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Résumé détaillé en Francais

1 Estimations de Schauder pour des équations de
Kolmogorov Stables Dégénérées

Nous présentons dans ce chapitre des estimations globales de type Schauder pour une
chaine d’équations intégro-différentielles partielles (EIDP) dirigées par un opérateur
dégénéré stable de type Ornstein-Uhlenbeck qui peut étre perturbé, pour le terme d’ordre
un, par une composante déterministe, lorsque les coefficients appartiennent a des espaces
de Hélder anisotropes convenables. Notre approche suit une méthode perturbative basée
sur des développements parametriz progressifs et, en raison des faibles propriétés de
régularisation sur les composantes dégénérées et de certaines limites d’intégrabilité liées
a l'indice de stabilité, elle exploite également des résultats de dualité entre les espaces de
Besov. En particulier, notre méthode s’applique également a certains cas sur-critiques.
Grace a ces estimations, nous sommes en mesure de montrer en plus le caractere bien
posé de 'EIDP considérée dans un espace fonctionnel convenable. Ce travail a donné
lieu & une publication [Mar20] dans le Bulletin des Sciences Mathématiques.

2 Estimations de Schauder pour des Opérateurs de
Lévy dégénérés des Type Ornstein-Uhlenbeck

Nous établissons des estimations de Schauder globales pour des équations intégro-
différentielles partielles (EIDP) dirigées par un opérateur de Lévy éventuellement dégé-
néré de type Ornstein-Uhlenbeck, a la fois dans le contexte elliptique et dans le contexte
parabolique, en utilisant des espaces de Holder anisotropes convenables. Les opérateurs
que nous pouvons considérer s’écrivent comme la somme d’une partie linéaire d’ordre un
et d'un opérateur de Lévy qui est comparable, dans un sens convenable, a un opérateur
stable qui peut étre tronqué. La classe d’opérateurs considérée comprend par exemple les
opérateurs stables relativistes, tempérés, stratifiés ou de type Lamperti. Notre méthode
ne suppose ni la symétrie de 'opérateur de Lévy, ni I'invariance des dilatations pour la
partie linéaire de I'opérateur. Grace a ces estimations, nous pouvons également obtenir
le caractere bien posé de I’équation considérée dans un espace fonctionnel convenable.
Dans la derniere section, nous étendons certains de ces résultats a des opérateurs plus
généraux qui comportent également une composante non linéaire d’ordre un dépendante
de 'espace et du temps. Ce travail a été publié dans le Journal of Mathematical Analysis
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Résumé

and Applications (cf. [Mar21]).

3 Caractere bien posé faible pour des EDS de Kol-
mogorov dirigées par des processus de Lévy

Dans ce chapitre, nous étudions les effets de la propagation d’un bruit de Lévy non
dégénéré a travers une chaine d’équations différentielles déterministes dont les coefficients
sont continus Holder et vérifient une condition de Hormander faible. En particulier, on
suppose la non-dégénérescence de la dérive par rapport aux composantes qui transmettent
le bruit. Pour certaines dynamiques spécifiques, nous caractérisons davantage a travers
des contre-exemples convenables, les exposants de régularité quasi-optimaux qui assurent
le caractere faiblement bien posé pour l'équation différentielle stochastique (EDS)
associée. Comme corollaire de notre approche, nous obtenons également des estimations
de type Krylov pour la densité des solutions faibles pour 'EDS considérée. Rédigé
en collaboration avec Stéphane Menozzi, ce chapitre est désormais disponible en pré-
publication (cf. [MM21]).

4 Sur les constantes optimales dans les estimations
de Sobolev et Schauder pour des équations dégé-
nérées de Kolmogorov

Dans ce chapitre, nous considérons un opérateur d’Ornstein-Uhlenbeck de type Kol-
mogorov de la forme L = Tr(BD?) + (Az, D), ot A, B sont des matrices qui vérifient
une condition de Kalman équivalente a la condition d’hypoellipticité. En particulier,
nous montrons le résultat suivant : les estimations de Schauder ou de Sobolev associées
au probleme parabolique de Cauchy correspondant restent valables, et avec la méme
constante, également pour le probleme parabolique de Cauchy associé a une perturbation
du second ordre de L, c’est-a-dire pour L + Tr(S(t)D?), ou S(t) est une matrice N x N
définie non négative qui dépend contintiment du temps ¢. Notre approche est basée sur
une technique de perturbation par processus de Poisson initialement introduite par
Krylov et Priola dans [KP17]. Ce chapitre a été réalisé en collaboration avec Stéphane
Menozzi et Enrico Priola et a donné lieu a une pré-publication (cf. [MMP21]).




Chapitre 1

Introduction

1 Le modele considéré

Cette these de doctorat porte sur ’étude des phénomenes de régularisation par bruit
dégénéré de type Lévy pour des chaines d’équations différentielles éventuellement mal
posées. En particulier, notre objectif principal est de déterminer, sous des hypotheses
convenables sur le systeme dégénéré, quelle est la régularité minimale de Holder sur les
coefficients qui assure le caractere bien posé de la dynamique stochastique associée.

Plus précisément, pour un "grand" espace RY et un "petit" espace R¢ (d < N) fixés, on
s'intéresse aux équations différentielles de la forme suivante :

dX, = F(t, X,)dt + Bo(t, X, )dZ, t>0 (1.1)

ou {Z;}i>0 est un processus de Lévy d-dimensionnel sur un espace de probabilité
filtré (2, F,{Fi}i>0,P) et la dérive F: [0, +00) x RY — RY et la matrice de diffusion
o: [0, +00) x RY — RI@R? sont des fonctions Holder continues en espace, uniformément
dans le temps.

Ci-dessus, le processus {Z; };>o est transmis a travers la matrice de diffusion o (gréace a
une propriété d’ellipticité uniforme) sur R? puis immergé dans le grand espace RY a
travers la matrice B dans RY @ R? laquelle on suppose, sans perte de généralité, que
rank B = d.

Une analyse détaillée du comportement bien posé des chaines dégénérées stochastiques de
la forme (1.1) est non seulement importante pour son intérét mathématique intrinseque
mais surtout pour les innombrables contextes scientifiques dans lesquels ce type de
dynamique est utilisé comme modele.
Pour n’en citer que quelques-unes, les diffusions cinétiques dégénérées non locales de la
forme suivante :

{dX} = Fy(t, X}, X2)dt + dZ, 12)

dXt2 = FQ(t7Xt17Xt2>dt>

correspondant a ’Equation (1.1) avec seulement deux composantes (N = 2d), 0 =1 et
B = (Iyxd, 04xq)’, sont souvent utilisés en mécanique hamiltonienne pour les régimes

9



Chapitre 1. Introduction

turbulents ou dans des modeles prenant en compte des phénomenes de diffusion anormaux
tels que, par exemple, la variation de chaleur entre deux matériaux différents en contact
(cf. [BBMO1, EPRB99]). En fait, une dynamique de la forme (1.2) avec Fy(t, x1,22) = 24
peut étre utilisée pour décrire la dynamique de position/vitesse d’'une particule en
mouvement dans un systéme particulier, ot seule la composante de vitesse X! est
perturbée aléatoirement (par exemple en raison d’effets turbulents dus a l'air dans des
régimes élevés a grande vitesse) tandis que la variable de déplacement X? percoit le
bruit aléatoire uniquement par sa dépendance vis-a-vis de la premiere composante. Ce
type de modeles cinétiques dégénérés apparait également comme une limite de diffusion
pour les équations de Boltzmann linéarisées si la fonction d’équilibre est supposée étre
une distribution de type Lévy ([Ale12, MMM11, Mel16, CZ18]). Voir aussi [CPKMO05]
pour une application a la loi d’échelle de Richardson sur la turbulence.

Une autre utilisation naturelle des chaines dégénérées cinétiques de type Lévy apparait
en finance et, en particulier, dans la modélisation de I’évolution temporelle du prix des
options asiatiques, un type particulier de produit dérivé “exotique” (cf. [BNSO1, Bro01,
JYC09, BKH10]). Il s’agit d’options dont le payoff, ¢’est-a-dire combien le titulaire de
I'option gagne a une date d’expiration donnée, dépend de la moyenne des valeurs du
sous-jacent pendant toute la durée de vie du contrat et non de la valeur du sous-jacent
a la fermeture de celui-ci, comme dans la plupart des options européennes courantes.
Cependant, tous les exemples cités ci-dessus ne portent que sur le cas cinétique, lorsque
I’équation (1.3) est composée de seulement deux composantes (N = 2d). Dans le cadre
plus général (N = nd), des modeles du type :

dX! = Fy(t, X}, ..., XM)dt + dZ,
dX? = Fy(t, X},..., X")dt;
dX} = F3(t, X2, ..., XMdt; (1.3)

dXP = F,(t, X; ', XP)dt,

apparaissent par exemple en sismologie lorsque ’on considere la propagation d’une onde
de choc a travers des structures de matériaux différents. De plus, la dynamique de la
forme dans (1.3) est souvent utilisée pour représenter des oscillateurs élasto-plastiques
inter-connectés, c’est-a-dire des systémes de ressorts reliés entre eux, ot une perturbation
aléatoire n’est appliquée qu’au premier (cf. Figure 1). A ce propos, voir par exemple
[BT08, BMPT09] dans un contexte diffusif.

Plus généralement, les modeles qui considerent des bruits de type Lévy apparaissent
plus polyvalents et réalistes puisqu’ils permettent la présence de sauts aléatoires dans la
dynamique, contrairement au cas brownien.

Pour mettre en évidence le contexte plus général dans lequel s’inscrit notre probleme
spécifique, nous commencons cette these par une bréve présentation de la théorie de la
régularisation par le bruit.

10



Section 2. Régularisation par le bruit

1<1q <1+

=

FIGURE 1.1 — Oscillateurs élasto-plastiques interconnectés de [DM10].

2 Régularisation par le bruit

Pour un point initial fixé z dans R”, la théorie classique de Cauchy-Lipschitz assure

qu'une équation différentielle ordinaire du type :

dX; = F(t, X;)dt;

' (t, %) (2.4)
XO =7,

admet une solution globale unique si la dérive F' est suffisamment réguliere, c’est-a-dire
Lipschitz continue et croit au plus linéairement.

Par la suite, ce résultat classique a été étendu par plusieurs auteurs sous des conditions de
plus en plus faibles pour la régularité de la dérive F'. A cet égard, on rappelle la fameuse
théorie des flots de DiPerna-Lions dans [DL89] ot sont considérées des dérives seulement
faiblement Lipschitz continues (i.e. dans les espaces de Sobolev) et la généralisation de
ce résultat aux dérives a variation bornée (cf. [Amb04, CDL08]). Cependant, tous les
travaux cités ci-dessus partagent une sorte de condition de bornitude sur les dérivées de
F' qui, au moins dans le cas de dérives homogenes dans le temps, peut s’écrire sous la
forme div F in L= (RY).

L’affaiblissement de cette condition sur la divergence permet immédiatement 1’émergence
de modeles spécifiques qui réfutent le caracteére bien posé de 1'équation (2.4).

Un contre-exemple classique est donné par le modele dit de Peano obtenu a partir de
(2.4) en imposant d = 1 et F(s,x) = sgn(z)|z|® pour une certaine valeur 8 dans (0, 1).
En fait, il n’est pas difficile de montrer que cette équation, avec point initial z = 0, a un
nombre infini de solutions de la forme :

_1 _1
X, = (1= B) ™5 gy o) () (t = To) ™7, £ 0, (2.5)

ou 7Ty > 0. Intuitivement, la présence de la singularité a l'origine du systeme, ou la
dérive F' n’est pas Lipschitz réguliere, permet de piéger les solutions en ce point pour
une durée quelconque. Ce type de phénomene est souvent appelé bifurcation des flux.
Nous nous sommes concentrés ici uniquement sur un contre-exemple avec une dérive
Holder réguliere et uniquement sur le probléme de la non-unicité des solutions car ce sera
le contexte que nous considérerons. Des phénomenes différents et plus variés peuvent
effectivement se produire (cf. [Flall, DL89]), incluant, par exemple, la coalescence des
flux, c’est-a-dire la collision de solutions a partir de points initiaux différents, voire
I'inexistence de solutions.

11



Chapitre 1. Introduction

Régularisation par bruit Brownien non-dégénéré. La situation change radica-
lement si un bruit aléatoire est ajouté au systeme, c’est-a-dire si ’on consideére, au lieu
de I’équation déterministe (2.4), sa contrepartie stochastique donnée par

2.6
Yo - 2. (2.6)

{dXt = F(t, X})dt + o(t, X,)dWy;
ou {Ws}s>0 est un mouvement Brownien sur RY. En effet, la présence d’un bruit aléatoire
“suffisamment” intense peut effectivement restaurer le caractere bien posé du systeme.
Pour la dynamique de Peano stochastique avec bruit évanescent (cf. Equation (2.6)
avec o = € petit et F(t,z) = sgn(z)|z|?), ce phénomene a été mis en évidence par
Delarue et Flandoli dans [DF14] (voir aussi [BB81]) : en peu de temps, les fluctuations
de bruit dominent le systeme de sorte que la solution peut échapper a la singularité en
zéro, tandis qu’en longtemps, la dérive F' domine le bruit et force alors la solution a
fluctuer autour d’une des deux solutions extrémes (cf. Equation (2.5) avec Ty = 0). Il
est donc important de mettre en évidence comment, en peu de temps, il existe une forte
compétition entre I'irrégularité de la dérive et les fluctuations moyennes du bruit.
Nous soulignons, cependant, que dans le contexte stochastique, un soin particulier doit
étre apporté a ce que 'on entend exactement par unicité de solution pour I’équation
(2.6).

Une solution faible de la dynamique stochastique dans (2.6) sera une paire de processus
{(Xt, Wi) }is0 ot {W;}i>0 est un un mouvement Brownien sur une base stochastique
(Q,F,F;, P) pendant {X;}>o vérifie 'équation (2.6) par rapport au bruit W;. Intuitive-
ment, le mouvement Brownien {W;};>¢ est ici construit et fait lui-méme partie de la
notion de solution. On dira alors que 'unicité au sens faible est vraie pour ’'Equation
(2.6) quand & chaque paire de solutions faibles {(X}, W}')}is0 et {(X2, W2)}iso, les lois
marginales des processus { X/ };>0 et{X?}:>0 coincident. Nous soulignons en particulier
que cette notion d’unicité ne nécessite méme pas que les deux solutions soient définies
sur la méme base stochastique.

Par contre, une solution {X;};>o de 'Equation (2.6) est appelée fort si, étant donné
un bruit {W;};>0, X; vérifie I’équation donnée par rapport a W; et est adaptée a la
filtration naturelle de {W;}+>¢. Intuitivement, une solution forte {X;};>o peut étre vue
a tout instant ¢ comme une fonctionnelle de bruit W; donnée en entrée du systeme.
Une méthode habituelle pour établir la forte unicité des dynamiques stochastiques telles
que (2.6), c’est-a-dire, lorsqu’une solution forte est unique pour un bruit W; donné, c’est
exploiter le théoreme de Yamada-Watanabe (cf. [YWT71]) qui assure le caractere bien
posé au sens fort de dynamique a partir de 'existence de solutions faibles et d’unicité
de trajectoire, c’est-a-dire lorsque deux processus de solution sont indiscernables.

Dans un contexte Brownien, il a été montré qu’une dynamique stochastique non-dégénérée
telle que (2.6) est bien pose au sens faible des que la dérive F' est mesurable et bornée et
que la la matrice de diffusion o est uniformément elliptique et seulement continue dans
I'espace. Ce résultat a été obtenu par Stroock et Varadan [SV79] a travers la célebre
théorie du probleme de martingale.

Ces dernieres années, une grande attention a également été accordée a des dynamiques au
bruit additif (i.e. o = 1) et dérives de type distributionnel dans I’espace, en particulier

12



Section 2. Régularisation par le bruit

pour leur connexion avec certains modeles physiques en théorie des matériaux (cf.
[AKQ14, Bro86]). Un premier résultat a cet égard peut étre trouvé dans [FIR17] ou une
dérive F' est considérée comme in-homogene dans le temps et appartenant a un espace
de Holder d’indice négatif mais strictement supérieur a —1/2. Pour une présentation
plus précise de ces espaces de Holder négatifs, le lecteur est renvoyé a [FH14], Section 13.
Par la suite, Delarue et Diel dans [DD16] ont prouvé que le méme résultat est valable
méme si 'on considere des indices de régularité qui ne sont supérieurs qu’'a —2/3, mais
uniquement pour la dynamique unidimensionnelle. Ce travail a finalement été étendu au
cas multidimensionnel en [CC18]. Nous mentionnons également les travaux de Bass et
Chen [BC03] ot une dynamique au bruit additive et dérive indépendante du temps et
appartenant a la classe Kato est considérée.

Quant & 'unicité de trajectoire pour les solutions de I'Equation (2.6), le premier résultat
a été obtenu par Zvonkin dans [Zvo74] pour une dynamique unidimensionnelle & dérive
F mesurable, bornée et une matrice de diffusion ¢ Holder continue d’indice de régularité
strictement supérieur a 1/2. Ce résultat a ensuite été étendu par Veretennikov [Ver81]
au cas multi-dimensionnel pour une matrice de diffusion Lipschitz continue. Comme
mentionné précédemment, ces travaux sur l'unicité de trajectoire permettent alors
de montrer I'existence de solutions fortes pour la dynamique, a travers le théoreme
de Yamada-Watanabe. Nous mentionnons également l'approche plus directe de la
construction de solutions fortes sous les mémes hypotheses sur la dérive ci-dessus,
obtenue en [MBP10, MPMBNT13] par le calcul de Malliavin.

Par la suite, Krylov et Rockner dans [KRO5] et Zhang dans [Zhal3b] ont montré le
caractére bien posé au sens fort pour la dynamique stochastique comme dans (2.6)
lorsque la dérive est seulement intégrable, c’est-a-dire si F' appartient & LP(0, T'; LI(RY))
sous la condition de Prodi-Serrin : & +% <1,p>2,q > 2, respectivement a bruit additif
et bruit multiplicatif avec matrice de diffusion ¢ dans les espaces de Sobolev. Voir aussi
a ce sujet les travaux récents [Kry21] e [RZ21, Nam20| dans lequel le cas critique additif
est confronté (i.e. % —l—% = 1) respectivement pour des dérives homogenes et inhomogenes
dans le temps. Soulignons cependant que dans [Nam20] une notion d’intégrabilité de
type Lorentz est considérée, légerement plus forte que I’habituelle de Lebesgue. Voir
la Définition 2.1 dans l'article cité pour plus de détails. Enfin, nous citons le travail
de Fedrizzi et Flandoli [FF11], ou dans les mémes conditions de Krylov et Réckner, la
dépendance continue des solutions X, sur la condition initiale x est montré et les travaux
de Zhang al.[Zhalb, XZ16] ou la différentiabilité au sens faible (c’est-a-dire, dans les
espaces de Sobolev) est analysée, toujours par rapport a la condition initiale.

Les travaux énumérés ci-dessus illustrent intuitivement ce qu’on appelle, suivant la
terminologie de Flandoli dans [Flall], un phénomene de régularisation par le bruit :
lorsqu’une équation différentielle déterministe est mal pose (parce que I'existence ou
I'unicité de la solution échoue) alors que la dynamique stochastique corrélée est bien
pose dans un sens faible ou fort. Nous suggérons au lecteur intéressé de consulter la
monographie [Flall] ot une analyse plus générale du sujet est présentée.

Nous nous sommes concentrés pour I'instant sur la dynamique stochastique non dégénérée,
c’est-a-dire lorsque le bruit est de la méme taille que le systéeme sous-jacent il agit (i.e.
lorsque N = d dans (1.1)).

13



Chapitre 1. Introduction

Cependant, nous soulignons que cette condition n’est en fait pas toujours vérifiée dans
de nombreux cas pratiques. Considérons, par exemple, en mécanique hamiltonienne, les
équations de Langevin avec une perturbation sur la composante vitesse, ou en finance,
dans 'analyse des options asiatiques. Il a également été souligné ([dCN10, Woy01]) que
dans de nombreuses applications pratiques, les fluctuations aléatoires dans les systemes
complexes réels sont en effet souvent de nature non gaussienne.

Le point de départ et la motivation principale de ce travail était donc d’analyser
les phénomenes de régularisation par le bruit introduits ci-dessus, pour des chaines
d’équations différentielles ordinaires lorsque la perturbation aléatoire n’est plus un
mouvement Brownien mais un processus de Lévy plus général avec des propriétés
convenables et qui agit, si possible, uniquement sur certains des composants du systeme
(i.e. si d < N dans (1.1)). Par manque de temps, nous avons décidé de nous concentrer
uniquement sur la caractérisation au sens faible de cette dynamique. Nous présentons
maintenant brievement un apercu des principaux résultats déja connus dans ce domaine.

Régularisation faible pour un bruit stable non-dégénéré. Le caracteére bien
posé dans un sens faible pour des dynamiques stochastiques de la forme suivante :

t
X, = x—i—/ F(X,)ds+ Z, t>0, (2.7)
0

ot {Z;}4>0 est un processus a-stable symétrique sous RV, a été largement étudiée au
cours des dernieres décennies. Une des premieres contributions au cas unidimensionnel
est donnée par les travaux de Tanaka et al. [TTW74] ou I'unicité en droit est prouvée
par 'Equation (2.7) lorsque la dérive F' est bornée et continue et que le symbole de Lévy
Phi associé a {Z;};>¢ vérifie des conditions naturelles a 'infini : R®(£)™' = O(1/|¢]) si
|£] = oo. Ensuite, une extension au cas multidimensionnel a été obtenue dans [Kom83]
en supposant que la dérive F' est continue et bornée et que la loi de {Z;}:>0 admet une
densité avec par rapport a la mesure de Lebesgue sur RY. Une dynamique stochastique
comme dans (2.7) pour des dérives F' dans des espaces LP adéquats a également été
considérée dans [Jinl§].

A notre connaissance, les premiers travaux traitant des modeles a dérive distributionnelle
dans l'espace et des bruits « -stable est [ABM20] dans le cas unidimensionnel, ou la
dérive F' est homogene dans le temps et appartenant a un espace de Holder (négatif)
d’indice strictement supérieur a (1 — «)/2.

On cite aussi les travaux quasi simultanés [LZ19] et [CdRM20a] ot une dérive F' sur
des espaces de Besov généraux est considérée, dans des conditions convenables sur les
parametres, qui est respectivement homogene et inhomogene en temps.

Les résultats présentés ci-dessus sont basés sur une formulation de type Young pour
donner un sens a la dynamique. Au-dela du régime de Young, on cite plutot [KP20] ou
des techniques telles que les produits paracontrdlés sont exploitées (cf. [GIP15]) pour
obtenir le caractere faiblement bien posé pour des dynamiques dirigées par des dérives
inhomogenes dans le temps et appartenant a des espaces de Holder négatifs avec un
indice de régularité strictement supérieur a (2 — 2 alpha)/3.

Enfin, nous soulignons que les travaux ci-dessus se concentrent tous sur le cas a-stable
sub-critical, c’est-a~dire, lorsque o > 1. En fait, nous soulignons que si a < 1, les
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dynamiques stochastiques de la forme (2.7) sont beaucoup plus difficiles a traiter puisque
le bruit ne domine pas le systeme en peu de temps. A cet égard, nous citons les
travaux [Zhal9] et [CARMP20b] ot les auteurs considerent respectivement que o < 1,
(1 — a)-Holder continue et o = 1, continuez.

Régularisation faible par bruit dégénéré. Dans tous les résultats présentés ci-
dessus, le bruit a joué un réle fondamental, permettant de régulariser les coefficients de
chaque composant du systeme. Il est donc clair que dans un contexte de bruit dégénéré,
c’est-a-dire lorsque la perturbation aléatoire n’agit directement que sur certaines parties
de la dynamique, la situation semble d’emblée beaucoup plus délicate. Considérons par
exemple le modele classique d'une chaine de n équations déterministes ordinaires sur R¢
ou seule la premiere est perturbée par une diffusion Brownienne :

dth = Fl(t7 Xt17 R 7le)dt + U(t7Xt17 e ’th)th’

dX? = Fy(t, X}, ..., XM)dt; 2.8)

dX! = F,(t, X; ', X)dt.

Afin d’obtenir également un phénomene de régularisation par bruit dans ce cas, il faut
alors que le bruit W; agissant uniquement sur la premiere ligne se propage dans le
systéme, atteignant ainsi toutes les composantes du modele. Les hypotheses classiques
qui assurent ce type de phénomene sont 'ellipticité uniforme de la matrice de diffusion o
(cf. [UE] dans la Section 6) qui garantit la préservation du bruit sur R, et la condition
dite de Hérmander (cf. [H6r67]) pour 'hypoellipticité du systeme.

Sous une condition de Hormander forte, c’est-a-dire lorsque les champs de vecteurs
diffusifs et leurs commutateurs génerent de 1’espace, les principaux travaux ont été
obtenus dans le domaine de la diffusion par Kusuoka et Stroock [KS84, KS85, KS87],
exploitant des techniques de calcul de Malliavin.

Dans la littérature concernant les modeles dégénérés de type (2.8), différents auteurs ont
au contraire supposé que chaque composante de la dérive F' est différentiable par rapport
a sa premiere composante et que le gradient résultant est non singulier, ¢’est-a-dire qu’il
est supposé que D,, | F; (avec i = 2,...,n) a le rang maximum. Cette hypothese de
non-dégénérescence pour la sous-diagonale de la matrice jacobienne de F' est la raison
pour laquelle ce type de condition a souvent été appelé de type Hormander faible. En
termes simples, en considérant une mollification de la coefficients si nécessaire, la dérive
F est en fait nécessaire pour générer I'espace RV a travers les commutateurs de Lie.
Un des premiers travaux a considérer ce type de condition a été [Menl1] ou auteur a
montré que (2.8) est bien pose au sens faible en supposant que la dérive F' est Lipschitz
continue et la matrice de diffusion est Holder continue. Ce résultat a ensuite été étendu
dans [Men18] aux matrices de diffusion qui ne sont que continues dans ’espace.

Pour la caractérisation bien posée au sens faible dans un contexte cinétique, correspondant
a la dynamique dans (2.8) pour n = 2, nous citons Zhang [Zhal8] ot sont considérées
des dérivées F' semi-linéaires come telles que Fy(x1,x2) = Azy sous des conditions
d’intégrabilité locale pour F} et la continuité du coefficient de diffusion o. Encore une
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fois dans le cas de deux oscillateurs sous une condition de Hérmander faible, Chaudru
de Raynal a montré dans [CdR18] le caractere bien posé au sens faible de ’équation
des que la dérive F' est Holder continue par rapport a la variable dégénérée x5 avec un
indice de régularité strictement supérieur a 1/3. Dans ce travail, il est également montré,
par des contre-exemples convenables, que le seuil 1/3 pour la régularité de Holder sur F
est en fait “presque” optimal. Ce résultat a ensuite été étendu dans [CARM20b] au cas
plus général des n oscillateurs (cf. Equation (2.8)).

Intuitivement, ce seuil minimum pour la régularité de Holder sur la dérive peut s’expliquer
comme le prix a payer pour équilibrer la dégénérescence du bruit. En se référant a la
discussion précédente sur les modeles de type Peano dans [DF14] (cf. Equation (2.5)),
ce seuil est lié au fait que les fluctuations de bruit ne sont pas assez fortes pour éloigner
la solution de la singularité a l'origine si la dérive est trop irréguliere.

A notre connaissance, il n’y a pas beaucoup de travaux qui traitent du caractere bien posé
au sens faible pour les dynamiques avec bruit dégénéré et aux sauts, c’est a dire quand
dans (2.8) on remplace le mouvement Brownien {W;}:>o avec un processus {Z;}+>o
a-stable. Dans le cadre de la théorie de la régularisation par le bruit (i.e. lorsque la
dynamique déterministe associée est mal posée), nous ne citons que [HM16] ot les auteurs
ont montré le caractere faible bien posé pour une version linéarisée de la dynamique dans
(2.8) avec F(t,z) = Ax et un coefficient de diffusion continue o Hélder, sous certaines
limitations de taille d, N.

3 Unicité en loi pour les chaines dégénérées

A partir du travail [SV79] dans le cas diffusif non-dégénéré, le lien entre les solutions du
probléme de martingale et les solutions faibles (au sens probabiliste) de la dynamique
stochastique (1.1) est bien connu. En un sens, cette méthode définit le processus {X; }i>0
via son générateur infinitésimal L;. Pour pouvoir 'introduire correctement dans notre
contexte aux sauts, soit D([0, 00); RY) d’abord I'espace de tous les chemins entre [0, 00)
a RY qui sont cadlag, c’est-a-dire des chemins continus vers la droite et avec une limite
finie vers la gauche. Skorokhod a montré dans [Sko56] qu'un tel espace peut étre doté
d’une métrique naturelle telle qu’il devienne un espace métrique séparable. On peut
alors penser a D([0,00); RY) comme un espace Borélien mesurable et considérer des
mesures de probabilité sur celui-ci.

On introduit aussi le processus canonique, ou valeur ponctuelle, {y; }+>0 associé a 'espace
D([0,00); RY) donné par

y(w) = w(t), we D(0,00);RY).

Pour plus de détails, voir par exemple [EK86] o [Basl1].

Fixe encore x dans RY une mesure de probabilité P sur D([0, 00); RY) est une solution
au probleme de martingale (associée au générateur infinitésimal L;) de point de départ
T Sl

*]P)(yo:-f) = 1;
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— pour chaque fonction ¢ dans le domaine dom (@ + Lt), le processus

{600 = 0(0,2) = [[(0,+ L) ols, ) ds | (3.9)

t>0

est une P-martingale par rapport a la filtration naturelle du processus canonique
Y-

Une troisieme caractérisation possible du processus {X;};>o est obtenue grace a sa loi
marginale f :

(3.10)
Ho = T,

{atllt = Lju;

ou Lj représente (formellement) I'opérateur ajouté de L;. La dynamique ci-dessus est
généralement appelée FEquation progressive de Fokker-Plank. Rappelons qu’une famille
continue de mesures {;}+>0 est une solution de (3.10) si pour chaque fonction test ¢

dans C=(RY),
O /R W) dply) = /R » Leoy) dp(y)

dans un sens distributionnel en temps ¢ et la condition initiale exige que la mesure y;,
converge (dans un sens convenable) vers la masse de Dirac 6, en x. Pour une présentation
plus exhaustive de ce sujet, nous renvoyons le lecteur a la monographie [BKRS15].
Une analyse approfondie de ces phénomeénes au cours des années (cf. [SV79, EKS86,
Kur98, Kurll]) a maintenant révélé que les trois modes décrits ci-dessus (équation
stochastique, probleme de martingale et équation de Fokker- Plank) sont, sous des
conditions minimales sur les coefficients, effectivement équivalentes en spécifiant une
diffusion aux sauts dans le sens que ou l'existence et/ou 'unicité pour I'un implique
également 'existence et/ou l'unicité dans les deux autres cas.

Nous nous intéressons maintenant a la question de l'unicité de la solution pour le
probléeme de martingale associé a 'opérateur 9; + L; qui, comme nous le verrons plus
loin, est la motivation principale de ’analyse menée dans les deux premiers chapitres de
cette these.

Soient Py, P, deux mesures sur l'espace de Skorokhod D([0, 00); RY) et solutions du
probléme de martingale avec le point de départ z dans RY. A partir de la définition du
probléme de martingale dans (3.9), il est logique d’introduire le probleme de Cauchy
associé a L, avec condition terminale nulle. En particulier, fixe un instant final 7" > 0 et
une source f: [0,T] x RY — R dans une classe des fonctions F suffisamment “riche”,
on considere 1'équation aux dérivées partielles suivante avec une condition terminale de
Cauchy :

(3.11)

Owu(t,x) + Lyu(t,x) = f(t,x) sur [0,T) x RY;
uw(T,z) = 0 sur RY.

Supposons pour I'instant qu’une solution u: [0,7] x RY — R au probléme de Cauchy
ci-dessus existe. De plus, si u est suffisamment régulier, il résulte immédiatement de

(3.9) que

{u(t, Yr) — /Ot f(s,ys) ds —u(0, :L‘)} (3.12)

t€[0,T]
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est un P;-martingale pour chaque i € {1,2}, ou, rappelons-le, nous avons noté {y; }+>o
le processus canonique sur D([0, T]; RY).

Prenant maintenant la valeur attendue a l'instant final T ci-dessus, on peut exploiter
la propriété de martingale dans (3.12) et le systéme (3.11) vérifié par u (en particulier,
u(T,-) = 0) pour relier les deux solutions au probléme comme suit :

EP [ [ s, ds] — u(0,2) = B [ / Tf(s,ysms] ,

ott E¥ représente la valeur attendue par rapport a la mesure de probabilité P;. Si la classe
de fonctions F considérée est assez riche, alors on peut conclure que la loi marginale du
processus canonique {y; }¢>0 est la méme sous les deux mesures considérées, a chaque
instant fixe t. En exploitant des techniques de probabilités conditionnelles régulieres,
il est alors possible de montrer que le processus {y;}+>o a les mémes distributions de
dimension finie par rapport aux deux mesures de probabilité, c’est-a-dire P; = Py (cf.
Théoreme 4.4.2 dans [EK86]) et donc, que la solution du probleme de martingale associée
a l'opérateur 0; + L; est unique.

La principale difficulté dans le raisonnement ci-dessus est I’hypothese de régularité sur
la solution u du probléeme de Cauchy (3.11), nécessaire pour conclure dans 1’équation
(3.12). En fait, méme si on considérait une source f lisse dans C2°([0,T] x RY), il ne
serait pas forcément vrai que la solution u soit aussi lisse, en raison de la faible régularité
des coefficients F' et o considérés, pour notre modele, uniquement Holder continues dans
I’espace.

Lorsque le bruit est additif (o = 1) et les coefficients sont assez réguliers, la régularité
de la solution u peut étre obtenue, par exemple, en exploitant des techniques de flux
stochastique (cf. [Kunl19]). De plus, dans ce cas, le raisonnement usuel permet de dé-
montrer le caracteére bien posé au sens fort de la dynamique stochastique considérée.
Pour appliquer le raisonnement ci-dessus dans notre contexte multiplicatif et sous I’hy-
pothese d’une régularité minimale, il faudra plutot d’abord approximer les coefficients
qui apparaissent dans 'opérateur L; avec une séquence de fonctions lisses, par exemple,
via une méthode de mollification. Il sera alors possible d’appliquer la méthode décrite
ci-dessus pour ces coefficients suffisamment réguliers et de conclure que les deux solutions
du probleme de martingale “régularisé” sont égales. Enfin, pour retrouver la dynamique
initialement envisagée, nous aurons besoin d’une théorie analytique “convenable” asso-
ciée a l'opérateur 0; + L; afin de vérifier la convergence des solutions par rapport au
parametre d’approximation.

Une littérature abondante sur ce sujet (cf. [Pri09, CdR17, CARHM18b, FGP10]), a mon-
tré qu’'un premier pas dans cette direction consiste a établir des estimations particulieres,
appelées Schauder, qui permettent de vérifier les solutions approchées du probléeme de
Cauchy (3.11) a partir des coefficients régularisés, sur un espace fonctionnel convenable.
De plus, il est également possible de prouver au moyen d’arguments de compacité, qu’en
fait les estimations sont également valables pour la limite des solutions approchées.

3.1 Estimations de Schauder pour des systéemes dégénérés

Comme expliqué a la fin de la section précédente, nous nous intéressons maintenant a
une analyse détaillée d’une équation de Kolmogorov non locale qui peut s’écrire comme
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suit :
{@u(t,x) + Lyu(t,z) = f(t,x) sur [0,T) x RY; (3.13)

w(T,z) = ur(x) sur RV,

ot la source f: [0,7) x RY — R et la condition terminale ur: RY — R sont des
fonctions suffisamment régulieres. Nous étudierons cette équation en temps fini, c¢’est-a-
dire pour chaque ¢ dans [0, 7] & une valeur finale fixe T > 0. Ci-dessus, L; représente
lopérateur intégro-différentiel dépendant du temps qui peut étre vu comme le générateur
infinitésimal associé a la diffusion {X;};>o solution de (1.1), ou tel que

Li = (F(t,x),D,) + L;;, sul0,T) x RN, (3.14)

ou L; est le générateur infinitésimal associé au processus { BoZ; };>0. Nous soulignons
également que de fagon similaire a la dynamique stochastique dont il est issu, ce systeme
est dégénéré en ce sens que la composante principale £; de 'opérateur L; ne considere
que certaines directions (associées au matrice B dans (1.1)) de I'espace RY en dessous.

En particulier, les deux premiers chapitres de cette these s’attacheront a établir les
estimations de Schauder associées aux solutions du systeme dégénéré (3.13).

Une caractéristique fondamentale de ces estimations est de mettre en évidence combien
une solution v du probleme de Cauchy (3.13) gagne en termes de régularité par rapport
a la source f donnée par le systeme, notion généralement appelé bootstrap parabolique
(ou effets régularisant, comme on le verra ci-dessous) associé a 'opérateur L.

Nous illustrons d’abord ce phénomene dans un contexte Gaussien non dégénéré, c’est-a-
dire lorsque dans (3.14) 'opérateur £, coincide avec la matrice Hessienne D? agissant
sur I'espace ensemble RY. Dans ce cas et pour des coefficients bornés et convenablement
réguliers (i.e. F in C3 avec les notations ci-dessous), Friedman dans [Fri64] et Krylov
dans [Kry96] a montré le contrdle suivant :

lull 252 205 < CUAN 550 (3.15)

ot ||+ || g désigne la norme classique de Holder sous I'espace-temps [0, ') x RY d’indices
v dans le temps et 7/ dans l'espace. Les estimations de Schauder dans (3.15) suggerent
alors que chaque solution u au probleme est en fait Holder régulier d’ordre # dans le
temps et ordre 2 + [ dans l'espace si nous supposons que la source f n’est que g—Hélder
continue dans le temps et S-Holder continue dans I'espace.

Nous soulignons également que c’est précisément le caractére borné des coefficients dans
I’espace et leur régularité dans le temps qui nous permet de considérer le bootstrap
parabolique également par rapport a la variable de temps. Dans le cas ot les coefficients
ne sont pas bornés dans ’espace mais au maximum de croissance linéaire, Krylov et
Priola dans [KP10] ont montré la variante suivante des estimations de Schauder pour le
probléeme :

|ul| oo o2ty < C Lo oy, (3.16)

ol || - [[e(cv) représente la norme de Hélder d’ordre vy dans l'espace, uniformément
dans le temps. En pratique, ce type d’estimation ne considere a la place que le gain de
régularité dans l'espace, d’ordre 2 dans ce cas, de la solution u par rapport a la source
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f. Nous soulignons cependant qu’au moins dans le cas uniformément elliptique, il est
possible de déduire ultérieurement la régularité en temps pour la solution wu.

Une application immédiate des estimations de Schauder est I'unicité de la solution du
Probléme de Cauchy (3.13) dans I’espace fonctionnel considéré. En fait, soit uq, uy deux
solutions du systeme considéré. En exploitant la linéarité du probleme, nous pouvons
voir que leur différence u; — uy est alors la solution du probleme de Cauchy :

{(at + L) (ug — up)(t,2) = 0
(ug —ug)(T,z) = 0.

Les estimations de Schauder présentées, par exemple, dans (3.16) avec f = 0 impliquent
maintenant la vérification suivante :

|ur — gl Lo 28y <0,

ce qui conduit immédiatement a I’égalité des deux solutions dans ’espace fonctionnel
considéré.

L’étude des problemes de Cauchy tels que (3.13) est également fondamentale pour
I’analyse de la dynamique stochastique associée (1.1). En plus de la démonstration de
I'unicité du probleme de martingale comme expliqué a la fin de la section précédente,
nous soulignons que les estimations de Schauder sont souvent utilisées dans la trans-
formation de Zvonkin pour déterminer le caractere fortement bien posé de ’équation
stochastique associée. Pour plus de détails, voir [Zvo74, Ver81| dans un contexte diffusif
non-dégénéré respectivement mono et multidimensionnel ou [CARHM18b, HWZ20] dans
le cas dégénéré, respectivement diffusif et a-stable.

Ces estimations apparaissent également en lien avec certaines équations aux dérivées
partielles stochastiques (SPDE). Par exemple, nous citons I’application a I’équation de
transport stochastique présentée dans [FGP10], ou les estimations de Schauder comme
dans (3.16) sont utilisées pour prouver l'existence d’un flux stochastique différentiable
pour I'équation caractéristique stochastique.

Enfin, nous mentionnons qu’'un exemple typique de systeme dégénéré de la forme (3.13)
est ’équation cinétique stable suivante :

uu(t,z) = Lo(t,x) — a1 - Vau(t,n) + f(t,2), suR*,

ol x = (z1,7) dans R?? et £ est un opérateur stable agissant uniquement sur w1,
qui apparait naturellement dans 1’étude de ’équation linéarisée de Boltzmann (cf.
[Vil02, CZ18]).

Résumons maintenant brievement les principaux travaux concernant les estimations de
Schauder pour des systeémes paraboliques dégénérés.

Dans un contexte diffusif gaussien, c’est-a-dire lorsque dans (3.13) 'opérateur L; peut
étre réécrit comme

L, = (F(t,z),D,) +;tr (Ba(t,z)B*D2) =: (F(t,x), Dy) + L1,

pour une certaine matrice de diffusion a(t, z) dans R? ® R¢, Lunardi dans [Lun97] a été
la premiere a établir des estimations de Schauder pour les équations de Kolmogorov
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de type Ornstein-Uhlenbeck, c’est-a-dire a(t,x) = 1 et F(t,x) = Ax avec un certain
structure. Ce résultat a été atteint en exploitant les anisotropes Hoélder, ou l'indice
de Holder dépend de la direction spatiale considérée, précisément pour contréler les
différentes échelles de régularité provoquées par la dégénérescence du systeme. Voir la
section suivante pour une explication plus exhaustive de ce phénomene et une définition
précise de ces espaces anisotropes.

Par la suite, dans [Lor05] et [Pri09], les auteurs ont obtenu des estimations de type
Schauder pour des équations hypoelliptiques de Kolmogorov dont la dérive n’est partiel-
lement non-linéaire que le long des composantes dans lesquelles I'opérateur principal £;
est non dégénéré, c’est-a-dire :

F(z) = Az + ( Fi(a) ) .

ON—a),a

Enfin, le cas diffusif totalement non-linéaire et a matrice de diffusion non-homogene dans
le temps et dans I'espace a été abordé pour la premiére fois dans [CARHM18a|. Leur
résultat a été atteint dans des conditions de régularité minimale et de non-dégénérescence
sur les coefficients F' et a, ce qui conduit a des hypotheses de type Hormander faible
pour le systéme. La méthode de prouve dans [CARHM18a] c’est basée sur une approche
perturbative progressive que nous adapterons et exploiterons également par la suite.
Enfin, nous citons les travaux de Di Francesco et Polidoro [DFP06], ou des estimations
locales de Schauder pour un systeme dégénéré linéaire avec coefficient de diffusion sont
obtenues en supposant une notion différente de continuité pour le coefficient de diffusion
a qui, en dans un certain sens, il prend également en compte le transport associé a la
dérive linéaire.

Ces derniers temps, les estimations de Schauder pour les opérateurs non locaux, en
particulier de type stable, ont suscité un grand intérét dans la communauté mathé-
matique (cf. [BK15, Bas09, CARMP20a, DK13, FRRO17, 1JS18, Pri12, ROS16, ZZ18]).
Cependant, la plupart des travaux actuels se concentrent uniquement sur le cas non
dégénéré. A notre connaissance, le seul travail existant traitant du cas dégénéré non local
est [HWZ20], ot Zhang et ses collaborateurs prouvent des estimations de Schauder pour
un systéme cinétique stable dégénéré (quand N = 2d et rank B = d dans (3.13)). Leur
méthode est basée sur une généralisation des décompositions de Littlewood-Paley déja
exploitées dans d’autres travaux du méme auteur (cf. [ZZ18]) au contexte anisotrope
naturel pour les systemes dégénérés.

Dans cette these, nous analyserons en détail deux cas particuliers qui généralisent les
résultats exposés ci-dessus :

— un systeme dégénéré a dérive non-linéaire dans lequel la composante principale de
l'opérateur est de type a-stable. Ce modele sera présenté en détail dans la Section
4;

— un systeme dégénéré dirigé par un opérateur d’Ornstein-Uhlenbeck de type Lévy.
Nous renvoyons a la Section 5 pour une présentation plus détaillée du modeéle.
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3.2 Géomeétrie anisotrope de la dynamique dégénérée

Dans cette section, nous nous concentrons sur la compréhension de I'espace fonctionnel
convenable pour établir nos estimations de Schauder. Comme indiqué précédemment,
les estimations de Schauder dans le cas non-dégénéré sont généralement exprimées par
rapport a des espaces de Holder “habituels”. Nous voulons donc obtenir un espace de
Holder par rapport a une nouvelle distance adaptée a notre structure dégénérée. En
particulier, a la fin de cette section, nous construirons quelques espaces de Holder avec
des multi-indices de régularité en fonction de la coordonnée considérée.

Pour faire comprendre au lecteur comment cette structure anisotrope de la chaine
dégénérée apparait naturellement, nous présenterons deux approches possibles : une
analytique, basée sur des opérateurs de dilatation multi-échelles, et une plus probabiliste,
qui exploite plutoét les échelles pour le temps caractéristique du processus, solution
de I’équation stochastique associée. Aussi, pour rendre cette affirmation le plus claire
que possible, nous allons nous concentrer sur un exemple linéaire avec seulement deux
composants (n = 2).

D’un point de vue analytique, on s’intéresse a I'opérateur de Kolmogorov de type a-stable
pour un certain a € (0,2) :

L* .= A2 +12,-V,, sous R*

olt x = (1, ) est un point dans R??. Ci-dessus, 'opérateur A2, représente le Laplacien
fractionnaire d’ordre «/2 par rapport a la variable x;, donné par

. d
Moo z) = pv. [ [6(a+2,32) = olo1,72) !z\;a (3.17)

pour toute fonction ¢: R?*? — R assez réguliere. Dans le cas diffusif, c’est quand AZ2,
devient le Laplacien classique A, agissant sous z :

d

Apyd(w1,20) = Y (w1, 22),

=1

I’équation associée a cet opérateur a été analysée précisément par Kolmogorov [Kol34|
et a été le premier exemple qui a inspiré la théorie de I’hypoellipticité de Hérmander
[Hor67].

Pour comprendre comment les différentes composantes de la dynamique se comportent
les unes par rapport aux autres, nous introduisons un opérateur de dilatation d: [0, c0) x
R?? — [0, 00) x R?*® donne par :

(S(t, .I‘) = ((50t, 511‘1, 52I2).

Les valeurs exactes de dg, 01, 62 sont alors a déterminer pour que la dilatation ¢ soit
invariante sous la dynamique

Ou(t,z) + L¥u(t,z) = 0 sous (0,00) x R?%, (3.18)
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en ce sens qu’il transforme les solutions de 1’équation ci-dessus en d’autres solutions de
la méme.

L’idée d'une dilatation § qui permet de résumer le comportement multi-échelle, ou
anisotrope, de la dynamique dégénérée considérée a été initialement introduite par
Lanconelli et Polidoro ([LP94]) pour l'analyse de ’équation diffusive de Kolmogorov.
Depuis lors, il est devenu un outil commun pour analyser la géométrie anisotrope pour
les équations dégénérées, comme en témoigne la riche littérature dans laquelle il apparait
([Lun97, HMP19, HWZ20, DFP05, MPP02]). En exploitant maintenant la propriété
d’échelle du Laplacien fractionnaire, nous pouvons voir que :

(0 + LX) (uod) = do(Druod) + 03 (Adyu o 8) + 8y (21 - (Viyu00))
= 050(Byu 0 8) + 6X(AZwo §) + 670, ([z1 - Vayu] 0 8) = 0,

ou, nous soulignons, nous avons dénoté [z1 - V,u] 0 §(t, z) := d1x1 - V,u(d(t, z)). Afin
d’obtenir I’homogénéité dans les termes ci-dessus, il est alors naturel de considérer, pour
chaque A > 0 fixé, 'opérateur de dilatation 0, suivant :

6,\(t,x1,x2) = ()\at,/\lﬂl,)\pral'g). (319)
En particulier, on note que, pour notre choix de 9y, il retient que
((‘% + LK)u =0 = (@ + LK>(u 0dy) =0.

En résumé, ’émergence de ce phénomene multi-échelle est due essentiellement a la
structure particuliere de la dynamique considéré, constitué d’une partie principale Ag{ 2
qui procure un effet régularisant de ordre a uniquement sur la premiére composante et a
partir d'un terme de transport x; - V,, qui permet a cet effet de également étre transmis
au deuxiéme composant, bien qu’avec une intensité plus faible (d’ordre «/(1 4 «)),
comme le montre le bootstrap parabolique associé aux estimations de Schauder que
nous avons considérées.
D’un point de vue plus probabiliste, les échelles apparaissant dans 'opérateur de dilata-
tion & peuvent étre associées aux exposants temporels caractéristiques d’un processus
a-stable et a son intégrale temporelle. En fait, le temps caractéristique d’'un processus
stochastique multidimensionnel peut aider a expliquer la relation entre les vitesses des
différentes composantes du processus lui-méme.
On commence par considérer la contrepartie stochastique du systéme (3.18) donnée par
I’équation suivante :
1 _
{dXt = dan (3.20)
dX? = Xldt, t>0,

ou, pour simplifier, nous supposons que la solution commence a l'origine au temps
initial. Cette équation stochastique est associée a l'opérateur de Kolmogorov introduit
précédemment en ce sens que LX est le générateur infinitésimal du processus X;.

La dynamique stochastique (3.20) peut maintenant étre résolu explicitement via une
intégration en temps :

t
X, = (X!, X2?) = (Zt,/ Z, ds). (3.21)
0
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Si on vérifie maintenant les temps caractéristiques associés aux deux composantes du
processus X;, on constate qu’ils sont donnés par (té,tHé). En fait, le processus stable
est connu pour étre a-scalable et son intégrale temporelle ajoute simplement un ordre de
plus. Nous avons en fait trouvé les mémes échelles que celles affichées dans 'opérateur
de propagation d, bien que dans ce cas, redimensionnées par rapport a I’heure actuelle.
Dans le cas diffusif (v = 2), ce comportement multi-échelle du processus de solution X
est encore plus clair. En effet, grace a I'existence de moments seconds finis, il est possible
de traduire le raisonnement décrit ci-dessus par rapport a la matrice de covariance du
processus. Si on remplace dans (3.20) et dans (3.21) le processus a-stable Z; par un
mouvement Brownien W, on obtient immédiatement que la solution X; = (X}, X?) est
un processus Gaussien a moyenne nulle et K; covariance dans R?? @ R?? donné par

2
K, = (tfdxd %]dxd>.

t2 t
Ejdxd §[d><d

L’équivalence, en termes de formes quadratiques associées, entre la matrice de covariance
K et une diagonale a ensuite été montrée dans [KMM10] :

/Ktx t214xq gdxd 7
t214xq

Odxd

ol pour deux matrices A, B dans R" @ R™, la notation A =< B indique qu’il existe
une constante C' > 1 telle que C 1 AE|]? < |BEJ]? < C|AE|? pour tous € dans R™. Cette
propriété a été appelée par les auteurs, propriété de bonne échelle. Voir aussi la définition
3.2 dans [DM10] pour une extension a la chaine générale (n > 2). Il est maintenant clair
comment on peut alors retrouver sur la diagonale de la matrice d’échelle les mémes
échelles montrées précédemment dans le cas diffusif.

On veut maintenant introduire une distance parabolique dp sur [0, 00) x RY qui soit
homogene par rapport a la structure multi-échelle de la dynamique considérée, au sens
cette :

dp(dx(t,2); x(s,2')) = Adp((t, 2); (s,2')).

Un choix naturel pour cette distance est alors donné par :
dp ((t,2), (s,2) = [t — 5|7 + o1 — 2] + | — 2| 7.

La distance dp qui vient d’étre introduite peut étre vue comme une généralisation
naturelle de la distance parabolique classique (cf. [Kry96, Fri64]) a la structure multi-
échelle de notre dynamique stable dégénérée. Comme nous n’exploiterons presque
toujours que la partie spatiale de cette distance par la suite, nous introduisons également
pour référence future :

d(z,2') = |o1 — 2| + |va — 2|75 (3.22)

Pour plus de détails sur les métriques homogenes, voir aussi le livre de Stein [Ste93].

Nous sommes enfin préts a introduire 1’espace fonctionnel adapté a notre propos : un
espace anisotrope de Holder 05 (R??) associé a la distance dp, dans le sens que il est
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homogene par rapport aux 0, opérateurs de dilatation définis dans (3.19). Concrétement,
la semi-norme anisotrope || - || ;s sera en fait considérée composante par composante. En
d

fait, pour une coordonnée fixée, on va calculer la norme de Holder long de cette direction
particuliere, mais avec un indice de régularité redimensionné selon 'ordre donné par
lopérateur de dilatation d, in (3.19), uniformément dans le temps et par rapport aux
autres coordonnées. Enfin, nous additionnerons toutes les contributions dérivant des
différentes composantes.

Plus précisément, on peut introduire pour une fonction ¢: R?* — R et un point z dans
R? la fonction [1l¢: R? — R donné par

lg(x1) = ¢(z1 + 21, 22).

Une notation similaire est également introduite pour IT2¢.

Etant donné un temps final T > 0, on définit Pespace homogéne L>(0,T; Cl (R%4))
comme la famille de les fonctions Boréliennes ¢: [0,7] x R?*! — R telles que la semi-
norme de Hoélder anisotrope suivante est finie :

(25 ta - t7 '
H¢HL00(05) = S;lzp ([Hi¢(t,-)]c/3(Rd) + [Hz¢(t,-)]01£a(Rd)> = 535| ( ?(x’f/() f)‘

Choisi v dans (0, 2) tel que o + (8 soit dans (1,2), on peut alors définir aussi I'espace
de Holder anisotrope L>°(0, T} C’ffrﬁ (R%d)) d’ordre « + 3 par rapport a la semi-norme
suivante :

H¢HL00(C;+13) = || Dg, || L

1 2
e ([Hszas(t, Noasa-iwe) + L6 gpz o

> (3.23)

o1, on rappelle que ||-|| .~ représente la norme uniforme sur [0, 7] x R??. Sion a a+f > 2,
une extension naturelle aux dérivées du second ordre est alors nécessaire.

Puisque la source f et la condition terminale ur seront considérées comme bornées dans
notre modele, nous introduisons également la version inhomogene (avec a b ci-dessous)
des espaces de Holder qui viennent d’étre décrits, en ajoutant simplement la norme
uniforme fonction elle-méme. Par exemple,

H(bHLoo(cg;ﬁ) = ||¢HL<>O + H<Z§HLOO(C;¥+B).

Enfin, on dira qu'une fonction ¢ est dans Cj, +P(R2) si ¢ est indépendant du temps et

sa norme de Holder anisotrope est finie. Ce sera le cas, par exemple, de la condition
terminale uyp.

4 Estimations de Schauder pour un systeme dégé-
néré non linéaire de type stable

Nous résumons dans cette section les résultats présentés au chapitre 2 du présent travail,
puis publiés dans Bulletin des Sciences Mathématiques. Notre but est d’établir des
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estimations de Schauder optimales, au sens de régularité minimale sur les coefficients,
pour les solutions d’une équation parabolique intégro-différentielle partielle dégénérée
sur R". La dégénérescence dans ce contexte vient du fait que la partie principale de
I'opérateur, de type a-stable, n’agit que sur les premiers d composants du systeme.

En particulier, étant donné une source f: [0,7] x R™ — R et une condition terminale
up: R™ — R, on est intéressé & un probleme de Cauchy de la forme suivante :

Owu(t, ) + (Ax + F(t,x), Dyu(t,z)) + Loult,x) = —f(t,x) sur [0,T) x R
w(T,x) = ur(x) sur R"4,

(4.1)

ot ¥ := (11,...,x,) est un point dans R™ avec chaque z; dans R? et (-,-) représente le
produit scalaire sur R, Ci-dessus, F': [0,7] x R™ — R™ est une fonction suffisamment
réguliere et A est un matrice dans R™ @ R™ sur lequel nous imposerons des conditions
convenables.
L’opérateur £, considéré est le générateur d’un processus a-stable symétrique et non-
dégénéré qui n’agit que sur la premiere composante z; du systeme. Plus précisément,
l'opérateur £, peut étre représenté, pour toute fonction assez réguliere ¢: [0, T] x R —
R, dans le forme suivante :

Lod(t,x) = pov. /R [ott.2 + By) — 8(t,0)] valdy), (4.2)

ol B := (Ixq,04xd; - - -, Laxa)* est la matrice d’immersion de R? dans R™ et v, est
la mesure de Lévy symétrique sur R? associée & un processus a-stable. Rappelons
maintenant que le symbole de Lévy @ associé a 'opérateur £, (ou plus exactement, le
processus qu’il génere) est normalement défini par la formule de Lévy-Khintchine qui,
dans notre cas stable, on peut I’écrire de la fagon suivante (cf. [Sat13]) :

— . «
op) = = [, Ip-s|" u(ds)
ol “- 7 représente le produit scalaire sur le “ petit ” espace R?. Ci-dessus, y est une mesure
sur la spheére S?~1 habituellement appelée la mesure spectral (ou sphérique) associée a
V4, all sens qu’un passage en coordonnées polaires y = ps, ot (p,s) € (0,00) x ST,
permet de décomposer le Lévy mesure stable comme

dp
p1+a :

Va(dy) = Cap(ds) (4.3)

Pour une preuve de ce fait, voir par exemple le Théoreme 14.3 dans [Sat13]. En particulier,
nous imposerons que la mesure de Lévy stable v, soit symétrique et non-dégénérée dans
le sens ou sa mesure sphérique p vérifie la condition suivante :

[ND] 1l existe une constante n > 1 telle que pour chaque p dans R,

ol < [, e sl alds) < ipl” (4.4)

Comme nous le verrons plus loin, cette condition implique notamment 'existence
d’une solution fondamentale pour 'opérateur £, puisque la transformée de Fourier du
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processus {Z; }+>o a-stable associé a £, est puis intégrable.

Il est également important de noter que la famille des mesures spectrales non-dégénérées
(au sens ci-dessus) est tres riche et variée. En fait, la condition [ND] est vérifiée,
par exemple, de la mesure de Lebesgue sur la sphére, correspondant au Laplacien
fractionnaire "habituel" :

a dZ
Lod(t,z) = AZo(t,x) = pov. /]R 0001 202 ) = 9l
mais aussi de cas tres singuliers (par rapport a la mesure de Lebesgue sur la sphere),
comme par exemple la somme des masses de Dirac le long des coordonnées canoniques,
correspondant a l'opérateur suivant :

d o
La(z)(tax) = ZA;fﬁ(t,Q?) (45>
i=1
otl, rappelez-vous, z; = (x1,..., 2%) est un point dans R et A2 représente le Laplacien
1

fractionnaire “habituel” scalaire appliqué & la variable xi. 2. Ce type d’opérateur est
normalement appelé un laplacien fractionnaire cylindrique et dans ce cas, la mesure
Lévy v, associée est concentrée sur les axes {z1 = 0} U--- U {xy = 0}. Pour plus de
détails, voir par exemple 'Equation (1.2) dans [BC06] .

Enfin, nous mentionnons que dans la littérature la condition [ND] pour la mesure de
Lévy v, apparait souvent aussi dans les formulations suivantes :

— (Support minimum) le support de la mesure sphérique p n’est contenu dans aucun
sous-espace linéaire propre de R?;

— (Condition de Picard) Il existe une constante C' := C(«) qui pour chaque p > 0, u
dans S, elle tient que

[ e yPaldy) = G
{luy|}<p

Pour plus de détails et une preuve d’équivalence entre les conditions, voir par exemple
[Pic96, Szt10b, Pril2]. Comme déja expliqué en introduction, l'analyse des dynamiques
dégénérées ot leffet régularisant n’agit directement que sur un sous-espace (R?) de
I'espace total considéré (R™), nécessite quelques hypothéses sur systéme considéré Pour
que la régularisation soit effectivement transmise dans tout le systéme. Dans le cas
diffusif (o = 2), c’est-a-dire lorsque £, = A,,, une condition naturelle est donnée par
I'hypoellipticité de Hormander (cf.[H6r67]) qui nécessite, au moins formellement, que les
n — 1 commutateurs de Lie itérés associés a 0, et (Az, D,) générent tout I'espace. Dans
notre cas non-local , bien qu’il ne semble pas y avoir de théoréme de Hormander au
sens général [KTO01], certaines hypotheses naturelles (conditions [H] et ND ci-dessous)
assurent que le semi-groupe de Markov associé a 'opérateur

L = Lo+ (Az, D,)

admet une densité suffisamment réguliere [PZ09].
A cet effet, nous renvoyons également aux travaux de Cass [Cas09] ou une extension,
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bien qu’encore incomplete, du résultat de Héormander au cas non local est présentée,
dans des conditions tres générales.

En pratique, on imposera une forme particuliére a la matrice A qui assure I’hypoelliticité
du systeme :

[H] la matrice A a la structure sous-diagonale suivante :

Odxa - Odxd
A2’1 ded ... . e ded

A= |0Oixa As2 Oixa .- Odxa (4.6)
Odxa -+ Odxd Ann—1 Odxd

et les éléments A;;_; dans R? © R? ont tous un rang maximum d.

La structure spécifique choisie pour la matrice A apparait également naturelle (cf.
[LP94]) car elle est invariante pour les dilatations J) (définies dans (3.19) pour n = 2)
intrinseque a notre dynamique dégénérée, en ce sens que

et = MyeM;?, (4.7)

ot M, est une matrice dans R™ ® R™ donné par

Odsxds autrement.

Intuitivement, M; prend en compte la structure multi-échelle associée a la distance d
par rapport au temps caractéristique ta. La décomposition en (4.7) peut étre facilement
obtenue & partir de la définition de la matrice exponentielle et de I'identité M, AM, ' = tA.
Cependant, nous soulignons que notre modele ne considére qu'une seule structure
spécifique particuliere parmi celles éventuellement incluses dans la théorie générale de
I’hypoellipticité développée par Hormander. En fait, la non-dégénérescence des éléments
sous-diagonaux dans la matrice A nécessite, a chaque niveau de la chaine, d’exploiter
une seule parenthese de Lie supplémentaire pour générer la direction correspondante.
C’est, précisément cette propriété qui permet la transmission des effets stabilisateurs
a-stable a chaque composant de la chaine, comme expliqué dans la section précédente.
Enfin, nous soulignons que dans notre contexte non-linéaire, la condition “classique” de
Hormander (cf. [H6r67]) ne peut étre considérée, du fait de la régularité faible de la
dérive déterministe F' que nous allons supposer, seul Holder continue dans ’espace. En
particulier, cela nous empéche de calculer explicitement les commutateurs nécessaires
dans la condition de Hormander.

La géométrie anisotrope associée & notre systéme différentiel dégénéré sur R™ peut
facilement étre comprise comme une extension sur n vu de celle introduite dans la
section précédente dans le cas cinétique (n = 2), en le sens que, par exemple, la distance
spatiale d est maintenant défini par

d(z,2’) = |(z — ') et T, 7,2 € R™. (4.9)

i=1
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En particulier, une fonction ¢ dans C (R™) sera 3/(1 + a(i — 1))-Hélder continue par
rapport & sa variable x;, uniformément dans les autres variables z; (j # 1).

La fonction F' = (F}, ..., F,) peut étre comprise comme une perturbation (éventuelle-
ment non linéaire) de la dérive Az dans le modele dégénéré d’Ornstein-Uhlenbeck L°.
Nous soulignons également que, méme plus tard, la non-linéarité du systeme se référera
a la forme de la dérive. En fait, 'opérateur perturbé L + (F'(t,z), D,-) reste de toute
facon linéaire. Nous imposerons une structure particuliere a cette perturbation F' de telle
sorte qu’elle ne détruise pas I’hypoellipticité du systéme considéré. Nous supposerons
également un certain degré de régularité sur la dérive déterministe F', nécessaire a notre
propos.

[R] pour chaque niveau i dans [1,n], F; ne dépend que du temps et des dernieres
n — (i — 1) variables, soit Fi(t,z;,...,x,). De plus, F; appartient a l'espace
L(0,T; G P (R™)), ot

1+a(i—2), sii>l;
N (i=2), sii (4.10)
0, sit=1.

Nous soulignons déja qu’aucune condition de bornage n’a été imposée sur la dérive F’
mais seulement une régularité de Holder avec des multi-indices croissants. Ce sera en
fait I'une des principales difficultés a rencontrer dans notre méthode de démonstration.
Nous soulignons également que, contrairement au cas non dégénéré (cf. [CARMP20a)), il
faut ici imposer une régularité supplémentaire croissante sur les composantes dégénérées
(¢ > 1) de la perturbation Fj, représentée a partir du parametre -; ci-dessus. Cependant,
cette hypothese parait naturelle si I'on pense que, du fait de la structure dégénérée
de notre systeme, 'effet régularisant de l'opérateur a-stable £, qui n’agit que sur la
premiere composante fragilise en descendant le long de la chaine. En un certain sens, la
régularité supplémentaire sur F' apparait comme le prix a payer pour rééquilibrer les
singularités croissantes dans le temps qui apparaissent le long de la chaine.

Enfin, il faut imposer quelques limitations aux valeurs possibles de 'indice de stabilité
a en (0,2) et de celui de Holder régularité 5 en (0, 1). particulier,

[P] a+ 8 < 2etsia<l1,alors il est vrai que

a—pf

< > 1 1-— < — .
o atf>1 I-a< ol

Quelques considérations sur ces limitations dans le cas super-critique (o < 1) sont
maintenant nécessaires. La condition 5 < « reflete essentiellement la propriété d’inté-
grabilité faible (strictement inférieure & /) pour un processus a-stable, éventuellement
non-isotrope.

La condition o + 8 > 1 semble naturellement donner un sens ponctuel au gradient de la
solution u par rapport a la variable non-dégénérée x1. A cet égard, nous citons également
les travaux de Tanaka et al. [TTWT74] ou il est montré que le caractére bien posé au sens
faible, propriété strictement inter-connectée avec les estimations de Schauder en cause
ici, peut échoue déja pour une dynamique stochastique non-dégénérée avec un bruit
additif stable sur R lorsque oo + 3 < 1, ot v est I'indice de stabilité du processus et 3 la
régularité de Holder pour la dérive déterministe. Ce contre-exemple peut étre compris
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comme une généralisation stochastique de I'exemple de Peano, montré dans (2.5).
Cette derniere hypothése est une limitation technique et semble étre essentiellement
associée a notre méthode de prouve perturbative.

Enfin, nous soulignons que dans le cas sous-critique, lorsque o > 1, ces conditions sont
toujours vérifiées.

Compte tenu de la régularité faible assumée par les coefficients, il n’est possible de
considérer la Dynamique (4.1) que dans un sens distributionnel. En effet, la régula-
rité attendue (& travers le bootstrap parabolique en espace donné par les estimations
de Schauder) pour une solution u au sens classique du probléme est dans l'espace
L>(0,T; Cy, jﬁ (RY)), pas suffisant pour donner un sens ponctuel au gradient D,u par
rapport aux variables dégénérées et donc donner un sens classique a 1’équation.

Au lieu de cela, nous exploiterons ici deux autres notions de solution possibles, plus
adaptées a notre propos. Comme mentionné précédemment, par solution faible de I’équa-
tion (4.1) on entendra essentiellement une solution au sens des distributions, c¢’est-a-dire
une fonction u: [0, 7] x R™ — R tel que pour chaque fonction test ¢ (fonction lisse a
support compact) sur (0,7] x R" — R, il retient que

/OT /Rnd(_at—i-(Lt)*>¢(t,y)u(t,y) dy + /R ur(y)d(T.y) dy
= [ [ ot ey dy.

ou (L;)* représente (formellement) l'opérateur ajouté de L; donné par
L, = (Az + F(t,x),D,) + L, su R™.

Au lieu de cela, une solution mild du probleme (4.1) (au sens de Stroock et Varadhan
[SV79]) sera une fonction u: [0,T] x R™ — R obtenu comme limite dans un espace
fonctionnel adéquat de la séquence de solutions classiques pour des versions régularisées
du probleme de Cauchy considéré. Pour plus de détails, voir Definition 2.2 au Chapitre
2 ou le livre [Koll1].

Les principaux résultats du Chapitre 2 peuvent maintenant étre résumés dans le théoreme
suivant :

Théoréme 4.1. Sous les hypothéses décrites ci-dessus, soit f dans L>(0, T C’lfd(R"d))
et up dans Cg;'g(R"d). Il existe une unique solution mild et faible u: [0,T] x R™ — R
du probléme de Cauchy (4.1). De plus, u appartient a L*>(0, T Cgf:{’B(R”d)) et il existe
une constante C, indépendant de f et ur, tel que

[ll ooty < c[||f\|Loo(C§d) + HuTHCﬁB}. (4.11)

En conclusion de cette section, nous soulignons enfin qu’il est possible, avec de petites
modifications aux arguments exposés ci-dessous, de considérer une dynamique avec une
dérive déterministe totalement non-linéaire ou un coefficient de diffusion inhomogene
dans I'espace-temps dans un espace fonctionnel adéquat, comme expliqué a la fin du
Chapitre 2.
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4.1 Guide a I’épreuve

Nous présentons ici brievement la méthode de I'épreuve que nous avons utilisée pour
déterminer les estimations de Schauder (4.11) sous les hypotheses introduites dans la
section précédente.

Les principales difficultés a rencontrer dans notre contexte seront liées a la dégénérescence
de l'opérateur £, a-stable qui n’agit que sur la premiére composante et a la non-limitation
de la perturbation F'. On se souvient aussi qu’on veut obtenir des estimations de Schauder
sous les régularités minimales de Holder pour les coefficients de I’équation. En particulier,
on ne pourra pas se fier aux dérivées le long des composantes dégénérées. Pour ce faire,
il faudra exploiter les propriétés de dualité entre les espaces de Holder et ceux de Besov
et notamment, établir des controles délicats en accord avec ces derniers.

Notre approche est basée sur une méthode perturbative dite technique de la parametriz,
initialement introduite par Levi [Lev07] pour I'analyse d’équations aux dérivées partielles
linéaires elliptiques d’ordre pair a coefficients variables. Dans le domaine diffusif non-
dégénéré, nous citons plutot les travaux de Friedman [Fri64] et de McKean et Singer
[MS67] qui exploitent cette technique pour obtenir des estimations de type Aronson
(cf. [Arob9, Aro67]) sur la solution fondamentale du systéme, respectivement sous les
conditions de Holder régularité dans I’espace et le temps ou de mesurabilité dans le
temps et Holder continuité dans ’espace, des coefficients.

Dans un contexte dégénéré plus proche du présent mais toujours de type Gaussien,
cette méthode a ensuite été exploitée dans [CARHM18a] pour obtenir des estimations
de Schauder pour une chaine diffusive dégénérée.

Enfin, nous rappelons que Hadamard dans [Had32, Had64] a étendu cette technique
également a 'analyse des équations hyperboliques.

Une autre méthode, plus classique, pour obtenir des estimations de Schauder est de
procéder en exploitant des contréles a priori sur la solution fondamentale associée au
probleme. L’existence et I'unicité d’une solution pour I’équation considérée, dans un
espace fonctionnel convenable, ne sont dans ce cas abordées qu’a un moment ultérieur.
Nous renvoyons a [Fri64] et a [Kry96] pour une présentation claire de cette approche
a priori ou a [KP10] pour une extension au cas diffusif non-dégénéré a coefficients
non-bornés.

L’opérateur proxy congelé

L’élément crucial dans la méthode de la parametrix que nous avons considérée est de
choisir un opérateur prozy adapté a I'équation d’intérét, c’est-a-dire, un opérateur L,
dont les propriétés (existence et comportement de la densité ou du semi-groupe de
Markov associé) sont connus et proche, dans un certain sens, de 'opérateur original L;.
On peut alors appliquer un développement du premier ordre, comme une formule de
type Duhamel, pour la solution de I’équation (4.1) autour de 'opérateur proxy choisi.
En tirant parti des propriétés connues de l'opérateur proxy, nous pourrons enfin obtenir
un controle convenable de I'erreur d’expansion.

Dans le cas de coefficients bornés, un choix commun pour le proxy est donné par
I'opérateur d’origine avec des coefficients constants. Lorsque ’on considere une per-
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turbation F' potentiellement illimitée comme dans notre cas, il est plutot naturel (cf.
[KP10, CARMP20a]) utilisent un opérateur faisant intervenir un terme du premier ordre
non-nul, tel que celui associé au flux déterminé par le terme de transport Ax + F :

{dew(f) = [A6:.(6) + F(5,0-5(€)|ds on [r, T (4.12)

QT,T (5) = 57

ott (7, &) dans [0, 7] x RY sont deux parameétres “congelé”, respectivement dans le temps
et dans 'espace, dont la valeur exacte sera choisie ultérieurement.

Nous notons immédiatement cependant que la solution de la dynamique ci-dessus peut
ne pas étre unique, puisque la dérive F' n’est que Holder continue dans I’espace. Pour
cette raison, nous choisirons un flux particulier, noté 0, (&), et nous le considérerons
fixé a partir de maintenant. L’opérateur proxy que nous avons choisi est alors obtenu en
gelant le L; d’origine le long du flux 6, 4(§) fixé :

L7¢ = Lo+ (Az + F(t,0,4(6)), Da).

On peut maintenant introduire le probleme de Cauchy “congelé” associé au proxy choisi :

{(at F LY ) ars(te) = —f(t2) sur[0,T) x R™: (4.13)

a4 (T, x) = up(w) sur R,

Pour déterminer les propriétés de 'opérateur proxy gelé L™¢, nous introduisons mainte-
nant la dynamique stochastique associée. Pour un point de départ (¢, ) dans [0, 7] x R™
et d’un processus {Z,}s>¢ a-stable sur R? avec mesure de Lévy donnée par v, fixés, on
s'intéresse a

X7¢ = [AX]S + F(s,0..(€))] ds + BdZy; s>t

X7¢ =g

Une intégration explicite via la fonction exponentielle matricielle permet alors de réécrire
la dynamique de la maniere suivante :

X6 = 0 g [ A P, 0,(€)) du+ [N Baz,

t (4.14)

— () + / A= Bz,
t

Grace a la symétrie de Z;, on peut considérer le terme de transport m; ’5( ) comme la
“moyenne” du processus congelé XST’§ affine au point de départ z (bien que lorsque o < 1,
la valeur moyenne de ce processus ne soit pas définie) ou au moins comme le longue
valeur que le processus fluctue.

L’identité ci-dessus est maintenant cruciale pour montrer que la convolution stochastique

A, = / A=) Bz,
t

)

est elle-méme un processus a-stable, symétrique et non dégénéré sur le “ gros ” espace
R"™ mais re-dimensionné selon la structure anisotrope du systeme. En effet, en passant
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sur les espaces de Fourier, on note que

slon(i0.)] = en(- [ [

- exp(0,. ).

<p’ e(s—u)ABg>

“ u(de)du
‘ ) ) (4.15)

ou alors ®,,  est le symbole de Lévy associé¢ a la variable aléatoire A, a chaque instant
fixe t < s. Changer la variable v = (s —u)/(s —t) nous permet de la réécrire comme suit

®a,p) = (=) [ [ 1o B )
(= 5) [ [ 10, B (),
exploitant dans la derniére étape la décomposition de eA*™” donnée dans (4.7) :
(AR — M, e B,

ou la matrice d’échelle M;_, a été définie dans (4.8). De plus, nous pouvons maintenant
re-normaliser le terme dans le produit scalaire :

1 e B¢
o — (t— / / M, p, ——>
w0 = (0=0) [ 10 S

— (t—s) / (M _ep, 1(v, )| M (dv, o)
[0,1]xSd-1

)| e Be|* u(ds)dv

otl me(dv,ds) = A Bs|*u(ds)dv est une mesure produit sur [0,1] x STt et I: [0,1] x
S4=1 — Snd=1 est la fonction lift définie par

evA B S
l(v,¢) = — 25
( §> |€UABg|
En particulier, on définit avec pug := Sym(l.(m,)) la version symétrisée de la mesure

image de m,, par [. Donc :

E

exp(ifp. M) | = exp(=(s=1) [ 1M p)[* ps(an). (216)

Si on note maintenant {S, },>o le processus de Lévy sur R™ dont le symbole de Lévy
®g est donné par

@s(p) = — [ 10 |us(dn).

on obtient enfin I'identité juridique suivante :

o

Ase @ M,_.S,. (4.17)
A ce stade, nous pensons qu’il faut souligner que, méme si la mesure spectrale ug est en
réalité non-dégénérée au sens de [ND], elle est extrémement singuliere par rapport a la
mesure de Lebesgue sur la sphére S™~!. En fait, on constate d’aprés la construction
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de la mesure ug que son support est donné par I'image support de |e"4 Bg|*u(ds)dv
a travers la fonction lift (v,<) — e*ABg/|e"A Bg| sur S™~1. En supposant aussi que le
support de la mesure spectrale p associée au processus {Z; };>¢ est la sphere S471) on
note que le dimension du support de pg ne sera que d — 1+ 1 =d.

Sous la condition de non-dégénéescence [ND], on sait alors que le processus {S;}i>o
admet une densité réguliere ps(t, 2). Les équations (4.14) et (4. 17) impliquent maintenant
I'existence d'une densité p™¢ associée a 'opérateur congelé Lt donné par

1

T s (s~ 6 My = @), (4.18)

At s, T, y) =

En particulier, les estimations sur la densité du processus congelé Xzf seront obtenues a
partir de celles sur la densité de {5, },>0. Pour étre complet, nous introduisons également

le semi-groupe de Markov congelé {P ’5}t< donné par

Prfo) = [ 57 (s,29)0(y) dy.

pour chaque fonction ¢: R™ — R suffisamment réguliere. Nous voulons maintenant
analyser quelles propriétés de régularité cette densité gelée p(t, s, x, -) posséde. Notons
tout d’abord que les dérivées spatiales peuvent étre controlées par une autre densité
mais au prix de singularités temporelles supplémentaires. Pour chaque ¢ dans [[1,n] et
k € {1,2}, en fait ¢’est vrai que

s — .M (y — mif(x)))
det(M, ) (s=1)

1+a(i—1)
—f =l

DYt s, 2,y)] < Cp( (4.19)

ol p(t,-) est une densité sur R avec des propriétés convenables. En termes simples,
dériver la densité congelé p™4(t, s, x, -) induit une singularité en temps dont l'intensité
dépend des échelles intrinseques du systéme liées a la direction de la dérivation. L’élément
crucial et récurrent dans notre analyse consistera a rééquilibrer ces singularités dans le
temps a travers les régularités spatiales de la densité p(t, -).

En particulier, nous montrerons qu’il a un effet régularisant ’espace d’ordre «, en ce
sens que, pour chaque v dans [0, @), il tient que

ol
«a

d'(y,mis(x))dy < Cls —t)=, (4.20)

(s — 6, M (y — mis(x)))
/Rnd det(M,_;)

ou, rappelons-le, la distance homogene d a été définie dans (3.22) dans le cas n = 2 puis
naturellement étendue a notre contexte plus général dans (4.9).

On peut maintenant mettre en évidence une des principales différences entre le cas diffusif,
considéré par exemple dans [CARHM18al, et le cas a-stable analysé ici, caractérisé par
un effet régularisant strictement borné par l'ordre de a-stabilité de 'opérateur. En
termes stochastiques, ce probleme est essentiellement lié aux propriétés d’intégrabilité
plus faibles associées aux processus de Lévy par rapport au mouvement Brownien.

Les propriétés présentées dans (4.19) et (4.20) peuvent étre enfin résumées par 'effet
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régularisant associé a l'opérateur proxy LZ’5 dans le controle fondamental suivant sur
son semi-groupe congelé :

1+o¢(z 1)

Dk PrEp()] < Clldllog(s — 557", Vo e CJ(R™). (4.21)

Les controles tels que (4.21) sont obtenus & partir des propriétés régulatrices de la
densité (4.19), en utilisant des techniques d’annulation. En notant que

dDwiﬁT’g(t,s,x,y) dy = 0, (4.22)
R

pour chaque couple de parametres gelés (7, &), I'idée sous-jacente est d’ajouter un terme
a l'intérieur de l'intégrale et ainsi d’exploiter la régularité de Holder de la fonction ¢,
soit :

I A / D} 75 (t, 5,7, 9)(y) dy
= D’;ﬁ“ (t, s, 2,y) [@(y) — o(mpt(x))] dy
Rrd (4.23)
< Nlole [, [D57<(t s ,9)| 0y = i @) dy

1_,{M

< Cllglley(s =)=

En exploitant soigneusement les effets de régularisation dans I’espace afin d’équilibrer
les singularités dans le temps dues aux dérivées de densité (cf. Control (4.19)), il est
maintenant possible de montrer que les estimations de Schauder sont vraies pour les
solution @™ de la dynamique congelé (4.13) :

la

Loty S 0[||f||Loo(ng) + ||uT||ng+a]. (4.24)

En particulier, ces estimations sont valables pour toute valeur fize des parametres (7, &)
gel et la constante C' ci-dessus est indépendante d’eux.

Grace a la stabilité donnée par les controles ci-dessus, il est également possible de
représenter I'unique solution #™¢ du probléeme de Cauchy congelé (4.13) en termes de
semi-groupe Markovien ]5[7;,5

amt(t,x) = tTuT +/ P $f(s,x) (4.25)

On veut maintenant appliquer la méthode perturbative de maniere a obtenir des
estimations de Schauder pour une solution u de I’équation de départ a partir de celles
qui viennent d’étre obtenues dans (4.24) pour la solution %™¢ du probléme gelé associé
a I'opérateur proxy.

Expansion de type Duhamel

Au moins formellement (en pratique, par régularisation des coefficients a 1’aide de la
définition de solution mild), la dynamique d’origine (4.1) peut étre réécrite autour de
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I'opérateur L7¢ congelé comme suit :

{(at + L7 u(t,z) = —f(t,2) — (L — L7%) ult,z), on (0,T) x R
w(T,z) = ur(z) on R",

L’unicité de solution pour le probléme congelé (4.13) et la représentation de @™ dans
(4.25) implique maintenant la formule de Duhamel suivante, qui correspond a un
développement du parametrix de premier ordre :

T .
ult,z) = @t x) + / PTER™(s,x) ds, (4.26)
t

ol R™¢ est le reste donné par
R4 (t,x) == (F(t,x) — F(t,0.,(¢)), Dyu(t,z)). (4.27)

Puisque le controle convenable (4.24) pour la solution congelée 4™ a déja été démontré,
la représentation Duhamel (4.26) indique que pour obtenir les estimations de Schauder
pour u, le terme principal qui reste a étudier est le reste

T .
/ PTER™ (s, 7) ds, (4.28)
t

qui représente précisément l’erreur d’expansion le long du proxy.

Jusqu’a présent, les parametres congelés (7,€) ont été considérés comme fixes mais
libres. Ils seront désormais choisis de maniere convenable en fonction du contréle que
vous souhaitez établir. En particulier, dans cet article, nous suivrons une approche du
parametre de type progressif, dans le sens ou nous imposerons (7,§) = (t,z) et donc
le flux 0, 5(¢) donné dans (1.5) se déplacera progressivement du point de départ (¢, x)
vers (s,y), ou y est la variable d’intégration dans la densité congelée. Cette méthode
a été largement utilisée par Friedman [Fri64] et I'in et al. [[KO62] pour obtenir des
controles précis sur les dérivées de la solution fondamentale pour I’équation de la chaleur
ou par Chaudru de Reynal dans [CdR17] pour en déduire le caractére bien posé au sens
fort pour une chaine diffusive dégénérée de type cinétique. En particulier, la méthode
progressive permet de mieux exploiter les techniques d’annullation dans (4.23) que
nous avons vues comme fondamentales pour le controle des dérivées de la densité gelée
P m(ta 8, T, y)'

Pour étre complet, nous mentionnons qu’il existe également une méthode parametrix de
type retrograde (en fixant (7,&) = (s,y)), introduite par McKean et Singer dans [MS67].
Nous soulignons cependant que dans ce cas, la densité p™¢(¢, s, 2, y) congelée dans & =y
n’est plus une vraie densité par rapport a la variable y, puisque le parametre de gel
joue également le role de variable d’intégration. Cela rend les effets de régularisation
présentés dans (4.21) pour le semi-groupe de Markov beaucoup plus difficiles & établir.
Pour plus de détails sur la méthode perturbative a parametrix rétrograde, nous nous
référons a la Section 6 du présent travail.

Enfin, rappelons que dans le cas de coefficients bornés, un choix naturel est donné par
le flux trivial 6, ,(&) = &.

36



Section 4. Estimations de Schauder pour systémes non linéaires stables

Control de I'erreur d’expansion

Pour conclure la méthode perturbative, il faut enfin montrer que I'erreur d’expansion
dans la formule de Duhamel apporte une petite contribution aux estimations de Schauder
(4.24) pour la solution congelée @™¢. Comme mentionné au début de cette section, ce
contrdle sera le plus délicat a établir, en raison de la faible régularité de la dérive F
le long des composantes dégénérées z; (i > 1). Pour montrer brievement quelles sont
réellement les difficultés, nous allons nous concentrer sur 1’établissement d’un controle
de norme uniforme sur le terme dans (4.28). Les vérifications ultérieures de la norme
uniforme pour la dérivée et celles par rapport a la semi-norme de Holder sont encore
plus longues a établir bien qu’elles partagent toujours la méme approche.
Commencons par décomposer le reste par rapport a les composants du systeme :

T .
’/ PIER™(s,2) ds
t

n T
Z/t ~/Rnd ﬁTzf(t, s, T, y)AﬂéF}-(s) y) . Dij(S, y> dyds : (429)
j=1

ou nous avons appelé, pour simplicité

AT Fi(s,y) = Fi(s,y) — Fj(s,0-5(€)), 7€ [1,n].
En rappelant que la solution u est dérivable par rapport a la composante non-dégénérée

(j = 1), la premiére contribution de la sommation peut étre contrdlée en exploitant a
nouveau les effets régularisants de la densité congelée dans (4.19) :

T
/t /Rnd Pt 5,2, y) AT Fi(s,y) - Dyu(s, y) dyds
T
< C”Dyl“”ooHFchg/t /Rndﬁ”’f(t,s,x,y)dﬁ(y,&,s(ﬁ)) dyds

T ]
< CIDull Filleg [ (s )% ds
atf

< ClDyulloll £

les (T — ).

En particulier, on note qu'imposer (7,&) = (¢, z) est le choix naturel pour équilibrer la
différence entre les tendances déterministes

|Fl<$7y> - Fl(saeﬂ',s(g))‘

et la structure anisotrope de la densité congelée :

1
—— p(s—t, MLy —mlt(x

det(MS_t>p< ) sft(y t,s ( )))
et pouvoir ainsi exploiter les propriétés régularisantes multi-échelles des densités congelées
dans (4.20). En effet, il est facile de vérifier a partir des dynamiques (4.12) et (4.14) que
pour notre choix de paramétres gelés il tient que mys(z) = 0, 4().

Nous pouvons maintenant nous concentrer sur les contributions dégénérées (j > 1) dans
la décomposition en (4.29). Puisque u n’est pas dérivable en y; si j > 1 (en fait ce n’est

37



Chapitre 1. Introduction

que (a+ 8)/(1 4+ a(j — 1))-Holder continue dans cette variable), nous commengons par
déplacer la dérivée vers les autres termes par intégration par parties :

T
[ LoD {7t s e A ) fuls,g) dyds|. (4.30)

L’idée serait alors de contréler D, - {]57’5(15, s, 2, y) AT E (s, y)} en exploitant la régularité

de la solution u dans L>(0,T’; Cy +F(R™)). A priori, cependant, cette controle ne semble
pas immédiate puisque le terme p¢(¢, s, z,y) AT F;(s,y) n’est pas dérivable en y; en
raison de la faible régularité de la dérive F'.
Pour I'obtenir, il faudra en effet appliquer un raisonnement de dualité sur les espaces de
Besov. En fait, rappelez-vous que pour un 4 générique dans R, l'identification suivante
est vraie

Cy(RY) = B, (RY), (4.31)
ou pour p, g dans [1, o], B;q(R”d) représente un espace de Besov dans R™ avec indexes
(%, p,q). De plus, il est connu (voir par exemple la Proposition 3.6 dans [LR02]) que

Bl (RY) et By (R?) sont en dualité, dans le sens ol

[, fada| < Cllfllu Nglls s (4.32)

pour chaque f dans B, . (R?) et chaque g dans B; T(RY).

Nous rappelons également qu’il existe différentes manieres de définir de tels espaces
de Besov (par module de continuité, décomposition de Littlewood-Paley, etc.) mais
la caractérisation thermique, par convolution avec un noyau thermique fractionnaire,
semble étre la plus naturelle pour notre propos. Pour une analyse plus détaillée sur le
sujet, nous vous suggérons de consulter la Section 2.6.4 dans [Tri92].

On définit alors I'espace de Besov avec les indices (7, p, ¢) sur R? comme :

B, (RY) = {f € S'(RY: |fl,, < +oo},
ot §(R?) est la classe de Schwartz sur R%. La norme || - ||:ng est alors donnée par

A 1 ot d q
£l = 060F)" s+ ([ o3 10mn(o. )+ 15 )" (33)

oll ¢y est une fonction test sur C°(RY) telle que ¢o(0) # 0 et py, est le noyau de chaleur
a -stable isotrope sur R?, c’est-a-dire la densité sur R? dont le symbole de Lévy est
équivalent a —|A|*.

Le principal avantage de la caractérisation thermique est justement celui de permettre
le passage de la dérivée D, sur la densité isotrope supplémentaire py,(s —t,y) et donc
d’exploiter la régularité de Holder de la dérive Fj.

On peut alors exploiter 'identification dans (4.31) et la propriété de dualité dans (4.32)
le long de la composante y; pour estimer la quantité (4.30) :

T
[ [ Do {72 Ey 5. fus, ) dyds

T
. g L. .
< ||u||Loo(C§fd+B)/t /Rmil)d y; — Dy, {p (t,s,xz,y)A FJ(S,y)}HBliaﬁﬁj) dy. ;ds,
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ol nous avons noté¢, pour simplifier, par y. ; la variable dans R¥™=1) gans la composante
Ys-

A ce stade, il resterait alors a contrdler correctement l'intégrale de la norme de Besov
ci-dessus. En particulier, dans la Section 5.1 du Chapitre 2 nous montrerons I’estimation
optimale suivante :

/R(nfl)d

yj = Dy, - {ﬁT’g(t, 5,2, Y j, ')AT’gFj(S’y)}HB(“ﬁﬁj) s
1,1

joRje)

S CHF}HLoo(C;le-"B)(S - t) )
ol, nous nous souvenons, nous avons choisi (7, ) = (¢, ).

Sujet circulaire et conclusion du test

En exploitant les différents controles résumés ci-dessus, nous pourrons enfin montrer, a
partir de la formule de Duhamel dans (4.26), 'estimation suivante pour une solution u
dans L>(0,T; Cg;B(R”d)) de la dynamique d’origine (4.1) :

||u||Loc(Cﬁﬁ) < C{HuTHCadw + ||f||Loo(ng)} + Cstz}p ||Fi||Loo(cgi+ﬁ)||”||Loo(c;fd+ﬁ)7 (4.34)

ou la constante C' est indépendante de f, ur et F.

Nous soulignons en particulier que I’étude de la norme complete associée nous fera
perdre, comme dans (4.34), la dépendance & (s—t) en peu de temps et ne nous permettra
pas d’appliquer directement une argument de type circulaire pour déplacer le terme
||u||LOO(C?:g) a gauche du controle ci-dessus.

Si on suppose alors que la norme de Holder pour la dérive F' est suffisamment petite,
c’est-a-dire, par exemple, telle que

—_

Csup || Fi > (4.35)

Lee(ogithy =

[\]

nous pouvons utiliser un argument circulaire pour conclure que les estimations de
Schauder sont également valables pour u :

HUHLOO(C;ijﬁ) < QC[HUTHCadM + ||f||Loo(ng)}. (4.36)

Dans le cas général, il faudra appliquer au départ une procédure de remise a 1’échelle
des coeflicients afin d’imposer une condition similaire a (4.35).

Enfin, nous soulignons que la procédure décrite dans cette section ne peut étre appliquée
efficacement que si 'intervalle de temps considéré est suffisamment petit. Intuitivement,
cela semble naturel puisque ’erreur d’expansion a controéler, sur laquelle est basée la
méthode perturbative, nécessite que I'opérateur original £, et celui proxy £7¢ ne sont
pas trop éloignés les uns des autres. Pour obtenir ensuite les estimations de Schauder
pour un temps final arbitraire mais fini, nous devrons alors itérer le raisonnement
ci-dessus plusieurs fois sur chaque intervalle de temps suffisamment petit.
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5 Estimations de Schauder pour un systeme dégé-
néré linéaire de type Lévy

Nous présentons maintenant brievement les résultats présentés dans le chapitre 3, publié
plus tard dans Journal of Mathematical Analysis and Applications. Bien que nous nous
limitions ici a une dynamique linéaire, ce travail peut étre compris comme une extension
du chapitre précédent a plusieurs points de vue.

Etant donné un espace “grand” RY . nous nous intéressons a une analyse de Popérateur
d’Ornstein-Uhlenbeck suivant :

L = L+ (Az,D,) suRY, (5.1)

ol {-,-) désigne le produit scalaire euclidien sur R, A est une matrice dans RY @ RN
et £ est un opérateur de Lévy éventuellement dégénéré, dans le sens ou il ne pourrait
agir de maniére non-dégénérée que sur un sous-espace de R,

Plus précisément, étant donné un entier d < N et une matrice B dans RY ® R? telle
que rank(B) = d, 'opérateur £ peut étre représenté pour toute fonction assez régulier
¢: RY — R a travers

Lop(z) = ;Tr(BEB*Diqb(x)) + (Bb, D, ¢(x))

+pv. [ [6la+ B2) = 6(2) — (Dad(x), B2)Lpou()] (d2), (5:2)

0

ol b est un vecteur dans RY, ¥ est une matrice symétrique, définie non-négative dans
R?® RY et v est une mesure de Lévy sur RZ.

Nous soulignons déja que pour ce modele nous n’assumerons plus la symétrie de la
mesure v comme nous ’avons fait dans le chapitre 2. C’est pour cette raison méme
qu’on ne peut pas maintenant supprimer le terme de premier ordre (D,¢(zx), Bz) dans
la définition de I'opérateur £ dans (5.2) (cf. Equation (4.2) dans la section précédente).

Nous nous intéressons ici a établir le caractere bien posé et les estimations de Schauder
associées pour des équations elliptiques et paraboliques faisant intervenir 'opérateur L°"
sous des conditions minimal de régularité de Holder sur les coefficients. En particulier,
pour A > 0 fixé, nous considérerons I’équation elliptique suivante :

Mu(z) — L(z) = g(z), ze€RY, (5.3)

et, pour un temps final fixe T > 0, le probleme de Cauchy suivant :

uw(0,7) = ug(z), ze€RY, (5.4)

{atu(t,x) = Lo%(t,z) + f(t,2), (t,z) € (0,T) x RY;
ou f,g,up sont des fonctions données. Puisque notre but est notamment d’établir des
résultats de régularité optimale, nous allons fixer un g € (0,1) et supposer, dans le
probleme elliptique (1.5), que la source g appartient a ’espace de Hélder anisotrope
le J(RY) tandis que pour le cas parabolique (5.4), que g est dans Cy, J’B (RY) et f in
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L=(0,T; Cy4(RY)). Une définition exacte des espaces de Hélder anisotrope Cf 4 (RY)
dans ce contexte ne sera donnée que plus tard, lorsque nous introduirons les conditions
sur le systeme.

Une autre différence par rapport au Chapitre 2 est que pour ce modele linéaire, nous
supposerons seulement que A et B vérifient une condition de type Héormander faible,
appelée du rang de Kalman, ce qui assure ’hypoellipticité du systeme et que pour un
certain o < 2, I'opérateur de Lévy £ est assimilable, dans un sens convenable, a un
opérateur a-stable éventuellement tronqué et non dégénéré sur le méme sous-espace
(BRY ~ R9) de RY.

Plus précisément, la mesure de Lévy associée a la partie integro-différentielle de 'opé-
rateur £ sera controlée par le bas avec la mesure de Lévy d’un opérateur a-stable
éventuellement tronqué. Rappelant de (4.3) que chaque mesure de Lévy a-stable v,
peut étre décomposée en une partie sphérique p et une partie radiale r*+®dr, on
imposera notamment que la mesure v vérifie la condition suivante, appelée usuellement
de domination stable :

[DS] il existe o > 0, a dans (0,2) et une mesure p finie et non-dégénérée (au sens de
(4.4)) sur la sphére ST tel que

v(C) > /J L. ]lc(rﬁ)u(dﬁ)?j;, C € B(RY). (5.5)

Intuitivement, la condition [DS] assure I'existence d’une densité associée a 'opérateur
L avec des propriétés régulatrices d’ordre (au moins) «. En fait, ce sont précisément
les petits sauts (de petit rayon ry) associés a la mesure de Lévy qui permettent, s’ils
sont suffisamment intenses, de générer une densité pour le processus associé. Sous la
condition [DS], on sait notamment que les contributions associées aux petits sauts de
v sont controlées par le bas avec celles d’une mesure a-stable non-dégénérée, dont la
continuité absolue est bien connu dans ce contexte.

En clair, la condition de non-dégénérescence [ND] assumée dans le chapitre précédent
peut étre comprise ici comme un cas particulier de [DS] lorsque 1y = +o0o e détient
une égalité dans (5.5). En particulier, nous soulignons que la classe des opérateurs de
Lévy sur R? vérifiant [DS] est trés riche et variée et comprend certains de ceux de type
quasi-stable qui ne pouvaient pas étre considérés auparavant dans la littérature. Un
exemple possible sur R? est donné par le Laplacien fractionnaire relativiste Af‘e/f agissant
uniquement sur la premiere composante, qui est définie par :

d+a—1

a ' T+ 2 o \11+ 22 |,
auftote) = v [0 ("0F) <o ()M e

oll x = (7, 12) est dans R% Ce type d’opérateur, aussi appelé opérateur relativiste de
Schrodinger, est souvent considéré pour ses liens avec I’étude de la stabilité relativiste
de la matiere. Pour plus de détails, voir par exemple [BB99, CMS90, Fef86, Lie90] et
les références a 'intérieur.

Comme vu précédemment, des conditions telles que [DS] assurent un effet régularisant
d’ordre (minimum) « associé a U'opérateur £ qui n’agit cependant que sur un sous-espace
de RY. Pour obtenir un effet global sur tout I'espace R, il faut alors que cette propriété
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se diffuse dans tout le systéeme. Pour cette raison, nous supposerons que les matrices A,
B vérifient la condition de Kalman suivante :

[K] ona que N = rank[B,AB,...,AN_lB},

ol [B JAB, ..., AVN71B| est la matrice dans RY ® R* dont les colonnes sont données

par B, AB, ..., AN71B. On sait (voir par exemple [Zab92]) qu’il existe une équivalence
entre la condition [K] et ’énoncé suivant :

t
det K; := det/ eABB* e ds > 0, Vt>0. (5.6)
0

Au moins dans le cas diffusif (&« =2 et L = BB*A,), K; est la matrice de covariance
pour le processus solution de la dynamique stochastique associée. A son tour, I’équation
(5.6) peut étre montrée équivalente a I'hypoellipticité au sens de Hormander ([Hor67]) de
l'opérateur d’Ornstein-Uhlenbeck L°", qui assure notamment 'existence et la régularité
d’une solution au sens distributionnel de I’équation

Lu(z) = Lu(z) + (Az, Du(z)) = ¢(z), zin RY

pour chaque fonction ¢: RY — R suffisamment réguliere. Voir aussi le livre d’Ishikawa
[Ish16], Chapitre 3.6, pour plus de détails sur le cas non-dégénéré.
Signalons enfin que la condition [K] est bien connue en théorie des contrdles. En fait,
elle a été introduite par Kalman (cf. [Kal60a, Kal60b]) comme condition suffisante (alors
effectivement équivalente) pour la contrélabilité d partir de zéro des systémes linéaires
du type :

iy = Az, + Buy, (5.7)

c’est-a-dire, que, pour chaque état final z dans R, il existe un controle ¢ — wu, in R?
tel que t — x; est solution de (5.7), commence a 0 et atteint x en un temps fini. Pour
plus de détails sur ce sujet, voir, par exemple, [KHN63] ou [Zab92].

Gréce a la condition [K], on peut maintenant expliquer plus précisément la distance
anisotrope d et les espaces de Holder associé C’;f 4(RY) dans ce contexte.

Pendant ce temps, nous fixons n comme le plus petit entier tel que la condition de
Kalman [K] soit vérifiée, ¢’est-a-dire :

n = min{r e N: N = rank[B,AB,...,Ar_lB}}.

D’un point de vue plus probabiliste, ¢’est-a-dire en considérant la dynamique stochastique
suivante :
dXt == AXtdt —|— BdZt, t 2 O

olt {Z;}>0 est un processus de Lévy sur R? avec le triplet de Lévy (b, %, v), U'entier n
peut étre compris comme le nombre minimum des applications de A qui permettent de
transmettre le bruit, situé sur BRY, & tout 'espace en dessous de R¥.

Plus exactement, fixe ¢ dans [1,7n], on définit V; comme 'espace image atteint par les
premiers ¢ — 1 commutateurs itérés entre A et B :

Im(B ii=1
v (@B, sli= L (5.8)
@;._; Im(A*'B), autrement.
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Puisque clairement V; C Vo C ...V, = R", il est maintenant logique de désigner

W, = ‘/h sig = 1’
. (Vi—l)L NV;, autrement.

Intuitivement, chaque espace W, caractérise combien une application ultérieure du
commutateur sur V; permet d’ajouter en termes d’espace couvert.

Enfin, on peut introduire les projections orthogonales £;: RY — RY & partir de RV
sur W;. En notant que dim E;(RY) = dim BRY = d, il est logique de définir d; := d et
d’écrire

d; = dim E;(RY), sii> 1. (5.9)
En considérant un changement de variables si nécessaire, on supposera désormais que
I'espace RY est décomposable en x = (21, ..., z,) tel que E;x = x; et z; est dans R%

pour chaque i dans [1,n]. Cette décomposition explicite permet maintenant d’étendre
facilement a ce contexte la mesure anisotrope d, définie comme dans (4.9), et les espaces
de Holder associés a 'opérateur de dilatation

Ot @y, .. wy) = (A Aay, ..., AL ), (5.10)

En particulier, une fonction ¢ dans C(R”) sera telle que z; — ¢(z1,...,Ti, ..., T,) est
dans C =1 (R%), uniformément dans les autres variables z;, (j # 1).

Enfin, nous mentionnons que la structure linéaire analysée ici est plus générale que celle
considérée (sur la matrice A) dans le chapitre précédent. En effet, il a été montré par
Lanconelli et Polidoro dans [LP94] que la condition de Kalman [K] sur A et B impose
la forme suivante sur les matrices :

B;O A2 * . .
0 Dol el
0 ... 0 A,

oll By est une matrice non-dégénérée dans R® @ R% | A; est une matrice dans R% @ R%-1
tel que rank(A;) = d; pour chaque i dans [2,n] et les éléments * peuvent étre non-nuls.
Aussi, dy > dy > - >d, > 1.

De plus, la présence d’éléments * non-nuls dans la matrice A ajoute une difficulté
supplémentaire a notre méthode de preuve. En effet, il a été montré (cf. [LP94]) que
la matrice A est invariante sous les dilatations J, (définies dans (5.10)) si et seulement
si A a des éléments non-nuls sur la sous-diagonale uniquement. En particulier, les
décompositions explicites comme dans (4.7) ne seront désormais plus disponibles.

Les hypotheses [DS] et [K]| décrites ci-dessus permettent de montrer les estimations
de Schauder associées a l'opérateur d’Ornstein-Uhlenbeck L°" . Par souci de cohérence,
nous soulignons également qu’a l'instar du chapitre précédent, nous ne considérerons que
des solutions faibles pour le probleme elliptique ou parabolique au sens des distributions.
Nous pouvons maintenant résumer les principaux résultats obtenus a la fois dans le
contexte elliptique et dans le contexte parabolique.
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Théoréme 5.1 (Cas Elliptique). Etant donné A > 0, soit g dans CEIB(RN). Il existe
une unique solution faible uw de [’équation elliptique (5.3). De plus, u appartient d
C’Ifd(RN) et il existe une constante C > 0 telle que

1
Jullggzs < C(1+ 1) lollp, (512)

Comme dans le cas parabolique, les estimations de Schauder dans un contexte elliptique
sont souvent utilisées en relation avec la dynamique stochastique associée. Par exemple
dans [CCO7], de telles estimations pour les opérateurs dégénérés du second ordre sur
des domaines non-lisses sont un outil fondamental pour obtenir 'unicité du probléme de
martingale corrélé. Dans un cas a-stable sous-critique (« > 1) non-dégénéré, nous citons
également les estimations globales obtenues par Priola dans [Pril2] et dans [Pril8] et
leurs applications respectives a le caractere fortement bien posé et I'unicité de type
Davie pour I’équation stochastique associée.

Théoréme 5.2 (Cas Parabolique). Etant donné T > 0 et 3 dans (0,1), soit ug dans
CEJB(RN) e fen L™ (0, T; C(fd(RN)) Il eziste une unique solution faible u du Probléme

de Cauchy (5.4). De plus, u appartient ¢ L™ (0,T; CEIB(RN)) et il existe une constante
C:=C(T) > 0 tel que

||u||Loo(C§d+6) < C[||U0||C;f;f/3 + ||f||Loo(C£d)}. (5.13)

Dans le cas parabolique, les résultats présentés dans cette section peuvent aussi étre
naturellement étendus aux problemes de Cauchy avec des coefficients dépendants du
temps Ay, By, sous des hypothéses naturelles supplémentaires, telles que la bornage de
la matrice A; et I'uniforme ellipticité de B; sur le petit espace R?. Nous renvoyons a la
Section 6 du Chapitre 3 pour plus de détails.

5.1 Guide a I’épreuve

Inspirés par les travaux de Priola [Pri09], ou des estimations de Schauder analogues sont
prouvées dans le cas diffusif dégénéré, nous avons décidé de suivre une approche avec la
théorie des semi-groupes pour notre probleme. Cette méthode, introduite a 1’origine par
Da Prato et Lunardi en [DPL95], consiste a établir des controles a priori sur le semi-
groupe P, associé a l'opérateur d’Ornstein-Uhlenbeck L°" sur des espaces fonctionnels
convenables et a en déduire les estimations parabolique par une représentation mild (ou
Duhamel) de la solution u par rapport au semi-groupe (cf. Equation (4.25)).

Nous soulignons déja que cette approche dans le contexte parabolique ne se focalise
cependant que sur la régularité dans I'espace pour les solutions u. Cela se reflete aussi,
par exemple, sur notre définition des espaces de Holder anisotropes L>(0,T'; Cy JRYY),
uniformes seulement en temps. En particulier, les estimations de Schauder paraboliques
dans (5.13) ne montrent aucun effet bootstrap en temps par rapport a la condition
initiale ug.

Enfin, nous mentionnons qu'une autre méthode possible pour ’analyse des opérateurs
d’Ornstein-Uhlenbeck tels que L°" a été introduite par Manfredini dans [Man97] et
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exploite un raisonnement plus abstrait en termes de Lie groupes associés au systeme
différentiel. En particulier, les estimations de Schauder dans ce contexte sont construites
par rapport a des espaces Holder intrinseques, en ce sens qu’elles prennent en compte la
régularité conjointe entre ’espace et le temps des fonctions impliquées. Pour plus de
détails sur le sujet, voir par exemple [Pas03].

Comme nous l'avons déja dit, I’élément fondamental de notre méthode consiste en une
analyse a priori des propriétés du semi-groupe Markovien { P, };>¢ (formellement) associé
a 'opérateur d’Ornstein-Uhlenbeck L°". Apres cela, la formule de la transformée de
Laplace va nous permettre d’écrire chaque solution u du probléme elliptique (1.5) en
fonction de P, :

u(z) = / e M {Ptg} (x)dt =: / e MP,g(x) dt. (5.14)
0 0
Dans le cas parabolique, il sera possible d’utiliser la formule de variation des constantes
pour montrer une représentation analogue pour une solution u du probleme de Cauchy

(5.4) :

ult,2) = Pagla) + [ [P (s,9)] (2) ds = Praofa) + / "Pf(sa)ds.  (5.15)

Pour établir des estimations telles que celles de Schauder pour une solution u (aussi
bien dans le cas elliptique que dans le cas parabolique), il est alors clair qu'il est d’abord
nécessaire d’obtenir des controles similaires sur le semi-groupe associé P,. Surtout, nous
nous intéressons a comprendre comment 1’opérateur P; se comporte sur les espaces de
Hoélder anisotropes Cy) ;(RY) considérés par nous.

Nous soulignons également que les techniques habituelles pour obtenir ce type de com-
mandes dans le contexte Gaussien sont cependant difficiles & étendre a notre contexte
non-local. Par exemple, des stratégies de preuve comme dans [Lun97], par des formules
explicites sur la densité du semi-groupe, dans [Lor05] ou [Sai07] dans le cas n = 2, par
des combinaisons des estimations a priori de Bernstein-type avec des méthodes d’inter-
polation ou dans [Pri09], par calcul de Malliavin pour les représentations probabilistes
du semi-groupe F;, ne peuvent plus étre suivies ici, principalement en raison de la nature
non-locale ou de la faible intégrabilité associée a 1'opérateur L.

Pour surmonter cette difficulté, nous allons plutot exploiter une méthode de type pertur-
bative qui nous permettra de considérer 'opérateur de Lévy £ comme une perturbation,
dans un sens convenable, d'un opérateur a-stable dont les propriétés sont bien connues.
Enfin, nous mentionnons que ces techniques de décomposition ont été introduites a 1’ori-
gine dans [SSW12] dans le cadre de I’étude des propriétés de couplage pour les processus
de Lévy et dans [SW12], en relation avec la généralisation de certains théoremes de
Liouville-type pour les opérateurs d’Ornstein-Uhlenbeck non-locaux.

Régularisation des propriétés associées a 'opérateur de Ornstein-Uhlenbeck

Comme déja vu dans la section précédente, pour déterminer les propriétés sur le semi-
groupe associé a 'opérateur L°", il convient de considérer dans un premier temps son
homologue stochastique. Etant donné un espace de probabilité (€2, F,P), on introduit
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alors le processus de Lévy {Z;}+>¢ déterminé (en loi) par la suite symbole de Lévy :

O(p) = ib-p— ;p -Yp + /Rd (7% =1 —ip- z1py)(2)) v(d2), peRY,
0

ou, rappelons-le, le triplet (b, 2, ) est le méme que celui qui apparait dans la définition

de l'opérateur £ et, en particulier, la mesure de Lévy v vérifie ’hypothese de domination

stable [DS]. Soulignons maintenant que ce processus {Z; };>o est associé a 'opérateur £

au sens ou le générateur infinitésimal du processus dégénéré {BZ,};>o étendu sur RY

est alors donné par L.

Pour un point 2 dansR¥ fixé, on s’intéresse alors au processus d’Ornstein-Uhlenbeck

{X;}i>0 sur RY dirigé par BZ;, c’est la seule solution (au sens fort) de I’équation

différentielle stochastique suivante :

dX7 = AXPdt +BZ;, t>0;
X§ = .

En intégrant directement ’équation ci-dessus a travers la fonction exponentielle ma-
tricielle e®=*)4 il est également possible de montrer une représentation explicite du
processus {X;}i>o :

t
XP = ety 1 / ABAZ. >0,
0

Le semi-groupe de Markov associé¢ a {X[};>0 est maintenant défini comme la famille
des contractions linéaires {F;: t > 0} sur Cy(RY), I'espace des fonctions continues et
bornées sur RV & valeurs réelles, tel que

Pé(z) = E[¢(X7)], zeRY. (5.16)

Enfin, nous mentionnons que le semi-groupe P; est généré par 'opérateur L°" dans
le sens ou son générateur infinitésimal coincide avec L°" sur I'espace de fonction test

C>(RY).

Des raisonnements sur les espaces de Fourier, similaires a ceux développés dans la
section précédente dans (4.15)-(4.16), permettent de montrer dans ce cas que la partie
aléatoire de X, vérifie encore ’hypothése de domination stable [DS] sur RY, méme
si redimensionnée selon la structure anisotrope de la dynamique (cf. matrice M, dans
(4.8)). De la méme maniére que (4.17), vous pouvez en fait obtenir que

x, (1

e o 4+ M, S!, (5.17)
olt pour chaque parameétre fixe ¢, {S!},>¢ est un processus de Lévy sur RY avec des
propriétés convenables. Surtout, sa mesure de Lévy 7! vérifie & nouveau I’hypothese de
domination stable [DS] étendue sur RY, A savoir :

7(C) > /0 " /S () ,:Lt(de)rjlfa — 7L(0), C e BRY), (5.18)
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pour un certain Ry > 0 et une famille {fi’: ¢ > 0} de mesures finies et non-dégénérées
sur la sphere SV1.

Soulignons maintenant que la dépendance au parametre ¢ pour le processus {S:}.,>o
apparait précisément a cause des éléments non-nuls * dans la représentation de A donnée
dans 'Equation (5.11). Comme déja souligné précédemment, la matrice A dans ce cas
n’est plus invariante sous les opérateurs d’expansion anisotropes d, donnés dans (5.10).
En effet, les décompositions comme dans (4.7), exploitées dans la section précédente
pour ce type de résultats, ne sont plus valables mais doivent étre modifiées avec des
versions “approchées” de la forme :

et = MRM !, t< 1,

ou R; est une matrice localement bornée et non-dégénérée (dépendante du temps) en
RY ® RY. Nous mentionnons également que c’est I'une des principales raisons pour
lesquelles les contréles a priori que nous voulons établir ne seront valables que dans un
petit intervalle de temps.

En termes plus analytiques, I'identité dans (5.17) suggere que le semi-groupe généré par
lopérateur d’Ornstein-Uhlenbeck L°" coincide avec un semi-groupe non dégénéré méme
si “multiplié” par la matrice M; qui prend en compte la dégénérescence originelle de
I'opérateur considéré. Plus précisément, on peut établir, a partir de I'identité en loi dans
(5.17), une premiere représentation du semi-groupe Markovien P, :

Pole) = [ ole's +Muy) Py (dy), ¢ € Co(RY), (5.19)

olu, pour toute variable aléatoire X, Px désigne la loi de X.

Pour déterminer les propriétés régularisantes associées au semi-groupe P, il est mainte-
nant clair qu’une analyse plus approfondie de la mesure Pg: est nécessaire.

Tout d’abord, on note que 'hypothése [DS] permet de voir le processus de Lévy {S%},>0
comme une perturbation du processus a-stable éventuellement tronqué {Y}},>¢, associé
a la mesure de Lévy 7, définie dans (5.18). Des considérations sur la mesure Pg: peuvent
alors étre exprimées a partir des propriétés bien mieux connues de la mesure stable.
En réalité, nous pousserons encore plus loin cette méthode perturbative, en ne considé-
rant au lieu du processus stable complet que la contribution associée a ses petits sauts
qui, comme on le sait, permettent ’existence de la densité de processus. Cette étape
supplémentaire permettra d’obtenir des controles encore plus précis sur cette densité et
ses dérivées dans I'espace.

Plus précisément, soit (X, b, ) le triplet de Lévy associé au processus {S” },=o & chaque
instant fixe ¢, qui, rappelons-le, caractérise le symbole de Lévy ®g¢ par la formule de
Lévy-Khintchine sur RY :

i (€) = i(', ) — ;(5, ey + /Rd (€2 =1 =i, 2) Lo (2)) #(d2).

Dans un intervalle suffisamment petit, en supposant fondamentalement que te < RoN1,
on peut tronquer la mesure de Lévy 7, al typique temps caractéristique associé au
processus a-stable au temps ¢, c’est-a-dire qu’on peut tronquer au temps t'/*. En
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particulier, nous introduisons maintenant le symbole de Lévy ®f associé aux petits
sauts du processus a-stable {Y.'},>¢, défini par

o) = |

1
|z|<te

€5 — 1 — (¢, 2)| 7 (dz).

Il faudra aussi considérer le terme reste qui apparait, intuitivement, de I'erreur d’avoir
considéré le processus {S!},>0 comme une perturbation du processus a-stable tronqué
{Y:!},>0. Plus précisément, on introduit maintenant le symbole de Lévy ®¢™ défini par

O (8) = Dse() — B(E), € ERY,

et associé au triplet (X, b, ot — 1o, 01/0)7h)-

Soulignons que c’est précisément la condition de domination stable [DS] sur {S?}.,>0
qui nous permet de conclure que @™ est en fait un symbole de Lévy, puisqu’il assure la
positivité de la mesure o* — 1 B(O,tl/a)ﬁl’; associé au terme de reste.

On note maintenant {P¥*},5¢ et {m; };>0 respectivement le familles de probabilités infini-
ment divisibles associées aux symboles de Lévy ®!* et ®¢™. A partir de la représentation
en fonction caractéristique des mesures de probabilité, on peut alors désintégrer la
probabilité Pg: comme suit :

PS§ = P‘gr * e, t> 07 (520)

ou * représente 'opération de convolution entre les mesures de probabilité.

A partir des considérations ci-dessus, nous pouvons maintenant nous concentrer sur
la famille de mesures {P!"},>q qui, rappelons-le, sont associées a la petits sauts d'un
processus a-stable.

En exploitant des résultats connus sur le symbole de Lévy associé a un processus a-
stable non-dégénéré, comme la condition de Hartman-Wintner et quelques hypotheses
de contrélabilité dans les espaces de Fourier, on peut obtenir ’existence d’une densité
réguliere dans I'espace pour mesure de probabilité P{* et des controles convenables sur
ses dérivées, au moins dans un intervalle de temps suffisamment petit. Plus précisément,
nous montrerons qu’il existe un temps final Ty := To(N) > 0 tel que sur (0,7p], la
probabilité P admet une densité p* (¢, -) qui est 3-fois dérivable avec dérivée continue
sur RY. De plus, pour chaque k dans [0, 3], c’est-a-dire

—(N43)
r — Ntk Y _k _
el < e (14 ) = et (521

pour chaque (¢,y) dans (0,Ty] x RY, ott C' > 0 est une constante dépendante uniquement
de N.

Nous soulignons cependant qu’au prix de réduire encore l'intervalle en temps, il est
possible de montrer que la densité p™ (¢, ) est encore plus réguliére et la densité associée
p(t,-) a des propriétés régularisantes plus fortes mais que le choix dans (5.21) est le
minimum pour notre propos. En particulier, ’exposant N + 3 dans la densité p(t,-) est

le minimum nécessaire pour intégrer les contributions associées aux fonctions ¢ dans
led(RN) d’indice f < 1+ a < 3 (cf. Equation (5.27) ci-dessous).

48



Section 5. Estimations de Schauder pour systémes linéaires de Lévy

Gréce a l'identité (5.20) nous pouvons maintenant réécrire la représentation pour le
semi-groupe Markovien P; dans (5.19) comme suit :

Po@) = [ [ (e + My + )0 () dyrm(dye)

_ P (t, M (yy — ett))
a /RN /RN o1 + M) det M, dyimi(dyz). (5.22)

De plus, la forme explicite de la densité p(t,-) et les contrdles associés dans (5.21)
permettent facilement d’exhiber les effets régularisants associés a la densité “partielle”
p™(t,-), mais uniquement le long de la composante y;. Plus précisément, fixe v dans
(0,3), k dans [0, 2], i dans [[1,n] et ¢t assez petit , nous avons que

3 _pltei=1)

d?(yy, e x) dy; < C(s —t)a o . (5.23)

/ | DE p™ (1, M (11 — "))
Rnd det M,

A ce stade, il est clair que la principale différence avec les techniques présentées dans la
Section 4 (pour les estimations de Schauder sur le proxy) consiste dans le fait qu’ici on ne
pourra exploiter que les effets régularisants sur la variable y; , associée aux contributions
des petits sauts du processus a-stable tronqué, puisque nous ne connaissons pas de
propriétés particulieres du terme de reste (associé a la variable d’intégration ys). En fait,
on sait seulement que la probabilité m; est de mesure totale finie, uniformément en t.
Si cette particularité introduit certainement d’autres difficultés supplémentaires dans
certains passages de la prouve, par exemple sur les techniques d’annulation pour les
controles sur les normes de Holder, nous soulignons qu’exploiter uniquement les effets
de régularisation associés aux petits sauts permet d’éviter certaines hypotheses ici (cf .
hypothese [P]) sur les parametres «, [ nécessaires dans le Chapitre 2 précisément parce
que nous avons considéré la densité associée a un processus a-stable complet.

Controles sur le semi-groupe de Markov associé

Les effets régularisants de la densité p™(t,-) montrés dans (5.23) impliquent désormais
naturellement les premieres controles sur P, et ses dérivées lorsque le semi-groupe agit
sur I'espace Cy,(RY). Plus précisément, il est vrai que :

1+a(i—1)

ID% Pigllos < Clidlloo (14275 ), >0, (5.24)

ot k est dans [0,3], 7 dans [1,n] et ¢ une fonction dans Cy(RY).

En particulier, a partir des estimations ci-dessus, il est maintenant possible de montrer
la continuité du semi-groupe P,, a temps fixe ¢t > 0, en tant qu’opérateur sur I’espace
Cy(RYN) avec des valeurs dans le méme ou dans I'espace de Zygmund-Hélder anisotrope
C’g 4(RY), une généralisation naturelle aux indices entiers des espaces de Holder anisotrope
considérés par nous. Ce résultat sera ensuite étendu aux espaces de Holder anisotropes
en notant que chaque espace Cy;(RY) (avec v dans (0,3)) peut étre vu comme un
espace d’interpolation entre Cy(RY) et Cf ;(RY). En effet, nous allons exploiter I'identité
suivante :

(CLRY), 3 RY)) = CJ,(RY), (5.25)

7700
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avec I’équivalence entre les normes respectives, ou étant donnés deux espaces de Banach
X.,Y, le symbole (X,Y)., - représente généralement l’espace de interpolation réelle &
norme infinie entre X et Y. Pour plus de détails sur le sujet en général, nous renvoyons
aux livres de Triebel [Tri92] et Lunardi [Lunl8] ou le Théoreme 2.2 dans [Lun97] dans
un contexte diffusif anisotrope.

Gréce a des techniques d’interpolation similaires a celles dans (5.25), nous montrerons
alors que le semi-groupe P; est continu comme opérateur sur Cy,(RY) avec des valeurs
dans I'espace de Hélder anisotrope Cy 4(RY) pour chaque v dans [0,1+ ) :

1Pillecycp, < C<1 + 75_%)7 t>0, (5.26)

ol | - |le(x,y) désigne la norme usuelle de 'opérateur entre deux espaces de Banach
génériques X et Y.

Pour l'instant, nous n’avons considéré que le comportement du semi-groupe P; sur
I'espace Cy(RY). Pour étendre cette analyse également sur le J(RY), la premicre étape
consiste a présenter des controles similaires & ceux dans (5.24) lorsque P, agit a la place
sur les fonctions ¢ qui sont Holder régulieres. De la méme maniere que le chapitre
précédent, nous utiliserons dans ce cas quelques techniques de annulation pour exploiter
la régularité de la fonction ¢ et ainsi obtenir les controles souhaités. Cependant, la
principale difficulté dans ce cas sera liée au fait que les effets de régularisation relatifs
a la densité p™ ne se feront que par rapport a la variable “bonne” y;. Nous devrons
alors considérer des techniques de annulation partielle qui nous permettent d’isoler
uniquement les composantes de ¢ le long de ;.

Plus précisément et en s’attardant uniquement sur le cas § < 1, £ = 1 pour plus de
simplicité, I'idée fondamentale sera d’exploiter, a 'instar de (4.23) que

", My (3 — )
det Mt

t
[, oM+ D, [ 2 dym(dye) = 0,
pour ajouter le terme ¢(Myys + €%) dans le contrdle de |D,, P;| et conclure comme
dans (4.23) grace a effet régularisant associé a la densité p™(t, ) donnée dans (5.23).
Un raisonnement similaire a celui évoqué maintenant va nous permettre de montrer en
particulier que pour chaque § dans [0, 3), i dans [1,n] et k& dans [0, 3], c’est-a-dire

B 3. 14a(i—1)
ID5 Pidlloc < Cligllos (148275 ), t>0, (5.27)

Exploitant toujours des techniques d’interpolation similaires a celles de (5.25) a partir des
controles sur les dérivées de Py¢ dans (5.27), nous pourrons enfin montrer la continuité
du semi-groupe P, comme opérateur entre les espaces de Holder anisotropes. Plus
précisément, nous obtiendrons que pour chaque 8 < 7 dans [0,1 + «), le contrdle
suivante est vérifiée :

b,d’

1Pilleep oy < C(Htﬂl” ) t>0. (5.28)

Ces estimations semblent étre nouvelles dans le contexte de Lévy dégénéré et d’'intérét
indépendant des finalités que nous considérons ici.
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Nous soulignons également que la possibilité d’un effet régularisant indépendant de
l'ordre v dans ce cas (contrairement a la section précédente) reflete essentiellement le
fait que dans ce cas la densité n’est associée qu’a la contribution des petits sauts, tandis
que ce sont les queues, corrélées aux grands sauts du processus, a imposer les conditions
d’intégrabilité vues précédemment.

Estimations de Schauder dans le cas elliptique

Une fois que les controles a priori nécessaires sur le semi-groupe P; ont été montrées, les
estimations de Schauder dans le contexte elliptique (5.12) et dans le contexte parabolique
(5.13) sont alors obtenues a partir des représentations relatives de la solution u en fonction
du semi-groupe Markovien P, (cf. Equation (5.14) et (5.15)).

Pour donner au lecteur une idée de la méthode que nous avons suivie, nous ne présentons
maintenant brievement que le cas elliptique.

Etant donnée une solution v de 'Equation elliptique (5.3), on sait d’apres la formule de
Laplace dans (5.14) qu’il faut alors controler le terme suivant :

u(t,z) = /OOO e M (Ptg) (z) dt,

dans I'espace de Holder anisotrope d’ordre a + (8 par rapport a la norme de g dans
C«B (RN )

b,d .
Pour ce type de probleme, il est en fait commode d’exploiter une norme équivalente
a celle de Holder introduite dans (3.23) qui ne nécessite pas de considérer les dérivées
suivant chaque direction mais seulement les différences finies d’ordre 3 pour la fonction
u. Plus précisément, on introduit par un point de départ zy dans RY et » dans E;(RY),

A ¢(2) == ¢(wo + 3z) — 3¢(z0 + 22) + 3¢ (o + 2) — P(x0).

il a été montré en effet dans [Lun97] qu'une fonction ¢ est dans C} (E;(RY)) si et
seulement si

A2 6(2)|

sup sup FE

2o ERN z€E; (RN );2#£0

< Q.

Pour conclure, il faut alors montrer que pour chaque i fixé dans [1,n], il tient que
a+p
ALu(2) = | [T Al (Rg) @) dt| < Clgllp, 121750, (5.20)

pour une certaine constante C' > 0 indépendante de zy dans RY et z dans E;(RY).

Comme cela arrive souvent dans la preuve des estimations de norme de Holder, il faut
d’abord diviser I’analyse selon trois régimes possibles, par rapport au rapport entre le
point spatial z dans E;(RY) et le temps ¢ & 1’échelle intrinseque du systéme le long de la
1 -ieme direction considérée.

D’une part, le régime macroscopique apparaitra lorsque |z| > 1 et sera le plus simple a
manipuler. En fait, il suffira de montrer la borne de la solution u a partir de celle de g,
puisque dans ce cas, ||glle < [|gloo|2|" pour chaque v > 0.

Par contre, on dira qu’on est dans un régime hors diagonale si e < |z| < 1. Dans
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ce cas, la distance spatiale le long de la i-ieme composante sera supérieure au temps
caractéristique associé. Enfin, un régime diagonal apparaitra lorsque e > |z et le
point spatial est a la place plus petit que intensité typique du temps caractéristique.
En particulier, nous désignerons par ty le temps de transition entre les régimes diagonal
et hors diagonale, par rapport aux échelles de dilatation d, (définies dans (5.10)) le long
de la i-ieme direction du systeme, c’est-a-dire :

tO = |Z| 1+a((1i—1) .

Comme déja mentionné, le contrdle recherché dans le régime macroscopique (|z| > 1
suit immédiatement de la propriété de contraction du semi-groupe P, sur Cy,(RY) :

[ e as (Po)erdt] <3 [T e Rglladt < Clgllaclsl =T, (530)
0 0

Pour analyser séparément le regime diagonale et hors diagonale, on décomposera, comme
dans [Pri09], le terme A2 u(z) en deux composantes Ry (z) + Ry(z), ol

Ri(z) = /Oto e”\tAf’cO (Ptg) (z) dt;

oo
Ry(z) = / e MA3 (Pg)( ) dt.
to

Dans le cas hors diagonale associé a la premiere composante R;, nous devrons éven-
tuellement intégrer sur [0,¢o] et il faudra donc faire attention & ne pas introduire de
singularités en temps qui ne sont pas alors intégrable. En pratique, on va exploiter la
continuité du semi-groupe P, sur 'espace Cﬁ J(RY) Tui-méme pour contréler le terme R,
comme suit :

to 3
i) < [183,(Pg) (=)l de
0
t
< IZ\ﬁ/0 1 Pigll s dt (5.31)
0 b,d
_atf
< Cligllgg |2

En revanche, le régime diagonal relatif a la contribution Ry ne posera pas de problemes
d’intégrabilité dans le temps. En effet, puisque le point z est, dans ce cas, proche
de zéro par rapport aux échelles de temps caractéristiques, il est logique d’appliquer
itérativement un développement de Taylor sur Aio (Ptgb) de sorte qu'une dérivée du
troisieme ordre apparaisse le long de la i-ieme composante concernée. Plus précisément,

A% (Pyg)(2)]

1

(Dg,Pig(xo + A2) — 2Dy, Pig(xo + 2 + A2) + Dy, Pg(xo + 22 + Az), d)\‘

S—

< /01/1@ Pig(ro+ (A + p)2) — Dxiptg<xo+z+<A+mz>}z,z>dxdu\

0

<|[ [ [{[52Pateo + Ot 0)2)](2,2), 2) ddo],
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ou ci-dessus, nous avons identifié 'opérateur différentiel DiPtqﬁ avec le 3-tenseur as-
socié. Les controles a priori dans (5.27) sur les dérivées du semi-groupe P, impliquent
maintenant que

,3(12&(2‘71)) ) ‘2’3

A% (Pg)(2)] < CID% Pgllocl2l < Clgliey, (1+¢°

Nous pouvons alors également conclure dans le cas diagonal que le contrdle suivante est
vérifiée :

Ba()| < [ Al (P ()] b

to
00 B—=3(1+a(i—1))
< Cllgleg ol [~ e (14455 ar
’ 0

atf—3(+tali=1))
< CHchgd|z‘3()\*1 + ‘z’ Tra(i-1) )

(5.32)

atp
S C’Hg“cfdlz‘ 1+a(i—1) ,

ou, dans la derniére étape, nous avons a nouveau exploité que |z| < 1.

Enfin, en réunissant les contributions (5.30), (5.31) et (5.32) associées aux trois régimes
considérés, on peut conclure que I'Equation (5.29) est vrai et qu’en particulier, les
estimations de Schauder (5.12) dans le cas elliptique sont valides.

Les estimations de Schauder dans le cas parabolique seront obtenues en suivant une
procédure similaire. Nous soulignons également que ce type de décomposition en régimes
diagonaux et hors-diagonaux apparait, quoique sous une forme moins explicite, également
dans les controles de Holder pour les estimations de Schauder du Chapitre 2.

Enfin, nous voulons mentionner que nous aurions pu utiliser la méthode présentée
ici également au Chapitre 2 pour montrer les estimations de Schauder (4.24) pour la
solution @™ associé & 'opérateur proxy, sous la condition plus générale de domination
stable[DS]. Cependant, pour obtenir les estimations dans (4.11) sur la solution u du
systéme non-linéaire d’origine (4.1) grace a la méthode perturbative décrite ci-dessus, la
partie délicate aurait été de prouver, sous les hypotheses plus générales, I'indépendance
effective de la constante par rapport aux parametres de congélation (7, &) utilisés. Cette
difficulté apparaitra encore plus clairement dans les hypotheéses du modele de la section
suivante, ou nous considérerons en plus un bruit multiplicatif.

6 Caractere bien posé faible pour des chaines sto-
chastiques dirigées par des processus de type Lévy

Nous présentons maintenant brievement les principaux éléments du Chapitre 4 de cette
these. Rédigé en collaboration avec mon directeur de these, Professeur Stéphane Menozzi,
ce travail est récemment paru en pré-publication [MM21].

Nous voulons étudier ici l'effet de la propagation d'un bruit de type Lévy non-dégénéré
a travers une chaine d’oscillateurs interconnectés, ou le bruit précité n’agit que sur le
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premier d’entre eux, comme illustré sur la figure 1.
Plus précisément, on s’intéresse & une dynamique stochastique sur RV de la forme :

{dXs = G(s,Xs)ds + Bo(s, Xs_)dZs, s>t 6.1)

Xt:l',

pour un certain point de départ (¢,x) dans [0,00) x RY, ou la dérive déterministe
G: [0,00) x RN — RY et la matrice de diffusion o: [0,00) x RY — R? ® R? sont deux
coefficients donnés.

Dorénavant, on dira que I’équation dans (6.1) est dégénéré dans le sens suivant : le bruit
de type Lévy {Z,}s>0 n’agit initialement que sur le “petit” espace R?. Le caractére non
dégénéré de la matrice o garantit alors que le bruit associé a 'intégrale stochastique
fg o(s, X, )dZ, s’étale sur tout 'espace R Enfin, ce dernier agit sur le “grand” espace
RN & travers la matrice d’immersion B dans RY ® R? donnée par :

B := (Idxd> de(N—d))t-

En particulier, on supposera que {Z;}s>0 est un processus de saut pur, c’est-a-dire que
¥ = 0 dans le triplet de Lévy (b, X, v) associé au processus.

Pour souligner la dépendance effective au point de départ choisi (¢, x), on indiquera
désormais avec {X5*}450 un processus solution générique de la dynamique stochastique
dans (6.1) étendue, par commodité, jusqu’a l'instant zéro, c’est a dire en imposant
Xb* =z si s est dans [0, 1] .

Dans [CARM20b], les auteurs ont caractérisé pour une chaine dégénérée comme dans (6.1)
mais perturbé par un mouvement Brownien { Z; }s>¢, la régularité de Hélder minimale sur
la dérive GG qui assure le caractere faiblement bien posé pour la dynamique stochastique
considérée. Le but initial de ce travail était d’étendre ce résultat a la dynamique dans
(6.1) dont le bruit était seulement de Lévy, sous la méme hypotheése de domination
stable [DS] présentée dans la section précédente (cf. Equation (5.5)).

Nous n’avons en fait réussi a obtenir qu’une généralisation partielle des résultats dans
[CARM20b]. En fait, nous montrerons plus loin I'existence d’un seuil optimal pour
la régularité de Holder pour la dérive (G, mais uniquement pour un type particulier
de structure déterministe diagonale. De plus, la méthode de preuve perturbative que
nous avons suivie, a travers un proxy rétrograde, nécessitait en pratique de renforcer la
condition de domination stable [DS] et d’ajouter quelques hypothéses supplémentaires.
Nous résumons brievement dans cette section les raisons naturelles qui nous ont conduits
a des telles considérations.

La structure déterministe de la dynamique stochastique (cf. (6.1) pour o = 0) sera simi-
laire a celle présentée dans les deux premiers chapitres. En particulier, nous supposerons
a nouveau que nous pouvons décomposer le “grand” espace RY en n sous-espaces R%
i€ [l,n] tel qued; =ded;+---+d, = N, comme indiqué dans la Section 5. De plus,
la dérive déterministe G admettra, par rapport a cette décomposition, une structure
particuliere “au-dessus de la diagonale” et ses éléments sur la sous-diagonale seront
considérés comme non-dégénérés et linéaires. En pratique, on imposera que G ait la
forme suivante :

G(s,z) := Asx + F(s,x), (6.2)
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ot A: [0,00) = RY @ RY et F: [0,00) x RY — R¥ sont deux fonctions telles que

[H] — pour chaque niveau i dans [1,n], F; ne dépend que du temps et des dernieres
n — (i — 1) variables, c’est-a-dire Fi(s,z;, ..., xy,);

— A:[0,00) = RY @ RY est bornée et

A = est non-dégénérée, uniformément dans s, sij=1—1;
° 0, sij<i—1.

Comme déja mentionné ci-dessus, cette hypothese dans le cas linéaire avec bruit additif
(i.e. F =0 et 0 =1) peut étre comprise comme une condition de type Hérmander, ou
de maniére équivalente de rang de Kalman [K], qui assure I'hypoelliticité du générateur
infinitésimal associé au processus {X%*} 5 solution de I'Equation (6.1).

Sous I’hypothese [HJ, on note alors que la matrice A peut étre réécrite comme une
version “dépendante du temps” de celle apparue dans la Section 5, Equation (5.11). De
plus, cette condition permet de représenter la dynamique stochastique dans (6.1) sous
la forme suivante, plus explicite :

dth _ |:A%,1Xt1 + .. _i_A%’nth +F1(t7Xt17 c.. ,th):| dt"’o'(tath—" s 7X1;n;)dZt7
AX? = [APIX) 4 AP X 4 Bo(t, X2, X)) dt,
dXP = [APPXE 4+ APXP + Fy(t, XP, . X7 dt,

dXp = [APTIXPT 4 ANXY 4 B, X)) dt,

olt nous avons décomposé X; = (X}, ..., X") tel que X! est dans R%, pour chaque i
dans [1,n].

Puisque l'objectif premier de ce chapitre sera de déterminer la régularité de Holder
optimale sur la dérive F' qui assure le caractere bien posé de la dynamique stochastique
et que de tels seuils minimaux ne feront intervenir que les composantes dégénérées
(¢ > 1) de F, nous pouvons maintenant énoncer séparément les conditions sur les autres
coefficients du systeme. En particulier, nous supposerons que :

[R] ils existent un indice 3! dans (0,1) et une constante K > 0 telle que
— o(t,-) est B-Holder continue, uniformément dans ¢ ;
— Fi(t,z) est B'-Holder continue, uniformément dans ¢ ;

— pour chaque i dans [1,n], nous avons que
|Fi(t,0)] < K, tel0,T].

Pour qu’un effet régularisant minimum (d’ordre «) soit véhiculé par le bruit, on suppo-
sera que {Z; 1> est attribuable a un processus a-stable “tempéré”. Nous soulignons,
cependant, que cette classe inclut mais n’inclut pas seulement les processus a-stables
tempérés classiques. Plus précisément, nous imposerons que la mesure de Lévy v associée
au processus {Zs }s>o est symétrique et
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[ND’] il existe une fonction Q: R? — R Borel mesurable telle que
— @ est positive et bornée, i.e. Q > 0 et sup,cps Q(2) < 00;

— (@ est loin de zéro et Lipschitz régulier dans un voisinage de 1'origine, c’est-a-
dire qu'il existe o > 0 et ¢ > 0 telles que Q(z) > ¢ et @ Lipschitz continue
dans B(0,rg);

— ils existent a € (1,2) et une mesure u finie et non-dégénérée (au sens de
(4.4)) sur S telle que

o) = [T [ alps)Qes) nlde) o, A€ BR)

En gardant a l’esprit la décomposition classique de la mesure de Lévy associée a un
processus a-stable donné, par exemple, dans (4.3), la condition de non-dégénérescence
[IND’] impose intuitivement que la mesure de Lévy de {Z;}+>0 est absolument continue
par rapport a celle d'un processus a-stable non-dégénéré et que sa dérivée de Radon-
Nikodym est donnée par une fonction de “tempérage” () avec des propriétés convenables.
Clairement, une possibilité naturelle est donnée par () = ¢ constant, c¢’est-a-dire lorsque
le processus {Z;}:>o peut étre remonté a un processus symétrique a-stable habituel.
Cependant, il est a noter que la classe de bruits considérée ici comprend également
plusieurs processus quasi-stable dont, par exemple, le processus a-stable relativiste
symétrique ou celui de Lamperti (voir Chapitre 4, Section 1.1 pour plus de détails).

Une hypothese naturelle lorsque 1’on considere les équations dépendantes des bruits
multiplicatifs est la ellipticité uniforme de la composante non-dégénérée associée a la
matrice de diffusion o (¢, z) en chaque point de 1'espace-temps fixe. En effet, on supposera
que :

[UE] il existe une constante n > 1 telle que pour chaque s > 0 et chaque x dans RY,
nous avons que

nEP < o(s, )€ < mléff, e R

ou “-”, rappelez-vous, indique le produit scalaire sur le “petit” espace R?.
Intuitivement, ’hypothese d’uniforme ellipticité garantit que le coefficient de diffusion o
préserve efficacement le bruit Z sur tout I'espace R?, uniformément dans le temps et
dans 'espace.

W

Lorsque I'on considére la dynamique (6.1) régularisée par un bruit multiplicatif, ¢’est-a-
dire en présence d’une matrice de diffusion o qui dépend également de x, nous devrons
de plus supposer que la mesure v est absolument continue par rapport a la mesure
de Lebesgue sur R? et que sa dérivée de Radon-Nykodim est Lipschitz réguliere. Plus
précisément, nous imposerons la condition suivante :

[AC] si o(t,-) non est pas constante pour un certain ¢ > 0, alors il existe une fonction
Lipschitz continue ¢g: S¥~! — R telle que

v(dz) = Q(z)g(z')dz
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Bien que la condition [AC] réduise significativement la classe des mesures de Lévy, et
donc des processus, que 'on peut inclure comme bruit dans 'Equation stochastique
(6.1), nous soulignons que cette hypotheése semble étre nécessaire dans notre contexte, au
moins par rapport & Papproche envisagée (cf. Equation (6.32) ci-dessous) et naturelle,
puisqu’elle est apparue dans d’autres travaux antérieurs qui traitaient de sujets similaires
(cf. [HM16, FKM21]).

Cependant, soulignons qu’au moins dans le cas additif, ou plus généralement, lorsque la
matrice de diffusion o ne dépend pas de l'espace, la condition de non-dégénérescence [ND],
considéré dans le Chapitre 2 pour les estimations de Schauder dans le contexte stable, peut
étre compris comme un cas particulier de [ND’] supposé ici. En particulier, également
dans ce cas nous n’avons imposé aucune régularité, dans le cas additif, a la mesure
de Lévy v du processus {Z; }1>¢ qui, a priori, pourrait avoir un support tres singulier
sur I'espace R?. Par exemple, notre modeéle nous permet de considérer comme du bruit
{Z;}1>0 un processus cylindrique a-stable, correspondant au générateur infinitésimal
présenté en (4.5), dont la mesure spectrale a un support concentré uniquement sur les
axes de R?.

Un exemple est donné par la mesure spectrale associée au processus a-stable cylindrique,
dont le générateur infinitésimal a été présenté dans (4.5), qui a en fait un support
concentré uniquement sur les axes de R%.

Nous pouvons maintenant résumer les principaux résultats que nous allons prouver dans
le Chapitre 4. On commence par montrer que sous des conditions de régularité de Holder
minimale sur la dérive déterministe [, il est possible de montrer le caractere bien posé
au sens faible de 1'équation stochastique en (6.1).

Théoréme 6.1. Pour chaque j dans [2,n], soit 37 un indice dans (0,1) telle que
— xj = Fi(t,xiy ..., 2, ..., x,) est f7-Holder continue, uniformément dans le temps
et dans les autres variables spatiales, pour chaque i dans [[1, j].

Alors UEquation stochastique (6.1) est bien posée dans un sens faible si

i 1+a(j-2)

B> T al—1) Jj>2. (6.3)
Pour obtenir ce résultat, nous allons exploiter ’équivalence, expliquée dans la Section 3,
entre le caractere bien posé au sens faible de la dynamique stochastique et le caractere
bien posé relative pour le probléme de martingale associé au opérateur d, + L, ou L,
est (formellement) le générateur infinitésimal du processus {X5*} 450 solution de (6.1).
Plus précisément, en rappelant que le triplet de Lévy associé au processus {Zs}s>o est,
pour notre modele, (b,0,v), lopérateur Ly peut étre représenté pour chaque fonction ¢
assez réguliere a travers

Lip(s,z) = (G(s,x), Dyd(x)) + Lsd(s, x) (6.4)
= (Asz + F(s,x), Dyo(x)) + p.V./ o(x + Bo(s,x)z) — gb(x)} v(dz),

R4 |:
ou, par commodité, nous avons absorbé le terme faisant intervenir b au sein de I’expression
de F' et, de fagon similaire au Chapitre 2, nous avons exploité la symétrie de la mesure de
Lévy v pour supprimer le terme du premier ordre (D,¢(x), Bo(t,z)z) dans I'intégrale.
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Notre méthode de preuve nécessitera également, comme étape intermédiaire pour obtenir
le caractere bien posé, d’exhiber un type particulier d’estimations, appelées estimations
de Krylov, pour le processus solution de la dynamique dans (6.1). Ces controles doivent
leur nom a N.V. Krylov qui les a d’abord montré dans [Kry71] pour les diffusions de It6.
Depuis lors, ils sont devenus un outil polyvalent pour de nombreux domaines différents,
de la démonstration d’une caractére bien posé en sens forte ou faible pour la dynamique
stochastique aux applications pour la théorie du controle ou les problemes de filtration
non-linéaire.

Dans un contexte multiplicatif a-stable (o > 1) non-dégénéré ou de telles estimations
sont exploitées, on cite, par exemple, [Kur08] dans lequel I'existence de solutions faibles
est montrée pour une dynamique stochastique unidimensionnel a bruit multiplicatif et
dérive mesurable et bornée, ou [Zhal3a], ou le caracteére bien posé (au sens fort) d'une
équation stochastique a bruit additif dirigée par une dérive singuliere dans ses espaces
de Sobolev convenables est démontré (sous des conditions similaires a (6.5) pour n = 1).
Pour d’autres travails similaires dans le domaine multiplicatif non dégénéré, voir aussi
les ouvrages suivants : [AP77, Mel83, LM76].

Pour énoncer précisément les estimations de type Krylov dans notre contexte, cependant,
nous devrons imposer certaines conditions sur les indices d’intégrabilité sur 1’espace
LP(0,T; LY(RY)) des fonctions f considérées. Intuitivement, ce seuil garantira I'inté-
grabilité nécessaire a notre propos vis-a-vis des échelles intrinseques données par le
caractere dégénéré du systeme considéré.

Pour simplifier, nous dirons que deux nombres réels p, ¢ dans (1,400) vérifient la
condition d’intégrabilité (%) si :

11—« " 1 1
( N+ id)=+= < L. ()
i=1 9 Pp
Ce seuil devient en fait plus clair si I’'on considere le cas homogene, c¢’est-a-dire lorsque
tous les composants R% du systéme ont la méme dimension (d; = d et N = nd). En fait,
dans ce cas, la condition (%) peut alors étre réécrite comme

(M”g45?+i<z (6.5)

Sous cette forme, ce seuil peut plus naturellement étre compris comme une extension
des conditions imposées dans [CARM20b], pour obtenir le méme type d’estimations
dans le cas diffusif dégénéré (o« = 2). On mentionne aussi que la condition (¢’) apparait
aussi dans [KRO05] dans un contexte diffusif non-dégénéré (¢« = 2 et n = 1) comme
I'hypothese (d’intégrabilité sur f) nécessaire pour intégrer une fonction f contre la
densité Gaussienne (cf. Equation (3.2) dans la preuve du Lemme 3.2 dans [KR05)).

Théoréme 6.2. Sous les hypothéses du Théoréme 6.1, soit T > 0 et p,q dans (1, +00)
tel que la condition (€) soit valide. Alors, il existe une constante C := C(T,p,q) telle

que pour tout f dans LP (0, T; Lq(]RN)),

T
E[[ S0 X ds]| < Cllfligrss (2) € 0.7 x BY, (6:6)
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Section 6. Caractere bien posé faible pour des chaines stochastiques de Lévy

ot { X1 }s>0 est la seule solution faible de la dynamique (6.1) avec la condition initiale
(t,x).

Ce type d’estimation souligne également que le processus solution {X}s>o possede en
fait une densité avec des propriétés d’intégrabilité convenables jusqu’a un certain seuil
déterminé par la condition (%).

Dans [CdR18], Chaudru de Reynal a caractérisé, a travers des contre-exemples conve-
nables, la régularité de Holder optimale pour le caractere faiblement bien posé d’une
équation stochastique cinétique & bruit diffusif dégénéré (cf. Equation (6.1) avec o = 2
et n = 2). Grice a une extension de tels contre-exemples a Peano, nous serons également
en mesure d’exhiber un résultat de non-unicité pour la chaine dégénérée dans (6.1).
Rappelons que {e;: i € [1,n]} est la base canonique sur I’espace R,

Théoréme 6.3. Donnés j dans [2,n] eti dans [2,j], il existe F(t,z) = e;sgn(z;)|z; 8
avec '
l1+a(j—1)

ot l'unicité en loi échoue pour la dynamique stochastique (6.1).

Contrairement a la chaine Gaussienne dégénérée analysée dans [CARM20b], il n’a
cependant pas été possible de montrer dans ce cas que les régularités de Holder sur
les coefficients F; sont en réalité le minimum nécessaire pour déterminer le caractere
bien posé de la dynamique stochastique. Comme expliqué plus loin, ce probléeme est
intrinséquement lié au caractere stable du processus {Z;}s>0, au caractere dégénéré de
la dynamique dans (6.1) et en particulier, a la géométrie, éventuellement tres singuliere,
de la mesure spectrale associée au processus proxy sous-jacent, entendu comme le
modele linéarisé (i.e. le processus de type Ornstein-Uhlenbeck) autour duquel nous allons
“développer”.

Cependant, nous soulignons qu’au moins pour la chaine dégénérée perturbée par une
dérive non-linéaire F' uniquement sur la diagonale, nos résultats présentent les seuils
optimaux souhaités. Considérons maintenant un systeme de la forme :

dth = Fl(ta Xt17 s 7X1;n)dt + U(t’ th—’ o ’XZZ_)dZt’
dX? = [A2X} + (¢, X2)] dt,
dX} = [A}X? + F(t, XP)] dt, (6.7)

&X;l = [ApXpt 4+ Fo(t, X)] dt,

c’est-a-dire, de telle sorte que la fonction F' ne dépende que du niveau courant de
la chaine. On constate alors que les Théorémes 6.1 et 6.3 présentent ensemble une
caractérisation (presque) complete de le caractere bien posé faible pour des dynamiques
stochastiques dégénérées telles que (6.7), par rapport a la régularité des Holder de leurs
coefficients. En fait, on sait que :

— si B > 1138:3 pour chaque 7 > 0, le caractére bien posé faible de la dynamique

dans (6.1) dérive du Théoreme 6.1 ;
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— si il existe j > 2 telle que 37 = ﬂjj < %,

Théoreme 6.3) pour lesquels 'unicité en loi échoue pour la dynamique en (6.1).

il y a des contre-exemples (cf.

Enfin, nous mentionnons que le cas critique, associé aux exposants

—i 1—|-Oé(j—2)

5 = Tra(j—1) j € [2,n],

reste a étudier et apparait comme un probléme délicat déja dans un contexte brownien
cinétique (cf. [Zhalg)).

6.1 Guide a I’épreuve

Nous avons décidé de suivre ici une approche perturbative rétrograde telle qu’initialement
introduite par McKean-Singer dans [MS67] dans un contexte diffusif non-dégénéré puis
étendue au cas dégénéré avec dérive illimitée dans [DM10, Men18]. Cette terminologie
vient du fait que le processus proxy sous-jacent sera associé a un flux rétrograde dans le
temps, c’est-a-dire qu’on mettra (7,¢) = (s,y) dans la dynamique dans (4.12). Cette
méthode s’est avérée particulierement utile dans ’analyse de 'unicité faible dans un
contexte dégénéré sur Ly — L7 espaces (cf. [CARM20b] dans le cas Brownien). En fait,
elle nécessite heuristiquement de n’obtenir que des estimations sur les gradients (au sens
faible) des solutions du probléme de Cauchy associé, de maniére a appliquer la technique
d’inversion d’opérateurs, telle qu’exploitée a l'origine dans [SV79] dans le cas diffusif.

Malgré ce qui a été suggéré initialement dans la Section 3, nous avons finalement décidé de
ne pas exploiter les estimations de Schauder, montrées dans les deux sections précédentes,
pour prouver l'unicité en loi de la dynamique stochastique dans (6.1). Nous sommes
cependant convaincus que 'approche perturbative par le proxy progressif présentée dans
la Section 4 aurait pu étre étendue ici pour présenter des estimations de Schauder pour
la classe de processus considérée maintenant. A partir d’eux, nous aurions effectivement
pu démontrer le caractere bien posé de I’équation stochastique au sens faible, par un
raisonnement de type Zvonkin. Cette méthode est, dans I'imaginaire collectif, étroitement
liée a la preuve de le caractére bien posé forte de la dynamique stochastique mais nous
soulignons qu’elle a aussi été utilisée pour prouver le caractére bien posé au sens faible
pour les chaines dégénérées, comme fait, pour exemple , dans [CdR18]. C’est ce dernier
type de raisonnement que nous appellerons plus loin raisonnement de type Zvonkin.
Cependant, cette méthode apparait d’emblée tres longue et compliquée puisqu’elle aurait
nécessité d’étendre les estimations de Schauder, présentées dans (4.11) sous la régularité
optimale attendue dans C’lf J(RY) sur la source f, vers un espace de Holder plus générique
avec des indices de régularité sans rapport, du type Cj JRY) avec v = (v, ..., 74) dans
N¢, juste a cause de la méthode de Zvonkin. En particulier, il aurait fallu établir des
estimations ponctuelles sur les dérivées du premier ordre de la solution du probleme de
Cauchy associé également par rapport aux composantes dégénérées du systeme. Pour ce
faire, il aurait fallu avant tout étendre notre raisonnement de dualité sur les espaces de
Besov également par rapport aux dérivées dégénérées et considérer une source f avec la
méme régularité que la dérive /' dans un espace C) 4(RY) avec multi-indices de régularité.
Un autre avantage possible de la méthode perturbative rétrograde est qu’elle permet
d’obtenir facilement, en tant qu’étape intermédiaire de notre épreuve, les estimations de
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Krylov dans (6.6) sur le processus { X" },>¢ solution de la dynamique stochastique dans
(1.3). Ce type de contrdle semble étre nouveau pour les chaines stochastiques dégénérées
dirigées par des bruits quasi-stables et aurait été tres difficile a obtenir a partir des
estimations de Schauder.

Enfin, nous soulignons que notre méthode, en comparaison avec ’approche par la
transformation de Zvonkin comme dans [CdR18|, permet d’obtenir une analyse plus
précise de la chaine dégénérée au moins le long de la premiere composante déterministe,
dans le sens ou 1’on peut souligner ici que des seuils minimaux sur la régularité spatiale de
Fi ne sont pas requis. Intuitivement, la méthode via la transformation de Zvonkin oblige
a mettre comme source chaque composant F; de la dérive. Ceci conduit notamment
aux mémes seuils optimales globales sur la régularité de Holder pour F' a chaque
niveau de la chaine (cf. Equation (6.3) avec j > 1). Comme montré par exemple
dans [CdR17, FFPV17, CARM20b] dans le cas diffusif, cette approche semble étre plus
adéquate quand on veut exhiber le caractere bien posé fort de la dynamique stochastique.

Pour les besoins de cette présentation, nous nous limiterons a considérer une matrice A;
dans (6.2) indépendante du temps et telle que seuls ses éléments dans la sous-diagonale
sont non-nuls, c¢’est-a-dire que nous allons supposons que A est donné dans (4.6).
En fait, comme expliqué dans la section précédente, les difficultés supplémentaires
données par la présence d’éléments non-nuls au-dessus de la sous-diagonale peuvent
étre facilement résolues par un raisonnement en peu de temps. De plus, ’éventuelle
dépendance au temps nécessiterait essentiellement d’introduire, au lieu de la matrice
exponentielle eA*=%) la résolvante R, ; associée & la matrice A;. En pratique, R, est la
matrice en RY @ RY solution dépendante du temps de I’équation différentielle matricielle
suivante :

OsRst = AsRsr, s, TY;

:Rt,t = Idy XN -

Enfin, nous mentionnons que des décompositions similaires a celles présentées dans (4.7),
se sont également avérées valables pour la résolvante Ry ;. Voir par exemple [HM16],
Lemmes 5.1 et 5.2 ou [DM10], Proposition 3.7.

Méthode de la parametrix rétrogradée

Comme déja expliqué dans la section 4, 1’élément crucial de la méthode perturbative
consiste a choisir soigneusement un opérateur proxy convenable avec des propriétés
et des controles connues, autour duquel développer le générateur infinitésimal Ly, au
détriment d’une erreur d’extension supplémentaire a vérifier.

Lorsque la dérive F' est suffisamment réguliere, par exemple globalement Lipschitz
continue, il a été montré par exemple dans [DM10, Menll, Menl8| qu’une proxy
adéquate est donnée par la linéarisation de la dynamique stochastique (6.1) autour
du flot déterministe associé a la dynamique (i.e. quand ¢ = 0 dans (6.1)), ce qui a
conduit, dans les travaux ci-dessus dans un contexte Brownien dégénéré, a considérer
un processus Gaussien a plusieurs échelles comme proxy. La généralisation naturelle au
contexte considéré ici conduira plutét a choisir comme proxy un processus multi-échelles
de type Lévy dont le symbole sera dépendant du temps.

Plus précisément, pour les parametres de congélation (s,y) fixés dans [0, 7] x RY soit
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0; s(y) I'une des solutions possibles de I’équation suivante :

0sv) = v = [ [A0usl) + F(u,00sy))] du (68)

Puisque le point de congélation y sera alors aussi la variable d’intégration (voir par
exemple la définition du noyau de Green dans (6.18)), il est important de souligner tout
de suite que est toujours possible, parmi les flots possibles 6; s(y) solution de (6.8), de
choisir un qui soit mesurable par rapport a (s, y) dans [0, 7] x RY (cf. Lemme 2.13 dans
le Chapitre 4). Nous supposerons a partir de maintenant que nous n’avons corrigé que
cette version de 6, 4(y).

La prochaine étape sera d’introduire la dynamique stochastique linéarisée autour du flot
rétrograde 6; 4(y). Plus précisément, nous considérerons pour chaque point de départ
(t,z) dans [0, s] x RV le processus proxy { X-®*¥}, 54 solution de I’équation stochastique
suivante :

dXLrev = [AXLosY 4+ F3v| du+ BoyY dZ,, € [t,T), 69)
X = '
oll nous avons noté pour simplifier, F*¥ := F(u,0,.(y)) et 6% := o(u,0,4(y)). Un

calcul direct permet alors d’obtenir une représentation intégrale du processus proxy :
~ S
Xpwss = iiy(a) + [ e Baaz,, (6.10)
t
ott, de maniere similaire a (4.14), le terme de transport congelé mg7(x) est donné par

myi(x) = eA(S_t)x+/ AT Y gy,
t

Des raisonnements sur les espaces de Fourier, similaires a ceux développés dans la Section
4 dans (4.15)-(4.16), permettent de montrer aussi dans ce cas l'identité fondamentale
suivante en loi :

Xtwow & ey () + M, S5, (6.11)

ot pour chaque paramétre de congélation (s,7y) fixé, {S5¥},s0 est attribuable & un
processus a-stable non-dégénéré sur RV au sens indiqué dans [ND’]. Nous soulignons
également que la dépendance aux parametres de congélation, une difficulté cruciale dans
cette partie de la preuve, est essentiellement liée a la présence de la matrice de diffusion
congelée %Y dans la convolution stochastique dans (6.10). En fait, cette dépendance
disparaitrait dans le cas d’'un bruit additif (i.e. o(t,z) = 1) ou, plus généralement, pour
un coefficient de diffusion homogene dans I’espace.

Comme déja expliqué dans la Section 4, la non-dégénérescence de la mesure spectrale du
processus {S5Y},>0 assure notamment I'existence d’une densité pg.,, (u, -) suffisamment
réguliere (dans I’espace) pour ce processus. L’identité dans (6.11) implique alors que la
fonction suivante :

_ Pgea(s — M (y — iyl (2)))

ﬁ&y(t’s?w? y) = detM : ’
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est plutot la “densité” associée au processus proxy {f(ﬁ’w’svy}szo congelé au point final
(5,9)-

De la méme maniere que dans les sections précédentes, nous nous concentrerons ensuite
sur la détermination des propriétés régularisantes associées a p*¥(t, s, x,y). En particulier,
nous montrerons que les dérivées de la “densité” congelée sont controlées d’en haut par
une autre densité au prix de singularités supplémentaires dans le temps et surtout, que ce
controle tient uniformément dans les parametres de congélation (s, y). Plus précisément,
il vaudra pour chaque k dans [[0,2] et pour chaque i dans [1,n], qui :

p (LT (y — mit ()
det Tsft

I+a(i—1)
«

(s —t) " o, (6.12)

|DL p*¥(t, s, z,y)| < C

ol nous avons noté pour simplifier T, = uéMu. Ce type de controle peut essentiellement
étre vu comme un analogue de celui obtenu dans (4.19), ot pour plus de commodité
nous avons déja re-dimensionné le systeme a l'unité de temps ¢ = 1, en utilisant le «
-autosimilarité associée a la densité « -stable p(u, -), c’est a dire :

plu, 2) = uNop(l,u™V), (u,z) €[0,00) x RV,

Puisque le point de congélation y servira aussi plus tard comme variable d’intégration
(cf. définition de G f dans (6.18)), nous soulignons en particulier ce qu’il est important
d’obtenir un contréle d’en haut avec une densité indépendante de ce parametre.
Les estimations sur les dérivées de densité comme dans (6.12) ou dans (4.19) sont
souvent obtenues grace a la décomposition de [to-Lévy de la variable aléatoire S’f;y au
temps caractéristique stable correspondant. Plus précisément, soit Mj’y et Nj’y les deux
variables aléatoires indépendantes associées aux contributions pour les petits et grands
sauts du processus {S%¥} tronqué a linstant 1/
Cette troncature permettra notamment de réécrire la densité pg.., (u, z) de S3¥ comme
suit :

Dasw (U, 2) = /RN Pazsw (U, 2 — w) Pysw (dw) (6.13)

Ot Pyyew (U, ) est la densité générée par MY et P est la loi du New.

Tandis que des arguments tels que ceux développés dans la Section 5 ci-dessus (cf.
Equation (5.21)) sur la densité tronquée p™ peuvent également étre appliqués dans ce
cas conduisant aux estimations suivantes :

ul/a

N+3
_ a _k
‘D];pMs,y (u, Z)‘ S CU (N+k)/ <u1/a—|—|z|> = CU O‘pM(U, Z), (614)

ou C' est indépendant des parametres de congélation (s,y); il sera beaucoup plus délicat
d’obtenir un controle uniforme sur la mesure de probabilité Pgs.s(dy) comme :

Pgsu(A) < CP,(A), A€ BRY), (6.15)

ot {P,}u>0 est une famille de mesures de probabilité qui conserve les mémes propriétés
d’intégration de la queue d’un processus a-stable.
Cette difficulté est la principale raison pour laquelle on n’a pas pu considérer, comme dans
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[CARM20b], une dérive totalement non-linéaire, c’est-a-dire G;(t, z) = G;(t, z;—1, ..., z,)
avec une dépendance non-linéaire sur la variable de transmission de bruit x;_;, mais
seulement une version semi-linéaire de GG, donnée dans (6.2). En fait, le modele plus
général analysé dans [CARM20b] aurait nécessité notamment de linéariser la dynamique
stochastique (6.1) le long de la sous-diagonale de la matrice Jacobienne de G congelée
dans (s,y), ou de considérer le processus proxy suivant :

d)}*i,x,s,y _ [Aiy)z'izsy + ﬁ*jy} du + B&*Y dZ,,
ou flf;y est une matrice dépendante des parametres de congélation telle que

i Dy ,Gi(s,0,5(y)), sij=i—1,
s, = { G 0a(y), i =i

0, autrement.

Pour ce type de modele, nous n’avons pas pu réellement montrer un controle comme
dans (6.15).

Nous soulignons également que c¢’est toujours pour cette raison que nous ne pourrions pas
considérer une mesure de Lévy v associée au processus {Z; }+>o comme étant asymétrique,
comme cela a été fait par exemple dans le Chapitre 3 de la présente these. En effet, la
méthode perturbative a parametrix rétrograde nécessite des propriétés de régularisation
plus délicates associées aux opérateurs impliqués et surtout une certaine compatibilité
entre le proxy et le processus d’origine.

Intuitivement, la symétrie de la mesure de Lévy sous-jacente n’est pas une contrainte
forte pour la contribution dans (6.14) associée aux petits sauts et cela a en effet permis
dans la section précédente de considérer également des opérateurs asymétriques. Dans
notre modele, qui nécessite au contraire un effet global de régularisation pour la densité,
il semble naturel d’imposer la symétrie de la mesure spectrale correspondante pour le
contréle des queues du processus, comme on le verra dans 1’épreuve pour ’estimation en

(6.15) (cf. Lemme 5.2 dans le Chapitre 4).

Propriétés analytiques de la densité congelée le long de la condition termi-
nale

Soulignons maintenant qu’il n’est pas immédiat de déterminer pour quel type de probleme
de Cauchy la “densité” p*¥(t, s, x, y) congelée au point final (s, y) est en effet une solution
fondamentale. En effet, la présence du point de congélation y également comme variable
d’intégration (par exemple dans (6.18)) rend beaucoup plus délicat la détermination de
ses propriétés analytiques et surtout, de prouver sa convergence vers la masse de Dirac
0, lorsque le temps t tend vers zéro.

Soit L{¥ le générateur infinitésimal associé au processus congelé {Xj’y’t’x}szg. Plus
précisément, on écrit pour chaque fonction ¢: RY — R assez réguliére, qui :

LY¢(x) == (Ax+ Y, Dyop(x)) + L7 ()
= (Az + E, D,o(x)) + p.v. / [0z + B3 w) — ¢(x)]| v(dw),

d
IRO

(6.16)

otl, rappelons-le, nous avons dénoté ¥ := F(t,0, ,(y)) et 7Y := o(t,0;4(y)).
Si nous définissons maintenant le parametre de congélation y et changeons uniquement
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la variable d’intégration dans p*Y(t, s,x,-), la fonction devient une densité a tous les
effets et il n’est donc pas difficile de montrer, par un calcul direct, que :

(00 + Ly¥) p*¥(t s,2,2) = 0, (t,2) €[0,5) x RY, (6.17)
pour chaque (s, x,y) dans [0, 7] x R*N fixé.

Pour déterminer quel type de systeme parabolique est résolu par la densité congelée
(s,y) — p*¥(t,s,z,y), nous considérons maintenant un opérateur G, qui peut étre
compris comme le noyau de Green associé a la “densité” p*¥(t, s, z,y) et situé a I'extérieur
du temps initial ¢. En particulier, étant donné € > 0 assez petit pour nos besoins,

éef(t,a:) = /:E /]RN PY(t, s, 2, y) f(s,y) dyds, (t,x) €[0,T) x RY, (6.18)

pour toute fonction f: [0,7) x RY — R suffisamment réguliére et & support compact.
L’expression dans (6.18) est bien définie, car on sait que la densité gelée p*Y(t, s, z,y)
est mesurable en (s, y).

La localisation en € pour éloigner I'intégrale de t est fondamentale puisqu’elle assure 'effet
régularisant recherché pour le noyau de Green G.. En fait, nous soulignons que, dans le
cas limite (i.e. € — 0), la régularité de la fonction f n’est pas une condition suffisante
pour dériver la régularité pour le noyau de Green Gy f. Cette difficulté supplémentaire
provient de la dépendance du proxy vis-a-vis de la variable d’intégration y.

Si nous introduisons maintenant également la quantité suivante :

~ T ~

Mcf(t,x) = / L (s, @ y) f(s,y) dyds,  (t@) €[0,T) x RY,
t+e JR

enfin on peut déduire de 1’équation (6.17) que le pseudo-noyau de Green G. résout

I’équation parabolique suivante :

OG.f(t,x) + M.f(t,x) = —L.f(t,z), (t,z)€[0,T) xRN, (6.19)

Encore une fois, la localisation dans € était cruciale pour obtenir (6.19) directement a
partir de I’équation (6.17) en utilisant des arguments de convergence dominés classiques.
Ci-dessus, I'opérateur I, pour chaque fonction f: [0,7) x RY — R assez réguliére peut
étre représenté par :

Ifw) = [+ e lar g@p e+ e,y dy. (6.20)

Nous soulignons maintenant que I, peut étre compris comme une version localisée a
Iextérieur de t de I'opérateur d’identité. En particulier, on obtiendra dans le Chapitre 4
(cf. Lemmes 2.18 et 2.19), la convergence vers la masse de Dirac concentrée en (t,z) sur
les espaces fonctionnels que nous considérons :

ll_r)%HIEf_f“oo =0, 11_13(1)”[6][_ f”Lng = 0. (6.21)

Bien qu’a premiere vue les propriétés de convergence ci-dessus semblent immédiates, nous
soulignons que la présence de la variable d’intégration y également comme parametre de
gel empéche d’obtenir les estimations dans (6.21) directement de la convergence en loi
du processus congelé {X5%4%} - vers la masse de Dirac (cf. Equation (6.17)).
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Unicité du probleme de la martingale et estimations de Krylov associées

Nous pouvons maintenant présenter les principales étapes de notre démonstration de
I'unicité du probleme de martingale associé a ds + £,. Comme mentionné précédem-
ment, la théorie analytique associée au processus proxy expliqué ci-dessus sera 1’outil
fondamental de notre méthode d’épreuve.

Nous exhiberons dans un premier temps les estimations de type Krylov dans (6.6) en
utilisant la méthode perturbative avec le proxy rétrograde, en supposant cependant que
les indices p, ¢ sont suffisamment grands mais finis.

Plus précisément, étant donné une fonction f assez réguliere pour notre propos et une
solution {X%*}>o de la dynamique stochastique dans (6.1), la premiére étape de notre
méthode consiste a appliquer la formule de It6 au noyau de Green congelé G. f par
rapport au processus { X"} :

E l@ef(t,x) +/tT(as +Ls)é5f(s,X§’z)ds] = 0. (6.22)

En rappelant que le pseudo-noyau de Green G, f résout I'équation en (6.19), on peut
réécrire (6.22) comme suit :

E /tT /RN Ief(s,Xﬁ’x)ds} — G.f(t,2) +IE[/tT [L,G.f - N1.] (s,Xﬁ’“’”)ds}

/tT R.f(s, X1%) ds].

(6.23)
= G f(t,z) +E

Pour obtenir les estimations de Krylov dans (6.6) a partir de I’équation ci-dessus, nous
devrons présenter des controles telles que :

||éef||oo < O”f”Lnga ||Ref||oo < OHfHLfLZ (624)

En particulier, la nécessité d’imposer d’abord un seuil minimum sur les indices p, ¢, est
justement due au controle précis du terme du reste R, f, valable uniquement pour p et ¢
suffisamment grands.

Apres avoir exposé des estimations comme dans (6.24), on peut alors montrer a partir
de 'Equation (6.23) que

T
Bl [ nrexeas| < ot

Exploitant maintenant les propriétés de convergence ponctuelle de I, dans (6.21) pour
faire tendre € vers zéro, et un raisonnement d’approximation régulier sur I’espace des
fonctions L?(0,T; LY(RY)), il sera enfin possible de conclure que des estimations de
Krylov de la forme :

T
Bl [ rsxa | < il (6.5

sont valables pour chaque f dans LP(0,7T; L4(R")), bien que sous la condition supplé-
mentaire que p et ¢ soient suffisamment grands.
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Le résultat “partiel” obtenu ci-dessus est cependant suffisant pour montrer 'unicité du
probléeme de martingale associé a 'opérateur d; + L,. A travers un raisonnement de
dualité sur les espaces LY — L4, I'estimation dans (6.25) impliquera notamment 1’existence
d’une “densité” pour le processus { X%}~ solution de la dynamique stochastique (6.1)
avec le point de départ (¢, z), défini seulement pour presque tout (s,y).

Appelée p(t, s, z,y) cette densité, il suivi facilement de I'Equation (6.23) qui

G f(t x) / /RN f(s,y)p(t, s, z,y) dyds.

A ce stade, nous utiliserons la technique d’inversion de Popérateur I, — R, sur I'espace
fonctionnel LP (0, T; LY(RY )) Pour ce faire, il faudra notamment exhiber des estimations

sur le terme de reste R, de la forme suivante :
I1Rellzrs < Crllfllprs, (6.26)

pour une certaine constante Cr > 0 indépendante de € et telle que C7 — 0 lorsque T'
tend vers zéro.

En choisissant un intervalle de temps suffisamment petit, on peut alors supposer que la
norme de R, comme opérateur sur L? (() T; LY(RN )) est plus petit de 1 et donc, que

l'opérateur I, — R6 est en réalité inversible :
T . .
E l/ s, X0 ds] — G.o(I. — R)\f(t, ).
t

Exploitant & nouveau les propriétés de convergence de 'opérateur I, dans (6.21), cette
fois dans I'espace LP (O, T; LY(RY )), nous pouvons conclure que

T .
E l/ f(s, Xb%) ds] = Go(I—-R)'f(t,x).
t
L’identité ci-dessus implique immédiatement 1'unicité du probleme de martingale sur
un intervalle de temps suffisamment petit. Un argument de chainage temporel nous
permettra d’étendre a 1'unicité globale pour le probleme de martingale, concluant ainsi

la preuve du théoreme 6.1. Pour plus de détails sur ce type de localisation, voir pour
exemple [EK86] Section 4.6.

Nous montrerons seulement plus tard que les estimations de Krylov dans (6.6) sont en
fait valables pour chaque paire (p,q) qui vérifie la condition d’intégrabilité (%), par un
raisonnement de mollification stochastique.

Plus précisément, nous allons fixer un processus a-stable isotrope {Z,}.>¢ et un petit
parametre de régularisation 0 et considérer une version régularisée du processus { X5*}45
solution de la dynamique stochastique dans (6.1), donnée par

7,0
Xs

= X;’I -+ 5M5—t78—t‘ (627)

Intuitivement, I'idée de régulariser le processus solution {X%*}.>q sert & obtenir, au
niveau des densités associées, une controlabilité dans l'espace fonctionnel dual de LY — L?
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jusqu’au seuil souhaité (cf. condition d’intégrabilité (%)).

En effet, si on note avec p/, ¢’ les exposants conjugués de p et ¢ respectivement, on sait
d’apres les estimations “partielles” de Krylov dans (6.25) que la densité p(t, s, x,y) a
une norme finie dans l’espace L¥' (O, T, L (RN )) pour des valeurs de p, ¢ assez grand.

De plus, si on appelle avec p°(t, s, z,-) la densité associée a la variable aléatoire Yi’x’é,
Iidentité dans (6.27) implique immédiatement que

Pt s,2,y) = [plt,s,2,-) x¢"(s = t,)] (), (6.28)

ott ¢°(t, ) représente la densité associée au processus {0MZ, }>o.

En exploitant maintenant des inégalités de convolution dans (6.28), nous obtiendrons en
particulier que pour chaque paire (p, q) qui vérifie la condition (%), la quantité ||p°|| 'L
est fini, bien que possiblement explosif pour d tendant vers zéro. t

Ce controle nous permettra de prouver que le processus mollifié 7?’5 vérifie les esti-
mations de Krylov dans (6.6) pour tous les indices p, ¢ dans l'intervalle concerné mais
pour une constante C' éventuellement dépendante du parametre du régularisation ¢ (et
explosive par rapport a ce parametre).

Reproduisant 'analyse perturbative réalisée dans la premiere partie de la preuve, nous
montrerons enfin que les controles sur la densité mollifié p (¢, s, z, y), et donc la constante
dans les estimations de Krylov, ne dépendent pas réellement de §.

Enfin, en faisant tendre § vers zéro, nous pourrons exhiber les estimations de Krylov
dans les conditions requises sur p, ¢ pour le processus X5* solution de la dynamique
stochastique originale (6.1).

Sur les controéles fondamentales du noyau de Green et du terme de reste

Comme nous venons de le voir, notre méthode repose en fait sur des estimations
fondamentales sur le noyau de Green G.f et sur le terme de reste R.f donné dans (6.24)
et (6.26). La preuve de ces estimations sera assez longue et complexe et remplira, avec
la preuve de la convergence de I, dans (6.21), une grande partie de la section technique
du Chapitre 4.

Comme nous ne pensons pas qu’il soit possible de les résumer pour cette introduction
de maniere cohérente pour le lecteur, nous avons plutot décidé de ne mettre en évidence
que quelques-uns des passages les plus saillants du raisonnement qui nous permettent
de montrer la nécessité de certaines des hypotheéses nous avons fait.

Par exemple, les seuils dans la condition d’intégrabilité (%) apparaissent évidents dans
la preuve des controles ponctuels dans (6.24) sur le noyau de Green G..

En fait, en rappelant la définition de G.f donnée dans (6.18), on peut dans un premier
temps casser l'intégrale par une inégalité de Holder :

~ T ) %f I
Gef ()| < s (/ ([, 1ts.z)l” dy) ds)
t+e RN

1
/ v

T Y »
= Ol (ot )

t+e

(6.29)
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ou, rappelons-le, nous avons dénoté respectivement avec p/, ¢’ les exposants conjugués
de p et q.

Profitant des controles sur la densité p™¥(t, s, x,-) dans (6.12), il est désormais possible
de contrdler le terme J(t, s, z) comme suit :

/

3t s.0)] < C@et T ™ [ [p(LT A — it @)]" dy < € (det T,

Il s’ensuit alors que

Y e

~ T (1-4)%
Gef(t,2)] < Cllfllzprs /t+ (det T,_ )7 ds) . (6.30)

Pour conclure, il faut montrer que I'intégrale en temps est finie. A partir de la définition
T, := tY/*M,, on note alors que

Puisque (1 — ¢ )g—: = —%, on peut enfin conclure que l'intégrale en temps dans (6.30)
est finie si

(idilJra(i_l))};/ <le (Zd—1+a< 1))1+1 < 1.

i=1 « @ g P

L’inégalité a droite est précisément la condition d’intégrabilité (4’) que nous avons
supposée dans le Théoreme 6.2. Intuitivement, on peut alors expliquer le seuil en (%)
comme la condition d’intégrabilité temporelle nécessaire pour controler les différentes
échelles intrinseques associées au systeme dégénéré, lorsque 1’on considere les estimations
de normes L} — L1.

On se concentre maintenant sur le controle ponctuel du terme de reste R, donné dans
(6.24). A partir de la définition dans (6.23), on peut décomposer R, en deux parties :

R.f(t,x) = /+s /]RN — LYt s, z,y) f(s,y) dyds (6.31)

+ / / (F(t,z) — E2Y, D (t, s, z,y)) f(s,y) dyds
t+e JRN
= RYf(t,x) + R f(t,x),

ou, rappelons-le, les opérateurs L, et Z'J;j:y sont la composante non-locale du générateur
infinitésimal original et du générateur congelé, défini dans (6.4) et (6.16), respectivement.
Nous soulignons, en particulier, que le premier terme de la décomposition ]:ZS f n’est
non-nul que si la matrice de diffusion o (¢, -) n’est pas constante dans l’espace. Controler
directement la différence des deux générateurs dans }?8 f, donnée par :

(Lo = LiN)P (¢, 5, y) ()

= L, [p*Y(t,s,x + Bo(t,x)z,y) — p*Y(t,s,x + BaYz,y)|v(dz) (6.32)
0
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apparait d’emblée délicat, d’autant plus qu’on ne peut pas directement exploiter la
régularité de la densité congelée p*¥(t, s, x,y) dans x, puisque ses effets régularisant dans
la variable y seront nécessaire plus tard pour estimer l'intégrale externe (par rapport
a y). Dans le cas ou la condition de continuité absolue [AC]| est vérifiée, on sait au
contraire que

v(dz) = Q(z)‘gzgﬁz dz,

pour une certaine fonction Lipschitz continue g sur S4!.

De plus, la condition d’ellipticité uniforme [UE] implique notamment que det (¢, z) # 0.
En supposant alors, sans perte de généralité, que det o(t,x) > 0, les changements de
variable Z = o(t,z)z dans l'intégrale a l'intérieur de £, et Z = &;Yz dans celui pour
L£5¥ permettent de réécrire la différence des générateurs infinitésimaux de la maniére
suivante :

s ~S ~8 ~S rrs dZ
(Lt - Ltvy)p 7y(t7 S, ,y)(l’) = /]Rd [p 7y(t7 S, T + Bzay) -D 7y(t7 s,x,y)] t,f(z) Wa

0

ou nous avons noté, pour simplifier,

o~ Nt,x) (67712
5, o -1 lo—1 (t,x)z| ~ 5,5\ —1 I(6,") 2]
BEE) = Qo™ 0002) g o s oy~ QU ™) e

Intuitivement, la condition [AC] permet de reporter 'erreur a estimer sur les fonctions
tempérant g, (), de maniere a pouvoir exploiter leurs propriétés.
On mentionne aussi que pour le controle de la différence entre les opérateurs infinitési-
maux £, — £5 il sera indispensable que ﬁf Y est pair, grace a la symétrie de la mesure
de Lévy v, car il nous permettra d’ajouter les termes d’ordre premier, nécessaires aux
développements de Taylor, a n’importe quelle niveau de coupe.

En controlant le terme d’erreur Rel f dans (6.31), il est au contraire possible de montrer,
au moins heuristiquement, que les seuils sur les régularités de Holder pour F' date
dans le Théoreme 6.3 de non-unicité, sont en réalité naturelles et qu’il serait donc
fiable d’obtenir une caractérisation (presque) optimale de le caractére bien posé de la
dynamique stochastique (6.1) en terme de la régularité des coefficients.

Supposons alors, comme dans le théoréme cité ci-dessus, que x; — Fj(t, x) soit Bf -Holder
continue, uniformément dans le temps et dans les autres variables spatiales.

Un calcul récurrent auquel nous devrons faire face en estimant Ri f sera de montrer que
une quantité de la forme suivante :

Rif(tx) = [ [Fi(s.2) = Fu(s, ()] Daf™ (8, 5.,9) dy

engendre une singularité intégrable dans le temps.
En exploitant les propriétés sur la densité gelée p*¥(¢, s, z,y) dans (6.12), on peut alors
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écrire que :

J

B; B s
p(lu Tsjt(y - msﬁ’(w))

nor (@ = 6(y)),

REF(t - / : d
’ Gf( 7'r)| ; RN (3 o t) 1+a((11—1) det Ts—t y
g »
e &= 0D, \ 7 LT — i)
=i RN (S — t)w det Ts—t
. 5 p(L Ty — i (@)
< C —t 4/ T (z—0,, : d
<03 (s-1) [ [T (@ = 6raw) et T y

ou nous avons défini, par commodité,

g Lralizl) _ gltali-1)

(0% (0%

En attendant, on note que le choix de geler au point final (7,£) = (s,y) est nécessaire
pour avoir une homogénéité entre la différence des dérives en x — 6, 4(y) et 'argument
de la densité en y — mg/(x). En particulier, il est vrai que

y =g (z) = mi(y) —v = Ous(y) — =

En supposant pour le moment qu’a partir des propriétés régularisantes associées a la
densité p(t,-), on peut obtenir le controle suivant :

g p(L, T~ (01s(y) — @)

T1(0,.(y) — d .
LT Oty =) qorm Ly < o (6.33)
il s’ensuit immédiatement que
. " j _ 8 p(1, Ty (x — 0,s(y))
i Ye 1 . s )
uy@mgc;@wt@mmueww FE
<O (s—1)¢.
j=i

Car alors le module de Rz f donne une singularité intégrable en temps, les seuils naturels
sur la régularité de Holder sur F; doivent étre donnés par :

1+ a(i—2)

~j<1(i) j> —_— -

(6.34)

Si a = 2, c’est-a-dire dans un contexte Brownien, ces seuils se retrouvent effectivement

dans le travail [CARM20b].

Le type de controles montré ci-dessus nous permet également de montrer clairement
pourquoi, dans un premier temps, nous devrons supposer que les indices p, ¢ sont
suffisamment grands dans I’estimation ponctuelle du terme de reste R, f.
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En fait, un raisonnement similaire & celui de (6.29) permet de contréler le terme R! f
associé a la dérive F' dans (6.31) comme suit :

e

n

- T Jo e
R < Ol X ([ = 00 @erT)Fa)

j=i

ou, rappelez-vous, p’ et ¢’ sont respectivement les exposants conjugués de p et ¢. Ensuite,
pour obtenir une quantité intégrable dans l'intégrale en temps il faudra imposer un seuil
minimum sur p et ¢ pour que p’ et ¢’ soient suffisamment petits pour s’assurer que

1+ a(i—1)

W (=) (>, 1
v+ (v q,)(mz ) <1

En conclusion, nous expliquons maintenant brievement pourquoi nous n’avons pas pu
obtenir le résultat souhaité, c’est-a-dire le caractere faiblement bien posé de la dynamique
stochastique (6.1) par rapport aux seuils naturels dans (6.34) sur la régularité des dérives
F, mais a la place nous avons dil supposer la méme régularité 57 pour chaque composante
F; le long de la variable x;.

L’élément crucial réside précisément dans le fait de pouvoir prouver I'Equation (6.33)
dans le controle ponctuel du terme de reste Ri f. Nous soulignons immédiatement que
pour notre modele, la faible régularité du flot y — 6, ,(y) empéche de dériver directement
(6.33) par le changement de variables § = 0, ,(y) — .

En fait, 'approche la plus naturelle, exploitée par exemple aussi dans [CARM20b],
consiste a déplacer le flot sur la variable x par une propriété de Lipschitz “approximative”
du type :

T (Ors(y) — 2)| < (14T (5 — Ose(2)))- (6.35)

Le principal probleme dans notre cas est que, cependant, nous n’avons pas été en mesure
d’établir, en toute généralité, que :

P(L T (0rs(y) — ) < CP(L T (y — Os4(2)), (6.36)

pour une certaine densité p qui a les mémes propriétés régulatrices que p.

Nous mentionnons que cette difficulté est intrinsequement liée a la nature a-stable
dégénérée de notre systeme. En fait, un contréle comme dans (6.36) est absolument
direct dans le cas Gaussien a partir de I’expression explicite de la densité p et du controle
en (6.35).

Pour obtenir une estimation ponctuelle, comme dans (6.36), la difficulté dans le cas
stable consiste justement a pouvoir obtenir une description suffisamment précise du
comportement des queue (associées aux grands sauts) qui, comme on le sait , sont
associés a la géométrie de la mesure spectrale correspondante. On cite a ce propos les
travaux de Watanabe [Wat07] dans le cas stable et celui de Sztonyk [Szt10a] pour une
extension au cas stable tempéré.

En particulier, la partie délicate apparait lorsque 1’on considére le comportement de la
mesure de Poisson (connecté aux grands sauts) associée a la densité p en régime hors
diagonale, c’est-a-dire si | T, (6, ,(y) — z)| > K. Dans ce cas, on aurait de (6.13), (6.14)
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t (6.15), que :

_ —1 !
PL T (6sl) ) < C [ (1+ [T, 200 (y) — ) — w])N+3

1
< O [ Po{w e RY s (14 T4 01(y) — 2) = w) "] > u})du

PN1 (dw)

1
< O [ Py (BT 00s(y) — o), 49 (6.37)
0

Rappelant des arguments sous (4.17) que la mesure spectrale prend en charge sur SV ~1
du processus {S5¥},>0 a en fait la dimension d, Watanabe dans [Wat07] Lemme 3.1 a
montré qu’il existe une constante C' > 0 telle que, pour chaque z dans RY et r > 0 :

Pz, (B(z,71)) < OTd+1(1 + Ta)|z|_(d+1+a). (6.38)

En d’autres termes, la plus mauvaise décroissance dans l'estimation globale est précisé-
ment donnée par la taille du support de la mesure spectrale associée. Nous soulignons
également que ces estimations sont en un certain sens optimales, au moins suivant
certaines directions du systeme (cf. Lemme 3.1 dans [Wat07]). Sur ce point voir aussi
[PT69]. En exploitant maintenant le contrdle dans (6.38) dans le contrdle principal en
(6.37), on obtiendrait que

d+1

1
PL T (Ors(y) = 2)) < T2 0rsly) — )7 [0 85 (14 055 )du
< C(LF [T (Brsly) — 2)) ).

La propriété de Lipschitz “approximative” dans (6.35) impliquerait finalement que

p(laTs_—lt(@t,s( )—x) <C(1+ |’]I‘S Ly — (x))D (d+1+a)
= CP(L, T2 (y — 0s.())).

Un tel contrdle serait en fait suffisant pour notre propos mais imposerait des conditions
tres fortes sur les dimensions d, n de I'espace pour que la densité p(t, -) soit intégrable.
Ce phénomene est également apparu dans [HM16] et dans ce cas a imposé de limiter
I’analyse quand d = 1,n = 3 pour démontrer le caractere bien posé du probleme de
martingale associé a une chaine dégénérée avec une dérive linéaire et bruit multiplicatif
stable isotrope.

Enfin, nous mentionnons que cette difficulté se poserait également dans le cas tempéré
“classique”, c’est-a-dire si I'on imposait des conditions supplémentaires a la fonction
Q. L’avantage dans ce contexte aurait été de garder la fonction tempérant () méme
dans la densité p, de maniere a exploiter les avantages du tempérament a l'infini, et
ainsi récupérer les problémes de concentration en (6.39). Comme analysé dans [Szt10a]
Corollaire 6, nous aurions alors obtenu des contréles de la forme :

(s 2,) < C(L+ [Ty — Ba(@)])H9Q (1ML (y — 0us(2))])

qui améliorent nettement 'intégrabilité dans ’espace mais en méme temps détériorent
celle dans le temps, puisqu’il n’est plus possible d’exploiter la a-similarité de la densité

(6.39)
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stable sous-jacente.

Ce genre de difficulté serait apparu méme si on n’avait considéré que le cas tronqué,
c’est-a-dire lorsque Q(2) = 1p(o,,) pour un certain ro > 0 . Pour plus de détails, voir
par exemple, [CKKO8] dans un contexte non-dégénéré.

Pour résoudre cette difficulté, nous suivrons ensuite un raisonnement alternatif dans le
Chapitre 4.

Rappelant que le changement des variables naturel § := T,,(6; ,(y) — =) dans (6.33)
n’est pas directement possible dans notre contexte car les coefficients ne sont pas assez
réguliers, nous allons introduire un flot régularisé 67 ,(y) associé a une version mollifié
des coefficients impliqués. Puis, en appliquant le changement de variables souhaité (par
rapport au flot régularisé), il sera possible d’obtenir I'estimation dans (6.33) par rapport
a (9?75(34), et vérifier la différence entre les flots de la méme maniere que nous l'avons déja

fait pour établir la condition de Lipschitz approximative (cf. Equation (6.35)).

En conclusion, il ne restera que controler det(V@is(y)), uniformément par rapport au
parametre de régularisation. Ce sera ce dernier controle qui nous obligera a renforcer le
seuil naturel de régularité Holder sur F' en (6.34) et supposer que chaque composante
F;, (i € [2,n]) présentent la méme régularité le long de la variable z; (j € [2,n]),
uniformément dans le temps et dans les autres variables spatiales (cf. Equation (6.3)).

Contre-exemples a Peano pour 'unicité dans un sens faible

Nous expliquons maintenant brievement le raisonnement heuristique derriere la preuve
du résultat de non-unicité (cf. Théoreme (6.3)). L’idée est d’adapter les contre-exemples
a Peano présentés dans (2.5) et également exploités dans [CARM20b], & notre contexte
de Lévy.

Si on veut tester par exemple le seuil Bf associé a 'exposant de Holder critique pour
la i-ieme composante de la dérive F' par rapport a la variable z; (avec j > > 1), on

considérera le modele suivant (pour dy =---=d, =1et N =n):
dX}! = dz, se k=1;
dXF = X[ at, se ke [2,i—1]; (6.40)
dX! = X7t + sgn(X7)| X7 |Pldt,  se k =i '

dXF = X[ dt, se k€ [i+1,n],

ot {Z; }+>0 est un processus a-stable symétrique réel. Il n’est pas difficile de noter que
I'Equation (6.40) peut s’écrire sous la forme (6.1) en imposant o = 1 et G(t,z) =

Az + e; sgn(z;)|z;]% of e; est le i-itme élément de la base canonique sur RN et A est
la matrice dans R ® R" donnée par :

0 ... ... ... 0
1 0 ... ... 0
A=10 1 :
0O ... 0 1 o0
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Si on se concentre en particulier sur le ¢ -ieme composant de la dynamique (6.40)
ci-dessus, il peut étre réécrit sous forme intégrale comme :

j t o P, 4
X = / sgn([g*l(XJ))’[gﬂ(X]) 5zdt+[tzfl(z)’ >0, (6.41)
0

otl, pour chaque chemin cadlag y: [0,00) — R, la notation I*(y) représente I'intégrale
itérée k-fois au temps t. Comme déja expliqué ci-dessus, pour que la régularisation par le
bruit se produise, il faut que, au moins en peu de temps, les fluctuations moyennes de la
perturbation aléatoire dominent 'irrégularité de la dérive déterministe. Plus précisément
pour notre modele, nous pouvons alors comparer les fluctuations de bruit I;*(Z) d’ordre
i — 1+ 1 avec les solutions extrémales déterministes obtenues sans perturbation (i.e.
B = 0 ci-dessus), obtenant ainsi :

G181

i—14+L _gJ
A

Puisque cette condition doit étre vérifiée pour t petit, nous pouvons alors conclure que
la condition '
—1)8 -1 » 1  — 1
G-VH -1 . Ltali-D)
l+a(j—2)

est la relation heuristique qui garantit que le bruit domine le systeme et quune régulari-
sation par le bruit se produit effectivement.

, 1
=14+ - <
a

7 Sur les constantes optimales dans les estimations
de Sobolev et Schauder pour les opérateurs de
Kolmogorov dégénérés

Nous présentons maintenant brievement les principaux résultats du Chapitre 5. Ce travail,
rédigé en collaboration avec mes directeurs de theése, Professeur Stéphane Menozzi et
Professeur Enrico Priola, est paru récemment en pré-publication [MMP21].

Nous nous intéressons ici a étudier les effets d’une perturbation du second ordre sur un
opérateur d’Ornstein-Uhlenbeck dégénéré diffusif. En particulier, nous voulons déterminer
comment les constantes de certaines estimations “connues” pour cette classe d’opérateurs,
telles que les estimations de Schauder présentées dans les Sections 4 et 5, dépendent
en fait de la perturbation considérée. Notre méthode de prouve sera basée sur une
transformation spatiale adéquate, qui permet d’annuler le terme de transport de premier
ordre, et sur la méthode perturbative par processus de Poisson, introduite dans [KP17]
et adaptée a notre contexte.

Plus précisément, étant donné un entier positif N, nous considérerons la famille suivante
d’opérateurs d’Ornstein-Uhlenbeck diffusifs :

L°" = Tr(BD?) + (Az,D.), sur RY, (7.1)

ol (-,-) désigne toujours le produit scalaire sur RY et A, B sont deux matrices dans
RY @ RY telles que B est symétrique.
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On supposera, comme au Chapitre 3, que les deux matrices A, B vérifient la condition
du rang de Kalman qui assure 'hypoellipticité du systeme :

[K] il existe un entier non négatif n tel que
rank[B, AB,--- A" 'B] = N,

otl, rappelons-nous, [B, AB, ..., A" B] est la matrice dans RY @ R™™ dont les
blocs sont B, AB,--- A" 'B.

Comme déja évoqué dans la Section 5, la condition de Kalman [K] permet de décomposer
I'espace RY en fonction de l'espace image atteint par les itérations successives des
commutateurs entre A et B (cf. Equation (5.8)).

En supposant que rank(B) = d pour un certain d > 0, on sait en particulier qu’il existe
{di,...,d,} entiers non-négatifs tels que dy = d, > ; d; = N et les deux matrices A, B
sont réinscriptibles, apres un éventuel changement de coordonnées, sous la forme plus
explicite suivante (cf. Equation (5.11)) :

By 0 0
. . Ay x
0O 0 S
B = et A= 0 AS *
0o ... 0 A,

ol By est une matrice non-dégénérée dans RY ® R?, A, est une matrice dans R% @ R%-1
tel que rank(A;) = d; pour chaque i dans [2,n] et les éléments * peuvent étre non-nuls.

On s’intéresse donc aux solutions du probléeme de Cauchy suivant :

7.2
u(0,2) = 0, sur RV, (7.2)

{@u(t, z) = L°%(t,z) + f(t,z) sur (0,T) x RY;
Nous allons prouver l'existence et 'unicité de solutions bornées et régulieres pour 1E-
quation (7.2) en supposant, comme dans [KP17], que la source f appartient a ’espace
By ((), T; Cg° (RN )) Cet espace peut étre compris comme la famille de fonctions mesu-
rables, bornées dans le temps et lisses, supportées de maniére compacte dans I’espace,
uniformément dans le temps. Pour une définition précise de ces espaces, nous renvoyons
le lecteur a la Section 1.2 du Chapitre 5.
Nous soulignons que nous ne pourrions pas considérer la source f dans une classe de
fonctions plus “habituelle”, telle que C°([0, T x RY) précisément parce que la méthode
perturbative dans [KP17] en passant par les processus de Poisson, que nous exploiterons
également, nous obligera a considérer des sources f dans (7.2) qui sont éventuellement
discontinues dans le temps (cf. Section 2 dans [KP17]).

En raison de la faible régularité en temps de f, le systéme (7.2) ne sera compris qu’au
sens intégral, c’est & dire une fonction bornée et continue u: [0,7] x RY — R sera une
solution de I'Equation (7.2) si u(t,-) appartient a C?(RY) pour chaque ¢ fixe et

u(t,z) = /Ot {Tr(BDgu(s,z)) + (Az, D,u(s, 2)) + f(s,z)} ds. (7.3)
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Etant donné une fonction continue ¢ — S(t) telle que S(t) soit une matrice symétrique
et non-négative dans RY ® RY, on s’intéressera alors aussi au perturbation du second
ordre associée a S(t) pour 'opérateur d’Ornstein-Uhlenbeck, c’est-a-dire 'opérateur
suivant :

L = L4 Te(S(H)D2) = Tr ([B+ S(1)] D?) + (Az,D.),  sur RY,

et au probleme de Cauchy perturbé qui lui est associé :
Orus(t,z) = Tr([B+ S(t)] Dius(t, 2)) + (Az, D:us(t, 2)) + f(t, 2); (7.4)
ug(0,2) = 0. '

Dans cet article, nous nous concentrerons principalement sur deux types d’estimations
pour les solutions u du Probleme de Cauchy (7.2) : estimations de type Sobolev, c’est-a-
dire contréles en norme LP sur la premiere composante non-dégénérée du gradient de
la solution u et les estimations de Schauder par rapport aux espaces de Holder avec
multi-indice de régularité, déja rencontrés dans les Sections 4 et 5 de cette these.

En particulier, Bramanti et al. ont montré dans [BCLP10], Théoréme 3 que pour chaque
p dans (1, 00), il existe une constante C,, > 0, indépendant de f, tel que :

|BY2D*u BY*|| ooy xmvy < Coll Fll o (0.0 xmNYs (7.5)

Cependant, on remarque que les estimations dans (7.5) sont en fait prouvées dans
[BCLP10] en supposant que la source f est lisse en espace et en temps. A travers quelques
propriétés explicites sur le noyau de chaleur Gaussien sous-jacent, nous montrerons dans
la Section 2.3 du Chapitre 5 qu’en effet ces estimations peuvent étre étendues pour
considérer également la classe des sources f dans notre contexte.

Sous la condition de Kalman [K], Lunardi a plutét montré dans [Lun97], Théoréme 1.2,
que pour chaque 5 dans (0, 1) il existe une constante Cj, indépendant de f, tel que :

Hu”Loo((o,T),cizﬂ) < OB||fHLoo((0,T)7C£d)a (7'6)
ou, rappelez-vous, les espaces de Holder anisotropes C’; 4(RY) sont définis exactement

comme dans la Section 5.

Nous pouvons maintenant résumer les principaux résultats du Chapitre 5 dans le
théoreme suivant :

Théoréme 7.1. Soit [ dans B, (O,T; C’go(]RN)). Alors, il existe une unique solution
intégrale ug du Probléme de Cauchy (7.4) tel que, pour chaque p dans (1,400) et B dans

(0,1) 4l retient que
HBl/zDZUS Bl/2HLP((0,T)><]RN)

< Gyllfllze(o,myxr™)
[usll poe(c2ie) < Cﬁ||f||Lm(C£d),

avec les mémes constantes C,, Cz apparaissant respectivement dans (7.5) et (7.6). En
particulier, les constantes C,, Cs ne dépendent pas de la matrice S(t).
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Au-dela de la propriété de préservation des constantes montrée dans le Théoreme 7.1 ci-
dessus, les estimations de Sobolev dans (7.7) semblent, au meilleur de notre connaissance,
étre nouvelles pour un opérateur comme L?u’s et d’intérét indépendant. Nous citons
également a cet égard les travaux récents de Fornaro et al. [FMPS21] qui esquisse une
description complete du spectre des opérateurs d’Ornstein-Uhlenbeck hypoelliptiques
dans les espaces LP.

Nous soulignons également que si nous considérons une matrice S indépendante du
temps, des résultats analogues au Théoreme 7.1 peuvent également étre obtenus pour
les estimations elliptiques correspondantes, en suivant la méthode indiquée dans le
Corollaire 3.5 de [KP17].

Enfin, nous soulignons que dans le Chapitre 5 nous montrerons également que des
estimations LP plus générales, qui considerent également les directions dégénérées, sont
indépendantes des perturbations du second ordre, méme si ce n’est que dans le cas des
matrices A invariantes pour les dilatations (cf. Equation (4.6) dans la Section 4). Pour
plus de détails sur ce sujet, voir Section 4 du Chapitre 5.

7.1 Guide a I’épreuve

Pour donner au lecteur une idée de la méthode d’épreuve que nous avons utilisée, nous
illustrons maintenant brievement les principales étapes de la preuve des estimations L?
dans (7.7). Comme déja évoqué au début de la section, un outil fondamental sera une
note (cf. [DPL95]) transformation de I'espace RY (& chaque instant fixé) qui permettra
justement de se débarrasser du terme de dérive (Az, D,u) dans le probleme de Cauchy
(1.10).

Plus précisément, étant donné une solution bornée u du Probléeme de Cauchy (1.10),
nous introduirons la fonction v: [0, 7] x RY, donnée par

v(t, 2) = u(t,e 2).
En effet, en se souvenant que u résout le probléme de Cauchy dans (1.10) et en notant
que u(t, z) = v(t,e!z), il n’est pas difficile a vérifier que
f(t,z) = Qwu(t, z)—L"u(t, 2)
= v(t,e"2) + (Do(t, e'2), AetAz>—Tr<etABetA*D2v(t, etAz))
— (Du(t, e2), Aetz)

= vy(t, e 2)=Tr (etABetA*DQU(t, etAz)).

pour chaque (¢, z) dans (0,7) x RY. En dénotant pour simplifier f(t,z) := f(t,e *z),

il résulte immédiatement des comptes ci-dessus que v est alors une solution du probléme
de Cauchy suivant :

ow(t,z) = TT(etABGtA*DZ’U(t,Z» + f(t,z) on (0,T) x RY;
v(0,2) =0 on RY.

De plus, les estimations dans (7.5) peuvent étre réécrites en termes de v comme

HBl/ge_tA*D2U(t, 6tA_) €tABl/2”LP((O,T)><RN) < Op“f(t7 6tA')HLP((O,T)><]RN)' (79)
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Par un changement de variables dans les intégrales et en dénotant LP((0,7) x RY, m)
I’espace usuel LP par rapport a la mesure m donnée par

m(dt,dz) = det(e”")dtdx,

il est donc immédiat de constater que le controle dans (7.9) équivaut a I’estimation
suivante :

| BY2et" D?u(t, -) €tABl/2HLP((O,T)><RN,m) < Cp||fHLP((0,T)XRNM)' (7.10)

Nous pouvons maintenant nous concentrer sur le probleme de Cauchy perturbé par la
matrice S(t) :

w(0,2) = 0. (7.11)

{@w(t, z)+ Tr(etABetA*DQw(t, z)) - Tr(etAS(t)etA*DQw(t, z)) = f(t, 2);
A T'aide d’arguments probabilistes, nous montrerons notamment qu’il existe une unique
solution w: [0,7] x RY — R du probléme ci-dessus.

En adaptant maintenant certains des arguments présentés dans [KP17], nous pouvons
déduire que les estimations en norme LP dans (7.10) sont également valables pour la
solution w du probléme perturbé dans (7.11), quelle que soit la perturbation donnée
par la matrice S(t). Plus précisément, on obtiendra que

|BY2e D2w(t, ) € B2 || togo,r) xry my < Coll F(E, ) Logo,r)xm s (7.12)

tient avec la méme constante C,, qui est apparue dans (7.10).

L’élément crucial de la preuve dans [KP17] est d’introduire une petite perturbation
aléatoire sur la source f par un processus de Poisson convenable et d’analyser les
propriétés associées a I’équation correspondante. Puis, en prenant la valeur moyen dans
la formulation intégrale de I’équation, les contributions associées aux sauts de processus
génerent, pour une intensité convenable du processus de Poisson sous-jacent, un opérateur
aux différences finies. En particulier, les estimations initiales restent conservées pour le
systeme résolu par I'espérance de la solution et qui fait également intervenir I'opérateur
aux différences finies. Enfin, des arguments de compacité nous permettent de conclure
que les estimations initiales tiennent également a la limite, en échangeant I'opérateur de
différence finie avec 'opérateur différentiel correspondant d’ordre deux.

Pour conclure, nous devrons alors revenir a notre modele d’Ornstein-Uhlenbeck original,
en appliquant la transformation inverse par rapport a la variable spatiale. En particulier,
on introduira (¢, z) := w(t, e2) qui résout, par définition, '’équation suivante :

dyii(t, ) + LY™Sa(t, z) = f(t,2), sur (0,T) x RV,
u(0,2) =0, sur RV,

Grace a l'identité suivante :

D*w(t,-) = D?[a(t, e )] = e D2a(t, e~ )e
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nous pouvons alors conclure a partir du Controle (7.12) que les estimations suivantes
sont vérifiées :

||Bl/2D2ﬁ Bl/QHLP((o,T)xRN) < Cp”f”Lp((o,T)xRN)'

En résumé, le raisonnement exposé ci-dessus nous permet en fait de construire une
solution @ du probleme de Cauchy dans (1.14) qui vérifie les estimations LP dans (1.15)
avec la méme constante C), qui est apparu dans des estimations similaires pour ’opérateur
prozy L°". Enfin, notant que le principe du maximum est également valable par rapport
a l'opérateur d’Ornstein-Uhlenbeck perturbé Lgu’s, nous pouvons également montrer
I"unicité de cette solution .

En conclusion, nous soulignons que pour appliquer la méthode perturbative brievement
résumée ci-dessus, seules quelques propriétés spécifiques sont en fait requises sur les semi-
normes sous-jacentes. Intuitivement, le raisonnement présenté dans [KP17] n’exploite que
I'invariance translationnelle des semi-normes et une sorte de propriété de commutativité
entre les normes (ou une fonction de la norme comme dans le cas L?) et 'opérateur de la
valeur attendue. En effet, il semble naturel que cette approche puisse ensuite étre étendue
a une classe beaucoup plus générale d’estimations sur autres espaces fonctionnels, comme
par exemple les espaces de Besov. (cf. Equation (4.33)).

De plus, ce type de contrdles semble prometteur pour une analyse plus détaillée du
caractere bien posé de certaines classes d’équations stochastiques corrélées. Ces aspects
seront étudiés prochainement.
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Chapter 2

Schauder estimates for degenerate
stable Kolmogorov equations

Abstract: We provide here global Schauder-type estimates for a chain of integro-
partial differential equations (IPDE) driven by a degenerate stable Ornstein-Uhlenbeck
operator possibly perturbed by a deterministic drift, when the coefficients lie in some
suitable anisotropic Holder spaces. Our approach mainly relies on a perturbative method
based on forward parametrix expansions and, due to the low regularizing properties on
the degenerate variables and to some integrability constraints linked to the stability
index, it also exploits duality results between appropriate Besov Spaces. In particular,
our method also applies in some super-critical cases. Thanks to these estimates, we show
in addition the well-posedness of the considered IPDE in a suitable functional space.

1 Introduction

For a fixed time horizon 7' > 0 and two integers n,d in N, we are interested in proving
global Schauder estimates for the following parabolic integro-partial differential equation
(IPDE):

Owu(t, ) + (Ax + F(t,x), Dyu(t,z)) + Lou(t,z) = —f(t,x) on [0,T] x R™;

w(T,z) = ur(x) on R"4,

(1.1)

where z := (z1,...,1,) is in R™ with each z; in R? and (-,-) represents the inner
product on R™. We consider a symmetric, a-stable operator £, acting non-degenerately

only on the first d variables and a matrix A in R" @ R" with the following sub-diagonal
structure:

0d><d . 0d><d
AQ’l ded .. . e ded

A = [Oaxa As2 Ogxa .. Ogxa| . (1.2)
Odxa -+ Odxd Ann—1 Odxd
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Chapter 2. Schauder estimates for non-linear stable equations

We will assume moreover that it satisfies a Hormander-like condition, allowing the
smoothing effect of £, to propagate into the system.

Above, the source f: [0,7] x R™ — R and the terminal condition uz: R™ — R are
assumed to be bounded and to belong to some suitable anisotropic Holder space.

The additional drift term F'(¢,z) = (F1 (t,x),..., Fu(t, x)) can be seen as a perturbation
of the Ornstein-Ulhenbeck operator £, + (Ax, D,) and it has structure "compatible"
with A, i.e. at level 7, it depends only on the super diagonal entries:

Fi(t,x) := Fi(t,x;,...,z,).

It may be unbounded but we assume it to be Holder continuous with an index depending
on the level of the chain.

Related results. A large literature on the topic of Schauder estimates in the a-stable
non-local framework has been developed in the recent years (see e.g. Lunardi and Rockner
[LR21] for an overview of the field), mainly in the non-degenerate setting and assuming
that a > 1, the so called sub-critical case. We mention for instance the stable-like
setting, corresponding to time-inhomogeneous operators of the form

d
o {Qb(l’ + y) - Qb(x) - ]11§a<2 <y7 Dw)}m@a z, y)|y|5{|_a

+ Li<neo(F(t,x), Dyu(t,z)) (1.3)

Et¢(x) = /

R

where the diffusion coefficient m is bounded from above and below, Holder continuous in
the spatial variable x and even in y if & = 1. Under these conditions and assuming the
drift F' to be bounded and Hoélder continuous in space, Mikulevicius and Pragarauskas
in [MP14] obtained parabolic Schauder type bounds on the whole space and derived
from those estimates the well-posedness of the corresponding martingale problem. We
notice however that for the super-critical case (when o < 1), the drift term in (1.3)
is set to zero. This is mainly due to the fact that in the super-critical case, £, is of
order « (in the Fourier space) and does not dominate the drift term F’ which is roughly
speaking of order one.

In the non-degenerate, driftless framework (i.e. when Az 4+ F'=0and n =1 in (1.1)),
Bass [Bas09] was the first to derive elliptic Schauder estimates for stable like operators.
We can refer as well to the recent work of Imbert and collaborators [IJS18] concerning
Schauder estimates for stable-like operator (1.3) with e = 1 and some related applications
to non-local Burgers equations. Eventually, still in the driftless case, Ros-Oton and Serra
worked in [ROS16] for interior and boundary elliptic-regularity in a general, symmetric
a-stable setting, assuming that the Lévy measure v, associated with £, writes in polar
coordinates y = ps, (p, s) € [0,00) x S¥1 as

va(dy) = [i(ds)

p1+a

where [i is a non-degenerate, symmetric measure on the sphere S?!. Related to the
above, we can mention also the associated work of Fernandez-Real and Ros-Oton
[FRRO17] for parabolic equations.
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In the elliptic setting, when « € [1,2) and £, is a non-degenerate, symmetric a-stable
operator and for bounded Holder drifts, global Schauder estimates were obtained by
Priola in [Pril2] or in [Pril8] for respective applications to the strong well-posedness
and Davie’s uniqueness for the corresponding SDE. We notice furthermore that in the
sub-critical case, elliptic Schauder estimates can be proven for more general, translation
invariant, Lévy-type generators for following [Pril8] (see Section 6, and Remark 5
therein).

In the super-critical case, parabolic Schauder estimates were established by Chaudru de
Raynal, Menozzi and Priola in [CdRMP20a] under similar assumptions to [ROS16]. An
existence result is also provided therein.

We mention as well the work of Zhang and Zhao [Z2Z18] who address through probabilistic
arguments the parabolic Dirichlet problem for stable-like operators of the form (1.3)
with a non-trivial bounded drift, i.e. getting rid of the indicator function for the drift.
They also obtain interior Schauder estimates and some boundary decay estimates (see
e.g. Theorem 1.5 therein).

As we have seen, most of the literature is focused on the non-degenerate case. In the
degenerate diffusive setting, Lunardi [Lun97] was the first one to prove Schauder esti-
mates for linear Kolmogorov equations under weak Hormander assumptions, exploiting
anisotropic Holder spaces (where the Holder index depends on the variable considered),
in order exactly to control the multiple scales appearing in the different directions, due
to the degeneracy of the system.

After, in [Lor05] and [Pri09], the authors established Schauder-like estimates for hy-
poelliptic Kolmogorov equations driven by partially nonlinear smooth drifts. On the
other hand, let us also mention [CARHM18a] where the authors first establish Schauder
estimates for nonlinear Kolmogorov equations under some weak Hormander-type as-
sumption. Their method is based on a perturbative approach through proxies that we
here adapt and exploit. In the degenerate, stable setting, we have to refer also to a
recent work of Zhang and collaborators [HWZ20] who show Schauder estimates for the
degenerate kinetic dynamics (n = 2 above) extending a method based on Littlewood-
Paley decompositions already used in other works by Zhang (see e.g. [ZZ18]), to the
degenerate, multi-scaled framework. Even with different approaches and frameworks, we
consider here a generic d-level chain and we exploit thermic characterizations of Besov
norms, our and their works bring to the same results in the intersecting cases, at least
to the best of our knowledge. About a different but correlated argument, we mention
that the LP-maximal regularity for degenerate non-local Kolmogorov equations with
constant coefficients was also obtained in [CZ19] for the kinetic dynamics (n = 2 above)
and in [HMP19] for the general n-levels chain.

In the diffusive setting, Equation (1.1) appears naturally as a microscopic model for heat
diffusion phenomena (see [RBT00]) or, in the kinetic case (n = 2), it can be naturally
associated with speed/position (or Hamiltonian) dynamics where the speed component
is noisy. It can be found in many fields of application from physics to finance, see for
example [HN04] or [BPVO01]. When noised by stable processes, it can be used to model
the appearance of turbulence (cf. [CPKMO05]) or some abnormal diffusion phenomena.
Moreover, the Schauder estimates will be a fundamental first step in order to study the
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Chapter 2. Schauder estimates for non-linear stable equations

weak and strong well-posedness for the following stochastic differential equation (SDE):

dX}! = Fy(t, X},..., X")dt + dZ,

dX? = A X!+ Fy(t, X2, ..., X)dt (1.4)

dXP = Apn 1 X1+ Fo(t, XP)dt

where Z, is a symmetric, R%valued a-stable process with non-degenerate Lévy measure
Vo on some filtered probability space (€2, (F;)i>0, P). The complete operator £, + (Az +
F(t,z),D,) then corresponds to the infinitesimal generator of the process {X;}i>o,
solution of Equation (1.4).

Mathematical outline. In this work, we will establish global Schauder estimates for
the solution of the IPDE (1.1) exploiting the perturbative approach firstly introduced in
[CARHM18a] to derive such estimates for degenerate Kolmogorov equations. Roughly
speaking, the idea is to perform a first order parametrix expansion, such as a Duhamel-
type representation, to a solution of the IPDE (1.1) around a suitable proxy. The main
idea behind consists in exploiting this easier framework in order to subsequently obtain
a tractable control on the error expansion. When applying such a strategy, we basically
have two ways to proceed.

On the one hand, one can adopt a backward parametrix approach, as introduced by
McKean and Singer [MS67] in the non-degenerate, diffusive setting. This technique has
been extended to the degenerate Brownian case involving unbounded perturbation, and
successfully exploited for handling the corresponding martingale problem in [CARM20b].
Anyway, this approach does not seem very adapted to our framework especially because
it does not allow to deal easily with point-wise gradient estimates which will, at least
along the non-degenerate variable 1, be fundamental to establish our result.

On the other hand, the so-called forward parametrix approach has been successfully
used by Friedman [Fri64] or I'in et al. [[KOG62] in the non-degenerate, diffusive setting
to obtain point-wise bounds on the fundamental solution and its derivatives for the
corresponding heat-type equation or in [CdR17] to derive strong uniqueness for the
associated SDE (1.4) (i.e. n = 2 with the previous notations). Especially, this approach
is better tailored to exploit cancellation techniques that are crucial when derivatives
come in, as opposed to the backward one.

The main difficulties to overcome in order to prove Schauder estimates in our framework
will be linked to the degeneracy of the operator £, that acts only on the first d variables,
as well as the unboundedness of the perturbation F. Concerning this second issue, let us
also mention that Schauder estimates for unbounded non-linear drift coefficients in the
non-degenerate diffusive setting were obtained under mild smoothness assumptions by
Krylov and Priola [KP10] who heavily used an auxiliary, deterministic flow associated
with the transport term in (1.1), i.e. for a fixed couple (¢, z),

{3503(36) — Ab,(x) + F(s,0,(z)); ifs>t

(1.5)

Oi(z) = z,
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Section 2. Setting and main results

to precisely get rid of the unbounded terms.

The drawback of this approach is that we will need at first to establish Schauder
estimates in a small time interval. This seems quite intuitive since the expansion along
the chosen proxy on which the method relies is precisely designed for small times because
it requires that the original operator and the proxy are "close" enough in a suitable
sense. To obtain the result for an arbitrary but finite time, we will then iterate the
reasoning, which is quite natural since Schauder estimates provide a sort of stability
in the considered functional space. We are therefore far from the optimal constants
for the Schauder estimates established in the non-degenerate, diffusive setting for time
dependent coefficients by Krylov and Priola [KP17].

On the other hand, we want to establish the Schauder estimates in the sharpest possible
Holder setting for the coefficients of the IPDE (1.1). To do so, we will need to establish
some subtle controls, in particular we have no true derivatives of the coefficients. This
is the reason why we will heavily rely on duality results on Besov spaces (see Section
4.1 below, Chapter 3 in [LR02] or [Tri92] for a more complete survey of the argument).
However, in contrast with the non-degenerate case (cf. [CARMP20a]), we will need to
ask for the perturbation F' some additional regularity, represented by parameter ; in
assumption [R] below, on the degenerate entries F; (¢ > 1). This assumption seems
quite natural if we think that, due to the degenerate structure of the system (cf. Section
2.2 below), the more we descend on the chain, the lower the smoothing effect of £,
will be. The additional smoothness on F' can be then seen as the "price" to pay to
re-equilibrate the increasing time singularities appearing along the chain.

Organization of the paper. The article is organized as follows. We state our precise
framework and give our main results in the following Section 2. Section 3 is then
dedicated to the perturbative approach which is the central argument to derive our
estimates. In particular, we obtain therein some Schauder estimates for drifted operators
along the inhomogeneous flow 6, defined above in (1.5), as well as the key Duhamel
representation for solutions. Since the arguments to show the Schauder estimates will
be quite long and involved, we postpone the proofs of these results in the next Sections
4 and 5. The existence results are then established in Section 6. In the last Section 7,
we are going to explain briefly how the perturbative approach presented before could
be applied with slight modifications to prove Schauder-type estimates for a class of
completely non-linear, locally Holder continuous drifts with an additional "diffusion”
coefficient.

Finally, the proof of some technical results concerning the stability properties of Holder
flows are postponed to the Appendix.

2 Setting and main results

2.1 Main operators considered

The operator £, we consider is the generator of a non-degenerate, symmetric, stable
process and it acts only on the first d coordinates of the system. More precisely, £, can
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Chapter 2. Schauder estimates for non-linear stable equations

be represented for any sufficiently regular ¢: [0, 7] x R™ — R as

Laxa
Oax
Loo(t,x) == p.v. /Rd [gb(t,x + By) — gb(t,x)} Vo(dy), where B := d' 4
Odxd

and v, is a symmetric, stable Lévy measure on R? of order o that we assume to be
non-degenerate in a sense that we are going to specify below.

Passing to polar coordinates y = ps where (p, s) € [0,00) x S¥1 it is well-known (see
for example Chapter 3 in [Sat13]) that the stable Lévy measure v, can be decomposed

as
. d
va(dy) = M(ds)plfaa (2.6)

where /i is a symmetric measure on S?~! which represents the spherical part of v,.

We remember now that the Lévy symbol associated with £, is defined through the
Levy-Khitchine formula (see, for instance [Jac01]) as:

O(p) = /d {eip'y - 1} Vo(dy), for any p in RY,
R

“won

where “-” represents the inner product on the smaller space RY. In the current symmetric
setting, it can be rewritten (cf. Theorem 14.10 in [Sat13]) as

op) = — [, Ip- sl ulds). (27)

where p = C, 4ft is usually called the spherical measure associated with v, . Following
[Kol00], we then say that v, is non-degenerate if the associated Lévy symbol @ is
equivalent, up to some multiplicative constant, to |p|*. More precisely, we suppose that
1 is non-degenerate if

[ND] there exists a constant > 1 such that for any p in R%.

il < [ I sl uds) < nlpl” (2.8)

It is important to remark that such a condition does not restrict our model too much.
Indeed, there are many different kind of spherical measures p that are non-degenerate in
the above sense, from the stable-like case, i.e. measures that are absolutely continuous
with respect to the Lebesgue measure on S%~!, to very singular ones such that the
spherical measure induced by the sum of Dirac masses along the canonical directions:

We can introduce now the complete Ornstein-Uhlenbeck operator L°", defined for any
sufficiently regular ¢: R™ — R as

L96(z) == (Az, D)) + Lad(®), (2.9)

where A is the matrix in R™ x R™ defined in Equation (1.2). We assume that A satisfies
the following Hormander-like condition of non-degeneracy:
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[H] A;;—1 is non-degenerate (i.e. it has full rank d) for any 7 in [2, n].

Above, [2,n] denotes the set of all the integers in the interval. It is well known
(see for example [Sat13]) that under these assumptions, the operator L°" generates a
convolution Markov semigroup {P?"};>¢ on B,(R™), the family of all the bounded and
Borel measurable functions on R, defined by

PPio(r)
Fgio(x)

Jrna O(z +y) pe(dy);
o(

z),

where {1}~ is a family of Borel probability measures on R™. In particular, the
function PP"¢ provides the classical solution to the Cauchy problem

{&gu(t,x) + Loult, ) + (Az, Dyu(t,z)) = 0 on (0,00) x R"; (2.10)

u(0,7) = ¢(x) on R",

Moving to the stochastic counterpart if necessary, it is readily derived from [PZ09] that
the semigroup (P?");>0 admits a smooth density p°*(¢,-) with respect to the Lebesgue
measure on R™. Moreover, such a density p°" has the following useful representation:

Pt @, y) = ps(t, M, (e*z —y)), (2.11)

det Mt
where pg is the density of {S;}+>0, a stable process in R™ whose Lévy measure satisfies
the assumption [ND] above on R™ and M is a diagonal matrix on R x R™ given by

tl_l]— .f . — .
M| = dxd, 1L1=J; (2.12)
0] Odsxds otherwise.

We remark already that the appearance of the matrix M, in Equation (2.11) and its
particular structure reflect the multi-scaled structure of the dynamics considered (cf.
Paragraph (2.2) below for a more precise explanation).
Moreover, the density ps shows a useful property we will call the smoothing effect since
it will be fundamental to reduce the singularities appearing when working with time
integrals. Fixed « in [0, «), there exists a constant C' := C(v) such that for any [ in
[[07 3]]7
=L
/Rnd |y|A’|D;pS(t, y)|dy < Cta for any t > 0. (2.13)

These results can be proven following the arguments of Proposition 2.3 and Lemma 4.3
in [HMP19]. We will provide however a complete proof in the Appendix for the sake of
completeness.

2.2 Intrinsic time scale and associated Holder spaces

In this section, we are going to choose which is the most suitable functional space in
which to state our Schauder estimates.
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To answer this question, we need firstly to understand how the system typically behaves.
We focus for the moment on the Ornstein-Uhlenbeck case:

(&t + Lou)u(t,x) = —f(t,z) on (0,00) x R™,

and search for a dilation operator dy: (0,00) x R™ — (0, 00) x R™ that is invariant for
the considered dynamics, i.e. a dilation that transforms solutions of the above equation
into other solutions of the same equation.
Due to the structure of A and the a-stability of v, we can consider for any fixed A > 0,
the following

Ox(t, ) = (N, Axy, N0y, A=l

i.e. with a possible slight abuse of notation, (5,\(15, :L‘))O = A%t and for any i in [1,n],
(5,\(15, x)) = \Fe=Dg. Tt then holds that

(0 + L") u=0 = (3 + L™)(uo ) = 0.

The previous reasoning suggests us to introduce a parabolic distance dp that is homoge-
nous with respect to the dilation dy, so that dp ((5,\(15, x); 05 (s, x’)) = )\dp((t, x); (s, ac’))
Precisely, following the notations in [HMP19], we set for any s,¢ in [0, 7] and any z, 2’
in R,
n
dp((t,2), (5,2")) = |s —t]% + D |(@ — ')y 0T (2.14)
j=1
The idea of a dilation ¢, that summarizes the multi-scaled behaviour of the dynamics
was firstly introduced by Lanconelli and Polidoro in [LP94] for degenerate Kolmogorov
equations in the diffusive setting. Since then, it has become a “standard” tool in the
analysis of degenerate equations (see for example [Lun97]|, [HMP19] or [HWZ20]).
Since we will quite always use only the spatial part of the distance dp, we denote for
simplicity
d(z,y) = Y |(x = a);| 0T, (2.15)
j=1

Technically speaking, dp (and thus, d) does not however induce a norm on [0, 7] x R™
in the usual sense since it lacks of linear homogeneity. We remark anyhow again that for
any A > 0, it precisely holds that d(5,\(t,x); (s, x’)) = )\d((t, x); (s,x/)). As it can be
seen, dp is an extension of the standard parabolic distance in the stable case, adapted
to respect the multi-scaled nature of our dynamics. Indeed, the exponents appearing in
(2.14) are those which make each space component homogeneous to the characteristic
time scale ¢/«
The appearance of this kind of phenomena is due essentially by the particular structure
of the matrix A (cf. Equation (1.1)) that allows the smoothing effect of £, acting
only on the first variable, to propagate in the system, as it can be seen in the following
lemma:

Lemma 2.1 (Scaling Lemma). Let i be in [1,n]. Then, there exist {C}}jcpn) positive

constants, depending only from A and i, such that

D, p*(t,z,y) = =Y Cit/ "Dy, p”(t,z,y)

j=i
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for any t > 0 and any z, y in R

Proof. Recalling the representation of p®" in Equation (2.11), it is easy to see that

1

Dwipou(ta xz, y) = det M,

D.ps(t,)(M; ' (eMz — y) )M ' D, [eM'x — .
Hence, in order to conclude, we need to show that

D,, [eAtx - y} = — Zn: Cit' "Dy, [eAtac — y}. (2.16)

j=i

To prove the above equality, we need to analyze more in depth the structure of the
resolvent e*. Recalling from Equation (1.2) that A has a sub-diagonal structure, we
notice that for any ¢, 7 in [1,n],

eAt

(2.17)

~ {Oi,jtf-i, if j > i
1,3

0, otherwise,

for a family of constants {Cj;}; jepi,n) depending only from A. It then follows that for
any z,y in R™, it holds that

ey — y} = Z C’iykti_kxk — ;. (2.18)
i k=1

Equation (2.16) then follows immediately. For a more detailed proof of this result, see
also [HM16] or [HMP19]. O

We finally remark the link with the stochastic counterpart of equation (1.1). From a
more probabilistic point of view, the exponents in Equation (2.14) can be related to the
characteristic time scales of the iterated integrals of an a-stable process.

We are now ready to define the suitable Holder spaces for our estimates. We start
recalling some useful notations we will need below. Fixed k£ in NU {0} and 3 in (0, 1),
we follow Krylov [Kry96], denoting the usual homogeneous Hélder space C*+7(R9) as
the family of functions ¢: R? — R such that

k
| pllcrss = > sup | D”¢|| = ‘1"?91'1_%[(119(15][3 < oo,

i=1 9|=i
where 5 )
zHy ‘37 - y‘ﬁ

Additionally, we are going to need the associated subspace Cf 7 (R?) of bounded functions
in C*¥*#(RY), equipped with the norm

I llgres = 1+ llzee 11 - e
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We can now define the anisotropic Holder space with multi-index of regularity associated
with the distance d. For sake of brevity and readability, we firstly define for a function
¢: R"™ — R, a point z in R4~ Y and 7 in [1, n], the function

Mig: 2 €RY = ¢(21,..., 21,7, 2zis1, 2n) € R,

with the obvious modifications if ¢ = 1 or ¢ = n. Intuitively speaking, the function

IT' ¢ is the restriction of ¢ on its i-th d-dimensional variable while fixing all the other

coordinates in z. The space C’§+B (R™?) is then defined as the family of all the function

¢: R™ — R such that

n

[llgres = > sup ||Hicz5||C by

JE]
i=1 zeRd(n—1) 1+a(i—1)

< 0. (2.19)

The modification to the bounded subspace C’,’i ;5 (R"?) is straightforward.

Roughly speaking, the anisotropic norm works component-wise, i.e. we firstly fix a
coordinate and then calculate the standard Holder norm along that particular direction,
but with index scaled according to the dilation of the system in that direction, uniformly
over time and the other space components. We conclude summing the contributions
associated with each component.

We highlight however that it is possible to recover the expected joint regularity for the
partial derivatives, when they exist. In such a case, they actually turn out to be Holder
continuous in the pseudo-metric d with order one less than the function. (cf. Lemma
8.4 in the Appendix for the case i = 1).

Since we are working with evolution equations, the functions we consider will quite often
depend on time, too. For this reason, we denote by L> (O, T, Ch+P (R”d)) (respectively,
L™ (O, T, C’;;B(R”d))) the family of functions 1 : [0, T] x R"® — R with finite C’§+’8—norm

(respectively, C’,’i ?;ﬁ -norm), uniformly in time. It is endowed with the following norm:

19l e (ctesy = sup [I6(E; )l ct+s, (2.20)
te[0,T] d
with a straightforward modification for the bounded subspace L (O, T, Cl]f’; ;ﬁ (R”d)).

2.3 Assumptions and main results

From this point further, we consider two fixed numbers « in (0,2) and g in (0, 1) such
that a will represent the index of stability of the operator £, while g will stand for the
index of Holder regularity of the coefficients.

We will assume the following:

[S] assumptions [ND] and [H] are satisfied and the drift F' = (F},..., F},) is such that
for any 7 in [1,n], F; depends only on time and on the last n — (i — 1) components,
ie. Fi(t,xi ..., x,);

[P] « is a number in (0,2), 8 is in (0,1) such that o + 8 € (1,2) and if @ < 1
(super-critical case),

a—p

< l—-a<—————;
p<a, S 1iam-1)
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[R] Recalling the notations in (2.19)-(2.20), the source f is in L*(0, T} ng(R"d)), the
terminal condition uz is in Cy' +P(R™) and for any i in [1,n], the drift F} belongs
to L®(0,T; CJ P (R™)), where

1+ali—2), ifi>1;
;= 92.21
7 {0, ifi=1. (221)

From now on, we will say that assumption [A] holds when the above conditions [S], [P]
and [R] are in force.

Remark 2.1 (About the assumptions). We remark that the constraints [P] we are
imposing in the super-critical case (v < 1) seem quite natural for our system. The
condition < « reflects essentially the low integrability properties of the stable density
ps (cf. Equation (2.13)). Even if one is interested only on the fractional Laplacian case,
ie. L, = A%? such a condition cannot be dropped in general, since it does not refer to
the integrability property of p, and its derivatives but instead to those of its “projection”
ps on the bigger space R™ (cf. Equation (2.11)).

The second condition a4+ 3 > 1 is necessary to give a point-wise definition of the
gradient of a solution u with respect to the non-degenerate variable x;. Moreover, there
is a famous counterexample of Tanaka and his collaborators [TTW74] that shows that
even in the scalar case, weak uniqueness (a direct consequence of Schauder estimates)
may fail for the associated SDE if o 4 3 is smaller than one.

The last assumption is indeed a technical constraint and it is necessary to work properly
with the perturbation F' at any level i = 1,...,n. In particular, it seems the minimal
threshold that allows us to exploit the smoothing effect of the density (see for example
Equation (5.32) in the proof of Lemma 5.2 for more details). We conclude highlighting
that these assumptions are always fulfilled if o > 1 (sub-critical case).

At this stage, it should be clear that under our assumptions [A], IPDE (1.1) will be
understood in a distributional sense. Indeed, we cannot hope to find a “classical” solution
for Equation (1.1), since for such a function w in L*>(0, T} C"Hﬁ (R"4)), the total gradient
D, u is not defined point-wise.
Let us denote for any function ¢: [0, 7] — R regular enough, the complete operator
L; as

Lio(t,x) == (Ax + F(t,x), Dyu(t,x)) + Lou(t, ). (2.22)

We will say that a function w in L*>(0,7} CM’B (R™)) is a distributional (or weak)
solution of IPDE (1.1) if for any ¢ in C§°((0, T] x R") it holds that

[ (Fovi)otuutt vyt [ wewom.ndy = - [ [ ot)ft.o)dy

(2.23)
where £} denotes the formal adjoint of L;. On the other hand, denoting from now on,

[Ella = S 15l e i) (2.24)

i€[l,n

we will quite often use the following other notion of solution:
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Chapter 2. Schauder estimates for non-linear stable equations

Definition 2.2. A function v is a mild solution in L* (0, T C’;‘:{ﬁ (R"d)) of Equation
(1.1) if for any triple of sequences { fi, }men, {tr,m}men and {F, }men such that

— {fmtmen is in C2((0,T) x R™) and f,, converges to f in L>® (O, T: Cﬁd(R”d));
— {Uur.m tmen is in C°(R™) and ur,,, converges to ur in C’{f’ jﬁ (Rnd);
— {F, }men is in C22((0,T) x R™; R™) and ||F,,, — F||g converges to 0,
there exists a sub-sequence {u, }men in C§° ((0, T) x R”d) such that
— u,, converges to u in L™ (O, T; C’gf;ﬁ(R”d»;
— for any fixed m in N, u,, is a classical solution of the following “regularized” IPDE:
Oyt (t, ) + Lo (t, x)

+ (Ax + F,(t,x), Dyun(t, x)) = —f(t, x),
um (T, ) = urm(x) on R™.

on (0,7) x R,

(2.25)
We can now state our main result:

Theorem 2.3. (Schauder Estimates) Let u be a mild solution in L™ (O, T; C’,i‘:[ﬂ(R"d))
of IPDE (1.1). Under [A], there exists a constant C := C(T) such that

lll oo ey < c[||f\|Lm(05d) + HuTHC;;ﬁ}. (2.26)

Associated with an existence result we will exhibit in Section 6, we will eventually derive
the well-posedness for Equation (1.1).

Theorem 2.4. Under [A], there exists a unique mild solution u of IPDE (1.1) belonging
to L™ (O, T, Cg;B(R”d)). Moreover, such a function u is a weak solution, too.

In the following, we will denote for sake of brevity

;= Y and Bi = L
14+ a(i—1)

T al—1) for any 7 in [1,n]. (2.27)

Clearly, these quantities were introduced to reflect exactly the relative scale of the
system at every considered level i (cf. Section 2.2 above).

In the following, as well as in Theorem 2.3 above, C' denotes a generic constant that
may change from line to line but depending only on the parameters in assumption [A].
Other dependencies that may occur are explicitly specified.

3 Proof through perturbative approach
As already said in the introductive section, our method of proof relies on a perturbative

approach introduced in [CARHM18a] for the degenerate, Kolmogorov, diffusive setting.
Roughly speaking, we will firstly choose a suitable proxy for the equation of interest,
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Section 3. Setting and main results

i.e. an operator whose associated semigroup and density are known and that is close
enough to the original one:

Lo+ (Az+ F(t,x), D,).

Furthermore, we will exhibit suitable regularization properties for the proxy and in
particular, we will show that it satisfies the Schauder estimates (2.26). This will be the
purpose of Sub-section 3.1.

In Sub-section 3.2 below, we will then expand a solution u of IPDE (1.1) along the
chosen proxy through a Duhamel-type formula and eventually show that the expansion
error only brings a negligible contribution, so that the Schauder estimates still hold for u.
Due to our choice of method, this will be possible only adding some more assumptions
on the system. Namely, we will assume in addition to be in a small time interval, so
that the proxy and the original operator do not differ too much.

The last Sub-section 3.3 will finally show how to remove the additional assumption in
order to prove the Schauder estimates (Theorem 2.3) through a scaling argument.

3.1 Frozen semigroup

The crucial element in our approach consists in choosing wisely a suitable proxy operator
along which to expand a solution u in L>°(0, T} C’E;B(R”d)) of IPDE (1.1). In order to
deal with potentially unbounded perturbations F', it is natural to use a proxy involving
a non-zero first order term associated with a flow representing the dynamics driven by
Ax + F| the transport part of Equation (1.1) (see e.g. [KP10] or [CdARMP20a]).

Remembering that we assume F' to be Holder continuous, we know that there exists a
solution of

df.+(§) = [A0s(€) + F(s,0.-(€))]ds on [7,T];
97,7’(5) = 57

even if it may be not unique. For this reason, we are going to choose one particular flow,

denoted by 0, -(£), and consider it fixed throughout the work.

More precisely, given a freezing couple (7,&) in [0, T] x R™, the flow will be defined on
[7,T] as

0 (&) = €+ [ [400(8) + F(0,00,(€))] dv. (3.1)

We can now introduce the “frozen” IPDE on (0,7) x R™, associated with the chosen
proxy:

{88117’5(3, )+ Lot (s, x) + (Ax + F(s,0,.(€)), Dyii™s(s,2)) = —f(s,2);

a4 (s, z) = up(w). (32)

Noticing that the proxy operator £+ (Azx+F(s,6;,(£)), D) can be seen as an Ornstein-
Ulhenbeck operator with an additional time-dependent component F(s,0;(€)), it is
clear that under assumption [A], it generates a two parameters semigroups we will
denote by {Pg f}tgs. Moreover, it admits a density given by

1
~7,§ - - _ -1 T8
et s, 2, y) = detMs_tps(s t, M (y — M5 (x))), (3-3)
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Chapter 2. Schauder estimates for non-linear stable equations

remembering Equation (2.11) for the definition of pg and with the following notation
for the “frozen shift” ThZf(x)

miS(z) = At tg;+/ F(0,8,,()) dv. (3.4)

We point out already the following important property of the shift m;’f(x):

Lemma 3.1. Let t < s in [0,T] and z a point in R™. Then,
mis(x) = 0.r(S), (3.5)
taking T =1 and £ = .

Proof. We start noticing that by construction, m;f (x) satisfies

mys(r) = a:+/ AEE(2) + F(0,6,,(6))] do.
It then holds that
Mt (x) — 0,4(x)| < / AL (@) — 0,0(x)| dv.
The above Equation (3.5) then follows immediately applying the Gronwall lemma. [J

Moreover, we can extend the smoothing effect (2.13) of pg to the frozen density p™*
through the representation (3.3):

Lemma 3.2 (Smoothing effects of the frozen density). Under [A], let ¥, 0 be two
multi-indexes in N such that |o + Y| < 3 and v in [0,«). Then, there exists a constant
C :=C(Y,0,7) such that

Yy n V+o
Lo 1PEDITTS 12,7 (9, MTE ) dy < Ol — )20 750 (36)
R’ﬂ
for any t < s in [0,T], any x in R™ and any frozen couple (1,€) in [0,T] x R™. In
particular, if |9| # 0, it holds for any ¢ in CJ(R"™) that

19k

[DYETfo(a)] < Cllllog (s — 1)a 2o (3.7)

Proof. Since pg is the density of an a-stable process, we remember that the following
a-scaling property

nd _1
ps(t,y) = t~% pg(1,t ay) (3.8)

holds for any ¢ > 0 and any y in R™. Fixed i in [1,n], we then denote for simplicity

Tsft = (8 - t)éMS,t
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Section 3. Setting and main results

and we calculate the derivative of p™¢ with respect to z; through

. 1 s
|D:r,p ’g(t, S, T, y)| = WDIZ [p5<8 - t? Msjt(msjvf{(x) - y))]‘

- | 111* Do [ps (112,035 () = )|

= g (Ps (1) (O @) = ) T D (S )

where in the second equality we exploited the a-scaling property in (3.8). From Equation
(2.17) in the Scaling Lemma 2.1, we now notice that

T, Dy, (055 ()| = [T, D, (207 ()|

= (s—1) %chs—t (h=1) (g — )k=i

1+a(1 1)

< C(s—t) =

and we use it to show that

1+0¢(1 1)

) < — -
| D, 075 (t, s, 2,y)| < C(s—t)” det(

—5|Dops (1) (T2 (735 () = ).
Similarly, if we fix j in [1,n], it holds that

1Dy Dt s, )] < Cs = 1) 5% g D (1) (4 5 @) — )|
It is then easy to show by iteration of the same argument that

DD (5,2, )|
_ n R+ _ ~ T,
< C(s—t) 2kt o det(\D'M| ps(1.)(T7,007 (@) — ). (3.9)

Control (3.6) immediately follows from the analogous smoothing effect for pg (cf. Equa-
tion (2.13)) and the change of variables z = T, t(mfg( ) —y). Indeed,

o+

/ |DQD19 Tf(t S, T y)|d’y<y’ ( )) dy < C(S—t) Zzzl o
“ .o det(T ))prs(l NI () = y))|d (gl (2)) dy

== (S_t Zk 1 Qko:jk/

letdlng(1, z)‘d7 (Ts,tz + i (x), m;f(x)) dz.

To conclude, we notice that

n . n
47 (Tampz + s (2), (@) < O |(s— ) o & Tt = (s — )& 3 || oD
=1

i=1
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Chapter 2. Schauder estimates for non-linear stable equations

and use it to write that

o
< Cla—pf TS [

where in the last passage we used the smoothing effect for pg (Equation (2.13)), recalling
that for any ¢ in [1,n], it holds that

DQD19 P, s, 2,y ‘d7(y, ( )) dy

n or+9
D|g+§‘ps(1 Z)“Z ’1+a(1 dZ < C( ) _Zk:1 kakk,

v

_ < <
ltai-1 = 1°¢

and we have thus the required integrability.
To prove instead Inequality (3.7), we use a cancellation argument to write

DL o) = | [ DIt s, .9) [0ly) — GGRTS ()] dy

< [ DI s 2] 6(y) — 66RTE (@) dy.

But since we assume ¢ to be in C](R™), we can control the last expression as

DIPIE @) < Nlley [, 47 (vl (@) DI (E 5., y)| dy

< Clélley (s — ) Siaran,

where in the last passage we used Equation (3.6). O

We can define now our candidate to be the mild solution of the “frozen” IPDE. If it
exists and it is smooth enough, such a candidate appears to be a representation of the
solution of Equation (3.2) obtained through the Duhamel principle. For this reason, the
following expression

amt(t,x) = Pj tuT —I—/ f s,x)ds for any (¢,2) in [0, 7] x R™  (3.10)

will be called the Duhamel representation of the proxry. As it seems, under our assumption
[A] such a representation is robust enough to satisfy Schauder estimates similar to (2.26).
Since the proof of this result is quite long, we will postpone it to Section 4.2 for clarity.

Proposition 3.3. (Schauder Estimates for Proxy) Under [A], there exists a constant
C :=C(T) such that

@ oyt < ClI ez, + lurlloess] (3.11)

for any freezing couple (1,€) in [0,T] x R,

We conclude this section showing that the function @™¢ is indeed a mild solution in
L>(0,T; C’a+'8(]R"d)) of the “frozen” IPDE (3.2). Moreover, the converse statement is
also true. If regular enough, any solution of Equation (3.2) corresponds to the Duhamel
Representation (3.10).
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Proposition 3.4. Let us assume to be under assumption [A]. Then,

— the function @™ defined in (3.10) is a mild solution in L™ (O,T; C’,ffj'g(]R"d)) of
the “frozen” IPDE (3.2) for any freezing couple (7,€) in [0,T] x R™;

— Pized (1,€) in [0,T] x R™, let ™% be a mild solution in L>® (O,T; Cﬁjﬁ(R”dD of
IPDE (3.2). Then,

. T
6T’£(t,x) = P}fuT(a:) +/ P;ff(s,:c) ds.
: ] :

Proof. The first assertion is quite straightforward. Let us consider three sequences
{fin}mens {urm}men and {F,, bmen of smooth and bounded coefficients such that f,,

converges to f in L™ (O,T; C’bﬁ’d(R"d)), Up,m to ur in C;‘:{ﬂ(R”d) and || F,,, — F||lg — 0.

Denoting now by {Pﬂ’T’E}tSS the semigroup associated with the “regularized” operator
La + <A{L' + Fm<ta 91&,7’(5))7 Dx>7

it is not difficult to show that for any fixed m in N, the following
S T e
T P g () + / P fn(s,x) ds
t

is a classical solution of the “frozen” IPDE (3.2) with regularized coefficients f,,, trm
and F),. A detailed guide of this result can be found, even if in the diffusive setting,
in Lemma 3.3 in [KP10]. Using now the Schauder Estimates (3.11) for the regularized

solutions @7%, it follows immediately that @75 — @™ in L™ (0, T; Gy, e (R”d)> and thus,
that 4™¢ is a mild solution of (3.2) in L* (0, T Cg;ﬂ(R"d))

To prove the second statement, we start fixing a freezing couple (7, &) in [0, 7] x R™ and
consider three sequences { fi }men, {Urm tmen and {F,;, }men of bounded and smooth
coefficients such that f,, — f in L (O,T; C,fd(R”d)), Urm — Ur in C;‘:{ﬁ(R"d) and
|F — Fllg — 0. They can be constructed through mollification.

Since ¢7¢ is a mild solution of the “frozen” IPDE (3.2), we know that there exists a
sequence {97 },,en of classical solutions of the “regularized frozen” IPDE (3.2) with

coefficients f,,, ur,, and Fy, such that §7:¢ — 9™¢ in L*° (0, T; Gy, +8 (R"d)). Fixed m in
N, we then denote

halt, ) = T (o~ [ " A (5,6,.(6)) ds)

t

for any ¢ in [0, 7] and any z in R™. Direct calculations imply that

T
Dyhy(t,x) = Dxf}:f(t,x—/ eA(t_S)Fm(S,HS,T(f))ds);
¢

T
Lalm(t,) = Loty (Lo = [ eMIF (5, 0,,(6)) ds)
t
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Chapter 2. Schauder estimates for non-linear stable equations

and

T
Ot (t, ) = 07 (2 — / eI F(s,0.4(6)) ds)

t

(Pt 0,0), Dt — [ M B (s,0,-(6) ds))

t

(A / (5,0,,-(€)) ds, Dot (b, — / ! A (5,0,,(6)) ds) ).

t

Remembering that 97¢ is a classical solution of Equation (3.2) replacing therein f, ur
and I with coefficients f,,, ur,, and F,,, it follows immediately that the function h,,
solves for any m in N the following:

{c‘)thm(t,x) 4 Lohm(t,2) + (Az, Dyho(t, 7)) = —ln(t, z);

ho(T, ) = U, () (3.12)

where [,,,(t,z) := fm<t z— [T eAIF, (s5,0,.(6)) ds).

Since we are going to exp101t reasonings in Fourier spaces, we need however to have
integrability properties on the solution h,,. For this reason, we introduce now a family
{pr}Rr>0 of smooth functions such that any pg is equal to 1 in B(0, R) and vanishes
outside B(0, R + 1). We then denote for any R > 0,

hmr(t,x) == hn(t, z)pr(z).

It is then straightforward that h,, r solves

8thm,R(t,x) —+ Lahm’R(t, $) + <ALL’, Dmhm’R(t, l’)> = —Zm7R(t, I);
hm,R(T; JZ) = gm,R<x)7

where g, r(2) = urm(2)pr(z) and
lt 2) = pr()ln(t, 2) + hn(t, 2)0pr(2)
+ [ [anta+ By) = hnt,2)] [pr( + By) = pa(e)] va(dy).

(3.13)

Noticing now that l~m, r is integrable with integrable Fourier transform, we can apply the
Fourier transform in space to Equation (3.13) in order to write that

{atﬁm,R(tap) + EFI([LQ + <A:C7 DI>:| hm,R) (tap) = _Zm,R(tap);
hm,R(T7p) = @m,R(p)

We remember in particular that the above operator £, + (Ax, D,) has an associated
Lévy symbol ®°"(p) and, following Section 3.3.2 in [App09], it holds that

B
Fo([La + (A2, Do) b ) (8,9) = (D) r(t, D)-
We can then use it to show that ?Lm r is a classical solution of the following equation:

at/ﬁm,R(tap) + q)0u<p)};m,R(tap) = _ZNm,R(tap)v
hin,r(T,p) = Ty r(p)-
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The above equation can be easily solved by integration in time, giving the following
representation of h,, r(t,p):

o~

T -~
P r(t, D) = e(T_t)q)ou(p)ﬂ}m,R(P) +/ eI @] p(s,p) ds.
t

In order to go back to ¥7:¢, we apply now the inverse Fourier transform to write that

T ~
ot 7) = Pgnn@) + [ P2dn(s, ) s

remembering that {P"}:>¢ is the convolution Markov semigroup associated with the
Ornstein-Uhlenbeck operator £, + (Az, D,). Letting m go to oo, it then follows
immediately that g, r — w7 m, lm,r — Iy and l~m7 r — L. A change of variable allows
us to show the Duhamel representation, at least in the regularized setting:

ﬁgg(t,y) = P urm <y + /T eA(t_S)Fm(s,QST(S)) ds)
+/ Poutfm<s y+/ (1 em(g))du> ds.

Letting m goes to zero and remembering that 975 — 7%, f,, — f , urm — ur and
F,, — F in the right functional spaces, we can conclude that 77¢ = @7, O

3.2 Expansion along the proxy

We are going to use now the “frozen” IPDE (3.2) in order to derive appropriate
quantitative controls of a solution u of Equation (1.1). Up to now, the freezing parameters
(1,&) were set free but they will be later chosen appropriately depending on the control
we aim to establish.

The main idea is to exploit the Duhamel formula (Proposition 3.4) for the proxy to
expand any solution u of the original IPDE (1.1) along the proxy. To make things more
precise, let u be a mild solution in L(O,T C’O‘+B(R”d)) of IPDE (1.1). Mollifying if
necessary, it is possible to construct three sequences { f,, }men, {Urm tmen and {Fy, }men
of bounded and smooth functions with bounded derivatives such that f,, — f in
L™ (O,T; C’gd(R”dD, urm — ur in Cpg?(R*) and ||F,, — F||z — 0. Since u is a mild
solution of (1.1), we know that there exists a smooth sequence {uy, }men converging to
u in L(O T; CQJFB (R"d)) and such that for any fixed m in N, w,, solves in a classical
sense the ¢ regularlzed” IPDE (2.25).

Exploiting now that F, is bounded and smooth, we can define the “regularized” flow
07 (&) as the unique flow satisfying

=+ / [A07(6) + Fu(s.07.(6)] ds, t € [7,T) (3.14)
It is then easy to notice that u,, is also a classical solution in L(O T Ca+ﬁ (R”d)) of

Optim (t, %) + Lot (t,7) + (AT + Fp(t, 072(8)), Datim (£, )) = — | fn(t,7) + R (s, )]
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on (0,T) x R™ with terminal condition ur,,. Above, we have denoted

REA(t x) o= (Fol(t, ) — Fonlt, 07(€)), Datim(t, 7). (3.15)

Since clearly, R7:¢ is in L™ (O, T; Gy, +8 (]R"d)), we can use the Duhamel Formula (Propo-
sition 3.4) for the proxy to write that

~ T .
U (t, ) = P}’?f’gucp,m(x) +/t Pg’T’g [fm(s,$) ~|—R,T,f(s,:x)} ds, (t,z) € (0,T) x R™,

where {15;';’7’5}&5 is the semigroup associated with the operator

Lo+ (Az + Fo(t,072(8)), Da).

The reasoning above is summarized in the following Duhamel-type formula that allows to
expand any classical solution w,, of the “regularized” IPDE (2.25) along the “regularized
frozen” proxy.

Proposition 3.5 (Duhamel-Type Formula). Let (7,€) a freezing couple in [0,T] x R".
Under [A], any classical solution u,, of the “reqularized” IPDE (2.25) can be represented
as

T .
U (t, ) = U5(t, x) +/ PIyTER™™E (s, ) ds,  (t,x) € (0,T) x R™ (3.16)
t

where RTS is as in (3.15) and a%¢ is defined through the Duhamel Representation (3.10)
with the “regularized” coefficients fo,, W m,.

Thanks to the above representation (Equation (3.16)), we know that, since we have
already shown the suitable control for the frozen solution u7¢ (namely, Proposition 3.3
with f,,, urm), the main term which remains to be investigated in order to show the
Schauder Estimates (Theorem 2.3) is the remainder

T .
/ PrTERT (5, 1) ds, (3.17)
t

that represents exactly the error in the expansion along the proxy.

To be precise, we could have passed to the limit in Equation (3.16) in order to obtain a
similar Duhamel-type formula for a mild solution w in L ([O, T}; Cy, 4 (R”d)). However,
a problem appears when trying to give a precise meaning at the limit for the remainder
contribution (3.17). We already know that the limit exists point-wise by difference, but
for our approach to work, we need to establish precise quantitative controls on this
term. Such estimates could be obtained through duality techniques in Besov spaces (cf.
Section 5.1) but only at the expense of fixing already the freezing couple as (7,&) = (t, z).
The drawback of this method is that it does not allow to differentiate Equation (3.16),
which is needed to estimate D, u.

In order to show the suitable estimates for Expression (3.17), we will need at first an
additional constraint on the behaviour of the system. In particular, we will say to be
under assumption [A’] when assumption [A] is considered and if moreover,
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[ST] we assume to be in a small time interval, i.e. T' < 1.
Under these stronger assumptions, we will then be able to show in Section 5 below that

the following control holds:

Proposition 3.6 (A Priori Estimates). Let u be a mild solution of IPDE (1.1) in
L°°<[ T}, C’a+6(R"d)>. Under [A’], there exists a constant C > 1 such that

||u||Loo "‘*5) < OCO [HfHLoo Cﬁ + HuTHC‘HB}

at+pB—1

+ 0™ NP+ el gy (319

where ¢y € (0,1) is assumed to be fized but chosen later.

We remark already that in the above control, the constants multiplying |jul|, . (cot Py
b.d

have to be small if one wants to derive the expected Schauder estimates. If ¢y is small
a+pB—1

enough, then C'cg ™™™ can be made smaller than 1/4. Anyhow, for this chosen small

ﬂ ’Yn
co, the quantity ¢, © becomes large and therefore it needs to be balanced with C||F|| 5.

B=1m
Namely, we can conclude if for instance, Cc, © ||F ||z < 1/4 that implies in particular
that || || has to be small with respect to co.

3.3 Conclusion of proof

In the first part of this section, we prove the Schauder estimates (Theorem 2.3) from
the A Priori estimates (Proposition 3.6) through a suitable scaling procedure. Roughly
speaking, the idea is to start from a general dynamics and then use the scaling procedure
to make the Holder norm || F'|| iy small enough in order to make a circular argument work.
Again, if ¢g and || F'||g are small enough in Equation (3.18), the L™ (O T Ca+ﬁ(]R"d))-
norm of u on the right-hand side can be absorbed by the left-hand one. Once the
Schauder estimates (2.26) hold in the scaled dynamics, we will conclude going back to
the original IPDE through the inverse scaling procedure, even if for a small final time
horizon T'.

The second part of the section focuses on showing how to drop the additional assumption
[A’]. The key point here is to proceed through iteration up to an arbitrary, but finite,
given time 7" thanks to the stability of a solution w in the space L™ (0 T C’aw (]R"d)).

Scaling argument

Under [A], we start considering a mild solution u of IPDE (1.1) on [0, 7] for some final
time 7" < 1 to be fixed later. For a scaling parameter A in (0, 1] to be chosen later, we
would like to analyze IPDE (1.1) under the change of variables

(t,x) — (A, Thx), (3.19)

where Ty := A/*M,. Again, the scaling is performed accordingly to the homogeneity
induced by the distance dp in (2.14).
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Chapter 2. Schauder estimates for non-linear stable equations

To this purpose, we firstly introduce the scaled solution u, defined by
ux(t,z) := u(At, Thx).
It then follows immediately that u, is a mild solution of the following Equation:

A0 (t, ) + N Lquy + <A']I‘,\:13 + F(\t, Taz), Ty ' Doua(t, x)>

= —f(A\t, Thz) on (0,Ty) x R™,
with terminal condition uy(Ty,x) = up(Tyx), where Ty := T/A. Since we want the
scaled dynamics to satisfy assumption (A’), we choose now T so that Ty < 1. Tt is

important to notice that this is possible since we assumed A to be fixed, even if we have
not chosen it yet. Denoting now

it x) = Af(M, Thx);
ur(z) == up(Tyx);

Ay = AT;lATA;
F\(t,z) == AT 'F(\t, Tyx),

we can rewrite the scaled dynamics as:

{atuk(t, ) + <Aw + F\(t, ), Dxux(t»$)> +Laun(t,x) = —falt, ); (3.20)

’U,)\<T)\, LE) = UT,)\(‘T).

To continue, we need the following lemma that shows how the scaling procedure reflects
on the norms of the coefficients. Recalling Equation (2.24) for the definition of || - ||z, a
direct calculation on the norms leads to the following result:

Lemma 3.7 (Scaling Homogeneity of Norms). Under [A], it holds that
IFAlle = N2 F | s
atB
Ao “f|’Loc(C£d) < Hf)\HLOO(ng) < Hf”Loo(leid); (3.21)

atp
N lurllgess < Nurallgess < Jurllgats;

atB
Nl oo ooty < Nallpoeomtsy < Null pooomsay-

Since the scaled dynamics in (3.20) satisfies assumption [A’], we know from Proposition
3.6 that the scaled solution u, satisfies the a priori Estimates (3.18):

B=an
HU)\HLOO(CZ?,:I?) < Cey @ [HfAHLoo(ng) + HUT,AHC;Y,:[&}

+C(e B+ Yl ey (3:22)

B—n atf—-1
@

for some constant ¢q in (0, 1] to be chosen later.
We would like now to exploit a circular argument in order to bring to the left-hand side
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of Equation (3.22) the term involving u, on the right-hand one. To do that, we need to
choose properly A and ¢y in order to have

B=n _oerp—1
C( ||FA||H+C”“<" ”) < 1.

This is true if, for example, we choose firstly ¢y such that

_a4B—-1 1

CclJra(n 1) _ -
4

and fixed ¢y, we choose A so that

B=m 1
Cey ™ N/ Flly = Cep® | Fallr = T

With this choice, it then follows from Equation (3.22) that

”u>\||L<x> c“*ﬁ < 2OCO Hf/\HLoo cf‘ + ||UT>\||C°‘+3
( ) (

We can finally use Lemma 3.7 to go back to the original dynamics and write that

lallmosy < A5 lall ey < Ol Nlpmeiep, + lurllooss]

for some constant C' > 0 defined by

a+p

=L

Schauder estimates for general time

Up to this point, we have assumed to be in a small enough final time horizon (i.e.
T < 1) to let our procedure work. We are going now to extend the Schauder estimates
(Equation (2.26)) to an arbitrary but fixed final time 7 > 0. Our proof will consist
essentially in a backward iterative procedure through a chain of identical differential
dynamics on different, small enough, time intervals. We recall indeed that the Schauder
estimates precisely provide a stability result in the chosen functional space.

Proposition 3.8. Under [A], let Ty > T and u a mild solution in L™ (0, To; C’aw (R”d)>
of IPDE (1.1) on [0,T0] that satisfies the Schauder Estimates (2.26) on [O,T]. Then,
there exists a constant Cy := Cy(Ty) such that

ol omcssty < ColIfleomuc + orllcpss]

Proof. Fixed N = (%1, we are going to consider a system of N Cauchy problems:

{atuk(t, x)+ <A$ + F(t,x), Dyug(t, m)> + Loug(t, ) = —f(t, z);
ur((1 = 59T, 2) = wpr (1 = 551)To, @),
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n ((1— £)T, (1 - E1)Ty) x R, for k= 1,..., N with the notation that ug(Tp, z) =
ur(x). Reasoning iteratively, we find that any mild solution of IPDE (1.1) on [0, Tp] is
also a mild solution of any of the equations of the system. Moreover, since any solution
uy, is defined on [(1 — £)Tp, (1 — E1)T;] and

k—1 k k k—1 1
1-——)T0—(1-=)T = NTO_TTO = NTO <T,

the Schauder estimates (Equation (2.26)) hold for any solution uj with terminal condition
up—1((1 — 52Ty, ). In particular,

lell oo - ym - 2y mscys )
k—1
< Ol eyt + e = 5T Mgy
2
S C [||f||LOO((]‘_]]:])TO7(1_]€]\71)TO;C£d) + HfHLw((l—%)Tov(l—%)To;ng)

k—2
# ue-a((1 = )T,y

N
k—2
<C [HfHLoo )T, (1-E2)T0;04 ) + [l ((1 = T)Tm ')Hcgjdw},

exploiting that u,_ satisfies the Schauder estimates with source f and terminal condition
up—o((1 — E2)Ty, ). Applying the same procedure recursively, we finally find that

gl oo (1= )T, (1 B Toscet) < C* {Hf“Loo( BT el ) T HUTHcgf‘;ﬁ]'
Hence,
el peiocp sty < O [ limiocpy + lorlep
and we have concluded the proof. O]

4 Schauder estimates for the proxy

7

The aim of this section is to show how to properly control a solution @™¢ of the “frozen
IPDE (3.2) in order to prove the Schauder estimates (Proposition 3.3) for the proxy.
We recall the definition of @™ through the Duhamel Representation (3.10). Namely, for
any freezing couple (7,&) in [0, T] x R™, it holds that

@t x) = Pryur(z) + G5 f(t @) (4.1)

where we have denoted for simplicity with {GI:$}+s050 the family of Green kernels
associated with the frozen density p™¢. More in details, we have for any v < r in [0, 7]
that

G~’T§f t,x) == / /n S(t,s,z,y)f(s,y) dyds. (4.2)

We can then differentiate the above equation with respect to x; in order to obtain an
analogous Duhamel type representation for the derivative D, @™

D, @™ (t,x) = Dy, Pliur(z) + Dy, GTS f(t, 7). (4.3)
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Section 4. Schauder Estimates for the Proxy

It is then clear that in order to control @™*(¢, z) in the norm || ||, (cpt#)y, We can analyze

separately the contributions appearing from the frozen semigroup PTtuT( ) and those
from the frozen Green kernel GT’t (t,x).

4.1 First Besov control

We focus for the moment on the contribution in the Duhamel Representation (4.1)
associated with the source ur that is, as it will be seen, the more delicate to treat. In
the non-degenerate setting (i.e. with respect to ), it precisely write:

Dmlp}fuT(aj) = /Rnd Dy, p™*(t, T, x,y)ur(y) dy.
Looking at the particular structure of p™* (cf. Equation (3.3)), it can be seen from

Lemma 2.1 that

Lemma 4.1. Let i in [1,n]. Then, there exist constants {C;};cpin) such that

Dxiﬁf’g(t, S,T,Y) = ZCj(s — t)j’iDyjﬁT’f(t,s,:c,y) (4.4)
=i

for any t < s in [0,T], any z,y in R" and any freezing couple (7,&) in [0,T] x R™.

We can now use Wquation (4.4) to rewrite lePTtuT(a:) as

| Dy, Priur(z)| = ] L Da (T, y)u(y) dy] (4.5)

§C’Z$—t3 !

/ Dy 75 (¢, T, z, y)ur(y )dy‘.

Remembering that ur is in C"”B (R"?) for a + 3 > 1 by hypothesis, we know that it is
differentiable with respect to the first (non-degenerate) variable z1. Then, the above
expression can be controlled easily for j =1 as

Dy (4. T, . y)ur (y) dy]

[T 2Dy un(y) dy

| Dy, ur||poe

Rnd

<
< Jlurllgg o

using integration by parts formula. We can then focus on the degenerate components in
(4.5), i.e
Dy, 574 (t, T, x, y)ur(y) dy (4.6)

Rnd

for some 7 > 1. Since ur is not differentiable with respect to y; if j > 1, we cannot
apply the same reasoning above but we will need a more subtle control. Our main idea
will be to use the duality in Besov spaces to derive bounds for Expression (4.6). Namely,
we introduce for a given y in R,

Y = (yb e Yi—1, Y1, - - >yn) € R(n_l)d'
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Chapter 2. Schauder estimates for non-linear stable equations

With this definition at hand, we then denote for any function ¢ on R™, the function
#(y;, ) on R? with a slight abuse of notation as

(b(y\jv Z) = ¢(y17 e Yi—1, 2 Y41, - - ;yn) (47)

The key point now is to control the Holder modulus of ur(y.;, ) on R? uniformly in
y; € Rm=D4To do so, we will need the identification Cf7 " (RY) = B2 (RY) with
the usual notations for the Besov spaces.

We recall now some useful definitions/characterizations about Besov spaces Bg,q(Rd).
For a more detailed analysis of this argument, we suggest the reader to see Section 2.6.4
of Triebel [Tri92]. For 4 in (0, 1), ¢,p in (0, +0o0], we define the Besov space of indexes
(Gopg) on RY as:

B],(RY) = {f € S'(RY): ||fllyg, < +oo}.

where §(R?) denotes the Schwartz class on RY and

P 1 5 dv\a
s, = 160D N+ ([ 000 » 11 2

with ¢y a function in C$°(R?) such that ¢y(0) # 0 and p;, the isotropic a-stable heat
kernel on RY, i.e. the stable density on R? whose Lévy symbol is equivalent to [\|.
We point out that the quantities in (4.8) are well-defined for any ¢ # +oo. The
modifications for ¢ = 400 are obvious and can be written passing to the limit. The
previous definition of Bg,q(]Rd) is known as the stable thermic characterization of Besov
spaces and it is particularly adapted to our framework. By a little abuse of notation, we
will write ||f||B;,q = HfH}fZ,q when this quantity is finite.

For the heat-kernel py, it is possible to show an improvement of the smoothing effect (cf.
Equation (2.13)), due essentially to its better decay at infinity. Namely, we are no more
bounded to the condition v < a but we can integrate up to an order 7 strictly smaller
than 1+ a.

Lemma 4.2 (Smoothing Effect of the Isotropic Stable Heat-Kernel). Let [ be in {1,2}
and v in [0,1 4 «). Then, there exists a positive constant C' := C(v) such that

=l _
L o0 Dlpnw, )l dy < Co5. (49)

A proof of the above result can be derived using the estimates of Kolokoltsov [Kol00]
(see also [BJOT]).

As already indicated before, it can be seen from the Thermic Characterization (4.8) that
C)(RY) = BL (RY). (4.10)

Moreover, it is well known (see for example Proposition 3.6 in [LR02]) that BJ, _(R?)
and By J(R%) are in duality. Namely, it holds

[ fada] < CllFllgy llurlps (4.11)
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Section 4. Schauder Estimates for the Proxy

for any f in BL . (R?) and any ur in By (R?).

With these definitions and properties at hand, we can now go back at Expression (4.6)
to write that

D6 Ty pur(y) dy| < [

< [P
R(n—=1)d

< @
- ||UT||Cb;5 /R(nfl)d D

In order to control the above quantities, we will then need a control on the integral of
the Besov norms of the derivatives of the proxy. Since however an additional derivative
with respect to z; will often appear, for example in Equation (4.24) below, we state the
following result in a more general way.

Lemma 4.3 (First Besov Control). Let j be in [2,n] and l € {0,1}. Under [A], there
exists a constant C' := C(3,1) such that

/R(n—l)d

for any t < s in [0,T], any z in R™ and any frozen couple (7,€) in [0,T] x R,

Dyjﬁﬂg (tv T7 Z, y)UT (y)dyj dy\j

Rnd n—1)d

A

yjﬁté(t, T: Ty Ysjs .>HB(C¥]‘+B]‘) UT(y\ja )‘
1,1

dy.;
a;+B,; NJ
Bod oo

yjﬁT’g(t7 T7 x) y\j7 .>H 7<aj+6j) dy\j
Bl,l

DijilﬁT”f(t,s,x,y\j,‘)HB(aﬁﬁj) dy; < C(s—t) > = =,
1,1

Proof. To control the Besov norm in B §aj B )(Rd), we are going to use the Thermic

Characterization (4.8) with ¥ = —(a; + ;). We start considering the second term in
the characterization, i.e.

/1 a;+B; /’
v «
0 Rd

Fixed a constant 6; > 1 to be chosen later, we split the integral with respect to v in two
components:

dzdv.

/]Rd &;ph(U, z — yj)Dijirler’g(t? S, T, y) dyj

1Dy, Do 5™t 5, 2,90 ) | -t

(s=1)"7 a;+8; —
— /0 voa /Rd /Rd Oupn(v, 2 = y;) Dy, Dy, 75 (t, 5,2, y) dy;

1 a;+B;
+ LU /
(s—t)°7 R4
= (L +L)(y)-

The second component I, has no time-singularity and can be easily controlled by

1 a;+B;
I(y) = /(s—t)‘sjv ° /Rd

using integration by parts formula and noticing that Dy, pn(v, z —y;) = —D.pp(v, 2 —y;).
Then,

dzdv

dzdv

/]Rd avPh(% Z = yj)Diji;lﬁT7§<t7 S, T, y) dy]

dzdwv,

/]Rd Dzavph<va Z = yj) ® D:lvlﬁ’ﬂf(t’ 5, T, y) dy]

1 aj

+8; r
L(y) < /(t)éjv g /Rd /Rd |D20upn(v, 2 = y;)| | Dy, 57 (t, 5, 2, y)| dy; dedv.
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We can then use Fubini theorem to separate the integrals and apply the smoothing effect
of the heat-kernel p;, (Lemma 4.2) to show that

1 a;+B;
bwy) < [ v [ (L1002 )l dz) DL (s )]y

s—1)%7

1 aj+['3j71
C’</ v dv) (/ |DL 5™ (t, s, 2, y)| dyj>
(s—t)% Rd !

9jlaj+h;

< Cls—0) T [ DLt s )] dy;

IN

Using the smoothing effect (Equation (3.6)) of the frozen density p™¢, we have thus
found that

6j(ozj+,3jfl) -
Lo o)y < (=07 [ DL 5 (t, 5,2, dy
R(n—=1)d Rnd

5j(aj+8;-1)—1
[e%

(4.12)
< C(s—1)

On the other hand, the term I; needs a more delicate treatment in order to avoid
time-integrability problems. We start using a cancellation argument with respect to the
derivative 0,pj, of the heat-kernel to rewrite I; as

avph(vv Z— yj)

(s=1)% o+
Il(y\j) :/O v /Rd Rd

X {DijfclﬁT’g(t, $,T,Y) — Dij-lTIﬁT7€(t’ 50 Ys ’Z)} dy;
Dzavph(vv Z = yj)

(s=t)%  a,+8;
—= / v e /
0 R?|JRY

® [Dl ’5(t,5,x Y) — Dl ’5(t S, T, Y, 2 )} dy;

dzdv

dzdv,
where in the second passage we used again integration by parts formula to move the

derivative to p, and the equality Dy pn(v,z —y;) = —D.pa(v,z — y;). We can then
apply a Taylor expansion with respect to variable y; in order to write that

(sft)‘si +,5]
I (y;) I/O v / D.0ypn(v, 2 — y;)

/ D, DL 575 (t, s, 2,9y, y; + Az — y3)) - (2 — ;) dudy;| dzdv

(s—t)% o8,
<[] / ID.0upi(v, 2 — )|
0 Rd JR2 JO

X | Dy, DL 574 (t, s, 3,9, 15 + Mz — y;)| |2 — y;] dAdy;dzdv.

We can then use the Fubini theorem and the changes of variables Z = z — y; (fixed y;)
and g; = y; + AZ (considering Z and A fixed) to separate the integrals so that

(s—t)% +5]
Wy < [ o5 ( [ 1000 2) 2l d)
X </]Rd |Diji:1pT7£(t7 S, Ty Ysjs g])| dy]> dv
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The smoothing effect of the heat-kernel p;, (Lemma 4.2) allows now to control the first
term:

h(y\j)sc(/o“‘“ )(/ 1Dy, DL 570,52+ Ay — )y

014y -
< C(s—1)° / |Dy] Lt s, 1,9, 2 + My — 2))| dy;.

It then follows using the smoothing effect of the frozen semigroup (Lemma 3.2) that

a;+8

ithj o
D DL sy ez + A — ) dy

5j
/]R(n—l)d II (y\.?) dy\] S C(S — t)

< C(s—t)7 « =, (4.13)

Going back to equations (4.12) and (4.13), we notice that we need d; to be such that

5 and 5]-[ -

5. aj+5j} _ a+

[ Oéj‘{'ﬂj—l}_a—i—ﬁ 1
J a -

« aj
Recalling Equation (2.27) for the relative definitions, we can thus conclude choosing
0j = (a+ P)/(a; +5;) =1+ a(j —1).

Reproducing the previous computations, we can also write for a test function in ¢q in

CEe(RY),

/l\g(nfl)d

dy\j

(¢0 (Dijilﬁﬂé(t? S Xy Ysgo )) A )V 1

= /]R(”*ld/]Rd /]Rd DngbAO(z_yj)'Dlxlﬁﬂg(tsaxay) dy] dZdy\j

< O DLt s @, y)| dy
< C(s — t) o
The proof is thus concluded. O

4.2 Proof of Proposition 3.3

Thanks to the first Besov control (Lemma 4.3), we are now ready to prove the Schauder
estimates for the proxy (Proposition 3.3). Such a proof will be divided in three parts:
the estimates for the supremum norms of the solution and its non-degenerate gradient
are stated in Lemma 4.4 while the controls of the Holder moduli of the solution and its
gradient with respect to the non-degenerate variable are given in Lemmas 4.5 and 4.6,
respectively.

Lemma 4.4. (Controls on Supremum Norm) Under [A], there exists a constant C :=
C(T) > 1 such that for any freezing couple (1,€) in [0,T] x R, any t in [0,T] and any
x in R,

|ﬂ7—7£(t;$>| + |D$1ﬂ775<t,x)| S O ||f||L°°(C£d) + ||UT||C§;B .
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Proof. We start noticing that PTtuT(x) and GT’g (t,x) can be easily bounded using
the supremum norm of f and urp, respectively.
Moreover, we can use the estimates on the frozen semigroup (Equation (3.7)) to control

Dxlé;7tf(ta x). Indeed,

‘Dml T’£ (t, x)) < / ‘le P f(s a:)‘ds
D<+B 1
<C T—t) £ N oo g
< CT H]CHLOO(C6 '

remembering in the last inequality that a + 8 — 1 > 0 by hypothesis [P].
It remains to control DmP}tuT( ). As done in the previous Sub-section 4.1, we start
using the scaling lemma 4.1 to write that

‘DmPTtuT( )‘ - ‘/ Dw1ﬁ77§(t>Taxyy)uT(y) dy‘
< CZ — )"

= CY (T -ty "J;.
7j=1

/ D, p" S, Tz, y)ur(y) dy

Since ur is differentiable in the first, non-degenerate variable x, the contribution J;
can be easily bounded using integration by parts formula:

J1:

/Rndﬁ7£<taT>x7y)Dy1uT(y) dy‘ S HDyIUTHLoo S HUTHCE‘)"IB‘ (414)

To control the other terms J; for j > 1, we use instead the duality in Besov spaces
(Equation (4.11)) and Identification (4.10), so that

Jj < CHUTHcgjﬂ /R(n_l)d ”Dyjﬁﬂg(t:Taxay\j? .)”B;£Qj+6j> dy-

s (4.15)
< C||UT||cg;ﬁ(T —t) ",
where in the last inequality we applied the first Besov control (Lemma 4.3).
Looking back at Equations (4.14)-(4.15), it finally holds that
- n 1 atf 1
Do, Plfur(a)| < cnuTucﬁﬁ( Z T 1))
atpB—
<C(1+T )||uT\|Cba;ﬂ,

where in the last passage we used again that o + 5 — 1 > 0 by hypothesis [P]. [

Before starting with the calculations on the Holder modulus, we will need to distinguish
two cases. Fixed (¢, x,2') in [0, T] x R*, we will say that the off-diagonal regime holds if
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T —1t < ¢pd®(x,2’) for a constant ¢q to be specified but meant to be smaller than 1. This
means in particular that the spatial distance is larger than the characteristic time-scale
up to the prescribed constant ¢y which will be useful further on in the computations for
a circular argument.

On the other hand, we will say that a global diagonal regime is in force if T'—t > ¢od®(x, 2')
and the spatial points are instead closer than the typical time-scale magnitude. In
particular, when a time integration is involved (for example, in the control of the frozen
Green kernel), the same two regime appears even in a local base. Considering a variable
s in [t, T], there are again a local off-diagonal regime if s —t < cod®(z,2’) and a local
diagonal regime when s —t > cod®(x,2’). In particular, we will denote with ¢, the
critical time at which a change of regime occurs in the globally diagonal regime. Namely,

to = (t + cod®(z, a:’)) AT. (4.16)

We highlight however that this approach was already used in [CARHM18a] to obtain
Schauder estimates for degenerate Kolmogorov equations and can be adapted in the
current setting.

Moreover, it is important to notice that the norm || - || ja+s is essentially defined as the
d

sum of the norms || - || ats with respect to the i-th variable and uniformly on the
CcTFali—1

other components. Thus, there is a big difference between the case i = 1 where o + [ is
in (1,2) and we have to deal with a proper derivative and the other situations (i > 1)
where instead (o + 3)/(1 4+ a(i — 1)) < 1 and the norm is calculated directly on the
function. For this reason, we are going to analyze the two cases separately. Lemma
4.5 will work on the non-degenerate setting (i = 1) while Lemma 4.6 will concern the
degenerate one (i > 1).

Lemma 4.5 (Controls on Hélder Moduli: Non-Degenerate). Let x, 2’ be in R™ such
that x; = x; for any j # 1. Under [A], there exists a constant C > 1 such that for any
t in [0,T] and any freezing couple (7,€) in [0,T] x R"?, it holds that

ST MES / %M a+pB-1 /
| Dy, (¢, ) — Dy i™(t,27)] < Cey (||uT||Cba;5+||f||Lw(ng))d (z,2').

Before proving the above result, we point out the control on the Holder modulus of @™¢
with respect to the degenerate variables (i > 1):

Lemma 4.6 (Controls on Holder Moduli: Degenerate). Let i be in [2,n] and x,x’ in
R" such that x; = & for any j # i. Under [A], there exists a constant C := C(i) such
that for any t in [0, T] and any freezing couple (7,€) in [0,T] x R™, it holds that

B—vi

ars(t,x) —aS(t,2')| < Cey® (||UT||C:d+ﬂ + ||f||Loo(cfd))d0<+ﬁ(x,x’).

Proof of Lemma 4.5 Controls on frozen semigroup. Let us consider firstly the
off-diagonal regime, i.e. the case T'—t < cod*(z,2’). Using the scaling lemma 4.1, it
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holds that
DxlthuT / Dy 9™ (t, T, z,y)ur(y) dy
= > G-y [ Dy T ) dy
=
It then follows that

Dy, Prfur(x) = Dy, Priur(a’)

n

_ .] 1 ~T7£ _ ~7-7£ /

< 03T =) L D€ T2,y) = Dy ( 7, ) [ur(y) dy

= CY (T -ty ', (4.17)
J=1

We are going to treat separately the cases j = 1 and j > 1 for the off-diagonal
contributions {1 ;’d}je[[17n]]. Indeed, the function ur is differentiable only with respect to
the first component y;. In this first case, we can apply integration by parts formula to
move the derivative on ur, so that

1t = | [ [ Toy) = 54 T )| Dyyary) |

Noticing that D, ur is in Ca+’3 "(R™) thanks to the reverse Taylor expansion (Lemma
8.4), the last expression can be then rewritten as

1< | [ T y) [Dyur(y) £ Dy ur (i (@) (4.18)
T ) [Dyyurly) & Dyyurig(a)] dyf
< Cllurllegp{ [ 774 T p)d™ = (g, i) dy
- T8 T y)d™ P (y i (o) dy
P g (o), g (o) |

Now, we use the smoothing effect of p¢ (Equation (3.6)) to control the two integrals in
the last expression, so that

a+6

I < Cllur|goge (T = )75 + a7 (g (), mi ()]

We can then conclude the case j = 1 recalling that the mapping x — m;i (x) is affine
(see Equation (3.4) for definition of Th;’i(x)) in order to show that

atf—
«@

1" < Cllupllgpss [(T = )55 4+ d™ 7 @,2/)]. (4.19)
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Let us consider now the case j > 1. Using Duality (4.11) in Besov spaces and Identifica-
tion (4.10), we can write from Equation (4.17) that

15 < Cllurllgps [

R(n—1)d ||Dyjﬁ7—’§(t7 T> X, y\j7 ) - Dyjﬁﬂg(ta T7 xlv y\j7 .)||B1_§aj+ﬁj) dy\j

S CHUT”CZ?;B ‘/R(n—l)d ||Dyjﬁ7—’§(t7 T7 T, Y<j, ')||B;§aj+ﬁj)
+ ||Dyj]57’£<t7 T7 mla Y<js .>||Bl_§aj+ﬂj) dy\j
atf 1 ’
< Cllurllges(T =12) =29, (4.20)

where in the last inequality we applied the first Besov control (Lemma 4.3). Going back
at Equations (4.19)-(4.20), we finally conclude that

| Dy Prfur(x) — Dy, Prius ()|

atB-1 L at+B 1
< Cllurlgppa[(T = )57 +d o) + YT P (T =) = 7]
a+/3 a+B— ,
< Cllurllgpsa [(T =) +d <x,x>} (4.21)

< Olfurlgynd™ (.2,

where in the last passage we used that T'— ¢ < ¢od®(x, z’) for some ¢y < 1.

We focus now on the diagonal regime, i.e. when T'—t > ¢od*(z, 2’). Remembering that
we assumed that z; = 2 for any j in [2,n], we start using a Taylor expansion on the
density p™¢ with respect to the first, non-degenerate variable z;. Namely,

Dl"lPTtuT( ) Dﬂ?lthuT( I) = /Rn {Dx1ﬁ7’5<t,T,x,y)—DxlﬁT’é‘"(t,T,I/,y)}UT(y) dy

— /Rnd/ D ’5 t T,2" + Nz — 1), y)(x—xl)WT(?J) dAdy.

Moreover, from the Scaling Lemma 4.1, it holds that
D2 p ’5(tT:1:+)\(x—x ) ZC’ T —t)"'Dy, Dy, p" (t,T,x'—i—)\(x—x’),y)

and we can use it to write

| Dy Prur(x) = Doy Prur(al)|

< Cl(x—a')| i(if iy

1

~T7.& / o
/0 o Dy, D, p (t, T2+ Nax —2), y)uT(y) dyd)\‘
=: Cl(x — 1) |Z T —t)y~ lld (4.22)

Similarly to the off—dlagonal regime, we are going to treat separately the cases j = 1
and j > 1 for the diagonal contributions {[Jd}je[[l,n]]- In the first case, we can apply
integration by parts formula to show that

Dxljf’E (t, T,2' + Nz —2), y) ® Dy, ur(y) dyd\|.
Rnd
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Chapter 2. Schauder estimates for non-linear stable equations

A cancellation argument with respect to D,,p™¢ then leads to

I = Dy p™*(t, T, 2" + Nz — '), y)

Rnd

® [DyluT(y) — Dy, ur(mf (2’ + Nz — 7)) dyd)\‘

< Clurlegss [ [ Dad™(0 7o' + Aw — /), )
x AT (y, gl (el + Ma — 2))) dydA.

Since o + 3 — 1 < a by hypothesis [P], we can conclude using the smoothing effect of
¢ (Lemma 3.2) to show that

a+pB—2

It < Cllur |l gees (T =) (4.23)

For the case j > 1, we use instead the duality in Besov spaces (Equation (4.11)) and
Identification (4.10) to write

1
I < / / 1Dy Da 5 (t, To! + M — ),y )|ty dysd
i = e y; -1 s Ly s IND ] NJ
0o JrR(n—-1)d B (4.24)

atB
< Cllurllgosa(T — 1) 7577,

where in the last passage we applied the first Besov control (Lemma 4.3). From Equations
(4.22), (4.23) and (4.24), it is possible to conclude that

atBf=-l_ 1

|Ds, Psur(a) = Dy, Prur(a’)| < Cllurllgassl (= 2| ST = P HT =) = =
7=1

a+5 2

< Cllurllgpssl(@ = 2 [(T = 1)

IN

atB—2 1 ,
Cey © ||UT||c;¥;rﬂda+’B_ (z,27),

where in the last passage we used that |(z — 2/);| = d(z,2’) and since **2=2 < 0, that

atpB—2 atp-2 _
o < ¢y * dTP(a, ).

|(z = 2)1|(T - 1)
Remembering that ¢y is considered fixed and bigger then zero, the searched control
follows immediately.

Controls on frozen Green kernel. We recall that, in order to preserve the previous
terminology of off-diagonal /diagonal regime for the frozen semigroup, we have introduced
the transition time ¢, defined in (4.16). Then, while integrating in s from ¢ to T, we
will say that the local off-diagonal regime holds for G™¢ if s is in [t, to] and that the local
diagonal regime holds if s is in [ty, 7. With the notations of (4.2) in mind, it seems
quite natural now to decompose the derivative of the frozen Green kernel with respect
to 1o, i.e.
Dy, GF5f(t,x) = Dy, G5 f(t2) + Doy G5, (8, ).
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Section 4. Schauder Estimates for the Proxy

We remark however that the globally off-diagonal regime is considered in the above
decomposition, too. Indeed, when T — ¢t < ¢od®(z, '), to coincides with T and the
second term on the right-hand side vanishes.

We start considering the off-diagonal regime represented by

‘Dmthot ( ) DmthOt ( )

It holds that

Do, G (t2) = Do G (1) < "’ [\Dxlﬁsifﬂs,x)\ + | Doy PIE £ (5,2)

} ds.

We then use the control on the frozen semigroup (Equation (3.7)) to find that

‘Datho f(t,x) — Dy, Gto tf(t x )

to B=1
Bta—1
S C||f||Loo(C£d)<tO _t> a
Our choice of ¢y (cf. Equation (4.16)) allows then to conclude that

‘Dx1é;—(ftf(t7 l‘) - Dleto tf(t x )

< C||f||Lm(C£d)da+B—l(x,a:’)a

remembering that ¢y < 1 by assumption.
We can focus now on the diagonal regime represented by

| D2, G5, [ (8 ) = Do Gl f(1,21)].

We start applying a Taylor expansion on the derivative of the semigroup P7¢ f (t,z) so
that

~ ~ T ~ ~
D1 G (1) = DGR S (00| = | [ Doy PIf.0) = Doy P £ (.2 s

/t /D PIf f(s,x + Mo’ — 2)) (2 — )1 dAds|.

Then, Fubini theorem and the control on the frozen semigroup (Equation (3.7)) allow
us to write that

| D2, G5, £ (t,7) = Dy GF5 £ (1, 2)

< Ol fll g, (@ =2l

< Olfll gl =20l [ (s = )5 ds
« at+p—27T
v (U

Since by hypothesis [P], it holds that a/(a + f — 2) < 0, it follows that

| D2, G5, f (1) = Dy GF5 F(E27)

t().

at+B—2

< Ollfll e g (@ = 2180 = 1)

Using that |(x — 2');| = d(z, 2") and remembering our choice of ¢y in (4.16), we can then
conclude that

~ ~ atB—2
D, GRS, () — Do GTS f(t,27)] < Ciq @ HfHLoo(oB 4z, ).
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Proof of Lemma 4.6 Controls on frozen semigroup. Using the change of variables
z= Th;i(x) — y, we can rewrite P}fuT(x) as

Prjur(a) = [ 575 T y)ur(y) dy

N /Rnd det(l\lﬂ“)ps(T — £, ML (i (2) =y )ur(y) dy
1

B ‘/Rnd det (MT—t>

ps(T —t, M;ig)uﬂrﬁ%i(m) —2)dz.
It then follows that

| Prfur(x) — Priur(a)

e M&Hp (T = t.MzLe2) [ur (755 (@) = 2) = wr (i (@) = 2)] dz).

We now observe that the function = — m;i (x) is affine (cf. Equation (3.4)) and thus,

that
(m75(2) = 2), = (M75(a) = =),

since x7 = . It then holds that

IN

Cllurl| oo d™*? (7 (), iy («'))

< Olurlgysd™ (.2,

jur(imz (@) = 2) — ur(mzs (@) - 2)|

Hence, we can conclude using it to write

ps (T —t,Mz'2)
a+f !
Clurllgeys d*(aa') [ T

Prjur(z) — Priur(a’)

IA

< Ollurlcpn (e, 2).

Controls on frozen Green kernel. We will assume the same notations appeared in the
previous lemma for the frozen Green kernel. In particular, we decompose it as

G5 f(tx) = GI5f(t,z) + GFS, f(t,x)

with to defined in Equation (4.16).
We start rewriting the off-diagonal regime contribution as

Grépn) = Gi&te)| = [ [ 575 s .0 [F.) = (5T ()
— 574t 2, ) [ (s, 9) £+ f(s,mT5 ()] dyds
[ [ s )iy - fomi)
— 574t 5,2, 9) [ £ (s, 9) = f(s,miE (2')
[ $Gs ) = sz ) ds|

IN

+
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We can then use the smoothing effect for p™¢ (Equation (3.6)) to show that

‘Gto St x) — é;ftf(t)f)
to
< Ol e, [ (s = 17 + AP o) IS ds. (425

Recalling from Equation (3.4) that z — 1] (z) is affine, it follows that

‘é;ft (t,2) =GR f(t,2')

to
_ )P/ B !
< Ol lpmiep,y | [(s = 07 + (@, ds

/ MJ
Ol Nl e [ (b0 = DDA ') + (1o — 1) .

IN

Using that ¢ty — t < ¢od®(z, 2’) for some ¢y < 1, we can finally conclude that

Gt f(t @) = GRif (1)

< C||f||Loo(cfd)da+5($w$')'
Now, we can focus our analysis to the diagonal regime contribution:

GT5,F(t ) — G, f(1,2)|.

We start applying a Taylor expansion on the frozen semigroup If’; f f with respect to the
i-th variable x;, which is, by hypothesis, the only one for which the entries of x and z’
differ. Namely,

(G75 £ (t,2) = GF5 f(t 2!

T _ .
= || Prf(s,2) = PIE (s, 0') ds|
t
T
= ‘/ / D, PIff(s, 2+ Mo’ — ) - (a2 — x)idkdsl.
to JO
The control on the frozen semigroup (Equation (3.7)) then implies that

(GTS (b o) — G5, f (¢, 2)

< Ollfll oo ep p (= |/ (s—t)" = ds.  (4.26)

Noticing from assumption [P] that § 4+ a —1 —a(i — 1) < 0 for ¢ > 2, it holds that

T 6_7 T — a(i—
/ (s—1t) a; ds :/ (s—t)ﬁ e ds

to to
. T
B+a—1—a(i—1)
< C[—(s g }
to
B—1—a(i—2)

< Cfto—1t)
Using that |(z — 2');| = d'**0~Y(z, 2’) and our choice of ty (cf. Equation (4.16)), we
can then conclude from Equation (4.26) that

|G75, f(t,2) — GF5 f(t @ ’>
B—1—a(i—

< Ccq ° HfHLoo@ﬂ &+ (a,a)) < Cep™ mlie (o yd* (@, 2),

remembering the definition of ~; given in (2.21).
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Chapter 2. Schauder estimates for non-linear stable equations

5 A priori estimates

Since the aim of this section is to prove Proposition 3.6, we will assume tacitly from
this point further that assumption [A’] holds. Moreover, we recall here that throughout
this section, we are considering the regularized framework of Section 3.2.

WARNING: For notational simplicity, we drop here the subscripts and the superscripts
in m associated with the regularization. For any fixed (7,¢) in [0,T] x R™ we rewrite,
with some abuse in notations, the Duhamel Expansion (3.16) as:

T .
u(t,z) = a5t @) + / PTER™ (s, 7) ds, (5.27)
t
where @™¢ is defined through the Duhamel Representation (3.10) and

R(tx) = (F(t,7) = F(t,00,(6)), Dau(t, ), () € (0,T) x R™.

It is however important to keep in mind that f, up, F' are now smooth and bounded
functions so that all the terms above are clearly defined. We recall however that we aim
at obtaining controls in the L°°(CO‘+’B )-norm, uniformly with respect to the regularization
parameter.

From the expansion above, we know moreover that for any (¢, &) in [0, 7] x R™, it holds
that

T ~
Da,ult, ) = Dy a7(t, z) + / Dy, PTER™ (s, ) ds. (5.28)
t

As seen in the previous section, these decompositions will allow us to obtain a control
for w in L*> (0 T; C’M'B (R”d)) analyzing separately the contributions from the Duhamel
representation "¢ and those from the expansion error R™¢(¢, z), for suitable choices of
freezing parameters (7,§).

5.1 Second Besov control

This sub-section focuses on the contribution associated with the remainder term R™7¢
appearing in the Duhamel-type Expansion (5.27). We recall that we aim at controlling it
with the LOO(CO‘+ﬂ )-norm of the coefficients, uniformly in the regularization parameter.
Let us start decomposing it through

‘/ PTgRT’5 (s,z)ds $(t,s,2,y) AT Fi(s,y) - Dy, u(s,y) dyds|,

Rnd
where we have denoted for simplicity
A™Ey(s,) = Fy(s.y) — Fy(s,00,(6), J € [L,n]. (5.29)

We then notice that the non-degenerate contribution in the sum (corresponding to the
index j = 1) can be treated easily, remembering that u is differentiable with respect to
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the first component with a bounded derivative. Indeed, using the smoothing effect for
the frozen density p™¢ (Equation (3.6)), it holds that

T
[ [ s AR (5.9) - Dy, ) dds
T
C’lDyllL(S, y)le(Loo) HFHH/t /Rnd ﬁﬂﬁ(t’ 5,1, y>da+ﬁ (y’ 0377(6)) dyds

T ]
CID s ) lice) |1 Fllu [ (s 1)

a+tp

ClIDy,uls, )l ooy || (T =)=

IN

IN

ds

IN

In order to deal with the degenerate indexes, we will use, similarly to the previous
subsection, a reasoning in Besov spaces. Since u is not differentiable with respect to y;
if 7 > 1, we move the derivative to the other terms using integration by parts formula:

T
/t o Dy, - {137’5(15, s,x,y)AT’fFj(s,y)}u(s,y) dyds

In order to rely again on the duality in Besov spaces (Equation (4.11)), we rewrite the
above expression as

T
/t i Do {ﬁ“f(t, 5,2, y) AT Fy (s, y)}%(& y) dyds

T
< /t /Rwil)d Dyj . {ﬁT’E(t, S, Ty Yy ')AT’ngj(S,y\j, .)}HB—(%-&-EJ-)
11

X |lu(s, y, ')”Baﬁﬂj dy-jds.
00,00

Remembering the identification in Equation (4.10), it holds now that

T
[ [ Do {72 A Ey 5. fus, ) dyds
T
< Wl | e

It then remains to control the integral of the Besov norm above. To do that, we will
need a refinement of the smoothing effect (Equation (3.6)) that involves only partial
differences of variables. For a fixed i in [2,n], we start denoting by d,., (-, -) the part of
the anisotropic distance considering only the last n — (i — 1) variables. Namely,

Dyj : {ﬁT’g(ta S, Ty Ysjs ')AT{FJ’(& Y<js ')}HB(O&jJrBj) dy\jds'
1,1

n

din(w,2') 1= 3 |(@ = a');| 7o

j=i

Lemma 5.1 (Partial Smoothing Effect). Let i be in [2,n], v in (0,1 A (1 + a(i —1)))
and 9, o two n-multi-indexes such that |9 + o| < 3. Then, there exists a constant
C = C(",0,7) such that for any t < s in [0,T], any x in R,

Iptog

/Rnd |D2DYFA(t, s, @, y)|d], (y,@syf(i’)) dy < C(s — t)5_2i=k ok (5.30)

taking (7,€) = (t,x).
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The above assumption on v should not appear too strange. Indeed, in the partial
distance dj,, (z, 2"), the stronger term to be integrated is at level ¢ with intensity of order
v/(1 4+ a(i —1)). Since by the smoothing effect (Equation (3.6)) of the frozen density
we know we can integrate against ¢ contributions of order up to a, the condition
v < a(l 4+ «a(i — 1)) appears naturally.

A proof of this result can be obtained mimicking with slightly modifications the proof
in Lemma 3.2.

As done above for the first Besov control (Lemma 4.3), we will however state the result
considering a possibly additional derivative with respect to xy. Namely, we would like
to control the following:

D {dﬁ T7£<t7 S, T, Y, ) X {F}(S?y\jv ) - F}‘(& 98,T(£)):|}

where we have denoted as in (4.7), Fj(s,yj, ") == Fj(S, Y1, Yj—1, " Yj+1,- - - » Yn) and,
with a slightly abuse of notation, by D, - an extended form of the divergence over the
j-th variable. In other words, this “enhanced” divergence form decreases by one the
order of the input tensor.

Lemma 5.2 (Second Besov Control). Let j be in [2,n] and 9 a multi-index in N™ such
that |9| < 2. Under (A’), there exists a constant C := C(j,0) such that for any x in
R" and any t < s in [0, T)

/R(nfl)d

Dy; {dﬁ T’é(t, S, T, Y ) X [Fj(s,y\j, ) - Fj(3795,7(£))}}

B;<aj+3j) dy\]
< O|Fa(s — t)& S

taking (1,§) = (t, x).

Proof. To control the Besov norm in B ; (o540 ])(Rd) we are going to use the Thermic

Characterization (4.8) with ¥ = —(a; + ﬂj) Since the first term can be controlled as in
the first Besov control (Lemma 4.3), we will focus on the second one, i.e.

/1 a;+B; /
v [e
0 R4

where we exploited the same notations for A™F}; given in (5.29).
We start applying integration by parts formula noticing that

dzdv,

/Rd avph(v7z - yj>Dyj : {Dﬂ Tﬁ(tuswrhy) ® AT’fF}(SJy)}diyj

Dy,pn(v,z —y;) = —D.pn(v, 2z — yj;),

to write that

/1 a;+B8; /
v [e
0 R4
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Section 5. A priori estimates

Fixed a constant 6; > 1 to be chosen later, we then split the above integral with respect
to v into two components:

(s— t) J aj +5
/0 va / D.0ypn(v, Yj) - {Dﬂ Tg(t,s,x,y)AT’gFj(s,y)}dyj
! +ﬂ] G ~7,& 7€
+ ( —t)5j v« /]Rd Dzavph(UVZ - y]) {D (t,S,ZL’,y)A ’ Fj(svy)} dy]

=: (11 +fz)(y\j)-

The second component /5 has no time-singularity and it can be easily controlled using
Fubini theorem in the following way

dzdv

dzdv

R4

oj B o
L) < CIFL [ o™ ([ ID2me. = )l d2) D2 s. )
x dj VT (0, 1(€)) dyjdv,

remembering that Fj(¢,-) depends only on the last (n — j) variables and it is in
C’;ZaO A (R") by assumption [R]. We can then use the smoothing effect of the
heat-kernel p, (Equation (4.9)) and Fubini theorem again, in order to write that

ogthil

B(y) < VPl [ S [ DI s, O™ 5,0, (6)) do

aj; —0—6 —1
1
< Ol (o) ([, 1027 s ) 00, €) )

Noticing from (2.27) that o; + 8; — 1 < 0, it holds now that

a-+5 o
L(y) < C||F|la(s — )%~ A2y, 6, (€)) dy;.

S(t, s,y

We can finally add the integral with respect to the other components y. ;. In order to
use now the partial smoothing effect (Equation (5.30)), we take 7 = ¢ and £ = x and
notice that by assumption [P],

l+a(j-2)+B8 <1+a(j-1)—(1-a)(l+a(-1)) = al+a(j—1)). (5.31)

It then holds that

/R(n_l)dIZ(y\j) dy-
e 51‘ - a
< ClFluls =7 [ DIt s, y>rd” Uy, 6,.,(€)) dy

o t+By— 1+a(ﬂ 2)+8
« + Zk 1 ak

< C||F||u(s — )"

(5.32)

To control the other term I, we focus at first on the inner integral with respect to y;:

[ Ddnlv.z = ) - { DI 5.0.9) © Ay s,9) | dy
Rd
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We start using a cancellation argument with respect to the density p; to write that
[ Ddn(v.z = ) - { D2t 5,2,9) @ [Fi(s.9) = Fis,0,(9)}
= DYFTE(t 5, ,5:2) © [F(5,95.2) = Fi(s.00(6)] | dy

We can then divide the above integral into two components J; + J given by in
Ji(v, Y, 2) = /Rd D.0ypn(v, z — ;) - {D19 T (L, s, 1, y)

@ | Fi(s,9) = Fy(s,95,2)] } dy;;
Jo(v,yj,2) = /Rd D,0y,pr(v, z — yj) - {{D19 T (t, s, @, y) — DU (L, s, 1,9, z)}

& [Fi(s,5:2) = Fils,0(6))] } .

Remembering the notation for Fj(s,y.;,2) in (4.7) and that F; is % Holder

continuous with respect to its j-th variable by assumption [R], the first component .J;
can be easily controlled using Fubini theorem by

e

Jl(vvy\j7z) dZ

1+a(—2)+8 gy
ClFl [, ([, 12 =l T D00 v, 2 — 45) d= ) D (0,0,

11ta(=2)+8_ 1

< C|Fllgos 560 = [ DSt s, ,y) dy

IN

where in the last passage we used the smoothing effect of the heat-kernel p;, (Equation
(4.9)), noticing that

1 | — 2 —
*O‘(],)+5:1+5—,0‘<1+a,
1+ a(j—1) l+a(j—1)
since & > 3 by assumption [P]. Using now the identity
1 -2 203,
SRYITE Y ) -
a a\ 1+a(j—1) «
we add the integral with respect to v and write that
(s—t)% & +[3J 9
/ v / J1(v, Y, 2)| dzdv < C’HFHH/ —/ |DYpT4(t, 5,7, y)| dy;dv
0

< ClF (s =% [ DI (t, 5, 2,)| dy:

Adding the integral with respect to the other components y. ;, we can finally conclude
that

/ /(St)‘;j aj+8; /
v [e%
R(n=1)d Jo R4

J1(v, Y-, 2)| dzdv dy-
28,
< CUPlto =07 / D25zl (5:34)

< O||F|lu(s — 83 = Xia &
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To control the second component Jo, we start applying a Taylor expansion on p™¢ with
respect to y;:

J2(U;y\j72) = /Rd ng'uph(vaz - yj> : {AT’ﬁF}'(SJy\ja Z)
®/ Dy, D4 (t, 8,2,y 5, y; + Mz — y5)) - (z)} dXdy;. (5.35)

We then notice that for any fixed A in [0, 1], it holds that
(AT Fy(s.y~,2)| = [Fj(s,95,2) = Fi(s,05-(8))

1+a=2)+8 1at-248
< ONFla{|(z = 0.0) | T+ 3 (v 0s(9), | T
k=j+1
el Ats N LtaG=2+5
< C”FHH{‘)\(%—Z) Fa(G-1) -I—’(yJ‘F)\(Z_Z/]) QS’T(é))j’ Fa(G-1)
1taG-2)+8
£y (y—0.-(9)) | =7 }
k=j+1
% 1+a(j—2)+8
< OHF!IH{!z—yj U dg ((y\j,yj+A(z—yj))),es,7(g))},

where as in (4.7), we denoted
(y\j7yj + )‘(Z - y])) = <y17 s 7yj—17y17 s >y] 1 y] + )‘( ) y]+17 ce 7yn)
We can thus split J, as
1
v,y 2)| < C||F||H/O (Jos + o) (0,55, 2 A) dA, (5.36)
where we denoted for simplicity:
1ta@— 2)+B+
J2 1(U Ysjr %, /\ / |Z_y | 1+a=1) |D avph( _yj)|
|D Dﬁ TE(ta‘S?xvy\ﬁyj + A(Z - y]))| dy]
J22(U Yjs %, )‘ / |Z_y]| |D avph(v z = y])|
|D Dﬂ Tﬁ(t737$7y\jvyj + A(Z - y]))|
X din (s + A = ), 00(6)) dy

Adding now the integral with respect to z, the first term Jy; can be rewritten as

1+a(j—2)+8
/ Jo1(v, Y, 2, A) dz</ / E TFaG-T +1\D Oupn(v, 2 — y5)|
X |Dyj ;9 T£<t7 S, Ty Y<jr Yj + )‘(Z - y]))' dy]dz
Fubini Theorem and the change of variables Z = 2 — y; and §; = y; + AZ allow then to

split the integrals in the following way:

/Rd J2,1<v7 y\ja 2, )\) dZ

2)+8

1+a
< ([, T Dt (v, 2)1 a2 ) [ 1D DIt 5,50, 5 ).
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Chapter 2. Schauder estimates for non-linear stable equations

Noticing now from assumption [P] that
1+a(j— -
+Oé(].2)+,3+1:1_5—.04
1+ a(j—1) 1+a(j—1)
we can use the smoothing effect of the heat-kernel p;, (Equation (4.9)) to show that

+1<2-(1—-a)=1+a,

1+a(j—2)+8
ped+ta(G-1))

/]Rd J271(U7y\j’z7>\) dZ S / |D?JJD19 Tg(tvsax’y\jagj”dgj‘

Remembering Equation (5.33), we can add the integral with respect to v and show that

(s=1)%  a,+8;
/0 v /RdJZl(v,y\j,z,)\)dzdv

< (s—t

v

Zﬁ +1

/ |l)y]l)19 Té(tsazay\j:gj)’dgj'

Adding the integral with respect to y.;, we can conclude with J; that

MR \)dzdvd
/R(nfl)d/o v« /R‘i JQ,I(U7y\j7zy ) Z av y\]

2841 251“ ?
< Cls =75 [ D, DIF(t, s, )l dy < C(s =)0 5w (5.3)

where, for simplicity, we have changed back the variable ; with y;.
To control instead the term Jyo (cf. Equation (5.36)), we can use again Fubini theorem
and the changes of variables Z = z —y;, §; = y; + AZ to split the integrals and show that

/Rd JQ,Z(U,y\j,Z, )\) dz < </Rd |2‘ ‘Déavph(vwg)’ dé)

(/ ’Dijﬁ T£(t S, T y\]vy])|d1+a] 2)+5((y\]7g])79577(§))dgj>

1 o
<~ | 1Dy DI s, )| U=250 6, (€))dy;dv,

where in the second mequahty we used the smoothing effect of the heat-kernel pj
(Equation (4.9)) and changed back the variable §; with y; for simplicity. It then follows
that

(s—)%  o;+8,
/ v / Jaa(v, 2 y\j)dzdv
0 Rd

§ s—t

)|d1+a =2 +B(y> 95,T<€))dyj'

Taking now 7 =t and £ = z, we conclude with J5 5 applying the partial smoothing effect
(Equation (5.30)) of ™ under the hypothesis 1 + a(j —2) + 8 < a(l + a(j — 1)) (see
Equation (5.31)) to write that

(s=)%  a,+8;
/R(n—l)d /0 v /Rd J272(U7 Z, y\]) dz d'Udy\]
a;+B; N
< (-0¥ LIy -Dﬁz‘ff(t 5.2 y)|d1+ Uy, 0,.-(6)dy

]+ﬁJ 1+a( -2)+8
6 + Zk 1 O‘k

Yj

< O(s— 1) (5.38)
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Section 5. A priori estimates

Looking back to Equations (5.32), (5.34), (5.37) and (5.38), we can finally choose the
right §;. Since s —t < T —t < 1 by hypothesis [ST], it is enough to take ¢, such that
the quantities

Oéj—i‘ﬁj—l 1—|—Oé<j—2)—|—6 25] 25J+1 1
Q@ o Q@ ! o
and »
5j04j+5j Llre=2+8 1
(0% Oéj
are bigger than 5/«. This is true if, for example, we choose
. _ [+a(i -2 +a(j ~1)
j - .
l+a(j—2) -0
We have thus concluded th proof. O]

5.2 Proof of Proposition 3.6

We have now all the tools necessary to prove the a priori estimates in Proposition 3.6.
In Lemma 5.3 below, we will state the estimates for the supremum norms of the solution
and its non-degenerate gradient while the controls of the Holder moduli of the solution
and its gradient with respect to the non-degenerate variable are given in Lemmas 5.7
and 5.8, respectively.

The Schauder estimates (Theorem 2.3) for a solution u in L (0, T; Gy, p (R”d)) of IPDE

(1.1) will then follows immediately.

Lemma 5.3 (Supremum Estimates). Let u be as in Equation (5.27). Then, there exists
a constant C > 1 such that for any t in [0,T] and any x in R,

u(t, )| + 1Dt )] < C|lurlgpgn + 1P, + IF Nl s |

Proof. As indicated above, we can control the supremum norm of u and its gradient
with respect to z; analyzing separately the contributions from the proxy @™¢, that have
already been handled in Lemma 4.4, and those from the perturbative term R™¢(s, x). To
control the contribution [ DIIP; fRT’g(s, x) ds, we start splitting it up in the following
way:

T ~
/ D, P R™ (s, ) ds
t

- E:/t g Dzlﬁﬂ&(t,s,x,y) [Pj(s,y) — Fj(s,esﬁ(g))} -Dy].u(s,y) dyds
j=1

= ” I;(t, ). (5.39)
j=1

Since by hypothesis u has a proper derivative with respect to the first variable x1, it is
possible to bound I; through

T
L(t2)] < ClFlalull ey | [,

Dy 5748, 5,2, ) |d° (y, 01 (£)) dyds.
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Chapter 2. Schauder estimates for non-linear stable equations

We take now (7,&) = (¢, z) so that 6, ,(¢) = m;f (cf. Equation (3.5) in Lemma 3.1) and
we then use the smoothing effect for the frozen density ¢ (Equation (3.6)) to show
that

Bta—1

I, (t,z)| < CHFHHHuHLm(Cﬁﬁ)(T—t) a (5.40)

Hence, it holds that [I1(¢, )| < C|F||uull pe pors
b,d

assumptions [ST| and [P].

The control for the terms I; with j > 1 can be obtained easily from the second Besov

control (Lemma 5.2). For this reason, we start applying integration by parts formula to
show that

) since T <1land a+ [ > 1 by

’]ﬁ(t,$)| - I

T
/t i Do {Dmlﬁ“(t, 5,2, Y) AT Fy (s, y)}U(s, y) dyds

where we exploited the same notations for A™¢F; given in (5.29). We can then use
identification (4.10) and duality in Besov spaces (4.11) to write that

1;(t, 2)] <

[ -~

Dyj ’ {Dl“lﬁﬂg(t’ S, L5 Ysj ')AﬂéFj(S’ Ynis )H

dy.;
—(a;+B5) NJ
B, 4 7

Taking now (7,&) = (t,z), the second Besov control (Lemma 5.2) can be applied to
show that

T g1
1t 2)] < o||F||H||u||Lm(Cﬁg)/t (s — )% ds -
Bt+a—1 ( ’ )
S CHFHHHUHL"O(C?‘!:B)(T—t) a

Since T' < 1 by assumption [ST], we can conclude that [I;(t, )| < C|F||u||u]| joo(go+s)-
b,d

The control on the pertubative term
T
/ P R™ (s, x) ds
t

can be obtained in a similar way. Namely, Inequalities (5.40) and (5.41) hold again with
Bta

(T — t)% replaced by (7' —1t) = . O

As already specified in the previous sub-section, there is a big difference between the non-
degenerate case i = 1, where a+f isin (1, 2) and we have to deal with a proper derivative,
and the other degenerate situations (i > 1), where instead (a+ 3)/(1 +a(i — 1)) < 1
and the norm is calculated directly on the function. Again, we are going to analyze the
two cases separately. Lemma 4.5 will focus on the non-degenerate setting (i = 1) while
lemma 4.6 will concerns the degenerate one (i > 1).

Moreover, we will need to divide the proofs in two cases, depending on which regime
we are considering. Since the global off-diagonal regime, i.e. when 7' — ¢ < ¢od®(z, '),
will work essentially as the already shown Schauder estimates (Proposition 3.3) for the
proxy, the proof will be quite shorter.
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Section 5. A priori estimates

Instead, in the global diagonal case, such that T—t > cod®(z, 2), when a time integration
is involved (for example in the control of the frozen Green kernel or the perturbative
term), two different situations appear. There are again a local off-diagonal regime if
s —t < cod®*(z,2’) and a local diagonal regime when s — ¢ > ¢od®(x,2’). In order to
handle these terms properly, the key tool is to be able to change the freezing points
depending on which regime we are. It seems reasonable that, when the spatial points
are in a local diagonal regime, the auxiliary frozen densities are considered for the same
freezing parameter and conversely that, in the local off-diagonal regime, the densities
are frozen along their own spatial argument. For this reason, we have postponed the
relative proofs in two specific sub-sections.

Before presenting the main results of this section, we are going to state three auxiliary
estimates we will need below. We refer to the Section A.2 for a precise proof of these
results.

The first one concerns the sensitivity of the Holder flow 6, with respect to the initial
point. Indeed,

Lemma 5.4 (Controls on the Flows). Let t < s be two points in [0,T] and z,z" two
points in R™. Then, there exists a constant C > 1 such that

d(0s4(2), 004(2)) < C|IF |l [d(z, ') + (s — 1)°].

The second result is the following:

Lemma 5.5. Let t < s be two points in [0,T] and x,z' two points in R™ and y,y" two
points in R™ such that y, = y;. Then, there exists a constant C > 1 such that
a+p

(0755 () = 7 )] < CIF (s = 0 (') + (s = )%

Finally, the impact of the freezing point in the linearization procedure is the argument
of this last Lemma. Namely,

Lemma 5.6. Let t be in [0,T] and x, 2’ two points in R™. Then, there exists a constant
C > 1 such that

1
!

d(imgy (@), (7)) < Cog™ V|| Fl| gd(z, 2')

where to is the change of regime time defined in (4.16).
Thanks to the above controls, we will eventually prove the following results:

Lemma 5.7 (Controls on Hélder Moduli: Non-Degenerate). Let x, 2’ be in R™ such
that x; = ' for any j # 1 and u as in Equation (5.27). Then, there exists a constant
C > 1 such that for any t in [0,T],

a+B—2
Duult,a) = Doyl o)) < Ol (lurlows + 1/ l(en)

—2

% atp2 +5-1 /
+ <CO a(n +CO o ||F||H)”u||L°°(C§jd+B)}da - (I7.T)
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Chapter 2. Schauder estimates for non-linear stable equations

We can point out now the analogous result in the degenerate setting.

Lemma 5.8 (Controls on Holder Moduli: Degenerate). Let i be in [1,n] and x,x’ in
R™ such that x; = s for any j # i and u as in Equation (5.27). Then, there exists a
constant C > 1 such that for any t in [0,T],

utt, ) — ult, )| < ey (||uT||ca+ﬁ+||f||Lm o)

N (607+a<n Dy CE ) ] e oot }da+5(x,x’).

Off-diagonal regime

We focus here on the proof of the controls on the Hoélder moduli, either in the non-
degenerate setting (Lemma 5.7) and in the degenerate one (Lemma 5.8), when a
off-diagonal regime is assumed. For this reason, all the statements presented in this
sub-section will tacitly assume that T'—t < cod®(z,2’) for some given (¢,z,2') in
0, 7] x R,

To show these two controls, we will need to adapt the auxiliary estimates above to the
off-diagonal regime case we consider here. Namely,

d(miy(x), M5 (') = d(Or(2),6r,(2") < C||F||ud(z,2"); (5.42)
if 2 = 2f, |(mie) — Wi (@) | < CIF|ad* (@, 2) (5.43)

They can be obtained easily from Equation (3.5) in Lemma 3.1 and the sensitivity
controls (Lemmas 5.4 and 5.5, respectively), taking s =T and (y,v') = (z,2).

Proof of Lemma 5.7 in the off-diagonal regime. From the Duhamel-type Expan-
sion (5.28), we can represent a mild solution u of IPDE (1.1) as

|D961u(t :B) - Dﬂclu(t7$/)|
< | Da, PRfur(a) = Dy P1 ur(a)| + | Do, GRS () — Doy GTF f (1 2)

v PLER™(s,2) — D, PTt’f R™€ (s,2') ds|,

for any fixed (7, &), (7/,€') in [0,T] x R After possible differentiations, we will choose
T=17 =1t &=1xand ¢ = 2’ in order to exploit the sensitivity Controls (5.43) and
(5.42).

Control on the frozen semigroup. It can be handled following the analogous part in the
proof of the Holder control for the proxy (Lemma 4.5). The only difference is that we
cannot, control

(g (x), My (2'))

in Equation (4.18) using the affinity of the mapping x — m ,g( ), since the two freezing
point are now different. Instead, we can take 7 =7/ = ¢, { = x and £ = 2’ and apply
the sensitivity control (5.42) to write that

(g (x), My (@) = d(Or4(x), 0re(2')) < C||F||ad(x,2').
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Control on the Green kernel. Tt follows immediately from the proof of the Holder control
(Lemma 4.5) for the proxy, noticing that to = T, since we are in the off-diagonal regime.

Control on the perturbative error. Since we do not exploit the difference of the spatial
points (x,z’) in the off-diagonal regime but instead we control the two contributions
separately, we can rely on the controls on the supremum norms we have already shown
in Lemma 5.3. Namely, we start writing that

T ~
‘/ DIIP;fRT’ﬁ(s,x) D, PT,;g R (s,2') ds
t

e P, RT’g(s x)ds| +

‘ / Dy BTy R (s,0') ds|. (5.44)

Then, we can follow the same reasonings of Lemma 5.3 concerning the remainder term
(cf. Equations (5.39), (5.40) and (5.41)) to show that

a+pB-—1

< CllEallull poe gpysy (T =) 72 (5.45)

T ~
'/ DCClPSTfRT’g(s, x)ds
t

Using it in the above Equation (5.44), we can finally conclude that

< ClIF[lllull o ey d™ = (2, 2),

(5.46)
remembering that we assumed to be in the off-diagonal regime, i.e. T'—t < ¢od®(x, 2)
for some ¢y < 1.

T
‘/ D, PIfR™(s,x) — D, PTt’g R (s,2) ds
t

Proof of Lemma 5.8 in the off-diagonal regime. As done before, we are going
to analyze separately the single terms appearing from the Duhamel-type Representation
(5.27) of a solution wu:

lut, z) — u(t,a')| < |Ppiur(z) — Pp ur(a’

) — G f(t,a")
T ~ ~ ] ! vyl

+ \/ PIfR™(s,x) — PL; R™¥(s,2') ds|,
t

for some (7,&), (7/,¢') in [0,T] x R™ fixed but to be chosen later as 7 =7 =t, { = x
and ¢ = x'.

Control on the frozen semigroup. We can essentially follow the proof of the Holder
control (Lemma 4.6) for the proxy. However, this time we cannot exploit the affinity of
the mapping r — m ’5( ) to control the difference
75 _ _ 75 _
lur (7 () = 2) — ur(mzs(a) - 2)|
Instead, we notice now that we can bound it as

lur (M35 (x) = 2) — ur(mis(a’) - 2)|

43 (8 o), m35(0) + |8 0) — 35 a),

< «
> CHUTch;B
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since ur is differentiable and thus Lipschitz continuous, in the first non-degenerate
variable.

Taking now 7 = 7 = t, £ = z and ¢ = 2/, we can use the sensitivity Controls
(5.42)-(5.43) (noticing that by assumption, x; = z) to write that

jur(i(x) — 2) = ur(mg(a') = 2)| < CIF|allur]gaysd™ (. 2"),

Control on the Green kernel. 1t can be obtained following the analogous part in the
proof of the Hélder control (Lemma 4.6) for the proxy. Similarly to the paragraph
“Control on the frozen semigroup” in the previous proof, we need to take (7,§) = (¢, x),
(1,¢") = (t,x) and apply the sensitivity Control (5.42) to bound the term

d(mg$(x), My (2'))

appearing in Equation (4.25).

Control on the perturbative error. The proof of this estimate essentially matches the
previous, analogous one in the non-degenerate setting. Naumely7 Equations (5.44), (5.45)

and (5.46) hold again with (7" — t)%a instead of (1" — t)BM

Diagonal regime

Since the aim of this section is to prove Lemmas 5.7 and 5.8 when a diagonal regime is
assumed, we will assume from this point further that T'—t > ¢yd®(z, 2’) for some given
(t,xz,2') in [0, T] x R?".

As preannounced in the introduction of this section, we need here a modification of the
Duhamel-type Representation (3.16) that allows to change the freezing points along the
time integration variable. Remembering the previous notations for G§ and R™ in (4.2)
and (3.15) respectively, it holds that

Lemma 5.9 (Change of frozen point). Let (7,§) be a freezing couple in [0,T] x x R™ and
€ another freezing point in R™. Then, any classical solution u in L>=(0,T; C‘”B(R"d))
of IPDE (1.1) can be represented for any (t,z) in [0,T] x R™ as

u(t,x) = PRfur(z) + GRS f(t @) + GF5, (¢, 2)

—I—/ RT€ (s,x)ds —|—/ PT’gRT’g(s z)ds + P Su(ty, ) — ]%E’iu(to,x), (5.47)
where to is the change of regime time defined in (4.16).
Proof. Fixed t in (0,T"), we start considering another point r in (¢,7). On (0,7), it is
clear that u is again a mild solution of IPDE (1.1) but with terminal condition u(r,x).

Then, Duhamel Expansion (3.16) can be applied with respect to the frozen couple (7, &),
allowing us to write that

u(t,r) = Pliur(x) —i—/t Plff(s,x) d3+/t Pl R™u(s, z) ds.
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Noticing that v is independent from r, it is possible now to differentiate the above
equation with respect to 7 in (¢,7) in order to show that

0 = 0, PTfulr, )| + PTff(r,x) + PR (r, 2). (5.48)

We highlight now that the above expression holds for any chosen frozen couple (7, ¢)
and any fixed time r. Thus, it is possible to integrate it with respect to r for a fixed §
between t and ty and for another frozen point £ between ty and 7', leading to

0 = PlSulto, ) — Plfult,z) / T f(r d7°+/ PT’gRTg(r x)dr
+ P}:tu(T,x) - Pto (to, +/ f T, T) dT+ PT RTf(T x)dr.

With our previous notations, the above expression can be finally rewritten as

o .
0 = Pifulte,2) - ult,2) + Giff(t.o) + [ PIERS(roa) dr

+ P%fu ( ) Pto tu(tO; ) + GTtof(t x) + PT{RTE(T m) dr

to

and we have concluded. O]

Similarly to the off-diagonal case, we are going to apply the auxiliary estimates associated
with the proxy (Lemmas 5.5 and 5.6) in the current diagonal regime. Namely, taking
s =tpand (y,y') = (z,z) in Lemma 5.5, we know that there exists a constant C' > 1
such that for any ¢ in [0, T] and any z, 2’ in R™,

ity = o, i) —miG@)| < CIF|pd P (ea).  (5.49)

Moreover, in order to control the perturbative term when a local diagonal regime appears,
i.e. when the time integration variable s is in [to, T'], we will quite often use a Taylor
expansion on the frozen density. To be able to exploit the already proven controls, such
that the smoothing effect for the frozen density (Equation (3.6)) or the second Besov
control (Lemma 5.2), we will need the following:

if s —t > cod*(z,2) ‘Dﬁ 7 (t, s, 2 + M —w),y)‘ < C‘Dgﬁ’gl(t,s,:v,y) ,

(5.50)

for any multi-index 9 in N¢ such that |9] < 2 and any X in [0, 1]. The proof of these
results can be found in Section A.2.

We are now ready to prove Lemmas 5.7 and 5.8 when a global diagonal regime is
considered.

Proof of Lemma 5.7 in the diagonal regime. We start recalling that in Lemma
5.7 we assumed fixed a time ¢ in [0,7] and two spatial points x, 2" in R™ such that
r; = if j# 1
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From the above Representation (5.47) and the Duhamel-type Formula (3.16), we know
that

D.ult, ) — Dyyult, o) = <D Pifur(z) — Dy, Py ur(a ’)>
+{mﬁ$mm+m5%ﬂ 2) = Do Grf (8,
to
+< D, P R™ (s, z)ds + | Dm PTERT(s, ) ds—/ Dy, PTS R (s, :c)ds)
t
+ (Divlptﬂ(-):tu(t(b ) D Potu(t07x>)>

for some freezing couples (7,€), (1,€), (7/,€) in [0, T] x R™ fixed but to be chosen later.
To help the readability of the following, we assume from this point further 7 = 7/ and

E=¢.
Control on frozen semigroup. We start focusing on the control of the frozen semigroup,
l.e.

Dy, P7§ ur(w) — Dy, PTf ur(a)|.

Since the freezing couples coincide, the control on the frozen semigroup can be obtained
following the proof of the Holder control (Lemma 4.5) for the proxy.

Control on the Green kernel. As done before, we split the analysis with respect to the
change of regime time ¢y,. Namely, we write

\mﬁm@m+m5mmm—mﬁwmf>
NTftf(tx) - DmGt f t x

f( ) Dl?lGTtof(tax,) .

While in the local off-diagonal regime, the first term in the r.h.s. of the above expression
can be handled as in the global off-diagonal regime, the local diagonal regime contribution
represented by

’DzlGTt0f< ) DI1GTt0f(

1 x1

= ‘Dﬂfl ~;§t0f(t7x) - Dxlé;§0f<t7xl>

since € = &, can be controlled following again the proof of the Holder control (Lemma
4.5) for the proxy.

Control on the discontinuity term. We can now focus on the contribution

!Dmlptl’ﬁu@o, ) — Dy, Pu(to, )|,

arising from the change of freezing point in the Representation (5.47).

Since at fixed time ¢y, the function v shows the same spatial regularity of up, this control
can be handled following the paragraph in the proof of the Holder control for the proxy
(Lemma 4.5) concerning the frozen semigroup in the off-diagonal regime. The only main
difference is in Equation (4.18) where, this time, we need to take (7,&,¢') = (¢, z,2)
and exploit the sensitivity estimate (Lemma 5.6) to control the quantity

!

d(mpt (), mp5 (x)).
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In the end, it is possible to show again (cf. Equation (4.21)) that

atB—1
‘Dm1pt0 tu(t07$) - Dxlpto tu(t()vx)’ < CHu“Loo D‘+5)CO “ da+ﬂ (ZL’,Z’/).

Control on the perturbative term. We start splitting the analysis into two cases with
respect to the critical time ¢y giving the change of regime. Namely, we write

‘ D, PIfR™ (s, x) ds + D:Cl T’g R™ (s, ) ds —/ D, P; T’g R™ (s,2") ds
¢

g’ Dy, PLER™ (s, 2) — Dy, PIE R™ (s, 2") ds
t

+ DmlP SR (s,2) — D, P SR (s, 2') ds).

to

We then notice that the local off-diagonal regime represented by

‘/ D,, T’gRT’E(s,m) — D,, P} SR (s, 2') ds

can be handled following the proof in the global off-diagonal regime of Lemma 5.7.
We can then focus our attention on the local diagonal regime, i.e.

DzlP SR (s, 1) — Dy, PIE R™ (s, 2") ds|.

to

Since the freezing couples coincide, we can use a Taylor expansion with respect to the
first variable z; in order to write that

T ~ ! ! ~ ! i
‘/t DIlPsTf R™ (57*7;) - D:rl ;f R™* (Sa x/) ds
0

/t /Rd/ D2 (s, 2+ Mo — x), ) (@' — 2)1R™ (s,) dydsd)|.
0 n

Noticing that we are integrating from ¢, to 7', Equation (5.50) can be rewritten as
T o
Doy PIE R™ (s,2) — Dy, PIF R™ (5, 27) ds
to
— ~7-7§/
< |(&' —2) |Z/ /t | D2 s, ay)
< {[F5.) = Fi(s.0,4(€)] - Dyyuts.) | dy
nooT
_. \(;c_x/)l@/ I4(s)ds, (5.51)
j=17%

As done before, we are going to treat separately the cases j =1 and j > 1. In the first
case, the term I¢ can be easily controlled by

dsd\

1(s) < IDyulli==) [ [D257 (t5,2,0)| [Fils.9) = Fils, 0,406 dy

B2
S C”FHH||U||L°°(C§d+ﬁ)(S_t> a (552)
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Chapter 2. Schauder estimates for non-linear stable equations

where in the last passage we used the smoothing effect for the frozen density p™¢
(Equation (3.6)).

On the other side, the case 7 > 1 can be exploited using the second Besov control
(Lemma 5.2). For this reason, we start using integration by parts formula to show that

D, - { D257 (t5,0,) ® [Fi(sv0) = s, 0,(6)] pus,y) dy-

Through Duality (4.11) in Besov spaces and the identification in Equation (4.10), we
then write that

d 2 ~T, !
1) < Cllullmieginy [, 1D - { D27 s,y

® |:F}(87 Y<js ) - F}(S7 Qs,t(fl))} }”Bl—iﬂj-‘rﬁj) dy\]

Ij‘-j(s) =

Rnd

We can now apply the second Besov control (Lemma 5.2) to show that
=
I{(s) < CHFHHHUHLOO(Cg;rB)(S —t) . (5.53)
Going back at Equations (5.51),(5.52) and (5.53), we then notice that

DmPST SR (s,2) — Dy, PLE R (s, 2') ds (5.54)

to

S C”FHHHuHL"O(Cijﬁ)K'T — x/)1| ) (S — t)TdS

a =2
< ClFal[wll poo(cotoy (@ = 20l (fo — ) =,

where in the last passage we used that aw 2

integral.
Using that tg — t = cod®(z, 2’), we can finally write that

< 0 to pick the starting point ¢y in the

DzlPsTf R™(s,x) — D,, PTF R™ (s, 4') ds

to

< Ot IIFIIHHUHLoo o1y ™ (3, 21).

Proof of Lemma 5.8 in diagonal regime. We conclude this section showing the
Holder control in the degenerate setting when a diagonal regime is assumed. We start
recalling that in Lemma 5.8, we assumed fixed a time ¢ in [0, 7] and two spatial points
z, 2’ in R™ such that z; = ', if j # i for some 7 in [2,n].

Representation (5.47) and Duhamel-type Expansion (3.16) allows to control the Holder
modulus of a solution u analyzing separately the different terms:

u(t, z)—u(t, z")
— (Pifur(@) ~ P7f (@) + (7(;& (t.) + G, f(t.2) - G £(0.2)))
(/ TSR (s, 1) d5+ PT RT’g(s T ds—/ P, SR (s, x)ds)

+ (‘Ptﬂgy,tu(t(h [L’) - Pto’,tu(t()a I))?
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Section 5. A priori estimates

for some freezing couples (7, ), (1,€), (1, ') fixed but to be chosen later. As done before,
we assume however from this point further that 7 =7/ and £ = &',

Control on the frozen semigroup. Noticing that we have taken the same freezing couples
since £ = ¢, the control on the frozen semigroup ‘P}:f/uT(x) PT’f up(x’ )ﬁ can be
obtained exploiting the same argument used in the proof of the Hélder control (Lemma
4.6) for the proxy.

Control on the Green kernel. The proof of this estimate essentially matches the previous,
analogous one in the non-degenerate setting. Namely, we follow the proof in the global
off-diagonal reglme of Lemma 5.8 to control the local off-diagonal regime contribution
‘tht f(t,z) — Gy f (t, 2 ‘ while in the locally diagonal regime term

GT5f(tw) = GF5 f(t.2),

the freezing couples coincide and we can thus exploit the same argument used in the
proof of the Holder control (Lemma 4.6) for the proxy.

Control on the discontinuity term. The proof of this result will follow essentially the one
about the off-diagonal regime of the frozen semigroup with respect to the degenerate
variables. It holds that

Ptgﬁu(-tou I) - /nd ﬁﬂg(u th z, y)u(to, y) dy
= [t — £ My (RS () — o) ulto, ) dy
Rrd Jet (Mtoft) 0— 05
1 -1 ~ 7,8
— o detT%_tpS(to — t, Mto_tZ)u(t[), mto,t(l’) — Z) dZ,
where in the last passage we used the change of variable z = mtft( ) —y. Since a similar

argument works also for Ei:tu(to, x), it then follows that
| Psulto, 7) — Pifulto, )|

1 — ~ T ~T,&
/Rnd mps (to -1, Mtolftz) [u(t()? mt(ft(x) — z) — u(to, mt(ft (z) - z)} dz|.

Remembering that u(tg, ) is Lipschitz with respect to the first non-degenerate variable,
we can write now that

. e B dz
| PrSu(to, ) — P ulte, )| < Cllull ooty (/ndps(to—t,l\\/ﬂtol_tz) ST t)
0

x [P (g (@), mp (@) + |5 (x) = mp ()]
< Ollull gy [ (075 (), 1335 (@) + | (i) — s () .

Taking £ = &' = z, we can then use the sensitivity controls (Lemma 5.6 and Equation
(5.49)) to show that

g +5
‘Ptgﬁu(to, x) — Ptotu(to, )‘ < Cllull e cate) |F|ged TFa(n- D@t (g, 7).
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Chapter 2. Schauder estimates for non-linear stable equations

Control on the perturbative term. The proof of this estimate essentially matches the
previous, analogous one in the non-degenerate setting. Namely, Inequalities (5.52),

(5.53) and (5.54) hold again with (s — t)% replaced by (s — t)g_a%'.

Mollifying procedure

We now make the mollifying parameter m appear again using the notations introduced
in Section 3.2 (see Equation (3.16)). Then, Lemmas 5.3, 5.7 and 5.8 rewrite together in
the following way. There exists a constant C' > 0 such that for any m in N,

ﬂ7
[t | oo 5 < Cq {HuTchaW + [ finll o ©y )}

+8—
+ 00" 1Bl + 65l epyey, (5.1

where ¢ is assumed to be fixed but chosen later. Importantly, ¢y and C' does not depends
on the regularizing parameter m. Thus, letting m go to oo and remembering Definition
2.2 of a mild solution u, the above expression immediately implies the a priori estimates
(Proposition 3.6).

6 Existence result

The aim of this section is to show the well-posedness in a mild sense of the original
IPDE (1.1). Recalling Definition 2.2 for a mild solution of IPDE (1.1), let us consider
three sequences { fi, }men, {Urm tmen and {F;, }men of “regularized” coefficients such
that

— {fmtmen is in C2((0,T) x R™) and f,, converges to f in L (O T, C’Ifd(R”d));
— {Uur.m tmen is in C°(R™) and ur,,, converges to ur in Ca+5 (Rnd);
— {F }men is in C22((0,T) x R™; R™) and ||F,,, — F||g converges to 0.
It can be derived through stochastic flows techniques (see e.g. [Kun04]) that there exists
a solution u,, in C’fo((O, T) x ]R”d) of the “regularized” IPDE:

Ot (t, ) + Lot (t, ) + (Ax + Fu(t, 2), Dyt (t, 7)) = —fu(t,z) on (0,T) x R™;
um (T, ) = urm,(z) on R™,
In order to pass to the limit in m, we notice now that the arguments used above for the
proof of the Schauder estimates (Equation (2.26)) can be applied to the above dynamics,
too. Namely, there exists a constant C' > 0 such that
ltmll oeepzy < Clmllimiepy + Nuramllgss] < ClUpmeqes ) + lurllonss].

Importantly, the above estimates is uniformly in m and thus, the sequence {u,, }men is
bounded in the space L™ (0 T, C’a+6 (R”d)) From Arzela-Ascoli Theorem, we deduce
now that there exists u in L* (O T; C’a+5(Rnd)> and a sequence {upm, }ren of smooth

and bounded functions converging to u in L™ (0 T; C’a+6 (]R”d)> and such that u,,, is

solution of the “regularized” IPDE (2.25). It is then clear that v is a mild solution of
the original IPDE (1.1).
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From mild to weak solutions We conclude showing that any mild solution u of
the IPDE (1.1) is indeed a weak solution. The proof of this result will be essentially
an application of the arguments presented before, especially the second Besov control
(Lemma 5.2). Let u be a mild solution of the IPDE (1.1) in L*(0,T; Cyy”(R™)).

Recalling the definition of weak solution in (2.23), we start fixing a test function ¢ in

Cgo((O, T] x ]R”d> and passing to the “regularized” setting (see Definition 2.2), we then
notice that it holds that

// <8t+Lm>“mty //Rd (t,9) fm(t,y) dy,

where L}" is the “complete” operator defined in (2.22) but with respect to the regularized
coefficients. Integration by parts formula allows now to move the operators to the test
function. Indeed, remembering that u,, (T, ) = uz,(-), it holds that

[ (o @ ot vyutt.pydydt + [ 6T pyug,u(o) dy
= [ [ ottt v) dyit, (62)

where L7, , denotes the formal adjoint of Li". We would like now to go back to the
solution u, letting m go to co. We start rewriting the right-hand side term in the
following way:

/OT /R o(t,y) fm(t, y) dydt

"ottt [ [ ot~ 1]t duc.

Exploiting that f,, converges to f in L™ (0, T; C£ d(R”d)) by assumption, it is easy to see
that the second contribution above goes to 0 if we let m go to oo. A similar argument
can be used to show that

| 6T guran()dy B [ 6T, yur(y)dy.

On the other hand, we can decompose the first term in the left-hand side of Equation
(6.2) as

[T (Fo ot

m(t,y) dydt
= / ( O + LI)(b(t, y)u(t,y) dydt + R + R%, (6.3)

where we have denoted
[ﬁ *]¢tyumty ) dydt;

:/ L.
//Rnd( >¢( Y) [um(t,y) — u(t,y)] dydt,
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Chapter 2. Schauder estimates for non-linear stable equations

with £ as the formal adjoint of the complete operator L;. Noticing that

5 = (L) |olty) = Dy {S(Ep)IF(Ey) — Fult.)]),

it is clear that the remainder contribution R! can be essentially handled as in the
introduction of Section 5.1, exploiting that ||F' — F,||g — 0.
To control instead the second contribution R?, we start decomposing it as

Ry == [ [ 0l un(t.v) — utt,y)] dyat
+ [ Dy [0 0.0 [ 0,) — (e, )]
— R LR,
j=1

We firstly observe that |R2, | goes to 0 if we let m go to oo, since ||u— U || oo (oot 0.
’ b,d

On the other hand, integration by parts formula allows to show that

/oT /]R"d [QSF} (t,y) Dy, [“m - u} (t,y) dydt’

which again tends to 0 when m goes to co. To control instead the contributions R, for
7 > 1, the point is to use the Besov duality argument again. Namely, from Equations
(4.11), (4.10) and with the notations in (4.7), it holds that

9 T
” <
Ba< [
T
<[/
- 0 Rd(n—1)

Following the same arguments used in the proof of the second Besov control (Lemma 5.2),
we know that there exists a constant C' such that HDy]. {QSF} (t, vy, )‘ JRUSTIIS C;(t,y;),
1,1

R

Dyj {¢F} (t, Y<i ‘)“B;Eaj+ﬂj) {Um - U} (t, AT )‘ ng’;ﬁj dy. ;dt

Dyj [¢F} (t, Ysjs .)HB]:iaj+ﬂj) [Um — u} (t, Y<js )‘ C§j+ﬁj dy\jdt.

where 1; has compact support on R(—1),

Since moreover ||u,, — u|| goes to zero with m, we easily deduce that R’%%j 0 for any
j in [2,n]. From the above controls, we can deduce now that R + R2, =% 0. From
Equation (6.3), it then follows that

[ L (o @) otegunte.yayae 5 [° [ <00+ 13 )t vyutt, ) dyat

and the proof is concluded.

7 Extensions

As already said in the introduction, our assumption of (global) Hélder regularity on the
drift F', as well as the choice of considering a perturbed Ornstein-Uhlenbeck operator
instead of a more general non-linear dynamics, was done to preserve, as possible, the
clarity and understandability of the article. In this conclusive section, we would like to
explain briefly how it possible to naturally extend it.
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7.1 General drift

Here, we illustrate how the perturbative method explained above can be easily adapted

to work in a more general setting. In particular, the same results (well-posedness of

the IPDE (1.1) and associated Schauder estimates) can be proven to hold also for an

equation of the form:

ou(t, x) + Lou(t,x) + (F(t, 1), Dyu(t,z)) = —f(t,x), on (0,T) x R, -
w(T,z) = ur(x) on R" (7-1)

where F(t,z) = (Fl (t,x),..., E,(t, x)) has the following structure

E(t7 T—-1)vis - - - 73:71)‘

We remark in particular that if for any i in [2,n], F; is linear with respect to ;1
and independent from time, the previous analysis works since we can rewrite F(t,z) =
Az + F(t, z).

In order to deal with this more general dynamics addressed in the diffusive setting in
[CARHM18a|, we will need however to add some additional constraints and to modify
slightly the ones presented in assumption [A]. First of all, the non-degeneracy assumption
[H] does not make sense in this new framework and it will be replaced by the following
one:

[H’] the matrix D, , Fi(t,x) has full rank d for any 4 in [2,n] and any (¢,2) in
0, 7] x R"™.

In particular, we will say that assumption [A] is in force when

[S’] assumption [ND] and [H’] are satisfied and the drift F' = (Fy,..., F,) is such
that for any i in [2,n], F; depends only on time and on the last n — (i —2) vV 0
components, i.e. F;(t,x; 1,...,2,);

[P’] «is a number in (0,2), §is in (0,1) and it holds that
f<a, a+pe(l,2) and f<(a—1)(1+ a(n—1));

[R’] Recalling the notations in (2.19)-(2.20), the source f is in L>(0, T C,fd(R”d)), the
terminal condition uz is in Cy +P(R™) and for any i in [1,n], the drift F} belongs
to L®(0,T; CJ P (R™)) where 7; was defined in (2.21).

To prove Schauder-type estimates for a solution of IPDE (7.1), our idea is to adapt
the perturbative approach to this new dynamics. In particular, we can exploit the
differentiability of F; with respect to z;_; to “linearize” it along a flow that takes into
account the perturbation (cf. Section 3.1). Namely, we are interested in the following
equation:

0 (t, @) + Lol (8, ) + (A7 (2 = 01,()) + F(t,0,-()), Deti™ (¢, 7))
= —f(t,2); (72)
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Chapter 2. Schauder estimates for non-linear stable equations

with initial condition @™¢(T, z) = ur(z), where the time-dependent matrix A7¢ is defined
through

0. Odxds otherwise

{Agﬁ} _ {Dri—rFi(t; 9t,7’<§)), 1f] =7 — 17
and 0;,,(€)) is a fixed flow satisfying the dynamics

0r(&) = &+ [ F(0,0,,(6) o (7.3)

A first significant difference with respect to the previous approach consists in handling a
time-dependent matrix A7, Indeed, it is possible to modify slightly the presentation in
[PZ09] (allowing time-dependency on A) in order to show that under assumption [S’],
the two parameters semigroup {PST f}tgs associated with the proxy operator

La + <AZ7§ (ZL’ - ét,‘r(g)) + F(t7 ét,T(f))? Dz)

admits a density p™¢ and that it can be written as

1

(s e y) = qoqprs(s = My - miE@).

Here, the notations for pg and M; remain the same of above while this time the shift
mggf is defined through

mT§(@) = Rifo+ [ RE[F(0,00r(8)) = A70(6)] o,

where fR;’f is the time-ordered resolvent of /_12’5 starting at time ¢, i.e.

dﬂ%gf = f_lg’fﬁﬁds, on [t, T];
Rif = I
We can as well refer to [HM16] for related issues (see Proposition 3.2 and Section C

about the linearization, therein).

Following the same reasonings of Propositions 3.4 and 3.5, it is then possible to state a
Duhamel type formula suitable for IPDE (7.1):

u(t, @) = o)+ [ B[ ) + RG] () ds, (7.4)
where the remainder term is given now by

RT(t,2) = (F(t,x) = F(t,00,(€)) — A7 (z = 00,(6)), Doult, 2)).

Looking back at the first part of the article, it is important to notice that the main
steps of proof (cf. Equation (3.6), Propositions 3.3 and 3.6 and Section 3.3) does not
rely on the explicit formulas for m;;f (r) and R™ but instead, they exploit only the
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Besov controls for the remainder R™¢ (cf. Section 5.1) and the controls on the shift
m;f(x) (Section A.2). Hence, once we have proven the suitable controls, the proofs of
the analogous results for the new IPDE (7.1) can be obtained easily modifying slightly
the notations and following the same reasonings above.

For example, exploiting that

i) = o+ [ R (I5) ~ 000()) + P, 0ur(©) do,
we can follow the same method of proof in the above lemma 3.1 to show again that
mis(x) = 0.-(8),
taking 7 =t and £ = z.

Letting the interested reader look in the appendix for the suggestions on how to extend
the controls on the shift me () in this more general setting, we will focus now on
proving the Besov controls. First of all, we notice immediately that the proof of the
first Besov control (Lemma 4.3) relies essentially only on the smoothing effect (Equation
(3.6)) and thus, it can be obtained following the same reasoning above. The proof of
the second Besov control (Lemma 5.2) in this framework is a bit more involved and we
are going to explain it below more in details.

We start noticing that Lemma 5.2 can be reformulated for the new dynamics in the

following way:

/]R(nfl)d

19*T, _T7
Dyj : {dggp €(t7 S, Ty Y ) ® Aj 6(87 Y<j, ')}HB(aj+Bj) dy\j
1,1
O

_ R Y
< C||F||g(s — t)a 2=t 2
taking (7,&) = (¢, z), where we have denoted for simplicity

A;{(S’ y) = ﬁj<57 y) - Fj(sv 9877'(&)) - ij,1@(57 ‘98,7'(5))(3/ - 03’T<€>)j

1’

for any j in [2,n]. The above control can be obtained mimicking the proof in the second
Besov control (Lemma 5.2), exploiting this time that

AT (5. )] < O Flad) 59724 (4.6,.,(6))

7j—1mn

and the additional assumption [P’] in order to make the partial smoothing effect
(Equation (5.30)) work in this framework, too.

The main difference in the proof is related to the control of the component J2(v,y.;, 2)
appearing in Equation (5.35). Namely,

/R‘i Dzavph(v7z - y]) ’ {A?&(S’y\ﬁ Z)

1
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with our new notations. Indeed, the dependence of F' on xj—1 pushes us to add a new
term in the difference |Fj(s, y;, 2) — F}(s, 65,-(§))| (now, \A}’f(s, Y-, 2)|) before splitting
it up. In particular, it holds that

|A;7§(S’y\j7z>| = ’Fj(svy\j7z> _F}(sves,T(g)) DIJ 1F(S 9 (5))(9_95,7—(5))

j—1
+ Fj(sa Yi:5-1, (95 7(5))]n)
n ) ali—2)+h L+a(j—2)+8
< OF |z~ (3.(0) | 455 1+ 3 |(y - B0(0)), |
k=j+1
— 1+a(j—2)+8
+r(y—em<s>) |%)
Ltal=2)1p ta(—2)+8
< OHF“H(P\(Z—?JM e + 24+ My — 2) — 05-(&);] ToGD
b Y = GO T (- ,0(0), )
J—

k=j+1
1ta(i— 2)"!‘/3 14+a 2 —
< CIFu(lz =yl T + did ™ (g, 2+ My; — 2)),04-(9))).
The remaining part of the proof exactly matches the original method in Lemma 5.2.
Even in this more general framework, it is thus possible to obtain the following:

Theorem 7.1 (Well-posedness). Under [A], there exists a unique mild solution u of
IPDE (7.1). Moreover, there exists a constant C := C(T) such that

lull ooy < Cl1lpoeip,y + lullogss]-

7.2 Locally Holder drift

This part is designed to give a brief explanation on how it is possible to deal with the
general IPDE (7.1) when the drift F' is only locally Hélder continuous in space. Namely,
we assume with the notations in (2.21) that

[LR’] there exists a constant Ky > 0 such that for any ¢ in [1, n]
d(F(t,z),F(t,2") < Kod®™i(z,2"), t €[0,T], 2,2’ € R™ s.t. d(x,2) < 1.

In other words, it is required that £ is in L>®(0,T; C#+7%(B(z¢,1/2))), uniformly in
To € R™,

Under assumption [A] (with condition [R’] replaced by [LR’]), it is possible to recover the
Schauder-type estimates (Theorem 2.3), following the approach developed successfully
in [CARMP20a] for the non-degenerate, super-critical stable setting. Roughly speaking,
in order to handle the local assumption, as well as the potentially unboundedness of
the drift F, we need to introduce a “localized” version of the Duhamel formulation
(cf. Equation (3.16)). The key point here is to multiply a solution u by a suitable
bump function 77¢ that “localizes” in space along the deterministic flow 5,:77(5) that
characterizes the proxy. Namely, we fix a smooth function p that is equal to 1 on
B(0,1/2) and vanishes outside B(0,1)) and then define for any (7, &) in [0, T] x R™,

NmE(tw) = ple = 0+ (6)).
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We mention however that in the setting of [CARMP20a], the “localization” with the
cut-off function 7™¢ is not simply motivated by the local Hélder continuity condition but
it is also needed to give a proper meaning to the Duhamel formulation for a solution
(cf. Proposition 3.5) when o < 1/2; because of the low integrability properties of the
underlying stable density. Such a problem does not however appear here since condition
[P] forces us to consider only the case a > 1/2.

Given a mild solution u of IPDE (7.1) and assuming F to be only locally Holder
continuous as in [LR’], it is possible to show, at least formally, that the function
o7 := ui™¢ solves the following equation on (0,7) x R":

{atmf(t,x) + (F(t, ), D™ (t,2)) + Lat™€(t,3) = —[77f + 87¢] (¢, 2);

(T, x) = (T, x)ug(x), (7.5)

where we have denoted

§7¢(t ) == /R utt.z + By) — u(t 2)] [774(¢ 1.2 + By) — 7 (1, 0)] va(dy)
—u(t,z)(F(t,x) — F(t,0,,(5)), Dp(z — 0,-(€))).

Equations as (7.5) can be essentially seen as a “local” version of the original one (7.1),
depending on the freezing parameter (7,&). In particular, it is important to notice that
the difference -
F(t,z) = F(t,0:+(€))

appearing in the “localizing” error 8™¢ can be controlled exactly because it is multiplied
by the derivative of the bump function p in the right point x — ém(g ), allowing us to
exploit the local Holder regularity. On the other hand, the first integral term in the
r.h.s. can be seen as a commutator which involves only the non-degenerate variables
and thus, that can be handled with interpolation techniques as in [CARMP20a].

Even with the additional difficulty in controlling the remainder term, the perturbative
approach explained in Section 3 can be applied, leading to show Schauder-type estimates
as in Theorem 2.3 and the well-posedness of the IPDE (7.1) when assuming F to be
only locally Holder continuous.

Our procedure could be also used in order to establish Schauder-type estimates for
the full Ornstein-Uhlenbeck operator as done, for example, in [Lun97] for the diffusive
case. Indeed, a general operator of the form (Axz, D,) + £, can be treated, decomposing
the matrix as A = A+ U where A is, as before, the sub-diagonal matrix that makes
the Ornstein-Ulhenbeck operator invariant by the dilation operator associated with the
distance d, while U is an upper triangular matrix that could be seen as an additional
locally Holder term.

7.3 Diffusion coefficient

We conclude the article showing briefly how an additional diffusion term o: [0, T] x R™¢ —
R? @ R? can be handled in the IPDE (7.1) with an operator £, of the form:

Losd(t,z) = pov. / [6(t.x + Bo(t, 2)y) — 6(t,2)|va(dy).

Rd
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In this framework, it is quite standard (cf. [HWZ20] and [ZZ18]) to assume the Lévy
measure v, to be absolutely continuous with respect to the Lebesgue measure on R i.e.
vo(dy) = f(y)dy, for some Lipschitz function f: R? — R. In particular, since v, is a
symmetric, a-stable, Lévy measure, it holds passing to polar coordinates y = ps where

(p,s) €]0,00) x ST that
fly) = 9ts)

dera

for an even, Lipschitz function g on S?! (see also Equation (2.6)). Moreover, o is
considered uniformly elliptic and in L>(0,T; C#(R™, R)).
Introducing now the “frozen” operator

Liiolt.a) = pov. [ [o(ta+ Boltur(€)y) — o(t.2)]valdy).

this would lead to consider for the IPDE an additional term in the Duhamel formula (cf.
Equation (7.4)) that would write:

v T N o _
u(t,z) = Piur(z) + /t PIff(s,2) + PLAR™(s,2) + P;f[(ﬁa,t — L;’ﬁ)u(s, )} (z)ds.
(7.6)

Here, {F’; f}tﬁs denotes the two parameter semigroup associated with the proxy operator
L8+ (AT (2= 0,2(€)) + F(t,00+(£)), Ds).

Let us focus on the last term in the integral of Equation (7.6). Looking back at the
proof of the a priori estimates (Proposition 3.6), we notice in particular that we aim to
establish the following control:

|(Las = £28)ult, )| < Cloll (g plull o ooy @ (@, 62(6)) (7.7)

in order to apply the same reasoning above in this new framework. To this end, we
write that

(LW — ﬁg’ﬁ>u(t, xr) = p.v. /Rd{u(t, x4+ Bo(t,x)y) — u(t,:z)} Vo (dy)
-~ /R ut x+ Bo(t,0,0(6)) — ult. 2)} va(dy)

o Nt, )z
= p.v. /Rd{u(t, r+ Bz) — u(t,x)}W dz

F(o74 (. 0.-(9))2) .
det o (t, 0,-(€))

= p.v. /OOO pEes /Sd_l{u(t, x + Bps) — u(t, x)}DT,s(t, x,s)dsdp

—/ tm+Bz)—u(tm)}

where we have denoted, for notational convenience

o 1(t,x)s L(t,0:.+(£))s
DT’g(t z,8) = { g(\a‘l(t,w)SI) ( G )s|> }
) = g a)sfe det ol ) o (6 B, (€)s|t e det o(r, By ()
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Using now that ¢ is Lipschitz and the assumptions on o, we can show that
[D74(t 3, 9)| < Clot,a) = o(t, 00 ()] < Clloll e, 4 (2, 02())- (7.8)

Finally, Equation (7.7) follows from the previous controls using Taylor expansions and
the symmetry condition on v,. Namely, considering the case o > 1, which is the most
delicate one for this part and precisely requires the symmetry of up, we write that

— co 1 _
‘(LW — L;’ﬁ>u(t, a:)‘ = ‘p.v./O pree /Sd_l{u(t, x + Bps) — u(t, x)}DT,é(t, 7,5) dsdp‘

1 N7
< ’p.v. /(0 ) piFa /qu{u(t’ x + Bps) — u(t, x)}D L(t,z, ) dsdp’

|
(Loo) prte Jsi-1

= [I75+ 17 (¢, 2). (7.9)

u(t,z + Bps) — u(t, x)) |D™4(t, z, s)| dsdp

The large jump contribution 175 is easily handled from Equation (7.8). We get that

I75(t2) < 200l o Il 472, B (€))

. (7.10)
< 20 e 0] ey 7 2, Bur(€)).

On the other hand, from the symmetry assumption on v,, which transfers to ur, we
can control the small jump contribution I7¢ through Taylor expansion and a centering
argument. Indeed,

L4t x)

1 1 _
= ‘p.v. /(0 ) pira /Sdi1 /0 [Dmlu(t,x + ABps) — D, u(t, x)}pSDTﬁ(t, 7, 8) d)\dsdp’

_ 1 1
< CHUHLOO(C’gd)dB('Tvet,‘r(g)) AO,I)WAd—lé ’Dx1u(t7$+)‘BpS) _D:c1u(tax)‘d)‘d8dp

_ 1
8 = atp-1
< Cllollpueop | Doyl po a1, @7 (2, 02.-(€)) /(071) Pl dp

< Ol g Il e gy @ (2, 01 (£)). (7.11)

Using Controls (7.10) and (7.11) in Equation (7.9), we obtain the expected bound
(Equation (7.7)). We remark that the case @ < 1 could be handled similarly for the
contribution I_ZT’£ and even more directly for I7¢. Indeed, in that case, the centering
argument is not needed since the Taylor expansion already yields an integrable singularity.

8 Appendix: proofs of complementary results

8.1 Smoothing effects for Ornstein-Ulhenbeck operator

We state and prove here some of the key properties of the Ornstein-Uhlenbeck operator.
Namely, we will prove the representation (2.11) and the associated a-smoothing effect
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(2.13). We highlight however that these results are only a slight modification to our
purpose of those in [HMP19].

The two lemma below presents a deep connection with stochastic analysis and their
proofs relies on tools that are more familiar in the probabilistic realm. For this reason,
we are going to consider the stochastic counterpart of the Ornstein-Ulhenbeck operator
L°". Namely, for a given starting point = in R™, we are interested in the following
dynamics

(8.1)

dXt = AXtdt"‘ BdZt, on [O,T]
X(] =T

where (Z;)¢>0 is an a-stable, R™-dimensional process with Lévy measure v, defined on
some complete probability space (2, F,P).

Lemma 8.1 (Representation). Under [A], the semigroup {Pf"}i~o generated by the
Ornstein-Ulehnbeck operator L°* (defined in (2.9)) admits for any fived t > 0, a density
p°U(t,-) which writes for any t > 0 and any x,y in R™

ou 1 _
p (t,l‘, y) = det MtpS(taMt 1<€Atx - y))

where My is the matriz defined in (2.12) and ps is the smooth density of an R™-valued,
symmetric and a-stable process S whose Lévy measure ps satisfies the non-degeneracy
assumption [ND] on R™.

Proof. We start noticing that the above dynamics (8.1) can be explicitly integrated and
gives

t
X, = etAa:—I—/ =B 4z,
0
It is then readily derived from [PZ09] that, for any ¢ > 0, the random variable X; has
a density px(t,,-) with respect to the Lebesgue measure on R™ and it is moreover
well known (see for example [Dyn65]) that px coincides with the density p°" of the
Ornstein-Ulhenbeck operator L°" .

For this reason, we fix t > 0 and consider, for a given N in N, a uniform partition
{t;}iepo,ny of [0,¢]. Then, it holds for any p in R,

E [exp (@ (p, g: elt-ti-1)Ap <Zti — Zti_1>> )]

i=1
Ly ( YA
— e x _(t—t;_1)A* a
= eXp( N;/Sd_l |(B*e D, S)| M(d8)>

where p is the spherical measure associated with v, (see Equation (2.7)). By dominated
convergence theorem, we let m goes to infinity and show that

E[exp (i(p, /Ot elt=24p dZsﬂ = exp(— /Ot /Sdil (" p, Bs) ,u(ds)du).
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Thanks to the above equation, we can rewrite the characteristic function of X; as:

t
Vx,(p) = E{GXp(i(p, etA:c—i—/ e=94p dZsﬂ
0

= exp(z’(p etta) — /t/ (e p Bs)\o‘,u(ds)du)
’ 0 Jsd-1 ’
1 *
= exp(itp. ) ¢ [ [ (e p, )" uds)av)
0 —1

where in the last passage we used the change of variables u = vt. For the next step, we
firstly notice that it holds
A MtGAM;l,

shown using the definition of matrix exponential and the trivial relation MLAM; ' = tA.
Exploiting the above identity, we then find that

1
¥x,(p) = exp <i<p, e'z) — t/o /gd—l |(Mp, e”AMngSHau(ds)dv)
= exp (i(p, ety — t/ol /Sd_l |(M,;p, e”ABs>|O‘,u(ds)dv>

where in the last passage we used the straightforward identity M} By = By. We focus
now only on the double integral

1
[ [ 104, e Bs) | uds) o
0 Jsa-1

If we consider the measure mq(dv,ds) = |e*ABs|*u(ds)dv on [0,1] x S¥~! and the
normalized lift function /: [0,1] x S¥t — S"~1 given by
e"4Bs
l = —
(U,S) |€UABS|’
it then follows that

// |(M,p, " Bs)|® p(ds)dv = // P vABS>| ma(ds, dv)
ga-1 v sd-1 M. " |evABs| o

= [(Mip, )| s (dS),

S§nd—1

where pg 1= Sym(l.(m,)) is the symmetrized version of the measure m,, push-forwarded
through 1.

Noticing that pg is the Lévy measure of a symmetric a-stable process {S; }1>o satisfying
assumption [ND] on R™, we can finally write that

Vx,(p) = exp <i<p, etr) — t@s(Mtp))

where ®g is the Lévy symbol associated with S; (cf. Equation (2.7)).
From Lemma A.1 in [HMP19], we know that under assumption [ND], the above
calculations implies that

-

M;p) - (eA”Bs)‘auS(ds)dv > C|Myp|®
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for some constant C' > 0. It follows in particular that the function p — ¥x,(p) is in
LY(R"). Thus, by inverse fourier transform and a change of variables, we can prove
that
1 )
T ox] @) = g L exp(ilpyeta) — t@s(Mip) ) dp
(2m)nd Jrna

det(M; !
= 622( )td ) / ) exp<—i<Mt_1p, Yy — etAx>>e_t¢(p) dp
)" R™

det (M . ) )
= (Q(W)rid) /Rnd eXp<—z<p, M 1<y _ etAx)>>€ @) g

1
- t, M (y — et
detMtpS(’ (y — ™))

and we have concluded since pg is symmetric. O]

We can now point out the smoothing effect (Equation (2.13)) associated with the
Ornstein-Uhlenbeck density p°".

Lemma 8.2 (Smoothing effect). Under [A], there exists a family {q(t,-): t € [0,T]} of
densities on R™ such that

— for any 1 in [0, 3], there exists a constant C' := C(l,nd) such that |Déps(t,y)] <
Cq(t,y)t™V* for any t in [0,T] and any y in R™;

— (stable scaling property) q(t,y) = t™"Yq(1,t=Y/*y) for any t in [0,T] and any y
in Rnd}.

— (stable smoothing effect) for any ~ in [0, «), there exists a constant ¢ := c(y,nd)
such that

/Rnd qt,y) [y dy < ct* for any t > 0. (8.2)

Proof. Fixed a time t > 0, we start applying the Ito-Lévy decomposition to S at the
associated characteristic stable time scale, i.e. we choose to truncate at threshold ¢/,
so that we can write S; = M; + N; for some M;, N; independent random variables
corresponding to the small jumps part and the large jumps part, respectively. Namely,
we denote for any s > 0

N, = / / 2P(du,dz) and M,:= S, — N,
0 Jl|z|>tl/«

where P is the Poisson random measure associated with the process S. We can thus
rewrite the density pg in the following way

ps(t,x) = /

o Pt =) Py, (dy)

where py/(t, ) corresponds to the density of M; and Py, is the law of N;.
It is important now to notice that it is precisely our choice of the cutting threshold ¢/
that gives M and N the a-similarity property (for any fixed t)

N, "2 ¢/°N, and M, " tVo0,
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we will need below. Indeed, to show the assertion for NV, we can start from the Lévy-
Khintchine formula for the characteristic function of N:

]E[edp,Nz)} = exp [t /Sndil /:/oa (cos(<p, ré)) — 1) ﬁus(dﬁ)}

for any p in R™. We then use the change of variable ¢~/ = s to get that
E[ei@,Nﬁ} — E[ei@,tl/“Nﬁ]'

This implies in particular our assertion on N. In a similar way, it is possible to get the
analogous assertion on M.

From lemma A.2 in [HMP19] with m = 3, we know that there exist a family {p37(¢, ) }+>0
of densities on R™ and a constant C' := C(m, «) such that

[Dypa(t,)| < Cpgr(t, )t/

for any t > 0, any z in R™ and any [ € {0, 1,2}.
Moreover, denoting M, the random variable with density p37(¢, ) and independent from
N;, we can easily check from py;(t,y) = t7"¥“p5(1,¢~Y*x) that M is a-selfsimilar

M, "% /o],

We can finally define the family {q(¢, ) }+~0 of densities as

o(t.2) = [ pltia—y)Pydy)
corresponding to the density of the random variable
Sis= M+ N,

for any fixed ¢ > 0. Using Fourier transform and the already proven a-selfsimilarity of
M and N, we can show now that

5, & gi/eg,
or equivalently, that
q(t,y) = 7" q(L ¢ y)
for any ¢ in [0, 7] and any y in R". Moreover,
E[[S.[") = E[[M, + N.|'| = Ct/* (Bl + E[N]"]) < Co/e
This shows in particular that equation (8.2) holds. O

We conclude this sub-section showing Control (5.50) appearing in the proof of Proposition
3.6 for the diagonal regime. First of all, we will need the following lemma:

Lemma 8.3. Let t in [0,T], x,b in R™ such that |b| < ct'/® for some constant ¢ > 0.
Under [A], there exists a constant C := C(c) such that
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Proof. Looking back at the proof of the previous lemma 8.2, we know that
D pg(t, x +b) / D' pys(t,z + b —y) Py, (dy)
where pps(t, ) is the density of M; and P, is the law of Ny, corresponding to the small

and big jumps in the Ito-Lévy decomposition.
From lemma A.2 in [HMP19] we know moreover that

B+ Q
—_

C
]DxpM(t,x+b—y)\ < —py(t,x +b—y) where py(t, 2) = tnd(|3
* 1+i)

It is then enough to show that

C 1 C 1
par(t,z+b) = -7 3 < ar 3
t'a (1+ z—il-b) t'a <1+C+ z—il-b)
ta ta
< C 1 < C 1
T <1+c| 'b'>3 o (1+Z')3
ta ta té
< Cppr(t, 2)
to conclude the proof. n

Proof of Equation (5.50). We start looking back to the proof of Lemma 3.2 to find that

‘Dﬁ 7 (t, s, @ + Na' — x),y)’
1

n Vg
— -t - Zk:l ay
C(s ) " detM,_, det Ms t

Moreover, we notice that
M _ t( nlg (x4 Ma — 2')) — y) = ngt(m;f( ) — ) ML e (1 — o).

Then, Control (5.50) follows immediately from the previous lemma once we have shown
that

‘)\MS LeAt Dz — )| < C(s — 1)/

for some constant C':= C'(A). Indeed, fixed i in [1,n], we can exploit the structure of
A and M;_; (cf. Equation (2.18) in Scaling Lemma 2.1) to write that

>3 2], [,

1k=1

(s — t)_(i_l)C’j(s —t) I (z —1);.

||
M=

|:Ms lteA(s t) (.73 . }

<.
I

.
Il
-

I
=
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Since moreover we assumed to be in a local diagonal regime, i.e. d®(z,2’) < (s —t)'/®,

we have that

< CY (s =) U@ ')

)

’ [Ms—_lteA(s—t) ($ . Il)}

N

{2

.
Sl

< O (s —t) U (s — ) w

J
(s —t)'/=.

7

I
Q

The proof is thus concluded. [

8.2 Technical tools

In this section, we present the proof of some technical results already used in the article,
for the sake of completeness.

We recall moreover that the results below can be proven also for the flow 0, (&) driven
by a more general perturbation F' under assumption [A] (cf. Section 7.1), exploiting
that [} is Lipschitz continuous in the x;_; variable for any i in [2,n].

We begin proving Lemma 5.4 about the sensitivity of the Holder flows, appearing in the
proof of the a priori estimates (3.18) of Proposition 3.6. For this reason, we will assume
from this point further to be under assumption [A’].

Proof of Lemma 5.4. We start noticing that our result follows immediately using
Young inequality, once we have shown that it holds

1+a(i—1)
o

‘(es,t@) — Os4(2")); + d*el=D (g 2)| for any i in [1,n]. (8.3)

< C[(s—t)

Our proof will rely essentially in iterative applications of the Gronwall lemma. We notice
however that under [A], the perturbation F; is only Holder continuous with respect
to its i-th variable. To overcome this problem, we are going to mollify (but only with
respect to the variable of interest) the function F' in the following way: fixed a mollifier
pon RY ie. a compactly supported, non-negative, smooth function such that ||p|z: = 1
and a family J; of positive constants to be chosen later, the mollified version of the
perturbation is given by F° = (Fy, F3?, ..., F) where

FP(t, 2im) = Fy % ps,(t, 2in) = /Rsz‘(t, % =W, Zigl, - 2n) 57 P(

We remark in particular that we do not need to mollify the first component Fj since
it is regular enough, say S-Hoélder continuous in the first d-dimensional variable 1, by
assumption [R].

Then, standard results on mollifier theory and our current assumptions on F' show us
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that the following controls hold

’Yﬂrf
P, 2) = F3(0,2)] < Bl gpeny 5707, (8.4)
’Y»Hrﬂ -1 n v +B
P (,2) = Fo(, )] € Ol oo 5707 (e = 0+ 3 1z = )y 4657,
J=i+1
(8.5)

We choose now ¢; for any ¢ in [2,n] in order to have any contribution associated with
the mollification appearing in (8.4) at a good current scale time. Namely, we would like
0; to satisfy

‘((s — t)iMS_t>_1 (F(u, z) — F(u, z))} < C(s—t) !

for any u in [t, s] and any z in R™. Using the mollifier controls (8.4), it is enough to

ask for
n _vitB

S (s—t) = 5“’"“ V< C(s—t)t

=2
Recalling that v; := 1 + a(i — 2) by assumption [R], this is true if we fix for example,

vi 1+a(i—1)

6 = (s—t)= %t foriin [2,n]. (8.6)

After this introductive part, we start controlling the last component of the flow. By
construction of 0 ,, we can write that

(8.7)
{[Aus(2) = 004(2")] + Fo(v,0,0(x)) = Fulv, 0,0(2')) } dv

s

(a:—x')n+/t

< [(z —2)|

[ { A tlOual®) = buaaDcr] + [Fulv,00a(@)) = Fulv, o))} do

where in the last passage we have exploited the sub-diagonal structure of A (cf. Equation
(1.2)). If we focus only on the last term involving the difference of the drifts, It holds
now that
(0, 001(2)) = Fu(v, 0u(a))| < |Fu(v,004(2)) = FL (v, 004())|
+ | Fa(v, 004(2')) = F3 (v, 0,0(2))| + [F2 (0, 0u4(2)) = Fi (v, 0,0(a"))]

Using the controls (8.4), (8.5) on the mollified drifts, we then write from (8.7) and the
previous equation that

_m+B
‘(93,1%(%) - 68’t<x/>)n‘ < ’(JI o x/)n| + 2(8 . t)(;ﬁ_m(n_l)

+C/ts{(9t

/ #ﬁn_l
2) = Out(@'))n1| + On |

(Ou(2) = Ouy(2))n| } do.
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We now apply the Gronwall lemma to show that

YntB
(600(2) = Bua(aa| < €|l =2l + (s = DO 4 [[](000(0) = Buolw'))uma| o).
From our previous choice for d,, (cf. Equation (8.6)), we know that

1 In+B
(s—t) @y " < C(s—t)7!

and thus, we can rewrite the last inequality as

(Ous(@)=0us(a] < C[’(ff 2)u| 4 (5—1) ”+/ts

(Ba(@) B0 ()] dv} . (8.8)
We would like now to obtain a similar control on the (n — 1)-th term. As already done
at the beginning of the proof, we can write that

Yn—118

‘<es,t($)_est( n— 1’ < )x_m e 1‘+C(51+a(n 2)

(ev,t(x) - Gv,t(fﬂl))nq’
1158 Yn—1+8

Tra(=2) ! / / Tra(n=1)
+ 002 | Bu (@) = Oup (@) |+ |(Oua(@) = Ou(a))n| T v

We then apply the Gronwall lemma to find that

Yn—118

[(Btl) = Bua(a))na| < C’U(x—x et 8T (s — 1)

b [ {](O0@) = B )|+ [(Bral) — 000, al

Remembering our previous choice of 9,,_1, it holds now that

‘(Qs,t(x)—«gst( e 1‘ < C[Kx—l‘)n 1|_+_(S_t)1+a(n2)_1_/:

(0(z) — O, (I/))n—2’

[ Oua() = B (@) 0T dv]. (8.9)

We then use equation (8.8) and the Jensen inequality to write

|(004(x) = Os4(2))nr |
< C’[|(:v—x)n 1|+(s—t)““(””+/ts{
i (U—t)’ynialﬂi n </tv

The idea now is to use Gronwall lemma again. To do so, we firstly move the exponent
from the last integral term involving the (n — 1)-th term using the Young inequality:

9

Yn—118
1+a(n—1)

(Ou(2) = u0(2))nz| + (2 = 2')a

(Oui(2) = Ot ()] dw) oD ! dv} . (8.10)

(O i2) = Bura (&) dw)

_1lta(n-1) v
< B m-1t8 /
- t

14+a(n—1)

(0ua() = D&Y e + B
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for a quantity B to be fixed later.
Since we need homogeneity with respect to time in equation (8.9), we choose B such
that

1+a(n—1) Yn—1+8 Yn—11+8  2a—5

B s = (v—t) a & B=(v—1t) & Tan-D,

Plugging it into the general expression in (8.10), we find that

1+a(n—2)

|(O,4(2) = Osa(a))nr| < Ol =)o + (s =) =

+ f{le

1+8

7’"’71-’»6 In—
1+a(n—1) + ('U o t) =

e )n 2\+\ z—a'),
©) = O (a))u 1’dw}dv}
+<s—t>\<x—x’>n
[ {0 = 0 Mca] 4 0= 057 0 [l) = sl o]

v—t

Tn—1+5 _1+8+a

m—i—(s—t)%f

1+a(n—1)
o

< o[|<x—x'>n_1|+<s—t>

Since the previous inequality is also true for any s in [¢, 5], it follows that

sup ‘(Qg’t(x) — 0§7t(x,))n_1’

3€[0,s]

n—11+8 Yn—1+B+a

T 4 (s =) e

1+a(n 2)

+ (s — t)‘(:z: — '),
+ [ {0u@) ~ 0uaaMca] + 0= 057 5 [l) — s f o]

< c[|(g;—:c)n (s — )

We can finally apply the Gronwall lemma to show that for any s in [t, T, there exists a
constant C' such that

1+a(n 2) Yn—1+8

|(Oua(@) = st | < C[\(w—m I+ (s—1) + (s — 1)|(z — 2'),| Fow=D

[(Bui) = Buea))us) dv} |

Moreover, thanks to the Young inequality we know that

Yn—118 I+a(n—2) Yn—1+B8 14+a(n— 2)}

(=T o C{(S_wT + (& — 2)p| THat=D THaln=3)

(s — t)’(x — '),

and remembering that d(z,z") < 1 by hypothesis,

Yn—1+8 1+a(n—2) Yp—118 1+a(n—2) 1+a(n—2)
|(x_x) ’1+a(n 1) 1+a(n—3) S ‘(x_l./)n’ Yn—1 lH+a(n—1) S |([E—$) ‘1+a(n 1)‘

We then use it to write for any v in [t, T},

1+a(n—2) 1+a(n—2)

‘<0v,t(x) - 6y,t<1‘,))n_1‘ < C’D(m — q;’)n_1| + (U _ t)T + |(I _ x/)n|1+a(n71)

O i(x) — O, 4(2)) n_gldw}
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Going back to equation (8.8), we plug in the last bound to find that

1+a(n 1)

(0a(2) = O] < €[l = )l + (5 = 57 4 (s = )@ = 2]

1+a(n—2)
b (s — 8)|(x — 2'), | oD +/ / (Brus(a) - wt(x'))n_z\dwdv}

ey (z — 2')n 1|iI§EZ 3

< C—](x—x) |+ (s — 1)

Opi(x) — Ot (2'))n g)dwdv}

where in the last passage we used again the Young inequality to show that

e + [z —a)pe ,iizEZ 3

(s = Dl(x = a)nal < Cls —1)

and
1+a(n 1)

(s — B)|(x — o) Fa0D < O(s — 1) + (= ).

This approach may be naturally iterated up to the first term of the chain, so that

n
O[3 Iw — o) | 5560 4 5 — gy
J=2

(0a4(x) = Oss(2))n| <

V=8 v=2
[ v [ |G ata) - 91,17,5(93’))1”.
In a similar manner, we can show for any i in [2,n],

1t+a(i— 1+a(i—1)

< c[z\(x—x SR 4 (s — )R

|(6s4(x) = Oe(a’)):

j=2
V=8 v=2
[T v [ do| 0@ —va(x'))l”. (8.11)

Since all the non-integral terms in (8.11) are compatible with the statement of the
lemma, it remains to find the proper bound for the first component of the flow. As
before, let us consider 3 in [t, s]. We can write

(Bs0(2) = B (aM] < N = 2]+ C X [ 1Bue) = B0(a"));| 767 do
j=1
or, passing to the supremum on both sides,

sup |(0s4(2) = Os¢(2")1| < |(@ — 2] + c{<s —)(sup |(us() — Oo(a)i])”

5€t,s] vE[t,s]

Sk _ B8
+ Z/t |(0v7t($) - 9v,t($,))j| Ita(j—1) dv}.
i=2
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Using equation (8.11), it holds now that

/ ! / P
Sl[lp](\eg,t(x) — b5 ()| < [(z—2)[ + C{(S —1)( sup [(Ou(x) = O (@)1 ])
selt,s vE[t,s
n 14+a(i—1) n ita(i—1)
+Z[(s—t>((s—t>a 1+ 3 (@ — )| D
j=2 k=2

(5= sup [(0a(0) — fual D) T .

vE[t,s]
(8.12)
We then apply the Jensen inequality to show that
B
o ([sa(a) el il < (o=l + {0 1 1(004(2) ~ uala)1 ]
s€Elt,s vE|t,s
+> C(s—1t) [s—t +Z| r—1a) |1+a<k 0
=2
G-18
+ (s = 1) ™G0 sup |(0y(x) — evyt(x,))ﬂ 1+a(j_1)}}
vE[t,s]
a+p8 n B8
< Ci@ =2+ (s—t) =« +(s—1) > |(x — )| Fet=D
k=2
n (-1
30 = )T sup [(Bu(w) — Buel@))a T ).
j=1 vE[t,s]
(8.13)
From Young inequality, we can deduce now that
B 1 S
(s = t)](2 — 2)| ToET < C((s = )78 + |(2 — a')e| D)
and
14-U=DB , B
(s =) 070 sup [(0y () — Ouy(2))r[F207D
vE[t,s]
1+ (a+6)(=1) ,
< O{(s = FTHF + sup |(Buale) — Buala’)}
vE(t,s]

Plugging these inequalities into the main one (8.13), we find that

sup (054() — (a1l < C{I(w = anl+ (5= F + 3 |(w = @)oot
k=2

S€[t,s]

1+(a+B)(G=1)

Z (s— )70 + sup |(Bp(z) — 9v,t($'))1|}

vE[t,s]

IA

C{(s - t)Tﬂ b (s — )TF + d(z,7')

14+(a+B)(G=1)

+Z (s =) TFeG-D=F + sup [(Oy(x) —9v,t($,))1|}
7j=1

vE([t,s]
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Remembering that s — ¢ < T — ¢ < 1, it finally holds that
1054(7) — Os(2")1] < C((S — )"/ +d(x, x’))

since by assumption [P],

a+p 1 1
o >1—6>&
and
L+ (@+B)G-1) _ 3j 8 Loy 1
l+a(j—1)—-p =1 I1+aj—(a+0) >1+ozj>1+( a >_0/

Plugging this control in equation (8.11), we then conclude since

(000(2) = a2,
< C(d”o‘(il)(x, z') + (s — t)%m + (s —1)""" sup (|65, (x) — Gs,t(x/)hl)

o s€lt,s]
1ta(i—1)

sc(dw(“)(x,x')ﬂs—o g +(s—ty‘1((s—t)1/a+d(x,x'>))

1+a(i—1)

< C((S — )« F AT (g x’)),

using again the Young inequality in the last passage. The proof is complete.

We can now prove the two results (Lemmas 5.5 and Lemma 5.6) concerning the sensitivity

of the frozen shift ThZf

Proof of Lemma 5.5. From the integral representation of m55(y) (cf. Equation
(3.4)), we can write that

(i) -t W), < [

Fy(,004(x)) = Fi(v,0,4(2"))| dov

< CHFHH/: d?(0,4(x), 0,42 ) do

where in the second passage we used that F} is in C’g 4(R™). Thanks to the Control on
the flows (Lemma 5.4), it then holds that

ol

(M5 () = mid (1),| < ClIFlu(s = 6)[d’ (@, 2") + (s — 1)

and we have concluded.

Proof of Lemma 5.6. We know from Lemma 3.1 that m%ﬁ(ﬁ) = 04, +(2"). Fixed i
in [1,n], we can then write that

(mf(a') = mgi(a)) = (Wi (@) = Oia(a)),
= (Mi (@) = O (@), + (Orp4(x) = O1y1(2")) .
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We start focusing on the first term of the above expression. From the integral represen-
tation of 7y " (') and 6y, +(z), it holds that

to
mﬁxq—@w@)zf—x+l Almli(a') — 0,4(2)] do. (8.14)

Remembering from (1.2) that A is sub-diagonal, it follows that

to
(ﬁziéft(a:/) - 9to,t(56))i = (g:’ —z); + Ai,i—l/t (ﬁzfj’;f(x/) — 90,t(55)) - dv (8.15)
for any 7 in [2,n] and
(mioxt( ) — 9t07t($))1 = (' — 2);.

Iterating the process, we can find that

(352 = ) | < O X" = o0t -0

On the other side, the integral representation of 6, ,(£) (Equation (3.1)) allows us to
write that

<9to,t(1‘) - 9to,t($/)>i = (z—2")i+ Ay /tto{ (Qto,t(x) - 9to,t($'))i71
+ Fy(v,0,4(2)) = Fi(v,0,4(2')) }dv - (8.16)
for any 7 in [2,n] and
(0100 @) = ra(a)), = ( x—x1+/m (0, 004(2)) — Fy(0, 002 b v, (8.17)

Fixed 7 in [2,n], it then follows from (8.14) and (8.16) that

(k) — i) | < CHFHH(;leI(x’ — )il — 1)
{00t = 00) |+ 3] (o) = ) [T ).

Also, from (8.15) and (8.17), it holds that

Using now Lemma 5.4, we can show that

L+a(i=2)

| (i (') — min (@) | < C”FHH<§: (2" — )| (to — ) F + (tg — 1) =

14+a(i—2)+8
— < 1!

+ (to — )dD (g 2') + (tg — t) + (tg — t)dTeE=2D+0 (. x'))
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for any 7 in [2,n] and
~ t.x ~ x/ BJ”J
(e (@) — ks (@) | < CIFlults — 055 + (1o — )d° (2,2,

Since ty — t = ¢pd®(z, 2") by Equation (4.16), we can conclude that

i—1
< P {3 ot (e, )l D o)
k=1
n ¢ . d1+a(z—1)(x’x/) + Cod1+a(zfl)(:€,x/)
N C(?W%W’HdHa(i—lHﬁ(x’ x') + Cod1+a(i—1)+/3(x, x’)}

1+a(i—1)

ClFln{ (0 +ey = )0z, )

IN

1+a(i—1)+8

+ (co +c¢ © )d”o‘(i_l)%(x, m’)}

< CCo||F‘|Hd1+a(i_l)($,iL‘/)
for any 7 in [2,n] and
~ t,x / ~tx' s 1 ﬁTTa a+p8 / a+ /
(i (a) = i (@) | < ClFIu(eon +co)d™P(z,2') < Cool|F||pd™* (z, 2),

where in the last passage we used that ¢y < 1 and d(z,2’) < 1. After summing all the
terms together at the right scale, we finally show that

, 1
d(mi(a), mig(2')) < Cog™" | F||pd(z, 2')

thanks to convexity inequalities and ¢y < 1.

We conclude this section showing the reverse Taylor formula which was used in the proof
of Lemma 5.7 in the diagonal regime to handle the discontinuity term:

Lemma 8.4 (Reverse Taylor expansion). Let v be in (1,2), ¢ a function in C} J(R™)
and x,x" two points in R™. Then, there exists a constant C := C(v) such that

D2y 6(2) = Dy $(a”)| < Clgllep , d (x,2).

Proof. We start decomposing the left-hand side D, ¢(x) — D, ¢(2) into Iy + Iy + I3
where we denoted

B= ([ Dast(o) = Dasoln +2d(w, '), (2)2) 40
I = —( /0 "Dy 6(2') — Do (s + A (7). (2)an) d)\>

L = — ( | Dy b1+ M(@, 2, (2)om) — Doy b1 + A(2, 27), (2)200) d/\>.
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The first two components can be treated directly using that D,,¢ is in C7"1(R?) with
respect to the first non-degenerate variable. Indeed,

1
|]1| S /0 |D:c1¢<x) - D$1¢(I1 + /\d(I,JZ,>, <$>2:n>| A
1
< Cllglles [ ()" dA < Cllollord (a.2')
and

|15

IN

[ 1D2,6() ~ Dy + M, ), (o)

1
< Cllglles [ 1@ =)+ Ad(a, )~ ax
< Clllcrd™(z, )

where in the last expression we used Young inequality.

To control the last term, we assume for the sake of brevity to be in the scalar case, i.e.
d = 1. In the general setting, the proof below can be reproduced component-wise. The
idea is to use a reverse Taylor expansion to pass from the derivative to the function
itself. Namely,

B = g ] [0t + 3@, ). (0)) = 161 + X (0.2, (@)a)]
S C].(SL’];LE/) ¢(3§'1 + d($, iL‘l), (xl)Q:n) - (b(xlv (:I;/>2:n> + ¢($1 + d(SU, l'/), (x)Q:n) - (b(x)‘
< Clgllend™ (z, 7).

We have thus concluded the proof. O
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Chapter 3

Schauder estimates for degenerate
Lévy Ornstein-Uhlenbeck operators

Abstract: We establish global Schauder estimates for integro-partial differential equa-
tions (IPDE) driven by a possibly degenerate Lévy Ornstein-Uhlenbeck operator, both
in the elliptic and parabolic setting, using some suitable anisotropic Holder spaces.
The class of operators we consider is composed by a linear drift plus a Lévy operator
that is comparable, in a suitable sense, with a possibly truncated stable operator. It
includes for example, the relativistic, the tempered, the layered or the Lamperti stable
operators. Our method does not assume neither the symmetry of the Lévy operator nor
the invariance for dilations of the linear part of the operator. Thanks to our estimates,
we prove in addition the well-posedness of the considered IPDE in suitable functional
spaces. In the final section, we extend some of these results to more general operators
involving non-linear, space-time dependent drifts.

1 Introduction

Fixed an integer N in N, we consider the following integro-partial differential operator
of Ornstein-Uhlenbeck type:

L .= L+ (Az,D,) onRY, (1.1)

where (-, -) denotes the Euclidean inner product on RY, A is a matrix in RY @ R and £
is a possibly degenerate, Lévy operator acting non-degenerately only on a subspace of RV,
We are interested in showing the well-posedness and the associated Schauder estimates
for elliptic and parabolic equations involving the operator L°" and with coefficients in a
generalized family of Holder spaces.

We only assume that A satisfies a natural controllability assumption, the so-called
Kalman rank condition (condition [K] below), and that the operator £ is comparable, in
a suitable sense, to a non-degenerate, truncated a-stable operator on the same subspace
of RY, for some a < 2 (condition [SD] below).

The topic of Schauder estimates for Ornstein-Uhlenbeck operators has been widely
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Chapter 3. Schauder estimates for linear Lévy operators

studied in the last decades, especially in the diffusive, local setting, i.e. when £ =
%Tr (QD?C) for some suitable matrix (), and it is now quite well-understood. See e.g.
[GTO01].

On the other hand, a literature on the topic for the pure jump, non-local framework has
been developed only in the recent years ([Bas09], [DK13], [BK15], [ROS16]), [FRRO17],
[1JS18], [CARMP20a], [Kih19], but mainly in the non-degenerate, a-stable setting,
i.e. when £ = A2/? is the fractional Laplacian on RY or similar. To the best of our
knowledge, the only two articles dealing with the degenerate, non-local framework (if
L = A%? acts non-degenerately only on a sub-space of RY) are [HPZ19], that takes
into account the kinetics dynamics (N = 2d), and [Mar20], for the general chain. In
order to use [HPZ19] or [Mar20] for our operator (1.1), we would need to impose the
additional strong assumption of invariance for dilations of the matrix A.

The analysis of Ornstein-Uhlenbeck operators has been mainly developed following two
different approaches. On the one hand, Da Prato and Lunardi in [DPL95] have been the
first to use a priori estimates for the corresponding semi-group between suitable function
spaces (See also [Lun97, Lor05, CARHM18a, Pril8]). Such a semi-group approach only
adresses the regularity in space and indeed, the associated anisotropic Holder spaces
and Schauder estimates reflect this fact. In particular, the parabolic Schauder estimates
do not present a bootstrap effect with respect to the initial condition.

The second approach, introduced by Manfredini in [Man97], exploits instead the general
analysis on Lie groups to construct intrinsic Holder spaces (see [PPP16] for a definition)
that takes into account the joint space-time regularity of the involved functions. For a
more thorough explanation along this direction, we suggest the interested reader to see,
for example, [Pas03], [DFP06] or the recent paper [IM21].

Even if the Ornstein-Uhlenbeck operator is usually exploited as a "toy model" for more
general operators with space-time dependent, non-linear coefficients, we highlight that
they appear naturally in various scientific contexts: for example in physics, for the
analysis of anomalous diffusions phenomena or for Hamiltonian models in a turbulent
regime (see e.g. [BBMO1], [CPKMO5] and the references therein) or in mathematical
finance and econometrics (see e.g. [Bro01], [BNS01]). The interest in Schauder estimates
involving this type of operator also follows from the natural application which consists in
establishing the well-posedness of stochastic differential equations (SDE) driven by Lévy
processes and the associated stochastic control theory. See e.g. [FM82], [CdARM20b],
[HWZ20].

Under our assumptions, we have been able to consider more general Lévy operators
not usually included in the literature, such as the relativistic stable process, the layered
stable process or the Lamperti one (see Paragraph "Main Operators Considered" below
for details). Moreover, we do not require the operator £ to be symmetric. Here, we only
mention one important example that satisfies our hypothesis, the Ornstein-Uhlenbeck
operator on R? driven by the relativistic fractional Laplacian Arae/12 and acting only on
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the first component:

(D) + D)) + v [ [o("5F ) —-¢<(xl)>}1'jli£ifle“'dz

X2 €2

= (Az, Dyo(x)) + Lo(x) (1.2)

where z = (21, x5) in R% Such an example is included in the framework of Equation (1.1)
1
10
of the relativistic Schrodinger operator (See [Ryz02] for more details).

We remark that example (1.2) cannot be considered in [HPZ19] or in our previous work
[Mar20]. Indeed, the matrix Ay is not "dilation-invariant" (see example 2.1 below) and
thus, it cannot be rewritten in the form used in [Mar20] (see also [LP94] Proposition 2.2
for a more thorough explanation). Furthermore, operators like the relativistic fractional
Laplacian cannot be treated in [HPZ19] or [Mar20] that indeed have taken into account
only stable-like operators on RY. Another useful advantage of our technique is that
we do not need anymore the symmetry of the Lévy measure v which was, again, a key
assumption in [Mar20].

considering A = . This operator appears naturally as a fractional generalization

More in details, given an integer d < N and a matrix B in RY ®R? such that rank(B) = d,
we consider a family of operators £ that can be represented for any sufficiently regular
function ¢: RY — R as

Lop(z) = ;Tr(BQB*Dngb(:E)) + (Bb, D,¢(x))

+ /Rd {¢(a: + Bz) — ¢(z) — (Dyo(x), Bz}]lB(o,l)(z)} v(dz), (1.3)

where b is a vector in R?, () is a symmetric, non-negative definite matrix in R? @ R?
and v is a Lévy measure on RZ := R4 \ {0}, i.e. a o-finite measure on B(RY), the Borel
o-algebra on RY, such that [(1 A |z|?) v(dz) is finite. We then suppose v to satisfy the
following stable domination condition:

[SD] there exists 79 > 0, a in (0,2) and a finite, non-degenerate measure p on the unit
sphere S9! such that

v(A) > /0 /S ]lﬂ(rﬁ)u(dﬁ)?j;, A € B(RY).

We recall that a measure p on R? is non-degenerate if there exists a constant 1 > 1 such
that

Ul < [, el ulds) < alpl, peRY (14)

where ” - ” stands for the inner product on the smaller space R?. Since any a-stable
Lévy measure v, can be decomposed into a spherical part ¢ on S%~! and a radial part
r~(+2)dr (see e.g. Theorem 14.3 in [Sat13]), assumption [SD] roughly states that the
Lévy measure of the integro-differential part of £ is bounded from below by the Lévy
measure of a possibly truncated, a-stable operator on R

It is assumed moreover that the matrices A, B satisfy the following Kalman condition:
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[K] It holds that N = rank[B,AB, . ,AN—lB],

where [B, AB,... AN _1B] is the matrix in RY @ R whose columns are given by
B,AB,...,AN"1B.

Such an assumption is equivalent, in the linear framework, to the Hérmander condition
(see [Hor67]) on the commutators, ensuring the hypoellipticity of the operator d; — L°".
Moreover, condition [K] is well-known in control theory (see e.g. [Zab92], [PZ09]).

Mathematical outline. In the present paper, we aim at establishing global Schauder
estimates for equations involving the operator L°" on R, both in the elliptic and
parabolic settings. Namely, we consider for a fixed A > 0 the following elliptic equation:

u(z) — Lu(z) = g(z), z€RY, (1.5)

and, for a fixed time horizon 7" > 0, the following parabolic Cauchy problem:

uw(0,7) = up(z), ze€RY, (1.6)

{atu(t,x) = Lo%(t,z) + f(t,2), (t,z) € (0,T) x RY;
where f, g, uq are given functions. Since our aim is to show optimal regularity results
in Holder spaces, we will assume for the elliptic case (Equation (1.5)) that the source
g belongs to a suitable anisotropic Holder space C'Ifd(RN) for some /3 in (0,1), where

the Holder exponent depends on the "direction" considered. The space C’f J(RY) can be
understood as composed by the bounded functions on RV that are Holder continuous
with respect to a distance d somehow induced by the operator L°". We refer to Section
2 for a detailed exposition of such an argument but we highlight already that the above
mentioned distance d can be seen as a generalization of the classical parabolic distance,
adapted to our degenerate, non-local framework. It is precisely assumption [K], or
equivalently the hypoellipticity of 0; + L°", that ensures the existence of such a distance
d and gives it its anisotropic nature. Roughly speaking, it allows the smoothing effect
of the Lévy operator £ acting non-degenerately only on some components, say BRY, to
spread in the whole space R, even if with lower regularizing properties.

Concerning the parabolic problem (1.6), we assume similarly that ug is in Cj’ TH(RN)
and that f(¢,-) is in C,f J(RY) uniformly in ¢ € (0, 7). The typical estimates we want to
prove can be stated in the parabolic setting in the following way: there exists a constant
C, depending only on the parameters of the model, such that any distributional solution
u of the Cauchy problem (1.6) satisfies

||u||L°°(C;;B) S C[HUOHCZ?Z/? + ||f||Lm(Cﬁd)] (y)

As a by-product of the Schauder Estimates (.#), we will obtain the well-posedness of
the Cauchy problem (1.6) in the space L™ (0, T;Cy THRN )) , once the existence of a
solution is established. The additional regularity for the solution u with respect to the
source f reflects the appearance of a smoothing effect associated with L°" of order «, as
it is expected by condition [SD]. It can be seen as a generalization of the "standard"
parabolic bootstrap to our degenerate, non-local setting. We highlight that the parabolic
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bootstrap in (.) is precisely derived from the non-degenerate stable-like part in £
(lowest regularizing effect in the operator).

To show our result, we will follow the semi-group approach as firstly introduced in
[DPL95], which became afterwards a very robust tool to study Schauder estimates in a
wide variety of frameworks ([Lun97], [Lor05], [Sai07], [Pri09], [Pri12], [DK13], [KK15],
[CdARHM18a|, [Kiith19]). The main idea is to consider the Markov transition semi-group
P, associated with L°" and then, in the elliptic case, to use the Laplace transform
formula in order to represent the unique distributional solution u of Equation (1.5) as:

u(zr) = /OOO e M {Ptg} (x)dt =: /OOO e MPg(z) dt.

In the parabolic setting, we exploit instead the variation of constants (or Duhamel)
formula in order to show a similar representation for the weak solution of the Cauchy
problem (1.6):

u(t,r) = Pug(z) +/Ot[Pt_Sf(s,-)} (x)ds =: Pug(z) +/Ot P,_sf(s,x)ds.

In order to prove global regularity estimates for the solutions, the crucial point is to
understand the action of the operator P, on the anisotropic Holder spaces. In particular,
we will show in Corollary 4.4 the continuity of P, as an operator from C’,f JRY) to
Cy J(RY) for 8 < v and, more precisely, that it holds:

_a=B
1Pélicg, < Clléllgy,(1+¢75), ¢>0. (17)

The above estimate can be obtained through interpolation techniques (see Equation
(4.9)), once sharp controls in supremum norm (Theorem 4.3 below) are established for
the spatial derivatives of Py when ¢ € C’lf J(RY). We think that such an estimate (1.7)
and the controls in Theorem 4.3 can be of independent interest and used also beyond
our scope in other contexts.

We face here two main difficulties to overcome. While in the gaussian setting, L°°-
estimates of this type have been established exploiting, for example, explicit formulas
for the density of the semi-group P, ([Lun97]), a priori controls of Bernstein type
combined with interpolation methods ([Lor05] and [Sai07], when n = 2 in (2.2) below)
or probabilistic representations of the semi-group P, allowing Malliavin calculus ([Pri09]),
we cannot rely on these techniques in our non-local framework, mainly due to the lower
integrability properties for P,. Instead, we are going to use a perturbative approach which
consists in considering the Lévy operator £ as a perturbation, in a suitable sense, of an
a-stable operator, at least for the associated small jumps. Indeed, we can "decompose"
the operator £ in a smoother part, £, whose Lévy measure is given by

1
Md@)wdr

r1+a

and a remainder part. It is precisely condition [SD] that allows such a decomposition,
since it ensures the positivity of the Lévy measure

Ljor
dv — duTngr

165



Chapter 3. Schauder estimates for linear Lévy operators

associated with the remainder term. The main difference with the previous techniques in
the diffusive setting is that we will work mainly on the truncated a-stable contribution
L, being the remainder term only bounded.

Following [SSW12], we will establish that the Hartman-Winter condition holds, ensuring
the existence of a smooth density for the semi-group associated with £ and then, the
required gradient estimates. Indeed, assumption [SD] roughly states that the small
jump contributions of v, the ones responsible for the creation of a density, are controlled
from below by an a-stable measure, whose absolute continuity is well-known in our
framework.

On the other hand, we will have to deal with the degeneracy of the operator £, that acts
non-degenerately, through the embedding matrix B, only on a subspace of dimension
d. Tt will be managed by adapting the reasonings firstly appeared in [HM16]. Namely,
we will show that the semi-group associated with the Ornstein-Uhlenbeck operator L°"
coincides with a non-degenerate one but "multiplied" by a time-dependent matrix that
precisely takes into account the original degeneracy of the operator (see definition of
matrix M in Section 2.1).

Main operators considered. We conclude this introduction showing that assump-
tion [SD] applies to a large class of Lévy operators on R%. As already pointed out
in [SSW12], it is satisfied by any Lévy measure v that can be decomposed in polar
coordinates as

) = [T 10000 ) . A€ BRY,

for a finite, non-degenerate (in the sense of Equation (1.4)), measure p on S¢~! and a
Borel function Q: (0,00) x S¥=* — R such that there exists 7o > 0 so that

Q(r,0) > ¢>0, a.e. in[0,7] x S*.

In particular, assumption [SD] holds for the following families of "stable-like" examples
with a € (0,2):

1. Stable operator [Sat13]:

Q(r,0) = 1;
2. Truncated stable operator with ry > 0 [KS08]:
Q(r,8) = L(0,)(r);
3. Layered stable operator with § in (0,2) and rq > 0 [HKO07]:
Q(r,0) = L0 (1) + Lirg.0) (1),
4. Tempered stable operator [Ros07]:
Q(+,0) completely monotone, Q(0,) > 0 and Q(oc0,) =0 a.e. in S ;
5. Relativistic stable operator [CMS90], [BMR09]:
Qr.0) = (1+7)@ oD/
6. Lamperti stable operator with f: S%* — R such that sup f(6) < 1 + a [CPP10]:

Q(r,0) = 6rf(9)< r >1+a'

er—1
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Organization of the paper. The article is organized as follows. Section 2 introduces
some useful notations and then, the anisotropic distance d induced by the dynamics as
well as Zygmund-Holder spaces associated with such a distance. In Section 3, we are
going to show some analytical properties of the semi-group P, generated by L°", such
as the existence of a smooth density and, at least for small times, some controls for its
derivatives. Section 4 is then dedicated to different estimates in the L*-norm for P, f
and its spatial derivatives, involving the supremum or the Holder norm of the function
f. In particular, we show here the continuity of P, as an operator between anisotropic
Zygmund-Hoélder spaces. In Section 5, we use the controls established in the previous
parts in order to prove the elliptic Schauder estimates and show that Equation (1.5)
has a unique solution. Similarly, we establish the well-posedness of the Cauchy problem
(1.6) as well as the associated parabolic Schauder estimates. In the final section of the
article, we briefly explain some possible extensions of the previous results to non-linear,
space-time dependent operators.

2 Geometry of the dynamics

In this section, we are going to choose the right functional space "in which" to state our
Schauder estimates. The idea is to construct an Holder space C’bﬁ, J(RY) with respect to a

distance d that it is homogeneous to the dynamics, i.e. such that for any f in C,ff JRY),
any distributional solution u of

Lu(z) = Lu(z) + (Az, Du(z)) = f(z), z€RY (2.1)
is in C’{ff jﬁ (RY), the expected parabolic bootstrap associated to this kind of operator. We
recall in particular that the Kalman rank condition [K] is equivalent to the hypoellipticity
(in the sense of Hormander [Hor67]) of the operator L°" that ensures the existence and
smoothness of a distributional solution of Equation (2.1) for sufficiently regular f. See
e.g. [Ish16] or [HPZ19] for more details.

2.1 The distance associated with the dynamics

To construct the suitable distance d, we start noticing that the Kalman rank condition
[K] allows us to denote

n = min{r e N: N = rank[B,AB, e ,A’"_lB}}. (2.2)

Clearly, n is in [1, N], where [-,-] denotes the set of all the integers in the interval, and
n =1 if and only if d = N, i.e. if the dynamics is non-degenerate.

As done in [Lun97], the space RY will be decomposed with respect to the family of
linear operators B, AB, ..., A""1B. We start defining the family {V;,: h € [1,n]} of
subspaces of RY through

Vo Im(B), if h =1,
" @r_, Im(A*'B), otherwise.
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Chapter 3. Schauder estimates for linear Lévy operators

It is easy to notice that Vj, # Vi, if k # hand V; C Vo C ...V, = RY. We can then
construct iteratively the family {E},: h € [1,n]} of orthogonal projections from RY as

{projection on Vi, if h =1,
Eh =

projection on (V;,_1)t NV}, otherwise.

With a small abuse of notation, we will identify the projection operators Ej with the
corresponding matrices in RY @ RY. Tt is clear that dim E;(RY) = d. Let us then
denote d; := d and

dp == dim E,(RY),  for h > 1.

We can define now the distance d through the decomposition RY = @}_, E,(RY) as

n
d(z,2') == 3 |Ep(x — o )|Fetm

h=1
The above distance can be seen as a generalization of the usual Euclidean distance when
n = 1 (non-degenerate dynamics) as well as an extension of the standard parabolic
distance for o = 2. It is important to highlight that it does not induce a norm since it
lacks of linear homogeneity.
The anisotropic distance d can be understood direction-wise: we firstly fix a "direction" h
in [1,n] and then calculate the standard Euclidean distance on the associated subspace
EL(RY), but scaled according to the dilation of the system in that direction. We
conclude summing the contributions associated with each component. The choice of
such a dilation will be discussed thoroughly in the example at the end of this section.

As emphasized by the result from Lanconelli and Polidoro recalled below (cf. [LP94],
Proposition 2.1), the decomposition of RY with respect to the projections {Ej: h €
[1,n]} determines a particular structure of the matrices A and B. It will be often
exploited in the following.

Theorem 2.1 ([LP94]). Let {e;: i € [1, N]} be an orthonormal basis consisting of
generators of {ER(RN): h € [1,n]}. Then, the matrices A and B have the following
form:

BE)O A2 * PR
B=1. and A =10 Ay x . (2.3)
0 R
0o ... 0 A,

where By is a non-degenerate matriz in R4 @ RM and Aj, are matrices in R% @ R
with rank(Ap) = dy, for any h in [2,n]. Moreover, dy > dy > --- > d, > 1.

Applying a change of variables if necessary, we will assume from this point further to
have fixed such a canonical basis {e;: i € [1, N]}. For notational simplicity, we denote
by I, h € [1,n], the family of indexes 7 in [1, N] such that {e;: i € I},} spans Ej,(RY).

The particular structure of A and B given by Theorem 2.1 allows us to decompose
accurately the exponential et of the matrix A in order to make the intrinsic scale of
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Section 2. Geometry of the dynamics

the system appear. Further on, we will consider fixed a time-dependent matrix M; on
RY @ RN given by

M = diag(La,xdy, Hayxdss - > 8" Hapxa,), >0,

Lemma 2.2. There exists a time-dependent matriz {R;: t € [0,1]} in RN @ RN such
that
M, = MyR,, tel0,1]. (2.4)
Moreover, there exists a constant C' > 0 such that for any t in [0, 1],
— any I, h in [1,n] and any 6 in SN, it holds that

‘EletAEhG‘ < Ctl_h, ifl>h
=\ct,  ifl<h

— any 0 in S, it holds that
|R.BO| > C.

Proof. By definition of the matrix exponential, we know that
tA =t k
Ele Eh = kz_% EEZA Eh' (25)

Using now the representation of A given by Theorem 2.1, it is easy to check that
E,AREy, =0 for k < | — h (when [ — h is non-negative). Thus, for [ > h, it holds that

tk
—‘EIA’“EhG‘ < O,

BB = |y ¢
k=l—-h """

where we exploited that ¢ is in [0, 1] and |#] = 1. Assuming instead that | < h, it is clear
that EjIyynFE} vanishes. We can then write that

B 0| = \i’ZEZA’fEhe < ct,
k=l """

using again that ¢ is in [0, 1] and |6] = 1.
To show the other control, we highlight that the matrix M is not invertible in ¢ = 0
and for this reason, we define the time-dependent matrix R; as

Ry = ~1_tA -
My et M, if t € (0,1].

We could have also defined R, ::(RZ) | Where R! solves the following ODE:

|s=

{asfzg — M;tAM,R!, on (0,1],

RB - -[NXN'
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Chapter 3. Schauder estimates for linear Lévy operators

Equivalently, Ri is the resolvent matrix associated with M, 't AM,, whose sub-diagonal
entries are "macroscopic" from the structure of A and M.
It follows immediately that Equation (2.4) holds. Moreover, we notice that

R,B6| > |E,R,B6| = |E,c* E,B6|.
RuBo| > | =] |

Remembering the definition of matrix exponential (Equation (2.5) with [ = h = 1), we
use now that
E\A*E; = (EJAE)" = (A1) Ex,

where in the last expression the multiplication is meant block-wise, in order to conclude
that
[R.BO| > |e"1 Byt

Using that e*4t1 By is non-degenerate and continuous in time and that € is in S, it is
easy to conclude. O]

We conclude this sub-section with a simpler example taken from [HMP19]. We hope
that it will help the reader to understand the introduction of the anisotropic distance d.

Example 2.1. Fixed N = 2d, n = 2 and d = d; = d,, we consider the following
operator:

(o]
5 2d
L = Az +x,-V,, onR™

where (z1,z5) € R2?? and A2, is the fractional Laplacian with respect to z;. In our
framework, it is associated with the matrices

o 0 0  (1Lixa
A = (Idxd O) and B = ( 0 )

The operator LY" can be seen as a generalization of the classical Kolmogorov example
(see e.g. [Kol34]) to our non-local setting.
In order to understand how the system typically behaves, we search for a dilation

6x: [0,00) x R* — [0, 00) x R*

which is invariant for the considered dynamics, i.e. a dilation that transforms solutions
of the equation
ou(t,r) — Lu(t,x) = 0 on (0,00) x R*

into other solutions of the same equation.
Due to the structure of A and the a-stability of A%, we can consider for any fixed A > 0,
the following

Sx(t, 21, 29) = (A, Awy, A\ T%).

It then holds that
(&g - L‘;“)u =0 = <8t - Lg“)(u 0d,) =0.
Introducing now the complete time-space distance dp on [0, 00) x R?? given by

dp((t.2),(s,2)) = |s —t]5 +d(z,2') = |s —t|s + |21 — 2| + |z — |75, (26)
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Section 2. Geometry of the dynamics

we notice that it is homogeneous with respect to the dilation dy, so that
dp(0r(t, 2);0x(s,2')) = Adp((t,2); (s,2')).

Precisely, the exponents appearing in Equation (2.6) are those which make each space-
component homogeneous to the characteristic time scale t'/%. From a more probabilistic
point of view, the exponents in Equation (2.6), can be related to the characteristic time
scales of the iterated integrals of an a-stable process. It can be easily seen from the
example, noticing that the operator Lo" corresponds to the generator of an isotropic
a-stable process and its time integral.

Going back to the general setting, the appearance of this kind of phenomena is due
essentially to the particular structure of the matrix A (cf. Theorem 2.1) that allows the
smoothing effect of the operator £, acting only on the first "component" given by By, to
propagate into the system.

2.2 Anisotropic Zygmund-Holder spaces

We are now ready to define the Zygmund-Hoélder spaces C’ZZ J(RY) with respect to the
distance d. We start recalling some useful notations we will need below.

Given a function f: RY — R, we denote by D f(x), D?f(z) and D?f(x) the first, second
and third Fréchet derivative of f at a point x in RY respectively, when they exist. For
simplicity, we will identify D?f(z) as a 3-tensor so that [D3f(x)](u,v) is a vector in RY
for any u,v in RY. Moreover, fixed h in [1,n], we will denote by Dg, f(x) the gradient
of f at x along the direction E,(RY). Namely,

Dg, f(z) = EpDf(x).

A similar notation will be used for the higher derivatives, too.

Given X, Y two real Banach spaces, £(X,Y") will represent the family of linear continu-
ous operators between X and Y.

In the following, ¢ or C' denote generic positive constants whose precise value is unimpor-
tant. They may change from line to line and they will depend only on the parameters
given by the model and assumptions [SD], [K]. Namely, d, N, A, B, a, v, g and u. Other
dependencies that may occur will be explicitly specified.

Let us introduce now some function spaces we are going to use. We denote by B,(RY)
the family of Borel measurable and bounded functions f: RY — R. It is a Banach space
endowed with the supremum norm || - ||o.. We will consider also its closed subspace
Cy(RY) consisting of all the uniformly continuous functions.

Fixed some k in Ny := NU {0} and g in (0, 1], we follow Lunardi [Lun97] denoting the
Zyegmund-Hoélder semi-norm for a function ¢: RY — R as

DY —DY :
SUD|g9|—k SUPz2y Wa if 8 # 1;

[blones = DY¢(z)+D"¢(y) 2D $(2F¥)|
Sup|19|:k Supa)#y [z—y] y lf /B = 1

Consequently, The Zygmund-Hoélder space Cf +8 (RY) is the family of functions ¢: RY —
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Chapter 3. Schauder estimates for linear Lévy operators

R such that ¢ and its derivatives up to order k are continuous and the norm

k
9]l s = Z|Sl|lp,||D’9¢||Loo + [@leess s finite.
i=19]=i

We can define now the anisotropic Zygmund-Ho6lder spaces associated with the distance
d. Fixed v > 0, the space C} 4(RY) is the family of functions ¢: RY — R such that for
any h in [1,n] and any zy in RY, the function

z € ER(RY) — ¢(xo + 2) € R belongs to C’Z/(Ha(h_l))(Eh(RN)),

with a norm bounded by a constant independent from zy. It is endowed with the norm

n

I6llcy, = > sup ll¢(zo + )l corasam-- (2.7)

h=1To€ERN

We highlight that it is possible to recover the expected joint regularity for the partial
derivatives, when they exist, as in the standard Holder spaces. In such a case, they
actually turn out to be Holder continuous with respect to the distance d with order one
less than the function (See Lemma 2.1 in [Lun97] for more details).

It will be convenient in the following to consider an equivalent norm in the "standard'
Holder-Zygmund spaces Cy (E,(R”Y)) that does not take into account the derivatives
with respect to the different directions. We suggest the interested reader to see [Lun97],
Equation (2.2) or [Pri09] Lemma 2.1 for further details.

Lemma 2.3. Fized v in (0,3) and h in [1,n] and ¢ in Cy(EL(RY)), let us introduce
Aiogb(z) = G(w0+32)—30(20+22)+3d(zo+2)—d(x0), x0 € RY; 2 € E,(RY). (2.8)

Then, ¢ is in C) (EL(RN)) if and only if

A2 6(2)
sup sup —_— < 0.
z0€RN z€E), (RN );25£0 2|7

We conclude this subsection with a result concerning the interpolation between the
anisotropic Zygmund-Hélder spaces C’; J(RY). We refer to Theorem 2.2 and Corollary
2.3 in [Lun97] for details.

Theorem 2.4. Let r be in (0,1) and 3, v in [0,00) such that 5 < ~. Then, it holds
that

(CLaRY), CRyRY)) = Gy TP (RY)

7,00

with equivalent norms, where we have denoted for simplicity: Cy ,(RY) := Cy(RY).
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Section 3. Geometry of the dynamics

3 Smoothing effect for truncated density

We present here some analytical properties of the semi-group generated by the operator
L°". Following [SSW12] and [SW12], we will show the existence of a smooth density for
such a semi-group and its anisotropic smoothing effect, at least for small times.

Throughout this section, we consider fixed a stochastic base (Q, F, (Ft)i>o, IP) satisfying

the usual assumptions (see [App09], page 72). Let us then consider the (unique in law)
Lévy process {Z;}1>0 on R? characterized by the Lévy symbol

: 1 PR
P(p) = —ib-p+ oP Qp+ /Rd (1 — e +ip - 213(0,1)(2)) v(dz), peR’
0

It is well-known by the Lévy-Kitchine formula (see [JacO1]), that the infinitesimal
generator of the process {BZ;};o is then given by £ on RY.

Fixed z in RY, we denote by {X;};>¢ the N-dimensional Ornstein-Uhlenbeck process
driven by BZ;, i.e. the unique (strong) solution of the following stochastic differential
equation:

t
X, ==z —l—/ AX,ds+ BZ;, t >0, P-almost surely.
0

By the variation of constants method, it is easy to check that
t
X, = 2 +/ =B dz,, t > 0, P-almost surely. (3.1)
0

The transition semi-group associated with L°" is then defined as the family {P;: t > 0}
of linear contractions on By(RY) given by

Pig(z) = E[¢(X))|, = €RY, ¢ € By(RY). (3:2)

We recall that P, is generated by L°" in the sense that its infinitesimal generator A
coincides with L°" on C%°(RY), the family of smooth functions with compact support.

The next result shows that the random part of X; (see Equation (3.3)) satisfies again
the non-degeneracy assumption [SD], even if re-scaled with respect to the anisotropic
structure of the dynamics.

Proposition 3.1 (Decomposition). For any t in (0,1], there exists a Lévy process
{St}uso such that

X, & M+ M,S).

Moreover, {St}.>o satisfies assumption [SD] with same « as before.
Proof. For simplicity, we start denoting

t
A = / B AZ, >0, (3.3)

0

so that X; = ez + A;. To conclude, we need to construct a Lévy process {S%},>0 on
RY satisfying assumption [SD] and

A ' LSt (3.4)
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Chapter 3. Schauder estimates for linear Lévy operators

To show the identity in law, we are going to reason in terms of the characteristic
functions. By Lemma 2.2 in [SW12], we know that A; is an infinitely divisible random
variable with associated Lévy symbol

Dy, (€) = /Ot@((eSAB)*g) ds, €eRY.

Remembering the decomposition e*4B = e*AM,B = M R,B from Lemma 2.2, we can
now rewrite ®,, as

Oy, (€) = ¢ / (¢ B)€) ds = t / (RyB)"M.M£) ds.

The above equality suggests us to define, for any fixed ¢ in (0, 1], the (unique in law)
Lévy process {S’},>0 associated with the Lévy symbol

bi(¢) = /01(I><(RStB)*MS§> ds, €eRV.

It is not difficult to check that ®! is indeed a Lévy symbol associated with the Lévy
triplet (QF, 0, 0") given by

— /lM RuBQ(M,R,,B)* ds; (3.5)
/MRtBbds+/ / M, Ry Bz [1p(0,1)(M. Rt B2) — Lpo,(2)] v(dz)ds; (3.6)
7(A) = /0 1y<(MsRstB)‘1A> ds, A e B(RY). (3.7)

Since we have that

E{exmw} — e (O — RV E[eﬂé,MtSi)}’
it follows immediately that the identity (3.4) holds.

It remains to show that the family of Lévy measure {7': ¢ € (0,1]} satisfies the
assumption [SD]. Recalling that condition [SD] is assumed to hold for v, we know that

P(A) = /0 lu((MsRstB)‘IA) ds > /O 1 /O h /S N ]lA(rMSRStBQ)u(dH)rj;ds, (3.8)

for any A in B(RY). Furthermore, it holds from Lemma 2.2 that

M, Ry B0| =: Ro > 0. (3.9)

inf
s€(0,1),t€(0,1],0€54-1

It allows us to define two functions I*: [0,1] x S4 ! — SN=1 m!: [0,1] x S 1 — R,
given by
MRy B6

Hs0) = M, Ry, BY]

and m'(s,0) := |M,R,B0)|.
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Using the Fubini theorem, we can now rewrite Equation (3.8) as

! "o t t dr
) > / /Sd 1/ 14((s,0)m (s,@)r)rHaM(dQ)ds
mt(s,0)ro . dr . .
/ /gd 1/ l S 9) )TH‘O‘ [m (379)] M(d@)ds

Exploiting again Control (3.9), we can conclude that

dr ~ dr
t ~t
//S/ Lo(l! (s, 0)r) i (ds, ) / /SN1 () -

(3.10)

where m!(ds, df) is a measure on [0, 1] x S%1 given by
m'(ds,df) = [m'(s,0)]*u(dd)ds

and ji' := (I*),m! is the measure m' push-forwarded through I* on SN¥=1. It is easy to
check that the measure ' is finite and non-degenerate in the sense of (1.4), replacing
therein d by N. O]

An immediate application of the above result is a first representation formula for the
transition semi-group {F;: ¢t > 0} associated with the Ornstein-Uhlenbeck process
{X:}i>0, at least for small times. Indeed, denoting by Px the law of a random variable

X, Equation (3.4) implies that for any ¢ in By(RY), it holds that

Pi(z) = /R oleha +y) Py, (dy) = /R _o(e"r + Myy) Py (dy), = €RY, te(0,1].

(3.11)
Moreover, condition [SD] for {5 }.,>0 allows us to decompose it into two components:
a truncated, a-stable part and a remainder one. Indeed, if we denote by v/, the measure
serving as lower bound to the Lévy measure 7' in (3.10), i.e

VL(A) = /ORO /SN*I ]lA(Qr)ﬂt(dé’)?i:x, C e B(RY), (3.12)

we can consider {Y'},>0, the Lévy process on RY associated with the Lévy triplet
(0,0,7%). We recall now a useful fact involving the Lévy symbol & of the process Y.
The non-degeneracy of the measure ji’ is equivalent to the existence of a constant C' > 0
such that

L) > ClElY, £ eRY. (3.13)

A proof of this result can be found, for example, in [Pril2] p.424.

In order to apply the results in [SSW12], we are going to truncate the above process
at the typical time scale for an a-stable process. This is t'/* when considering the
process at time ¢ (cf. Example 2.1). Namely, we consider the family {P{"};>o of infinitely

divisible probabilities whose characteristic function has the form P{*(£) := exp[—®{*(£)],
where
o(e) = [

|z\<ta

[1—€<£Z + (&, )} Vi (dz).
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On the other hand, since the measure ' satisfies assumption [SD], we know that the
remainder 7' — 1 5 1/a)V/, is again a Lévy measure on RYN. Let {7 }+>0 be the family of
infinitely divisible probability associated with the following Lévy triplet:

(Qt> l;ta vt — ]lB(O,tl/a)I/(i)'

It follows immediately that Pg = Pi* % 7, for any ¢ > 0. We can now disintegrate the
measure Pg: in Equation (3.11) in order to obtain

Poa) = [ [ o(e e+ Ml + 1)) B (dy) () (3.14)

The next step is to use Proposition 2.3 in [SSW12] to show a smoothing effect for the
family of truncated stable measures {P{": ¢t > 0}, at least for small times. Namely,

Proposition 3.2. Fized m in Ny, there exists Ty := To(m) > 0 such that for any t in
(0, To], the probability P has a density p™(t,-) that is m-times continuously differentiable
on RY,

Moreover, for any 9 in NV such that |9 < m, there exists a constant C := C(m, |J|)
such that

91-m
ID7p(ty)| < Ct e <1+t|fj|a) . te(0,Th], y € RY.

Proof. The result follows immediately applying Proposition 2.3 in [SSW12]. To do so,
we need to show that the Lévy symbol ®f of the process {Y.'},>¢ satisfies the following
assumptions:

— Hartman-Wintner condition. There exists T > 0 such that

(I)t
lim inf Re®,(¢)

%alS) o e (0,7
T e 0.7

— Controllability condition. There exist T' > 0 and ¢ > 0 such that

/RN 6—tRe<I>g(§)|€|m <

In order to show that the above conditions hold, we fix T' < 1 and we recall that the
Lévy symbol @) of Y;, the truncated a-stable process with Lévy measure introduced in
(3.12), can be written through the Lévy-Kitchine formula as

€ (0,7T].

P! (€) :/Ro (1—6<5Z +z<£z / /SNl 1—cos §r6))) t(do )ia

We have seen in Equation (3.13) that the non-degeneracy of ' implies that ®¢,(£) > C|¢|“.
The Hartman-Wintner condition then follows immediately since

t «
lim inf M liminf —————— clé] =
w0 In(1 4+ [€]) ~ Tlel=oo In(1+|€])
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To show instead the controllability assumption, let us firstly notice that

67tRe‘1>ta(§) < L if |€’ < R;
S etk i ] > R,

for some R > 0. It then follows that

—tRed!, m _ m —ct|&]* | |m
Je Ol = [ leprdes [ e g g

mt N el ¢ |m
o e d
/WWR €™ de
< (J+t—’”ZN/ e—Clél ¢ de
RN

m-+N

< o,

<C

where in the last step we used that 1 <

4 Estimates for transition semi-group

The results in the previous section (Proposition 3.2 and Equation (3.14)) allow us to
represent the semi-group P; of the Ornstein-Uhlenbeck process {X;}i>0 as

Pg(x /RN / O(My(y1 + y2) + €4o)p" (t, 1) dyrmi(dys), x € RY, (4.1)

at least for small time intervals.

Here, we will focus on estimates in || - ||-norm of the transition semi-group {F;: ¢t > 0}
given in Equation (3.2) and its derivatives. The main result in this section is Corollary
4.4 that shows the continuity of P, between anisotropic Zygmund-Holder spaces. These
controls will be fundamental in the next section to prove Schauder Estimates in the
elliptic and parabolic settings.

As we will see in the following result, the derivatives of the semi-group P, with respect to a
component ¢ in I, induces an additional time singularity of order W, corresponding
to the intrinsic time scale of the considered component.

Proposition 4.1. Let h, W', h" be in [1,n] and ¢ in By(RY). Then, there ewists a
constant C' > 0 such that for any i in I, any j in I and any k in Ip., it holds that

1+a(h

_ —1)
IDiPidlloc < Clldllo(1+t = ), t>0; (4.2)
_ 2+a(h+h/-2)
|02, Plloe < Cligllo(1+¢5555)

102 Pidlloc < Cliglloe(1+¢

, >0 (4.3)

3+a(h+h '+n!"—3) )

, t>0. (4.4)

Proof. We start fixing a time horizon T := 1 A Ty(N +4) > 0, where Ty(m) was defined
in Proposition 3.2. Our choice of N + 4 is motivated by the fact that we consider
derivatives up to order 3.

On the interval (0,77, the representation formula (4.1) holds and P,¢ is three times
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differentiable for any ¢ in B,(RY). We are going to show only Estimate (4.2) since the
controls for the higher derivatives can be obtained similarly.

Fixed t < T, let us consider ¢ in I, for some h in [1,n]. When ¢ < T, we recall from
Equation (4.1) that, up to a change of variables, it holds that

‘Diptﬁb(x)’ = ’Di /]RN /]RN (M (11 +y2))ptr(t7y1 _Mt ¢! 95) dyrmi(dyz)|-

We can then move the derivative inside the integral and write that

DiP()| = /R o L SOy + ) (Tp (8 — M ), M et es) dyn(dye)
< el [ 60 + 1)) V881 — My e )] dyir(dye)
< 0OVl | /R TP ) dya (), (45)

where in the last step we exploited Lemma 2.2 to control

M e e;| < Z|M 'Eret Epei| < C[Zt’“ ht+Zt (k=g=(=D] < o),

k=1 k=h
(4.6)

remembering that ¢ < 1. We conclude the case ¢ < T using the control on p™ (Proposition
3.2 with m = N + 2) to write that

o N4l (N+1)
DPo()| < Cllollam (@M [ 175 (14 B,

< Cllglloat ™55 [ (1 |24 (4.7)
RN

1+a(h 1)

< O|gfloct™

Above, we used the change of variables z = t~%/y;. When t > T, we can exploit the

already proven controls for small times, the semi-group and the contraction properties
of {P;: t >0} on By(RY) to write that

IDiPollss = IDiPr(Ptd)l < CrllPerdlos < Clldllr  (48)
We have thus shown Control (4.2) for any ¢ > 0. O
The following interpolation inequality (see e.g. [Tri92])

19l roreans < CllolIG H(leCE;" (4.9)

valid for 0 < &, < dy, r in (0,1) and ¢ in C%(RY), allows us to extend easily the above
result.

Corollary 4.2. Let vy be in [0,1+ «). Then, there exists a constant C' > 0 such that

IPleney,y < CA+E=), t>0. (4.10)
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Proof. Let us firstly assume that + is in (0, 1]. Remembering the definition of C} ;-norm
in (2.7), we start fixing a point x¢ in R and & in [2,n]. Then, the contraction property
of the semi-group implies that

| Pio(zo + )1, @)oo < Cl0]|co-

Moreover, Control (4.2) in Proposition 4.1 ensures that

_1t+a(h-1)
| Di P (w0 + *) 5, =) lloo < C'||¢||oo(1+t a )

It follows immediately that

1+a(h—1)

[P (zo + ) ig,@myllop < Cllollo(I -+t o).

We can now apply the interpolation inequality (4.9) with §; = 0, d; = 1 and r =
v/(1+ a(h — 1)) in order to obtain that

1Pep(z0 + )i, llop < CllP(o + ), @ lleg 1 Ped (w0 + ), v 1o
< Clllloo(1+177).

The argument is analogous for 7 in (1, 3), considering only the case h = 0. [

The next result allows us to extend the controls in Proposition 4.1 to functions in the
anisotropic Zygmund-Holder spaces. Roughly speaking, it states that the anisotropic
v-Holder regularity induces a "homogeneous' gain in time of order v/« that can be used
to weaken, at least partially, the time singularities associated with the derivatives. The
general argument of proof will mimic the one of Proposition 4.1 even if, this time, we
will need to make the Holder modulus of ¢ appear. It will be managed exploiting some
“partial” cancellation arguments (cf. (4.17)).

Theorem 4.3. Let h, W', h" be in [1,n] and ¢ in C)4,(RY) for some v in [0,1 + a).
Then, there exists a constant C' > 0 such that for any v in I, any j in Iy and any k in
Iy, it holds that

—(A+a(h-1))

ID:iPllso < Clldlley, (1485 ), >0 (4.11)
Y= @ta(hth=2)

1D, Pidllos < Clldlley, (14— =), t>0; (4.12)

, >0 (4.13)

~—(3+a(h+h'+h' —3)) )

D25 Pdlloo < Cliglley, (1+1

Proof. Similarly to Proposition 4.1, we start fixing a time horizon
T = 1 ANTH(N +6) > 0. (4.14)

Then, Corollary 4.2 implies the continuity of P, on Cy (RN, for any ¢ > T'/2. Indeed,

IPdlcy, < Clldlla(1+¢72) < Crlidlcy,. (4.15)
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Chapter 3. Schauder estimates for linear Lévy operators

The same argument shown in Equation (4.8) can now be applied to prove Control (4.11)
for t > T'. Namely,

IDiPidlloc = IIDiPr2(Pret2¢) oo < CrllPirjzdlloo < Cli¢lloc.

The same reasoning can be used for the higher derivatives, too.

When t < T, let us assume o > 1, so that 1 + a > 2. The case a < 1 can be handled
similarly taking into account one less derivative. Moreover, we notice that we need to
prove Controls (4.11)-(4.13) only for 7 in (2,1 + «) thanks to interpolation techniques.
Indeed, if we want, for example, to prove Estimates (4.11) for some ' in (0, 2], we can
use Theorem 2.4 to show that

)v’/v 7'7(1+a(h*1)))
)

11—/~
IDP ety < (IDPMesy) " (1P e o) < €1+

once we have proven Estimate (4.11) for v > 2.

We are only going to show Control (4.11) for t < T and ~ in (2,1 + «). The estimates
(4.12) and (4.13) involving the higher derivatives can be obtained in an analogous way.
Fixed i in I, for some h in [1,n], we start noticing from Equation (4.1) that, up to the
change of variables §; = vy, + M, 'e*4z, it holds that

DiPo(a) = Di [ [ o0 +y2))p" (8,51 — M) djmidye)
= /R o L O+ o) D [P (151 — M e )] ().

Recalling that here, D; stands for the derivative with respect to the variable z;, we then
notice that

/RN D, [ptr(t,gl — M, 1€tAZL‘)} dyy = D; / Pt g1 — M et )} dy; = 0.

(4.16)

In particular, it immediately follows that
/ ¢(Myys + €"42) D; [ptr(t7?]1 — M et x)} dy1mi(dy2) = 0.
RN JRN

This property will allow to use a cancellation argument in Equation (4.17) below, once
we split the small jumps in the non-degenerate contributions and the other ones. We
thus get from (4.16) that

D;Pip(x)
= /RN /]RN S(M (71 + y2))) — ¢(Myys + etAx)) D; [ptr(t, U1 — Mt_lemx)} dyy i (dys)
= /RN - AG(t,y1,y2, 2) (VP (£, y1), M e e dyrmy(dys), (4.17)

where, after the backward change of variables, we have also denoted:

A¢<t7 Y1, Y2, "L‘) = ¢(Mt(y1 + y2) + 6tA:L‘) - ¢(Mty2 + etAx)‘

We can then decompose the difference A¢ in the following way:

A¢(t,y1,y2,$) = AO(taybyan) +A1(t> yljy%-’ﬂ) (4-18)
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where we denoted
Ao(t, y1, 2, 2) = d(Eryr + Myys + e'2) — o(Myys + ' 2);
Al (ta Y1, Y2, ‘T) = ¢<Mty1 —+ MtyQ + €tA$) - (b(Elyl + Mtyg + etAx).

Noticing now that the first contribution can be easily controlled
n 04
1Ay, 92, 2)] < lolleg, > | My [FoT, (4.19)
k=2

we can then write that

/ / A (t,y1,y2, 2) (VP (t, y1), M Yete;) dyymy (dys)
RN JRN

(1) . N S
< 10l 03 [ f 19 )[BT di (),

where we also exploited the control in (4.6).
The above expression allows us to conclude the control for A; as in (4.7), using Proposition
3.2 with m = N + 4 and |[J| = 1. Namely,

/RN n At y1,yo, ) (VD™ (t, 1), My e es) dyam(dys)

C(h-1) _N+1 —(N+3) oy
< Cllolleg, > [ (14 ) g e ay,
k=2

1
1=(+a(h=1)) & ~(N43) 4
< OHQSHC;dt @ Z‘/RN (1 + |Z|> |Z|1+a(k—1) dz
=2

= (1+&(h 1)

< Cllglley ¢ : (4.20)

where in the second step we used again the change of variable z = y;t~1/°.

For the term Ag, we start instead applying a Taylor expansion of second order along
Eyyy:

Ao(t, 2,01, 12) = S(Eryr + Myys + e'2) — o(Myys + ' 2)
= (Vo(Myys + ez), EByyi) + /01<D2¢(Mty2 + ez + AEyy) Riyy, Evy) dA
= Ao(t, 2, y1,92) + As(t, z, 1, y2). (4.21)
Now, we want to control the component involving the second term As:

[RN RN AQ(t7 Y1, Y2, 1‘) <vpt1'(t’ y1)7 Mt_letAei> dylﬂt(dZUQ)

To do it, we exploit an integration by part formula with respect to the derivative of p.
Indeed, reasoning component-wise if necessary, it is not difficult to check that

/RN /RN Aa(t, y1,y2, ) (VP (8, y1), M ') dyrmi(dys) (4.22)
o AT + ), By )V (6, 1), My ehes) dyym(d)

o L (O + ), BV e e p (1) dym(dy).

Il
T~ 2
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Chapter 3. Schauder estimates for linear Lévy operators

It then follows immediately that

/RN RN Ao (t,y1, 92, 2) <thr(t> y1), My letA€z> dyrm¢(dys2)
< Clllicy, [ Breeil [ 1p"(ty)l dyr (429)
< Cllley,,

where in the last passage we also used Lemma 2.2.

To control the contribution involving the third term Aj, we will need an additional
cancellation argument. Let us assume for the moment that the family of truncated
probabilities {P}"};>¢ has zero mean value, so that it holds that:

/ Eyyip™(t,y1) dy; = Oga.
RN
Under this additional hypothesis, it is possible to show that
/RN RN<D2¢(Mt3/2 + e x) Evyy, Eyyn) (V" (8, 1), M et e;) dyamy (dya) = 0. (4.24)

Indeed, applying again an integration by parts formula with respect to the derivative on
p'™, we notice, reasoning as well component-wise as in (4.22), that:

/RN<D2¢(Mt3/2 + ) Byyn, Evyn ) (V™ (t, 1), M e e dyy

RN (D2p(Myys + e 2) Eyyy, EyM; et e pt (, y1) diy

= < oMy, + e) U Eyvyip™(t, yl)dyl] EletAez>

o

The cancellation argument in (4.24) allows now to write that
/RN RNA?’(t’ Y1, Y2, ) (VD™ (1, 90), M et le;) dyvmi(dys)

1
_ / / / <{D2¢(Mty2 + etz + NEyy) — D2¢(Myy, + etAZL')} E1y1,E1y1>
RN JRN Jo
x (Vp™(t,y1), My 1€tA€Z> dy,m(dyz).

The same arguments presented in Control (4.20) can be also applied here to show that

/RN - As(tyr, yo, ) (VD" (¢, 31), M et e;) dyymi(dys)
< C||¢||O;dt_(h_l)/ / |Evyi |72 Evn [PV RY (8, 91) | dya i (dy)
> RN JRN

1+a(h—1)

< Clollgg b= = (4.25)

Going back to Expression (4.17), we notice that the decompositions in (4.18) and (4.21)
implies immediately that

| D; P (a

/RN/ t y Y1, Y2, T )<thr(tay1)7Mt 1€tA€z>dy17Tt(dy2) .

182



Section 4. Geometry of the dynamics

Then, we can finally use the estimates in (4.20), (4.23) and (4.25) to conclude that
v 1+a(i-1)
D@ < Clldliey, (14655557,

In the general case, when the family of probabilities {P!*},>¢ possibly has non-zero mean
value, it is then enough to follow the same reasoning above, taking into account, in the
first cancellation argument, the additional error given by the mean.

Namely, we will need to consider ¢(M,y, + ez — m;), where m; is the mean value
associated with P;, in Equation (4.17). O

Next, we are going to use the controls in Theorem 4.3 to show the main result of this
section. It states the continuity of the semi-group P, between anisotropic Zygmund-
Holder spaces at a cost of additional time singularities.

Corollary 4.4. Let 3,7 be in [0,1 + «) such that < ~. Then, there ezists a constant
C > 0 such that .
1Plleep, cp, < CHE), >0 (4.26)

Proof. 1t is enough to show the result only for v = [ non-integer, thanks to interpolation
techniques. Indeed, fixed § < 7, we can use Theorem 2.4 to show that

B

Y

2™

<||PtHL(c;d(RN)))

On the other hand, if we fix v integer, we can take 4/ in (v, 1 + «) non-integer such that
Theorem 2.4 implies:

||P75HL(C£d(RN)7C;d(RN)) < <\|E’\L(cb(RN),c;d(RN)))

1—2X

ol
5 7

Y

(I

The general result will then follows from the two above controls and Equation (4.10),
once we have shown Estimate (4.26) for v =  non-integer.

Fixed again the time horizon 7" given in (4.14), we start noticing that Control (4.26) for
t > T has already been shown in Equation (4.15) .

To prove it when ¢ < T, we are going to exploit the equivalent norm defined in (2.8) of
Lemma 2.3. For this reason, we fix h in [1,n], a point o in RY and z # 0 in Ej,(RY)
and we would like to show that

1Pl e < (IPleccuen )

43 (Po)(2)] < Clglley, 2|, (4.27)

for some constant C' > 0 independent from x,. Before starting with the calculations, we
highlight the presence of three different "regimes" appearing below. On the one hand,

we will firstly consider a macroscopic regime appearing for |z| > 1. On the other hand,
we will say that the off-diagonal regime holds if g < |z| < 1. It will mean in
particular that the spatial distance is larger than the characteristic time-scale. Finally, a
diagonal regime will be in force when e > |z| and the spatial point will be instead

smaller than the typical time-scale magnitude. While for the two first regimes, we are
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Chapter 3. Schauder estimates for linear Lévy operators

going to use the contraction property of the semi-group, the third regime will require to
exploit the controls in Holder norms given by Theorem 4.3.

As said above, Estimate (4.27) in the macroscopic regime (i.e. |z| > 1) follows immedi-
ately from the contraction property of P; on B,(RY). Indeed,

43, (Pg)(2)] < ClIPolos < Clllcy, 2|0, (4.28)

For 174 < |z| <1 and [ in [0, 3], we start noticing from Equation (4.1) that
Pip(xo + 12) / / Mt Y1+ y2) + e (wo + lz)) (¢, y1) dyrmi(dy2)

= [ [ 00+ 162w ) dui(de),
RN JRN

where we have denoted for simplicity & = M;(y; + y2) + ex5. We can then exploit
Lemma 2.2 to write that

‘A Pt¢ /RN /RN‘A ‘p (t,y1) dyimi(dy2)

< Wt(RN)HCbHc;d Z | Eyet 2| atD
k=1

h—1 n (429)

oD —x
< C||¢||C;’d Z (t|z|> a1 Z (tk_h|z|) 1+a(k—1):|

" k=1 =
< Clléllc 2|0,

For |z| < RESICESS: , we are going to apply Taylor expansion three times in order to make
D} appear. Namely,
A3 (Po) (=)

— | [ (D1 Polao + 22) ~ 2Dy, Pid(ao + 2+ \2) + Dy, Pl + 22+ 22), 2 )
1 1
< [ [A[D3 Pt + O 2) = D3 Pt + = + (1 0)2)]2,2) ddd

1 r1 1
A/0/O<[D§hpt¢(x0+(/\+/1+V)Z)}(2,Z)7Z>d/\d/1dy
< C||Dj, Pglloo 2 (4.30)

2=Bitatio)
< Cllélley, (1 +1 IER

IN

where in the last step we used Control (4.13) with h = &' = h”. Since |z| < P
and noticing that v — 3(1 + a(h — 1)) < 0, it holds that
(14 ) 2P < T 2] = || e
We can then conclude that
A3 (Pig) (2)| < Cligllcp |2l e (4.31)

Going back to Controls (4.28), (4.29) and (4.31), we have thus proven Estimate (4.27)
for any non-integer v = (. O
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Section 5. Elliptic and parabolic Schauder estimates

5 Elliptic and parabolic Schauder estimates

In this section, we use the controls shown before to prove Schauder Estimates both for
the elliptic and the parabolic equation driven by the Ornstein-Ulhenbeck operator L°".

Fixed A > 0 and g in C,(RY), we say that a function u: RY — R is a distributional
solution of Elliptic Equation (1.5) if u is in Cy(RY) and for any ¢ in C(RY) (i.e.
smooth functions with compact support), it holds that

/R u(@) M) — (2°) o(x)] do = /R _o(x)g(x) da, (5.1)
where (Lou)* denotes the formal adjoint of L° on L*(RY), i.e.
(L) 6(x) = £76(x) — (Az, Doo(x)) — Te(A)p(z), (t,x) € 0.T)xRY,  (5.2)

and L£* is the adjoint of the operator £ on L?*(RY). It is well-known (see e.g. Section
4.2 in [App19]) that it can be represented for any ¢ in C>°(RY) as

—_

£*¢(z) = ~Te(BQB*D*¢(x)) — (Bb, D(x))

+ [ [0l = B2) = 6(x) + (D(), B)Luon(2)] v(d)

2

We state now the main result for the elliptic case, ensuring the well-posedness (in a
distributional sense) for Equation (1.5).

Theorem 5.1. Fized \ > 0, let g be in Co(RY). Then, the function u: RY — R given
by
u(z) = / e MPg(x)dt, x¢cRY, (5.3)
0

is the unique distributional solution of Equation (1.5).

Proof. Existence. We are going to show that the function u given in Equation (5.3) is
indeed a distributional solution of the elliptic problem (1.5). It is straightforward to
notice that u is in Cy(RY), thanks to the contraction property of P, on Cy(RY). Fixed
¢ in C=(RY), we then use Fubini Theorem to write that

/RN u(z) (Lou)*qb(x) dr = lim /:O /RN e_Atng(I)<Lou)*¢(x) Jrds

e—0t

= E1_i>ron+/6 /]RN e ML P,g(x)é(x) dadt,
where, in the last step, we exploited that P,g is differentiable and bounded for ¢t > 0
(Proposition 4.1). Since L°" is the infinitesimal generator of the semi-group {P;: ¢t > 0},
we know that 0;(P,g) exists for any ¢t > 0 and 9;(P,g)(z) = L°"P,g(x) for any z in RV,
Integration by parts formula allows then to conclude that

/RN u(z) (L°u>*¢(:c) dxr = lim o o(x) /EOO e MO, P,g(x) dtdx

e—0t

= lim (—e‘Aepgg(x) + /\/Oo e MP,g(x) dt) dx

e—0t JRN

- /R —g(0)p(x) d + /R u()p(x) da.
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Uniqueness. 1t is enough to show that any distributional solution u of Equation (1.5) for
g = 0 coincides with the zero function, i.e. u = 0. To do so, we fix a function p in C>°(RY)
such that ||p||z2 =1, 0 < |p| < 1 and we then define the mollifier p,, := m™ p(mz) for
any m in N. Denoting now, for simplicity, u,, := u * p,,, we define the function

gm () = Aup(z) — LU (). (5.4)

Using that u is in C,(RY), it is easy to notice that g,, is also in Cy(RY) for any fixed
m in N. Truncating the functions if necessary, we can assume that u,, and g,, are
integrable with integrable Fourier transform so that we can apply the Fourier transform
in Equation (5.4):

N (€) = Fo (L ) (€) = Gn(©). (5.5)
We remember in particular that the above operator L°" has an associated Lévy symbol
dov(¢) and, following Section 3.3.2 in [App09], it holds that

Fo (L ) () = O™ (E)Tm (). (5.6)
We can then use it to show that 4, is a classical solution of the following equation:
A =2 ()]@n (&) = Gim(©)-
The above equation can be easily solved by direct calculation as
in(€) = [ e Og,,(¢) ds.
0

In order to go back to u,,, we apply now the inverse Fourier transform to write that
* x
U () = /0 e " Pigm(x) dt.

The contraction property of the semi-group P; then implies that ||ty |lcc < Cl|gm]|co-
In order to conclude, we need to show that

lim ||gm|lec = 0. (5.7)

m— 00

We start noticing that, since u is a solution of Equation (1.5) with g = 0, it holds that
gul@) = [ u){ Mm@ = y) = Llom(- = v))(2) = (Az, Dapualx = 1)) } dy

= /RN u@){ L [om(x = ) (Y) = Llpm(- = Y)(@) + (A = ), Dapm(a — )
+ Te(A) (2 — ) } dy
= R, (z) + R}, (2) + Ry, (2),
where we have denoted
RBh(@) = [ )£ o = )0) = Llon(- = y))(@)] dy
B(@) i= [ u){A(@ = y), Dapmle — y)) dy

(@) = [ uy)Te(A)pnla —y) dy.
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On the one hand, it is easy to notice that R! = 0, since £L*[pp(z—)](y) = L[pm(-—y)](z)
for any m in N and any y in RY. Indeed, it holds that

ST(BQB D lpn(z — ))(v)) — (B0, Dy o = ](1)
= (BB D2l — ) + (B, Depue — 1)

and

/Rd [pm(:c —y+ Bz) = pm(x —y) + (Dylpm(z = )](y), BZ>1B(01 (2 )} v(dz)
= /Rd o (@ + B2) = y) = pm(x = y) — (Dapm(x — y), B2)1p ) (2)] v(d2).

On the other hand, it can be checked (see e.g. [Pri09]) that ||R2, + R2, || — 0 if m goes
to infinity. Indeed, we firstly notice that R converges, when m goes to infinity, to the
function uTr(A), uniformly in z. On the other hand, applying the change of variables
y=1x— z/m in R?  we can obtain that

= m/ u(z — z/m)(A(z/m), Dyp(2)) dy.

Letting m goes to infinity above, we can then conclude that R?, converges to the function
—uTr(A), uniformly in x. O

Let us deal now with the parabolic setting. Since we are working with evolution

equations, the functions we consider will often depend on time, too. We denote for any
v > 0 the space L>®(0,T,Cy 4(RY)) as the family of functions ¢ in Bb([O, T] x RY) such
that ¢(, ) is in C) 4y(RY) at any fixed ¢ and the norm

(07 ) = Ssup t, )|l is finite.
Jollmicz = sup lott ),

We define now the notion of solution we are going to consider. Fixed 7" > 0, uy in
Cy(RY) and f in L°°<O,T; C’b(RN)), we say that a function u: [0,7] x RY — RV is a

weak solution of the Cauchy problem (1.6) if w is in L*> (O, T; C’b(RN)) and for any ¢ in
C>([0,T) x RY), it holds that

/ / ult, z) [atqs (t,2) + <L°“)*¢(t,x)} v f(t,2)e(t, x) dudt
+ /R u(@)g(0,2)dw = 0, (5.8)

where (LO“)* denotes the formal adjoint of L°" on L?*(RY) given in Equation (5.2).

Similarly to the elliptic setting, we show firstly the weak well-posedness of the Cauchy
problem (1.6).
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Theorem 5.2. Fized T > 0, let ug be a function in Co(RY) and f in L*> (O,T; C’b(]RN)).
Then, the function u: [0,T] x RN — R given by

¢
u(t,x) = Pug() +/ Py f(s,xz)ds, (t,z)€[0,T]xRY, (5.9)
0
is the unique weak solution of the Cauchy problem (1.6).

Proof. Ezistence. We start considering a "regularized" version of the coeflicients ap-
pearing in Equation (1.6). Namely, we consider a family {ug }men in Cp°(RY) such
that g, — ug uniformly in = and a family {f,, }men in L™ (0, T; Cpe (]RN)> such that
fm — [ uniformly in ¢t and z. They can be obtained through standard mollification
methods in space.

Fixed m in N, we denote now by u,,: [0,7] x R" — R the function given by

U (t, ) = Puugm() —i—/o P sfm(s,x)ds, te[0,T],zcRY.

On the one hand, we use again that 0;(Puuy,)(t,x) = L P, (t, z) for any (¢,x) in
[0, 7] x RY to check that u,, is indeed a classical solution of the "regularized" Cauchy
Problem:

Ot (t,2) = L% (t, 2) + fru(t,x), (t,z) € (0,T) x RY;
U (0,7) = ugm(z), xRV

On the other hand, we exploit the linearity and the continuity of the semi-group P; on
Cyp(RY) to show that

¢ ¢
U = Piug () +/ Pi_sfm(s,z)ds 2 Poug(z) +/ P, f(s,x)ds = u,
0 0

uniformly in ¢ and x, where u is the function given in (5.9).
We fix now a test function ¢ in Cg° ([O, T) x RY ) and we then notice that

[} Lot (o2t vy vt = [ [0t )

An integration by parts allows now to move the operator to the test function, being
careful to remember that u,(0,-) = ugm(-). Indeed, it holds that

T *
—/ / (8,: + (L) )cb(t,y)um(t,y) dydt
0 JrN
—/ (0, y)uom(y dy+/ / o(t,y) fm(t,y) dydt, (5.10)
where (L°%)" denotes the formal adjoint of L°" on L2(RY).

We would like now to go back to the solution u, letting m go to infinity. We start
rewriting the right-hand side term of (5.10) as R} + R, where

R = [ 60.y)u0n(y) dy

- /OT /RN o(t,y) fn(t,y) dydt.
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We can rewrite R? as

// (t,y)f tydydt—l—// —f}(t,y)dydt.

Exploiting that, by assumption, f,, converges to f uniformly in ¢ and z, it is easy to see
that the second contribution above converges to 0. A similar argument can be used to
show that

L, 00 ghuom(yydy % [ 6(0.y)uo(y) dy.
On the other hand, we can rewrite the left-hand side of Equation (5.10) as

B /oT /]RN (at + (L) *)W )t (t,y) dydt

— —/ / (at (Lo >¢( y)ult,y) dydt + L1 + L2 + L3
RN
where we have denoted
= [ [ [5T(BOB Dip(t1) + (Ay + Bb, Dy(t,p) + T(A)o(r,y)]
X [um — ul(t,y) dydt;
= [ [ a6t )l — unl(t,v) dut; (5.1)

- /OT /RN [/Rg o(t,y — Bz) — o(t,y) + (Dyo(L,y), BZ>]1B((),1)(Z> l/(dz)}
X [u = um](t, y)dydt.

To conclude, we need to show that the remainder L}, + L2, + L3, is negligible, if m goes
to infinity. Exploiting that ¢ has a compact support and that ||u,, — u|s — 0, it is easy
to show that |L} + L2,| = 0.

In order to control L3 | we need firstly to decompose it as L3 + L2 where

Ly = /DT /RN [ult,y) = wn(t,y)]

~/0<|z|<1 ¢<t’ U BZ) - (b(t? y) + <Dy¢(t7 y), BZ> I/(dZ):| dydt7

= | ! [ Jutt9) = wn(t )] { /|Z|>1 o(t,y — Bz) — (t,y) u(dz)} dyd.

X

The second term L*? can be controlled easily using the Fubini Theorem. Indeed,
denoting by K the support of ¢ and by \ the Lebesgue measure on RY, we notice that

T
32 < u—wnlloe [ [ [ 1906y = B2) = 6(t,3)| dy(d=)dt

< CT2A(K)w (B0, 1)) [t = tyn | so-

Exploiting that y(BC(O, 1)) is finite since v is a Lévy measure, we can then conclude
that |L32| tends to zero if m goes to infinity.
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Chapter 3. Schauder estimates for linear Lévy operators

The argument for L! is similar but we need firstly to apply a Taylor expansion twice
to make a term |z|* appear in the integral and exploit that |z|?v(dz) is finite on B(0,1).

Uniqueness. This proof will follow essentially the same arguments as for Theorem 5.1.
Let u be any weak solution of Cauchy problem (1.6) with uy = f = 0. We are going to
show that u = 0.

We start considering a mollyfing sequence {p, }men in C°((0,T) x RY). Denoting for
simplicity w,, (f, ) = u * py,(t, ), we then notice that u,, is continuously differentiable
in time and that wu,,(0,2) = 0. It makes sense to define now the function

f(t, ) == Opup(t, x) — L™up(t, x). (5.12)

Moreover, we can truncate f,, and u,, if necessary, so that they are integrable with
integrable Fourier transform. Then, the same reasoning in Equations (5.5), (5.6) allows
us to write that

~

Orti (1,§) — @ (E)um(t,€) = [, €),
u,(0,8) = 0.

The above equation can be easily solved integrating in time, giving the following
representation:

Init,6) = [ O 6 ds

In order to go back to u,,, we apply now the inverse Fourier transform to write that

= /Ot Ptfsfm(sa 3:) ds

The contraction property of P, allows us to conclude that ||um,]|« < C||finlle- Letting
m goes to zero, we obtain the desired result. Indeed, it is possible to show that

lim || finllec = 0,

m—0o0

relying on the same reasonings used in the analogous elliptic case (Theorem 5.1). [

The next two conclusive theorems provide the Schauder estimates both in the elliptic
and in the parabolic setting.

Theorem 5.3 (Elliptic Schauder estimates). Fized A > 0 and 5 in (0,1), let g be in
C“+B(RN). Then, the distributional solution u of Equation (1.5) is in C,’fd(RN) and
there exists a positive constant C' such that

1
lullgass < C(1+5)llglles - (5.13)

Proof. Thanks to Theorem 5.1, we know that the unique solution u of the elliptic
equation (1.5) is given in (5.3). In order to show that such a function w satisfies
Schauder estimates (5.13), we exploit again the equivalent norm defined in (2.8) of
Lemma 2.3. Namely, we fix h in [1,n] and zy in RY and we show that

a+p
= |7 eal (Pe) (@) dt] < Clalleg JeI =, = € BL@RY),
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Section 5. Elliptic and parabolic Schauder estimates

for some constant C' > 0 independent from z,. For |z] > 1, it can be easily obtained
from the contraction property of P; on By(RY):

[e's) o0 3 a+p
/ e—AtAio (Ptg)(z) dt‘ < 3/ e AIPglloo dt - X||g||oo|z|71+az;—l)' (5.14)
0 0
When |z] < 1, we start fixing a transition time to given by
to = |z| ™D, (5.15)

Notably, t, represents the transition time between the diagonal and the off-diagonal
regime, accordingly to the intrinsic time scales of the system. We then decompose
A3 u(z) as Ry(z) + Ry(z), where

Ri) = [ eal (Po)(e) e

Ry(z) = /OO e MAS (Ptg) (2)dt.

to

The first component R; is controlled easily using Corollary 4.4 for f = ~. Indeed,

to 8 to atB
Ba(2)] < [ 7183, (Pg) )l dt < o7 [T Pgllp dt < Cllgllgp o] 0.

(5.16)
On the other hand, the control for Ry can be obtained following Equation (4.30) in
order to write that

o B=3(ta(h-1))
Ba()| < Clglleg, |21 [ e (L4550  ar
a+B-3(14+a(h—1))

< Clgllgp J21* (A + 12| o) (5.17)
b,d
1 atp

< O(1+ ) lgllgp, 21 =67,

where, in the last step, we exploited that |z| < 1. ]

Theorem 5.4 (Parabolic Schauder estimates). Fized T > 0 and 5 in (0,1), let ug be in
CotP(RN) and f in L (O,T; C’gd(RN)). Then, the weak solution u of Cauchy Problem
(1.6) is in L™ (O, T; C’bofjﬂ(RN)) and there exists a constant C := C(T) > 0 such that

||u\|Loo(ng+B) < C[HUOHCSB + ||fHLoo(C£d)}. (5.18)

Proof. We are going to show that any function u given by Equation (5.9) satisfies the
Schauder Estimates (5.18). We start splitting the function u in u; 4+ ug, where

uy(t, x) == Paug(x); (5.19)
ug(t, z) == /0 P,f(t — s,x)ds. (5.20)
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Chapter 3. Schauder estimates for linear Lévy operators

Corollary 4.4 allows then to control u; in the following way:

||u1||Loo(C§“’:i"ﬁ) = tSl(l)Fi)F ||Ptu0||cazﬁ < CHUOHcﬁﬁ.

)

In order to deal with the contribution uy, we will follow essentially the same reasoning
for the Schauder Estimates in the elliptic setting. Namely, we use again the equivalent
norm defined in (2.8) of Lemma 2.3 in order to estimate

Hu2HL°°(C§;rB) S CHfHL“’(Cg(ﬁ
Fixed h in [1,n] and z, in RY, our aim is to show that

88, 0a()] = | [ 88 (Psf)(5.2) 5] < CUfllpiep Al T, 2 € BU(RY),

for some constant C' > 0 independent from zy. When |z| > 1, it can be obtained
easily from the contraction property of P, on Cy(RY) as in (5.14). For |z| < 1, we
fix again the transition time ¢, given in (5.15) and we then decompose A3 us(t, z) as

Ri(t, 2) + Ry(t, 2), where

z) = /Ot/\t0 A2 (Psf) (t—s,2)ds:
Ry(t, 2) = t A3 (Psf) (t —s,2)ds.

tAtg

The first component R; can be controlled easily as in (5.16):

B tAto
B2 < [ 1% (Pt = s.2) ds
8 tAto
< el [P (E = 5, ds
atp
< CHfHLOO(CbB’dﬂz’Ha(hﬂ).

On the other hand, the control for R, is obtained following the same steps used in
Equation (5.17). Namely,

B—3(1+a(h—1))
s a ) ds

Ro(t, )| < C|[f] 3/00 |
Ralt )] < Ol [

a+f
< CHfHLOO(Cfd)|z’ TFa(h-1)

6 Extensions to time-dependent operators

In this final section, we would like to show some possible extensions of our method in order
to include more general operators with non-linear, space-time dependent coefficients.
Even in this framework, we will prove the well-posedness of the parabolic Cauchy
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Section 6. Extensions to time dependent operators

problem and show the associated Schauder estimates.
Following [KP10], our first step is to consider a time-dependent Ornstein-Uhlenbeck
operator of the following form:

LYp(t, x) = ;Tr(BtQBfD%ﬁ(I)) + (A, Do(x))

+ [ ol + Biz) = 6(2) — (D6(), Bi)Laon)(2)] v(@)

where B; := Boy(t) and Ay, 0¢(t) are two time-dependent matrices in RY @ RY and
R? ® R4, respectively. From this point further, we assume that the matrices A, oq(t)
are measurable in time and that they satisfy the following conditions:

[tK] for any fixed ¢ in [0, 7], it holds that N = rank|B, A,B,..., A¥ ' B|;

[B] the matrix A; is bounded in time, i.e. there exists a constant 7 > 0 such that
[Ak] < nlgl, € eRY,
[UE] the matrix oy is uniformly elliptic, i.e. it holds that

nER < (oo(t)E,6) < mlEl, (t,€) € [0,T] x RY.

It is important to highlight already that this new "time-dependent" version [tK]| of the
Kalman rank condition [K] allows us to reproduce the same reasonings of Section 2.
In particular, the anisotropic distance d and the Zygmund-Holder spaces le J(RY) can
be constructed under these assumptions, even if only at any fized time t. A priori, the
number of sub-divisions of the space RY may change for different times, leading to
consider a time-dependent n(t) in Equation (2.2) and, consequently, time-dependent
anisotropic distances and Hoélder spaces. We will however drop the subscript in ¢ below
since it does not add any difficulty in the arguments but it may damage the readability
of the article.

Proposition 6.1. Let uy be in Co(RY) and f in L*> (O,T; C’b(RN)). Then, there exists
a unique solution w: [0,T] x RN — R of the following Cauchy problem:

{ﬁtu(t,x) = Lo(t,z) + f(t,2), (t,z)€ (0,T)x RY; 61)

uw(0,7) = up(z), z€RN.

Furthermore, if ug is in Cya”(RY) and f in L™ (O, T; ng(RN)), then the solution u is
in L™ (O,T; C,f:{ﬁ(RN)) and there exists a constant C := C(T,n) > 0 such that

HUHLOO(C;;":{B) S C|:HUOHC?’$B + HfHLOO(Cbﬂ,d)} (62)

Proof. The proof of this result can be obtained mimicking the arguments already
presented in the first part of the article with some slight modifications. The main
difference is the introduction of the resolvent R, ; associated with the matrix A, in place
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Chapter 3. Schauder estimates for linear Lévy operators

of the matrix exponential 4. Namely, R;, is a time-dependent matrix in RY @ RY
that is solution of the following ODE:

{&:th,u = ARy, teuTl (6.3)

:Ru,u = IdN><N-

As said before, Section 2 follows exactly in the same manner as above except for
Lemma 2.2 (structure of the resolvent), whose proof can be found in [HM16], Lemmas
5.1 and 5.2. The arguments in Section 3 and 4 can be applied again, even if the
formulation of some objects presented there changes slightly. For example in Equation
(3.1), the N-dimensional Ornstein-Uhlenbeck process {X;}+>o driven by B;Z; should be
now represented by

t
X, = szxqu/ R wBydZy, 1> 0,2 € RY.
0

Finally in Section 5, the uniform ellipticity [UE] of o¢(t) and the boundedness [B] of
A, allow us to control the remainder terms appearing in Equation (5.11) as done above
and thus, to conclude as in Theorems 5.2 and 5.4. O

Once we have shown our results for the time-dependent Ornstein-Uhlenbeck operator
L{", we add now a non-linearity to the problem, even if only dependent in time. Namely,
we are interested in operators of the following form:

Lt¢(t7 CL’) = L?u(ﬁ(t, l‘) + <F0(t)7 Dm¢(‘r)> - CO(t>¢(x)= (tv l’) S [07T] X RN? (64)

where ¢g: [0,7] — R and Fy: [0,7] — RY are two functions. For any sufficiently regular
function ¢: [0,7] — R, we are going to denote

To(t,z) == e fJCD(S)dsqS(t,x + /Ot Fy(s) ds), (t,z) € [0,T] x RY. (6.5)

We will see in the next result that the "operator" T transforms solutions of the Cauchy
problem associated with £ to solutions of the Cauchy problem driven by L., even if
for a modified drift Tf.

Lemma 6.2. Fized T > 0, let ug be in Co(RY), f in L‘X’(O,T; Cb(]RN)) and ¢y, Fy in
Cy([0,T)). Then, a function u: [0,T] x RN — R is a weak solution of Cauchy Problem
(6.1) if and only if the function v: [0,T] x RN — R given by v(t,z) = Tu(t, z) is a weak
solution of the following Cauchy problem:

{&u(t,x) = Lou(t,z) + Tf(t,x), (t,z) € (0,T) xRV, 66)

uw(0,2) = up(z), = eRN.
In particular, there exists a unique weak solution of Cauchy Problem (6.6).

Proof. Given a weak solution u of Cauchy problem (6.1), we are going to show that the
function v given in (6.5) is indeed a weak solution of Cauchy Problem (6.6). The inverse
implication can be obtained in a similar manner and we will not prove it here.
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By mollification if necessary, we can take two sequences {¢ }men and {F,}men in
Ce°([0,T]) such that ¢,, — ¢o and F,, — Fy uniformly in ¢. Furthermore, we denote for
simplicity

Cm(t) = /Otcm(s)ds; E(t) = /OtFm(s)ds

Given a test function ¢ in C'° ([O, T)xRY ), let us consider for any m in N, the following
function

Um(t,x) = e Otz — F(t)) (t,z) € [0,T] x RN,

Since &, and ), are smooth and bounded, it is easy to check that v, is in C® ([0, T) x

RN ) We can then use 1), in Equation (5.8) (with time-dependent A; and B;) to show
that

l ks

A direct calculation then show that ,,(0,y) = ¢(0,y) and

0+ (L) |om(tult ) + F(ty) dydt + [ 60 )uoly) dy = 0.

(L") Yt y) = e O(L3) 6lt,y — Fn(t));
Otpm(t,y) = eV [atas(t, y = F(t) = (Fu(1), Dyd(t,y — Fn(1))

— cn(t)o(t,y — Fu(t))|-

The above calculations and a change of variable then imply that

L[ (0r (20))ott. 0 = (Bat). Dyt ) = (D600, [Tolt, )
+ () Tnf (Ly) dydt+ [ uo(y)o(0,y) dy = 0,
where, analogously to (6.5), we have denoted for any function ¢: [0, 7] x RY — R,
Tup(t,y) = e Oty + Fu(t)).
Following similar arguments exploited in the "existence" part in the proof of Theorem 5.2,

i.e. exploiting the compact support of ¢ and the uniform convergence of the coefficients,
it is possible to show that the above expression converges, when m goes to infinity, to

T *
L Lo (L) ot ppott) + 7ot y) dade+ [ 60, )uo(a) da) = 0
and thus, that v is a weak solution of Cauchy problem (6.6). O]

Thanks to the previous lemma, we are now able to show the Schauder estimates for the
solution v of the Cauchy problem (6.6) and, more importantly, without changing the
constant C' appearing in Equation (6.2).
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Proposition 6.3. Fized T > 0, 3 € (0,1), let ug in Cyy?(RN), f in L® (O,T; Cbﬂ(RN)>
and co, Fo in By([0,T]). Then, the unique solution v of Cauchy Problem (6.6) is in
L=(0,T;Cy*(RY)) and it holds that

||U||L°°(C§j:ﬁ) S C[”UOHC;X;LH + ||f||LOO(C£d)i|7 (67)
where C := C(T,n) > 0 is the same constant appearing in Theorem 5.4.

Proof. We start denoting for simplicity

Golt) = /Ot o(s)ds and ot /FO

By Lemma 6.2, we know that if v is a weak solution of Cauchy problem (6.6), then the
function

u(t,z) = e@Wy(t,x — Fy(t))
is the weak solution of Cauchy problem (6.1) with f instead of f, where
ft,z) == e@Of(t x— Fy(t), (t,z) € (0,T) xR,
Moreover, we have that f is in L*® (0, T, C,;B (RN )) Considering, if necessary, a smaller
time interval [0, t] for some ¢ < T', it is not difficult to check from Proposition 6.1 that
Heéo(t)v(t, - — ( ))HCOH»B < C[HUOHCQW + sup He f(s, - — Fo(t))}

s€[0,t]

Using now the invariance of the Hélder norm under translations, we can show that

o0t Vgpsn < Clem gl gz + e sup e f(s, )]
b,d s€(0,¢]
< C'l||ug|| otrs + sup ||f(s,-)],
[luoll ey sup If )

where in the last step we exploited that ¢y(t) is non-decreasing. Taking the supremum
with respect to £ on both sides of the above inequality, we obtain our result. [

Remark 6.1 (About space-time dependent coefficients). We briefly explain here how
to extend the Schauder estimates (5.18) to a class of non-linear, space-time dependent
operators, whose coefficients are only locally Holder continuous in space and may be
unbounded. Namely, we are interested in operators of the following form:

Lig(t, x) == (F(t, ), Dp(x))
—i—/ (x + Bo(t,z)z) — ¢(x) — (Dyo(x), Ba(t,x)z>]13(071)(z)} v(dz),

where B is as in (2.3) and o: [0,7] x RY — R?®@ R? F: [0,7] x RN — RN are
two measurable functions such that F'(¢,0) is locally bounded in time and o satisfies
assumption [UE] at any fixed (¢, ) in [0,7] x RY.

We would like now the operator L; to present a similar "dynamical" behaviour as above,
i.e. the transmission of the smoothing effect of the Lévy operator to the degenerate
components of the system (cf. Example 2.1). For this reason, we suppose the following:
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— the drift F' = (F}, ..., F,) is such that for any ¢ in [1,n], F; depends only on time
and on the last n — (i — 2) components, i.e. F;(t,x;_1,...,2,);

— the matrices D,, , F(t,z) have full rank d; at any fixed (¢, ) in [0, 7] x R".

As said before, the functions F' and ¢ are assumed to be only locally Holder in space,
uniformly in time. Namely, there exists a positive constant K such that

d(o(t,2),0(t,y)) < Ked’(z,y);  d(Fi(t,2), F(t,y)) < Kod*™(z,y)  (6.8)

for any i in [1,n], any ¢ in [0,7] and any z,y in RY such that d(x,y) < 1, where
1+a(i—2), ifi>1;
i {o, iti—1. (6.9)

We remark in particular that the function F' may be unbounded in space.

In order to recover Schauder-type estimates even in this framework, we can follow a
perturbative method firstly introduced in [KP10] that allows to exploit the already
proven results for time-dependent operators. Let us assume for the moment that o
and F are globally Holder continuous in space, i.e. they satisfy (6.8) for any z,y in
RY. Informally speaking, the method links the operator L, with the space independent
operator L; defined in (6.4), by "freezing" the coefficients of L; along a reference path
6: [0, 7] — RY given by

0; = xo+ :F(S,Qs) ds,
0

for some (tg, 7o) in [0, 7] x RY. Tt is important to highlight that, since F'is only Holder
continuous, we need to fix one of the possible paths satisfying the above dynamics.
We point out that the deterministic flow 6, associated with the drift F' is introduced
precisely to handle the possible unboundedness of F'. We could then consider a proxy

operator L; whose coefficients are given by o¢(t) := o(t,0,), Fo(t) := F(t,0;) and

0, otherwise

In particular, Theorem 6.3 assures the well-posedness and the Schauder estimates for
the Cauchy problem associated with L.

The final step of the proof would be to expand a solution u of the Cauchy problem
associated with L; around the proxy L; through a Duhamel-like formula and finally
show that the expansion error only brings a negligible contribution so that the Schauder
estimates still hold for the original problem.

The a priori estimates for the expansion error are however quite involved (and they are
the main reason why we have decided to not show here the complete proof), since they
rely on some non-trivial controls in appropriate Besov norms.

In order to deal with coefficients that are only locally Holder in space, we need in
addition to introduce a "localized" version of the above reasoning. It would be necessary
to multiply a solution u by a suitable bump function ¢ that localizes in space along the
deterministic flow 6, that characterizes the proxy. Namely, to fix a smooth function p
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that is equal to 1 on B(0,1/2) and vanishes outside B(0, 1) and define 6(¢, z) := p(x —6;).
We would then follow the above method but with respect to the "localized" solution

v(t,z) = 0(t, x)u(t,z), (t,z)€[0,T] x RY.

We suggest the interested reader to see [CARHM18a] for a detailed treatise of the
argument in the degenerate diffusive setting, [CARMP20a] in the non-degenerate stable
framework or [Mar20] for the precise assumptions on the coefficients.
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Chapter 4

Weak well-posedness for degenerate
SDEs driven by Lévy processes

Abstract: We study the effects of the propagation of a non-degenerate Lévy noise
through a chain of deterministic differential equations whose coefficients are Holder
continuous and satisfy a weak Hormander-like condition. In particular, we assume some
non-degeneracy with respect to the components which transmit the noise. Moreover, we
characterize, for some specific dynamics, through suitable counter-examples, the almost
sharp regularity exponents that ensure the weak well-posedness for the associated SDE.
As a by-product of our approach, we also derive some Krylov-ype estimates for the
density of the weak solutions of the considered SDE.

1 Introduction

We investigate the effects of the propagation of a d-dimensional Lévy noise through
a chain of n > 2 differential equations. Namely, we are interested in a degenerate,
Lévy-driven stochastic differential equation (SDE in short) of the following form:

dth = [[At]l,lth + -+ [At]l,nX? + Fl(tv thv s 7th)] dt + J(t’ Xt1—7 e ’th—)dZt’
dX7? = [[Adaa X} + -+ [Aon X7 + Fo(t, X2, X)) dt,
d)(t3 = [[At]3,2Xt2 +eee [At]Q,nth + F3(ta Xt?)v s 7th)] dt’

dX7 = [[Adno1n X770+ [Adun X2+ Fo(t, X)) dt,
(1.1)

where for i € [1,n] ([, ] denotes the set of all the integers in the interval), X} is R%
valued, with d; = d and d; > 1, i € [2,n]. Set N = >, d;. We suppose that the
F;: [0, +00) x R--% R? o: [0, +00) x RY — R @ R? are Borel and respectively
locally bounded and uniformly elliptic and bounded.

We also assume the entries ([A¢]i;j)1<i<n, i—1<j<n are Borel bounded and such that the
blocks [A¢]; ;-1 in R% @ R%-1 2 <4 < n have rank d;, uniformly in time. This is a kind
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Chapter 4. Weak well-posedness for degenerate Lévy SDEs

of non-degeneracy assumption which can be viewed as weak Hormander-like condition.
It actually precisely allows the noise to propagate into the system.

Eventually, the noise {Z;}:>o belongs to a class of d-dimensional, symmetric, Lévy
processes with suitable properties. In particular, to handle non trivial diffusion coeffi-
cients, we will assume that the Lévy measure of {Z;};>¢ is absolutely continuous with
respect to the Lévy measure of a rotationally invariant a-stable process (with a in
(1,2]) and its Radon-Nikodym derivative enjoys some natural properties. The class of
processes {Z;}+>o we can consider, includes for example, the tempered, the layered or
the relativistic a-stable processes. In the case of an additive noise, cylindrical stable
processes could be handled as well.

Here, the major issue is linked with the specific degenerate framework we consider.
Indeed, the noise only acts on the first component of the dynamics (1.1) and it implies,
in particular, that the random perturbation on the i-th line of SDE (1.1) only comes
from the previous (i — 1)-th one, through the non-degeneracy of the matrixes [A;];;—1.
Hence, the smoothing effect associated with the Lévy noise decreases along the chain,
making thus more and more difficult to regularize by noise the furthest lines of Equation
(1.1).

We nevertheless prove the weak well-posedness, i.e. the existence and uniqueness in
law, for the above SDE (1.1) when the drift F' = (F},..., F,) and ¢ lie in a suitable
anisotropic Holder space with multi-indices of regularity. We assume that F} and o
have spatial Holder regularity 8! > 0 with respect to the j-th variable. We highlight
already that we could have considered different regularity indexes 5} for the regularity
of F} with respect to the j-th variable. We keep only one common index for notational
simplicity. We also suppose that for fixed j € [2,n], (F,--- , F}) has Holder regularity
(37 with respect to the j-th variable, where:

(1+a(j—2)‘1 .

J
S - ;
P l1+a(j—1)
We indeed recall that from the dynamics (1.1) the variable z; does not appear in the
chain after level j.

Furthermore, we will show through suitable counter-examples that the above threshold
for the regularity exponents 37 is “almost” sharp for a perturbation of the j* level of
the chain. Such counter-examples are based on Peano-type dynamics adapted to our
degenerate, fractional framework.

Models of the form (1.1) naturally appear in various scientific contexts: in physics,
for the analysis of anomalous diffusions phenomena or for Hamiltonian models in
turbulent regimes (see e.g. [BBMO01], [CPKMO05], [EPRB99]); in mathematical finance
and econometrics, for example in the pricing of Asian options (see e.g. [JYC09], [Bro01],
[BNSO1]). In particular, models that consider Lévy noises, such as SDE (1.1), seem
more natural and realistic for many applications since they allow the presence of jumps.
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Weak well-posedness for non-degenerate stable SDEs. The topic of weak well-
posedness for non-degenerate (i.e. d = N) SDEs of the form:

t
X, = x+/ F(XJ)ds + Z, t>0, (1.2)
0

where {Z;};>0 is a symmetric a-stable process on RY, has been widely studied in the
last decades, especially in the diffusive, local setting, i.e. when av = 2 and {Z; }4>0 is
a Brownian Motion, and it is now quite well-understood. We can first refer to the
seminal work [SV79] where the Authors considered additionally a multiplicative noise
with bounded drift and non-degenerate, continuous in space diffusion coefficient. We
recall moreover that in the framework of (1.2) with bounded drift, strong uniqueness
also holds (cf. [Ver81]).

SDEs like (1.2) with a proper a-stable process (o < 2) were firstly investigated in
[TTW74] where the weak well-posedness was obtained for the one-dimensional case
when the drift F' is bounded, continuous and the Lévy exponent ® of {Z,;};>o satisfies
RP(E)™ = 0(1/)€]) if |¢] — oo. The multidimensional case (d > 1) can be similarly
obtained following [Kom83] if the drift is bounded, continuous and the law of {Z;};>¢
admits a density with respect to the Lebesgue measure on R?. Equations as (1.2) with
drift in some suitable LP-spaces and non-degenerate noise were also considered in [Jin1§]
(see also the references therein). We can eventually quote the recent work by Krylov who
obtained even strong uniqueness for Brownian SDEs with drifts in critical LP-spaces,
see [Kry21].

In recent years, SDEs driven by singular (distributional) drift have gained a lot of
interest, especially in the Brownian setting, where they arise as a model for diffusions in
random media (see e.g. [FRWO03],[FRW04],[FIR17], [DD16], [CC18]).

In the non-local a-stable framework, a first work to appear was [ABM20] where the
authors considered the one-dimensional case with a time-homogeneous drift of (negative)
Holder regularity strictly greater than (1 —«)/2. We remark that in the one-dimensional
framework, the regularity thresholds on the drift are the same for the strong and
the weak well-posedness, since it is possible to exploit local time arguments (see also
[BCO1] in the diffusive setting). On the same side, the almost simultaneous works
[LZ19] and [CdRM20a] take into account time-homogeneous and time-inhomogeneous,
respectively, distributional drift in general Besov spaces with suitable conditions on
the parameters. These results rely on Young integrals in order to give a meaningful
sense to the dynamics. Beyond the Young regime, we instead refer to [KP20] where
techniques such as paracontrolled products (which have also been popular in the recent
developments in the SPDE theory) are exploited to analyze the martingale problem
associated with a time-inhomogeneous drift of regularity index strictly greater than
(2 —2a)/3.

Moreover, we would like to remark that the above works concerned the so-called sub-
critical case, i.e. when o > 1. Indeed, SDEs like (1.2) are much more difficult to handle
if & < 1 since in this case, the noise does not dominate the system for small time scales.
Two recent works along this path are [Zhal9] and [CARMP20b] where the authors
consider a < 1, (1 — «)-Hélder drift F' and o = 1, continuous drift, respectively. We also
mention that for Holder drifts, the well-posedness of the associated martingale problem
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can be obtained following [MP14] if F' is bounded or through the Schauder estimates
given in [CARMP20a] when F' is unbounded.

Regularization by noise in a degenerate setting. All the above results present
a common phenomenon that, following the terminology in [Flall], is usually called
regularization by noise. This occurs when a deterministic ODE is ill-posed (for example
if the drift is less than Lipschitz) but its stochastic counterpart (SDE) is well posed in a
strong or a weak sense.

To obtain such phenomenon, the noise plays a fundamental role. A usual assumption is
that the noise should act on every line of the dynamics, regularizing the coefficients. It
is then clear that in our degenerate framework, when the noise acts only on the first
component of the chain (1.1), the situation is even more delicate. In order to obtain
some kind of regularization effect in this case, we need that the noise propagates through
the system, reaching all the lines of Equation (1.1). A typical assumption ensuring such
type of behaviour is the so-called Hérmander condition for hypoellipticity (cf. [Hor67]).
From the structure of the equation (1.1) at hand, we will consider a weak type Hérmander
condition, i.e. up to some regularization of the diffusion coefficient, the drift is needed
to span the space through Lie bracketing.

In the Hamiltonian setting n = 2, when {Z;};>¢ is a Brownian Motion and for a more
general, non-linear, drift than in (1.1) which still satisfies a weak Hormander type
condition, Chaudru de Raynal showed in [CdR18] that the associated SDE is weakly
well-posed as soon as the drift is Holder continuous in the degenerate variable with
regularity index strictly greater than 1/3. It was also established through an appropriate
counter-example, that the 1/3-threshold is (almost) sharp for the second component of
the drift. Such a result has been then extended in [CARM20b] in order to consider the
more general case of n oscillators. Therein, the regularity thresholds that ensure weak
uniqueness also depend on the variable and the level of the chain. This seems intuitively
clear, the further the variable in the oscillator chain, the larger its typical time scale, the
weaker the regularity needed to regularize components which are above that variable
in the chain. Also, some corresponding Krylov type estimates, giving existence and
integrability properties of the density of the SDE are derived. We can mention as well
the recent work by Gerencsér [Ger20] who obtain similar regularization properties for
the iterated time integrals of a fractional Brownian motion.

In the jump case, the situation is much more delicate. Within the proper regularization
by noise framework (when the coefficients are less than Lipschitz continuous), we cite
[HM16] where the Authors showed the weak well-posedness for (1.1) with /=0 and a
Holder continuous diffusion coefficient, under some constraints on the dimensions d,n.
In that framework, the Authors obtained as well same point-wise density estimates. The
driving noises considered were stable and tempered stable processes.

Finally, we mention that it is possible to derive the weak well-posedness of dynamics (1.1)
via the martingale formulation, exploiting the Schauder estimates given in [HWZ20] for
the kinetic model (n = 2). In that work, the Authors actually characterized conditions
for strong uniqueness, using Littlewood-Paley decomposition techniques.

We will here proceed through a perturbative approach. Namely, we will expand the
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formal generator associated with (1.1) around the one of a well understood process, with
possibly time inhomogeneous coefficients which are anyhow frozen in space. We will
call such a process a proxy. The most natural candidate to be a proxy for (1.1) is a
degenerate Ornstein-Uhlenbeck process. In the case of time homogeneous coefficients,
Priola and Zabczyk established in [PZ09] existence of the density for such processes
under the same previously indicated non-degeneracy conditions on the matrix A (which
turn out to be equivalent in that setting to the well known Kalman condition).

Intrinsic difficulties associated with large jumps. When 7 is a strict stable
process, the density of the corresponding degenerate Ornstein-Uhlenbeck process can
somehow be related to the one of a multi-scale stable process which has however a very
singular associated spectral measure (spherical part of the a-stable Lévy measure) on
SN see e.g. [HM16], [HMP19] and Proposition 2.10 below. From Watanabe [Wat07],
it is known that the tails of stable densities are highly related to the nature of this
spectral measure. Specifically, the concentration properties worsen when the measure
becomes singular. This renders delicate the characterization of the smoothing properties
for the proxy, especially when it depends on parameters and that one would like to
obtain estimates which are uniform w.r.t. those parameters (see Proposition 2.11 and
Section 2.2 below).

Even for smooth coefficients, the stable like jump setting is much more delicate to
establish the existence of the density for (degenerate) SDEs. For multiplicative noises,
we cannot indeed rely on the flow techniques considered in [BGJ87] or [Kunl19] in the
non-degenerate case, and Léandre in the degenerate one, see [Léa85],[Léa88]. Still for
smooth coefficients, we can refer to the work of Zhang [Zhal4] who obtained existence
and smoothness results for the density of equations of type (1.1) in arbitrary dimension,
for a possibly more general non linear drift, still satisfying a weak Hormander type
condition when the driving process is a rotationally invariant stable process. The strategy
therein is based on the subordinated Malliavin calculus, which consists in applying the
usual Malliavin calculus techniques on a Brownian motion observed along the path of
an independent a-stable subordinator. In whole generality a complete version of the
Hoérmander theorem in the jump case seems to lack. We can refer to the work by Cass
[Cas09] who gets smoothness of the density in the weak Hérmander framework under
technical restrictions.

1.1 Complete model and assumptions

Let us now specify the assumptions on equation (1.1) that we rewrite in the shortened
form:

dXt = G(t, Xt)dt + BO'(t,Xt_)dZt, t Z 0, (13)

where B is the embedding from R to R" given in matricial form as

B = (]dxd7 de(N—d)7)t
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and G(t,z) = Awx + F(t, z) with:

Adis oo e [Adin
[Atlon [Atl2e ... . [At]2.n

At = 0 [At]372 . (14)
0 0 Al (A

A classical assumption in this degenerate framework (cf. [SVT79], [Kry04], [CARM20b])
is the uniform ellipticity of the underlying non-degenerate component of the diffusion
matrix at any fixed space-time point. Namely,
[UE] There exists a constant > 1 such that for any ¢ > 0 and any z in RY it holds
that
nHEP < ot a)E-€ < nleff, £ eRY
where stands for the inner product on the smaller space R?.
We will suppose that the drift G(t,z) = A;z + F(t,x) has a particular “upper diagonal”
structure and its sub-diagonal elements are linear and non-degenerate, i.e.
H — F=(F,...,F,):[0,00) x RY — R" is such that F; depends only on time
and on the last n — (i — 1) components, i.e. F;(t,z;,...,x,), for any i in
[1,n];
— A:[0,00) = RY @ RY is bounded and the blocks [A;];; € R% @ R% in (1.4)
are such that

“won

is non-singular (i.e. it has rank d;) uniformly in ¢, if j =i —1;
[Adig =1, ... .
0,if7<i—1.

Clearly, n is in [1,N] and n = 1 if and only if d = N, i.e. if the dynamics is non-
degenerate.

In the linear framework (£ = 0) and for constant diffusion coefficients (o (¢, x) = o), this
last assumption can be seen as a Hormander-type condition, ensuring the hypoellipticity
of the infinitesimal generator associated with the process { X;}:>0, which is in this setting
equivalent to the Kalman condition, see e.g. [PZ09]. We highlight however that in our
framework, the “classic” Hormander assumption (cf. [Hor67]) cannot be considered, due
to the low regularity of the coefficients we will consider in (1.3) (see Theorem 2.6). This
prevents us from explicitly calculating the commutators.

In Equation (1.3) above, {Z; };>¢ is a d-dimensional, symmetric and adapted Lévy process
with respect to some stochastic basis (Q, F, {F; }1>0, P). We recall that a d-valued Lévy
process is a stochastically continuous process on RY starting from zero and such that its
increments are independent and stationary. Moreover, it is well-known (see e.g. [Sat13])
that any Lévy process admits a cadlag modification, i.e. a right continuous modification
having left limits P-almost surely. We will always assume to have chosen such a version.
A fundamental tool in the analysis of Lévy processes is given by the Lévy-Kitchine
formula (see for instance [Jac01]) that allows us to represent the Lévy symbol ®(&) of

{Z}+>0, given by

]E[eig.Zt] _ etfb(g)7 66 Rd
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in terms of the generating triplet (b, %, v) as:
. 1 itz .
() =ib- & — 525 §+ /Rd(eg —-1-4- Z]lB(o,l)(Z)> v(dy), €€ Rd,
0

where b is a vector in R?, ¥ is a symmetric, non-negative definite matrix in R? @ R?
and v is a Lévy measure on RZ := R4 \ {0}, i.e. a o-finite measure on B(R¢), the Borel
o-algebra on RY, such that [(1 A |z|?) v(dz) is finite. In particular, any Lévy process is
completely determined by its generating triplet (b, X, v).

Importantly, we point out already that a change on the truncation set B(0,1) for the
Lévy-Kitchine formula does not affect the formulation of the Lévy symbol ®, since we
assumed v to be symmetric. Namely, given a threshold ¢ > 0, the Lévy symbol ®(§) of
{Z:}+>0 could be also represented as

(&) = ib- & — ;25 S+ /]R (ei’»‘“z —1—i¢- an(O,C)(z)) v(dz), £€RY  (15)

where b, 2 and v are as above. Here, we only consider pure jump processes, i.e. 2 = 0.
Indeed, the more general case, where a Gaussian component is considered, can be
obtained from already existing results (cf. [CARM20b)).
We will suppose moreover that, additionally to the symmetry, the Lévy measure v of
{Z;}1>0 satisfies the following non-degeneracy condition:

[ND] there exist a Borel function Q: R — [0, c0) such that
— ess-sup{Q(z): z € R} < +o0;
— there exist 79 > 0 and ¢ > 0 such that Q(z) > ¢ and Lipschitz continuous in
B(0,719);
— there exists a € (1,2) and a finite, non-degenerate measure p on S~ such
that

A A) = [T Aalrs)QUrs) plds) A € BRS,

where B(RZ) stands for the Borelian o-field on RZ. We recall moreover that a spherical
measure g on S is non-degenerate (in the sense of Kolokoltsov [Kol00]) if there exists
a constant 7 > 1 such that

e < 16 sl ulds) < kgl € e R (16)

Since any a-stable Lévy measure can be decomposed into a spherical part p on S%!
and a radial part =1+ dr (see e.g. Theorem 14.3 in [Sat13]), assumption [ND] roughly
states that the Lévy measure of {Z;};>¢ is absolutely continuous with respect to the
non-degenerate (in the sense of (1.6)), Lévy measure of a a-stable process and that their
Radon-Nikodym derivative is given by the function ). From this point further, we will
denote such a Lévy measure by v, (dz) := u(ds)r=+dr with z = rs.

In order to deal with a possibly multiplicative noise, i.e. in the presence of a space-
inhomogeneous diffusion coefficient o in Equation (1.3), we will need the following:

[AC] If z — o(t,x) is non-constant for some ¢ > 0, then the measure v, is absolutely
continuous with respect to the Lebesgue measure on RY with Lipschitz Radon-
Nykodim derivative.
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Assumptions [ND] and [AC] together imply in particular that in the multiplicative
case, the Lévy measure v of {Z;}1>0 can be decomposed as

v(dz) = Q(z) éidiidz, (1.7)

for some Lipschitz function g: S — R.

At this point, we would like to remark that no regularity is assumed for the Lévy measure
v of {Z;}1>0 in the additive framework (or more generally, for a space-independent o).
In particular, the measure p in condition [ND] may not be absolutely continuous with
respect to the Lebesgue measure on S9!, Indeed, our model can also include very
singular (with respect to the Lebesgue measure) examples such as the cylindrical a-stable
process associated with = Y0 (8, + d_c,). See e.g. [BCO6] for more details.

From this point further, we always assume that the above hypotheses on the coefficients
are satisfied.

We would like to conclude the introduction with some comments concerning our assump-
tions with particular reference with our previous works.

In [Mar21], the Schauder estimates, an important analytical first step for proving the
well-posedness of SDEs, has been showed for degenerate Ornstein-Uhlenbeck operators
driven by a more general class of Lévy noises. It also includes, for example, the asym-
metric version of the stable-like noises we consider in this work. We start highlighting
that a similar family of noises could not have been introduced here, as in [Mar20], due to
the non-linear structure of our problem and, especially, our technique of proof through
a perturbative approach. Indeed, it requires more delicate regularizing properties for
the involved operators and, in particular, a compatibility between some proxy and the
original operator, seen as a perturbation of the first one.

Here, we have followed a backward perturbative approach as firstly introduced by
McKean-Singer in [MS67]. This terminology comes from the fact that the underlying
proxy process will be associated with a backward in time flow. This method appears more
natural for proving weak uniqueness in a degenerate LP — L9 framework (cf. [CARM20b]
in the diffusive case). Roughly speaking, it only requires controls on the gradients (in
a weak sense) for the solutions of the associated PDE in order to apply the inversion
technique on the infinitesimal generator. However, we are confident that the Schauder
estimates presented in [Mar20] could be extended to the class of noises we consider here.
Relying on them, we could have then proven the uniqueness in law for dynamics such
as (1.3). This method appears really involved and long since it structurally requires to
establish pointwise estimates for the first order derivatives with respect to the degenerate
components of the dynamics. Another useful advantage of the backward perturbative
approach is that it allows us to show Krylov-type estimates on the solution process X,
of SDE (1.3). These kind of controls seems of independent interest and new for random
dynamics involving degenerate stable-like noises.

The drawback of our approach is that it leads to a specific structure in Equation
(1.3), given by assumption [H]. Namely, we cannot consider drift of the form F;(z) =
Fi(z;_1, -+ ,z,) with non-linear dependence w.r.t. x;_1, variable which transmits the
noise. This case is often investigated for Brownian noises (see e.g. [DM10], [CARM20b]).
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This feature is specifically linked to the structure of the joint law of a stable process and
its iterated integrals which generate a multi-scale stable process with highly singular
associated spectral measure, see e.g. Proposition 2.10 and Remark 2.2 below or [HM16].
Similar issues constrain us to assume in the multiplicative noise case that the driving
process has an absolutely continuous spectral measure with respect to the Lebesgue
measure on S, This precisely allows us to get estimates which will be uniform with
respect to the parameters for the considered class of proxys.

Main driving processes considered. Here, we highlight that assumption [ND]
applies to a large class of Lévy processes on R?. As already pointed out in [SSW12], it
holds for the following families of stable-like examples with v € (0, 2):

1. Stable process [Sat13]:
Qz) = 1;

2. Truncated stable process with ro > 0 [KS08]:
Q(2) = Lo)(I2]);
3. Layered stable process with § > a and ry > 0 [HKO07]:
Q(2) = Lso)(l2]) + Lig.oo) (12D)]217 77
4. Tempered stable process [Ros07] with Q(z) = Q(rs) such that for all s in S9!,

r — Q(rs) is completely monotone, Q(0) > 0 and Ein Q(rs) = 0.

5. Relativistic stable process [CMS90], [BMRO09]:
Q) = (1+]al) 026,
6. Lamperti process with f: S~! — R even such that sup f(s) < 1+« [CPP10]:

z

Q) = exp(lU ) () s emd

2|7/ \elfl — 1

Organization of the paper. The article is organised as follows. In Section 2, we
introduce some useful notations and we present the associated martingale problem.
In particular, we state there our main results. Section 3 contains all the associated
analytical tools that allow to derive our results. Namely, we follow there a perturbative
approach, considering a suitable linearization of our dynamics (1.3) around a Cauchy-
Peano flow which takes into account the deterministic part of our model (corresponding
to (1.3) with o0 = 0). Section 4 is then dedicated to prove the well-posedness of the
associated martingale problem, exploiting the analytical results given in Section 3. In
Section 5, we finally construct an “ad hoc” Peano counter-example to the uniqueness in
law for SDE (1.3).
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2 Basic notations and main results

We start recalling some useful notations we will need below. In the following, C' will
denote a generic positive constant. It may change from line to line and it will depend
only on the parameters appearing in the previously stated assumptions, as for instance:
d,N,a,n,b,qg,rg, n. We will explicitly specify any other dependence that may occur.
Given a function f: RY — R, we denote by D f(x), and D?f(x) the first and second
Fréchet derivative of f at a point = in RY respectively, when they exist. We denote by
By (RY) the family of all the Borel and bounded functions f: RY — R. It is a Banach
space endowed with the supremum norm || - ||. We also consider its closed subspace
Cy(RY) consisting of all the continuous functions. Moreover, C>°(RY) C C,(RY) denotes
the space of smooth functions with compact support.

We now recall two correlated definitions of solution associated with SDE (1.3). Let us
consider fixed p in P(RY), the family of the probability measures on RY and an initial
time ¢t > 0.

Definition 2.1. A weak solution of SDE (1.3) with starting condition (¢, u) is a N-
dimensional, cadlag, adapted process {X;}s>o on some stocastic base (0, F,{Fs}s>0, P)
such that

— the law of X is u;

— there exists a d-dimensional, adapted Lévy process {Z;}¢>: satisfying [ND] and
[AC] such that

X, = Xt+/ G(u, X,.) du+/ o(u, Xy )BdZ,, s>t Pas. (2.1
t t

To state our second definition, we need to consider the infinitesimal generator 0 + L,
(formally) associated with the solutions of SDE (1.3). Noticing that the term involving
the constant drift b can be absorbed in the expression for G without loss of generality,
the operator L, can be represented for any ¢ in C>°(RY) as

Led(s,7) == (G(s,2), D,o(x)) + L. (s, )
= (Gs,2), Dat(@)) + [ [ola+ Bls,2)2) = o(w)] w(d2), (22)

where (-, -) denotes the inner product on the bigger space RY and, for brevity, B(s, ) :=
Bo(s,x). As done in [Pril5b], we introduce the following definition:

Definition 2.2. A solution of the martingale problem for ds + L, with initial condition
(t, 1) is an N-dimensional, cadlag process { X;}s>; on some probability space (2, F,P)
such that

— the law of X is u;

— for any ¢ in dom(é?S + Ls), the process
{o(s.20) = o(t.x0) = [ (00 + Lu)o(u, X)) du}
t s>t

is a P-martingale with respect to the natural filtration {FX},5 of the process
{XS}SZO-
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We can now recall some known results that enlighten the link between the two definitions
presented above. For a more thorough analysis on the topic of martingale problems in a
rather abstract and general framework, we refer to Chapter 4 in [EK86].

Given a solution {X;}s>¢ of SDE (1.3), an application of the It6 formula immediately
shows that the process {X;}s>0 is a solution of the martingale problem for ds + Ls with
initial condition (¢, ), too.

On the other hand, if there exists a solution {X;}s>¢ of the martingale problem for
O + L; with initial condition (¢, ), it is possible to construct an “enhanced” filtered
probability space (€, F, {F},>0, P) on which there exists a solution {X,}s>o of the SDE
(1.3). Moreover, the two processes {X,}s>; and {X,},>; have the same law (See, for
more details, [Kurll]). Thus, it holds that:

Proposition 2.3. Let p be in P(RY) and t > 0. The existence of a weak solution for
SDE (1.3) with initial condition (t, ) is equivalent to the existence of a solution to the
martingale problem for Os + Lg with initial condition (t, ).

We can now move on the notion of uniqueness associated with our problem.

Definition 2.4. We say that weak uniqueness holds for the SDE (1.3) with initial
condition (¢, ) if any two solutions {X;}s>0, {Ys}s>0 of SDE (1.3) with initial condition
(t, ) have same finite dimensional distributions. In particular, we say that SDE (1.3)
is weakly well-posed if for any p in P(RY) and any ¢ > 0, there exists a unique weak
solution of SDE (1.3) with initial condition (¢, ).

Since the definition above takes into account only the law of the solutions {X;}s>,
{Ys}s>t, they may, in general, have been defined on different stochastic bases or with
respect to two different underlying Lévy processes. The definition of uniqueness for a
solution of the martingale problem for d; + L, can be stated similarly.

It is not difficult to check that the uniqueness of the martingale problem for 0, + L
with initial condition (¢, 1) implies the weak uniqueness of the SDE (1.3). Furthermore,
it has been shown in [Kurll], Corollary 2.5 that the converse is also true.

Proposition 2.5. Let p be in P(RY) and t > 0. Then, weak uniqueness holds for
SDE (1.3) with initial condition (t, 1) if and only if uniqueness holds for the martingale
problem for Os + Ls with initial condition (t, ).

Thanks to Propositions 2.3 and 2.5, we can conclude that the two approaches, i.e. the
martingale formulation and the dynamics given in (1.3), are equivalent in specifying a
Lévy diffusion process on RY. We recall however that a third, yet equivalent, method is
given by the forward Fokker-Plank equation governing the law of the process. We will
not explicitly define it since we will not exploit it afterwards (see, for more details, e.g.
[Fig08], [LBLO0S]).

From now on, we write = in RN as x = (21, ...,2,) where z; = (z},...,2%) is in R%
for any 7 in [1,n].

We can now state our main theorem.

Theorem 2.6. For any j in [1,n], let 37 be an index in (0,1] such that

— xj = o(t, 1, ..., x4, . .., x,) is Br-Hélder continuous, uniformly in t and in x; for
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LF

— x; = Fi(t,xy, ... x5, 1) is BL-Hélder continuous, uniformly in t and in x;
for i # j;

— x; = Fi(t,xi, ... 2y, ... xy) is f7-Holder continuous, uniformly in t and in xy,

fork#7and 2 <1i<j.

Additionally, we suppose that there exists K > 1 such that |F;(t,0)| < K for any i in
[1,n] and any t > 0. Then, the SDE (1.3) is weakly well-posed if

1+ a(j—2)

g Tra -1 @22 (2.3)

Theorem 2.6 above will follow from Propositions 2.3 and 2.5, once we have shown that
under the same assumptions, there exists a unique weak solution to the martingale
problem for (0s + Ly, §,) at any x in RV,

As a by-product of our method of proof, we have been able to show a Krylov-type
estimates for the solutions of SDE (1.3). For notational convenience, we will say that
two real numbers p > 1, ¢ > 1 satisfy Condition (¢’) when the following inequality

holds: )
( —

N—i—Zidi)le} <1 ()
i=1 q p

Roughly speaking, such a threshold guarantees the necessary integrability in time with
respect to the associated intrinsic scale of the system when considering the LY — L2 theory
(see Equation (2.43) for more details). Furthermore, when considering the homogeneous
case, i.e. when all the components of the system has the same dimension (d; = d and
N = nd), condition (%) can be rewritten in the following, clearer, way:

2+ —1 d 2
<a<n>> nd 2 _,
«Q q p
In particular, taking o = 2 above, we find the same threshold appearing in [CARM20b)]
for the diffusive setting. We highlight moreover that our thresholds can be seen as a
natural extension of the ones appearing in [KR05] in the non-degenerate, Brownian
setting.

Corollary 2.7. Under the same assumptions of Theorem 2.6, let T > 0 and p > 1,
q > 1 such that Condition (€) holds. Then, there exists a constant C':= C(T,p,q) such

that for any f in LP (O, T; Lq(RN)>, it holds

T
Ept,x[/t (s, X)) ds|| < Clfllzrre,  (t,2) €0,T) x RY, (2.4)

where {Xs}s>0 s the canonical process associated with Py .|| := E[-| X} = x| which is
also the unique weak solution of SDE (1.3) with initial condition (t,x). In particular,
the random variable X, admits a density p(t,s,x,-) for any t < s and any x in RY.

Additionally, we have been able to show the following non uniqueness result.
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Theorem 2.8. Let us consider SDE (1.3) with 0 =1 and assume that
— x; = Fi(t,x, ..., xj,...,2,) s Bz-j—Hdlder continuous, uniformly in t and in xy,
for k # 7.
Then, for given i, j in [2,n] with j > i there exists F;(t, ;... ,z;,...,2,) = Fi(t,z;)

with
1+ a(i—2)

J
R —_—,
bi l+a(j—1)
for which weak uniqueness fails for the SDE (1.3).

The above result will be proven in Section 5, showing a suitable, explicit Peano-type
counter-example.

Remark 2.1. As opposed to the Gaussian driven case, we did not succeed to obtain
regularity indexes which are sharp at any level of the chain (cf. [CdARM20b]). However,
we point out that for diagonal systems of the form:

dX}! = Fi(t, X},.... X")dt +o(t, X}, ..., X" )dZ,,
dX? = [A?X] + Fy(t, X?)] dt,
X} = [AJX? + Fy(t, XP)) dt, (2.5)

ijrz (AP X7+ B, X)) dt,

i.e. the degenerate components are perturbed by a function which only depends of the
current level on the chain, we have that the previous thresholds are almost sharp. Indeed,
in this case, we are led to consider 57 > }izgjg which gives the well-posedness from
the conditions in Theorem 2.6 while Theorem 2.8 shows that uniqueness fails as soon as
Bj < ﬂzgjg For this diagonal system, Theorems 2.6 and 2.8 together then provide
an “almost” complete understanding of the weak well-posedness for degenerate SDEs of
type (2.5) with Holder coefficients. Indeed, the problem for the critical exponents
Bj - 1+ a( j— 2)
T 14a(i—1)
remains to be investigated and, up to our best knowledge, there are no general available
results even in the diffusive case. We can only mention [Zhal8] in the kinetic case.

j € [1,n],

We present in this section the analytical tools we will need to show the well-posedness
of the associated martingale problem. In particular, they will be fundamental in the
derivation of our main Theorem 2.6, thanks to Propositions 2.3 and 2.5. For this reason,
we will assume in this section to be under the same conditions of Theorem 2.6. Moreover,
we will suppose that the final time horizon T is small enough for our scopes. Indeed,
we could always exploit the Markov property of the involved processes and standard
chaining in time arguments to extend the results to arbitrary (but finite) time intervals.

2.1 The “frozen” dynamics

The crucial element in our approach consists in choosing wisely a suitable proxy operator
with well-known properties and controls, along which we can expand the infinitesimal
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generator Ly, with an additional negligible error.

In order to deal with potentially unbounded perturbations F', it is natural to use
a proxy involving a non-zero first order term associated with a flow associated with
G(t,x) := Ax+F(t, ), the transport part of SDE (1.3) (see e.g. [KP10] or [CARMP20a]).
Remembering that we assume F' to be Holder continuous, we know from the classical
Peano-Lipschitz Theorem that there exists a solution of

{<1en7<5> = [A00 (&) + F(1,0,-(€))] d on [0,7]; 1)

0--(&) = &,

even if it may be not unique. For this reason, we are going to choose one particular flow,
denoted by 6, (&), and consider it fixed throughout the work. As it will be shown below
in Lemma 2.13, it is always possible to take a measurable version of such a flow.

More precisely, given a freezing couple (7, &) in (0,7] x RY, the backward flow will be
defined on [0, 7] as

02(6) = €= [ [Abur(€) + Fl(u,00(6)] du

Fixed the reference flow, the next step is to consider the stochastic dynamics linearized
along the backward flow 6, -(£). Namely, for any fixed starting point (¢, ) in [0, 7] x RY,
we consider { X757} 7y solving the following SDE:

{df(gvf“ = [AXp6 4 BT du+ Byt dZ,, € [t,T), 22)

X;>£1t7$ — 7
where 67¢ 1= 0(s,0,.+(£)) and E7¢ := F(s,0,,(€)). i
In order to obtain an integral representation of the process {X}f’t’m}se[tﬂ, we Nnow
introduce the time-ordered resolvent R, of the matrix A, starting at time ¢. Namely,

R is a time-dependent matrix in RY @ RY that is solution of the following ODE:

38.'RS¢ - As:Rs,t? s € [OuTL
Rt,t = IdeN-

By the variation of constants method, it is now easy to check that the solution X744*
of SDE (2.2) satisfies that

Krets — i)+ [ RouBoLdZ,, (2:3)
t

where the “frozen shift” mgf(x) is given by:

(@) = Roa+ [ R du. (2.4)

We point out already two important properties of the shift mgf(x)
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Lemma 2.9. Let s in [0,T] and z,y two points in RYN. Then, for any t < s, it holds
that

Proof. We start noticing that by construction in (2.4), m ’g( ) satisfies

O,mTi(x) = Agili(x) + F(s,0,,(€)). (2.7)

for any freezing parameters (7,¢). Choosing 7 = t, £ = x above, it then holds that
0, [ () = 050(x)] = A [l () — Ouy()]

Since, myf(z) = 0;4(z) = x, Equation (2.5) then follows immediately applying the
Gronwall lemma.
The second identity in (2.6) follows in a similar manner. O

We are now interested in investigating the analytical properties of the “frozen” solution
process X;’g’t’x. In particular, we will show in the next results the existence of a density
for such a process and its anisotropic regularizing effect, at least for small times. Further
on, we will consider fixed a time-dependent matrix M, on RY @ R¥ given by

Mt = diag([dlxdl, t]d2><d27 P ,tn_lfdnxdn), t Z 0, (28)

which reflects the multi-scale nature of the underlying dynamics in (2.2).

Proposition 2.10 (Decomposition). Let the freezing couple (7,&) be in [0,T] x RY,
t <sin[0,T] and z in RN. Then, there exists a Lévy process {ST¢"*}=0 such that

X;,f,t,x (law) ~ ‘r,£< ) + MS ts‘l‘,{ R (29)
In particular, the random variable X?g’t’x admits a continuous density p(t, s, x,-) given
by
T 5,2,) =~ pgrees (1 — 5, M (y — MI5(@)) (2.10)
det M5, e >

_det M, —i(M 2, (y—m ]S (2)),2) ~
= Tany /RN e : exp ((s — 1) /RN [cos((z,p)) — 1] yST,g,t,s(dp)) dz,

where Vgret.s and pgrees(u,-) are the Lévy measure and the density associated with the
process { ST}, 50, respectively.

Proof. For simplicity, we start denoting

~ S
ATEs . /t :RS,UB@?édZu, s>t
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so that we have from Equation (2.3) that X765 = ml§(z) + A%, To conclude, we
need to construct a Lévy process {ST5%*},~o on RY such that

Aréts () g Grets (2.11)
To show the identity in law, we are going to reason in terms of the characteristic
functions. We start recalling that the Lévy process {Z;};>0 on R? is characterized by

the Lévy symbol

®(p) = /Rd [cos(p - q) — 1] Q(q) va(dg), p€RY,

where v,(dg) = pu(df) - is the Lévy measure of an a-stable process. It is well-known
(see e.g. Lemma 2.2 in [SW12]) that at any fixed ¢ < s in [0, 1], A™*"* is an infinitely
divisible random variable with associated Lévy symbol

Dirers(2) 1= /t d)((iRs,uB&g’g)*@ du, z€RY,

where, we recall, we have denoted 67¢ = o(u, 0, (£)).
Setting v := (u —t)/(s — t) and noticing that u = u(v) :=t + v(s — t), we can now
rewrite the Lévy symbol of A% as

Biren() i= (=) [

O ((Ryu) BGTE)2) do. 2.12
O((7()U)>2)U (2.12)

u(v
From the analysis performed in [HM16], Lemmas 5.1 and 5.2 (see also [DM10] Proposition
3.7), we then know that we can decompose the first column of the resolvent R, ) in

the following way: R
Rs,u(v)B = Ms—tvaBa

where {R,: v € [0,T]} are non-degenerate and bounded matrixes in RN @ RY and the
multi-scale matrix M is given in (2.8). We can now rewrite the Lévy symbol of A™65s
as

1 ~
Dprcea(z) = (s =) [ O(RBIE) M, i2)dv, =€ RY,
0

The above equality suggests us to define, for any fixed ¢ < s in (0, 1], the (unique in
law) Lévy process { ST}, 54 associated with the Lévy symbol

1 ~
Dgrers(2) :=/O (R, Ba)) 2) dv (2.13)

Since we have that

E[ei@’]\ﬂ&’t’sq — eq);\-r,.g,t,s(z) — e(sft)q)gr,g,t,s(MtZ) — E[ei<2»Mt55Tft’t’s>}7 (214)

it follows immediately that Equation (2.11) holds.
To show the existence of a density for X7%%% we want to exploit the Fourier inversion

214



Section 2. Basic notations and main results

formula in (2.14). To do it, we firstly need to prove that exp(®j,.c.s(2)) is integrable.
From (2.13), we notice that

Dorers(z / /Rd cos (z,R Ba) v)p>> ] v(dp)dv
- / /Rd cos (z,R, Bé! U)p>) — 1] Q(p) va(dp)du,

where in the last step we used hypothesis [ND]. Exploiting now that the quantities
above are non-positive and Q(p) > ¢ > 0 for p in B(0,ry), we write that

1
- D ~T7£ _
Dorers(z) < C/ /B(om) oS ((z,vaBau U)p>> 1} Vo (dp)dv
= { / ‘ (R B%(v) )z dv—i—/ /C(OTO) 1 — cos ((z R B%(v ))} l/a(dp)dv}

{/] R,BoLE,) = dv+1}.

To conclude, we recall that Lemma 5.4 in [HM16] states that

LIPS ~T6 x|
/0 ’(vaBau’(v)) z

| /\

dv > C|z|%,

for some positive constant C' independent from t,s,7,&. It then follows in particular
that

Parens(2) < C[1—12]7], z€RV. (2.15)
Since exp(Pjr.e..s(2)) is integrable, it implies that there exists a density pire..s(t, s, -) of
the random variable A™¢%5. We can now apply the Fourier inversion formula in Equation
(2.14) showing that pire.s(t,s,-) is given by

1
(2m)™

pg’g(t, S,y) = /RN e exp ((5 — )P grers(2)) dz. (2.16)
From Decomposition (2.9) and Equation (2.16), the representation for p™¢(¢,s,, )
follows immediately. O]

Once we have proven the existence of a density p™¢(t, s, z, ) for the “frozen” stochastic
dynamics X’?g’t’”, we move now on determining its associated smoothing effects. In
particular, we show in the following proposition that the derivatives of the “frozen”
density are controlled by another density at the price of an additional time singularity
of the order corresponding to the intrinsic time scale of the considered component in the
stable regime. Importantly, such a control holds uniformly in the freezing parameters
(7,).

Let us introduce for simplicity the following time-dependent scale matrix:

T, := taM,, ¢>0. (2.17)

Proposition 2.11. There exists a family {p(u,-): u > 0} of densities on RY and a
positive constant C' := C(N, «) such that
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— for any u > 0 and any z in RY, p(u,z) = u=N°p(1,u/2); (stable scaling
property)
— for any v in [0, a),

/Nﬁ(u, 2) |27 dz < Cu, u > 0; (2.18)
R

— for any k in [0,2], any i in [1,n], any t < s in [0,T] and any x,y in RY,

_p o=l

o s—1 o _ o
Db <)) < O (LT - @) . (219

where we denoted, coherently with the notations introduced before Theorem 2.6,

D, — (Dl,;,...,qui)

Remark 2.2 (About the freezing parameters). We carefully point out that since we will
later on choose as parameters (7,&) = (s,y), it is particularly important that we manage
to obtain an upper bound by a density which is independent from those parameters,
since they will be as well the integration variables (see Section 2.2 below). This is
precisely why we actually impose the specific semi-linear drift structure in SDE (1.3)
(cf. assumption [H]), as opposed to the more general one that can be handled in the
Gaussian case [CdRM20b]. This is a framework which naturally gives the independence
of the large jumps of the proxy process f(;’g’t@ as used in (2.24) below. The more
general case for the first order dynamics considered in [CARM20b] would actually lead
to linearize around a matrix which would depend on the freezing parameters. For such
models, we did not succeed in proving that the corresponding densities can be bounded
independently of the parameters (see also the proof of Lemma 5.2 below for a similar
issue regarding the diffusion coefficient).

Proof. Fixed the freezing parameters (7,¢) in [0,7] x RY, and the times ¢ < s in [0, T,
we start applying the Ité-Lévy decomposition to the process { ST}, introduced in
Proposition 2.10 at the associated characteristic stable time, i.e. we choose to truncate
at threshold u!/®. Thus, we can write

Sréts — [ rébs 4 NTEbs (2.20)

for some ]\;[Jf’m, Ngf’m independent random variables corresponding to the small jumps
part and the large jumps part, respectively. Namely, we denote for any v > 0,

~ v Y R \7
Npete = / /Z|>u1/a 2Pgrens(dr,dz) and MJSP® = Sp&bs — NPSbe o (2.21)

where Py (dr,dz) is the Poisson random measure associated with the process S™6%,
It can be shown, similarly to Proposition 2.10, that the process {M7¢**},50 admits a
density pjjres(u, ). Indeed, it is well-known that the small jump part leads to a density
which is in the Schwartz class §(RY) (see Lemma 5.1 below). We can then rewrite the
density pgre.. of STEP* in the following way:

pgnms(ua Z) = /RN er’s,t,s(U, Z— y>PNJ’5*ivs(dy) (2-22)
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where Pygre.s is the law of NT&bs,
We need now to control the modulus of the density pg.e¢.. with another density, in-
dependently from the parameters 7, £&. From Lemma 5.1 in the Appendix (see also
Lemma B.2 in [HM16]) with m = N + 1, we know that there exists a positive constant
C, independent from 7, ¢ such that

ul/a N+2
| DEp s (u,2)| < C’u—(N+k)/a< )

] =: Cu " pr(u, 2), (2.23)
for any k in [0,2], any v > 0, and any z in R,
Moreover, denoting by M, the random variable with density p37(u, -) that is independent
from N5 we can easily check that pip(u, 2) = u=Npr(1,u~*2) and thus, that M
is a-selfsimilar:

M, a1 “Mj.

On the other hand, Lemma 5.2 in the Appendix (see also Lemma A.2 in [FKM21])
ensures the existence of a family {P,},>o of probability measures such that

Pgrees(A) < OP,(A), A€ B(RY), (2.24)

for some positive constant C' independent from the parameters 7,&, ¢, s.

For any fixed u > 0, let us now denote by N, the random variable with law P, that is
independent from M,. Thanks to the representation of the measure P, in (5.7), it is
then immediate to check that

N, " e,

We can finally define the family {p(u, -) }u>0 of densities as

p(u,z) := / pir(u, 2 — w) Py (dw), (2.25)
RN
which corresponds to the density of the following random variable:
?u = Mu + Nu

for any fixed u > 0. Using Fourier transform and the already proven a-selfsimilarity of
M and N, we now show that

(law

gu - ) ul/agh

or equivalently, that
plu.2) = uVop(L )

for any u > 0 and any z in RY. Moreover,
B[S = [, + N.[] = Cule (BIV,P] + BIN:[) < Cale

for any 7 < . In particular, Equation (2.18) holds. We emphasize that the integrability
constraints precisely come from the Poisson measure P, which behaves as the one
associated with the large jumps of an a-stable density.
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Equation (2.19) now follows easily from the previous arguments. From Equation (2.22),
we start noticing that Controls (2.23), (2.24) and (2.25) imply that for any k& in [0, 2],

‘D’;pgf,g,t,s(u, z)’ < Ct7™%°p(u,z), u>0,zeRY,

for some constant C' > 0, independent from the parameters 7,&,t,s. Recalling the
decomposition in (2.9), Equation (2.19) for k£ = 0 already follows.
To show instead the case k = 1, we can write that

1

et s 29| = | iy

Do [psecns (s~ M4 - 0

1 B . o
m(szgr,g,z,s (S —1, ) (Ms_lt(y - msf (1‘))), D%Ms—ltmsf(x»

s —t)" Ve B o o
(= XU ) | LR

Y

where in the last step we exploited the a-scaling property of p. From Equation (2.7),
we now notice that the function x — Mm% (z) is affine, so that

Do MR ()] < Cls =)0,

Hence, it follows that

_14a(i—1)
~r¢ (S - t) _— -1 T
Da (sl < O gt b (LT = (@)
The other case (k = 2) can be derived in an analogous way. O

We conclude this section with a useful control on the powers of the density p(u, 2).

Corollary 2.12. Let ¢ > 1. Then, there exists a positive constant C := C(q) such that
[lu, 2)]7 < w0 Cp(u,2), (u,2) € (0,T) x RY. (2:26)

Proof. We start noticing that we can assume without loss of generality that u = 1,
thanks to the scaling property of p(u, z) in Proposition 2.11. Moreover, we know that
there exists a constant K such that p(1,z) < 1 for any z in B(0, K), since p(1,-) is a
density. It then clearly follows that

[p(1,2)]* < p(1,2), =z B0, K).

On the other hand, we recall that p(1,-) is continuous. For any z in B(0, K), it then
holds that
[p(1,2)]* = B(L, 2)[p(1, 2)]*"" < Cp(1, 2),

where C' is the maximum of [p(1,-)]? on B(0, K). O
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2.2 Regularity of the density along the terminal condition

We briefly explain here how we want to prove the well-posedness of the martingale
formulation associated with d; + L, at some starting point (¢, ). We will mainly focus
on the problem of uniqueness since the existence of a solution can be easily handled
from already known results. Indeed, we recall that under the assumptions we consider,
the main part of the operator L, is of order o > 1 while the perturbation is sub-linear.
Thus, the existence of a solution can be obtained, for example, from Theorem 2.2 in
[Str75).

In particular, uniqueness for the martingale problem will follow once the Krylov-like
estimates (2.4) have been shown.

Starting from a solution {X!*}cjor) of the martingale problem with starting point
(t,x), the idea is to exploit the properties of the frozen dynamics { X744} cjo 7y in (2.3).
For this reason, let us denote by LT5 its infinitesimal generator and define for f in
CL2([0,T) x RN ) the associated Green kernel:

G™8(t, ) / ds/ S(t,s,z,y) f(s,y)dy.
Standard results now give that
(0 + L7¢) G4 f(t,w) = —f(t,x), (t,2) €[0,T) x RY, (2.27)
for any (fixed) freezing parameters (7,§).

The first step of our method then consists in applying the It6 formula on the function
G™¢ f, which is indeed smooth enough, and the solution process { X5} ,co.17:

~ T ~
Gp(tn) 1| [ 0.4 LIG (5 XE) a5 = o
t
Exploiting (2.27), we can then write

GrEf(t ) — [/ £(s X”)ds]JrE[/ (Ls—E;ﬁ)éﬂéf(s,xgw)ds} — 0

or, equivalently,
T - T - ~
]E[/ f(s, X1 ds} — G (1 0) +EU (Ly — £79) G (s, X17) ds].
t t

While an estimate of the frozen Green kernel G™¢ f can be obtained from Proposition
2.11, the main difficulty of our approach will be to control, uniformly in (¢, x), the
following quantity:

/ /]RN — L7t GTgf(s x)ds.

Focusing for example only on the component associated with the deterministic drift F',
ie.

[ [ (Ft2) ~ F(t.0,(). Dot 5..) £ s.1) duds.
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it is clear that we need some kind of compatibility between the arguments of the drift F’
and those of the frozen density p™*(t, s, z, -), in order to exploit the associated smoothing
effect (Proposition 2.11). Namely, we need to compare the quantities (v — 6;,(£)) and
(y — s ().

Noticing that for 7 = s and £ =y, (y — fnlf(x)) = 0, 5(y) — z, it follows from Proposition
2.11 that this choice of freezing parameters gives the natural compatibility between the
difference of the generators and the upper-bounds of the derivatives of the corresponding

proxy.

The above reasoning requires however a more thorough analysis on the properties
of the “density” p®¥(t, s, z,-) frozen along the terminal condition (7,&). Indeed, the
freezing parameter y appears also as the integration variable. In other words, with this
approach, the freezing parameter cannot be fixed once for all. The present section is
precisely dedicated to the handling of such a choice. This will lead us to introduce a
pseudo Green kernel, see (2.41) below, from which will then derive uniqueness to the
martingale problem following the Stroock and Varadhan approach (see Chapter 7 in
[SVT79]), through appropriate inversion in L{ — LP spaces, proving that the remainder
has a small corresponding norm.

We start with a lemma showing the existence of at least one version of the flow 6, s(y)
which is measurable in s and y. This result will be fundamental to make licit any
integration of this flow along the terminal condition y.

Lemma 2.13. There exists a measurable mapping 0: [0, T)?> x RY — RY such that

B(t,s5,2) = Ora(2) = 2 + /t [Auus(2) + Flu, 0,0(2))] (2.28)

Proof. The result can be obtained from [Zub12] and a standard compactness argument.
O

From this point further, we assume without loss of generality to have chosen such a
measurable version 6; ;(x) of the reference flow.

The next Lemma 2.14 (Approximate Lipschitz condition of the flows) will be a key
technical tool for our method. Roughly speaking, it says that a kind of equivalence
between the rescaled forward and backward flows appears even in our framework (where
the drift F' is not regular enough), up to an additional constant contribution, for any
two measurable flows satisfying Equation (2.1). We only remark that similar results has
been thoroughly exploited in [DM10, Men11, Men18] when considering Lipschitz drifts
or [CARM20b] in the degenerate diffusive setting with Hélder coefficients.

This approximated Lipschitz property will be fundamental later on in the proof of Lemma
2.18 (Dirac Convergence of frozen density) below. It will be proved in Appendix A.1,
adapting the lines of [CARM20b].

Lemma 2.14. Let 0: [0,T]2xRY — RN, §: [0, T2xRY — R be two measurable flows
satisfying Equation (2.28). Then, there exist two positive constants (C,C") := (C,C")(T)
such that for any t < s in [0,T] and any z,y in RY,

CHT L (Gua(@) — )| = €' < [Tz = 00s())] < C [T (0us(x) — )| +1] . (2.29)
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From the above lemma, we also derive the following important estimate for the rescaled
difference between the forward flow 6, ,(x) and the linearized forward dynamics m37(x)
(defined in (2.4)) where the linearization is considered along any backward flow.

Corollary 2.15. Let 0: [0,T]> x RN — RN be a measurable flow satisfying Equation
(2.28). Then, there exist a positive constant C' := C(T) and ¢ in (0,1) such that for any
t <sin[0,T] and any x,y in RY,

T2 Ous) — 5 @))] < Cls — )2 (14 T, (0us(e) — 9)]) (2.30)

Proof. We start exploiting the differential dynamics given in Equation (2.7) to write
that

T2, (Buelw) = 3t @) = T2 [{ [P0 0ua@)) = Flu,0us(y)

[

= (j;,t + jg,t)(xa y)‘

We start dealing with 58 +(x,y). The key idea is to use the sub-linearity of F' and the
appropriate Holder exponents. Namely, using the Young inequality, we derive that

Fhaa)] < O3 (=753 [ 04(0) = o))
< C{(s — t)’é /ts [|0ui(x) = Ous(y)| + 1] du
#3075 [ 07 N(Burle) = s+ (5= 07T ).

for some parameters 4/ > 0 to be specified below. Denoting now for simplicity,

1l 4ai-1) i B
Iy = — o +71_6j,

we get that
Pteal < (s =05 4 [ 102, 00clo) ~ Bl
+ Zn:zn:/s [(5 _ t>7i+j*'yj (|<<9u,t(x) _fggj(ly)))])l) +(s— t)l“j] du}

i=2 j=i 7! (s —1t)
< c{ (s — 1) +/ Tis — 1) (Bus(x) — us())] ds
33 [ [t 07 T w0 = st 4 (5 - 0

We now use Lemma 2.14 (Approximate Lipschitz condition of the flows) to derive that

T2 (Oua(z) = Ous(®))] < CUT L (Ose(2) —y)[ + 1)
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Chapter 4. Weak well-posedness for degenerate Lévy SDEs

We emphasize here that in our current framework we should a priori write 05, (6,.:(x))
in the above equation since we do not have the flow property. Anyhow, since Lemma
2.14 (Approximate Lipschitz condition of the flows) is valid for any flow starting from
6..:(x) at time u associated with the ODE (see Equation (2.29)) we can proceed along
the previous one, i.e. (0,4())veju,s)- The previous reasoning yields that

98 (2, y)] < c{<s — )5 + (5 — ) [| T (Bus(2) — )| + 1]

X [1 + ii(@ — )T 4 (s - t)‘ws_l)”"f;j)] }

i=2 j=i

(2.32)

We now choose for j in [i, n],

S ; l+a(i—-1) - - ( a—l) ,
_ A = J o oA = _ 1— (37
ity 5 MR T i-— (1-#),
to balance the two previous contributions associated with the indexes i, j.
To obtain a global smoothing effect with respect to s — ¢ in (2.32) we need to impose:

1+ a(i—2)

ity >l e pl s BT
T b 1+a(j—1)

Vi< (2.33)

Hence, under our assumptions, we have that there exists ¢ in (0,1) depending on 37 for
any j € [i,n] such that

7, (e, 9)] < Cs — 0 [1+ T4 (0 (x) — )] (2.34)
Recalling from the structure of A that
T} AT, | < C(s—t)7",

Control (2.30) now follows from (2.31), (2.34) and the Gronwall lemma. O

Thanks to the Approximate Lipschitz property of the flow presented in Lemma 2.14
above and Corollary 2.15, we can now adapt the controls on the derivatives of the frozen
density (Proposition 2.11) to the “density” p®¥(t, s, z,y). Indeed, we recall again that
the function p®¥(t, s, x,y) is not a proper density in y since the integration variable y
stands also as freezing parameter. This is one of the main difficulties of the approach.

The following result is the key to our analysis since it precisely quantifies the smoothing
effect in time of the proxy we chose.

Corollary 2.16. There exists a positive constant C' := C(N, «) such that for any v in
0,a), any t < s in [0,T] and any z,y in RY,

’T;—lt(et s(y) — )| _ .
: B <o |
/RN det T,_, P(L, T Z(brs(y) —2))dy < C (2.35)
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Moreover, if K > 0 is large enough, it holds that

1 _ _
/RN 1|T;}t(et,s(y)—x)\21{mp(1a T4 (0rs(y) — ) dy

< c/ 1,0 p(1,2)dz, (2.36)
RN =2

where p enjoys the same integrability properties as p (stated in Proposition 2.11).

The strengthened assumptions concerning the integrability thresholds in Theorem 2.6
with respect to the natural ones appearing in (2.33) might seem awkward at first sight.
It is actually the specific current framework, which involves as a proxy a stochastic
integral with respect to a stable-like jump process and its associated iterated integrals
that leads to additional constraints on the regularity indexes needed for our method to
work.

The natural approach to get rid of the flow involving the integration variable in (2.35)
would have been to use the approximate Lipschitz property of the flow established in
Lemma 2.14. This indeed readily yields that:

T2 (Ors(y) — )" < O+ Ty — Ose(@)]).

The main difficulty is that we do not actually succeed in establishing in whole generality
that:

P(L T2 (015 (y) — 2)) < OB(L, T (y — Os.(2)), (2.37)
for a density p which shares the same integrability properties as p.

Equation (2.37) is absolutely direct in the diffusive setting from the explicit form of
the Gaussian density and it has been thoroughly used in [CdRM20b] to derive sharp
thresholds for weak uniqueness. It is clear that the above control has to be considered
point-wise and one of the huge difficulties with stable type processes consists in describing
precisely their tail behavior which is actually very much related to the geometry of their
corresponding spectral measure on the sphere. We refer to the seminal work of Watanabe
[Wat07] for a precise description of the tails in terms of the dimension of the support of
the spectral measure, in the stable case, and to the extension by Sztonyk [Szt10a] for
the tempered stable case. The delicate point comes of course from the behavior of the
Poisson measure (large jumps) as illustrated in the following computation. From (2.23)
and (2.25), we write that

DT O0nl) =) = [ 2L T2 00 () — 2) — w) Py (dw)
1
<0 CTEE A

Pi(dw).

e Let us first emphasize that, when |T,;%,(6;.(y) — )| < K (diagonal type regime) for
some fixed K, then Control (2.37) holds. Indeed, since from Corollary 2.15,

T2 (i (@) = Osy(2))] < Cls = 1)=" (14 T (0s4(2) = w)])
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we would get, recalling from Lemma 2.9, Equation (2.6) that 6; ,(y) — x =y — mg{(z),
that

1

PR =) = € fo O It — ) — it )
1
<C T P1 dw
<O o T hae) o~ S e o )
1 .
C ~ P1 dw
<O Tt e

= ﬁ(l, 'IF;_lt(y - 98,t<x)))7

and p plainly satisfies the required integrability conditions. These computations actually
emphasize that (2.37) holds, up to a modification of C' above, up to the threshold

T2 (6rs(y) — )] < cols — )7,
for some ¢y > 0 small enough with respect to C'. It would therefore remain to investigate
the complementary very off-diagonal regime.

e Let us now concentrate on the off-diagonal regime |T.2,(0,4(y) — x)| > K. In that
case, we write:

1
/]RN (C+ T2 (01s(y) — 2) — w)h™

< C/lpl ({w € RY: (14 T2 (8a(y) — 2) — w])"M| > u})du

P(L T2 (Oes(y) — ) < C Py(dw)

< 0/ Pu(B(T,(0,4(y) — 2), u Y M)du, (2.38)

It now follows from the proof of Proposition 2.10 that the support of the spectral
measure on SV~ associated with {S7¢*},~¢ has dimension d. The related concentration
properties also transmit to N, (see the proofs of Proposition 2.11 and Lemma 5.2).
Thus, we get from [Wat07], [Szt10a] (see respectively Lemma 3.1 and Corollary 6 in
those references) that there exists a constant C' > 0 such that for all z RY and r > 0:

Pi(B(z,7)) < Crtt (1 + 7))z -+, (2.39)

In other words, the global bound is given by the worst decay deriving from the dimension
of the support of the spectral measure. In the current case |z| > K, this bound is clearly
of interest for large values of z. Hence, from (2.38) and (2.39), it holds that

P(L T (0s(y) — 2)) < C/ ~HD/M (] gy mMY | TS L(0:5(y) — )| (d1+)
1
< O+ [T (0s(y) — a) )~ / [ (DM = (d+1+0)/M g
0

Choosing M > d 4+ 1 4+ « then gives that there exists C' > 1 such that

(L, T (0rs(y) — ) < C(L+ \’]I‘g_lt(et’s(y) _ x)’)—(d—&-l—%—a)‘

224



Section 2. Basic notations and main results

We thus get from Lemma 2.14, up to a modification of C', that:
P(L T (0s(y) — 2)) < C(L+ [T (y — 0,(2)) )~ (2.40)

This actually leads to strong dimension constraints for this bound to be integrable.
This phenomenon already appeared e.g. in [HM16] and induced therein to consider
d =1,n = 3 at most to address the well posedness of the martingale problem associated
with a linear drift and a multiplicative isotropic stable noise. Those thresholds and
dimension constraints remain with this approach.

Actually, from the threshold appearing in (2.3), we would like to consider the left-hand

. . 14+a . 5 .

side of (2.35) with v > {5 corresponding to j = 3 = n therein. From Control (2.40),
this would require —11;’20(‘1 +(d+1+a)>3,d=1 <= o®>—a—1>0, which in our
framework imposes that a € (15 2).

Another possibility would have been, in the tempered case, to keep track of the tempering
function, instead of bounding p™¢ by a self-similar density p, in order to benefit from
the tempering at infinity to compensate the bad concentration rate in (2.40). However,
see [HM16] and [Szt10a], we would have obtained bounds of the form

(s 2,y) < C(LF [Ty — Bua(@))” 4 9Q (ML (y — 6.4(2))])

Such a bound will give space integrability but deteriorates as well the time-integrability.
This difficulty would occur even in the truncated case, thoroughly studied in the non-
degenerate case by Chen et al. [CKKO08]. Thus, we will develop here another approach.

Namely, we would like to change variable to 4 := T, (6, ,(y) — x) in the left-hand side
of Equation (2.35). Of course, this is not bluntly possible since the coefficients at hand
are not smooth enough. The point is then to introduce a flow 92 s(y) associated with
mollified coefficients (for which the difference with respect to the initial flow will be
controlled similarly to what is done to establish the approximate Lipschitz property
of the flows in Lemma 2.14) and then, to control det(V6; (y)) (see Lemma 5.3 below).
Since we do not have here a summation with respect to the single rescaled components as
in the previous Lemma 2.14 above or as in Corollary 2.15, this will conduct to reinforce
our assumptions and suppose that (F})c2,»] has the same regularity with respect to the
variable x;, j € [2,n], whatever the level of the chain. This is precisely what leads to
consider the condition

— x; = Fi(t,x, ..., x;,...,x,) is f-Holder continuous, uniformly in ¢ and in zj, for
k # j, with
g s 1teli—=2)
l+a(j—1)

For the sake of clarity the proof of Corollary 2.16 is postponed to the Appendix.

Let us introduce now some useful tools for the study of the martingale problem for
0s + L. The first step is to consider a suitable Green-type kernel associated with the
frozen density p*¥ and establish which Cauchy-like problem it solves. Namely, we define
for any function f: [0,7] x RY — R regular enough, the pseudo Green kernel G, given
by:

T
Goftta) = [ [ 5w ) (s, y)dyds, (Lo) € [0,T) xRY,  (241)
(t+e)AT JRN
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where € is meant to be small.

We only remark that the above Green kernel G, is well-defined, since the frozen density
p*Y(t, s, z,y) is measurable in (s,y) thanks to Lemma 2.13 (measurability of the flow in
these parameters).

Proposition 2.17. Let p, q in (1,+00) such that the integrability Condition (%)
holds. Then, there ezists a positive constant C' := C(T,p,q) such that for any f

in_Lp(o;r;anRN)),
IGeflloo < Cllfllors-
Moreover, it holds that limy_0 C(T,p,q) = 0.

Proof. We start using the Holder inequality in order to split the component with f and
the part with the density p(t, s, x,y):

A

. T N
G f(t,2)] < Ol fllzrre (/ (/ 1P5Y(t, s, 2,9)|7 dy) ds)
(t+e)AT \JRN

=t O\ fllrra|Le(t, z)],

where we have denoted by p’, ¢’ the conjugate of p and ¢, respectively.
In order to control the remainder term I.(¢,z), we now apply (2.19) from Proposition
2.11 with £ = 0 and (7,¢£) = (s,y) to write that

, T 1 B B s q q
[I(t,x)]F < C ot (/RN <det Ts_tp (1,11“5_1t(y - msty(x)))> dy) ds,

where we recall that T, = t'/*M; (see (2.17) and (2.8)).
From Corollaries 2.12 and 2.16, we then write that

/
P
ql

’ T 1 _ ~ 8
II(t,z)]" < C </]RN mfo (1,’]I‘s_lt(y — mﬁ(x))) dy) ds

(t+e) AT
T o T 1
<C (det T, ¢)e Pds = C — ds.
(t+e)AT (t+e)AT (det Ts—t>%
Since by definition of matrix T, it holds that
det T, , = (s — t)Dim d0= (2.42)

we can conclude that under the integrability assumption (%), we have that

"1 , — 1 ! "1 —1)\1 1
f s o LA N o Gk ) LR U C )
i=1 o q i=1 Q 9 P
The proof is complete. O
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Now, we understand which Cauchy-like problem is solved by the “density” p*¥(t, s, z,y)
frozen at the terminal point (s,y). We start denoting by L;"¥ the infinitesimal generator
of the proxy process {X¥"*} i 1. For any smooth function ¢: RY — R, it writes:

LiYo(x) = (A + FY, Dog(x)) + L}

LY
s ~5 244
= (At B2, Dao(e)) + [ ol + Bartw) — o) w(aw), A1
0
where, we recall, FY := F(t,0,,(y)) and 677 := o(t, 0,.(y)).
By direct calculation, it is not difficult to check now that for any (s, z,y) in [0, T] x R?Y
it holds that .
(00 + L) p(t,5,2,2) = 0, (t,2) € [0,5) x RY. (2.45)

However, we carefully point out that some attention is requested to establish the
following lemma, which is crucial to derive which Cauchy-type problem the function
Gf :=lim,_,o G.f actually solves. In particular, it is important to highlight that Lemma
2.18 (Dirac Convergence of frozen density) below cannot be obtained directly from the
convergence in law of the frozen process X suhT towards the Dirac mass (cf. Equation
(2.45)). Indeed, the integration variable y also appears as a freezing parameter which
makes the argument more complicated.

The proofs of the following two lemmas is quite involved and technical. For this reason,
we decided to postpone them to the Appendix, Section 5.2.

Lemma 2.18. Let (t,x) be in [0,T) x RY and f: RY — R a bounded continuous

function. Then,

lim
e—0

ST+ ez y)dy — f(x)| = 0.

Moreover, the above limit is uniform with respect to t in [0,T].

A similar result involving the L} LZ-norm can also be obtained. For notational simplicity,
let us set

If(t,z) :== /RN ft+ey)lpr—gO)p v (t,t +ez,y)dy (2.46)
for any sufficiently regular function f: [0,7] x RY — R.
Lemma 2.19. Letp > 1, ¢ > 1 and f in CH*([0,T) x RN). Then,

lim [|[cf = fllzprg = 0.
We want now to understand which Cauchy-like problem is solved by our frozen Green

kernel G f(t,z). For this reason, we introduce for any function f in Cy”*([0,T) x R, R)
the following quantity:

- T -
Wf(ta) = [ [ L s ey () dyds, (to) € 0.7) < BY, - (247)

for some fixed € > 0 that is assumed to be small enough. Then, we can derive from
Equation (2.45) and Proposition 2.11 that the following equality holds:

atéef(t,:v) + J\Zfef(t,x) = —Lf(t,z), (t,z)€[0,T) xRN, (2.48)
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where we used the same notation in (2.46) for I.f. We point out that the localization
with respect to e is precisely needed to exploit directly (2.45) and thus, to derive (2.48)
for any fixed € > 0, by usual dominated convergence arguments. In particular, we point
out that in the limit case (¢ — 0), the smoothness on f is not a sufficient condition to
derive the smoothness of Gf. This is again due to the dependence of the proxy upon
the integration variable.

3 Well-posedness of the martingale problem

This section is devoted to the proof of the well-posedness of the martingale problem for
0s + Ls with initial condition (¢, z), under the assumptions of Theorem 2.6.

Since by definition the paths of any solution {X;}:>o of the martingale problem for
0s + L are cadlag, it will be convenient afterwards to give an alternative definition. We
denote by D[0, c0) the family of all the cadlag paths from [0, 00) to RY, equipped with
the “standard” Skorokhod topology. For further details, we suggest the interested reader
to see [Basl1], [EK86] or [JS03].

Fixed a starting point (¢, ) in [0,00) x RY we will say that a a probability measure P
on DJ0, 00) is a solution of the martingale problem for d; + L, starting at (¢, z) if the
coordinate process {y; }+>0 on D[0, 00), defined by

y(w) = w(t), we D[0,00)

is a solution (in the previous sense) of the martingale problem for ds + Ls.
Similarly, we will say that uniqueness holds for the martingale problem for d; + Ly with
starting point (¢, x) if

Poy™' = Poy™,

for any two solutions PP, P of the martingale problem for d, + L, starting at (¢, x).

The existence of a solution P of the martingale problem for d; + L, can be obtained
adapting the proof of Theorem 2.2 in [Str75] exploiting the sublinear structure of the
drift F' and localization arguments in order to deal with possibly unbounded coefficients.

Proposition 3.1 (Existence). Under the assumptions of Theorem 2.6, let (t,x) be in
[0,00) x RY. Then, there exists a solution P of the martingale problem for Os + Ly
starting at (t,x).

We move to the question of uniqueness for the martingale problem associated with
0s + Ls. As shown already in the introduction of Section 3, the analytical properties
on the frozen process (Xi’y’t’x)ue[t7T] we presented there will be the crucial tools for the
reasoning in the following section.

We will start proving directly that the Krylov-type estimates (2.4) holds but first for
p, q big enough (but finite). It will imply in particular the existence of a density for
the canonical process associated with any solution of the martingale problem. As a
consequence, the weak well-posedness of SDE (1.3) under our assumptions can be shown
to hold.

Only in a second moment, we will then show that the Krylov estimates holds for any p,
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q satisfying condition (%) through a regularization technique. Namely, we regularize
the driving noise Z; by introducing an additional isotropic a-stable process depending
from a regularizing parameter. Following the previous arguments for the regularized
dynamics, we will then prove that the solution process satisfies again the Krylov-type
estimates for any p, ¢ in the considered range, uniformly with respect to the regularizing
parameter.

Letting the regularizing parameter go to zero, we will then conclude the proof of Corollary
2.7.

3.1 Uniqueness of the martingale problem

The first step in proving the uniqueness of the Martingale problem for 0, + L, is to
show that any solution to the martingale problem satisfies the Krylov-like estimates in
Equation (2.4). To do so, we prove that the difference operator between the genuine
generator L, and a suitable associated perturbation (associated with the frozen generator
LY given in (2.44)) has small L} LI-norm when considering a sufficiently small final
horizon T'. Namely, we introduce the following remainder:

Rsf(tvz) = (Ltésf_Mef)(tax) = /tfe /RN<Lt_[:t87y)ﬁ87y(taSaxay)f(svy) dde, (31)

for some € to be small enough. We recall that G.f, M, f and p*Y(t, s, x,y) were defined
in (2.41), (2.47) and (2.10), respectively.

We firstly present a point-wise control for the remainder term R, f. Importantly, the
constant C' below does not depend on ¢, allowing to pass to the limit in Equation (3.1).
This will be discussed at the end of the present section.

Proposition 3.2. There ezist qo > 1, po > 1 and C := C(T, po, qo) such that for any
q>qo, p>po and any f in LP([0,T]; LYRY)), it holds that

“RefHoo < CHfHLfLZ' (3-2)

Proof. We start recalling from (2.2)-(2.44) (exploiting also the change of truncation in
(1.5))) that we can decompose R.f in the following way:

T ~s B
Refta) = [ [ (8= Z)5 (e s,2,0)  (sv) dyds

T = _ (3.3)
* / /RNU’(t x) = Y, Dop™ (¢, s, 2, y)) f (s, ) dyds '
t+e
= RUf(t,x) + RLf(t,x)
where the operators £; and £ have been defined in (2.2) and (2.44), respectively.

Since by assumptions, x; — Fi(t,z) is #7-Holder continuous, we can control the second
term R!f, associated with the difference of the drifts, using Proposition 2.11 with
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(1,6) = (5,9):

(F(t,2) = B, Dap™(t,5,2,9))| < Z|F (t,x) = Fi(t,00,5())| [ Do, 5 (t, 5,2, 9)|

" C1aa=n (1, T (y — M3 () & y
<O (s—t) " a ; S (@ = 0s(9));1”
pt et Toy j=i
G # (1, T (y — m3f (2)))
< —pd T — 9, :
< O30 =0 [Tl = Bualu) N —
with the following notation at hand:
g = l+a(i-1) +ﬁj1+oz(j— 1).
a a
Then, we write with the notations of (3.3) that
St )| < / / = - yds
i—1 j—i det Ts—t (3 — t)_gz
= CZZ/ / f(s,9)]3:5(t, s, 2, y) dyds. (3.4)
=1 j=1

Then, from the Holder inequality,

1
’ =
p/

\sz@,x)\scanLfL;ii(/f(AN[sij<t,s,x,y>]q’dy)5ds> . 6)

i=1 j=i

where ¢’ and p’ are the conjugate exponents of ¢ and p, respectively.
Now, the integrals with respect to y can be easily controlled by Corollary 2.12. Indeed,

/

/]RN [Jij(t, s, x,y)}q dy (3.6)
(s \"
¢ (det Tst) /RN

Choosing gy > 1 big enough so that 57¢’ < « for any j in [1,n] and any ¢ > g, we can
use Corollary 2.16 to show that

ﬁqui -1

T (@ — 0:5(y))

/]R Bytsx,y))7 dy < O(s — DS (det Tom)' ™ (3.7)

Going back to Equation (3.5), we can thus write that

1
I

'Rl f(t,x) \ < C||f||LquZZ (/ (s — )57 (det T,_ t) rad ds>

=1 j=1
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Noticing now that for any ¢« < j in [1,n]

14+ a(i —1) A1—|—oz(j—1)> 1+ a(i —2)
o 1+a(j—1)

we can choose ¢y > 1, pg > 1 large enough so that p’, ¢’ are sufficiently close to 1 in

order to conclude that

d>-1e - ~1le >

+ 5 (3.8)

REf(t )| < Cllfllgrs. (3.9)

We can now focus on the control for the first remainder term R°f. Since clearly R°f = 0
if o(t, x) is constant in space, we can assume without loss of generality that v is absolutely
continuous with respect to the Lebesgue measure on R? (cf. assumption [AC]). In
particular, we know that it can be decomposed as in (1.7):
9(7)
v(dz) = z dz.
(@) = Q)i

Given now a smooth enough function ¢: RY — R, we start noticing that

Liola) = [, [o(x + Bolt)2) = o(x)] v(d2)

0

z dz
= [ [+ Batt.0)2) ~ ot @l () i
o (t,x)z -

. g(E=00) gz

_ B) PR A i (FOE
/ (o4 B2) = o] Qo™ (024004 2) o 16,y

where we assumed, without loss of generality from [UE], that det o (¢, z) > 0. A similar
representation holds for £;Y¢(x), too. Now, let us introduce for any z in R, the
following quantity:

;3 (=)

o olEe) o (55)

= QU det o(t, x)[o~1 (1, 2) \d+a‘Q(( N )detasy|( V) E e’

where we have normalized z above in order to make the usual isotropic stable Lévy
measure appear.

Fixed n > 0, local to this section, meant to be small and to be chosen later (and not to
be confused with the ellipticity constant in assumption [UE]), we then define

an = af(1—=n), (3.10)
and we decompose the integral in the difference of the generators in the following way:
7, ~ s, dz
(c—Z*) ow) = [ [0t + B2) = 6] AR () sy
s, dz
= [, [l + B2) — 6(x) ~ (Deola), B () (s
sy dz
+ [ lo(z + Bz) — ¢(x)] H2(2) —a
A5 2|
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where we have denoted, for simplicity,
Ay = B(O, (s — t));
1
Ay = B0, (s —t)).

We highlight in particular that it is precisely the symmetry of v that ensures that the
function ]:If ¥ is even and that allow us to introduce the odd first order term (D, ¢(x), Bz)
in the first integral above on the simmetric space A,,.

Noticing from Proposition 2.10 that the frozen “density” p*¥ is regular enough in x, we
can now replace ¢ in the above decomposition with p*¥(¢, s, -, y). Going back to RS f
given in (3.3), we start rewriting it as

[Rf(t,2)] < OZ/ LGl A s, 9)]) ()] dyds
:Z// f(s,y)|90i(t, s, 2, y) dyds.

As before, we can then apply Hoélder inequality to show that

(3.11)

1

5] < Ol Y ( [ (L otz ay)” ds) B

where ¢’ and p’ are again the conjugate exponents of ¢ and p, respectively.
To control the second term involving Jgo, we start noticing that

|H3(2)] < C (3.13)

for some constant C' independent from the parameters, thanks to assumption [UE] for
o and the boundedness of g and Q).

Then, we can use Control (3.13), Corollary 2.12 and the Holder inequality to write that
ot 5.2l < O [ 50t 5,2+ Beg) ~ 5ot )l ]
Y ) ) [ AC ) ) ) ) ) ) |Z|d+a

n

,odz
p*Y(t,s,x + Bz,y) — p*Y(t, s, z,y)|! ——
/A% 2 y) —p™Y( y)| Er

AN
Q
R
[>\

30

NN
Tl
Q

~_—

(s — ! _ -1 B —1 dz
<ol /% PUT Ay = 0ualo+ B2) + L T2y — 0ua@)] i

recalling from (3.10) that a,, = /(1 —n) for the last inequality. The Fubini theorem
and the change of variables § = y — 0 ,(x + Bz) now show that

, (s — )7 . dz
Toa(t, 5.2, 9)|7 d <2C—,/ / 1.4)d
/RN| 02( S, T y)| Yy = (deth_t)q 1 e(0,(s 7)%) p( y) y|z|d+a
dz (3.14)

| ‘d-‘ra

< C(det Ty_) =7 (s — t)("_l)q?
77

< CO(det T,_y)' =7 (s — )7 17D,
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Section 3. Well-Posedness of the martingale problem

Going back to Equation (3.12), we can then conclude that

T /
/ </ |Jo2(t, s,z y)|q dy) ds < C’/ (det Ty_y)~ (s—t)p 1=1) g
t
< c/ (ot L, ) g

where in the last step we also exploited (2.42).
Assuming now that n < 1 and p, ¢ are big enough so that

pP(l—n+- Zd

1+ ofi 1))<1

we immediately obtain that

p/

, L
/t </]RN [Jo2(t, s, z,4)|? dy) ds < Cr. (3.15)

We can now focus on the integral with respect to y of the first term Jo; in Equation
(3.12). Using the Lipschitz continuity of @ in a neighborhood of zero and the Holder
regularity of the diffusion matrix o, it is not difficult to check that

[H2(2)] < O | = rs ()l
j=1

Thanks to the above estimate, we exploit a Taylor expansion on the density p*¥ and
Proposition 2.11 with £ = 2 and (7,&) = (s, y) to show that

O(t,s,x,y,2) ==

[Vt 5,2+ Bz,y) — (1, 5,2,) — (D™ (1, 5,2,y), B2)| H2(2)

sz/ @ = s ()il 1D2, 57t 5,0+ AB2, )| A

/ |Z|2p (1, T4 (y — m3Y(z + AB2)))

< 2
— det Ts_t 0 (s —t)a
% |3 I+ ABz = ()l + ABzI"|

=1
< [P T (- i+ AB2)) (3.16)
~ detTs_; Jo Postt >

Bl

n T2 (x+ABz — 65 B

Z —t ts(Y)) N |21] 2}d)\,

— (3 — t)(o (5 — t)E

where, similarly to above, we have denoted:

1+a(j—1).

d=2-p (3.17)
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Chapter 4. Weak well-posedness for degenerate Lévy SDEs

It then follows from the Holder inequality and Corollary 2.12 that

dz 17
t -
. Oltsas) i

n

C %/ 1 B - B
= (et T, )7 </An1dz> J /Anp“’Tslt(y—ms:%’<:c+ABz>>)

,81
n
1

’JOI(t7 S, T, y)’ql S

T, (z + ABz — 6, ,(y)) N
(s — 1) (1)

dA.

|| 19 dz
i} |2|¢/(@+0=2)

If we now add the integral with respect to y, Fubini Theorem readily implies that

/]RN ’JOI(t7 S, T, y)’ql dy

T / o o PO Ty = e+ 2B))

1./

B )
zn: Lz + ABz — 0,4(y)) ! N |z1|51q y dz m
= (5 _ t)Coq (s _ t)%tz’ y |z|q’(d+a—2) )

If we assume to have taken ¢’ close enough to 1 so that 3'¢’ < o, we can use Corollary
2.16 to show that

/]RN |j()1(t7 S, Z, y)|q, dy

) n 731
(s )O‘n 1 |21]98 dz
< O—/
= 7 (det To_y)7 ' JB(0,(s—t)77) z:: (s — )74 + (s —t)7a | |z]7(d+e=2)
(
(

S — t) om (¢'-1) (s—t)ﬁ n rd*l*(d+a72)q ,rdfl—(d+a,27131)q/
(det T,_;)7—1 dr.
det T,_;)7 1 /0 r

e =~ |
i (s—1)7% (s —t)ad

Similarly, if ¢ is big enough (so that ¢’ is close to 1), it holds that

d

d—1-¢dd+a—-2)>-1&¢<-——
dld+a=2) T~ d¥a—2

and we can integrate with respect to r:

1
(s—t)n

e @ =) [ d—q'(d+a—2) d—q/ (d+a—2—B")
\/]RN |301(t787x7y>|QI dy S C( t) [ZT : :|

; — +
(det Ts—)I~! |\ (s —1)7% (s —t)7a

.

0

< C(det Ty_y) =7 (s — t)

I—|

n /(51 2)
VIS (s =) TG 4 (s — ) | (3.18)

J=1
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Section 3. Well-Posedness of the martingale problem

Hence, it follows from Equation (2.42) that

/

T , &
/t‘ (/RN |301(t7 S, T, y)|q dy) ds

p’ n i ﬁ =
e > O
7=1

T
< Cj/’(detﬂ;_g
t

B2

SC’/ s—t i “ Z(s—t)_p%—l—(s—t)p an e/ ds
j=1

To conclude, we need to show that the two terms above are integrable with respect to s.
Namely,

ﬂ(e —f§:d1+a )—%> —1, Vje[ln];

Gy

p<@ @) 1i¢kw;41 W_2>>_L

Qi q4:5 &y o

Recalling again that we can choose p, ¢ big enough as we want, so that Equation (2.43)
holds, it is now sufficient to take n in (0,1) in order to have:

(2_(1)_(3:M_2+51w>_1, Vj € [1,n]; (3.19)
O[n O‘/”] « (0]
(2—0./) +571_g > —1. (320)
Oén Oé77 «

By direct calculations, recalling from (3.10) that a,, = a/(1 — ), we now notice that
Conditions (3.19)-(3.20) can be rewritten as follows

BHL+ai—1)

< Vielln];

U o vielln;
51

= 2+ 01 —a

Choosing € > 0 so that the above conditions holds, we have that

1
Y

(/tT (/RN 1Jo1(2, s, :z:,y)\q/ dy)q,ds) < COf. (3.21)

Going back to Equation (3.12), we use Controls (3.15)-(3.21) to write that
Rt < Cllfllprs- (3.22)
Exploiting Controls (3.9) and (3.22) in Equation (3.3), we have concluded our proof. [

A similar control in L?Li-norms can be obtained. In particular, we point out that
Equation (3.23) below implies that the operator I — R, is invertible in L? (O, T; L4(RN )),
provided 7T is small enough. From Lemma 2.19, the same holds for I, — R,.
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Chapter 4. Weak well-posedness for degenerate Lévy SDEs

Proposition 3.3. Let ¢ > 1, p > 1 be such that Condition (€ ) holds. Then, there
exists C .= C(T,p,q) > 0 such that for any f in LP (O, T: Lq(RN)),

|Refllrrrs < Clfllrre. (3.23)
In particular, it holds that limp_,o C(T,p,q) = 0.

Proof. We are going to keep the same notations used in the previous proof. In particular,
we recall the following decomposition

Ref(t,x) = RUf(t,x) + Rif(t ),

given in Equation (3.3).
In order to control the second term R!f in L} Li-norm, we start from Equation (3.4) to
write that

17w < XY [ [

=1 j=1

S Y ‘jlj< ) 7'7y) dy quS.

The Young inequality now implies that
q q
L = ~/]RN \/]RN |f(87y)|jlj(t787xay)dy‘ dx
< [ (L 1763t s,a.p) dy ) 135,24 da
< Cls =097 [ 15l ([ 9t s.2.9) d) dy
using Control (3.7) and the Fubini Theorem for the last inequality. From (3.4), (3.6)

and the correspondence (2.6) which gives y — my{(z) = 0, s(y) — « it is plain to derive
that:

H/ sy|JU ) )7y)dy

g _ e
/RN dzJi;(t,s,z,y) < C(s —1t)
Thus,

)HL; dS,

|RLF(t |m<czz/s—ﬂ

=1 j=1

where, in the last step, we exploited Equation (3.7) with ¢’ = 1, recalling that 87 < 1 < a.
We can then use the above control to write that

IRy < 33 [ IR,

=1 j5=1

ey [Mise (/f<s—t><? i) a

=1 j=1

IN

g@zz/w [Bydt < Crll fIl%p s,

i=1 j=t

where Cr := C(p', ¢/, T) denotes a positive constant that tends to zero if T" goes to zero
(recall indeed from (3.8) that ¢ > —1) .
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Section 3. Well-Posedness of the martingale problem

The control for ]:28 f can be obtained following the same arguments above, exploiting
Equation (3.11) instead of (3.4) and Equations (3.14)-(3.18) with ¢’ = 1 for the controls
of ||30](t7 S7xa')||L£- ]

Let us fix now a function f in C?([0,T) x RY). The first step of our method consists in

applying the It6 formula on the Green kernel G, f and the process { X"} e, solution
of the martingale problem with starting point (¢, z):

E [Gef(t,x) + /;(8S + Ls)éef(s,Xﬁ’””)ds] = 0.
We then exploit Equation (2.48) to write that
G.f(t,z)—E VtT Lf(s, X5%) ds] +E [/tT [L.Gof = M.f] (s, X!7) ds] = 0.
Thus, it holds that
E [/tT If(s, Xb%) ds} = G.f(t,x) +E UtT Ref(s, Xt%) ds} . (3.24)
Thanks to Proposition 2.17, we know that there exists C(T') := C(T) = 0 such that
1Gefllse < ClIfllzprs- (3.25)
Let us assume for now that p, ¢ are large enough so that the control (3.2) of Lemma 3.2

(pointwise control of the remainder) holds. From Equations (3.24), (3.25) and (3.2), we
readily get that

T
B| [ nreas| < ot

Letting € go to zero, we thus derive that any solution {X/”}.c7) of the martingale
problem for d; + L, with initial condition (¢, x) satisfies
T t,x
Bl [ rsxa | < il
for any f in f in C1%([0,T) x RY). Above, we have exploited Lemma 2.18 for the
integral in space and the bounded convergence Theorem for that in time.
To show the result for a general f in LP (0, T; LY(RY )), we now use a density argument

and the Fatou Lemma. Indeed, let {f, }nen a sequence of functions in C12([0,T) x RY)
such that || f, — f[/zrrs — 0. We then have that:

IN

t

‘E [ [ rts.xe) ds]

T
|IE1 [ / lim inf f, (s, X5) ds]
t n

< lim inf
n

(3.26)

T

| [ s X a
t

< Climinf |[fnllrpre

= C|fllzrpa-
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Chapter 4. Weak well-posedness for degenerate Lévy SDEs

This is precisely the Estimate (2.4) in Corollary 2.7, provided that p, ¢ are large enough.

Thanks to Estimates (3.26), we then know that the process {X!*}ci.r has a density
we will denote by p(t, s, z,y). From Equation (3.24) it now follows that

Goflt,z) = El/t I f(s, X07) ds] — V R.f(s, X"")d ]
— /T/ I.f(s,y)p(t,s,z,y) dyds—/t /]RN R.f(s,y)p(t, s, z,7y) dyds

= / RN (I. — L Y)p(t, s, x,y) dyds. (3.27)

Then, Proposition 2.17, Lemma 2.19 (with an additional approximation argument) and
Control (3.23) imply that both sides of the above control are bounded in the L?L?-
norm, uniformly in € > 0. Thus, we can conclude that Equation (3.27) holds for any
fin L? (O, T; LY(RN )) We then conclude from Lemma 3.2 (pointwise control of the

remainder) that letting € go to zero, it holds that

[/ Fls, X0 d ] Go(I- Ry f(t,),

which gives uniqueness if the final time 7T is small enough. Global well-posedness is
again derived from a chaining argument in time.

To complete the proof of Corollary 2.7, it remains to derive the Krylov estimates (2.4)
under Condition (%) and not only for p, ¢ large enough.

Fixed a parameter 6 > 0 meant to be small, we consider a “mollified” version of the
solution process X5* given by

t,z,0

Y7 ’ = X;’x —|— 5Ms—t78—t7 (328)

s

where {Z,}>0 is an isotropic a-stable process on RM.

Let us denote now by p°(¢, s, x, ) the density associated with the random variable 72’5’6
We notice that Equation (3.28) implies in particular that

Pt s,2,y) = [p(t,s,2,-) x¢°(s = t,-)] (1),

where ¢°(t,-) is the density of the process M, Z, and thus, under the integrability
condition (%) and thanks to the Young inequality, the quantity |p°| are where p/, ¢
are the conjugate exponents of p, g, respectively, is finite (possibly explosive with 4).
The point is now to reproduce the previous perturbative analysis in order to prove that
the controls on ||| A actually do no depend on §.

For this reason, we introduce the mollified “frozen” process X>%%% along the flow 6, ,(y)
as

Xowbed = X5Ube 4 M, Z . (3.29)

Following the same arguments presented in Propositions 2.10 and 2.11, it is now possible
to show that the process X¥%9 admits a density p*¥°(¢, s, z,y) and that it enjoys a
multi-scale bound similar to (2.35). Namely,
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Section 4. A counter-example to uniqueness

Proposition 3.4. There exists a positive constant C := C (N, «) such that for any k in
[0,2], any i in [1,n], any t < s in [0,T] and any z,y in RY,
—1)

. (s —a+8) ™%
|DE 5 v0 (¢, s,2,y)| < C RN - (LT s (U — 0ae(2))) . (3.30)

A sketch of proof for the above Proposition has been briefly presented in the Appendix
section. Importantly, we highlight that the constant C' appearing in (3.30) is independent
from the “smoothing” parameter §.

Then, the same arguments leading to (3.24) can be applied here to show that

[/t I.f(s, X tm)d = G2f(t,x +IE[// Ll — Lo G‘sf( im)ds, (3.31)

where G® and £°¥? are the frozen Green kernel and the frozen infinitesimal generator
associated with the process X% respectively (cf. Equations (2.41) and (2.44)). In
particular, we point out that the pointwise bound (3.25) on the Green kernel and the
controls of Proposition 3.2 (pointwise control of the remainder) are uniform with respect
to the additional parameter 9, thanks to Proposition 3.4.

From Equation (3.31) and Proposition 3.3 (LY L% control of the remainder) we can then
deduce that

T
[E ) 6t77? dd
/t/RN f(s,9)p°(t, s, 2,y) dyds

< Cr (14 107y ) I g

From the Riesz representation theorem and the above inequality, we then deduce that
2%l ary < Cr, for T small enough and uniformly in §. Hence,

(s,9)P°(t, 5, 2,y) dyds < Crlefll o s

T _
_ ‘/ E[If(s, X' + 6Z,)] ds
t

The Krylov-type estimate (2.4) can be then derived exploiting the dominated convergence
theorem and Lemma 2.18 (Dirac Convergence of frozen density), letting firstly e and
then ¢ go to zero. We have thus concluded the proof of Corollary 2.7.

4 A counter-example to uniqueness

In this section, we present a counter-example to the uniqueness in law for the equation
(1.3) when the Holder regularity in space of the coefficients is low enough. In particular,
we show here the almost sharpness of the thresholds appearing in Theorem 2.6 for
diagonal perturbations, proving also Theorem 2.8. In order to test the threshold
associated with the critical Holder exponent for the i-th component of the drift F
with respect to the variables z;, we adapt the ad hoc Peano example constructed in
[CARM20b] to our Lévy framework.

Let us briefly recall it. It is well-known that the following deterministic equation

{dyt = sgn(ye)|y|’dt, t>0,

(4.1)
Yo = Oa
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Chapter 4. Weak well-posedness for degenerate Lévy SDEs

for some 3 in (0, 1), is ill-posed since it admits an infinite number of solutions of the
form
yr = et —to) 1, o) (t), for some to in [0, +00).

Nevertheless, Bafico and Baldi in [BB81] proved that the associated SDE, obtained by
adding a Brownian Motion {W;};>¢ to the dynamics:

dX; = sgn(X,)|X;|Pdt +edW;, t>0
XO - 07

is well-posed for any € > 0 in a strong (probabilistic) sense. Furthermore, they showed
that, letting € goes to zero, the limit law concentrates around the two extremal solutions
+ct'/(0=P) of the deterministic equation (4.1), thus providing a selection “criterion”
between the infinite deterministic solutions.

In a subsequent article [DF14], Delarue and Flandoli highlighted the hidden dynamical
mechanism behind this counter-intuitive behaviour. Heuristically, this reqularization
by noise happens since, at least in a small time interval, the mean fluctuations of the
Brownian noise are stronger than the irregularity of the deterministic drift. Indeed, they
showed that before some transition time t., the dominating noise pushes the solution to
leave the drift singularity at 0, while afterwards, the deterministic part of the system
prevails, constraining the (stochastic) solution to fluctuate around one of the extremal
deterministic solutions, given by +ct*/(1=A).

More quantitatively, we can compare the fluctuations of the noise, say of order v > 0
with the fluctuations of the deterministic extremal solutions, giving that

s 1/0-B).

Since it should happen in small times, we then obtain that

1
6>1_77
f)/

should be the heuristic relation that guarantees the noise dominates in short time.
Clearly, the above inequality holds for any 3 in (0,1) in the Brownian case (y = 1/2),
which would actually give f > —1. We can refer to [DD16] which is the closest work to
this threshold since the authors manage to reach —2/3%.

In view the above arguments, we fix n = N, d; = d =1 and ¢, j in [1,n] such that j > i
and we consider the drift
Az + essgn(z;)|z;)°

where {e;: i € [1, N]} is the canonical orthonormal basis for RY, A is the matrix in
RY @ RN given by

0 ... ... ... 0

1 0 ... ... 0
A=10 1

0 0 1 0
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Section 4. A counter-example to uniqueness

We will assume moreover that [ is in (0, 1) such that
8 < 1+ oz(i. —2)

I+a(j—1)

so that we are clearly outside the framework given by condition (%).

Our aim is to prove that uniqueness in law fails for the following equation:

Xy = {Al"*engH(X?)lelﬁ}dtjtBdZt, t>0,
Xo =0,

Y

(4.2)

where {Z;}+>0 is a symmetric, d-dimensional a-stable process such that E[|Z;|] is finite.
In particular, we are interested on the i-th component of the above Equation (4.2) that
can be rewritten in integral form as:

Xi = [Csen(r X)) |00 dt+ 174 2), =0, (4.3)
0

where we have denoted by IF(y) the k-th iterated integral of a cadlag path y: [0,00) — R
at a time ¢. Namely,

i tp=t to
I (y) = /0 o ) Yo dty...dtg—1, t>0. (4.4)

In order to improve the readability of the next part, we are going to present our reasoning
in a slightly more general way. It is not difficult to check that Equation (4.3) satisfies
the assumptions of the following proposition.

Proposition 4.1. Let k be in N, 5 in (0,1), z in R and {Z;}+>0 a continuous process
on R such that

— E[SUPse[o,u |ZS|} < 00,

— it is symmetric and y-self-similar in law for some v > 0. Namely,

(law) (law)
(Zt)tz() = (—,zt)t20 and Yp > 0, (zpt)tzo = (z,tpv)tzo.
Then, uniqueness in law fails for the following SDE:

{dXt = sgu(100) |10 e+ dz,, 120 (4.5)

Xo = x,
ifx =0 andﬁ<3—jr,1€.
Since we can clearly apply Proposition 4.1 to Equation (4.3) taking v =i — 1 + é,
k = j — i, it implies that SDE (4.2) lacks of uniqueness in law if
y—1  14a(i—2)
y+k  14a(j—-1)

Hence, to complete the proof of Theorem 2.8, it suffices to establish Proposition 4.1.

b <

Before proving Proposition 4.1, we need however an auxiliary result. It roughly states
that any solution of SDE (4.5) starting outside zero cannot immediately reach the
extremal solutions of the associated deterministic Peano example. Importantly, the
constant p appearing below does not depend on the starting point .
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Chapter 4. Weak well-posedness for degenerate Lévy SDEs

Lemma 4.2. Fized x > 0 and § < +k, let {X:}iso0 be a solution of Equation (4.5)

starting from x. Then, there exist two positive constants p := p(k, 3,7, E[sup,e(o 1] [Zs]])
and co := co(k, B) such that

P(7(X) > p) > 3/4, (4.6)

where T(X) is the stopping time on ) given by
kB41
7(X) = inf{t > 0: X; < ¢t -7 }. (4.7)

Proof. We start noticing that the process {X;};>¢ is continuous in 0, since it is cadlag.
Fixed ¢y > 0 to be chosen later, it implies that 7(X) > 0, almost surely. In particular,
it makes sense to consider the random interval (0, 7(X)].

Fixed ¢ in (0, 7(X)], it holds, by definition of 7(X), that X, > cot%. It follows then
that

t ~ g kB+1 ~ k 1 —
/ S(X)‘ﬂds > C’cgt% where C := (H kf +ﬂ + (i — 1)) g
0 i=1 -

Since z > 0 by assumption and X > 0 on (0,7(X)], we can now show that

t ~ 1
X, = :c+/ sen(180X)) |00 ds + 20 > TR + 2,
0

The next step is to write C’cg = ¢ + C for some constant C' > 0. To do so, we need to
choose carefully ¢o. In particular, the condition above is equivalent to the following

O:C’cg—co > 08¢ < Cﬁ
Fixed ¢y = C'T5 /2, it then holds that
X, > et 7 +Ots + 2,

for any ¢ in (0,7(X)]. Fixed p > 0 to be chosen later, we can now define the event A in
Q as
A, kBEL
A={weQ:Ctr=5 +2,>0, Vt € (0,pl]}.

On A and for any ¢ in (0, 7(X)], it then holds that

kB+1

X > ot 7.

In particular, we have that 7(X) > p on A and thus, A C {7(X) > p} on Q. It
immediately implies that

It remains to choose p > 0 such that IP’( ) > 3/4 Write:

P(A) =P[vt € (0,p], Ct 77 + 2, > 0] = Pt € (0,1], C(pt)T5 +Zpe > 0]
A A kB+1 _ kB+1
=PVt € (0,1}, C(pt) g p'Zy > 0] =PVt € (0,1], Cp1=F 7+t 1-5 Z;, > 0],
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Section 4. A counter-example to uniqueness

from the self-similarity assumption on Z. Since by assumption § < 2 ] +k — kﬂ +1 —y <

0, the statement will follow taking p small enough as soon as we prove the proeess
Ry =1~ = Zy, t € (0, 1], which is continuous on the open set (0, 1], can be extended

by continuity in 0 with Ry = 0. Observe that E[|R;|] = tw_%EHZﬂ] Al Setting

§i=ry— kﬁ’;} > 0 and introducing t,, := n=/°0+M 5 > 0, we get that for all € > 0,

PRe,| > €] < e B[Ry, ] = e ' E[|Z4]] = 7' HPE[ 24 ).

We thus get from the Borel-Cantelli lemma that R, — 0. Namely, we have almost

sure convergence along the subsequence t,, going to zero with n. It now remains to prove
that the process R; does not fluctuate much between two successive times ¢, and ¢, 1.
Write for t € [t41,tn]:

kBJrl
Rl = 2] <007 (1ol + s (2 = 20,
Se[tn+17tn}
kBt
<t 17 <2|ztnﬂ|+ sup |zs|>. (4.8)
s€[0,tn]

The first term of the above left hand side tends almost surely to zero with n. Observe
as well that, from the scaling properties of Z, for any € > 0:

g kgl N 1,5, tn (k81
Plt, 1 es[lélt) | 1Zs| > ] = P[t, .77 t) zl[%pl] |Zs| > ¢e] <e tn(i) =5 | z%pu |Zs]]
< Cetn~UHDE[ sup 2],
s€[0,1]

which again gives from the Borel-Cantelli lemma the a.s. convergence with n of the
second term in the r.h.s of (4.8). We eventually derive that X, —— 0. Again, the

t—0,a.s.
kB+1
key point is that we normalize the process Z at a rate, t1-5 , which is lower than its

own characteristic time scale, 7. This is precisely what leaves some margin to establish
continuity.

]

Exploiting the lower bound for the random time 7(X) given in Lemma 4.2, we are now

ready to show uniqueness in law fails for SDE (4.5) when z =0 and < j{—;}c

Proof of Proposition 4.1. By contradiction, we start assuming that uniqueness in law
holds for SDE (4.5) starting at © = 0. Fixed any solution {X;};>¢ of Equation (4.5)
starting at zero, it follows by symmetry that {—X;}:>¢ is also a solution of the same

dynamics. Since by hypothesis, —Zt (1) Zt, uniqueness in law for SDE (4.5) implies
that the laws of X and —X are identical.

Assuming for the moment that Lemma 4.2 is applicable for x = 0, we easily find a
contradiction. Indeed, it follows from Lemma 4.2 that

P(7(X) > p) > 3/4
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Chapter 4. Weak well-posedness for degenerate Lévy SDEs

but on the same time, thanks to the uniqueness in law, we have that
P(r(=X) > p) > 3/4,

which is clearly impossible. To show the validity of Lemma 4.2 in x = 0, we consider a
a sequence {{ X/ }i+>0: n € N} of solutions of SDE (4.5) starting at 1/n. It is then easy
to check that such a sequence satisfies the Aldous criterion:

E[|X? — X2P) < o, t>0

for some p > 0 and ¢ > 0 independent from ¢ and n. It follows (Proposition 34.8 in
[Bas11]) that the sequence {P"},cn of the laws of {X]'}+> is tight. Prohorov Theorem
(cf. Theorem 30.4 in [Basll1]) ensures now the existence of a converging sub-sequence
{P™ }ren. The uniqueness in law then implies that the sequence {P™ };cn converges,
as expected, to P? the law of the solution starting at 0. Noticing that inequality (4.6)
holds for any solution {X}'};>¢ and moreover, the constant p is independent from the
starting points 1/n, we find that

P(r(X) = p) = 3/4.
The proof of Proposition 4.1 is thus concluded.

5 Appendix: proofs of complementary results

5.1 Controls on the density of the proxy process

We present here two useful lemmas needed to complete the proof of Proposition 2.11.
We will analyze the behavior of the laws of the independent random variables M7t
and N7¢b* obtained in (2.20) by truncation of the process S™4* at the associated
stable time scale u!/®.

Lemma 5.1. Let m be in N. Then, there ezists a positive constant C := C'(m,T) such
that for any k in [0, m],

||
ul/e

‘Dprﬂs,t,s(Ua 2)‘ < Qu~WNFR)/e <1+ ) = Cu™Mp—(u, 2),

for any u >0, any z in RN, any t < s in [0,T] and any (7,€) in [0,T] x RY.

Proof. Similarly to the proof of Proposition 2.10 (see in particular Equation (2.16)), we
start writing
1 .
. — —i(z,y) — .
Prpres (U, 2) = )" /RN e exp (u /|p<u1/& [cos((y,p)) — 1] VST,g,t,s(dp)> dy,

T’§7t?s
S

where, we recall, v is the Lévy measure associated with the process {S7%%},5 in

Proposition 2.10. Setting u'/*y = § then yields
qu/oz —i(z, =2 ~ b ~
Purrée.tis (U, Z) = (271-)]\7 /RN e ( ’ul/a>exp <U, /|p|<u1/a |:COS(<y, m» — 1:| Vgre,t,s (dp) dy
UiN/a — i ) Prétss o\ g~
= ¥ fo T ) 51
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Since the Lévy measure Vg’g’t’s in the expression above has finite support, Theorem
3.7.13 in Jacob [Jac01] implies that f;,g,t,s is infinitely differentiable in §. We can thus
calculate
PTEts |p‘ . -~ P 5
o frt @ <uf el (5 o) )| vese ()

y )
X exp (u /|p|gu1/a {cos (<u1/a’p>> - 1] VST,g,z,s(dp)> }

Recalling that a > 1, we can now write that

Pl | (/- P ro gl dr
u/|p£u1/a /e [SID <<y, ia >> Vgres(dp) < Cu /rgul/a wl/e yl/e plta
Tl—a
< Cu /Tgul/a ]y|—u2/a dr
< C(1+|g)).

It then follows that
105 F5 (3]
< C(1+ |y|)exp u/ cos <L p> — 1| vgrer.(dp) ) e2Wsmns (BOUT)
>~ RN ul/Ot 5 ST.€:t,s
< C(1+[g]) exp(=C~[g]*),
where in second inequality we exploited Control (2.15) and
Varens(BS(0,u*)) < C/u. (5.2)
Iterating the above reasoning, we can then show that for any / in N,

0L fTEt4 ()] < Ci(L + [g]") exp(—C M [g]*),

for some positive constant C' := C(l). It implies in particular that f7655(j) is a Schwartz
test function. Denoting by f7%%* its inverse Fourier transform, we thus have that for
any m in N, there exists a positive constant C' := C(m) such that

e )] < Cu(1+1y)™™, y e RY.
The result for £ = 0 now follows immediately noticing that
_d 1
Pt —s,y) = (t—8) = faaly/(t = 5)=).
The controls on the derivatives can be derived analogously. O

We can now show a similar control on the law of the process N7&65,

Lemma 5.2. There exists a family {Py}u>o of Poisson measures and a positive constant
C := C(T, N) such that for any A in B(RY) and N™5" as in (2.21),

Pyrews(A) < OP,(A). (5.3)
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Chapter 4. Weak well-posedness for degenerate Lévy SDEs

Proof. For notational simplicity, we start introducing the truncated Lévy measure
associated with the big jumps of the process {S7%"%},5¢:

vt (dp) = Lpysue (P)VE(dp).
It follows immediately that v>"* is a finite measure (see (5.2) above). With this

notation at hand, we can write:

Pyrens(y) = exp <u /|p>ué [cos((y, p)) — 1] ugm(dm)

= oxp (W (y) - w @),

where 7 denotes the Fourier-Stieltjes transform of the considered measure v. Let us
introduce then the following measure:

77t7
(TS = TS,

Expanding the previous exponential and by termwise Fourier inversion, we now find

that
(CT,E,t,s> xn

n!

Pyrets = exp ((T’g’t’s — uu{f’t’s(]RN)) = exp (—uu{r’g’t’s(RN» >

neN

. (5.4)

where, for a finite measure p on RY, (p)*™ := px - - - % p denotes its n'" fold convolution.
For now, let us assume that o (¢, x) is non-constant in space, so that

Bg,, = Bo (u(@,%@);(f))

appearing in the definition of Vg,g,t,37 truly depends on the parameters 7,£. Assumption

[AC] then ensures the existence of a bounded function g: S~! — R such that

B 9(y)
V(dp) - Q(p) |p’d+adp

From Equation (5.4), it is clear that we need to control the measure (7*%* uniformly

in the parameters 7,¢, ¢, s. Namely, for any A in B(RY), we write from (2.13) that
1 .
(T4 (A) = / L La(p) vES"S(dp) = u / /A o2 La(RBaTp) v(dp)du
|p‘>“°‘ 0 ‘Rdeu(v)p|>ua

=Uu N L ‘Rv Bo-u N D Q l v
0 |IRUBE'Z’(§)>p‘>uE A ( ) |p|d+o¢ ! p

<u / /A La(RoB5TE p)—L
=Yy Sausogg et AP e

We can then exploit assumption [UE] on o to conclude that

1 N 1 dq
(TS (A) < u/ /A 14(R,Bq — — dv
B T Bl NPT

<C’u/1/ ]l(fJAQB)idU
= 7o Jusgsat T Vgt
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Denoting now by Ay := c]lp>u1/a}% the truncated Lévy measure of the isotropic
a-stable process and by 7, the following push-forward measure

nuA) = | A (RoB)A) dv, A€ BRY)

we derive that there exists a constant C' such that for any (7,&) in [0,7] x RV, t < s in
0,77,

) < Cu A ((RoB)1A) do = umglA) = C(A), (5.5)

Equation (5.3) now follows from the above control, (5.2) and (5.4), denoting

P, = exp (—uﬁtr(RN)) Z (2‘*71

neN

)

up to a modification of the constant C' in (5.5). Following backwards the same reasoning
presented at the beginning of the proof, we then notice that

—

Puly) = e (u [ [ feos((y. ) — 1) muldp)o)
~ exp <u /01 L oty [con(: R B) — 1] A(dp)dv)

1 oo N dr
= exp (u/o /0 /qu ]l{|§vBer|>ué} [cos((y,iRvBQﬂ) — 1} ,uleb(dQ)THa dv) ,

where we used the spherical decomposition for the Lévy measure A of an isotropic
a-stable process:

dr

d
A(dp) := d_]:a = C,uleb(de)ma (5.6)
P r

with p =76 and e, Lebesgue measure on the sphere Sd-1,
We exploit now the non-degeneracy of R, to to define two functions k: [0, 1] x S~1 — R
and [: [0,1] x STt — S¥=1, given by

k(v,0) := |R,BO] and I(v,6) = —

Using the Fubini theorem, we can now write that

—

Pu(y)
L oo dr
= exp (u/o /0 /Sd_1 ]1{|l(v,9)k(v,9)r|>u%} [cos ({z,l(v,0)k(v,0)r)) — 1] uleb(de)rpradv)

— exp (u L L ity feos (2 1. 0)7) = 1) [k(v,&)]o‘uleb(de)f?fadv>.

Denoting now by k(dv, df) the measure on [0, 1] x S given by

k(dv,df) = [k(v,0)]" ten(dO)dv
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Chapter 4. Weak well-posedness for degenerate Lévy SDEs

and by fisym := Sym(l).k the symmetrization of the measure k(dv,df) push-forwarded
through [ on S¥~!, we can finally conclude that

—

_ . ) _ dr
Pulo) = exp <u/0 /[O,l}xgdl Litwaytsuty (08 (2 10 6)7)) = 1] k<dv’d9)f”“>

= exp (u /|:o; /SN—l [cos ((z,éf)) - 1} ﬂsym(dé)i) . (5.7)

It is easy to check now that the measure figyy, is finite and non-degenerate in the sense
of (1.6). This concludes the proof of our result under the additional assumption that v
is absolutely continuous with respect to the Lebesgue measure.

If this is not the case, assumption [AC]| implies immediately that o(¢,z) =: o, does not
depends on x. Thus, the “frozen” diffusion &, £ does not depends on the parameters 7, &
as well. The same arguments above then allow to conclude in a similar manner. O]

Sketch of proof for Proposition 3.4 We briefly present here the proof of Proposition
3.4 concerning the existence and the associated controls for the density of the mollified
frozen process X;’g’t"”"s.

We start noticing that the reasoning in the proof of Proposition 2.10 can be similarly
applied. Indeed, from the definition in (3.29), it follows immediately that

X;—,f,t@,é = m;’f(ﬂj’) + Ms—t (S«;,Eit,s + 573—1‘,) )

and thus, that there exists a density Ppr0(t, s, x,y) associated with the frozen process
X7&t29  Moreover, the representation in (2.10) holds again if we change there the Lévy

measure Vg’g’t’s with the one associated with the following Lévy symbol:

1 ~
Porerss(2) 1= Parens(2) + cad|z|® = /0 @((RvBﬁl’(i))*Z) dv + co0|z].
Namely, it holds that

det M;Y, 4
— st 7’L< s—t
(t,s,x,y) - (27T)N /RNe

X exp ((s —t) /RN [cos({z,p)) — 1] VgT,g,t,s,a(dp)> dz,

ﬁ73576

where the Lévy measure vg,c...s is given by
VS‘T,&,t,s,é (-A) — Vgr,g,t,s (A) + 6aVZ(-A>, ‘A e 'B(RN), (58)

with v Lévy measure of the isotropic a-stable process Z;. In particular, the Lévy
symbol ®g; satisfies Control (2.15) for a constant C' independent from .

We can now move to show the controls on the derivatives of the mollified frozen density.
It is not difficult to check that the arguments presented in the proofs of Proposition
2.11, Lemmas 5.1 and 5.2 can be applied again if we substitute there the Lévy measure
Vgrers With the mollified one vg.¢...s. Indeed, taking into account the decomposition
in (5.8), we notice that the Lévy measure vg.e..s only considers an additional term
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(0v) that has the same a-scaling nature considered before (but is however much less
singular).

To show instead that the estimates (3.30) are indeed uniform in the parameter ¢, it is
sufficient to notice from (5.8) that we have that

l/g-,—,g,t,s,(s (A) S l/g-r,g,t,s (.A) —f- V?(A), A € B(RN)

To conclude the proof of Proposition 3.4, it is then enough to take £ =y, 7 = s and to
follow the same arguments introduced in the proof of Corollary 2.16.

5.2 Proof of the technical lemmas

Proof of Lemma 2.14 (Approximate Lipschitz condition of the flows) We
start considering two measurable flows 6,0 satisfying dynamics (2.28). Recalling the
decomposition G(t,z) = Ayx + F(t,z), it follows immediately that:

Ts_—lt(z - 97575(9)) = T,- t{ —Yy—- / < u, Qut G(“ﬁu,s(ﬂ))) d“}

v (5.9)
= T} (957t(m) — y) +Js4(x,9),

where in the last step, we denoted

v

Joalwy) = Ty [ [Au (8us(®) = 0ua@)) + (F (0, Ousy)) = P, Bua(a)))] do

To conclude, we need to show the following bound for I, .(z, y):

Palep)l < C |14 (=07 [ T4 0ue) = us)lde] . (5.10)

Indeed, Control (5.10) together with (5.9) and the Gronwall lemma imply the right-hand
side of Control (2.29). The left-hand side one can be obtained analogously and we will
not show it here.

We start decomposing J,; into Ji, 4+ JZ ,, where we denote

J;’t(l’,y) = Ts_—lt ] Ay <0u,s(y) - éut(x)> du;

v

B2 o(wy) = Ty [ [Pl0us(9) = Fluduu(@))] du.

The first remainder I];t can be controlled easily, exploiting the linearity of z — A,z.
Indeed, for any 2,2’ in RY and any u in [s,t], we have that

< n . s—1 AL (2 — 2
;':(;)w( )T A (2 - 2,4 (5.11)

J
< Os — ) T4z — 2).

1+o¢(z

T, Au(z — 2)

To control instead the second term Jg +» we will need to thoroughly exploit an appropriate

smoothing method, due to the low regularity in space of the drift F'. To overcome this
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Chapter 4. Weak well-posedness for degenerate Lévy SDEs

problem, we are going to mollify the function F' in the following way. We start fixing
a family {p;: i € [1,n]} of mollifiers on R”" where D; = N — >'_} d;, i.e. for any i in
[1,n], p; is a compactly supported, non-negative, smooth functlon on R such that
llpillzr = 1, and a family {d;;: ¢ < j} of positive constants to be chosen later. Then, the
mollified version of the drift is defined by F° := (Fy, Fy, ..., F?) where

Fz‘(s(tv 2) = Fixy P?(@ z)

1 w; w
= .th,z— iy ey A T i Z,...,fn dw.
/]RDi (t, 2 —w Zn — Wp) ~ 5dp(5 5m) w

Jj=1 71]

(5.12)

Roughly speaking, we have mollified any component F; by convolution in space with a
mollifier with multi-scaled dilations. Then, standard results on mollifier theory and our
current assumptions on F' show us that the following controls hold

|Fy(u, z) — F(u, 2)| < cz(sﬁ] (5.13)

1) ?

| (u, 2) = FY (u, )] < CZ5B] (= =2l (5.14)

We can now pick d;; for any ¢ < j in [2,n] in order to have any contribution associated
with the mollification appearing in (5.13) at a good current scale time. Namely, we
would like d;; to satisfy

T, (Fu,2) = Fo(u,2))| < C(s — 1), (5.15)

for any u in [t, s] and any z in RY. Using the mollifier controls (5.13), it is enough to

ask for

S (s — ) Zaﬁ] < C(s— 1)L (5.16)

i=2
This is true if we fix for example,

1+a(i—2)

0ij = (s—1t) oo for i < jin [2,n]. (5.17)

Next, we would like to show that, for our choice of the regularization parameter ¢;;, the
mollified drift F satisfies an approzimate Lipschitz condition with a constant that, once
the drift is integrated, does not yield any additional singularity. Namely, we want to
derive the following control:

T, (FO(u,2) = FP(u,2))| < Cl(s =) + (s =) T, (z = 2)]] . (5.18)

To show it, we start noticing that F; is Holder continuous with Hélder index 5 > 0.
By Young inequality, it then yields that there exists a positive constant C' possibly
depending on 3' such that |2|®" < C(1 + |2|) for any z in RY. It then follows from
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Equation (5.14) that

T2 (FO (u, 2) = F (u, )|

< C’{(s—t)_é(1+| =N+ (s — )" 1+a<(f_1)f5?f_ll(z—Z')jl]

=2 j=1

< C{(s—t) + T2 (Hii Séztﬂj 1)1'

Hence, Control (5.18) follows from the fact that, from our previous choice of §;;, one
gets

(s —t)™" (i)~ £E2U=2 (1) -
e = (-7 < Cls—1)7 (5.19)
recalling that we assumed s — t to be small enough and since from the assumption (2.3)
on the indexes of Holder continuity 37 for F:

1+ a(i—2)

1+ a(i—2)
1+a(j—1)

e (1-p) > —1.

F > (-1 -
We recall that the above inequality should precisely give the natural threshold, namely
an exponent 3/ satisfying this condition. The current choice for 57 is sufficient to ensure
this bound holds for any ¢ < j and is sharp for i = j. We can finally show the bound

for the second remainder J2,(z,y) as given in (5.10). It holds that:

T2 (F(u,us() = F(u.0,0(2)) )| du

T, (F(u, 0 () = F*(u, 0y ()| du
T, (F (u éutm) — F(u,0,,.(v)))| du

+ [
4 [ (PP 6us(w) — Pl |

=: (2, y) + I2(z,y) + 5(z,y).

Biaw)l < [

S
</

From Control (5.13) with our choice of ¢;;, we easily obtain from Control (5.15) that
there exists a positive constant C' := C(T") such that

5@ )l + |75 (@ )| < C (5.20)

for any ¢t < s in [0,7] and z,y in RY. On the other hand, we exploit (5.18) to derive
that

)] < Ot [ (5= )7 T ur() — (o)l du

for any ¢ < s in [0,7] and x,y in RY. To conclude, we finally derive (5.10) from the
last inequality together with Controls (5.11)-(5.20).
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Proof of Lemma 2.18 (Dirac convergence of frozen density). Fixed (¢, z) in
[0, 7] x RY and a bounded, continuous function f: RY — R, we want to show that the
following limit

. ~t+5,y _ —
lim /RNf(y)p (t,t+ € z,y)dy f(@’ =0

holds, uniformly in ¢ € [0, T].
We start rewriting the argument of the limit in the following way:

L, @i et + e oy) dy = fa) o
[ [t + ) — 7+ )] dy

[ @R+ ey dy - ().

By Proposition 2.10, we know that the second term in (5.21) tends to zero, uniformly
in t in [0,7] (scaling property of the upper bound for the density), when € goes to
zero. We can then focus on the first one. We start splitting the space RV in the
diagonal /off-diagonal regime associated with our anisotropic dynamics. Namely, we fix
B > 0 to be chosen later and we consider the following subsets:

Dy = {y € RY: [T (y — bycs(@)]| < € 7);
Dy = {y € RY: [T (y = Ousca(@)| > €71,

where T, was defined in (2.17). We can then decompose the first term in (5.21) in the
following way:

/RN F@)[PV st + e x,y) = Pt + e x,y)| dy‘

< Ml

+Hmm/‘k””tt+amw—ﬁ“u¢+axyﬂ@
= [[flloe (D1 + D) (1 + €, ). (5.22)

PVttt e y) — 5+ € 3, y)| dy

We will follow different approaches to control the two terms Dy, D,. In the off-diagonal
regime D», the idea is to exploit tail estimates of the single densities while in the diagonal
one D, a more thorough sensibility analysis between the spectral measures and the
Fourier transform is needed. Let us consider first the off-diagonal term D,. We can
write that

®2(t7t+ e,x,y) S /
Do

Prev(t,t+ e, m, y)‘ + ‘ﬁt’m(t, t+e,m, y)‘ dy

D, det T, (p(l, ']T;l(x = Orere(y))) + p(1, T;1(9t+e,t($) - y)))dy

using Proposition 2.11 together with Lemma 2.9 for the last inequality. From Lemma
2.14 (to use the approzimate Lipschitz property of the flows) and introducing

Dy == {y e RY:

_ 1 _
T Greeely) = 2)| > 3¢},

252



Section 5. Appendix

we thus deduce that for e small enough we get:

1

Ds(t, t <
2(7 —I—e,x,y) = /b, det"]Te

ﬁ(la Tzl(l’ - 9t,t+e(y))) dy

p(1, T;1(9t+e,t(x> —y)) dy.

+ Do det T,

Using now Equation (2.36) from Corollary 2.16 for the first integral and the direct
change of variable z = T;'(y — 0;,.;()) for the second, we can conclude that

‘Dg(t,t—f—E,J}) S C/]RN ]lBC(O,%e*B)(Z)(ﬁ—i_T))(lVZ) dZ,

where p is a density enjoying the same integrability properties as p.

By dominated convergence theorem, it is easy to notice that Da(t,t + €, x) tends to zero
if € goes to zero, uniformly in the time variable ¢ in [0, 7).

We can now focus on the diagonal term D; appearing in (5.22). We start recalling from
Equation (2.16) that the density p* (¢, s, x,y) (for w € {(t,z), (t + €,y)}) can be written
as

det M1

Pt t+ e x,y) = W /]RN e‘%’”c(z’w)exp (—i(M;l(y - m$+67t(x)), z)) dz,

where we have denoted:

Fe(t,z,w) = 6/01 /Rd {cos ((z,j\%Ba‘:}(v)p» — 1] v(dp)dv,

with u(v) = t+ev (cf. notations in (2.12) of Proposition 2.10) and ®(p) the Lévy symbol
of the process {Z; }+>0. We can now consider the two following terms

d tM_l . — ~ t,T
Pi(t,t +e,2,y) = f%) < /R [Tt — Ttmtrea] iU mmile ()2)

Po(t,t+€,2,9)

-1
— d(e; Nﬁ; / oTe(tzttey) [e—i(le(y—mzfeyt(x)),z) _e—i(le(y—miizji’(x)),zq d
™ RN

and decompose D, as follows:
Dy = [ [Paltt+ew )+ |Paltst + e xy)] dy.
1
To control the first term Py, we can exploit a Taylor expansion. Indeed,

‘:Pl(tat + 6,1’,3/)'

¢ 1 AFe(t,z,t+€,y)+(1=X)Fe(t,2,t,2)
< det M. /RN./O Te(t, z,t +€,y) — Fe(t, 2, t, )] e d\dz.

We then notice from (2.15) that

Fe(t, z,w) < Ce[l =217,
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and thus, we obtain that
)\gjg(t7z,t+€,y)+(1*)\)3}(t,z,t,I) <

e 606(17‘2| )’

for some constant C' independent from A in [0, 1]. From our non-degenerate structure,
any linear combination of the symbols remains homogeneous to a non-degenerate symbol.
Thus, we have that

|?1<t’t+ e,x,y)| <

Tt M /Nl?e(t,z,tJre,y) — Fe(t, z,t,2)[ U dz (5.23)
(§ e JR

On the other hand, we can decompose the difference in absolute value in the following
way:

|Fe(t, 2z, t + €, y)—F(t, 2, t, )|
! D ~tte
6/0 /]Rd {cos ((Z,RUBOU(U)’yp)) — COos ((z R Bau(v)p))} v(dp)

< E/OI‘(Ai’e’z’y + Af’e’x’y) (v, 2)

IN

dv

dv, (5.24)

where we denoted

A (w2) = [ feos ({2 RuBaLLD)) — cos (= BB p)) ] Q) vl
A (w2) = [ feos (2 RoBaD)) — cos ({5 RuBaT )| Q) valdp),

with 7o defined in assumption [ND]. The term Aj“™" involving the large jumps can be
casily controlled using that sup,cgs Q(p) < oo:

AT, < [

BC(O,’F())

< C. (5.25)

To bound the term A%%¥ associated with the small jumps, we want to exploit instead
that @ is Lipschitz continuous on B(0, 7). For this reason, we write that

ALY (0, 2)

/BM) [cos ((z, R, B&t5"p)) — cos ({2, R, B4 p) )| [Q(p) — Q(0)] ua<dp>\

cos ((Z,UAQUB6ZJ{;5yp>> — o8 ((z R B&t(mv) >>‘ Vo (dp)

<

+ /B o [cos ((2, Ry B&55¥p) ) — cos ({2, RyB&1, p) )| Q(0) Va(dp)‘

=: (Aii“’ + At”y) (v, 2). (5.26)

Since () and the cosine function are Lipschitz continuous in a neighborhood of 0, we
have that

t,e,x,y <
A < O f bl
< C |pHZ‘ )O- eu(v) t+e<y)>p - O'(U(U), eu(v),t(x»p‘ Va<dp>

B(0,ro
Ol bl valdp) < Cle),

Frop = RuBaLE p| va(dp)

IN

(5.27)
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where in the last step, we used that the diffusion coefficient o is bounded (cf. assumption
[UE]).

The control of the other term Ai’ff’y now follows from the classical characterization of
the Lévy symbol of a non-degenerate a-stable process (see e.g. [Sat13]). Indeed,

AL (v.2) =

/Rd [cos ((z R BNZ’(Lj)y >> - 1} - [cos ((z R BUZ(“;) )) — 1] y(dp)‘

<C Z R B&Z?;)ysﬂ ‘(z,ﬂ?vB&Z(mv)swa‘ p(ds).

mll

We now exploit the 8'-Hélder regularity in space of the diffusion coefficient o to show
that

ez, o B (anl)
ALEY(0,2) < Clel® uyere(¥) = Ouoya ()]

< Ol [ly = Orgen(@))” + €]

(5.28)

where in the last step we used that a > 1 and the approximate Lipschitz property of
the flow (cf. Lemma 2.14 up to a normalization, see also Lemma 1.1 in [MPZ21]).
We can now use Controls (5.27)-(5.28) in Equation (5.26) to show that

AL (v, 2)] < C (2] + |2 + |y = Orgen(@)] 7 ]2]%) (5.29)
Similarly, Controls (5.29)-(5.25) with Equation (5.24) allow us to conclude that
Fet, 2t + €y) = Folt, 2, t,2)| < Ce (14 2]+ 27 + |y = Opaes (@)|7 [2]*) . (5.30)

We can now go back to Equation (5.23). Changing variable and integrating over z, we
find that

Prltst+em )l € o [ (ULl € R by = Bpeal) ' 21) eS0T

det M,
a=1, _ o " e
- demré/N(eﬂ T+ A+ Ly — (@) [2]) OO
C ) )
c1=2)NB 3
< Goo (7 by = bt

where we recall that T, = t*/*M,.
To conclude, we apply the change of variable § =y — 0,4 (2):

C 1 1 1
_ B (1-2)NB
[Pt +eayldy < e [l freca(a) |+ 000 dy

— S8 L =AY g5
C/g|geﬁ [|Tey| + € } dy

< C[eP /e BINHEY) | ((=2NB=6N],

The above control then tends to zero letting € go to zero, if we choose 3 such that

Bt (1-2)Ap
o+ TN

0<f <
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To control the second term Py, we use again Control (2.15) and a Taylor expansion to
write, similarly to above, that

|?2(tvt + €T, y)|

C _Zot _ ~ x — ~ €

< Gotb o €T (= (), 2) — My = i (), 2)| d
C ip re

< dorr [T (Grseelw) = miet (@), (5:31)

where in the last passage we used Lemma 2.9. To bound the above right-hand side, we
now exploit Corollary 2.15 to show that

1
Palt, b+ ey)| < O

ot T, (1+ T Grrealx) = 9)1) -

Similarly to above, we can then apply a change of variables:

[ 1Peltt+eapldy < O [ (1 J2]) d

z|<e= B
We can then notice again that the above control tends to zero letting € goes to zero, if

we choose [ small enough.

Proof of Lemma 2.19. As in the previous Lemma 2.18, we want to show the following
limit:

lim [|[f = fllzpeg = 0,
for some p € (1,+0), ¢ € (1,4+00) and f in CH2([0,T) x RY). We start writing that

11ef = Fllgg = [ MF(t) = £8 ) .

We then notice that, up to a middle point-type argument, the indicator function in the
definition (2.46) of I.f can be easily controlled. We can now write that
||[Ef(t7 ) - f(t7 )H]Z,P = /RN /]RN f(t + €, y)ﬁt+67y(t7 t+e, xz, y) dy - f(tv ZL’)
< C( /
RN

[ Fl+ e et ey dy = F0+ € (@) do
= C(T+T)(et). (5.32)

p
dx

+ /]RN |f(t+ € 0irer(x)) — f(t,2)P da:)

Since f is smooth and with compact support in time and space, it follows immediately
that J'(e, t) tends to zero if € goes to zero, thanks to the bounded convergence Theorem.
We can then focus on the first term J(e, ). We start splitting it in the following way:

eit) < C([ | L1+ em) = £t + e F (8t + c.9) dy
pd:z)

[ b)) [ [+ e y) - B+ e )] dy
RN RN
= C (31 + 32) (E,t),

P
dx
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where we used that p*(¢, s, x,y) is indeed a true density with respect to . The second
term Jo(€,t) already appeared in the proof of Lemma 2.18 (Dirac Convergence of frozen

density) (cf. term D, in (5.22)) and a similar analysis readily gives that Ja(e, t) <3 0.
To control instead the first term J; (¢, t), we decompose the whole space RY into A; U A,
given by

Ay = {z € RY: |Oppc(x) —supplf(t+e, )] < 1}
Ay = {x € RY: |0pyci(z) —supp[f(t + ¢ -)]| > 1}.

Using Proposition 2.11 with (7,&) = (t + €, y), we write that

P(LT My — el (a "
(1,7 t+,t<>>)dy .

Tu(e, 1) < /

R

N (/RN ‘f(t + €7y) - f(t + 679t+6,t<x))| det T€

p(LT My — it (@)
<[ (/R ) 110+ e (o) E— >dy) i
t .y (LT - @)\
L L e = £+ e b)) T y| da

= (311 + ju) (G,t).

To control Jq1, we start noticing that f is Holder continuous with a Hoélder exponent
v < ain (0, 1], since it has a compact support. Moreover, A; is a bounded set (uniformly
in €). Then, from Lemma 2.9 (cf. Equation (2.6)), Lemma 2.14 and Corollary 2.16,

_ _ ~ € p
p (17 Te l(y - miie:ty(x») d dr
det T, 4

Jii(e,t) < C A, (/]RN [y — Oprer(x)]”

_ D (LT Brse(y) — ), \"
< pw/a/ / 1, _ 'yp< L " (Uttte
< Ce Ay ( RN T (y — Orre(2))] det T, dy | dx

< Cervle /Al (/RN {ITQI(&,H&(?J) —z)| + 1} (LT (O i1ely) — ) dy>pdx

det T,
< CePr/e.

To control instead Jyo we firstly notice that if x is in Ao, then, 6, .:(x) is not in the
support of f. Thus,

p(LT My —muicl (e ’
(/RN|f<t+e,y>—f<t+e,et+e,t<x>>\p< i) dy) "

Tiale, 1) = /

- det T,
< (L, P =D
< I /. ( [ POTIC) - 2) dy) .
<cC /Suppf R p<1,Te_lffét,tt¥€(y) =) g
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Chapter 4. Weak well-posedness for degenerate Lévy SDEs

where in the last step we used that, from Corollary 2.16

_ -1 i p—1 _ -1 . p—1
/ P (LT (Opere(y) — ) dy < P T (O pre(y) — ) dy < G,
suppf det Te RN det Te

We notice now that for any y in suppf and any x in Ay, we have that |y — 6 .(x))] > 1.
Exploiting Corollary 2.16 and Lemma 2.14, we write that

p(l, (Qt te(y) — 7))
<
Tl t) = /suppf /A = Orreala)| det T, dudy

p(1, ']I‘;l(Qt t-‘re(y) —x))
< ey )
—CELMAQ Ny = Open(@))] s dudy

D 1,'1[“*l O 41 —
Cm/ / T, ettJre y)—x)\+1}p( < (Orere(y)
suppf JRN

det T,
Cea/ / [|z| +1]P (1, 2) dzdy
supp f
ea

<C

) dxdy

IA

IN

Knowing the convergence of J(e,t) and J'(e, t) to zero, we can finally conclude the proof
using the dominated convergence theorem in (5.32).

5.3 Controls associated with the change of variable
Proof of Corollary 2.16

We first concentrate on the proof of Control (2.35). We start exploiting the decomposition
of p(t, z) in terms of small and large jumps, as in (2.25), to rewrite the left-hand side of
Equation (2.35) in the following way:

._ 1T (61,5 (y) — )7 1
Ol s P T (Bray) — ) dy

T (615 (y) — )| / . B
- 7 pr(1, T —2)—w\P
RN det T,_, o Pir(L Tz (Oes(y) — 2) — w)Pr(dw)dy,

Then, the Fubini Theorem and the definition of py; in (2.23) immediately imply that

_ ’Ts t ets x)|’Y -1 D
fsta) = [ [ B0 6 0, 0) — ) — w) dyPaa)

|mtwm<»—x—ww+mw
}N+2

IN

O/N det T dy Py (dw).
wR 1+ T2 (0 (y) — 7) — w]

To conclude, it is now enough to show that for any M > N + 1, there exists C' := C(M)

such that
det TS,

/RN [1 + T2 (B s (y) — ) — w‘]

—dy < C. (5.33)
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Indeed, it would follow from Control (5.33) that
det T,

/N dy P, (dw)
B+ T2 (01 y) — ) — w]

I(t,s,x) <C/RN N7
det T,

T 1+ |w|"] N3 dyP1(dw)
/]RN /]RN {14_“]1‘8 t(ﬁts( )—I)—wu

< C/RN 1+ [w]] Py (dw) < C.

In order to show Control (5 33), we start noticing that it would be enough to apply the
change of variable § = T,,(z — 6; .(y)) — w and then, to control the Jacobian matrix of
the transformation. Unfortunately, our coefficients are not smooth enough in order to
follow this kind of reasoning. Indeed, the drift F' is only Holder continuous.

As done already in in the proof of Lemma 2.14, we firstly need to regularize F' through
a multi-scale mollification procedure. Namely, we reintroduce the mollified drift F? :=
(F?,..., F?) similarly to what we did in Equation (5.12). However we modify a bit the
mollifying parameters and set

14a(i-2)

(Sij = é(S — t) apl for 2 <i< ] <n, (534)

for a constant C' meant to be large enough. We also mollify the first component F} at a
macro scale, i.e. d;; = C4, with C large enough as well.

In particular, this choice of parameters gives that the controls (5.11), (5.15) and (5.18)
hold again.
We can now define the mollified flow GES(y) associated with the drift F° given by

’ Y u,s

0 (y) = y— / (4,00, + FO(u, 8] ()] du. (5.35)
Denoting now, for brevity,

Aéeu,s(y) = e’u,s(y) - ez,s(y>7

it is not difficult to check from the Grénwall Lemma and Controls (5.11), (5.15) and
(5.18) that

T2 00s(y) = )] < | [T [Au(B%00(9) + Fl00(9) = F(w 82, (9))] dof

< [ A% ()] du+ / 2 (Pl <y>>—F5<u,9u,s<y>>)!du
(1, 0u,6(y)) = F (1,605, () )| du
< Cy, (5.36)

for some positive constant Cj.
Exploiting now Control (5.36), we firstly notice that for C' > 2Cy,

C+ T (@ = Ous(y)) —w] = CH [T (2 = 07, (y) — wl = [Ty (00 (y) — 07, (1))
> Co+ |T;—1t<x - ngt(y)) —w|
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Chapter 4. Weak well-posedness for degenerate Lévy SDEs

and we then use it to write that

det T;! det T;!
/]RN 1 t wdy < ¢ RN -1 5t w By
(1 + [Tz — b5 (y) — w|) (1 + | Tomi (@ — 0:5(y)) — w|>
1 1
- C/ _dy 5.37
BV (1 + [g))™ det J2,(9) (5:37)

where in the last step we used the change of variables § = T, (z — 67 (y)) — w and
denoted by J{ () the Jacobian matrix of y — 67 (y).

It is now clear that the last term in (5.37) is indeed controlled by a constant C, if we
show the existence of a positive constant ¢, independent from y in RN, ¢ < s in [0, 7]
and ¢ , such that

| det 7 (y)] > ¢ > 0. (5.38)

This is precisely the result provided by Lemma 5.3 below. From the previous computa-
tions it is clear that (2.35) holds.

Let us now turn to the proof of Control (2.36). Following the previous approach, we
can write

1
(1, T (0,,(y) —x))d
/{m:t(et,s(y)—x)em det'll“sftp (1T Bes(y) — ) dy

det TS, —

< C / Mpl(dw>dy
(T2, (0, () =) | 2K =T (A% ()]} /RN (1 TS (2 — 6%, (y)) — w|)

det T2, —

<c / 57 Pi(dw)dy,
(IT;2,(60  (y) )| =K ~Co} JRN (1 + | T (= 68, (y)) — w|)

exploiting also (5.36) for the last inequality. Using now the Fubini Theorem and the

change of variables z = T, (z — 6,(y)), we derive from (5.38) that

1
p(1, T (0,,(y) —x))d
/{T;_ltwt,s(y)—mnzm detT, " (1 Tonulrsly) = @) dy
1

< C/ / dz P (dw
BN J{lz12K-Co} (1 + |2 —w|)™ 1(dw)

= C p(1,2)dz,

{l=1>5 1}

where p is a density satisfying the same integrability properties as p assuming as well K
large enough. Thus (2.36) holds and the proof of Corollary 2.16 is now complete.

Jacobian of the mollified system

This is a technical part dedicated to the proof of control (5.38) appearing in the proof
of key Corollary 2.16 which precisely gives the expected smoothing effect of the frozen
density where the freezing parameters also correspond to the integration variable.
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Lemma 5.3 (Control of the determinant for the change of variable). Let 07 (y) denote
the mollified flow associated with the drift F? where the mollifying parameter § has the
form (5.34). Its dynamics writes:

0Ly = y— [ [Abh+ F (.0, ()] du

Then, there exists a constants co := co(T) > 0 s.t., denoting for 0 <t < s < T by J7 (y)
the Jacobian matriz associated with the mapping y — Hg,t(y)

det( () = co.

Importantly, ¢y does not depend on 6.

Proof. Let us first mention that the even though the coefficients F° are smooth, the
above control is not direct because there is a subtle balance between the mollifying,
matrix valued, parameter § and the length of the considered time interval [¢,s]. We
recall indeed that the entries d;; given in (5.34) do depend on s — ¢.

We also recall that, similarly to (5.14), it holds that
Do, FY(t,2)] < C(0,)" 7", V2 <i<j<n, |Dy,F(t2)] < C0)" . (5.39)

To prove the statement, we have thus to justify, somehow similarly to the control for
the flows of Lemma 2.14, that the explosive behavior of the Lipschitz moduli is indeed
well balanced by the time-integration.

Let us now start from the dynamics of J°(y) which writes:

Bw) = D) =T= [ [(Aut DoF (0, 2)].cgy ) Dybi(v)] du

=1 /ts |:<Au + Dng(uv Z)|z=9375(y)) ‘]g,s(y)} du.

The above equation can be partially integrated using the resolvent (R, s)ucjt,s] associated
with A, i.e. the RY ® RY valued function satisfying

d
7Rus :AuRusa Rss = Indxnd- 5.40
du , , , dxnd ( )
This yields:

I (y) = Rus — /t Ry uD.F (1, 2)|egs ) T2y du. (5.41)

We actually have the following important structure property of the resolvent (R, s)uc(t,s-
There exists a non-degenerate family of matrices (Ri;;)ue[t,s}, which is bounded uniformly

on u € [t, s] with constants depending on 7" s.t.

Ru,s = Ts—tﬁg (Ts—t)_l- (542)

s—t
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Chapter 4. Weak well-posedness for degenerate Lévy SDEs

Indeed, setting for all v € [0,1], R%* := (Ty_;) "' Ritu(s_1)sTs_+ and differentiating yields:
av}/%i,s = (S - t) (Ts—t)_lAt—l—v(s—t)Rt+v(s—t),sTs—t

_ (@—wxwk»*AHMsdm4)é?:=Aféf-

The identity (5.42) then actually follows from the structure of the matrix A; (see
assumption [H] and (1.4)) which ensures that (A%®),cp,1] has bounded entries.

(%

As a by-product of (5.42), we derive that there exists C' > 1 s.t. for all (¢, 7) € [1,n],
[(Rea)igl < C(Ljzi+ (s — 1) Lisy). (5.43)

From (5.41) we thus derive

W SC+ [ 30 [RuaDaF (,2) g [0 i

i k=1

<Ot [ 3 [RuuDaFo(w2) g | [ oW i (544)

1,7,k=1

Remember now that D,F°(u,z) is upper triangular. Then for fixed (j,k) € [1,n]?
using (5.43),

k
‘Rt,uDzFé(ua Z)|Z:93»s(y)‘z’k < Z |Rt,u|i€|DF€6k|oo
/=1

k
<CS (Lgsi + (= 8) i) | D FY| o (5.45)
(=1

It is now clearly seen that, for a fixed line index ¢ and ¢ > i, there is no time regularity,
contrarily to what happened with the control of the renormalized flows. Recall that if we
had chosen F?° as in the proof of Lemma 2.14 then, for ¢ > 2 (recall that we regularize at

. k
macro scale Cy for F?) |DpE?|s < C(84,) "*P . Tt is then clear that the (5lk1+ﬁe )ee[p "

must have the same order, which precisely prevents from the choice in (5.17) which
allows to consider minimal Holder regularity exponents distinguishing the regularity
with respect to the k" variable in function of the level £ of the chain. We are here led to
consider 3F = B = 8% (condition (5.34)), imposing the strongest integrability threshold,
associated with the diagonal perturbation at level k all along the previous levels (up
to the second one), which in principle lead to less singularity when the corresponding
gradients are considered.

Such a phenomenon naturally appears when investigating the strong uniqueness of the
SDE because of the Zvonkin approach, see e.g. [HWZ20] for the Kinetic case deriving
from our framework or [CdR17] for the kinetic Brownian case. It was also the case, still
for the Brownian kinetic case, in [CdR18] where the parametrix approach freezing the
initial coefficients was considered. The author had to impose the same regularity for the
drift, in the degenerate variable, on the whole F. Hence, adapting the work [Mar20] to
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derive pointwise bound of the gradients, which could have been another approach would
have led to the same constraints. Here, we have slightly more freedom since we manage
to have arbitrary smoothness indexes for the non-degenerate component of the drift.

We thus derive from (5.44) and for C',C} large enough there exists ¢y > 0 such that
n k X n X
SN 0w) T S Gu) T (s —t) < co
k=2 (=2 k=1

meant to be small that, under the current assumptions, there exists C' > 1 s.t.
|Jt6,s(y)| < Cexp(co),

and similarly, Yu € [t, s,
o ()] < Cexp(co). (5.46)

Rewriting:
o (y) = Roo(1— /t Ry D.F(u,2) gy ) T2 (y)du),
we derive from (5.43), (5.46) that the matrix (I — J{ RsuD.F°(u, 2)| ,—ps S(y)J{iS(y)du)

has diagonal dominant and this gives, from the non degeneracy of R, the statement
concerning the determinant. O]
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Chapter 5

About the sharp constants in
Sobolev and Schauder estimates for
degenerate Kolmogorov operators

Abstract: We consider a possibly degenerate Kolmogorov-Ornstein-Uhlenbeck oper-
ator of the form L = Tr(BD?) + (Az, D), where A, B are N x N matrices, z € RY,
N > 1, which satisfy the Kalman condition which is equivalent to the hypoellipticity
condition. We prove the following stability result: the Schauder and Sobolev estimates
associated with the corresponding parabolic Cauchy problem remain valid, with the same
constant, for the parabolic Cauchy problem associated with a second order perturbation
of L, namely for L + Tr(S(t)D?) where S(t) is a non-negative definite N x N matrix
depending continuously on ¢t € [0, T]. Our approach relies on the perturbative technique
based on the Poisson process introduced in [KP17].

1 Introduction

Let us first consider the following parabolic Cauchy problem:

u(0,z,y) = 0, (1)

{atu(t,x, y) = Ayu(t,z,y) +x - Vyult,z,y) + f(t,z,y),
where (¢,7,y) is in (0, +00) x R?? for some integer d > 1. The underlying differential
operator

d d

LM = A, 42V, =) 07, + > 0,

i=1 i=1
is the so-called Kolmogorov operator whose fundamental solution was derived in the
seminal paper [Kol34]. This particular operator was also mentioned by Hérmander as
the starting point for his theory of hypoelliptic operators [Hor67].
Let us write 2z = (2,y) € R?*? and by 0., and aizj we denote respectively the first and
the second partial derivatives with 7,5 =1,...,2d.
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We are interested in studying the influence of a second order perturbation on Equation
(1.1). Precisely, for a time-dependent matrix {S(¢): ¢ > 0} in RY ® RY such that
t — S(t) is continuous and S(t) is symmetric and non-negative definite for any fixed ¢,
we consider the perturbed Cauchy problem:

Oyug(t,z) = L¥ug(t,2) + Z?,?:l Si;(t) aizjus(t, z)+ f(t, z)
= LK’SUS(ta Z) +f(t,Z>, (12)
us(0,2) =0, z € R%.

In particular, we will show that Sobolev (and Schauder) estimates which hold for
solutions u of the Cauchy Problem (1.1) are also true, with the same constants, for
solutions ug to (1.2). Clearly, the operator L¥-* can be seen as a perturbation of LK
involving second order partial derivatives with continuous time-dependent coefficients.

For now, let us explain our main results in a special form for Equation (1.1) in the case
of LP-estimates (or Sobolev estimates). For a statement of our results in the whole
generality, we instead refer to Section 2.

For a fixed final time T > 0 and a source f in C§°((0,T) x R??), it is known from the
work of Bramanti et al. [BCM96], Theorem 3.1, that Equation (1.1) admits a unique
classical bounded solution u which satisfies for p in (1, 400) the following estimates:

1Az ull Loqo,rywrzty < Cy [ flloqor)xrzay = Cpll Ot — Ll Lo (0 7y xe2e)- (1.3)

Note that in this case C, = C,(T,d) > 0. We will actually manage to prove that the
unique classical bounded solution ug to (1.2) satisfies the estimate

HA:B'LLSHLp((O’T)XR2d) < Cp HfHLp((O’T)XR&i) = CpHatu — LK’SUHLP((QT)XRM), (1.4)

with the same previous constant C, as in (1.3). This result seems to be new even in
dimension N = 2 and even if we only consider S(t) = S, t € [0,T], where S is a 2 x 2
symmetric non-negative definite matrix.

For a uniformly elliptic second order perturbation S(t) = S, t € [0,T], where S is
positive definite, we could also have appealed to [BCLP10] to derive estimates like in
(1.4). For related estimates in the uniformly elliptic case, see also Section 4 in Metafune
et al. [MPRS02]. However, note that from [BCLP10] and [MPRS02] we could only
deduce that the constant C), depends on the ellipticity constant of the perturbation (this
is the first eigenvalue Ag of S if 0 < Ag < 1) and on the maximum eigenvalue of S (on
this respect, see also [Kry02] and [Prilbal).

The remarkable point in (1.4) is that the LP-estimates are stable under second order
perturbations, which can be possibly degenerate. Namely, the fact that S(¢) might be
degenerate for some ¢ in (0,7"), or even in some non-empty sub-intervals of (0,7"), does
not affect the estimates in (1.4).

To prove (1.4), we combine the results of [BCM96] with a probabilistic perturbative
approach based on the Poisson process inspired by [KP17]. There, it was established
in particular that the LP-estimates for non-degenerate parabolic heat equations with
space homogeneous coefficients are valid with constants that are independent of the
dimension.
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Remark 1.1. Importantly, the approach of [KP17] turns out to be sufficiently robust to
handle the estimates in the degenerate directions as well. We recall that the associated
maximal LP-regularity was studied e.g. in [Bou02], [CZ19] or [HMP19]. Fixed p in
(1, +00), there exists C,, > 0 such that for f in C$°((0,T) x R??) the unique classical
bounded solution u of (1.1) verifies

1 ~ ~
1Ay 3ullzoqomyxree) < Co f lnqomyxrzay = CollOu — L¥ull o(o,ryxzaay, (1.5

where (Ay)% denotes the fractional Laplacian with respect to the degenerate variables y
in R%. It turns out that this estimate is also stable for the previously described second
order perturbation. Namely, for ug solving (1.2),

1 - .
1(Ay)3us|| o) xr24y < Cp 1 f | 1o (0. xr20) = CpllOrw — L ul| oo ryxreay,  (1.6)
where again C,, is the same as in (1.5). O

Remark 1.2. The same type of stability results will also hold for the corresponding
global Schauder estimates, first established in the framework of anisotropic Holder spaces
for the solution of (1.1) by Lunardi [Lun97] (see also [Mar20, Mar21] and the references
therein). We refer to estimate (4.70).

We point out that our results in Section 3 could be possibly obtained by using the
general theorems of Section 4 in [KP17]. This section in [KP17] introduces a more
general probabilistic approach and provides quite unexpected regularity results. However
checking in our case all the assumptions given in that section is quite involved. On the
other hand, we provide self-contained proofs inspired by Sections 2 and 3 of [KP17].

It remains a challenging open problem to have a purely analytic proof of the above
regularity results.

Lp-estimates for degenerate Ornstein-Uhlenbeck operators. Let us now de-
scribe the more general framework we are going to consider here. Fixed RV = R? x R¥
where d,d are two non-negative integers such that d +d = N and d > 1. Let us
introduce the non-negative, symmetric matrix B in RY @ RV given by

By 0
o= ()
where By is a symmetric, positive definite matrix in R? ® R such that
d d 1,
v &< Y (Bo)i&& <~ &,
i=1 ij=1 Viz
for all £ € R% and some v > 0.

We will use, as underlying prozy operators, the family of degenerate Ornstein-Uhlenbeck
generators of the form

L°f(z) = Tr(BD*f(2)) + (Az, Df(2)), z€R", (1.7)
for a matrix A in RY @ RY, where (-,-) denotes the usual inner product in R,

Moreover, we assume the Kalman condition:
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[K] There exists a non-negative integer n, such that
Rank[B, AB,--- , A" 'B] = N, (1.8)

where [B, AB, ..., A" ' B] is the RY @ R¥™ matrix whose blocks are B, AB,--- A" 1B.

From the non-degeneracy of By, the above condition amounts to say that the vectors

{e1,...,eq, Aeq, ..., Aeq,..., A" ey, ... A" ey} generate RY, (1.9)

where {e;: i € {1,--- ,d}} are the first d vectors of the canonical basis for R".

Assumption [K] (which also often appears in control theory; see e.g. [Zab92]) is equivalent
to the Hormander condition on the commutators (cf. [Ho6r67]) ensuring the hypoellipticity
of the operator 9, — L°". In particular, it implies the existence and the smoothness of a
distributional solution for the following equation:

{&u(t, z) = Lu(t,z) + f(t,z), on (0,T)xRY; (1.10)

u(0,2) = 0, on RY,

where f is a function in C5°((0, 7)) x RY).

Similarly to [KP17], we will prove below the existence and the uniqueness of bounded
regular solutions to (1.10) assuming that the source f belongs to B, (0, T; C3°(RY )),

which contains C§°((0,7) x RY), and that can be roughly described as the family of
functions which are bounded measurable in time and compactly supported in space,
uniformly in time (see Section 1.2 for a precise definition). Equation (1.10) will be
understood in an integral form (cf. Equation (1.25)).

By Theorem 3 in [BCLP10] and exploiting some explicit properties of the underlying
heat kernel (see Section 2.3 below), it can be derived that for any fixed p in (1, +00),
there exists C, = C,(By,d,d’,T) such that

I D2ul| oo,y xry) < Colldpu — L]l ooy xrny = Cpll f1 Lo(o.1)xmM) (1.11)

where for any (¢, 2) in [0, 7] x RN, D2u(t, z) stands for the Hessian matrix in R? @ R?
with respect to the variable x. We set

laqg  Oga
B = ’ ’
! (Od’,d Oar
and note, in particular, that (1.11) can be rewritten in the following, equivalent way:

| By D*u Bl e (o.r)xrNy = ||Da2su||LP((07T)XRN)
< CpllOu — L™ul| 1o (0,7 xmN (1.12)

= CP||f”LP((O,T)><RN)a

where D?*u = D?u represents instead the full Hessian matrix in RY @ RY with respect
to z.
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Fixed a continuous mapping ¢ — S(t) such that S(t) is a symmetric and non-negative
definite matrix in RN @ RY for any ¢ € [0, T, we consider again the following perturbation
of L°%:

L ¢(z) : = Tr(BD*¢(2)) + Tr(S(t)D*¢(2)) + (Az, Do(z))

ou 2 (1.13)
= L™¢(z) + Te(S(t) D ¢(2)),
where z is in RY. For the solution u, of the related Cauchy problem
6tu5(t7 Z) = L?H’SUS(tv Z) + f(t7 Z>7 on (07 T) X RN) (1 14)
us(0,2) = 0, on RV, '

we will prove the following main theorem:

Theorem 1.1. Let us consider (1.14) with f € B (O,T; CSO(RN)). Then, there exists

a unique solution ug of Cauchy Problem (1.14) which verifies, with the same constant
Cp as in (1.12),

HD:%US HLP((QT)XRN) = HB[Dz?LSBI HLp((o,T)xRN) (1.15)

A

< Cylldwus — L™ us||pooryxmyy = Coll £l Loqo.ryxrny-

We point out that for time-homogeneous non-negative definite matrices S, the corre-
sponding elliptic LP-estimates as in formula (5) of [BCLP10] (replacing A in [BCLP10]
with LoWS .= Tr(BD?.) + Tr(SD?*) + (Az, D-)) with a constant independent of S, could
also be derived from (1.15) using an argument given in [BCLP10].

For more information on the OU operator L°* we also refer to the recent work by Fornaro
et al. [FMPS21] about full description of the spectrum of degenerate OU operators in
LP-spaces.

Independently from the constant preservation, we also emphasize that the LP estimates
in (1.15) for the perturbed operator seem, to the best of our knowledge, to be new and
have some interest by their own.

Let us eventually mention that such stability results could turn out to be useful to
investigate the well posedness of some related stochastic differential equations through
the corresponding martingale problem.

We could actually derive more general estimates, possibly involving the degenerate
directions as well, dependingly on the structure of A. Some results in that direction are
gathered in Section 4. Anyhow, to illustrate our approach we now briefly present the
various steps to derive (1.15).

1.1 Strategy of the proof for Estimates (1.15)

Fixed a classical bounded solution u to Cauchy Problem (1.10), let us introduce v(t, z) :=
u(t,e~tz). This well-known transformation (cf. [DPL95]) precisely allows to get rid of
the drift term in the PDE satisfied by v. Indeed, we have that u(t, z) = v(t, e!z) and
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since u solves (1.10), it holds for any (¢,2) in (0,7") x RY, that:
f(t,z) = Owu(t, z)—L"u(t, 2)
= uy(t, e2) + (Du(t, e2), Ae!t2) —Tr (etABetA*Dzv(t, etAz))

1.16
— (Du(t,e2), Ae'z) (1.16)
= uy(t, e 2)=Tr (etABetA*DQU(t, etAz)>.
Denoting f(t,z) := f(t,e *42), It now follows that v satisfies the PDE:
Op(t, z) = Tr(etABetA*DQU(t,z)) + f(t,z) on (0,T) x RY; (1.17)
v(0,2) =0 on RV, '
In terms of the function v, the known estimates in (1.12) rewrites as:
1Bre! ™ D?u(t, e'4-) € By | ooy xeny < Coll F(E, €)oo, ryxiy. (1.18)

where we used the notation || By D?u(t, e') €' By || s ((0,1)xrN) to stress the depen-
dence on t instead of the more precise formulation

|Bre 4" D?u(-, ¢ ) € By | po(o.m) <)

By changing variable in the integrals, Control (1.18) is equivalent to
1Bre"" D*v(t, ) € Br | oo,y x2 am) < Coll Fllzoo.1)xm ) (1.19)
where LP((0,T) x RN, m) denotes the LP norms w.r.t. the measure
m(dt,dz) = det(e”")dtdx.

Considering now the following, more general equation

{@w(t, z)+ Tr(etABetA*D2w(t, Z)) + TT(‘ftAS(t)etA*Dzw(t’Z)) = f(t.2); (1.20)

w(0,z) =0,

we can establish the well-posedness of the Cauchy problem (1.20), exploting, for instance,
probabilistic arguments and the underlying Gaussian process.

Now, the crucial step consists in adapting some arguments from [KP17] based on the
use of the Poisson process to derive that the same LP-estimates in (1.19) still hold for
w, independently from the non-negative definite, symmetric matrix S(¢). Precisely,

| Bre' D*w(t, ) € Br|| 1o(o.1) xmN am) < Coll £t )| Lo (0. <& ) (1.21)

with the same constant C,, appearing in (1.19).

The last step then consists in coming back to the Ornstein-Uhlenbeck operators frame-
work. Namely, we introduce (t, z) := w(t, e/4z) which solves, by definition, the following
equation:

dya(t, z) + L™t z) = f(t,z), on (0,T) x RV,
(0,2) = 0, on RV,
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Hence, it holds that @ = ug. Noticing that
D*w(t, ) = D?[u(t,e™™*")] = e D2a(t, e )e 4,
we thus get from (1.21) that the following estimates hold:

|B1D*@ By || 1o 0.1)x2v) < Coll fl| o0,y xrn)- (1.22)

Through the previous steps we have then constructed a solution @ of Cauchy Problem
(1.14) which indeed satisfies the estimates in (1.15) with the same C), associated with
the unperturbed or proxy operator. The maximum principle will eventually provide
uniqueness for the solution .

Remark 1.3. i) We point out that we could also consider more general time-dependent
Ornstein-Uhlenbeck operators like:

Mo(z) = Tr(B(t)D%(2)) + (Az, Do(2)).

Arguing as before starting from LP-estimates (or Schauder estimates) for M we can
derive the same LP-estimates (or Schauder estimates) for a perturbation of M like (1.13).

ii) We could extend the LP-estimates (or the Schauder estimates) related to L°" to more
general operators like

Li"*¢(2) + (b(t), Do(=))

where b : R, — R¥ is continuous. We can even add to L; a possibly degenerate non-local
perturbation (cf. Section 7 of [KP17]). The LP-estimates (or Schauder estimates) are
still preserved with the same constant. For the sake of simplicity in the sequel we will
only consider b(t) = 0 and we will not deal with non-local perturbations of L?u’s.

Organisation of the Paper. The article is organised as follows. At the end of the
current section, we first give some useful notations. In Section 2 we will then focus
on driftless second order Cauchy problems associated with a non-negative, possibly
degenerate, diffusion matrix. We will also consider its relation with the Ornstein-
Uhlenbeck dynamics. We will establish through the probabilistic perturbation approach
of [KP17] that if some LP-estimates hold for a particular diffusion matrix so does it, with
the same associated constant, for a non-negative perturbation of the diffusion matrix
(see Section 3). Finally by the argument of Section 1.1 we will obtain (1.22). Stability
results in anisotropic Sobolev space and Schauder estimates are given in Section 4.

1.2 Definition of solution and useful notations

Let us consider the following Cauchy problem:

Ow(t, z) = tr (Q(t)D*v(t, 2)) + (b(t, 2), Dv(t, 2)) + f(t,2), on (0,T) x RY;
v(0,2) = 0, on RY;

(1.23)
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where Q: [0, 7] — RY @ RY is a continuous, symmetric, non-negative definite matrix
and b : [0,7] x RY — RY is a continuous function such that |b(t,2)| < Kz(1 + |z]),
(t,2) € [0,T] x RN, for some constant K7 > 0.

The function f belongs to B, (0, T; C°(RY )), the space of all Borel bounded functions
¢: [0,T] x RY — R such that ¢(¢,-) is smooth and compactly supported for any ¢ in
[0, T], for any k in N the C*(RY)-norms of ¢(¢, ) are bounded in time and the supports
of the functions ¢(t,-) are contained in the same ball. Moreover, we require that, for
any z € RV, the mapping:

t— o(t, 2) (1.24)
is a piece-wise continuous function on [0,77], i.e. it is continuous except for a finite
number of points.

Remark 1.4. Note that to perform the technique used in [KP17] and based on the
Poisson process we need to consider equations like (1.23) with a source f which is
possibly discontinuous in time (cf. the proof in Section 2 of [KP17] and Section 3.2
below).

We interpret Cauchy Problem (1.23) in an integral form:
t
v(t,z) = / (f(s, 2) + Tr(Q(s)D?v(s, 2)) + (b(s, 2), Dv(s, z)})ds. (1.25)
0

In particular, we say that a continuous and bounded function v : [0, 7] x RY — R is a
solution to Equation (1.23) if v(¢,-) belongs to C*(RY), for any ¢ € [0,7], and (1.25)
holds as well, for any (¢, z) in [0,7] x RY.
We finally note that, for any z € R, the function ¢ > v(t, 2) is a C'-piece-wise function
on [0, 7.
By Theorem 4.1 in [KP10] we deduce in a quite standard way that if a solution v exists,
then it is unique and the following maximum principle holds:

sup lu(t,2)| <T sup |f(t,2)|. (1.26)

(t,2)€[0,T] xRN (t,2)€[0,T] xRN

About the proof of (1.26), we only make some remarks. By considering v and —v, we see
that it is enough to prove that v(t, 2) < T||f]|e, for all (¢,2) € [0,T] x RY. Moreover,
setting © = v — t|| |0, We note that v verifies (1.25) with f replaced by f — || f|le < 0.
Finally, by considering the equation verified by e *0, we can apply Theorem 4.1 in
[KP10] to obtain the result.

2 Estimates for driftess second order operators and
related perturbation

Throughout this section, we consider the following Cauchy problem:

{@v(t,z) = Tr (Q(t)Dv(t,2)) + f(t,z), on (0,T) x RV;

2.27
v(0,2) = 0, on RY, (2.27)

which can be seen as a special case of (1.23) when b = 0. Moreover, we assume that @
is not identically zero.
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2.1 Well-posedness

Proposition 2.1 (Well-posedness in integral form for the driftless Cauchy problem).
Let f be in By (O, T; C’(?O(RN)). Then, there exists a unique solution v to Cauchy problem
(2.27) in an integral sense, i.e. it solves for (t,z) € [0,T] x RV :

v(t,z) = /Ot <f(s, 2) + Tr(Q(s) D*v(s, z))ds. (2.28)
We will denote in short v= PDE(Q, f).

Proof. By the maximum principle (cf. Equation (1.26)) uniqueness holds for Cauchy
Problem (2.27). We can then focus on proving the existence of a solution.
Let us introduce now

v(t, z) == /Ot E[f(s,z+ L) ds

with the following notation: I, = /2 [* Q(r)/2dW,, where W is an N-dimensional
Brownian motion on some probability space (Q,F, (F;);0, P) and Q(r)'/? stands for a

square root of Q(r), i.e. Q(r) = Q(r)"/2(Q(r)/?)*.
Applying the Itd formula in space to f(s, 2z + I5u)uelsy, We get that

Ef(s, 2+ L.) = f(s,2) +E Ut Tr(Q(u)D2f (s, 2 + L)) du} .

Hence,
t t
v(t,z) = / (f(s, z)+E [/ Tr(Q(u)D*f(s, 2 + Is.)) du] )ds,
0 s
from which it readily follows that

ow(t,2) = f(t.2) + | B [Te(QU)Df(s, = + 1.,))] ds

= f(t,2) + Te(QU)D? "E[f(s, 2+ 1,.) is)
= f(t,z)~|—Tr<

Q 0
QUD*(t,2)),

for almost every ¢ € [0,7] and any z € R". O

2.2 Relation to the Ornstein-Uhlenbeck dynamics

If now in particular, Q(t) has the particular form Q(t) = e Be!4" (cf. Equation (1.17)),
we introduce
u(t, z) := v(t,e2),

where v is the solution to (2.28) (see Proposition 2.1). Since we can differentiate with
respect to ¢ the function u(-, z) for a.e. ¢ € [0, 7], we can perform computations similar
to (1.16) and get that u(t, z) solves in integral form:

(2.29)

Ouu(t,z) = L°u(t,2) + f(t,2), on (0,T) x RY;
u(0,2) = 0, on RY;

273



Chapter 5. About the sharp constants

with Lo as in (1.7), f(t,2) = f(t,e"2). Precisely, for all (,2) € [0,T] x RY,

u(t, z) = /Ot <f(s, z) + L™v(s, z))ds. (2.30)

Hence, u is a solution to (2.29).

Let us also point out that the well-posedness of (2.29) could also have been obtained
directly from Gaussian type calculations, similar to those in the proof of Proposition 2.1,
introducing u®'(t, 2) := L E[f(s, e~ S)Az + I¢Y)]ds where I2Y := /2 [ eI A BAW,,.

2.3 About the Lp-estimates in (1.11)

The aim of this section is to fully justify the estimates in (1.11). This is a consequence of
the previous probabilistic representation and of Theorem 3 in [BCLP10]. For u solving
(1.10), it holds that for all (¢,2) € [0,T] x RY,

u(t,z) = / E{f(s el sz+[§‘t‘ ds = / / Yt —s,2,2")dZ'ds, (2.31)
0
where for v > 0, p°*(v, z, -) stands for the density at time v of the stochastic process
XOU . Ay | /3 / A=) BAW, = 2 + / AXCdw + BW,, u > 0.
0 0

We recall from [LP94] that assumption [K] is equivalent to the fact that there exist
n € N and positive integers {d;: ¢ € 1,--- ,n} such that d = dy, I, d; = N and for all
i €{2,---,n} the matrixes

L= ) Goe(e o Ty T2 ot i

m=1

with the natural notation Z?n:l = 0, have rank d;. The matrix A writes:

g x . o
A= |04a > * ] (2.32)
Odpd - Odpd, , " *

Following the proof of Lemma 5.5 in [DM10], where the case d; = d for any 7 in [1,n] is
addressed, it can be derived that there exists C' > 1 s.t. for all (v, 2,2") € (0,T] x (RY)?,

C
|D2p™ (v, 2, 2')| <

2
< e o0 (COTM (e = F), (233)

where
. _ )
M, := diag(vlgxa, v layxdys - - - V" La, xa, ), v >0,

reflects the various scales of the system. For a given function f € B, (0, T; C3°(RY )), it
is then clear from (2.31) and (2.33) that for all (¢,2) € (0,7] x R":

D2u(t,z) = p.v. // f(s,2\D2p°"(t — s,2,2")d7ds. (2.34)
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It indeed suffices to observe that:
t
‘p.v./ / f(s, 2D (t — s,2,2') d? ds
0 JRN

¢
- ‘p.v./ /N[f(s,z/) — f(s, eI D2t — s, 2, 2') d2'ds
0 Jr

< sup [[Df(s, )]l
(2.33) s€[0,T]

¢ C
b — —O_l t— T_l A(t—s), _ I\|2 dz'd
<[] oy o0 (2O = T (02 = ) et

< C sup ||[Df(s,)||oT2.
]

s€[0,T

The estimates in (1.11) now follows from the proof of Theorem 3 in [BCLP10], starting
from (2.34) instead of (16) therein. The strategy is clear. It is necessary to introduce a
cut-off function which separates the points (s, z’) which do not induce any singularity in
(2.34) for the derivatives of the density, namely such that t —s > ¢ or [eAt=9)z —2/| > ¢,
for some fixed constant ¢y > 0, from those who are close to the singularity. For the
non-singular part of the integral the expected LP-control readily follows from (2.33) and
the Young inequality (see also Proposition 5 in [BCLP10]), whereas the derivation of the
bound for the singular part requires some involved harmonic analysis, see Section 4 on
the same reference. We can also refer to Theorem 11 and its proof in [Pril5b] for similar
issues linked with the corresponding LP-estimates for degenerate Ornstein-Uhlenbeck
operators in an elliptic setting.

2.4 The main result for Equation (2.27)

Let us fix p in (1,+00) and assume that there exist R(t) € RY @ RY depending
continuously on ¢ > 0 and a constant C, > 0, such that for any f in B, (O, T; C3° (RN )),
the unique solution v = PDE(Q, f) to equation (2.27) satisfies

IR()* D*v R(t) || o (0.1 xRN m) < Coll FllLo(0.7) xRN m)s (2.35)

for some absolutely continuous measure m w.r.t. the Lebesgue measure on [0,7] x RY
such that m(dt, dz) = g(t)dtdx for some borel bounded function g (note that in (1.19)
we have R(t) = e BY2 m(dt,dr) = g(t)dtdr = det(e=*)dtdz).

We would like to exhibit that a control like (2.35) also holds for the solution w to the
following Cauchy Problem:

Oww(t,z) = tr (Q(t)D*w(t, 2)) + tr (Q'(t)D*w(t,z)) + f(t,z), on (0,T)x RY;
w(0,2) = 0, on RY,
(2.36)
Namely we have to prove the following result.

Theorem 2.2. Let us consider equations (2.27) and (2.36) where Q(t), Q'(t) are two con-
tinuous in time, non-negative definite matrices in RN @ RN and f € B, (0, T C'(‘)’O(RN)).

Assume that estimate (2.35) holds as explained above.
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Then the solution w to (2.36) verifies

HR@)*DZ@U R(t) HLP((07T)><RN,m) < Cp”fHLp((O,T)XRN,m)a (2.37)
p € (1,00) with the same constant C, as in (2.35).

From Theorem 2.2 using the argument of Section 1.1 we can easily derive Theorem 1.1.

3 Perturbation argument for proving Theorem 2.2

We aim here at applying the probabilistic perturbative approach considered in [KP17].
The key idea in that work was, for a well-posed PDE which enjoys some quantitative
given estimates, to introduce a small random perturbation in the source f through a
suitable Poisson type process and to investigate the properties of the associated PDE
involving an unknown function v. After considering a small random perturbation of v,
we arrive at the useful integral formula (3.45). Taking the expectation, the contributions
associated with the jumps yield, for an appropriate intensity of the underlying Poisson
process, a finite difference operator. For the PDE satisfied by the expectation, involving
the finite difference operator, the initial estimates are preserved. Repeating the previous
argument we can obtain a PDE involving the composition of two finite difference
operators.

Compactness arguments then allow to derive that, the initial estimates still hold at the
limit with the composition of two finite difference operators replaced by the corresponding
differential operator of order two. Iterating this procedure we can obtain the result.

Below, we start recalling basic properties of Poisson type processes and corresponding
stochastic integrals, which are needed for our approach.

3.1 Poisson stochastic integrals

We briefly recall here the very definition of the stochastic integral driven by a Poisson
process. We start reminding the construction of such processes.

Given a probability space (€2, F, P) to be fixed from this point further, we start considering
a sequence of independent real-valued random variables {7, },nen on © whose distribution
is exponential of parameter \ > 0:

P(r >7) = e ™, >0,

We can then define the partial sums sequence {0, },en as follows:
m
oo = 0; O’m:ZTi, n=12...
i=1

For any fixed t > 0, m; now denotes the number of consecutive sums of 7; which lie on
0, 1], i.e.

Ty = Z 1s,, <ty (3.38)
n=0
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where 1,, < represents the indicator function of the event {o,, < t}. The process
{m¢}+>0 we have just constructed is usually known in the literature as a Poisson process
with intensity A (see, for instance, [Pro05]).

Now, let ¢ : [0,7] — RY be a continuous function. We can define the Poisson stochastic
integral as

by = /Otc(s)dws =Y o= Y els)m — ) (3.39)

o <t, k>1 0<s<t

bo = 0 (as usual m,_(w) denotes the left limit at s, for any w, P-a.s.). We now recall the
following formula for the expectation of the stochastic integral:

| " e(s)dml = A / " o(s)ds. (3.40)

(cf. Lemma 2.1 in [KP17] for a direct proof; see also Theorem 16 in [Pro05] and Theorem
5.3 in [KP17] for a more general formula involving stochastic integrals with predictable
processes against the Poisson process). We also recall the following more general result.

Lemma 3.1. Let {m}i>0 be a Poisson Process of intensity A\ on a probability space
(2,3, P). Let us consider a stochastic process (§)icjo,r] with values in R which has cadlag
paths (P-a.s.) and is F;-adapted where Fy is the augmented o-algebra generated by the
random variables w;, 0 < s < t. Suppose that sup,cq sepo.11 1§s(w)| < 00. Then,

t t
E /0 £ dry = A /O K€, ds. (3.41)

3.2 Proof of Theorem 2.2

According to the notations appeared in Proposition 2.1, let v = PDE(Q, f) and
w= PDE(Q + @', f) be the unique solutions of equations (2.27) and (2.36), respectively.
The proof of Theorem 2.2 will be obtained adapting the method developed in [KP17]
(see in particular Section 3, therein). Let e; be the first unit vector in RY. We define

Xt:/ot\/QTr)eldm

where /Q)'(t) is the unique N x N symmetric, non-negative definite square root of Q’(t)
and {m }+>0 is a Poisson Process of intensity A (cf. Equation (3.39)). The parameter A
will be chosen appropriately later on.

Recall that the solution v to (2.27) is given by

v(t, 2) / ds/ (8,2 + 2" pse(dz"), (3.42)

where /15, is the Gaussian law of the stochastic integral I,; := /2 [T Q(v)/2dW, (see
the proof of Proposition 2.1).

Let us fix € > 0. We notice that the shifted source f.(t,2) := f(t,z — €X;) (which
also depends on w; we have omitted to write such dependence on w) is again in
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B, (O, T; Cg° (RN )) This is the reason why we considered such a function space for the
source. It precisely allows to take into account the time discontinuities coming from the
jumps of the Poisson process.

For any fixed w in €2, Proposition 2.1 readily gives that there exists a unique solution
v. = PDE(Q, f(t,z — €X})), depending also on € and w as parameters, such that

sip [t ) ST sup  |f(t2)]. (3.43)
(t,2)€[0,T] xRN (t,2)€[0,T] xRN

Moreover, thanks to the invariance for translations of the LP-norms, it follows from
(2.35) that

IR()* D*0eR(&) | ooy xv my < Cpllfellriomyxmnmy < Collf oo myxrn my- (3.44)

By Equation (3.42), we know that v, is given by

ve(t, 2) = /Ot /RN [f(s,2 — X5+ 2') s (dz")ds.

For each z € R¥, the stochastic process (v(t, z))iejo,7) has continuous paths (P-a.s.) and
is F;-adapted where J; is the completed o-algebra generated by the random variables
ms, 0 < s <t

For fixed z € R, let us introduce the process (v,(t,z + €X4))tejo,r) Which is given by

t
Ve(t, z +€Xy) = /0 /]RN [f(s, 2+ Xy — X5 + 2') s (d2')ds.

It is not difficut to check that it is is F;-adapted and it has bounded and cadlag paths.
Applying (2.28) on each interval [0, 01 At),m € {0, -- ,m] on which X is constant,
one then derives that:

vt 2+ €X,) = /Ot (61(Q(s) D2uc(s, = + €X,)) + f(5,2)) ds + /Ot 0(5, 2) dry, (3.45)

where g.(s,z) = v(s, z2+€,/Q'(s) e1+€Xs_) —v(s, z+€X,_) is precisely the contribution
associated with the jump times. It is clear that g.(s, z) # 0 if and only if 7, has a jump
at time s. We then have by Lemma 3.1:

E/Ot ge(s,2)dmy = /\/ot <176(3, z+ e\/Q’i(s)el) — UE(S,Z)) ds, (3.46)

where U.(s, z) = E[vc(s, z + €X;)]. Let us denote

1(t) == /Q'(t) e1.

Taking the expectation on both sides of equation (3.45), we find out that v, is an integral
solution of the following PDE:

Ouvc(t, 2) = tr(Q(t)D*v.(t, 2)) + X (Ve(t, z + el (t)) — ve(t, 2)) + f(t,2), (3.47)

with zero initial condition. Remark that uniqueness of bounded continuous solutions
to (3.47) follows by the maximum principle, arguing as in the proof of Lemma 2.2 in
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[KP17] (first one considers the case A\T' < 1/4 and then one iterates the procedure by
steps of size 1/(4\)). Moreover, by (3.44) we obtain (using also the Jensen inequality
and the Fubini theorem) that

IR DR oy = [ o PRV D0l )R Prn(d, d2)
—/ /RN t)*D*v.(t, z + eX;)R(t)] [Pdzg(t)dt
< / /R NIE|R () D2u(t, = + €X,)R(t) [Pdzg(t)dt
—E / /R CIR(t)" Duc(t, = + eX))R(t) [Pdzg(t)dt
~E / /R |R() DPo,(t, 2)R(1) Pdzg(t)dt

< G Lo (0. xmN amy:

using (3.44) for the last inequality (LP-estimate for the PDE with random source).
Choosing A = €2 we have from (3.47) that

OUe(t, z) = tr(Q(t)D2vc(t, 2)) + € 2 (0(t,z 4 €l(t)) — Ve(t, 2)) + f(t,2),  (3.48)
with zero initial condition and moreover

IR(#)" D 0 RO oo,y xrry < CpllF e (0. xm)- (3.49)

Now, the idea is to apply again the same reasoning above to Equation (3.48) with
respect to v, and f(t, 2 + €X;) again with A = ¢ 2. We obtain first a solution p, to (3.48)
corresponding to f(t, z + €X;) and we then derive that

we(t, z) = Elpe(t, z — €X})]

is the unique bounded continuous (integral) solution w, of the following problem:

Owe(t,z) = tr(Q(t)D*w(t, 2))
+ e 2 [we(t, z + el(t) — 2w (t, 2) + wet, 2 — el (t)] + f(t,2), (3.50)

with initial condition w(0, z) = 0. Moreover, the previous estimates still hold with w,
instead of v, i.e.,

sup  |we(t,2)] < T sup  |f(t, 2)]; (3.51)
(t,2)€[0,T] xRN (t,2)€[0,T] xRN
|R(t)* D*we R(t) | ooy xey m) < Copllf | 2o(0,1)x BN m)- (3.52)

We would like now to let € goes to zero, possibly passing to a subsequence €, — 0, and
prove that the associated limit w solves

{atw(t, 2) = tr(Q()D*w(t, 2)) + (D*w(t, 2)\/Q' (ter, \JQ'(H)er) + f(t, 2),

(0. 2) — 0 (3.53)
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and estimates (3.51) and (3.52) hold with w, replaced by w.

To do so we will proceed by compactness. Namely, we are going to prove that the
family of solutions w, solving (3.50), indexed by the parameter e, is equi-Lipschitz on
any compact subset of [0, 7] x RY and the same holds for any derivative in space of w,.
Indeed, one can apply the finite difference operators with respect to z at any order in
(3.50). We recall that for a smooth function ¢: RY — R, the first finite difference dy, ;¢,

i€ {l,---,N} of step h in the direction e; (™" basis vector) is given by
he;) —
6h7i¢(2) _ ¢(Z + eh) QS(Z), = RN

For a given multi-index v € NV, the ~-th order finite difference operator ¢y, -, is then
defined, for any h > 0, through composition. Namely,

Onr®(2) = 031005 - Opind(2),
where 521 denotes the 7;-th times composition of d,,; with itself.
Since any spatial derivative of f belongs to B, (0, T; C3°(RY )), using (3.51) we deduce
first that any finite difference of any order of w, is bounded. Consequently, w is infinitely
differentiable in space with bounded derivatives on [0, 7] x RY. Equation (3.50), to be
understood in its integral form similarly to (2.28), then gives that those derivatives are
themselves Lipschitz continuous in time. This precisely gives the equi-Lipschitz on any
compact subset of [0, 7] x RY of the family w, and any spatial derivative.
We can now apply the Arzela-Ascoli theorem to w. showing the existence of a sub-
sequence {w, }neny Which converges uniformly on any compact set to a function w: [0, 7| x
RY — R. Similarly, any derivative in space of w,, tend to the respective derivatives of
w, uniformly on the compact sets.
Passing to the limit as n — oo along the sequence (€,), in Equation (3.50) (written in
the integral form), we can then conclude that w solves (3.53).
Moreover, estimates (3.51) and (3.52) holds with w, replaced by w. Iterating the previous
argument in N steps we finally prove that the unique solution w to

{atw(t, 2) = tr(Q(t)D*w(t, 2)) + Ly (D*w(t, 2)\/Q (Dex, \/Q (tex) + f(t, ),
w(0,2) =0

(3.54)
verifies estimates (3.51) and (3.52) with w, replaced by w. The proof is complete. [

4 Additional stability results

In this section we extend the previous approach to derive the stability with respect
to a second order perturbation of the Ornstein-Uhlenbeck operator in (1.7) under the
Kalman condition [K]. Here, we consider also LP-estimates involving the degenerate
components of the operator and some associated Schauder estimates.

4.1 Anisotropic Sobolev spaces and maximal Lp-regularity.

With the notations of Section 2.3 we write z € RY as z = (2,92, -+ ,9,) with x € RY,
y; € R%E, i€ {2,--- n}, recalling also that 7", d; = d'.
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Given [ in (0,1) and ¢ in [2,n], we want to introduce the -fractional Laplacian Agi
along the component y;. To do so, we follow [HMP19] by considering the orthogonal
projection p;: RY — R% such that p;(z) = pi((w,yg, . ,yn)> = y; and denoting its
adjoint by E;: R% — RY. We can now define the S-fractional Laplacian Afi as:

ALo(z) = pov. [ [0l + Baw) = 6()] ot

2z e RV,
R% \w

for any sufficiently regular function ¢: RY — R.

Fixed p in (1,+00), we recall that we have denoted by LP((0,7) x R") the standard
LP-space with respect to the Lebesgue measure.

We can now define the appropriate anisotropic Sobolev space to state our results. For
notational simplicity, let us denote

1

T2
Set now a := (ay, - -+ , i) € R*. The homogeneous space W2P([0,T] x RN) is composed
by all the functions p: [0, T]xRY — R in LP([0, T]xRY) such that (¢, z) € [0, T] xRN
Ayo(t, 2) € LP([0,T] x RY), where A, is intended in distributional sense, and for any
iin [2,n], Ajip(t, 2) is well defined for almost every (¢, z) and
Qg — Q; N
Ajip(t, z) == Ajip(t,-)(2) belongs to LP([0,T] x R™).

It is endowed with the natural semi-norm ||¢||};2» where

lellten = 1Ax0lLe + D 1AL, (4.56)
=2

The thresholds in (4.55) might seem awkward at first sight. They actually correspond
to the indexes needed to get stability of the harmonic functions associated with the
principal part of (1.7), that is considering Aq consisting in the sub-diagonal part of A
only (i.e. considering (2.32) when the diagonal elements and the strictly upper diagonal
elements are equal to zero), along an associated dilation operator. Namely, setting

L3"f(2) = Te(BD*f(2)) + (Agz, Df(2)), 2z €RN, (4.57)
so that Ag, B satisfy [K], if it holds that
(O — Lg")u(t,z) =0
then for all A > 0, we have that
(0 — L3")u(0x(t,2)) = 0
where the dilation operator

n(t,2) = (N2, A3y, - ’yi/@nﬂ))

281



Chapter 5. About the sharp constants

precisely exhibits the exponents in (4.55) for the degenerate components.

In [HMP19], see also [CZ19] and [Menl18] where time inhomogeneous coefficients are
considered as well, it has been proven that if A, B satisfy [K] and the diagonal and the
strictly upper diagonal elements of A in (1.7) are equal to zero (i.e. when A = Ay), then
the following Sobolev estimates hold:

[ullyze < CollfllLr, (4.58)

with C), := C,(v, A,d,d'), where again u is the unique bounded solution to the corre-
sponding Cauchy problem (1.10). In particular we get also the maximal smoothing
effects with respect to the degenerate directions. Note that the solution u to (1.1)
verifies (4.58). The specific structure assumed on A is actually due to the fact that for
such matrices there is an underlying homogeneous space structure which makes easier
to establish maximal regularity estimates (see e.g. [CWT71] in this general setting).

If A, B satisfy the Kalman condition [K] with a general A as in (2.32), having non
zero strictly upper diagonal entries (non zero entries in the diagonal should not create
difficulties), we believe that the approach in [BCLP10] could extend to show that
Estimates (4.58) still hold in this general setting. However, such estimates have not
been, up to our best knowledge, proven yet.

LP-estimates for the degenerate directions of Ornstein-Uhlenbeck operators.
Setting, as in Section 1.1, u(t, z) = v(t, e12) and since u solves (1.10) we have that v in
turn solves (1.17). From the previous computations and setting

log Oaqaw
By = ’ <,
! (Od/,d O .ar
and considering A as in [HMP19], with the diagonal and strictly upper diagonal elements
of A equal to zero in (2.32), we derive that

ID2ul| o omyxryy = [|Bre™t Do(t, e')e" Br|| 1o((o.1) xrn)

< CPHf(t,etA')HLP((O,T)xIRN)'

On the other hand, for all i € {2,--- ;n} and with «; as in (4.55),

a dw P
TN / /RN / ult, 2 + Brw) — ut,2)| i
dw P
= / /]RN / . t, ez + Bw)) — v(t, etAz)]W dzdt
. a;,i,A
=: [|A UHLP((O,T)XRN)7
using that Tr(A) = 0. Hence, setting
et 1/2
1Al o ey = IT(Bret DPo(t, ) By I o 1y cny
1/2
= | Te(Bre' D20 By ) |17, 0.0y
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we get from Definition (4.56) that the Estimates (4.58) rewrite in term of v as:
- Z Ay o < Collf oy (459)

with C), = CP. We now want to prove that for w solving (1.20), namely

Oww(t, z) + Tr <etABetA* D*w(t, z)) - Tr(etAS(t)etA*D2w(t, z)) = f(t,2),
w(0,2) = 0,

it also holds that
- z||AWAw||Lp(OT)XRN) ol omyemny  (460)

with the same constants ép as in (4.59). This can be done through the previous pertur-
bative approach of Section 3.2 employed to prove Theorem 2.2, which actually gives
the expected control for the the second order derivatives contribution of the semi-norm

I Iz
For the other contributions and with the notations of Section 3.2, with Q'(s) =

e*A5(s)e’” and with m which is the Lebesgue measure on [0,7] x RY (indeed in
the present case g(t) = det(e=4") = 1, for all ¢), we would get that

||Ue||p 2pA ZHAazzAUe ||LP ((0,T)xRN)
et Z/ / AallA tz)’pdzdt
RN

=3 [ LB e, Xl et
i=1"0 RN
n T

a;,i,A

= ;/0 /RN]E [|A Ve(t, 2 + €Xy) |p} dzdt
n T '

= ZE l/ / ‘Aai’l’A’UE(t; z + 6Xt> ‘p dZdT;|
i=1 0 JRN
n T '

=2 E [ / / A% A (L, 2) [P dzdt]
i=1 0 JRN

OP||f||Z£p((07T)><RN)7

IN

using for the last inequality that v, also satisfies (4.59) (similarly to what had been
established in (3.44)). The same previous compactness argument then yields (4.60).
Setting eventually @(t, z) := w(t, e!2), which is the unique integral solution (smooth in
space) of

dyii(t, 2) + LY™5a(t, z) = f(t,2), on (0,T) x RV,
u(0,2) =0, on RY,
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where L{™® introduced in (1.13) is the Ornstein-Uhlenbeck operator perturbed at second
order, we derive that

allizr < Gl fllr, (4.61)

with C, as in (4.58). We have thus extended the results of Theorem 1.1 for the anisotropic
Sobolev semi-norm in (4.56). The estimate (4.58) is stable for a continuous, non-negative
definite, second order perturbation of the underlying degenerate Ornstein-Uhlenbeck
operator.

4.2 Anisotropic Schauder estimates

Following Krylov [Kry96], for some fixed ¢ in Ny := NU{0} and £ in (0, 1], we introduce
for a function ¢: RY — R the Zygmund-Holder semi-norm as

DY¢(z)—D? 3
Supw‘ze Supx¢y %’ lf /6 7é 1,

[Plcers = D?¢(x)+D? p(y)—2D? p(2E2) .
SUP|y|=¢ SUP gy lz—y] , f5=1

(we are using usual multi-indices 9 for the partial derivatives). Consequently, the
Zygmund-Hoélder space Cy 7 (RN) is the family of bounded functions ¢: RN — R such
that ¢ and its derivatives up to order ¢ are continuous and the norm

l
[6lls = 3= 5up 1"l + [glorss is fnite
i=0 [9]=i

We can now define the anisotropic Zygmund-Holder spaces associated with the current
setting and which again reflect the various scales already introduced in (4.55). Fixed
v € (0,3), the space C) 4(RY) is the family of functions ¢: RY — R such that for any i
in [1,n] and any z, in RY, the function

w € R% — ¢z + E;(w)) € R belongs to C’,?/(%_l) (Rdi) :

with a norm bounded by a constant independent from z,. In the above expression, we
recall that the {E;: i € {2,--- ,n}} have been defined in the previous paragraph, d, = d
and E, is the embedding matrix from R? into RV. It is endowed with the norm

k
lolley, = sup ll6(20 + Eo())llegmn + 3 sup [6(z0 + Ei())lowarangan)  (4.62)

’ ZOGRN i=1 ZOGRN
We denote by C’; 4 this function space because the regularity exponents reflect again
the multi-scale features of the system. The norm could equivalently be defined through

the corresponding spatial parabolic distance d defined as follows. For all z = (z,y),
2 = (2/,y) in RN = R? x R?:

d(z,2) = o — 2| + 3 g — vl 7T,
1=2

where the exponents are again those who appeared in (4.55).
Let as before f be in B, (O, T; C°(RY )) Under [K], by the results of Lunardi [Lun97],
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Section 4. A perturbation argument for proving Theorem 2.2

it follows that the unique bounded solution of the Cauchy Problem (1.10) (written in
integral form) verifies the following anisotropic Schauder estimates:

HUHLOO((O,T),CE;’B) S CBHfHLOO((O’T)’Cl?,d), (463)
for some constant Cz independent from f, i.e.,

su Uu t, . < O su t’ . ’
Sup lult ez < Cp sup £y,

We again set as in the previous paragraph u(t, z) = v(t, e*4z) and since u solves (1.10)
we have that v in turn solves (1.17). Write:

tA .
||u||Loo(oT) i) = lo(t, e '>||L°°((0,T),C§;5) = ||UHLoo((o,T) cih)
< Collfll = omycz,y < CollFt € imom et (4.64)

- CBHfHLoo (0,1),C

bdA)’

denoting f(t (

,2z) == f(t,e”**z). We again want to prove, as in Section 1.1, that for w
solving (1.20),

”w”LOO((O,T),CZ’Jgi‘) S OBHf”LOO((O’T)’CbB,d,A) (465)

with the same constant Cs as in (4.64). We proceed one more time through the previous
perturbative approach of Section 3.2. With the notations employed therein, we deduce
that there exists a unique solution v, = PDE(Q, f(t, z — €X;)), depending also on € and
w as parameters such that

sup  Ju(t,2)] < T sup|f(t2)]. (4.66)
(t,2)€[0,T] xRN (t,2)€[0,T] xRN

By the translation invariance of the Holder-norms, using also that X, = e4e *4X,, it is
not difficult to prove that, for any w, P-a.s.,

1l ooz, o = 16 = legomer, (4.67)

Thus it also holds from (4.64)

”Ue”Loo ((0.1),C2H°%) < Cﬁ”f”Loo (0.1).CF 4 2 (4.68)
Recalling now that v(s, z) = E[v(s, z + €X;)] is an integral solution of
Dc(t, 2) = tr(Q(t)D*vc(t, 2)) + A (Uc(t, z + €l(t)) — Te(t, 2)) + f(t, 2),
with zero initial condition, we write for any i in {2,--- ,n}, w,w’ in R% e (t,2) in

0, 7] x RY, that
|17€(t,€At(Zo + Ez(w)) — @e(t, €At(ZO + Ez(w/))|
< E [Juet, e (20 + Ei(w)) + eee M X,) — ve(t, e (20 + Ei(w')) + ee™e M Xy)]|

< B [Iolt, e (o + B e | o — w35
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Hence,

et e (20 + ()] 2

IA
&=
=
15
—~
\.@F
Cb\
b
=%
—~
N
o
+
PN
N
~—
=
V)
i
=

We would get similarly, that

(Dot ez + B, < B [[D5velt e o+ Er()eo]

cB
and for all k € {0,1,2},
| DEve(t, e (20 + Ex()| _ < E [|Dbve(t, e (20 + Ea(+)))oo] -

Summing all those contributions, we thus derive from (4.62), (4.64) that:

||775||L°°((0,T),C§;€4) < Osup E ||Ue(t,)||czga)] < OﬁHfHLoo((O’T)’ng)A)u (469)

<t<T
using (4.68) for the last inequality. Now, continuing as in Section 3.2, using also a
compactness argument, one would derive that (4.65) indeed holds.

Going backwards, setting (¢, z) := w(t, e"'2), we find that @ is the unique (integral)
solution ug to (1.14): we finally derive that

||uS||Loo((O,T),C§:ZB) S C,BHfHL“((O,T),Cﬁd)’ (470)

where Cj is the same constant as in (4.63). Estimate (4.70) provides the extension of
Theorem 1.1 for the anisotropic Schauder estimates.

Remark 4.1. Let us mention that for the perturbative method to work, roughly
speaking, few properties were actually needed on the underlying norm. Namely, we
used the translation invariance and some kind of commutation between the norm (or
a function of the norm in the LP-case) and expectation. Hence, this approach could
possibly be applied to a much wider class of estimates in other function spaces (like e.g.
Besov spaces). This will concern further research.
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Titre: Régularisation faible par un bruit de Lévy dégénéré et applications

Mots clés: EDOs mal posées, Solutions faibles via régularisations, Equations dégénérées de Kol-
mogorov, Estimées de Schauder pour opérateurs intégro-différentiels, Méthodes de la parametrix,
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Résumé: Apres une introduction générale sur le phénomeéne de régularisation par le bruit dans
le cadre dégénéré, la premiére partie de cette thése est consacrée a l'obtention d’estimées de
Schauder, un outil analytique utile pour établir le caractére bien posé des équations différentielles
stochastiques (EDS), pour deux différents classes d’équations de Kolmogorov sous une condition de
type Hormander faible, dont les coeflicients appartiennent & des espaces de Holder anisotropes ap-
propriés avec des multi-indices de régularité. La premiére classe considére un systéme non linéaire
dirigé par un opérateur a-stable symétrique agissant uniquement sur certaines composantes. Notre
méthode de preuve repose sur une approche perturbative basée sur des développements parametrix
progressifs par des formules de type Duhamel. En raison des faibles propriétés de régularisation
données par le cadre dégénéré, nous exploitons également certains contréles sur les normes de
Besov, afin de traiter la perturbation non-linéaire. Dans le prolongement de la premiére, nous
présentons également les estimées de Schauder pour un opérateur dégénéré d’Ornstein-Uhlenbeck
associé a une classe plus large d’opérateurs de type a-stable, comme l'opérateur stable relativiste
ou de Lamperti. La preuve de ce résultat repose plutét sur une analyse précise du comportement
du semi-groupe de Markov correspondante entre les espaces de Holder anisotropes et quelques
techniques d’interpolation. En exploitant une approche parametrix rétrograde, la deuxiéme par-
tie de cette thése cherche a établir le caractére bien-posé au sens faible d’une chaine dégénérée
de EDS dirigées par la méme classe de processus de type a-stable, sous des hypothéses de régu-
larité de Holder minimale sur les coefficients. Comme corollaire de notre méthode, nous présen-
tons également des estimations de type Krylov d’intérét indépendant pour le processus canonique
sous-jacent. Enfin, nous soulignons & travers des contre-exemples appropriés qu’il existe bien un
seuil (presque) optimal sur les exposants de régularité assurant le caractére faiblement bien posé
pour ’EDS. En lien avec quelques applications mécaniques pour des dynamiques cinétique avec
frottement, nous concluons en étudiant la stabilité des perturbations du second ordre pour des
opérateurs de Kolmogorov dégénérés en normes Lp et Holder.




Title: Weak regularization by degenerate Lévy noise and its applications

Keywords: Il posed ODEs, Weak solutions through noise regularization, Kolmogorov degen-
erate equations, Schauder estimates for integro-differential operators, Parametrix Methods, Lévy
processes

Abstract: After a general introduction about the regularization by noise phenomenon in the
degenerate setting, the first part of this thesis focuses at establishing the Schauder estimates, a
useful analytical tool to prove also the well-posedness of stochastic differential equations (SDEs),
for two different classes of Kolmogorov equations under a weak Hormander-like condition, whose
coefficients lie in suitable anisotropic Holder spaces with multi-indices of regularity. The first
class considers a nonlinear system controlled by a symmetric a-stable operator acting only on
some components. Our method of proof relies on a perturbative approach based on forward
parametrix expansions through Duhamel-type formulas. Due to the low regularizing properties
given by the degenerate setting, we also exploit some controls on Besov norms, in order to deal
with the non-linear perturbation. As an extension of the first one, we also present Schauder
estimates associated with a degenerate Ornstein-Uhlenbeck operator driven by a larger class of
a-stable-like operators, like the relativistic or the Lamperti stable one. The proof of this result
relies instead on a precise analysis of the behaviour of the associated Markov semigroup between
anisotropic Holder spaces and some interpolation techniques. Exploiting a backward parametrix
approach, the second part of this thesis aims at establishing the well-posedness in a weak sense
of a degenerate chain of SDEs driven by the same class of a-stable-like processes, under the
assumptions of the minimal Holder regularity on the coefficients. As a by-product of our method,
we also present Krylov-type estimates of independent interest for the associated canonical process.
Finally, we emphasize through suitable counter-examples that there exists indeed an (almost)
sharp threshold on the regularity exponents ensuring the weak well-posedness for the SDE. In
connection with some mechanical applications for kinetic dynamics with friction, we conclude by
investigating the stability of second-order perturbations for degenerate Kolmogorov operators in
Lp and Hélder norms.
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