfect complex, and so is Gy by Proposition [6.33] The theorem follows
from Proposition [6.30] O

6.4.2 Proof of Theorems [6.2 and [6.4]

Theorems (second part) and will follow from the study of the coho-
mology of a C' x C-shtuka model of M at Spf O, xC. The latter corresponds
to the completion of the Noetherian scheme C' x C' at the closed subscheme
{00} x C. The argument given here is a refinement of the one given in the
previous subsection where we use C' x (C-shtuka models instead of C-shtuka
models.

We apply the results of Section under a different setting. We consider
the commutative square of schemes over Spec O,:

Spec Oy @ A —— (Spec Oy) x C

Spec Oy @ Koy —— Spec Oy @ O

Similarly to Lemma [6.31}, one shows that ¢, j and k are flat morphisms. For the
sake of compatibility of notations with subsection [6.3.2], we let T" = Spec Oy X
C, U = Spec(Ox @ A), V = Spec(Os ® On) and W = Spec(O ® K ).
Consider the respective closed subschemes 7" = {oco} x C', U" = {o0} x Spec A,

= {oo} x Spec O and W = {oo} x Spec K, and the formal completions
T = Spf(’) xC, U = Spf Oyx Spec A, V = Spf O x Spec O, and W =
Spf O x Spec K. We obtain the commutative square of formal schemes over

Spf O
Spf O ®A —— (Spf O ) xC

ko7 .
T J

Spf O @Ko —— Spf Ose®Os
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We let ¢ : Spec Oy x C — C x C be the inclusion of schemes. To the mor-
phism of sheaves 7p : 7*(¢* M) — (¢*N) on (Spec O) x C, one associates
functorially the morphism of the formal coherent sheaves 7* : M = N on
the formal spectrum (Spf O )xC. Because both ¢*M and ¢*N are coher-
ent sheaves, their formal completion corresponds to their pullback along the
completion morphism

(Spf O )xC — (Spec Oy) x C.

Recall that N, and M, were the respective Ao (O )-modules N (Spf 0, ®04)
and M (Spf O, ®04,). Let also L and L, be given respectively by

L := M(Spf O ®K) = N (Spf Ox®K)
L = M(Spf One®A) = N (Spf O ®A).

Note that L defines an A (K)-lattice stable by 7, for the isocrystal Z.,(M)
(Definition [1.28)).

By Theorem [6.28] we have a morphism of distinguished triangles:

R N N L oo (Koo
RT(Spf O XC, M) — Mo — ®A°°<KL>A CENINEY
A

lL_W lb_w lid o (6.23)

N ) L o (Ko
RD(Spf Qoo xC,N) — N — ®A°°<KL>A (Keo) 1]
A

The third vertical arrow is an isomorphism by the next lemma:

Lemma 6.34. The morphism  — Ty - Noo R0, Koo — Moo ®0., Ko s
mjective.

Proof. For t a positive integer, a > 0 and = € /\;loo, we have

(L= mrm) (1 @ 7o) 2) = (1 @ Too) ™ u(2)  (mod (1 ® Woo)t+“+1./\700).

In particular, the first vertical arrow in diagram [6.8]is injective. The lemma
then follows from Lemma together with the snake Lemma. O

Theorem together with Lemma [6.34] implies the existence of a quasi-
isomorphism

~ N @aox Kxj]
M @9k Ksoli]

Applying the inverse of the isomorphism 737 (defined in (5.3))), we even obtain
by Lemma a quasi-isomorphism:

cone([./\;lc>o A Noo]) ®o.. Ko

Pir t+di

O

cone([Moo =X Noo]) ®o.. Koo =
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Theorem then implies that

R . X R + 4t
cone (Rr(spf O XC, M) " RI(Spf OOOXC,N)) ®0. Koo & P - L (.04
A

Because (Spec A) x C' — Spec A is proper, Grothendieck’s comparison The-
orem [EGAL Thm. 4.1.5] provides natural quasi-isomorphisms

RT(Spec O x C, F) = RT(Spf OsxC, F)
for F being either ¢* M or ¢*N. This allows us to rewrite ((6.24) as

)

+ +
- +

cone (RF(Spec Oq x C,q* M) =3 RT'(Spec Oy x C, q*N)) ®o. Koo = Par - Iy
9

and we use Proposition to obtain

v M+
cone (RF(SpeCA x O, M) —% RI'(Spec A x C, N)) ®4 Koo = 131\4(]—+qz\4
M
From Proposition [6.33, we deduce
+ o4 gt
cone(Gay) @4 Ko = 12T 2 (6.25)

O

Proof of Theorem[6.3. The first part is Theorem[6.29] it remains to prove that
U(M) is torsion. But U(M) is indentified with H'(Gys) by Proposition [6.30]
The latter is a torsion A-module, because the cohomology of Gy ®4 Ko is
concentrated in degree 0 by . O

It remains to prove Theorem (see the next page). Let us first give a
notation to an essential ingredient of the proof.
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Definition 6.35. We let p(M) be the isomorphism of K -vector spaces

_ . opt 4t
P(M) . {5 € M®A®K KOO<A> | 5 TM(T 5) € NA} R4 Koo AN pM qM
MA q+M

obtained by the vertical composition of the quasi-isomorphisms of complexes
of K.-vector spaces:

1§ € M ®agr KoolA) | € — T (7*E) € Na}
&®
My
ll U(M)® 4 Koo=0
gM X4 Koo

ll Proposition [6.33]

AKoo

cone [RF(SpecA x C, M) "= RI'(Spec A x C, /\/)} ®4 Koo
lz Proposition [.23
cone [RF(Spec Ou x C,q¢* M) = RT(Spec O x C, q*./\/)} ®0.. Keo
lz Grothendieck’s comparison Theorem
cone [RF(Spf OsoxC, M) =X RI(Spf (’)OO>A<C’,./\A/')] ®0., Ko
! (623) and Lemma [6.13]
cone [Moo id;?j NOO] R0, Koo

{ Lemma
N
= ®0., Koo
(¢t = 7:m)(Moo)

lz Theorem [6.19]

N ®@agr Koofi]
M ®@aex Kli]

ll ()~
Py +ay

Ay

Proof of Theorem[6.4 By Proposition[5.33] we have an exact sequence of K-
vector spaces:

{€ € M ®aek Kxo(A) | £ — mu(77E) € N4}
My

1,reg,00
— Bxtyi e (1, M) — 0.

0 — AM)" @4 Koo — ®a Ko
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On the other-hand, by Theorem [5.34], we have an exact sequence of K. -vector
spaces:

+ +
Py Ty 1 ha,co

00— AM)" @4 Koo —
qm

(17, H*(M)) — 0.

Theorem [6.4] follows from the fact that p(M) is an isomorphism. O
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Chapter 7

Application to Carlitz tensor
powers

This chapter is devoted to the application of the results of Chapter [I]to[6]in the
simplest case of M being the tensor powers of the Carlitz’s motive C" (defined
in example over the function field of C' = PL. We describe explicitly the
A-motivic cohomology of C™ and obtain, as a consequence, new results on
the algebraic relations among values of Carlitz’s polylogarithms at K-rational

points (Corollary [7.30).

The t-setting

In this chapter, C' is the projective line P over F and oo is the point of coordi-
nates [0 : 1]. The ring A = H°(C'\ {00}, O¢) is identified with F[¢], where ¢~
is a uniformizer in K of Q.. Thus, K is identified with F(¢), K., with F(t™!))
and O with F[t~!]. The valuation v, at oo corresponds to the opposite of
the degree in t. We recall that C, is the completion of an algebraic closure of
K, and we denote | - | a norm on C,, associated to vn.

Let L be an A-algebra. To make notations not to heavy and agree with the
existing literature, we identify F[t| ® L with L[t], and denote by ¢ the element
t ® 1 and by 6 the element 1 ® t. Under these notations, C(A) is identified
with the Tate algebra over C

Coolt) = {f => at

The Gauss norm of f =73 jant" € Co(t) is given by | f|| := max,>o{[an|}
(see |GazMal, §2| for a general construction of the Gauss norm). We let f
f@ be the map on C.(t) which raises the coefficients to the g-th power:

a, € Cy, nggoan:O}.

[e.o]

= "ate.

n=0
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(it corresponds to 7 over Co(A)), and let f > f@ denote its i-th iterates. We
denote by C,((t) the sub-C-algebra of C.(t) which have infinite radius of

convergence:

Cllt) = {f =St

It corresponds to the algebra C., ((A)) introduced in subsection (see Ex-
ample [1.62). In this setting, Co((A)); (Definition corresponds to the
algebra of elements g € Quot C.((t)) such that g is regular outside {6,609, ...}
in C,, and for which there exists n > 0 in such a way that g has a pole of
order at most n at the elements {6,607, ...}.

a, € Cy, Vp >0, lim a,p" = 0} )
n—o0o

For n an integer, let C" = (K[t], 7cn) be the nth tensor power of the Carlitz
F[t]-motive over K (Example , where 7cn maps 7*p(t) to (t — 6)"p(t)M)
It defines an A-motive over K. Let also A(n) := C™" = (C")¥. This is the
function fields analogue of the nth Tate twist Z(n).

Results

After showing in Section|[7.1|that C™ (respectively A(n)) is an object of MM,
we compute in Section [7.2{ the modules Ext}\’ji\g/t’f 4(L, A(n)) for various values

of n. Our results can be summarized as follows:
Theorem 7.1. There are isomorphisms of F[t]-modules

0 ifn <0,
1,A(n)) = ¢ Fit” ifn>0andq—1 [n,
Flt]" ' @ F[t]/(dn(t)) ifn >0 and ¢ — 1|n,

Ex tMM”J Al

where d,(t) is a certain monic polynomial in F[t].

We refer respectively to Proposition [7.12] Lemmal[7.15]and Proposition
for Theorem [7.1]

We prove that d,(t) = 7" — 17" whenever n = ¢*(q — 1) for some k > 0
(Corollary[7.2F)). Yet, an explicit expression of d,,(t) is rather difficult to obtain
in practice. For general values of n multiple of ¢ — 1, we show that d,,(t) is
described by the linear relations among the Carlitz period and values of Carlitz
polylogarithms at polynomials (Theorem [7.23)).

For o € K whose degree is < ng/q — 1, we let Li,(«) be its n-th Cartliz
polylogarithm, defined by the converging series in K:

k

Liy() ==« 5 .
: 229 91)2(6 — 92y - (§ — 6"

k=1
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Fix 1 a (¢ — 1)st root of (—0) in K2,. Let & be the Carlitz periodl], given by
the converging product in the separable closure K3 of K, in C.:

7= (—0n)" ﬁ (1 - ;}i)_l. (7.1)

=1

An unexpected consequence of our results is the intimate relation between
the module Ext}\j'j\/lg’f: 4(1,A(n)) and the module of F[f]-linear relations be-
tween 7" and values of polylogarithms at polynomials (see Proposition [7.24).
Using the ABP criterion [ABP, Thm. 3.1.1] combined with methods of Chang-
Yu [ChaYu|, we prove that the series Li,(1), ..., Li,(6""!) are algebraically
independent over K (Corollary [7.30). If ¢ — 1 { n, we can further deduce
that (7, Li, (1), ..., Li, (")) forms an algebraically independent family over
K (Corollary . More generally, we provide a criterion to spot algebraic
independence among the series Li,(«) for & € K. The case of finding algebraic
relations among Li,(«) for o € F for a finite field extension F' of K in Cy
seems to require more investigations. We leave it open.

We end this text by Section[7.4] where we give an equivalent formulation of
Beilinson’s conjecture in the case of M = A(n) (n > 0) by mean of higher
polylogarithms. It will follow that Beilinson’s conjecture is true for A(1), but
false for A(n) whenever n is a multiple of the characteristic p of F.

7.1 Carlitz’s tensor powers’ tool box

7.1.1 Properties of the Carlitz’s tensor powers

We begin by some general and well-known facts on the Carlitz’s tensor pow-
ers (mixedness, Betti realization, maximal A-model, mixed Hodge-Pink struc-

reg

ture). Our aim is to prove that A(n) is an object of the category MM, so
that the module of extensions

Ext}MM;g(ll,A(n)),

to be studied in the incoming sections, is well-defined.

Mixedness

We have the identifications A, (K) = K[t7!] and Bo(K) = K((t™')). The
isocrystal Z,.(A(n)) (see Definition [1.28) admits B (K) = K((t™')) as under-
lying K ((t7!))-module, and the 7-linear isomorphism acts by multiplication by
(t—0)".

Proposition 7.2. The isocrystal To(A(n)) is pure of slope n (Definition
[1.19). In particular, A(n) is pure of weight —n (Definition and hence is

maized.

17 depends on 1 as 27 depends on the choice of 4, a square root of —1.
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Proof. We have (t — 0)" = t"(1 — 0/t)™". Because (1 — 0/t) is a unit in
Ao(K) = K[t™'] and ¢t~ a uniformizer, we have
TA(n)(T*.AOO(K)) = (t_l)nAoo(K>.

Since A (K) is an A (K)-lattice in By (K), Zoo(A(n)) is pure of slope n.
The fact that A(n) is pure of weight —n follows by definition. ]

Rigid analytic triviality
Let w(t) be the Anderson-Thakur’s generating function:

wlt) = nﬁ (1- gi) & Kouln)),

(see [AndT!| Proof of Lemma 2.5.4]). The following proposition is well-known:

Proposition 7.3. We have A(A(n)) = F[tlw(t)". In particular, A(n) is rigid
analytically trivial.

Proof. Note that, by Definition [I.48 we have

AA(n)) = {f € Cxo(t) | fV = (¢ = 0)" .
The series w satisfies w(t)V) = (t — @)w(t) and it follows that F[tjw(t)” C
A(A(n)). Conversely, w is invertible in C.(t) so that, if f € A(A(n)), then
the element g = f/w" satisfies g) = g € C(t). Hence, g € F[t] and
f € Fltjw(t)". We conclude by Proposition that A(n) is rigid analytically
trivial. O

We recall that A(A(n)) is equipped with a continuous action of G, =
Gal(K3 | Kw). It is given as follows: from Proposition we know that any
f € A(A(n)) belongs to K3 (t) (this also follows from Proposition [7.3)). Given

0 € Gy, it acts on f via

o0 o.9]
F=Yant", f7=> alt".
n=0 n=0

We let A(A(n))" be the submodule of A(A(n)) fixed by G. Let 1,4, be 1
if ¢ — 1|n and 0 otherwise. From Proposition we obtain:

Corollary 7.4. We have A(A(n))" = 1,1, Ftjw(t)" (here, 1,1}, equals 1 if
q—1|n and is zero otherwise).

Maximal A-model

Let M, denote the maximal A-model of A(n), which we know to exist by
Proposition [2.30}

Proposition 7.5. We have M, = F[0,t].

Proof. If L = F[0,t] C K]t], then clearly 74 (7*L)[j™'] = L[j7'] as j corre-
sponds to the principal ideal (t —6) of F[6,t]. It follows that L is the maximal
A-model of A(n) by Proposition [2.36] O
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Mixed Hodge-Pink structure

To end this section, we compute the mixed Hodge-Pink structure associated
to A(n) (Section[5.1)). Note that we have an identification K2 [i] = K3,[t —6].
The isomorphism 75, of (5.3) takes the form

Vit : KLt =0) - w(®)” — KL (t=0), [-w®)" — fw®)".

It follows that pamy = K[t — 0] - w(t)" and qam) = (t — 0)" K5 [t — 0] - w(t)”
(see Definition . According to Definition and the above computations,

we obtain:

Proposition 7.6. Let R be a Noetherian subring of K., containing F[t]. The
mized Hodge-Pink structure 75 (A(n)) has underlying module R - w(t)", is
pure of weight —n, has Hodge-Pink lattice qam) = (t — 0)" K3 [t — 0] - w(t)",
and its infinite Frobenius maps 0 € G to (w +— w7).

As an application of Corollary [4.46| it follows that A(n) is regulated (Def-
inition [5.10]). As announced, we obtain:

Corollary 7.7. A(n) is an object of the category MMG’.

7.1.2 Regulators
In view of what has been established in the subsection the module of

extension:
Ext e (1, A(n)

is well-defined. We assume that n > 0 so that A(n) has negative weights.
In this subsection, we compute the general and special regulators of A(n) at
Poylog-classes (Definition and show how they are related to Carlitz poly-
logarithms (Proposition . We will deduce algebraic dependence among
values of polylogarithms thanks to this description (see Section .

Let ¢ be the isomorphism of Theorem in the case M = A(n). By
Corollary [5.20} ¢ induces an isomorphism of F[¢]-modules:
(t = 0) " K[t]
L
{p(t) = (t = 0)~p(t)® | p(t) € K[t]}
Definition 7.8. For a € K, we define the nth Polylog-class of o, and denote
it by [L,,(«)], the image of the class of

L) Ext}\AM;g(]l,A(n))

i a@)n through ¢.

Remark 7.9. The terminology will be justified by Proposition below.

Recall that in Section [£.3] we have defined a submodule
Exti\’/tojvl?g(]l,ﬁ(n)) C Ext}\/lM;g(]l,A(n))
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consisting in extensions in MM E® having analytic reduction at co (Definition
5.26|). For R a Noetherian subring of K, which contains A, let %ORO (A(n))
and Regp (A(n)) be respectively the general and special co-regulators of A(n)
(Definitions and [5.23)). We rewrite the commutative diagram of Theorem
5.34|in the t-setting with M = A(n):

o {Ee Kot ¢ —0e € c B

Ext re 1,A
MMgA( ( )) 1, 1|n +F9t
Pgrs (A(n)) l& =&

il (U 5 (AG)) <2 Ol

Reg3s (A(n) MHPE" Y L Ro(t)" + K[t — 6]
[H]—[H#] l& s —w(t)" @ (Ew™™)|—p
M Fltlw ()" ®@py K3)T

We labeled the horizontal isomorphisms: (A), (B), (C'). We recall that
(A) is given explicitly by mapping the class of £ to o(& — (t — )W) (see

Proposition [5.33]).

For a € K such that deg(«) < ng/(q—1) as a polynomial, we consider the

series
k

_ 9)" + Z (t — 9)”(t _ Qq)n .. (t - qu)n (72)

k=1

€a (t) = (t

converging both in K (t) and in (t — 0) " K[t — 0]. We next show how the
general regulator %: (A(n)) is related to &, and how Regy (A(n)) is related
to the Carlitz polylogarithm Li, ().

Proposition 7.10. Let o € K be such that dega < nq/( —1) and let [L,,(a)]
be its nth Polylog-class. Then [L, ()] belongs to Ext'; Mreq(ﬂ,A(n)). In addi-

tion,

o0

1. %R (A(n)) maps the extension [L,(c)] to the image of the class of
Ea(t) € (t — 0) "K o[t — 0] through (B).

2. Regi (A(n)) maps the extension [L,(«)] to the image of the class of
w(t) ® B2l ¢ (Fltlw(t)" @py K2)* through (C).

Proof. As a converging series in K (t), &, satisfies the functional equation:

LY a
(t—=0)y  (t—0)"
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Because [L,(«)] = «((t — 0)™«), it follows from Proposition and the
fact that &, is invariant through the action of G, on K¥ (t), that [L, (a)] has
analytic reduction at co. Hence

[Ln(a)] S EXt}\;loj\Aggg (1’ A(n))

The inverse image of [L, ()] via (A) is then well-defined and equals the class
of &(t) by (7.3). By commutativity of the above diagram (Theorem [5.34)), the
first assertion follows. Note that, from ((7.2)), £(f)w(t)~™ is regular at ¢t = 6 and
(E(t)w(t)™™)|t=9g = — Lin(a)7~™. The second assertion follows. O

Remark 7.11. Given « € A, one easily sees that [L, (a)] has everywhere good
reduction.

7.2 Motivic cohomology of Carlitz’s tensor pow-
ers

Let n be an integer. The aim of this section is to describe the submodule of
extensions
1,00
ExtMMI;gyA(]l,A(n))
having everywhere good reduction (in addition to having analytic reduction at
00). Subsection deals with the n < 0 case and Subsection the case

n > 0.

7.2.1 Non positive tensor powers

We begin by a description of the extension modules of 1 by A(n) in various
categories of A-motives, for general values of n.

In the category My

Let M be the category of A-motives over K. By Theorem [3.4] there is an
isomorphism of A-modules

N K[t — )"

{p(t) = (= 0)p®)" | p(t) € K[t]}
given explicitly by mapping the class of m in K[t][(t —6)~'] to the extension of
1 by A(n) whose underlying module is K[t|*? and where the T-action takes the
form (7§" '}"). By Theorem combined with the description of the maximal
A-model of A(n) in Proposition , we deduce that ¢ induces an isomorphism

Flo, ¢]((t —6)~"]

{p(t) = (t = 0)p(t)V) | p(t) € F[O, 1]}

where Ext}wk, 4 denotes the submodule of extensions having everywhere good
reduction.

SN Ext}\,lK(ll,A(n))

L ;> EXt}WK,A(]l;A(n))
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In the category MMy

Let MM g be the category of mixed A-motives over K. If n > 0, we obtain
by Propositions [3.8 and Proposition the equality

Ext}MMK(IL,A(n)) = EXt}VIK(ﬂ,A(n)).
On the contrary, if n < 0, then by Proposition |3.9, we have an equality:
Extiy, (1, A(n))"" = Extyu, (1, A(n))

and Ext, (1, A(n)), for n < 0, is torsion. However we do not know whether
it is zero.

In the category M M8

Let MMEE be the category of mixed, rigid analytically trivial and regulated
A-motives over K (Definition [5.10). Let Ext}, MEE, 4(1,A(n)) be the submod-

reg

ule of extensions having everywhere good reductlon in the category MM
(Definition .17). We claim:

Proposition 7.12. Let n < 0. We have Ext}\,erKegyA(Il,A(n)) =0.

Proof. Let m = —n > 0. In vertue of Corollary [5.20], it suffices to show that
the F[t]-module

[0, ¢]
{p(t) — (¢ = O)mp(t)™) | p(t) € F[O,1]}
is torsion-free. Equivalently, that if there exists a(t) € F[t] and p(t) € F|[0,1]
such that a(t)p(t) € (id —(t—0)™7)(F[0,¢]), then p(t) € (id —(t—0)™7)(F[0, ])
Let us assume without loss of generality that a(t) # 0. Let ¢(t) € F[0,t] b
such that a(t)p(t) = q(t) — (t — 0)q(t)M). We want to show that a(t) d1V1des
q(t)-

For all N > 1, setting b; = (t —6)--- (t — #9""), we have

N-1
=a(t) > _0'pt)" + bq(t)™.
=0

Hence, for all j > 0, there exists a polynomial H;(t) € F[¢, ] such that
q(67) = a(6” ) H,(67).
By Euclidean division we have, on the other-hand
q(t) =a(t)H(t) + r(t), where H(t), r(t) € F[0,1]

and p; := deg,r < deg,a =: a (the euclidean division works over F[f] since
the leading coefficient of a(t) divides the leading coefficient of ¢(¢)). For all j
we get

r(67) = a(6”)(H;(67) — H(6")).
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If » # 0, then for j large enough voo(r(éqj)) equals py — p1¢’ where pq is the
valuation of the leading coefficient of r. Comparing with the valuation on the
right-hand side, we obtain:

0j = o (H;(07) — H(0)) = po — pr1d’ + o’
Hence, §; tends to infinity as j grows. But this contradicts H; (%) — H(0%) €
F[0]. Thus, r = 0. O
In the case n = 0, we prove:

Proposition 7.13. There are isomorphisms of A-modules

F[0][¢]
(1 —7)(F[))[]

where Hom§, (Goo, A) is the A-module of continuous group morphisms from

Go (equipped with profinite topology) to (A,+) (equipped with the discrete
topology).

Let U(1) be the class module of 1 (Definition[6.1]). We begin by two lemmas
that might interest the reader beyond the proof of the proposition.

= Extjy g 4(1, 1) = Homy, (Goo, A),

Lemma 7.14. The class module U(1) is zero.
Proof. By Remark [6.1], we have

U(1) = Kuot)/(F[0,] + {g — ¢'V|g € K(t)}).

We have K., = my, + F[f], where m,, = 7'F[#~'] is the maximal ideal of the
local ring Oy, = F[#~'] in the local field K., = F(#~!)). This implies that, for
any

f = antn € Koo<t>a
n=0

up to an element of F[0,¢t], we can assume that f, € m,, for all n > 0. In
particular, the series

go = JaH LI FT

converges in K, and satisfies voo(gn) = Voo(fn). Hence, g := > g,t" is an
element of K (t) such that g — g) = f. We conclude that U(1) = 0. O

Lemma 7.15. We have Ext}\’/lojw;?g’A(]l, 1)=0.

Proof. Let & = Y5 qcit’ € Ky (t) be such that & — 1) e F[6,t]. For i large
enough ¢; € F, and then ¢; = 0. We obtain £ € K [t]. For all i > 0, we have

¢ —cl=u

for a certain z; € F[f]. By Lemma K (¢;) is unramified at closed points
of P4 distinct from oco. But since ¢; € K, K(¢;) is not ramified at oo neither.
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Hence K(¢;) is nowhere ramified and we deduce K = K(¢;) (that is ¢; € K).
This amounts to ¢ € K[t] and then £ € F[f,t] by considering valuations. It
follows that
{€ € Koo(t) | € — €W € F[9, 1]}
[0, ]

We conclude by Proposition [5.33] O]

=0.

Proof of Proposition[7.13. The first isomorphism is induced by ¢ (Corollary
5.20)). For the second one, note that

Tioo t Extiyg e 4 (1, 1) — HY(Goo, A1)

has kernel Ext}\ijvlg’? 4(1,1) and cokernel U(1). Both are zero by Lemmas|7.14
and [7.15] It follows that ry o is an isomorphism. As A(1) is isomorphic to A
with trivial Gu-action, we have H'(Go, A(1)) = Homg, (Go, A) as desired.

[l

Remark 7.16. The fact that Ext}\/lM?g(]L, 1) # 0 is in opposition to what is
expected in the number fields setting [Del, 1.3 (c)].

7.2.2 Positive tensor powers

In view of Proposition and Lemma [7.15] we have proved that

Exti\’/tof\/l;g,A(]l,A(n)) =0

for n < 0. Our next objective is to consider the case n > 0. Because C"

has negative weight, we know by Theorem that Ext}\’/loj\/treg A(LLA(n)) is a
K

finitely generated F[t]-module. Up to isomorphism, it is then determined by
its rank and its torsion submodule.

We begin with a key lemma.

Lemma 7.17. Let n > 0 and let (aq,...,a5) be a generating family of {« €
F[0]| dega < n} over F. The F[t]-module

{€ € Kuo(t) | (t—0)"¢ — €W e F6, 1]}
A(A(n))* + F[0, 1]

admits (£, (t), ..., €, (t)) as generators.

Proof. Let £ € K, (t) be such that (¢t — 0)"¢ — ¢ € F[0,t]. Because K., =
F[0] + M, up to an element of F[#, ], one can assume that the coefficients of
¢ are in my, that is ||€|| < 1. If m € F[#, ] is such that

(t— ) — €V = m,
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we have |m|| < ¢". Therefore, we can write m as a sum
m=> a(t)y, (VO<i<s : at)€F[t])

and we find £ — Y7, a;(t)€, € A(A(n))". This concludes. O
We immediately deduce:

Proposition 7.18. Let n > 0 and let (o, ..., a5) be a generating family of the
F-vector space {a € F[0]|dega < n}. Then ([L,(cs)] | 1 <1 < s) forms a
generating family of the F[t]-module ExtMMmg A1, A(n)).

Proof. By Proposition [5.33] the map { — (& — 7¢n(77€)) is an isomorphism
of F[t]-modules:

—f)ne — ()
lee Km%'e,(:] +0/z(i(n)£)+ S 2 b @

which maps the class of £,(t) to the class [L,(«)], for a € K of degree <
ng/(q — 1). We conclude by Lemma O

We can already answers the question of the rank of Exth® MM, A(1,A(n))
for n > 0, and discuss its torsion submodule in the case ¢ — 1t n.

Proposition 7.19. Forn > 0 and g—1 { n, the F[t]-module ExtMMreg Al
is free of rank n. If ¢ — 1|n, then Ext'® MM, A1, A(n)) has rank n — 1.

1, A(n))

Proof. We have an exact sequence of K .-vector spaces:

(t=0) "Bt 0] | o ihace (1%, ¢ (A(n))).

MAm)ie. = Kool — 0] MHP_

(7.5)
Using the additivity of the dimension in short exact sequences, we find that

Eth\fllZ;i (1,5 _(A(n))) has dimension n if ¢ — 1t n and dimension n —1

if g—1/n. By Theorem [6.4) the same is true for the rank of Ext'; Mmg(]l, A(n)).

If g—1 t n, then the latter module has rank n and admits a family of generators
with exactly n elements (Proposition [7.18). We deduce that it is free. O

We now describe the torsion submodule of Ext'; Y Mreg(ll, A(n)) for n a pos-

itive multiple of ¢ — 1. Let d,,(f) be the monic polynomlal in F[¢] such that
Extyiges 4(L, A(n)) = F[]*" ! @ F[t]/(da(t).
To give a formula for d,(t), we require the following lemma.
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Lemma 7.20. Let n be a positive multiple of ¢ — 1. There exists a family
(ap(0),a1(0), ..., a,(0)) in F[0] such that ay # 0 and the following identity holds:

ap(0)7" = a1(0) Li, (1) + az(0) Li, (0) + ... + a,(0) Li, (0" 1).
Proof. First, the Euler-Carlitz formula [Carli] implies:
Cc(n) e F(O) 7",
On the other-hand, Anderson-Thakur’s identity [AndT) Thm 3.8.3| yields:
Ce(n) € Spang) {Lin(0') | 0 <i<ng/(g—1)}.

It remains to show that
Spang g, {Lin( N10<i< —ql} = Spang g {Li,(¢") |0 <i<n}. (7.6)
q

To prove the above equality, note the elementary relation given for 0 < a <

n/(q—1):

n

Li, (6°7) = Y (—1)™ <:;> 0m™ Li, (07,

m=0

It implies that Li, (6"**) € Spang {Lin(6") | 0 <i < n + a}, and (7.6)) follows
by induction. |

Remark 7.21. If we impose coprimality of (ao(6),a1(0), ..., a,(0)), a relation as
in Lemma is unique up to an element of F* (see Corollary below).

Remark 7.22. Let o € F[A] with deg v < ng/(¢—1). We deduce from the proof
of Lemma that Li, () belongs to Spang, {Li,(6") | 0 <4 < n}.

The next theorem computes d,(t) in terms of the linear relations among
7™ and the values of polylogarithms.

Theorem 7.23. Let (ag(0),a1(0), ...,a,(0)) be a family of relatively prime el-
ements of F[0] such that ag # 0 for which one has the identity

ap(0)7" = a1(0) Li, (1) + az(0) Li, (0) + ... + a,(0) Li, (6" 1). (7.7)
Then, d,(t) equals the monic ged of (ay(t), ..., an(t)).
We begin with a central proposition.

Proposition 7.24. Let oy, ..., oy, be elements in K whose degrees are <
nqg/q — 1. If there exists ag(6), ..., an(0) in F[0] such that

ao() 7" + a1(0) Li,(ay) + ... + a;n(0) Liy (o) =0
then (—1)"ao(t)w(t)™ + a1(t)€a, (t) + ... + am(t)&a,, (t) € K[t]. In particular
ar(t) - [Ly (1)) + . 4 am(t) - [Ly(am)] = 0

in Ext;jpw(n A(n)).
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Before proving it, we introduce some notations from [Cha¥Yu|. Let

k

o0 @q
Z (t — 09 (t — O - .. (t — §a")n’

k=1

The series Lq,,(t) converges to an element of K ((t));, and according to the

definition of &,(t) in (7.2]), we have &,(t) :== (t — ) "L, (t). We also let

I

which defines an element in C((¢)). Note that we have L, , () = Li,(«) and
() = —1/7. Let us also mention their functional equations:

||
Mi z

i) = (=0

Q(_l) = (t — Q)Qa (QnLa,n)(_l) = al/q( Q)nQn + QnLOé L (78)

The above proposition is proved using the Anderson-Brownawell-Papanikolas
(ABP) criterion [ABP, Thm. 3.11|, and we use the dual t-motive introduced
by Chang and Yu in [ChaYu, (3.5)] to apply the ABP-criterion.

Proof of Proposition[7.23. We write K = F(f) and we fix K an algebraic clo-
sure of K in C,. We assume that we have a non trivial F[f]-linear relation

ag(0)7" 4+ a1(0) Lin (o) + ... + a1 (0) Liy (i) = 0

and further that m is chosen minimal with this property. By [ChaYu, Thm 3.1|
this implies that any strict subset of {7, Li,(a1),...,LLi,(a;,)} forms a set of
algebraically independent series over K.

We use the notation of [ChaYul, in particular let E be the union in Cu((t))
of L{{t)) ranging over finite field extensions L of K inside C,. We consider a
thickening of the system of Chang and Yu [Cha¥Yul (3.5)]:

1 0 0 0
0 (-0 0 0
O = D(ag, .o, ) = | O 1/q(t_9) 1o
0 1/q(t_e) 0 - 1
1
Q)"

U =U(ag,...an) = Q)" Loy ()
Q(t)"L:am,n(t)

Note that the entries of ¥ are in E and that ® is invertible over K(t) with
determinant (t — ). The functional equations (7.8)) imply that U(-V = oW,
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Therefore, we are in position to apply the criterion of Anderson-Brownawell-
Papanikolas [ABP, Thm 3.1.1]. The latter implies that the K [t]-module

L=A{q.,q0,qm € f([t] | ()" +qo(t)+q1 (1) Q2" Loy i+ -+ (£) Q2" Ly, n = 0}

is nonzero. It is also torsion-free. To compute its rank, let ¢ = (g, o, -+, ¢m)
and ¢ = (¢, 4}, -.-,q,,) be two elements of L. Then set r := q,q — ¢nd €
L and write r; (i € {w,0,...,m}) for its coordinate, knowing that r,, = 0.
We want to show that » = 0. If one r; was not divisible by (¢ — 6), then
evaluating at ¢t = 6 would give a non trivial K-linear relation among elements
of the set {1,7", Li,(c1),..., Lin(oum—1)}. Because such a relation does not
exist by minimality (and using [ChaYul, Thm. 3.1]), (¢t — ) divides r; for all i €
{w,0,...,m}. If r # 0, there would exist a maximal integer k such that (¢ —6)*
divides r; for alli € {w,0,...,m}. Dividing r by (t—0)* and evaluating at ¢t = 6
would give a non trivial K-linear relation between 1, 7", Li, (), ..., Li, (1),
which does not exist by assumption.

We deduce that L is a free K [t]-module of rank 1. Let (p,(t), po(t), .., pm(t))
be a generator of L. By definition, we have

Pu(t)" + po(t) + pr(O)" Loy + oo + 0 ()" Loy, o = 0 (7.9)

Applying map f — f(-1 to this equation and using the functional equation
yields a new relation in L

+p0(t)( Y +p ( )" Loy + - +p ( )Q" Loy =0

which has to be the same as (7.9) up to a factor in K[t]. We let h(t) € K[t]
be the proportionality factor (note that h has degree 0). For all j € {0, ..., m},
p;(t) is a solution of the linear equation

(E): p)"Y = h(t)pt), plt) € K[t].

Because at least one of the p;(t) is nonzero, (£) admits a non-zero solution.
The solutions of (F) forms a free F[t]-module of rank 1, and we let A(t) € K[t
be a generator. Therefore, for all j € {0,...,m}, there exists b;(t) € F[t] such

that p; (t) = b; ()A(t).
Let us consider

m

(1) :=bo()Qt) ™ + > bj(t)La, n(t).

Jj=1

We have I'(t) = —p,(t)/A(t) and therefore is an element of K (t). T'(¢) further
satisfies the functional equation

NG - I _ > bty (7.10)
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By (7.10)), if I" has a pole at  in K then I" has a pole at 2¢. Thus, if I'(¢) # 0,
all its poles must be in F. In particular, there exists d(t) € F[t] nonzero such
that d(t)['(t) € K[t]. It also follows from that d(¢)I'(¢) has a zero of
order n at t = . Since the power series expansion of L, ,(t) in ¢ belongs to
K[t], we deduce that d(t)I'(t) € (t — 0)"K[t]. We obtain the relation

m

d(t)bo()) ™ + 3 d(£)b;(t) Lay n(t) € (t — )" K1) (7.11)

J=1

where the d(t)b;(t) € F[t] (j € {0,...,m}) are not all zero. If the tuples
((=1)"aq, ..., ay,) and (dby, ..., db,,) were linearly independent in F[t]™ ! eval-
uating at t = 6 would have give another independent relation between
7" Lin (o), ..., Liy (ayy,) which does not exists by minimality. Hence (ay, ..., ay,)
depends linearly on (dby, ..., db,,) and

(1) ao()Q) ™ + Y aj(t)La, n(t) € (t — 0)"K[t].
j=1
Dividing out by (¢ — 0)™ yields the desired relation. O

Proof of Theorem[7.23. Let f be the F[t]-linear morphism

Fit] 1&Ft-0&- - &F[t] 0" — Ext}s e (1, A(n))

which maps ¢(t, 0) to ¢((t —6)"q(t,0)). It is surjective, and its kernel is a free
F[t]-module of rank 1. Because of (7.7)), Proposition implies that
ai(t) - [Ly, (D] + ... + an(t) - [L,(0"71)] = 0

in Exti\’/lof\/l??g’A(]l,A(n)). This yields F[t](a;(t) - 1 + ... + a,(t) - ") C ker f.

Let d(t) be the ged of (ay(t), ...,a,(t)). Then, ker f is of the form

ai(t) an(t) .1
R oL )

ker £ =51 gl0) -

for some monic polynomial g(t) with g(¢)|d(¢). The theorem follows once we
proved that ¢(t) = d(t). By definition of ker f, we have

o0) (G L]+ S (L0 =0

[e.o]

in Ext}\’/l M A
using Proposition [7.10, we obtain that the series:

ao(0)g(0) ., 9(0)

(1, A(n)). By applying Reg’(A(n)) to the above element and

=—= Li, (1 Li Li, (6" !
d(9) T d() (a1(0) Lin(1) 4 a2(0) Lin(6) + ... + an(6) Lin(6"77))
belongs to F[0]7". Because d() is prime to ag(#) # 0, we have d(6)|g(0) which
concludes. O
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Corollary 7.25. Assume that n = ¢*(q — 1) for some k > 0. Then, as F[t]-
modules:

Extyitie a(1, A(n)) = Fl" ' @ Fle)/( " — 1),
Proof. The case k = 0 follows from the well-known identity (e.g [ChaYu, Thm.
4.1+4.2]):
fa-1
01 — 6
which implies d,_1(t) = t¢ — t by Theorem . Raising the latter identity to
the power ¢*, for k > 0, yields (92" — 7" )Lln( ) = @". We obtain the general
case by Theorem [7.23] O

Lig-1(1) =

Corollary 7.26. Ifn is a positive multiple of g—1, a relation as in Lemma[7.20
such that (ag(0), ...a,(0)) are relatively prime is unique, up to a multiplicative
factor in F*.

Proof. 1f it was not true, then the F[¢t]-module

{€ Koolt) | (t —0)"€ — €W € FlO, 1]}
F[0,t] + A(A(n))
would have have rank < n—2 by Proposition[7.24] This is absurd by Theorem
(1l O

7.3 Algebraic independence of Carlitz’s polylog-
arithms

Let n > 0 and let a,..., a,, be elements of K = F(#) whose degrees are
< nq/(q —1). The following theorem states that the knowledge of the mod-
ule structure of Extl, M;;g(]l, A(n)) provides a criterion to spot the algebraic

independence of the series 7, Li, (1), ..., Liy ().
Theorem 7.27. The following are equivalent:
(i) The series 7, Liy(ay), ..., Lin(au,) are algebraically independent over K,

(17) The extensions [L,(c1)], ..., [L,(am)] are linearly independent in the
F[t]-module Ext}wMgg(]l, A(n)).

Proof. Assume . Then, in particular, 7", Li,(a1), ..., Li,(a,,) are linearly
independent over K. This implies that the series &,, (%), ..., &a,,(t) are F[t]-
linearly independent in

{€eCult) | (t—0)"¢ — €W € F(O)[H]}
1, 1 Flfw(t)" + F(O)[1]

(7.12)

(indeed, lifting such a linear relation in Cy((t — 6)) would have led to a K-
linear relation among 7", Li,(ay), ..., Li,(ay,) by observing the first nonzero
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coefficient in the (¢ — #)-expansion). By Proposition the F[t]-module
(7.12)) is isomorphic to Ext}, M‘;ﬁg(ﬂv A(n)) and to the class of &,(t) corresponds
(L, ()] follows.

Conversely, suppose the series 7, Li,(aq), ..., Li,(a,,) are algebraically de-
pendent over K. By [ChaYul, Cor. 3.2 (and its proof), #", Li, (), ..., Lin ()
are linearly dependent over K. By Proposition [7.24] we deduce that the series
Ear(t), -y &, (1) are Flt]-linearly dependent in (7.12)). It yields that [L, (cq)],
ceey [Ly, ()] are linearly dependent in the F[¢]-module Ext}\/er;g(]l,A(n)) as
desired. O

Let n > 0 and let (aq, ..., a,) be a basis of {« € F[#]| dega < n} over F. Re-
peated from Theorem G in Chapter [0 we prove the following two consequences
of the previous sections:

Corollary 7.28. If ¢ — 11 n, the series 7, Li,(au), Lin(g), ..., Lin(ay) are
algebraically independent over K.

Proof. If ¢— 14 n, the family of elements [L, («;)] (i € {1,...,n}) forms a basis
of Ext;\’/lof\/l?gﬁ(ﬂ, A(n)) and therefore are linearly independent in Ext}MM?g (L, A(n)).
We conclude by Theorem [7.27] O

Remark 7.29. If ¢ — 1|n, a linear relation among 7", Li, (1), Li,(ag), ...,
Li, (cv,) was shown to exist in Lemma [7.20}

Corollary 7.30. Forn > 0, the family (Li,(cu), ..., Li,(an)) is algebraically
independent over K.

Proof. The case where ¢ — 1 does not divide n is contained in Corollary [7.30]
We prove the case where ¢ — 1|n. By Lemma [7.20| there exists a relation

ag(0)7" = a1(0) Liy (o) + ... + an(0) Li, (o) (7.13)

where (ag(f), ..., a,(0)) is a coprime family in F[f] with ag # 0. By Proposition
7.24|together with the fact that Ext}\’/lojvl;g(]L A(n)) has rank n—1, any relation
of the form by (0) Li, (a1) + ... + b,(0) Li, () = 0 (b;(0) € F[0]) is proportional
to the relation ([7.13]). Because ag # 0, the proportionality factor must be zero.
Hence, the family (Li, (1), ..., Liy(c,)) is linearly independent over K. Tt is

algebraically independent over K by [ChaYu, Cor. 3.2 as desired. [

7.4 Beilinson’s first conjecture for Carlitz tensor
powers

We end this text by giving an equivalent formulation of Beilinson’s conjecture
(Definition in the case M = A(n) (with n > 0).
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Let a € K be such that degov < ng/(q — 1). For 0 < k < n, let Li¥(a) be
the element of K, defined by the formula:

il (o il i1 q,
£alt) = (I;”_(Q)zl T (tL_";)n)l et L<Té>) (Kt - 0])

where £, (t) is defined by (7.2). By construction, Lil% () = Li, (). We record:

Proposition 7.31. Forn > 0, the following are equivalent:
(1) Beilinson’s conjecture is true for M = A(n),

(i1) Given a basis (aq, ..., o) of {a € F[]| deg(a) < n} over F, the matrix

Lif%ar)  Lill(es) - Lil’(ay)
LilY (v LilY (o e Ll a,
Lif (an) L (an) -+ Lil'™(an)

is invertible in M,,(Kx).
Remark 7.32. Assertion does not depend on the choice of the basis.

Proof of Proposition|7.31. We have the following commutative diagram with
exact rows (Theorem [5.34)):

o {6 Kot - 0)¢ — ¢ e B, 1}

AA(n)j Fo. @ Koo Extj\ﬁigﬂ(l, A(n)) ®4 Koo
lﬂd Jeme l%ﬁ; (4tn)
t—0) Ko [t—0 .
AL - » el =] b Extlle (17,67 (A()

By Theorem the K .-vector space

{6 € Kult)l(t = 0)°¢ — €0 € o, 1]}
F[9, 1]

has dimension n. Because the class of the family (&, ...,&,,) In is
generating (Lemma , it is a basis. The matrix (Li¥(a;));; represents
the middle vertical K.-linear morphism in the bases (§,,(t) | 1 < i < n) of
the source space and ((t — 0)" 7 | 0 < j < n) of the target space. There-
fore, (Li¥)(a;));; is invertible if and only if the middle vertical morphism is
an isomorphism. By the Snake Lemma, the latter assertion is equivalent to
Beilinson’s conjecture for A(n) (Definition [6.5). The proposition follows. [

(7.15)

Corollary 7.33. Beilinson’s conjecture is true for M = A(1).

Corollary 7.34. Beilinson’s conjecture is false for M = A(n) whenever n is
a multiple of the characteristic p of F.

Proof. If p|n, then, from (7.2)), Li () = 0 whenever p { i and for every a. In
particular, the matrix in is not invertible. O]

172



Bibliography

[And]

|ABP|

[AndT]

[Andrl]

[Andr2]
[ANT]

[Beil]

[Bei2]

[BeiDe]

[BeaLal
[BocHal
[BorHal
[BLR]
[Bos|
[Bou]

[BroPal]

[Carli|

G. W. Anderson, t-motives, Duke Math. J. 53, no. 2 (1986).

G. W. Anderson, W. D. Brownawell, M. A. Papanikolas, Determination of the
algebraic relations among special I'-values in positive characteristic, Ann. of Math.
160 (2004).

G. W. Anderson, D. S. Thakur, Tensor Powers of the Carlitz Module and Zeta
Values, Ann. of Math. 132 (1990).

Y. André, Une introduction aux motifs (Motifs purs, motifs miztes, périodes),
Panoramas et Synthéses (2004).

Y. André, Slope filtrations, Confluentes Mathematici vol. 1 (2009).

B. Anglés, T. Ngo Dac, F. Tavares-Ribeiro, A class formula for admissible Ander-
son modules, preprint (2020).

A. A. Beilinson, Notes on absolute Hodge cohomology, Applications of algebraic
K-theory to Algebraic geometry and number theory (1986).

A. A. Beilinson, Higher regulators and values of L-functions, Journal of Soviet
Mathematics 30 (1985).

A. A. Beilinson, P. Deligne, Interprétation motivique de la conecture de Zagier re-
liant polylogartihmes et régulateurs, Proceedings of Symposia in Pure mathematics
(1994).

A. Beauville, Y. Laszlo, Un lemme de descente, C. R. Acad. Sci. Paris Sér. I Math.
320 (1995).

G. Bockle, U. Hartl, Uniformizable families of t-motives, Transactions of the Amer-
ican Mathematical Society 359, n. 8 (2007).

M. Bornhofen, U. Hartl, Pure Anderson motives and abelian T-sheaves, Math. Z.
268 (2011).

S. Bosch, W. Liikebohmert, M. Raynaud, Néron Models, Ergebnisse der Mathe-
matik, Vol. 21 (1990).

S. Bosch, Lectures on Formal and Rigid Geometry, Lecture Notes in Mathematics
2105 (2014).

N. Bourbaki, Algebre (A), Algébre commutative (AC).

W.D. Brownawell, M. A Papanikolas, A rapid introduction to Drinfeld modules,
t-modules and t-motives, t-Motives: Hodge Structures, Transcendence, and Other
Motivic Aspects, European Mathematical Society, Ziirich (2020).

L. Carlitz, On certain functions connected with polynomials in a Galois field, Duke
Mathematical Journal, 1(2) (1935).

173



Motivic Cohomology in Function Fields Arithmetic Q. Gazda

[Carls]

[ChaYu]

[Con]|
[DaOrR]

[Dell]
[Dell]
[Del]

[FonOu|
[Garl]

[Gar2]

[Gar3]
[GazMa|

[EGA]

[EGNO]

[Harl]

[Har2]

[HarKij]

[HarPi]

[HarJu]

[Janl]

[Jan2|

[Kat1]

[Kat2]

J. A. Carlson, Eztensions of mired Hodge structures, Journées de Géometrie Al-
gébrique d’Angers 1979, Sijthoff Nordhoff, Alphen an den Rijn, the Netherland
(1980).

C-Y. Chang, J. Yu, Determination of algebraic relations among special zeta values
in positive characteristic, Advances in Mathematics, Volume 216, Issue 1 (2007).

K. Conrad, A Multivariate Hensel’s Lemma, (pdf).

J-F. Dat, S. Orlik, M. Rapoport, Period Domains over Finite and p-adic Fields,
Cambridge Tracts in Mathematics (2010).

P. Deligne, Théorie de Hodge I, Actes, Congrés intern. math. Tome I (1970).
P. Deligne, Théorie de Hodge II, Inst. Hautes Etudes Sci. Publ. Math. 40 (1971).

P. Deligne, Le Groupe Fondamental de la Droite Projective Moins Trois Points,
Galois Groups over Q (1989).

J.-M. Fontaine, Y. Ouyang, Theory of p-adic Galois Representations, (pdf).

F. Gardeyn, A Galois criterion for good reduction of T-sheaves, Journal of Number
Theory, Vol. 97 (2002).

F. Gardeyn, The structure of analytic T-sheaves, Journal of Number Theory, vol-
ume 100, 332-362 (2003).

F. Gardeyn, t-Motives & Galois Representations (2001).

Q. Gazda, A. Maurischat, Special functions and Gauss-Thakur sums in higher rank
and dimension, Journal fiir die reine und angewandte Mathematik (2020).

A. Grothendieck, Eléments de géométrie algébrique : III. Etude cohomologique
des faisceauz cohérents, Premiére partie, Publications Mathématiques de 'THES,
5-167, Vol. 11 (1961).

P. Etingof, S. Gelaki, D. Nikshych, V. Ostrik, Tensor Categories, Mathematical
Surveys and Monographs, vol. 205 (2015).

U. Hartl, Period Spaces for Hodge Structures in Equal Characteristic, Ann. of Math
173, n. 3 (2011).

U. Hartl, Isogenies of abelian Anderson A-modules and A-motives, Annali della
Scuola Normale Superiore di Pisa, Classe di Scienze XIX (2019).

U. Hartl, W. Kim, Local Shtukas, Hodge-Pink Structures and Galois Representa-
tions, t-motives: Hodge structures, transcendence and other motivic aspects, EMS
Congress Reports, European Mathematical Society (2020).

U. Hartl, R. Pink, Analytic uniformization of A-motives, in preparation.

U. Hartl, A.-K. Juschka, Pink’s Theory of Hodge Structures and the Hodge Conjec-
ture over Function Fields, t-motives: Hodge structures, transcendence and other
motivic aspects, EMS Congress Reports, European Mathematical Society (2020).

U. Jannsen, Mized Motives and Algebraic K - Theory, Lecture Notes in Mathematics
1400 (1990).

U. Jannsen, Mized Motives, Motivic Cohomology, and Ezt-Groups, Proceedings of
the International Congress of Mathematicians (1995)

N. Katz, Une nouvelle formule de congruence pour la fonction ¢, Exposé XXII
SGAT t. II, Lecture Notes in Mathematics (340) (1973).

N. Katz, Slope filtrations of f-crystals, Astérisque, tome 63 (1976).

174


https://kconrad.math.uconn.edu/blurbs/gradnumthy/multivarhensel.pdf
https://www.imo.universite-paris-saclay.fr/~fontaine/galoisrep.pdf

Motivic Cohomology in Function Fields Arithmetic Q. Gazda

[KaF|

[Ked|
[LafV]

[Lau]
[Mau]

[Mo1]
[Mor2]

[Nek]|

[Ney]
[Pap]
[PapRal]

[PetSt]

[Pos]
[Pin]
[Quil]
Qui2)
[Ros]

[Sch]

[Serl]

[Ser2]
[Ste]

[Tael]

F, Kazuhiro, K., Fumiharu Foundations of rigid geometry. 1., EMS Monographs
in Mathematics (arxiv version) (2018).

K. S. Kedlaya, Notes on Isocrystals, |(pdf) (2018).

V. Lafforgue, Valeurs spéciales des fonctions L en caractéristique p, Journal of
Number Theory, Vol. 129, 10 (2009).

G. Laumon, Cohomology of Drinfeld modular varieties. Part I., Cambridge Studies
in Advanced Mathematics, 41. Cambridge University Press, Cambridge (1996).

A. Maurischat, Algebraic independence of the Carlitz period and its hyperderiva-
tives, preprint (2021).
M. Mornev, Shtuka cohomology and Goss L-values, PhD thesis (2018).

M. Mornev, Tate modules of isocrystals and good reduction of Drinfeld modules,

Algebra and Number Theory, Vol. 15 no. 4 (2021).

J. Nekovar, Beilinson’s conjectures (English summary) Motives (Seattle, WA,
1991), 537-a4AS9570, Proc. Sympos. Pure Math., 55, Part 1, Amer. Math. Soc.,
Providence, RI (1994).

J. Neukirch, Algebraic Number Theory, Grundlehren der mathematischen Wis-
senschaften 322 (1999).

M. A. Papanikolas, Tannakian duality for Anderson-Drinfeld motives and algebraic
independence of Carlitz logarithms, Invent. Math. 171 no. 1 (2008).

M. A. Papanikolas, N. Ramachandran, A Weil-Barsotti formula for Drinfeld mod-
ules, Journal of Number Theory, Volume 98, Issue 2 (2003).

C. A. M. Peters, J. H. M. Steenbrink, Mized Hodge Structures, Ergebnisse der
Mathematik und ihrer Grenzgebiete. 3. Folge / A Series of Modern Surveys in
Mathematics 52 (2008).

L. Positselski, Mized Artin-Tate motives with finite coefficients, Moscow Math.
Journ. 11 no. 2 (2011).

R. Pink, Hodge Structures over Function Fields, preprint (1997).

D. Quillen, Higher algebraic K-theory. I, in Algebraic K-theory, I: Higher K-
Theories (Proc. Conf., Battelle Memorial Inst., Seattle, Wash., 1972), Lecture
Notes in Math. 341, Springer-Verlag, New York (1973).

D. Quillen, Projective modules over polynomial rings. Invent Math 36 (1976).

M. Rosen, Number theory in function fields, Graduate Texts in Mathematics, 210
(2002).

A. J. Scholl, Remarks on special values of L-functions, L-functions and Arith-
metic, Proceedings of the Durham Symposium, July, 1989 (J. Coates and M. J.
Taylor, eds.), London Mathematics Society Lecture Notes Series, vol. 153, Cam-
bridge University Press, Cambridge, New York, Port Chester, Melbourne, Sydney
(1991).

J.-P. Serre, Corps locauzr, Publications de I'Institut de Mathématique de
I'Université de Nancago, VIII. Actualités Sci. Indust., No. 1296 (1962).

J.-P. Serre, Galois Cohomology, Springer Monographs in Mathematics (1997).

R. Steinberg, Endomorphisms of linear algebraic groups, Memoirs of the American
Mathematical Society, No. 80 (1968).

L. Taelman, Artin t-motifs, Journal of Number Theory, Volume 129, Issue 1 (2009).

175


https://arxiv.org/pdf/1308.4734.pdf
https://arxiv.org/abs/1606.01321

Motivic Cohomology in Function Fields Arithmetic Q. Gazda

[Tae2]
[Tae3]
[Taed]

[Taeb]
[TagWa)
[Tag]

[Tam]|

[Stack]
[Wei]

[tMo]

L. Taelman, A Dirichlet unit theorem for Drinfeld modules, Math. Ann. 348 (2010).
L. Taelman, Special L-values of Drinfeld modules, Ann. of Math. 175 (2012).

L. Taelman, Sheaves and functions modulo p, lectures on the Woods-Hole trace
formula, LMS Lecture Note Series, volume 429 (2015).

L. Taelman, 1-t-motifs, t-motives: Hodge structures, transcendence and other mo-
tivic aspects, EMS Congress Reports, European Mathematical Society (2020).

Y. Tagushi, D. Wan, L-functions of p-sheaves and Drinfeld modules, Journal of
the American Mathematical Society, vol. 9, no. 3 (1996).

Y. Taguchi, The Tate conjecture for t-motives, Proc. Amer. Math. Soc. 123, no.
11 (1995).

A. Tamagawa, Generalization of Anderson’s t-motives and Tate conjecture, in
Moduli Spaces, Galois Representations and L-Functions, Siirikaisekikenkyiiho
Kokyuoroku, no. 884 (1994).

The Stacks project authors, The Stacks project, https://stacks.math.columbia.
edu/ (2021).

C. Weibel, An Introduction to Homological Algebra, Cambridge Studies in Ad-
vanced Mathematics (1994).

EMS Series of Congress Reports, t-Motives: Hodge Structures, Transcendence and
Other Motivic Aspects, Editors: G. Bockle, D. Goss, U. Hartl, M. A. Papanikolas
(2020).

176


https://stacks.math.columbia.edu
https://stacks.math.columbia.edu




Résumé : Les invariants arithmétiques les plus profonds attachés a une variété algébrique définie sur un
corps de nombres sont conjecturalement capturés par sa dénommée cohomologie motivique. Les valeurs
de fonctions L et les K-groupes de variétés en sont quelques exemples. Cette these dépeint le portrait
analogue pour les corps globaux de caractéristique positive. L’objectif principal est de décrire les groupes
d’extensions dans certaines catégories de A-modules d’Anderson et de montrer un théoreme de finitude.
Nous concluons par une discussion sur la premiere conjecture de Beilinson en arithmétique des corps de
fonctions. Pour terminer, nous expliquons comment nos résultats s’appliquent pour étudier les relations
algébriques entre les valeurs des polylogarithmes de Carlitz.

Mots clés : Cohomologie motivique ; A-modules d’Anderson ; Conjectures de Beilinson ; Polylogarithme
de Carlitz.

Motivic cohomology in the arithmetic of function fields

Abstract : The deepest arithmetic invariants attached to an algebraic variety defined over a number
field are conjecturally captured by its so-called motivic cohomology. Values of L-functions and K-groups
of varieties are some examples. This thesis describes the analogous picture for global fields in equal
characteristic. The main objective is to compute the extension modules in various categories of Anderson
A-motives and to prove a finiteness theorem. We conclude with a discussion on Beilinson’s first conjecture
in function fields arithmetic. Finally, we explain how our results apply to investigate algebraic relations
among values of Carlitz polylogarithms.

Keywords : Motivic cohomology ; Anderson A-modules ; Beilinson’s conjectures ; Carlitz polylogarithm.
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