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Abstract

The Monte-Carlo neutron transport calculations in nuclear fuels depend on the crys-
talline structure and atom dynamics of materials. In the case of uranium dioxide
(UO2), when neutron energies lie below a few eV, coherent elastic neutron scattering
cross section σel

coh(E) accounts for the crystalline structure of UO2 and thermal scat-
tering laws (TSLs) or S(α, β) take into account the atom vibration behaviors of UO2.
Between a few eV to 400kB T where kB is the Boltzmann constant and T represents
the temperature of material, the TSLs are not available. Other neutron scattering
treatments such as the Sampling the Velocities of the Target nucleus (SVT) algorithm
are adopted in the Monte-Carlo calculations.

In the present work, the theoretical formalism enabling to calculate the TSLs for
solid crystalline, liquid and gas materials has been studied. Based on these theoretical
equations, the data processing tool CINEL has been developed. CINEL is able to
generate the temperature-dependent TSLs in ENDF-6 format with graphic processing
unit (GPU) speedup. The generated TSLs can be further processed to be used as
neutron scattering library in the Monte-Carlo neutron transport code TRIPOLI-4®.

The performances of the Monte-Carlo calculations are illustrated with the analysis
of neutron powder diffraction data on UO2 measured up to 1664 K with the D4 and D20
diffractometers of the Institut Laue-Langevin (Grenoble, France). The comparison
of the experimental and simulated pair distribution functions confirms the unusual
decrease of the U-O atomic distances with increasing temperature when an ideal
fluorite structure (Fm3̄m space group) with harmonic atomic vibrations is assumed
over the full temperature range. The flexibility of the CINEL code allowed to explore
disorder or anharmonic oxygen vibrations in the Fm3̄m space group, and to investigate
other local crystalline symmetries for UO2 at elevated temperatures.

Several neutron scattering treatments have also been studied, namely AK (Asymp-
totic Kernel), SVT (Sampling the Velocity of the Target nucleus) at thermodynamic
temperature T and effective temperature Teff, FGM (Free Gas Model), SCT (Short Col-
lision Time approximation). Numerical validations of the studied neutron scattering
treatments with the TRIPOLI-4® code were performed at room temperature for 1H in
1H2O and 16O in UO2. The principle of the SVT algorithm has been validated with
Molecular Dynamics simulations in the case of water molecule. The obtained results
indicate that S(α, β) tables are correctly used by the TRIPOLI-4® code to simulate the
transport of neutrons with energies lying between a few eV and 400kB T . The impor-
tance of using the effective temperature and the improvement of the SCT treatment
for the up-scattering calculations are confirmed.

Keywords: neutron scattering, uranium dioxide, Monte-Carlo simulation.
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Résumé

Les calculs Monte-Carlo de transport des neutrons dans les combustibles nucléaires
dépendent de la structure cristalline et de la dynamique atomique des matériaux.
Dans le cas de dioxyde d’uranium (UO2), lorsque les énergies des neutrons sont
inférieures à quelques eV, la section efficace de diffusion élastique cohérente des
neutrons σel

coh(E ) rend compte de la structure cristalline de UO2 et les lois de diffusion
thermique (TSLs) ou S(α, β) prennent en compte la vibration des atomes de UO2.
Entre quelques eV et 400kB T où kB est la constante de Boltzmann et T représente
la température du matériau, les TSLs ne sont pas disponibles. D’autres traitements
de diffusion des neutrons tels que l’algorithme Sampling the Velocities of the Target
nucleus (SVT) sont adoptés dans les calculs Monte-Carlo.

Dans ce travail, le formalisme théorique permettant de calculer les TSL pour les
matériaux solides cristallins, liquides et gazeux a été étudié. Sur la base de ces équa-
tions théoriques, l’outil de traitement des données CINEL a été développé. CINEL est
capable de générer les TSLs dépendant de la température au format ENDF-6 avec
accélération par processeur graphique (GPU). Les TSLs générés peuvent être traités
ultérieurement pour être utilisés comme bibliothèque de diffusion de neutrons dans
le code Monte-Carlo TRIPOLI-4®.

Les performances des calculs Monte-Carlo sont illustrées par l’analyse des données
de diffraction des neutrons sur UO2 mesurées jusqu’à 1664 K avec les diffractomètres
D4 et D20 de l’Institut Laue-Langevin (Grenoble, France). La comparaison des fonc-
tions de distribution de paires expérimentales et simulées confirme la diminution
inhabituelle des distances atomiques U-O avec l’augmentation de la température
lorsqu’une structure de type “fluorite idéale” (groupe d’espace Fm3̄m) avec des vi-
brations atomiques harmoniques est utilisée. La flexibilité du code CINEL a permis
d’explorer le désordre ou les vibrations anharmoniques de l’oxygène dans le groupe
d’espace Fm3̄m, et d’étudier d’autres symétries cristallines locales pour UO2 à des
températures élevées.

Plusieurs traitements de diffusion des neutrons ont également été étudiés : AK
(Asymptotic Kernel), SVT (Sampling the Velocity of the Target nucleus) à température
thermodynamique T et température effective Teff, FGM (Free Gas Model), SCT (Short
Collision Time approximation). Les validations numériques des traitements de diffu-
sion des neutrons étudiés avec le code TRIPOLI-4® ont été effectuées à température
ambiante pour 1H dans 1H2O et 16O dans UO2. Le principe de l’algorithme SVT a été
validé avec des simulations de dynamique moléculaire dans le cas de la molécule
d’eau. Les résultats obtenus indiquent que les tables S(α, β) sont correctement util-
isées par le code TRIPOLI-4® pour simuler le transport des neutrons avec des énergies
comprises entre quelques eV et 400kB T . L’importance d’utiliser la température ef-
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fective et l’amélioration du traitement SCT pour les calculs de l’up-scattering sont
confirmées.

Mots clés: diffusion de neutron, dioxyde d’uranium, simulation Monte-Carlo.
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1. Introduction – 1.1. Context

1.1. Context
Nuclear energy contributes over 10% of the global electricity production in 2019 (Schnei-
der, Froggatt, Hazemann, et al. 2020), which helps to reduce tremendously the green-
house gas emissions. The energy is released mainly thanks to the fission of heavy
nuclides (e.g., uranium) induced by neutrons. Therefore, the behaviors of neutrons
must be well understood and controlled in order to exploit the nuclear reactors safely
and securely. To this end, neutronic calculation codes have been developed at French
Alternative Energies and Atomic Energy Commission –or Commissariat à l’Énergie
Atomique et aux Énergies Alternatives–(CEA), such as the Monte-Carlo neutron trans-
port code TRIPOLI-4® (E. Brun, F. Damian, Diop, et al. 2015). The neutronic simulations
performed by using the TRIPOLI-4® code rely on the knowledge of the neutron cross
sections, which allow to quantify the neutron-nucleus interactions in the nuclear
reactors.

For most nuclear power reactors, uranium has been used as fuels in the form of
uranium dioxide (UO2). In the Monte-Carlo neutron transport simulations, the total
cross section is a key quantity for computing the distance traveled by the neutron
between two interactions. The total neutron cross sections of uranium (U≡238U) and
oxygen (O≡16O) in UO2 as a function of the incident neutron energy E are the sum of
the partial neutron cross sections:

σtU (E) =σγU (E)+σ fU (E)+σnU (E), (1.1)

σtO (E) =σγO (E)+σnO (E), (1.2)

where the indexes γ, f and n are related to the radiative capture, fission and scattering
reactions, respectively. In the neutronic simulations of nuclear power reactors, the
neutron induced capture, fission and scattering reactions on uranium and oxygen are
routinely calculated in the framework of the R-Matrix theory (Lane and Thomas 1958)
and Doppler broadened at a given temperature T with a Free Gas Model (FGM), whose
validity of the formalism is discussed in Ref. (Noguere, Maldonado, and De Saint Jean
2018).

In this work, special attentions are given to the scattering cross section σn(E) as
a function of temperature. Three distinct models are routinely implemented in the
Monte-Carlo neutron transport code TRIPOLI-4®, to treat the neutron-nucleus elastic
scattering according to the incident neutron energy E (Coveyou, Bate, and Osborn
1956; Zoia, Emeric Brun, Jouanne, et al. 2013). For E lower than a few eV, the neutron
scattering cross section has to be divided in an elastic and inelastic parts, with coherent
and incoherent terms. In the case of neutron induced scattering reactions on UO2, the
incoherent elastic cross section is negligible and the neutron scattering cross section
reduces to:

σn j (E) =σel
coh(E)+σinel

j (E), (1.3)

where j represents the uranium or oxygen atoms in UO2. The first term in Eq. (1.3)
is the coherent elastic scattering cross section which accounts for the crystalline
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structure of UO2. The second term is the inelastic scattering cross section which can
be calculated by integrating its double differential form over the scattered energy E f

and solid angleΩ:

σinel
j (E) =

Ï d2σinel
j (E)

dΩdE f
dE f dΩ, (1.4)

where
d2σinel

j (E)

dΩdE f
is the inelastic double differential cross section (DDXS) of the atom j

in UO2, which can be obtained by the scattering function or dynamic structure factor
S j (~Q,ω). S j (~Q,ω), as a function of the momentum transfer ~~Q and energy transfer
~ω, account for atomic vibration behaviors of the atom j (Squires 2012; Schober 2014).
The dimensionless scattering function or dynamic structure factor S(α, β) is adopted
in the neutron scattering data library used by the TRIPOLI-4® code, in the place of
S(~Q,ω). S(α, β) is called thermal scattering laws (TSLs) with α and β representing
the dimensionless momentum and energy transfers, respectively. The temperature-
dependent σel

coh(E) and S j (α, β) of UO2 can be calculated from the phonon density
of states (PDOS) which characterize the atomic movements and structural dynamics
of UO2. The computed σel

coh(E) and S j (α, β) are stored in ascii files by following the
ENDF-6 format requirements for TSLs (Trkov and D. A. Brown 2018), to prepare the
neutron scattering data libraries used by TRIPOLI-4®.

For E between a few eV and 400kB T (epithermal energy range), where kB is the
Boltzmann constant and T represents the temperature of material, the Sampling the
Velocity of the Target nucleus (SVT) algorithm is used in the Monte-Carlo simulations,
which samples the velocities of the target nuclides from a Maxwell-Boltzmann (M-
B) distribution (Coveyou, Bate, and Osborn 1956; Lux 2018). Nevertheless, the SVT
treatment for heavy nuclides with strong scattering resonances (e.g., 238U) is reported
to be inadequate (Dagan and Broeders 2006; Becker, R. Dagan, and Lohnert 2009).
Stochastic correction methods such as Doppler Broadening Rejection Correction
(DBRC) (Rothenstein and R. Dagan 1995) and Weight Correction Method (WCM) (Lee,
Smith, and Rhodes 2009) have been adopted in the TRIPOLI-4® code to improve the
SVT algorithm.

For E above 400kB T , the Asymptotic Kernel (AK) approximation is used in the
TRIPOLI-4® code. The AK treatment considers the target nuclides at rest, when the
velocities of the nuclides are negligible compared to the incident neutron velocities.

1.2. Motivations
The components of the neutron scattering cross section (Eq. (1.3)) are shown in Fig. 1.1
as a function of E for T = 300 K. The principles of the calculations implemented in
the CINEL code (cf. Chapter 3) are presented in Chapter 2. The comparison with the
neutron elastic scattering cross sections calculated with a FGM approximation (black
curve) highlights the large differences between the formalism (red curve), which
may introduce biases in neutronic calculations. For example, the use of the FGM

30



1. Introduction – 1.3. Objectives

10
−4

10
−3

10
−2

10
−1

10
0

10
1

Incident neutron energy (eV)

10
0

10
1

10
2

10
3

N
e

u
tr

o
n

 s
c
a

tt
e

ri
n

g
 c

ro
s
s
 s

e
c
ti
o

n
 (

b
a

rn
s
)

Inelastic scattering cross section

Coherent elastic scattering cross section

238
U scattering cross section (Free Gas Model)

238
U in UO

2
 scattering cross section

(a)

10
−4

10
−3

10
−2

10
−1

10
0

10
1

Incident neutron energy (eV)

10
0

10
1

10
2

10
3

N
e

u
tr

o
n

 s
c
a

tt
e

ri
n

g
 c

ro
s
s
 s

e
c
ti
o

n
 (

b
a

rn
s
)

Inelastic scattering cross section

Coherent elastic scattering cross section

16
O scattering cross section (Free Gas Model)

16
O in UO

2
 scattering cross section

(b)

Figure 1.1.: Neutron scattering cross sections of 238U in UO2 (a) and 16O in UO2 (b)
as a function of the incident neutron energy at T = 300 K. The coherent
elastic and inelastic scattering cross sections were calculated with the
CINEL code by using equations presented in Sections 2.2.3 and 2.2.5. The
neutron cross sections calculated with the Free Gas Model are plotted for
comparison. The structure observed at 6.6 eV corresponds to the first
s-wave 238U resonance.

approximation, instead of S(α,β) below a few eV, can imply a bias of about 100 pcm
(0.1%) on the neutron multiplication factor keff calculated for integral benchmarks
with UOX fuel. Such a bias cannot be seen as a negligible source of uncertainties, given
that the total uncertainty on the calculated keff should be lower than 500 pcm (0.5%).
Therefore, validating the crystalline effects at the microscopic level is still a necessity
to motivate an update of the neutron scattering treatment in neutronic simulation
schemes.

The atom binding effects can be taken into account by the effective temperature
Teff (Lamb 1939). In the epithermal energy range where the thermal scattering laws
are not available, the important role of Teff needs to be investigated.

1.3. Objectives
The first key point in the present study is to prepare and validate the coherent elastic
neutron scattering cross sections and thermal scattering laws of UO2 as a function
of temperature in ENDF-6 format which can be used in the Monte-Carlo neutron
transport code TRIPOLI-4®.

The second issue is to investigate the neutron scattering treatments involving the
effective temperature in the epithermal energy range by using the TRIPOLI-4® code.
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1.4. Report description
Chapter 2 is dedicated to present the theory of low energy neutron scattering. The
general formalisms of the double differential neutron scattering cross section are
given. The equations allowing to calculate the TSLs for solid crystalline, liquid and
free gas materials are presented.

In Chapter 3, the development of the data processing tool CINEL is shortly presented.
CINEL has been developed in this work to prepare the TSLs of materials in ENDF-6
format. The numerical validations of CINEL performed by using various types of
crystal materials are also presented.

In Chapter 4, the Monte-Carlo neutron transport code TRIPOLI-4® is used to simulate
neutron powder diffraction data on stoichiometric uranium dioxide (UO2) measured
up to 1664 K with the D4 and D20 diffractometers of the Institut Laue-Langevin. The
TSLs of UO2 required for the simulation are calculated by using the CINEL code. The
performances of the Monte-Carlo calculations with the tabulated TSLs are illustrated
with the comparison between the experimental and simulated diffraction patterns
and atomic pair distribution functions.

Chapter 5 is devoted to investigate the neutron scattering with light nuclides having
a non-resonant neutron scattering cross section below 10 eV. The formalisms of AK and
SVT are reviewed and validated. Numerical validations of several neutron scattering
treatments with the TRIPOLI-4® code are performed at room temperature for 1H in
1H2O and 16O in UO2. A special attention will be given to the important role of the
effective temperature Teff.

Finally, general conclusions and perspectives are given at the end of the document.
Two approaches provide additional information on H2O for temperatures varying
from 284 K and 494 K, and UO2 between 300 K and 1675 K.

32



2. Low energy neutron scattering
theory

Summary
2.1 General formalisms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
2.2 Scattering models for solid crystalline materials . . . . . . . . . . . . . . 36

2.2.1 Basic crystallographic quantities . . . . . . . . . . . . . . . . . . . 36
2.2.2 Harmonic, incoherent and cubic approximations . . . . . . . . . 39
2.2.3 Coherent elastic scattering . . . . . . . . . . . . . . . . . . . . . . 41
2.2.4 Incoherent elastic scattering . . . . . . . . . . . . . . . . . . . . . 44
2.2.5 Inelastic scattering . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
2.2.6 Phonon density of states of uranium dioxide calculated by ab

initio lattice dynamics method . . . . . . . . . . . . . . . . . . . . 48
2.3 Scattering models for liquid materials . . . . . . . . . . . . . . . . . . . . 50

2.3.1 Incoherent and Gaussian approximations . . . . . . . . . . . . . 50
2.3.2 Separation and recombination of diffusive and vibrational scat-

tering functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
2.3.3 Phonon density of states of hydrogen bound in the water molecule

calculated by molecular dynamics code GROMACS . . . . . . . . 57
2.3.4 Random jump diffusion and rotational diffusion corrections to

liquid water . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60
2.4 Scattering models for free gas materials . . . . . . . . . . . . . . . . . . . 61
2.5 Short collision time approximation . . . . . . . . . . . . . . . . . . . . . 63
2.6 Preliminary conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

33



2. Low energy neutron scattering theory – 2.1. General formalisms

The low energy neutron scattering theory is well detailed in the literature (Schober
2014; Squires 2012; Cai and T. Kittelmann 2020). The formalism of the neutron scatter-
ing presented in this work is mainly based on these references. The general equations
of the double differential neutron scattering cross section are presented in Section 2.1.
The equations allowing to calculate the TSLs for solid crystalline, liquid and free gas
materials are presented in Sections 2.2, 2.3 and 2.4. The short collision time (SCT)
approximation is presented in Section 2.5. Preliminary conclusions are given in the
last section.

2.1. General formalisms

x

y

z

O

~ki

Φn

~kf

dΩ

φ

θ

Figure 2.1.: Schematic representation of low energy neutron-nucleus scattering. The
incident neutrons characterized by wave vector ~ki and flux Φn arrive
at points O and scatter with the target particles. After interaction, the
outgoing neutrons travel into the direction of ~k f with solid angle dΩ =
sin(θ)dθdφ.

In the low energy neutron range (usually less than a few eV), the scattering of
neutron in materials can be described via the DDXS:

d2σ~ki⇒~k f

dΩdE f
≡ n(dΩ, dE f )

ΦndΩdE f
, (2.1)

where~ki and~k f are respectively the wave vectors of incident and scattered neutrons,
n(dΩ, dE f ) represents the number of neutrons scattered per second into solid angle
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2. Low energy neutron scattering theory – 2.1. General formalisms

dΩwith final energy between E f and E f +dE f , andΦn represents the incident neutron
flux. A schematic representation of the neutron-nucleus scattering is presented in
Fig. 2.1.

For unpolarised neutrons and samples, based on Born approximation or Fermi’s
Golden rule, the DDXS can be obtained by (Schober 2014):

d2σ~ki⇒~k f

dΩdE f
= k f

ki
S(~Q,ω), (2.2)

where ki and k f represent the wavenumbers with k = |~k|, ~~Q is the momentum

transfer of neutron defined by ~~Q ≡ ~(~ki −~k f ) in which ~ is the Planck constant divided
by 2π, ~ω is the energy transfer with ~ω ≡ Ei −E f

1, and S(~Q,ω) is the scattering
function or dynamic structure factor defined by:

S(~Q,ω) ≡ 1

2π~

N∑
j , j ′=1

b j ′b j

∫ ∞

−∞
〈 j ′, j 〉exp(−iωt )dt . (2.3)

In Eq. (2.3), N is the number of particles in the scattering system under considera-
tion, b j represents the scattering length of the particle j , b j is the average value, 〈A〉
represents the operator expectation value in the scattering system, and 〈 j ′, j 〉 (nota-
tion taken from Ref. (Cai and T. Kittelmann 2020), which is referred as intermediate
function in Ref. (Squires 2012)), represents the correlation between the position of the
particle j at time t and the position of the particle j ′ at time 0:

〈 j ′, j 〉 ≡ 〈exp
(−i ~Q · ~R j ′(0)

)
exp

(
i ~Q · ~R j (t )

)〉, (2.4)

where ~R(t ) is the time-dependent Heisenberg operator.
It is assumed that there is no correlation between the scattering lengths and the

positions of the particles in the scattering system (Schober 2014), then

b j ′b j =
{

b j ′ ·b j j 6= j ′

b2
j j = j ′

. (2.5)

Eq. (2.5) enables to decompose the scattering function in Eq. (2.3) into two distinct
parts:

S(~Q,ω) = Scoh(~Q,ω)+Sinc(~Q,ω), (2.6)

where

Scoh(~Q,ω) ≡ 1

2π~

N∑
j , j ′=1

b j ′ ·b j

∫ ∞

−∞
〈 j ′, j 〉exp(−iωt )dt , (2.7)

1Ei represents the incident neutron energy, the subscript i is omitted in this work for the sake of
clarity.
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and

Sinc(~Q,ω) ≡ 1

2π~

N∑
j=1

(
b2

j − (b j )2
)∫ ∞

−∞
〈 j , j 〉exp(−iωt )dt . (2.8)

Scoh(~Q,ω) is the coherent scattering function, representing the correlation between
the positions of the same particle at different time (when j = j ′) and the correlation
between the positions of different particles at different time (when j 6= j ′). Therefore,
Scoh(~Q,ω) gives interference effects (Squires 2012). Sinc(~Q,ω) is the incoherent scat-
tering function, which represents the correlation between the positions of the same
particle at different time. The incoherent scattering does not give interference effects
(there is no terms 〈 j ′, j 〉 for j 6= j ′ in Eq. (2.8)).

Based on Eq. (2.3), the value of the scattering function S(~Q,ω) increases with the
number of particles in the scattering system. In practice, the normalization is per-
formed with respect to the number of particles given by the chemical formula or the
unit cell (Schober 2014). In addition, the principle of detailed balance must be fulfilled
for the scattering function S(~Q,ω) (Schober 2014):

S(~Q, −ω) = exp

(
− ~ω

kB T

)
S(~Q,ω). (2.9)

2.2. Scattering models for solid crystalline
materials

In this section, the general equation of the scattering function S(~Q,ω) is presented in
the case of solid crystalline materials. Some basic crystallographic physical quantities
are briefly presented in Section 2.2.1. Three approximations enabling to obtain the
scattering functions are given in Section 2.2.2. Thanks to these approximations, the
scattering functions for solid crystalline materials can be further decomposed into
coherent elastic, incoherent elastic and inelastic parts, which are presented respec-
tively in Sections 2.2.3, 2.2.4 and 2.2.5. In the last section, some PDOS of uranium
dioxide (UO2) calculated by first-principles are presented for illustration. The model
presented in this section was applied to study the UO2 data measured at the Institut
Laue–Langevin (ILL) facilities (see appendix).

2.2.1. Basic crystallographic quantities
A crystal can be built up by periodically repeating a basic element along three dimen-
sions in space. This basic element is referred as unit cell. For a given crystal, it is
always possible to select a parallelepiped as its unit cell (Cai and T. Kittelmann 2020).
Denote the basic vectors of the parallelepiped as ~a,~b and~c. Conventionally these
vectors are defined by their lengths a, b and c, and the angles between them :

α≡ (~b,~c)
∧

, β≡ (~c,~a)
∧

, γ≡ (~a,~b)
∧

. (2.10)
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The number of atoms within the unit cell is denoted as Nunit cell. The position of the
atom j with 1 ≤ j ≤ Nunit cell is defined by:

~p j = x j~a + y j
~b + z j~c, x j , y j , z j ∈ [0,1]. (2.11)

The set of positions of atoms in the unit cell is denoted as {~p j }. A given crystal can
thus be characterized by the above quantities : a, b, c, α, β, γ and {~p j }.

For illustrating the above physical quantities, the unit cell of stoichiometric uranium
dioxide (UO2) in ideal fluorite structure with Fm3̄m symmetry (space group 225) is
presented in Fig. 2.2a. Twelve atoms (four uranium atoms and eight oxygen atoms)
are included in the cubic unit cell of UO2, whose positions are listed in Table 2.1.

(a) UO2 unit cell (b) UO2 direct lattice

Figure 2.2.: Left hand plot presents the cubic unit cell of UO2: a = b = c and α= β=
γ= 90°. Blue and red spheres represent respectively uranium and oxygen
atoms. The coordinations of U and O are presented: each U is surrounded
by eight O atoms whereas each O is surrounded by four U atoms. UO2

is in ideal fluorite structure with uranium atoms located in the vertices
of twelve edges and in the center of six faces of the unit cell, and oxygen
atoms located in the eight tetrahedral holes between the uranium atoms.
Right hand plot shows the direct lattice of UO2, which is further explained
in the text. The drawings of these two figures are with the aid of the Crystal
Toolkit in the Materials Project (Ong, Richards, Jain, et al. 2013).

As mentioned before, a crystal can be built up by repeating its unit cell along three
dimensions, therefore it can be defined as a set of points at positions ~p j +~Rmno with

~Rmno = m~a +n~b +o~c, m, n, o ∈Z, (2.12)
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Table 2.1.: Positions of uranium and oxygen atoms in the unit cell of UO2 with Fm3̄m
symmetry (Ong, Richards, Jain, et al. n.d.).

Atom j
~p j

x y z

U 1 0 0 0
U 2 0 1/2 1/2
U 3 1/2 0 1/2
U 4 1/2 1/2 0
O 5 1/4 3/4 3/4
O 6 1/4 1/4 3/4
O 7 1/4 1/4 1/4
O 8 1/4 3/4 1/4
O 9 3/4 3/4 1/4
O 10 3/4 1/4 1/4
O 11 3/4 1/4 3/4
O 12 3/4 3/4 3/4

for 1 ≤ j ≤ Nunit cell and all integers m, n and o.
This set of points is referred as direct lattice. Plans passing through discrete points

in the direct lattice are characterized by a unit vector ~n which is perpendicular to the
plans, and the distance between two successive plans. This distance is called inter-
planar spacing d in the literature. Fig. 2.2b shows the direct lattice of UO2 with Fm3̄m
symmetry for illustration. The horizontal plans passing through points occupied
by oxygen atoms (red spheres) have inter-planar spacing which is equal to the O-O
distance.

The classification of the plans passing through points in the direct lattice is crucial
in the analysis of particle diffraction with crystal. To this end, the reciprocal lattice is
introduced, which is the Fourier transform of the direct lattice. The basic vectors of
the reciprocal lattice is given by:

~τa = 2π

Vunit cell
(~b ×~c), ~τb = 2π

Vunit cell
(~c ×~a), ~τc = 2π

Vunit cell
(~a ×~b), (2.13)

where Vunit cell =~a · (~b ×~c) is the unit cell volume.
Points in the reciprocal lattice are discrete. For the point (h, k, l ), we have:

~τhkl = h~τa +k~τb + l~τc , (2.14)

and
τhkl = ‖~τhkl‖. (2.15)

It can be shown that ~τhkl corresponds to the plan hkl in the direct lattice. The
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interplanar spacing dhkl of plan hkl satisfies

dhkl =
2π

τhkl
. (2.16)

To illustrate the signification of the reciprocal lattice, the basic vectors presented in
Eq.( 2.13) for UO2 are given by:

~τa = 2π

a
~ex , ~τb = 2π

a
~ey , ~τc = 2π

a
~ez , (2.17)

where~ex ,~ey and~ez are orthonormal vectors along x, y and z direction, respectively.

2.2.2. Harmonic, incoherent and cubic approximations
For solid crystalline materials, the operator representing the position of atom ~R(t ) in
the intermediate function (Eq. (2.4)) can be represented as the displacement of the
atom ~u(t ) from its equilibrium position ~d at time t :

~R(t ) = ~d +~u(t ). (2.18)

In addition, the equilibrium position ~d is a simple vector, which commutes with all
the operators. Hence, the intermediate function can be obtained by:

〈 j ′, j 〉 = exp
(
−i ~Q · (~d j ′ − ~d j )

)
〈exp

(−i ~Q ·~u j ′(0)
)

exp
(
i ~Q ·~u j (t )

)〉. (2.19)

For practical purposes, it is desired to permute the exponential and the operator ex-
pectation in 〈exp

(−i ~Q ·~u j ′(0)
)

exp
(
i ~Q ·~u j (t )

)〉 in Eq. (2.19). To this end, the harmonic
approximation is supposed, in which atoms are assumed to have harmonic vibrations,
i.e., the interatomic forces are linear with respect to the displacements of atoms and all
the higher terms related to the anharmonic vibrations are neglected. The intermediate
function 〈 j ′, j 〉 in Eq. (2.19) becomes:

〈 j ′, j 〉 = exp
(
−i ~Q · (~d j ′ − ~d j )

)
exp

(−W j ′(~Q)
)

exp
(−W j (~Q)

)
exp

(〈(~Q ·~u j ′(0))(~Q ·~u j (t ))〉),
(2.20)

where W j (~Q) is the Debye-Waller function, which measures the mean-squared dis-
placement (MSD) of the atom j along the direction ~Q:

W j (~Q) = 1

2
〈(~Q ·~u j (0))2〉. (2.21)

Note that corrections related to the anharmonic effects can be lately introduced
to the intermediate function in Eq. (2.20), in the case of small atomic displacements
compared to interatomic distances.

In Eq. (2.20), 〈(~Q ·~u j ′(0))(~Q ·~u j (t ))〉 represents the correlation of linear displacement

along ~Q of two atoms at different time. It is theoretically difficult to predict this
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correlation for distinct atoms j 6= j ′. Thus, in this work, a widely used approximation
is utilized, called incoherent approximation, in which the correlation is neglected for
inelastic scattering, i.e.,

〈(~Q ·~u j ′(0))(~Q ·~u j (t ))〉 = 0 if j 6= j ′. (2.22)

For j = j ′, the last term in Eq. (2.20) does not vanish. Its computation is quite
difficult (〈(~Q ·~u j (0))(~Q ·~u j (t ))〉). To circumvent this difficulty, the cubic approximation
is used in this work. It assumes that for atoms of a solid crystalline material under
consideration, the interatomic forces along all directions are isotropic. Under the
cubic approximation, we have:

〈(~Q ·~u j (0))(~Q ·~u j (t ))〉 = ~Q2

2M j

∫ ∞

0

ρ j (ω)

ω

(
coth

( ~ω
2kB T

)
cos(ωt )+ i sin(ωt )

)
dω, (2.23)

where M j is the mass of the atom j , kB is the Boltzmann constant, T is the temper-
ature of the material under consideration, ρ j (ω) represents the PDOS of the atom j
satisfying ∫ ∞

0
ρ j (ω)dω= 1. (2.24)

The cubic approximation has the considerable merit that it enables to connect the
PDOS of atoms to their dynamics. By utilizing the symmetry of the PDOS versus ω,
i.e., ρ j (−ω) = ρ j (ω), Eq. (2.23) can be rewritten as:

〈(~Q ·~u j (0))(~Q ·~u j (t ))〉 = ~2Q2

2M j kB T

∫ ∞

−∞
P j (ω)exp(iωt )dω, (2.25)

where

P j (ω) = ρ j (ω)

2~ω
kB T

sinh

( ~ω
2kB T

) exp

( ~ω
2kB T

)
. (2.26)

An important condition emerges from Eqs. (2.25) and (2.26): ρ j (ω) must vary as ω2

as ω goes to zero, to ensure the convergence of the temperature-dependent function
P j (ω). The integral of P j (ω) provokes the Debye-Waller coefficientΛ j (T ) (Macfarlane,
Muir, Boicourt, et al. 2017):

Λ j (T ) =
∫ ∞

−∞
P j (ω)dω. (2.27)

Based on Eqs. (2.21) and (2.25), the Debye-Waller function W j (~Q) represents the
dynamics of the atom j at t = 0. In addition to Eq. (2.27), W j (~Q) can be expressed by
the corresponding Debye-Waller coefficientΛ j (T ) as:

W j (~Q) = ~2Q2

4M j kB T
Λ j (T ). (2.28)
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Another widely used physical quantities representing the atomic dynamics are the
MSD and the B-factor. The MSD and the B-factor B j of the atom j are respectively
given by:

MSD j = ~2

2M j kB T
Λ j (T ), (2.29)

and

B j = 8π2MSD j = 4π2~2

M j kB T
Λ j (T ). (2.30)

Thus, under the cubic approximation, the Debye-Waller function W j (~Q) can be
determined by:

W j (~Q) = ~2Q2

4M j kB T
Λ j (T ) = Q2

2
MSD j = Q2

16π2
B j . (2.31)

Based on the incoherent and cubic approximations, the dynamic term 〈(~Q ·~u j (0))(~Q ·
~u j (t ))〉 and the Debye-Waller function W j (~Q) in the intermediate function (Eq. (2.20))
can be obtained with Eqs. (2.25) and (2.31), respectively. The following step consists of
expanding exp

(〈(~Q ·~u j (0))(~Q ·~u j (t ))〉) in Eq. (2.20) in a Taylor series:

exp
(〈(~Q ·~u j (0))(~Q ·~u j (t ))〉)= ∞∑

n=0

1

n!

(〈(~Q ·~u j (0))(~Q ·~u j (t ))〉)n
. (2.32)

Eq. (2.32) is referred to phonon expansion, originally introduced by Sjölander (Sjolan-
der 1958). The first term n = 0 corresponds to elastic scattering (no energy exchange
between the incident neutron and the system under consideration). The terms n ≥ 1
represent inelastic scattering contributions.

The cross sections of the coherent elastic scattering, incoherent elastic scattering
and inelastic scattering are presented in the following sections.

2.2.3. Coherent elastic scattering
This part presents the coherent elastic scattering function Sel

coh(~Q,ω), which corre-
sponds to the zero phonon term in Eq. (2.32). Given that the Fourier transform of a
constant function is a Dirac delta function:∫ ∞

−∞
exp(−iωt )dt = 2πδ(ω), (2.33)

and thanks to Eqs. (2.7), (2.20) and (2.32), the coherent elastic scattering function
Sel

coh(~Q,ω) is given by:

Sel
coh(~Q,ω) = δ(ω)

~

Nunit cell∑
j , j ′=1

b j ·b j ′ exp
(
−i ~Q · (~d j ′ − ~d j )

)
exp

(−W j ′(~Q)
)

exp
(−W j (~Q)

)
.

(2.34)

41



2. Low energy neutron scattering theory – 2.2. Scattering models for solid crystalline
materials

Considering a crystal with the notations presented in Section 2.2.1, Sel
coh(~Q,ω) can

be rewritten as:

Sel
coh(~Q,ω) = (2π)3δ(ω)

~Vunit cell

∑
hkl

δ(~Q −~τhkl ) |F (~τhkl )|2 , (2.35)

where Vunit cell is the unit cell volume,~τhkl corresponds to the plan hkl in the direct
lattice, which can be obtained by Eqs. (2.13) and (2.14), respectively. F (~τhkl ) is the
form factor of the unit cell, given by:

F (~τhkl ) =
Nunit cell∑

j=1
b j exp

(−W j (~τhkl )
)

exp
(
i~τhkl ·~p j

)
, (2.36)

where ~p j represents the positions of atoms in the unit cell.
In this work, crystal powders in which the grains are uniformly and randomly

oriented are considered. For a given lattice plan indexed hkl ,~τhkl is hence isotropic
to the momentum transfer ~Q. Then

δ(~Q −~τhkl ) = 1

4π

∫
dΩδ(~Q −~τhkl ). (2.37)

Thanks to the property of the Dirac function
∫

dΩδ(~r −~a) = 2a−1δ(r 2 − a2) and
Eq. (2.16), Eq. (2.37) can be rewritten as:

δ(~Q −~τhkl ) = dhkl

(2π)2
δ(Q2 −τ2

hkl ). (2.38)

Based on Eqs. (2.35) and (2.38), the coherent elastic scattering function Sel
coh(~Q,ω) is

isotropic along the azimuthal direction φ for crystal powders with randomly oriented
grains. Then Sel

coh(~Q,ω) = Sel
coh(Q,ω) and

Sel
coh(Q,ω) = 2πδ(ω)

~Vunit cell

∑
hkl

δ(Q2 −τ2
hkl )dhkl |F (~τhkl )|2 . (2.39)

For elastic neutron scattering, the wavenumber and the energy of neutron remain
the same. Then we have: k = ki = k f and E = E f . If θ is the angle between the incident

wave vector ~ki and the scattered wave vector ~k f , we have:

Q = 2k sin

(
θ

2

)
. (2.40)

Eq. (2.39) shows that the coherent elastic neutron scattering by a given lattice plan
indexed by hkl can only happen (Sel

coh(Q,ω) > 0) when the momentum transfer Q
satisfies Q = τhkl . Therefore, the happening of the coherent elastic scattering in the
plan hkl for a given neutron with wavenumber k necessitates that the maximum
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momentum transfer Qmax is larger than τhkl , i.e.,

Qmax ≥ τhkl . (2.41)

Based on Eq. (2.40), Qmax = 2k when the neutron moves in the opposite direction
after scattering (θ =π). Hence, Eq. (2.41) can be rewritten as:

2k ≥ τhkl . (2.42)

The coherent elastic scattering described by Eq. (2.35) is referred to Bragg diffraction,
and the condition in Eq. (2.42) is referred to Bragg condition.

Since E = ~2k2/(2m) where m is the neutron mass, Eq. (2.42) can be rewritten as:

E ≥ Ehkl , (2.43)

where
Ehkl = ~2τ2

hkl /(8m), (2.44)

represents the “Bragg Edges" for the plan hkl .
Since we have:

Q2 =4k2 sin2(
θ

2
),

=2k2(1−cos(θ)),

=2k2(1−µ),

=4m

~2
E(1−µ), (2.45)

where µ= cos(θ), then

δ(Q2 −τ2
hkl ) = δ

(
4m

~2
E(1−µ)− 8m

~2
Ehkl

)
. (2.46)

In addition to the property of the Dirac function δ(ax) = |a|−1δ(x), we have:

δ(Q2 −τ2
hkl ) = ~2

4mE
δ(µ−µhkl ), (2.47)

where µhkl is the cosine of the diffraction angle θhkl for plan (hkl ), which can be
obtained by:

µhkl = cos(θhkl ) = 1−2Ehkl /E . (2.48)

By replacing Eq. (2.47) in Eq. (2.39), then by replacing Eq. (2.39) in (2.2) and integrat-
ing along the azimuthal direction φ, the double differential coherent elastic scattering
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cross section per atom is given by:

d2σel
coh

dµdE f
= π2~δ(ω)

mNVunit cellE

E≥Ehkl∑
hkl

δ(µ−µhkl )dhkl |F (~τhkl )|2 . (2.49)

By integrating Eq. (2.49) over E f , the angular differential coherent elastic scattering
cross section is given by:

dσel
coh

dµ
(E) = π2~2

mNVunit cellE

E≥Ehkl∑
hkl

δ(µ−µhkl )dhkl |F (~τhkl )|2 . (2.50)

By integrating Eq. (2.50) overµ= cos(θ), the integrated coherent elastic cross section
per atom for crystal powder in which the grains are randomly distributed is:

σel
coh(E) = π2~2

mNVunit cellE

E≥Ehkl∑
hkl

dhkl |F (~τhkl )|2 , (2.51)

where F (~τhkl ) can be written by inserting in Eq. (2.36) the Debye-Waller function
(Eq. (2.28)) obtained thanks to the cubic approximation:

F (~τhkl ) =
Nunit cell∑

j=1
b j exp

(
− ~2τ2

hkl

4M j kB T
Λ j (T )

)
exp

(
i~τhkl ·~p j

)
. (2.52)

The coherent elastic neutron scattering cross section σel
coh(E) for uranium dioxide

(UO2) is illustrated in Fig. 1.1 (green curves). σel
coh(E ) is zero until the incident neutron

energy E reaches the value of the first Bragg Edge Ehkl (Bragg condition Eq.( 2.43)).
The first Bragg Edge (determined by the lattice plans indexed (111) of UO2) appears at
about 2 meV for UO2. After the first Bragg Edge, σel

coh(E) begins to decrease with the

1/E tendency until the second Bragg Edge. σel
coh(E) is increased at this energy thanks

to the contributions of new lattice plans of UO2. This kind of behavior continues until
E reaches a threshold (around 1 eV for UO2). After this energy, σel

coh(E) reaches the
asymptotic 1/E decrease.

2.2.4. Incoherent elastic scattering
The incoherent elastic scattering function Sel

inc(~Q,ω) is obtained thanks to Eqs. (2.8),
(2.20), (2.28), (2.32) and (2.33), which is given by:

Sel
inc(~Q,ω) =

Nunit cell∑
j=1

Sel
inc, j (~Q,ω), (2.53)
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where Sel
inc, j (~Q,ω) represents the incoherent elastic scattering function of the atom j :

Sel
inc, j (~Q,ω) = δ(ω)

~

(
b2

j − (b j )2
)

exp

(
− ~2Q2

2M j kB T
Λ j (T )

)
. (2.54)

Eqs. (2.53) and (2.54) indicate that the incoherent elastic scattering function of a
solid crystalline material can be obtained by summing the partial scattering func-
tions of all the atoms in the unit cell. In addition, under the cubic approximation,
Sel

inc, j (~Q,ω) is a function of Q2, therefore, Sel
inc, j (~Q,ω) = Sel

inc, j (Q,ω). Sel
inc, j (Q,ω) is

isotropic along the azimuthal direction φ (Eq. (2.45)). By replacing Eq. (2.45) in
Eq. (2.54), then by replacing the obtained equation in Eq. (2.2) and finally integrating
over φ, the double differential incoherent elastic scattering cross section of the atom j
is given by:

d2σel
inc, j

dµdE f
= 2π

~
δ(ω)

(
b2

j − (b j )2
)

exp

(
−2E(1−µ)

A j kB T
Λ j (T )

)
, (2.55)

where A j = M j /m is ratio of the mass of the atom j to the neutron mass.
The angular differential incoherent elastic scattering cross section can be obtained

by integrating the Eq. (2.55) over E f :

dσel
inc, j

dµ
(E) =

∫ ∞

0
dE f

2π

~
δ(ω)

(
b2

j − (b j )2
)

exp

(
−2E(1−µ)

A j kB T
Λ j (T )

)
, (2.56)

= σinc, j

2
exp

(
−2E(1−µ)

A j kB T
Λ j (T )

)
, (2.57)

where σinc, j is the bound incoherent scattering cross section of the atom j :

σinc, j = 4π
(
b2

j − (b j )2
)

. (2.58)

Then the total incoherent elastic scattering cross section of the atom j can be
obtained by integrating Eq. (2.57) over µ:

σel
inc, j (E) =

∫ 1

−1
dµ

σinc, j

2
exp

(
−2E(1−µ)

A j kB T
Λ j (T )

)
, (2.59)

= A j kB T

4EΛ j (T )

(
1−exp

(
−4EΛ j (T )

A j kB T

))
σinc, j . (2.60)

Eq. (2.60) shows that the incoherent elastic scattering cross section of a given atom
j is determined by its Debye-Waller coefficientΛ j (T ). The incoherent elastic scatter-
ing cross section σel

inc(E) of H in ice Ih at 233 K (red curve) taken from the JEFF-3.3
evaluations (Plompen, Cabellos, De Saint Jean, et al. 2020) is presented in Fig. 2.3 for
illustration. σel

inc(E) of H in ice Ih varies smoothly with the incident neutron energy.
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Figure 2.3.: JEFF-3.3 incoherent elastic (red curve), inelastic (blue curve) and total
(green curve) neutron scattering cross sections for H in ice Ih at 233
K (Plompen, Cabellos, De Saint Jean, et al. 2020).

2.2.5. Inelastic scattering
The inelastic scattering function Sinel(~Q,ω) can be obtained by summing the coherent
and incoherent inelastic scattering functions, under the incoherent approximation
and cubic approximations and thanks to Eqs. (2.7), (2.8), (2.20) and (2.32). Sinel(~Q,ω)
is given by:

Sinel(~Q,ω) = Sinel
coh(~Q,ω)+Sinel

inc (~Q,ω), (2.61)

=
Nunit cell∑

j=1
Sinel

j (~Q,ω), (2.62)

where Sinel
j (~Q,ω) is the inelastic scattering function of the atom j :

Sinel
j (~Q,ω) = 1

2π~
b2

j exp

(
− ~2Q2

2M j kB T
Λ j (T )

)
×

∞∑
n=1

1

n!

∫ ∞

−∞

( ~2Q2

2M j kB T

∫ ∞

−∞
P j (ω′)exp

(
iω′t

)
dω′

)n

exp(−iωt )dt .

(2.63)

Eqs. (2.62) and (2.63) indicate that under the incoherent approximation, the inelas-
tic scattering function Sinel(~Q,ω) of a solid crystalline material can be obtained by
summing the partial scattering function of all the atoms in the unit cell. In addition,
Sinel

j (~Q,ω) is a function of Q2 based on the cubic approximation. Thus Sinel
j (~Q,ω) is
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isotropic for the momentum transfer, i.e., Sinel
j (~Q,ω) = Sinel

j (Q,ω). Sinel
j (Q,ω) is given

by:

Sinel
j (Q,ω) = 1

~
b2

j exp

(
− ~2Q2

2M j kB T
Λ j (T )

) ∞∑
n=1

1

n!

( ~2Q2

2M j kB T
Λ j (T )

)n

T j ,n(ω), (2.64)

where

T j ,n(ω) = 1

2π

∫ ∞

−∞
ηn

j (t )exp(−iωt )dt , (2.65)

where

η j (t ) = 1

Λ j (T )

∫ ∞

−∞
P j (ω′)exp

(
iω′t

)
dω′. (2.66)

The double integral terms T j ,n(ω) is computed by recurrence (Sjolander 1958). For
n = 1,

T j ,1(ω) = 1

Λ j (T )

∫ ∞

−∞
P j (ω′)

(
1

2π

∫ ∞

−∞
exp

(−i (ω−ω′)t
)
dt

)
dω′ = 1

Λ j (T )
P j (ω). (2.67)

Thus

Sinel
j ,n=1(Q,ω) = 1

~
b2

j exp

(
− ~2Q2

2M j kB T
Λ j (T )

) ~2Q2

2M j kB T
P j (ω). (2.68)

For n ≥ 2, ηn(t ) = η(t )ηn−1(t ), and by applying the convolution theorem for Fourier
transform,

T j ,n(ω) =
∫ ∞

−∞
T j ,1(ω′)T j ,n−1(ω−ω′)dω′. (2.69)

The integral of T j ,1(ω) over [−∞;∞] is equal to 1 (Eqs. (2.27) and (2.67)). By applying
the Fubini’s theorem, the integral of T j ,n(ω) in Eq. (2.69) is also equal to 1 for n ≥ 2.
This property is referred as normalization condition (Macfarlane, Muir, Boicourt, et al.
2017), which serves for the verification of calculation. T j ,n(ω) is computed until a
given order Nphonon, which is referred to phonon expansion order.

Note that based on Eq. (2.66), we have:

η j (−t ) = η j (t + i~
kB T

). (2.70)

By replacing Eq. (2.70) in Eq. (2.65), we obtain:

T j ,n(−ω) = exp

(
− ~ω

kB T

)
T j ,n(ω). (2.71)

By replacing Eq.( 2.71) in Eq. (2.64), we have:

Sinel
j (Q, −ω) = exp

(
− ~ω

kB T

)
Sinel

j (Q,ω). (2.72)

Therefore, the principle of detailed balance (Eq. (2.9)) is satisfied. The double
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differential inelastic scattering cross section of the atom j is given by:

d2σinel
j

dΩdE f
=

√
E f

E
Sinel

j (Q,ω). (2.73)

In Monte-Carlo neutron transport codes (Goorley, James, Booth, et al. 2012; E. Brun,
F. Damian, Diop, et al. 2015; Leppänen, Pusa, Viitanen, et al. 2015), dimensionless
TSLs S(α, β) are used in the place of S(~Q,ω). Eq. (2.73) can be rewritten as:

d2σinel
j

dΩdE f
= σb, j

4πkB T

√
E f

E
Sinel

j (α j , β), (2.74)

where σb, j = 4πb2
j is the bound scattering cross section of the atom j and

Sinel
j (α j , β) = exp

(−α jΛ j (T )
)Nphonon∑

n=1

1

n!
(α jΛ j (T ))nT j ,n(β), (2.75)

with

α j = ~2Q2

2M j kB T
= E +E f −2µ

√
EE f

A j kB T
, (2.76)

β=− ~ω
kB T

= E f −E

kB T
, (2.77)

where A j is ratio of the mass of the atom j to the neutron mass.

2.2.6. Phonon density of states of uranium dioxide
calculated by ab initio lattice dynamics method

In the previous sections, it is noted that the PDOS is the key element for the determi-
nation of the coherent elastic neutron scattering cross section σel

coh(E) and the TSLs
S(α, β) for solid crystalline materials in the framework of the harmonic, incoherent
and cubic approximations with the phonon expansion method.

In this part, special attention will be given to stoichiometric uranium dioxide (UO2)
in solid crystalline phase, and above the Néel temperature (TN = 30.8).

Until recently, TSLs for reactor applications were obtained with the PDOS of ura-
nium in uranium dioxide (U in UO2) and that of oxygen in uranium dioxide (O in UO2),
resulting from the semi-empirical lattice dynamics model developed by Dolling et al.
in the 1960s (Dolling, Cowley, and Woods 1965). To improve the description of the
atomic vibrational motions of UO2, Wormald et al. generate the PDOSs of U in UO2

and O in UO2 for the latest ENDF/B-VIII.0 database, via ab initio lattice dynamic meth-
ods (Wormald, N. C. Fleming, A. I. Hawari, et al. 2021). They use a method that relies
on electronic structure calculations of UO2 via the spin-polarized density functional
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theory (DFT) using the generalized gradient approximation (GGA) with a Hubbard
model in the VASP code (Kresse and Furthmüller 1996b; Kresse and Furthmüller
1996a). The obtained interatomic forces are then utilized in the lattice dynamics
code PHONON (K. Parlinski, Li, and Kawazoe 1997; Krzysztof Parlinski 1999). Ab initio
calculations of PDOS of UO2 were also performed by Maldonado et al. at the Uppsala
University by using the VASP code within the GGA and Hubbard correction (Noguere,
Maldonado, and De Saint Jean 2018). The lattice dynamics calculations were per-
formed with the finite-displacement method by using the PHONONPY code (Togo and
Tanaka 2015).

The PDOS of UO2 obtained by Wormald et al. (Wormald, J. L. and Hawari, A. I. 2016)
and Maldonado et al. (Noguere, Maldonado, and De Saint Jean 2018) are presented in
Fig. 2.4. The first two peaks of the PDOS of UO2 correspond to the acoustic modes of
the uranium atoms. The peak at nearly 10 meV corresponds to the transverse acoustic
(TA) mode while the peak at nearly 20 meV corresponds to the longitudinal acoustic
(LA) mode. The peaks at nearly 30 meV, 55 meV and 70 meV are dominated by the
optical modes of the oxygen atoms. The peak at roughly 30 meV stems from the
transverse and longitudinal (TO1, LO1) optical modes. The peak at nearly 55 meV
corresponds to the transverse optical mode (TO2) and the last peak at nearly 70 meV
corresponds to the longitudinal optical mode (LO2).
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Figure 2.4.: Ab initio phonon density of states (PDOS) of UO2 at T = 0 K (Wormald,
J. L. and Hawari, A. I. 2016) and T = 294 K (Noguere, Maldonado, and
De Saint Jean 2018). The corresponding modes of the peaks of the PDOS
are presented in the text.

Compared to the semi-empirical lattice dynamics model developed by Dolling et al. (Dolling,
Cowley, and Woods 1965), ab initio lattice dynamics calculations enable to achieve
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a better agreement with the experimental phonon dispersion curves and the PDOS
of UO2 at room temperature (Wormald, N. C. Fleming, A. I. Hawari, et al. 2021). At
elevated temperatures, the theoretical descriptions of the anharmonicity effects are
still an issue debated in the literature.

2.3. Scattering models for liquid materials

In this section, the general equation of the scattering function S(~Q,ω) is presented in
the case of liquid materials. The approximations that enable to connect the scattering
function S(~Q,ω) to the width function w(t) are discussed in Section 2.3.1. In Sec-
tion 2.3.2, the width function w(t ) is further separated as a diffusive and a vibrational
parts to take into account different atomic motions of liquid materials. On one hand,
the separated diffusive scattering function Sdiff(~Q,ω) based on the Egelstaff-Schofield
diffusion model is presented. On the other hand, the calculations of the vibrational
scattering function Svib(~Q,ω) by using the phonon expansion method are summarized
by analogy with solid crystalline materials. At the end of Section 2.3.2, the recombina-
tion of the diffusive and vibrational scattering functions is presented. The PDOS of
hydrogen bound in water molecule (H in H2O) obtained by molecular dynamics (MD)
calculations is presented in Section 2.3.3. The last section is devoted to present the
corrections of random jump diffusion (RJD) and rotational diffusion applied to water
molecules. The model presented in this section was applied to study a few water data
measured at the ILL facilities (see appendix).

2.3.1. Incoherent and Gaussian approximations
The double differential neutron scattering cross section as a function of the scattering
function S(~Q,ω) in Eq. (2.2) is introduced by Van Hove (Van Hove 1954), as well as the
generalized pair distribution function G(~r , t). For the sake of clarity, the scattering
system is supposed to be composed of one single type of particles in Ref. (Van Hove
1954). Although the monatomic scattering system is a simplified model, the obtained
results can be easily extended to the liquid materials with multiple types of atoms.

By distinguishing the contribution from the same particle to different particles, Van
Hove split G(~r , t ) into a self part Gs(~r , t ) and a distinct part Gd (~r , t ):

G(~r , t ) =Gs(~r , t )+Gd (~r , t ). (2.78)

For a given particle at position~r and time t , Gs(~r , t )d~r dt represents the probability
of finding the same particle between ~r and ~r +d~r in a time interval t and t +dt .
Similarly, Gd (~r , t )d~r dt is the probability of finding a distinct particle between~r and
~r +d~r in a time interval t and t +dt .

The scattering function S(~Q,ω) is a two-fold Fourier transform of the generalized
pair distribution function G(~r , t) (Van Hove 1954). As introduced in Section 2.1,
the coherent scattering includes the interference effects among different particles.
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Hence, the distinct part Gd (~r , t ) will only appear in the coherent scattering function
Scoh(~Q,ω). Eqs. (2.7), (2.8) and (2.78) enable to obtain the coherent and incoherent
scattering functions for liquid materials composed of a single type of atoms:

Scoh(~Q,ω) = N

2π~
(b)2

∫ ∞

−∞

(∫
V

(Gs(~r , t )+Gd (~r , t ))exp
(
i ~Q ·~r )

d~r

)
exp(−iωt )dt , (2.79)

and

Sinc(~Q,ω) = N

2π~

(
b2 − (b)2

)∫ ∞

−∞

(∫
V

Gs(~r , t )exp
(
i ~Q ·~r )

d~r

)
exp(−iωt )dt , (2.80)

where V is the volume of the scattering system.
Since it is difficult to predict theoretically the contribution from the distinct part,

we use the incoherent approximation, as for solid crystalline materials:

Gd (~r , t )) ∼= 0. (2.81)

Under the incoherent approximation, Gd (~r , t ) vanishes and hence Eqs. (2.79) and (2.80)
can be combined to obtain the normalized scattering function for liquid materials
S(~Q,ω):

S(~Q,ω) = 1

2π~
b2

∫ ∞

−∞
〈 j , j 〉s exp(−iωt )dt , (2.82)

where 〈 j , j 〉s is the self intermediate function (Squires 2012):

〈 j , j 〉s =
∫

V
Gs(~r , t )exp

(
i ~Q ·~r )

d~r . (2.83)

To obtain an analytical form of Gs(~r , t), Vineyard (Vineyard 1958) suggests an ap-
proximation, called Gaussian approximation, which enables to decouple~r and t :

Gs(~r , t ) ∼= (2π)−3/2w−3(t )exp
(−r 2/2w 2(t )

)
. (2.84)

Under the Gaussian approximation, with respect to a given particle at~r and t , the
probability of finding the same particle at position ~r ′ follows a Gaussian distribution.

This Gaussian distribution is a function of
∥∥∥~r −~r ′

∥∥∥ and its half width at half maximum

(HWHM)
p

2ln2w(t) is a function of t . w(t) is the width function and 3w 2(t) is the
MSD of the particle after time t .

By replacing Eq. (2.84) in Eq. (2.83) and by applying the theorem for Fourier trans-
form of Gaussian functions, the self intermediate function for liquid materials 〈 j , j 〉s

is given by:
〈 j , j 〉s = exp

(−Q2w 2(t )/2
)
. (2.85)

Eq. (2.85) shows that S(~Q,ω) under the Gaussian approximation is a function of Q2,
thus the self part is isotropic for the momentum transfer, i.e., S(~Q,ω) = S(Q,ω).

As shown in Eq. (2.85), the width function w(t ) is the key ingredient to determine
the intermediate function and then the scattering function. The width functions
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for several simple models such as perfect gas and diffusing atom are reported in
Vineyard’s paper (Vineyard 1958). Later, Rahman, Singwi and Sjölander suggest in
their co-authored paper (Rahman, Singwi, and A. Sjölander 1962) an approximated
width function for Gs(~r , t ):

w 2(t ) = ~
M

∫ ∞

0

f (ω)

ω

(
coth

( ~ω
2kB T

)
(1−cos(ωt ))− i sin(ωt )

)
dω, (2.86)

where M is the mass of the nucleus, kB is the Boltzmann constant, T is the tempera-
ture of the liquid. Eq.( 2.86) is based on the fluctuation-dissipation theorem obtained
by Schofield (Schofield 1960), which relates the real and imaginary parts of the gen-
eralized pair distribution function. In Ref. (Rahman, Singwi, and A. Sjölander 1962),
f (ω) is named the frequency spectrum of the velocity autocorrelation function (VACF)
in analogy with the case of a solid, which is referred to eigen-frequency function in
the literature (Yuwei Zhu 2018), satisfying:∫ ∞

0
f (ω)dω= 1. (2.87)

2.3.2. Separation and recombination of diffusive and
vibrational scattering functions

Eqs. (2.82), (2.85) and (2.86) indicate that under the Gaussian approximation, the scat-
tering function S(Q,ω) of a liquid can be calculated via the eigen-frequency function
f (ω). Nevertheless, it is difficult to determine f (ω) analytically for a liquid system. To
solve this problem, a separation technique is conventionally used, by decomposing
the square of the width function, i.e., the MSD, into a diffusive and a vibrational parts

w 2(t ) = w 2
diff(t )+w 2

vib(t ). (2.88)

The diffusive scattering function Sdiff(Q,ω) and the vibrational scattering function
Svib(Q,ω) can thus be determined respectively by using Eqs. (2.82) and (2.85):

Sdiff(Q,ω) = 1

2π~
b2

∫ ∞

−∞
exp

(−Q2w 2
diff(t )/2

)
exp(−iωt )dt , (2.89)

and

Svib(Q,ω) = 1

2π~
b2

∫ ∞

−∞
exp

(−Q2w 2
vib(t )/2

)
exp(−iωt )dt . (2.90)

Then S(Q,ω) is obtained by recombining these two components. According to the
convolution theorem for Fourier transform, the recombined scattering function can
be obtained by convoluting the diffusive with the vibrational scattering functions:

S(Q,ω) = ~
b2

∫ ∞

−∞
Sdiff(Q,ω′)Svib(Q,ω−ω′)dω′ (2.91)
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where ~/b2 is a scale coefficient.
For the diffusive part, it exists several representative models in the literature (Squires

2012; Vineyard 1958; P. A. Egelstaff and Schofield 1962; Márquez Damián, J. Granada,
Cantargi, et al. 2016). For each of these models, an analytical width function wdiff(t ) is
proposed to interpret the diffusion behavior of the liquid. In this work, the Egelstaff-
Schofield diffusion model (P. A. Egelstaff and Schofield 1962) is investigated, in which

w 2
diff(t ) = 2~D

kB T

√(
tkB T

~

)2

+ c2 + 1

4
− c

 , (2.92)

where D represents the diffusion coefficient (m2/s) of the liquid and c is a dimension-
less diffusion constant

c = MD

~ζdiff
, (2.93)

where ζdiff represents diffusive weight.
By replacing Eq. (2.92) in Eq. (2.89), we have:

Sdiff(Q,ω) = 1

2π~
b2

∫ ∞

−∞
exp

−~DQ2

kB T

√(
tkB T

~

)2

+ c2 + 1

4
− c

exp(−iωt )dt .

(2.94)
According to the property of exponential functions:

exp
(
−2

p
AB

)
=

√
A

π

∫ ∞

−∞
exp

(−Ax2)exp
(−B/x2)dx, (2.95)

we have:

exp

−~DQ2

kB T

√(
tkB T

~

)2

+ c2 + 1

4
− c


= DQ2

p
π

exp

(
c~DQ2

kB T

)∫ ∞

−∞
exp

(−(DQ2)2x2)exp

(
− 1

4x2

(
t 2 + (

~
kB T

)2(c2 + 1

4
)

))
dx.

(2.96)

Since we have:∫ ∞

−∞
exp

(
− 1

4x2

(
t 2 + (

~
kB T

)2(c2 + 1

4
)

))
exp(−iωt )dt

= exp

(
− 1

4x2

(
(

~
kB T

)2(c2 + 1

4
)

))
exp

(−x2ω2)∫ ∞

−∞
exp

(
− 1

4x2
(t +2i x2ω)2

)
dt ,

(2.97)

and according to the property of Gaussian integrals:∫ ∞

−∞
exp

(−A(t +B)2)dt =
√
π

A
, (2.98)
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then Eq. (2.94) becomes:

Sdiff(Q,ω) =b2DQ2

2
p
ππ~

exp

(
c~DQ2

kB T

)
×∫ ∞

−∞
exp

(
− 1

4x2

(
(

~
kB T

)2(c2 + 1

4
)

))
exp

(−(ω2 + (DQ2)2)x2)√4πx2dx.

(2.99)

By performing a change of variable y = x2, Eq. (2.99) becomes:

Sdiff(Q,ω) =b2DQ2

π~
exp

(
c~DQ2

kB T

)
×∫ ∞

0
exp

(
− 1

4y

(
(

~
kB T

)2(c2 + 1

4
)

))
exp

(−(ω2 + (DQ2)2)y
)
dy.

(2.100)

According to the property of exponential functions:∫ ∞

0
exp

(
− B

4y
− Ay

)
dy =

√
B

A
K1(

p
AB), (2.101)

where K1(x) is a modified Bessel function of the second kind. Thus, Eq. (2.100) be-
comes:

Sdiff(Q,ω) = b2

kB T

~DQ2

πkB T
exp

(
MD2Q2

ζdiffkB T

) p
c2 +1/4

~
kB T

√
ω2 + (DQ2)2

K1

( ~
kB T

√
c2 +1/4

√
ω2 + (DQ2)2

)
.

(2.102)
Nevertheless, the principle of detailed balance is violated in Eq. (2.102). Thus,

Sdiff(Q,ω) is corrected to S̃diff(Q,ω) by:

S̃diff(Q,ω) = exp

( ~ω
2kB T

)
Sdiff(Q,ω). (2.103)

The PDOS of the diffusive part can be obtained from Eq. (2.103):

ρdiff(ω) = 4~cζdiff

πkB T

√
c2 +1/4sinh

( ~ω
2kB T

)
K1

( ~ω
kB T

√
c2 +1/4

)
. (2.104)

For the vibrational part, which takes into account the vibrational behavior of the
liquid, the width function is given by (Sjolander 1958):

w 2
vib(t ) = ~

M

∫ ∞

0

ρvib(ω)

ω

(
coth

( ~ω
2kB T

)
(1−cos(ωt ))− i sin(ωt )

)
dω, (2.105)

where ρvib(ω) represents the PDOS of the vibrational part, which is referred to vibra-
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tional density of states (VDOS), with∫ ∞

0
ρvib(ω)dω= ζvib, (2.106)

where ζvib represents the vibrational weight.
The diffusive and vibrational weights satisfy:

ζdiff +ζvib = 1. (2.107)

The vibrational width function wvib(t ) (Eq. (2.105)) is replaced in the intermediate
function (Eq. (2.85)). The obtained equation is compared with the intermediate
function for solid crystalline materials (Eq. (2.20)), which is obtained thanks to the
cubic approximation (Eq. (2.23)). The equations of the intermediate function for solid
crystalline and liquid materials are exactly the same for inelastic scattering of neutrons
in monatomic systems. This result indicates that the harmonic approximation is
equivalent to the Gaussian approximation, and the width function of liquid materials
(Eq.( 2.105)) can be regarded as the application of the cubic approximation to liquid,
with interpretation that atoms in liquid materials are isotropic.

By analogy with the physical quantities used in the phonon expansion method pre-
sented in Section 2.2.5, the vibrational width function in Eq. (2.105) can be rewritten
as

w 2
vib(t ) = ~2

MkB T
Λvib(T )(1−ηvib(t )), (2.108)

whereΛvib(T ) represents the temperature-dependent Debye-Waller coefficient of the
vibrational part:

Λvib(T ) =
∫ ∞

−∞
Pvib(ω)dω, (2.109)

and

ηvib(t ) = 1

Λvib(T )

∫ ∞

−∞
Pvib(ω)exp(iωt )dω, (2.110)

with

Pvib(ω) = ρvib(ω)
2~ω
kB T

sinh

( ~ω
2kB T

) exp

( ~ω
2kB T

)
. (2.111)

By following the same phonon expansion method as in Section 2.2.5, the vibrational
scattering function Svib(Q,ω) is given by:

Svib(Q,ω) = 1

~
b2 exp

(
− ~2Q2

2MkB T
Λvib(T )

) ∞∑
n=0

1

n!

( ~2Q2

2MkB T
Λvib(T )

)n

Tvib,n(ω), (2.112)

where

Tvib,n(ω) = 1

2π

∫ ∞

−∞
ηn

vib(t )exp(−iωt )dt . (2.113)

The vibrational scattering function in Eq. (2.112) can be split into the vibrational
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elastic scattering function Sel
vib(Q,ω) (which corresponds to the n = 0 term), and the

vibrational inelastic scattering function Sinel
vib (Q,ω) (with n ≥ 1):

Svib(Q,ω) = Sel
vib(Q,ω)+Sinel

vib (Q,ω). (2.114)

For n = 0,

Tvib,0(ω) = 1

2π

∫ ∞

−∞
exp(−iωt )dt = δ(ω), (2.115)

thus

Sel
vib(Q,ω) = δ(ω)

~
b2 exp

(
− ~2Q2

2MkB T
Λvib(T )

)
. (2.116)

The vibrational elastic scattering function Sel
vib(Q,ω) in Eq. (2.116) has the same form

as the incoherent elastic scattering function for solid crystalline materials (Eq. (2.54)),
except for the scattering length. This difference indicates that the incoherent approxi-
mation is applied only to the inelastic scattering for solid crystalline materials while
it is adopted to both elastic and inelastic scattering for liquid materials. Therefore,
the scattering function can be calculated separately for each type of atoms in the
liquid materials under the incoherent approximation. Hence, the obtained results for
monatomic liquid materials can be extended to polyatomic liquid materials.

Based on Eqs. (2.91), (2.114) and (2.116), the recombined scattering function is given
by:

S(Q,ω) = exp

(
− ~2Q2

2MkB T
Λvib(T )

)
S̃diff(Q,ω)+ ~

b2

∫ ∞

−∞
S̃diff(Q,ω′)Sinel

vib (Q,ω−ω′)dω′.

(2.117)
The principle of detailed balance for S(Q,ω) in Eq. (2.117) is satisfied. The DDXS is

given by:

d2σ

dΩdE f
=

√
E f

E
S(Q,ω). (2.118)

The DDXS can also be rewritten in terms of the dimensionless TSLs S(α, β):

d2σ

dΩdE f
= σb

4πkB T

√
E f

E
S(α, β), (2.119)

with

S(α, β) = exp(−αΛvib(T ))S̃diff(α, β)+
∫ ∞

−∞
S̃diff(α, β′)Sinel

vib (α, β−β′)dβ′, (2.120)

where

S̃diff(α, β) = 2cζdiffα

π
exp

(
2c2ζdiffα−β/2

) p
c2 +1/4√

β2 +4c2ζ2
diffα

2
K1

(√
c2 +1/4

√
β2 +4c2ζ2

diffα
2
)

,

(2.121)
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and

Sinel
vib (α, β) = exp(−αΛvib(T ))

Nphonon∑
n=1

1

n!
(αΛvib(T ))nTvib,n(β). (2.122)

2.3.3. Phonon density of states of hydrogen bound in the
water molecule calculated by molecular dynamics
code GROMACS

To determine the scattering function S(Q,ω) for liquid materials under the incoher-
ent and Gaussian approximations, the separation of the diffusive scattering function
Sdiff(Q,ω) and vibrational scattering function Svib(Q,ω) presented in Section 2.3.2
enables to circumvent the difficulty of directly determining the eigen-frequency func-
tion. The Egelstaff-Schofield diffusion model presented in Section 2.3.2 provides an
analytical formula of Sdiff(Q,ω), parameterized in terms of diffusion coefficient D and
diffusive weight ζdiff. Svib(Q,ω) can be calculated from the VDOS ρvib(ω) of the liquid,
with the phonon expansion method presented in Section 2.3.2. These parameters can
be obtained from theoretical models and/or experimental results.

In this work, special attention is given to the PDOS of hydrogen bound in the water
molecule (H in H2O). The investigation of the PDOS of H in H2O is based on the CAB
model whose description is detailed in Refs. (J. I. Marquez Damian, D. C. Malaspina,
and J. R. Granada 2013; Márquez Damián, J. Granada, and D. Malaspina 2014). In the
CAB model, the diffusive weight ζdiff is obtained from literature. The other parameters
will be computed from MD calculations by using the MD code GROMACS (Van Der Spoel,
Lindahl, Hess, et al. 2005) with the TIP4P/2005f potential for water (González and
Abascal 2011).

The main steps are summarized in this part. A detail description can be found in
Ref. (Márquez Damián, J. Granada, and D. Malaspina 2014). First of all, the trajectory
file which includes the positions and velocities of H in H2O is obtained from GROMACS
calculations. Then, the VACF of H in H2O is computed by:

VACF(τ) = 〈~v(t ) ·~v(t +τ)〉, (2.123)

where ~v(t ) represents the velocity vector of H in H2O at time t , and 〈.〉 is the average
over all hydrogen atoms in the trajectory file.

The generalized PDOS or generalized frequency spectrum of H in H2O obtained by
MD calculations ρMD(ω) can thus be computed by performing the cosine transform
to the VACF:

ρMD(ω) = 2M

3πkB T

∫ ∞

0
VACF(τ)cos(ωτ)dτ. (2.124)

The generalized PDOS ρMD(ω) is composed of the diffusive PDOS and VDOS:

ρMD(ω) = ρdiff(ω)+ρvib(ω). (2.125)

It should be noticed that the integral of the diffusive PDOS ρdiff(ω) over the whole
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range of ω is equal to the diffusive weight ζdiff and that of the VDOS is equal to the
vibrational weight ζvib as indicated in Eqs. (2.104) and (2.106). Hence, if the diffusive
PDOS and the VDOS are pre-normalized to 1 for practical purposes, Eq. (2.125) can be
written as:

ρMD(ω) = ζdiffρ
norm
diff (ω)+ζvibρ

norm
vib (ω). (2.126)

Based on Eq. (2.104), the diffusion coefficient D is given by:

D = πkB Tρdiff(0)

2M
. (2.127)

Since ρvib(ω) varies as ω2 as ω goes to zero, then ρvib(0) = 0. Eq.( 2.127) can be
rewritten as:

D = πkB TρMD(0)

2M
. (2.128)

The generalized PDOS of H in H2O at 300 K is presented in Fig. 2.5. At 300 K,
the diffusive weight ζdiff is fixed to 0.008605 according to Ref. (Márquez Damián,
J. Granada, and D. Malaspina 2014). The diffusive PDOS can thus be determined
according to Eq. (2.104), as well as the VDOS. They are also presented in Fig. 2.5 for
illustration. These PDOSs are given as a function of the energy transfer ε= E f −E =
−~ω.

The description of water dynamics can be split into two parts : diffusive dynamics
and vibrational dynamics (Amann-Winkel, Marie-Claire Bellissent-Funel, Bove, et al.
2016). The contribution of the diffusive motion to the generalized PDOS ρMD(ε) is
dominant in the nearby of zero energy transfer of neutrons, as indicated in the bottom
plot of Fig. 2.5. For the CAB model, the diffusive dynamics are represented by the
Egelstaff-Schofield diffusion model detailed in Section 2.3.2.

The contribution to ρvib(ε) is due to the vibrational dynamics. Below 150 meV, the
contribution comes mainly from intermolecular motions. The peak at around 6 meV
(indicated in the bottom plot of Fig. 2.5) is observed by different experimental tech-
niques such as incoherent neutron scattering and Raman spectroscopies (Ohmine and
Saito 1999). The peak at around 6 meV and the shoulder-like region from 20 to 40 meV
are attributed to hydrogen bond (HB) bending and stretching modes whose contribu-
tion (green dotted line) is well reproduced by the calculations of Lerbret et al. (Lerbret,
Hédoux, Annighöfer, et al. 2013). However, their microscopic origin is the subject of
debates in the literature(Joan Àngel Padró and Martí 2003; De Santis, Ercoli, and Rocca
2004; Joań Àngel Padró and Martí 2004). The intense band from 50 to 130 meV is due
to the librational motion of water molecules. For energy range above 150 meV, the
contribution to ρvib(ω) comes from intramolecular motions. The band at around 200
meV represents the O-H bending. The two bands near 400 meV are due to the O-H
stretching.
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Figure 2.5.: Top plot presents generalized PDOS ρMD(ε), diffusive PDOS ρdiff(ε) and
VDOS ρvib(ε) for H in H2O at 300 K of CAB model (Márquez Damián,
J. Granada, and D. Malaspina 2014). ε ≡ E f −E = −~ω represents the
energy transfer of neutrons. ρMD(ε) is obtained from MD calculations.
ρdiff(ε) and ρvib(ε) are calculated with diffusive weight ζdiff = 0.008605
from CAB model. Bottom plot is a zoom of the top plot for low energy
part. Dotted lines separate the contribution of the broad librational band
to the hydrogen bond bending and stretching modes (Lerbret, Hédoux,
Annighöfer, et al. 2013).
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2.3.4. Random jump diffusion and rotational diffusion
corrections to liquid water

The particularity of liquid water is the presence of HB. HB and the related local
tetrahedral structure directly affect the water diffusion dynamics at the molecular
level (Amann-Winkel, Marie-Claire Bellissent-Funel, Bove, et al. 2016). The water dif-
fusion dynamics can be interpreted by the coupling of translational and rotational dif-
fusion motions. Therefore, due to the presence of HB, a translational and a rotational
corrections are to be applied to the Egelstaff-Schofield diffusion model presented in
Section 2.3.2.

In the nearby of the quasi-elastic peak, Q and ω tend to zero. Since K1(x) ∼ 1/x for
x → 0, the diffusive scattering function S̃diff(Q,ω) in formula (2.103) can be approxi-
mated by:

S̃diff(Q,ω) = b2

~
1

π

Γ(Q)

ω2 +Γ(Q)2
, (2.129)

where Γ(Q) = DQ2.
Eq. (2.129) indicates that in the quasi-elastic region, S̃diff(Q,ω) is a Lorentzian with

a HWHM Γ(Q) equal to DQ2. The linearity of Γ(Q) with Q2 is strictly valid for a system
where Fick’s law is satisfied (Márquez Damián, J. Granada, Cantargi, et al. 2016). In
the case of liquid water, the movements of the molecules are non-continuous, and the
non-linearity of Γ(Q) with Q2 can be easily observed in inelastic neutron scattering
experiments. The mechanism of this behavior is still under discussion and it exists
different models in the literature (Singwi and Alf Sjölander 1960; Hall and Ross 1981;
Teixeira, M.-C. Bellissent-Funel, Chen, et al. 1985; González Sánchez, Jurányi, Gimmi,
et al. 2008; Qvist, Schober, and Halle 2011).

In this work, a RJD model is investigated for the translational correction of the
Egelstaff-Schofield diffusion model, in which an analytical non-linear equation of
Γ(Q) is given by:

Γ(Q) = DQ2

1+DQ2τ0
, (2.130)

where τ0 is the residence time between jumps.
In this case, the Egelstaff-Schofield diffusion model with RJD correction becomes:

SRJD, diff(Q,ω) = b2

kB T

~D(Q)Q2

πkB T
exp

(
MD(Q)2Q2

ζdiffkB T
+ ~ω

2kB T

)
×√

c(Q)2 +1/4
~

kB T

√
ω2 + (D(Q)Q2)2

K1

( ~
kB T

√
c(Q)2 +1/4

√
ω2 + (D(Q)Q2)2

)
,

(2.131)

with

D(Q) = D

1+DQ2τ0
, (2.132)
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and

c(Q) = MD(Q)

~ζdiff
. (2.133)

Eqs. (2.132) and (2.133) enable to obtain a jump diffusion correction for Eqs. (2.102)
and (2.104), respectively.

In this work, a rotational correction is also applied to the diffusion model. The
rotational diffusion scattering function Srot, diff(Q,ω) is obtained though the Sears
expansion (Sears 1966):

Srot, diff(Q,ω) = j 2
0 (Qa)δ(ω)+ 1

π

∞∑
n=1

(2n +1) j 2
n(Qa)

n(n +1)(~/6τr )

ω2 + (n(n +1)(~/6τr ))2
(2.134)

where a is the radius of the molecular rotation which is fixed to the O-H distance,
jl (Qa) represents the spherical Bessel function of order l and τr is the rotational
relaxation time.

The scattering function of Egelstaff-Schofield diffusion model with translational
and rotational corrections is obtained by convoluting SRJD, diff(Q,ω) and Srot, diff(Q,ω)
as follows:

Scorr
diff (Q,ω) =

∫ ∞

−∞
SRJD, diff(Q,ω′)Srot, diff(Q,ω−ω′)dω′. (2.135)

2.4. Scattering models for free gas materials

The momentum transfer ~~Q and the energy transfer ~ω are large when neutrons
scatter with free gas particles. Hence, the interaction time is short and the time de-
pendent Heisenberg operator ~R(t ) which represents the position of the particle in the
intermediate function (Eq. (2.4)) can be approximated by its first order term (Tammar
et al. 2000):

~R(t ) = ~R(0)+~v t , (2.136)

where ~v is the speed of the particle.
Since there is no inter-particle interaction for a free gas material, the incoherent

approximation is automatically valid. Thus, only the self intermediate function 〈 j , j 〉s

is considered and it is given by:

〈 j , j 〉s = 〈exp
(
i ~Q ·~v t

)〉. (2.137)

The free gas material is assumed to be monatomic. From the statistical point of
view, the speeds of the free gas atoms ~v follow the M-B distribution with:

~v ∝ exp
(
−v2/v2

p

)
, (2.138)

where v2
p = 2kB T /M is the square of the most probable speed, T represents the

temperature of the gas and M is the mass of the gas atom.
By replacing the M-B distribution (Eq. (2.138)) in Eq. (2.137), the intermediate
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function for monatomic free gas is given by:

〈 j , j 〉s =
∫ ∞
−∞ exp

(
−v2/v2

p

)
exp

(
i ~Q ·~v t

)
d~v∫ ∞

−∞ exp
(−v2/v2

p
)
d~v

, (2.139)

=
∫ ∞
−∞ exp

(
−v2/v2

p

)
exp(iQv t )dv∫ ∞

−∞ exp
(−v2/v2

p
)
dv

. (2.140)

Thanks to the Gaussian integral property
∫ ∞
−∞ exp

(−x2
)
d x = p

π and the Fourier
transform of the Gaussian function

∫ ∞
−∞ exp

(−x2/(2a2)
)

exp(−i bx)d x = a
p

2πexp
(−a2b2/2

)
,

Eq. (2.140) can be rewritten as:

〈 j , j 〉s = exp
(−Q2w 2(t )/2

)
, (2.141)

where w(t ) is the width function of the free gas:

w(t ) = t

√
kB T

M
. (2.142)

w(t ) in Eq. (2.142) should be corrected to account for quantum effects (P. Egelstaff
1962; Turner 1961):

w̃(t ) =
√

w 2(t )− i~
M

t . (2.143)

Based on Eqs. (2.3), (2.141), (2.142) and (2.143), the normalized scattering function
for monatomic free gas can be obtained by:

S(Q,ω) = 1

~
b2

√
M

2πkB TQ2
exp

(
− M

2kB TQ2

(
ω− ~Q2

2M

)2)
. (2.144)

By putting −ω in Eq. (2.144), we have:

S(Q, −ω) = exp

(
− ~ω

kB T

)
S(Q,ω), (2.145)

thus the principle of the detailed balance (Eq. (2.9)) is satisfied.
The DDXS of monatomic free gas can thus be given by:

d2σ

dΩdE f
=

√
E f

E
S(Q,ω). (2.146)

The DDXS can be obtained with the dimensionless S(α, β):

d2σ

dΩdE f
= σb

4πkB T

√
E f

E
S(α, β), (2.147)
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with

S(α, β) =
√

1

4πα
exp

(
− (β+α)2

4α

)
. (2.148)

The use of the FGM in neutronic calculations is discussed in Section 5.3 and com-
pared with other scattering models in Section 5.4.

2.5. Short collision time approximation
The computations of the inelastic scattering function (Eq. (2.64)) for solid crystalline
materials and the vibrational scattering function Svib(Q,ω) for liquid materials (Eq. (2.112))
necessitate a large phonon expansion order for large momentum transfer ~Q and
energy transfer ~ω to ensure the convergence of the sum. To reduce the computational
time, the SCT approximation is used in many codes such as the LEAPR module of NJOY
code (Macfarlane, Muir, Boicourt, et al. 2017).

Since the SCT is an approximation of the scattering function for large momentum
and energy transfers, only the inelastic scattering is concerned. As analyzed in Sec-
tion 2.3.2, the harmonic approximation for solid crystalline materials and the Gaussian
approximation for liquid materials are equivalent. Therefore, a monatomic liquid
material can be assumed to obtain a formula for the SCT approximation.

Based on the incoherent and Gaussian approximations, the vibrational scattering
function Svib(Q,ω) of the considered monatomic liquid material can be obtained as a
function of the vibrational width function wvib(t ) (Section 2.3.2):

Svib(Q,ω) = 1

2π~
b2

∫ ∞

−∞
exp

(−Q2w 2
vib(t )/2

)
exp(−iωt )dt , (2.149)

and

w 2
vib(t ) = ~

M

∫ ∞

0

ρvib(ω)

ω

(
coth

( ~ω
2kB T

)
(1−cos(ωt ))− i sin(ωt )

)
dω. (2.150)

For large momentum and energy transfers, the collision time is small compared to
the periods of atomic motions. Thus, the trigonometric functions in Eq. (2.150) can be
approximated by their Taylor expansions up to the second-order terms in t (Borgonovi
1970), i.e., cos(ωt ) ≈ 1−ω2t 2/2 and sin(ωt ) ≈ωt , then:

w 2
vib(t ) = ~

M

∫ ∞

0

ρvib(ω)

ω

(
coth

( ~ω
2kB T

)
ω2t 2

2
− iωt

)
dω, (2.151)

= ~
M

(
t 2

2

∫ ∞

0
ωρvib(ω)coth

( ~ω
2kB T

)
dω− i t

∫ ∞

0
ρvib(ω)dω

)
. (2.152)

The effective temperature Teff is defined by (Borgonovi 1970; Macfarlane, Muir,
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Boicourt, et al. 2017):

Teff ≡
~

2kBζvib

∫ ∞

0
ωρvib(ω)coth

( ~ω
2kB T

)
dω. (2.153)

Based on Eq. (2.106), the integral of the VDOS is equal to the vibrational weight ζvib.
Then the vibrational width function in Eq. (2.152) can be given by:

w 2
vib(t ) = ζvib

(
kB Teff

M
t 2 − i~

M
t

)
. (2.154)

By inserting the vibrational width function wvib(t ) (Eq. (2.154)) in Eq. (2.149) and by
applying the Fourier transform to the Gaussian function, the vibrational scattering
function based on the SCT approximation is given by:

Svib(Q,ω) = 1

~
b2

√
M

2πζvibkB TeffQ2
exp

(
− M

2ζvibkB TeffQ2

(
ω− ζvib~Q2

2M

)2)
. (2.155)

The principle of the detailed balance in Eq. (2.155) is violated. Since the SCT ap-
proximation is dedicated to large momentum and energy transfers in which the
up-scattering is negligible, the vibrational scattering function Svib(Q,ω) in Eq. (2.155)
becomes:

S̃vib(Q,ω) =
Svib(Q,ω) if ω≥ 0

exp

( ~ω
kB T

)
Svib(Q, −ω) if ω< 0

. (2.156)

Eq. (2.156) can be rewritten in a compact form:

S̃vib(Q,ω) = 1

~
b2

√
M

2πζvibkB TeffQ2
exp

(
− M

2ζvibkB TeffQ2

(
|ω|− ζvib~Q2

2M

)2

+ ~
2kB T

(ω−|ω|)
)

.

(2.157)
The SCT enables to compute the vibrational scattering function S̃vib(Q,ω) by using

an analytical formula, which reduces the computational time. For liquid materials, the
diffusive behavior is essential and the recombined scattering function S(Q,ω) can be
obtained by convoluting the diffusive and vibrational scattering functions as follows:

S(Q,ω) = ~
b2

∫ ∞

−∞
S̃diff(Q,ω′)S̃vib(Q,ω−ω′)dω′, (2.158)

where S̃diff(Q,ω′) is the diffusive scattering function based on Egelstaff-Schofield
diffusion model presented in Section 2.3.2.

The DDXS can be obtained by:

d2σ

dΩdE f
=

√
E f

E
S(Q,ω) (2.159)

64



2. Low energy neutron scattering theory – 2.6. Preliminary conclusions

and in terms of S(α, β):
d2σ

dΩdE f
= σb

4πkB T
S(α, β), (2.160)

where

S(α, β) =
∫ ∞

−∞
S̃diff(α, β′)S̃vib(α, β−β′)dβ′, (2.161)

with

S̃vib(α, β) =
√

1

4πζvibαTeff/T
exp

(
− (|β|−ζvibα)2

4ζvibαTeff/T
− β+|β|

2

)
. (2.162)

Since the incoherent approximation is assumed, the SCT approximation (Eq. (2.162))
can be extended to polyatomic materials. Note that for a material approximated by a
free gas, its PDOS is a Dirac function (P. A. Egelstaff and Schofield 1962). By inserting
a Dirac function and ζvib = 1 in Eq. (2.153), the effective temperature is equal to the
thermodynamic temperature of material:

Teff =
~

2kB

∫ ∞

0
ωδ(ω)coth

( ~ω
2kB T

)
dω= T. (2.163)

Then by replacing Teff = T and ζvib = 1 in Eq. (2.162), we obtain the same formula as
for free gas (cf. Eq. (2.148)). The use of the SCT formalism in neutronic calculations
will be discussed in Section 5.4.

2.6. Preliminary conclusions
This chapter is dedicated to present the theory of low energy neutron scattering. As
presented in Section 2.1, the neutron-nucleus scattering can be described via the
double differential neutron scattering cross section, which can be obtained from the
scattering function S(~Q,ω). Considering the correlations among isotopes, the scat-
tering function can be further decomposed as a coherent and an incoherent parts.
These formalisms are valid for different types of materials. Based on the general for-
malisms, scattering models are given respectively for solid crystalline, liquid and free
gas materials in Sections 2.2, 2.3 and 2.4. The PDOS is the key ingredient to determine
the scattering function. The PDOS of uranium dioxide presented in Section 2.2.6
is obtained by first-principles calculations. The PDOS of hydrogen bound in water
molecule (H in H2O) presented in Section 2.3.3 is calculated with MD method. These
PDOSs are presented for illustration. To reduce the computational time compared to
the phonon expansion method, the SCT approximation is presented in Section 2.5.
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This chapter presents the data processing tool CINEL. CINEL has been developed
to calculate the coherent and incoherent elastic neutron scattering cross sections of
solid crystalline materials within the cubic approximation (cf. Eq. (2.23)). The module
implemented to fulfill this task is called Cubic. A second module named INELastic
has been implemented to calculate the TSLs S(α, β) by taking into account graphics
processing unit (GPU) accelerations.

In Section 3.1, some widely used codes or platforms capable of computing the co-
herent and incoherent elastic cross sections and S(α, β) are outlined. The CINEL code
is presented in Section 3.2. The numerical validations of CINEL by mainly using
some solid crystalline materials are presented in Section 3.3. The results provided
by CINEL are compared to those available in the ENDF/B-VIII.0 database (D. Brown,
Chadwick, Capote, et al. 2018) and the NJOY-NCrystal library (Ramic, Jose Ignacio
Marquez Damian, Thomas Kittelmann, et al. 2021). Preliminary conclusions are given
in the last section.

3.1. Overview of data processing codes
TSLs which take into account the atomic motions of bound isotopes in materials
can be computed by a few codes: the LEAPR module (MacFarlane 1994) of NJOY
code (Macfarlane, Muir, Boicourt, et al. 2017), the SAB module (Jaiswal 2018) of GAIA
code (Ferran, Haeck, and Gonin 2014), the Monte-Carlo based library NCrystal (Cai,
T. Kittelmann, Klinkby, et al. 2019; Cai and T. Kittelmann 2020), the OCLIMAX plat-
form (Cheng, Daemen, Kolesnikov, et al. 2019; Cheng and Ramirez-Cuesta 2020) and
the full law analysis scattering system hub (FLASSH) (Zhu and Ayman I Hawari 2018).
LEAPR (MacFarlane 1994) is a module integrated in the nuclear data processing sys-

tem NJOY (Macfarlane, Muir, Boicourt, et al. 2017) which is developed at Los Alamos
National Laboratory. The LEAPR module, written in Fortran, is based on the British
code LEAP+ADDELT. LEAPR enables to generate the TSLs for various types of materials
in ENDF-6 format (Trkov and D. A. Brown 2018). The models rely on the harmonic or
Gaussian, incoherent and cubic approximations (cf. Chapter 2). In addition, to reduce
the computational time and/or for coding convenience, the SCT approximation (Sec-
tion 2.5) and the atom site approximation in which the MSD are the same for different
types of atoms in the same material, are also adopted in LEAPR.
SAB (Jaiswal 2018) is a module of a nuclear data processing code GAIA (Ferran,

Haeck, and Gonin 2014) which is developed at Institut de Radioprotection et de Sûreté
Nucléaire (IRSN). SAB has been developed to ease the generation of TSLs. The TSLs
formalism implemented in the GAIA code is close to the LEAPR formalism.
NCrystal (Cai, T. Kittelmann, Klinkby, et al. 2019; Cai and T. Kittelmann 2020)

is a Monte-Carlo based library developed at the European Spallation Source. The
NCrystal library, written in C++, was originally designed to be used with the Monte-
Carlo packages such as Geant4 (Allison, Amako, Apostolakis, et al. 2016) and Mc-
Stas (Willendrup and Lefmann 2020). The harmonic or Gaussian, incoherent and
cubic approximations (cf. Chapter 2) are employed in NCrystal. TSLs in ENDF-
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6 format are not directly produced by NCrystal. They can be obtained by linking
NCrystal and LEAPR (J.-I. M. Damian n.d.). The combination of these two codes
allows to produce TSLs for many crystal structures. The atom site approximation was
removed in LEAPR+NCrystal, because the MSD of a given atom can be computed in
NCrystal from its PDOS.
OCLIMAX (Cheng, Daemen, Kolesnikov, et al. 2019; Cheng and Ramirez-Cuesta 2020)

is a platform developed at Oak Ridge National Laboratory for inelastic neutron scatter-
ing simulations of solid crystalline and single-crystal materials. Compared to LEAPR
and NCrystal, the OCLIMAX platform improves the calculations of the scattering func-
tions or dynamic structure factors S(~Q,ω), by introducing the coherent one-phonon
correction (Squires 2012) to the incoherent approximation and eliminating the cubic
approximation. On one hand, the improvement of the coherent one-phonon correc-
tion is that the coherent effects of inelastic scattering are approximately calculated
by the first term of the phonon expansion expressions, instead of being completely
neglected within the incoherent approximation. On the other hand, the elimination
of the cubic approximation allows to compute the MSD as a 3×3 matrix in which the
anisotropic atomic motions along x, y, z directions are presented. The computation
of the coherent one-phonon correction and the MSD matrix necessitate respectively
the phonon dispersion relations and the partial PDOS. These physical qualities can be
obtained by using the VASP (Kresse and Furthmüller 1996b; Kresse and Furthmüller
1996a) and PHONONPY (Togo and Tanaka 2015) codes.
FLASSH (Zhu and Ayman I Hawari 2018) is a code system developed by the Low

Energy Interaction Physics group at North Carolina State University. The coherent
one-phonon correction is adopted and the cubic approximation is eliminated in the
FLASSH code system. Multiple programming languages are used such as Fortran,
Python and C++ in different modules of FLASSH.

We started to develop CINEL because most of these systems were not available or
mature at the beginning of our work.

3.2. Implementation of CINEL
The data flow presenting the generation of the TSLs in ENDF-6 format by CINEL is
shown in Fig. 3.1. To generate the TSLs, various physical quantities are needed. The
input files of CINEL are then separated in five different inputs: scattering length,
positions of atom in the unit cell (only for solid crystalline materials), α and β grids,
general settings and temperature-dependent parameters.

As mentioned before, CINEL consists of two modules Cubic and INELastic. Cubic
calculates the Debye-Waller coefficientsΛ(T ) and the coherent elastic scattering cross
sections σel

coh(E). Λ(T ) is computed from the PDOS (cf. Eq. (2.27)) since the cubic

approximation is assumed. σel
coh(E) is calculated by directly looping through the

indexes hkl until the interplanar distance dhkl of the corresponding plan is smaller
than 0.1 Å. The default threshold value is chosen to be 0.1 Å because the contribution
from plans with dhkl < 0.1Å to σel

coh(E ) can be neglected, as discussed in Ref. (Cai and
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CINELLib

Cubic INELastic

INPUT
∗ scattering length
∗ atom positions
∗ α, β grids
∗ general settings

−vibrational weight
−energy cut-off

∗ T-dependent params
−lattice params
−PDOS
−phonon expansion

PYTHON SPEEDUP
∗ JIT compiler Numba

−(h, k, l) loop to compute σelcoh(E)

−α loop to compute S(α, β)
∗ CUDA GPU programming

−convolution of Tn(β)

σelcoh(E) or

D-W coefficient
S(α, β)

OUTPUT
TSL in ENDF-6 format

Figure 3.1.: Data flow presenting the generation of the thermal scattering laws in
ENDF-6 format by CINEL.

T. Kittelmann 2020). Nonetheless, the threshold value can always be modified by the
users. During the loop over hkl , plans with identical interplanar distance dhkl and
form factor |F (τhkl )| are grouped together since they contribute equally to σel

coh(E)
(Eq. (2.51)). The number of identical plans (hkl ) is referred to multiplicity Mhkl . These
physical quantities are calculated by CINEL and stored in ascii file, as illustrated in
Fig. 3.2. The diffraction angle θhkl can be determined when the incident neutron
energy is provided (Eq. (2.48)). The orientation angle can be obtained if the preferred
orientation of crystal is given in input. These two quantities are optional.

The INELastic module calculates the S(α, β) tables with the phonon expansion
method. The Egelstaff-Schofield diffusion model and the recombination of the dif-
fusive and vibrational parts are also implemented in INELastic. Physical constants
such as Boltzmann constant and common functions used by Cubic and INELastic
are available via the library CINELLib.

Table 3.1.: Comparison of the computational time of the TSLs of H in H2O at room
temperature with a phonon expansion order Nphonon = 2000.

CPU GPU K20 GPU K6000

GPU memory (gigabyte) N/A 2 12

CUDA cores N/A 384 2280

Computational time ∼ 3 h ∼ 15 min < 2 min

CINEL is developed in Python by using JupyterLab (Granger and Grout 2016). Jupyter-
Lab is a new generation of user interface (Kluyver, Ragan-Kelley, Pérez, et al. 2016)
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Figure 3.2.: Screenshot of cross section file generated by the Cubic module of
CINEL for uranium dioxide at 298 K. Columns 1 to 10 represent respec-
tively: index h, k, l , interplanar distance dhkl (in Å), diffraction angle θhkl

(in degree), orientation angle (in degree), form factor square |F (τhkl )|2
(in barn), multiplicity Mhkl , Bragg Edge Ehkl (in eV) and Ehklσ

el
coh(Ehkl )

(in eV.barn), which serve as calculations and verifications of the coherent
elastic cross sections.

which is an open-source tool enabling to mix live code, texts, mathematical equations
and interactive graphics. An example of JupyterLab interface is given in Fig. 3.3 for
illustration. This interactive development environment facilitates the verification and
visualization of the results.

To improve the performance of CINEL, a Just-in-Time (JIT) compiler named Numba (Lam,
Pitrou, and Seibert 2015) is used. Numba allows to reduce the computational time
by directly adding simple Python syntaxes to the initial functions without rewriting
them in low-level languages. In addition, Numba supports Compute Unified Device
Architecture (CUDA) GPU programming, which enables CINEL to benefit from the
powerful computing capability of GPU.

GPU programming, has been introduced in the early 2000s and has been developed
tremendously during the last two decades. In our work, the use of GPU enables to
accelerate the phonon expansion calculation. To test the speedup with GPU, the TSLs
of hydrogen bound in water molecule (H in H2O) at room temperature were calculated
with a phonon expansion order Nphonon = 2000. Two kinds of GPU are used: NVIDIA®

QUADRO® K620 with 2 gigabyte memory and 384 cores; NVIDIA® QUADRO® K6000
with 12 gigabyte memory and 2880 cores. The comparisons of the computational time
are presented in Table 3.1. High performing GPU allows to significantly reduce the
computational time down to 2 minutes.

Approximations adopted in codes are summarized in Table 3.2. For strongly coher-
ent crystalline materials such as pyrolytic graphite, the introduction of the coherent
one-phonon correction (Squires 2012) to the incoherent approximation enables to
better reproduce the experimental inelastic scattering cross sections as shown in
Ref. (Al-Qasir 2008). The calculations of one-phonon coherent inelastic scattering
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Figure 3.3.: JupyterLab interface. Live code, texts, mathematical equations and inter-
active graphics are mixed in Jupyter Notebooks which are integrated in
JupyterLab together with blocks like terminal and text editor.

function necessitates the dispersion relations of materials. This correction will be
implemented in the future version of CINEL. The cubic approximation will also be
eliminated since it only necessitates the partial PDOSs which can be calculated by
DFT codes.

3.3. Numerical validations of CINEL
The numerical validations of CINEL were performed by comparing the calculated TSLs
of solid crystalline materials with the ENDF/B-VIII.0 database and the NJOY-NCrystal
library. A few crystal structures were studied: beryllium (9Be) metal (hexagonal close
packed (HCP), space group P63/mmc), iron (56Fe) (body-centered cubic (BCC), space
group Im3̄m), aluminum (27Al) metal, uranium dioxide (UO2) and lithium hydride
(LiH) (face-centered cubic (FCC), space group Fm3̄m), magnetism hydride (MgH2)
and magnetism deuteride (MgD2) (tetragonal structure, space group P42/mnm). Ice Ih

is also investigated in this work. Inputs for CINEL were prepared by using the physical
quantities available in the ENDF/B-VIII.0 database and the NJOY-NCrystal library.

Uranium dioxide (UO2) is the major component of the UOX fuel. In the ENDF/B-
VIII.0 database, UO2 is in the ideal fluorite structure with Fm3̄m symmetry. This crystal
structure has been illustrated in Fig. 2.2. Beryllium is an important material which
is widely used as neutron moderators and reflectors. Magnetism hydride (MgH2) is
a potential candidate for cold neutron reflectors (José Rolando Granada, Márquez
Damián, Dawidowski, et al. 2021). Magnetism deuteride (MgD2) shows improvements
on neutron slowing down since the neutron capture cross section of deuterium is
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Table 3.2.: Comparison of codes or platforms which enable to calculate the TSLs.

Codes/Platforms LEAPR+NCrystal OCLIMACX FLASSH CINEL(this work)

Harmonic approximation Yes Yes Yes Yes
1-p correction a No Yes Yes No
Cubic approximation Yes No No Yes
Support any material Yes Yes Yes Yes
SCT approximation Yes No No No
GPU speedup No not reported not reported Yes

afor coherent one-phonon correction to incoherent approximation

lower than that of hydrogen. MgH2 and MgD2 share the same crystal structure which
is illustrated in Fig 3.4b. In terms of atoms in the unit cell, beryllium metal in HCP
structure has two atoms, iron in BCC crystal structure has one single atom, aluminum
in FCC crystal structure has one single atom. Lithium hydride (LiH) is in FCC crystal
structure which is illustrated in Fig 3.4a. The PDOSs of the studied materials are
presented in Figs. 3.5, 3.6 and 3.7.

(a) LiH unit cell (b) MgH2 or MgD2 unit cell

Figure 3.4.: Left hand plot presents the cubic unit cell of LiH: a = b = c andα=β= γ=
90°. Green and pink spheres represent respectively lithium and hydrogen
atoms. Right hand plot presents the tetragonal unit cell of MgH2 or MgD2:
b = c and α= β= γ= 90°. Orange spheres represent magnesium atoms.
Pink spheres represent hydrogen or deuterium atoms. The drawings of
these two figures are with the aid of the Crystal Toolkit in the Materials
Project (Ong, Richards, Jain, et al. 2013).
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Figure 3.5.: PDOSs of 238U in UO2 and 16O in UO2, 9Be, 56Fe and 27Al given by the
ENDF/B-VIII.0 database. The PDOSs are utilized for the calculations of
TSLs for temperatures between 296 K and 1200 K for UO2 and 9Be, between
20 K to 800 K for 56Fe and 27Al.
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Figure 3.6.: The top plot presents the PDOSs of 1H in ice Ih and 16O in ice Ih for tem-
peratures between 115 and 273.15 K, given in the ENDF/B-VIII.0 database.
The bottom plot presents the PDOSs of 1H in LiH and 7Li in LiH for tem-
peratures between 20 and 900 K, given in the NJOY-NCrystal library.
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Figure 3.7.: PDOSs of 1H in MgH2, 24Mg in MgH2, D (2H) in MgD2, 24Mg in MgD2,
given in the NJOY-NCrystal library. The PDOSs are utilized for the calcu-
lations of TSLs for temperatures between 20 K and 600 K.
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The coherent and incoherent elastic, and inelastic neutron scattering cross sections
(σel

coh(E) and σel
inc(E), and σinel(E)) of the studied materials calculated by CINEL are

compared with the ENDF/B-VIII.0 database and the NJOY-NCrystal library (Figs. 3.8,
3.9, 3.10, 3.11, 3.12, 3.13, 3.14 and 3.15). Excellent agreement is obtained for σel

coh(E),

σel
inc(E) and σinel(E). σel

coh(E) and σel
inc(E) decrease with increasing temperature T ,

while σinel(E) increase with T . The first Bragg peak of UO2 appears at around 2 meV,
which corresponds to the neutron diffraction on plan (111).

Symmetric TSLs SS(α, β) are used in the ENDF-6 format, which can be obtained by:

SS(α, β) = exp

(
β

2

)
S(α, β). (3.1)

The CINEL-calculated symmetric TSLs SS(α, β) of the studied materials at room
temperature is compared with ENDF/B-VIII.0 database. The results are shown in
Figs. 3.16 and 3.17. SS(α, β) as a function of the momentum transfers α for various
values of energy transfers β are presented in Figs. 3.18 and 3.19. Excellent agreements
are obtained.

3.4. Preliminary conclusions
In this chapter, several codes or platforms capable of calculating the TSLs of materials
are overviewed. To generate the TSLs for uranium dioxide and liquid water, a flexible
and efficient data processing tool CINEL has been developed in our work. The devel-
opment of CINEL is shortly presented. Special attentions are given to its data flow and
speedup with GPU. The numerical validations are performed by using various types of
materials. An excellent agreement is obtained when compared to the ENDF/B-VIII.0
database and the NJOY-NCrystal library.
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Figure 3.8.: Comparisons of CINEL-calculated coherent elastic and inelastic scattering
cross section of UO2 (dash curves) with the ENDF/B-VIII.0 database (solid
curves) from 296 to 1200 K. The coherent elastic cross sections for incident
energies are zoomed between 5 and 20 meV.
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Figure 3.9.: Comparison of CINEL-calculated coherent elastic and inelastic scattering
cross sections of 9Be (dash curves) with the ENDF/B-VIII.0 database (solid
curves) from 296 to 1200 K. The coherent elastic cross sections in Fig. (a)
are multiplied with different factors for better visualization.
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Figure 3.10.: Comparison of CINEL-calculated coherent elastic and inelastic scattering
cross sections of 56Fe (dash curves) with the ENDF/B-VIII.0 database
(solid curves) from 20 to 800 K. The coherent elastic cross sections in
Fig. (a) are multiplied with different factors for better visualization.
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Figure 3.11.: Comparison of CINEL-calculated coherent elastic and inelastic scattering
cross sections of 27Al (dash curves) with the ENDF/B-VIII.0 database
(solid curves) from 20 to 800 K. The coherent elastic cross sections in
Fig. (a) are multiplied with different factors for better visualization.
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Figure 3.12.: Comparison of CINEL-calculated incoherent elastic scattering cross sec-
tions of 1H in ice Ih and 16O in ice Ih (dash curves) with the ENDF/B-VIII.0
database (solid curves) from 115 to 273.15 K.
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Figure 3.12.: (continued) Comparison of CINEL-calculated inelastic scattering cross
sections of 1H in ice Ih and 16O in ice Ih (dash curves) with the ENDF/B-
VIII.0 database (solid curves) from 115 to 273.15 K. The incoherent elastic
cross sections in Figs. (a) and (b) are multiplied with different factors for
better visualization.
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Figure 3.13.: Comparison of CINEL-calculated coherent elastic cross sections of LiH,
and incoherent elastic scattering cross sections of 7Li in LiH and 1H in
LiH (dash curves) with the NJOY-NCrystal library (solid curves) from 20
to 900 K.
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Figure 3.13.: (continued) Comparison of CINEL-calculated inelastic scattering cross
sections of 7Li in LiH and 1H in LiH (dash curves) with the
NJOY-NCrystal library (solid curves) from 20 to 900 K. The coherent
and incoherent elastic cross sections in Figs. (a), (b) and (c) are multi-
plied with different factors for better visualization.
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Figure 3.14.: Comparison of CINEL-calculated coherent elastic cross sections of MgH2,
and incoherent elastic scattering cross sections of 24Mg in MgH2 and
1H in MgH2 (dash curves) with the NJOY-NCrystal library (solid curves)
from 20 to 600 K.
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Figure 3.14.: (continued) Comparison of CINEL-calculated inelastic scattering cross
sections of 24Mg in MgH2 and 1H in MgH2 (dash curves) with the
NJOY-NCrystal library (solid curves) from 20 to 600 K. The coherent
and incoherent elastic cross sections in Fig. (a), (b) and (c) are multiplied
with different factors for better visualization.
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Figure 3.15.: Comparison of CINEL-calculated coherent elastic cross sections of MgD2,
and incoherent elastic scattering cross sections of 24Mg in MgD2 and
D (2H) in MgD2 (dash curves) with the NJOY-NCrystal library (solid
curves) from 20 to 600 K.
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Figure 3.15.: (continued) Comparison of CINEL-calculated inelastic scattering cross
sections of 24Mg in MgD2 and D (2H) in MgD2 (dash curves) with the
NJOY-NCrystal library (solid curves) from 20 to 600 K. The coherent and
incoherent elastic cross sections in Fig. (a), (b) and (c) are multiplied with
different factors for better visualization.
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Figure 3.16.: CINEL calculated symmetric TSLs SS(α, β) (left column plots) compared
to the ENDF/B-VIII.0 database (left column plots) of 238U in UO2 and
16O in UO2. A few horizontal dash curves represent: SS(α, β) as a func-
tion of the momentum transfer α for the given energy transfer β. The
comparisons of these curves will be shown in Fig. 3.18.
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Figure 3.17.: CINEL calculated symmetric TSLs SS(α, β) (left column plots) compared
to the ENDF/B-VIII.0 database (left column plots) of 9Be, 56Fe and 27Al.
A few horizontal dash curves represent: SS(α, β) as a function of the
momentum transfer α for the given energy transfer β. The comparisons
of these curves will be shown in Fig. 3.19.
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Figure 3.18.: CINEL-calculated symmetric TSL SS(α, β) as a function of the momen-
tum transfer α for various values of energy transfer β (dash curves) are
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UO2 and 16O in UO2 at 296 K.
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Figure 3.19.: CINEL-calculated symmetric TSL SS(α, β) as a function of the momen-
tum transfer α for various values of energy transfer β (dash curves) are
compared with the ENDF/B-VIII.0 database (solid curves) for 9Be at 296
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4. Monte-Carlo simulations of neutron experiments for UO2 at ILL (incident neutron
energy lower than a few eV) – 4.1. Presentation of experimental data

Low-energy neutrons (below a few eV) have been used since the sixties (Willis 1963a;
Willis 1963b) to probe the crystalline structure of uranium dioxide (UO2) from room
temperature to normal nuclear reactors operating conditions. Despite these experi-
mental and theoretical efforts, crystalline structure effects are not yet routinely taken
into account in industrial neutronic simulation schemes of nuclear power reactors.
Temperature effects are often calculated via a simple FGM. Therefore, validating the
crystalline effects at the microscopic level is still a necessity to motivate an update of
the neutron scattering treatment in neutronic simulation schemes.

The aim of the chapter is to show the performances of modern Monte-Carlo neutron
transport codes for revisiting the analysis of neutron diffraction experiments measured
at elevated temperatures, which were originally designed to study the temperature
effects on the UO2 lattice arrangement. Indeed, if the fluorite structure (Fm3̄m space
group) of UO2 is well established at room temperature, the understanding of the
unusual relaxation with the increasing temperature of the oxygen atoms from their
regular positions is still under discussion. Among the few neutron diffraction measure-
ments on stoichiometric uranium dioxide reported in the literature, we have selected
the works of Ruello (P. Ruello, Desgranges, Baldinozzi, et al. 2005) and Ma (Yue Ma
2017), whose data are still available at ILL of Grenoble (France). The experiments
were performed on the D20 and D4 diffractometers, respectively. They consisted in
measuring the temperature-dependent neutron scattering yield Y T

exp(θ) as a function
of the scattering angle θ. The two data sets cover a wide temperature range from room
temperature to 1664 K (the melting point of UO2 is around 3100 K (Hausner 1965)).
The originality of our work relies on the use of the Monte-Carlo code TRIPOLI-4® (E.
Brun, F. Damian, Diop, et al. 2015) to simulate the experimental diffraction patterns
by taking into account the multiple neutron scattering effects and the multiphonon
contribution. The experimental corrections, which are not introduced in the Monte-
Carlo simulations, are the background correction, the angular offset and the angular
response function of the diffractometer. They are deduced from the data by applying
a Rietveld-type structure refinement (Rietveld 1969) on the neutron scattering yields
simulated with the TRIPOLI-4® code. Final results mainly depend on the neutron
scattering cross sections of uranium and oxygen in UO2 which were introduced in the
simulations.

In Section 4.1, the measurements performed at ILL and the calculation scheme
developed in this work are briefly described. The interpretation of the data with the
Monte-Carlo neutron transport code TRIPOLI-4® is presented in Section 4.2. Exten-
sions of the CINEL model to account for anharmonic oxygen vibrations in the Fm3̄m
space group or other crystalline symmetries for UO2 at elevated temperatures are
discussed in Section 4.3. Preliminary conclusions are given in the last section.
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Figure 4.1.: Temperature-dependent phonon density of states of uranium and oxygen
in uranium dioxide as a function of the energy transfer ε (G. Noguere, J. P.
Scotta, Xu, Filhol, et al. 2020).

4.1. Presentation of experimental data

4.1.1. Time-of-flight spectrometers IN6 and IN4
As shown in Chapter 2, the PDOS ρ j (ω) is the key physical quantity involved in the
theoretical description of the double-differential inelastic scattering cross section.
Results obtained from the analysis of inelastic scattering measurements performed
at ILL (G. Noguere, J. P. Scotta, Xu, Filhol, et al. 2020) are shown in Fig. 4.1. The
five normal modes of vibration of UO2 can be distinguished around 10 meV, 20 meV,
30 meV, 55 meV and 70 meV. The two first peaks correspond to the translational
and longitudinal acoustic phonon modes of the uranium atoms. The highest energy
structures are dominated by the optical phonon modes of the oxygen atoms.

4.1.2. Diffractometers D20 and D4
The performances of the TRIPOLI-4® code are illustrated with two sets of data mea-
sured at ILL on the D4 and D20 diffractometers. The description of the experiments
and the results are reported in Refs (P. Ruello, Desgranges, Baldinozzi, et al. 2005;
Desgranges, Y. Ma, Garcia, et al. 2017). The detailed characteristics of each instrument
can be found elsewhere (Laue-Langevin n.d.; Fischer, Cuello, Palleau, et al. 2002).

The left hand side of Fig. 4.2 shows schematic top views of the D4 and D20 spec-
trometers. The right hand drawings represent the simplified geometries introduced in
the Monte-Carlo code TRIPOLI-4®. From the point of view of the neutron transport
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Figure 4.2.: The left hand drawings represent simplified top view of the D4 and D20
diffractometers of the Institut Laue-Langevin (ILL). Those on the right
hand side show the geometries introduced in the Monte-Carlo calcula-
tions.

physics, both spectrometers share the same basic design. The experimental tech-
nique consists in measuring the neutron scattering yield Y T

exp(θ) as a function of the
scattering angle θ and temperature T .

For D4, the distance between the sample and the 3He detectors is 1.146 m. The detec-
tor array covers scattering angles ranging from 1.5° to 140° with an angular resolution
of 0.125°. The monoenergetic neutron beam of 331.18 meV (λ= 0.4970 Å) emerges
from a Cu (220) monochromator. The neutron beam was focused to the sample,
which was mounted in a furnace placed at the center of the spectrometer. The sample
consisted in a stack of two UO2 pellets of 8.3 mm in diameter and 14 mm in height
sealed under vacuum in a quartz tube. The density of the pellets is 10.76 g/cm3 which
corresponds to 98.2% of the theoretical density. The measurements were performed
with temperatures ranging from 298 K to 1273 K.

For D20, the 3He detector ring is located at 1.471 m from the sample. It covers
scattering angles ranging from 0° to 156.3° with an angular resolution of 0.1°. The
energy of the incident neutrons, coming from a Cu (200) monochromator, was equal
to 48.05 meV (λ= 1.3048 Å). Two UO2 pellets (with a diameter of 8 mm and a height of

96



4. Monte-Carlo simulations of neutron experiments for UO2 at ILL (incident neutron
energy lower than a few eV) – 4.1. Presentation of experimental data

10 mm) were placed in a niobium tube on the bottom of a niobium furnace, allowing
to investigate a wide temperature range from 292 K to 1664 K.

The experiments consisted in a sequence of UO2 and empty-sample measurements.
The data reduction steps were handled with ILL in-house codes, whose major is-
sues could come from the background subtraction. The background is mainly due
to neutrons scattered by the sample-holder and its environment. It is removed by
subtracting the neutron scattering yield measured during the empty-sample sequence
times an empirical determined effective sample transmission factor. In the present
work, the background subtraction was only revisited in the case of the Ruello’s data
measured on D20. Fig. 4.3 shows neutron diffraction patterns at T = 292 K, in which
many structures due to the large amount of niobium can be observed. Most of them
were removed by using an effective transmission factor of 0.87.
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Figure 4.3.: Examples of neutron diffraction patterns measured on D20 at T = 292 K
(E = 48.05 meV).

As shown in Fig. 2.2, the UO2 unit cell contains Nunit cell = 12 atoms, with 4 atoms
of uranium and 8 atoms of oxygen. The cubic symmetry leads to cell parameters
a = b = c and angles α=β= γ= 90°. The positions of the uranium and oxygen atoms
are reported in Table 2.1. Fig. 4.4 shows the two sets of temperature-dependent cell
parameters (Pascal Ruello 2001; Desgranges, Y. Ma, Garcia, et al. 2017) which were
used to simulate the neutron diffraction patterns measured at ILL. The observed
differences are discussed in Section 4.2.
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Figure 4.4.: Temperature-dependent cell parameters for UO2 obtained by Ruello (Pas-
cal Ruello 2001) and Desgranges (Desgranges, Y. Ma, Garcia, et al. 2017)
from the Rietveld refinement of neutron diffraction patterns measured on
the D20 and D4 diffractometers, respectively.

4.2. Experimental validations

4.2.1. Calculation scheme
The calculation scheme used in this work are summarized in Fig. 4.5. The first step con-
sists in producing with the CINEL processing tool an application library that contains
temperature-dependent neutron scattering cross sections, which are stored in ascii
files by following the ENDF-6 format requirements for TSLs (Trkov and D. A. Brown
2018). The second step consists in simulating the neutron diffraction experiments
with the Monte-Carlo code TRIPOLI-4®. The high performance computing capabilities
allow to reach a relative statistical uncertainty of about ±0.5% on the top of the Bragg
peaks (and ±5.0% in between) in a few minutes for a given temperature. The last step
is devoted to account for experimental corrections not introduced in the Monte-Carlo
simulations. The theoretical neutron yield Y T

th as a function of the scattering angle θ is
calculated from the neutron yields Y T

T4 provided by TRIPOLI-4® as follows:

Y T
th (θ) =

∫ 2π

0
Rθ(θ′)Y T

T4(θ′+∆θ)dθ′+Cbkg, (4.1)

98



4. Monte-Carlo simulations of neutron experiments for UO2 at ILL (incident neutron
energy lower than a few eV) – 4.2. Experimental validations

Figure 4.5.: Flow chart presenting the processing steps from the crystallographic in-
formation file to the theoretical neutron scattering yield and atomic pair
distribution function.

in which Cbkg represents a constant background, ∆θ accounts for a non-zero angular
offset and Rθ(θ′) stands for the angular response function of the diffractometer. The
angular offset is given by (McCusker, Von Dreele, Cox, et al. 1999):

∆θ =C + x sin(θ)− y cos(θ)

L
, (4.2)

where C is a constant angular shift and (x, y) accounts for the sample displacement
from the center of the diffractometer of radius L. In this work, the angular response
function of the instrument is approximated by a Gaussian, whose full width at half
maximum (FWHM) is given by the Caglioti expression (Caglioti, Paoletti, and Ricci
1958):

FWHM2(θ) =U1 tan2
(
θ

2

)
+U2 tan

(
θ

2

)
+U3. (4.3)

Fig. 4.6 shows the effect of the response function broadening in the case of the D4
diffractometer. For UO2, only a few Bragg peaks are expected to be well resolved at
forward scattering angles.
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Figure 4.6.: Examples of theoretical neutron diffraction patterns simulated with the
TRIPOLI-4® code at T = 298 K for an incident neutron energy of 331.18 meV
before and after broadening with the angular response function of the D4
diffractometer.

4.2.2. Validation of the coherent elastic scattering formalism
The experimental validation of our calculation scheme (Fig. 4.5) was performed thanks
to the neutron diffraction patterns of Ruello et al. (P. Ruello, Desgranges, Baldinozzi,
et al. 2005) measured with the D20 diffractometer by using an incident neutron energy
of E = 48.05 meV. As shown in Fig. 1.1, the contribution of the inelastic scattering cross
sections around this energy is rather low. Therefore, the Ruello’s data are suited to
verify the implementation of the coherent elastic scattering formalism (cf. Eq. (2.51))
in the CINEL processing code and its subsequent use in TRIPOLI-4®.

No attempt was made to determine the UO2 cell parameters as a function of the
temperature. Such a work was already performed by Ruello (Pascal Ruello 2001). His
results are shown in Fig. 4.4. Only experimental correction parameters involved in
Eqs. (4.1), (4.2) and (4.3) were adjusted on the experimental data by using the non-
linear least-squares minimization module LMFIT (Newville, Stensitzki, Allen, et al.
2014). The selection of the most sensitive parameters was achieved by using the
Python module SALib (Herman and Usher 2017). The sensitivity analysis indicates
that the constant shift C and the displacement x can be omitted from the fitting
procedure. We have used C = 0 and x = 0 over the full temperature range of interest
for this work.
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Table 4.1.: Experimental correction parameters adjusted with the LMFIT mod-
ule (Newville, Stensitzki, Allen, et al. 2014) on the diffraction patterns mea-
sured by Ruello et al. (P. Ruello, Desgranges, Baldinozzi, et al. 2005) on D20
at 292 K.

Parameters Values Correlation matrix

y/L -0.075(3) 100
Cbkg 0.0024(1) 0 100
U1 1.49(5) 0 -14 100
U2 -1.01(7) 1 8 -96 100
U3 0.25(2) -1 -6 91 -98 100

Table 4.2.: Final values of the experimental correction parameters used in this work
to describe the diffraction patterns measured by Ruello et al. (P. Ruello,
Desgranges, Baldinozzi, et al. 2005) on D20 up to 1664 K.

Parameters Temperatures Values

U1 292-1664 K 1.49(5)
U2 292-1664 K -1.01(7)
U3 292-1664 K 0.25(2)
y/L 292-1664 K -0.081(1)
Cbkg 292 K 0.00245(8)
Cbkg 478 K 0.00233(8)
Cbkg 614 K 0.00204(8)
Cbkg 752 K 0.00234(8)
Cbkg 891 K 0.00217(8)
Cbkg 1051 K 0.00214(8)
Cbkg 1223 K 0.00195(9)
Cbkg 1375 K 0.00192(8)
Cbkg 1500 K 0.00192(8)
Cbkg 1664 K 0.00172(9)
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The posterior values for the ratio y/L, the constant background Cbkg and Ui (i =
1,2,3) are reported in Table 4.1 for T = 292 K. The correlation matrix shows that
negligible correlation coefficients exist between the angular offset, the background
corrections and the response function parameters involved in the Caglioti expression.
In first approximation, the experimental corrections can be assumed as independent
from each other. Consequently, we decided to use the response function parameters
Ui (i =1,2,3) established at 292 K for all the measured temperatures, in order to no
longer smooth out possible temperature effects with the experimental broadening.
The angular offset ratio y/L is a free parameter common to all the neutron diffrac-
tion patterns. Only the background correction Cbkg is a temperature-dependent free
parameter.
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Figure 4.7.: Examples of theoretical results obtained with the TRIPOLI-4® code and the
Jana2000 refinement software (Petříček, Dušek, and Palatinus 2014) in
the case of the UO2 diffraction pattern measured on D20 (E = 48.05 meV)
at 478 K. ∆Y represents the difference between the theory and the experi-
ment.

The final values of the parameters are listed in Table 4.2. The average angular offset
ratio of -0.081 is slightly lower than the values obtained at T = 292 K (-0.075). This
trend can be explained by the displacement of the sample during the temperature rise
or by a temperature-compensating bias introduced during the determination of the
cell parameters. The mismatch between these two sources of uncertainties as well as
the sample environment which is not the same between the D4 and D20 experiments
may explain the differences observed between the two sets of cell parameters shown in
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Fig. 4.4. The peak-shift obtained by Rietveld refinements is discussed in Ref. (Tsubota,
Paik, and Kitagawa 2019) through the review of discrepant cell parameters reported in
the literature.

The result obtained at T = 478 K with our calculation scheme is compared in Fig. 4.7
with the diffraction pattern obtained by G. Baldinozzi (Baldinozzi 2021) with the crys-
tallographic computing system Jana2000 (Petříček, Dušek, and Palatinus 2014). In
both cases, the treatment of the experimental corrections relies on the same steps
as presented through Eqs. (4.1) to (4.3). In the case of the Jana2000 calculations,
the asymmetry of the diffraction-lines was tentatively accounted by applying the
anisotropic microstrain model formulated by Stephens (Stephens 1999) for a cu-
bic symmetry. The quality of each fitting procedure is illustrated by the difference
∆Y = Y T

th (θ)−Y T
exp(θ) between the theory and the experiment. The amplitude of the

differences located at the Bragg peak positions is nearly similar between the two ap-
proaches. It highlights the difficulty to define an asymmetric response function at the
forward angles which smoothly becomes symmetric with increasing scattering angles.
Various solutions are reported in the literature which distinguish the diffraction optic
contributions to the crystallite size and strain components.
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Figure 4.8.: Experimental and theoretical UO2 diffraction patterns for D20 from 292 to
1664 K (E = 48.05 meV).
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Figure 4.9.: (continued) Experimental and theoretical UO2 diffraction patterns for
D20 from 292 to 1664 K (E = 48.05 meV). A comparison of the results
obtained at these two temperatures is shown in Fig. 4.10. ∆Y stands for
the difference between the theory and the experiment.

Final calculated curves are compared to the experimental results in Fig. 4.9 up
to 1664 K. No meaningful anomalies with increasing temperatures were observed
through the behavior of ∆Y as a function of the scattering angles. Nearly equivalent
∆Y variations are obtained whatever the temperature is. The theoretical shape of
the Bragg edges at the forward scattering angles could be improved by introducing
an anisotropic diffraction-line model, as proposed in Rietveld structure refinement
softwares. Despite such an additional correction, which is not taken into account in
the present work, the closer comparison of the experimental and theoretical diffrac-
tion patterns, shown in Fig. 4.10, confirms that the TRIPOLI-4® code is suitable for a
quantitative analysis of the diffraction data by using a few numbers of free parameters.
The same figure also shows that the increasing contribution of the inelastic scatter-
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Figure 4.10.: Examples of experimental and theoretical UO2 diffraction patterns (D20,
E = 48.05 meV) obtained at 292 and 1664 K over three scattering angle
ranges. The red solid lines represent the TRIPOLI-4® results.

ing with the temperature is pretty well reproduced by the Monte-Carlo calculations.
However, this scattering component is rather low in the case of the D20 experiment
which was performed with neutrons of energy E = 48.05 meV (Fig. 1.1). Such an issue
is discussed in the next section thanks to results obtained with the D4 instrument.

4.2.3. Validation of the inelastic scattering formalism
The neutron diffraction patterns measured by Desgranges et al. (Desgranges, Y. Ma,
Garcia, et al. 2017) on D4 are of great interest for testing the contribution of the inelastic
scattering cross sections of uranium and oxygen in UO2 on a dense temperature grid
ranging from 298 to 1273 K. Fig. 1.1 shows that σinel

j (E) is no longer negligible around
E = 331.18 meV. As shown in Fig. 4.11, its contribution looks like a smooth background
below the Bragg edges.

The strategy used to analyse the Ruello’s data was also applied to the Desgranges’
data. The cell parameters introduced in the neutron cross section formalism are
shown in Fig. 4.4. Experimental parameters whose values were optimized on the
neutron diffraction patterns are listed in Table 4.3. The response function parameters
involved in the Caglioti expression (Eq. (4.3)) were determined at 298 K and kept
fixed up to 1273 K. The fitting procedure provided correlation coefficients between
Ui (i = 1,2,3) as strong as those obtained for D20 (Table 4.1). In the case of D4, an
average angular offset was determined over the full temperature range by fitting both
the constant shift C and displacement x (Eq. (4.2)).
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Table 4.3.: Final values of the experimental correction parameters used in this work
to describe the diffraction patterns measured by Desgranges et al. (Des-
granges, Y. Ma, Garcia, et al. 2017) on D4 up to 1273 K.

Parameters Temperatures Values

U1 298-1273 K 9.49(33)
U2 298-1273 K -3.80(19)
U3 298-1273 K 0.53(3)
C 298-1273 K 0.106(2)

x/L 298-1273 K 0.210(4)
Cbkg 298 K 0.00119(3)
Cbkg 323 K 0.00146(3)
Cbkg 373 K 0.00162(3)
Cbkg 423 K 0.00172(4)
Cbkg 473 K 0.00179(4)
Cbkg 523 K 0.00183(4)
Cbkg 573 K 0.00185(4)
Cbkg 623 K 0.00189(4)
Cbkg 673 K 0.00182(4)
Cbkg 723 K 0.00177(4)
Cbkg 773 K 0.00174(4)
Cbkg 823 K 0.00170(5)
Cbkg 873 K 0.00171(5)
Cbkg 973 K 0.00161(5)
Cbkg 1023 K 0.00158(5)
Cbkg 1073 K 0.00149(5)
Cbkg 1123 K 0.00150(5)
Cbkg 1173 K 0.00145(5)
Cbkg 1223 K 0.00144(6)
Cbkg 1273 K 0.00128(6)

Fig. 4.12 compares the experimental and theoretical neutron diffraction patterns for
D4, in which the lin-log representation highlights the increasing inelastic scattering
contribution with the scattering angle. For the sake of clarity, only a few sets of
temperature are shown. As already illustrated with Fig. 4.6, the response function of
the D4 instrument makes it difficult the individual identification of the Bragg peaks
above scattering angles greater than a few tens of degrees. Below θ = 60°, a satisfactory
agreement is achieved between the experimental and theoretical structures observed
over the entire temperature range (Fig. 4.13).

Interesting differences between the experimental values and the theoretical curves
are observed at the forward scattering angles (see green arrows in Fig. 4.12). They
indicate that the constant background Cbkg introduced in Eq. (4.1) is not able to
provide an accurate description of the data. The origin of such non-zero background
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Figure 4.11.: Inelastic and coherent elastic scattering contributions simulated with
the TRIPOLI-4® code at T = 298 K for D4 (E = 331.18 meV).

correction issues as a function of the scattering angle is not well understood and
needs further investigations. This result confirms that, in complement to inelastic
neutron scattering instruments, the characteristics of the D4 diffractometer are suited
to challenge the angular anisotropy of the neutron inelastic scattering calculated under
the harmonic or Gaussian, incoherent and cubic approximations (cf. Section (2.2.2)),
of which the accuracy of the Gaussian approximation as a function of the momentum
transfer is discussed in Refs. (Nijboer and Rahman 1966; Schober 2014).

4.2.4. From neutron diffraction patterns to atomic pair
distribution functions

The experimental program carried out on the D4 diffractometer was originally de-
signed to investigate the validity of the Fm3̄m symmetry as a function of the temper-
ature. Deviations from the average structure of UO2 have been analyzed via atomic
pair distribution functions G(r ), which give the probability of finding an atom at a
distance r from a given atom. The expression of G(r ) depends on the total scattering
structure factor S(Q):

G(r ) = 2

π

∫ Qmax

Qmin

Q(S(Q)−1)sin(Qr )dQ. (4.4)
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Figure 4.12.: Experimental and theoretical UO2 diffraction patterns for D4 from 298
to 1273 K (E = 331.18 meV). A comparison of the results obtained at
these two temperatures is shown in Fig. 4.13. The green arrows highlight
the differences observed between the experiment and the theory at the
forward scattering angles. The dotted blue lines show the increasing
inelastic scattering contribution with the scattering angle.

For neutron diffraction experiments, Sexp(Q) is defined as follow:

Sexp(Q) =
Y T

exp(Q) (1−P (Q))−∑Nunit cell
j=1 c j |b j |2

|∑Nunit cell
j=1 c j b j |2

+1, (4.5)

where c j = 1/Nunit cell and b j represent the concentration and the bound scattering
length of the j -th atom in the unit cell of the studied material. The inelasticity cor-
rection 1−P (Q) was taken form the work of Desgranges, in which a Placzek-type
analytical correction (Placzek 1952) was applied to the normalized experimental
neutron scattering yields. The proposed correction is well appropriate to the D4 exper-
iment that involves heavy atoms and an incident neutron energy of E = 331.18 meV.
These conditions allow to assume that the average amount of energy exchanged with
the scattering system is small compared to the excitation energies of that system.

The experimental and theoretical atomic pair distribution functions for UO2 are
compared in Fig. 4.14 from room temperature to 1273 K. The Monte-Carlo simulations
were performed by using the Fm3̄m group space with harmonic atomic vibrations.
The first three peaks mainly correspond to the U-O, O-O and U-U bonds (Palomares,
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Figure 4.13.: Examples of experimental and theoretical UO2 diffraction patterns (D4,
E = 331.18 meV) obtained at 298 and 1273 K over three scattering angle
ranges. The red solid lines represent the TRIPOLI-4® results.

McDonnell, Yang, et al. 2019). A closer inspection of the experimental results indicates
a negative peak-shift of -0.010(5) Å for the U-O bond from 298 K to 1273 K, while the
peak position of the U-U bond increases by +0.020(5) Å. By contrast, the Monte-Carlo
simulations provide positive peak-shifts which are close to +0.040(5) Å for both U-O
and U-U bonds.

Our calculations agree with past works reported in the literature. They all conclude
that the arrangement of the uranium and oxygen atoms cannot be described in term of
an ideal fluorite structure at elevated temperature. The observed differences between
the experiment and the theory correspond to an unexpected shortening of the U-O
distance with increasing temperature. The underlying mechanism is not well under-
stood. It is the subject of debates in the literature. Willis interprets the temperature
effects on the lattice arrangement in terms of anharmonic atomic vibrations (Willis
1963b; Willis, B.T.M. 1964; Willis and Hazell 1980). Similarly, Skinner et al. (Skinner,
Benmore, Weber, et al. 2014) favor atomic disorder mechanisms in the Fm3̄m group
space for explaining the U-O and U-U bond lengths deduced from X-ray diffraction
patterns measured up to the UO2 melting point. By contrast, the existence of a local
symmetry (such as Pa3̄) is suggested by Desgranges et al. (Desgranges, Y. Ma, Garcia,
et al. 2017) for explaining the shortening of the U-O distance at 1273 K (Fig. 4.14).
These different approaches are discussed in the next section.
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Figure 4.14.: Experimental and theoretical atomic pair distribution functions for UO2

(D4, E = 331.18 meV). The TRIPOLI-4® simulation were performed by
using the Fm3̄m space group with harmonic atomic vibrations. The first
three peaks mainly corresponds to the U-O, O-O and U-U bonds (Palo-
mares, McDonnell, Yang, et al. 2019).

4.3. Perspectives for improving the
CINEL calculations

4.3.1. Investigation of a four-site model for the oxygen atoms
On the basis of single-crystal neutron diffraction data on UO2 measured from 293 to
1373 K, Willis notices that a better agreement between the calculated and the experi-
mental data is obtained by relaxing the oxygen atoms from their regular positions in
the ideal fluorite structure (Willis 1963b). In this model, the uranium atoms remain in
the same positions (0, 0, 0), (0, 1/2, 1/2), (1/2, 0, 1/2) and (1/2, 1/2, 0), while every sin-
gle oxygen atom is split into four 1/4 atom and they are located in the (111) directions
toward the four neighbored interstices with a relaxation term δ. Detailed positions of
the oxygen atoms in the four-site model are presented in Table 4.4.

As all the coordinates of the atom position are known, the form factor given by
Eq. (2.52) can be explicitly expressed for the four-site model as follow:
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Table 4.4.: Oxygen site occupancy in the UO2 unit cell in the case of the ideal fluorite
structure and four-site model.

Ideal fluorite structure Four-site model
x y z x y z

1/4 1/4 1/4

1/4+δ 1/4+δ 1/4+δ
1/4+δ 1/4−δ 1/4−δ
1/4−δ 1/4+δ 1/4−δ
1/4−δ 1/4−δ 1/4+δ

1/4 3/4 3/4

1/4+δ 3/4+δ 3/4+δ
1/4+δ 3/4−δ 3/4−δ
1/4−δ 3/4+δ 3/4−δ
1/4−δ 3/4−δ 3/4+δ

3/4 1/4 3/4

3/4+δ 1/4+δ 3/4+δ
3/4+δ 1/4−δ 3/4−δ
3/4−δ 1/4+δ 3/4−δ
3/4−δ 1/4−δ 3/4+δ

3/4 3/4 1/4

3/4+δ 3/4+δ 1/4+δ
3/4+δ 3/4−δ 1/4−δ
3/4−δ 3/4+δ 1/4−δ
3/4−δ 3/4−δ 1/4+δ

3/4 3/4 3/4

3/4−δ 3/4−δ 3/4−δ
3/4−δ 3/4+δ 3/4+δ
3/4+δ 3/4−δ 3/4+δ
3/4+δ 3/4+δ 3/4−δ

3/4 1/4 1/4

3/4−δ 1/4−δ 1/4−δ
3/4−δ 1/4+δ 1/4+δ
3/4+δ 1/4−δ 1/4+δ
3/4+δ 1/4+δ 1/4−δ

1/4 3/4 1/4

1/4−δ 3/4−δ 1/4−δ
1/4−δ 3/4+δ 1/4+δ
1/4+δ 3/4−δ 1/4+δ
1/4+δ 3/4+δ 1/4−δ

1/4 1/4 3/4

1/4−δ 1/4−δ 3/4−δ
1/4−δ 1/4+δ 3/4+δ
1/4+δ 1/4−δ 3/4+δ
1/4+δ 1/4+δ 3/4−δ
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F4s(~τhkl ) =



4bU exp

(
− ~2τ2

hkl

4MU kB T
ΛU (T )

)
+8bO exp

(
− ~2τ2

hkl

4MOkB T
ΛO(T )

)
f1 if h +k + l = 4n and h, k, l all even

4bU exp

(
− ~2τ2

hkl

4MU kB T
ΛU (T )

)
+8bO exp

(
− ~2τ2

hkl

4MOkB T
ΛO(T )

)
f2 if h +k + l = 4n +1 and h, k, l all odd

4bU exp

(
− ~2τ2

hkl

4MU kB T
ΛU (T )

)
−8bO exp

(
− ~2τ2

hkl

4MOkB T
ΛO(T )

)
f1 if h +k + l = 4n +2 and h, k, l all even

4bU exp

(
− ~2τ2

hkl

4MU kB T
ΛU (T )

)
−8bO exp

(
− ~2τ2

hkl

4MOkB T
ΛO(T )

)
f2 if h +k + l = 4n +3 and h, k, l all odd

0 otherwise

, (4.6)

in which f1 = cos(2πδh)cos(2πδk)cos(2πδl ) and f2 = sin(2πδh)sin(2πδk)sin(2πδl ).
Willis proposed to rewrite Eq. (4.6) in the following compact form:

F4s(~τhkl ) =

4bU exp

(
− ~2τ2

hkl

4MU kB T
ΛU (T )

)
+8bO exp

(
− ~2τ2

hkl

4MOkB T
ΛO(T )

)
f4s if h, k, l all odd or all even

0 otherwise

, (4.7)

with

f4s = cos

(
2πh

(
1

4
+δ

))
cos

(
2πk

(
1

4
+δ

))
cos

(
2πl

(
1

4
+δ

))
. (4.8)

The implementation of the four-site model in the CINEL code leads to the theoretical
results shown in Fig 4.15a, which were obtained in the case of the D4 experiment for
T = 1273 K with a relaxation term δ= 0.0177 given in Ref. (Desgranges, Y. Ma, Garcia,
et al. 2017). Compared to the ideal fluorite structure, no improvement is observed at
elevated temperature when the four-site model is introduced in the fitting procedure.
The differences with the experimental values increase with the hkl values in the
scattering angle range shown in Fig 4.15a.

In the case of an ideal fluorite structure (δ= 0), Eq. (4.6) shows that the intensity
of the form factor for h +k + l = 4n is more important than that of h +k + l = 4n ±1
and h +k + l = 4n +2, because in such a case the uranium and oxygen atoms scatter
in-phase. For h + k + l = 4n + 2, the intensity of the form factor is weak because
they scatter out-of-phase. For h +k + l = 4n ±1, the intensity is medium since only
the uranium atoms contribute to the scattering. The introduction of the relaxation
term δ 6= 0 not only weaken the strongest in-phase scattering, but also strengthen the
weakest out-of-phase scattering. Such an effect increases with the hkl values until
its peak value, and decreases for large hkl values because of the dominance of the
exponential term in Eq. (4.7) which involves −τ2

hkl . As a consequence, the four-site
model proposed by Willis is not an adequate solution to introduce an oxygen disorder
mechanism in the CINEL model.

112



4. Monte-Carlo simulations of neutron experiments for UO2 at ILL (incident neutron
energy lower than a few eV) – 4.3. Perspectives for improving the CINEL calculations

6.0 11.0 16.0 21.0 26.0 31.0 36.0

Scattering angle (degree)

0.00

0.01

0.02

0.03

0.04

0.05

0.06

0.07

N
e
u
tr

o
n
 y

ie
ld

 (
a
rb

it
ra

ry
 u

n
it
)

Desgranges et al. (2017)

Ideal fluorite structure

Four−site model

36.0 41.0 46.0 51.0
0.00

0.01

0.02

(111)

(220)

(311)
(400)

(331)

(422)

(511)

(440)

(531)
(620)

T=1273 K
(a)

6.0 11.0 16.0 21.0 26.0 31.0 36.0

Scattering angle (degree)

0.00

0.01

0.02

0.03

0.04

0.05

0.06

0.07

N
e
u
tr

o
n
 y

ie
ld

 (
a
rb

it
ra

ry
 u

n
it
)

Desgranges et al. (2017)

Ideal fluorite structure

with third−cumulant coef.

36.0 41.0 46.0 51.0
0.00

0.01

0.02

(111)

(220)

(311)
(400)

(331)

(422)

(511)

(440)

(531)
(620)

T=1273 K
(b)

6.0 11.0 16.0 21.0 26.0 31.0 36.0

Scattering angle (degree)

0.00

0.01

0.02

0.03

0.04

0.05

0.06

0.07

N
e
u
tr

o
n
 y

ie
ld

 (
a
rb

it
ra

ry
 u

n
it
)

Desgranges et al. (2017)

Ideal fluorite structure

Pa3 symmetry

36.0 41.0 46.0 51.0
0.00

0.01

0.02

(111)

(220)

(311)
(400)

(331)

(422)

(511)

(440)

(531)
(620)

T=1273 K

(210)

(221)

(302)
(412)

(432)

(c)

Figure 4.15.: The experimental diffraction patterns measured on D4 at T = 1273 K
(E = 331.18 meV) and theoretical results obtained with the ideal fluorite
structure are compared to results obtained with (a) a four-site model
for the oxygen atoms with a relaxation term δ= 0.0177, (b) a structure
factor equation with a non-zero anharmonic third-cumulant coefficient
for the oxygen atoms (cO

123 = 0.0017 and (c) a Pa3̄ symmetry with the
same relaxation term as in the four-site model (δ = 0.0177). The (hkl )
plans for the fluorite structure are indicated in black for the well resolved
peaks observed below θ = 36°. The additional (hkl ) peaks due to the Pa3
symmetry are indicated in red.
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4.3.2. Investigations of a non-zero anharmonic
third-cumulant coefficient for the oxygen atoms

In order to favor anharmonic oxygen vibrations in the fluorite structure instead of
a disorder mechanism only based on the displacement of the oxygen atoms from
their equilibrium positions, Willis and Hazell (Willis and Hazell 1980) re-analyzed the
single-crystal diffraction data on UO2 (Section 4.3.1) by introducing third-cumulant
coefficients in the form factor F (~τhkl ) (Eq. (2.52)). In theory, there are up to ten third-
cumulant coefficients for each atom j . However, Willis and Hazell concluded that
only the third-cumulant coefficient of the oxygen atoms cO

123 is non-vanishing when
using the symmetry properties of the ideal fluorite structure. According to their work,
the anharmonic form factor becomes:

Fanhar(~τhkl ) =
Nunit cell∑

j=1
b j exp

(
− ~2τ2

hkl

4M j kB T
Λ j (T )

)
exp

(
i~τhkl ·~p j − iδ j OcO

123τ
3
hkl

)
, (4.9)

where δ j O is the Kronecker delta function which is equal to 1 if atom j is oxygen and 0
for uranium. By analogy with Eq. (4.7), Fanhar(~τhkl ) can be rewritten as

Fanhar(~τhkl ) =

4bU exp

(
− ~2τ2

hkl

4MU kB T
ΛU (T )

)
+8bO exp

(
− ~2τ2

hkl

4MOkB T
ΛO(T )

)
fanhar if h, k, l all odd or all even

0 otherwise

, (4.10)

with

fanhar = exp
(−i cO

123τ
3
hkl

)
cos

(
π

h

2

)
cos

(
π

k

2

)
cos

(
π

l

2

)
. (4.11)

For (hkl ) peaks satisfying h+k+l = 4n±1, anharmonicity vanishes ( fanhar = 0) when
uranium atoms contribute to the scattering. For (hkl ) peaks satisfying h +k + l = 4n
or h +k + l = 4n +2, fanhar =±exp

(−i cO
123τ

3
hkl

)
and |Fanhar(~τhkl )|2 is given by:

|Fanhar(~τhkl )|2 = |F (~τhkl )|2∓128bU bO exp

(
−~2τ2

hkl

4kB T

(
ΛU (T )

MU
+ ΛO(T )

MO

))
sin2

(
cO

123τ
3
hkl

2

)
,

(4.12)
in which |F (~τhkl )|2 represents the square of the form factor in the case of an ideal
fluorite structure.

Fig. 4.15b shows the theoretical results calculated at T = 1273 K in the case of the D4
experiment with an anharmonic third-cumulant coefficient cO

123 equal to 0.0017. This
value was obtained from the interpolation of the results reported in Ref. (Willis and
Hazell 1980). The agreement with the experiment is not improved by using cO

123 6= 0.
On the contrary, significant differences are observed for scattering angles greater than
40°. According to Eq. (4.12), the intensity of the strongest U-O in-phase scattering
will be weakened, while the weakest out-of-phase scattering will be strengthened.
The present result indicates that the term cO

123τ
3
hkl in Eq. (4.12) is not able to simulate

the anharmonic behavior of the oxygen atoms in our calculation scheme at elevated
temperatures.
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Table 4.5.: Oxygen site occupancy in the UO2 unit cell in the case of the Fm3̄m and
Pa3 symmetries.

Fm3̄m symmetry Pa3̄ symmetry
x y z x y z

1/4 1/4 1/4 1/4+δ 1/4+δ 1/4+δ
1/4 3/4 3/4 1/4−δ 3/4−δ 3/4+δ
3/4 1/4 3/4 3/4+δ 1/4−δ 3/4−δ
3/4 3/4 1/4 3/4−δ 3/4+δ 1/4−δ
3/4 3/4 3/4 3/4−δ 3/4−δ 3/4−δ
3/4 1/4 1/4 3/4+δ 1/4+δ 1/4−δ
1/4 3/4 1/4 1/4−δ 3/4+δ 1/4+δ
1/4 1/4 3/4 1/4+δ 1/4−δ 3/4+δ

4.3.3. Investigations of the Pa3̄ symmetry
The experimental results measured on the D4 instrument have been originally ana-
lyzed by Desgranges et al. (Desgranges, Y. Ma, Garcia, et al. 2017). They investigated
the possibility of using the Pa3̄ crystalline symmetry as a local configuration in UO2,
instead of the ideal fluorite structure, for explaining the shortening of the U-O distance
with increasing temperature. In this section, we show how the theoretical diffraction
patterns change when the Pa3̄ symmetry is used as an average configuration for UO2.

Compared to the ideal fluorite structure, the positions of the uranium atoms in the
Pa3̄ symmetry remain the same while those of oxygen are modified with a relaxation
term δ (Table 4.5). The oxygen cage is thus distorted to form two long U-O distances
and six short U-O distances. Such an oxygen site occupancy can be regarded as a
specific configuration of the four-site model (Table 4.4). Desgranges et al. show
that the first few peaks observed in the pair distribution function of UO2 at 1273 K
(Fig. 4.14) are better reproduced by distinguishing these two U-O distances.

The theoretical diffraction pattern calculated at 1273 K in the case of the D4 ex-
periment under the assumption of the Pa3̄ symmetry is reported in Fig. 4.15c. The
differences between the experiment and the theory are nearly of the same order of
magnitude than those obtained with the four-site model. The main problem com-
pared to the ideal fluorite structure is the presence of new (hkl ) peaks in the theoretical
diffraction pattern which are not observed in the experimental one. According to
Eq. (4.6), the Bragg diffractions in the ideal fluorite structure occur for (hkl ) plan when
h, k, l are all odd or all even. The distortion of the oxygen cage in the Pa3̄ symmetry
allows Bragg diffractions in (hkl ) plan even if h, k, l are not all odd and not all even.
In response to this drawback, outgoing experimental and theoretical works are in
progress for exploring other alternative symmetries that will satisfy the average and
local structures of UO2 at elevated temperatures.
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4.4. Preliminary conclusions
The results reported in this chapter indicate that the Monte-Carlo neutron transport
code TRIPOLI-4® is able to reproduce neutron diffraction patterns measured at ILL
up to 1664 K thanks to the newly developed processing tool CINEL. The neutron cross
section formalism implemented in CINEL allows to calculate the inelastic and coherent
elastic scattering contributions by using an ideal fluorite structure for UO2 over the
full temperature range. A few numbers of experimental parameters were optimized on
the data to account for the angular offset, the response function of the diffractometer
and a background correction. The good agreement between the experimental and
theoretical neutron diffraction patterns validates our TRIPOLI-4® calculation scheme
for UO2. However some limited issues remain in the interpretation of the background
correction. Biases due to theoretical approximations would need to be investigated.

The performance of our calculation scheme was also investigated by simulating
atomic pair distribution functions to probe the structure of UO2 at elevated tempera-
ture. The differences observed at 1273 K between the experiment and the theory con-
firm that the local deviations of the oxygen atoms from the average structure of UO2

are not compatible with an ideal fluorite structure. We show that the CINEL processing
tool offers the possibility of testing atomic disorder configurations, anharmonic mod-
els or space groups which are suggested in the literature for exploring the unexpected
shortening of the U-O distance with increasing temperature.
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(incident neutron energy greater than a few eV) – 5.1. Introduction of problems

In Chapter 4, the Monte-Carlo neutron transport code TRIPOLI-4® (E. Brun, F.
Damian, Diop, et al. 2015) is used to simulate neutron powder diffraction data on
stoichiometric uranium dioxide (UO2) measured up to 1664 K with the D4 and D20
diffractometers of the ILL. The TSLs of UO2 required for the simulation are calculated
by using the data processing tool CINEL (cf. Chapter 3). It should be pointed out
that the incident neutron energies of D4 (E = 331.18 meV) and D20 (E = 48.05 meV)
are both below 1 eV. At such low energy range, the performances of the Monte-Carlo
calculations with the tabulated TSLs are illustrated with the comparison between
the experimental and simulated diffraction patterns and atomic pair distribution
functions. In this chapter, we will investigate the neutron scattering treatments with
TRIPOLI-4® for neutron energies above a few eV.

5.1. Introduction of problems
Three distinct models are routinely implemented in Monte-Carlo neutron transport
codes such as MCNP5 (Team 2003), to treat the neutron-nucleus (elastic) 1 scattering
according to the incident neutron energy (Coveyou, Bate, and Osborn 1956; Zoia,
Emeric Brun, Jouanne, et al. 2013). Tabulated TSLs or S(α, β) account for atomic
vibration and/or diffusion behaviors of the target nuclides (Squires 2012; Schober
2014). The SVT algorithm is used to sample the velocities of the target nuclides from a
M-B distribution (Coveyou, Bate, and Osborn 1956; Lux 2018). The AK approximation
considers the target nuclides at rest, when the velocities of the nuclides are negligible
compared to the incident neutron velocities.

The energy thresholds of the above listed neutron scattering treatments in the
Monte-Carlo neutron transport code TRIPOLI-4® are illustrated in Fig. 5.1 in the case
of the total cross section of 1H and 1H bound in 1H2O. Below the energy threshold
near 5 eV, S(α, β) are used to determine the energies and momenta of the scattered
neutrons. If S(α, β) are not available, the SVT algorithm is used instead. From 5 eV
to 400kB T , where kB is the Boltzmann constant and T represents the temperature
of the target nuclides, the SVT algorithm is applied to simulate the neutron-nucleus
scattering. Above 400kB T , the AK treatment is used.

The neutron-nucleus scattering is approximated by the two-body collision kinet-
ics within the SVT algorithm. During each collision, the scalar velocity of the target
nucleus V in the laboratory (LAB) frame can be sampled from a M-B distribution
MT (V ) with T the temperature of the nuclei. The cosine of the angle between in-
cident neutron and target nucleus in the LAB frame µ is sampled uniformly on the
interval [−1;1]. The velocity of the incident neutron is denoted as v . Then the relative
velocity vrel between the incident neutron and the target nucleus can be obtained by
vrel =

√
v2 +V 2 −2vV µ. In the SVT algorithm, it is assumed that the neutron-nucleus

1Here, the term “elastic” indicates that the kinetic energies of the incident neutron and the target
nucleus are conserved before and after scattering. It is different than the notion presented in
Chapter 2, in which elastic scattering refers that the energy of neutron does not change before and
after scattering. In order to avoid confusion, the term “elastic” will be omitted hereafter.
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Figure 5.1.: Comparison of the hydrogen total cross-sections for free gas model (1H)
and hydrogen bound in water molecule (denoted as H(H2O) in the figure)
calculated at T = 300 K. The energy thresholds for S(α, β) and SVT are
respectively 4.95 eV and 400kB T , that is 10.34 eV for T = 300 K (Scotta,
Juan Pablo, Noguere, Gilles, Bernard, David, et al. 2016).

scattering cross section at zero temperature σs
0 is invariant with the relative velocity

vrel, i.e., σs
0(vrel) ≈ constant (Carter and Cashwell 1975). The constant scattering cross

section approximation is justified by the arguments that for light nuclides, σs
0(vrel)

vary slowly with the energy.
The SVT treatment for heavy nuclides with strong scattering resonances is reported

to be inadequate (Dagan and Broeders 2006; Becker, R. Dagan, and Lohnert 2009).
As illustrated in Fig. 5.2, the scattering and radiative capture cross sections of 238U
rise with several magnitudes at specific neutron energies. These abrupt variations
correspond to nuclear resonances. Furthermore, it is proven that the target velocity
V and the cosine of the angle between incident neutron and target nucleus µ are
correlated (Rothenstein and R. Dagan 1995; Rothenstein 1996; Rothenstein and R.
Dagan 1998). Thus V and µ cannot be sampled independently as performed in the
SVT algorithm. To overcome the shortcomings of the application of the SVT algorithm
to heavy nuclides with pronounced resonances, two options can be employed in
Monte-Carlo simulations: analytical S(α, β) tables and stochastic correction.

The first option consists of directly utilizing S(α, β) tables to determine the energies
and momenta of the scattered neutrons instead of using the sampling scheme as
presented in the SVT algorithm. The S(α, β) tables can be calculated by the Doppler
broadening double differential scattering kernel which is developed by Rothenstein
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Figure 5.2.: Elastic scattering, radiative capture and total cross sections of 238U at 298
K from the ENDF/B-VIII.0 database (D. Brown, Chadwick, Capote, et al.
2018).

and Dagan (Rothenstein and R. Dagan 1998; Rothenstein 2004).
The second option is to eliminate the approximation of σs

0(vrel) ≈ constant by
adding a rejection step in the SVT algorithm. For each simulation, the sampled V and
µ will be rejected whenever the supplementary rejection criteria are fulfilled. There-
fore, this approach is based solely on stochastic consideration. So far, two rejection
models are implemented in TRIPOLI-4®: DBRC which is developed by Rothenstein
and Dagan (Rothenstein and R. Dagan 1995) and WCM developed by Lee et al. (Lee,
Smith, and Rhodes 2009). Nevertheless, this option induces a large number of rejec-
tion in the vicinity of the resonances, which increases the computational time for the
Monte-Carlo simulations.

In this work, we focus on the neutron scattering with light nuclides having a non-
resonant neutron scattering cross section below 10 eV. The formalism of the SVT
algorithm and its numerical validations at room temperature T are presented in
Section 5.2. In Section 5.3, we investigate several neutron scattering treatments with
the Monte-Carlo neutron transport code TRIPOLI-4® in the energy range between
5 eV and 10 eV. The studied scattering models are the SVT algorithm, the S(α, β)
tables calculated with simplified models: Free Gas Model (FGM) and Short Collision
Time approximation (SCT), and the PDOS-based S(α, β) tables. In Section 5.4, the
SVT algorithm at the effective temperature Teff and the SCT scattering treatment
are compared to results obtained with the PDOS-based S(α, β) tables. Preliminary
conclusions are given in the last section.
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SVT algorithm at room temperature T

~vTR

~v′TR

~VTR = ~0
~V ′
TR

m M = Am
θ′TR

plan (P )

target-at-rest (TR) frame

~vCM

~v′CM

~VCM
~V ′
CM

m M = Am

θCM

plan (P )

center-of-mass (CM) frame

Figure 5.3.: Schematic representation of the neutron-nucleus scattering in the AK
treatment from the point of view in target-at-rest (TR) frame (left hand
plot) and center-of-mass (CM) frame (right hand plot). Detail explanations
are presented in the text.

5.2. Numerical validations of the SVT algorithm at
room temperature T

The neutron-nucleus scattering in the AK treatment or the SVT algorithm is approx-
imated by the two-body collision kinetics, whose formalisms are presented in Sec-
tions 5.2.1 and 5.2.2, respectively. The numerical validations of the SVT algorithm are
shown in Section 5.2.3.

5.2.1. Asymptotic Kernel
The AK treatment of TRIPOLI-4® is applied in the neutron scattering Monte-Carlo
simulations when the incident neutron energies exceed 400kB T . In the AK treatment,
the neutron-nucleus scattering is approximated by the two-body collision kinetics
with target nuclei at rest in the LAB frame, as illustrated in Fig. 5.3. Hence, the LAB
frame will hereafter be referred to as target-at-rest (TR) frame in the AK treatment. The
neutron-target system is first transformed from the TR frame to the center-of-mass
(CM) frame, as shown in Fig. 5.3, from the left hand plot to the right hand plot. The
speeds of the neutron and the target nucleus before collision in the CM frame are ~vCM

and ~VCM, respectively. The kinematics of the collision in the CM frame are computed
to obtain the post-collision speeds ~v ′

CM and ~V ′
CM, as shown in the right hand plot.

Finally the post-collision neutron-target system is transformed back to the TR frame
to calculate the velocity v ′

TR and the cosine of angle µ′
TR = cos

(
θ′TR

)
of the scattered

neutron, as shown in the left hand plot. The derivation of v ′
TR and µ′

TR are presented
as follows.

The neutron mass and the mass of target nucleus are respectively m and M with
M = Am. The speeds of neutron and target nucleus are respectively ~v and ~V with
subscripts indicating the belonging frame. In the AK treatment, the target nucleus is
assumed to be at rest in the TR frame, i.e., ~VTR =~0. The speed of the CM frame in the
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TR frame~cTR can be computed by:

~cTR = m~vTR +M~VTR

m +M
= ~vTR

1+ A
. (5.1)

Then the speeds of neutron and target in the CM frame~vCM and ~VCM can be obtained
respectively by subtracting the speed of the CM frame~cTR

~vCM =~vTR −~cTR = A~vTR

1+ A
, (5.2)

and
~VCM = ~VTR −~cTR =− ~vTR

1+ A
. (5.3)

The neutron-target collision is assumed to be isotropic in the CM frame. Thus the
cosine of the scattering angle µCM = cos(θCM) is sampled uniformly on the interval
[−1;1]. Since the total momentum and the kinetic energy of the neutron-target system
is conserved before and after the collision, it can be easily shown that the scalar
velocities of the neutron and the target remain invariant in the CM frame, i.e., vCM =
v ′

CM and VCM =V ′
CM. The speed of the post-collision neutron in the TR frame ~v ′

TR and

that of the target ~V ′
TR can thus be calculated by adding the speed of the CM frame, i.e.,

~v ′
TR =~v ′

CM +~cTR, (5.4)

and
~V ′

TR = ~V ′
CM +~cTR. (5.5)

Plan P presented in the right hand plot of Fig. 5.3 is determined by the speeds of
neutron before and after collision~vCM and~v ′

CM. It can be obtained from Eqs. (5.1), (5.4)

and (5.5) that the speeds of target ~v ′
TR and ~V ′

TR are in the same plan P . Furthermore,
based on geometric relations, the scalar velocity of the post-collision neutron v ′

TR and
the cosine of the scattering angle µ′

TR in the TR frame can be respectively calculated
by:

v ′
TR =

√(
1+µCM A

1+ A

)2

+ A2(1−µ2
CM)

(1+ A)2
vTR, (5.6)

and

µ′
TR =


1 if µCM =−1 and A = 1

1+µCM A√
(1+µCM A)2 + A2(1−µ2

CM)
otherwise . (5.7)

5.2.2. Sampling the velocity of the target nucleus
The neutron-nucleus scattering is approximated by the two-body kinetics in the SVT
algorithm, which is illustrated in Fig. 5.4. Same conventions for the notations of speed
and angle are used in the SVT and AK treatments, e.g., the superscript ′ represents the
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O ~v

~v − ~V ~V
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φCM

θ′

θV
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M = Amplan (P )

(P ′)

~N

laboratory (LAB) frame

O

~vTR = ~v − ~V

~v′TR

~VTR = ~0

~V ′
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M = Am

θ′TR

plan (P ′)
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~v′CM
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. ~N ′
center-of-mass (CM) frame

Figure 5.4.: Schematic representation of neutron-nucleus scattering in LAB (top plot),
TR (bottom left plot) and CM (bottom right plot) frames. Detail descrip-
tions can be found in the text.

physical quantities after the scattering while the subscripts indicate the belonging
frames. In the SVT algorithm, the subscripts of quantities in the LAB frame are omitted
for the sake of clarity.

Unlike the AK treatment in which the target nuclei are assumed to be at rest, the
velocities of the target nuclei V in the LAB frame in the SVT algorithm can be sampled
from a M-B distribution MT (V ) with T the temperature of the nuclei. The cosine of the
angle between the incident neutron and the target nucleus µ= cos(θ) before collision
can be sampled uniformly on [−1;1]. After the sampling of V and µ, the relative speed
between the incident neutron and the target nucleus ~v −~V can be computed. This
step enables to transform the neutron-target system from the LAB frame to the TR
frame, as shown in Fig. 5.4, from the top plot to the bottom left plot. Then, by using
Eqs. (5.6) and (5.7) obtained in the AK treatment, the velocity v ′

TR and the cosine of
angle µ′

TR can be computed. The final step consist of transforming the neutron-target
system back to the LAB frame to calculate v ′ and µ′ = cos

(
θ′

)
.

123



5. Investigation of neutron scattering treatments in the epithermal energy range
(incident neutron energy greater than a few eV) – 5.2. Numerical validations of the

SVT algorithm at room temperature T

Based on the results obtained in the AK treatment, the speed vectors in the TR or
CM frame lie on the same plan (P ′) (pink color), as shown in the two bottom plots of
Fig. 5.4. While the target speed ~V does not generally lie on the same plan except for
µ=±1. Thus, compared to the AK treatment, an additional azimuthal angle φCM is
sampled in the SVT algorithm. φCM is sampled uniformly on the interval ]−π;π] based
on the assumption that the neutron scattering is isotropic in the CM frame. Therefore,
there are four variables sampled in the SVT algorithm (Rothenstein 1996): V and µ
are related to the motion of target nuclei, and µCM and φCM are used in the collision
kinematics. The derivation of the velocity v ′ and the cosine of angle µ′ = cos

(
θ′

)
of the

post-collision neutron is summarized as follows.
The relative speed between the incident neutron and the target nucleus ~vref is

computed by:
~vref =~v −~V . (5.8)

The cosine of the angle between the relative speed ~vref and the speed of the target
nucleus ~V is denoted as µr = cos(θr ), which is determined by:

µr =
~vref ·~V
vrefV

= vµ−V√
v2 +V 2 −2vV µ

. (5.9)

Then, the speed of scattered neutron in the TR frame ~v ′
TR is decomposed into two

components with one parallel to the relative speed ~vref and the other perpendicular
to it, i.e., ~v ′

TR =~v ′
TR,∥+~v ′

TR,⊥. Equally, the speed of the target nucleus is decomposed

into ~V = ~V∥+~V⊥. Hence, the speed of scattered neutron in the LAB frame ~v ′ can be
expressed by:

~v ′ =~v ′
TR +~V =~v ′

TR,∥+~v ′
TR,⊥+~V∥+~V⊥. (5.10)

Based on geometric relations, the velocity of the scattered neutron in the LAB frame
v ′ can be obtained by:

v ′ = (v ′
TR)2 +V 2 +2v ′

TRV µV , (5.11)

where µV = cos(θV ) represents the cosine of the angle between v ′
TR and ~V , which is

obtained thanks to the decompositions of ~v ′
TR and ~V in Eq. (5.10) and

µV =µ′
TRµr +

√
1− (µ′

TR)2
√

1−µ2
r cos

(
φCM

)
. (5.12)

µV can be computed thanks to the calculations of µ′
TR and µr from Eqs. (5.7)

and (5.9). Since v ′
TR can be obtained from Eq. (5.6), the velocity of scattered neu-

tron in the LAB frame v ′ in Eq.( 5.11) can be obtained. Finally, the expression of the
cosine of the scattering angle µ′ = cos

(
θ′

)
can be calculated by:

µ′ = ~v ·~v ′

v v ′ = (~vref +~V ) · (~v ′
TR +~V )

v v ′ = v ′
TRvrefµ

′
TR + vrefV µr + v ′

TRV µV +V 2

v v ′ . (5.13)
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5.2.3. Numerical validations of the SVT algorithm
In this part, the SVT algorithm presented in Section 5.2.2 is validated by sampling the
velocities of 1H in 1H2O from M-B distributions and trajectory files provided by the
MD code GROMACS (Abraham, Murtola, Schulz, et al. 2015).

The M-B probability distribution function of velocities is explicitly expressed as:

MT (V ) = 4p
π

B 3V 2 exp
(−B 2V 2), (5.14)

where

B =
√

M

2kB T
. (5.15)

The M-B probability distribution function of the velocities MT (V ) is characterized
by the mass M and the temperature T . The mean velocity V of the M-B distribution
can be calculated by:

V = 2p
πB

=
√

8kB T

πM
. (5.16)

The generation of the trajectory files for water by using GROMACS is described in
Scotta’s thesis (J. Scotta 2017). The physical model used in the GROMACS simulation
consists of in total 512 water molecules within a cubic box with side length equal
to 2.48 nm. A water potential named TIP4P/2005f (González and Abascal 2011) is
adopted to quantify the forces between atoms. The TIP4P/2005f model is a flexible
water potential model which enables to take into account the intermolecular and
intramolecular interactions. Thanks to this potential, the positions and velocities 2 of
the hydrogen and oxygen atoms in the water molecules can be obtained for a given
time step and they are stored in trajectory files.

In this work, the trajectory files are obtained with a time duration of 100 ps with
a time step of 0.6 fs. Each water molecule is composed of two hydrogen atoms and
one oxygen atom. For each time step, the partial velocities are denoted as V j , x , V j , y

and V j , z , along the x, y and z directions with j denotes the oxygen atom O or two
hydrogen atoms H – 1 and H – 2. The velocities V j can thus be computed via the partial
components as follows:

V j =
√

V 2
j , x +V 2

j , y +V 2
j , z . (5.17)

After calculating the velocities V j of atoms O, H – 1 and H – 2 for all the time frames,
the mean values V avg

j can be obtained by directly averaging V j . The results are pre-
sented in Table 5.1. The mean velocities of H – 1 and H – 2 are quite close and they are
almost 4 times bigger than the mean velocity of O.

The velocity distributions of the oxygen and two hydrogen atoms for the time frames
up to 100 ps are shown in Fig. 5.5. The velocity distributions are fitted with M-B model

2More precisely, the momenta of atoms are stored in the trajectory files. While the velocities can be
directly obtained by dividing the atomic mass. Hence, we mention directly the velocities in this
work.
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Table 5.1.: Mean velocities of atoms O, H – 1 and H – 2 for all the time frames up to 100
ps.

Atom Mean velocity V avg
j (m/s)

O 625.24
H-1 2488.1
H-2 2488.9

Figure 5.5.: Distributions of the velocities of oxygen and hydrogen during the time
frames up to 100 ps. The velocity distributions are fitted with the M-B
model.

by using the Python module SciPy (Virtanen, Gommers, Oliphant, et al. 2020). The
fitted temperatures are presented in Table 5.2.

The temperature of each atom can also be calculated with the mean velocities V avg
j

presented in Table 5.1. The temperatures obtained with Eq. (5.16) are denoted as Tcalc.
The comparison of Tfit and Tcalc are presented in Table 5.2. The fitted and calculated
temperatures are the same, which confirms that the velocities follow M-B distributions
during the simulation time of 100 ps.

The cosine of the angle between the z components V j , z and the velocities V j for
oxygen and hydrogen atoms, µ j can be computed by:

µ j =
V j , z

V j
. (5.18)

The distribution of µ j is presented in Figure 5.6. The mean value and the standard
deviation of µ j is shown in Table 5.3. The results confirm that µ j is equiprobable on
the interval [−1;1].
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Table 5.2.: Fitted and calculated temperature of atoms of all the time frames up to 100
ps.

Atom Fitted temperature Tfit (K) Calculated temperature Tcalc (K)

O 295.41 295.41
H-1 294.51 294.51
H-2 294.72 294.72

Figure 5.6.: Distributions of cosine of thetaµ j = cos
(
θ j

)
of oxygen and hydrogen atoms

for all the time frames up to 100 ps. µ j is equiprobable on the interval
[−1;1].

So far, the velocity distributions provided by the water trajectory files are confirmed
to be M-B distribution. Nevertheless, strong correlations appear between time steps,
which are illustrated via the VACF (J. Scotta 2017). However, these correlations are not
taken into account in the SVT algorithm.

To validate the SVT algorithm, the velocities of the target nuclei are sampled from
the M-B distribution at 294 K based on Eq. (5.14), and from the velocities of H – 1 of
the GROMACS trajectory files. The obtained neutron yields (distributions of scattered
neutrons as a function of energy) at θ′ = 10°, 45°, 90° for incident neutron energies
E = 1, 5, 10 eV are respectively presented from Fig. 5.7 to Fig. 5.9. These results are
also compared to neutron yields obtained with TSLs S(α, β)FGM calculated in the free
gas approximation (cf. Section 2.4).

These results show that the neutron yields obtained by the SVT algorithm are in
excellent agreement with the analytical S(α, β)FGM results at temperature T = 294
K for incident neutron energy above 5 eV. The derivation of S(α, β)FGM is based on
the assumption that the target nuclei are free gas with velocities that follow a M-B
distribution. Therefore, the SVT must be applied above the threshold near 5 eV for
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Table 5.3.: Mean and standard deviation of the cosine of angle of atoms of all the time
frames up to 100 ps.

Atom Mean cosine of angle Standard deviation

O 0.500 6.40×10−4

H-1 0.500 2.51×10−4

H-2 0.500 3.00×10−4

hydrogen, as presented in Fig. 5.1. The neutron yields obtained with the velocities
sampled from the M-B and the GROMACS trajectory files are the same because the
correlations between velocities presented in the trajectory files are not included.

The energy distributions of scattered neutrons for incident neutron energies E =
1, 10, 100 eV are presented in Fig. 5.10. For AK, since target nuclei are at rest, neutrons
can only loss their energy after the collisions. The loss of energy is referred to neutron
down-scattering. Furthermore, according to the two body kinematics, the energy
distribution of the scattered neutrons is uniform for AK. While for the SVT algorithm,
target nuclei have velocities following a M-B distribution. Based on the two body
collision treatment, scattered neutrons having an energy gain becomes possible. The
gain of energy is referred to neutron up-scattering. The percentage of “up-scattering”
for different incident neutron energies are presented in Table 5.4 and Fig. 5.10. Since
the percentage of up-scattering is less than 0.3 % for incident neutron energy equal to
10 eV, the threshold of 10 eV can be chosen for hydrogen to apply AK in the neutron
scattering simulation.

Table 5.4.: Percentage of up-scattering for incident neutron energies equal to 1, 10 and
100 eV. The velocities of target nuclei are sampled from the M-B distribution
at 294 K and from the velocities of the H – 1 atom of the GROMACS trajectory
files.

E (eV) 1 10 100

M-B up-scat. (%) 2.47 0.252 0.0258

MD up-scat. (%) 2.49 0.251 0.0253

5.3. Numerical validations of the neutron
scattering treatments with TRIPOLI-4® at room
temperature T

In this section, the neutron-nucleus scattering in the energy range between 5 eV and 10
eV at room temperature T is investigated by using the Monte-Carlo code TRIPOLI-4®.
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Figure 5.7.: Energy distributions of scattered neutrons at θ′ = 10°, 45°, 90° computed by
thermal scattering laws for free gas model S(α, β)FGM and from Sampling
the Velocity of the Target nucleus (SVT) at temperature T = 294 K for
incident neutron energy equal to 1 eV. The target nucleus is hydrogen. The
velocities of hydrogen are sampled from the M-B distribution at 294 K and
from the velocities of the H – 1 atom in the GROMACS files. The y axis of the
bottom plot is in log scale for a better visualization.
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Figure 5.8.: Energy distributions of scattered neutrons at θ′ = 10°, 45°, 90° computed by
thermal scattering laws for free gas model S(α, β)FGM and from Sampling
the Velocity of the Target nucleus (SVT) at temperature T = 294 K for
incident neutron energy equal to 5 eV. The target nucleus is hydrogen. The
velocities of hydrogen are sampled from the M-B distribution at 294 K and
from the velocities of the H – 1 atom in the GROMACS files. The y axis of the
bottom plot is in log scale for a better visualization.
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Figure 5.9.: Energy distributions of scattered neutrons at θ′ = 10°, 45°, 90° computed by
thermal scattering laws for free gas model S(α, β)FGM and from Sampling
the Velocity of the Target nucleus (SVT) at temperature T = 294 K for
incident neutron energy equal to 10 eV. The target nucleus is hydrogen.
The velocities of hydrogen are sampled from the M-B distribution at 294 K
and from the velocities of the H – 1 atom in the GROMACS files. The y axis of
the bottom plot is in log scale for a better visualization.
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Figure 5.10.: Energy distributions computed by Asymptotic Kernel (AK) and Sampling
the Velocity of the Target nucleus (SVT) for incident neutron energy equal
to 1, 10 and 100 eV. The target nucleus is hydrogen. The velocities of
hydrogen are sampled from the Maxwell-Boltzmann (M-B) distribution
at 294 K and from the velocities of the H – 1 atom of the GROMACS trajectory
files.
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In total four neutron scattering treatments are studied: SVT algorithm implemented
in TRIPOLI-4®, the tabulated TSLs S(α, β) based on PDOS, the S(α, β) tables based
on the FGM and SCT approximation. These S(α, β) tables are prepared with the data
processing tool CINEL (cf. Chapter 3). The listed neutron scattering treatments will be
validated by comparing the neutron yields obtained by the TRIPOLI-4® simulations to
the analytical results. These numerical validations are illustrated with the case of 1H in
1H2O and 16O in UO2. The simulations performed with TRIPOLI-4® are summarized
in Table 5.5.

Table 5.5.: Simulations performed by using the Monte-Carlo neutron transport code
TRIPOLI-4® for 1H in 1H2O and 16O in UO2 at room temperatures T .

Target nucleus E (eV) Temperature T (K) Scattering treatments

1H in 1H2O 5 294
SVT

S(α, β)FGM

16O in UO2 6.67 298
S(α, β)SCT

S(α, β)

The physical model employed in the TRIPOLI-4® simulations is briefly presented.
A capillary sample with a radius equal to 5µm and a height of 10µm is placed in the
center of the simulation model. The dimensions are chosen to minimize the impact of
multiple scattering. The incident neutron energy is monoenergetic which is set to be
5 eV for 1H in 1H2O and 6.67 eV for 16O in UO2. The outgoing neutrons are detected at
θ′ = 10°, 45° and 90°. The TRIPOLI-4® simulations are performed at room temperature
with T = 294 K for 1H in 1H2O and T = 298 K for 16O in UO2.

The neutron yields of 1H in 1H2O at T = 294 K at θ′ = 10°, 45° and 90° obtained
by the SVT algorithm of TRIPOLI-4®and the S(α, β)FGM tables are compared to the
analytical results computed from Eqs. (2.147) and (2.148). These results are presented
in Fig. 5.11. The TRIPOLI-4® simulated neutron yields are in excellent agreement with
the analytical results. The neutron yields obtained by TRIPOLI-4® simulations for 16O
in UO2 at T = 298 K are also in excellent agreement with the analytical results, as
presented in Fig. 5.12.

The neutron yields at θ′ = 10°, 45° and 90° obtained by using the S(α, β)SCT tables
with TRIPOLI-4® are compared to the analytical results computed by Eqs. (2.160)
and (2.162). Excellent agreement is obtained for 1H in 1H2O with E = 5 eV at T =
294 K and 16O in UO2 with E = 6.67 eV at T = 298 K, as shown in Fig. 5.13. The
final investigation consists of the comparison of the neutron yields calculated from
the S(α, β) tables and the analytical results. The simulation results are in excellent
agreement with the analytical results as shown in Fig. 5.14.
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Figure 5.11.: Neutron yields at θ′ = 10°, 45° and 90° obtained by using the Monte-
Carlo neutron transport code TRIPOLI-4® for scattering treatments: SVT
(blue lines) and tabulated S(α, β)FGM with free gas approximation (red
lines). Excellent agreement with the analytical results computed from
Eqs. (2.147) and (2.148) (green lines), for 1H in 1H2O with incident neu-
tron energy E = 5 eV at temperature T = 294 K.
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Figure 5.12.: Neutron yields at θ′ = 10°, 45° and 90° obtained by using the Monte-
Carlo neutron transport code TRIPOLI-4® for scattering treatments: SVT
(blue lines) and tabulated S(α, β)FGM with free gas approximation (red
lines). Excellent agreement with the analytical results computed from
Eqs. (2.147) and (2.148) (green lines), for 16O in UO2 with incident neu-
tron energy E = 6.67 eV at temperature T = 298 K.
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Figure 5.13.: Neutron yields at θ′ = 10°, 45° and 90° obtained by using the Monte-Carlo
neutron transport code TRIPOLI-4® for tabulated S(α, β)SCT with short
collision time approximation (purple lines). Excellent agreement with the
analytical results computed from Eqs. (2.160) and (2.162) (green lines),
for 1H in 1H2O with incident neutron energy E = 5 eV at temperature
T = 294 K and 16O in UO2 with incident neutron energy E = 6.67 eV at
temperature T = 298 K.
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Figure 5.14.: Neutron yields at θ′ = 10°, 45° and 90° obtained by using the Monte-Carlo
neutron transport code TRIPOLI-4® for tabulated S(α, β) (orange lines).
Excellent agreement with the analytical results (green lines), for 1H in
1H2O with incident neutron energy E = 5 eV at temperature T = 294 K
and 16O in UO2 with incident neutron energy E = 6.67 eV at temperature
T = 298 K.
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5.4. Comparison of neutron scattering treatments
with TRIPOLI-4® in the epithermal energy range

This final section is devoted to study with the TRIPOLI-4® code a few alternative
neutron scattering treatments between 5 eV and 10 eV where the S(α, β) approach is
no longer used in the neutronic calculations schemes for reactor applications. This
study is limited to nuclides having a non-resonant neutron scattering cross section
below 10 eV. The discussion is illustrated with the case of 1H in 1H2O and 16O in UO2.

We have shown in the previous sections that S(α, β) tables are correctly used by the
TRIPOLI-4® code to simulate the transport of neutrons with energies lying below a few
eV. The analytical and simulated results obtained with the scattering models, called AK
(for Asymptotic Kernel), SVT (for Sampling the Velocity of the Target nucleus), SCT (for
Short Collision Time approximation) and FGM (for Free Gas Model), will be compared
to those obtained with the S(α, β) treatment. A special attention will be given to the
important role of the effective temperature Teff (Eq. 2.153).

The effective temperature Teff, which can be calculated from the PDOS via Eq. (2.153),
takes into account the atom binding effects in the molecules (Lamb 1939). It is shown
in the previous section that the SVT algorithm of TRIPOLI-4® and the neutron scat-
tering treatment with S(α, β)FGM tables are equivalent above 5 eV. Therefore, the SVT
algorithm at Teff will be investigated. The effective temperature is also involved in
the SCT approximation formalism (Eq.( 2.162)). Teff is used to take into account the
atom binding effects for the neutron down-scattering calculations. While T is used
for the neutron up-scattering calculations to fulfill the principle of detail balance
(Eq.( 2.9)). Hence, the neutron scattering treatment with S(α, β)SCT tables is expected
to improve the up-scattering simulation compared to the SVT algorithm at Teff. The
neutron yields obtained by using the TRIPOLI-4® code for the SVT algorithm at Teff

and the S(α, β)SCT tables will be compared to the results obtained with tabulated
TSLs S(α, β). These comparisons are illustrated in the case of 1H in 1H2O and 16O in
UO2. The physical model has been presented in the previous section. The simulations
performed with TRIPOLI-4® are summarized in Table 5.6.

Table 5.6.: Simulations performed by using the Monte-Carlo neutron transport code
TRIPOLI-4® for 1H in 1H2O and 16O in UO2. The effective temperature Teff of
1H in 1H2O is computed via the PDOS of the CAB model (Márquez Damián,
J. Granada, and D. Malaspina 2014). Teff of 16O in UO2 is obtained via the
PDOS of (G. Noguere, J. P. Scotta, Xu, Filhol, et al. 2020).

Target nucleus E (eV) T (K) Teff (K) Scattering treatments

1H in 1H2O 5 294 1184
SVT at T

SVT at Teff

16O in UO2 6.67 298 381
S(α, β)SCT

S(α, β) at T
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Figure 5.15.: Neutron yields of 1H in 1H2O at θ′ = 10°, 45° and 90° obtained by using the
Monte-Carlo neutron transport code TRIPOLI-4® for different scattering
treatments: SVT at T = 294 K (blue lines), SVT at Teff = 1184 K (pink lines),
S(α, β)SCT tables (purple lines), tabulated S(α, β) at T (orange lines).
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Figure 5.16.: Neutron yields of 16O in UO2 at θ′ = 10°, 45° and 90° obtained by using the
Monte-Carlo neutron transport code TRIPOLI-4® for different scattering
treatments: SVT at T = 298 K (blue lines), SVT at Teff = 381 K (pink lines),
S(α, β)SCT tables (purple lines), tabulated S(α, β) at T (orange lines).

The neutron yields of 1H in 1H2O at θ′ = 10°, 45° and 90° obtained by using the
TRIPOLI-4® code for scattering treatments: SVT at T , SVT at Teff and S(α, β)SCT tables
are compared with the results simulated by the tabulated S(α, β) at T . The compar-
isons of the results are shown in Fig. 5.15. At small scattering angle (θ′ = 10°), all three
investigated treatments fail to reproduce the quasi-elastic peak and the associated
structures. The treatment with S(α, β)SCT tables reproduces better the neutron yields
related to the up-scattering, compared to the SVT at Teff. At large θ′, the neutron
up-scattering can be neglected. Therefore, the treatments of the S(α, β)SCT tables and
the SVT at Teff are equivalent. These two treatments reproduce better the neutron
yields, compared to the SVT at T .

Same comparisons are performed in the case of 16O in UO2. The obtained results
are presented in Fig. 5.16. At small θ′, all three investigated scattering treatments are
incapable of reproducing the structures related to the atomic motions of the oxygen
atoms bound in UO2. This result is in consistency with the case of 1H in 1H2O. The
effective temperature of 16O in UO2 (Teff = 381 K) is close to T = 298 K. Therefore, at
large θ′, the neutron yields obtained by the SVT algorithm at Teff show no significant
difference with the results obtained by the SVT algorithm at T . It is recommended
to add a new scattering option in the TRIPOLI-4® code that allows to compute in real
time S(α, β) tables with the SCT formalism by taking into account T and Teff in the
calculations. This new option will be of great interest to test the impact of different
scattering models on integral benchmarks.
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These results show the importance of using the effective temperature to take into
account the atomic motions of atoms bound in molecules. They also confirm the
improvement of the SCT treatment for the up-scattering calculations, compared to
the SVT at Teff.

5.5. Preliminary conclusions
This chapter is devoted to investigate the neutron scattering with light nuclides having
a non-resonant neutron scattering cross section below 10 eV. The neutron scattering
treatments studied are: AK (for Asymptotic Kernel), SVT (for Sampling the Velocity of
the Target nucleus) at T and Teff, FGM (for Free Gas Model), SCT (for Short Collision
Time approximation), and tabulated S(α, β). The formalisms of AK and SVT are
reviewed. The SVT algorithm is validated by sampling the velocities of hydrogen
atoms from a M-B distribution and trajectory files obtained from molecular dynamics
calculations with the GROMACS code. Numerical validations of the listed neutron
scattering treatments with the TRIPOLI-4® code are performed at room temperature
for 1H in 1H2O and 16O in UO2. S(α, β) tables are correctly used by the TRIPOLI-
4® code to simulate the transport of neutrons with energies lying below a few eV.
Finally, importance of using the effective temperature and the improvement of the
SCT treatment for the up-scattering calculations are confirmed.
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General conclusions and
perspectives

The present work concentrates on the data processing and validation of the coherent
elastic neutron scattering cross sections σel

coh(E ) and thermal scattering laws (TSLs) or
S(α, β) of UO2 as a function of temperature.

The low energy neutron scattering formalism has been presented: equations al-
lowing to calculate the TSLs for solid crystalline, liquid and gas materials are given.
Based on these equations, the data processing tool CINEL has been developed to
generate the TSLs in ENDF-6 format. CINEL is developed in Python by using an inter-
active development environment named JupyterLab. CINEL enables to use graphics
processing unit (GPU) to accelerate the computation of the TSLs. The numerical
validations of CINEL are performed by using various types of crystal materials. An
excellent agreement is obtained when compared to the ENDF/B-VIII.0 database and
the NJOY-NCrystal library. Nevertheless, the incoherent approximation adopted in
the CINEL code is reported to be inadequate for strongly coherent crystalline materials
such as pyrolytic graphite. Therefore, the coherent one-phonon correction will be
implemented in the future version of CINEL to improve the incoherent approximation.
The cubic approximation used in the current version of CINEL will also be eliminated.

Thanks to the phonon density of states (PDOS) of UO2 measured at the IN4 and
IN6 time-of-flight spectrometers of the Institut Laue-Langevin (ILL) up to 1675 K, the
TSLs of UO2 for a wide temperature range can be calculated by using the CINEL code.
An ideal fluorite structure for UO2 over the full temperature range has been adopted
to calculate σel

coh(E). Results provided by CINEL are stored in ENDF-6 format, which
can be further processed to be used as neutron scattering library in the Monte-Carlo
neutron transports code TRIPOLI-4®. Two data sets of neutron diffraction experiments
performed at the D4 and D20 diffractometers of ILL up to 1664 K, have been sim-
ulated by using the TRIPOLI-4® code. A few numbers of experimental parameters
were optimized on the data to account for the angular offset, the response function
of the diffractometer and a background correction. The good agreement between
the experimental and theoretical neutron diffraction patterns validates our TRIPOLI-
4® calculation scheme for UO2. The obtained results indicate that TRIPOLI-4® is able
to reproduce these neutron diffraction patterns thanks to the developed CINEL code.
However some limited issues remain in the interpretation of the background correc-
tion. Biases due to theoretical approximations would need to be investigated.

The performance of our calculation scheme was also investigated by simulating
atomic pair distribution functions to probe the structure of UO2 at elevated tempera-
ture. The differences observed at 1273 K between the experiment and the theory con-
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firm that the local deviations of the oxygen atoms from the average structure of UO2

are not compatible with an ideal fluorite structure. We show that the CINEL processing
tool offers the possibility of testing atomic disorder configurations, anharmonic mod-
els or space groups which are suggested in the literature for exploring the unexpected
shortening of the U-O distance with increasing temperature.

The TRIPOLI-4® calculation scheme for UO2 has been validated for incident neutron
energy above a few eV. In the epithermal energy range where the TSLs are not available,
the neutron scattering with light nuclides having a non-resonant neutron scattering
cross section has been investigated. The studied neutron scattering treatments are:
AK (for Asymptotic Kernel), SVT (for Sampling the Velocity of the Target nucleus) at
thermodynamic temperature T and effective temperature Teff, FGM (for Free Gas
Model), SCT (for Short Collision Time approximation), and tabulated S(α, β). The SVT
algorithm has been validated by sampling the velocities of hydrogen atoms from a
Maxwell-Boltzmann (M-B) distribution and trajectory files obtained from molecular
dynamics calculations with the GROMACS code. Numerical validations of the above
neutron scattering treatments with the TRIPOLI-4® code are performed at room tem-
perature for 1H in 1H2O and 16O in UO2. The obtained results indicate that S(α, β)
tables are correctly used by the TRIPOLI-4® code to simulate the transport of neutrons
with energies lying between a few eV and 400kB T . The importance of using the ef-
fective temperature and the improvement of the SCT treatment for the up-scattering
calculations are confirmed. The obtained results for light nuclides will be further
investigated for 238U in UO2.
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Temperature-dependent dynamic structure factors for liquid water inferred from
inelastic neutron scattering measurements
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Temperature-dependent dynamic structure factors S(Q,ω) for liquid water have been calculated
using a composite model which is based on the decoupling approximation of the mean square dis-
placement of the water molecules into a diffusion and a solid-like vibrational parts. The solid-like
vibrational part Svib(Q,ω) is calculated with the phonon expansion method established in the
framework of the incoherent Gaussian approximation. The diffusion part Sdiff(Q,ω) relies on the
Egelstaff-Schofield translational diffusion model corrected for jump diffusions and rotational diffu-
sions with the Singwi-Sjolander random model and Sears expansion, respectively. Systematics of
the model parameters as a function of the temperature were deduced from quasi-elastic neutron
scattering (QENS) data analysis reported in the literature and from molecular dynamics (MD) sim-
ulations relying on the TIP4P/2005f model. The resulting S(Q,ω) values are confronted by means
of Monte-Carlo simulations to inelastic neutron scattering data measured with the IN4, IN5 and
IN6 time-of-flight spectrometers of the Institut Laue-Langevin (Grenoble, France). A modest range
of temperatures (283 K to 494 K) has been investigated with neutron wavelengths corresponding
to incident neutron energies ranging from 0.57 to 67.6 meV. The neutron-weighted multiphonon
spectra deduced from the ILL data indicate a slight overestimation by the MD simulations of the
frequency shift and broadening of the librational band. The descriptive power of the composite
model was suited for improving the comparison to experiments via a Bayesian updating of prior
model parameters inferred from MD simulations. The reported posterior temperature-dependent
densities of state of hydrogen in H2O would represent valuable insights for studying the collective
coupling interactions in the water molecule between the inter and intramolecular degrees of freedom.

PACS numbers:

I. INTRODUCTION1

Building predictive molecular models for water is the2

subject of intense studies that evidence the needs of3

high computer resources for reaching an accurate de-4

scription of the underlying molecular interactions from5

rigorous many-body expansion methods [1, 2]. On the6

other side, classical molecular dynamics (MD) simula-7

tions represent computationally efficient tools for devel-8

oping phenomenological potential energy function which9

are useful to directly correlate experimental observables10

with theoretical water properties [3]. The encouraging re-11

sults obtained by the two approaches on the description12

of the water hydrogen-bonding network are not yet ade-13

quate to precisely describe the neutron-induced dynamic14

structure factors provided by inelastic neutron scattering15

experiments. Improving the agreement between the ex-16

periment and the theory will lead to better understand17

the coupling between the intra- and intermolecular vibra-18

tions in liquid water.19

Works of interest for our study are those which suc-20

ceeded to accommodate molecular dynamics (MD) simu-21

lations into the low-energy neutron-induced cross section22

theory. As an example, the jump diffusion motions of the23

water molecules has been revisited in Ref. [4] by apply-24

ing a Gaussian approximation-assisted quantum correc-25

tion to the classical self-intermediate scattering function26

provided by the three-site SPC model [5]. In that work,27

results obtained from the direct analysis of MD trajec-28

tory data succeeded to reproduce the half width at half29

maximum of the quasi-elastic neutron scattering (QENS)30

peaks measured by Teixeira et al. [6]. More recently, the31

use of polarizable models to derive dynamic structure fac-32

tors for water has been investigated in Ref. [7] through33

the Van Hove formalism [8]. The calculations rely on ve-34

locity autocorrelation functions obtained from a revised35

version of the TCPE rigid model [9]. The main results in-36

dicate that within the temperature range of 300 to 500 K37

the frequency shift of the water librational mode and its38

width are less pronounced with increasing temperature39

than with four-site MD models. A quantitative inves-40

tigation of these temperature-dependent effects with a41

flexible potential is required to correctly account for the42

hydrogen bonds in the coupling between the collective43

vibrational modes of the water molecule. This study is44

in progress thanks to inelastic neutron scattering data45

measured with the SEQUOIA spectrometer of the SNS46

facility [10].47

The present work only focuses on both the description48
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of the QENS peaks and of the librational mode of wa-1

ter as a function of the temperature. For that purpose,2

a modified version of the water model developed at the3

atomic center of Bariloche [11, 12] was used to analyze4

by Monte-Carlo a series of inelastic neutron scattering5

data measured at the IN4, IN5 and IN6 time-of-flight6

spectrometers of the Institut Laue-Langevin (ILL). The7

experimental observables of interest for this work are the8

self-diffusion coefficient D, the residence time τ0 between9

successive jumps, the rotational relaxation time τR and10

the density of states of water ρ(ε) as a function of the11

energy transfer ε = h−ω. The resulting composite dy-12

namic structure factor S(Q,ω) would serve as input for13

the subsequent analysis of the SNS data.14

The governing equations involved in the composite dy-15

namic structure factor used in this work are given in16

section II. The section III presents the diffusion model17

parameters and the density of states obtained from MD18

simulations. The experimental details of the data under19

investigations and the principles of the Monte-Carlo in-20

terpretation of these data are presented in section IV.21

The obtained results are discussed in section V.22

II. GOVERNING EQUATIONS23

A. Dynamic structure factor in the incoherent24

Gaussian approximation25

In the case of liquid water, the dynamic structure fac-26

tor S( ~Q, ω) was obtained in the framework of the incoher-27

ent scattering approximation that allows to neglect the28

interference terms among different nuclei. It is defined29

as a function of the momentum transfer h− ~Q = h−(~k − ~k′)30

and energy transfer h−ω = E − E′, in which ~k and ~k′31

represent the wavenumber of the incident and outgoing32

neutrons with energies E and E′, respectively. The dif-33

ference between E and E′ will be noted ε. In the Van34

Hove’s space-time representation [8], S( ~Q, ω) is defined35

as a two-fold Fourier transform of the self part of the36

generalized pair distribution function G(~r, t):37

S( ~Q, ω) =
1

2π

∫∫
G(~r, t)ei(

~Q·~r−ωt)d~rdt. (1)

where ~r is the position vector of the nuclei in the sys-38

tem and t represents the time. To obtain an analytical39

form ofG(~r, t), Vineyard [13] introduces the Gaussian ap-40

proximation that assumes a weak time-dependent atomic41

position coupling:42

G(~r, t) =
1

(2π)3/2w3(t)
e
− 3

2
r2

3w2(t) , (2)

where 3w2(t) represents the mean square displacement43

of the nucleus after time t, in which w(t) is called the44

width function. By applying Fourier transforms to the45

Gaussian-type function (2), the self part of the dynamic46

structure factor becomes:47

S( ~Q, ω) =
1

2π

∫ ∞

−∞
e−

1
2Q

2w2(t)e−iωtdt. (3)

The Q2 dependence of Eq. (3) indicates that S( ~Q, ω) is48

isotropic with respect to the momentum transfer, leading49

to:50

S( ~Q, ω) ≡ S(Q,ω). (4)

The width function w(t) plays a central role in the cal-51

culation of the dynamic structure factor. An analytical52

expression of w(t) was proposed in the sixties [14] for liq-53

uid water. However, introducing such an expression in54

Eq. (3) leads to numerical issues at zero energy transfer.55

These mathematical problems can be solved by decou-56

pling the mean square displacement into a diffusion part57

wdiff(t) and a solid-like vibrational part wvib(t):58

w2(t) = w2
diff(t) + w2

vib(t). (5)

The corresponding diffusion Sdiff(Q,ω) and solid-like59

Svib(Q,ω) parts of the dynamic structure factor are cal-60

culated with Eq. (3) by introducing different models for61

wdiff(t) and wvib(t). The validity of such a decoupling62

approximation was studied in the framework of the two-63

phase thermodynamic (2PT) model [15] in which wdiff(t)64

is treated as a hard-sphere gas and wvib(t) is approx-65

imated by harmonic oscillators. The obtained results66

probe that the 2PT model is able to correctly describe67

the thermodynamic properties of water [16] and liquids68

in general [17] over a wide range of temperature and pres-69

sure conditions.70

According to the convolution theorem for Fourier71

transforms, the composite dynamic structure factor is72

calculated as follows:73

S(Q,ω) =

∫ ∞

−∞
Sdiff(Q,ω′)Svib(Q,ω − ω′)dω′, (6)

whose values depend on the density of states ρ(ω) of74

liquid water, which is partitioned in two parts:75

ρ(ω) = wdρdiff
(ω) + wvρvib

(ω). (7)

The diffusion wd and solid-like vibrational wv weights76

satisfy the condition:77

wd + wv = 1 (8)
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B. Roto-translational diffusion model with random1

jump diffusion correction for Sdiff(Q,ω)2

In view of using a descriptive analytical model, the3

diffusion term in Eq. (6) related to liquid water is ap-4

proximated by a translational diffusion motion corrected5

for rotational diffusion contributions:6

Sdiff(Q,ω) =

∫ ∞

−∞
Strans(Q,ω

′)Srot(Q,ω − ω′)dω′. (9)

From the theoretical point of view [18–20], such a de-7

coupling approximation is known to be inadequate above8

room temperature and differences of up to 10% between9

the experiment and the theory were reported for large10

Q values [21, 22]. As no consensus emerges to account11

for a translation-rotation coupling in analytical models,12

we will show in section V A that this level of accuracy13

remains acceptable for analyzing the selected data mea-14

sured with the IN4, IN5 and IN6 time-of-flight spectrom-15

eters of the Institut Laue-Langevin. Consequently, the16

contribution of the rotational diffusion is presented as a17

correction of the translational diffusion motion in order18

to point out that the values of the diffusion model pa-19

rameters may encompass part of the model deficiencies.20

The translational diffusion behavior of the water21

molecule was interpreted with the Egelstaff-Schofield dif-22

fusion model [23], in which the width function is given23

by:24

w2
trans(t) =

2 c wd h
−2

MkBT



√(

tkBT

h−

)2

+ c2 +
1

4
− c




(10)
where kB stands for the Boltzmann constant, M is25

the mass of the scattering atom and c is a dimensionless26

diffusion parameter. Its meaning has been revisited in27

Ref. [12] by introducing the Singwi-Sjolander residence28

time τ0 [24] to account for the non-continuous motions29

of the water molecules:30

c =
M

h−wd
D(Q), (11)

with31

D(Q) =
D

1 +DQ2τ0
, (12)

in which D represents the self-diffusion coefficient32

of the liquid water. The dynamic structure factor33

Strans(Q,ω) can be derived analytically by introducing34

Eq. (10) in Eq. (3). The resulting expression corrected35

for detailed balance is given by:36

Strans(Q,ω) =
DQ2

πkBT
e

(
MD2Q2

wdkBT + h−ω
2kBT

) √
c2 + 1/4√

ω2 + (DQ2)2
K1(x),

(13)

in which K1(x) is the modified Bessel function of the37

second kind, with:38

x =
h−

kBT

√
c2 +

1

4

√
ω2 + (DQ2)2. (14)

The rotational diffusion correction in Eq. (9) is approx-39

imated with the Sears expansion [25] expressed in terms40

of spherical Bessel functions jl(QRcm) of order l:41

Srot(Q, ω) = j2
0(QRcm)δ(ω)

+
1

π

∑∞
l=1(2l + 1)

× j2
l (QRcm)

l(l + 1)(h−/6τR)

ω2 + [l(l + 1)(h−/6τR)]
2 .

(15)
This model assumes a continuous and isotropic molec-42

ular rotation around the center of mass of the molecule43

with a rotational relaxation time τR. The rotation of44

the water molecule is confined to a spherical surface of45

radius Rcm, whose value is often taken equal to the O-46

H intramolecular distance. For practical purposes, the47

infinite summation in Eq. (15) is truncated to l = 10.48

C. Phonon expansion model for Svib(Q,ω)49

For the solid-like vibrational part, the width function50

is given by [26]:51

w2
vib(t) =

h−
2

MkBT
λs(1− η(t)), (16)

in which η(t) is defined as follows:52

η(t) =
1

λs

∫ ∞

−∞
P (ω)eiωtdω, (17)

and λs represents the Debye-Waller coefficient:53

λs =

∫ ∞

−∞
P (ω)dω, (18)

with54

P (ω) = ρ
vib

(ω)e
h−ω

2kBT

(
2h−ω
kBT

sinh

(
h−ω

2kBT

))−1

. (19)

The convergence of the integrals in the expressions (17)55

and (18) is satisfied in the case of a solid-like density of56

states ρ
vib

(ω) which has the property of varying in ω2
57

when ω goes to zero.58

The corresponding dynamic structure factor Svib(Q,ω)59

can be calculated by introducing Eq. (16) in Eq. (3). A60

suitable analytical expression was obtained thanks to the61
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conventionally called phonon expansion method [27] that1

consists in replacing the exponential term of Eq. (3) by2

its Taylor series expansion, leading to:3

Svib(Q,ω) = e
− h−2

Q2

2MkBT λs

∞∑

n=0

1

n!

(
h−

2
Q2

2MkBT
λs

)n
Tn(ω),

(20)
with4

Tn(ω) =
1

2π

∫ ∞

−∞
ηn(t)e−iωtdt. (21)

The zero-phonon term T0(ω) = δ(ω) corresponds to5

the elastic scattering contribution and the one-phonon6

term is given by:7

T1(ω) =
1

λs
P (ω). (22)

The higher-order terms (n > 1) of the phonon expan-8

sion are obtained by recurrence. The convolution theo-9

rem for Fourier transforms gives:10

Tn(ω) =

∫ ∞

−∞
T1(ω′)Tn−1(ω − ω′)dω′. (23)

D. Converting S(Q,ω) into thermal scattering law11

The dynamic structure factor for liquid water is rou-12

tinely used to simulate the neutron slowing-down in light13

water reactors. The neutron transport formalism imple-14

mented in dedicated Monte-Carlo or deterministic code15

systems relies on the symmetric form of the thermal scat-16

tering laws S(α, β) [28, 29], which is defined as a function17

of the dimensionless parameters α:18

α =
h−

2
Q2

2MkBT
=
E′ + E − 2µ

√
E′E

AkBT
, (24)

and β:19

β = − h−ω
kBT

= −E − E
′

kBT
. (25)

where µ = cos(θ) is the cosine of the scattering an-20

gle θ in the laboratory system and A is the ratio of the21

mass M of the scattering atom to the neutron mass. The22

change of sign in Eq. (25) is introduced to keep neutron23

energy gains positive in neutron transport calculations.24

The relationship between S(α, β) and S(Q,ω) is given by25

the following expression:26

S(α, β) =
kBT

h−
e

h−ω
2kBT S(Q,ω), (26)

that directly allows to describe the neutron slowing-27

down in light water in terms of double differential scat-28

tering cross sections [8]:29

d2σn
dE′dθ

=
σ0
n

4πkBT

√
E′

E
e−β/2S(α, β), (27)

where σ0
n is the bound neutron elastic scattering cross30

section of hydrogen in H2O.31

III. MODEL PARAMETERS32

A. Diffusion model parameters33

The diffusion part of the dynamic structure factor34

(Eq. (9)) depends on five diffusion model parameters35

which are the self-diffusion coefficient D, the residence36

time τ0, the rotational relaxation time τR, the radius Rcm37

between the hydrogen atoms and the center of mass of38

the water molecule and the diffusion weight wd. We took39

advantage of the numerous QENS data analysis reported40

in the literature to guess the systematic dependence with41

the temperature of the three first parameters (D, τ0 and42

τR). The empirical relationships between these parame-43

ters are examined starting from the Price’s prescription44

established to reproduce the continuous increase of the45

self-diffusion coefficient D with the temperature [30].46

Above 240 K, Price suggests to use a fractional power47

law (FPL) of the form48

DFPL = D0T
1/2

(
T

Ts
− 1

)γ
, (28)

to better describe self-diffusion coefficients D of wa-49

ter measured with a pulsed-gradient spin-echo NMR dif-50

fusion technique from 238 K to room temperature. If51

D0 and γ are fitting constants, Ts can be related to a52

low-temperature range indicating anomalies in the su-53

percooled water properties. In the present work, a rea-54

sonable agreement with the experimental values Dexp re-55

ported in Fig. 1a is achieved withD0 = 8.4(5) m2s−1, γ =56

1.60(1) and Ts = 226.5(10) K. The ratios DFPL/Dexp57

shown in Fig. 1b seem to slightly favor our fitting results58

compared to those obtained with the Price’s prescription59

(D0 = 7.66(24) m2s−1, γ = 1.74(10), Ts = 219.2(26) K).60

It is also interesting to note that the data included in our61

fitting procedure fortuitously lead to a low-temperature62

limit Ts in agreement with the thermodynamic singular-63

ity at 228 K suggested by Speedy and Angell [31].64

The residence time τ0 is related to the self-diffusion65

coefficient D through the mean-square jump length L2
66

of the center of mass of the water molecule:67

τ0 =
L2

6DFPL
, (29)
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FIG. 1: (a) Self-diffusion coefficients D reported in the lit-
erature as a function of the temperature. The red solid line
were obtained with the fractional power law (FPL) given by
Eq (28). The values obtained in this work (red filled circles)
are reported in Table I. (b) Ratio of the fitted DFPL to exper-
imental Dexp values. The reduced chi-squared obtained with
our results is close to 1.3, while the one obtained with the
Price’s prescription [30] is close to 1.6.

which is well described by the ratio of two fractional1

power laws:2

L2 = L2
0

(T − Ts)γ
(T − T0)γ0

, (30)

where L2
0, γ0 and T0 are free parameters whose values3

have been inferred from the simultaneous adjustment of4

τ0 and L2 reported in the literature. A few residence5

times for water can be found in the literature. How-6

ever, the reported values depend on the distribution law7

hypothesized for describing the jump lengths, implying8

large differences between τ0. Therefore, only τ0 values9

reported in Refs. [6, 32–35] have been selected as the10

authors used a Singwi-Sjolander type model to analyze11

their QENS data. The trends for τ0 and L2 are reported12

in Figs. 2a and 2b respectively. The posterior values of13

the parameters involved in Eq. (30) are L2
0 = 0.20(5) Å2,14

γ0 = 1.20(1) and T0 = 247(1) K. The value of T0 is15

consistent with the experimental observations. Water16

filled capillaries begin to freeze at about 247 K in the17

case of the experiments of Speedy and Angell [31], and18

between 240 K and 250 K for the experiments lead by19

Qvist et al. [36]. The use of two fractional power laws in20
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FIG. 2: Residence time τ0 (a) and mean jump length L (b)
reported in the literature as a function of the temperature.
The red solid lines were obtained with Eqs (29) and (30), re-
spectively. The values obtained in this work (red filled circles)
are reported in Table I.

Eq. (30) illustrates the existence of competitive motions21

that dominates the diffusion of the water molecules from22

either side of room temperature. At 500 K, the low value23

of τ0 ' 0.1 ps indicates that the contribution of the non-24

continuous motions of the water molecules will be too25

fast to have a large contribution in the QENS peak.26

The relaxation time τR associated to the rotational27

diffusion coefficient is τR = 1/6DR. According to the28

Stokes-Einstein relations, the ratio D/DR would be a29

constant for temperatures well above the glass transition30

temperature of about 136 K. In the temperature range of31

interest for this work, the temperature dependence of τR32

can be deduced from Eq. (28) with the following simple33

relationship:34

τR '
〈D/DR〉
6DFPL

, (31)

in which 〈D/DR〉 is a constant parameter that could35

ideally be assessed from results reported in the litera-36

ture. Figure 3 shows ratios derived from a few rota-37

tional diffusion coefficients or integral rotational corre-38

lation times reported in the literature and compiled in39

Refs. [37, 38]. The temperature below which the constant40

approximation is no longer valid is close to the temper-41

ature T0 = 247(1) K coming from Eq. (30). Above this42

temperature, the large dispersion between the data sets43
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Eqs (31). The values obtained in this work (red filled circles)
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makes it difficult to unambiguously determine an accu-1

rate 〈D/DR〉 value over a broad temperature range. As2

indicated by Tassaing [34], the Lorentzian profile associ-3

ated to the rotational diffusion contribution at high tem-4

perature would have a large width which is difficult to5

detect from QENS analysis. In the present work, we6

adopted the average ratio 〈D/DR〉 = 3.5(2) deduced7

from the data sets which are in close agreement with8

the results of Qvist et al. [38]. The resulting trend of τR9

as a function of the temperature is shown in Fig. 4.10

The rotational diffusion contribution given by Eq. (15)11

also depends on a second parameter which is the distance12

Rcm between the hydrogen atoms and the center of mass13

of the water molecule. Therefore, instead of using the14

O-H intramolecular distance (close to 0.96 Å), a slightly15

lower distance Rcm = 0.92(1) Å was considered in this16

work, assuming an average hydrogen bond angle of 105◦.17

For the diffusion weigth wd (Eq. (7)), no direct ex-18

perimental values as a function of the temperature are19

given in the literature. Its value strongly depends on the20

decoupling approximation of the mean square displace-21

ment of the water molecules into a diffusion and a solid-22

like vibrational parts. Weight values ranging from 0.00923

(T = 294 K) to 0.019 (T = 500 K) were estimated by24

Marquez Damian [11] through diffusion masses reported25

by Novikov et al. [39]. For comparison, Mattes [28] pro-26

posed weight values ranging from 0.022 (T = 294 K) to27

0.04 (T = 474 K) by interpolating experimental density28

of states measured at 294 and 624 K [40] and by using29

a free gas model to describe the diffusion part. These30

two studies converge on a weak temperature dependence31

and on a low value of wd with a maximum of up to a few32

percent. Diffusion weights of similar amplitude were also33

found in this work with values ranging from 0.010(5) to34

0.03(1). Owing to the large uncertainties emerging from35

the least-squares fitting procedure, we have adopted in36

the calculations an average value of wd = 0.02(1) over37

the full temperature range.38

Values for the diffusion model parameters involved in39

the description of the diffusion part of the dynamic struc-40

ture factor are summarized in Table I.41

B. Density of states from molecular dynamics42

The diffusion part ρ
diff

(ω) and the solid-like vibrational43

part ρ
vib

(ω) of the density of states of hydrogen in H2O44

were deduced from Molecular Dynamic (MD) simulations45

performed with the GROMACS code [41]. The calcula-46

tion route follows the prescriptions established by Mar-47

quez Damian [11], that relies on the four-site flexible48

model TIP4P/2005f [42]. MD results are accommodated49

in the mathematical framework presented in section II50

by computing the density of states as the cosine Fourier51

transform of the time-dependent velocity autocorrelation52

function (VACF):53

ρ
MD

(ω) =
2M

3πkBT

∫ ∞

0

VACF(τ) cos(ωτ)dτ. (32)

The solid-like vibrational contribution is deduced from54

Eq. (7) as follows:55

ρ
vib

(ω) =
ρ

MD
(ω)− wdρdiff

(ω)

1− wd
. (33)

The diffusion contribution is calculated in the frame-56

work of the Egelstaff-Schofield diffusion model (Eq. (13)):57
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TABLE I: Values for the translational diffusion weight wd, self-diffusion coefficient D (in 10−9 m2/s), residence time τ0 (in
ps), mean jump length L (in Å) and rotational relaxation time τR (in ps) as a function of the temperature (in K). The
three last columns compare the self-diffusion coefficients obtained in this work (Fig. (1)) with those obtained from the Price’s
prescription [30] and GROMACS simulations (Eq. (37)).

T wd L τ0 τR D from Fig. 1 D from [30] DMD from Eq. (37)

283 0.02(1) 1.314(48) 1.87(23) 3.79(37) 1.5(2) 1.5 1.6
286 0.02(1) 1.305(47) 1.69(20) 3.48(33) 1.7(2) 1.6 1.8
293 0.02(1) 1.292(45) 1.37(16) 2.88(26) 2.0(2) 1.9 2.2
294 0.02(1) 1.291(45) 1.34(15) 2.80(25) 2.1(2) 2.0 2.2
300 0.02(1) 1.286(45) 1.14(13) 2.42(21) 2.4(2) 2.3 2.6
302 0.02(1) 1.285(45) 1.09(12) 2.31(20) 2.5(2) 2.4 2.7
311 0.02(1) 1.283(45) 0.90(10) 1.90(16) 3.1(2) 3.0 3.3
323 0.02(1) 1.287(45) 0.72(8) 1.51(12) 3.9(3) 3.7 4.2
350 0.02(1) 1.307(47) 0.48(5) 0.98(7) 6.0(4) 5.8 6.2
430 0.02(1) 1.380(54) 0.22(2) 0.40(3) 14.7(9) 14.8 13.9
494 0.02(1) 1.435(58) 0.14(2) 0.24(2) 24.4(15) 25.2 21.5
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FIG. 5: Density of states ρMD of hydrogen in H2O as a func-
tion of the energy transfer ε calculated at T = 300 K with
the GROMACS code [41] using the TIP4P/2005f model for
water [42]. The left and right hand panels focus on the inter-
molecular (a) and intramolecular (b) vibrations, respectively.
The diffusion part ρdiff is calculated with Eq. (34). The solid-
like vibrational part ρvib is deduced from ρMD by subtracting
the contribution of ρdiff (Eq. (33)). Dotted lines separate
the contribution of the broad librational band to the H-bond
bending and streching modes [43].

ρ
diff

(ω) =
4h−c0
πkBT

√
c20 +

1

4
sinh

(
h−ω

2kBT

)
K1(y), (34)

with1

y =
h−w
kBT

√
c20 +

1

4
, (35)

and2

c0 =
MD

h−wd
. (36)

The self-diffusion coefficient D can be estimated from3

MD simulations with Eq. (34) at zero energy transfer,4

where the solid-like vibrational contribution is zero:5

DMD =
πkBTρMD(0)

2M
. (37)

Results obtained at 300 K are shown in Fig. 5 as a func-6

tion of the energy transfer ε. The diffusion part plays a7

role in the low-energy transfer range. Its contribution is8

calculated with Eq. (34) by using DMD = 2.6×10−9 m2/s9

and wd = 0.02. The bands at around 200 and 430 meV10

come from intramolecular vibrations due to O-H bending11

and O-H stretching modes, respectively. Below 150 meV,12

the density of states is dominated by intermolecular vi-13

brations. The peak at around 6 meV and the shoulder-14

like region from 20 to 40 meV are attributed to H-bond15

bending and stretching modes whose contribution (green16

dotted line) is well reproduced by the calculations of Ler-17

bret et al. [43]. However, their microscopic origin is the18

subject of debates in the literature [44–46]. The large19

band spanning from 50 to 130 meV is related to the li-20

bration of the water molecules. The self-diffusion coef-21

ficients calculated with Eq. (37) at zero energy transfer22

are reported in the last column of Table I. The agreement23

between DMD and the values established in this work or24

calculated with the Price’s prescription remains within25

the limit of the quoted uncertainties up to 430 K.26

The experimental validation of the density of states of27

water calculated with the TIP4P/2005f model was the28

subject of intense studies using a wide types of neutron29

measurements reported in the literature. An overall good30

agreement is achieved demonstrating its ability to predict31

the neutron total cross sections of H2O as a function of32
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TABLE II: List of inelastic neutron scattering measurements performed on the IN4, IN5 and IN6 time-of-flight spectrometers
of ILL with the experimental conditions of interest for the data analysis.

TOF Author Year Ref. H2O sample λ E Temperature Pressure

IN4 Farhi et al. 2015 [50] hollow cylinder 1.1 Å 67.6 meV 294, 311, 323 K 1 bar
Farhi et al. 2015 [50] hollow cylinder 2.2 Å 16.9 meV 294 K 1 bar
Jaiswal et al. 2017 [51] cylinder 2.4 Å 14.2 meV 300, 350, 430, 494 K 1, 42, 94, 115, 147, 176, 185 bar

IN5 Farhi et al. 2015 [50] hollow cylinder 2.0 Å 20.5 meV 286, 293, 302 K 1 bar
Farhi et al. 2015 [50] hollow cylinder 5.0 Å 3.27 meV 291, 302, 311 K 1 bar
Qvist et al. 2011 [36] capillaries 5.0 Å 3.27 meV 283, 293 K 1 bar
Qvist et al. 2011 [36] capillaries 8.0 Å 1.28 meV 283, 293 K 1 bar
Qvist et al. 2011 [36] capillaries 12.0 Å 0.57 meV 283 K 1 bar

IN6 Jaiswal et al. 2017 [51] cylinder 5.1 Å 3.15 meV 350, 494 K 1, 70, 470 bar

FIG. 6: Simplified top view of the IN4, IN5 and IN6 time-
of-flight spectrometers of the Institut Laue-Langevin. The
distance between the sample and the 3He detector array is
equal to L = 2.00(1), L = 4.00(1) and L = 2.48(1) m, for
IN4, IN5 and IN6 respectively.

the temperature [47, 48]. However, recent inelastic neu-1

tron scattering data measured at the ILL facility suggests2

that the shape of the water librational mode calculated3

by MD simulations needs further improvements [7, 49].4

The data of interest for this work and their Monte-Carlo5

analysis are presented in the following sections.6

IV. NEUTRON SCATTERING EXPERIMENTS7

ON LIGHT WATER8

A. Time-of-flight experiments9

Three experimental campaigns on liquid water re-10

ported by Qvist et al. [36], Farhi et al. [50] and Jaiswal11

et al. [51] were revisited by using the combined S(Q,ω)12

model presented in section II. The measurements were13

performed on the IN4, IN5 and IN6 time-of-flight spec-14

trometers of ILL over a modest range of temperatures15

(283 to 494 K), pressures (1 to 470 bar) and incident16

neutron energies (0.57 to 67.6 meV). The experimental17

conditions are summarized in Table II.18

The IN4, IN5 and IN6 spectrometers share the same19

basic design (Fig. 6). The neutron time-of-flight tech-20

nique consists of measuring the time t traveled by the21

neutrons from their generation until their detection at22

a given scattering angle θ. If the energies are in eV,23

the length in m and the time in µs, the non-relativistic24

time-energy relation E′ = (72.298L/t)2 is used to obtain25

the experimental neutron scattering yield Yexp(θ,E
′) as26

a function of the outgoing neutron energies E′. The dis-27

tance between the sample and the detection setup is equal28

to L = 2.00(1), L = 4.00(1) and L = 2.48(1) m, for IN4,29

IN5 and IN6 respectively. Each 3He detector array cov-30

ers scattering angles ranging from approximately 10◦ to31

135◦. In all cases, a rectangular monoenergetic neutron32

beam was focused to the sample, which was mounted in33

a cryostat or cryofurnace device placed at the center of34

the spectrometer. The experiments were performed with35

three different sample geometries. Qvist et al. used an ul-36

trapur H2O sample which was composed of 20 quartz cap-37

illaries of 0.3/0.4 mm inner/outer diameter distributed38

along the perimeter of a 20 mm diameter circle. The39

Farhi’s data were obtained with high purity water in a40

0.05 mm thick hollow aluminum cylinder. High temper-41

ature and pressure conditions were achieved by using a42

cylindrical CuBe cell of 6.0/8.0 mm inner/outer diame-43

ter filled with high purity water. Combining these three44

experimental campaigns in a simultaneous Monte-Carlo45

analysis provides unique experimental conditions to test46

the single and multiple neutron scattering corrections in47

thin and thick water samples.48

Each experiment consisted in a sequence of H2O and49

empty sample measurements, including a short irradia-50

tion of a vanadium sample at room temperature or at51

273 K in the case of the measurements performed by52

Qvist et al. The data reduction steps were handled with53

the ILL in-house LAMP code [52]. The background is54

mainly due to neutrons scattered by the sample-holder55

and its environment. It was removed by subtracting56

the neutron scattering yield measured with the empty57
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sample times an empirically determined effective sam-1

ple transmission factor. As indicated in Ref. [51], the2

shape of the experimental neutron scattering yields mea-3

sured on IN4 and IN6 up to 470 bar weakly changes with4

increasing pressure. This result indicates that the pres-5

sure conditions investigated in this work were too low6

to observe any sizable modifications on the QENS peak7

and on the experimental density of states of liquid water.8

Therefore the pressure-dependent data sets measured at9

a given temperature were merged together within the10

LAMP code allowing to decrease the statistical uncer-11

tainties and to slightly smooth out the statistical fluc-12

tuations for experimental neutron scattering yield Yexp13

obtained with a low data acquisition time. According to14

Eq. (27), the symmetric form of the thermal scattering15

law Sexp is then obtained as follow:16

Sexp(α, β) = Yexp(α, β)

√
E

E′
eβ/2. (38)

The experimental neutron-weighted multiphonon spec-17

tra ρexp of H2O were deduced from Yexp outside the18

LAMP code through the incoherent one-phonon approxi-19

mation. The one-phonon term (Eq. (22)) involved in the20

phonon expansion can be conveniently rewritten in terms21

of α and β:22

T1(β) =
ρexp(β)e−β/2

2λsβ sinh(β/2)
. (39)

By introducing Eq. (39) in Eq. (20) for n = 1, we23

obtain:24

ρexp(β) ' lim
α→0
Pexp(α, β), (40)

with25

Pexp(α, β) ' 2β sinhβ/2

α
Sexp(α, β), (41)

In the present analysis, the main goal is to obtain an26

experimental quantity readily comparable to theoretical27

calculations (section IV B). No attempt was made to iter-28

ately correct the data from the multiphonon contribution29

and the multiple neutron scattering effects. Therefore, in30

view of obtaining Pexp(α, β) at α = 0, we have smoothed31

out fluctuations due to nuclei dynamics by using a lin-32

lin extrapolation to zero of the cumulative distribution33

functions of Pexp(α, β):34

Z(α0, β) =

∫ αmax

α0

Pexp(α, β)dα, (42)

and then assumed that ρexp ∝ Z(α0, β)/(αmax − α0).35

Examples of cumulative distribution functions as a func-36

tion of the threshold α0 are shown in Fig. 7a for five dif-37

ferent values of energy transfer ε. The boundaries αmin38
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FIG. 7: The top plot (a) shows examples of cumulative distri-
bution functions of Pexp (Eq. (42)) as a function of the thresh-
old α0 for IN6 data measured at 350 K [51]. The boundaries
αmin and αmax delimit the α range measured for a given β
value. The middle (b) and bottom (c) plots represent the cor-
responding neutron-weighted multiphonon spectra ρexp ob-
tained at α0 = 0 and α0 = αmin. They are compared with
those provided by the MUPHOCOR [53] and GDOS options
of the LAMP code [52]. The arrows locate the five energies ε
which are equal to 6, 30, 70, 100 and 200 meV.

and αmax delimit the α range measured for a given β39

value. The Figures 7b and 7c show that the correspond-40

ing neutron-weighted multiphonon spectrum slightly de-41

pends on the value of the threshold α0. For α0 = 0, ρexp42

is close to the result provided by the MUPHOCOR op-43

tion [53] of the LAMP code which relies on the phonon ex-44

pansion method (section II C). In the case of α0 = αmin,45

our result agrees with the GDOS option of the LAMP46

code that relies on the incoherent one-phonon approxima-47

tion. For simplicity, the experimental neutron-weighted48

multiphonon spectra will be compared to their theoreti-49

cal analogues by using αmin.50
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FIG. 8: Experimental symmetric dynamic structure fac-
tor Sexp measured with the IN6 spectrometer at 350
and 494 K [51]. The red solid lines correspond to the
TRIPOLI4 R© simulations [54] based on the model parameters
listed in Table I with densities of state of hydrogen in H2O
provided by the GROMACS code [41] using the TIP4P/2005f
model for water [42].

B. Monte-Carlo neutron transport simulation1

The experimental symmetric dynamic structure factors2

Sexp have been analyzed quantitatively by simulating the3

flight time t of each neutron with the neutron transport4

code TRIPOLI4 R© [54]. This code takes into account5

the multiphonon and multiple scattering contributions6

via thermal scattering laws stored in terms of S(α, β) ta-7

bles as a function of the temperature (section II D). The8

time distribution of the initial neutron burst originat-9

ing from the choppers is not included in the simulation.10

Therefore, the theoretical neutron yield Yth is calculated11

from the neutron yields YT4 provided by TRIPOLI4 R© as12

follows:13

Yth(θ,E′) =

∫ +∞

0

RE′(θ, t)YT4(θ, t)dt. (43)

The probability density function RE′(θ, t) stands for14

the time-dependent experimental response function of15

the spectrometer which is well approximated by a Gaus-16

sian. Its full width at half maximum was fitted to the17

neutron elastic scattering peak of vanadium. The ob-18

tained widths vary from 20 µs to 80 µs depending on the19

spectrometer and on the neutron wavelength.20

Figure 8 shows the overall agreement achieved over21

a broad energy transfer range between the theoretical22

and experimental symmetric forms of the dynamic struc-23

ture factors measured with the IN6 spectrometer at 35024

and 494 K. The thermal scattering laws usable by the25

TRIPOLI4 R© code were calculated with the model pa-26

rameters listed in Table I and densities of state of hy-27

drogen in H2O provided by the GROMACS code (sec-28

tion III B).29

V. RESULTS AND DISCUSSIONS30

A. QENS data analysis31

The analysis of the QENS peaks provides an exper-32

imental validation of the model parameters that define33

the rotational and translational diffusions of the water34

molecules. As presented in section II B, the diffusion part35

of the dynamic structure factor is given by the Egelstaff-36

Schofield diffusion model corrected for random jump and37

rotational diffusions. The parameters involved in this38

model are listed in Table I. They were established thanks39

to the numerous studies reported in the literature in view40

of calibrating our model for (P ,T ) conditions where liq-41

uid water is thermodynamically stable.42

Figure 9 shows examples of QENS peaks measured43

between 283 and 494 K with the IN5, IN6 and IN444

spectrometers. The obtained results probe that the45

TRIPOLI4 R© simulations are able to reproduce the ex-46

perimental spectra over the entire scattering angles cov-47

ered by each spectrometer. The QENS peaks measured48

on IN5 by Qvist et al. have a well-defined Lorentzian49

shape, because the data were obtained with ultrapur-50

H2O filled capillaries, which reduce multiple neutron51

scattering effects. The Jaiswal’s data were obtained with52

a thick cylindrical pressure CuBe cell leading to asym-53

metrical peaks with increasing scattering angles. In that54

case, agreement between the theory and the simulation55

strongly depends on the geometrical features introduced56

in the Monte-Carlo simulations. The simplified time-of-57

flight model shown in Fig. 6 would need further refine-58

ments for improving the simulations for ε > 0.59

The trends of the experimental and theoretical half60

width at half maximum of the QENS peaks are reported61

in Fig. 10 as a function of the temperature. Each result is62

compared to the simulated curve obtained for a continu-63

ous diffusion that obeys Fick’s law. In that case, around64

the QENS peak, the momentum and energy transfer tend65

to zero, so that the modified Bessel function of the second66

kind in Eq. (13) becomes K1(x) ' 1/x and the diffusion67

contribution can then be approximated by:68
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FIG. 9: Examples of experimental and theoretical QENS peaks for H2O at 283, 293, 300, 350, 430 and 494 K. The experimental
spectra were measured with the IN5, IN6 and IN4 spectrometers (Table II). The theoretical spectra were simulated with the
TRIPOLI4 R© code by using the diffusion model parameters listed in Table I.

SFick
diff (Q,ω) ' 1

π

Γ(Q)

ω2 + Γ(Q)2
, (44)

where Γ(Q) = DQ2 represents the half width at half1

maximum of the Lorentzian function. It depends on the2

self-diffusion coefficient D and has a linear dependence3

in Q2.4

At 293 K and 350 K, the TRIPOLI4 R© simulations per-5

formed with a residence time τ0 = 0 ps and a rotational6

relaxation time τR = 0 ps probe the non-linearity of the7

experimental Γ(Q) as a function of Q2. The experimental8

results are adequately predicted by using τ0 values rang-9

ing from 1.4 to 0.5 ps and τR values ranging from 2.910

to 1 ps. In this small temperature range, the rotational11

relaxation time is twice the residence time, indicating12

competitive contributions in favor of the rotational dif-13

fusion motions. For T = 494 K, the two sets of results14

obtained with the IN4 and IN6 spectrometers confirm15

that the non-continuous motions of the water molecules16
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FIG. 10: Examples of experimental and theoretical half width
at half maximum (HWHM) of the QENS peaks for water as a
function of Q2 (in Å−2). The TRIPOLI4 R© simulations were
performed with thermal scattering laws calculated with the
diffusion model parameters listed in Table I. The green ”eye-
guide” lines follow the trends given by the TRIPOLI4 R© sim-
ulations performed within the Fick’s law approximation.

are too fast to have a sizeable contribution to the QENS1

peak for temperatures approaching 500 K. If we assume2

that the observed differences between the experiments3

and the theoretical curves are attributed to the decou-4

pling approximation (Eq. (9)), our results confirm that5

the level of accuracy of this approximation ranges from6

±5% to ±10%.7
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FIG. 11: Experimental and theoretical neutron-weighted
multiphonon spectra of H2O deduced respectively from the
IN6 data [51] and from TRIPOLI4 R© simulations based on
GROMACS calculations using the four-site flexible model
TIP4P/2005f (red solid line).

B. Neutron-weighted multiphonon spectra8

The comparison of the experimental and theoreti-9

cal neutron-weighted multiphonon spectra obtained in10

the framework of the incoherent one-phonon approxi-11

mation (Eqs. (40) to (38)) are shown in Fig. 11. De-12

spite the observed differences, such results evidence that13

the model described in section II succeeds to reasonably14

accommodate MD simulations for water into the low-15

energy neutron-induced cross section formalism. The16

TRIPOLI4 R© results indicate that the energy position17

of the librational mode and its width seem to be slightly18

overestimated by MD simulations when the four-site flex-19

ible model TIP4P/2005f for water is used in the calcula-20

tions.21

In the present work, the phonon mode shift and22

the phonon broadening of the solid-like vibrational part23

ρ
vib

(ω) of the phonon density of states of hydrogen in24

H2O were optimized on the IN4, IN5 and IN6 data with25

the iterative Bayesian least-squares fitting procedure26

implemented in the nuclear data code CONRAD [55].27

Starting from the densities of states provided by the28

GROMACS code, our model gradually converged to-29

wards the posterior solutions shown in Figs. 12 and 13.30

These results indicate that the IN4 and IN6 spectrome-31

ters provide nearly similar information on the water li-32

brational mode observed at an energy transfer close to33

70 meV, while the IN5 spectrometer focuses on the H-34

bond bending and stretching modes below 70 meV.35

The comparison of the IN4 data reported in 2015 and36

2017 confirms the weak temperature dependence of the37

librational mode between 286 and 350 K. A distortion of38

its shape and a slight frequency shift to the low energy39

transfer is observed with increasing temperature.40

The shape of the neutron-weighted multiphonon spec-41
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FIG. 12: Comparison of the experimental and theoretical
neutron-weighted multiphonon spectra of H2O. The exper-
imental spectra were deduced from the neutron scattering
yields measured with the IN4 and IN6 spectrometers. The
theoretical curves were calculated from TRIPOLI4 R© simu-
lations based on the solid-like vibrational density of states
shown in Fig. 14.

tra measured with the IN5 spectrometer are very close1

whatever the sample geometry (capillaries and hollow2

cylinder). In both cases, the correction due to the mul-3

tiple neutron scatterings is negligible, making these two4

experiments appropriate for probing the low-frequency5

spectrum of liquid water near the room temperature.6

Compared to the H-bond bending mode which is well7

resolved at around 6-7 meV, no H-bond stretching mode8

is observed between 20 and 40 meV. The too low ampli-9

tude of such a connectivity vibration is smoothed out by10

the time-response of the IN5 spectrometer and altered11

by the background subtraction. Neutron spectroscopy12

is a less favorable experimental technique than infrared13

spectroscopy in which H-bond has the appearance of sub-14

structures that gradually increase in intensity upon cool-15

ing. [56].16
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FIG. 13: Comparison of the experimental and theoretical
neutron-weighted multiphonon spectra of H2O deduced from
the IN5 data and calculated from TRIPOLI4 R© simulations
based on the solid-like vibrational density of states shown in
Fig. 14.

A satisfactory agreement is achieved between the ex-17

periments and the TRIPOLI4 R© curves. The differences18

observed around 20 meV are due to the empty-cell sub-19

traction, confirming the difficulty to address H-bond dy-20

namics through the selected inelastic neutron scattering21

data. The posterior vibrational part of the densities of22

states introduced in the calculations are shown in Fig. 14.23

The corresponding values are reported in appendix (Ta-24

bles III). Figure 15 compares the mean value and the full25

width at half maximum (FWHM) of the librational mode26
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FIG. 15: Mean value (a) and full width at half maximum (b)
of the librational mode obtained in this work and with the
TIP4P/2005f model for water as a function of the tempera-
ture.

obtained in this work and with the TIP4P/2005f model1

for water. They were roughly calculated by removing the2

contribution of the H-bond bending and stretching modes3

as shown in Fig. 5 by using the trend reported by Lerbret4

et al [43]. No anomalies are observed in the monotonic5

behavior of the frequency shift and width over the full6

temperature range of interest for this work. Such a com-7

parison mainly confirms the overestimation by the MD8

simulations of the two first moments of the librational9

mode whatever the temperature is.10

The origin of a narrower water librational mode than11

predicted by MD simulations can be interpreted by12

missing coupling interactions between the inter and13

intramolecular degrees of freedom. In Fig. 16, the14

TIP4P/2005r model represents the rigid version of the15

TIP4P/2005f model in which we have removed the in-16

tramolecular parameters. The addition of flexibility17

changes the shape of the librational mode and decreases18

its width by a few meV. The remaining differences with19

our results confirm that adding a Morse potential with20

an angle harmonic function in a rigid model is not suffi-21

cient to account for effects of intramolecular vibrations.22

Such an issue is the subject of theoretical and experimen-23

tal works deeply discussed in the literature [57, 58]. Past24

time-of-flight experiments carried out with the HRMECS25

spectrometers of the pulsed neutron source at the Argone26

National Laboratory [59, 60] highlight the complexity of27

the coupling interactions in the water molecule due to the28

presence of two broad structures of small amplitudes near29

270 and 500 meV. These structures seem to correspond30

to O-H bending (' 200 meV) and stretching modes31

(' 430 meV) shifted by an amount roughlty equal to32

the average position of the librational mode (' 70 meV).33

Similar structures were recently observed with the SE-34

QUOIA spectrometer of the SNS facility [10]. The as-35

sociation of the results presented in this work with the36

SNS data will provide valuable experimental insights for37

testing advanced theoretical studies on collective mode38

coupling mechanisms within the water molecule.39

VI. CONCLUSIONS40

The analysis of inelastic neutron scattering measure-41

ments performed with three time-of-flight spectrome-42

ters of ILL with different water sample geometries over43

a modest range of temperatures, pressure and neutron44

wavelengths was revisited with the Monte-Carlo neutron45

transport code TRIPOLI4 R©. The experiments were sim-46

ulated by using a composite dynamic structure factors for47

water which is based on the decoupling approximation of48

the mean square displacement of the water molecules into49

a diffusion and a solid-like vibrational parts. System-50

atics of the temperature-dependent diffusion model pa-51

rameters were established from QENS results reported in52

the literature. An iterative Bayesian least-squares fitting53

procedure was used to infer densities of states of hydro-54

gen in H2O from the selected inelastic neutron scattering55

data.56

The diffusion part of the dynamic structure factor in-57

troduced in the Monte-Carlo simulations depends on the58

self-diffusion coefficient D, residence time τ0 and relax-59

ation time τR. A consistent description of these param-60

eters was achieved in the temperature range where liq-61

uid water is thermodynamically stable by starting from62

the Price’s prescription that suggests to use a fractional63

power law to reproduce the continuous increase of D with64

the temperature. As a result, the half width at half max-65

imum of the QENS peaks of the ILL data was adequately66

reproduced over a broad range of Q2 (< 21 Å−2). The67

agreement between the experiment and the theory lies be-68

tween ±5% and ±10%. This level of accuracy is accept-69
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FIG. 16: Comparison of the solid-like vibrational part of the
density of states of hydrogen in H2O obtained in this work and
calculated with GROMACS at 294 and 494 K with the flexible
TIP4P/2005f model and its rigid version TIP4P/2005r.

able for the purpose of our study. It indicates the low con-1

tribution to the QENS peak of the non-continuous mo-2

tions of the water molecules for temperature approaching3

500 K. Our fitting results lead to a thermodynamic break-4

down in the supercooled regime around Ts = 226.5(10) K5

and a low-temperature limit close to T0 = 247(1) K for6

the Stokes-Einstein relations.7

The analysis of the neutron-weighted multiphonon8

spectra derived from the ILL data mainly suggests a nar-9

rower water librational mode than predicted by the four-10

site flexible model TIP4P/2005f. This result can be at-11

tributed to missing coupling interactions between the in-12

ter and intramolecular degrees of freedom. The compari-13

son with molecular dynamic simulations performed with14

rigid and flexible models confirms that adding a Morse15

potential with an angle harmonic function in a rigid16

model is not sufficient to account for the complexity of17

the collective mode coupling mechanisms within the wa-18

ter molecule. Since the posterior temperature-dependent19

densities of states of hydrogen in H2O reported in this20

work are free from experimental corrections, they rep-21

resent valuable insights for testing advanced theoretical22

hypothesis.23

Despite the approximations introduced in this work,24

the descriptive power of the phenomenological water25

model, optimized thanks to results reported in the lit-26

erature, allows to obtain a satisfactory agreement be-27

tween the experiment and the theory. Future works28

will focus on reaching a similar agreement by devel-29

oping a three-site polarizable model that could take30

into account coupling interactions between the inter31

and intramolecular degrees of freedom. The description32

of the non-continuous motions of the water molecules33

could be also improved by applying the Gaussian34

approximation-assisted quantum correction to the clas-35

sical self-intermediate scattering function as proposed by36

the Japanese group of the Kyoto University leaded by37

Abe.38
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Appendix: Solid-like vibrational part of the density55

of states of hydrogen in H2O56

Table III reports the solid-like vibrational part ρ
vib

(ε)57

of the density of states of hydrogen in H2O shown58

in Fig. 14. They were established with the iterative59

Bayesian least-squares fitting procedure implemented in60

the nuclear data code CONRAD [55]. The inelastic neu-61

tron scattering data included in the procedure are listed62

in Table II. The model parameters involved in the de-63

scription of the diffusion part are given in Table I.64

TABLE III: Solid-like vibrational part of the density of states
of hydrogen in H2O (in 1/eV) as a function of the energy
transfer (in meV) and temperature (in K).

ε 284 294 300 311 323 350 430 494
0.0 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
1.3 0.380 0.386 0.358 0.305 0.215 0.013 0.265 0.503
2.5 1.083 1.092 1.024 0.928 0.769 0.469 0.840 1.261
3.8 1.674 1.681 1.597 1.495 1.333 1.081 1.436 1.830
5.1 1.986 1.995 1.925 1.852 1.743 1.644 1.898 2.190
6.3 2.024 2.042 2.001 1.972 1.943 1.993 2.178 2.412
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Solid-like vibrational part, continued ...

ε 284 294 300 311 323 350 430 494
7.6 1.839 1.872 1.871 1.894 1.953 2.148 2.311 2.549
8.9 1.530 1.583 1.638 1.714 1.856 2.164 2.348 2.662
10.1 1.286 1.353 1.444 1.555 1.743 2.077 2.342 2.740
11.4 1.178 1.255 1.345 1.463 1.656 1.973 2.343 2.853
12.6 1.143 1.226 1.312 1.427 1.611 1.911 2.376 2.949
13.9 1.160 1.248 1.327 1.436 1.611 1.898 2.424 3.044
15.2 1.210 1.300 1.369 1.471 1.636 1.910 2.481 3.159
16.4 1.259 1.352 1.417 1.514 1.671 1.933 2.556 3.272
17.7 1.307 1.404 1.467 1.560 1.713 1.977 2.640 3.402
19.0 1.355 1.457 1.518 1.611 1.765 2.037 2.733 3.542
20.2 1.404 1.509 1.577 1.672 1.829 2.102 2.836 3.669
21.5 1.475 1.584 1.651 1.746 1.904 2.173 2.941 3.828
22.8 1.556 1.669 1.740 1.835 1.993 2.256 3.057 3.999
24.0 1.663 1.778 1.842 1.936 2.089 2.344 3.188 4.132
25.3 1.772 1.888 1.947 2.037 2.184 2.437 3.325 4.294
26.6 1.869 1.988 2.045 2.132 2.280 2.553 3.462 4.431
27.8 1.958 2.080 2.138 2.227 2.383 2.685 3.609 4.597
29.1 2.041 2.166 2.224 2.319 2.485 2.817 3.750 4.750
30.4 2.110 2.238 2.299 2.400 2.581 2.964 3.891 4.885
31.6 2.158 2.293 2.356 2.466 2.667 3.103 4.023 5.070
32.9 2.183 2.323 2.391 2.512 2.737 3.220 4.146 5.199
34.2 2.174 2.323 2.402 2.541 2.809 3.339 4.273 5.390
35.4 2.145 2.303 2.434 2.601 2.906 3.445 4.405 5.549
36.7 2.235 2.396 2.517 2.700 3.006 3.524 4.573 5.724
38.0 2.324 2.490 2.612 2.794 3.094 3.640 4.753 5.898
39.2 2.415 2.583 2.704 2.891 3.207 3.803 4.957 6.048
40.5 2.504 2.676 2.818 3.023 3.370 3.981 5.185 6.219
41.7 2.661 2.833 2.983 3.204 3.569 4.200 5.429 6.379
43.0 2.865 3.033 3.193 3.426 3.807 4.457 5.687 6.487
44.3 3.123 3.285 3.449 3.688 4.078 4.748 5.957 6.638
45.5 3.418 3.573 3.736 3.978 4.376 5.082 6.227 6.769
46.8 3.736 3.879 4.045 4.292 4.705 5.427 6.486 6.841
48.1 4.073 4.205 4.377 4.634 5.060 5.787 6.739 6.920
49.3 4.443 4.560 4.738 5.001 5.433 6.177 6.993 6.968
50.6 4.841 4.942 5.123 5.387 5.822 6.540 7.204 7.026
51.9 5.261 5.343 5.522 5.786 6.215 6.879 7.371 7.024
53.1 5.689 5.751 5.929 6.187 6.597 7.241 7.509 7.026
54.4 6.117 6.161 6.336 6.586 6.981 7.566 7.618 7.072
55.7 6.558 6.578 6.747 6.988 7.350 7.815 7.684 6.987
56.9 7.006 7.001 7.152 7.368 7.661 8.030 7.712 6.891
58.2 7.426 7.396 7.514 7.683 7.911 8.203 7.706 6.767
59.5 7.765 7.712 7.804 7.937 8.128 8.326 7.680 6.631
60.7 8.036 7.964 8.045 8.159 8.314 8.404 7.591 6.482
62.0 8.283 8.192 8.264 8.360 8.440 8.412 7.466 6.320
63.2 8.516 8.407 8.449 8.500 8.474 8.365 7.317 6.166
64.5 8.684 8.560 8.545 8.525 8.471 8.301 7.152 6.005
65.8 8.740 8.605 8.557 8.520 8.425 8.187 6.972 5.824
67.0 8.718 8.575 8.536 8.473 8.342 8.019 6.790 5.641
68.3 8.670 8.522 8.472 8.390 8.210 7.843 6.608 5.482
69.6 8.593 8.441 8.370 8.258 8.044 7.642 6.407 5.322
70.8 8.461 8.307 8.220 8.089 7.857 7.426 6.198 5.142
72.1 8.287 8.133 8.042 7.901 7.651 7.231 6.009 4.964
73.4 8.099 7.946 7.845 7.694 7.445 7.009 5.822 4.791
74.6 7.888 7.736 7.635 7.484 7.233 6.753 5.619 4.613
75.9 7.672 7.522 7.425 7.271 6.998 6.543 5.416 4.432
77.2 7.463 7.314 7.202 7.037 6.766 6.342 5.214 4.258
78.4 7.222 7.077 6.965 6.803 6.551 6.103 5.009 4.089
79.7 6.971 6.830 6.736 6.583 6.328 5.867 4.804 3.923
81.0 6.757 6.619 6.518 6.361 6.095 5.646 4.605 3.763

82.2 6.537 6.401 6.290 6.129 5.863 5.408 4.412 3.607

Solid-like vibrational part, continued ...

ε 284 294 300 311 323 350 430 494
83.5 6.289 6.158 6.053 5.893 5.630 5.171 4.223 3.458
84.8 6.049 5.922 5.819 5.659 5.394 4.950 4.041 3.309
86.0 5.814 5.691 5.583 5.423 5.162 4.729 3.865 3.153
87.3 5.568 5.448 5.344 5.189 4.936 4.517 3.693 2.992
88.6 5.326 5.211 5.112 4.962 4.717 4.312 3.517 2.839
89.8 5.096 4.985 4.888 4.742 4.505 4.114 3.334 2.702
91.1 4.869 4.763 4.669 4.528 4.300 3.923 3.156 2.570
92.3 4.650 4.548 4.458 4.322 4.100 3.718 2.993 2.444
93.6 4.439 4.341 4.254 4.121 3.899 3.503 2.839 2.322
94.9 4.236 4.141 4.054 3.919 3.693 3.309 2.693 2.199
96.1 4.033 3.942 3.850 3.712 3.489 3.135 2.551 2.067
97.4 3.817 3.729 3.639 3.506 3.298 2.964 2.407 1.931
98.7 3.600 3.516 3.436 3.313 3.120 2.805 2.257 1.793
99.9 3.406 3.325 3.250 3.135 2.952 2.647 2.101 1.656
101.2 3.227 3.148 3.075 2.966 2.787 2.475 1.943 1.519
102.5 3.054 2.977 2.908 2.800 2.619 2.297 1.786 1.386
103.7 2.890 2.815 2.743 2.633 2.446 2.117 1.631 1.258
105.0 2.723 2.649 2.572 2.459 2.268 1.936 1.479 1.138
106.3 2.542 2.472 2.394 2.279 2.087 1.759 1.336 1.028
107.5 2.355 2.289 2.212 2.097 1.907 1.585 1.202 0.928
108.8 2.167 2.105 2.029 1.915 1.730 1.420 1.081 0.841
110.1 1.977 1.921 1.848 1.737 1.560 1.271 0.974 0.769
111.3 1.792 1.742 1.672 1.566 1.401 1.135 0.882 0.705
112.6 1.612 1.567 1.503 1.405 1.254 1.016 0.802 0.648
113.8 1.442 1.403 1.345 1.258 1.124 0.919 0.735 0.602
115.1 1.288 1.255 1.203 1.127 1.010 0.834 0.679 0.565
116.4 1.150 1.121 1.077 1.012 0.912 0.759 0.630 0.530
117.6 1.031 1.007 0.969 0.914 0.829 0.703 0.589 0.500
118.9 0.933 0.911 0.879 0.832 0.760 0.656 0.553 0.473
120.2 0.846 0.828 0.801 0.762 0.702 0.611 0.521 0.449
121.4 0.773 0.757 0.736 0.704 0.653 0.575 0.494 0.428
122.7 0.717 0.703 0.684 0.656 0.611 0.542 0.470 0.412
124.0 0.668 0.656 0.639 0.614 0.574 0.512 0.449 0.396
125.2 0.624 0.613 0.598 0.577 0.542 0.491 0.430 0.380
126.5 0.587 0.577 0.564 0.545 0.515 0.470 0.415 0.368
127.8 0.553 0.544 0.534 0.517 0.491 0.448 0.402 0.359
129.0 0.524 0.516 0.508 0.493 0.470 0.435 0.389 0.349
130.3 0.502 0.495 0.486 0.473 0.453 0.423 0.378 0.339
131.6 0.480 0.473 0.466 0.455 0.437 0.409 0.368 0.331
132.8 0.460 0.454 0.448 0.439 0.423 0.397 0.359 0.324
134.1 0.446 0.440 0.434 0.425 0.411 0.387 0.350 0.317
135.4 0.433 0.428 0.422 0.413 0.400 0.378 0.343 0.310
136.6 0.419 0.414 0.409 0.401 0.389 0.369 0.337 0.306
137.9 0.407 0.402 0.398 0.391 0.380 0.362 0.328 0.301
139.1 0.397 0.392 0.389 0.382 0.373 0.361 0.321 0.291
140.4 0.388 0.383 0.380 0.374 0.364 0.341 0.318 0.285
141.7 0.379 0.375 0.371 0.364 0.354 0.333 0.313 0.300
142.9 0.372 0.370 0.365 0.359 0.350 0.342 0.308 0.325
144.2 0.365 0.362 0.357 0.353 0.345 0.335 0.314 0.315
145.5 0.348 0.345 0.345 0.341 0.335 0.318 0.318 0.302
146.7 0.344 0.343 0.341 0.337 0.331 0.321 0.310 0.309
148.0 0.349 0.347 0.344 0.339 0.330 0.319 0.306 0.303
149.3 0.341 0.339 0.336 0.331 0.322 0.304 0.309 0.298
150.5 0.331 0.330 0.327 0.322 0.316 0.309 0.305 0.313
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Combining density functional theory and Monte Carlo neutron transport calculations
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Significant advances in the use of atomistic simulation techniques, such as ab initio density functional theory
and the molecular dynamics method, made it possible to predictively calculate properties of materials. In parallel,
low-energy neutron scattering instruments and data analysis tools available in different institutes become mature
for providing high-quality data for experimental validation purposes. Despite such experimental and theoretical
improvements, the accurate modeling of experimental neutron-weighted multiphonon spectra for UO2 over a
broad temperature range still remains an issue. Combining prior phonon density of states (PDOS) from density
functional theory and Monte Carlo inelastic neutron scattering calculations in a Bayesian fitting procedure is a
valuable alternative approach to assess the partial PDOS of uranium and oxygen in UO2 from 294 to 1675 K for
improving the comparison to experiment and exploring the first-principles calculation hypothesis.

DOI: 10.1103/PhysRevB.102.134312

I. INTRODUCTION

The complex insulating nature of uranium dioxide (UO2)
has been the subject of many experimental and theoretical
studies since the pioneer works reported in the 1960s. At that
time, major results about the vibration modes of UO2 were
published in a series of symposia on neutron scattering and
neutron thermalization organized by the International Atomic
Energy Agency, between 1960 and 1977 [1,2]. Over the past
20 years, the first-principles density functional theory became
an invaluable resource for supplying material properties to
simulate the neutron slowing down in nuclear fuels.

The latest version of the United States evaluated nuclear
data library, namely ENDF\B-VIII [3], benefited from the
extensive efforts led by the Low Energy Interaction Physics
group of the North Carolina State University to accommodate
condense matter physics into the low-energy neutron-induced
cross-section formalisms [4]. In the case of UO2, the VASP

code [5] has been used to generate phonon density of states
(PDOS) [6] for the ENDF\B library, replacing those estab-
lished from the work of Dolling [7]. The corresponding PDOS
for T = 0 K is shown in Fig. 1. The five normal modes of vi-
bration of UO2 can be distinguished around 10 meV, 20 meV,
30 meV, 55 meV, and 70 meV. The two first peaks correspond
to the translational and longitudinal acoustic phonon modes
of the uranium atoms. The highest energy structures are dom-
inated by the optical phonon modes of the oxygen atoms. For

comparison, the PDOS calculated at Uppsala University for
T = 294 K [8] is shown in the same figure. The principle of the
calculations performed in the quasiharmonic approximation
is reported in Refs. [9,10] together with validation results. It
consists of applying the finite-displacement method to a UO2

supercell through the PHONOPY code [11]. The interatomic
forces are provided by the VASP code within the framework of
the first-principles density functional theory. The comparison
of the two ab initio PDOS highlights the phonon mode shift
to lower energy transfer with increasing temperature. It also
shows how the calculations performed at the Uppsala Univer-
sity are able to capture the splitting between the TO1 and LO1
optical phonon branches around 28 and 33 meV.

The results reported by Pang et al. [12,13] represent the lat-
est theoretical and experimental achievements of interest for
our work. If first-principles PDOS simulations successfully
reproduce inelastic neutron scattering data of UO2 measured
at 294 K using the ARCS spectrometer of the Spallation
Neutron Source (SNS), similar simulations still fail to repro-
duce high-temperature neutron-weighted phonon density of
states (T = 1200 K) which are characterized by a stronger
anharmonic linewidth broadening [14]. These theoretical lim-
itations make questionable the simulation of the neutron
transport in nuclear fuel loaded in power reactors operating
at hot full power. Indeed, the slowing down of neutrons in
UO2 is affected by the vibrations of the uranium and oxygen
atoms from which emerge neutron up-scattering effects that

2469-9950/2020/102(13)/134312(12) 134312-1 ©2020 American Physical Society
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FIG. 1. Ab initio phonon density of states of UO2 at T = 0 K [6]
and T = 294 K [8]. The dot-dashed lines locate the main vibration
modes of UO2 calculated at T = 294 K. The two first peaks at 10
and 20 meV correspond to the translational (TA) and longitudinal
(LA) acoustic phonon modes of the uranium atoms. The structures at
around 30 meV, 55 meV, and 70 meV are dominated by the optical
phonon modes (TO1, LO1, TO2, LO2) of the oxygen atoms.

modify the 238U radiative capture reaction rate involving siz-
able changes on the neutron multiplication factor, Doppler
reactivity coefficient, and 239Pu inventory [15].

The present work aims to derive reliable temperature-
dependent partial PDOS for oxygen and uranium in UO2 from
inelastic neutron scattering data measured at the IN4 and IN6
time-of-flight spectrometers of the Institute Laue-Langevin
(ILL) between 294 and 1675 K. The originality of the work
relies on the use of the Monte Carlo neutron transport code
TRIPOLI4 [16] to simulate the experimental results by taking
into account the multiple neutron scattering effects and the
multiphonon contribution. The main prior input parameters
are the partial phonon density of states for oxygen and ura-
nium in UO2 provided by ab initio calculations. The obtained
results are expected to stimulate advanced theoretical studies
for improving comparison to experiment over a broad temper-
ature range of interest for nuclear applications.

The main expressions involved in the neutron scattering
formalism are reported in Sec. II. Section III briefly de-
scribes the measurements performed at ILL. The experimental
neutron-weighted multiphonon spectra of UO2 as a function
of the temperature are reported in Sec. IV. The interpreta-
tion of the data with the Monte Carlo neutron transport code
TRIPOLI4 is presented in Sec. V. The obtained results are
discussed in Sec. VI.

II. NEUTRON SCATTERING FORMALISM

In the low neutron energy range, typically below 5 eV,
the slowing down of neutrons in UO2 depends on the energy
and angular distribution of the scattering process. The math-
ematical expression of the corresponding double-differential
neutron scattering cross section is well described in the liter-
ature. The main equations are summarized in Ref. [17]. They
were obtained in the framework of the incoherent scatter-
ing approximation that allows one to neglect the interference

terms in the case of polycrystalline materials and to express
the double-differential neutron scattering cross section of each
atom X separately. If T is the temperature of the target and kB

is the Boltzmann constant, the temperature-dependent double-
differential scattering cross section for X (238U or 16O) in UO2

can be written as [18]

d2σ T
nX

dE ′dθ
= σ 0

nX

2kBT

√
E ′

E
e−β/2ST

X (α, β ), (1)

where E is the neutron incident energy, E ′ stands for the
energy of the scattered neutron, σ 0

nX
is the bound neutron

elastic scattering cross section at T = 0, and ST
X (α, β ) is the

symmetric form of the dynamic structure factor [19] which is
defined as a function of the dimensionless variables α and β.
The latter variables are related to the momentum transfer q:

α = q2h−2

2MX kBT
= E ′ + E − 2μ

√
E ′E

AX kBT
, (2)

and energy transfer ε = h−ω:

β = − h−ω

kBT
= −E − E ′

kBT
, (3)

where μ = cos(θ ) is the cosine of the scattering angle in the
laboratory system and AX is the ratio of the mass MX of the
scattering atom X to the neutron mass. An analytical form
of ST

X (α, β ) was established for a cubic symmetry by using
an isotropic harmonic potential which simplifies the complex
averaging over all the possible orientations of the molecules.
This model, known as the incoherent Gaussian approximation
[20], led to the conventionally called phonon expansion:

ST
X (α, β ) = e−αλs

∞∑
n=1

1

n!
(αλs)nTn(β ), (4)

where n represents the phonon expansion order, λs stands for
the Debye-Waller coefficient, and Tn(β ) has the generic form:

Tn(β ) =
∫ ∞

−∞
T1(β ′)Tn−1(β − β ′)dβ ′. (5)

The one-phonon term T1(β ) is given by

T1(β ) = ρT
X (β )e−β/2

2λsβ sinh(β/2)
. (6)

This term explicitly depends on the partial phonon density
of states ρT

X (β ). The aim of this study is to extract reli-
able values of ρT

X (β ) from the experimental quantity ρT
exp(β )

which represents the neutron-weighted multiphonon spectrum
of UO2 measured at ILL as a function of the temperature. A
suitable expression of ρT

exp(β ) can be obtained in the frame-
work of the incoherent elastic one-phonon approximation. By
introducing Eq. (6) in Eq. (4) for n = 1 and by removing the
contribution of the elastic peak, we obtain

ρT
exp(β ) � lim

α→0
PT

exp(α, β ), (7)

with

PT
exp(α, β ) � 2β sinh β/2

α
ST

exp(α, β ), (8)

where ST
exp represents the experimental symmetric form of the

dynamic structure factor [Eq. (1)] without the contribution of
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FIG. 2. Simplified top view of the IN4 and IN6 time-of-flight
spectrometers of the Institute Laue-Langevin.

the quasielastic neutron scattering peak ST
0 . It is related to the

experimental neutron yield Y T
exp as follows:

ST
exp(α, β ) = Y T

exp(α, β )

√
E

E ′ e
β/2 − ST

0 (α, β ). (9)

III. INELASTIC NEUTRON SCATTERING EXPERIMENTS

Two experimental campaigns were undertaken in 2016 and
2019 to measure the experimental neutron yields Y T

exp at 294,
300, 350, 420, 600, 900, 1200, and 1675 K on the IN6 and IN4
time-of-flight spectrometers of ILL for two incident neutron
energies E = 3 meV (λ = 5.1 Å) and E = 112 meV (λ =
0.85 Å), respectively. Experimental details and preliminary
results were reported in Refs. [21,22].

From the point of view of the neutron transport physics,
both spectrometers share the same basic design (Fig. 2).
The neutron time-of-flight technique consists of measuring
the time t traveled by the neutrons from the sample until
their detection at a given scattering angle θ . If the energies
are in eV, the length in m, and the time in μs, the non-
relativistic time-energy relation E ′ = (72.298L/t )2 is used
to obtain the experimental neutron yield Y T

exp(θ, E ′) as a
function of the outgoing neutron energies E ′. The flight dis-
tance between the sample and the detection setup is equal
to L = 2.00(1) m and L = 2.48(1) m, for IN4 and IN6, re-
spectively. Each 3He detector array covers scattering angles
ranging from approximately 10◦ to 120◦. In both cases, a

rectangular monoenergetic neutron beam was focused to the
sample, which was mounted in a high-temperature furnace
placed at the center of the spectrometer. The sample is a
4.09(1)-cm-long cylinder composed of a stack of four de-
pleted UOX pellets of 8.26(1) mm diameter. The total weight
of the sample is 23.642(1) g, with a mass-fraction compo-
sition in 238U, 236U, 235U, 234U, and 16O of 87.598(1)%,
0.005(1)% 0.264(1)% 0.002(1)%, and 12.131(1)%, respec-
tively. For the first experimental campaign, the UO2 sample
was sealed in a quartz tube under primary vacuum and encap-
sulated in a thin niobium sample-holder tube. For the second
one, the UO2 sample was simply encapsulated in a thick
niobium sample-holder tube. Empty “dummy” samples were
prepared to measure the background contribution.

The experiments consisted of a sequence of UO2 and
“dummy” sample measurements, including a short irradiation
of a vanadium sample. As this material nearly behaves as a
pure incoherent elastic scatterer, its elastic scattering peak is
used as a reference for the purpose of calibration and detector
efficiency correction. The data reduction steps were handled
with the ILL in-house LAMP code, except for the background
correction. Indeed, replacing depleted UOX pellets by void in
the “dummy” sample cannot ensure an accurate background
subtraction due to significant sample absorption and multiple
neutron scatterings. The background was then defined as the
sum of the “dummy” sample data times an effective trans-
mission factor plus an additional contribution due to neutrons
scattered by the sample-holder tube and furnace environment.
The effective transmission factor and contributions of the sam-
ple environment have been estimated with the Monte Carlo
neutron transport code TRIPOLI4 [16], using the models shown
in Fig. 2 and the neutron scattering formalism described in
Eqs. (1)–(6).

IV. EXPERIMENTAL NEUTRON-WEIGHTED
MULTIPHONON SPECTRUM

The experimental neutron-weighted multiphonon spectra
ρT

exp of UO2 were deduced from the temperature-dependent
neutron yields Y T

exp measured on IN6 by using the expression
(7). In view of obtaining PT

exp(α, β ) at α = 0, we have
smoothed out fluctuations due to nuclei dynamics by using
a log-log extrapolation to zero of the cumulative distribution
functions of PT

exp(α, β ) over α. The contribution of the
quasielastic neutron scattering peak ST

0 was removed from
the data using a pseudovoigt function. In the present analysis,
no attempt was made to iteratively correct the data from the
multiphonon contribution and the multiple neutron scattering
effects, as usually proposed in the literature [23]. These two
effects have different physical origins which will be included
in the theoretical calculations. The multiphonon correction
is mainly a temperature effect which is part of the dynamic
structure factor. It is taken into account with the phonon
expansion given by Eq. (4). The contribution of the scattered
neutrons depends on several experimental factors such as
the sample size and its environment. Such a correction is
handled through Monte Carlo simulations whose principles
are presented in Sec. V.

Figure 3 shows the neutron-weighted multiphonon spec-
trum of UO2 and the background contributions measured on
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FIG. 3. Examples of background contributions at room temper-
ature in the case of the neutron-weighted multiphonon spectrum of
UO2 deduced from the IN6 data measured with a quartz tube in a thin
niobium sample-holder tube (a) and a thick niobium sample-holder
tube (b).

IN6 at T = 300 K and T = 294 K. The non-negligible con-
tribution of the vibration modes of niobium on the top of the
phonon modes of the uranium atoms favors the use of a thin
niobium sample-holder tube. Results obtained up to 1675 K
are shown in Fig. 4. The vibration modes of UO2 are observed
at energy positions which are in excellent agreement with the
theoretical predictions reported in Fig. 1 at room temperature.
Our results show a low temperature dependence of the phonon
mode shift. An overall decrease of about −2 meV from 300
to 1675 K can be estimated from both the acoustic and optical
phonon mode positions. It has to be noted that the dip between
the TO1 and LO1 phonon branches cannot be observed around
30 meV because of the too-broad response function of IN6.
In addition, above 60 meV, the increasing broadening of the
phonon linewidth due to the temperature makes it difficult to
accurately determine the peak position corresponding to the
highest longitudinal optical phonons.
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FIG. 4. Experimental neutron-weighted multiphonon spectrum
ρT

exp of UO2 deduced from the IN6 data. The dot-dashed lines show
the energy positions of the vibration modes of UO2 calculated at
T = 294 K (Fig. 1).

V. MONTE CARLO NEUTRON
TRANSPORT SIMULATIONS

Experimental neutron-weighted multiphonon spectrum
ρT

exp of UO2 can only be compared with their theoretical
analogs ρT

th via Monte Carlo simulations that take into account
the multiple neutron scattering effects and multiphonon con-
tribution. In this work, the time of flight t of each neutron
has been simulated with the neutron transport code TRIPOLI4
without taking into account the time distribution of the initial
neutron burst originating from the Fermi chopper. Therefore,
the theoretical neutron yield Y T

th is calculated from the neutron
yields Y T

T 4 provided by TRIPOLI4 as follows:

Y T
th (θ, E ′) =

∫ +∞

0
RE ′ (θ, t )Y T

T 4(θ, t )dt . (10)

The probability density function RE ′ (θ, t ) stands for the
time-dependent experimental response function of the spec-
trometer which is well approximated by a Gaussian. Its full
width at half maximum 
t = 41(5) μs (for IN6 at E =
3 meV) and 
t = 22(5) μs (for IN4 at E = 112 meV) was
fitted to the neutron elastic scattering peak of vanadium.

Figure 5 compares the experimental and theoretical
neutron-weighted multiphonon spectra obtained in the case
of the IN6 spectrometer at T = 294 K when the ab initio
phonon density of sates established at the Uppsala Univer-
sity (Fig. 1) are introduced in the TRIPOLI4 calculations. The
top and middle plots illustrate the poor description of the
experimental values when the single neutron scattering and
one-phonon approximations are used. An overall agreement
is achieved between the experimental and theoretical curves
only if multiple scattering and multiphonon effects are taken
into account in the simulation. The amplitude and the energy
position of the vibration modes of the UO2 molecule are
well predicted confirming the validity of the main approxi-
mations involved in the ab initio calculations (quasiharmonic
phonon-based model), neutron scattering formalism (inelas-
tic and Gaussian approximations), Monte Carlo simulations
(Gaussian response function), and data reduction procedure

134312-4



COMBINING DENSITY FUNCTIONAL THEORY AND MONTE … PHYSICAL REVIEW B 102, 134312 (2020)

0.0 20.0 40.0 60.0 80.0 100.0
Energy transfer (meV)

0.00

0.01

0.02

0.03

P
ro

ba
bi

lit
y 

de
ns

ity
 fu

nc
tio

n 
P

D
F

 (
1/

m
eV

)

IN6, E= 3 meV, T= 294 K
with PDOS from Maldonado (2018)

(a)

0.0 20.0 40.0 60.0 80.0 100.0
Energy transfer (meV)

0.00

0.01

0.02

0.03

P
ro

ba
bi

lit
y 

de
ns

ity
 fu

nc
tio

n 
P

D
F

 (
1/

m
eV

)

IN6, E= 3 meV, T= 294 K
with PDOS from Maldonado (2018)(b)

0.0 20.0 40.0 60.0 80.0 100.0
Energy transfer (meV)

0.00

0.01

0.02

0.03

P
ro

ba
bi

lit
y 

de
ns

ity
 fu

nc
tio

n 
P

D
F

 (
1/

m
eV

)

IN6, E= 3 meV, T= 294 K
with PDOS from Maldonado (2018)

(c)

FIG. 5. Comparison of the neutron-weighted multiphonon spec-
trum ρT

exp and ρT
th deduced from the IN6 data and the TRIPOLI4

simulations, respectively. The calculations were performed at
T = 294 K by using the PDOS shown in Fig. 1. The theoretical curves
in plots (a) and (b) were obtained within the single neutron scattering
and one-phonon approximations, respectively. The theoretical curve
in the bottom plot (c) accounts for both the multiple neutron scatter-
ing effects and the multiphonon contribution.

(empty-cell subtraction strategy and extrapolation of the cu-
mulative distribution function of PT

exp(α, β ) to α = 0). Despite
the achievement observed at room temperature, moving to-
ward higher temperatures with ab initio simulations represents
a theoretical challenge because anharmonicity may cause siz-
able interactions among phonons with increasing temperature.
Even if anharmonic effects in neutron scattering by crystalline
materials were the subject of numerical calculations from
the early 1960s [24,25], they still remain an issue to study
inelastic neutron scattering data.

VI. RESULTS AND DISCUSSIONS

To work around such theoretical limitations, combining
ab initio PDOS and Monte Carlo inelastic neutron scattering
calculations in a Bayesian learning framework can be an
alternative approach to assess temperature-dependent PDOS
for improving comparison to experiment and exploring
first-principles calculation hypothesis. In the present work,
the phonon density of states ρT

X of uranium and oxygen
in UO2 were optimized on the IN6 data with an iterative
Bayesian least-squares fitting procedure. Best estimates of the
phonon density of states were found thanks to the chi-square
minimization capabilities implemented in the nuclear data
code CONRAD [26]. Starting from the PDOS of Wormald
et al. (Fig. 1), our model gradually converged towards the
posterior solutions shown in Fig. 6 for 300, 350, 420, 600,
900, 1200, and 1675 K, leading to a good agreement between
the posterior TRIPOLI4 simulations and the experimental
symmetric form of the dynamic structure factor ST

exp, in which
the quasielastic neutron scattering peak has been removed
[Eq. (9)]. An example of results is shown in Fig. 7 for θ = 90◦.
Most of the differences between the prior calculations and
the data have been reduced, especially around 30 meV. This
energy range corresponds to the TO1/LO1 splitting which is
softened by the response function of the IN6 spectrometer.
This result agrees with the conclusions already reported by
Pang et al. [12] about the contribution of the optical phonons
to the thermal conductivity of UO2 and the need for improving
the theoretical description of the phonon broadening near
30 meV, where the contribution of the uranium atoms is still
important.

The optimized partial phonon density of states ρT
X of ura-

nium (X = 238U) and oxygen (X = 16O) in UO2 are shown
in Fig. 8 as a function of the temperature. The correspond-
ing values are reported in the Appendix (Tables I and II).
As expected from Fig. 4, the energy shift of the acoustic
and optical phonon modes is close to −2 meV on average
from 300 to 1675 K, corresponding to a phonon frequency
shift ω1675 K − ω300 K = −0.4 THz. This order of magnitude
is compatible with those obtained via models involving four-
phonon scattering [27]. No meaningful anomaly is observed in
the increasing broadening of the acoustic and optical phonon
linewidths. The phonon linewidths corresponding to the TO2
(ε � 55 meV) and LO2 (ε � 70 meV) phonon branches in-
crease by a factor of about 1.5 from 300 to 1675 K. As
already observed by Hutchings [28], the broadening of the
acoustic modes seems to be less important. Similarly, methods
relying on interacting phonon theory, already applied over the
last 10 years to investigate the anharmonicity-induced phonon
broadening, should be able to explain part of the monotonic
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FIG. 6. Prior and posterior TRIPOLI4 simulations compared to the
neutron-weighted multiphonon spectra deduced from the IN6 data.
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exp without the contribution of the quasielastic neutron scat-
tering peak [Eq. (9)] measured at θ = 90◦ with the IN6 spectrometer.
The solid red lines correspond to the posterior TRIPOLI4 simulations
obtained after the optimization of the partial phonon density of states
ρT

X of uranium and oxygen in UO2.

behavior of the phonon linewidth observed as a function of
the temperature.

The higher incident neutron energy range was investigated
with the IN4 spectrometer by using a monoenergetic neutron
beam E = 112 meV. Although the poor response function
of IN4 is not suited to study the fine phonon structures of
UO2, the spectrometer allows one to investigate the shape of
the neutron-weighted multiphonon spectrum in the up- and
down-scattering energy ranges. For that purpose, TRIPOLI4
simulations were repeated by using the IN4 model shown in
Fig. 2 together with the partial PDOS deduced from the IN6
data (Fig. 8). Results obtained at 300, 600, and 900 K are

FIG. 8. Temperature-dependent partial phonon density of states
ρT

X of uranium and oxygen in UO2 deduced from the IN6 data. The
corresponding values are reported in the Appendix (Tables I and II).
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FIG. 9. Comparison of the neutron-weighted multiphonon spec-
tra ρT

exp and ρT
th deduced from the IN4 data and the TRIPOLI4

simulations, respectively. The calculations were performed at 300,
600, and 900 K by using the partial PDOS obtained from the IN6
data (Fig. 8).

shown in Fig. 9 as a function of the energy transfer ranging
from −100 to 100 meV. The overall agreement achieved be-
tween the IN4 data and the Monte Carlo results validates the
Bayesian inference method, which is presented in this work
as an alternative approach to assess temperature-dependent
partial PDOS for uranium and oxygen in UO2 starting from
ab initio information.

The results inferred from the interpretation of the IN4
and IN6 data evidence the smooth deviation from the quasi-
harmonic approximation of the PDOS characteristics as a
function of the temperature. A part of this behavior can be
illustrated via the underlying Debye-Waller coefficient λs in-
volved in Eq. (4), a measure of which is given by the B
factor. This parameter, also called the temperature parameter,
is reported in the literature in units of Å2. It gives a measure
of the dynamical disorder of the material. At room tempera-
ture, a low B-factor value is expected since the amplitude of
the atomic thermal motion being smaller than the dynamical
disorder of atoms is reduced. The expression of the B factor
BX (T ) for the oxygen and uranium atoms is given by [29]

BX (T ) = 8π2 h−2

2MX

∫ +∞

0

ρT
X (ε)

ε
coth

(
ε

2kBT

)
dε. (11)

Figure 10 shows the B factors obtained with the partial
PDOS ρT

X deduced from the IN6 data. Our calculations ad-
equately follow the trend of a few data sets retrieved from
the literature. The B factor of the uranium atoms exhibits a
nearly linear dependence with the temperature until 1200 K,
which is in favor of an increasing anharmonic relaxation of the
oxygen atom positions in a fluorite structure [30]. At 1675 K,
the clear deviation from the linearity of BU and BO may
confirm the existence of a more complex atomic disorder with
the distortion of the oxygen and uranium sublattices [31,32].

VII. CONCLUSIONS

The IN4 and IN6 time-of-flight spectrometers of ILL were
used to determine the main features of the partial phonon den-
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FIG. 10. The red filled circles (connected by the red “eye-guide”
curves) represent the B factors (in Å2) calculated with Eq. (11) by
using the partial PDOS obtained from the IN6 data (Fig. 8). They are
compared with experimental values reported in Refs. [28,33–37].

sity of states of uranium and oxygen in UO2 as a function of
the temperature. At room temperature, the neutron-weighted
multiphonon spectra of UO2 derived from the inelastic neu-
tron scattering data of IN6 is adequately reproduced by Monte
Carlo neutron transport simulations relying on ab initio PDOS
calculated at the Uppsala University. This result confirms the
validity of the main approximations involved in the ab initio
calculations, neutron scattering formalism, Monte-Carlo sim-
ulations, and data reduction procedure.

For mapping the full temperature range of interest for the
nuclear applications, a consistent set of PDOS was calcu-
lated within a Bayesian fitting framework starting from ab
initio information established by the Low Energy Interaction
Physics group of the North Carolina State University. The
posterior results confirm the need to improve the theoret-
ical description of the TO1/LO1 splitting around 30 meV,
where the contribution of the uranium atoms is still important.
No anomalies with increasing temperatures were observed
through the monotonic behavior of the phonon energy shift
and of the phonon broadening. Our results also follow the
behavior of the B-factor values, which smoothly increase with
the temperature. The obtained PDOS can then be used to
produce double-differential neutron scattering cross sections
for simulating the neutron transport in UOX fuels from cold
zero power to hot full power conditions.

In the temperature range between 294 and 1200 K, the
IN4 and IN6 data favor an increasing anharmonic relaxation
of the oxygen atom positions in a fluorite structure. The
models involving four-phonon scattering should be able to
explain part of the observed monotonic behavior of the PDOS
features. Above 1675 K, the existence of a more complex
atomic disorder with the distortion of the oxygen and uranium
sublattices could be invoked to describe the experimental
neutron-weighted multiphonon spectrum of UO2 measured at
the ILL facilities. It has to be noted that temperatures close to
1700 K represent an upper limit for applying a Bayesian anal-
ysis to UO2 data measured on IN6 because the fine structures

134312-7



G. NOGUERE et al. PHYSICAL REVIEW B 102, 134312 (2020)

of the PDOS, which are already broadened by the temperature
effects, are also too softened by the response function of
the spectrometer. Exploring higher temperatures, closer to an
accident scenario in power reactors, would require facilities
with a smaller incident neutron burst width.
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APPENDIX: PARTIAL PHONON DENSITY OF STATES
OF URANIUM AND OXYGEN IN UO2

Tables I and II report the temperature-dependent PDOS of
uranium and oxygen in UO2 which are shown in Fig. 8. They
were inferred from the IN6 data with the iterative Bayesian
least-squares fitting procedure implemented in the nuclear
data code CONRAD [26].

TABLE I. Partial phonon density of states of uranium in UO2

(in 1/eV) as a function of the energy transfer (in meV).

ε 300 K 350 K 420 K 600 K 900 K 1200 K 1675 K

0.0 0.00 0.00 0.00 0.00 0.00 0.00 0.00
0.4 0.04 0.04 0.05 0.05 0.05 0.06 0.07
0.8 0.09 0.10 0.11 0.12 0.14 0.14 0.17
1.2 0.21 0.22 0.23 0.25 0.27 0.29 0.35
1.6 0.34 0.36 0.38 0.41 0.45 0.48 0.60
2.0 0.54 0.56 0.58 0.62 0.68 0.73 0.92
2.4 0.76 0.79 0.81 0.88 0.95 1.03 1.32
2.8 1.04 1.06 1.09 1.18 1.27 1.37 1.76
3.2 1.34 1.38 1.42 1.53 1.67 1.82 2.34
3.6 1.72 1.76 1.80 1.95 2.14 2.32 2.98
4.0 2.13 2.19 2.25 2.44 2.68 2.91 3.75
4.4 2.63 2.69 2.76 2.99 3.28 3.57 4.61
4.8 3.16 3.24 3.32 3.60 3.96 4.31 5.54
5.2 3.76 3.85 3.94 4.28 4.70 5.12 6.62
5.6 4.41 4.52 4.63 5.03 5.52 6.02 7.77
6.0 5.13 5.26 5.40 5.87 6.47 7.08 9.20
6.4 5.96 6.11 6.27 6.84 7.55 8.28 10.77
6.8 6.88 7.07 7.26 7.94 8.79 9.67 12.60
7.2 7.95 8.15 8.38 9.20 10.23 11.32 14.85
7.6 9.13 9.41 9.69 10.67 11.94 13.26 17.38
8.0 10.59 10.89 11.23 12.42 13.95 15.57 20.66
8.4 12.22 12.62 13.02 14.48 16.33 18.31 24.28
8.8 14.24 14.66 15.17 16.92 19.25 21.77 29.31
9.2 16.44 17.04 17.72 19.98 23.00 26.41 57.94
9.6 19.42 20.07 20.99 23.88 28.17 32.87 86.58

10.0 22.67 23.84 25.49 30.13 38.80 54.27 115.21
10.4 28.32 30.00 33.61 43.52 70.60 106.01 143.85
10.8 34.53 43.29 54.88 82.52 119.74 155.99 168.72
11.2 79.97 88.46 99.39 128.41 151.31 181.70 178.35
11.6 131.02 133.48 136.45 151.63 174.24 168.26 133.20
12.0 150.29 151.72 159.85 166.04 149.31 128.01 97.96

TABLE I. (Continued.)

ε 300 K 350 K 420 K 600 K 900 K 1200 K 1675 K

12.4 167.45 166.22 165.31 135.43 116.40 96.11 75.51
12.8 131.03 125.79 118.44 104.97 89.31 74.83 62.55
13.2 95.81 96.22 92.21 82.33 69.63 62.03 53.72
13.6 78.82 76.86 73.23 65.42 57.51 53.72 51.88
14.0 62.46 61.53 58.48 53.64 50.51 51.21 50.51
14.4 50.56 49.55 47.96 46.54 47.83 50.38 49.71
14.8 40.53 41.82 42.21 43.85 47.16 49.45 48.78
15.2 38.60 39.35 40.28 43.13 46.83 48.84 47.69
15.6 37.53 38.85 40.24 43.52 46.43 47.86 46.25
16.0 39.06 40.00 40.96 43.53 45.55 46.33 44.71
16.4 40.59 40.91 41.65 43.11 44.03 45.35 50.79
16.8 40.97 40.81 40.87 41.72 43.06 50.06 57.68
17.2 39.49 39.43 39.37 40.70 46.93 58.79 66.81
17.6 37.67 37.70 38.34 43.12 56.02 70.11 75.69
18.0 35.67 37.55 40.31 50.10 69.41 80.44 84.35
18.4 39.19 42.44 47.10 66.72 81.03 90.77 78.03
18.8 47.29 55.58 65.27 81.00 92.65 83.47 67.41
19.2 73.76 76.20 81.20 95.01 85.50 69.78 52.75
19.6 92.72 91.08 95.80 87.84 69.81 54.07 39.30
20.0 102.41 98.94 89.02 70.25 53.03 39.91 28.56
20.4 86.46 77.78 68.92 52.86 38.71 29.17 21.38
20.8 60.24 56.30 49.97 38.22 28.19 22.17 16.92
21.2 42.03 38.82 34.96 28.13 21.64 17.92 15.13
21.6 27.10 26.61 25.40 21.83 17.77 15.94 13.97
22.0 21.75 21.36 20.34 18.12 15.95 14.93 13.64
22.4 18.21 18.11 17.37 16.44 14.94 13.49 12.60
22.8 16.41 16.49 16.10 15.13 13.47 12.85 10.21
23.2 16.24 16.04 15.24 13.79 11.54 10.44 7.51
23.6 16.43 14.40 13.65 12.42 10.38 7.70 4.61
24.0 14.50 13.67 12.67 10.29 7.58 5.28 3.03
24.4 12.01 11.19 10.08 7.61 5.33 3.68 1.79
24.8 8.28 7.98 7.30 5.72 4.06 2.85 1.51
25.2 6.28 6.18 5.71 4.59 3.32 2.29 1.36
25.6 5.55 5.26 4.83 3.84 2.91 1.98 1.38
26.0 4.82 4.57 4.22 3.50 2.62 2.03 1.46
26.4 4.10 4.20 3.93 3.20 2.60 2.13 1.56
26.8 4.00 3.95 3.70 3.21 2.73 2.29 1.79
27.2 3.99 3.90 3.71 3.35 2.94 2.59 2.08
27.6 4.12 4.03 3.88 3.61 3.34 3.00 2.53
28.0 4.35 4.28 4.17 4.04 3.91 3.63 2.92
28.4 4.69 4.69 4.66 4.67 4.70 4.20 3.23
28.8 5.35 5.37 5.38 5.62 5.41 4.54 3.25
29.2 6.14 6.30 6.40 6.54 5.69 4.59 3.14
29.6 7.48 7.52 7.51 7.09 5.92 4.53 2.81
30.0 8.72 8.54 8.28 7.32 5.75 4.14 2.48
30.4 9.50 8.91 8.41 7.19 5.33 3.66 2.16
30.8 9.76 9.03 8.36 6.71 4.75 3.20 1.91
31.2 9.43 8.75 7.89 6.06 4.18 2.84 1.74
31.6 8.66 8.00 7.13 5.35 3.71 2.57 1.60
32.0 7.72 7.11 6.31 4.75 3.36 2.36 1.47
32.4 6.78 6.25 5.59 4.29 3.08 2.18 1.38
32.8 5.94 5.57 5.04 3.92 2.85 2.03 1.29
33.2 5.43 5.08 4.61 3.62 2.65 1.90 1.21
33.6 4.98 4.67 4.25 3.37 2.48 1.79 1.14
34.0 4.61 4.34 3.95 3.15 2.33 1.68 1.07
34.4 4.31 4.05 3.70 2.96 2.20 1.59 1.02
34.8 4.02 3.79 3.47 2.78 2.07 1.50 0.96
35.2 3.79 3.57 3.27 2.63 1.96 1.43 0.92
35.6 3.57 3.37 3.09 2.49 1.86 1.36 0.88
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TABLE I. (Continued.)

ε 300 K 350 K 420 K 600 K 900 K 1200 K 1675 K

36.0 3.38 3.19 2.92 2.36 1.78 1.30 0.84
36.4 3.20 3.02 2.77 2.25 1.70 1.24 0.81
36.8 3.03 2.87 2.64 2.15 1.62 1.19 0.77
37.2 2.89 2.74 2.52 2.06 1.56 1.14 0.75
37.6 2.76 2.62 2.41 1.97 1.49 1.10 0.72
38.0 2.65 2.51 2.31 1.89 1.44 1.07 0.69
38.4 2.54 2.41 2.22 1.82 1.39 1.03 0.67
38.8 2.44 2.31 2.13 1.76 1.34 0.99 0.64
39.2 2.34 2.23 2.06 1.70 1.30 0.95 0.61
39.6 2.26 2.15 1.99 1.64 1.25 0.91 0.58
40.0 2.19 2.08 1.93 1.58 1.20 0.87 0.54
40.4 2.12 2.01 1.86 1.52 1.15 0.82 0.50
40.8 2.05 1.94 1.79 1.47 1.09 0.76 0.47
41.2 1.97 1.87 1.73 1.40 1.02 0.71 0.42
41.6 1.90 1.80 1.66 1.33 0.95 0.65 0.34
42.0 1.83 1.73 1.58 1.24 0.89 0.56 0.27
42.4 1.75 1.64 1.48 1.16 0.80 0.45 0.19
42.8 1.63 1.53 1.38 1.07 0.68 0.33 0.15
43.2 1.52 1.43 1.30 0.95 0.52 0.25 0.13
43.6 1.44 1.33 1.18 0.79 0.38 0.20 0.11
44.0 1.32 1.19 1.02 0.60 0.30 0.18 0.10
44.4 1.15 1.00 0.81 0.45 0.25 0.16 0.09
44.8 0.91 0.76 0.58 0.35 0.22 0.14 0.07
45.2 0.63 0.56 0.46 0.30 0.19 0.12 0.07
45.6 0.50 0.44 0.37 0.27 0.17 0.10 0.06
46.0 0.40 0.37 0.33 0.24 0.15 0.09 0.06
46.4 0.37 0.34 0.29 0.21 0.13 0.09 0.07
46.8 0.33 0.30 0.26 0.18 0.12 0.09 0.07
47.2 0.29 0.26 0.23 0.16 0.12 0.10 0.08
47.6 0.25 0.23 0.20 0.15 0.12 0.10 0.09
48.0 0.22 0.20 0.18 0.14 0.13 0.11 0.10
48.4 0.20 0.18 0.17 0.15 0.14 0.13 0.11
48.8 0.18 0.18 0.17 0.16 0.15 0.14 0.12
49.2 0.18 0.18 0.17 0.17 0.17 0.16 0.14
49.6 0.19 0.19 0.19 0.18 0.19 0.18 0.15
50.0 0.20 0.20 0.20 0.20 0.21 0.20 0.17
50.4 0.22 0.22 0.22 0.23 0.23 0.22 0.19
50.8 0.24 0.24 0.25 0.26 0.26 0.25 0.21
51.2 0.27 0.27 0.27 0.29 0.29 0.27 0.23
51.6 0.30 0.30 0.31 0.32 0.32 0.30 0.26
52.0 0.33 0.34 0.34 0.35 0.35 0.34 0.29
52.4 0.37 0.37 0.38 0.39 0.38 0.38 0.31
52.8 0.41 0.41 0.42 0.43 0.43 0.43 0.31
53.2 0.45 0.46 0.46 0.47 0.49 0.45 0.26
53.6 0.49 0.50 0.50 0.53 0.55 0.44 0.21
54.0 0.54 0.55 0.56 0.59 0.58 0.39 0.12
54.4 0.60 0.61 0.62 0.67 0.58 0.30 0.06
54.8 0.66 0.68 0.71 0.71 0.52 0.20 0.02
55.2 0.75 0.78 0.78 0.72 0.42 0.10 0.00
55.6 0.86 0.85 0.83 0.67 0.28 0.04 0.00
56.0 0.92 0.90 0.83 0.55 0.15 0.01 0.00
56.4 0.96 0.88 0.76 0.39 0.06 0.00 0.00
56.8 0.89 0.78 0.62 0.23 0.02 0.00 0.00
57.2 0.76 0.61 0.43 0.09 0.00 0.00 0.00
57.6 0.53 0.40 0.24 0.03 0.00 0.00 0.00
58.0 0.31 0.19 0.10 0.01 0.00 0.00 0.00

TABLE I. (Continued.)

ε 300 K 350 K 420 K 600 K 900 K 1200 K 1675 K

58.4 0.09 0.07 0.03 0.00 0.00 0.00 0.00
58.8 0.03 0.02 0.01 0.00 0.00 0.00 0.00
59.2 0.00 0.00 0.00 0.00 0.00 0.00 0.00
59.6 0.00 0.00 0.00 0.00 0.00 0.00 0.00
60.0 0.00 0.00 0.00 0.00 0.00 0.00 0.01
60.4 0.00 0.00 0.00 0.00 0.00 0.00 0.02
60.8 0.00 0.00 0.00 0.00 0.00 0.01 0.04
61.2 0.00 0.00 0.00 0.00 0.00 0.02 0.07
61.6 0.00 0.00 0.00 0.00 0.00 0.04 0.12
62.0 0.00 0.00 0.00 0.00 0.01 0.09 0.18
62.4 0.00 0.00 0.00 0.00 0.04 0.15 0.26
62.8 0.00 0.00 0.00 0.01 0.08 0.22 0.36
63.2 0.00 0.00 0.00 0.03 0.15 0.32 0.48
63.6 0.00 0.00 0.01 0.07 0.23 0.44 0.59
64.0 0.00 0.01 0.03 0.13 0.34 0.60 0.70
64.4 0.01 0.03 0.07 0.23 0.47 0.77 0.78
64.8 0.04 0.08 0.14 0.34 0.65 0.94 0.86
65.2 0.11 0.17 0.25 0.47 0.85 1.08 0.94
65.6 0.22 0.28 0.37 0.66 1.07 1.18 1.01
66.0 0.34 0.42 0.52 0.89 1.27 1.29 1.06
66.4 0.49 0.57 0.72 1.15 1.43 1.41 1.05
66.8 0.66 0.80 0.98 1.42 1.57 1.47 1.03
67.2 0.94 1.08 1.28 1.64 1.70 1.50 1.01
67.6 1.25 1.42 1.59 1.83 1.82 1.52 0.99
68.0 1.63 1.75 1.86 1.99 1.90 1.50 0.95
68.4 1.94 2.02 2.08 2.15 1.94 1.47 0.89
68.8 2.21 2.24 2.25 2.30 1.95 1.43 0.82
69.2 2.40 2.42 2.45 2.37 1.92 1.37 0.76
69.6 2.58 2.63 2.65 2.43 1.88 1.30 0.70
70.0 2.84 2.84 2.73 2.42 1.82 1.23 0.66
70.4 3.05 2.93 2.81 2.37 1.75 1.16 0.62
70.8 3.15 3.01 2.81 2.31 1.67 1.10 0.59
71.2 3.14 2.98 2.75 2.25 1.59 1.04 0.57
71.6 3.06 2.91 2.69 2.17 1.51 0.98 0.54
72.0 3.00 2.85 2.63 2.07 1.42 0.93 0.53
72.4 2.95 2.78 2.53 1.96 1.33 0.89 0.52
72.8 2.85 2.67 2.41 1.83 1.26 0.86 0.52
73.2 2.71 2.52 2.26 1.71 1.20 0.84 0.51
73.6 2.51 2.34 2.10 1.61 1.16 0.82 0.49
74.0 2.32 2.16 1.95 1.53 1.12 0.79 0.43
74.4 2.14 2.01 1.83 1.46 1.07 0.72 0.35
74.8 2.02 1.90 1.74 1.40 1.01 0.64 0.24
75.2 1.91 1.81 1.66 1.33 0.93 0.54 0.13
75.6 1.82 1.72 1.58 1.25 0.84 0.44 0.06
76.0 1.73 1.64 1.50 1.16 0.75 0.37 0.01
76.4 1.66 1.56 1.43 1.10 0.70 0.34 0.00
76.8 1.60 1.51 1.37 1.05 0.67 0.33 0.00
77.2 1.55 1.47 1.34 1.03 0.66 0.32 0.00
77.6 1.54 1.45 1.32 1.02 0.66 0.32 0.00
78.0 1.53 1.44 1.32 1.02 0.66 0.32 0.00
78.4 1.54 1.44 1.31 1.01 0.64 0.32 0.00
78.8 1.49 1.39 1.27 0.98 0.62 0.30 0.00
79.2 1.39 1.34 1.23 0.94 0.61 0.30 0.00
79.6 1.16 1.34 1.23 0.94 0.61 0.30 0.00
80.0 0.00 0.00 0.00 0.00 0.00 0.00 0.00
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TABLE II. Partial phonon density of states of oxygen in UO2

(in 1/eV) as a function of the energy transfer (in meV).

ε 300 K 350 K 420 K 600 K 900 K 1200 K 1675 K

0.0 0.00 0.00 0.00 0.00 0.00 0.00 0.00
0.8 0.01 0.01 0.02 0.01 0.01 0.01 0.01
1.2 0.02 0.02 0.02 0.02 0.02 0.02 0.02
1.6 0.03 0.02 0.05 0.03 0.03 0.03 0.04
2.0 0.05 0.06 0.08 0.05 0.05 0.05 0.06
2.4 0.07 0.06 0.07 0.07 0.07 0.07 0.09
2.8 0.09 0.12 0.11 0.09 0.09 0.10 0.12
3.2 0.12 0.13 0.13 0.11 0.12 0.13 0.16
3.6 0.15 0.17 0.15 0.14 0.15 0.16 0.21
4.0 0.19 0.15 0.25 0.18 0.18 0.19 0.25

4.4 0.23 0.24 0.28 0.21 0.22 0.24 0.31
4.8 0.27 0.29 0.27 0.25 0.26 0.28 0.37
5.2 0.31 0.34 0.34 0.29 0.31 0.33 0.43
5.6 0.36 0.39 0.47 0.34 0.35 0.38 0.49
6.0 0.41 0.44 0.44 0.39 0.40 0.43 0.56
6.4 0.47 0.51 0.50 0.44 0.46 0.49 0.64
6.8 0.53 0.57 0.53 0.49 0.52 0.55 0.73
7.2 0.59 0.68 0.69 0.56 0.59 0.63 0.82
7.6 0.67 0.64 0.71 0.63 0.66 0.70 0.93
8.0 0.75 0.76 0.80 0.70 0.74 0.79 1.04
8.4 0.83 0.86 0.93 0.78 0.82 0.88 1.16
8.8 0.93 1.06 1.01 0.87 0.91 0.97 1.28
9.2 1.03 1.15 1.17 1.09 1.17 1.28 1.60
9.6 1.16 1.17 1.24 1.32 1.42 1.58 1.93

10.0 1.40 1.54 1.49 1.54 1.68 1.88 2.26
10.4 1.70 1.64 1.71 1.76 1.93 2.18 2.59
10.8 1.68 1.88 1.68 1.71 1.89 2.13 2.51
11.2 1.57 1.52 1.68 1.62 1.77 2.00 2.44
11.6 1.21 1.25 1.33 1.36 1.59 1.86 2.38
12.0 0.96 0.92 1.08 1.16 1.44 1.71 2.32
12.4 0.85 0.89 0.95 1.10 1.55 1.97 2.26
12.8 0.79 0.84 0.95 1.02 1.45 1.84 2.12
13.2 0.76 0.79 0.88 0.97 1.38 1.75 2.00
13.6 0.75 0.79 0.89 0.95 1.36 1.75 2.01
14.0 0.74 0.80 0.80 0.95 1.37 1.77 2.04
14.4 0.74 0.73 0.82 0.96 1.40 1.82 2.10
14.8 0.75 0.72 0.78 0.98 1.43 1.87 2.16
15.2 0.76 0.80 0.81 1.00 1.47 1.92 2.22
15.6 0.77 0.81 0.91 1.05 1.54 1.98 2.28
16.0 0.79 0.85 0.99 1.11 1.61 2.07 2.35
16.4 1.16 1.25 1.29 1.36 1.76 2.20 2.41
16.8 1.53 1.60 1.58 1.72 2.08 2.41 2.61
17.2 1.89 1.93 2.11 2.09 2.52 2.93 3.20
17.6 2.28 2.32 2.40 2.50 3.01 3.54 3.91
18.0 2.68 2.77 2.85 3.01 3.62 4.26 4.74
18.4 3.31 3.39 3.48 3.66 4.34 5.05 5.55
18.8 4.00 3.91 4.11 4.41 5.14 5.85 6.34
19.2 4.83 4.99 4.90 5.20 5.92 6.55 6.85
19.6 5.64 5.89 5.67 5.95 6.61 7.03 7.24
20.0 6.40 6.43 6.32 6.59 7.10 7.28 7.36
20.4 7.01 7.18 7.10 7.09 7.38 7.48 7.37
20.8 7.52 7.26 6.99 7.44 7.56 7.46 7.29
21.2 7.74 7.60 7.77 7.65 7.61 7.50 7.54
21.6 7.88 7.99 7.78 7.72 7.67 7.72 7.84
22.0 7.82 7.62 7.95 7.82 7.84 8.01 8.15
22.4 7.86 7.81 8.16 8.00 8.11 8.32 8.46
22.8 8.10 8.12 7.91 8.23 8.42 8.64 8.77
23.2 8.38 8.28 8.31 8.52 8.76 8.96 9.07

TABLE II. (Continued.)

ε 300 K 350 K 420 K 600 K 900 K 1200 K 1675 K

23.6 8.69 8.75 8.77 8.86 9.10 9.27 9.38
24.0 9.07 8.99 9.28 9.21 9.41 9.58 9.69
24.4 9.45 9.24 9.69 9.54 9.73 9.89 10.00
24.8 9.77 9.89 9.88 9.86 10.03 10.20 10.30
25.2 10.09 10.28 10.32 10.17 10.34 10.57 10.93
25.6 10.40 10.43 10.67 10.48 10.67 11.18 12.06
26.0 10.71 10.83 10.96 10.79 11.10 12.14 13.18
26.4 11.03 11.17 11.08 11.13 11.84 13.26 14.30
26.8 11.34 11.52 11.45 11.63 12.88 14.43 15.42
27.2 11.76 11.65 12.27 12.50 14.06 15.61 16.55
27.6 12.73 12.96 12.97 13.59 15.31 16.80 17.67
28.0 13.87 13.82 14.25 14.87 16.58 18.00 18.79
28.4 15.23 15.34 15.54 16.20 17.87 19.20 19.92
28.8 16.62 16.54 17.01 17.56 19.18 20.40 21.03
29.2 18.01 18.53 18.60 18.96 20.49 21.56 22.15
29.6 19.48 19.36 19.48 20.38 21.75 22.59 22.64
30.0 20.94 21.26 21.64 21.77 22.91 23.27 22.98
30.4 22.43 22.67 22.80 23.06 23.81 23.49 22.87
30.8 23.76 23.91 24.06 24.16 24.37 23.53 22.57
31.2 24.95 24.86 25.28 24.96 24.43 23.28 22.07
31.6 25.66 25.89 25.25 25.36 24.40 22.82 21.61
32.0 26.21 25.99 25.29 25.43 24.09 22.29 21.16
32.4 26.14 25.92 25.51 25.38 23.59 21.82 20.91
32.8 25.96 25.35 25.37 24.99 23.01 21.44 20.69
33.2 25.51 24.90 25.60 24.45 22.47 21.18 20.54
33.6 24.94 24.93 24.74 23.83 22.05 20.94 20.39
34.0 24.27 24.18 23.77 23.22 21.75 20.76 20.24
34.4 23.64 23.56 23.41 22.76 21.49 20.62 20.27
34.8 23.03 23.01 22.66 22.42 21.25 20.55 20.36
35.2 22.74 22.42 22.86 22.12 21.05 20.48 20.73
35.6 22.46 22.19 22.01 21.85 20.89 20.55 21.11
36.0 22.18 22.21 22.56 21.58 20.80 20.80 21.54
36.4 21.90 21.98 21.25 21.36 20.79 21.14 21.89
36.8 21.63 21.54 21.48 21.19 20.81 21.50 22.18
37.2 21.42 21.36 21.20 21.11 20.98 21.83 22.30
37.6 21.25 21.11 21.07 21.06 21.22 22.08 22.37
38.0 21.19 21.29 20.86 21.05 21.49 22.22 22.32
38.4 21.15 20.96 20.67 21.10 21.75 22.33 22.27
38.8 21.18 21.51 21.40 21.24 21.95 22.39 22.23
39.2 21.25 21.30 21.07 21.42 22.12 22.48 22.22
39.6 21.36 21.42 21.41 21.63 22.36 22.54 22.23
40.0 21.51 21.57 21.76 21.84 22.67 22.59 22.30
40.4 21.69 22.03 21.93 22.13 22.93 22.62 22.39
40.8 21.89 22.50 22.05 22.65 23.07 22.63 22.59
41.2 22.36 23.16 22.74 23.19 23.00 22.73 22.82
41.6 23.26 23.22 23.44 23.52 22.94 22.83 23.12
42.0 23.73 23.86 23.76 23.52 23.00 22.94 23.38
42.4 23.98 24.11 23.68 23.26 22.89 22.95 23.62
42.8 23.79 23.68 23.87 23.22 22.64 22.84 23.72
43.2 23.44 23.24 23.15 22.79 22.15 22.57 23.76
43.6 22.58 22.51 22.01 21.78 21.30 22.42 23.56
44.0 20.88 20.75 20.49 20.19 20.62 22.19 23.48
44.4 18.09 18.48 18.54 18.72 20.25 21.92 23.55
44.8 17.34 17.09 17.14 18.13 19.80 21.47 22.88
45.2 16.60 17.25 17.22 17.89 19.64 21.10 22.21
45.6 16.79 17.30 17.16 17.85 19.58 21.26 22.39
46.0 16.97 17.62 17.57 18.35 20.40 21.77 22.56
46.4 19.69 19.72 19.79 20.10 21.37 22.22 22.74
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TABLE II. (Continued.)

ε 300 K 350 K 420 K 600 K 900 K 1200 K 1675 K

46.8 21.63 21.68 21.43 21.26 21.85 22.24 22.91
47.2 22.77 22.75 22.76 22.05 22.33 22.22 22.12
47.6 22.70 22.44 22.52 22.42 22.18 22.02 21.89
48.0 22.22 22.09 21.85 21.97 21.76 21.78 21.84
48.4 21.42 21.29 21.52 21.34 21.36 21.67 21.90
48.8 20.77 20.71 20.92 20.90 21.31 21.75 22.06
49.2 20.54 20.37 20.51 20.93 21.70 22.28 22.49
49.6 20.56 20.85 20.68 21.25 21.78 22.50 22.95
50.0 20.82 20.93 21.05 21.82 22.18 22.91 23.43
50.4 21.41 21.55 22.12 22.47 22.78 23.80 24.56
50.8 22.10 22.73 22.30 23.16 23.60 24.90 25.87
51.2 22.78 22.82 23.24 23.88 24.54 26.10 27.30
51.6 23.46 23.60 24.13 24.65 25.57 27.66 29.44
52.0 24.14 23.95 24.78 25.52 26.83 30.01 33.15
52.4 24.82 24.95 25.69 26.71 28.64 33.19 37.05
52.8 25.50 26.22 26.59 28.55 31.27 36.80 41.10
53.2 26.92 27.92 28.57 31.45 34.78 40.64 42.90
53.6 28.81 30.39 31.91 35.79 39.12 43.55 44.21
54.0 33.72 35.25 36.46 40.81 43.47 45.28 45.17
54.4 39.48 41.58 42.07 45.27 46.22 46.54 44.84
54.8 46.78 46.45 46.97 48.32 47.80 46.23 42.15
55.2 51.72 51.76 50.88 50.07 48.52 43.32 39.14
55.6 55.17 53.09 52.15 49.87 46.22 39.19 35.92
56.0 53.24 51.53 50.47 46.70 41.48 34.11 30.03
56.4 49.78 47.69 45.99 40.70 34.72 27.12 23.69
56.8 41.38 39.09 37.19 32.72 26.53 20.00 16.98
57.2 31.52 30.01 28.03 23.60 18.15 13.48 11.51
57.6 19.42 18.90 17.58 14.95 11.01 8.80 7.93
58.0 10.37 9.81 9.52 7.99 5.88 5.59 4.64
58.4 2.90 3.51 3.56 3.48 3.32 2.90 1.50
58.8 1.08 1.24 1.27 1.63 1.47 1.06 0.76
59.2 0.00 0.20 0.38 0.66 0.54 0.48 0.29
59.6 0.00 0.06 0.11 0.25 0.27 0.31 0.13
60.0 0.00 0.01 0.06 0.11 0.19 0.18 0.23
60.4 0.00 0.01 0.02 0.07 0.15 0.24 0.66
60.8 0.00 0.02 0.03 0.06 0.16 0.53 1.48
61.2 0.00 0.01 0.02 0.05 0.27 1.13 2.46
61.6 0.00 0.01 0.04 0.08 0.53 1.88 4.04
62.0 0.00 0.03 0.07 0.14 0.94 3.10 5.57
62.4 0.00 0.05 0.10 0.28 1.61 4.46 6.86
62.8 0.08 0.16 0.28 0.57 2.60 5.71 8.22
63.2 0.26 0.44 0.66 1.12 3.73 6.88 9.64

TABLE II. (Continued.)

ε 300 K 350 K 420 K 600 K 900 K 1200 K 1675 K

63.6 0.82 0.98 1.28 1.91 4.83 8.10 11.92
64.0 1.51 1.74 2.14 2.89 5.84 9.60 14.49
64.4 2.50 2.80 3.04 3.85 6.86 11.60 17.32
64.8 3.45 3.74 3.99 4.73 8.05 13.94 19.75
65.2 4.25 4.51 4.91 5.60 9.49 16.83 21.05
65.6 5.06 5.40 5.67 6.55 11.28 20.20 21.48
66.0 5.85 6.29 6.54 7.66 13.44 22.21 21.12
66.4 6.90 7.20 7.70 8.97 16.69 22.98 19.69
66.8 8.02 8.67 9.11 10.54 21.15 23.09 17.93
67.2 9.41 9.84 10.69 12.50 24.13 21.64 15.56
67.6 11.02 12.11 13.48 16.19 25.48 19.45 13.39
68.0 13.09 14.71 16.95 21.42 25.67 16.72 11.63
68.4 17.55 19.41 21.15 25.68 24.04 14.32 10.23
68.8 23.78 24.93 25.56 28.02 21.09 12.37 9.09
69.2 29.06 28.36 28.91 28.64 17.76 10.84 8.20
69.6 33.36 31.32 29.93 26.61 15.07 9.62 7.37
70.0 30.18 28.58 27.30 22.78 12.91 8.59 6.74
70.4 26.29 24.18 23.46 18.82 11.28 7.75 6.07
70.8 21.14 20.50 18.61 15.75 9.96 7.00 5.33
71.2 17.38 16.86 15.90 13.39 8.86 6.23 4.89
71.6 14.49 14.11 13.22 11.62 7.95 5.66 4.66
72.0 12.54 11.92 11.61 10.16 7.12 5.28 4.42
72.4 10.81 10.40 10.35 9.05 6.47 4.97 4.19
72.8 9.58 9.39 9.04 8.08 5.98 4.70 4.03
73.2 8.51 8.20 7.84 7.29 5.58 4.46 3.82
73.6 7.66 7.34 7.22 6.67 5.22 4.20 3.54
74.0 6.97 6.70 6.42 6.15 4.90 3.92 3.29
74.4 6.37 6.22 6.20 5.70 4.57 3.66 3.06
74.8 5.89 5.71 5.51 5.30 4.28 3.45 2.98
75.2 5.45 5.29 5.00 4.95 4.04 3.34 2.93
75.6 5.11 5.06 5.00 4.66 3.88 3.27 2.92
76.0 4.82 4.88 4.55 4.43 3.75 3.15 2.67
76.4 4.59 4.55 4.56 4.25 3.56 2.79 2.12
76.8 4.42 4.31 4.40 4.05 3.22 2.19 1.33
77.2 4.29 4.11 3.94 3.78 2.71 1.47 0.44
77.6 4.05 3.81 3.94 3.45 2.23 1.00 0.18
78.0 3.74 3.61 3.68 3.10 1.88 0.75 0.00
78.4 3.16 2.83 2.96 2.63 1.56 0.61 0.00
78.8 2.47 2.33 2.28 2.13 1.26 0.49 0.00
79.2 1.66 1.62 1.86 1.92 1.17 0.48 0.00
79.6 0.98 1.20 1.29 1.92 1.17 0.48 0.00
80.0 0.00 0.00 0.00 0.00 0.00 0.00 0.00
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C. Long résumé en français

C.1. Introduction
L’énergie nucléaire contribue à plus de 10% de la production mondiale d’électricité en
2019 (Schneider, Froggatt, Hazemann, et al. 2020), ce qui contribue à réduire consid-
érablement les émissions de gaz à effet de serre. L’énergie est libérée principalement
grâce à la fission de nucléides lourds (par exemple, l’uranium) induite par les neutrons.
Par conséquent, les comportements des neutrons doivent être bien compris et con-
trôlés afin d’exploiter les réacteurs nucléaires de manière sûre et sécurisée. A cet effet,
des codes de calcul neutroniques ont été développés au Commissariat à l’Énergie
Atomique et aux Énergies Alternatives et aux Énergies Alternatives (CEA), comme le
code Monte-Carlo de transport des neutrons TRIPOLI-4® (E. Brun, F. Damian, Diop, et
al. 2015). Les simulations neutroniques réalisées à l’aide du code TRIPOLI-4® reposent
sur la connaissance des sections efficaces des neutrons, qui permettent de quantifier
les interactions neutron-noyau dans les réacteurs nucléaires.

Pour la plupart des réacteurs nucléaires, l’uranium a été utilisé comme combustible
sous forme de dioxyde d’uranium (UO2). Dans les simulations Monte-Carlo de trans-
port de neutrons, la section efficace totale est une grandeur indispensable pour cal-
culer la distance parcourue par le neutron entre deux interactions. Les sections
efficaces neutroniques totales de l’uranium (U≡238U) et de l’oxygène (O≡16O) dans
UO2 en fonction de l’énergie des neutrons incidents E sont la somme des sections
efficaces partielles des neutrons :

σtU (E) =σγU (E)+σ fU (E)+σnU (E), (C.1)

σtO (E) =σγO (E)+σnO (E), (C.2)

où les indices γ, f et n sont respectivement liés aux réactions de capture radiative, de
fission et de diffusion. Dans les simulations neutroniques des réacteurs nucléaires, les
réactions de capture, de fission et de diffusion induites par les neutrons sur l’uranium
et l’oxygène sont calculées dans le cadre de la théorie de la matrice R (Lane and
Thomas 1958) et Doppler élargi à une température donnée T avec un modèle de
gaz libre –ou free gas model–(FGM), dont la validité du formalisme est discutée dans
Ref. (Noguere, Maldonado, and De Saint Jean 2018).

Dans ce travail, une attention particulière est accordée à la section efficace de diffu-
sion σn(E) en fonction de la température. Trois modèles distincts sont implémentés
en routine dans le code Monte-Carlo de transport de neutrons TRIPOLI-4®, pour traiter
la diffusion élastique neutron-noyau en fonction de l’énergie des neutrons incidents
E (Coveyou, Bate, and Osborn 1956; Zoia, Emeric Brun, Jouanne, et al. 2013). Pour E
inférieur à quelques eV, la section efficace de diffusion des neutrons doit être divisée
en une partie élastique et une partie inélastique, avec des termes cohérents et inco-
hérents. Dans le cas des réactions de diffusion induite par les neutrons sur UO2, la
section efficace élastique incohérente est négligeable et la section efficace de diffusion
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des neutrons se réduit à :

σn j (E) =σel
coh(E)+σinel

j (E), (C.3)

où j représente les atomes d’uranium ou d’oxygène dans UO2. Le premier terme
de l’Eq. (C.3) est la section efficace de diffusion élastique cohérente qui est liée à la
structure cristalline de UO2. Le deuxième terme est la section efficace de diffusion
inélastique qui peut être calculée en intégrant sa forme doublement différentielle sur
l’énergie diffusée E f et l’angle solideΩ :

σinel
j (E) =

Ï d2σinel
j (E)

dΩdE f
dE f dΩ, (C.4)

où
d2σinel

j (E)

dΩdE f
est la section efficace doublement différentielle –ou double differential

cross section–(DDXS) inélastique de l’atome j dans UO2, qui peut être obtenu par
la fonction de diffusion ou le facteur de structure dynamique S j (~Q,ω). S j (~Q,ω), en
fonction du transfert de quantité de mouvement ~~Q et du transfert d’énergie ~ω, rend
compte des comportements vibratoires atomiques de l’atome j (Squires 2012; Schober
2014). La fonction de diffusion sans dimension ou facteur de structure dynamique
S(α, β) est adoptée dans la bibliothèque de données de diffusion neutronique utilisée
par le code TRIPOLI-4®, à la place de S(~Q,ω). S(α, β) est appelé lois de diffusion ther-
mique –ou thermal scattering laws–(TSLs) avec α et β représentant respectivement
la quantité de mouvement et les transferts d’énergie sans dimension. Les σel

coh(E)
et S j (α, β) dépendant de la température de UO2 peuvent être calculés à partir de
les spectres de phonon –ou phonon density of states–(PDOS) qui caractérisent les
mouvements atomiques et la dynamique structurale de UO2. Les σel

coh(E) et S j (α, β)
calculés sont stockés dans des fichiers ascii en suivant le format ENDF-6 conditions
requises pour TSLs (Trkov and D. A. Brown 2018), pour préparer les bibliothèques de
données de diffusion de neutrons utilisées par TRIPOLI-4®.

Pour E entre quelques eV et 400kB T (gamme d’énergie épithermale), où kB est la
constante de Boltzmann et T représente la température du matériau, l’algorithme
Sampling the Velocity of the Target nucleus (SVT) est utilisé dans les simulations Monte-
Carlo, qui échantillonnent les vitesses des nucléides cibles à partir d’une distribution
Maxwell-Boltzmann (M-B) (Coveyou, Bate, and Osborn 1956; Lux 2018). Néanmoins,
le traitement SVT pour les nucléides lourds avec de fortes résonances de diffusion (e.g.,
238U) serait inadéquat (Dagan and Broeders 2006; Becker, R. Dagan, and Lohnert 2009).
Des méthodes de correction stochastique telles que Doppler Broadening Rejection
Correction (DBRC) (Rothenstein and R. Dagan 1995) et Weight Correction Method
(WCM) (Lee, Smith, and Rhodes 2009) ont été adoptées dans le code TRIPOLI-4® pour
améliorer l’algorithme SVT.

Pour E au-dessus de 400kB T , l’approximation Asymptotic Kernel (AK) est utilisée
dans le code TRIPOLI-4®. Le traitement AK considère les nucléides cibles au repos,
lorsque les vitesses des nucléides sont négligeables par rapport aux vitesses des neu-
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Figure C.1.: Sections efficaces de diffusion des neutrons de 238U dans UO2 (a) et 16O
dans UO2 (b) en fonction de l’énergie neutronique incidente à T = 300 K.
Les sections efficaces de diffusion cohérente élastique et inélastique ont
été calculées avec le code CINEL. Les sections efficaces de neutrons cal-
culées avec le modèle de gaz libre (FGM) sont tracées à des fins de com-
paraison. La structure observée à 6.6 eV correspond à la première réso-
nance de l’onde s 238U.

trons incidents.
Les composantes de la section efficace de diffusion des neutrons (Eq. (C.3)) sont

représentées sur la Fig. C.1 en fonction de E pour T = 300 K. La comparaison avec les
sections efficaces de diffusion élastique des neutrons calculées avec une approxima-
tion FGM (courbe noire) met en évidence les grandes différences entre le formalisme
(courbe rouge), qui peuvent introduire des biais dans les calculs neutroniques. Par ex-
emple, l’utilisation de l’approximation FGM, au lieu de S(α,β) en dessous de quelques
eV, peut impliquer un biais d’environ 100 pcm (0,1%) sur le facteur de multiplication
des neutrons keff calculé pour les benchmarks intégraux avec le combustible UOX.
Un tel biais ne peut pas être considéré comme une source d’incertitude négligeable,
étant donné que l’incertitude totale sur le keff calculé devrait être inférieure à 500 pcm
(0,5%). Par conséquent, la validation des effets cristallins au niveau microscopique est
toujours une nécessité pour motiver une mise à jour du traitement de diffusion des
neutrons dans les schémas de simulation neutronique.

Les effets de liaison des atomes peuvent être pris en compte par la température
effective Teff (Lamb 1939). Dans le domaine de l’énergie épithermale où les lois de
diffusion thermique ne sont pas disponibles, le rôle important de Teff doit être étudié.

Le premier point clé de la présente étude est de préparer et valider les sections effi-
caces cohérentes de diffusion élastique des neutrons et les lois de diffusion thermique
de UO2 en fonction de la température au format ENDF-6 qui peuvent être utilisées
dans le code Monte-Carlo de transport TRIPOLI-4®.

Le deuxième enjeu est d’étudier les traitements de diffusion des neutrons impli-
quant la température effective dans le domaine de l’énergie épithermale en utilisant

191



Bibliography – C. Long résumé en français

le code TRIPOLI-4®.
Premièrement, le développement de l’outil informatique CINEL est brièvement

présenté. CINEL a été développé dans ce travail pour préparer les TSLs des matériaux
au format ENDF-6. Les validations numériques de CINEL effectuées en utilisant divers
types de matériaux cristallins sont également présentées.

Ensuite, le code Monte-Carlo de transport de neutrons TRIPOLI-4® est utilisé pour
simuler des données de diffraction de poudres neutroniques sur le dioxyde d’uranium
stoechiométrique (UO2) mesurées jusqu’à 1664 K avec le D4 et le D20 des diffrac-
tomètres de l’Institut Laue-Langevin (ILL). Les TSLs de UO2 nécessaires à la sim-
ulation sont calculés en utilisant le code CINEL. Les performances des calculs de
Monte-Carlo avec les TSLs tabulés sont illustrées par la comparaison entre les dia-
grammes de diffraction expérimentaux et simulés et les fonctions de distribution de
paires atomiques.

La partie suivante est consacré à l’étude de la diffusion des neutrons avec des
nucléides légers ayant une section efficace de diffusion des neutrons non résonante
inférieure à 10 eV. Les formalismes de AK et de SVT sont revus et validés. Les validations
numériques de plusieurs traitements de diffusion de neutrons avec le code TRIPOLI-
4® sont effectuées à température ambiante pour 1H dans H2O et 16O dans UO2. Une
attention particulière sera portée au rôle important de la température effective Teff.
Enfin, des conclusions générales et des perspectives sont données en fin de document.

C.2. Code de calcul des lois de diffusion thermique : CINEL
Cette partie présente l’outil de traitement de données CINEL. CINEL a été développé
pour calculer les sections efficaces de diffusion de neutrons élastiques cohérentes
et incohérentes de matériaux cristallins solides dans l’approximation cubique. Le
module mis en œuvre pour remplir cette tâche est appelé Cubic. Un deuxième module
nommé INELastic a été implémenté pour calculer les lois de diffusion thermiques
S(α, β) en prenant en compte les accélérations de graphics processing unit (GPU).
CINEL est développé à Python en utilisant JupyterLab (Granger and Grout 2016).

JupyterLab est une nouvelle génération d’interface utilisateur (Kluyver, Ragan-Kelley,
Pérez, et al. 2016) qui est un outil open-source permettant de mélanger le code en di-
rect, les textes, les équations mathématiques et les graphiques interactifs. Un exemple
d’interface JupyterLab est donné à la Fig. C.2 pour illustration. Cet environnement de
développement interactif facilite la vérification et la visualisation des résultats.

Pour améliorer les performances de CINEL, un compilateur Just-in-Time (JIT) nommé
Numba (Lam, Pitrou, and Seibert 2015) est utilisé. Numba permet de réduire directe-
ment le temps de calcul en ajoutant directement des syntaxes simples de Python
aux fonctions initiales sans les réécrire dans des langages de bas niveau. En outre,
Numba prend en charge la programmation GPU de Compute Unified Device Architec-
ture (CUDA), qui permet à CINEL de bénéficier de la puissante capacité informatique
de GPU.

La programmation GPU a été introduite au début des années 2000 et a été dévelop-
pée énormément au cours des deux dernières décennies. Dans notre travail, l’utilisation
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Figure C.2.: Interface de JupyterLab. Le code en direct, les textes, les équations math-
ématiques et les graphiques interactifs sont mélangés dans des Jupyter
Notebooks qui sont intégrés à JupyterLab avec des blocs tels que le termi-
nal et l’éditeur de texte.

de GPU permet d’accélérer le calcul de l’expansion de phonon. Pour tester l’accélération
de GPU, les TSLs de l’hydrogène dans la molécule d’eau (1H in H2O) à la température
ambiante a été calculée avec un ordre d’expansion de phonon Nphonon = 2000. Les
comparaisons du temps de calcul sont présentées dans le Tableau C.1. Le GPU de
haute performance permet de réduire considérablement le temps de calcul jusqu’à 2
minutes.

Table C.1.: Comparaison du temps de calcul des TSLs de 1H in H2O à la température
ambiante avec un ordre d’expansion de phonon Nphonon = 2000.

CPU GPU K20 GPU K6000

GPU mémoire (gigabyte) N/A 2 12

CUDA cores N/A 384 2280

Temps de calcul ∼ 3 h ∼ 15 min < 2 min

Les validations numériques de CINEL ont été effectuées en comparant les TSLs
calculés de matériaux cristallins solides avec la base de données ENDF/B-VIII.0 (D.
Brown, Chadwick, Capote, et al. 2018) et la librairie NJOY-NCrystal (Ramic, Jose
Ignacio Marquez Damian, Thomas Kittelmann, et al. 2021). Quelques structures
cristallines ont été étudiées: béryllium (9Be) métal (hexagonal compact (HCP), groupe
d’espace P63/mmc), fer (56Fe) (cubique centré (BCC), groupe d’espace Im3̄m), alu-
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minium (27Al) métal, dioxyde d’uranium (UO2) et hydrure de lithium (LiH) (cubique
à faces centrées (FCC), groupe d’espace Fm3̄m), Hydrure de magnétisme (MgH2) et
deutéride de magnétisme (MgD2) (structure tétragonale, groupe d’espace P42/mnm).
La glace Ih est également étudié dans ce travail. Les entrées de CINEL ont été préparées
à l’aide des quantités physiques disponibles dans la base de données ENDF/B-VIII.0
et de la librairie NJOY-NCrystal.

Le dioxyde d’uranium (UO2) est le principal composant du combustible UOX. Dans
la base de données ENDF/B-VIII.0, UO2 est dans la structure fluorite idéale avec une
symétrie Fm3̄m. Le béryllium est un matériau important qui est largement utilisé
comme modérateur et réflecteur de neutrons. L’hydrure de magnétisme (MgH2) est
un candidat potentiel pour les réflecteurs à neutrons froids (José Rolando Granada,
Márquez Damián, Dawidowski, et al. 2021). Le deutéride de magnétisme (MgD2)
montre des améliorations sur le ralentissement des neutrons puisque la section ef-
ficace de capture des neutrons du deutérium est inférieure à celle de l’hydrogène.
MgH2 et MgD2 partagent la même structure cristalline. En termes d’atomes dans la
cellule unitaire, le béryllium métal dans la structure HCP a deux atomes, le fer dans la
structure cristalline BCC a un seul atome, l’aluminium dans la structure cristalline
FCC a un seul atome.

Les sections efficaces cohérentes et incohérentes de diffusion des neutrons élas-
tiques et inélastiques (σel

coh(E) et σel
inc(E), et σinel(E)) d’une partie des matériaux

étudiés calculés par CINEL sont comparés avec la base de données ENDF/B-VIII.0
et la librairie NJOY-NCrystal (C.3, C.4, C.5). Un excellent accord est obtenu pour
σel

coh(E), σel
inc(E) et σinel(E). σel

coh(E) et σel
inc(E) diminuent avec l’augmentation de la

température T , tandis que σinel(E ) augmente avec T . Le premier pic de Bragg de UO2

apparaît vers 2 meV, ce qui correspond à la diffraction des neutrons sur le plan (111).

C.3. Simulations Monte-Carlo d’expériences neutroniques
pour UO2 à l’ILL

L’objectif de cette partie est de montrer les performances des codes Monte-Carlo mod-
ernes de transport de neutrons pour revisiter l’analyse d’expériences de diffraction
neutronique mesurées à des températures élevées, conçues à l’origine pour étudier les
effets de la température sur l’agencement du réseau UO2. En effet, si la structure de la
fluorite (groupe d’espace Fm3̄m) de UO2 est bien établie à température ambiante, la
compréhension de la relaxation inhabituelle avec l’augmentation de la température
des atomes d’oxygène à partir de leurs positions régulières est encore en discussion.
Parmi les quelques mesures de diffraction neutronique sur le dioxyde d’uranium
stoechiométrique rapportées dans la littérature, nous avons sélectionné les travaux
de Ruello (P. Ruello, Desgranges, Baldinozzi, et al. 2005) et Ma (Yue Ma 2017), dont
les données sont toujours disponibles sur ILL de Grenoble (France). Les expériences
ont été réalisées respectivement sur les diffractomètres D20 et D4. Ils ont consisté à
mesurer le rendement de diffusion des neutrons dépendant de la température Y T

exp(θ)
en fonction de l’angle de diffusion θ. Les deux ensembles de données couvrent une
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Figure C.3.: Comparaisons de la section efficace de diffusion cohérente élastique et
inélastique calculée par CINELde UO2 (courbes en tirets) avec la base de
données ENDF/B-VIII.0 (courbes pleines) de 296 à 1200 K. Les sections
efficaces élastiques cohérentes les énergies sont zoomées entre 5 et 20
meV.
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Figure C.4.: Comparaison des sections efficaces de diffusion élastique et inélastique
cohérentes calculées par CINELde 9Be (courbes en tirets) avec la base de
données ENDF/B-VIII.0 (courbes pleines) de 296 à 1200 K. Les sections
efficaces élastiques cohérentes de la Fig. (a) sont multipliées par différents
facteurs pour une meilleure visualisation.
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Figure C.5.: Comparaison des sections efficaces élastiques cohérentes calculées par
CINELde MgH2, et des sections efficaces de diffusion élastique inco-
hérentes de 24Mg dans MgH2 et 1H dans MgH2 (courbes en tirets) avec la
librairie NJOY-NCrystal (courbes pleines) de 20 à 600 K.
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Figure C.5.: (suite) Comparaison des sections efficaces de diffusion inélastiques cal-
culées par CINELde 24Mg dans MgH2 et 1H dans MgH2 (courbes en tirets)
avec la librairie NJOY-NCrystal (courbes pleines) de 20 à 600 K. Les sec-
tions efficaces élastiques cohérentes et incohérentes des Fig. (a), (b) et (c)
sont multipliées par différents facteurs pour une meilleure visualisation.
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large plage de températures allant de la température ambiante à 1664 K (le point de fu-
sion de UO2 est d’environ 3100 K (Hausner 1965)). L’originalité de notre travail repose
sur l’utilisation du code Monte-Carlo TRIPOLI-4® (E. Brun, F. Damian, Diop, et al. 2015)
pour simuler les diagrammes de diffraction expérimentaux en prenant en compte les
effets de diffusion multiple des neutrons et la contribution des multiphonons. Les
corrections expérimentales, qui ne sont pas introduites dans les simulations Monte-
Carlo, sont la correction des bruits au fond, le décalage angulaire et la fonction de
réponse angulaire du diffractomètre. Ils sont déduits des données en appliquant
un raffinement de structure de type Rietveld (Rietveld 1969) sur les rendements de
diffusion de neutrons simulés avec le code TRIPOLI-4®. Les résultats finaux dépendent
principalement des sections efficaces de diffusion des neutrons de l’uranium et de
l’oxygène dans UO2 qui ont été introduites dans les simulations.

Le schéma de calcul utilisé dans ce travail est résumé dans la Fig. C.6. La pre-
mière étape consiste à produire avec l’outil de traitement CINEL une bibliothèque
d’applications qui contient des sections efficaces de diffusion des neutrons dépen-
dantes de la température, qui sont stockées dans des fichiers ascii en suivant les
exigences du format ENDF-6 pour les lois de diffusion thermique (Trkov and D. A.
Brown 2018). La deuxième étape consiste à simuler les expériences de diffraction
des neutrons avec le code Monte-Carlo TRIPOLI-4®. Les capacités de calcul haute
performance permettent d’atteindre une incertitude statistique relative d’environ
±0.5% au sommet des pics de Bragg (et ±5.0% entre les deux) en quelques minutes
pour une température donnée. La dernière étape est consacrée à la prise en compte
des corrections expérimentales non introduites dans les simulations Monte-Carlo.

Les courbes finales calculées sont comparées aux résultats expérimentaux de la
Fig. C.8 jusqu’à 1664 K. Aucune anomalie significative avec des températures crois-
santes n’a été observée à travers le comportement de ∆Y qui représente la différence
entre la théorie et l’expérience en fonction des angles de diffusion. Des variations ∆Y
presque équivalentes sont obtenues quelle que soit la température. La forme théorique
des bords de Bragg aux angles de diffusion vers l’avant pourrait être améliorée en
introduisant un modèle de raie de diffraction anisotrope, comme proposé dans les
logiciels de raffinement de structure de Rietveld. Malgré une telle correction supplé-
mentaire, qui n’est pas prise en compte dans le présent travail, la comparaison plus
étroite des diagrammes de diffraction expérimentale et théorique, confirme que le
code TRIPOLI-4® convient pour une analyse quantitative des données de diffraction
en utilisant quelques nombres de paramètres libres. C’est également montré que la
contribution croissante de la diffusion inélastique avec la température est assez bien
reproduite par les calculs de Monte-Carlo. Cependant, cette composante de diffusion
est assez faible dans le cas de l’expérience D20 qui a été réalisée avec des neutrons
d’énergie E = 48.05 meV. Une telle question est abordée dans la section suivante grâce
aux résultats obtenus avec l’instrument D4.
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Figure C.6.: Organigramme présentant les étapes de traitement depuis le fichier
d’informations cristallographiques jusqu’au rendement théorique de dif-
fusion des neutrons et à la fonction de distribution de paires atomiques.
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Figure C.7.: Diagrammes de diffraction UO2 expérimentaux et théoriques pour D20
de 292 à 1664 K (E = 48.05 meV).
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T=1051 K

10 30 50 70 90 110 130 150

Sacttering angle (degree)

−0.02

0.00

0.02

∆
Y

0.00

0.10

0.20

0.30

N
e
u
tr

o
n
 y

ie
ld

 (
a
rb

it
ra

ry
 u

n
it
)

Ruello  et al. (2005)

TRIPOLI4 simulation
T=1223 K

10 30 50 70 90 110 130 150

Sacttering angle (degree)

−0.02

0.00

0.02

∆
Y

0.00

0.10

0.20

0.30

N
e
u
tr

o
n
 y

ie
ld

 (
a
rb

it
ra

ry
 u

n
it
)

Ruello  et al. (2005)

TRIPOLI4 simulation
T=1375 K

10 30 50 70 90 110 130 150

Sacttering angle (degree)

−0.02

0.00

0.02

∆
Y

0.00

0.10

0.20

0.30

N
e
u
tr

o
n
 y

ie
ld

 (
a
rb

it
ra

ry
 u

n
it
)

Ruello  et al. (2005)

TRIPOLI4 simulation
T=1500 K

10 30 50 70 90 110 130 150

Sacttering angle (degree)

−0.02

0.00

0.02

∆
Y

0.00

0.10

0.20

0.30

N
e
u
tr

o
n
 y

ie
ld

 (
a
rb

it
ra

ry
 u

n
it
)

Ruello  et al. (2005)

TRIPOLI4 simulation
T=1664 K

Figure C.8.: (suite) Diagrammes de diffraction UO2 expérimentaux et théoriques pour
D20 de 292 à 1664 K (E = 48.05 meV). ∆Y représente la différence entre la
théorie et l’expérience.

Fig. C.9 compare les diagrammes de diffraction neutronique expérimentale et
théorique pour D4, dans laquelle la représentation lin-log met en évidence la contri-
bution croissante de la diffusion inélastique avec l’angle de diffusion. Par souci de
clarté, seuls quelques ensembles de température sont représentés.

Les fonctions expérimentales et théoriques de distribution de paires atomiques
pour UO2 sont comparées sur la Fig. C.10 de la température ambiante à 1273 K.
Les simulations Monte-Carlo ont été réalisées en utilisant le group d’espace Fm3̄m
avec des vibrations atomiques harmoniques. Les trois premiers pics correspondent
principalement aux liaisons U-O, O-O et U-U (Palomares, McDonnell, Yang, et al.
2019). Un examen plus approfondi des résultats expérimentaux indique un décalage
de pic négatif de -0.010(5) Åpour la liaison UO de 298 K à 1273 K, tandis que la position
de pic de la liaison UU augmente de +0.020(5) Å. En revanche, les simulations de
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Figure C.9.: Diagrammes de diffraction UO2 expérimentaux et théoriques pour D4 de
298 à 1273 K (E = 331.18 meV). Les flèches vertes mettent en évidence les
différences observées entre l’expérience et la théorie aux angles de diffu-
sion vers l’avant. Les lignes bleues en pointillés montrent la contribution
croissante de la diffusion inélastique avec l’angle de diffusion.

Monte-Carlo fournissent des pics positifs qui sont proches de +0.040(5) Åpour les
liaisons U-O et U-U.

Nos calculs sont en accord avec les travaux antérieurs rapportés dans la littérature.
Ils concluent tous que l’arrangement des atomes d’uranium et d’oxygène ne peut pas
être décrit en termes de structure fluorite idéale à température élevée. Les différences
observées entre l’expérience et la théorie correspondent à un raccourcissement inat-
tendu de la distance U-O avec l’augmentation de la température. Le mécanisme
sous-jacent n’est pas bien compris. Elle fait l’objet de débats dans la littérature. Willis
interprète les effets de la température sur la disposition du réseau en termes de vibra-
tions atomiques anharmoniques (Willis 1963b; Willis, B.T.M. 1964; Willis and Hazell
1980). De même, Skinner et al. (Skinner, Benmore, Weber, et al. 2014) privilégient les
mécanismes de désordre atomique dans l’espace des groupes Fm3̄m pour expliquer
les longueurs de liaison U-O et U-U déduites des diagrammes de diffraction des rayons
X mesurés jusqu’au point de fusion de l’UO2. En revanche, l’existence d’une symétrie
locale (telle que Pa3̄) est suggérée par Desgranges et al. (Desgranges, Y. Ma, Garcia,
et al. 2017) pour expliquer le raccourcissement de la distance U-O à 1273 K (Fig. 4.14).
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Figure C.10.: Fonctions expérimentales et théoriques de distribution de paires atom-
iques pour UO2 (D4, E = 331.18 meV). La simulation TRIPOLI-4® a été
réalisée en utilisant le groupe d’espace Fm3̄m avec des vibrations atom-
iques harmoniques. Les trois premiers pics correspondent principale-
ment aux liaisons U-O, O-O et U-U (Palomares, McDonnell, Yang, et al.
2019).

C.4. Etude des traitements de diffusion des neutrons dans le
domaine de l’énergie épithermale

La génération des fichiers de trajectoire pour l’eau en utilisant le code GROMACS de
dynamique moléculaire (MD) est décrite dans la thèse de Scotta (J. Scotta 2017).
Le modèle physique utilisé dans la simulation GROMACS consiste en un total de 512
molécules d’eau dans une boîte cubique avec une longueur de côté égale à 2.48 nm.
Un potentiel en eau nommé TIP4P/2005f (González and Abascal 2011) est adopté
pour quantifier les forces entre atomes. Le modèle TIP4P/2005f est un modèle de
potentiel hydrique flexible qui permet de prendre en compte les interactions inter-
moléculaires et intramoléculaires. Grâce à ce potentiel, les positions et vitesses des
atomes d’hydrogène et d’oxygène dans les molécules d’eau peuvent être obtenus pour
un pas de temps donné et ils sont stockés dans des fichiers de trajectoire.

Les distributions de vitesse fournies par les fichiers de trajectoire de l’eau sont
confirmées comme étant la distribution Maxwell-Boltzmann (M-B). Néanmoins, de
fortes corrélations apparaissent entre les pas de temps, qui sont illustrées via le velocity
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autocorrelation function (VACF) (J. Scotta 2017). Cependant, ces corrélations ne sont
pas prises en compte dans l’algorithme SVT.

Pour valider l’algorithme SVT, les vitesses des noyaux cibles sont échantillonnées à
partir de la distribution M-B à 294 K, et à partir des vitesses de H – 1 des fichiers de tra-
jectoires GROMACS. Les rendements neutroniques obtenus (distributions des neutrons
diffusés en fonction de l’énergie) à θ′ = 10°, 45°, 90° pour les énergies neutroniques
incidentes E = 1, 5, 10 eV sont respectivement présentés dans les Figs. C.11 et Fig. C.12.
Ces résultats sont également comparés aux rendements neutroniques obtenus avec
les TSLs S(α, β)FGM calculés dans l’approximation du gaz libre.

Ces résultats montrent que les rendements neutroniques obtenus par l’algorithme
SVT sont en excellent accord avec les résultats analytiques S(α, β)FGM à la température
T = 294 K pour l’énergie neutronique incidente supérieure à 5 eV. La dérivation de
S(α, β)FGM est basée sur l’hypothèse que les noyaux cibles sont des gaz libres avec
des vitesses qui suivent une distribution M-B. Par conséquent, l’algorithme SVT doit
être appliqué au-dessus du seuil proche de 5 eV pour l’hydrogène. Les rendements
neutroniques obtenus avec les vitesses échantillonnées dans M-B et les fichiers de
trajectoires GROMACS sont les mêmes car les corrélations entre vitesses présentées
dans les fichiers de trajectoires ne sont pas incluses.

Les rendements neutroniques de 1H dans 1H2O à θ′ = 10°, 45° et 90° obtenus en
utilisant le code TRIPOLI-4® pour les traitements de diffusion : SVT à T , SVT à Teff

et S(α, β)SCT sont comparées aux résultats simulés par les S(α, β) tabulés à T . Les
comparaisons des résultats sont montrées dans la Fig. C.13. Aux petits angles de
diffusion (θ′ = 10°), les trois traitements étudiés ne parviennent pas à reproduire le
pic quasi-élastique et les structures associées. Le traitement avec les tables S(α, β)SCT

reproduit mieux les rendements neutroniques liés à la diffusion ascendante, comparé
au SVT à Teff. À grande échelle θ′, la diffusion ascendante des neutrons peut être
négligée. Par conséquent, les traitements des tables S(α, β)SCT et le SVT à Teff sont
équivalents. Ces deux traitements reproduisent mieux les rendements neutroniques,
par rapport au SVT à T .

Les mêmes comparaisons sont effectuées dans le cas de 16O dans UO2. Les résultats
obtenus sont présentés dans la Fig. C.14. À petit θ′, les trois traitements de diffusion
étudiés sont incapables de reproduire les structures liées aux mouvements atomiques
des atomes d’oxygène liés dans UO2. Ce résultat est en cohérence avec le cas de 1H
dans 1H2O. La température effective de 16O dans UO2 (Teff = 381 K) est proche de
T = 298 K. Donc, en gros θ′, les rendements neutroniques obtenus par l’algorithme
SVT à Teff ne montrent aucune différence significative avec les résultats obtenus par
l’algorithme SVT à T . Il est recommandé d’ajouter une nouvelle option de diffusion
dans le code TRIPOLI-4® qui permet de calculer en temps réel les tables S(α, β) avec le
formalisme SCT en prenant en compte T et Teff dans les calculs. Cette nouvelle option
sera d’un grand intérêt pour tester l’impact de différents modèles de diffusion sur des
benchmarks intégraux.

Ces résultats montrent l’importance d’utiliser la température effective pour pren-
dre en compte les mouvements atomiques des atomes liés dans les molécules. Ils
confirment également l’amélioration du traitement SCT pour les calculs de diffusion

204



Bibliography – C. Long résumé en français

� ��� ��� ��� ��� ���� ����

�

�����

�����

�����

�����

����

6FDWWHUHG�QHXWURQ�HQHUJ\��PH9�

3
UR
E
DE
LO
LW
\
�G
HQ
VL
W\
�I
X
Q
FW
LR
Q
��
�
�P
H9
�

� ��� ��� ��� ��� ���� ����

���
í�
�

���
í�
�

���
í�
�

���
í�
�

���
í�
�

���
í�
�

���
í�
�

6FDWWHUHG�QHXWURQ�HQHUJ\��PH9�

3
UR
E
DE
LO
LW
\
�G
HQ
VL
W\
�I
X
Q
FW
LR
Q
��
�
�P
H9
�

Figure C.11.: Distributions d’énergie des neutrons diffusés à θ′ = 10°, 45°, 90° calculées
par les lois de diffusion thermique pour le modèle de gaz libre S(α, β)FGM

et de Sampling the Velocity of the Target nucleus (SVT) à la température
T = 294 K pour une énergie neutronique incidente égale à 1 eV. Le noyau
cible est l’hydrogène. Les vitesses de l’hydrogène sont échantillonnées
à partir de la distribution M-B à 294 K et des vitesses de l’atome H – 1
dans les fichiers GROMACS. L’axe des y du graphique du bas est à l’échelle
logarithmique pour une meilleure visualisation.
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Figure C.12.: Distributions d’énergie des neutrons diffusés à θ′ = 10°, 45°, 90° calculées
par les lois de diffusion thermique pour le modèle de gaz libre S(α, β)FGM

et de Sampling the Velocity of the Target nucleus (SVT) à la température
T = 294 K pour une énergie neutronique incidente égale à 10 eV. Le noyau
cible est l’hydrogène. Les vitesses de l’hydrogène sont échantillonnées
à partir de la distribution M-B à 294 K et des vitesses de l’atome H – 1
dans les fichiers GROMACS. L’axe des y du graphique du bas est à l’échelle
logarithmique pour une meilleure visualisation.
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ascendante, par rapport au SVT à Teff.
Le présent travail se concentre sur le traitement des données et la validation des

sections efficaces de diffusion élastique cohérente des neutrons σel
coh(E ) et des lois de

diffusion thermique (TSLs) ou S(α, β) de UO2 en fonction de la température.
Le formalisme de diffusion des neutrons à basse énergie a été présenté : des équa-

tions permettant de calculer les TSLs pour les matériaux solides cristallins, liquides
et gazeux sont données. Sur la base de ces équations, l’outil informatique CINEL a
été développé pour générer les TSL au format ENDF-6. CINEL est développé en
Python en utilisant un environnement de développement interactif nommé Jupyter-
Lab. CINEL permet d’utiliser une unité de traitement graphique (GPU) pour accélérer
le calcul des TSLs. Les validations numériques de CINEL sont effectuées en utilisant
différents types de matériaux cristallins. Un excellent accord est obtenu par rap-
port à la base de données ENDF/B-VIII.0 et la librairie NJOY-NCrystal. Néanmoins,
l’approximation incohérente adoptée dans le code CINEL serait inadéquate pour les
matériaux cristallins fortement cohérents tels que le graphite pyrolytique. Par con-
séquent, la correction cohérente à un phonon sera implémentée dans la future version
de CINEL pour améliorer l’approximation incohérente. L’approximation cubique
utilisée dans la version actuelle de CINEL sera également supprimée.

Grâce à la PDOS de UO2 mesurée aux spectromètres de temps de vol IN4 et IN6 de
l’Institut Laue-Langevin (ILL) jusqu’à 1675 K, les TSL de UO2 pour une large plage
de température peut être calculé en utilisant le code CINEL. Une structure de fluorite
idéale pour UO2 sur toute la plage de température a été adoptée pour calculer σel

coh(E ).
Les résultats fournis par CINEL sont stockés au format ENDF-6, qui peuvent être
traités ultérieurement pour être utilisés comme bibliothèque de diffusion de neutrons
dans le code de transport de neutrons de Monte-Carlo TRIPOLI-4®. Deux jeux de
données d’expériences de diffraction des neutrons réalisées aux diffractomètres D4 et
D20 de l’ILL jusqu’à 1664 K, ont été simulés en utilisant le code TRIPOLI-4®. Quelques
paramètres expérimentaux ont été optimisés sur les données pour tenir compte du
décalage angulaire, de la fonction de réponse du diffractomètre et d’une correction
des bruits au fond. Le bon accord entre les diagrammes de diffraction neutronique
expérimental et théorique valide notre schéma de calcul TRIPOLI-4® pour UO2. Les
résultats obtenus indiquent que TRIPOLI-4® est capable de reproduire ces diagrammes
de diffraction des neutrons grâce au code CINEL développé. Cependant, quelques
problèmes limités subsistent dans l’interprétation de la correction des bruits au fond.
Les biais dus aux approximations théoriques devraient être étudiés.

Les performances de notre schéma de calcul ont également été étudiées en simulant
des fonctions de distribution de paires atomiques pour sonder la structure de UO2 à
température élevée. Les différences observées à 1273 K entre l’expérience et la théorie
confirment que les écarts locaux des atomes d’oxygène par rapport à la structure
moyenne de UO2 ne sont pas compatibles avec une structure fluorite idéale. Nous
montrons que l’outil de traitement CINEL offre la possibilité de tester des configura-
tions de désordre atomique, des modèles anharmoniques ou des groupes spatiaux
qui sont suggérés dans la littérature pour explorer le raccourcissement inattendu de la
distance U-O avec l’augmentation de la température.
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Figure C.13.: Rendements neutroniques de 1H dans 1H2O à θ′ = 10°, 45° et 90° obtenus
par en utilisant le code Monte-Carlo de transport de neutrons TRIPOLI-
4® pour différents traitements de diffusion : SVT à T = 294 K (lignes
bleues), SVT à Teff = 1184 K (lignes roses), S(α, β)SCT (lignes violettes),
S(α, β) à T (lignes orange).
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Figure C.14.: Rendements neutroniques de 16O dans UO2 à θ′ = 10°, 45° et 90° obtenus
en utilisant le Monte-Code de transport de neutrons Carlo TRIPOLI-
4® pour différents traitements de diffusion : SVT à T = 298 K (lignes
bleues), SVT à Teff = 381 K (lignes roses), S(α, β)SCT tables (lignes vio-
lettes), S(α, β) à T (lignes orange).

Le schéma de calcul TRIPOLI-4® pour UO2 a été validé pour une énergie neutronique
incidente supérieure à quelques eV. Dans le domaine de l’énergie épithermale où les
TSLs ne sont pas disponibles, la diffusion des neutrons avec des nucléides légers
ayant une section efficace de diffusion des neutrons non résonante a été étudiée. Les
traitements de diffusion neutronique étudiés sont : AK (pour Asymptotic Kernel), SVT
(pour Sampling the Velocity of the Target nucleus) à température thermodynamique T
et température effective Teff, FGM (pour Free Gas Model), SCT (pour Short Collision
Time approximation) et S(α, β) sous forme de tableau. L’algorithme SVT a été validé
en échantillonnant les vitesses d’atomes d’hydrogène à partir d’une distribution de
Maxwell-Boltzmann (M-B) et de fichiers de trajectoire obtenus à partir de calculs
de dynamique moléculaire avec le code GROMACS. Les validations numériques des
traitements de diffusion de neutrons ci-dessus avec le code TRIPOLI-4® sont effectuées
à température ambiante pour 1H dans 1H2O et 16O dans UO2. Les résultats obtenus
indiquent que les tables S(α, β) sont correctement utilisées par le code TRIPOLI-
4® pour simuler le transport de neutrons avec des énergies comprises entre quelques
eV et 400kB T . L’importance d’utiliser la température effective et l’amélioration du
traitement SCT pour les calculs de diffusion ascendante sont confirmées. Les résultats
obtenus pour les nucléides légers seront approfondis pour 238U dans UO2.
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