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Titre : Sur la stabilité du probleme de transport optimal martingale

Résumé : Cette these est motivée par I'étude de la stabilité du probleme de transport
optimal martingale, et s’articule naturellement autour de deux parties. Dans la premiere
partie, nous exhibons une nouvelle famille de couplages martingale entre deux mesures de
probabilités unidimensionnelles p et v comparables dans I'ordre convexe. Cette famille con-
tient en particulier le couplage martingale transformée inverse, qui est explicite en termes
des fonctions quantiles des marginales. L’intégrale M (u,v) de |x — y| contre chacun de ces
couplages est majorée par le double de la distance de Wasserstein W, (u,v) entre p et v.
Nous montrons une inégalité similaire lorsque |z — y| et W, sont respectivement remplacés
par |z —y|? et le produit de W, par le moment centré d’ordre p de la seconde marginale élevé
a l'exposant p — 1, pour p € [1, +00[ quelconque. Nous étudions ensuite la généralisation de
cette nouvelle inégalité de stabilité a la dimension supérieure. Enfin, nous établissons une
forte connexion entre notre nouvelle famille de couplages martingale et la projection d’un
couplage entre deux marginales données comparables dans 'ordre convexe sur ’ensemble
des couplages martingale entre ces mémes marginales. Cette derniere projection est prise
par rapport a la distance de Wasserstein adaptée, qui majore la distance de Wasserstein
usuelle et induit donc une topologie plus fine et mieux adaptée pour la modélisation finan-
ciere, puisqu’elle prend en compte la structure temporelle des martingales. Dans la seconde
partie, nous prouvons que tout couplage martingale dont les marginales sont approchées par
des mesures de probabilité comparables dans 'ordre convexe peut étre lui-méme approché
par des couplages martingale au sens de la distance de Wasserstein adaptée. Nous traitons
ensuite d’applications variées de ce résultat. En particulier, nous renforgons un résultat de
stabilité portant sur le probleme de transport optimal faible et établissons un résultat de
stabilité pour le probléeme de transport optimal martingale faible. Nous en déduisons la

stabilité par rapport aux marginales du prix de sur-réplication de contrats a termes sur le
VIX.

Mots-clefs : Transport optimal martingale, Couplages martingale, Distance de Wasser-
stein, Ordre convexe, Distance de Wasserstein adaptée, Finance robuste, Transport faible,
Stabilité



Title: On the Stability of the Martingale Optimal Transport Problem

Abstract: This thesis is motivated by the study of the stability of the Martingale Optimal
Transport problem, and is naturally structured around two parts. In the first part, we exhibit
a new family of martingale couplings between two one-dimensional probability measures p
and v in the convex order. This family contains in particular the inverse transform martingale
coupling which is explicit in terms of the quantile functions of these marginal densities.
The integral M (u,v) of |x — y| with respect to each of these couplings is smaller than or
equal to twice the Wasserstein distance W, (p, v) between p and v. We show that a similar
inequality holds when replacing |x — y| and W respectively with |z — y|? and the product
of W, times the centred p-th moment of the second marginal to the power p — 1, for any
p € [1,+00). We then study the generalisation of this new stability inequality to higher
dimensions. Last, we establish a strong connection between our new family of martingale
couplings and the projection of a coupling between two given marginals in the convex order
onto the set of martingale couplings between the same marginals. The latter projection is
taken with respect to the adapted Wasserstein distance, which is greater than or equal to the
usual Wasserstein distance and therefore induces a finer topology, which is more suitable to
financial modelisation since it takes into account the temporal structure of martingales. In
the second part, we prove that any martingale coupling whose marginals are approximated
by probability measures in the convex order can be approximated by martingale couplings
with respect to the adapted Wasserstein distance. We then discuss various applications of
this result. In particular, we strengthen a stability result on the Weak Optimal Transport
problem and establish a stability result on the Weak Martingale Optimal Transport problem.
We deduce the stability with respect to the marginals of the superreplication price of VIX
futures.

Keywords: Martingale Optimal Transport, Martingale couplings, Wasserstein distance,
Convex order, Adapted Wasserstein distance, Robust finance, Weak transport, Stability






Contents

1 Introduction (in French) 13
1.1 Le transport optimal . . . . . . ... .. oo 15
1.1.1 Définition . . . . . . ... L 15
1.1.2  Monotonie cyclique et dualité . . . . .. ... ... ... ... .. 17
1.1.3  Les distances de Wasserstein . . . . . . . . . . ... ... ... ... 19
1.1.4 Le couplage comonotone de Hoeffding-Fréchet . . . . . . .. ... .. 21
1.1.5  Résolution numérique . . . . . . . . . ... 23
1.2 Le transport optimal martingale . . . . . . . .. . ... ... 25
1.2.1 Motivation . . . . . . . .. 25
1.2.2 Définition . . . . . ..o 27
1.23 Dualité. . . . . . . 28
1.2.4 Stabilité et résolution numérique . . . . . . . . .. ... 29
1.3 Partie 1 : Nouvelle famille de couplages martingale et inégalités de stabilité . 30
1.3.1 Chapitre 2 : Une nouvelle famille de couplages martingale en dimen-
sion 1 ..o 30
1.3.2 Chapitre 3 : Inégalité Wasserstein martingale pour des mesures de
probabilité dans l'ordre convexe . . . . . . .. ... L. 33

1.3.3 Chapitre 4 : Réarrangements martingale de couplages en dimension 1 35
1.4 Partie 2 : Approximation de couplages martingale pour la distance de Wasser-

stein adaptée et applications . . . . . . . . .. ... 37
1.4.1 Chapitre 5 : Approximation de couplages martingale sur la droite réelle
pour la distance de Wasserstein adaptée . . . . . . .. ... ... .. 37
1.4.2 Chapitre 6 : Stabilité des probléemes de transport optimal faible et
transport optimal martingale faible . . . . . . .. ... ... .. 39

I A new family of martingale couplings and stability inequali-

ties 43
2 A new family of one dimensional martingale couplings 45
2.1 Introduction . . . . . . ... 46

2.2 A new family of martingale couplings . . . . . . . ... ... ... ... ... 48
2.2.1 Asimpleexample . . . . . ... 48



2.2.2 Definition . . . . . . . . 49

2.2.3  Optimality property . . . . . . . . .. ... 59
2.2.4 Stability inequality . . . . . .. ... o 60
2.3 The inverse transform martingale coupling . . . . . . . .. .. .. ... ... 68
2.3.1 Definition and stability of the inverse transform martingale coupling . 68
2.3.2  Optimality properties . . . . . . . . . .. ... L 71
2.4  On the uniqueness of martingale couplings parametrised by Q . . . . . . .. 75
2.5 Corresponding super and submartingale couplings . . . . . . ... ... ... 82
2.6 Appendix . . ... 96
3 Martingale Wasserstein inequality for probability measures in the convex

order 101
3.1 Introduction . . . . . . . .. 102
3.2 A new stability inequality . . . . ... ... 105
3.3 Towards a multidimensional generalisation . . . . . . . ... ... ... ... 112
3.3.1 Extension of the one dimensional inequality . . . ... ... .. ... 112
3.3.2 Thescalingcase. . . . . . . . .. 119
3.4 Lemmas . . . . . . .. 124
4 One dimensional martingale rearrangement couplings 129
4.1 Introduction . . . . . . . .. L 130
4.1.1 Stability of the MOT problem . . . . . ... ... ... ... ..... 130
4.1.2 The adapted Wasserstein distance . . . . . . . . .. ... ... .. .. 132
4.1.3 Outline . . . . . . 134
4.2  Martingale rearrangement couplings of the Hoeffding-Fréchet coupling . . . . 134
4.2.1 The inverse transform martingale coupling . . . . . . . .. ... ... 134
4.2.2  The Hoeffding-Fréchet coupling . . . . . .. .. ... ... ... ... 136
4.2.3 Martingale rearrangement couplings . . . . . . . ... ..o 137
4.2.4  Stability of the inverse transform martingale coupling . . . . . . . .. 147
4.2.5 Non-optimality of the inverse transform martingale coupling . . . . . 153

4.3 Martingale rearrangement couplings of couplings which satisfy the barycentre
dispersion assumption . . . . . . ... 154
4.4 Lemma . . . . . . .. 163

II Approximation of martingale couplings in the weak adapted

topology and applications 165
5 Approximation of martingale couplings on the line in the weak adapted

topology 167

5.1 Introduction and main result . . . . . . .. ..o 169

5.1.1 The Martingale Optimal Transport problem . . . . .. ... ... .. 169

5.1.2 The Adapted Wasserstein distance . . . . . ... ... ... ..... 170

10



5.1.3 Outline . . . . . . . 172

5.2 Mainresult . . .. .. 173
5.3 On the weak adapted topology . . . . . . . . .. . ... ... 176
5.4 Auxiliary results on the convex order in dimension one . . . . .. ... ... 197
5.5 Proof of the main theorem . . . . . . . ... .. ... ... ... .. 203

Stability of weak martingale optimal transport and weak optimal trans-

port 213
6.1 Introduction and motivations . . . . . . .. ... L 214
6.1.1 The Weak Optimal Transport problem . . . . . ... ... ... ... 214
6.1.2 The Martingale Weak Optimal Transport problem . . . . . . . . . .. 216
6.1.3 Outline . . . . . .. 217
6.2 Mainresults . . . . . ..o 217
6.2.1 An extension of the weak and adapted topologies . . . ... .. ... 217
6.2.2 Stability . . . ... 219
6.2.3 Stability of the superreplication bound for VIX futures . . . . . . .. 222
6.2.4 Martingale monotonicity . . . . . .. .. oo oo 224
6.2.5 On the Wasserstein projection . . . . . . .. .. ... ... ... ... 225
6.2.6 Convergence in an extended space of martingale couplings . . . . . . 227
6.3 Stability . . . . .. 228
6.4 Martingale monotonicity . . . . . . ... oL 233
6.5 On the Wasserstein projection . . . . . . . .. . ... ... 236
6.6 Convergence in an extended space of martingale couplings . . . . . .. . .. 245
6.7 Appendix . . ... 257
6.7.1 Lemma . . . . . . . . 257
6.7.2 Extension from P" to Py. . . . . ..o 257
6.7.3 A Portmanteau-like theorem for Carathéodory maps . . . . .. . .. 264
6.7.4  On the continuity of the marginal distributions of the stretched Brow-
nian motion . . . ... Lol 267

11



12



Chapter 1

Introduction (in French)

L’apport de la théorie mathématique, et en particulier le développement de la théorie des
probabilités, a permis depuis plusieurs décennies de développer l'industrie des produits
dérivés financiers, et donc les marchés financiers, de maniere considérable. Certes, il faut re-
connaitre que I'histoire de la finance de marché remonte bien avant celle des mathématiques :
des historiens rapportent 'existence de contrats & terme en Egypte sur les matiéres agricoles
en -1400 av. J.-C., sous le réegne du pharaon Akhénaton, ou encore I'existence de contrats
d’option d’achat sur les olives de Grece en -700 av. J.-C., dont I’émetteur serait Thales lui-
méme. Bien que ce dernier ait employé ses connaissances en mathématiques et astronomie
pour prévoir les récoltes des années suivantes, on ne peut bien sir pas affirmer qu’il s’agisse
déja 1a du point de départ des mathématiques financieres. Il faudra attendre le tout début
du XXe¢ siecle pour que les grands esprits, Louis Bachelier en téte dans sa these intitulée
« théorie de la spéculation » [13], reconnaissent le besoin fondamental du développement
d’outils mathématiques sophistiqués afin d’avoir une emprise sur les produits dérivés. Il
emprunte ainsi au botaniste Robert Brown le célebre mouvement brownien (B;);er, , ce pro-
cessus fondamental et incontournable, dont la structure particulierement erratique restitue
les allures des cours boursiers, qui est a l'origine de tous les modeles connus utilisés par
I’ensemble des acteurs financiers de la planéete.

Supposons qu’une banque vende un produit dérivé, typiquement une option de vente,
dite put, ou une option d’achat, dite call. Ce produit, proposé a la date 0, rapporte a celui
qui l'achete un profit P, dit payoff, a la date T, dite maturité. Ce payoff dépend de la
valeur S7 en T d’un actif risqué dit sous-jacent dont on ne connait la valeur qu’en 0. La
banque est alors confrontée a deux problématiques fondamentales : 1'évaluation (pricing)
et la couverture (hedging). Autrement dit, a quel prix ¢ doit-elle vendre son produit, et
comment doit-elle investir le montant ¢ sur le marché pour répliquer le payoff, c¢’est-a-dire
obtenir un montant P a la date T afin de pouvoir honorer son contrat avec le client. En 1973,
Black, Scholes et Merton [40, 138] révolutionnent le domaine et marquent le point de départ
des mathématiques financieres modernes en développant un modele quantifié qui répond
précisément a ces deux problématiques. Ils démontrent que si la loi de I'actif risqué est celle
d’un mouvement brownien géométrique, ou de maniere équivalente s’il suit une dynamique
dS; = S, dt+0S; dBy, alors il est possible, en achetant ou vendant a chaque instant compris
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entre 0 et 7" une quantité bien définie de sous-jacent et d’actif sans risque, de répliquer le
payoff P. Cette stratégie de réplication, ou de couverture, nécessite cependant un apport
initial ¢ en 0. Le prix du produit dérivé est alors défini comme la quantité ¢ a détenir en
0 pour amorcer la stratégie de réplication. Cette approche aboutit a la fameuse formule
de Black-Scholes qui fournit une expression explicite du prix d’un call ou d’un put. Elle
repose notamment sur I’hypothese d’absence d’opportunité d’arbitrage, selon laquelle il est
impossible de faire un profit sans prendre de risques. Il s’agit en pratique d'une hypothese
tres réaliste, dans la mesure ou il existe des arbitragistes dont le métier consiste a repérer de
telles opportunités et a les saisir rapidement. Ainsi, tout écart entre le prix théorique d’un
produit et son cours coté sur le marché se dissipe rapidement.

Cependant, le modele de Black-Scholes-Merton s’est avéré insatisfaisant pour rendre
compte de ce que ’on observe sur les marchés. La distribution gaussienne des log-rendements,
la constance du taux d’intérét et celle de la volatilité sont autant d’hypotheses simplifica-
trices qui font de ce modele surtout une source d’inspiration sur laquelle vont se fonder
des modeles plus réalistes. Parmi les alternatives les plus connues, on peut citer le mod-
¢le d’Ornstein-Uhlenbeck [188], les modeles a volatilité stochastique [107], & volatilité locale
[74, 75], ou encore le modele de Heston avec taux d’intérét stochastique [94]. On notera
que pour modéliser les sauts que peuvent parfois présenter les cours des actifs a la suite par
exemple de défauts de paiement, faillites ou crises majeures, le mouvement brownien dont les
trajectoires sont continues devra parfois céder sa place a des processus de Lévy plus généraux
[125]. Pour une étude détaillée du sujet, on pourra consulter [171, 172, 128, 79, 155].

Nombre de modeles ont donc émergé dans un contexte de dérégulation, de déréglemen-
tation, d’ouverture des marchés financiers et de grandes volatilités des actifs échangés. Une
des conséquences de la variabilité des modeles est naturellement la variabilité des conclu-
sions. En effet, deux modeles différents impliquent des prévisions d’évolution du marché
différentes, et aboutissent donc a des calculs de prix différents pour un méme produit dérivé.
Or dans notre contexte actuel d’apres crise de 2007-2008, nous nous devons d’accorder une
importance particuliére au calcul du risque. Mais la notion méme de risque n’a pas toujours
une définition claire. Une approche naturelle serait par exemple de considérer une famille
de modeles (My)gco paramétrée par un ensemble O, et de calculer l'erreur type induite
par le passage du modele My au modele My pour 6,0 € © [70, 181, 143, 154]. Cette
méthode peut étre jugée insatisfaisante, puisque le risque calculé dépend de la famille de
modeles choisie, et dépend donc d’une forme de modélisation. Tres récemment, une nouvelle
approche a été développée pour quantifier le risque de maniere absolument indépendante
du modele. Plus précisément, il s’agit de déterminer les bornes inférieure et supérieure
de l'intervalle des possibilités de tout prix issu d’un modele quelconque sous I’hypothese
d’absence d’opportunité d’arbitrage. De telles bornes s’expriment comme un probleme dit
de transport optimal martingale. La résolution d'un tel probléme représente donc un enjeu
important en mathématiques financieres, et motivera tout ce qui suit.

Nous allons donc résumer la littérature sur la théorie du transport optimal martingale,
apres avoir abordé celle dont elle est originaire, a savoir le transport optimal classique.
Nous expliquerons ensuite 'apport de cette these, qui se distingue naturellement en deux
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parties. La premiere partie, motivée par la preuve de la stabilité du probleme de transport
optimal martingale par rapport a ses marginales, voit 'apparition d’une nouvelle famille de
couplages martingale en dimension 1, qui satisfont a une inégalité de stabilité. On explore
ensuite la généralisation de cette inégalité a la dimension supérieure. Dans la seconde partie,
nous prouvons qu’en dimension 1, tout couplage martingale entre des limites de suites de
marginales peut étre approché par des couplages martingale entre ces marginales, au sens
d’une distance Wasserstein plus adaptée a la structure des martingales que la distance de
Wasserstein classique. La démonstration de ce résultat est divisée en plusieurs étapes, dont
I'une repose sur l'inégalité de stabilité montrée dans la premiere partie. De ce théoreme,
nous déduisons des applications sur la stabilité de problemes de transport optimal faible et
transport optimal martingale faible.

1.1 Le transport optimal

1.1.1 Définition

En 1781, le mathématicien francais Gaspard Monge publie un mémoire sur un probleme
d’ingénierie de son époque [140, 10, 11, 87]. Il s’agit de transporter un volume de terre (le
déblai) de son lieu initial vers un espace qu'il doit occuper (le remblai), le tout pour un cofit

minimal. Supposons pour commencer que le déblai se situe en des points z1,--- ,z, € R et
le remblai en des points y;, -+ , ¥, € R, ot n,m € N*. Pour tout i € {1,--- ,n}, le point x;
contient une fraction u; €]0, 1] du volume totale initial, et pour tout j € {1,--- ,m}, il nous

faut transporter en y; une fraction v; €]0, 1] du volume total de terre. De plus, le transport
d’une unité de masse du point z; vers le point y; a un cofiit c¢(z;,y;) > 0. Le probleme
de Monge consiste alors a déterminer 'application T" : {xy, -+ ,z,} — {y1, -+ ,ym} pour
laquelle le cotit de transport total

1 c(xy, T'(x;)) s (1.1.1)

n
1=
est minimal, en respectant la contrainte que I'image du déblai par 'application T" corresponde
bien au remblai imposé, i.e.

Vj e {1, S ,m}, Vj = ZNZ]I{T(JIZ):?J]} (112)
i=1

En s’autorisant la considération de molécules de terre de taille infinitésimale, Monge
propose une formulation plus générale de ce probleme. Supposons que sur l'intervalle in-
finitésimal [z, z + dz] se trouve une fraction de terre u(x)dz, et que l'espace a remplir en
ly, y + dy| doive contenir une fraction v(y) dy du volume. De plus, envoyer la masse de terre
comprise entre x et x + dx via une application mesurable 7" : R — R a un cofit infinitésimal
c(z,T(z))p(x) dr. Dans ce cas, (1.1.1) s’écrit [ c(z, T'(x))p(x) dx, et (1.1.2) s’écrit Typ = v,
ou ff désigne l'opération de mesure image. En considérant des espaces mesurés quelcon-
ques, on peut ainsi formuler le probleme de Monge dans sa généralité : étant données deux
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mesures de probabilité p et v définies respectivement sur E et F', et une application de cotit
c: Ex F —|0,400], déterminer

C(p,v) = c(x, T(z)) p(dx). (1.1.3)

inf /
T:E—F mesurable /g
Typ=v

Ce probleme d’optimisation est la premiere formulation historique d’un probleme de
transport optimal. Son succes s’explique notamment par le fait que la portée de ce probleme
dépasse largement le cadre spécifique du transport de terre, et s’adapte en fait a un champ
extrémement vaste d’applications. En effet, avec les notations de (1.1.1), on peut par exemple
imaginer au point x; la présence d'un entrepot contenant une proportion u; de masques, que
I'hopital situé en y; doit recevoir une proportion v; de masques, et qu’il y a un cofit donné
c(z;,y;) par masque pour transporter les masques de entrepdt en z; a I'hépital en y;. La
résolution du probléeme de Monge dans ce cadre permet alors de déterminer a quel hopital
un entrepot doit envoyer son stock de masques pour répondre exactement a la demande tout
en faisant un maximum d’économies.

On notera cependant que le probleme de Monge n’autorise pas un entrepot a fournir des
masques a plusieurs hopitaux : 'entrepot en x; ne peut founir que 'hdpital qui se trouve
en T(z;). De maniere générale, 'optimum du probléme de Monge peut étre insatisfaisant
lorsque 1'on cherche a résoudre un probléme ou cela a du sens de transporter une masse
en x non pas nécessairement en un seul point y, mais potentiellement diffusée a plusieurs
endroits. Le probleme de Monge peut aussi ne pas avoir de solution. Par exemple dans le
cas F = F = R, il est impossible de trouver une application T : R — R dont I'image de
v = do soit la mesure v = (6 + 61). Plus généralement, I'impossibilité demeure si n < m
dans (1.1.2). C’est ainsi qu’en 1942, le mathématicien russe Leonid Kantorovich redécouvre
et modernise le probleme de transport optimal en linterprétant comme un probleme de
couplage probabiliste optimal [114], et fera le lien avec le probleme de Monge 6 ans plus tard
[115]. Cela donne naissance au probleme dit de Monge-Kantorovich : étant données deux
mesures de probabilité p et v définies respectivement sur E et F', et une application de cotit
c: Ex F —|0,+00], déterminer

C'(u,v)= _inf E[e(X,Y)]. (1.1.4)
Xrp, Yeou

Notons que l'infimum de (1.1.4) se fait toujours sur un ensemble non vide puisqu’il est
toujours possible de considérer deux variables aléatoires indépendantes suivant respective-
ment p et v. De plus, il est facile de montrer que le minimum existe sous des hypotheses
peu exigentes de régularité sur l'application de cotit ¢, typiquement de la semi-continuité
inférieure. Pour toute application mesurable 7' : E — F telle que T = v et pour toute
variable aléatoire X de loi u, la variable aléatoire Y = T(X) a pour loi v, ce qui montre
que C'(p,v) < C(u,v). Réciproquement, si le couple optimal (X,Y) qui minimise (1.1.4)
est tel qu'il existe une application mesurable 7' : £ — F satisfaisant Y = T(X), alors
C(p,v) < C'(p,v), et ainsi les problemes de Monge et de Monge-Kantorovich coincident.
Cette derniere condition, d’apparence restrictive, est en fait régulierement satisfaite. On
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verra par exemple dans la section 1.1.4 ci-dessous que dans le cas F = F' = R, il est suffisant
que p n’ait pas d’atome.

Le mathématicien bulgare Svetlozar Rachev [160], éleve de Kantorovich, donne un bon
aper¢u de la conscience des nombreux domaines d’application du probleme de Monge-
Kantorovich qu’avait déja la communauté mathématique en 1985 : géométrie différentielle
(192, 184], analyse fonctionnelle [116, 132], programmation linéaire en dimension infinie
[189, 166, 159, 119], théorie des probabilités [80, 81, 72, 197|, statistiques [196, 111], théorie
de l'information [193, 91, 92|, physique statistique [71, 52], théorie des systéeme dynamiques
[147] et théorie matricielle [100, 135, 146]. Motivé par I'étude de la mécanique des flu-
ides, le mathématicien francais Yann Brenier formule a la fin des années 1980 son célebre
théoreme de décomposition polaire [47, 48], a savoir que sous des hypotheses assez générales,
I'unique solution du probleme de Monge-Kantorovich dans R? pour le coiit quadratique
c:(x,y) = |y — z|? est de la forme (X, Vi(X)), oll ¢ est une fonction convexe déterminée
de maniére unique. D’apres le raisonnement du paragraphe précédent, cette solution coin-
cide donc avec celle du probleme de Monge. De plus, la fonction ¢ est alors la solution
d’une équation de type Monge-Ampere, ce qui donne une nouvelle impulsion au transport
optimal en attirant les mathématiciens intéressés par la résolution d’équations aux dérivées
partielles. Depuis, nombre de chercheurs de domaines en apparence tres éloignés du transport
optimal cherchent a prouver une connexion avec ce dernier, comme les météorologues pour
la résolution d’équations dites semi-géostrophiques [61, 58, 60, 59, 57]. Récemment, le trans-
port optimal est devenu un outil incontournable de certaines branches du machine learning,
comme 'analyse de formes [1, 158, 179, 86|, I'adaptation de domaine [56], la classification
multi-labels [83] ou encore les réseaux adverses génératifs qui produisent artificiellement des
images au réalisme troublant [118, 12].

Tous les exemples cités font appel au probleme de Monge-Kantorovich sous sa forme
originale, c’est-a-dire celle donnée par (1.1.4). Le contexte qui nous intéresse ici est celui
des mathématiques financieres. Nous expliquons dans la section 1.2 ci-dessous en quoi le
probleme de transport optimal nous est utile, sous réserve de lui ajouter une contrainte dite
de martingalité, conséquence de l’absence d’opportunité d’arbitrage. La résolution de ce
probleme modifié, appelé probleme de transport optimal martingale, et son application en
mathématiques financieres, représentent notre motivation principale. Naturellement, beau-
coup de résultats de la théorie du transport optimal martingale s’inspirent de la théorie du
transport optimal classique. Pour une étude en profondeur de cette derniere, on pourra
se référer a [161, 162, 7, 190, 9, 191, 8, 168]. Avant d’aborder le transport optimal mar-
tingale, nous résumons les idées essentielles de la théorie classique qui serviront de source
d’inspiration pour I'extension au cas martingale.

1.1.2 Monotonie cyclique et dualité

La solution optimale a un probleme de transport optimal ne peut avoir n’importe quelle
structure. Pour le voir, reprenons I'exemple des entrepots devant fournir des masques a des
hopitaux. Supposons que la solution optimale implique, entre autres, d’envoyer au moins
un masque de l'entrepot situé en x; vers I’hopital situé en y;, pour i € {1,--- N} ou
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N € N\{0,1}. Redirigeons alors un masque venant de l'entrepdt situé en x; vers 1’hdpital
situé en y,, puis un masque venant de xy vers ysz, etc., puis un masque de xy_; vers yy,
et enfin un masque de xy vers y;. Pour tout i € {1,---, N}, l'opération de redirection
du masque en x; destiné en y; et détourné en y;.; induit une modification du colit de
c(x;i,yiv1) — c(xy, y;), avec pour convention yyy1 = y1. Puisque 'on a modifié la solution
optimale, le cotit global qui en résulte est nécessairement supérieur ou égal au cotit optimal,
ce qui implique que la modification globale S| (c(wy, yi1) — c(w4,y;)) est positive, soit

N N
> (@i, yi) < clws, i)
i=1 =1

Cette observation motive la définition suivante : on dira qu'un ensemble mesurable I' C
E x F est c-cycliquement monotone si

N N-1
VN € N\{Oa 1}7 v(xlayl)a T (xN,yN) € F: Zc(a:i,yl Z C mzaszrl + C(I’N,y1)
i=1 =1

et la loi d’un couple de variables aléatoires (X, Y) a valeurs dans E x F est dite c-cycliquement
monotone s’il existe un ensemble c-cycliquement monotone I' tel que P((X,Y) € T') = 1.
Intuitivement, une distribution est c-cycliquement monotone si on ne peut trouver de cycle de
redirection tel que décrit ci-dessus menant a un cotit inférieur, et donc si le cotit de transport
associé a cette distribution ne peut étre amélioré. Conformément a cette idée, on obtient le
théoréeme suivant, dont une démonstration peut étre trouvée dans [191]. On rappelle qu'un
espace topologique est dit polonais si et seulement s’il est séparable et sa topologie est induite
par une distance pour laquelle il est complet. Evidemment un tel espace est implicitement
muni de la tribu borélienne.

Théoreme 1.1.1. Soient p et v deuxr mesures de probabilité définies respectivement sur les
espaces polonais E et F et une application de coit ¢ : E X F' — R semi-continue inférieure
telle que la quantité C'(u,v) définie par (1.1.4) soit finie. Soient X et Y deur variables
aléatoires de lois respectives p et v. Alors les deux assertions suivantes sont équivalentes :

(i) (X,Y) est optimal pour le probléme (1.1.4) ;
(7i) La loi de (X,Y) est c-cycliquement monotone.

Ce théoreme a pour implication fondamentale la stabilité du transport optimal par rap-
port a ses marginales sous des hypotheses peu restrictives. Pour simplifier, supposons
I’application de colit ¢ : £ x ' — R continue bornée. Pour tout n € N, soit u, une
mesure de probabilité sur E convergeant étroitement vers pu, v, une mesure de probabilité
sur F' convergeant étroitement vers v, et m, une distribution optimale pour C’(p,,, v1,). Alors
a extraction d’une sous-suite pres, (m,),eny converge étroitement vers une distribution .
D’une part, d’apres le théoreme de Portmanteau, C'(in, vn) = [xyy ¢(x,y) m,(dx, dy) con-
verge vers [y, c(x,y) m(dz, dy). D’autre part, on montre facilement la c-monotonie cyclique
de 7, et donc son optimalité pour C’(u,v) en vertu du théoreme 1.1.1. On en déduit que
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C'(n, vn) converge vers C'(u,v). On reporte a la section 1.1.5 les conséquences de cette
implication sur la résolution numérique du probleme de transport optimal.

Classiquement, le théoreme 1.1.1 se prouve de pair avec un principe de dualité. Pour
illustrer ce principe avec ’exemple des entrepots devant fournir des masques a des hopitaux,
on adopte le point de vue d'un prestataire qui propose a l’ensemble hospitalier, composé
des hopitaux et de leurs entrepdts, de lui déléguer sa problématique de transport. Plus
précisément, le prestataire propose a 'entrep6t en z; d’acheter le masque a un prix unitaire
¥ (z;), et de vendre a I'hopital situé en y; un masque au prix unitaire ¢(y;). Ainsi, pour
chaque masque transporté de z; a y;, le prestataire recoit p(y;) —1(x;), payé par I’ensemble
hospitalier, ce qui n’est bien siir intéressant pour ce dernier que si cette valeur est inférieure
au cout ¢(x;,y;) qu'il aurait dépensé en le transportant lui-méme. Naturellement, 1'objectif
du prestataire est de maximiser son gain global, a savoir >7_; o(y;)v; — 21y (@) s, tout
en proposant une prestation admissible, c’est-a-dire p(y;) — ¥(x;) < c(x;,y;) pour tout
(1,7) € {1,--- ,n} x{1,--- ,p}. La problématique du prestataire est qualifiée de duale, étant
donné qu’elle associe au probléme de minimisation originel un probleme de maximisation.
En adaptant de maniere évidente les quantités évoquées au cas de mesures de probabilité
quelconques, on aboutit au probléeme dual de Kantorovich : étant données deux mesures de
probabilité p et v définies respectivement sur F et F', et une application de cotit ¢ : E X F' —
[0, +00], déterminer

D'(,v) = sup ([ e vidy) ~ [ o) nida). (1.1.5)
(Yp)EL ()X L (v), F B
V(z,y)€EXF, o(y)—¢(z)<c(z,y)
olt pour toute mesure de probabilité n définie sur un espace mesurable H, L'(n) désigne
’ensemble des applications ¢ : H — R mesurables et n-intégrables, i.e. telles que [y |¢(2)| n(dz) <
+00. On peut alors montrer que le saut de dualité est nul.

Théoréme 1.1.2 (Dualité de Kantorovich). Soient u et v deux mesures de probabilité
définies respectivement sur les espaces polonais E et F' et une application de cout c: Ex F —
R%  semi-continue inférieure. Alors

C'(p,v) = D'(p,v).

Les théoremes 1.1.1 et 1.1.2 se relient notamment par le fait suivant : si (X,Y") est optimal
pour C'(u, v) et (p,1) est optimal pour D' (u,v), alors T' = {(x,y) € E X F | o(y) — (x) =
c(x,y)} est c-cyliquement monotone et P((X,Y) e I') = 1.

1.1.3 Les distances de Wasserstein

Dans le probleme de Monge-Kantorovich (1.1.4) ou E est un espace polonais égal & F, la
quantité C'(u,v) peut étre vue comme une maniere de quantifier I’écart entre les mesures
de probabilité p et v. On remarque que pour tout (x,y) € E?, C"(d:,0,) = c(x,y). Ainsi,
pour que l'application C’ vérifie effectivement les axiomes d’une distance sur ’ensemble
des mesures de probabilité sur F, il est nécessaire que c¢ soit elle-méme une distance sur E.
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Puisqu’une distance se doit d’étre finie, on ne peut espérer que C’ puisse mesurer autre chose
que l'écart entre des mesures de probabilité p sur E satisfaisant C’(u, 6,,) = Elc(X, z0)] <
+00, ol xg est un élément quelconque de E. Dobrushin montre en 1970 [71] que ces conditions
nécessaires sont suffisantes a faire de C” une distance. Grace a 'inégalité de Minkowski, on
obtient en fait une famille de distances paramétrée par un réel p > 1, de sorte que la finesse
de la topologie induite croisse avec p. Plus formellement, soient d une distance sur un espace
polonais £, P(E) I'ensemble des mesures de probabilité sur E, p € [1, +oo] et P,(E) C P(E)
I’ensemble des mesures de moment d’ordre p fini, i.e.

P,(E) = {u €P(E)|Jxg € E, /Edp(.r,xg)u(da:) < —i—oo}
= {u € P(E) |V € E, [Ed”(x,xo)u(d:c) < —i—oo} :
Alors I'application

Wy P(E) X Py(E) 3 (uv) > inf  E[d”(X, V) (1.1.6)
définit une distance sur P,(E), qui porte différents noms selon les auteurs. A Dinstar de
Dobrushin, nous I'appelerons dorénavant distance de Wasserstein d’ordre p, d’apres le nom
du mathématicien russo-américain I'ayant introduite I'année d’avant [193].

Une simple application de 'inégalité de Holder montre que pour tous p, p’ € [1, +o0[ tels
que p < p', Py(E) C P,(E), et les distances de Wasserstein vérifient W, < W,,. De plus,
toute convergence de mesures de probabilité au sens de W, implique une convergence au
sens de Wy, qui est donc la plus faible. La convergence W, demeure toutefois plus forte que
la convergence étroite. Pour comparer ces topologies, on dispose d'un résultat qui accroit
considérablement le confort d’utilisation de la convergence W,.

Théoréme 1.1.3. Soient (E,d) un espace métrique séparable complet, xo € E, p € [1,400],
€ PyE) et (tn)nen € (P,(E)N. Alors les assertions suivantes sont équivalentes :

(1) Wy(pin, 1) —> 0

n—4o0o
(ii) ., —> p étroitement et/ dP(x,zo) pn(dx) —> /dp(:v,xo) p(dx);
n—-+00 E n—+oco J g

(7ii) Pour toute application continue f : E — R a croissance au plus en exposant p, i.e.
telle que | f(z)| < K(1+ dP(x,x0)) pour tout x € E et un certain K € Ry, on a

L F@ malde) o [ f@) (o).

En plus de sa maniabilité, le théoreme 1.1.3 permet par exemple de voir que dans le cas
général, la notion de convergence W, est impactée par le changement de distance sur £. En
effet, la convergence W, est souvent strictement plus forte que la convergence étroite. Or si

d

'on remplace d par la distance 6 = ;35 (ou min(1,d)) qui lui est uniformément équivalente
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(i.e. I'application identité est uniformément continue de (E,d) dans (F,§), et de (E,0) dans
(E,d)), le caractere borné de cette derniere et le point (iii) du théoreme 1.1.3 montrent que
la convergence W, pour E muni de ¢ est équivalente a la convergence étroite. Notons quand
méme que si I'on remplace d par une distance d’ qui lui est Lipschitz-équivalente (i.e. il
existe L, L' € R* tels que Ld < d'" < L'd), il est clair que la notion de convergence W, ne
change pas.

Du point de vue de la structure topologique, il est connu que pour (F,d) un espace
métrique séparable complet, I'espace (P(FE),dp) est lui aussi séparable complet [38], ou dp
désigne la distance de Prokhorov [156], qui induit la topologie de la convergence étroite.
Cette propriété s’étend au contexte de la distance de Wasserstein : si (E, d) est séparable et
complet, alors pour tout p € [1,+o0, (P,(E), W,) l'est aussi.

Enfin, puisque la distance de Wasserstein WV, est un cas particulier de probleme de Monge-
Kantorovich, on dispose d’apres le théoréme 1.1.2 d’une formulation duale. Nous avons vu
que si (p,1) est optimal pour D'(u,v), alors tout couple (X,Y) optimal pour W (u, v) est
concentré sur I'ensemble des (z,y) € E? satisfaisant ¢(y) — ¢(z) = d(x,y). Pour z = y, on
obtient ¢(xz) = ¥(x). De plus, les applications = — d(z,y) a y fixé et y — d(z,y) a = fixé
étant 1-Lipschitziennes, on en déduit qu’il est suffisant de chercher un couple optimal (i, 1))
pour D'(u,v) parmi les couples (f, f) ou f: F — R est une application 1-Lipschitzienne. I
en résulte la formule de dualité de Kantorovich-Rubinstein pour la distance W :

Wiy = s ([ fo)uldy) - [ f) ). (11.7)

f:E—R 1-Lipschitz

Pour une étude approfondie des distances de Wasserstein, on renvoie aux ouvrages cités
plus haut sur la théorie classique du transport optimal. Pour avoir un apergu de ’abondance
des applications des distances de Wasserstein, on pourra par exemple consulter [45, 163, 167,
165, 195, 43, 185, 53, 136].

1.1.4 Le couplage comonotone de Hoeffding-Fréchet

Jusqu’a maintenant nous avons considéré le probleme de Monge-Kantorovich dans un es-
pace polonais quelconque. Sans surprise, les secrets du transport optimal se dévoilent plus
facilement lorsque l'on travaille dans R. Il existe en effet des outils unidimensionnels bien
commodes qui aident considérablement a la compréhension de ce qu’il se passe sur la droite
réelle. Pour une mesure de probabilité p sur R, on note F), : x — pu((—o0,2]) sa fonction
de répartition, et F° ! sa fonction quantile, ¢’est-a-dire l'inverse généralisé a gauche de F,,
définie pour tout u € (0,1) par
F}jl(u) =inf{z e R| F,(z) > u}.

La fonction de répartition F), est croissante et continue a droite, tandis que la fonction
quantile £ ! est croissante et continue a gauche. Si F, est bijective, alors F " L est effective-
ment son inverse au sens classique. Dans le cas général, si X est distribuée selon p, alors
Fr Y(F,(X)) = X presque partout. Réciproquement, si U est uniforme sur ]0, 1[, 'égalité
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F,(F;'(U)) = U ne peut étre vérifiée si |0, 1{Z F,(R), ce qui se produit lorsque F), présente
des sauts de discontinuité. Pour tout « € R, on note F),(x—) = limy_,; y<, Fj,(y). On a alors
F,(z) — F,(z—) = p({x}), et une maniere de combler les sauts de discontinuité de F), est
d’ajouter une loi uniforme sur le saut |F,(z—), F),(x)[ pour pouvoir explorer presque stirement
tout I'intervalle |0, 1[. Selon ce principe, on obtient que si V' est uniformément distribuée sur
10, 1[ et indépendante de U, alors la variable aléatoire W = F,(F,; ' (U)—=) + Vu({F,*(U)})
suit la loi uniforme sur ]0, 1[. Cette observation a une conséquente importante sur la maniere
de représenter les lois unidimensionnelles. D’une part, si U est uniforme sur |0, 1[, alors on
montre facilement que F,~ L(U) suit 1a loi p. Cette propriété est appelée méthode de la trans-
formée inverse ou méthode de simulation par inversion de la fonction de répartition. Récipro-
quement, si X suit la loi p et V est uniforme sur |0, 1] et indépendante de X, alors d’apres ce
qui précede la variable aléatoire W = F,(X—) + Vu({X}) suit la loi uniforme sur |0, 1[. Par
définition de l'inverse généralisé, on montre facilement que W satistait Y(W) = X presque
strement. Cela montre que la méthode de la transformée inverse n’induit aucune perte de
généralité : toute variable aléatoire réelle peut étre représentée comme I'image d’une variable
aléatoire uniforme sur |0, 1[ par sa fonction quantile, quitte & enrichir I'espace de probabilité.

Soient alors deux variables aléatoires réelles X et Y, suivant respectivement p et v.
D’apres ce qui précede, on peut trouver deux variables aléatoires U et V' uniformes sur ]0, 1|
telles que presque strement, (X,Y) = (F'(U), F,;'(V)). La donnée de la loi jointe de (X, Y)
est donc équivalente a la donnée de la loi jointe de (U, V'), ou encore a la donnée d’une copule
bidimensionnelle, c’est-a-dire la fonction de répartition d’un vecteur bidimensionnel dont les
marginales suivent des uniformes sur ]0,1[ : c’est le théoréeme de Sklar [175]. On appelle
couplage comonotone ou de Hoeffding-Fréchet la loi du vecteur (F,'(U), F,*(U)), ot U est
uniforme sur |0, 1[. On définit aussi son antagoniste le couplage antimonotone, a savoir la loi
du vecteur (F,'(U), F,7'(1 = U)). Ces couplages sont d'une importance capitale en théorie
du transport optimal, puisqu’ils réalisent les extrema du probleme de Monge-Kantorovich

pour une classe tres générale de coiits [50, 161].

Théoréme 1.1.4. Soient p et v deur mesures de probabilité sur R et ¢ : R x R — R une
application satisfaisant la condition de Monge, i.e. continue da droite (pour l'ordre partiel
naturel sur R?) et telle que

v<£lj',y), (xla y/) € R27 (:Ca y) < (xla y/) = C(xla yl) - C(Q?, y/) - C(:Ij'/, y) + C(Z‘, y) <0.
Supposons de plus que pour toutes variables aléatoires X ~ p et'Y ~ v, ¢(X,Y) est

intégrable. Alors pour X ~ p, Y ~ v et U uniforme sur |0, 1],
Elc(F, (), B HU))] < E[e(X,Y)] < E[e(F, 1 (U), (1= U))].

I v

On notera que pour toute application convexe f : R — R, I'application (z,y) — f(ly—z|)
satisfait a la condition de Monge. Pour tout p € [1,+oo[, 'application x — |z|* est bien
stir convexe, et le théoreme 1.1.4 a donc pour conséquence remarquable que le couplage de
Hoeffding-Fréchet est optimal pour W,(u, v), indépendamment de p :

p e [L,+ool, W,(uv)= </01 |F () — F;l(u)|ﬂdu)” . (1.1.8)
2
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Lorsque p > 1, la stricte convexité de I'application x +— |x|? a pour conséquence que le
couplage de Hoeffding-Fréchet est méme 'unique couplage optimal pour W,(u, v). Dans le
cas p = 1, I'unicité disparait. On pourra s’en convaincre en observant par exemple que s’il
existe a € R tel que p(] — oo,a]) = 1 = v([a,+o0[), alors tout couplage entre u et v est
optimal pour W (p,v). Pour p = 1, I’égalité (1.1.8) indique que la distance Wi (u,v) est
simplement 'aire qui sépare les courbes de F)~ Let F 1. En échangeant I'axe des abscisses
et des ordonnées, on voit qu'il s’agit aussi de l'aire qui sépare les courbes de F), et F,,, d’ou

Wl(u,y):A]Fy(t)—FM(t)]dt. (1.1.9)

Dans la théorie du transport optimal martingale, nous chercherons des couplages mar-
tingale qui exprimeront une proximité au sens de la distance W,. Le couplage de Hoeffding-
Fréchet nous servira alors de point de départ. Bien siir, ce dernier n’est en général pas
admissible dans le contexte martingale, et il faudra donc le modifier. D’une part, la modifi-
cation doit étre suffisante pour le rendre martingale. D’autre part, la modification doit étre
la plus faible possible, en un sens a préciser, pour conserver une faible distance W,. Il nous
faut donc analyser plus en détails le couplage de Hoeffding-Fréchet, et plus particulierement
la loi conditionnelle de F,(U) sachant F;'(U). Soient f,g:R x R — R continues bornées
et W = F,(F;'(U)=) + Vu({F, (U)}) out V est uniforme sur J0,1[ et indépendante de
U. D’apres ce qui précede, W suit la loi uniforme sur ]0, 1], et F;l(W) = F;l(U) presque
stirement. En posant (X,Y) = (F,'(U), F,'(U)), on a donc

E[f(X)g(Y)] = E[f(F,  (U))g(F, (U))] = E[f(F, (W))g(F, (W)
=E[f(F, (U)g(F, (W)] = E[f(X)g(F,  (F.(X=) + Vu({X}))].

On en déduit que E[g(Y)|X] = ¢(X), ot ¢ : x — E[g(F, (F.(x—) + Vu({z})))]. Pour
tout x € R, F,(x—) + Vu({x}) suit une loi uniforme sur [F,(z—), F,(x)] si p({z}) > 0,
ou bien est constante égale a F,(z) si u({zr}) = 0. En posant la convention que la loi
uniforme sur un singleton {a} est d,, on en déduit que si (X,Y) est comonotone, alors la loi
conditionnelle de Y sachant X est 'image par F, ! de la loi uniforme sur [F,,(X—), F,(X)].
On retrouve alors un fait bien connu : le couplage de Hoeffding-Fréchet est la loi d'un
couple (X, T(X)) si et seulement si F, ! est constante sur les sauts de F),, ¢’est-a-dire sur les
intervalles de la forme |(F),(z—), F,(z)] (on peut indifféremment ouvrir ou fermer I'intervalle
& droite par continuité & gauche de F, ). Dans ce cas, application T est égale & F,; ' o F),
et appelée transport de Monge. L’hypothese de l'existence d'un transport de Monge est
évidemment satisfaite lorsque F), ne saute pas, ou de maniere équivalente lorsque ;o n’a pas
d’atome. Cela donne des conditions tres générales sous lesquelles la solution du probléme de
Monge-Kantorovich dans R coincide avec celle du probleme de Monge.

1.1.5 Résolution numérique

Etant donné le nombre considérable d’applications du transport optimal, sa résolution numérique
est un enjeu majeur. Il a été mentionné précédemment que la résolution du probléeme de
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Monge-Kantorovich est stable par rapport a ses marginales, conséquence du théoreme 1.1.1.
Puisque l'on sait approcher des mesures quelconques p et v par des mesures empiriques
Qi et 0, approche historique fut naturellement de chercher a résoudre C'(ji,7) pour des
mesures a support fini, puis de passer a la limite pour approcher C'(u,v). Soient fi et ¥ a
support fini de la forme i = Y7 pidy, et & = X7, ¢;0y;, OU P, Du Q1,5 G € [0,1]
et Y1 p = ZTZI qg; = 1. Toute loi jointe m de marginales fi et © s’écrit sous la forme
T=>, Z;n:1 Tij0(z;,y;)- L@ mesure 7 est bien une mesure de probabilité si et seulement si
pour tout (i,7) € {1,--- ,n} x {1,--- m}, ri; > 0et 30, 3%, r;j = 1. De plus, 7 a pour
premieére marginale [ si et seulement si pour tout i € {1,--- ,n}, > iLirij = pi, €t a pour
seconde marginale 7 si et seulement si pour tout j € {1,--- ,m}, YI' | r; ; = ¢;. Le probleme
de Monge-Kantorovich revient donc a minimiser

n

inf ZZri7jc(a7i,yj), (1.1.10)

(righ<isna<i<m i1 j21

el l>) >

s’agit donc d’un probleme de programmation linéaire. Kantorovich et son éleve Gavurin
développent a cet effet en 1939 une méthode de potentiels pour le résoudre [117] (I’écart de
10 ans avec la publication s’expliquant par la censure soviétique). On peut aussi faire appel
aux algorithmes classiques de la recherche opérationnelle : D'algorithme du simplexe [63],
l'algorithme hongrois [126], 'algorithme des points intérieurs [122] ou encore l'algorithme
des encheres [36, 37]. Ces algorithmes sont cependant trop cofiteux en temps de calcul et
en mémoire pour pouvoir étre utilisés en pratique par certains domaines, comme l'analyse
d’images qui traite des pixels et donc des variables par millions ou plus [178, 182].
Une possibilité est d’ajouter un terme de régularisation entropique et donc de chercher a
minimiser
n m n m
inf (ZZr@jc(xi,yj) A D riiIn(r — 1)) : (1.1.11)
(Ti,j)lgign,lijém i=1j=1 i=1 j=1
ol (75,)1<i<n,1<j<m €st soumis aux mémes contraintes linéaires, et A est un réel strictement
positif. Etant prouvé sous certaines conditions que le cofit du probléme de transport optimal
avec pénalisation entropique converge bien vers le probléeme d’origine [55, 131, 51|, nombre
de chercheurs ont profité de cette méthode qui permet de recourir a I’algorithme de Sinkhorn
[173, 174] pour obtenir des performances de résolution tres élevées [85, 62, 32, 179, 157, 187].
Des performances supérieures se font en général au prix d’un sacrifice sur la généralité de
la fonction de cotit. Des méthodes ont notamment été développées lorsque c est le carré d’une
distance, autrement dit pour calculer une distance W,. Lorsque les marginales p et v ont
des supports respectifs S, et S,, des densités respectives f, et f, par rapport a la mesure
de Lebesgue et que I'optimum pour le probléeme dual D’(u,v) est suffisament régulier et
fortement convexe, ce dernier peut étre associé a I’équation de Monge-Ampeére [98]

fu(Vu) det(D*u) = f,(y), Vu(S,) C S,.. (1.1.12)

Il est alors possible de résoudre ce probleme par différences finies [82, 35, 33, 34]. 1l est
aussi possible de résoudre 1’équation (1.1.12) par une approche semi-discreéte [61], ¢’est-a-dire
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lorsque j est & densité et v est & support fini. A I'origine développée pour gérer les conditions
aux limites de Dirichlet [145, 139, 142] de I’équation de Monge-Ampere, cette méthode a pu
étre utilisée pour la résolution du transport optimal [137, 65, 95, 123, 133, 124].

Enfin, on pourra citer la méthode de résolution numérique fondée sur la formulation de
Benamou-Brenier [28, 29, 30, 49, 148, 134, 54], a savoir I'identification de la distance W2
avec le probleme de minimisation

1
inf/ /p(t,x)|v(t,x)|2dxdt,
R Jo

ot le minimum porte sur 'ensemble des densités p : [0,1] x R — R, et champs de vitesse
v:[0,1] x RY — RY satisfaisant

dp
p(ov'):flﬂ p(]-a):fl/ et §+V(pv>20
Lorsque c est simplement la distance, c¢’est-a-dire lorsque 1’on veut calculer une distance
Wi, on pourra consulter la méthode d’utilisation de coefficients d’ondelettes [170], de La-
grangien augmenté [31] ou d’éléments finis [180].

1.2 Le transport optimal martingale

1.2.1 Motivation

Pour comprendre comment le transport optimal, et plus exactement sa variante martingale,
nous sont utiles dans le calcul de bornes de prix de produits dérivés, il nous faut d’abord
présenter les bases de la théorie des mathématiques financiéres. Pour un traitement bien
plus complet, on consultera les ouvrages de référence [171, 172, 128, 79, 155].

On considere un marché composé de d + 1 actifs financiers, ou d € N*, qui peuvent
s’échanger a des datest € {0,--- , T}, ouT € N*. Soient i € {0,--- ,d+1}ett € {0,--- ,T}.
On note S le cours de l'actif i & la date t. Plus formellement, S} est une variable aléatoire
définie sur un espace probabilisé (€2, F,P). On consideérera que l'actif d’indice i = 0 est dit
sans-risque. Par convention, on pose Sy = 1. En notant r € R le taux d’intérét supposé
constant, 1€ placé en ¢ rapporte (1 + r)€ a la date ¢t + 1, d’ou S = (1 + ). Par souci de
clarté, on supposera r = 0, ce qui a certaines renormalisations prés n’a aucune incidence sur
la suite. En particulier, S = 1. On décide alors d’investir sur ce marché. On note ¢} la
quantité d’actif i détenue en 0, et pour ¢ > 0, ¢! la quantité d’actif i détenue sur I'intervalle
|t — 1,t], de sorte que la valeur de notre portefeuille a la date ¢ soit donnée par

d
Vi=>_ 5. (1.2.1)
=0

Notons qu’il est possible d’avoir ¢! < 0, ce qui correspond a une dette en actif 7. Cepen-
dant, une stratégie de portefeuille est admissible seulement si 'on impose a l'investisseur
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d’étre toujours en mesure de rembourser ses dettes, soit V; > 0 a tout instant. De plus,
on impose une condition d’auto-financement, c’est-a-dire que l'on interdit un quelconque
financement du portefeuille extérieur au marché considéré. En particulier, les variations de
la valeur du portefeuille entre les dates ¢ et ¢ + 1 ne proviennent que des variations des cours
des actifs risqués, soit

d
Vier = Vi =>_b11(Si — S)- (1.2.2)
=1

Une stratégie d’arbitrage est alors par définition une stratégie de portefeuille admissible
telle que Vo = 0 et P(Vy > 0) # 0. Nous 'avons évoqué, on ne consideére que des marchés
viables, c’est-a-dire sans opportunité d’arbitrage. On dispose alors du théoreme suivant,
connu sous le nom de premier théoreme fondamental de I’évaluation d’actifs.

Théoréme 1.2.1 (Premier théoreme fondamental de 1'évaluation d’actifs). Le marché ne
présente pas de stratégie d’arbitrage si et seulement s’il existe une probabilité P* équivalente a

d
P, appelée probabilité risque-neutre, sous laquelle les actifs actualisés (g’é, e ,‘;’5)
¢ ¢ t€{07 7T}

sont des martingales.

Puisque nous avons supposé le taux d’intérét nul, nous avons donc que sous P*, le panier
d’actifs (S; = (S}, -+, 58))iefo,. 71 est une martingale. On montre alors facilement que
sous IP*, le processus (V})¢eqo,.. 7y est lui aussi une martingale (avec des considérations sur la
prévisibilité de (¢}):eqo,.. r})- Soit alors une option européenne de maturité 7" dont le payoff
dépend de la valeur des actifs financiers aux dates t1,ty € {0,--- , T} telles que t; < ¢y, ¢’est-
a~dire un contrat financier qui garantit a son détenteur une valeur ¢(Sy,, Sy, ) a l'instant 7', ou
c:R¥xR? — R, . Supposons alors que notre stratégie de portefeuille réplique I'option, c’est-
a-dire Vi = ¢(Sy,, St,). Puisque (V})seqo,... 7y est une martingale, son espérance est constante
égale a sa valeur d’origine V (considérée déterministe sous ’hypothese d’une information a
I'instant 0 modélisée par la tribu grossiere Fy = {), Q}), soit

VO =E [VT] =E [C<St17 Stz)]u

ou E* désigne 'espérance sous P*. Ainsi, toute stratégie de couverture de I'option de pay-
off ¢(Sy,, Si,) a pour valeur initiale E[c(Sy,,S;,)]. Par absence d’opportunité d’arbitrage,
E[e(Sy,, St,)] est donc le prix de cette option. Pour d = 1, Breeden et Litzenberger [46]
montrent que les lois respectives p et v de Sy, et S;, sont déterminées de maniere unique
des que 'on dispose des cours des calls et des puts pour tout prix d’exercice aux dates t; et
5. De maniere analogue lorsque d > 1, la connaissance des lois respectives p et v de S, et
Sy, se déduit des cours d’options de payoff (A - S, — K)* et (A- Sy, — K)™ pour tout prix
d’exercice K et A € R? de composantes positives de somme 1. De plus, le théoréme 1.2.1
implique que (S, Si,) est une martingale, soit E[S:,|S;,] = Si, presque sirement. On en
déduit que le prix P de l'option de payoff ¢(Sy,, S;,) vérifie

inf  E[¢(X,Y) <P< sup  E[e(X,Y)]. (1.2.3)
XY v X~pYov
E[Y|X]=X ps. E[Y|X]=X p.s.
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On reconnait bien stir dans les termes de gauche et de droite le probleme de Monge-
Kantorovich (1.1.4), auquel on a ajouté une contrainte martingale. Insistons sur le fait que
I'encadrement (1.2.3) n’a introduit aucune hypotheése de modele, a 'exception de 'absence
d’opportunité d’arbitrage, d’ou la robustesse de ces bornes de prix.

1.2.2 Définition

Comme on a pu l'apercevoir en (1.2.3), on appellera donc probléme de transport optimal mar-
tingale le probleme suivant introduit en 2013 par Beiglbock, Henry-Labordere et Penkner
dans le cas discret [23] : étant données deux mesures de probabilité p et v définies re-
spectivement sur R? et de premier moment fini, ot d € N*, et une application de cofit
c:R*x RY — [0, +00], déterminer

Culu,v) = XNiﬂn}f/NV Elc¢(X,Y)]. (1.2.4)
E[Y|X]=X p.s.

Nous avons vu que le probleme de Monge-Kantorovich réalise toujours I'infimum sur un
ensemble non vide. Cette particularité sympathique n’est malheureusement pas partagée
par le probleme (1.2.4). En effet, on se convainc rapidement qu’il n’existe par exemple
pas de couple (X,Y) tel que X ~ &g, Y ~ 41, et E[Y|X] = X presque siirement. Plus
généralement, si E[Y | X] = X presque stirement et f : R? — R est une application convexe,
alors I'inégalité de Jensen pour les espérances conditionnelles implique que

E[f(X)] = E[f(E[Y]X])] < E[E[f(Y)[X]] = E[f(Y)].

On dit alors que X est dominée par Y dans l'ordre convexe, ce que 'on note X <., Y.
Si X et Y sont de lois respectives u et v, alors on vient de montrer que X <. Y est une
condition nécessaire pour que C)(pu, v) réalise un infimum sur un ensemble non vide. D’apres
le célebre théoreme de Strassen, il y a en fait équivalence [183]. Plus précisément, si X et
Y sont des variables aléatoires intégrables, alors Cys(u, v) réalise I'infimum sur un ensemble
non vide si et seulement si X <., Y. Cette équivalence est illustrée en dimension d = 1 par
I'existence des couplages dits left-curtain et right-curtain introduits par Beiglbock et Juillet
[25].

Le probléeme de transport optimal martingale a aussi été introduit en temps continu
en 2014 par Galichon, Henry-Labordere et Touzi [84] pour résoudre un probléme de sur-
couverture, classiquement résolu a travers un probleme de plongement de Skorokhod. Ce
dernier, formulé par Skorokhod en 1961 [176, 177], consistait & déterminer pour une mesure
de probabilité u centrée de moment d’ordre 2 fini et un mouvement brownien B, un temps
d’arrét intégrable 7 tel que B, suive la loi . On pourra consulter le rapport d’Obtoj qui
donne une bonne vue d’ensemble de I’évolution jusqu’en 2004 de ce probleme [144]. Le lien
entre les deux problémes est explicité par [24, 22, 97, 17].

Pour une étude détaillée de ’application du probleme de transport optimal martingale
en finance, on pourra consulter le livre de Pierre Henry-Labordere [103].
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1.2.3 Dualité

Le probleme (1.2.4) est qualifié de primal, et concerne I’évaluation d’une option. Il est
aussi possible d’adopter une approche duale, dans 'esprit du probleme (1.1.5), associée
a un probleme de couverture, ou plus exactement de sous-couverture. Reprenons comme
précédemment ’exemple d’un marché viable composé de d + 1 actifs financiers avec un taux
d’intérét nul. On se place sous la probabilité risque-neutre P*. On cherche a déterminer
une stratégie de sous-couverture de l'option de payoff ¢(S;,, Sy, ), en s’autorisant 'achat de
toute option de payoff ne dépendant que de S;,, ou de Si,, ainsi que les A-hedges, c’est-
a-dire les options de payoff H(S;,) - (Si, — Si,) ot H : R? — R? est continue bornée. On
dispose donc d’une option de payoff de la forme (Sy, ) + ¢(St,) + H(Sy,) - (S, — S,), qui
est bien une sous-couverture si ce payoff demeure inférieur a ¢(S;,, Si,). D’apres le théoreme
1.2.1, (S, Si,) est une martingale sous P*, donc les §-hedges ont un prix nul. En revanche,
le prix des options de payoffs 1(S;,) et ¢(Sy,) sont respectivement égaux a E*[1)(Sy, )] et
E*[¢(Sy,)], d’apres ce qui précede. La détermination d’une telle stratégie qui donne le prix
le plus élevé méene naturellement a la formulation duale du probléeme de transport optimal
martingale : étant données deux mesures de probabilité p et v définies sur R?, ot d € N*,
et une application de cofit ¢ : R¢ x RY — R, déterminer

Day(p,v) = sup ([, v ntde) + [ ew)viay),
(wp, H)EL! (1) x L1 (1) x CF (R ), R Re
V(z,y) ERXRY, (2)+o(y)+H (z) (y—2)<c(z,y)

(1.2.5)
ot CY(R?, RY) désigne 'ensemble des applications continues bornées de R? dans lui-méme.
Précisons que l'affectation d’un signe + devant la fonction v par rapport au signe — du prob-
leme (1.1.5) n’a aucune autre justification que celle d’étre ici une convention plus naturelle
par rapport au contexte de la stratégie de sous-couverture. Notons que quitte a remplacer
le payoff ¢ par son opposé, la résolution de Dy;(u, v) permet de déterminer le prix le moins
élevé d’'une stratégie de sur-couverture, ce qui en pratique est souvent plus naturel. Bei-
glbock, Henry-Labordere et Penkner montrent alors que le saut de dualité en dimension 1
est nul [23]. On dit que deux mesures de probabilité u et v sont dans I'ordre convexe, ce que
I'on note p <., v, si toutes variables aléatoires X et Y telles que X ~ p et Y ~ v vérifient
X <azY.

Théoreme 1.2.2. Soient pu et v deur mesures de probabilité sur R, telles que p <. v et
c: Ry xRy — R une application continue telle qu’il existe une constante K € R satisfaisant

V(z,y) € Ry x Ry, max(c(z,9),0) < K(1+2z+y).
Alors Cyr(p,v) = Dy(p, v).
Dans le cadre du théoreme 1.2.2, optimum de Dy, (p, v) n’est pas nécessairement atteint,

voir le contre-exemple de Beiglbock, Henry-Labordere et Penkner [23]. Il est cependant
atteint lorsque 'on s’autorise la formulation quasi-siire de Beiglbock, Nutz et Touzi [27].
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1.2.4 Stabilité et résolution numérique

Avec les mémes notations et raisonnement que pour (1.1.10), on voit que la résolution du
probleme de transport optimal martingale entre deux mesures a support fini p = > | p;d,,
et v =37, q;0,, revient a la résolution du probleme de programmation linéaire

inf SN rije(ws, y;), (1.2.6)

77777 i=1j=1

sous les contraintes
m n m
rij 2 0, Zri,j = Pi, Zri,j =q; et Zﬁ,jyj = Di%s, (1.2.7)
j=1 i=1 j=1

ou la derniére contrainte est celle de martingalité. On peut alors s’en remettre aux algo-
rithmes classiques de la recherche opérationnelle déja évoqués [63, 126, 122, 36, 37|, a I'instar
de Pierre Henry-Labordéere qui discrétise le probleme [102]. Cependant, cette méthode nous
confronte a deux problématiques importantes. La premiere est 1’échantillonage dans I'ordre
convexe, c¢’ést-a-dire la possibilité d’approcher les marginales par des lois a support fini et
dans l'ordre convexe, pour que le probleme approché ne soit pas un infimum sur un en-
semble vide. En effet, les mesures empiriques d’échantillons indépendants et identiquement
distribués suivant deux distributions dans 1’ordre convexe n’ont aucune raison d’avoir en
général le méme barycentre, et donc ne sont en général pas dans I'ordre convexe. Alfonsi,
Corbetta et Jourdain ont apporté une solution & ce probléme en dimensions 1 [3] et supérieure
[4]. Tls posent néanmoins la seconde problématique, et non des moindres, de la stabilité du
probleme de transport optimal martingale par rapport aux marginales. La réponse a cette
question est cruciale pour déterminer si le probleme discrétisé converge effectivement vers
le probleme d’origine. De plus, il a été mentionné précédemment que les marginales sont
en général connues en vertu du résultat de Breeden et Litzenberger [46], qui nécessite la
connaissance des cours de calls et de puts pour une infinité de prix d’exercices, ce dont le
marché ne dispose pas. Les marginales sont donc en pratique extrapolées a partir des données
disponibles. Par conséquent, il existe un bruit intrinseque a la donnée de ces marginales.
Dans ce contexte, la résolution numérique du probleme de transport optimal martingale n’a
de sens que si ce dernier est effectivement stable par rapport a ses marginales.

La question de la stabilité du probléme de transport optimal martingale est restée ouverte
quelques années. Des résultats partiels ont été donnés par Guo et Obtdj [96], et la stabilité
des couplages left-curtain de Nicolas Juillet [112] a aussi représenté un progres important
pour les cotits satisfaisant la condition dite de Spence-Mirrlees [106]. En 2019, la stabilité
en dimension 1 est finalement confirmée sous des conditions assez générales par Backhoff-
Veraguas et Pammer [20], suivis de pres par un travail indépendant de Johannes Wiesel [194].
Pour le prouver, les premiers ont exploité I’équivalence entre la notion de monotonie martin-
gale et optimalité, une sorte d’analogue martingale du théoreme 1.1.1, prouvée notamment
par Beiglbock et Juillet [25]. En exploitant la stabilité de cette notion, ils démontrent la
stabilité du probleme de transport optimal martingale pour les cotits continus a croissance au
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plus linéaire. Le second s’est quant a lui directement confronté a la formulation primale du
probleme, en développant la notion de réarrangement martingale de couplage. La question
de la stabilité en dimension supérieure est en revanche toujours ouverte et reste un domaine
actif de recherche.

Comme pour le transport optimal classique, on peut accroitre les performances en ajoutant
un terme de régularisation entropique, et donc résoudre

inf (zn: iri7jc(:v,~,yj) + )\i irm In(r; ; — 1)) , (1.2.8)

(righ<isnagism \ ;27 721 =11

sous les contraintes (1.2.7), ot A est un réel strictement positif. Par rapport au probleme
équivalent du transport optimal classique, seules des contraintes linéaires égalité ont été
ajoutées, ce qui permet d’utiliser la méthode itérative des projections de Bregman décrite
par Benamou, Carlier, Cuturi, Nenna et Peyré [32]. Le cas des projections sur les contraintes
des marginales sont explicitées par ce méme article. Pour la projection sur les contraintes
de martingale, on peut employer par exemple la méthode itérative de changement d’échelle
généralisée par Darroch et Ratcliff [64]. Guo et Oblt6j complétent cette approche avec une re-
laxation de la contrainte martingale, et montrent la convergence du probléme aux contraintes
relachées vers le probleme de départ [96].

Hadrien De March fait une étude comparative de ces algorithmes et en propose un nou-
veau, fondé sur la méthode de Newton et la régularisation entropique [66]. Ce nouvel al-
gorithme a le double avantage d’accroitre significativement la performance, et de gérer le
probleme d’échantillonage dans 1’ordre convexe soulevé par Alfonsi, Corbetta et Jourdain
[3, 4]. Plus récemment, Eckstein et Kupper ont proposé une méthode unifiée de résolution
par réseaux de neurones pour résoudre une classe assez générale de problemes comprenant
notamment les problémes de transport optimal et transport optimal martingale [76]. Leur
algorithme peut cependant étre instable pour des parametres de régularisation trop grands
et ne pas converger vers la vraie solution, comme illustré par Pierre Henry-Labordere [104],
qui propose lui aussi une méthode par réseaux de neurones, dans le cadre d'un algorithme
primal-dual pour des fonctions de cotit satisfaisant la condition de Spence-Mirrlees. On
pourra aussi consulter Tan et Touzi [186] pour la résolution d’une version semimartingale
continue du probléme de transport optimal.

1.3 Partie 1: Nouvelle famille de couplages martingale
et inégalités de stabilité

1.3.1 Chapitre 2 : Une nouvelle famille de couplages martingale
en dimension 1

Soient deux mesures de probabilité distinctes p et v définies sur R, de premier moment fini
et dans l'ordre convexe. Nous avons vu que pour p € [1,+o0[, la distance de Wasserstein
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W,(p,v) se définit comme le probleme de Monge-Kantorovich pour I'application de cofit
(x,y) = |y — x|”. Nous définissons son analogue martingale M (1, V) par

M, (p,v) = XNliLngNV E[lY — X|?]*. (1.3.1)
E[Y|X]=X p.s.

Motivés par la recherche d’une preuve de la stabilité du probleme de transport optimal
martingale en dimension 1, a une époque ou les résultats plus généraux de Backhoff-Veraguas
et Pammer [20] et Wiesel [194] n’étaient pas encore connus, nous prouvons une inégalité de
stabilité qui montre que lorsque p et v sont dans ’ordre convexe et proches pour la distance
Wi, il existe alors un couplage martingale qui exprime cette proximité. Ce résultat fait
I’objet du théoreme principal du chapitre 2.

Théoréme 1.3.1. Soient p,v € Pi(R) telles que p <., v. Alors
M (p,v) < 2Wi(p,v).

Le théoréme 1.3.1 se prouve en construisant une famille ((X?,Y?))geo de couplages
martingale entre u et v, paramétrée par un ensemble Q de mesures de probabilité sur ]0, 1[?,
satisfaisant

VQ € Q, E[Y? - X9 <2W(u,v).

Pour 0 < a < b, p = 3(6_4 + 8,) et v = (64 + &), on calcule facilement M (p,v) =
(1 + %) Wi (i, v), ce qui montre pour b — a que la constante 2 du théoreme 1.3.1 ne peut étre
améliorée. Nous montrons aussi que pour tout p > 1, il n’existe pas de constante C' € R
indépendante de (p, v) telle que M, (p, v) < CW, (1, v).

Hobson et Klimmek [109] caractérisent le couplage martingale optimal pour M, (u,v)
sous une certaine condition de structure, a savoir l'existence d’un intervalle borné tel que
w(I) =1 = v(I%). Lorsque le support de v est de cardinal inférieur ou égal & 2, on voit trés
facilement qu’il ne peut exister qu’'un seul couplage martingale entre p et v. Dans ce cas, tous
nos couplages martingales (X%, Y?) sont identiques, et coincident avec celui de Hobson et
Klimmek. Ce dernier ne fait en revanche jamais partie de notre famille lorsque le cardinal de v
est supérieur ou égal a 3. Un autre couplage martingale de référence et déja évoqué est le left-
curtain introduit par Beiglbock et Juillet [25], optimal pour le probléme de transport optimal
martingale dés que le cotit ¢ satisfait la condition de Spence-Mirrlees, a savoir afg; <0
Henry-Larbordere et Touzi [106] explicitent ce couplage sous la condition que v n’a pas
d’atome et que I'ensemble des maxima locaux de F, — F}, est fini, a travers la résolution de
deux équations différentielles ordinaires couplées démarrant de chaque maximiseur local le
plus a droite. Nous démontrons qu’en général, le couplage left-curtain ne fait pas partie de
notre famille.

Nous avons vu dans la section 1.1.4 que le couplage de Hoeffding-Fréchet est optimal pour
Wi (i, v). On s’inspire donc de ce dernier pour construire nos couplages martingale. Ainsi
pour U uniformément distribuée sur |0, 1[ et V' a valeurs dans ]0, 1] et de loi conditionnelle Qs
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sachant U, on pose X9 = F '} (U), Y? = F(U) avec probabilité P(U,V) et Y? = (V)
avec probabilité 1 — P(U, V). De 'égalité

g g BV =FNU) L FNU) - FNU)
B =8 5w o Y Y o)

_ EW)-F )
R ()-FNU)
sous réserve que cette quantité soit bien presque stirement dans l'intervalle [0,1]. Par la
méthode de la transformée inverse, X est bien distribuée suivant Y. En revanche, pour
assurer que Y soit bien distribuée selon v, il faut préciser la loi conditionnelle @y de V'
sachant U. On définit alors une famille @ de mesures de probabilité sur ]0, 1[? telle que tout
Q@ € Q s’écrive sous la forme

on déduit que (X, Y?) est un couplage martingale si 'on pose P(U,V)

1 1

Q(du, dv) = —(F' = FN)* (u) du@Q,(dv) = —(F ' — F) ™ (v) Qu(du),
g g

ol 7 est un facteur de normalisation, et Q({(u,v) €]0,1[*| u < v}) = 1. En définissant alors

U uniformément distribuée sur ]0,1[, V de loi conditionnelle sachant U égale a Qu, et W

uniformément distribuée sur |0, 1[ indépendante de (U, V'), on montre que P(U,V') € [0, 1]

presque stirement, et les variables aléatoires

XO=FMU) et YO =F (U)lw<pwyvy + F, (V) wspwvy (1.3.2)

sont telles que Y@ suive bien la loi v, et donc (X9, Y?) est un couplage martingale entre
1 et v d’apres ce qui précede. On montre que ces couplages sont proches du couplage de
Hoeffding-Fréchet. Pour simplifier, supposons qu'il existe un transport de Monge T (voir
section 1.1.4). Alors tout couplage de notre famille minimise E[|Y — T'(X)|] sur 'ensemble
des couplages martingales entre p et v :

vQ € Q, E[Y?-T(X9)|= _ inf E[Y -T(X)|]] =Wi(g,v).

~p, Yov

E[Y|X]=X ps.
Par inégalité triangulaire, on a donc
Mi(p,v) E[Y? - X9 <E[Y9 - T(X9) ]+ E[T(X?) - X9|] = 2Wi(u,v),

ce qui prouve le théoréme 1.3.1.
Parmi notre famille ((X%,Y?))geco de couplages martingale figure un couplage parti-
culier. Pour le définir, on pose Wy : u — ['(F, " — F;Y) (u)du, ¥_ @ v — [((F' -

v

F,;1)7(v) dv, et Papplication ¢ définie pour tout u €]0, 1[ par p(u) = W= (W (u)) si F; ' (u) >

v

FyNu), o(u) = Wi (W_(u) si F N (u) < FHu) et o(u) = usi Fl(u) = F, ' (u). Alors la

mesure Q" = Z(F " — F,7 ) *(u) dudyg)(dv) est un élément de Q. Le couplage (X', V')
défini par (1.3.2) pour Q = QT est alors un couplage martingale, complétement explicite
en termes de la différence des fonctions quantiles de u et v, baptisé le couplage martingale

transformée inverse. Ce couplage se particularise dans la famille par son caractere explicite,
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mais aussi par ses propriétés d’optimisation par rapport au transport de Monge. En effet,
supposons a nouveau qu’il existe un transport de Monge T'. Alors

Vp €] — 00, 1JU[2,+oo[, E[Y" — T(X™)|PLiyrririxiry] = cigfelfQEHYQ — XOP1Lyorr(xey]

Vpe[1,2], E[YT —T(X™)F]=supE[lY? - X,
QeQ

la présence des indicatrices ne servant qu’a assurer une bonne définition pour les exposants
négatifs. En particulier pour p = 0, le couplage martingale transformée inverse maximise
P(Y? = T(X?)) parmi Q € Q.

Par convexité de Q et exhibition de deux éléments distincts, on montre que la famille
Q est de cardinal infini indénombrable. Or lorsque v est réduit a deux atomes, il n’existe
quun unique couplage martingale, donc {(X®?,Y?) | Q € Q} est réduit a un singleton.
Cependant, on montre que sous des conditions assez générales, notamment lorsque p et v
sont a densité par rapport a la mesure de Lebesgue, que I'application qui a ) € Q associe
la loi de (X%, Y?) est injective, ce qui démontre que notre famille contient un nombre infini
indénombrable de couplages martingales.

La construction est ensuite généralisée au cas des sous-martingales et surmartingales.

1.3.2 Chapitre 3 : Inégalité Wasserstein martingale pour des mesures
de probabilité dans 1’ordre convexe

Soient deux mesures de probabilité distinctes p, v € P,(R) dans l'ordre convexe, ou p €
[1,400[. On cherche dans un premier temps a étendre I'inégalité de stabilité My (u,v) <
2Wi (i, v), prouvée dans le chapitre 2, a un indice p quelconque. On rappelle que pour tout
p > 1, il n’existe pas de constante C' € R* indépendante de (u,v) telle que M,(u,v) <
CW,(u,v). Dans le chapitre 3, nous montrons que le contréle de la quantité M,(u, v) par
W, (11, V) peut en fait faire intervenir le moment centré o,(v) d’ordre p de v, défini par

opfv) =it [ 1y~ cv’u(dy))‘l’ .

En effet, dans le cas p = 2, la condition de martingalité implique la propriété remarquable
que Mo (u, v) ne dépend que des marginales, a savoir

Mi(u,v) = [ 1y vidy) = [ |af? p(da). (1.8.3)

Une simple utilisation de l'inégalité de Cauchy-Schwarz, I'inégalité de Jensen et la défi-
nition de I'ordre convexe montre alors que M3 (u, v) < 2Wy(u,v)oo(v). Plus généralement,
on étend le théoreme 1.3.1 en dimension 1 a un indice p quelconque.

Proposition 1.3.2. Soient p € [1,+00] et p,v € P,(R) tels que pp <., v et p # v. Pour
tout Q € Q, le couplage martingale (X9, Y?) défini par (1.3.2) vérifie

E[|Y? — XO] < KW, (1.0)0 " (v), (1.3.4)

p
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ou

T+ xf
1+

K, = inf {2p_171 +2(2772V 1) | (11,72) € R et Vo € Ry, <m+ 72$p_1} -

(1.3.5)

Pour formuler un énoncer plus précis, on introduit la constante €, définie par

C, = inf {C’ > 0| Vi, v € Py(R) tels que p <ep v, MO(p,v) < CW,(p1,v)oh” 1(1/)} :
(1.3.6)
On déduit immédiatement de 'inégalité (1.3.4) que C, < K,. De plus, Cy = 2 d’apres
ce qui précede, et Cy = 2 d’apres le chapitre 2. En calculant les quantités pour 0 < a < b,
= 1(0_4+0,) et v = 2(6_,+0;), Uexemple qui nous permettait de montrer que la constante
2 était optimale pour le théoreme 1.3.1, on peut aussi déduire une borne inférieure sur C,.

Proposition 1.3.3. Soit p € [1,+00[. Alors la constante C, définie par (1.3.6) vérifie

P 1 20— 1 > 92
201 sup T <0 <K, < ( + supxe[(; 1]Ip 11+1, ) B pour p > 2;
ze(14o0) (14 2)7 2+ (2 SUD (1 4-00) m) A2071 pourl < p <2,
(1.3.7)

Pour p =1 et p = 2, on retrouve C) = Cy = 2. Pour p > 2, une simple étude de fonctions
montre que 21 < C), < %2,;—1. Enfin, on montre que les exposants de 'inégalité de stabilité
(1.3.4) sont les bons, au sens ou

M, v)
Vp €]l,+o0], Vs €]l,p], sup ——— = +00. (1.3.8)
1,vEP,H(R) WS<M7 ) (V)

pn<cgV

On explore ensuite la généralisation de I'inégalité de stabilité a la dimension supérieure.
On considére donc cette fois u, v € P,(R?) ou d € N*, toujours dans l'ordre convexe, et on
généralise de maniere évidente les quantités M, (u, V) et o,(v), pour une norme donnée | - |
sur R?. On étudie donc la constante

C,q = inf {C’ >0 | Vi, v € Py(RY) tels que i <o v, MO(p,v) < CW,(p,v)oh~ 1(1/)} :
(1.3.9)
Un résultat global de stabilité du probleme de transport optimal martingale en dimension
supérieure n’est pas encore connu a I’heure actuelle. La détermination de C,, 4, et notamment
la démonstration de sa finitude, représenterait un pas en avant vers la preuve de la stabilité en
dimension d. En effet, on déduit de cette finitude que si la fonction de cofit ¢ : RxR? — R est
A croissance au plus en exposant p, i.e. |e(z,y)| < K(1+|z|?+|y|?) pour tout (z,y) € RYx R4
et un certain K € Ry, et (ty)nen € Pp(R?)M est une suite de mesures de probabilité dominant
v dans l'ordre convexe et convergeant vers celui-ci en distance W,, alors Cy(p, 1,) converge
vers Cyy(u, v) lorsque n — +o00.
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Lorsque R? est munie de la norme L?, I'inégalité de stabilité en dimension 1 se tensorise,
c’est-a-dire que nous conservons M5 (u,v) < C, V0, V)a[jfl(y) des que p et v sont des lois
de vecteurs aléatoires aux composantes indépendantes. Cette inégalité reste vraie aussi dans
le cas ou u et v sont reliées par une relation de changement d’échelle, c’est-a-dire qu’il existe
A € Ry tel que pour X distribuée suivant p, X + A(X — E[X]) est distribuée suivant v,
sous une condition supplémentaire sur la loi conditionnelle de X. Lorsque 1'on relache cette
derniere contrainte, le cas du changement d’échelle nous renseigne sur les valeurs minimales
des constantes recherchées.

Proposition 1.3.4. Soient d € N*\{1} et p € [1,4+00[. Indépendamment du choix de la
norme sur R, nous avons

T+ x’
Cia>3 et Vpell,+ool, C,g>2V (27" sup ) )
1,d Y ] [ pd ( il (1 n :r)ﬂ

1.3.3 Chapitre 4 : Réarrangements martingale de couplages en
dimension 1

Soient deux mesures de probabilité distinctes p et v définies sur R de premier moment fini.
On note II(p, v) 'ensemble des couplages entre u et v, ¢’est-a-dire 'ensemble des lois jointes
de tout couple (X,Y) tel que X et Y soient distribuées respectivement selon p et v. Si
de plus p <. v, on note 1™ (u, v) ensemble des couplages martingale entre u et v, c’est-
a-dire ’ensemble des lois jointes de tout couple (X,Y’) tel que X et Y soient distribuées
respectivement selon p et v, et E[Y|X] = X presque slirement.

Pour prouver la stabilité du probleme de transport optimal martingale en dimension 1,
Wiesel [194] a abordé la formulation primale du probléeme. Pour ce faire, il développe la
notion de projection de II(u, ) sur 1M (u,v), c’est-a-dire qu’il associe & un couplage P le
couplage martingale M de mémes marginales qui lui est le plus proche. Pour mesurer la
distance entre deux couplages, on peut naturellement penser a la distance de Wasserstein.
Mais la topologie induite par cette derniere ne convient pas a toutes les situations, surtout en
mathématiques financieres. En effet, la symétrie de cette distance ne prend pas en compte la
structure temporelle des martingales. On peut facilement se convaincre que deux processus
stochastiques de lois treés proches en distance de Wasserstein peuvent tout de méme induire
des informations tres différentes. Pour reprendre 'exemple particulierement instructif de
Backhoff-Veraguas, Bartl, Beiglbock et Eder [14], on peut considérer deux processus (X,Y)
et (X', Y’) qui vérifient, pour un certain € > 0,

P(X=0Y=-1)=P(X=0Y=1)=—
1
et ]P(X/:—€,Y’:—1):]}”(){’:8’}//:1):5.

Au sens de la distance de Wasserstein, ces lois sont tres proches, ce que 1'on peut con-
firmer tres rapidement par le théoréeme 1.1.3 (iii) pour ¢ — 0. Pourtant, I'observation de
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X n’apporte aucune information sur la valeur de Y, alors que celle de X’ permet de déter-
miner celle de Y’ avec certitude. Pour rendre compte de cette différence d’information, il
est nécessaire de renforcer ou d’adapter la topologie usuelle. Plusieurs approches ont alors
été développées, comme la topologie faible adaptée, la topologie de I'information de Hellwig
[101], la topologie faible étendue de Aldous [2], ou encore la topologie d’arrét optimal [15]. De
manieére remarquable, toutes ces topologies sont en fait égales, du moins en temps discret [15].
On choisit donc dans le chapitre 4 de se focaliser sur la distance dite de Wasserstein adaptée
d’ordre p € [1, 400, notée AW,. Soient v, (', v € P,(R) et m € I(p, v), 7’ € II(1', V') des
couplages de la forme w(dz, dy) = p(dz) 7. (dy) et ©'(da’, dy’) = /' (dx’) 7!, (dy’). On définit
alors la distance AW, entre 7 et 7’ par

=

AW, (r,7') = inf,  E[|X = X"+ Wh(rx, 7))

Xrep, Xeop!

(1.3.10)

On vérifie facilement que AW, domine W, et induit donc une topologie plus fine. Pour
une étude approfondie de cette distance, on pourra consulter [149, 150, 151, 152, 129, 39]. On
notera que Wiesel [194] travaille avec une distance dite de Wasserstein imbriquée, notée ng,
définie par le probleme de Monge-Kantorovich restreint aux couplages bicausaux, comme cela
est fait par Backhoff-Veraguas, Bartl, Beiglbock et Wiesel [16]. Par un lemme tres simple,
on montre 1'égalité AW, = W;Ld.

Wiesel [194] définit donc un réarrangement martingale d'un couplage P € TI(u, v) comme
un couplage martingale M € TI™ (y, v) qui minimise la distance Wp4(P, M). Toutefois il
montre avec un contre-exemple qu’'un tel réarrangement n’existe pas toujours. Pour garantir
son existence, Wiesel définit une hypothese dite de dispersion barycentrique, sous laquelle il
montre qu'un couplage admet bien un réarrangement martingale. En particulier, le couplage
de Hoeffding-Fréchet satisfait a cette hypothese, et nous montrons que lorsqu’il existe un
transport de Monge, le couplage martingale transformée inverse est un réarrangement mar-
tingale du couplage de Hoeffding-Fréchet. Dans le cas général, on montre que notre famille
de couplages martingale du chapitre 2 contient toujours un réarrangement martingale du
couplage de Hoeffding-Fréchet.

Proposition 1.3.5. Soient u,v € P(R) telles que i <. v, et P2 le couplage de Hoeffding-
Fréchet entre ju et v. Alors il existe Q € Q tel que la loi M@ du couple (X9 Y ) défini par
(1.3.2) soit un réarrangement martingale de PHT :

AW (PHE MO = inf AW (PHE M).
MellM (p,v)

Dans le cas d’un couplage quelconque P € II(u, v) satisfaisant a I’hypothese de dispersion
barycentrique de Wiesel [194], nous construisons un couplage martingale dans le méme esprit
que le couplage martingale transformée inverse, et prouvons qu’il s’agit d’un réarrangement
martingale de P. Wiesel proposait déja une construction dans [194], mais qui n’est vraiment
explicite que lorsque P est a support fini, et repose sur un passage a la limite sinon. La

compréhension de notre construction, quant a elle, ne dépend pas de la finitude du support
de P.
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1.4 Partie 2 : Approximation de couplages martingale
pour la distance de Wasserstein adaptée et appli-
cations

Cette partie est le fruit d’'une collaboration avec Mathias Beiglbock, Benjamin Jourdain et
Gudmund Pammer.

1.4.1 Chapitre 5 : Approximation de couplages martingale sur la
droite réelle pour la distance de Wasserstein adaptée

Soient p € [1,+00], p, v € P,(R) et (tn)nen, Wn)nen € P,(R)N convergeant respectivement
vers p et v en W,. Il est alors bien connu que pour tout P € II(u,v), il existe une suite
de couplages (P,)nen € ITnen H(ptn, vn) convergeant en W, vers 7. On dispose méme d’'un
controle :

Pnel%I(lufn,un) WO(P, P) < W0 (s ptn) + W5 (v, vp) Rl 0. (1.4.1)
Cependant, pour des raisons évoquées au chapitre 4, la distance de Wasserstein n’est pas
toujours la plus adaptée pour mesurer la distance entre des couplages, en particulier dans
le cas martingale. L’enjeu du chapitre 5 est alors de montrer que tout couplage martingale
M € TI™(u,v) peut se faire approcher par une suite de couplages martingale (M, ),en €
[Lhen T (1, v,,) pour la distance AW, sous réserve bien str que toutes les marginales
considérées soient dans l'ordre convexe. Pour arriver a ce résultat, on montre dans un
premier temps que I'approximation en AW, est possible si I'on n’impose ni martingalité des
couplages, ni ordre convexe entre les marginales.

Proposition 1.4.1. Soient p € [1,4+00[ et (tn)nen, (Vn)nen € P,(R)N convergeant respec-
tivement vers p et v en W,. Soit P € Il(u,v). Alors il existe une suite de couplages
(Pp)nen € [nen H(pn, vn) qui converge vers P en AW, :

inf  AW,(P,P,) —> 0.

Pnen(,“nyl/n) n—+00
De plus, si pour tout n € N et x € R tel que pu,({x}) > 0, il existe 2’ € R tel que
Fu(a'=) < B, (v—) < B, (z) < Fu(2),
ce qui est notamment toujours vérifié lorsque p, n’a pas d’atome, alors

inf  AWL(P, P,) < W2 (1, i) + WE(v, 1), (1.4.2)

Poell(pn,vn)

Supposons avec les notations de la proposition 1.4.1 que P soit un couplage martingale.
Soient n € N et XY, X, Y, des variables aléatoires telles que (X,Y) ~ P et (X,,Y,) ~ P,.
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En notant Py et (P,)x les lois conditionnelles respectives de Y sachant X et de Y, sachant
X, I'inégalité triangulaire et la martingalité de (X,Y’) impliquent

E[| X, — E[Y,|X,]|] < E[[X, — X[+ |X — E[Y,|X,][]] = E[|X,, — X| + [E[Y[|X] — E[Y,|X,]]]
< E[| X, — X[+ Wi((Po)x,, Px)).

En choisissant (X, X,,) optimal pour AW;(P, P,) vu comme le probleme de Monge-
Kantorovich (1.3.10), on obtient ainsi

E[| X, — E[Y,|X,]|] < AWy (P, P,) e 0.

En ce sens, le couplage (X,,Y,) est presque martingale. Ainsi, sous ’hypothese d’ordre
convexe entre les marginales, il est naturel de s’attendre a ce que l'on puisse étendre ce
résultat au cas martingale. Mais cela requiert en fait un travail considérable, qui fait pré-
cisément 1’objet du théoréme principal. Avant d’énoncer ce dernier, nous mentionnons que la
proposition 1.4.1 se généralise au cas ou les marginales sont définies sur des espaces polonais
quelconques. Cette généralité se fait malheureusement au prix de la perte d’un controle de
type (1.4.2). La définition de la distance AW, donnée par (1.3.10) se généralise de maniere
évidente au cas de couplages définis sur un produit d’espaces polonais.

Proposition 1.4.2. Soient p € [1,4oo[, E et F deux espaces polonais quelconques et
(ftn)nen € Po(E)N, (Un)nen € P,(F)N convergeant respectivement vers p et v en W,. Soit
P € (p,v). Alors il existe une suite de couplages (Pp)nen € Ilnen IL(tin, Vn) qui converge
vers P en AW, :

inf  AW,(P,P,) — 0.

Pnen(ﬂnvl/n) n—-+o00

De retour a la dimension 1, notre résultat principal est le suivant.

Théoréme 1.4.3. Soient p € [1,400[, (ftin)nen, (Vn)nen € Po(R)N convergeant respective-
ment vers | et v en W, et telles que pour tout n € N, p,, <.y V. Soit M € M (p,v). Alors
il existe une suite de couplages martingale (M, )nen € Tlnen T (tin, vn) qui converge vers M
en AW, :
inf AW, (M, M,) — 0.
My €M (g ,vp) n—-+oo

La preuve de ce théoreme est particulierement technique. Pour la simplifier, on peut
supposer sans perte de généralité que p = 1, par un raisonnement similaire a 1’équivalence
des points (i) et (ii) du théoreme 1.1.3. On peut de plus supposer sans perte de généralité que
(i, v) est irréductible. On rappelle que la fonction potentiel u, d'une mesure de probabilité
n € Pi(R) est définie par u, : y — [p|y — x| n(dx), et que (p,v) est dite irréductible si
I'ensemble I = {z € R | u,(z) < u,(z)} est un intervalle, et u(I) = v(I) = 1. Lorsque
i <. v, Beiglbock et Juillet [25] prouvent I'existence d’une décomposition en composantes
irréductibles : il existe une famille (I,),en au plus dénombrable d’'intervalles ouverts disjoints
telle que pour tout couplage martingale (X,Y) entre u et v, on ait P(Y € I,|X € I,,) = 1
pour tout n € N.

38



Malgré ces simplications, la preuve du théoreme 1.4.3 reste tres technique. Pour le sentir,
on donne sans plus d’explication la figure 1.1 ci-dessous, qui illustre une partie des découpages
de l'intervalle / = {z € R | u,(z) < u,(x)} impliqués dans notre démonstration.

[ a J b7
) I { al K ﬁb; L+ r
L K ¢ Ly

Figure 1.1: Points et intervalles impliqués dans la démonstration du théoreme 1.4.3. Les ex-
trémités des intervalles fermés sont repérées par des barres verticales, et celles des intervalles
ouverts par des parentheses.

Notons que la derniere étape de la démonstration de ce théoreme repose sur I'inégalité de
stabilité du théoreme 1.3.1. En effet, on aboutit au cours de la démonstration a 'existence
d’un couplage martingale Mn proche de M en distance AW, entre pu, et une mesure de
probabilité v/ dominée par v, dans 'ordre convexe et proche de celle-ci en distance W;. 1
suffit alors de composer M, par le couplage martingale transformée inverse présenté dans le
chapitre 2 pour aboutir & un couplage martingale proche de M entre u, et v,.

1.4.2 Chapitre 6 : Stabilité des problemes de transport optimal
faible et transport optimal martingale faible

Ce dernier chapitre est consacré aux applications du chapitre 5. Parmi elles, on retrouve la
stabilité du probleme de transport optimal pour des espaces polonais quelconques, ainsi que
la stabilité du probléeme de transport optimal martingale en dimension 1. Plus précisément,
considérons p € [1,+o0o[, E et F deux espaces polonais quelconques, (i, )nen € P,(E)N et
(Un)nen € P,(F)N deux suites de mesures de probabilité convergeant respectivement vers p
et ven W, et c: E x F' — R une application continue telle que |c(z,y)| < K(1+|z|? + |y|*)
pour tout (z,y) € E x F et un certain K € R,. On retrouve alors grice a la proposition
1.4.2 la stabilité du probleme de Monge-Kantorovich, a savoir
!/ !
C" (b Vn) njroo C'(u,v).

Lorsque £ = F' = R et que pour tout n € N, u, <. v,, nous retrouvons grace au

théoreme 1.4.3 la stabilité du probleme de transport optimal martingale en dimension 1 :

CM(:umVn) — CM(:U’JV)'

n—-+o0o

En réalité, on prouve méme la stabilité de probléemes plus généraux, a savoir de transport
optimal faible pour des espaces polonais quelconques et de transport optimal martingale
faible en dimension 1. On rappelle la formulation du probléme de transport optimal faible,
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introduit par Gozlan, Roberto, Samson et Tetali [90] et étudié par ces mémes auteurs avec
Shu [89] : étant données deux mesures de probabilité p et v définies respectivement sur les
espaces polonais E et F, et une application ¢ : E x P(F) — [0, +o0c] mesurable, déterminer
V(p,v)= _ inf E[e(X,L(Y]X))], (1.4.3)
X~p, Yo
ott L(Y|X) désigne la loi conditionnelle de Y sachant X. Lorsque £ = F = R? ou d € N*,
et i <. v, le probleme de transport optimal martingale faible consiste a déterminer
Vi (p,v) = . ing Ele(X, L(Y]X))]. (1.4.4)
E[Y X=X ps.

Depuis les travaux de Backhoff-Veraguas, Beiglbock et Pammer [18], et Backhoff-Veraguas
et Pammer [20], la stabilité du probléme (1.4.3) pour des espaces polonais quelconques en
AW, est connue. Nous retrouvons ce résultat sans le recours a ’outil de monotonie martin-
gale. De plus, nous établissons un résultat de stabilité du probleme 1.4.4 en dimension 1 en

AW,
Théoréme 1.4.4. Soient p € [1,+00[ et ¢ : R x P,(R) = R continue telle que

3K >0, Y(r,p) €RXP,(R), |e(z,p)| < K (1 +lzff + /]R |y|”p(dy)) .

Soient (fin)nen; (Vn)nen € Po(R)Y convergeant respectivement vers p,v € P,(R) en W,,
et telles que i, <. v, pour tout n € N. Alors

VM(MTH VTL) njroo VM(M? V)‘

Si de plus ¢ est strictement convexe en son second arqgument, alors l'unique loi d’un
minimiseur de Vi(pn,v) converge en AW, vers l'unique loi d’un minimiseur de Vi (p,v)
lorque n — 400.

Le théoreme 1.4.4 est donc formulé en dimension 1. Sa démonstration s’adapte de maniere
immédiate a la dimension supérieure, sous réserve que le théoreme 1.4.3 soit lui-méme
généralisé a la dimension supérieure. Pour retrouver la stabilité du probleme de trans-
port optimal martingale avec une application de cotit ¢ : R x R — R, il suffit d’appliquer
le théoreme 1.4.4 avec le cotit (x,p) — [ c(x,y) p(dy). Le théoréme 1.4.4 a aussi pour con-
séquence la stabilité d'un probleme de transport optimal martingale avec une formulation de
type Benamou-Brenier suggérée par Backhoff-Veraguas, Beiglbock, Huesmann et Kéllblad
[17]. La solution a ce probléme est appelée mouvement brownien étiré, dont nous prouvons la
stabilité trajectorielle. Nous utilisons aussi le théoréme 1.4.4 pour montrer que la monotonie
martingale est une condition suffisante a 'optimalité du probléme (1.4.4) sous des conditions
assez générales.

Citons enfin une derniere application du théoreme 1.4.4, a savoir la stabilité par rapport
aux marginales du prix de sur-réplication de contrats a termes sur le VIX. Le VIX, abrévi-
ation de Volatility Index, est une mesure couramment utilisée pour déterminer le sentiment
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que les investisseurs ont d’un marché. Par définition, le VIX est la volatilité implicite du S&P
500 calculée sur un horizon de 30 jours. Typiquement, le VIX croit lorsque les investisseurs
s’attendent a des variations brutales du marché, et tendent alors a acheter plus d’options, ce
qui fait augmenter la demande et les rend ainsi plus cheres. Le marché est alors dit volatile.
Réciproquement, le VIX décroit lorsque la demande en options est plus faible, ce qui traduit
un marché percu comme calme.

Considérons un marché financier composé de deux actifs financiers : ’actif sans risque,
et le S&P 500 (St)ieqr 1}, qui peuvent s’échanger a des dates 77 et T, = T; + 30 jours. On
suppose connus les cours des calls pour tout prix d’exercices K > 0, ce qui en vertu de la
formule de Breeden-Litzenberger [46] permet de connaitre les lois respectives p et v de St
et S7,. On autorise ’échange a la date 0 d’options vanille de maturités 7} et 15, et I’échange

a la date T} de S&P 500 et de contrats a terme de payoff T;QTI In g% en Ty. Dans ce cadre,
1

Guyon, Menegaux and Nutz [99] expriment la borne supérieure des prix de contrats a terme

sur VIX expirant en 7} issus d'un modele quelconque sans opportunité d’arbitrage, comme

le plus petit prix de sur-réplication au temps 0:
Powper(pt;v) = inf (E[u1 (S7,)] + E[ua(51,)]) , (1.4.5)

ot I'infimum porte sur tous les coupls (uy,uy) € L' (1) x L*(v) et les applications mesurables
A5 AL tels que pour tout (x,y,v) €]0, +oo[?>x[0, +00],

uy () + us(y) + A% (2, 0)(y — ) + AF(z,v) (— 2 n? - 122) > . (1.4.6)
T2 — T1 xz

Notons que le probleme primal Piyper(ft, v) implique dans (1.4.6) trois variables z,y, s,

qui représentent respectivement le S&P 500 au temps 77, le S&P 500 au temps T3, et le VIX

au temps 7). On s’attendrait alors naturellement a ce que la formulation duale implique

trois marginales. De maniére remarquable, elle prend en fait la forme d’un probleme de

transport optimal martingale faible a deux marginales seulement, grace a la concavité de la

racine carrée, comme le montrent Guyon, Menegaux et Nutz [99, Proposition 4.10]. On a
alors

Psuper(/vb’ V) = VM(M» V)’

ou Vs (p, v) est la solution du probleme de transport optimal martingale faible (1.4.4) associé
au cofit

¢ :]0,+00[xP1(]0, +00[) 3 (z,p) — \/_TQ 3 T, /]0,+oo[ln (i) p(dy).

On en déduit la stabilité du prix de sur-réplication de contrats a termes sur le VIX.

Corollaire 1.4.5. Soient p € [1,400[ €t (tn)nen, (Un)nen € P,(R)N convergeant respective-
ment vers j1,v € P,(R) en W,, et telles que p, <.y v, pour tout n € N. Alors

Psuper(,uny Vn) n—>—+>oo Psuper(/jfa V)-
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Part 1

A new family of martingale couplings
and stability inequalities
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Chapter 2

A new family of one dimensional
martingale couplings

Abstract

In this paper, we exhibit a new family of martingale couplings between two one-
dimensional probability measures p and v in the convex order. This family is parametrised
by two dimensional probability measures on the unit square with respective marginal
densities proportional to the positive and negative parts of the difference between the
quantile functions of u and v. It contains the inverse transform martingale coupling
which is explicit in terms of the quantile functions of these marginal densities. The
integral of |x — y| with respect to each of these couplings is smaller than twice the
W, distance between p and v. When the comonotonous coupling between p and v is
given by a map T, the elements of the family minimise [ |y —T'(z)| M (dz, dy) among
all martingale couplings between p and v. When p and v are in the decreasing (resp.
increasing) convex order, the construction is generalised to exhibit super (resp. sub)
martingale couplings.

Keywords: Convex order, Martingale Optimal Transport, Wasserstein distance, Mar-
tingale couplings.

AMS MSC 2010: 60G42, 60E15, 91G80.
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2.1 Introduction

For all d € N*, p > 1 and g, v in the set P,(R?) of probability measures on R? with finite p-th
moment, we define the Wasserstein distance with index p by W,(u, v) = (inf peri(u,v) Jraxre |2—
y|? P(dx,dy))"/?, where II(y,v) denotes the set of couplings between g and v, that is
(i, v) = {P € Pi(RxRY) | VA € B(RY), P(AxR?) = pu(A) and P(R?x A) = v(A)}. Let
™M (1, v) be the set of martingale couplings between p and v, that is ITM(u,v) = {M €
M(u,v) | p(dr)-ae., [galylm(z,dy) < 400 and [paym(x,dy) = x}. The celebrated
Strassen theorem [183] ensures that if u,v € Pi(RY), then TIM(u,v) # 0 iff g and v are
in the convex order. We recall that two probability measures p, v € P;(R?) are in the con-
vex order, and denote p <., v, if [pa f(2) p(dz) < fpa f(z)v(dz) for any convex function
f:R*— R. We denote p <. v if u <., v and p # v. For all p > 1 and u,v € P,(R?), we
define M, (p, v) by

MelM(p,v)

1/p
Mpw,u):( | |x—y|PM<dx,dy>) |
R4 xR4

Our main result is the following stability inequality which shows that if u and v are in the
convex order and close to each other, then there exists a martingale coupling which expresses
this proximity:

Vu,v € Pi(R) such that u <., v, My(u,v) <2Wi(u,v). (2.1.1)

It is well known (see for instance Remark 2.19 (ii) Chapter 2 [190]) that for all u,v €
PF(R)a

W) = ([ |~ ) ) (212

where we denote by F,(z) = n((—oo,z]) and F,'(u) = inf{z € R | F(z) > u},u € (0,1),
the cumulative distribution function and the quantile function of a probability measure 1 on
R. We prove the inequality (2.1.1) by exhibiting a new family of martingale couplings M
such that [p. g |[x—y| M(dz,dy) < 2W;(u, v). We will show (see the proof of Theorem 2.2.12)
that the constant 2 is sharp in (2.1.1). We will also see that (2.1.1) cannot be generalised
with My (p,v) and Wi (u,v) replaced with M,(u,v) and W,(p,v) for p > 1. The case
p = 2 is easy, since for all p,v € Po(R) and M € TIM(u,v), [augr |z — y|?> M(dz,dy) =
Jr v* v(dy) — [ 2* u(dz), which is independent from M. For all n € N*, let p, be the centred
Gaussian distribution with variance n?. Then we get that My (pn, finy1) = V2n+1 —

n—-+00
+00, whereas W, (in, ttnr1) = (Jy [nF, M (u) — (n+ 1)F,(u)|* du)/? = E[|G|*]'/? < +oo for
G ~ Ni(0,1), which makes the equivalent of (2.1.1) impossible to hold. Extension to the
case p > 2 is immediate with the same example thanks to Jensen’s inequality which provides
M, (fn, fns1) = Mo(fin, pint1) = V21 + 1, whereas W, iy, ftnt1) is still bounded.
This problem is motivated by the resolution of the Martingale Optimal Transport (MOT)
problem introduced by Beiglbock, Henry-Labordeére and Penkner [23] in a discrete time
setting, and Galichon, Henry-Labordére and Touzi [84] in a continuous time setting. For
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adaptations of celebrated results on classical optimal transport theory to the MOT problem,
we refer to Henry-Labordere, Tan and Touzi [105] and Henry-Labordere and Touzi [106].
To tackle numerically the MOT problem, we refer to Alfonsi, Corbetta and Jourdain [3],
Alfonsi, Corbetta and Jourdain [4], De March [66] and Guo and Ob1dj [96]. On duality, we
refer to Beiglbock, Nutz and Touzi [27], Beiglbock, Lim and Obtéj [26] and De March [68].
We also refer to De March [67] and De March and Touzi [69] for the multi-dimensional case.
Once the martingale optimal transport problem is discretised by approximating p and v by
probability measures with finite support and in the convex order, one can raise the question
of the convergence of the discrete optimal cost towards the continuous one. The present
paper is a step forward in proving the stability of the martingale optimal transport problem
with respect to the marginals.

We develop in Section 2.2 an abstract construction of a new family of martingale cou-
plings between two probability measures ;1 and v on the real line with finite first moments
and comparable in the convex order. This family is parametrised by two dimensional prob-
ability measures on the unit square with respective marginal densities proportional to the
positive and the negative parts of the difference F- I — F7! between the quantile functions

of i and v. Moreover, each martingale coupling in the family is obtained as the image of
10,1y (u) dum®(u, dy) by (u,y) — (F,'(u),y) where m? is a Markov kernel on (0,1) x R
such that [io,) m9(u, {y € R | |y — F, M (u)| = (y — F, M (u))sg(F, ' (u) — F, ' (u))})du = 1,
where sg(z) = L{zs0y — L{z<oy for x € R. Therefore, for (U,Y) distributed according to
Lo,1)(w) dum®(u,dy), (F,;'(U),Y) is a martingale coupling and
E[lY — F, (U)]] = Elsg(F, '(U) — F, ' (U))E[Y — F,(U)|U]] (2.13)
—B[[ES(U) — FNU) = Wl ).

v

When the comonotonous coupling between i and v, that is the law of (F,*(U), F,,'(U)),
is given by a map 7', the elements of the family minimise [; |y — T'(z)| M (dx,dy) among
all martingale couplings between y and v. We deduce from (2.1.3) that E[|Y — F'(U)|] <
E[lY — E;NU)|] + E[|F,HU) — F7Y(U)|] = 2Wa(u, v) which implies (2.1.1) as soon as the
parameter set of probability measures on the unit square is non empty.

In Section 2.3, we give an explicit example of such a probability measure on the unit
square. We call the associated martingale coupling the inverse transform martingale cou-
pling. This coupling is explicit in terms of the cumulative distribution functions of the
above-mentioned densities and their left-continuous generalised inverses. It is therefore more
explicit than the left-curtain (and right-curtain) coupling introduced by Beiglbock and Juil-
let [25] which under the condition that v has no atoms and the set of local maximal values of
F,—F,, is finite can be made explicit according to Henry-Labordere and Touzi [106] by solving
two coupled ordinary differential equations starting from each right-most local maximiser.
We also check that the inverse transform martingale coupling is stable with respect to its
marginals ¢ and v for the Wasserstein distance. The building brick of the inverse transform
martingale coupling is a martingale coupling between fi, , = pd Friw T (1 —p)d Fri(w) and

Vyow = p5Fy—1(u) +(1-— p)(SF;l(U) with 0 < u < v < 1 such that
FyNu) < F N u) < FoNv) < F (), (2.1.4)

47



where we choose a common weight p (resp. 1 —p) for F;/'(u) and F, ' (u) (resp. F,'(v) and
F;1(v)) to help ensuring that the second marginal is equal to v when the first is equal to p.

Then p is given by the equality of the means which in view of the condition (2.1.4) on the

—1 —1

supports is equivalent to the convex order between p,, and v, ,: 1%7 = % We
v (W)—=F (v

rely on the necessary condition of Theorem 3.A.5 Chapter 3 [169]: pu,v € Pi(R) are such

that u <., v iff for all u € [0,1], f' ;' (v) dv > [y F, ' (v)dv with equality for v = 1. This

implies that for all u € [0,1], W, (u) == [E(F; — F, ) () dv > [A(F — B (v) do =
U_(u) where z* := max(x,0) and =~ := max(—=x,0) respectively denote the positive and
negative parts of a real number x. We now choose v = W=1(¥, (u)) where U~! is the left-
continuous generalised inverse of W_. Then dV¥, (u) a.e. u < v (consequence of U_ < U,)
and F'(u) < F;'(u) < F,*(v) < F,;'(v) (consequence of the definitions of ¥, and W_,
see Section 2.3.1). Moreover the key equality Z—Z = % = lp%p explains why the
construction succeeds. More details are given in Section 2.3,

The cardinality of this new family of martingale couplings between p and v is discussed
in Section 2.4. This family is shown to be convex and is therefore either a singleton like
when v only weighs two points, or uncountably infinite like when u({z}) = v({z}) = 0 for
all x € R.

The construction is finally generalised in Section 2.5 to exhibit super (resp. sub) mar-
tingale couplings as soon as p is smaller than v in the decreasing (resp. increasing) convex
order. We recall that two probability measures u, v € Pi(R) are in the decreasing (resp. in-
creasing) convex order and denote p <gje, v (vesp. p <iep v) if [ f(x) p(dx) < [p f(x)v(dz)
for any decreasing (resp. increasing) convex function f : R — R. In particular, we generalise
the stability inequality to the super (resp. sub) martingale case.

Throughout the present article, a capital letter M which denotes a coupling between
and v is associated to its small letter m which denotes the regular conditional probability
distribution of M with respect to u, that is the (u-a.e.) unique Markov kernel such that
M (dz,dy) = p(dx) m(x, dy).

Acknowledgements: We thank Jean-Frangois Delmas (CERMICS) for numerous and
fruitful discussions.

2.2 A new family of martingale couplings

2.2.1 A simple example

Let us construct a coupling in dimension 1 which shows that (2.1.1) holds true in a simple
case. We say that a centred probability measure p € Pi(R) is symmetric if g = pi, where [
denotes the image of u by z +— —z. Let then p and v be centred and symmetric probability
measures on R such that F'(u) > F;'(u) for all u € (0,1/2] and F,*(u) < F;'(u) for
all w € (1/2,1). Let U be a random variable uniformly distributed on (0,1). According
to the inverse transform sampling, the probability distributions of F,*(U) and F, '(U) are
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respectively p and v. Let Y be the random variable defined by

Y = Fu_l(U)]l Fotan+r oy T F_I(U)]l Floy+r ) (2.2.1)

(F L (U)#0,v < v (F L U)#0,V>

2F, L(U) 2F, L (U)

where V' is a random variable uniformly distributed on (0, 1) independent from U. It is clear
by symmetry of u that F,(0) > 1/2, so F,;'(1/2) < 0. Moreover, for all z € R and u > 1/2,
F,(z) > u implies 2 > 0, so F;/'(u) > 0. Therefore, we have

Vue (0,1/2], F'(u) < Fu_l(u) <0 and Vue(1/2,1), 0< Fu_l(u) < FNw).
(2.2.2)
In particular, when F;'(U) = 0, then F;'(U) = 0 and Y = 0. Let us check that Y’
is distributed according to v. Using that (F,'(U), F,;'(U)) and (=F,'(U), —F, ' (U)) are

v o v
identically distributed (see Lemma 2.6.5 below in Section 2.6), we have for all measurable
and bounded functions A : R — R,

E[h(Y)] =E [h(F_l(U))l{Fl(U)¢O Ve F;l(U)JfF;l(U) ;|
Y TR

E|h(F Y U))1
RO,

Ful(U)JEFyl(U)}‘| + h(O)P(F;I(U) = 0)
2F, 1 (U)
= E[(F, 1 (U))].

Fy (w4 Fy t (u)

Moreover, according to (2.2.2), we have — € [0,1] for all w € (0, 1) such that

2F, 1 (u)
-1 —1 -1 —1
F;'(u) # 0. In addition to that, we have F;l(u)%W—Fy_l(u) (1 — W) =

F, (u) for all u € (0,1) such that F, " (u) # 0. So E[Y|U] = F, " (U)1z1 020y = Fl ' (U)
since F,'(U) = 0 implies F,;'(U) = 0. So we deduce that E[Y|F,'(U)] = F,'(U). There-
fore, the law of (Fljl(U ),Y) is an explicit martingale coupling between p and v.

Furthermore, remarking that Y — F'(U)| = (Y — F,'(U))sg(F,['(U) — F,1(U)), we
deduce from the equality (2.1.3) that E[|Y — F, " (U)|] < E[|Y — F,N(U)|] + E[|F,"(U) -
FHU)|] = 2Wi(p, v), so (2.1.1) holds.

I

2.2.2 Definition

Let o and v be two probability measures on R with finite first moment such that [p x pu(dz) =
Jryv(dy) and p # v. We recall that ¥, and W_ are defined for all u € [0,1] by ¥ (u) =
S (EN = FyY) (v)dv and W_(u) = [¢'(F, " — F,;") " (v) dv. Let Uy, U and Uy be defined
by

Up ={uc(0,1)| F (u) > B (w)}, U ={ue(0,1) ] F ' (u) < F N (u)}
and Uy ={ue (0,1) F7'(w) = F, N (w)}. (2.2.3)

v

Notice that dVU, (u)-a.e. (resp. dV¥_(u)-a.e.), we have u € U, (resp. u € U_). Since u
and v have equal means, we can set v = [y(F, ' — F, )" (u)du = [{(F,* = F, ") (u) du €

0,4+00). We note Q the set of probability measures Q(du, dv) on (0, 1)? such that
(0, 400) p y : ,
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(i) @ has first marginal %(Fgl — FE;Y) T (u) du = %d\I/Jr(u);

v

(ii) @ has second marginal ~(F,! — F; ')~ (v) dv = 2 d¥_(v);

(iii) Q ({(u,v) € (0,1)* |u < v}) = 1.

Example 2.2.1. Let p,v € Pi(R) be such that p <. v. Suppose that the difference
of the quantile functions changes sign only once, that is there exists p € (0,1) such that
u— [o'(F, " (v) = F;!(v)) dv is nondecreasing on [0, p] and nonincreasing on [p, 1]. Then one
can easily see that any probability measure ) defined on (0, 1) satisfying properties (i) and
(1) of the definition of Q is concentrated on (0,p) X (p,1) and therefore satisfies (izi). In
particular, the probability measure @Q; defined on (0,1)% by

Qu(du, dv) =~ (F' — 7Y () du (F) — FyY) (0) do (2.2.4)

g v a g
is an element of Q.

In view of (i) and (i7), one could rewrite (iii) as Q ({(u,v) €Uy xU- |u <v}) = 1.
A characterisation of the support of ) in terms of the irreducible components of p and v
is given by Proposition 2.2.8 below. In the general case, the construction of a probability
measure () € Q is not straightforward, but a direct consequence of Proposition 2.3.1 below is
that Q is non-empty as long as u, v € Pi(R) are such that p <., v. Moreover, the convexity
of Q is clear.

Proposition 2.2.2. Let u,v € P1(R) be such that pu <., v. Then Q is a non-empty convex
set.

Let @ be an element of Q. Let 7% and ©¢ be two sub-Markov kernels on (0, 1) such that
for du-almost all u € U, and dv-almost all v € U_, 7%(u, (0,1)) = 1, 7%(v, (0,1)) = 1 and

v v

v v
Let (m®(u, dy))ue(o,1) be the Markov kernel defined by

Q(du, dv) = l(F“_l — FY (w) dun®(u, dv) = l(FN_1 — F;Y (0) dvn®(v, du).

EF N (u) — F N u)
1 v X 0 -
~/v€(0,1) Fy—l(v) — F—l(u) 5F; (v)(dy) T (u,dv) +

v

I
F Y u) — F; 1 (u) F Y v) — F Y u)
5 S O (dy) 72 (u, d - u, dv) §p1,(d
/ve(o,l) F1(v) — F ' (u) F; 1(1,)( y) w2 (u, dv) + e F1(0) — F1(a) T (u, dv) P 1(u)( Y)
for u € U_ such that W?(u, {ve(0,1)| F 1 (v) < F;l(u)}) 1;
Op-1 (w) (dy) otherwise.
(2.2.5)
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For any Markov kernel (m(u, dy))ue(o,1), we denote by (m(z,dy)).cr the Markov kernel
defined by

3. (dy) if F,(x)=0or F,(z_) =1,
,u({lx}) /:(()) m(u, dy) du if p({z}) > 0; (2.2.6)
m(Fy(z), dy) otherwise.

For all z € R such that F,(z) > 0 and F,(z_) < 1, m(z,dy) can be rewritten as

m(z,dy) = /Ulo m(F,(x_) +v(F,(x) — F,(x_)),dy) dv. (2.2.7)

Conversely, let (p(x,dy))secr be a Markov kernel. Let then (m(u,dy))uco,) be the
Markov kernel defined for all u € (0,1) by m(u,dy) = p(F,'(u),dy). Let (m(z,dy))ecr
be the Markov kernel defined by (2.2.6). Let 2 € R be such that Fj,(z_) > 0 and

F(x) < 1. If p({x}) > 0, then for all u € (F,(x_), F,(2)], F, " (u) = x. Hence m(x,dy) =

M({lx}) fﬁg)(xi)ﬁ(u,dy) du = M({lac}) fﬁl(i)(mi)p(x,dy) du = p(x,dy). By Lemma 2.6.3 be-
low, F/'(F.(x)) = z, p(dz)-almost everywhere. So for u(dz)-almost all x € R such that
Fu(z_) >0, Fy(x) < Tand p({x}) = 0, m(x,dy) = p(F, " (F.()), dy) = p(x,dy). Therefore,
for p(dx)-almost all x € R, p(z, dy) = m(z, dy).

Throughout the present article, for any Q € Q, (m®(z, dy)).cr and M? will respectively
denote the Markov kernel given by (2.2.6) when (m(u, dy))ue,1) = (M9 (u, dy))ue(o,1) and

the probability measure on R? defined by M@ (dxz,dy) = u(dz) m®(z, dy).

Proposition 2.2.3. Let p and v be two distinct probability measures on R with finite first
moment and equal means such that Q is non-empty. Let Q € Q. Then the probability
measure M® is a martingale coupling between p and v.

One can easily check thanks to Jensen’s inequality that the existence of a martingale
coupling between p and v implies that u <. v (see Remark 2.3.2 for a proof). A direct
consequence of the latter fact and the last two propositions is an easy characterisation of the
emptiness of Q.

Corollary 2.2.4. Let p and v be two distinct probability measures on R with finite first
moment and equal means. Then Q # O iff u <cp v.

The proof of Proposition 2.2.3 relies on the two following lemmas.

Lemma 2.2.5. Let Q € Q. For du-almost all u € (0,1),

{ wueld, = F;'(v)>F(u), 7% (u, dv)-a.e;

ueld. = F;'(v)<F'(u), 7% (u, dv)-a.e.
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Proof of Lemma 2.2.5. We have

Q -1 —1\+ _
/(071) (/(071) ]l{Fgl(v)gFgl(u)}WJr (u, dU)) (F# — F, ) (u) du =~ /(071)2 ]l{Fgl(u)gF,:l(u)} Q(du, dv)

<7 L weriey @du, dv) :/

ritw)-rr E—F ) (v)don(v,d
(0,1)2 (0,12 (F ) -F w20 (L v )" (v) dvm=(v, du)
— 0,

where we used for the inequality that u < v, Q(du,dv)-almost everywhere and that F " !
is nondecreasing. So for du-almost all u € U, 7%(u, dv)-a.e., F; ' (v) > F M (u). With a

symmetric reasoning, we obtain that for du-almost all u € U_, 7% (u,dv)-a.e., F 1 (v) <

E (). O

Lemma 2.2.6. Let (m(u,dy))uec©,1) be a Markov kernel and let (m(z,dy))zcr be given by
(2.2.6). Then
p(dz) m(z, dy) = (F, " (u), y); (101 (w) dui(u, dy)),

where f denotes the pushforward operation.

Proof of Lemma 2.2.6. Let h : R?> — R be a measurable and nonnegative function. By

Lemma 2.6.4 below, F,(x) > 0 and F,(z_) < 1, u(dz)-almost everywhere. So using (2.2.7),
we have

[ hlay) plda) m(e. dy)

= h(@,y)Lg0<Fu(@), Fu(ay<1y plde) m(Fy(z-) +v(Fu(z) — Fu(z-)), dy) dv.
RxRx(0,1)

Let 6 : (z,v) = Fy(z_) +v(F,(x) — Fy(z_)). By Lemma 2.6.6 below, z = F, " (6(z, v)),
p(dzr) ® dv-almost everywhere on R x (0, 1) and 6(x,v);(p(dx) @ L1y (v )dv) = 1,1y () du.
So

[ by plda) m(e. dy)

_ ~1 N
= JRxmx(0) h<FM (0(z,v)), y)]1{0<FH(F;1(e(w))),FH(F;I(e(a;,v),))<1} pu(dz) m(0(z, v), dy) dv

-1 —
= Jexiony " (W0 Lo, (5 ) -y <1y T AY) .

By Lemma 2.6.4 below and the inverse transform sampling, F,(F, " (u)) > 0 and F,(F; ' (u)-) <
1, du-almost everywhere on (0, 1), hence

Joo Py ) miady) = [ RO (), ) o, dy)
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Proof of Proposition 2.2.3. Let us show that M® defines a coupling between p and v. Let
h : R — R be a measurable and nonnegative (or bounded) function. We want to show that

[ 0 pldaym® (. dy) = [ ny)vidy),

which by Lemma 2.2.6 and the inverse transform sampling is equivalent to

/OI/Rh(y) m (u, dy) du = /01 h(F, ™ (u)) du. (2.2.8)

Thanks to Lemma 2.2.5, we get for du-almost all u € (0, 1),

F ' (u)— F (u
_ M -1 Q Q
o (0,1) (1 o F*I('U) — -1 h(Fu (u>)(7r+ (uv dv)ﬂ{Fll(u)>F;1(u)} + 7= (u, dv)ﬂ{Fll(u)<F;1(u)})
FYu)— F Y (u
M -1 Q Q
- /(0,1) <FV1(’U) _ Fﬁl(u ) h<Fu ("U))(?T+ <u> dv)]l{F;jl(u)>F;1(u)} + 7= (U, dv)]l{Fu—l(u)<F;1(u)})

+ h(Fy_l(u))]l{pgl(u):Fgl(u)}

() + [ S T L ) = ) n )

v v

(F' = F) " (u)
* /(0,1) F1(a) — F. (o)

v

(WY (v)) = h(EF M w))) 7€ (u, dv). (2.2.9)

v

Since

/ (F' = F7)* (u
012 FH(v) — F(u

v

. B 0) = B ) 72 )

we deduce that [ fp h(y) Mm% (u, dy) du = [y h(F; (u)) du. We conclude that M@ is a cou-
pling between p and v. In particular for h : y — |y|, using the inverse transform sampling,
we have

[, dyydu = [ 1 @)l du = [ 1yl v(dy) < oo

So [z ym®(u,dy) is well defined du-almost everywhere on (0, 1).
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Let us show now that M@ defines a martingale coupling between p and v. By Lemma
2.2.5, for du-almost all v € U,

= F N (u). (2.2.10)

In the same way, for du-almost all u € U_,
/Rme(u,dy) = F;\(u). (2.2.11)
Else if u € Uy, then by definition of m®(u, dy),
Ly, dy) = £ ) = B )

so for du-almost all u € (0,1), fpym?(u,dy) = F,*(u).

Let A : R — R be a measurable and bounded function. By Lemma 2.2.6,

[ b= ) alde) masdy) = [0 @) ([ = ) i dy) ) du =0,

So p(dr) m®(x,dy) is a martingale coupling between u and v. ]

Let H : R — R be a measurable and bounded function. Lemma 2.2.6 and (2.2.9)

written with h @y — H(F, Y(u),y) yield the following formula, which illustrates well how

the martingale coupling M@ differs from the comonotous coupling between y and v:

o ) MO ) — [ HOE ), )
H(E Y (u), F; N (v) — H(F; Y (w), FoNw) + H(Fu_l(v), Fl(u)) — H(F=\(v), F~'(v))

o v o v

(0,1)2 F7 w) — Fl(u)

v v

=7
(2.2.12)

Notice that the last integral is well defined since Q(du, dv) = %(Fljl—Flfl)Jr(u) du 9 (u, dv)
and according to Lemma 2.2.5, Q(du, dv)-almost everywhere, F, " (v) > F ' (u) > F,*(u).
Moreover, the fact that g and v have finite first moment along with the inverse transform
sampling show that (2.2.12) also holds for any measurable map H : R*> — R with at most
linear growth. As shown in the next proposition, we can easily deduce from this formula

that the map Q > Q — M@ is one-to-one as soon as F x and F, are continuous.
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Proposition 2.2.7. Let p,v € Pi(R) be such that pp <., v. If F, and F, are continuous,
then the map Q > Q — M% is one-to-one.

Proof. Let Q,Q" € Qbe such that Q # Q. Then there exists a borel set A C (0, 1)? such that

Q(A) # Q(A). Let H : (z,y) —~ (y—F, " (Fu(2))) " Lip,@e0 La(Fu(@), F () Lir, @) <Fum)-
Since F,, and F), are continuous, for all u,v € (0,1), we have F,(F, ' (u)) = wand F,(F, " (v)) =
v, so H(F'(u), F;'(v)) = (F, ' (v) — F; N u) " 1a(u, v)Tucpy. We deduce that for all

w,v € (0,1), H(F;Y(u),F;Y(u)) = H(F;'(v),F; (v)) = 0 and since (Q + Q')(du, dv)-

almost everywhereuon 0,12, u < v, Weu have that (Q + @')(du,dv)-almost everywhere
on (0,1)% H(F;'(v),F; (u)) = 0. Since H(z,y) grows at most linearly in F,"(F,(x))
and y, one can easily deduce from the integrability of © and v and the inverse transform
sampling that (2.2.12) holds. Using that (Q + Q')(du,dv) almost everywhere on (0, 1)

F N u) < F 7' (u) < F7'(v), which is a consequence of Lemma 2.2.5, we obtain

/]RXR H(ZE, y) MQ(d.CE, dy) B /RXR H<x’ y) MQ/(dx> dy)

B H(F, (u), F, ' (v)) H(F M (w), F M (v)
“ o A - Bty Q4 o By~ oty )
=7(Q(A) — Q'(4)) # 0,

hence M® # M® and the map Q 3 Q — M@ is one-to-one. n

According to Theorem A.4 [25], there exist N € N* U {+oo} and a sequence of disjoint
open intervals ((¢,,%,))1<n<n such that

N

{t cR| /_; Fu(2)dr < /_; () da;} = Ut ). (2.2.13)

n=1

These intervals are called the irreducible components of the pair (u, ). Moreover, there
exists a unique decomposition of probability measures (i, 5 )1<n<n, such that the choice of
any martingale coupling M between p and v reduces to the choice of a sequence of martingale
couplings (M,,)1<n<n. More precisely, for all 1 <n < N,

Fu(ty) < Fu(ty) < F,((In)-) < Fu((tn)-),  Fulty) < Fu((tn)-), (2.2.14)
and u, and v, are given by
{ pn(dr) = s L, (@) plda);

valdy) = wamy (L@ v(dy) + (Fo(t,) = Fu(t,)) 8, (dy)
+ (Fu((Fa)-) = Fo((£a)-)) 6, (dy))

(2.2.15)

Then a probability measure M on R? is a martingale coupling between p and v if and
only if there exists a sequence (M,,)1<,<n such that for all 1 <n < N, M, is a martingale
coupling between pu,, and v, and

M(da,dy) = Ly v o () p(de) bo(dy) + 3 pl(ty, 1) Ma(d, dy).

n=1
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We can establish a strong connection between the support of any probability measure
@ € Q and the irreducible components of (u, v).

Proposition 2.2.8. Let u,v € Pi(R) be such that p <. v. Let (t,,t,)1<n<n denote the
irreducible components of (u,v). Then for all Q € Q, we have

1<n<N

Q( U (Fu(tn)7Fu((tn)—))2) = 1.

Proof. Let @ € Q. By Lemma A.8 [4], we have

W= nﬂl (Fu(t,), Fu((F2)-)) = {u €(0,1) | /0 Fo (o) dv > /O ) dv}.

Let u € (0,1) be such that F,'(u) > F,"(u), that is u € Uy.. Since p <., v, according
to the necessary condition of Theorem 3.A.5 Chapter 3 [169] (see also Remark 2.3.2 for a
proof), for all ¢ € [0,1], J§ F,,*(v) dv > [§ F, " (v) dv. By left-continuity of F;' and F, ", we
deduce that fg' F;;'(v) dv > [ F,7'(v) dv, that is uw € W. So U, CW.
Let 1 < n < N. Then M@ transports (t,,%,) to [t,,,], namely for u(dz)-almost all
€ (tn, tn), m@(z, [tn, tn]) = 1. So using Lemma 2.2.6 for the last equality, we have

Fu((fn)-) i
/Fu(tn) du = pl(tn, tn)) = /R]l{znqdn}ﬂ(dm)
- /Rz Ly, <oty Uiy, <y<iny #(dz) m@(z, dy)

a (0,1)xR ]1{§n<F51(“)<En}ﬂ{£n§ySEn} dum® (u, dy).

Using Lemma 2.6.3 below, one can easily see that for all u € (0, 1), Lip, ) <ucFu(@)- )y <

L <rt<iny < Hpu,) <ushu(@) o)y SO

Fu((tn)-
— _ _ mQ
/Mn) du = /(0,1)><R Lim ) <ucru@ L, <y<iny dumm(u, dy)
Fu((tn)-) -
= me(u, [t,, t,]) du.
Fu(t,)
So for du-almost all u € (F,(t,), F.((t,)-)), m%(u,[t,,,]) = 1. By Lemma 2.2.5,
dV (u)-almost everywhere on (F,(t,), F,
1= 7T+( {U S (O’ ) | (U) € [trwin]})
=7 (w,U- N (u,1) N {U €(0,1) | F(v) € [t 1]},

where the last equality derives from conditions (i) and (#¢) satisfied by Q. Let u €
(Fu(t,), F.((t,)-)). Let us check that

U0 (u, 1) N {v e (0,1) | FN0) € [ty B} CU- N (1w, 1) N (Fu(ty), Fu((E)-)]. (2.2.16)
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Let v € (0,1) be such that F, ! (v) € [t,,t,]. First of all, if v > w then v > F,(¢,,). Second,
if v > F,((t,)-), then according to (2.2.14) and Lemma 2.6.3 below, we have F,((,)-) <
F.((t,)-) < v < F,(t,). In that case, if v < F,(,), then v € (F,((t,)-), F.(t,)] N
(Fu((tn)-), Fu(tn)], so FyY(v) = F,'(v) =, and v € Up. Else if v > F,(t,), then
v € (Fu(tn), F,(ta)] so 7Y (v) <, < F;'(v) and v € U,.. This proves (2.2.16).

Using conditions (i7) and (ii7) satisfied by ) again and the fact that the second marginal
of @ has a density, we get that dW¥, (u)-almost everywhere on (F),(t,), F.((t,)-)),

P, U= 01 (1, 1) 0 (L), Fu(Ta)-))
9w, (Fult): Fu((T2)-))).

We deduce that

N
0 ( U <Fu<tn>,Fu<<tn>_>>2> = S Q((Fult), Ful(E))))
1<n<N ne1
1 XM Fu(En)-)
=3 [ A e (Bt Ful () )
1 N pFulEn)-) 1
== dV (u) = —dV, (W
Y nzl/mw #lu) =5 ab07)
1
> —dU(Uy)
Y
where we used the fact that ¢, C W for the inequality. m

The next proposition clarifies the structure of the set of martingale couplings deriving
from Q and states a linearity property of the map Q € Q — M©. In particular, it ensures
that the set of martingale couplings deriving from Q is either a singleton, or uncountably
infinite.

Proposition 2.2.9. Let p,v € Pi(R) be such that p <. v. Then for all Q,Q" € Q and
A€ 0,1],
MAHA=N — AMQ 4 (1 - N)M©.

In particular, the set {M® | Q € Q} is convexr.

Proof. Let Q,Q" € Q and let A € [0,1]. Tt is straightforward that for du-almost all u € U,
and dv-almost all v € U_,



Using Lemma 2.2.5, we get that for du-almost all u € (0,1),
AN (4, dy) = N (u, dy) + (1= N (u, dy).
Let h : R? — R be a measurable and bounded function. By Lemma 2.2.6,
[ hla,y) MO (4, dy)
RxR

= [ b)) m 9 gy < [ ([ B ), ) TN () ) d

_ )\/1 </ W(E ,y)mQ(u,dy)> du+ (1 - ) /01 </Rh(Fl:1(u),y)ﬁQ/(u,dy)> du
=) / de)m®(ady) + (1= 2) [ ha.y) plda) m (. dy)

=/ h(x,y) AM? + (1 — \)M)(dz, dy).

So MAQHI=NQ = AMQ + (1 - A\)MY. O

We deduce that if Q, Q' € Q are such that M@ # M?', then there exists a whole segment
of martingale couplings between p and v, all parametrised by Q. More details are given in
Section 2.4. Let us complete this section by revisiting the example given in Section 2.2.1.

Example 2.2.10. Suppose now that p, v € P;(R) are symmetric with common mean «a € R,
that is (z — a)yu(de) = (o — x)yp(de) and (y — a)yv(dy) = (o —y)sv(dy) where § denotes the
pushforward operation. Suppose in addition that their respective quantile functions satisfy
E;'>F; b on (0,1/2] and F' < F'on (1/2,1). We saw in Section 2.2.1 that when U is
a random variable uniformly distributed on [0,1] and Z is given by (2.2.1), (F/'(U), Z) is
an explicit coupling between p and v in the case o = 0. Let us show here that this coupling
is in fact associated to a particular element of Q. According to Lemma 2.6.5 below, we have

Fo M u) =2a—F;'(1—u) and F, ' (u) = 2a — F,*(1 — u) for du-almost all u € (0, 1), which

is helpful in order to see that the probability measure @ defined on (0,1)? by

Qs (du, dv) = i(Ful = FY () du by (dv) (2.2.17)

is an element of Q (in particular to check that it satisfies (i7)). For that element )y, using
(2.2.5), Lemma 2.2.5 and Lemma 2.6.5 below, we have for du-almost all v € U, UU_,

FM_ élgi;i_liz_) (_u())é)_ 0 Fu_l(u)(dy)‘i‘ F;;F(ji)l (:L)FE CSO 52a—F,,_1(u) (dy), (2.2.18)

v v

M (u, dy) =

and m?(u,dy) = p-14,(dy) if u € Up. Let w € (0,1). If F N (u) = F ' (u) # «, then
0p~1(,(dy) coincides with the right-hand side of (2.2.18). Furthermore if F,'(u) = a, since
a> F Y u) > FY(u) or a < F7Mu) < F'(u) by an easy generalisation of (2.2.2), then
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F.'(u) = a. Therefore (2.2.18) holds for du-almost all u € (0, 1) such that F,"(u) # a and
me2(u, dy) = - 1) (dy) for du-almost all u € (0,1) such that F} Yu) = a.
Let U and V be two independent random variables uniformly distributed on (0,1) and
let Y be defined as in (2.2.1) but with the mean « taken into account, that is
Y = Fy_l(U)]l Fr Y )+ F; N U)-2a + (205 - F_I(U))]l (U)+Fl, Lwy—2

v

{F, N (U)a,V<—+£—ryg } (Fr U)o,V > T

2(F, " (U)—a) 2(F, LU)-a)

ol ey

Then (U,Y) is distributed according to 1 o1)(u) du m?*(u, dy). By Lemma 2.2.6, (F,'(U),Y’)
is distributed according to pu(dx) m(x,dy).

2.2.3 Optimality property

Let p,v € Pi(R). It is well known that £, ! is constant on the jumps of F),, that is ! is
constant on the intervals of the form (F),(x_), F,(z)], iff the comonotonous coupling between
1 and v is concentrated on the graph of a map 7' : R — R, and then

T=F"'0F,. (2.2.19)
We will refer to T as the Monge transport map.

Proposition 2.2.11. Let p,v € Pi(R) be such that p <. v. Suppose in addition that F,*
is constant on the intervals of the form (F,(xz_), F,(x)]. Let T' be the Monge transport map.

Let Q € Q. Then

nf [y T(@) Mda,dy) = [y = T(@)] MO(d, dy) = Wi(p,v).
MellM(p,v) JRXR RxR

Proof. This is a particular case of Proposition 2.2.18 below. Indeed, let M (dz,dy) =

p(dx) m(z,dy) be a martingale coupling between p and v. Let (m(u,dy))uco,1) be the

kernel defined for all u € (0,1) by m(u,dy) = m(F, *(u),dy). Using the inverse transform

sampling, we have

Joa v = T@ () mia,dy) = [y =T @) dwm(F (), dy)

= ly — FH(FL((F ()] dum(u, dy),

(0,1)xR ’

where we used for the last equality that T = F, ! o F,. Let u € (0,1). If there ex-

v

ists € R such that u = F,(z), then F,(F, ' (u)) = F.(F,"(F.(x))) = Fu(z) = u,
so F, Y (F,(F (u)) = ). Else there eX1sts x in the set of discontinuities of F),

V

(u

o

such that Fj,(z_) < u < F,(z ) In that case, if u > F,(z_) then 2 = F;'(u), so

F N FU(F N (w)) = FY(Fu(x)) = F,H(u) since 7' is constant on the jumps of F),. Hence
du-a.e. on (0,1), F, ' (F.(F, ' (u)) =F, " (u). (2.2.20)

29



We deduce that

/(071)><]R ly = F, 7 (Fu (B, ()| dumm(u, dy) = /

oy = B ) o, dy).

With a similar reasoning, we have
[y = T@)p(da) m®(w,dy) = [y = B ()] dui®(u, dy).
RxR (0,1)xR

Therefore, using Proposition 2.2.18 combined with Remark 2.2.19 below, we get that
Jaxr [y=T(z)| M (dz, dy) is minimised when M = M@, for which we have [g, g [y—T(x)| M9 (dz, dy) =
Wi (p, v). O

2.2.4 Stability inequality

We can now state our main result. In the minimisation of the cost function (x,y) — |z — y|
with respect to the couplings between p and v, the addition of the martingale constraint
does not cost more than a factor 2.

Theorem 2.2.12. For all p,v € P1(R) such that i <., v and for all Q) in the non-empty
set Q,
/ |z — y| M@ (dx, dy) < 2Wi(u, v). (2.2.21)
RxR

Consequently,
My (p,v) < 2Wi(u,v). (2.2.22)

Moreover, the constant 2 is sharp.

The proof of Theorem 2.2.12 relies on Proposition 2.2.18 below. Note that since ITM(u, v) C
II(u, v), we always have Wi (u,v) < Mi(u,v). Moreover, the stability inequality (2.2.22)
can be tensorised: it holds in greater dimension when the marginals are independent, as the
next corollary states.

Corollary 2.2.13. Let d € N* and py, - , g, V1, -+ ,vq € P1(R) be such that for all 1 <
1<d, i ez Vi. Let p=p11 ® -+ - Qug andv =11 Q@ --- @ vy. Then p <. v and

Ml(ﬂ? V) < 2W1(M> I/),
when R? 4s endowed with the L'-norm.

Proof of Corollary 2.2.13. For all 1 < i < d, since p; <., v;, Strassen’s theorem or Proposi-
tion 2.2.3 and Corollary 2.2.4 ensure the existence of a martingale coupling M;(dx;, dy;) =
wi(dx;) m;(x;, dy;) between p; and v;. Let then M be the probability measure on R? x R4
defined by M (dz,dy) = pu(dx) my(z1,dyy) - - - ma(xe,dyg). Then it is clear that M is a mar-
tingale coupling between p and v, which shows that yu <., v, and

d d
M) < [ o=yl Mldody) = 32 [ Loyl MUdy) = 3 [ oyl Midas dys).

Rdx
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For all 1 < i < d, let Q; denote the set Q with respect to u = p; and v = v; and let
Q; € Q,. Then for M; = M@, ... My; = M%, we deduce from Theorem 2.2.12 that

d d
My (p,v) < Z/RX]R |2 — yi| M@ (day, dy;) < 2D Wi (i, ;).
=1

i=1

Let P € II(u, v) be a coupling between p and v. For all 1 <1 < d, let P; be the marginals
of P with respect to the coordinates ¢ and i + d, so that P; is a coupling between pu; and v;.
Then

d d 4
i=1 1<M l/> i=1 RXR|x y| ( * y) Rded2;|x y| ( L y)

= |z —y| P(dz, dy).
Rd xR

Since the inequality above is true for any coupling P between p and v, we deduce that

S Wi (i, vi) < Wi(p, v), which proves the assertion. O

In the following remarks, we first look in which case the minimiser of (2.2.22), studied by
Hobson and Klimmek [109], derives from Q. Second, we see that the left-curtain martingale
coupling introduced by Beiglbock and Juillet [25] does not always satisfy (2.2.22).

Remark 2.2.14. The optimal martingale coupling M € TIM(y, v) which minimises [, g |7 —
y| M (dz, dy) was actually characterised by Hobson and Klimmek [109] under the dispersion
assumption that there exists a bounded interval E of positive length such that (u—v)*(EL) =
(v — u)*(E) = 0. They show that the optimal coupling M*“X is unique. Moreover, in the
simpler case where u A v = 0, if a < b denote the endpoints of F, then there exist two
nonincreasing functions R : (0,1) — (—o0,a] and S : (0,1) — [b, +00) such that for all u €
(0,1), denoting m"* (u, dy) = m"™(F,*(u),dy) where m""(z, dy) u(dzx) = M"*(dz, dy),
one has

m (u, dy) = Sél(ti)__F;;(g)fSR(u)(dy) + Fg(qi;t)__}z}(i(;) ds(uy(dy).

We can discuss in which case ME derives from Q. Suppose first that F, ! takes at
least three different values, that is there exist u,v,w € (0,1) such that F,'(u) < F,;!(v) <
F; ' (w). By left-continuity of F) !, there exists € > 0 such that F,'(u) < F, (v —¢) and
Fl(v) < F; (w—¢). Let I} = (0,u], [y = (v —¢,v] and I3 = (w — &,1]. Those three
intervals are such that for all s € I; (resp. s € I) and t € Iy (resp. t € I3), we have
F'(s) < F,'(t). Since R is nonincreasing, if the graph of R meets the graph of F,! on one
of those three intervals, then they cannot meet on the two others. We can assert the same
with the graph of S since S is nonincreasing as well. Therefore, there exists k € {1,2,3}
such that the intersection of F, '(I};) and R(I;)US([},) is empty. In particular, for all ¢ € I},
mE(t {F1(t)}) = 0. However, thanks to Lemma 2.2.5, we can see that for all Q € Q, the
Markov kernel m@ is such that m@(u, {F, *(u)}) > 0 for du-almost all u € (0,1). Therefore,

MHUE does not derive from Q.
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If 7! does not take more than two different values, that is if v is reduced to two atoms
at most, then there exists a unique martingale coupling between p and v, so MHX derives
of course from Q.

Note that the maximisation problem sup e,y Jrxr [ — y| M (dz, dy) is discussed by
Hobson and Neuberger [110].

Example 2.2.15. For instance, if p(dz) = $1_1,5(z) dz and v(dz) = 5 (Lj_o—1+1(19)(z) dz,
then (see Example 6.1 [109] for an equivalent calculation)

1 3z €T

1
HK _
m (l‘,dy) - <2 - 2m> x+\/12 32 )(dy) ( 2\/m> —z4+v12—322) (dy)

which satisfies m# ¥ (v, {F;1(F,(x))}) > 0 iff z € {(3 — v/33)/6,(v/33 — 3)/6}. On the
other hand, for all Q € Q, the Markov kernel m@ is such that m@(z, {F,}(F,(x))}) > 0 for
dz-almost all z € (—1,1).

Remark 2.2.16. We investigate an example where the left-curtain martingale coupling
introduced by Beiglbock and Juillet [25] does not satisfy (2.2.21). Let p € Pi(R) be with
density f, and let u > 1 and d > 0. Let M*“ be defined by

M (da, dy) = p(dz) (1gaso) (q0us(dy) + (1= ) 0-aa(dy)) + Tia<oyda(dy) ),

where ¢ = lid Let v denote the second marginal of M*“. So v has density f, defined by

fo(x) = %fu(u> for all z > 0 and f,(z) = fu(z) + 52fu(=2) for all 2 < 0. Then M*C
is the left-curtain martingale coupling between p and v. One can easily compute [pa |y —
x| MEC(dx, dy) = 2=D0id) Jz, *fu(x)dz. On the other hand, Wi(u,v) = [g[Fu(t) —

u+d
F,(t)| dt (see for instance Remark 2.19 (iii) Chapter 2 [190]). From the relation between f,
and f,, one can deduce that for all z > 0, F,(z) = 1 — ¢ + ¢F,,(z/u), and for all z < 0,
F,(z) = F,(z) + (1 — ¢)F(—2/d), where F,, :  + pu((xz,400)) = 1 — F,(x). Using

|z| = x 4+ 22—, we have

Wiw) = [ (1= @Fu(=a/d)dr+ [ [Fu(e) = aFu(o/u)]dr
_/ (1— )F,(—x/d) d:v+/ z) — qF(z/u)) dz
+9 / z) — ¢F . (z/u))~ d
= d(1—q) / zfu(x) dz + (1 - qu) / 2fu(e)dr 2 [ (Fu(r) = qF(r/u)d
=2 / r) = qFu(z/u)) " d
Then MEC satisfies (2.2.21) iff
(u _u1+1d+d / sha)de <2 [ (Fa) - aFulafu) do. (2.2.23)
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The next example illustrates a contradiction of (2.2.23) and therefore (2.2.21) for M€,

Example 2.2.17. Let u(dx) = Xexp(—=Az)1{z50) dz, where A > 0, and let v be the prob-
ability distribution with density f, given by f,(z) = £f.,(x/u) for x > 0 and f,(z) =

T u

L4 f,(—x/d) for x < 0. Then for all z € R, F,,(z) = exp(—Az), and (2.2.23) is equivalent to

w % l ) (exp(—)\x) — qexp(—)\a}/u))_ dx

u+d A Ry
= 2/4:;“; (gexp(—Az/u) — exp(—Ax)) dx
AE-1)
<= (u—/\l)q > 2 <q;f exp (— 1hiqu> — }\exp <_11‘1n:ql>> = 2%@ — 1)q—1/(1—u)
1+d
= 2> g = ujLi—d’

which can be satisfied for example with u = % and d = i. Note that this condition does
not depend on the value of A\. Therefore, the left-curtain martingale coupling

1
MEC (d, dy) = Nexp(-No) ooy d (2 05 (d) + 5 0 ()

does not satisfy (2.2.21), for any A > 0.

Proposition 2.2.18. Let u,v € P1(R) be such that yu <., v. Let Q € Q. Then the Markov
kernel (m@(u, dy))ue(,1) minimises

1
| L1E @) = ylmdu, dy) du
0 Jr

among all Markov kernels (m(u, dy))ue(,1) such that

{ fue(o,l) m(u,dy)du = v(dy)
Je lylm(u,dy) < +oo and [pym(u,dy) = F,;'(u), du-almost everywhere on (0,1)
(2.2.24)

Moreover, [y [ |F (u) — y| m@(u, dy) du = Wy (u, v).

Remark 2.2.19. If (m(u, dy))ue(o,1) is a Markov kernel satisfying (2.2.24), then using Lemma
2.2.6, we get that p(dx)m(x,dy) with (m(x,dy)).cr denoting the Markov kernel given by
(2.2.6) is a martingale coupling between p and v.

Conversely, if u(dx)m(z,dy) is a martingale coupling between p and v, then using the

inverse transform sampling, we get that the Markov kernel (m(F,'(u), dy))uc(,q) satisfies
(2.2.24).

Remark 2.2.20. The martingale couplings parametrised by ) € Q are not the only ones
to minimise [y [ |F,(u) — y| m(u, dy) du among all Markov kernels (7 (u, dy))ue(o,1) which
satisfy (2.2.24). Indeed, let p = %(5_1 + %51, v = %5_8 + ié_g + 2(54 and
1
M = g (2(5(71,76) + 25(,1,4) + 5(1,78) + 3(5(1’4)) .
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For m(—1,dy) = 36_¢+30s and m(1, dy) = 16_s+38,, we have M (dz, dy) = p(dzx) m(z, dy).
Let (m(u, dy))uco,) be defined for all uw € (0,1) by m(u,dy) = m(F;(u),dy). It is
easy to see that M is a martingale coupling between p and v, so (m(u,dy))uc,1) satis-
fies (2.2.24). For all u € (0,1), we have F;/'(u) = Tqu<1/2y(—1) + Tgus1/2y and F ' (u) =
Tiu<1/s1(—8) + 11 s<u<sys (—6) + Lyuss/sy x 4. So for all u € (0,1), we have

. 1 1 1 3

We can compute [y fu|F, (u) — ylm(u,dy)du = L = [} |F (u) — F ()| du =
Wi (p, v), so (m(u, dy))ueo,1y is optimal.

Thanks to Lemma 2.2.5, we can see that for all Q@ € Q, the Markov kernel m? is such
that m@(u, {F,1(u)}) > 0 for du-almost all v € (0,1). However for all u € (0,1/8], we have
m(u, {F;1(u)}) = m(u, {—8}) = 0. Therefore, m does not derive from Q.

Proof of Proposition 2.2.18. Let m be a Markov kernel satisfying (2.2.24). By Jensen’s in-
equality, for du-almost every u € (0, 1),

B ) = F )l = | [ ) = )t dy)| < [ 1F () = gl dy).

So fo |[F;M(u) = FMNw)| du < fy fa |E () =yl m(u, dy) du.
Therefore, to conclude, it is sufficient to prove that [ |F, 1 (u) —y| m%(u, dy) = |F, (u) —
F.(u)|, du-almost everywhere on (0, 1).
Applying (2.2.9) to the measurable and nonnegative function h : y — |F, 1 (u) — y| yields

for du-almost all u € (0, 1)

L @ =iy = [ S S B E ) — g faa,d
(5, E) (0
0.1 Fy 7t (u ) F7(v)

Using Lemma 2.2.5, we deduce that for du-almost all v € (0,1)

LR @) = ol dy) = [ (F = B rl o) + [ (R B (w)a(, o)

(0,1)
=|F, (u) = F, (u)].

+ |F ) — FH ()79 (u, do).

O

Proof of Theorem 2.2.12. Let Q € Q and let m¥ be the Markov kernel defined by (2.2.5).
By Lemma 2.2.6 and Proposition 2.2.18,

/RX]R“/_‘TW(C@) U, dy) = /01/R|?J—Fu_ (u)| m® (u, dy) du

< ly — F7 ()| m@(u, dy) du



1
+ [0 LR ) = B () 7w, dy) du
0o Jr
= 2W1 (/L, I/).
Since M@ (dx,dy) = pu(dz) m®@(z,dy) is a martingale coupling between p and v (Propo-

sition 2.2.3), we get (2.2.22).
Let us show now that the constant 2 is sharp, that is

Ml(”? V) _
sup ——— = 2.
1, vEP1(R) Wl (ILL’ V)

p<cxV

Let a,b € R be such that 0 < a < b. Let u = %5_(1 + %5(1 and v = %5_17 + %517. Since u
and v are two probability measures with equal means such that p is concentrated on [—a, a]
and v on R\[—a,a], then u <., v. Any coupling H between p and v is of the form

H =710_q_p) + 7" 0ap) + PO(ap) + D 0(a,—b):

where 7', p,p’ > 0and p+p ' =r+1" =p+1 =p +r =1/2. One can easily see that H
is a martingale coupling iff b(p — p') = a/2 and b(r’ — r) = —a/2, that is

(b+a) (b—a) (b+a) (b—a)
1 Oan t T 0y T 0y Ty

Since there is only one martingale coupling, we trivially have

b? — a?

Miluv) = [ o=yl H(dw,dy) =

On the other hand, since W, (u,v) = [p |FL.(t) — F,(t)| dt (see for instance Remark 2.19
(iii) Chapter 2 [190]),

—b —a ] a b1 +o00
Wl(u,y):/_ooOdtJr/_b 5dt+/_a0dt+/a 5dt+/b 0dt =b— a.

So, we have

H =

8ar—t)- (2.2.25)

7/\/[1(”71/) :1‘1‘97

Wl (M? V) b
which tends to 2 as b tends to a. [
Also, the stability inequality (2.2.22) does not generalise with M (u,v) and Wi (u, v)

replaced with M ,(u, v) and W, (p, v) for p > 1, as shown in the next proposition in general
dimension.

Proposition 2.2.21. Letd > 1 and p > 1. Then

w,vEP,H(RY) WP(M’ V)
p<ecxV
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The proof of Proposition 2.2.21 will use the following lemma for the case 1 < p < 2.

Lemma 2.2.22. Let d > 1 and p € (1,2). Let | - | denote the Euclidean norm on RY. Then
there exists C, > 0 such that

1
\V/(ZE,y> € Rd X Rd? |l‘ - y|p Z CP <|m|p - [L_|x’p_2<x7y>]1§d + p_1|y|p> ) (2226)

where, by convention, for all y € R and for x = 0 we choose |z|°~2(x,y)ra equal to its limit
0asx— 0.
When p = 2, both sides of the inequality are equal with Cy = 1.

Proof of Lemma 2.2.22. If x = 0, any C, < p—1 suits. Else, dividing by |z|* and using that
y/|z| explores R? when y explores R we see that the statement reduces to show that for
all z,y € R? such that |z| =1,

p 1
lz—yl” = C, (1 - ﬁ@,yh@d + p_1|y’p> :

For all z,y € R? such that |z| = 1, there exist y;, 92 € R such that y = y;z+ yozt, where

xt is an element of span(z)* such that |zt| = 1. The inequality to prove becomes

p/2 P 1
v(yl,yz) € R27 ((1 - y1)2 + yg) > Cp (1 - ﬁy1 + ﬁ(yf + yg)pm) . (2.2.27)

Let L : (ylayZ) — ((1 — yl)Q + y§>p/2 and R : (yl;yZ) — 1—ﬁyl+ﬁ(y%+y§)p/2 When
(y1,92) — (1,0), we have

1
R(y1,y2) = 1 (P —1=pp =1+ D)+ 1 +20y — 1)+ (5 —1)° + yg)pﬂ)

p p
= (1= = D+ L plyn = D + Bl - 1+ 2

(8 = Dl = 17 + ol — * + 1))

N pl—l (g(yl =1+ L3 = p(1 = D) — 1) + oy — 1* + yg)) |

Since p < 2, L(y1,v2) > (1 — y1)? + 42 for any (y1,y») in the ball centred at (1,0) with
radius 1. So

p
2(p—1)’

lim sup Ry, o)

(w1.y2)—(1,0) L(Y1,92)
(y1,y2)#(1,0)

<

On the other hand, when y? + y5 — +o0,

R(yr,42) (yi +y3)""” _ 1
L(yi,y2)  (p—D(wi+u3)? p—1
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So (y1,92) = R(y1,y2)/L(y1, ) is defined and continuous on (R?xR%)\{(1,0)}, bounded
from above in the ball centred at (1,0) with radius 1 and has a finite limit when the norm of
(y1, y2) tends to +o00. Therefore this function is bounded from above on (R? x R%)\{(1,0)}
by a certain constant K > p—il. Since both sides of (2.2.27) vanish for (yi,y2) = (1,0),
we conclude that this inequality holds with constant C, = % and (2.2.26) with constant

C,= L 0

Proof of Proposition 2.2.21. Since all norms on R? are equivalent, we can suppose that R?
is endowed with the Euclidean norm. The case p > 2 was addressed in the introduction
in the one dimensional case. Its extension to dimension d is immediate. Indeed, for all
n € N*, let u, = N1(0,n?) and p (day,--- ,dxg) = (21,0, ,0)4p0,(dz1) where £ denotes
the pushforward operation. By reduction to the one dimensional case, we have

Mo(tns 1) — Moty ponir)

WP (,U,;@, /“L/n—i-l) Wp(lu’n’ Nn-i-l) n—+0o

We now consider the case 1 < p < 2. Let u,v € P,(R?) be such that u <., v, and let
M be a martingale coupling between ;1 and v, which exists according to Strassen’s theorem
or Proposition 2.2.3 and Corollary 2.2.4. Thanks to Lemma 2.2.22, there exists C, > 0 such
that

P —2
/Rded |z —y|” M(dz,dy) > C, </R 2| p(dz) — i 2|°~(z, y)ga M (dz, dy)

Rd xR
bt [yl ()
— viaxr .
p—1 Rdy

Since M (dx,dy) = u(dz) m(z,dy) is a martingale coupling, we have for p(dx)-almost all
r € RY [pal|z|P~%(z,y)re m(x, dy) = |z|°, where both sides are equal to 0 when z = 0. So
we get

C
— P _
/Rded |z —y|” M(dz, dy) > b1 ( e ly|P v(dz) /Rd |$!p,u(d:(;)> _

For all n € N, let p, = Ny(0,n%l;). Let G ~ Ny(0,1;). Then for all n € N,
W;’;(,Una,un+1) < E[‘G’p] and

My posr) - Cp (E[[(n+ 1G] — E[|nG]7])
Wi (s fing1) — p—1 E[|G|7]
((n+1) —n”)C,
p—1

C
P Pnpfl s oo,

p— 1 n——+o0

~n—+o0
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2.3 The inverse transform martingale coupling

2.3.1 Definition and stability of the inverse transform martingale
coupling

Let u, v € P1(R) be such that u <., v. We recall that ¥, and ¥ _ are defined for all u € [0, 1]
by W (u) = [o'(F, ' = F, )" (v) dvand ¥_(u) = [¢'(F,, ' = F, ")~ (v) dv. Let W' (resp. W'
denote the left continuous generalised inverse of W_ (resp. ¥,). Let ¢ : [0,1] — [0,1] and
¢ :[0,1] — [0, 1] be defined for all u € [0, 1] by

p(u) = TNV (u) = inf{r € [0,1] | _(r) > VU (u)};
Plu) = U H(W_(u)) = inf{r € [0,1] | ¥, (r) > ¥

which are well defined thanks to the equality W_(1) = ¥, (1), consequence of the equality
of the means.
Let QT be the measure defined on (0,1)? by

1
Q"™ (du,dv) = ;(F;l — F;Y (u) dun!™ (u,dv) - where 77 (u, dv) = L{o<p(uy<1} S (dv),

(2.3.1)
with v = W_(1) = ¥, (1). According to the next proposition, this measure belongs to Q.

Proposition 2.3.1. Let ju,v € Pi(R) be such that p <., v. The measure Q' is an element
of Q as defined in Section 2.2. Moreover,

1
Q™ (du, dv) = §(F*1 — Y (v)dvn™ (v, du)  where 7' (v, du) = Lo<s(0y<1y O (dur).

o v
Let us then write (m'” (u, dy))ue(,1) instead of ('mQIT(u,dy))ue(oJ) and (m™(z, dy))zer
instead of (mQIT(x, dy))ecr. By Proposition 2.2.3, the probability measure M!T (dz, dy) =
p(dx) m!T (z, dy) is a martingale coupling between y and v, which we call the inverse trans-
form martingale coupling.

We deduce from the expression of 77 given in Proposition 2.3.1 that the definition of
(M (u, dy))ue(o,1) reduces to

Fo (u) — F(w) F (u) -
() = By 1) e (09) (1 " F (plu >>

v

if B (p(u) > F7H () >

H(u)
=T ) N )

Hu) and @(u) < 1;

l/
v
-1

FyH(w) = FH (u)

I

F(u) = FH(o(w))

(2.3.2)

Fo(u) = FyH(o(w))

St sy () + (1 I Ut i O >5F_1(u)(dy)
(P(u) < F M (u) < FM(w) and @(u) < 1

it £

Op—1(u)(dY) otherwise.
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Note that if £, *(u) > F, " (u), then by left-continuity of ;' and F,*, ¥, (u) > 0, which
implies ¢(u) > 0. Therefore F,'(u) > F,*(u) implies ¢(u) > 0 so that with the condition
@(u) < 1, F;'(¢(u)) makes sense. For similar reasons, if F;'(u) < F, " (u) and @¢(u) < 1
then F'(¢(u)) makes sense.

Remark 2.3.2. We recall the celebrated Strassen theorem: if pu,v € P;(R), then u <.,
v iff there exists a martingale coupling between p and v. The sufficient condition is a
straightforward consequence of Jensen’s inequality. Indeed, if M (dx,dy) = p(dz) m(z,dy) is
a martingale coupling between p, v € P;(R), then for all convex functions f: R — R,

[ @ utde) = [ ([ ymie.dy) plde) < [ £ mie.dy) pldo) = [ ) o).

Conversely, suppose that u,v € P;(R) are such that p <. v. For t € R, [p(t —
z)" p(de) < [p(t —x)" v(dx) by convexity of z € R+~ (t —xz)T. By the Fubini-Tonelli theo-
rem, [p(t —2)* p(dr) = [* F.(z)dz. Hence p,(t) = [* F.(z)dz < ¢, (t) = [* F,(7)dz
for all ¢ € R. Hence the respective Fenchel-Legendre transforms ¢, and ¢} of ¢, and ¢,
satisfy % > ¢}, For all u € (0,1) and for all t € R, F'(u) <t <= u < Fy(t), so

sup (qt—/OqF;l(u)du> :/()Fu(t)(t—Flfl(u))du:/Ol(t—Flfl(u))eru:gp“(t).

qE[O,l]

Since ¢ — (J§ F, " (u) du) is convex on [0, 1], we get the well known fact (see for instance
Lemma A.22 [79]) that for all ¢ € R, ¢%(q) = (J¢ F,, " (u) du)lp1(q) + (+00) 1o 1e(q). Hence

q q
/ F ' (u) du > / Fy (u)du  for all ¢ € [0,1], with equality for ¢ = 1. (2.3.3)
0 0

We will see in the proof of Proposition 2.3.1 that if 4 # v, then (2.3.3) implies that QT
belongs to Q, which ensures that the inverse transform martingale coupling M7 exists. If
1 = v, the existence of a martingale coupling is straightforward. Therefore, the construction
of the inverse transform martingale coupling gives a constructive proof of the necessary
condition in Strassen’s theorem in dimension 1.

Proof of Proposition 2.3.1. By Lemma 2.6.1 below,
T 2 Lot —1\+ L —1\—
Q ((07 1) ) = ,_)//0 (Fu - Fl/ ) (u)]l{0<§0(’u)<1} du = ’Y/O (Fu B FI/ ) (u)]l{0<u<1} du =1,

so Q' is a probability measure on (0,1)2. Let i : (0,1)*> — R be a measurable and bounded
function. We have

1 —_ —
/(0 UCY Q" (du, dv) = S /(0 M () (E —F, (W)L ocp(uy<ry du.  (2.3.4)

Since W_ is continuous, one has ¥_(¥=!(u)) = u for allu € (0,1). By Lemma 2.6.3 below,
we deduce that ¢(¢(u)) = u, (F, ' — F;')"(u) du-almost everywhere on (0,1). Therefore,

v
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by Lemma 2.6.1 below,

/(0 1) h(u, SO(U))(F;:l - F;1)+(U)]l{0<<p(U)<1} du

= 01) h(p(e(u)), @(U))(Fll - Ffl)+(U)]1{0<<p(u)<1}]1{0<¢(¢(u))<1} du

(2.3.5)

— (0 1) h(@(v)J U)(ijl _ F;l)i(U)]]-{0<U<1}]1{0<¢(v)<1} dU

= (0 1)2 h(uy U)(‘F:Lj,_l — Fy_l)_(v)]l{0<®(v)<1} 5@(1}) (du) dU.

So
1
h IT (o d :f/ h Flo P ()1 S (dur) du.
/(071)2 (u,v) Q" (du, dv) ~ o (u, v)(F, 1) ()T 0c0)<1y O (dur) do

Hence Q™ (du, dv) = %(Fﬂ_l—Fy_l) (v) dv ™ (v, du), where ' (v, du) = T (g0, <1) O50) (A1)
Moreover, since Q7 is a probability measure on (0,1)2, it proves that

AV, (u)-a.e. (resp. d¥_(u)-a.e.), 0<p(u) <1 (resp. 0 < p(u) <1). (2.3.6)
Therefore, it is clear that @'" has first marginal -(F, ' —F,"")* (u) du and second marginal

%(Fljl — F;N) " (v)dv. For h: (u,v) = Liucyy, (2.3.4) writes

Q" ({(u,v) € (0,1)* [u < v}) = / Lucgy (F = BT () ocpwy<ty du.

Let us show that u < @(u), (F, ' — F,;")*(u) du-almost everywhere on (0,1). By the

v

definition of ¢ and Lemma 2.6.3 below, for all u € (0,1), p(u) < u < VT, (u)) <
u <= VU,(u) < V_(u). Recall that since u <., v, according (2.3.3), for all u € (0,1),
Jo' FoN () dv > [¢" F7H(v) dv, so W (u) > W_(u). Therefore, we get that

Vu e (0,1), ¢u) <u <= Vi(u)=V_(u). (2.3.7)
Suppose F'(u) > F,'(u). Since F,; " and F, " are left continuous, this implies F,, " (u —
g) > F; ' (u—¢) for € > 0 small enough. So, for £ > 0 small enough, ¥_(u) =¥ _(u—¢) <

U, (u—e) < ¥, (u), which implies
u<(u), (F,'—F,")"(u)du-almost everywhere on (0, 1). (2.3.8)

So
1 _
Q" ({(w,v) € (0,1 [u<v}) = > /0 (F = Fy ) () oepuy<ry du = Q'T((0,1)%) = 1,

since Q' is a probability measure on (0, 1)%. O
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We end this section with the stability of the inverse transform martingale coupling with
respect to its marginals o and v for the Wasserstein distance topology. The following proposi-
tion is a direct consequence of Proposition 2.5.10, whose proof is given in the supermartingale
setting. For the sake of generality, the only martingale coupling between a probability mea-
sure i € Pi(R) and itself, namely p(dz) d,.(dy), is still called inverse transform martingale
coupling.

Proposition 2.3.3. Let pu,v € P1(R) be such that pn <., v. Let (fin)nen and (Vy)nen be two
sequences of probability measures on R with finite first moments such that for all n € N,
i Zcw Un. Foralln € N, let MIT (resp. M') be the inverse transform martingale coupling
between p, and v, (resp. between p and v).

If Wi (i, ) o 0 and Wy (v, v) e 0, then

Wi (M MY — 0.

n—-+o0o

2.3.2 Optimality properties

Let us now suppose that u, v € P;(R) are such that u <., v and there exists p € (0, 1) such
that u — [i'(F;'(v) — F,'(v)) dv is nondecreasing on [0, p] and nonincreasing on [p, 1]. We
saw in Example 2.2.1 a concrete example of an element )1 € Q. Any probability measure
@ defined on (0, 1) satisfying properties (z) and (i7) of the definition of Q is concentrated on
(0,p) x (p,1) and therefore satisfies (i7i). The probability measure ) is a simple example
that comes to mind. The inverse transform martingale coupling presented in this section is
a valid example as well and inspires another coupling which is sort of the nonincreasing twin
of the inverse transform martingale coupling.

Let x— tu € [0,1] = [{_ (F,' = F,Y) " (v)dv = [{(F,' = F,Y) (1= v)dv, x4 1 u €

0,1] = ['(F;' = F,Y)T(v)dv and T = x~' o x4 where x~' denotes the left continuous

v
generalised inverse of x_, that is

I:uel0,1] —inf{re[0,1] | x_(r) > x,(u)},

which is well defined since x4 (1) = x4+ (p) = x—(1 — p) = =, consequence of the equality of
the means. Let QT be the probability measure defined on (0, 1)? by

1
QN (du, dv) = ;(FJI—FV_I)JF(U) du "™ (u, dv)  where 7" (u, dv) = 1r@ys0y 61-r(w) (dv).
(2.3.9)

Proposition 2.3.4. Let p,v € Pi(R) be such that p <., v. Assume that there exists
p € (0,1) such that u — [5'(F, " (v) = F, ' (v)) dv is nondecreasing on [0, p] and nonincreasing
on [p,1]. Then QN'T € Q.

In the symmetric case, that is when p and v are symmetric and p = 1/2, we have I'(u) = u
and therefore QM7 = Q, (see (2.2.17)). Hence QM7 is a generalisation of the symmetric
coupling.
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Proof of Proposition 2.3.4. Note that I'(1) < 1 — p, hence I'(u) < 1 for all u € (0,1). It
is clear that QM7 satisfies property (7) of the definition of Q. By Lemma 2.6.1 below
applied with the functions f, : w € (0,1) = (F, ' = F;)"(u) and f, : v € (0,1) —
(F, ' = F;N)~(1 — u), we have

v

fly/ol(Fu_l _ Fy—l)"‘(u)h(l — F(u))ﬂ{r(u)>0} du = Ply/ol(Fu_l . Fy_l)_(l —v)h(1 —v)dv
Lot — Y "Y)h(v) do
= =B w)h) d,

for any measurable and bounded function h : (0,1) — R. So Q™7 satisfies (i) as well, and
therefore (7iz). O

We saw with Proposition 2.2.18 that for all Q € Q, [i Ju |F, ' (u) — y| m® (u, dy) du =
Wi (p,v). The next proposition shows that the inverse transform martingale coupling and
its nonincreasing twin, when it exists, play particular roles among the martingale couplings
which derive from Q when |F(u) — y| is replaced with |F}(u) — y|? with p € R.

Proposition 2.3.5. Let p,v € Pi(R) be such that p <. v. For all p € R and for any
Markov kernel (m(u, dy))uc(o,1), let C,(m) be defined by

—~ _ _1 —~
C,(m) = /Rx(O,l) |y () = YLy st )y (s dy) du (2.3.10)

Then, for all Q € Q,
Vp € (=00, 1] U[2,+00), C,(m'") < C,(m%);
Vp e [1,2], C,(m%) <C,(m'™"); (2.3.11)
Vpe {1,2}, C,(m'") =C,(m?).

Let us now assume that there exists p € (0,1) such that u — [y <NH (v) — F;Y(v)) dv
is nondecreasing on [0,p] and nonincreasing on [p,1] and denote (m™'7 (u, dy))ue y for

(%QMT(u, dy))uco,1y- Then, for all Q € Q,

Vp € (—OO, 1] U [27 +OO)7 Cp<mQ> < Cp(mNIT)§
Vpe[1,2], C,(mN'T) <C,(m9); (2.3.12)
Vp e {1,2}, C,(m"T) =cC,(m9).

Remark 2.3.6. Let u, v € Pi(R) be such that p <., v. By Proposition 2.3.5 for p = 0, we
deduce that
sup{P(Y = F; () | (UY) ~ Ty (1) dui®(u, )}
is attained for the inverse transform martingale coupling.
Suppose in addition that F), ! is constant on the intervals of the form (F),(z_), F,(z)]. Let
M (dz,dy) = p(dx) m(x,dy) be a martingale coupling between p and v. Let (m(u dy))ue(o,1)
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be the kernel defined for all uw € (0,1) by m(u, dy) = m(F,*(u),dy). Let T be the Monge

transport map. According to (2.2.20), F,'(u) = F, ' (F,(F,"(u))) for du-almost all u €

14

(0,1). So by Lemma 2.2.6, for all p € R,
/MR ly — T(2)|" Ly @)y pldz) m(z, dy) = / / ly = T(E )Ly rrmt yyy M dy) du

_/ /\y F N u)|? Ly smt uyy (s dy) du.

We deduce that the supremum of P(Y = T'(X)) among all random variables X and Y
such that (X,Y) ~ M% for Q € Q is attained for the inverse transform martingale coupling.

Proof of Proposition 2.3.5. Let p € Rand @ € Q. Let ¢ > 0 and f. : R — R be defined for
all x € R by
fel@) =" ((p— D)z + (2= p)e) Ljpcay + 27 L ianey.

It is clear that f. is convex for p € (—o0,1] U [2,+00) and concave for p € [1,2]. Let
c. : (0,1)2 — R be the right-continuous function defined for all (u,v) € (0,1)? by c.(u,v) =
fe(| o (ug) = B (o).

If p € (—o0,1]U[2, +00), then c. satisfies the Monge condition, that is for all u, v, v,v" €
(0,1) such that v <« and v < v/,

ce(u,v") = ce(u,v") — e (v, v) + co(u,v) <0,
which follows from the monotonicity of F; ! and the fact that (z,y) — f.(Jx —y|) is convex
and therefore satisfies the Monge condition. Since ) has marginals dW¥, /vy and d¥_/~, by
Theorem 3.1.2 Chapter 3 [161], we have

/01 cg(\I/jrl(yu), U (yu)) du < ce(u,v) Q(du, dv) < /01 c(U (vu) U (y(1 —u))) du.

(0,1)2
It is easy to check that for all u,v € (0, 1), the map (0,1) 3 € — ¢.(u, v) is nonincreasing,
bounded from below by 2 — p and converges to |F, ' (uy) — F, ' (vy)|P~! when € — 0 where

by convention, we choose 0° = 1 and for all & < 0 and x = 0, we choose % equal to its limit
+o0 as x — 0,. Therefore, by the monotone convergence theorem for ¢ — 0, we have

Vpe (oo U +o0) [ IR W Gu) - B ) ) du
/ )QIFV (uy) = F, (o) P71 Q(du, dv) (2.3.13)
< [ I ) = B (1 = ) du

If 1 <p <2 then (x,y) — f.(Jz — y|) is concave so —c. satisfies the Monge condition
and a symmetric reasoning shows that

/01 (W (), U2 (7(1—u)))du§/

(0,1)?

ce(u,v) Q(du, dv) < /01 (U (yu), V21 (yu)) du.
(2.3.14)
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It is easy to check that for all u,v € (0, 1), the map (0,1) 3 € — c.(u,v) is bounded from
above by 1+ |F; 1 (uy)—F,; (v, )|P~! and converges to its lower bound |F 1 (uy)—F,; (v, )Pt
when ¢ — 0. Consider one of the three integrals in (2.3.14). If the pointwise limit for
¢ — 0 of its integrand is integrable, then we can apply the dominated convergence theorem.
Otherwise, the integral is infinite for all ¢ € (0,1). Therefore, for ¢ — 0, we have

Vi<p<o, [ IR Gu)) - @2 G0 )l du

14 v

< [ I () - B )l QUdu, do)

onz " v

< [ IFSHOE (yu) ) = FN (I (yu) )P du (2:3.15)

For all p € R, applying (2.2.9) to the measurable and nonnegative function h : y +—
|F, (1) = Y|P s 1)y Yields du-almost everywhere on (0, 1),

/R ‘F;l U - y|p]l{y7éF_l(u)} mQ(uv dy)

Fol— B4 1
_ o E’T,, (v) F,,)l((u))‘F Y(u) = F,; (v)|p]1{Fy_1(v#Fy_1(u)}ﬂf(u,dv)
—F;) " (u)
(

( M v 1 0
+/<071> FoNu) — 1 v)| ) = )P L ey 7 (0 dv),

v

where according to Lemma 2.2.5, for (' — F, ') (u) du-almost all u € (0, 1), 7% (u, dv)-

v

a.c., F,;'(v) > F,'(u) and for (F,;' — F; ")~ (u) du-almost all u € (0,1), ?(u, dv)-a.e,

v v

F1(v) < F;Y(u). We deduce that

Cyim®) = [ (B = ) ) () = By ) dun(u, do)

+ (E7 = FY (W) Fy N (u) = F ()Pt dun®(u, do) (2.3.16)

(0,1)2
=2y [ | () - () Q(du, do)

o2 "7

Since the set of discontinuities of F),! is at most countable and since the marginals of Q
have densities, we have

) =2y [ IF ) = F ) QG o) (2:3.17)
Let us show that
1
) =29 [IF 0 (w)) = T (u)s) 1 du (2.3.18)
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By Lemma 2.6.3 below, W' (¥, (u)) = u, dV¥ (u)-almost everywhere on (0, 1), so using
(2.3.16), Proposition 2.6.2 below and the fact that 0 < W!(u) < 1 for all u € (0,7), we have

G =2 [ (B = ) @)l () — B (o)™ pocpien di
= [ R ) F O O () gy A0 0
=2 /Ov |F N0 (w) = F (0 () gt gy <y A
=y [ 1R (W ) — B (02 ()P

Since the set of discontinuities of W', W=! (U, 0 F,)"' = F,loU ' and (V_o F,) ! =
F;'oW~! are at most countable, we get that for du-almost all u € (0,1), F, ' (¥ (qu)) =
Frto Wil (yuy) = Fo (W3 (70),) and B (@4 (qw) = F (8 (qa),), which proves
(2.3.18). Then (2.3.11) is deduced from (2.3.13), (2.3.15), (2.3.17) and (2.3.18).

Assume now that there exists p € (0,1) such that u — ['(F,'(v) — F, ' (v)) dv is non-
decreasing on [0,p] and nonincreasing on [p,1]. For all u € (0,1), x+(u) = ¥ (u) and
X—(u) =v—=V_(1 —w). If U is a random variable uniformly distributed on (0, 1), one can
easily check that 1 — W=!(y(1— U)) has distribution dy_ /7. Since u + 1 — U= ((1 —u)) is
nondecreasing, it is shown in Lemma A.3 [4] that 1 — U=} (y(1 — u)) = x~!(~yu), du-almost

everywhere on (0,1). So we show with similar arguments as above that
1
Coi™™) =2y [ 1 (W (u).) — B (0 (0= w) ) (2.3.19)
0

Then (2.3.12) is deduced from (2.3.13), (2.3.15), (2.3.17) and (2.3.19). O

2.4 On the uniqueness of martingale couplings parametrised
by Q

Let u,v € Pi(R) be such that p <., v. A direct consequence of Proposition 2.2.9 is that
the set of martingale couplings between p and v parametrised by Q is either a singleton, or
uncountably infinite. Since @ is convex, we deduce from Proposition 2.4.2 below that Q is
infinite as soon as p <., ¥. When p and v are such that F,, and F}, are continuous, Corollary
2.4.5 below ensures that there exist uncountably many martingale couplings between p and
v parametrised by Q. However this does not necessarily hold in the general case. We
saw that when v is reduced to two atoms only, there exists a unique martingale coupling
between p and v. Suppose now that the comonotonous coupling is a martingale coupling
between p and v, and u,v € Py(R). For any martingale coupling M € M (1, v), we have
Jexr [T —y|? M(dx, dy) = [z y* v(dy) — [z ©* u(dz). So all the martingale couplings between
and v yield the same quadratic cost. In particular, they yield the same quadratic cost as the
comonotonous coupling, which is the only minimiser of the quadratic cost among IT(u, V).
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So the comonotonous coupling is the only martingale coupling between p and v. The next
proposition states that this conclusion still holds when g and v only have finite first order
moments.

Proposition 2.4.1. Let p,v € P1(R) be such that p <., v. If the comonotonous coupling be-
tween p and v is a martingale coupling, that is for U a random variable uniformly distributed
n (0,1),
E[Fy_l(U)\FM_l(U)] = FY(U)  almost surely,

m
then it is the only martingale coupling between p and v.

Proof. Let U be a random variable uniformly distributed on (0,1). The couple (U, F,1(U))
is distributed according to 1o 1)( u) dudp-1(,)(dy). By Lemma 2.2.6 applied with the Markov
kernel (m(u, dy))uco,1) = (5 F () (dy))uE 0,1), we get that (F,'(U),F,'(U)) is distributed

according to p(dz) m(z,dy) Where (m(x,dy))zer is given by (2.2.6). By Lemma 2.6.4 below
combined with the inverse transform sampling and (2.2.7), we get that (F,,'(U), F,/'(U)) is

v

distributed according to pu(dz) [, 6 Fr (Fa(e ) +o(Fa(e)—Fa(e_ ) (@Y) dv. So almost surely,
FNU) =E[F,0)|F, (U)]
1
= ( er ¥ Om R (U)>+v(Fu<F;1(U>>—FM<F;1<U>>>>(dy)) dv
- / F (N U)2) + o(FuF (U)) = Bu(FH(U)2)) do.

m

By the inverse transform sampling, we deduce that for u(dz)-almost all = € R,

/01 Fo (Fu(a) + v(Fo(z) — Eu(e_))) dv = . (2.4.1)

Let (t,,,%,)1<n<n denote the irreducible components of (u, ), whose definition is given

y (2.2.13). We recall that the choice of any martingale coupling M between p and v
reduces to the choice of a sequence of martingale couplings (M,,)1<n<n such that for all
1 < n < N, M, is a martingale coupling between the probability measures pu, and v,
defined by (2.2.15). If for each n, p, reduces to a single atom, then we necessarily have
M, (dz,dy) = pn(dz)v,(dy), so there is a unique choice of the sequence (M, );<,<n and
therefore M, which is the comonotonous coupling. Let us then prove that u, reduces to a
single atom.

Let I be the at most countable set of z € R such that u({z}) > 0 and F,! is nonconstant
on (F,(x_), F,(x)]. Let us show that

U (Fulz), Fu(@)) = U (Fultn), Fu((E)-)) (2.4.2)

zel n=1
By Lemma A.8 [4], we have

N

U (Fu(t,), Fu((E)-)) = {u € (0,1)] /O Frl(w)do > /O F(0) dv} . (2.4.3)

n=1
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Let u € (0,1). Suppose first that there exists ¢t € R such that u = F),(t). We recall that
(E7Y(U), F,Y(U)) is distributed according to pu(dz) [l 6p Fr (Fu(o ) o(Fa(e)—Fa(e_ ) (AY) dv.

m

Flu(t) _1 1 o 1 B
/0 E @) dv:/ Lp<rmFy, (v) dv:/ Lipw<n by (v) dv
= o </ ]l{m<t} </ y5 Y(Fu(z_ )4v(Fu(z)—Fu(z_) dy)) dv )
:/ Lozt (/ FyH(Fu(ao) +v(Eu(r) - dv) p(d

Fu(t)
_/ 1<y p(de) / Liprrw<n i Y(v )dv—/0 F;

where we used (2.4.1) for the fifth equality and the inverse transform sampling for the
sixth equality. By continuity, we also deduce that for all ¢ € R, fOF“(t’)F; Yw)ydv =
) F (v) do.

Suppose now that there exists € R in the set of discontinuities of F}, such that F},(z_) <
u < F,(x). According to (2.4.1), we have fF“(x F ' v)dv = p({z})z = g‘(@)xdv =
ﬁ“(f))F H(v) do.

If F, ! is constant on (F,(x_), F,(x)], then for all v € (F,(z_), F,(z)], F,*(v) = 2 =
F _1(1)), S0

I

H

(v) dv,

FH(I*) u Fu(wf) u
/ Ft dv—/ F(v) dv + Fy_l(v)dv:/ F 1 (v)dv + F ' (v)dv
0

Fu(z-)
= /0 Fljl(v) dv
1

If F;! is nonconstant on (F,(z_), F,,(z)], then using the monotonicity of F, !, one can
easily show that for all u € (F,(z_), F,(x)),

1 /u . 1 R
— F; (v)dv < / FE; (v)dv.
e= B Jrey Y S B — R Jren T W

We deduce that for all v € (F),(x_), F,,(z)),

“ -1 u— Fy(z_) “ " -1

/Fu(z) F  (v)dv < Fua) = F#(x_)a:u({x}) = (u—F,(z_))x = /Fu(x)xdv = /Fu(z) F (v) dv,
and [ F'(v)dv > [y FyY(v)dv. With (2.4.3), we deduce (2.4.2). Since the intervals
((tn,tn))1<n<n are disjoint, the intervals ((F,(t,), F.((£,)-)))1<n<n are disjoint as well. By
equality of unions of disjoint intervals, we proved that for all 1 < n < N, there exists
x € I such that (F,(t,), Fu((tn)-)) = (Fu(z-), F,(x)). So x € (t,,t,) and p((t,.t,)) =
F.((th)-) — Fu(t,) = Fu(x) — Fu(x—) = p({z}). So p, = 6, and the discussion above
concludes that there exists only one martingale coupling between g and v, namely the
comonotonous coupling. O
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We saw in Section 2.3.1 that we can build a nonincreasing twin of the inverse transform
martingale coupling (see (2.3.9)) as soon as the two marginals satisfy the assumption in
Proposition 2.3.4. This corresponds to a general inversion of the monoticity of ¢ on (0, 1).
In the general case, such an inversion is not possible on (0, 1), but can be made locally.

Let u,v € Pi(R) be such that u <. v. Since u # v, there exists v € (0,1) such
that W, (u) > U_(u). Let v = U (W (u)). Then ¥, (v) = U (U (¥, (u)) = ¥, (u) so
that v > 0 and ¥V, (v) > ¥_(u) > ¥_(v). By left-continuity of W_ and W, there exists
n € (0,v) such that ¥ (w) > ¥_(w) for all w € [v —n,v]. By definition of v, we have
Uy (v—n) < Wy(v), so there exists ug € (v —n,v) such that (F, " — F, )% (ue) > 0. Since
up € (v —mn,v), we have W, (v) > W (ug) > ¥_(ug) so 1 > p(ug) > ug according to (2.3.7).
By left-continuity of F;', F," and ¢, there exists € € (0,ug) such that

Vu € [ug—e,uo), 1>¢(u) >uy and F,'(u) > F, " (u). (2.4.4)

Since (up —e,up] C Uy, V4 is increasing and is therefore one-to-one onto from (ug — &, ug
to (U (ug — &), Wy (up)]. Since the set of discontinuities of W1 is at most countable, up to
choosing ¢ smaller, we may also suppose that in addition to (2.4.4), ¢ is such that ¥~! is

continuous at W (ug — ). Let then ¢ : [0,1] — [0,1] and ¢ : [0,1] — [0, 1] be defined for all
ue (0,1) by -

() = TN G, () and Cu) = DI (G(T_(u), (2.4.5)
where G 2w = wl e (U5 (W) + (U4 (u0) — u 4 Uy (ug — €)) Liug—cu) (U5 (1)) Let Q°
be the measure defined on (0,1)? by

1
Q°(du, dv) = S (Fu_l - FV_1>+ (v) duns(u,dv) where 75 (u,dv) = L o<ctuy<1} Ocqu) (dv),
(2.4.6)
with vy =U_(1) =¥ (1).

Proposition 2.4.2. Let u,v € Pi(R) be such that j <. v. The measure Q° defined by
(2.4.6) is an element of Q. Moreover,

1
Q°(du, dv) = ;(Fljl — ;Y (v)dons(v,du)  where 7 (v, du) = Loz (wy<1y Oz (du).
As said above, W, is one-to-one onto from (uy — &, ug] to (Vo (ug — &), ¥y (ug)]. So, for

all u € (up — &, ug), V(U (u)) =u and G(¥, (u)) = ¥ (ug) — ¥, (u) + ¥, (ug — €). So
Vu € (uo —e,uo],  C(u) = WIH(Wy (uo) — Wy (u) + P (up — €)). (2.4.7)

Since W _ is continuous, ¥ ! is one-to-one. Moreover, ¥, is increasing on (ug—¢, ug], so for
all u € (up—e, uo]\{\IJ;I(\IjJr(“OH;P*(uU_E))}, C(u) # ¢(u). Since (up—e,up] C Uy, considering
the first marginal of Q¢ and Q' we deduce that Q¢ # Q'*. As a direct consequence of the
convexity of Q, we deduce that Q is uncountably infinite.

Corollary 2.4.3. Let p,v € P1(R) be such that p <., v. Then Q is uncountably infinite.

78



Proof of Proposition 2.4.2. Let h: (0,1)? — R be a measurable and bounded function. We
have

1
h(u,v) Q¢ (du, d :f/ h(u, v)(F~' — F-9F ()1 Sty (dv) du
/(0,1)2 (1, 0) @ (du, dv) 7 J(0,1)2 (u, v)(F, o) (W)L jo<c(u<1y O (dv)

1

- s () foctuyry A+ (1) (2.4.8)

1 1 B
— 7/0 h(\Il+1(\IJ+(u))7C(u))]l{0<<(u)<1}]1{0<u<1} d\IJ_;,_(U,),

where the last equality is a consequence of Lemma 2.6.3 below. By Proposition 2.6.2 below,

1

V(1) _ _
— /O h( (), ‘1’_1(G(U)))]l{o<q::1(c(u))<1}]l{o<xp;1(u)<1} du.

¢ —
/(071)2 h(u,v) Q% (du, dv) = S

By Lemma 2.6.3 below, for all u € (0, ¥, (1)), ug —e < ' (u) <up <= ¥, (up—¢) <
u < W, (ug). Hence G is a piecewise affine function which satisfies G(G(u)) = u for all
u € (0, U (1)\{Vi(ug)} and G(G(¥ 4 (ug))) = ¥y (up — €). So by the change of variables
w = G(u), we have

1 r¥+(1) B B
- /0 h(\11+1(G(w)), \Ij—l(w>)1{0<\I/:1(w)<1}]1{0<\I/;1(G(w))<1} dw.

g
(2.4.9)
By continuity of ¥_ and Proposition 2.6.2 below, using that ¥ (1) = W_(1), we have

/ h(u,v) Q*(du, dv)
(0,1)?

/ h(u,v) Q¢ (du,dv) =
(0,1)?

1
- | B GO @), 2 - @) Lo ey Lpcu o pyeny DE-(0)
GO v
- ,)//0 (C(u)7u> {0<z(u)<1} 7(71/),

where we used for the last equality that W='(¥_(u)) = u, d¥_(u)-almost everywhere on
(0,1) according to Lemma 2.6.3 below.
Hence Q(du, dv) = = (F,'=F, 1)~ (v) dv 7 (v, du) where 7 (v, du) =
For h: (u,v) — 1, (2.4.9) writes

{0<? )<1} (5? (dU)

1

¢ 5 V(1)
Q°((0,1)%) = 7/0 ]1{0<\Il:1(w)<1}]1{0<\11_1( G(w))<1} dw.

By continuity of ¥_, Proposition 2.6.2 and Lemma 2.6.3 below,

T (1) 1

So 0 < U='(w) < 1, dw-almost everywhere on (0, \I/+(1)). By a similar reasoning,
0 < U (w) < 1 for dw-almost all w € (0, ¥, (1)). Since G is piecewise affine and bijective
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from (0, ¥, (1))\{¥, (uo)} to itself, 0 < U *(G(w)) < 1 for dw-almost all w € (0, ¥ (1)).
Hence
1 o+
Q) == [ dw=1,
v Jo
50 Q° is a probability measure, with first marginal ~(F, ' — F,"")*(u) du and second marginal
S(FN = F7N) 7 (v) dv.

v

We have
¢ 2 1t
Q° ({(u,v) € (0,1)* | u<v}) = 7/0 Luccwylio<cuy<1y d¥+(w).

According to (2.3.8), u < p(u), d¥, (u)-almost everywhere on (0,1). According to (2.4.7)
and (2.4.4), for all u € (ug — &, ug), ((u) > ((up) and

C(up) = @(up — &) > uy. (2.4.10)

So for all u € (ug—e, ug), {(u) > ug > u. Moreover, by Lemma 2.6.3 below, U3 (W (u)) =
u, d¥ (u)-almost everywhere on (0,1). So ¢ coincides with ¢, dV¥ -almost everywhere on
(up — €, uo)®, hence u < ((u), AU, (u)-almost everywhere on (0,1). So using (2.4.8) for h = 1,
we get that

@ ({0.0) € 017 [u < }) = = [ Macguren) d¥afu) = QF((0.11),

which is equal to 1 since Q¢ is a probability measure on (0, 1) O

Corollary 2.4.4. Let p,v € P1(R) be such that pu <., v. Let ug € (0,1) and € € (0,up) be
such that (2.4.4) is satisfied and W~' is continuous at U, (ug —¢€). If F,! is nonconstant on
(p(uo — €),0(uo)] and if F* is such that for all " € (0,¢), the set {u € (0,1) | F, " (uo —
') < F'(u) < F, " (ug)} has positive Lebesgue measure, then there exist uncountably many
martingale couplings parametrised by Q between p and v.

Notice that by left-continuity, the condition on F° Lin the statement of Corollary 2.4.4
is satisfied if for all &’ € (0,¢), F; ! takes at least three different values on [ug — &', ug]. A
direct consequence of Corollary 2.4.4 is the infinite amount of martingale couplings between
p and v when F, ' and F,' are increasing, or equivalently when F, and F, are continuous.

Corollary 2.4.5. Let u,v € Pi(R) be such that pu <., v and p({z}) = v({z}) = 0 for all
x € R. Then there exist uncountably many martingale couplings parametrised by Q between
Woand v.

Remark 2.4.6. Corollary 2.4.5 is also a consequence of Corollary 2.4.3 together with Propo-
sition 2.2.7.
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Proof of Corollary 2.4.4. Let ¢ be defined by (2.4.5) and let Q° be the probability measure
defined by (2.4.6). By Proposition 2.3.1, Proposition 2.4.2 and Lemma 2.2.5, for du-almost
all u € (ug — €,u0), F,(C(u) > F (u) > Fy N (u) and F N e(u) > F7H(u) > F7 N u).

Since F, ! is left-continuous and nonconstant on (p(uy — €), ¢(uo)], F, ! is nonconstant
on (¢(ug — €),p(ug)). So there exist a,b € (p(ug — &), ¢(ug)) such that F,1(a) < F,;1(b).
Let then ¢ = inf{u € (a,b) | F,*(u) = F,;'(b)}. Let u € [a,b]. If F,; (u) = F,; (), then
¢ < u. Else if F,'(u) < F;1(b), then ¢ > u. We deduce that a < ¢ < b and for all
u,v € (p(ug — €),p(ug)) such that u < ¢ < v, we have F,*(u) < F,1(b) < F;(v).

Using (2.4.10), we have ' (o(ug)) > F;  (p(ug —€)) = F,1({(ug)). The map ¢ is left-
continuous, and since ¢ is such that W~! is continuous at ¥ (ug — €), € is left-continuous at
ug. So there exists 7 € (0,¢) such that for all u € [ug — 7, up], ((u) < ¢ < p(u). We deduce
that for all u € [ug — 7, uo), F, *(¢(u)) > F, 1 (¢(u)). So for du-almost all u € [ug — T, ug], we
have
F  o(u) > F N (C(u) > FHu) > FH u). (2.4.11)

14

Let a,b,c,d € R be such that a > b > ¢ > d. Then

c—d\ 5, [(a—c\ , ca’—da*+ad®>—cd*> (a—d)(ac—ad+ dc)
— | d* = = =a(c—d)+d
(a—d)a+<a—d> a—d (a —d) ale - d) +de
> b(c —d) + dc
c—d b—c
= b’ 2,
(=) (=)
Thanks to (2.4.11) and this inequality applied with
(a,b,c.d) = (F, ((u)), £, (C(w)), F, ™ (u), F, ™ (u),
we deduce that for du-almost all u € [ug — T, ug],
/Ry2 ' (u, dy) > /Ry2 m® (u, dy). (2.4.12)

By Lemma 2.2.6, we have

1
2 1T _ 2 ~IT
/1%2 H{Fil(uo—T)<$<Fil(u0)}y M (d%, dy) — /u:O ]l{Fu—I(uO_T)<Fu—1(u)<Fu—1(uO)} /yGR y m (u, dy) du

For all u € (0,1) such that F;'(up — 7) < F,;'(u) < F, " (uo), we have u € [ug — 7, uq).
So by (2.4.11), for Q € {Q",Q°} and for du-almost all u € (0,1) such that F,'(ug — 7) <
F N u) < F,Mug), v* < max(F, " (p(uo))? F, ' (ug — €)?), m?(u,dy)-almost everywhere.

Therefore, for Q € {Q'T, Q%}, we have

y*m (u, dy) du < max(F; " (p(u0))?, F, " (ug—e)?) < 0.

1
/u=0 IL{F;L_I(’M()*T)<FH_1(’U,)<FH_1(uo)} JeR v
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Since by assumption the Lebesgue measure of {u € (0,1) | F; ' (up — 1) < F;'(u) <
F . (uo)} is positive, according to (2.4.12), we get that

1
2 1T 2 ~Q°¢
/R2 Lip wo-my<ash i opyy” M (o, dy) > /uzo]l{F;1<uo—r><FJ1<u><F;1(uo)} VT (wdy)du

2 ¢
- /Rz ]]-{Fljl(UO*T)<$<F;:1(u0)}y M@ (dx, dy).

So M +£ M@, By Proposition 2.2.9, we deduce that (M)‘QITJF(P)‘)QC))\E[OJ} is a family
of distinct martingale couplings between p and v. O

2.5 Corresponding super and submartingale couplings

We recall that two probability measures p, v € P;(R) are in the decreasing (resp. increasing)
convex order and denote pu <gjo, v (resp. pu <iep v) if [ f(2) p(dx) < [z f(y) v(dy) for any
decreasing (resp. increasing) convex function f : R — R. For two probability measures
i, v € P1(R) such that p <ge, v (resp. p <iep v), let

Si(p,v) = inf/ |x —y| M (dx, dy),
RxR

where the infimum is taken over all supermartingale (resp. submartingale) couplings M
between p and v. Our main result, namely Theorem 2.2.12, can be generalised for the
decreasing and increasing convex orders. We use the definitions of U, U_, Uy given by
(2.2.3) and the definitions of ¥, and W_ given at the beginning of Section 2.3.1.

Theorem 2.5.1. For all p,v € P1(R) such that p <gep v,
Si(p,v) <20 _(1) + Wi (p, v). (2.5.1)
For all p,v € P1(R) such that p <;ep v,
Si(p,v) <20, (1) + Wi (p, v). (2.5.2)

Remark 2.5.2. In the martingale case, that is p <., v, we have that 2¥_(1) = 20 (1) =
Wi (i, v), consequence of the equality of the means and (2.1.2), so that we find Theorem
2.2.12 again.

The statement (2.5.2) for the increasing convex order can easily be deduced from (2.5.1)
for the decreasing convex order. Indeed, let p,v € P;(R) be such that u <;.,, v. For
any probability measure 7 on R or R?, let 7 denote the image of 7 by x ~ —z, so that
fi <dce 7. By the inverse transform sampling, —F, (1 — U) is distributing according to
i for U a random variable uniformly distributed on (0,1). Since u — —F; (1 — u) is
nondecreasing, we have F'(u) = —F, (1 — u), du-almost everywhere on (0,1) (see for
instance Lemma A.3 [4] and Lemma 2.6.5 below for an idea of the proof). The fact that
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quantile functions are left-continuous and have at most countable sets of discontinuities then
yields F7'(u) = —F;*((1 — u)4) for all u € (0,1). Since the map M ~ M is a one-to-one
correspondence between the set of supermartingale couplings between i and 7 and the set
of submartingale couplings between p and v, we have & (i, 7) = S1(p, v). So if (2.5.1) is
true for @ <ge, 7, then

S v) = S1(1,7) < 2 / (FF = By (u) du+ Wi (1, 7)
—2/ (F;7' — F7 Y (u) du 4+ Wi (p, v)
—2/ (F7' = F70* (u) du + Wh(,v) = 20 (1) + Wi (p, v),

hence (2.5.2) holds.

Frow now on, we suppose j <4, . We recall that two probability measures n,7 € P(R)
are in the stochastic order, denoted 1 <y 7, iff for all u € (0,1), F, " (u) < F;"(u), and in
that case T <gep . If v <4 p, then for U a random variable uniformly distributed on (0, 1),
by the inverse transform Sampling, (F,N(U), F,;1(U)) is a supermartingale coupling between

p and v, that is E[F, ' (U)|F ' (U)] < F,'(U) almost surely. In that case,
Si(uv) SE[F,N(U) = F,/(U)] = Wa(u,v), (2.5.3)

so (2.5.1) is satisfied as soon as v <g p, which is equivalent to ¥_(1) = 0. If v £ p, then
Inequality (2.5.1) is a direct consequence of Proposition 2.5.5 and Proposition 2.5.7 below.
As mentioned above, this concludes the proof of Theorem 2.5.1.

Let p,v € P1(R) be such that u <4, v and v Ly pu, so that ¥_(1) > 0. According to
Theorem 4.A.3 Chapter 4 [169], for all u € [0,1], [ F;'(v) dv > [¢' F,7'(v) dv. This implies

that for all w € [0,1], ¥ (u) > V_(u). Let U, be a measurable subset of U, which satisfies

Vu € ( / 1z, (y Y () dv > /0 (F,'=F,; ") (v)dv, with equality for u = 1.

(2.5.4)

Let ug = W;'(¥_(1)). Since ¥, is continuous, ¥, (ug) = ¥_(1). If uy = 0, then

W_(1) = 0, which implies that for all u € (0,1), F,*(u) > F,'(u). We deduce that the

condition v £ p is equivalent to ug > 0. One readily sees that (2.5.4) is satisfied for
U, = (0,uy). Let

u=sup{u € [0,1] | Ui (u) = ¥_(u)}. (2.5.5)

We deduce from the definition of wand (2.5.4) that W..(7) = [y 17 (u)(F ' =F ) (u) du,

so for du-almost all uw € Uy N[0,7], u € Z/~{+. Therefore, the only room for manoeuvre of Z/{~+

is [, 1].
Let v = Jy(F; ' = F;1) 7 (u) du € (0,+00). We note Q the set of probability measures @

n (0,1)? such that there exists a measurable subset I/, of U, which satisfies (2.5.4) and

(i) Q has first marginal 1 ]l ( )(F, L oY () dus

v
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(ii) @ has second marginal %(Fgl — F;Y " (v) do;

v

(iii) Q ({(u,v) € (0,1)* |u < v}) = 1.

For U, a measurable subset of U, satisfying (2.5.4), let T, :[0,1] — R, be defined
for all w € [0,1] by ¥y (u) = fg'L; (v)(F;" — F7) (v)dv. Let ¢ @ [0,1] — [0,1] and
¢ :[0,1] — [0, 1] be defined for all u € [0, 1] by

Plu) = U (V- (v)) = inf{r € [0,1] | ¥ ()

p(u) = U (Vs (u) = inf{r € [0,1] | U_(r) = ¥ (u)};
V_(u)},

(u)}

which are well defined thanks to the equality W_(1) = ¥, (1), consequence of (2.5.4). Let
then QZ%T be the measure defined on (0,1)? by
+

ANV,

1
Qi{(du, dv) = §Iﬁ+ (u)(F;l—F;l)J“(u) du Wf(u, dv) where Wf(u, dv) = Ljocp(u)<1} Op(u)(dv).
(2.5.6)

Proposition 2.5.3. Let u,v € Pi(R) be such that p <4 v and v Lg . Let Z/~{+ be a
measurable subset of Uy such that (2.5.4) holds. The measure Q£~{T defined by (2.5.6) is an
+

element of Q. Moreover,

L, 0 o
QY (du, dv) = ;(Ful — F;Y) " (v) dvn®(v,du)  where 79(v, du) = 1o <1y O (d0).
(2.5.7)

Proof of Proposition 2.5.3. A mild adaptation of the proof of Proposition 2.3.1 is conclusive.
In particular, (2.3.5) is replaced with

/01 h(u, p(u)) AV (u) = /01 WG (v),v) dT_(v),

for any measurable and bounded function & : [0, 1> — R, consequence of Lemma 2.6.1 below
with fi 0w 1y (u)(F = F7D (w), foro e (FyH = FY)7(v) and ug = 1, which gives

v

the key property to show that QévT € 0. O
+

The existence of the inverse transform supermartingale coupling introduced below for
the choice Uy = (0,uy) implies that Q is non-empty. More generally, for any measurable
subset Uy of U, satisfying (2.5.4), there exists ) € Q with first marginal %]lm(u)(F/; 1

F; Y% (u) du. For Q an element of Q, let 7% and 7% be two sub-Markov kernels such that

v

1 1
Q(du, dv) = =1z (uw)(F, " (u) = F, ) (w) dun(u,dv) = =(F, " = F, ") (0) dva? (v, du).
Y Y
Let (m@(u, dy))ue(,1) be the Markov kernel defined by
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F ' (u) — F M (u) F 1 (v) — F7Yu)
M v L Q v w Q )
Jow P = F e @m o) + [ R g m R  dodi @)
for u € U, such that Wf(u, {ve(0,1)| FYv) > Fljl(u)}) =1;

Fit(u) = F(w) FyH(v) = Fit (u)
/ﬁ+ F1(v) —F;l(u)d (dl/) (u dv) + i F (o) — F.1(u) Q(u dv)5 (dy)
for u € U_ such that 7% (u, {v € (0,1) | F;'(v) < F N u)}) =1;
Op1(u)(dY) otherwise.

(2.5.8)
The idea of this construction is as follows: for u € U_, we can associate to F,'(u) a
martingale contribution with F;'(u) and F,*(v) as in Section 2.2. If F,,*(u) = F;f(u), we
associate I, 1(u) to F),(u). For u € U \Uy, we only associate F, ! (u) < F;(u) to F}(u)
since there is no partner v € U_ N (u, 1) available to construct a martingale contribution: all
such possible partners have already been associated to values in L~{+. Since du-almost all v in
U, N [0,7] belong to U, , our construction is such that we associate to F,*(u) a martingale
contribution at least for du-almost all u € U, N [0,a], which is actually not a particularity
of our construction but a common property satisfied by all supermartingale couplings, as
shown in the next proposition.

Proposition 2.5.4. Let u, v € P1(R) be such that i <gep v, M (dzx,dy) = u(dz) m(z,dy) be a
supermartingale coupling between p and v and @ be defined by (2.5.5). Then [pym(x,dy) = x
for p(dx)-almost all x < F,7' (), or equivalently,

/]R (J; B /Rym(x, dy)) ]l{ﬂ»‘SF,jl(ﬂ)} p(dz) = 0. (2.5.9)

Proof. Let (m(u,dy))uco,1) = (m(Fu_l(u), dy))ue(o,1) and 1 be the image of y by the map x —
Jgym(z,dy). Since M is a supermartingale coupling, we deduce by the inverse transform
sampling that F, ' (u) > [ ym(u, dy) for du—almost all u € (0,1). Therefore,

/OuFM du>/ /ymu dy) du—/ /ym u), dy) du. (2.5.10)

Let U and V' be two independent random variables uniformly distributed on (0, 1). By the

inverse transform sampling, [ ym(F, YU), dy) is distributed according to 7, so by Lemma

2.6.6 below, the map f : (0,1)? — R defined for all u,v € (0,1) by

flu ((/ym dy)) >+v77 ({/Rym(Ful(U),dy)D

is such that f(U, V') is uniformly distributed on (0, 1) and F, "' (f(U, V) = Jpym(F (U), dy)
almost surely. For d € {1,2}, let Ay denote the Lebesgue measure on [0,1]?and A = £((0,7) x
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(0,1)). Then @ = Xo((0,) x (0, 1)

(0,1)) < Xao(f7H(F((0,1) x (0,1)))) = A1 (A). We deduce that
AM(AN(0,7)8) = A\ (A) = X\ (AN (0,7)) A

) > M((0,7) — M (AN (0,7) = A\ (A° N (0,7)) and
/ / ym(F " (u),dy) du = 0 (0 EN(f(u,v)) dudo = /Am(o,u)ﬂ F(u) du+ o F ' (u) du

> A (AN (0,1) VEH(u) + o) FH(u) du

> M (AN (0,3)F (a) + F(u) du

AN(0,7)

> F(u) du + Fn_l(u) du = /u FH (u) du
0

— Jatnom " AN(0,7)

For any convex function f : R — R, Jensen’s inequality yields

[ t@mtdy) = [ 1 ([ ymia.dp) pldn) < [ [ ) m(o.dy) pide) = [ 1) vidy)

hence 1) <¢, v. We then deduce from (2.3.3) that [i £, (u) du > [¢' F, (v) dv. Finally, we
showed that

0=, (a / o du—/ouF;l(u)duz/oqul( / /ym w), dy) du > 0,

where the last inequality comes from (2.5.10). Therefore, fOE(FM_I(u)—f]R ym(F, (), dy)) du =
0. Let u € (0,1) be such that w < wand F/'(u) = F,'(u). Then ¥ (u) = ¥, (u) = V_(7) <
U_(u) < ¥, (u), so these inequalities are equalities and u = @ by definition of w. Therefore,
u<u <= F;'(u) < F;'(u) and by the inverse transform sampling,

0= / ( / ym(F, y>) )< ) U
= — dy) | 1 g1 1(d
which proves (2.5.9). O

Let (m@(z,dy))ser be the Markov kernel defined as in (2.2.6) with (m(u, dy))ue(o,1) re-
placed with (m®(u,dy))ue,1).- Then pu(dz) m@(z, dy) is expected to be a supermartingale
coupling between p and v, as the next proposition states.

Proposition 2.5.5. Let p,v € Pi(R) be such that i <gep v and v Lg . Then for all Q
in the non-empty set Q, the probability measure M?(dz, dy) = p(dx) m@(x, dy) is a super-
martingale coupling between p and v.

Notice that M is a martingale coupling between p and v iff 4 and v have equal means,
which is equivalent to W, (1) = ¥_(1).
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Proof of Proposition 2.5.5. With the very same arguments as in Section 2.2, we show that
MPO(dz, dy) is a coupling between p and v (see Proposition 2.2.3). The same calculation as
(2.2.10) for du-almost all u € U, UU_ and the definition of m® for u € Uy and u € L{+\L{+
yield [p [y|m®(u, dy) < +o0 and

(
/RyﬁQ(u,dy) = { FyN(u)=F (u) foruely; (2.5.11)
E N (u) < FN(u) foruw e U \U.

v

Therefore, for du-almost all u € (0,1), fpym®(u,dy) < F,'(u). Let h : R — R be a
measurable nonnegative and bounded function. By Lemma 2.2.6,

1

[ h@)y — ) ) mCo,dy) = [0 @) ([ = B @) i dy) ) du <0,
(2.5.12)

Therefore, for all Q € Q, M®(dx, dy) is a supermartingale coupling between p and v. [

For U, a measurable subset of U, which satifies (2.5.4), let us write (mﬁ (x,dy))zer
1T T

Q
instead of (m ¥+ (z,dy))ser and (mL m I(u, dy))ue(,1) instead of (m ¥+ (u,dy))ue(o,1), whose
+
definition, given by (2.5.8), reduces to

S
A
—~

e
N—

F ' (u) — F (u) F M u) = F,
Fr () — F1(w) o wan( )+ (1 T (o) — F
if we Uy, F (p(w) > F () > F Y (u)
FyH(u) — F7 (w)
i) = kgt o @)+ (1 F L py ) @
if F7N(@(u)) < FM(u) < F'(w) and @(u) < 1

S
—
—~
<
joV) ~—

(2.5.13)

01wy (dY) otherwise.

Then M L%(da:, dy) = p(dxr)m (93 dy) is a supermartingale coupling. Let Q7 = {g )

that is the element of Q defined by (2.5.6) for U, = (0, uq). Denoting (™5 (u, dy))ue(o,1) and
(mITS(a:, dy))zer respectively for (mQ’” (u, dy) )uc(o,1) = (NfOTUd)(u, dy))ue(o,1) and (mQITS(ac7 dy))zer =
(M{g ) (', Y))zer, We call inverse transform supermartingale coupling the probability mea-
sure M5 (dz, dy) = p(dx) mTS(z, dy).
The next statement generalises Proposition 2.2.18.

Proposition 2.5.6. Let pu,v € P1(R) be such that pp <gep v and v Ly . Let Q € Q. Then
the Markov kernel (m®(u, dy))ue(o,1) minimises

/01 /R |F N (w) — y| m(u, dy) du
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among all Markov kernels (m(u, dy))ue(,1) such that

fue(o,l) m(u,dy)du = v(dy)
Jelylm(u, dy) < +oo  and  fpym(u,dy) < F,*(u), du-almost everywhere on (0,1)
(2.5.14)
Moreover, [} fo|F; (v) — y| Mm@ (u, dy) du = 2¥_(1).

Proof. Let m be a Markov kernel satisfying (2.5.14). By monotonicity of the negative part
and Jensen’s inequality, for du-almost every u € (0, 1),

(B =B < (- B @)mdy)) < [ - F ) m(u,dy)

Using the equality 2z~ = |z| — x valid for z € R and the inverse transform sampling, we
deduce that

20 _(1)
<2//y F 7 w)” m(u, dy) du

—//|y Ft |m(udydu—//ymudydu+/F w) du
_//|y Fo (w) | m(u, dy) du—/yydy —l—/yudy //|y F )| m(u, dy) du.

According to Proposition 2.5.5, u(dz)m@(z,dy) is a coupling between u and v, so
by Lemma 2.2.6, [,c1y m®(u,dy)dy = v(dy). Moreover, we deduce from (2.5.11) that
(m“(u, dy))uc(o,1) satisfies (2.5.14). Therefore, to conclude, it is sufficient to prove that
Jo Jaly = F;H(w)| m®(u, dy) du = 20_(1).

Using the definition (2.5.8) of m%, we get for du-almost all u € (0, 1)

L1 w0 -l = [ g, 0 T SR ) - B e

(F = ) (W

v

0.1 FyH(u) = Ft(v)

v v

|F7 ) — F7(0)|[7% (u, do).

v

+

A mild adaptation of the proof of Lemma 2.2.5 yields for du-almost all v € (0, 1),

veld, = F'(v)> Fo N u), 7% (u, dv)-a.e; (25.15)

ueld. = F;'v)<F 'u), 7% (u, dv)-a.e B

We deduce that [ |[F 1 (u) — y| m@ (u, dy) < ]lZL(u)(F/;l — F; N () + (Fy = FY) (u)
for du-almost all u € (0,1). Using (2.5.4) for u = 1, we conclude that

/01 /R ly — F, (w)] m@ (u, dy) du < 2W_(1).
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The next statement generalises the first statement in Theorem 2.2.12.

Proposition 2.5.7. Let p,v € Pi(R) be such that p <ger v and v Lg p. For all Q in the
non-empty set Q,

/xm v = y| MO (dw, dy) <29 (1) + Wa(p,v). (2.5.16)

Proof. Let Q € Q and let m? be the Markov kernel defined by (2.5.8). By Lemma 2.2.6 and
Proposition 2.5.6,

[ty =l Oz dy) = [yl ) m G dy) = [ [ by~ F7 ) (o, dy)
RxR RxR
1
S/ /\y—F‘lu ?TL/ (u, dy) du

+/ /|F ()| (u, dy) du
=20_ +W1( V).

]

Among all the measurable subsets U, of U, which satisfy (2.5.4), (0,ug) is the leftmost
one. This is one of the reasons for which the inverse transform supermartingale coupling
plays a particular role among the supermartingale couplings which derive from Q, as stated
in the next Proposition. It is also natural to investigate the rightmost measurable subset
Z/{+ of U, which satisfies (2.5.4), that is such that W, is as small as possible. Notice that a
measurable subset U, of U, satisfies (2.5.4) iff it satisfies

1 1
Yu € (0,1), ]lﬁ+(v)(Fl:1—F;1)+(v) dv < (Fljl—Fy_l)_(v) dv, with equality for u = 1.
1—u 1-u
) (2.5.17)
Therefore, we look for a measurable subset U, of U, such that for u € [0, 1], f,_, I (v) (F; 1

F;1)*(v) dv is as big as possible while still being smaller than [\, (F,* — F,;*)~(v) dv with

equality for u = 1. This is equivalent to have

/1 1_U<F;1 — FY) () dv — 11_u L, (0)(F = B () do

= [ 1 @) (E - B @) [ l_u(Fﬂl — Y () de <0,

v v
1—u

with equality for u = 1. Therefore, we look for a measurable subset U, of U, such
that [, 1, \u (v)(F;' = F,')(v)dv is as small as possible while still being greater than
dv.

fl_u(FM L—F ) (v) Let then R : [0,1] — R be defined for all u € [0,1] by

1

R(u) = sup (F ' — F, Y (w) dw, (2.5.18)

" v
ve[0,u] /1-
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which can easily be proved to be the minimum of the set of nonnegative and nondecreasing
functions f : [0,1] — R which satisfy f(u) > [{_,(F, ' — F,')(v)dv for all u € [0,1]. The
following proposition makes the connection between R and the rightmost measurable subset
U, of U, which satisfies (2.5.4).

Proposition 2.5.8. Let p,v € Pi(R) be such that pp <gep v, R be defined by (2.5.18) and
B:[0,1]5uw~ fllfu(FM_1 — E Y (v)dv. Let

UR={uel, |R(1—u)>B(1-u)} and F7:u— / 1 (0)(F = F) ) (0) do,
0 +
_ (2.5.19)
Then UL is a measurable subset of Uy which satisfies (2.5.4) and for any measurable
subset Uy of Uy satisfying (2.5.4), we have that

Vu € [0,1], V() < W, (u).

Proof. For € > 0, let ¢. : R — R be a continuously differentiable map such that ¢.(x) = 0
for v < —e, p.(x) = x for x > ¢, ¢.(z) € [0,1] for z € R and ¢.(0) = 1. One could choose
for instance

£ 3 1
—tz— —x+ 52953) Locese) + Tliasey.

P 2)]1 +(
5 x 5T —e<x
e (Fe<e=0} o %

QO€ZZEP—><2 9

Since . is continuously differentiable, the chain rule formula (see for instance Proposition
4.6 Chapter 0 [164]) yields for all 0 <u < v <1,

pe((B = R)(v)) — (B — R)(u)) = / (B = R)(w)) d(B — R)(w).

(uv]

We deduce from the dominated convergence theorem for ¢ — 0 that forall 0 < u < v < 1,
(B — R)+(U) — (B — R)+(u) = /(u ; 1¢(B-R)(w)>0} d(B — R)(w).

Since R(u) > B(u) for all u € [0, 1], we get that
According to Theorem 1.1.1 [153], the map R solves a Skorokhod problem and may
increase only at points u € (0, 1) such that R(u) = B(u), that is dR(u) = L{rw)=p)} dR(u).
With (2.5.20), we deduce that
dR(u) = ]I{R(U)ZB(u)}(F/;l — F;l)(l — u) du.

By monotonicity of R, we have

O S (0’1) H{FJI(I—U)SFJIQ_U)} dR(u)
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~Joy Lirw=snLir 0oty (B = B = u)du <0,

so those inequalities are equalities and for dR(u)-almost all u € (0,1), 1 —u € U,.. Therefore,

dR(u) = ]l{R(u):B(u)}]l{(lfu)eZ@}(Fu_l — Fy_l)(l — u) du, so that the set L{f ={u € U, |

R(1—w) > B(1—u)} is such that for all u € [0, 1], R(u) = [, ]lu+\ﬁf(v)(F;1 — F7H(v) dv.

Let us now prove that U satisfies (2.5.4), which will end the proof. Let U# : u —

Jo' Lgr()(FY = F;71)(v) dv. On the one hand, using that W (u) > W_(u) for all u € [0, 1],
+

v

we have
B(1) < R(1) = SE%Q]B(U) = Sél[lo%(%(l) —V_ (1) -V (l-v)+¥_(1-0v))

<W.(1) - (1) = B(),

so those inequalities are equalities and R(1) = ¥, (1) — U_(1). We deduce that \I/f(l) =
U, (1) — R(1) = ¥_(1). On the other hand, for u € [0, 1],

() = BE(L) + R(L— )= W4 (1) + U (0) > U (1) + B(1—u) = U, (1) + T, () = U_(u),
SO Z;{f satisfies (2.5.4). O

Proposition 2.5.9. Let u,v € P1(R) be such that pn <je v and v Lg . For all p € R and
for any Markov kernel (m(u, dy))uc(o,1), let C,(m) be defined by

Co(m) = /Mo,l) 1F7 (1) = 9L gyt 0y (1, dy) dus. (2.5.21)

Let (m"(u, dy))ue(o,1) = (méR(u dy))uc(o,1), where L{f is defined by (2.5.19). Then, for
all Q) € Q,

Vp € (—o00,1], C,(m'"®) < C,(m%);
Vpe[1,2], C,(m%) <C,(m'™?); (2.5.22)
Vp € [2,400), C,(m") < Cp(mQ)

Proof. Let U, be a subset of U, which satisfies (2.5.4). Let @ be any element of Q with first
marginal 11 i, (u )(Ft = F; Y (u) du, and Q£~{T be defined by (2.5.6). Reasoning like in the
+

v

derlvatlon of (2 3.13) and (2.3.15), we obtain

Vp € (—00,1] U [2, +00), / (0 () ) — B (0 () )

v

< [ E ) — B ()l QUdu,dv), (2.5.23)

o1z "7

and
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VL<p<2 [ () — B )l QU do)
0,1

1 ~
< [IE U ) = 7O () )l du (25.24)
Moreover, (2.3.17) and (2.3.18) generalise into

Cyp(m?) =27 o [ () = F 7 (03) 17 Q(du, do)
0,1)2

and
1 ~
Cy(mil) =2y [ 1F; (U (u)) = (02 (u)s) 1 du
We deduce that

p € (—00,1JU[2,+00), Cimy]) < Cp(m?) and Vpe[1,2], Cy(m?) < Cp(my).
_ ) (2.5.25)
Notice that since U_(u) < W, (u) for u € [0, 1], we have ¥~'(v) > W' (v) for v € (0,7),

so by monotonicity of F !, we also have

p—1

Comg) =2y /01 (F (W (yu)y — BN (05 (yu)))) du (2.5.26)

Let W75 . [0,1] — R and W% : [0,1] — R be defined for all u € [0,1] by ¥/S(u) =
(?/\“d(Fl;l — F;N) (v) dv and Wi (u) = [ 1ye(v)(F, " — F; ') (v) dv. For all u € [0, ug),
¥

14

Uy (u) = filg, )(F = FoY) () de < f(F = B ) de < WES(u) and for all

u € [ug, 1], Uy (u) < U, (1) = U_(1) = WTS(y). Moreover, let a: u— fL 1, .\, (v)(F, =

F7Y)(v). The map « is nonnegative, nondecreasing and satisfies

o) = [ T ()(F — ) (w)do — B (1) 4 T (1)
> 11_ (Fr'— ) (o) do— (1) + (1 — )

= [ (F - F )W),

1—u H v

where we used (2.5.4) for the inequality. By definition of R, we deduce that for all u € [0, 1],
a(u) > R(u), hence

1 ~ 1

Wl (u) = UE(1) - () (F = B () dv = (1) = [ Age() (BT = B () dv



Since W (u) < Wy (u) < WITS(u) for all u € [0, 1], we deduce that
Vue (00), (B9 (w) < 5 (w) < (85 () (2.5.21)

By (2.5.26), (2.5.27) and monotonicity of the maps Ry 3 x + x~! and F, !, we have

vp < (_007 1]7 Cp(mITS) S CP(TﬁéT) S CP(/mVR)v
+
S i IS (2.5.28)
and Vp e [l,+00), C,(m") < C’p(mb~{+) < C,(m 7).
Then (2.5.22) is deduced from (2.5.25) and (2.5.28). O

We now show the stability of the inverse transform supermartingale coupling with re-
spect to its marginals for the Wasserstein distance topology. So far, the inverse transform
supermartingale coupling has been defined just before Proposition 2.5.6 for all u, v € P;(R)
such that u <4, v and v Ly p. When v <, p, we simply define the inverse transform
supermartingale coupling as the comonotonous coupling between p and v.

Proposition 2.5.10. Let u,v € Pi(R) be such that p <gep v. Let (fin)nen and (Vy)nen be
two sequences of probability measures on R with finite first moments such that for alln € N,
tn Zdex Un- For alln € N, let M,{TS (resp. M*™TS) be the inverse transform supermartingale
coupling between i, and v, (resp. p and v).

If Wi (i, 1) vl 0 and Wh(vp, v) el 0, then

Wh(MITS My — 0.

n—-+o0o

Proof. For all n. € N, let ¥,y :u € [0,1] = ['(F,' = F, )T (v)dv, ¥, :u € [0,1] =

1%

fé‘(F};l — F, N~ (v)dv, (ua), = Ut (U, (1)) if v, La ptn and (ug), = 0 otherwise, Z:In+ =

(0, (ua)n), Wy = w € [0,1) = [z ()(F,! = FDT(0)dv, gn = ¥, 0 Wy and 3, =
U, t oW, . Let H:R?— R be a bounded and continuous function such that h is Lipschitz
continuous with respect to its second variable. One can easily prove that (2.2.12) still holds

in the supermartingale case, which writes, for Q = QZIIT ,
n+

/ L H(w,y) My (d, dy)
R

= H(F, Yu), F, () du

o1 !
_ (Fr — 2,0 (w) 1) F-Yo (u) — 1), F-Y () du
oyt )™ gy O ), 5 ) = H OB ), B3 )

93



where the last two integrands are zero when v,, <y p,. Since p,, converges weakly towards p,
then F,*(u) (resp. F,, '(u)) converges towards F, *(u) (vesp. F,,"(u)) du-almost everywhere
on (0,1). Since H is continuous and bounded, by the dominated convergence theorem,

/(071) H(F,N(u), F, (u)) du — H(F (), F; N (w)) du. (2.5.30)

Hn VUn n——+o0o (0,1) ©

Since for all u € [0,1], z — z is Lipschitz continuous with constant 1,
Wy (u) = W (u)| < /0 (F,! =B, () = (B = F) ™ (v)] do

< (M1t - et O N e |
< [IE ) = B )l do+ [C1E () B )] do
< Wi, ) + Wi(v, v),

so ¥, converges uniformly to W_ on [0, 1]. We deduce with the same reasoning that ¥, .
converges uniformly to W on [0, 1]. Since Uy, = (0, (ug)n), we deduce from the definition of
(ug)y, that for allu € [0,1], U,y (u) = Uy (uA(ug)n) = Vor (W) AP, _(1). Let (a,b,¢,d) € R
Then ((a =b)" = (c=d)")((b—a)" = (d=¢)") = =(a =) (d—c)" = (c=d)"(b—a)" <0,
so (a—=b)t —(¢e—d)* and (b—a)™ — (d — ¢)* have opposite signs. Therefore, we can apply
the inequality |x| < |z +a|V |z + 3| valid for (z,a, ) € R? such that o and 8 have opposite
signs with (z,a,5) = (aAb—cAd,(a—b)" —(c—d)",(b—a)" — (d — ¢)T), which yields

lanb—cAd| <|lanb—cAd+ (a—=b)t —(c—d)T|V]aAb—cAd+ (b—a)T —(d—c)"]
=la—c|V|b—d|.
(2.5.31)

Using (2.5.31) with (a,b,c,d) = (V,p (u), ¥y (1), Uy (u), W_(1)), we deduce that

[, () B ()] = [ W (1) AT (1)~ W () AT (1)] < W (1) 0 ()] V] W, (1) 0 (1)),

hence @M converges uniformly to ﬁ/+ on [0,1]. If v <4 p, then we deduce from the Lipschitz
continuity of H with respect to its second variable, (2.5.29) and (2.5.30) that there exists
K € R, such that

| Hy) M (e dy) - [

RxR

H(z,y) M™(dz, dy)‘

§|/(o,1)H(F?nl(“%Fﬁl(“))du—/ H(E; (u), F, (W) dul + K(U4 (1) + 0, (1))

(0,1)

— K(U, (1) +T_(1)) = 0.

n—-+0o0o

We conclude that MITS - MI'TS for the weak convergence topology as soon as
n—-—+0oo

v <g p. From now on, we suppose v €Ly p. Since ¥, (1) njoo U_(1) >0, v, Lst py for

n large enough, so we can suppose without loss of generality that v, £ u, for all n € N.
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Using Lemma 2.6.3 below for the first equality, then Proposition 2.6.2 below for the second
equality and the change of variables u = ¥, (1)v with the equality W, (1) = ¥,_(1) for
the last equality, we have

Lo e B ) (. 5 () — HOE ). () d

o (a) = F () e
:/ H(E, (W5t (Vs (0)), B, (05 (s () — HY ,m( (s (), B (U0d (W (u))
( 1

) —
0.1) F (U (W (u)) — F,,f( ot (U (1))
/ H(F N (W, (u), F (05 (w) — H(F (T (w), B (W) (u )))du
(0.9 1(1)) Ut (w) = F (W (u)
n+(1)/ H(F (Ut (Was ()0), F (W, (1)) — H(F, n(@;}(@Ml)v)),F;1<@;i(@n+(1)v)))
(0.1) (F‘l(\If;i(\Ifn—ﬂ)v)) — F (U} (U (1)0)))

Un

d\in—k(u)

dv.

|
SK

Since H is Lipschitz continuous with respect to its second variable, then the integrand
above is bounded. Moreover, for allz € R, |V, (F},, (z))— U, (F W(2))] < SUp,y) W,y — W |+

[V (B (2)) = W (Fu(@))], 80 Wi (Fr (@) Wns (1) = W (Fu(@))/ W4 (1) for all o € R

outside the at most countable set of discontinuities of F,,. This implies that d(¥,,, (F,, (x))/ ¥, (1))
converges to d(V, (F,(x))/¥ (1)) for the weak convergence topology. We deduce the point-
wise convergence of the left continuous pseudo-inverses du-almost everywhere on (0,1),
that is F, (\I/ (U, (Du)) e F NN (W4 (1)w)) for du-almost all uw € (0,1). In the
same way, [, (W, L(V,y (1)u)) - FyY (Ui (W (1)u) and N0 LW, (Du) —

n—-4o00

FH =Y (W_(1)u)) for du-almost all u € (0,1). Therefore, by the dominated convergence

14
theorem,

(Fu_nl _ Fy—nl)-ﬁ-(U) 1 " o y B . . B § ’
fo Tty iy i 0, Fi o) = H U0 5 )

: / H(E,; M (U7 (4 (1)0)), B (U2 (8- (1)0)) — H(E (UL (T4(D)o)), B (5 (P (1))
(0.1)

— dv
(Y (P20 ()v) — F7H (PP (1)0))
(

- (F;l = F 0 (w) . o p e
~Jo F,jl(go(u))—F,jl(u)(H(Fu (), " ((w)) — H(E, (u), F, (u))) du.

We can show in the same way that

(B = 2,1~ (w) ), B (@) — HOF- (), B () du
Jon Tl e ())<H<F (u), F3}(@ulw) = H(F,, (), Fy, (w))) d

(F' = B (w)
e o B 1w FW(@)

14

Finally, we showed that

L Hay) MTS@dy) — [ Hxy) M7, dy),
RxR n—+00 JRxR
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for any bounded and continuous function H : R? — R which is Lipschitz continuous with

respect to its second variable, that is M7 . MITS for the weak convergence topology.

Since the convergence for the Wasserstein distance topology is equivalent to the con-
vergence for the weak convergence topology and the convergence of the first order mo-
ments (see for instance Theorem 6.9 Chapter 6 [191]), [ |z| wn(dz) - Jr |z| p(dz) and

Je [yl va(dy) — e ly| v(dy). Therefore, Wy (MITS MITS) — 0 when R? is endowed

n—-+o0o

with the L'-norm. Since all norms on R? are equivalent, Wy (M5 MITS) —_ 0 when R?
n—-—+0o0

is endowed with any norm. O]

2.6 Appendix

We begin with a key result for the construction of the inverse transform martingale coupling.
Lemma 2.6.1. Let fi, fo: (0,1) — R be two measurable nonnegative and integrable functions
and ug € [0,1] be such that [ fi(u)du = [y fo(u)du. Let ¥y :[0,1] > u s [ fi(v) dv, Wy
0,1] > urs f§ fo(v)dv and T = Uyt o Uy where Uy denotes the cig pseudo-inverse of Wy.
Then T is well defined on [0, ug] and for any measurable and bounded function h : [0,1] — R,

/Ouo h(T'(w)) fi(u) du = /01 h(v) fa(v) do.

The proof of Lemma 2.6.1 relies on the next proposition, which is a well known result
of integration by continuous and nondecreasing substitution, whose proof can be found for
instance in Proposition 4.10 Chapter 0 [164].

Proposition 2.6.2. Let a,b € R be such that a <b. Let ¥ : [a,b] — R be a continuous and
nondecreasing function. Then for any Borel function f: [¥(a), ¥(b)] — R,

b U (b)
[ renave) = [ i
Proof of Lemma 2.6.1. Let h : [0,1] — R be a measurable and bounded function. Since ¥
is nondecreasing and continuous, using Proposition 2.6.2, we have
W1 (uo)

|7 hr @) i)y du = [ w5 @ @) deaw) = [ a0 ) do.

0

Since [ fi(u)du = [ fo(u)du, we have ¥y (ug) = Wy(1), and since ¥y is nondecreasing
and continuous, using once again Proposition 2.6.2, we have

/O\Ill(uo) h({l;l(w)) i — /0\112(1) h(‘l’;l(w)) duw — /01 h(\lfgl(\llg(v))) d@z(U)

Since by Lemma 2.6.3 below, U5 (¥5(v)) = v, d¥s(v)-almost everywhere on (0, 1), we
conclude that

/01 h(U5 " (Wa(v))) dWs(v) = /01 h(v) f2(v) dv.
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We complete this section with standard lemmas with their proofs, so that the present
article is self-contained.

Lemma 2.6.3. Let I C R be an interval, F' : I — R be a bounded and nondecreasing cadlag
function, F(I) be the image of I by F and F~' be the left continuous pseudo-inverse of F,
that is

Fliuce F(I)—inf{r € I|F(r)>u}

Then for all (z,u) € [ x F(I), F(z) > u <= x> F~Y(u). Moreover, F~'(F(z)) = z,
dF(x)-almost everywhere on I.

Proof. Let (z,u) € I x F(I). If F(x) > u, then by definition of the infimum, x > F~!(u).
Conversely, if z > F~1(u), then let (r,),en € IV be a decreasing sequence converging to
F~'(u). For all n € N, F(r,) > u. By right-continuity of F, we get F(F~'(u)) > u for
n — +oo . By monotonicity of F, we have F(z) > F(F~!(u)) > u.

Let us now prove the second statement. Let a = inf F'(I) and b = sup F'(I). If a = b, then
dF(zx) is the trivial measure on I so the statement is straightforward. Else, let G : I — [0, 1]
be defined for all z € I by G(z) = (F(z) —a)/(b — a) and let G~ be its left-continuous
pseudo-inverse. It is well known that for all u € (0,1), G (G(G7(u))) = G~ (u). So
G Y G(GTYU))) = GY(U), where U is a random variable uniformly distributed on [0, 1].
By the inverse transform sampling, it implies that G~*(G(z)) = z, dG(x)-almost everywhere
on I. For all w € F(I), we have F~'(u) = G7'((u — a)/(b — a)), hence F~'(F(x)) =
G7(G(x)) = x, dG(x)-almost everywhere on I. Since dG(z) = =-dF(z), dG(z) and dF ()
are equivalent, so F~!(F(z)) = z, dF(x)-almost everywhere on I.

[

Lemma 2.6.4. Let pn € P(R). Then F,(z) > 0 and F,(z_) < 1, p(dx)-almost everywhere
on R.

Proof. If {x € R | F,(x) = 0} is nonempty, then it is an interval of the form (—o0,a]
or (—oo,a), depending on whether Fj,(a) = 0 or not. If F,(a) = 0, then pu({x € R |
F,(z) = 0}) = p((—o0,a]) = F,(a) = 0. Else, since for all < a, F,(z) = 0, then
ul{z € R| Fy(2) = 0}) = pl(—0,0)) = Fy(a_) = 0.

If { € R | F,(x_) = 1} is nonempty, then it is an interval of the form [a,+00) or
(a,+00), depending whether Fj,(a_) = 1 or not. If F,(a_) = 1, then pu({z € R| F,(z_) =
1}) = u([a,400)) =1 — F,(a_) = 0. Else, since for all x > a, F,(x_) =1, then p({z € R |
F(z_)=1}) = p((a,+00)) =1—F,(a) =1 —lim,_,4 5, Fl.(x—) = 0, by right continuity of
F.. O

Lemma 2.6.5. Let u € Pi(R). Then u is symmetric with mean o € R, that is (v —
a)gp(dr) = (a — z)ypu(dr) where § denotes the pushforward operation, iff

F N uy) =20 — F, N (1 —w),

for allw € (0,1). In that case, F,;'(u) = 2o — F;;'(1 — u) for u € (0,1) up to the at most
countable set of discontinuities of F,- L
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Proof. Let U be a random variable uniformly distributed on [0,1]. Then, by the inverse
transform sampling, Fl;l(l —U) ~ pu, so 2a — Fljl(l — U) ~ p since p is symmetric with
mean a. Since u — 2« — F7'(1 — u) is nondecreasing, then one can show that 2a — F, (1 —

u) = F;'(u), du-almost everywhere on (0,1). Indeed, as shown in Lemma A.3 [4], for all

u,q € (0,1) such that ¢ < u, if F;/'(u) < 20 — F7'(1 — ¢), then
PQRa—F,'(1-U) < F, ' (u) <PRa—F,'(1-U) <2a—F,'(1—q))
<q<u<PFMNU)<F ) =PR2a—FH(1-U)
< F, ' (u)),

which is contradictory, so F,, ' (u) > supye( (20— F/ (1 —q)). By symmetry, 200 — F; (1 —

u) > SUPye (0. F (@) = F, ' (u) by left-continuity and monotonicity of F;'. Since F, " has

an at most countable set of discontinuities, then for du-almost all u € (0, 1), 2a—F}; 1—u) =
SUD,e(0.0) (200 — F7H (1 —q)) < FNu) < 2 — F7'(1 — u). Therefore, 2a — F/'(1 —u) =
FH(uy), du-almost everywhere on (0,1) and even everywhere on (0, 1) since both sides are
right-continuous.

[l

Lemma 2.6.6. Let p € P(R), let X : Q@ — R be a random variable with distribution
and let V' be a random variable independent from X and uniformly distributed on (0,1). Let
W : Q — R be the random variable defined by
W = B,(X_) + V(F,(X) = F,(X_).
Then W is uniformly distributed on (0,1), and F,;"(W) = X almost surely.
Proof. Let h: R — R be a measurable and bounded function. Then
E[A(W)] = E[A(F,(X_) + V(F,(X) — Fy(X_))
= [ [ W(E) + o(Fala) — Fula)) p(da) do
-/ Aﬂ{u<{x}>:o}h<Fy<x_>+v<FH<x> ~ Fulw-) ulda) do
[ [ Lusorh (Fuleo) + o(Fu(e) — F(e) i) do

:/R]l{u({x}):o}h(Fu(q;)) p(dz) + /F“(;L«

z€R:p {27}

_/ (i w =0y UL (E, Y(u))) du + /F#(x

z€R:p {x})>0

F, x)
/ Ly (! 0}h( w) du + /

z€R:p {:v}
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where we used for the last but one equality the inverse transform sampling, and for the last
equality the fact that F,,(F,"(u)) = w if F}, is continuous at F,*(u). One can easily see that
for all z € R and u € (0,1),

Fu(z_) <u< Fy(z) = z=F,'(u) = Fu(o_) <u< Fy(z),

which implies

U  (Eue) Fu@]c{ue 0 p{F, (Wb >0tc U  [Fule), Fu(z)],

zeR:pu({z})>0 zeR:p({z})>0

SO

Fu(z) 1

zeR:u({z})>0 Fu(z-)

Therefore, E[h(W)] - fol ]l{p({Fll(u)}):O}h(u) du + fol ﬂ{u({Fll(u)})>0}h(u> du = fol h(u) du
So W is uniformly distributed on (0, 1). Moreover, on {F},(X_) = F,(X)}, W = F,(X) and
by Lemma 2.6.3, /(W) = X almost surely. Since V > 0 a.s., on {F,,(X_) < F,(X)}, a.s.,
Fu(X_) <W < F(X)so F, Y (W) = X. O
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Chapter 3

Martingale Wasserstein inequality for
probability measures in the convex
order

Abstract

It is known since Chapter 2 that two one-dimensional probability measures in the
convex order admit a martingale coupling with respect to which the integral of |z —y| is
smaller than twice their Wi-distance (Wasserstein distance with index 1). We showed
in 2 that replacing |z — y| and W, respectively with |z — y|? and W/ does not lead to
a finite multiplicative constant. We show here that a finite constant is recovered when
replacing W/ with the product of W, times the centred p-th moment of the second
marginal to the power p — 1. Then we study the generalisation of this new stability
inequality to higher dimension.

Keywords: Convex order, Martingale Optimal Transport, Wasserstein distance, Mar-
tingale couplings.
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3.1 Introduction

For all d € N*, p > 1 and p, v in the set P,(R?) of probability measures on R? with finite
p-th moment, we define the Wasserstein distance with index p by

Pell(p,v)

1/p
W) = (i [ e oP Planan)

where II(p, v) denotes the set of couplings between p and v, that is
M(p,v) = {P € Pi(R* x RY) | VA € B(RY), P(AxR%) = u(A) and P(R? x A) = v(A)}.

Let TIM(p, v) be the set of martingale couplings between p and v, that is

™M (p,v) = {M € (u,v) | p(dr)-a.e., /Rdym(a:,dy) = x},

where for all M € I(u,v), (m(z,dy)).er denotes a regular conditional probability dis-
tribution of M with respect to p. The celebrated Strassen theorem [183] ensures that if
w,v € Pi(RY), then TIM(u,v) # 0 iff 4 and v are in the convex order. We recall that two
probability measures p, v € P;(R%) are in the convex order, and denote p <, v, if

/Rd f(@) p(de) < /]R fy)v(dy), (3.1.1)

for any convex function f : R* — R. For all p > 1 and p, v € P,(R?), we define M, (u, v) by

1/p
M) =, gut [ el M)

MeIM(p,v)

Notice that when RY is endowed with the Euclidean norm, the martingale property
Jralz, y) M(dz,dy) = [ga |2|? p(dx) valid for any martingale coupling M € M (u, v) yields
the remarkable property that My(u, ) depends only on the marginals, namely

M) = [P vidy) = [ ol p(da) (3.1.2)

It was shown in Chapter 2 that if y and v are in the convex order and close to each other,
then there exists a martingale coupling which expresses this proximity:

Vu,v € Pi(R) such that p <., v, Mi(u,v) < 2Wi(u,v), (3.1.3)

where the constant 2 is sharp. This stability inequality was proved by exhibiting for all
i, v € P1(R) in the convex order a subset Q of two dimensional probability measures on the
unit square and a family (M@)geg of martingale couplings between p and v such that for all
Q€ Q, fourly— x| MO(dz,dy) < 2Wi(u,v). A particular martingale coupling stands out
from the latter family: the so called inverse transform martingale coupling. This coupling is
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explicit in terms of the cumulative distribution functions of the marginal distributions and
their left-continuous generalised inverses. It is therefore more explicit than the left-curtain
(and right-curtain) coupling introduced by Beiglbéck and Juillet [25] and which under the
condition that v has no atoms and the set of local maximal values of F,, — F), is finite can
be explicited according to Henry-Labordére and Touzi [106] by solving two coupled ordinary
differential equations starting from each right-most local maximiser. Many properties of the
inverse transform martingale coupling and the family from which it derives are discussed in
Chapter 2. In this paper, we prove a more general stability inequality:
Vp>1, 3CeR,, VuveP,(R)suchthat p < v, M(u,v) < CW,(p, )0t (v),
(3.1.4)
where the centred moment o,(n) of order p of n € P,(R) is defined by

op(n) = inf (/R ly — CI”n(dy)>1/p-

ceR

For all p > 1, let C), denote the optimal constant C' in (3.1.4), that is

C,= mf{C’ >0 | Vi, v € Py(R) such that p <ep v, MO(p,v) < CW,(p,v)oh ™ ( )}
(31, )

One readily notices that (3.1.3) is a particular case of (3.1.4) for p = 1 and C =
Moreover, since 2 is sharp for (3.1.3), we have C; = 2. One can also obtain that Cy = 2
when R? is endowed with the Euclidean norm with simple arguments which hold in general
dimension. Indeed, let u, v € Py(R?) be such that pu <. v and m € II(u,v) be optimal for
W (u, V). Then by (3.1.2), the martingale property, the Cauchy-Schwarz inequality, Jensen’s
inequality and the definition of the convex order, for all ¢ € R, we have

M) = [ (Iof? = [o]?) w(dz,dy)

= Rded<y —x,y + ) w(dz, dy) — 2 Rded<y —z,c)m(dx,dy)

= — 2y — — o) m(dx, dy) < — 2y — — | w(dz,d
[ —wy—cta—duldedy) < [ Jy—ally—c+ o —cln(de,dy)

\//Rd Rd\y—xP dxdy\// ]y—c—l—x—cP (dx, dy)

W) [2 [, (=l + o = ) mlde.d

W[t [, o e atdendy) = D [ = cPota)
(3.1.6)

By bias-variance decomposition, one can see that o9(v) is the standard deviation of v, so
for ¢ equal to the mean of v, (3.1.6) writes M3(u,v) < 2Ws(u, v)os(v), hence Cy < 2. On
the other hand, for all n € N*, let y, be the centred Gaussian distribution with variance n?.
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Then we get that Mo (pn, ftni1) = v/2n + 1. It is well known (see for instance Remark 2.19
(ii) Chapter 2 [190]) that for all p > 1 and p, v € P,(R),

W, (1, v) = ( /0 1 F ) — 7 ()] du) " (3.1.7)

where we denote by Fy(z) = n((—o0,z]),z € R and F, '(u) = inf{z € R | F(z) > u},u €
(0,1), the cumulative distribution function and the quantile function of a probability measure
n on R. Therefore, for G ~ N1 (0, 1), Wa(ttn, ptns1) = (fo [nFt(w) — (n+1)F - (u)|? du)/? =

E[|G]Y]Y? = 1. We deduce that for all n € N*, 2n + 1 < Cy/(n + 1)2, which implies for
n — +oo that Cy > 2. Hence Cy = 2.

The generalisation of the stability inequality (3.1.3) is motivated by the resolution of the
Martingale Optimal Transport (MOT) problem introduced by Beiglbock, Henry-Labordere
and Penkner [23] in a discrete time setting, and Galichon, Henry-Labordere and Touzi [84] in
a continuous time setting. For adaptations of celebrated results on classical optimal transport
theory to the MOT problem, we refer to Beiglbock and Juillet [25], Henry-Labordere, Tan
and Touzi [105] and Henry- Labordere and Touzi [84]. On duality, we refer to Beiglbock,
Nutz and Touzi [27], Beiglbock, Lim and Obtéj [26] and De March [68]. We also refer to De
March [67] and De March and Touzi [69] for the multi-dimensional case.

About the numerical resolution of the MOT problem, one can look at Alfonsi, Corbetta
and Jourdain [3, 4], De March [66], Guo and Obléj [96] and Henry-Labordere [104]. When p
and v are finitely supported, then the MOT problem amounts to linear programming. In the
general case, once the MOT problem is discretised by approximating i and v by probability
measures with finite support and in the convex order, Alfonsi, Corbetta and Jourdain raised
the question of the convergence of the discrete optimal cost towards the continuous one.
Partial results were first brought by Guo and Ob1dj [96] and the stability of left-curtain
couplings obtained by Juillet [112]. More recently, Backhoff-Veraguas and Pammer [20] and
Wiesel [194] independently gave a positive answer in dimension one under mild regularity
assumption. The generalisation of our stability inequality to higher dimension is a step
forward in giving a positive answer of the stability of the MOT problem in higher dimension.
Indeed, it yields the stability for continuous costs which satisfy a growth constraint when the
second marginal is increased in the convex order. More precisely, let p > 1, u,v € P,(R)
be such that u <. v and (v)nen € P,(RY)N be such that v <., v, for all n € N and v,
converges to v in W, as n — +oo. Let ¢ : R? x R? — R be continuous and growing at most
as the p-th power of its variables, i.e. |c(z,y)| < K(1 + |z|? + |y|°) for all (z,y) € R? x R4
and a certain K € R,. It is well known that any sequence (7,)nen € [Tneny IIM (1, vy) is
tight and has all its accumulation points with respect to the weak convergence topology in
1™ (1, v). Then one can readily derive the first inequality

V(p,v) = inf /]Rded c(z,y) m(dz, dy) < 1TILI_I)1_E.lofV(/UL, Un).

melM(p,v)

On the other hand, for any martingale coupling 7, € IIM (u, v,,) we have

limsup V (p, v,,) < limsup c(x, z) mp(dzx, dz). (3.1.8)

n—-+o0 n—+oo JRIxRI
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Recall that a sequence (7,,)nen of probability measures on R? converges to 7 in W, iff
(fga f(x) T (dx))pen converges to fpa f(z) 7(dx) for any real-valued continuous map f : R —
R which grows at most as the p-th power of its variables. Hence it suffices to find 7, such that
W,(m,m,) vanishes as n — +o00 to conclude that the right-hand side in (3.1.8) and therefore
V(p, vp) converges to V(u, ). By Lemma 3.4.1 below there exist for all n € N a martingale
coupling M,, € I™(v,v,) optimal for M,(v,v,) and a martingale coupling 7 € IIM (u, v)
optimal for V(u,v). Let (my(y,dy')),cre be a regular conditional probability distribution
of M, with respect to v and m,(dz’,dy’) = [,cpama(y,dy’) 7(d2’,dy) € TIM(u,v,). Since
m(dx, dy) 6, (dx") my(y,dy’) is a coupling between 7 and m,, we have

Wy(m,m) < ly = y/|” m(dx, dy) ma(y, dy') = /Rded ly — y/|° M, (dy, dy)

R4 x R4 x R4

= My(v,vy) < CW, (v, VH>UZ_1(Vn)‘

If C, is finite, then by convergence of (v,,)nen in W, the sequences (W, (v, 1) )nen and
(057 (V) )nen are bounded, hence (7, )nen converges to 7 in W,

We present our main result in Section 3.2, namely the new one-dimensional stability
inequality which extends the previous one, see Chapter 2, to any index p > 1. Then Section
3.3 extends the latter inequality in higher dimension as soon as the marginals satisfy specific

conditions. Finally Section 3.4 is devoted to the proof of some required lemmas.

Acknowledgements We thank Nicolas Juillet for his remarks on a preliminary version of
this paper.

3.2 A new stability inequality

We come back a moment on the family (M®)geo parametrised by Q mentioned in the
introduction since it will have particular significance in the present section. We briefly recall
the construction and main properties, see Chapter 2 for an extensive study. Let u, v € Pi(R)
be such that p <., v and p # v. For u € [0, 1] we define

U, (u) = /Ou(Fu‘l CFYYw)do and W (u) = /OH(F;1 CFY (o), (32.1)

with respective left continuous generalised inverses \I/:L and U~ We then define Q as the set
of probability measures on (0,1)? with first marginal 7 (1 d\I/+, second marginal g d\lf_
and such that u < v for Q(du, dv)-almost every (u,v) € (0,1)% Since d ¥, and d\If are
concentrated on two disjoint Borel sets, there exists for each () € Q a probability kernel
(79 (u, dv))ye(o,1) such that

1

Q(du, dv) = 7.0

———dV (u) ™9 (u, dv) = dU_(v) ™9 (v, du),

w )
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and we exhibit a probability kernel (m®(u,dy))ue(,1) which satisfies for du-almost all u €
(0,1) such that F'(u) # F, ' (u)

m(u, dy) = /

ve(0,1)

<F1(U)—F1(U) L (0) = F(u

F*l(v) o Fﬁl(u) 5F;1(v) (dy) + )5Fl,1(u)(dy)> WQ(U, dU),

FyH(v) = FyH (u)
(3.2.2)

and % (u, dy) = 651, (dy) for all u € (0,1) such that F,*(u) = F'(u). Then the measure

1
M9 (dz, dy) = /0 6 1y () 9 (u, dy) du (3.2.3)

is a martingale coupling between u and v which satisfies [, g |y—2| M (dx, dy) < 2W, (1, v).
The latter fact is based on the property that for du-almost all u € (0, 1),

/R ly = N ()| m® (u, dy) = |F (w) = FH (u), (3.2.4)

as showed by Proposition 2.2.18 and its proof.

We also recall some standard results about cumulative distribution functions and quantile
functions since they will prove very handy one-dimensional tools. Proofs can be found for
instance in Section 2.6. For any probability measure n on R:

(1) F,, resp. Fr ! is right continuous, resp. left continuous, and nondecreasing;
(2) For all (z,u) € R x (0,1),
Flu) <z < u< Fy(z), (3.2.5)

which implies

(3) For u(dz)-almost every = € R,
0 < Fy(z), F,(z—)<1 and Fn_l(Fn(x)) = x; (3.2.8)
(4) Denoting by A1), resp. A1)z, the Lebesgue measure on (0, 1), resp. (0,1)?, we have
((u,v) = Fu(F () =) + U,M({Fu_l(u)}))u Ao = Mo, (3.2.9)

where f denotes the pushforward operation.

(5) The image of the Lebesgue measure on (0,1) by F " is 7.
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The property (5) is referred to as inverse transform sampling.

We can now state and prove our main result. For all p > 1 and p,v € P,(R) in the
convex order, we provide an estimate of the martingale Wasserstein function M,(x,v) in
terms of the Wasserstein distance W,(u, ) and the centred p-th moment of v.

Proposition 3.2.1. Let p > 1 and p,v € P,(R) be such that jp <., v. Then

(i) For all Q € Q, the martingale coupling M@ € TIM(u,v) defined by (3.2.3) satisfies

MO, v) < KW, (p,v)otH (v), (3.2.10)
where
: p—1 p—2 2 x4+’ p—1
K,=inf {277y +2(2°7°V 1)72 | (71, 72) € RY and Vo € Ry, Tz < + Yr
(3.2.11)
(7t) The constant C, defined by (3.1.5) satisfies
T+ (1 + supeppy 5555 ) 2071 for p > 2;
2p—1 Sup e S Cp S Kp S IE[ ] , 11+Z .
ve(ito0) (1 + )P 2+ (2 SUD e[t 4-00) M) AN2P75 forl < p <2,
(3.2.12)
and K1 = K2 = 2.
(1it) W,(u,v) and o,(v) have the right exponent in (3.1.4) in the following sense:
M, v)
Vp>1, Vse(l,p], sup —— = +00. (3.2.13)
wVEP,(R WS(/% ) (V)

pn<cxV

Remark 3.2.2. (i) We easily check that sup,c(; 4o (“” — = 2. Moreover, for all a > 0

14x)t
one can easily derive the inequalities 1+ pa < (1+a)” S) 1+ pa(l+a)?~t. Equivalently,
for all z > 0 we have a” + pz#~! < (14 x)? < 2 + p(1 + x)?~*. Then for p > 2, the
inequality z* + = < x” + pz~! valid for all x > 1 implies that SUP e (1,400) (1 H) =1
Moreover, for p € (1,2) we find for z > 1 large enough, namely such that = > p(1 +

)P, that 22 + p(1+ 2)P~ < 2 + z, hence SUP,c(1 1o0) (Fiap > 1

By (3.2.12) applied with p = 1 and p = 2 we then recover C; = Cy = 2. Moreover,
we also easily check that sup,¢( g x_lff; < %, hence by (3.2.12) again we find for all
p > 2 that 277! < C, < 32071,

(ii) We show (see (3.2.20) below) that W,(u, v) < 20,(v), so that for s € [0, 1],
MO (p,v) < 212 C W, v)at 5 (v).
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Proof of Proposition 3.2.1. Let us prove (iii) first. One can readily show (see for instance
(2.2.25)) that for a,b € R such that 0 < a < b,

(b+a) (b—a) (b +a) (b—a)

b B e T gy den T 0 (3:2.14)
is the only martingale coupling between u = %5,,1 + %(5a and v = %(5,1, + %&,. Consequenly,
for p > 1 we trivially have

H =

O(—a,—b) +

Meuw) = [ =yl H(de,dy) = o5 (@+ D)6 = a)! + (b~ a)(a + b))

On the other hand, since W, (u,v) = (fol |FH (u) — F (u)] du)l/p (see for instance Re-
mark 2.19 (ii) Chapter 2 [190]),

1/p

1/2 1
wp(ﬂ,y):</0 |—a—(—b)|”du+/1/2|a—b|pdu> —b—a

Moreover, for all ¢ € R, [ |y —c|?v(dy) = 3(|b—c|? +|b+ c|?), which attains its infimum
for ¢ =0, hence o,(v) = b. So for all s € [1, p], we have
Mo(p,v)
Walp, o, 2

(a+b)P(b—a)—*
Qpp+1—s )
(3.2.15)
which tends to +o0o as b tends to a as soon as p > 1 and s € (1, p], which proves (iii).
Furthermore, (3.2.15) applied with s =1, a = 1 and b > 1 yields

Mo(iv) (L B)(b— 1 (L4 by
W, (p.), (1) 20

((a+b)(b—a)" + (a+b)(b—a)*) >

In particular for b = i“ where = denotes any real number in (1, +00), the latter equality

writes
M/p)(lu’ I/) __op—1 .T,'+$p

Wolp, v)a,(v)er=t = (L4 )’
which proves the lower bound in (3.2.12) by taking the supremum over all x € (1,400) in
the right-hand side. Note that considering more general measures ;1 and v in the convex
order, each concentrated on two atoms, does not yield a greater lower bound.
We now show (i). Let Q € Q. Since the probability measure M® defined by (3.2.3)
belongs to I (y, v), we have by definition of M, (x, ) and the definition (3.2.2) of m® that

M) < [y —alf MO dy) = [y = )l dui®(u, dy)

(0,1)xR
— 1) — F~ p| Hu) = F, ' (u)
= o O SO Ea G R

. 7 (0) — B (w)
+ e 100 = B W [ —

|| du®(u, dv) (3.2.16)

dum®(u, dv).
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By Lemma 2.2.5 we have du 7 (u, dv)-almost everywhere

|E ) = Fo ()| + 1 F () = B (w)] = [F () = FNw)| o and [FH (v) = F7H (u)| # 0.

(3.2.17)

Let 71,72 > 0 be such that for all x € R, mlizp < 1 + Yt Therefore, for all
(a,b) € Ry x R% we have

alb + ab”
a+b
By (3.2.16), (3.2.17) and (3.2.18) with (a,b) = (|F, '(u) — F,; ' ()], |F, " (v) = F,; ' (u)])
for dun®(u, dv)-almost all (u,v) € (0,1), we get

< yiaf + ypab’ . (3.2.18)

M(p,v)

<o [ VB ) = B @) duct o [ @) = 7 @) ) — E )] dum (o)

= W)+ [ F @) = E7 ) ) = B )] du (o do).
(3.2.19)

Let ¢ € R. On the one hand, the inverse transform sampling and the definition (3.1.1)
of the convex order applied with = +— |z — ¢|? yield

Wi, v)

= |F;1(u)—F;1(u)|pdu§2p_1 (/ |Fl,_1(u)—c|pdu+/ |Fu_1(u)—c|pdu>
©.1) (0,1) (0.1)

=2 [y = el vidy) + [ o = e uldo) ) <2 [ Jy— clf vidy).
(3.2.20)

We deduce that

(p=1)/p
WO (11, v) = Wy (p, v)W5 (1, v) < Wy(p,v) x 2071 (/R ly — c\py(dy)) . (3.2.21)
On the other hand we have

v v v

o V) = F P ) = F ()] du (. o)

= |F N (v) = ()P (E = F YT (u) duw® (u, do) (3.2.22)

2 14 v
)

(0,1)
+ /( @) = B )l (R = B () du (o),
0,1 2

14

Using the inequality |z — y[*~t < (272 Vv 1)(|z|"~' + |y|’~") valid for all (z,y) € R and
the fact that (F, ' — F,")*(u) dun®(u,dv) = Q(du,dv) = (F,;' — F,; ')~ (v) dvw®(v, du), we

v w v

109



get

o1y |F (o) = BN )P (E = FY)F (u) dun®(u, do)
0,1

<) ([ )~ e (7 B ) du (o)
(0,1)
0 = 7 = F ) )
(3.2.23)
=(2°72V1) </(071)2 |y (u) — PN (F = FY) 7 (u) du 79 (u, dv)

b B ) = e = B ) duw%,dv))
0,1 2

=272V 1) /

o |y (w) = P E, (u) — F (u)] du

Similarly, we have

/(071)2 7 (0) = F )P~ (B = B~ () dun(u, dv)

< 2”‘2\/1/
<( ) o

(3.2.24)
|Fy (w) — P F  (u) — Fy ()] du

Plugging (3.2.23) and (3.2.24) in (3.2.22) for the first inequality, using Holder’s inequality
for the second inequality and the inverse transform sampling for the equality, we have

/(0’1) |F N (0) = F )P E  (u) = F(w)| du e (u, do)

<2272V 1) /( F ) = el ) — B ) du
0,1

1/p (p=1)/p
< 20202V 1 / Flu) — F-l\(w)Pd / Fl(u) —clPd
<o vy ([ 1 - Erwpa) (1R -
) (p=1)/p
=222V W, (u) [y = e vtay)
The latter inequality and (3.2.21) plugged in (3.2.19) then yields
. L (p=1)/p
Mpn,v) < (7 +227 D Wolw) ([ ly = P vlay))

By taking in the right-hand side the infimum over all (y1,72) € R, x Ry such that for
all € Ry, %2 < 4 4 7,07~" and over all ¢ € R, we deduce that

M (1, v) < KWp(p, v)op ™ (v).

p
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To Complete the proof, it remains to prove the estimate of K, in (ii). For all x € R} we

have ’“”f < 2+ 02° and “’3 =0+ 2!, hence K; <2 and K, < 2. Since 2 = C; < K; and

2 = Oy < K, this proves the equality for p € {1 2} Let p > 2 and 71 = sup,¢o 1] 5”’117;_1
. Then for all x € R,

Forallz > 1,z -2t <0,s0 v = SUPxeR+ 1+x

A I 1
= P < Pt
1+LU 1+ZII + _71_'_ )

hence K, < 2°71y + 2071 x 1 = (1 + SUDPe(o,1] %) 20~ Let now p € (1,2). For all

reRy, T <14 277" hence K, < 207" + 2. Moreover, let vy = 1 4 Sup,c(i 4 o) %

Forallz € (0,1),z — 21 < 0,50 92 =1+ SUD e+ % Then for all € R% we have

T+ xf < x— Pt

— p—1 < p—1
1+a —i_q,'f’—l(l—l—x)>aj =7

hence K, <27, =2+ 28Up,c(1 400 —z=2""_ e deduce that

zP~1(14=x)"

x—aP! x—aP!
K,< (271 +2)A[|24+2 su — | =24+ (2 su S N
P= ( ) ( ze[l,foo) xp_l(l + LL’) ze[l,foo) xp_l(l -+ iU)

[]

Remark 3.2.3. For p = 2, by (3.1.2) for the first inequality and the fact that o9(v) is
the standard deviation of v, consequence of the bias-variance decomposition, for the last
equality, we have

where the inequalities are equalities as soon as p is reduced to an atom. Therefore we can
improve the constant 2” in (3.2.20) at least in the case p = 2. We can then naturally wonder
whether we can also improve this constant for any p > 1. The constant

O = sup 1Y~ Jezv(d2))" v(dy)

VEP,H(R) Jr lylP v(dy)

is studied in [141]. For all v € P,(R), let ¢ € R be such that o5(v) = [z |y — c[’ v(dy) and v,
be the image of v by y — y — ¢. Then we have

/ |2|P ve(dz) = of (v /ZI/C dz)

111

v(dy) = W) (i, v),

o
ve(dy) = / ‘ zu(dz)




where we denote p, = 0 [ yv(dy) which is dominated by v in the convex order. We deduce
R
that
Cl — WS(MV7 V) .
" sup ————
ver,(®) Op(V)

Yet by [141, Theorem 2.3] we have C) ~, o %, which shows that we cannot lower

the constant 27 in (3.2.20) by a factor more than 2,/2ep asymptotically for p — +o0.

3.3 Towards a multidimensional generalisation

3.3.1 Extension of the one dimensional inequality

One might legitimately ask whether the new stability inequality (3.1.4) holds in higher
dimension d € N*, that is if for all p > 1, there exists C' € R* such that for all 1, v € P,(R?)
satisfying p <., v,

MO(p,v) < OW,(p,v)ot~H (v). (3.3.1)

For all d € N* and p > 1, we define C, 4 by
C,q = inf {C >0 | Y, v € Po(RY) such that p <. v, M2(u,v) < CW,(p, V)ag’l(y)} :

The constant C), 4 is well defined but is potentially infinite. Of course, for d = 1, we get
C,a = C,. Moreover, C,; depends a priori on the choice of the norm in R¢, but since all
norms on R?% are equivalent, C, ; is finite for one specific norm iff it is finite for any norm.

We first look at extensions of the one dimensional inequality which give the same optimal
constant. We begin with the fact that the stability inequality (3.1.4) can be tensorised: it
holds in greater dimension when the marginals are independent.

Proposition 3.3.1. Let d € N* and py,v1 -+, pg, vqg € P1(R) be such that for all 1 <i <d,
Wi Lex Vi- Let pu=p1 @ - Qg andv=v, Q- Qvg. Then u <. v and
MO(p,v) < CW, (1, v)otH (v), (3.3.2)

where R is endowed with the LP-norm.

Proof. For all 1 < ¢ < d, there exists by Lemma 3.4.1 below a martingale coupling M; €
™ (p;, v;) between p; and v;, optimal for M ,(p;, v;). Let then M be the probability measure
on R? x R? defined by

M (dzx,dy) = p(dx) mq(z1,dyy) - - - ma(xq, dyq) = Mi(dzy,dy;) @ -+ - @ My(dxg, dyq).

It is clear that M is a martingale coupling between p and v, which shows that u <., v,
and

d
p P — .y |P
Mp(:ua V) < Rd |$ y| M(dxady) - izl~/RdXRd |ZE1 yz‘ M(dl’7dy)

— JRdx
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d
= Z/ |$z - yi‘pMi(dxi> dyi)-
i—1 YRxR

Then for all ¢ = (c1, -+ ,cq) € R? we have

d

d
MO (v Z/ — yi|” M;(dz;, dy;) Z P (i, ;)
d

Z o (1is Vi) </ ly; — cil? Vz(d%))(p—l)/p (3.3.3)

/P s (p=1)/p
Cp (Z W,ﬁ)(#u Vz)) (Z/R |yz - Ci|p Vi(dyi)> )
i=1 i=1

where for the last inequality we applied Holder’s inequality to the sum over i. Let P € II(u, v)
be a coupling between p and v. For 1 < ¢ < d, let P; be the marginals of P with respect to
the coordinates ¢ and 7 4 d, so that P; is a coupling between pu; and ;. Then

d d d
§Wp 7,7’L<§/ i zp‘PZdZadZ:/ i — ide,d
i=1 p(lu v < i=1 RXR|x uil” Fi(dei, dyi) Rdedglx yil” P(dz, dy)

il |z — y|? P(dz, dy).

Since the inequality above is true for any coupling P between p and v, we get

d
Z 2 (i vi) < W, v), (3.3.4)

=1

which is in fact even an equality according to [5, Proposition 1.1]. We then deduce from
(3.3.3) and (3.3.4) that

d (p—1)/
MO, v) < C W, ( (Z/R lyi — ¢’ Vi(dyi)>

=1

d (p—=1)/p
= Cpr(Ma V) (/Rd Z |yz - Ci|p V(dy)>

p=1)/p
=C W, (1, v (/ ly —c|’v dy)> :

By taking the infimum over all ¢ € R, we get (3.3.2). O

We now look at two measures o and v such that for X distributed according to u, there
exists A > 0 such that v is the probability distribution of X +A(X —E[X]) and the conditional
probability distribution of X given the direction of X — E[X] has mean E[X]. In order to
transcribe formally the latter condition, we give the following definition.
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Definition 3.3.2. Let d € N*\{1} and H : R? — R be a measurable map. We say that H
is direction-dependent iff |H(x)| = 1 for all z € R? and

Vo,y € R\{0}, H(x)= H(y) <= y € Span(x).

In dimension d € N*\{1}, a natural example of a direction-dependent map H : R? — R?
is given by the one defined for all x = (21, -+ ,z4) € RI\{0} by

() = 4 if x1 > 0 or there exists i € {1,--- ,d — 1} such that 1 = --- = 2; = 0 and z;,; > 0;

() = —p otherwise,
(3.3.5)
and H(0) is any vector with norm 1.

Proposition 3.3.3. Let d € N*\{1}, r € [1,+00] and R? be endowed with the L"-norm.
Let p > 1, p € P,(RY) be with mean o € R, X : RY — Ry, H : R? — R? be a direction-
dependent measurable map in the sense of Definition 3.3.2 and v be the image of u by the
map x—x+ANH(x—a))(zr—a)=a+ (1 +NH(z —a))(z — ).

IfE[MH(X — a))(X — a)|’] < 400 and E[X|H(X — «)] = « almost surely for X
distributed according to u, then pu <., v. If moreover X is constant, then

M, v) < CW,(p,v)op ™ (v). (3.3.6)

Remark 3.3.4. Suppose that u € P,(R?) is symmetric with mean o € RY, that is (z —
a)gp(dr) = (o —x)yp(dz). Let H be defined by (3.3.5) and X be distributed according to p.
Then (X —a, H( X —a)) £ (a— X, H(a—X)) = (a— X, H(X —q)), s0 E[X —a|H(X —a)] =
Ela — X|H(X — a)] a.s., hence E[X|H(X — a)] = « a.s.

The proof of Proposition 3.3.3 relies on the following lemma, whose proof is deferred to
Section 3.4, which explains why we can endow R? with the L"-norm for r € [1, 00].

Lemma 3.3.5. Let d € N*\{1}, r € [1, +o0], R? be endowed with the L"-norm, S*! = {a €
RY | |a] =1} and sgn : R — R, — Lsoy — Loy, For all a = (ay,--- ,aq) € S and
c=(c, - ,cq) €RY, let c, be defined by

. { (Zle ¢ sgn(ai)\ail’"_1> a if r<+4o00
¢ ¢isgn(a;)a if r=4oo, wherei € {1,---,d} is such that |a;| = 1.
(3.3.7)
Then
Va € S, VeeR? VyeSpan(a), |y—-cd <l|y—c|

Proof of Proposition 3.3.3. Up to replacing p and v by their respective images by the map
x — r — «, we may suppose without loss of generality that o = 0.

Let (p(a, dr)),epmaey be a probability kernel such that (Hyu)(da) p(a,dz) is the image of
u by the map z +— (H(z), ). For all a € H(R?), let p(a, dy) be the image of p(a, dz) by the
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map z — (1+ A(H(z)))z. For all a € H(R?), let q(a, -), resp. q(a,-), be the image of p(a,-),
resp. p(a,-), by the map y — (y,a). We have

/H(Rd) (/Rd ]:B\pp(a,dg;)> (Hyp)(da) = /Rd |z|? p(dz) < +oo,
and /H<Rd> ( Rd ’y|pﬁ(a’dy)> (Hypn)(da) = /Rd (14 M(H (2)))z|” p(dz) < +o0,

so Hypu(da)-almost everywhere, p(a,-) and ¢(a,-), and therefore p(a,-) and ¢(a,-), belong
to P,(R?). Moreover we see by definition of H that for Hyu(da)-almost all a € H(R?),
p(a,Span(a)) = 1, so

p(a, dx) :/Rém(dx) q(a,dt) and p(a,dy) :/Résa(dy) q(a,ds).

By assumption, we have Hy/i(da)-almost everywhere

a/th(a,dt) = /Rda:p(a,dx) =0.

Since ¢(a,-) is the image of ¢(a,-) by the map y — (1 + A(H(y)))y, or equivalently
by the map y — (14 A(a))y, by Lemma 3.4.4 below, for Hyu(da)-almost all a € H(R?),
q(a,-) <c G(a,-). Up to replacing ¢(a,-) and therefore ¢(a,-) by dy on a Hyu-null set, we
may suppose without loss of generality that ¢(a, ), q(a,-) € P,(R?) and q(a, ) <. q(a,-) for
all a € H(R?). By Lemma 3.4.1 below, for all a € H(R?) there exists a martingale coupling
M e M(q(a, -), ¢(a, -)) optimal for M,(q(a,-),q(a,-)).

Assume for a moment that the map a — M is measurable, where P(R x R) is endowed
with the o-field generated by the weak convergence topology. For all a € H (RY), let M
be the image of M* by the map (¢,s) — (ta,sa). Then the map a — M is also measur-

able, which is equivalent to say (see for instance [6, Theorem 19.12]) that (M®),cprq) is a
probability kernel from H(R?) to R? x R?. Hence we can define

Mde,dy)= [ | M (dr, dy) (Hop)(da).

For all @ € H(R?), M® is a martingale coupling between ¢(a,-) and ¢(a,-), hence we
easily see that M is a martingale coupling between the respective images of ¢(a,-) and
d(a,-) by the map t — at, namely p(a,-) and p(a,-). Therefore one can also readily
show that M is a martingale coupling between [,cyga)p(a,dr) (Hyu)(da) = p(dxr) and
Juem®ay Pla, dy) (Hyp)(da) = v(dy). Consequently, we have

M) < [y =l M(de,dy) = |

~ JRAxRd H

(R9) </1Rded [y — | M*(dz, dy)) (Hyp)(da)

— /H(Rd) </RXR |s —t|” ]\/[a(dt,ds)) (Hyp)(da) = /H(Rd) Mo(q(a, ), qla, ) (Hyp)(da).
(3.3.8)
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Let ¢ € RY. For all a € H(RY), let ¢, be defined by (3.3.7) and s, € R be such that
Cq = Sqa. If the map A is constant equal to some A\ € R, (with a slight abuse of notation),
then using the definition of C, for the first inequality, Lemma 3.4.2 below for the first
equality, Lemma 3.3.5 for the second inequality, Holder’s inequality for the third inequality
and Lemma 3.4.2 again for the last equality (there the constancy of A plays a crucial role),
we deduce that

MO (i, v)

<[ CWilata) ( L= s ata i) o

H(RY)

— P —salfd
CHA /H(Rd (/ t|” q(a, dt) ) (/ |sa — sqal” q(a,ds) ) Hﬁu (da)
= C,A\ - ( |z|? p(a, dx) ) (/ ly — c.|” p(a, dy) )

[ tetntaan)) " ([ el pta )" ()

" (Hypr)(da)

< O\

H(RY)
(p=1)/p
< ( [ /Rd o} pla, d) <Hﬁu><da>) ( o Ll el Plasa) <Hﬁu><da>)

< ([ utan) " ([ 10420 =)

= ey ([ - o)
(3.3.9)

By taking the infimum over all ¢ € R?, we get (3.3.6).

It remains to overcome the issue of the measurability of the map a — M® For all
¢,¢ € P,(R) such that ¢ <., ¢, there is not necessarily uniqueness of a martingale coupling
between ¢ and ¢" optimal for M?(q, ¢'), as illustrated for instance by (3.1.2) for p = 2 and R4
endowed with the Fuclidean norm, for which any martingale coupling is optimal. A solution
to overcome that hurdle is to fix € > 0 and choose a martingale coupling which is optimal
for an appropriate cost function V¢ instead of M,. This alternate cost function V* will be
defined so that it has a unique minimiser which is almost optimal for M, in a sense precised
below. Let then (gi)ren be a family of 1-Lipschitz continuous functions bounded by 1 which
separates P(R) (see [78, Theorem 4.5.(a)]). Define C* : R x P,(R) — R for all € > 0 and

(,7) € R x P,(R) b
/gk:

(z,7) /|x—y|p (dy) +522k

keN

For ¢,q" € P,(R) such that ¢ <., ¢, let

Ve(q,q) inf /C’E z,m(z,-)) q(dz), (3.3.10)

MEHM (a.4")
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where for all M € TI™M(q,q'), (m(z,"))ser denotes a regular conditional probability distri-
bution of M with respect to pu. Note that (3.3.10) is an instance of the class of the weak
optimal transport problems introduced by Gozlan, Roberto, Samson and Tetali [90]. Some
key results of the classical optimal transport theory, such as existence, duality and the
monotonicity principle still hold for weak costs, as showed by Backhoff-Veraguas, Beiglbock
and Pammer [18]. More recently a stronger stability result was proved by the authors and
Beiglbock and Pammer, see Chapter 6 below, and will be used in the present proof.

We now show that for all € > 0 and a € H(R?), there exists a unique martingale coupling
Me* between ¢(a,-) and ¢(a,-) optimal for V¢(¢(a,-),q(a,-)), and the map a — M=* is
measurable. To do so, we show that C° is continuous on R x P,(R) with respect to the
product metric ((z, 7), (2/, 7)) — |z —a'| + W, (7, 7’), strictly convex in the second argument
and such that there exists a constant K > 0 which satisfies for all (z,7) € R x P,(R)

C (2, 7)) < K (1 4zl -l—/R|y|pT(dy)). (3.3.11)

Let us show that C° is continuous. Let x € R, (2,)nen € RY, 7 € P,(R) and (7)nen €
Pp(R)N be such that x, — = and 7, = 7 in W, as n — +o00. We recall that the latter
is equivalent to say that for any continuous function f : R — R which satisfies the growth
constraint

da>0, YyeR, |f(y)]<all+ly?), (3.3.12)

we have [p f(y) T.(dy) — [z f(y) 7(dy) as n — 4o00. On the one hand,
[ Jo =y rdy) = [ Jon = sl maldy)| | [ o = vl mldy) = [ 12 =yl (dy)
R R R R
—ylP — _ylP du).
+ [ Ml =yl = o = "] 7u(dy)

Since the map y — |z — y|? satisfies (3.3.12), the first summand of the right-hand side
vanishes as n goes to +00. Moreover, one can easily show that for all z > 1, 2/ — 1 <
pz"~1(z — 1), from which we deduce [b¥ — a”| < p(a V b)?~t|b — a| for all a,b > 0. Applying
the latter inequality with (a,b) = (|x — y|, |z, — y|) yields

/R |z = yl” = 20 — y|”| Taldy) < p/R(IfL’ =YV |zn = y1)P an — 2| Taldy)
<o [ (1=l + lan = 2} o — o] ru(dy),
where the right-hand side vanishes as n goes to 400 by the dominated convergence theorem.
This proves that the map (z,7) — [z |* — y|? 7(dy) is continuous. On the other hand, by
Kantorovich and Rubinstein’s duality theorem and Jensen’s inequality, we have

1 2 1
> o -y

2

[ ty) 7(dy)

o) 7 (dy)

< X g [ Lo 7@+ [out) )| [ ov(6) i) — [ av(s) ()
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—ZQk

/ 9e(y) T(dy) — /R 9(y) Tn<dy)‘

keN
<Z WlTTn)<4W (1,7m) — 0.
kEN n—-+o0o

We deduce that (z,7) — Yren 5% |z 96 (¥) 7(dy)|*> and therefore C® is continuous. Let
us now show that C¢ is strictly convex in the second argument. Let x € R. The map 7 —
Jo |z = y|? 7(dy) is clearly linear so it is sufficient to show that 7 — Ypcn 3¢ | fz 9k (Y) (dy)|?
is strictly convex. Let 7,7" € P,(R) be such that 7 # 7’ and o € (0,1). Then there exists
ko € N such that [ g, (v) 7(dy) # [g 9k, (v) 7'(dy) and the strict convexity of the square

implies
2
o [y ridy) + (1= a) [ ouly) 7(dy) (o) [ @)
for all £ € N, with the inequality strict at least for k = kg, which yields strict convexity of
T = Yken 3% | Jr 91(Y) 7(dy)|?. Finally, let us show that C* satisfies (3.3.11). Let z € R and
7 € P,(R). Then

<a‘/9k 7(dy)

C ) <270 [ (el + ) ridy) +2 3 o < K (1ol + [ 1yl ().

kGN

where K = (22) V271, Let 1 = {(¢q,¢) € P,(R) x P,(R) | ¢ <co ¢'}. By Theorem 6.2.6
below, for all (¢,¢’) € I1, there exists a unique martingale coupling M, € HM( q') optimal
for V(q,q'). Moreover, if (g)ken, (¢})ken € P,(R)N are such that g and q,, respectively
converge to ¢ and ¢’ in W, as k — +oo, then M; q, converges to M, for a finer topology
than the one induced by W, as k — +oo. This implies that the map (q,q') = M, is

measurable from IT to P(R x R), where II is endowed with the trace of the Borel o-algebra
of P,(R) x P,(R) endowed with the product of the W,-distance topologies. Since (P,(R),W,)
is separable [191, Theorem 6.18], the latter o-algebra coincides with the product o-algebra
B, ® B,, where B, denotes the Borel o-algebra of P,(R) endowed with the W, -distance
topology [6, Theorem 4.44]. By Lemma 3.4.5 below, B, ® B, = B® B, where B denotes the
Borel o-algebra of P,(R) endowed with the weak convergence topology We deduce that the
map (q,q') — Mg, is measurable from 11 to P(R x R), where II is endowed with the trace
of B® B.

For all ¢ > 0 and a € H(RY), let then M** = Mg, 3 ey Since (q(a,+))aenrey and
(¢(a,-))semme) are probability kernels, the maps a + ¢(a,-) and a > g(a, -) are measurable
6, Theorem 19.12], and so is a — (¢(a,-), G(a, -)) where the codomain II is endowed with the
trace of B® B. By composition, the map a — M is measurable. Let M= be the image of
Me® by the map (t, s) — (ta, sa) and

M- (dz, dy) = /QGH(W) M#=*(dz,dy) (Hyp)(da).
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We see with the very same arguments as the ones given above for the martingale coupling
M that M~ is a martingale coupling between u and v, which proves that u <., v. Like in
(3.3.8) we get

M) < [

R4 xR4

_ 2P T (dx. d :/ (/ _ 2|P NF(da. d ) Ho)(d
el Ty = [ ([t 5 ) ()

[ ( /R s =t e, ds)) (Hyp1)(da)

< Ve(ala,-),q'(a, ")) (Hyp)(da).
H(R)

For all ¢,¢" € P,(R) such that ¢ <. ¢, we have V(q,q¢') < M5(q,q') + 2¢, hence
MO, v) < [y MO(q(a, ), q(a, ) (Hyp)(da) + 2e. Assuming that A is constant, we then
derive the same estimates as in (3.3.9), except that we add +2¢ at the end of each line. By
taking the limit ¢ — 0, the same conclusion holds. O]

3.3.2 The scaling case

We call scaling case the situation in which two measures p and v are such that for X
distributed according to pu, there exists A > 0 such that v is the probability distribution of
X+AMX —-E[X]) = E[X]+ (1+A)(X —E[X]). In the previous section we already considered
this case under a complementary assumption on the conditional probability distribution of
X, see Proposition 3.3.3. We release here the latter constraint and study the impact on
the constant C in (3.3.1). We begin with the proof that the scaling case provides a lower
bound for C, 4 for any p > 1 and d € N*\{1}, the case d = 1 having already been treated
by Proposition 3.2.1.

Proposition 3.3.6. Let d € N*\{1} and p > 1. Regardless of the norm R? is endowed with,
we have

T+ x”
Ciqg>3, andforallp>1 C,q>2V (2"_1 sup ) :
! g ve(l4o0) (1 +2)°

The proof of Proposition 3.3.6 relies on the following lemma, which allows us to propagate
to higher dimension the lower bound in (3.2.12) for d = 1 and the lower bound we exhibit
in the proof for d = 2.

Lemma 3.3.7. Let d,d’ € N* be such thatd < d', p> 1, |-| be a norm on R? and |- |' be a
norm on R satisfying the following consistency condition:

Vl’l,"' 7$d€R7 ’(xl)"'axthou"'70)|/:|<m17"' 7*Td)|' (3313)
Then Cpq < C,a for RY and R respectively endowed with | - | and | - |

119



Proof of Lemma 3.3.7. Let p,v € Py(R?) be such that p <. v. Let y’ and v/ be the
respective images of 1 and v by the map R? 3 (zq,--- ,24) — (21, ,24,0,---0) € R,
Let ¢ = (c1,- ,¢q) €R%and ¢ = (c1,- -+ ,¢q,0,---,0) € R, If R* and R? are respectively
endowed with | - | and | - |', then by (3.3.13) and the definition of C, 4, we have

!/ / / / / / (p_l)/p
Mo(p,v) = Mo, V') < CraWp(i, V) (/Rd ly—c|Pv (dy)>

(p=1)/p
- p,d’Wp(:U’v V) (/]Rd |y - C|p V(dy)) :

By taking the infimum over all ¢ € R, we get M5 (u,v) < C, oW, (1, v)oh~*(v), hence
Cp,d < Cp7d/. ]

Proof of Proposition 3.3.6. By Proposition 3.2.1, we have C, 1 > 2°~" sup,c; 4o % Let

N be a norm on R? and N’ : y — N(y)/N((1,0)), so that for all z € R, |x| = N'((z,0)). By
Lemma 3.3.7, we deduce that

o1 T+ xf
2 xe(sll,lfoo) 7(1 ) <Co1 <C,o, (3.3.14)

for R? endowed with N’ and therefore with N. Assume for a moment that we also have
CLQ >3 and Vp > 1, Cp72 > 2. (3315)

Let us now consider d € N*\{1} and |- | a norm on R% Let N : R? — R be defined
for all (z,y) € R? by N((z,y)) = |(z,y,0,---,0)|]. One can easily check that N is a norm

on R%. By (3.3.14), (3.3.15) and Lemma 3.3.7, we have 3 < C;5 < C4, and for p > 1,
2V (2”*1 SUPge(1,400) %) < C,2 < C,q, which is conclusive.

It remains to show (3.3.15). Let p,q,r € [0,1] be such that p+¢q+r =1, 4, j and k be
three non-collinear points in R? and « be their weighted barycentre, namely o = pi+qj+rk.
Let £ € (0,1) and ¢, 5/ and k" be the respective images of 7, 7 and k after a homothety with

centre o and scale factor 1 — /¢, that is
i'—a=01-0)@G(-«a), jJ—a=01-0(—-a), and kK —a=(1-10k—a).

Let then
p=pdy +qdy +réy and v=pd;+ qd; + rdy.

Since v is the image of y by the map x — x + ﬁ(m — «), by Lemma 3.4.2 below applied
with A = é,

. . . .
Wk v) = 17— bl —al’ +qlj" —af’ + 7]k’ — o) = U(pli—al*+qlj—al+rk—al) /.

120



Figure 3.1: Points involved in the proof. A number in brackets is the weight associated to
the point. The probability measure pu, resp. v, is concentrated on the inner, resp. outer,
triangle.

On the other hand, since 4, j and k are non-collinear, each of the points ¢’, j* and k' can
be written as a unique convex combination of the points i, j and k, given by

i'=(1— L0+ lp)i+ Lqj + lrk;
J =tpi+ (1 —L+Lq)] + lrk; (3.3.16)
k' = lpi + lqj + (1 — 0+ Or)k.

We deduce from (3.3.16) the only martingale coupling M between p and v:

M(dz,dy) = p(dz) (ﬂ{x:w}((l — L+ Lp)S; + Lqd; + £réy)(dy)
+ Lgpejry (lpds + (1 — £ + £q)6; + €réy) (dy)
+1 oy (€p0; + £q0; + (1 — €+ £r)3y)(dy)) -

We can then compute

M) = [y = al? M{dz,dy) = p (1= €+ )i = 710 + talj = 717 + trlk = iP)
X
Fallpli— 71+ (1~ (4 bg)lj— 1P + trlk — 1)

+r (pli — K'|P + Lqlj — K'|P + (1 — 0+ 0r)|k — K'|?).
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Therefore, we get

MO (,v)
Wi, v) (fee [y — ale v(dy))*~"7”

(1= 4 tp)er=]i = alf + qlj — 17 + 7|k — i))
+q (pli = §'17 + (1= £+ )01 — ol + rlk — 5'))
7 (pli = P + gl = P + (1= £+ (r) 0k — a]?) |

(pli = e +qlj = ol + rlk = a]?)" (pli = a]? + qlj — alf + rlk — af) "

(3.3.17)
[P(Lgp=pyli — al” + qlj — ilf + rli — k|?)
+q(plj —il” + Lyl — al” + 7k = j[°)
+r(pli — kI? + qlk — j1° + Lpmny |k — a]?)]
— - -
-0+ pli —al? +qlj —alp +rlk —alr
pql|7 — | + qr|k — j|P 4+ rpli — k|P
bl P arlk ol = kP
pli —al? +qlj —al? +r[k — ol
We deduce that
o, P S
Oy > 1oy + 2P0 Z 1" T arlk =7 & rpli = kP (3.3.18)
pli—al?+qlj —alp +r[k —af
Let n € N*, i =(0,0), j=(1,0),k=(3,5),p=5,0¢=5 andr=1—1. Then|/<: il,
i — k|, |i — a| and |j — o converge to |j — i|/2 when n — 400 and |k — a| = o(2). So
li—il” 1 \J ZIP
mzld =17+ 2% 5 55 +o(3)
Co2 = Tgpm1y + 24 9« Lli- 'L|P2+ jz ) “nstoo L{p=1} + 27705 \J 'L|P = Lgpm1y +2,
2n 2P 2n
(3.3.19)
which shows (3.3.15) and completes the proof. O

We end the section by showing that we can estimate the constant C' in (3.3.1) when we
restrict to the scaling case.

Proposition 3.3.8. Let d € N* and R? be endowed with any norm. Let p > 1, A > 0 and
p € Py(RY) be with mean o € R Let v be the image of u by the map x — = + ANz — ).

Then
3+ A

1*_Avv (1, v)o (V). (3.3.20)

1
M (p,v) <207 p

Remark 3.3.9. Suppose that there exists a direction-dependent measurable map H : R —
R? in the sense of Definition 3.3.2 such that for X distributed according to p, E[X|H (X —
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a)] = « almost surely. Then by Proposition 3.3.3, we see that 2p*1i’ij\\ could be replaced in

(3.3.20) with C,. In view of (3.2.12) and Remark 3.2.2, for p € (1,2), C, > 2/~ s0 2071342
is sharper for A in a neighbourhood of +o0c. However, the smallest constant independent of

A induced by (3.3.20) is 3 x 2!, which is greater than C,, at least for p > 2.
Proof. For all x € R?, let m(x,dy) be the probability kernel defined by

1

miw, dy) = -

5x+)\(z a) (dfl/) +

1+ Ay(dy)'

For all measurable and bounded map A : R¢ — R, we have

L hy) ude) ma,dy) = 1_ilxjédh<x.+»x<x._(l>> w(dz) + — [ hw) i)

]_ A
Rd

Moreover, for all z € R?,

[ ymedy) = e+ A — )+ o [+ A = ) )
1 A
:1+)\(w+)\(:t—oz))+ma:x.

So p(dxz) m(x,dy) is a martingale coupling between p and v, and
M) < [y =l pdw) m(a.dy)

p_p _ rlP
= LoVl =l + 2 [ = e i) vidy).

On the one hand, using Lemma 3.4.2 below and the fact that p(dz)v(dy) is a coupling
between p and v, we have

1 1 _
[ la = al ulda) = Wen,v) = Wl WS (1,0)

< awon) ([, o=l utany i)

On the other hand, Minkowski’s inequality and Lemma 3.4.2 below yield

/Rded ly — x| p(dz) v(dy)
- </1Rd><Rd |y — z|” p(dz) V(dy)>1/p </Rded ly — z|” p(dx) V(dy))(pl)/p

S(KAJ”“WWW@YM+(@Jy—ﬂmwwﬂuv(AWWW—xvm@ﬁm@ﬁWAw
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e ([ o) ([ e vay)

24+ A\ (p=1)/p
=W ([, = al pldnyvdy))
Ra4xR

We deduce that M5 (u,v) < i’i—:\\Wp(u, V) (fRded ly — x| u(dz) y(dy))(p_l)/p. Using Minkowski’s

inequality and the definition of convex order, for all ¢ € R we get

o ; (0-1)/p _ o 1/p o 1/p\ P!
([, w=alutdnyviy) " < ([ 1o = udn) "+ ([ o=l vidy)
(p=1)/p
<27t (/ ly — |’ V(dy))
R4
By taking the infimum over all ¢ € R, we get
13+ A _
MZ(#’) V) S 27 lmwp(ﬂa V)O-Z 1(]/)
O

3.4 Lemmas

Lemma 3.4.1. Letd € N*, p > 1 and p,v € P,(RY) be such that pn <., v. Let c: R xR? —
R, be lower semicontinuous. Then the infimum

Cluv)= inf [ c(e,y) M(de, dy)
R4 xR4

MellM(u,v)
is attained, i.e. there exists M € TIM(pu, v) such that C(u,v) = [gayga c(x,y) M (dz, dy).

Proof. Let M, € IIM(u,v), n € N be a sequence of martingale couplings between p and v
such that

/Rdx]Rd c(x,y) M, (dz, dy) njoo C(p,v).

The probability measures p and v are tight: for all € > 0 there exists a compact subset
K C R? such that u(K) > 1—¢ and v(K) > 1 — €. Therefore, for all n € N,

M, ((K x K)% < M,(K* x RY) U (R x K%)) < u(K®) + v(K®) < 2¢.

We deduce that (M,),en is tight. By Prokhorov’s theorem, there exists an increasing
map ¢ : N — N such that (My(n))nen converges weakly towards M € P(R? x R?). Since
the projections maps (z,y) — z and (x,y) — y are continuous, the respective marginals of
M,y converge to the respective marginals of M. Since for all n € N, M,,) has marginals
w and v, so does M, hence M € II(u, ). Moreover, for all n € N let (X,,,Y,,) be a bivariate
random variable distributed according to M, and (X,Y) be distributed according to M.
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Since p and v belong to Py (R?), ((X,, Yy))nen is uniformly integrable. Let f: RY — R be a
continuous and bounded map. Since (X, (), Yy(m))nen converges in distribution to (X, Y), is
uniformly integrable and (x,y) — f(x)(y — x) is continuous with at most linear growth, we
have

0= /]Rdx]Rd F@)(y = 2) My (dz, dy) = E[f(Xom) Yowm) — Xow)]

— E[f(X)(Y = X)] = [ f@)y =) M(dw, dy).

n—-+oo

We deduce that M € IIM(u,v). Then by the Portmanteau theorem, we get

Cp,v) < c(x,y) M(dz,dy) < liminf c(z,y) My (dz, dy) = C(u,v),

~ JRIxRI n—4oo JRdyxRrd
so M is optimal for C(u,v). O

Lemma 3.4.2. Let d € N*, R? be endowed with any norm, p > 1, A > 0, p € P,(RY) and
a € R Let v be the image of jn by the map x — x + XNz — «). Then

Wy, v) = A (/Rd |z — a]p,u(dx))l/p. (3.4.1)

Remark 3.4.3. Let o, € P,(R?) and v € TI(ng, 1) be optimal for W, (1, n;). For all
t € [0,1], let n; be the image of v by (z,y) — (1 — )z + ty. It is well known that the curve
[0,1] 2 ¢+ n; is a constant speed geodesic in (P,(R?), W,) connecting 1o to m; [9, Theorem
7.2.2]. Moreover, for all 0 < s <t <1, the image of v by ((1 — s)x + sy, (1 — t)z + ty) is an
optimal transport plan between 7, and 7, for the W,-distance.

In particular for ny = J, and 7, = v, the unique coupling v(dz,dy) = 0,(dx)v(dy)
is optimal for W,(no,m), and for ¢ = 1/(1 + X), m = p. Therefore, the image of v by
(x,y) — ((1 —t)x + ty,y), that is the image of u by x — (z,z + Az — )), is an optimal
transport plan between p and v for the W,-distance, which implies (3.4.1).

We add here a quick proof for the sake of completeness.

Proof of Lemma 3.4.2. We have, by the triangle inequality for the metric W,,

1/

(/R ly — af? V(dy))l/p = W, (00, ) € Wo(Bar 1)+ W, (11, ) = (/R |z — ayf’,u(dx)> "W, (),

SO

W)= ([l =l i) = ([ e ot utan) " = ([ 1o~ uan) "

Since f1(dx) dg4r(@—a)(dy) is a coupling between p and v, we also have W,(u,v) <
A (fpa |z — @) pu(dz))"?, hence W,(1,v) = A (Ja |2 — a? pu(dz))M. O
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Lemma 3.4.4. Let d € N*, A > 0, u € Pi(RY) and o € R, Let v be the image of u by the
map x +— x + ANz — ). Then p <. v iff a is the mean of p.

Proof. If <., v, then p and v have the same mean, so

/Rdxu(dfv) = /RdyV(dy) = /Rd:cu(da:) + A </Rdxu(dq:) —a),

which implies that o = [ga @ p(dx).
Conversely, suppose that o = [gax p(dz). Then a = [payv(dy) and for all convex
function f: RY — R,

[ r@utan) = [ 1250+ et Mo - a) o

< [ (0@ 4 1o A - ) uta)

1+Af(/ W) + 15 L, 7))

A
ST /WY dy+1+A/f

= / fy) v(dy),
Rd
where we used Jensen’s inequality in the last inequality. We deduce that p <., v. [

Lemma 3.4.5. Let (E,dg) be a Polish space, p > 1 and P,(E) be the set of probability
measures on E with finite p-th moment. Let B , resp. B, be the Borel o-algebra on P,(E)
with respect to the weak convergence topology, resp. the W,-distance topology. Then B = B,.

Proof. Since the W,-distance topology is finer than the weak convergence topology, we clearly
have B C B,,. Therefore it remains to prove that B, C B.

Let 29 € E and ®,(E) be the set of all real-valued continuous functions f on E which
satisfy the growth constraint

Ja >0, VexekFE, |f(x)]<a(l+dy(z, ).

For all f € ®,(E), let f : P,(E) — R be the map defined for all p € P,(E) by f(p) =
I5 f(x)p(dx) The W,-distance topology is then the weak topology on P,(E) induced by
the family (f) fead,(B), that is the coarsest topology on P,(E) for which f is continuous for
all f € ®,(F). Any open set for this topology is a union of finitely many intersections
of sets of the form f~(U) where f € ®,(E) and U is an open subset of R. On the one
hand, (P,(E),W,) is Polish [191, Theorem 6.18] and therefore strongly Lindelof, hence the
latter union can be assumed at most countable. On the other hand, any open subset of R
is an at most countable union of open intervals of R. We deduce that any open set for the
W,-distance topology is an at most countable union of finitely many intersections of at most
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countable unions of sets of the form f~'((a,b)) where f € ®,(E) and (a,b) C R. Since B is
closed under countable unions and intersections, it suffices to show that every set of the form
71 ((a, b)) belongs to B to conclude that any open set of the W,-distance topology belongs
to B and therefore B, C B.

Let then f € ®,(F) and a,b € R be such that a < b and let us show that f~'((a,b)) € B,
which will end the proof. For all n € N, let

fuizes (f) V(=) A,
which is clearly continuous and bounded. Then for all n € N and p € P,(£),

o) = [ () v (=n)) A m) plda)

which by the dominated convergence theorem converges to f (p) as n — +00, hence
1
Fiem=-U U i ((o+ Lo 1),
keN* NeNn>N
Since the weak convergence topology is induced by the famlly of g for g continuous and

bounded, we have that f;'((a,b)) € B for all n € N, hence f~((a,b)) € B. O

Proof of Lemma 3.8.5. Let a = (ay,-+- ,aq) € ST, ¢ = (c1,-++ ,cq) € R y € Span(a) and
t € R be such that y = ta. Suppose first that » = +00. Then
|y — cal = [ta — cisgn(a)al = [t — ¢isgn(a;)| = [tlai] — cisgn(a;)| = [(ta; — ¢;) sgn(as)]
= |ta; — | < |ta—c| = |y — ¢|.
Suppose now that r < +oo. Using the fact that |a| = 1 for the second and third equalities,

Holder’s inequality for the second inequality and the fact that |sgn(z)| = 1 for all x € R for
the last but one equality, we get

d
ta — (Z ¢ Sgn(ai)|ai|7"_1> a

i=1

d d
= tz la;|" — Z i sgn(ai)|ailr’1
i=1 i=1

|y_ca| =

d
<> ltlas| — cisgn(aq)ljai|"
i=1

i=1

< (imm — ¢ Sgn(a,-)\?“)l/r <§:|&i‘r> "
[

1/r
(tas — ¢, sgn(aiw)

= |ta—c| =y —|.
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Chapter 4

One dimensional martingale
rearrangement couplings

Abstract

Backhoff-Veraguas and Pammer [20] and Wiesel [194] proved independently the
stability of the Martingale Optimal Transport (MOT) problem in dimension 1 under
regularity assumptions on the cost function. To do so, the former showed the stability
of the so called martingale C-monotonicity, which is proved sufficient for optimality,
while the latter directly tackled the primal formulation of the MOT problem. More
precisely, Wiesel [194] developed the notion of projection of the set of couplings between
two given marginals in the convex order onto the set of martingale couplings between
the same marginals. The projection is taken with respect to the nested Wasserstein
distance, which is stronger than the Wasserstein distance and therefore induces a finer
topology. This leads to the notion of martingale rearrangement coupling due to Wiesel
[194]. The objective of the present paper is to complement the results of Wiesel [194]
by providing explicit constructions of such couplings. Moreover we establish a strong
connection between those couplings and the family of martingale couplings (M Q)QEQ
and the inverse transform martingale coupling introduced in Chapter 2, whose integral
of (z,y) — |y — | is smaller than twice the W;-distance of the marginals.

Keywords: Martingale couplings, Martingale Optimal Transport, Adapted Wasserstein
distance, Robust finance, Convex order.
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4.1 Introduction

4.1.1 Stability of the MOT problem

Let C': R x R — R, be a nonnegative measurable function. For all d € N* denote by P(R?)
the set of probability measures on R?. For y € P(R) and v € P(R), the classical Optimal
Transport problem consists in minimising

inf /R _ Cla,y) n(da, dy). (OT)

mell(p,v)

where II(u, ) denotes the set of probability measures in P(R x R) with first marginal p and
second marginal v. When C' is the map (z,y) — |y — x|” for some p > 1, (OT) corresponds
to the well-known Wasserstein distance with index p to the power p, denoted Wg(u, V), see
8, 168, 190, 191] for a study in depth.

The OT theory is a long story: formulated by Gaspard Monge [140] in 1781 and mod-
ernised by Kantorovich [114] in 1942, it was rediscovered many times under various forms
and has an impressive scope of applications until recently where it became an unmissable
tool of data sciences. However, this theory under its classical form is not sufficient to solve
some major problems raised by the field of mathematical finance, such as robust model-
independent pricing. Indeed, Beiglbock, Henry-Labordeére and Penkner [23] showed in a
discrete time setting and Galichon, Henry- Labordeére and Touzi [84] in a continuous time
setting that one would need an additional martingale constraint to (OT) in order to get
model-free bounds of an option price. This martingale constraint reflects the condition for
a financial market to be arbritrage free.

This leads to the formulation of the Martingale Optimal Transport (MOT) problem: for
any ™ € P(R x R), we denote by (7,).cr its disintegration with respect to its first marginal
i, that is a probability kernel such that m(dz,dy) = p(dx)m.(dy). Let p and v be two
probability distributions on the real line with finite first moment. Then the MOT problem
consists in minimising

inf /RXR C(z,y) m(dx,dy), (MOT)

n€IM (p,v)

where II™M (4, v) denotes the set of martingale couplings between p and v, that is

™M (p,v) = {7T € II(p, v) | p(dz)-almost everywhere, /Rym(dy) = x} :

According to Strassen’s theorem [183], the existence of a martingale coupling between
two probability measures u,v € P(R) with finite first moment is equivalent to p <. v,
where <., denotes the convex order. We recall that two finite positive measures pu, v on R
with finite first moment are said to be in the convex order iff we have

[ f@) plda) < [ fly)viay),
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for every convex function f : R — R. Note that by evaluating this inequality for the constant
function equal to 1, the identity function and their opposites, we have that ; and v have
equal mass and satisfy [p z u(dz) = [z yv(dy).

For adaptations of celebrated results on classical optimal transport theory to the MOT
problem, we refer to Beiglbock and Juillet [25], Henry-Labordeére, Tan and Touzi [105] and
Henry- Labordere and Touzi [106]. On duality, we refer to Beiglbock, Nutz and Touzi [27],
Beiglbock, Lim and Obté6j [26] and De March [68]. We also refer to De March [67] and De
March and Touzi [69] for the multi-dimensional case.

About the numerical resolution of the MOT problem, one can look at Alfonsi, Corbetta
and Jourdain [3, 4], De March [66], Guo and Obt6j [96] and Henry-Labordere [104]. When
and v are finitely supported, then the MOT problem amounts to linear programming. In the
general case, once the MOT problem is discretised by approximating i and v by probability
measures with finite support and in the convex order, Alfonsi, Corbetta and Jourdain raised
the question of the convergence of the discrete optimal cost towards the continuous one.
Partial results were first brought by Guo and Ob1dj [96] and the stability of left-curtain
couplings obtained by Juillet [112].

More recently, Backhoff-Veraguas and Pammer [20] gave a positive answer under mild
regularity assumptions by showing the stability of the so called martingale C'-monotonicity,
which is proved sufficient for optimality. Independently, Wiesel [194] also gave a positive
answer by directly tackling the primal formulation (MOT). To set the idea down, consider a
lower semi-continuous cost function C': R x R — R, and two sequences (fi,)neny and (v, )nen
of probability measures on the real line which respectively weakly converge to u and v as
n — 4o00. It is well known that any sequence (7, )nen € [Tnen M (tn, v) 1s tight and has all
its accumulation points with respect to the weak convergence topology in 1™ (s, v). Then
one can readily derive the first inequality

inf / C(z,y)m(dx,dy) <liminf  inf / C(z,y) n(dx,dy).
RxR RxR

m€lM (p,v) =400 7€M (un,vn)

The other inequality which would conclude the stability of (MOT), namely

inf / C(z,y) m(dz,dy) > limsup inf / C(z,y) m(dz, dy),
RxR ) JRxR

Tl (u,v) n—+oo mEMM (up,vp

is however substantially more difficult to prove and requires a priori stronger assumptions
on the regularity of C' and the convergence of the marginals. In order to get the latter
inequality, Wiesel [194] develops the key notion of projection of the set II(u, v/) of couplings
between p and v onto the set [T (u, v) of martingale couplings between p and v. To measure
the distance between two couplings, one could naturally think of the Wasserstein distance.
However this distance turns out to be inadequate in this context for reasons explained below.
Hence the projection is made with respect to the nested Wasserstein distance Wi¢ which
dominates VW, and induces therefore a finer topology.

Wiesel [194] also complements the stability inequality inf em,, |y — z|7(dz, dy) <
2Wi (i, v) found in Chapter 2, which was at the time a step forward in proving the stability
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of (MOT). The latter inequality was proved by exhibiting a new family of martingale
couplings (M®)geg parametrised by a set Q of probability measures on (0,1)2. A particular
martingale coupling stands out from the latter family, namely the so called inverse transform
martingale coupling, which was designed to be the closest martingale coupling from the
Hoeffding-Fréchet coupling. In other words, under mild assumptions, the inverse transform
martingale coupling is the projection of the Hoeffding-Fréchet coupling onto the set IIM (u, v/).
We show in Section 4.2 that in the general case, such a projection can always be found in
the aforementioned family (M®)geo.

As mentioned by Wiesel [194, Lemma 2.3|, the Hoeffding-Fréchet coupling between two
probability measures p, v € P;(R) in the convex order can be seen as a particular element of
the class of couplings 7 € II(p, v) which satisfy the so called barycentre dispersion assumption
introduced by Wiesel [194], that is such that

Va € R, /R]l[a,m)(x) <x—/Ry7rx(dy)> u(dz) < 0. (4.1.1)

The latter assumption is important in this context since it provides a sufficient condition
for a coupling between p and v to admit a martingale rearrangement coupling [194, Propo-
sition 2.4]. Just like we designed in Chapter 2 a family of martingale couplings around the
Hoeffding-Fréchet coupling, we can design here in the same spirit a new family of martin-
gale couplings around any coupling 7 satisfying the barycentre dispersion assumption and
prove that they are martingale rearrangement couplings of 7. For the sake of clarity we only
focus in Section 4.3 on one particular element of such a family, namely the one constructed
similarly to the inverse transform martingale coupling.

4.1.2 The adapted Wasserstein distance

The topology induced by the Wasserstein distance is not always well suited for any setting,
especially in mathematical finance. Indeed, the symmetry of this distance does not take
into account the temporal structure of martingales. One can easily get convinced that two
stochastic processes very close in Wasserstein distance can yield radically unalike information,
as [14, Figure 1] illustrates very well. Therefore, one needs to strengthen, or adapt this usual
topology. This can be done in many different ways, such as the adapted weak topology (see
below), Hellwig’s information topology [101], Aldous’s extended weak topology [2] or the
optimal stopping topology [15]. Strikingly, all those apparently independent topologies are
actually equal, at least in discrete time [15, Theorem 1.1].

Hence we may focus on the so called adapted Wasserstein distance. For an extensive
background, we refer to [149, 150, 151, 152, 129, 39]. Fix p > 1. For all d € N* we denote by
P,(R?) the set of probability measures on R? with finite p-th moment. We define the metric
AW, for all m, 7" € P,(R x R) by

AW, (m,7') = inf </RXR (]x 2P+ Wlf(m,ﬂg,)) X(dx,dx'))l/p, (4.1.2)

XEI(p,p")
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where 1, resp. ' is the first marginal of 7, resp. #'. It is easy to check that W, < AW,, so
that AW, induces a finer topology than W,.

The adapted Wasserstein distance can also be interpreted in terms of bicausal couplings
as done in [16]. Let 7, 7" € P,(R x R). Let X,Y, X', Y’ be random variables such that the
distribution of (X,Y, X" Y’) is a W,-optimal coupling between 7 and 7’. In many cases,
there exists a Monge transport map 7' : R X R — R x R such that (X',Y’) = T(X,Y).
As mentioned in [14], the temporal structure of stochastic processes is then not taken into
account since the present value X’ is determined from the future value Y. Therefore, it is
more suitable to restrict to couplings (X,Y, X', Y”’) between 7 and 7’ such that the condi-
tional distribution of (X', Y”) (resp. (X,Y)) given (X,Y) (resp. (X',Y”)) is equal to the
conditional distribution of (X', Y”) (resp. (X,Y)) given X (resp. X').

Let p and i/ denote the respective first marginal distributions of 7 and n’ and n €
[I(m,n") be a coupling between 7w and n’. With a slight abuse of notation, denote by
(n(x,y) (dxla dy,))(w,y)ERxRa (n(z’,y’)(dxa dy))(m’,y’)éRXR; (Ux(dﬂ?l, dy/))xER and (7790’ (dl’, d?/))m/eR the
probability kernels such that

n(dz,dy,ds’, dy') = w(dx, dy) Ny (de’, dy') = 7'(d2', dy") ne ) (dz, dy),
/y (4%, dy, da’, dyf) = p(dz) ne(da’, dy’)  and /y o (4%, dy, ', dy') = ' (da”) e (do, dy).
(4.1.3)

Then 7 is called bicausal iff for 7(dz, dy)-almost every (z,y) € R x R, resp. w(dx’, dy’)-
almost every (z/,y') € R x R,

Ny (de’, dy') = n,(dz’, dy’), resp. 1 (dz,dy) = n(dz, dy). (4.1.4)

We denote by Iy.(m, 7') the set of bicausal couplings between m and 7’. Another useful
characterisation, see for instance Lemma 4.4.1 below for a proof, is that 7 is bicausal iff there
exist x € H(p, 1) and (Y(z2)(dy, dY')) (ze)crxr such that

x(dz,dz')-almost everywhere, v . (dy, dy') € I(m,, ),

4.1.5
and  n(dz,dy,dz’,dy’) = x(dz, dz") V. (dy, dy'). (41.5)
Therefore,
(Wpltm 7)) = _nf [ (lz =2l + ly — y'|¢) n(de, dy, da’, dy)
€ (m,m") JRXRXxRXR
_ 'f/ ST f / vy (dy. d dx, dz’
xellll(lu,u’) RxR (‘I $| 'y(zz/)el%(m 71';) RXR’y y‘ K )< 4 y)> X< v QZ)
= inf / (\x—az|p+W’) Ty Ty ) (dv,dx") = AW (7, 7).
x€M(p,p') JRxR
(4.1.6)

The value W)“(m, ') is called the nested Wasserstein distance between m and «', which
by (4.1.6) coincides with the adapted Wasserstein distance AW?(m, 7') between 7 and 7'.
Hence we can indifferently work with the adapted or the nested Wasserstein distance. For
the remainder of the present paper we choose to work with AW,,.
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4.1.3 Outline

The main result of Section 4.2 is the exhibition of an element of the family (M?)geo men-
tioned above which is a martingale rearrangement coupling of the Hoeffding-Fréchet coupling.
For the sake of completeness we recall the essentials of the family (M%)gecg and the Hoeffing-
Fréchet coupling. We also explore the stability in AW, of the inverse transform martingale
coupling, which implies under certain assumptions the stability in AWW; of the martingale
rearrangement couplings.

The study is then extended in Section 4.3 to martingale rearrangement couplings of
couplings which satisfy the barycentre dispersion assumption (4.1.1).

Finally we deferred to Section 4.4 the proof of the key lemma which implies equality
between the adapted and the nested Wasserstein distances.

4.2 Martingale rearrangement couplings of the Hoeffding-
Fréchet coupling

4.2.1 The inverse transform martingale coupling

We come back on the inverse transform martingale coupling and the family parametrised by
Q introduced in Chapter 2 since they will have particular significance in the present paper.
We briefly recall the construction and main properties, see Chapter 2 for an extensive study.
Let p,v € P1(R) be such that u <., v and u # v. For u € [0, 1] we define

U, (u) = /0 NE - ESYY0)dv and W (u) = /0 E S EY () v, (42.1)

with respective left continuous generalised inverses W' and W~'. We then define Q as the set
of probability measures on (0,1)* with first marginal 3 (1)d\I/+, second marginal §—ydW¥_

and such that v < v for Q(du, dv)-almost every (u,v) € (0,1)?. Since d ¥, and d‘If are
concentrated on two disjoint Borel sets, there exists for each () € Q a probability kernel
(79)ueo,1) such that

1
W (1) W (1)

and we exhibit a probablhty kernel (m&)ye(o,1) which satisfies for du-almost all u € (0,1)
such that F " (u) # F, ' (u)

Q(du, dv) = AV, (u) 7%(dv) = dV_(v) 79 (du), (4.2.2)

st (Sl DI )
(4.2.3)

and m%(dy) = 0p1(y)(dy) for all u € (0,1) such that F,*(u) = F;*(u). Then the measure

v

M€ (dx, dy) = /6 w(dr) m&(dy) du (4.2.4)
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is a martingale coupling between g and v which satisfies [z, g |y—2| M@ (dx, dy) < 2Wi(u, v).
The latter fact is based on the property that for du-almost all v € (0,1),

1y = F )l m(dy) = 1B, (w) = B )], (4.2:5)
as showed by Proposition 2.2.18 and its proof. Let also

Ut ={ue 0.1 F(w)>F ()} U ={ue(0,1)| F, " (u) < F, (u)},
(4.2.6)
and U’ ={ue (0,1)]F, (u)=F, " (u)}. (4.2.7)

v

Thanks to the equality ¥, (1) = W_(1), consequence of the equality of the respective
means of p and v, we can set for all u € [0, 1]

U _(u) if uel; (4.2.8)
uw if u el

U0, (u) if weld
plu) =
Then the measure Q' (du,dv) = ﬁ(l)dwgu)ﬂ{ow(u)ﬂ} dy(u)(dv) belongs to Q. The

martingale coupling MT = M @™ g the so called inverse transform martingale coupling,
associated to the probability kernel m!” = m@"" which satisfies for du-almost all u € (0,1)

- Fy (u) — F (u) Fy M u) = F (u)
g e e R R (R e e ) K )

(4.2.9)

We also recall some standard results about cumulative distribution functions and quantile

functions since they will prove very handy one-dimensional tools. Proofs can be found for
instance in Section 2.6. For any probability measure n on R:

(1) F,, resp. Fr ! is right continuous, resp. left continuous, and nondecreasing;

(2) For all (z,u) € R x (0,1),

Fil(u) <z <= u< Fy(x), (4.2.10)

which implies
Fyz—)<u<F(r) = v = Fn_l(u), (4.2.11)
and  F,(F, ' (u)—) < u < Fy(F, ' (u); (4.2.12)

(3) For n(dz)-almost every x € R,
0< Fy(z), Fylz—)<1 and F,'(F)(x)) =z (4.2.13)
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(4) Denoting by A1), resp. A1)z, the Lebesgue measure on (0, 1), resp. (0,1), we have

((u, v) — Fn(Fn_l(u)—) + U?]({Fn_l(u)})) A0,1)2 = A©0,1) (4.2.14)

§
where f denotes the pushforward operation.
(5) The image of the Lebesgue measure on (0,1) by F " is 7.

The property (5) is referred to as inverse transform sampling.

4.2.2 The Hoeffding-Fréchet coupling

Let 1 and v be two probability measures on the real line with finite first moment. We recall
that the Hoeffding-Fréchet coupling between p and v, denoted P"F . is by definition the
comonotonic coupling between p and v, that is the image of the Lebesgue measure on (0, 1)
by the map u — (F, " (u), F;7'(u)). Equivalently, we can write

v

PHE (da, dy) = /

This coupling is of paramount importance in the classical optimal transport theory in
dimension 1 since it minimises

inf / c(x,y) P(dz, dy)
RxR

Pell(p,v)

as soon as ¢ satisfies the so called Monge condition, see [161, Theorem 3.1.2]. The latter
condition being satisfied for any function (x,y) — h(|ly — z|) where h : R — R is convex, we
deduce that P”¥ is optimal for W,(u,v) for all p > 1. By strict convexity, it is even the
only coupling optimal for W,(u, v) for p > 1. For all (z,v) € R x [0, 1], let

0(z,v) = Fu(r=) +vu({z}).

Using (4.2.14) for the second equality, (4.2.11) for the third one and the inverse transform
sampling for the fourth one, we get

Lf@y) P (dv,dy) = | f(F (u), F ' (u) du

— FFHOF  (u),v), F,HO(F (u),v)) dudv

Rx (071)

= [ ENO,0) plde) do

x(0,1)

R
= /]R (/Rx((),l) f(ZE, y) 5F;1(0(x7v))(dy) dv) /j,(dg;)‘
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We deduce that for p(dz)-almost all x € R,

Pl (dy) = /

o) O (B oo (49) A (4.2.15)

By (4.2.15) and monotonicity and left continuity of F, ! we recover the well known fact
that PHE is given by a measurable map, i.e. is the image of u by x + (z,T(z)) where
T : R — R is measurable, iff for all z € R such that p({z}) > 0, F, ! is constant on
(F.(z—), F,(x)]. In that case, we have T' = F! o F},, referred to as the Monge transport
map.

4.2.3 DMartingale rearrangement couplings

The inverse transform martingale coupling was meant to be in a certain way the closest
martingale coupling from the Hoeffding-Fréchet coupling, the latter being well known for
minimising the Wasserstein distance. In order to formulate the latter assertion in a more
formal way, suppose first that two probability measures p,v € Pi(R) are in the convex
order and such that F, ! is constant on the intervals of the form (F,(z—), F,(z)] for z €
R. As mentioned above, the Hoeffding-Fréchet coupling PH¥ between p and v is then
concentrated on the graph of the Monge transport map 7' = F 'o F),. We denote respectively
by M € TiM(u,v) and M € IIM(u, v) the inverse transform martingale coupling between
i and v and any martingale coupling between p and v. We also denote by xy € TI(u, u)
a coupling between p and p optimal for AW, (PHE M), We deduce from (4.2.5) that
Jexr [y = T(x)| M (dz, dy) = Wi (s, v). Using this equality in the second equality, we get

AW, (PHE MIT) < /R Wi (67(a), M) pu(da) = /]R oy =T(@) MY (de, dy) = Wi, v)
= [lr=T@utdr) < [ (o=l + |2’ = T(@)]) x(de,dr'
= [ (k=1 | [ Maay) - 7)) x(ar, )

= /RX]R (|$ = [+ Wi(0r ), Mx’)) x(dz, dz")
= AW1(PHF,M),
(4.2.16)

We deduce that M'T is a martingale rearrangement coupling of P7F in the sense of
Wiesel [194], that is

AW (PEE MY = inf AW (PPF, M). (4.2.17)
MeTM (p,v)

When PHF is not concentrated on the graph of a measurable map, M7 is not nec-
essarily a martingale rearrangement coupling. However we show in the next proposition
that there exists a martingale rearrangement coupling in the family of martingale couplings
parametrised by Q.
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Proposition 4.2.1. Let y,v € P1(R) be such that ji <., v. Let PPY be the Hoeffding-Fréchet
coupling between pn and v. Then there exists Q € Q such that the martingale coupling M@
defined by (4.2.4) is a martingale rearrangement coupling of PHE :
AW (PEE M) = inf AW (PPF M).
MeTM (p,v)

Remark 4.2.2. We show in the proof that as soon as on each interval (F),(z—), F,,(z)] for
z € R the sign of u — F, ' (u)—F, " (u) is constant, the inverse transform martingale coupling
is a martingale rearrangement coupling of P¥. Of course this includes the case where PH¥
is concentrated on the graph of a measurable map, and in which we recover (4.2.17).

Proof. By (4.1.6) and [194, Lemma 2.1] we have

inf AW, (PTF M) > /
R

MeM(p,v)

T — /RfoF(dy)‘ p(dx),
hence it is sufficient to show that there exists () € Q such that

HF 37Q\ <
AW, (P ,M)_/R

o[ yPIHF(dy)‘ u(de). (4.2.18)

If 4 = v then the statement is straightforward, hence we suppose pu # v. The proof is
achieved in four steps. First we exhibit an appropriate subdivision of the intervals (0,1) in
order to define a measure @ on (0,1)2. Second we show that @ belongs to Q and is therefore
associated to the martingale coupling M? between p and v. Then we find for u(dz)-almost
all z € R a coupling 7, € II(PHF M®?), so that

AWLPIE9) < [ WP M) o) < [ ([ ly = o/ neldy.dy) plde). (4:2.19)
Last, we show that for p(dz)-almost all x € R,

/ v — Y| na(dy, dy') = ‘x—/foF(dy) : (4.2.20)
RxR R

which implies (4.2.18) and completes the proof.

Step 1. Recall the definitions of Wy, ¥_, YT and U~ from (4.2.1) and (4.2.6). Let
A, ={z e R| p({z}) > 0}. Forall x € A,, let U, = (F,(x—), F,(x)], U} = U NU,,
U; =U" NU, and



A0 - mr ) b

Vi =(Fua-).a], Vy = (b Fu(2)], U =UNCJ V), and U =u\( V;).

€A, €A,

By monotonicity of u — z — F, ! (u) and by definition of a, and b,, we have F,(z—) <
ay < by < F(x),

(= F W) du= [ (¢~ F,(u)du
Vv

:(

Ful@) Fa@) (4.2.21)
/ <x—fr%myHM)A(/ <x—f:%u»—m0,
Vi CcUS and V; C U, . Moreover, we have

Fu(x*) FH(I*)

/F“(x) (z — F N w)t du > ful®) (x— F, u)” du <= (Fu(z=),b]0U, =0 =V, =U,,

Fu(a—) Fy(z—) g

14

Fu(x) _1 Fu(x) _1 _
/ (- F (u))+dug/ (@ — F7 )" du <= (ag, Fu(2)] NUS =0 < VI =U.

Fu(x*) Fu(x*)
(4.2.22)
& — F 7 (u)]
| . . —u
Fue=) " | ' Fu(z)
u; U, =V,
i

Figure 4.1: Points and intervals involved in the proof in the case where f,, (z—F, "' (u))" du >
Ju, (x = FH(u)~ du.
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For z € A,, let Q, be any measure on (0,1)? such that its first and second marginal are
respectively

1 -1 + 1 —1 -
mﬂﬁ (u) (z — F,; (u))" du and 7.0 Ly-(v) (z — F, " (v))" dv. (4.2.23)
Notice that a, < b, implies
C?x<{<u’v) S (071)2| u <:U}) ::Cgm((0’1)2)' (4'2'24)

Let now x4, x— : [0,1] — R be defined for all u € [0,1] by
o) = [(E = FPY @) w)de and x-(u) = [ (B = F7Y) ()15 (o) do.
0 0

For all u € [0,1], [0,u] NU*, resp. [0,u] NU~, is the disjoint union of [0,u] NU+ and

[0,u] N (UmGAH Vj), resp. [0,u] VU~ and [0, u] N ( seA, V;). Therefore, for all u € [0, 1],
v, / — F Y (o) dw,
1 (4.2.25)
d v / — ) (v) do.
an (u) erA Ou]mV , ) (v)dv

Applying (4.2.25) with v = 1, (4.2.21) and the equality U, (1) = U_(1), we get x4 (1) =
X—(1), hence we can define the map I': [0, 1] — [0, 1] for all u € [0, 1] by

{ X (e (w) if u e U

T(u) =3 x7'x_(u) fueld;

u  otherwise.

Let then Q be the measure on (0,1)? defined by

Q(du, dv) = dx+(u) Org) (dv). (4.2.26)

1
(1)
Step 2. We now show that the measure @ on (0,1)? defined by

(Q ::Cé_F 2: ng

xCA,

is an element of Q. Notice that if for all # € R, u — F'(u) — F;"(u) does not change sign

on U,, then Vi = V- = (. In that case, U™ = U+ and U~ = U, hence Q = Q = Q'7,

which proves the statement of Remark 4.2.2, provided that we complete the present proof.
To prove that ) € Q we begin to show that

Q({(u,v) € (0,1)* |u < v}) = Q((0,1)%). (4.2.27)
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In view of (4.2.24) it suffices to show that

Q{(u,v) € (0,1)* | u < v}) = Q(0,1)%),
which by (4.2.26) is equivalent to

I(u) > u, dx;(u)-almost everywhere. (4.2.28)

Let u € [0,1]. Suppose first that u & B, := U,ea, (Fu(v—), F.()). Then for all x € A,
we have either u < F),(xz—) or F,(z) < u, and since V',V C U,, either V7,V C (u,1) or
ViV, C[0,u]. Equivalently,

0,u] NV =V and [0,u]NV, =V, or [0,u]NV=[0,u]NV, =0.

If [0,u) NV =V and [0,u] NV, =V, (4.2.21) yields

/[O’u]mvj(Fil —F, ) (v)dv = /v+<‘” — F, M (v))dv = /z(a: — F7'(0))dv

x

- (F'— F, N (v) do.

ounv; " v

Else if [0,u] NV, = [0,u] NV, = 0, then we clearly have [ o+ (F, ' — F, ) (v) dv =

Sz (F ' =F,; 1)~ (v) dv too. We then deduce from (4.2.25) that x (u) —x—(u) = ¥, (u)—

U_(u). By (2.3.8), W (u) > U_(u) for du-almost every u € U and therefore u € UT. We
deduce that

X+ (u) > x_(u), forall u € [0,1]\B,, and the inequality is strict for du-almost every u € U\ B,,.
(4.2.20)

Suppose now that u € U+ N B,. Then there exists « € A, such that u € (F,(z—), F,()),

or equivalently u € (a,, F,(x)) NU*. Since F, " and F; ! are left continuous, we have for

¢ > 0 small enough [u—e,u] C U* and of course [u—¢, u] C (a,, F,(z)), hence [u—e,u] C U*
and

X+ (u) > xo(u—¢) 2 xy (Fu(z—)).

Using (4.2.29) with F,(z—) € [0,1]\B,, we get x4+ (F.(x—)) > x—(F.(z—)). Moreover,
the existence of u implies that VI # U, and therefore V, = U by (4.2.22), hence x_(u) =
X—(F,(z—)). We deduce that

X+(u) > x_(u), forallueUtnNB,. (4.2.30)

Since for all u € (0,1), x4+(u) > x—(u) <= TI'(u) > u, (4.2.28) follows directly from
(4.2.29) and (4.2.30), which proves (4 27).

141



We now show that @ has the right marginals. On the one hand, Yt = Ut U (UacEAu V;)
where the unions are disjoint, hence its first marginal is

\Pj(l)d’” ! g; vr (W = F, N (w)" du
1 —1 —1\+ B 1 eyt

=0 ((Fu — F )T (u)lg, (u) du+x§ (F, ' = F, ) ()1 (u) du) (4.2.31)
1 -1 —1\+ 1

- \Ij+(1) <FM - Fl/ ) (u)]lqu (U) du = md‘lﬁ_(lﬁ)

On the other hand, by Lemma 2.6.1 applied with f; = (Fl;1 FO)M,, fo = (F,:1 —
Fl,_l)_]lﬁ_, up=1and h:uw— 1{u¢a_}, we get

/1 wgii-y X+ (1) /1{v¢u} (v) =0,

hence I'(u) € U~ for du-almost all u € U*. By continuity of y_ we have y_(x~'(u)) = u
for all u € [0,x_(1)]. Moreover using (4.2.13) after an appropriate normalisation, we get
X+ (x4 (u)) = u for du-almost u € UT. We deduce that

uw=T((u)), du-almost everywhere on U*. (4.2.32)

Let H : (0, 1) — R be a measurable and bounded map. Applying Lemma 2.6.1 with
h=EFE"=FE Y g, fo=(F = F; ) 15, up=1and h:uw H(T'(u),u) then yields

1 1
oy H ) Q) = s [ H (T w)) s ()
(0,1)2 \1/
7 ) AT 0) ) = F )t ) d
/ JF = BN (0)1g (v) d
/ dx(v).
We deduce that
2(du, dv) = dx—(v) Or()(d 4.2.
Qi dv) = G35 (0) o (), (42:33)
and we show with a calculation similar to (4.2.31) that its second marginal is d\If . We

conclude that @ € Q.
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Step 3. For all x € R, let (n,(dy,dy’)).cr be the probability kernel defined by

0z (dy) 02 (dy’)
if Fl,(z) =0or F,(z—) =1,

1 o o
w(fh) < L vt e i (dy') b, (dy) du + /u e(az’bz)mg(dy)5Fy_1(u)(dy) du)
if p({x}) > 0;

Op-1(F, (F, (dy) mF (dy)

othervvlse

where the probability kernel (m%),e,1) is given by (4.2.3). Notice that in view of the
definition (4.2.4) of M?, one can Check that for u(dz)-almost all x € R,

3. (dy) if Fy(z)=0or F,(z_) =1,
1 Flu(z)
MO(dy) = ——— m&(dy) du if p({x}) > 0; 4.2.34
Q) =y o, ) p({) (4.2.34)
ﬁ% () (dY) otherwise.

Let us show that for pu(dz)-almost all z € R, n,(dy, dy’) is a coupling between PHF and
MQ. Let x € R. By (4.2.13) we may suppose without loss of generality that F,(z) > 0
and F,(z—) < 1. Let h : R = R be a measurable and bounded map. Suppose first that
u({x}) = 0. Then by (4.2.15) for the second equality,

L @) naldy.dy) = b (Fu(x) = [ hly) PE(dy),
and hy) maldy, dy) = | B8, (dy') = [ h(y) ME(dy).

RxR

Suppose now that that u({z}) > 0. On the one hand, using the fact that V;f UV, U
(ag,by] = (F,(z—), F,(x)] for the second equality, we have

</v+uv / 2(dy') du + (an52) /Rh(y’)mff(dy')du>

- h A du = | h(v) MP(d).
u({x}) /<F,L<x_>,pu<zn/ﬂg (V)M (dy)) du = [ iy M(dy)
On the other hand,

/MR hy') ne(dy, dy') =

/Mh( ) 1a(dy, dy) = (/VW / 2(dy') du + oy M 1(U))du>
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Assume for a moment that

h’NQd’d:/ h(F () du. 4.2.36
Lo frenmeyydu= [ h(E () du (4.2.36)
We then deduce with (4.2.35) and (4.2.15) that

"0l ) = u({lm (s, 1O [ )
! ~1 — HF
n({z}) / (z—),Fu ()] h(F, ™ (u)) du = /Rh(y) P (dy).

This proves that we indeed have 1, (dy,dy’) € II(PHF, M?) for p(dz)-almost all x € R,
hence (4.2.19) holds.
Let us then prove (4.2.36). By (4.2.2) there exists a probability kernel (7%),e(0,1) such

that
1

1
[0 TGy
Since the first, resp. second marginals of () — @), and @), are singular, i.e. supported by
disjoint measurable subsets of (0,1), we have

Q(du, dv) = AV (u) 79 (dv) = dV_(v) 7%(du).

1 1
Qu(du,dv) = ———1,+ (u) d¥, (v) 79 (dv) = 1y, (v) dY_(v) 7% (du). 4.2.37
() = T ()00 1) 79(a) = Gty AV (0) 720, (1237
For u,v € (0, 1) such that F;*(u) # F,; 1 (v), let A(u,v) = h(F” @)-hE () By Temma

Fyt()=Fy  (u)
2.2.5, for du-almost all u € (0,1) we have

[ o)) = h(E @) + [ A (F = 7Y ) w8 )

(4.2.38)
_ /(071) Alu,0)(Fy = FY) ™ (u) 7@(dv),

where the integrals are well defined. Using the facts that V} C U*, V, C U~ and the
symmetry of the function A, we get

/V+uv /01) u,v)(F, ! — F 0 (w) 79(dv) du
A, 0)(Fyt = F Y () (u) 79(do) du

(0,1)2 g v

—w, (1) /(W Alu, v) Q. (du, dv)
= Au,v)(F, = FN 7 (o)1, (v) 7@ (du) dv

2 v

_/V+uv /01 (u,0)(F, " = F7) 7 (u) i (dv) du,
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Then (4.2.36) is a direct consequence of (4.2.38) integrated on V;” UV, with respect to
the Lebesgue measure.

Step 4. As mentioned at the beginning of the proof, it remains only to show that for
p(dx)-almost all x € R, (4.2.20) is satisfied. By (4.2.5) and (4.2.14) we have for u(dx)-almost
all z € R and dv-almost v € (0,1)

/ ly' — 2=) + op({e D) G, oy oo () = |2 = 7 (Fule—) +ou({z})]-

The latter equality implies that for u(dz)-almost all z € R such that pu({z}) =0,

Ly =y/maldy dy) = [ 1y = B B, ) () = o = B (Fu(a)

x—/y@”wwy
R

It remains to show (4.2.20) for x € R such that u({z}) > 0. For such an element z,
we have by (4.2.22) either VI = U, which implies (a,,b,) NUS = 0, or V, = U, which

implies (ag,b,) NU, = (. In both cases we have that u — F,*(u) — F,*(u) does not change
sign on (ag, b,). Added to (4.2.5) and (4.2.21), we deduce that

/R Iy — [ n.(dy, dy’)

M /(am bz) </ Iy = (dy)> du

1 1 1
:mmnﬁwﬁﬂ(”‘ﬂ(mwu

~ u({zh) /<Fu(x),mx>1(z —F () du

1 -1
ey AL

which shows (4.2.20) and completes the proof. O

Remark 4.2.3. Despite appearances, the martingale coupling M@ constructed in the proof
of Proposition 4.2.1 does not depend on the choice of the measures Q,, v € A,, whose
marginals are given by (4.2.23). Informally, we see that (Q.)sca, does not affect (MS).er

outside the jumps of F,,. Moreover, for all z € A,,, Q, describes the way the elements of V;

145



are matched with the elements of V, but this level of detail is not seen by M2, which only
retains the contribution m Jorovs g1 (dy) du, as shown below.

Formally, since for all x € A,,, the first, resp. second marginals of Q and Q, are singular,
i.e. supported by disjoint measurable subsets of (0,1), we have 7¢ = Or(u) for du-almost
all u € Z:IJ: UU~. In view of the definition (4.2.3), we deduce that for all du-almost all
u € UTUU, m¥ does not depend on (Q,)sea,, neither does it for all u € (0,1) such that
F'(u) = F;7'(u). Moreover, the image of the continuous part 1 — 3 ,ca, p({x})d, of p by

F ! is absolutely continuous with respect to the Lebesgue measure on (0,1). This implies

that for u(dr)-almost all x € R such that u({z}) = 0, M9 = m%(x) does not depend on

(Qz”)x’eAu'
Let now x € A,. Since (F,(z—), F,(x)] = V7 UV, U (as, by], we have

1 Fu(z) .
ME(dy) = ———= [ " 7(dy) du

pi{z}) Jrue)
1
= dy) du + 9 (dy) du + me(d du).
p({z}) </ (@) / () et )
Using (4.2.3) for the first equality, the fact that T+ (u)(F, " (u)—=F, " (u)) du = Ty,¢ (u) AV (u)

for the second equahty, (4.2.37) for the next two equalities, the fact that 1, (u) d¥_(u) =
—1, (u)(F, *(u) — F,; ' (u)) du for the last but one equality and (4.2.3) agaln for the last

“w v
one, we have
/+ m&(dy) du
Vz
Fl(u) — F () F ' (u) — F ()
_ 2 v ) T v »
~ It (F,,l@) "R e W) <1 F (o) - F,,l(u)> or; <u>(dy)> dumd (@)
Op 1) ~ Op1(uy Q
- /V;' 5F,,_1(u) (dy> du + (0,1)2 Fy_1<v) _ F‘l(u) (dy)]ll};' <u> d\IIJr(u) Ty (dU)
O 1) = Ory 1w
- /+ 5F,71(u) (dy> du + ‘1]4-(1) /(071)2 Fy_l(’lj) _ y_l(u) (dy) Qm(dua dU)
O 1) ~ Ory i Q
- / 5 (u) dy /0 1)2 Fy_l(’l}) . Fy_l(u) (dy)]lV; (U) d\:[/_(’l}) Ty (du)
Op; 1) ~ Op 1 (w) Q
= [ Syt [ ) L () 40 () 2 ()

- / Oy (dy) du + / g1 (dy) du
70— F W B = £ (w)
_ Vi x(0,1) (F—l(v) — F—l(u) 5F;1(v)<dy) + (1 - F;l(v) — F_l(u)> 5F;1(u)(dy)> duw (dv)

v

v

- B (dy) du — / mQ(dy) du.

Viuv, Vi

We deduce that M@ (dy) = #({ T (f\ﬁuv* Op1(wy(dy) du+ [iq, 1,1 m@(dy) du). Since (ay, b,] C
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Ut UU~, we have from the foregoing that 7% and therefore m% does not depend on (Q,),e Ay
for du-almost all u € (ag, by], hence M is independent of (Qy)rea, -

4.2.4 Stability of the inverse transform martingale coupling

Let T = {(1,v) € P1(R) X Py(R) | pt <ep v}. For all (u,v) € II, Proposition 4.2.1 and its
proof provide a martingale rearrangement coupling M, , of the Hoeffding-Fréchet coupling
between p and v. According to Remark 4.2.2, the martingale coupling M, , is the inverse
transform martingale coupling between p and v as soon as the sign of F ' — F1is constant
on each jump of F),, which is of course satisfied if F}, is continuous, or equivalently p is
non-atomic. In the next proposition we prove that under a certain assumption, the inverse
transform martingale coupling is stable in AW,. This directly implies that the map (u,v)
M, is continuous on the set II of all pairs (u,r) € II such that x is non-atomic endowed
with the product of the W;-distance topologies, where the codomain is endowed with the
AW;-distance topology.

Proposition 4.2.4. Let (u,v) € I and ((tn, V) )nen € 1N be such that iy and v, respec-
tively converge to p and v in Wy as n — 400. Suppose that asymptotically, any jump of F),
is included in a jump of F,, , that is

Vo €R, ul({e}) >0 = w)uen €RY,  Fy (@)AF(2)~F,, (2. )VEu(a—) — u({z}).

n—-+o0o
(4.2.39)
which is for instance satisfied if p is non-atomic. Then
AW (MIT MY — 0, (4.2.40)

n—-+0o00

where MIT resp. M'T, denotes the inverse transform martingale coupling between p, and

Up, T€Sp.  and v.

Remark 4.2.5. If (4.2.39) is not satisfied, then (4.2.40) may not hold. Indeed, for n € N*,
let p, =U((=1/n,1/n)), p = and v, = v =U((—1,1)). We trivially have MT (dx, dy) =
w(dz) v(dy), so AW (MM, M) > [ g Wi((MIT),,v) pn(dx). However, for n € N*| since
F,, is continuous, we have that for all z € R, (M!"), = (m.")F, ), where according to
(4.2.9), ((ML)u(dy))ueo,) is a probability kernel such that for all u € (0,1), there exist
a,b € [-1,1] and p € [0,1] which satisfy m!T (u,dy) = pd, + (1 — p)d. Using the fact that

the comonotonic coupling is optimal for the W,;-distance, we get
P 1
Wi (pda + (1 = )&y, 1) :/ la+1 —2u|du+/ b+ 1 — 2u| du.
0 p

It is easy to show that [J|a + 1 — 2u|du is equal to p(a +1 —p) > p*if (a +1)/2 >
p, and equal to (a + 1)?/2 — p(a + 1) + p* < p* if (a + 1)/2 < p. Therefore, one can
readily show that [} |a + 1 — 2u|du > p?/2, attained for @ = p — 1. Similarly, we have
fpl b+ 1 —2uldu > (1 — p)?/2, attained for b = p. We deduce that for all (a,b,p) €
R? x [0, 1], Wi(pds + (1 — p)dp,v) > (p* + (1 — p)?)/2 > 1/4, attained for p = 1/2, hence
Joer Wi(MIT) ., v) i (dx) > 1/4, which proves that (4.2.40) is not satisfied.
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Corollary 4.2.6. There exists a continuous map I > (n,v) = M,, such that for all
(u,v) € ﬁ, M, , is a martingale rearrangement coupling of the Hoeffding-Fréchet coupling
between p and v, where I1 is endowed with the product of the Wi -distance topologies and the
codomain with the AW -distance topology.

Proof of Corollary 4.2.6. According to Remark 4.2.2 and Proposition 4.2.4, setting M, , as
the inverse transform sampling between ;1 and v gives a solution. O]

Proof of Proposition 4.2.4. Let A1) denote the Lebesgue measure on (0,1). Then

AW (M M) < /01 (1Et ) = B @)+ W (M) sy Mg,y )

Hn

= Wil )+ [ W1 () 0 M )

L miT) e,y be the probability kernel defined by (4.2.9), and for all n € N, let

t (m,
ue(0,1) be its equivalent with p and v respectively replaced by u, and v,, so that
)y b 1 h d 1 laced b d h
) is satisfied with (M@, m®) replaced by (M!T,m!™) and (M7, m!T). For (z,v) €

((m,
(4.2, My,
R x [0,1] and n € N, let O(z,v) = F,(z—) +vu({z}), 0,(z,v) = F,, (z—) + vp,({z}) and

1
M,)o(dy) = [ gl (dy) do.
Then (4.2.14) and the triangle inequality yield

Wi (M) g M)

(0,1)
< /(071) (Wl ((MT{T)FJ;(u), (Mn)F;:nl(U)) + W (( ) S MIT )) "
“Jows OV (0 Yot Ty ) + WV (T30 iy P ) ) el

= Wl((n)u, ") du+

o Wi ( mit ) du dv.

(0,1)2 O (Fyid (w),0) "0 (w),0)

In order to show (4.2.40), it is therefore sufficient to prove that the right-hand side
vanishes when n goes to +o0o. This is achieved in two steps. First, we prove that, on the
probability space (0, 1)? endowed with the Lebesgue measure, the random variables

(W1 () m”)) Ly and (W (5] 0 T ), o

Hn

are uniformly integrable. Second, we show for du dv-almost every (u,v) € (0,1)? that

Wi ()1 )u it) — 0 (4.2.41)
~IT
and Wl( Mg, (ot (w)w) Mo (F, (u),v)) njoo 0. (4.2.42)
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Let us begin with the uniform integrability. For (u,v) € (0,1)?, we can estimate

Wi (i) ") < [yl ((70)u(dy) + T (dy)

Wi (g, 0.0 P / lyl (7 (@) + T4 ) 0 (dY))

For each nonnegative measurable function f : R — R, we have by (4.2.14)

/ </ Y17 (1 ) (@ )) dudv = /(0,1)210 (/R|y|m£{FH1(u)’v)(dy)> du dv
- (0,1>f (/m'yﬁf(dy)) du.

According to Lemma 2.2.6, M’ is the image of 1g1)(v) dum’” (dy) by (u,y) — (F; (u),y)
so that the second marginal of this measure is v(dy). Therefore

[ [l gy du = [ Jylv(dy) < +oc.
(0,1) JR R

O(F, " (w),v)
grable and it is enough to check the uniform integrability of ( Iz ly| (miT), (dy)) e to ensure

that of (Wl ((mn Vus m£T>)n€N. Since the second marginal of the measure 1o 1y(u) du (mL"),(dy)

is v, (dy), this measure also writes v, (dy)k, (du) for some probability kernel k™ on R x (0, 1).
Let € > 0 and A be a measurable subset of (0, 1) such that A(4) < €. For all n € N, we have

//Iyl u(dy) du—/ |yl T (dy),

where 7,,(dy) = [, 1 4(u)ky (du)vy,(dy) is such that 7, < v, and 7,,(R) = A(A4). Hence

Hence the random variables (Wl( My (51 () )7 mil )) are uniformly inte-
Kn neN

sup Jn(A) < [g(Vn)u
AeB((0,1)), AM(A)<e

where I!(¢) is defined for all ¢ € P;(R) as the supremum of [;|y|7(dy) over all finite
measures 7 on R such that 7 <  and 7(R) < e. Let n > 0. By Lemma 5.3.1 (b) below, since
v € P1(R), there exists € > 0 such that I, (v) < n. Let then N € N be such that for all
n > N, Wi (v,,v) < n, so that by Lemma 5.3.1 (c) below, I} (v,) < Wi (v, v) + I (v) < 2n.
By Lemma 5.3.1 (b) again there exists ¢’ > 0 such that for all n < N, I, (v,) < 2n. We
deduce that for all € € (0, A €"),

sup sup Jn(A) < 2n,
neN AeB((0,1)), A(A)<e

which yields uniform integrability of ( Jr Yl (mflT)u(dyD o
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Next, we show the du dv-almost everywhere pointwise convergence of (4.2.41). Since, by
monotonicity, u +— (F; ' (u), ;' (u)) is continuous du-almost everywhere on (0, 1) and, then,

v

the weak convergence implies that

(F ' u), F, N (u)) — (F M (u), FM(u), (4.2.43)

Hn n——+00 H
we suppose without loss of generality that this convergence holds. Let n € N. We have

(70" )u = Po()dan) + (1= ()01 With  pa(u) = Z?(S;)—_PIE(S;)

Un

€ [0,1]

and, by convention, a,(u) = F_l(u) + 1if B Nu) = F Y u).

Un Hn Un

Suppose first that u € Uy i.e. F,'(u) = F, ' (u), so that m]" = dp-1,,. We have

v

Wit mt?) = o = Do ) ) S0 = D ) — )
< Bl =Bt o) - B2 01+ ) - )
< 10 — B )] + 5 () = F ()

(
< |, (u) = F (u)| +2|F, H(u) = F, (u)],

Hn

(4.2.44)

where the right-hand side goes to 0 as n — oo by (4.2.43).
Suppose next that u € Uy ie. F;'(u) > F,'(u), the case u € U_ being treated in a
similar way. Then without loss of generality

my, = P(U)5F;1(¢(u)) +(1- P(U))5F;1(u) with p(u) = F;f(¢(u)) _1}7;1(@
and o(u) = U1 (U (u)). By (4.2.43), for n large enough, u € U, so that without loss of

generality, ozn( ) =F (¢ ( )) with ¢, (u) = U1 (¥, (u)) and checking (4.2.41) amounts
to show that
F, Hpn(w) — F N p(u). (4.2.45)

n—-+o00

It was shown in the proof of Proposition 2.5.10 that ¥,,. converges uniformly to ¥, on
[0, 1] and for dv-almost every v € (0, 1),

NN (W, (1)) — EH (U0, (1))). (4.2.46)

Vn n—-+o0o

Let D be the set of discontinuities of F,; ' o W= which is at most countable by mono-
tonicity. Then [164, Proposition 4.10, Chapter 0] yields

v (1) 1
0= / 1p(v) dv = / Lo, cmepy dU- (u),
. (0) D(U) v o {U 4 (u)eD} +(U)
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We deduce that for du-almost all uw € U, F, ! o ¥~! is continuous at ¥, (u), which we
suppose from now. According to (4.2.46), there exists € > 0 arbitrarily small such that

Ft (et (0T ) ) S B (0 () - 9)
and F! (xy;l (xyn+(1>%>> o F (' (Wi () +2)).

For n large enough, we have W, (u) € [\Iln+(1) \I’\Iti“i)ﬁg,\lfw(l)%i?ﬁﬂ Therefore, by
monotonicity, we have

E,l@u1<w+mn-—80:=%%£2fﬁml<@nl<@ﬁ+“>q%;ﬁggg>>

< liminf F, ' (0,2 (W4 (u)))

n—

n—-+oo
< limsup F, (¥, 1 (V.4 (w)))
n—-4o0o
- B U, (u)+e
<limsup ;7 (O (0, (1) ————
o n—>+oop o ( n< + v (1) >>

= F, (U2 (U (u) +¢)).

Since F; 1 oW1 is continuous at W, (u), we get when ¢ vanishes the convergence (4.2.45),
which concludes the proof of (4.2.41).

Finally, let us show (4.2.42). Let w € (0,1) be in the set of continuity points of F}, ',
F1 Flopand F, ' o@. Recall that we have

L = b)) + (1= p0)ir it pw) = T2 S E e o

and, by convention, a(w) = F, (w) + 1 if F ' (w) = F,; ! (w).

v
Let (wp)nen be a sequence with values in (0, 1) converging to w and let us show that

Wi (I milhy — 0. (4.2.47)

)
Wn W n—doo

Suppose first that w € Uy i.e. F, ' (w) = F,'(w). Then a computation similar to (4.2.44)
yields
Wiy, 1, ) < |F (wn) = F 7 (w)] + 2| F (wn) = FH (w)],

v

where the right-hand side goes to 0 as n — oo by continuity of F° Land F1 at w.

Suppose next that w € Uy ie. F;'(w) > F, ' (w), the case w € U_ being treated in a
similar way. Then by continuity of F,° Vand F1at w, w, € U, for n large enough so that
without loss of generality

v

o(w) — F i) P S o) — F )

v

F;Il(w) — FH(w) . Fo N w,) — FH (w,)

p(w) =
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a(w) = F; Y p(w)) and a(w,) = F; (e(w,)), hence (4.2.47) follows from the continuity
at w of F', F; ' and F, ' o ¢. Since the set of discontinuity points of the non-decreasing
functions F', F;!, F" o g and F! o ¢ are at most countable, we deduce by (4.2.14) and
(4.2.47) that it is sufficient to show for du dv-almost every (u,v) € (0,1)?

or equivalently
(Fu (wy =), Fu (23)) —2  (Fu(zu—), Fu(zu)) (4.2.48)

n—-+oo

for du-almost every u € (0,1), where z, := F'(u) and z} := F,(u).
Let then u € (0,1). We suppose without loss of generality that (4.2.43) still holds. For
n € N, define I, = infy>, 2% and 7, = sup,, 2F. Since (4.2.43) holds we find that (I,)nen,

resp. (Tn)nen, 18 @ nondecreasing, resp. nonincreasing, sequence converging to z,. Due to
right continuity of F}, and left continuity of x — F),(x—) we have

F(zxy,—)= lim F,(l,—) and lim F,(r,) = F.(z.).

p—+00 p—+o00

By Portmanteau’s theorem and monotonicity of cumulative distribution functions we
have

F,(l,—) <liminf F, (I,—) < liminf F,, (z;,—) <limsup F),, (z},) < limsup F},, (rp) < F,(rp).

n—+0o0 n—+00 n—+o0o n—+oo
By taking the limit p — +o00, we find

F

p(ry—) <liminf F, (x,—) < limsup F),, (z,) < Fj,(z,).

n—r+00 n—+00

This implies (4.2.48) as soon as F), is continuous at z,. Suppose now that F), is discontin-
uous at x,. Since p has countably many atoms, we may suppose without loss of generality
that u € (F,(xy,—), Fl.(z,)). Let (zn)nen € RN be the sequence associated to z = z, by
(4.2.39). For n large enough, we have u € (F},, (z,—), F,.(x,)), hence z,, = x7!. Using the
assumption made in (4.2.39), we get

(@) A Fu(zy
= 1%1’_1}1_&{.];(Flf‘n(xz> A Fu(@a) = Fu, 2y =) V Fu(zu—=) + Fy, (23=) V Fy(za—))

= u({a}) +lminf(F,, (23 -) V Fu(2,7)) > Fy(xa).

)

o fof £ (7) = o o (F,

)
)

hence F), (z7)) - F,(z,). Similarly, F),, («—) — F,(x,—), which shows (4.2.48) and

n n—+o00
concludes the proof. n
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4.2.5 Non-optimality of the inverse transform martingale coupling

Suppose that F ' is constant on the jumps of F),, so that the Hoeffding-Fréchet coupling
between p and v is concentrated on the graph of the Monge transport map 7' = F, ' o F,.
According to Proposition 2.2.11, the inverse transform martingale coupling M'? between
w and v minimises [z g |y — T(x)| M(dz,dy) among all martingale couplings M between
p and v and satisfies [p. g |y — T'(x)| M7 (dx,dy) = Wi(p,v). The latter fact was used
in (4.2.16) to see that the inverse transform sampling constitutes a martingale rearrange-
ment coupling of the Hoeffding-Fréchet coupling. In the attempt to generalise Proposition
4.2.1 to the AW, -distance for p > 1, we naturally raised the question of the optimality of
Jrxr |y — T(x)|? M(dz,dy) among all martingale couplings M between p and v. Accord-
ing to Proposition 2.3.5 the inverse transform martingale coupling M!T minimises (resp.
maximises) [pop |y — T(2)]? M%(dz,dy) for p > 2 (resp. 1 < p < 2) among all martingale
couplings M? parametrised by Q € Q. However the following example shows that this
optimality property holds within the family (M@?)geo but not necessarily when we consider
the optimisation over the whole set of martingale couplings between p and v.

Example 4.2.7. Let f : R —> R, ¢: R —[0,1] and G : R — R be defined for all y € R by

14+e ([ _ e vl 4+ 1
Fly) = —5 (e R ]1{y|<1}>$
e 1 1
Q(y) = m]l{y< 13+ 1to y]l{—1<y<1} + 1+e ﬂ{y>1}a

Gy)=y+2q(y) — 1.

The function G is increasing on R. Let then T denote its inverse. Let v(dy) = f(y) dy
and p = Gyv, so that Ty = v. For all € R, let m2(dy) = ¢(T(2)) op@)+1(dy) + (1 —
q(T'(2))) 0r()—1(dy). Let us show that M®(dz, dy) = p(dz) ml(dy) is a martingale coupling
between p and v. Let h : R — R be a measurable and bounded map. Then

[ () ulda) mS (dy) = /M (T @)A1+ T(2)) + (1 = g(T(@)h(T(x) — 1)) p(de)
h(1+y) + (1= q(y)h(y — 1)) v(dy)
h(1+y)f dy+/ L—q()h(y — 1) f(y) dy

—/ (v =Dy =1+ (1 —aly+1)fy+ 1) hly) dy.

By considering the cases y < =2, 2 <y < -1, -1 <y <0,0<y <1, 1<y <2and
2 <y, it is easy to check that forally €e R, q(y — 1) f(y— 1)+ (1 —q(y+ 1)) f(y+ 1) = f(y).
Therefore,

\\

/m h(y) M°(dx, dy) :/Rh(y)f(y) dy:/Rh(y) v(dy),

and M? is a coupling between ;1 and v. Moreover, for all € R we have

z=G(T(x) = T(x)+2¢(T(x)) =1 = q(T () (1+T(2))+(1=¢(T(2)) (T (x)-1) = /Rymfi(dyL
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so MY is a martingale coupling between u and v.
In order to conclude that

/ ly—T(z)|” M°(dx,dy) < (resp. >) / ly—T(z)|? M (dz,dy) if p>2 (resp. 1 < p < ?2),
RxR RxR

we can follow the reasoning made in [3, Section 6.1] which determines the martingale optimal
transport between the two uniform distributions U([—1,1]) and U([—2,2]). For p = 2,
Jexr [y —T(x)]* M(dz, dy) does not depend on the choice of the martingale coupling M. Let
M be a martingale coupling between p and v. Then Jensen’s inequality gives

p/2
_T(2)? M(de. d ></ _T 2Md,d)

|y =T@)PMde,dy) = ([ ly=T(@) M(de,dy)

for p > 2 and

p/2

L= T@F Mdw.dy) < ([ Jy—T() M(da,dy))

for 1 < p < 2, with equality iff |y — T'(x)]| is constant M (dx, dy)-almost everywhere. On the
one hand, |y — T(x)| = 1, M°(dz, dy)-almost everywhere. On the other hand, for all z € R
we have

F (T (x)) = v((=00,T(x))) = Tyu((—o00,T(x))) = Fu(x).
Since v is clearly non-atomic, F), is invertible and the latter equality implies T = F, 1o F),,

hence T is the Monge transport map between i and v. By construction, M7 is such that
M ({T(x)}) > 0, u(dr)-almost everywhere. Therefore, for p > 2,

1/2

</M ly — T(x)|” M™ (da, dy))l/ ‘. < /RXR ly — T(@)[]> M (dx, dy)
= ([ =T araan)”

B </M ly = T(@)|” M°(de, dy>)””.

Similarly, for 1 < p < 2,

1/p

([ -r@p )" < ([ y— 1) mar, )

4.3 Martingale rearrangement couplings of couplings
which satisfy the barycentre dispersion assumption

We recall that a coupling 7 € II(u, v) between two probability measures p, v € P;(R) in the
convex order satisfies the barycentre dispersion assumption formulated by Wiesel [194] iff

Va € R, Al[a7+m)($) (m - /Rym(dy)> p(dzr) < 0. (4.3.1)
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First we briefly recall Wiesel’s construction [194] of a martingale rearrangement coupling
of a coupling 7 which satisfies (4.3.1), which is well perceivable as soon as 7 has finite support
but becomes rather implicit in the general case. Then we design our own construction of such
a martingale rearrangement coupling, whose intelligibility does not depend on the finiteness
of the support of m. Since the Hoeffding-Fréchet satisfies (4.3.1) [194, Lemma 2.3], this
construction extends the study made in Section 4.2.

Let p, v € P1(R) be such that p <., v and u # v and m € II(u, v) be a coupling between
p and v which satisfies the barycentre assumption (4.3.1). Suppose first that 7 has finite
support and is not a martingale coupling between p and v. Denoting S the finite support
of p and for all x € S, S, the finite support of 7, the latter is equivalent to say that there
exists € S such that [y 7. (dy) # x. As Wiesel [194] points out, the barycentre dispersion
assumption (4.3.1) and the convex order between p and v imply the existence of x~, 2 € S,
y~ € S,- and yT € S+ such that

/Ryﬂf(dy) <z, at </Ry7rx+(dy) and y~ <yt.

He then switches as much as possible the mass at ¥~ and y* of 7,- and 7.+ in order to
rectify the barycentres. More precisely, he defines for all z € S

A A
1) — _~ _~
Ty = Lipggo aryy Mot lp—py | To- + (0y+ — 6 )>+]1 - (wﬁ + (0, — 0 +)> ,
{=¢{ I { } ( p({z 1) Y y { } n({z ) y Y
where \ > 0 is taken as large as possible, so that
cither 7({y ) =0, =2y D=0, [yrldy) =zt o [ym (@) =a".

Then the measure 7V (dz,dy) = p(dr) 7{V(dy) is a coupling between p and v which
satisfies the barycentre dispersion assumption (4.3.1). Repeating inductively this process
yields a sequence (7(™),cr of couplings between y and v which satisfy (4.3.1). By finiteness
of S, the latter sequence is constant for n large enough and the limit is precisely a martingale
rearrangement coupling of .

In the general case, there exists by [194, Lemma 4.1] a sequence (7"),en+ of finitely
supported measures such that Wi¢(7", 1) < 1/n for all n € N*. The marginals j, and v, of
7™ are not in the convex order, but a mere adaptation of the previous reasoning yields the

existence of a coupling 7! = between p, and v, which is almost a martingale rearrangement

coupling of 7", in the sense that
o= [ymdy)| i),

J;
(4.3.2)

Then Wiesel shows the existence of a coupling 7, between p and v such that Wpd (% Dby Ty 7Tm7~>
vanishes as n goes to +00. By (4.3.2) taken to the limit n — 400 and [194, Lemma 2.1] he
deduces that 7,,. is a martingale rearrangement coupling of .

and Wyt(ms,, ) < [
R

1
n

o= [y ta,)aldy)| n(do) <
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We propose an alternate construction of a martingale rearrangement coupling of 7, re-
gardless of the finiteness of its support. For all v € [0, 1], let

_ _ (Y _ (Y -
u) = /R ypi(dy), Ui(u) = /0 (F;'=G)"(v)dv and W_(u) = /0 (F;'=G) (v) dv.
Let us show that (4.3.1) is equivalent to
Yu € [0,1], Wi(u)>V_(u). (4.3.3)

Using (4.2.10) we see that for all u € (0,1) and a € R, u > Fy(a—) = F;'(u) >
a = wu > F,(a—). By the latter implications and the inverse transform sampling we
1

n
deduce that (4.3.1) is equivalent to
1
Va € R, (F*(u) — G(u))du < 0.

Fu(a—) "

Since W, (1) = W_(1), consequence of the equality of the respective means of x and v,
we deduce that it is equivalent to

Ya €R, W, (F,(a—))>V_(F,(a—)).

By right continuity of F),, for all a € R we have F),(a) = limy_,0 >0 Fl.((a + h)—), so by
continuity of W, and W_ we also have VU, (F),(a)) > W_(F,(a)) for all a € R. Moreover,
for all @ € R such that pu({a}) > 0 and u € (F,(a—), F.(a)], we have by (4.2.11) that
F'u) = a, so ¥ and W_ are affine on (F,(a—), F,(a)]. We deduce that we also have
U, >W_ on (F,(a—), F,(a)], hence the equivalence with (4.3.3).

We define

T={ue(0,1)| F ' (u)> G}, U ={uec(0,1)]F  (u) <Gu)},
and U’ ={ue(0,1) ] F, ' (u) = G(u)},

and thanks to the equality W, (1) = ¥_(1) we can set for all u € [0, 1]

U0, (u) if weld
olu) = {wwu» it ue U
uw if uwel.

Applying Lemma 2.6.1 again with f; = (F;' = G)*, fo = (F;' = G)~, up = 1 and
It Loy <rr ey Yields

/ Liato<ri oty 49+ () / LiG<r oy 2Y-(u) = 0.
Similarly, we get [, Loz Fr (o)} 4 - (u) = 0. We deduce that

o(u) eU™, resp. p(u) eU', for du-almost all u € U*, resp. U. (4.3.4)
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This allows us to define for du-almost all u e UT UU~

Gp(u) — F  (o(w) -
Fiit(u) = G(u) + Gp(u) — Fi 7 (p(u))
Reasoning like in the derivation of (4.2.32) with (¢, ¥, U_, U, U~ ) replacing (T, x4, x—, U, U7,

we get that ¢(p(u)) = u for du-almost all u € U, Similarly, ¢(¢(u)) = u for all du-almost
all uw € U~. We deduce that

pu) = (4.3.5)

for du-almost all u e U UU™,  p(p(u)) = u, (4.3.6)
and
G(u) — F ' (u
for du-almost all u e UM UU~,  p(o(u)) = F(p(a)) é(jo(u)F+<qu) ~ i) = 1—p(u).
' YT s

In order to define the appropriate martingale kernel, we rely on the following Lemma
which allows us to inject some stochastic order in the construction, a convenient tool for
the computation of Wasserstein distances. Its proof is moved to the end of the present
section. We recall that two probability measures p and v on the real line are said to be
in the stochastic order, denoted p <y v, iff F,*(u) < F,"(u) for all u € [0,1]. Since the
Hoeffding-Fréchet coupling between p and v is optimal for Wi(u,v), this implies by the
inverse transform sampling that W (u, v) = [ryv(dy) — [z x p(dz).

Lemma 4.3.1. Let B be the set of all quadruples (y, 7y, p, 1) € R xR x P1(R) x P (R) such
that v and i have respective means x and T and x <y <y < Z. Endow P1(R) with the Borel
o-algebra of the weak convergence topology and B with the trace of the product o-algebra on
R xR x Pl(R) X P1<R)

Then there exist two measurable maps 3,5 : B — Pi(R) such that for all (y,7, p, i),
denotingv = B(y, Y, u, i), U = B(y, U, i, 1) and p = y—f;gﬁ where x and T are the respective
means of p and [, we have

/RwV(dw) =, /Rwﬁ(dw) =y, p<av, V<gqp and pv+(1—p)v=pu+(1-p)i.

(4.3.8)

In particular, pd,(dz)v(dw) + (1 — p) d3(dz) (dw) is a martingale coupling between

pdy(dz) + (1 — p)dy(dz) and pu(dw) + (1 — p)pa(dw) and Wi(p, v) =y — 2, Wi(p,v) =T — 4.

In order to use Lemma 4.3.1 we need to compare ¢ to the identity function. The inequality

(4.3.3) is equivalent by appropriate normalisation of (4.2.10) to u > W ' (¥_(u)) for all

u € [0, 1], hence

VuelUd™, ou)<u. (4.3.9)

Moreover, by (4.3.6), Lemma 2.6.1 applied with f; = (F,;' = G)*, fo = (F;' = G)~,
up=1and h:u+— Lyycp@)) We have

/ Lip(uy<uy AV 4 (u / Lip(uy<p(p(u)} AY+(u / L u<ipuyy AV - ().
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By (4.3.9) the right-hand side is 0, hence
for du-almost all u € U™,  o(u) > u. (4.3.10)
Let
At ={uelU’ | F,(o(u) < G(p(u)), ¢(e(u)) =uand p(p(u)) = 1 —p(u)}
and 4™ = {u e U | Fy (p(w) > Glp(w)), plp() = u and p(p(u)) = 1 - plu)}.
For all u € A", we have by definition
p(u) U™, F ' (plp(u) = F, ' (u) > G(u) = Glp(p(u))),
p(p(p(u)) = (u) and  p(e(p(u))) = p(u) = 1 = p(e(u)),
hence ¢(u) € A~. Similarly, for all u € A~, p(u) € A*. By (4.3.4), (4.3.6), (4.3.7), (4.3.10)

and the monotonicity of F ! we deduce that A* and A~ are two disjoint Borel sets such
that the Lebesgue measure of (UT\AT) U (U"\A7) is 0 and

Vue AY, G(u) < F,'(u) < F, ' p(u) < Gle(u)). (4.3.11)

For all u € A", mp1(,) and mp-1 (), have by definition respective means G(u) and
G(¢(u)), so by (4.3.11) we can apply Lemma 4.3.1 with

~ -l -1
(yv Y, 1, M) - (F,u (U), Fy (QO(U)), 7T-Fgl(u)7 7T-Fgl(cp(u))>

Hence there exist two probability measures m,,m, € P;(R) with respective means
F Yu), F;'(o(u)) and such that

" "
-1 <st Mo, My <ot Tp-1 u))?
Fy(u) —=st " t T E (e(u) (4.3.12)
and  p(u)my + (1 — p(u))my = p(u)Tp-1 () + (L= p(W)Tpo1 (-
Since AT = ¢(A7) and A~ = p(A"), for all u € A~ we can set m, = M), so that
vu E A+, ﬂ’Fu_l(u) SSt mu and vu E Ai, mu Sst 7TFH—1(U), (4313)
and for all u € AT U A™,
p(u)my + ple(u))mew) = p(“)WF;l(u) +p(90(u>)7TF;1(<p(u))- (4.3.14)
Finally, for all u € U° U (UT\AT) U (U"\A™) set m, = Tp-iy- By composition of

the measurable map u — (F,'(u), Fljl(go(u)),ﬂFﬁ(u),ﬂFgl(g)(u))) and the measurable map

[ defined in Lemma 4.3.1, the map u — m, is measurable. By [6, Theorem 19.12] it is
equivalent to say that (1my)uc(o,1) is a probability kernel, hence we can define

1
M (dz, dy) :/o (5F;1(u)(da:) m.(dy) du. (4.3.15)

We now prove that M is indeed a martingale coupling between p and v, then that it is
a martingale rearrangement coupling of .
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Proposition 4.3.2. Let pu,v € Pi(R) be such that p <., v and pp # v and © € (u,v)
be a coupling between p and v which satisfies the barycentre assumption (4.3.1). Then the
measure M defined by (4.3.15) is a martingale coupling between p and v. Moreover, M is a
martingale rearrangement coupling of m:

AWy (m, M) = inf AW, (7, M").

M’ elM (p,v)

Proof. First we show that M is a martingale coupling between 1 and v. Let f: R — R
be measurable and bounded. By the inverse transform sampling for the second equality, we
have

1
— -1 —
| @) M(de,dy) = [ FE @) du= [ f(z) (o),
hence the first marginal of M is u. On the other hand, let H : [0,1] — R be a measurable

and bounded map. Using (4.3.5), (4.3.6) and Lemma 2.6.1 applied with f; = (F,,* — G)7,

el e . H(p(w)) - :
f2=(F] G),up=1land h:u+— T () =G lp(w) L0 —F () for the third equality, we

get
! (F — G (w)
o (1 PODECO = [ e ey~ O
= [ () av. (w)
— /0 () dv_(v)

Similarly, we have [;,- (1 — p(u))H (u) du = [+ p(e(u))H (¢(u)) du. We deduce that

/OlH(u)du: /MO H(U)dU—O—/Lﬁp(lt)H(u)du—i—/bﬁ(l —p(u))H (u) du
+ /w p(u)H (u) du—i—/uf(l — p(u))H (u) du (4.3.16)

= [ H@dut [ o) () + ple() Hip(w) du.

+uu—

Using (4.3.16) applied with H : u — [ f(y) m,(dy) for the second equality, the fact that
My = Tty for all u € U° and (4.3.14) for the third equality, (4.3.16) again applied with

H:u— [z fy) 7rFi1(u)(dy) for the fourth equality and the inverse transform sampling for
the last equality, we get

/M f(y) M(dz, dy)
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= [ [ 5y mutay) du
:/M()/Rf( ) may(dy) du + / w) ma(dy) + ple(u)) M (dy)) du
= [ [ 1) 7 dy) du
o / F(0) (0(0) g 20 (09) + DL (00) 70 ()
= [ [ 5 o)
— [ @) v(ay)

We deduce that v is the second marginal of M, hence M € TI(u,v). Let us now show
that M is a martingale coupling. By construction, for du-almost all u € (0, 1),

Lymady) = £ (w).
Therefore, for any measurable and bounded map f: R — R,
1
L f@)y =) Mde,dy) = [ £ @) [ (v = F7 (@) ma(dy) du = o,
hence M € IIM(u,v).

Let us now show that M is a martingale rearrangement coupling of 7. By (4.1.6) and
(194, Lemma 2.1] we have

inf AW, (7, M') > /R

M/’ eI™ (p,v)

v = [ ymldy)| utdo),
hence it is sufficient to show that

AW (m, M) S/R

x — /Rywx(dy)‘ p(dx). (4.3.17)

For (z,v) € Rx(0,1), let 6(z,v) = F,(x—)+vpu({x}), so that for u(dr)-almost all x € R
we have

1
M, (dy) :/0 M (z,0)(dy) dv.
Then

AWq(m, M) < /RW1(7T$,MI)M(dx) = /RWI (m,/ol M(0,0) dv) w(dx).

By (4.2.11) we have 2 = F;'(6(z,v)) for all (z,v) € R x (0, 1), hence

1
7. (dy) :/0 7rFl:1(9(x,U))(dy) dv.
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Using (4.2.14) for the second equality, we get

1 1 1
/R)/Vl (7@,,/0 MY (2,0) dv) wu(dx) = /Rwl (/0 T (0(a,0)) dv,/ MY (z,0) dv) p(dx)
<

RW(WF (0(z,v)) mexv)dvﬂ(d )

—/ WA(T 1y M) d.

According to (4.3.13), for du-almost all u € (0, 1), either Tt () Sst Mo OF My St Ty,
hence

Wil ma) = | [ymaldy) = [ ymas(@n)| = B = [ yme ()|

By the inverse transform sampling, we deduce that

_/RyTF“_I(u)(dy)’ du:/]R :c—/Rny(dy)‘ pu(d),

which implies (4.3.17) and ends the proof. O

AW, (,

Proof of Lemma 4.3.1. Let (y,9, i, i) € B, x and T be the respective means of x4 and i and
p= y—;th First we construct two measures v, 7 € P;(R) which satisfy (4.3.8). Then we
show that v and v are measurable in (y, 9, u, [t).

We set for ¢ € [0,p A (1 — p)]

o (l—pu—p 1
J(Q) Z:A Fﬁ1<1_29> dU+LFM1
~ ™, ((1=pu =l
and J(g) = [T R (S <h¢+14 F (u) du.

Since the quantile functions are non-decreasing, the function J is continuous and concave
as the sum of two concave functions and the function J is continuous and convex as the sum
of two convex functions. We have J(0) = fol ~(u) du =z and J(0) = f; F. ( )du = T by

lp “"P and
—p

(4.3.18)

the inverse transform sampling. If p < 3 then by the change of variables v =1

since Fﬁ is non-decreasing, we have

_1—17/1 F-l
N P 1-2p " i

1—p

1—2p 1 L 1—p =5
_/ F ) dv + (1_121’/1—2;)}7;7 (v)dv—1_2p ; F (v) dv

l=p 1—p " T-p
Z/ Frw)dv=7%
o H
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Since * < y < T and the function J is concave, there is a unique ¢, € (0, p) such that
J(gx) = y. Moreover, the left-hand derivative of J at g, is positive which writes

af(l—aqg—p 1 [
FU—=F= F LX), 4.3.1
a ( 1—0p +>> M (p> (3 9)

If p> 1, we have J1l-p)=JI F ((1 p)“’> du < [y F " '(v) dv = x and by convexity of

J~ there is a unique ¢, € (0,1 —p) such that J (q*) =7. Moreover, the left-hand derivative of
J at ¢, is negative so that (4.3.19) still holds.
Let v and 7 be the respective images of the Lebesgue measure on [0, 1] by

a(l—pu—p _
1 1
Ulﬁﬂ{u<%}Fﬁ <1_> +]1{u2q7*}Fu (U)

-1 (1 — p)u -1 Gx
and u+— 1{u<%}FM <p> + H{UZ%}F,} (u — 1 —p) .

(4.3.20)

_ With the definition of J and J, we easily check that [, zv(dz) = J(q.) and [ 27(dz) =
J(q.). Moreover, the inequality (4.3.19) implies that for each u € (0, ),

1— pu— 1—q —
(=) s et (2R S > F(w),
" L—p g L—p P

so that v dominates for the stochastic order the image p of the Lebesgue measure on (0, 1)
by F'. In a symmetric way, 7 <y fi.
For h : R — R measurable and bounded, we have using the changes of variables v =

! lp“p Eov= a pp )% and v = u — 1‘{—*}) then the inverse transform sampling for the last equality

p [ ni: /(d)+ 0= /R h(z) (d2)
:p</0”h<Fﬁ1< =5 ))du+/ )
+(1—p)< <F1< )) du+/q* h(FTLl(u—lq_*p)) du>

:(1_?9)/1,1*@ ( v))dv—l—p/ du+p/ Fﬂl(v dv

1q*p

+(1—p)/O T (F W) do
:p/lh(Fu (u ))du+(1—p)/01h(Fﬁ_l(v)) dv
—p [ h(: (1=p) [ h(:)ii(d)
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Hence pv + (1 — p)v = pu+ (1 — p)i. Taking expectations then using the definition of p,
we get

pJ(q.) + (1 —p)J(q) = pz+ (1 — p)Z = py + (1 — p)7.

When p < 1 (resp. p > 1), J(q.) =y (resp. J(¢.) = 7) and we deduce that J(g,) = 7
(resp, J(Q*) = y)'

It remains to show that v and U are measurable in (y, 9, u, 1). It is clear that p is a
measurable function of (y, 7, , f1). Moreover we always have by definition p € (0,1), so the
relation pv + (1 — p)U = pu + (1 — p)f implies that it suffices to show that v is measurable
in (y,9, 1, 1). Any quantile function is an element of the set D of the real-valued caglad
functions on (0, 1). Analogously to the Skorokhod space of the real-valued cadlag functions
on (0,1), we endow D with the o-field generated by the projection maps ., : D 3> f +— f(u),
u € (0,1), which coincides with the o-field o(c,,u € T') for any dense subset 7' C (0, 1). Let
(tn)nen € P1(R)N converge to i for the weak convergence topology and T' be the complement
of the at most countable set of discontinuities of F;'. Then for all u € T, F, ' (u) = a,(F,")
converges to F ' (u) = o, (F;'). We deduce that F,* and F' are respectively measurable
in p and . By (4.3.20), v is the image of the Lebesgue measure on [0, 1] by a measurable
function of p, F; ! F-'and g,, hence it remains to prove the measurability of ¢, in (y, 7, s, ).

If p < § we saw that J(0) =2 <y < Z < J(p) and ¢, is the only real number in [0, p]
such that J(q.) = y. By concavity of J we necessarily have for all ¢ € [0,p] that ¢, < ¢
iff J(g) > y. Similarly, if p >  then for all ¢ € [0,1 — p], ¢, < ¢ iff J(¢q) < 7. Fix then
q € [0,pA(1—p). To conclude, it suffices to show that J(¢) and J(q) are measurable
in (y,9,u, ). By Lemma 3.4.5, the Borel o-algebras of the weak convergence topology
and the W,-distance topology coincide on P;(R). Moreover, since (P;(R), W) is separable
[191, Theorem 6.18], we deduce from [6, Theorem 4.44] that the o-field on B coincides
with the trace of the Borel g-algebra of R x R x P;(R) x P;(R) endowed with the metric
((y7 g? s ﬁ)? (yla gla ,u,> /j,)) = ‘y_y,‘ + ’g_g/’ +W1 (,ua ,u,) +Wl (ﬁ? /j/) Then the measurabﬂity
of J(q) and J (q) follows from their continuity in (y, ¥, i, t) with respect to the latter metric,
which is clear in view of their definition (4.3.18) which implies by the changes of variables

vzl?’#andvzwthat
p p

1—gq—p
1-p

1—p 1 _ L ~ D b _
Ta)=—F / L F'(v)dv+ / B ) du, T(g) =72 /0 Frl(v)dv + /0 - (u) du,
1-p P

and the easy fact that if (a,)nen € [0, 1] converges to a € [0,1] and (f,)nen € L*([0, 1))
converges to f € L'([0,1]) in L', then [;™ f,.(u) du converges to [ f(u)du as n — +oo. O

4.4 Lemma

Lemma 4.4.1. Let w, 7" be two probability measures on R xR with respective first marginals

and p'. Letn € I(m, 7). Thenn € (7, ') iff there exist x € (p, 1) and (V(z2)(dy, dY')) (z.2)erxR
such that (4.1.5) is satisfied.
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Proof. Let
d, dz’ :/ dz, dy, dz’, dyf),
X( ) - n(dz, dy y)
which is obviously a coupling between p and ¢/, and (7Y(z,2)(dy, dY') ) (z,2/)erxr De a probability

kernel such that
n(de, dy, d’, dy') = x(dx, dz") Ya. (dy, dy').

Let f : R® — R be a measurable and bounded function. Let (7,(dy))zer and (72, (dy))erer
be probability kernels such that 7 (dx, dy) = p(dz) 7.(dy) and ©'(d2’, dy’) = p/(dz") ©l, (dy'),

and (n(x,y) (dxly dy/))(a:,y)e]RXR7 (n(z’,y’) (dl’, dy))(x’,y’)ERX]R7 (7733 (d!E,7 dy/)):BGJR and (7733’ (dl’, dy))w’ER
be defined by (4.1.3). Then

Lo ([ @) nen e dy) ) wdoady) = [ ool g n(de, da', dy. dy)
RxR RxR RxRxRxR

~ Jrsr (/]RXR fa @) (dy7dy)> x(de, dz’),

and
/IRXR( RxR flz, 2, y) Wm(d:c',dy/)) (dz, dy) = /RXR (/ z, 7', y) Wm(dy)) p(dz) n.(da', dy")
/qua< (2,2, y) Wx(d’y)) x(dx, dz").

Therefore we have the following equivalence

L ([t e ) wldwdy) = [ ([ pal i) e’ dy)) w(da.dy)

— . (/RXR f(z, 2 y) 'y(x,x/)(dy,dy')> x(dx, dz") /RXR (/ flz, 2y Wx(dy)> x(dz,dz").
(4.4.1)

Similarly we have

/M (/RX]R P, 2y ) et (e dy)) m'(d2',dy’) = /uw (/Rfo(fv,x’,y’) nxf(dx,dy)> ' (da', dy)
= foa (s floa') 7<oe,acf><dyydy’>) wldvde) = [ ([ foa g mtdy) ) xdo, o).
(4.4.2)

Then n € Iy (m,7’) iff the left-hand sides of (4.4.1) and (4.4.2) hold, iff the right-
hand sides of (4.4.1) and (4.4.2) hold, i.e. iff x(dz, dz')-almost everywhere, 7, ./ (dy,dy’) €
(7, 7). O

T
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Part 11

Approximation of martingale
couplings in the weak adapted
topology and applications

This part is the result of a collaboration with Mathias Beiglbock, Benjamin Jourdain and
Gudmund Pammer.
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Chapter 5

Approximation of martingale
couplings on the line in the weak
adapted topology

Abstract

The Martingale Optimal Transport (MOT) problem is a variant of the classical Op-
timal Transport problem. Its additional martingale constraint reflects the condition for
a financial market to be arbitrage free. Therefore, it is suited to get model-independent
bounds of option prices, as illustrated by Beiglbock, Henry-Labordére and Penkner [23]
in a discrete time setting and Galichon, Henry-Labordeére and Touzi [84] in a continuous
time setting.

With its numerical resolution in mind, Alfonsi, Corbetta and Jourdain [4] asked
whether the MOT problem is stable, i.e. if one discretises the problem by approximat-
ing the marginals with finitely supported probability measures, does one have conver-
gence of the discrete optimal cost towards the continuous one? Backhoff-Veraguas and
Pammer [20] and Wiesel [194] gave a positive answer under regularity assumption on
the cost function.

Their stability result is formulated in terms of Wasserstein convergence. However,
the topology it induces is not always well suited, especially since it does not reflect the
temporal structure of some stochastic processes. Numerous and independent works
were done in order to strengthen the usual weak topology and make it reflect the
information of a stochastic process. Strikingly, all those topologies are equal, at least
in a discrete time setting [15], hence we may focus on the so called adapted Wasserstein
distance.

The objective of the present paper is to pave the way to the adaptation of some
known results which involve Wasserstein convergence and make sure that they still hold
true for the adapted Wasserstein convergence. Our main theorem states that on the
real line, any martingale coupling whose marginals are approximated by probability
measures in the convex order can be approximated by martingale couplings with respect
to the adapted Wasserstein distance. Consequences of this theorem are discussed in a
companion paper.
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5.1 Introduction and main result

5.1.1 The Martingale Optimal Transport problem

Let (X,dx), (Y,dy) be Polish spaces and C' : X x Y — R, be a nonnegative measurable
function. Denote by P(X) the set of probability measures on X. For p € P(X) and
v € P(Y), the classical Optimal Transport problem consists in minimising

inf / C(z,y) m(dx, dy), (OT)
mell(p,v) J X XY

where II(u, v) denotes the set of probability measures in P(X x Y) with first marginal u

and second marginal v. When X =Y and C = d for some r > 1, (OT) corresponds to

the well-known Wasserstein distance with index r to the power r, denoted W (u,v), see

8, 168, 190, 191] for a study in depth.

The OT theory is a long story: formulated by Gaspard Monge [140] in 1781 and mod-
ernised by Kantorovich [114] in 1942, it was rediscovered many times under various forms
and has an impressive scope of applications until recently where it became an unmissable
tool of data sciences. However, this theory under its classical form is not sufficient to solve
some major problems raised by the field of mathematical finance, such as robust model-
independent pricing. Indeed, Beiglbock, Henry-Labordére and Penkner [23] showed in a
discrete time setting and Galichon, Henry- Labordére and Touzi [84] in a continuous time
setting that one would need an additional martingale constraint to (OT) in order to get
model-free bounds of an option price. This martingale constraint reflects the condition for
a financial market to be arbritrage free.

This leads to the formulation of the Martingale Optimal Transport (MOT) problem: for
any m € P(X xY'), we denote by (7,).cx its disintegration with respect to its first marginal
w. We then write 7(dz, dy) = u(dx) m,(dy), or with a slight abuse of notation, 7 = u x m, if
the context is not ambiguous. Let C': R x R — R, be a nonnegative measurable function
and p, v be two probability distributions on the real line with finite first moment. Then the
MOT problem consists in minimising

inf /RX]R C(z,y) m(dx, dy), (MOT)

WGH]W (M?V)

where ITy/ (1, v) denotes the set of martingale couplings between p and v, that is

a(p,v) = {7T = p X 7 € I(p,v) | p(dr)-almost everywhere, / Yy (dy) = .7:}
R

According to Strassen’s theorem [183], the existence of a martingale coupling between
two probability measures p,v € P(RY) with finite first moment is equivalent to yu <., v,
where <., denotes the convex order. We recall that two finite positive measures j, v on R?
with finite first moment are said to be in the convex order iff we have

[ 1@ nt) < [ ) vdy),
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for every convex function f : R — R. Note that there holds equality for all linear functions,
from which we deduce that u and v have equal mass and satisfy [pa z p(dz) = [gay v(dy).

For adaptations of celebrated results on classical optimal transport theory to the MOT
problem, we refer to Henry-Labordere, Tan and Touzi [105] and Henry-Labordeére and Touzi
[106]. On duality, we refer to Beiglbock, Nutz and Touzi [27], Beiglbock, Lim and Obtdj [26]
and De March [68]. We also refer to De March [67] and De March and Touzi [69] for the
multi-dimensional case.

About the numerical resolution of the MOT problem, one can look at Alfonsi, Corbetta
and Jourdain [3, 4], De March [66], Guo and Obléj [96] and Henry-Labordere [104]. When p
and v are finitely supported, then the MOT problem amounts to linear programming. In the
general case, once the MOT problem is discretised by approximating i and v by probability
measures with finite support and in the convex order, Alfonsi, Corbetta and Jourdain raised
the question of the convergence of the discrete optimal cost towards the continuous one.
Partial results were first brought by Guo and Ob1dj [96] and the stability of left-curtain
couplings obtained by Juillet [112]. More recently, Backhoff-Veraguas and Pammer [20] and
Wiesel [194] independently gave a positive answer under mild regularity assumption.

5.1.2 The Adapted Wasserstein distance

The stability result shown by Backhoff-Veraguas and Pammer involves Wasserstein con-
vergence. More precisely, let p¥, ¥ € P(R), & € N be in the convex order and respec-
tively converge to p and v in W,. Under mild assumption, for all £ € N there exists
7% € Ty (p*, %), optimal for (MOT), and any accumulation point of (7%).en With respect
to the W,-convergence is a martingale coupling between p and v optimal for (MOT).

However, it turns out that the topology induced by the Wasserstein distance is not always
well suited for any setting, especially in mathematical finance. Indeed, the symmetry of this
distance does not take into account the temporal structure of martingales. One can easily
get convinced that two stochastic processes very close in Wasserstein distance can yield
radically unalike information, as [14, Figure 1] illustrates very well. Therefore, one needs
to strengthen, or adapt this usual topology. This can be done in many different ways, such
as the adapted weak topology (see below), Hellwig’s information topology [101], Aldous’s
extended weak topology [2] or the optimal stopping topology [15]. Strikingly, all those
apparently independent topologies are actually equal, at least in discrete time [15, Theorem
1.1].

Hence we may focus on the so called adapted Wasserstein distance. For an extensive
background, we refer to [149, 150, 151, 152, 129, 39]. Fix zq € X and r > 1. We denote the
set of all probability measures on X with finite r-th moment by P,.(X), i.e.

PoX) = {p e PO | [ dix(a. o) pldo) < o0

Similarly, we denote by M(X) (resp. M,.(X)) the set of all finite positive measures (resp.
with finite 7-th moment). The set M(X), resp. M,.(X), is equipped with the weak topology
induced by the set Cy(X) of all real-valued absolutely bounded continuous functions on X,
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resp. the set @,(X) of all real-valued continuous functions on X, C(X), which satisfy the
growth constraint

O, (X) ={f € CX)[3a>0, Vz € X, |f(2)] < o (1 +dx(z,20))} .
A sequence (p*)pen converges in M,.(X) to p iff

—+00
If moreover p and p*, k € N, all have equal mass, then the convergence (5.1.1) can be
equivalently formulated in terms of the Wasserstein distance with index 7:

1

W, (¥, 1) :=  inf (/ dy (x,y) m(dx,d )T — 0.
W)= i [ x@y)nldedy) ) =

For any mg > 0, we can then equip the set of finite positive measures in M, (X x Y)
with mass my with the Wasserstein topology. However, we can also equip it with a stronger
topology, namely the adapted Wasserstein topology. It is induced by the metric AW, defined
for all 7,7’ € M,.(X xY) such that 7(X xY) =7/(X xY) =mg by

[un

AW (rn) = dnt ([ (o) + Wi ) x(deda) (5.1.2)
XEM () \J X x X
where p, resp p' is the first marginal of 7, resp. #’. It is easy to check that W, < AW, and
therefore AW, indeed induces a stronger topology than W,. Another useful point of view
is the following: let J : M(X xY) — M(X x P(Y)) be the inclusion map defined for all
T=puxm, € M(X xY) by

J(m)(dix, dp) = p(dx) Or, (dp).

For all m, 7" € M,.(X xY') with equal mass, their adapted Wasserstein distance coincides
with

AW, (m,7') = W, (J (), J (). (5.1.3)

Therefore, the topology induced by AW, coincides with the initial topology w.r.t. J.

Finally, let us mention the interpretation of adapted Wasserstein distance in terms of
bicausal couplings as done in [16]. Let m, 7" € P.(X xY). Let Zy, Zy, Z}, Z, be random
variables such that the distribution of (7, Zy, Z, Z}) is a W,-optimal coupling between
and 7. In many cases, there exists a Monge transport map 7 : X x Y — X x Y such that
(Z1,725) = T(Zy, Z). As mentioned in [14], the temporal structure of stochastic processes is
then not taken into account since the present value 7] is determined from the future value
Zs. Therefore, it is more suitable to restrict to couplings (71, Zs, Z}, Z}) between 7 and
7" such that the conditional distribution of (Z7, Z}) (resp. (Z1,Z,)) given (Z, Zs) (resp.
(Z1,75)) is equal to the conditional distribution of (7], Z3) (resp. (Z1, Z,)) given Z; (resp.
Z1).
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Let p and i/ denote the respective first marginal distributions of 7 and 7’ and n €
[I(m, ") be a coupling between 7w and #’. Denote by (n,(dx’,dy’)).ex and (ny(dz, dy))wex
the probability kernels such that

/y _, Mdw, dy, dz’, dy’) = u(dz) ne(da’, dy’) and /y oy 1@, dy, da’, dy) = p'(da’) no (da, dy).

Then 7 is called bicausal iff for 7w(dz, dy)-almost every (z,y) € X x Y, resp. w(dz’, dy’)-
almost every (2/,y') € X x Y,

Ny (de’, dy') = n,(da’, dy’), resp. n (de,dy) = ny(dz, dy).
We denote by II,.(m, 7') the set of bicausal couplings between 7 and 7’. Another useful
characterisation is 7 is bicausal iff there exist x € II(y, 1) and (Yo (dy, dY')) (@2 )exx x
such that

x(dz, dz')-almost everywhere, 7y o (dy, dy') € TI(my, mp)
and  n(dz, dy, da’, dy’) = x(dz, dz’) Y(z.ar)(dy, dy').

Then the adapted Wasserstein distance coincides with

-

T

AW () = int ([ (d(aal) + dy () e, dy. di' dy))
) \JXxY

nenbc (ﬂ-»ﬂ-/

One of the objectives of the present paper is to prove that some well-known stability
results for the W,-convergence also hold for the AW, -convergence. More details are given
in Section 5.2.

5.1.3 Outline

Section 5.2 presents the main result of this article, namely Theorem 5.2.5 below. We give
an explanation of how the conclusion of this theorem was expectable. Moreover, we give a
sketch of its proof in order to help seeing through its technical nature.

Section 5.3 deals with technical lemmas which allow us to deal with difficulties specific
to the adapted Wasserstein distance with more ease. They mainly explore properties about
approximations and when the addition is continuous.

Section 5.4 focuses on the convex order. It deals with potential functions which are a
convenient tool to address the convex order in dimension one. Moreover, it contains the
proof of a key result which allows us to see that the main theorem needs only to be proved
for irreducible pairs of marginals.

Section 5.5 is as the name suggests devoted to the proof of the main theorem. Before
entering its technical proof, we prove that is is enough to prove AW;-convergence for irre-
ducible pairs of marginals.

172



5.2 Main result

Our main result is Theorem 5.2.5 below. Before, we state a proposition which enlightens
us about how the conclusion of the theorem was actually foreseeable. We also state the
generalisation of this proposition to Polish spaces. Then, we state a proposition which is a
key result to argue that the theorem needs only to be proved when the limit pair is irreducible.
Next, we state the theorem with a sketch of its proof. It is understood that (X,dx) and
(Y, dy) denote any Polish spaces, and (xq, yo) is a fixed element of X x Y.

It is well-known that when one considers convergent sequences of marginals (u*)gen,
(VF)ren all with equal mass respectively to u,v € M,.(X), then, informally speaking, there
holds

(p*, ) — T(p,v) in W, (5.2.1)

k——+oco

i.e., any sequence with convergent marginals has accumulation points in IT(u, /), and for any
7 € II(p, v) there holds

inf ~ W<(m, @) < W (u, 1) + W (v, %) — 0. (5.2.2)

mk ell(pk vk) k—+o0
Indeed, let n* € II(u*, i), resp. 7" € II(v, v*) be optimal for W, (u*, i), resp. W, (v, v¥)

and set
n(dat, dyt) = [

(z,y)eX XY

n*(da*, dz) m,(dy) TF (dy").

The next two propositions establish (5.2.1) with respect to AW, for finite positive mea-
sures with common mass. The first one is formulated for X = Y = R and provides under
mild assumptions an estimate of inf seryr 5y AW, (T, 7%) with respect to the marginals as
in (5.2.2). Its proof relies on unidimensional tools, which we recall here. For n a probability
distribution on R, we denote by F), : z + n((—o0,z]) its cumulative distribution function,
and by F,"': (0,1) — R its quantile function defined for all u € (0,1) by

Fn_l(u) =inf{z e R| F,(2) > u}.
The following properties are standard results (see for instance Section 2.6 for proofs):
(a) F, is cadlag, F, " is caglad ;
(b) For all (z,u) € R x (0,1),
Flu) <z < u< F(z), (5.2.3)

which implies



(c¢) For p(dzx)-almost every = € R,

0< Fy(z), Fylz—)<1 and F,'(F)(x)) =z

(d) The image of the Lebesgue measure on (0, 1) by F, ™" is 7.
The property (d) is referred to as inverse transform sampling.

Proposition 5.2.1. Let u, u*,v,vF € M,.(R), k € N, be with equal mass such that u* (resp.
v*) converges to pu (resp. v) in W,. Let w € Il(u,v). Then:

(a) There exists a sequence ™ € I(u*, V%), k € N, converging to = in AW, ;
(b) If for all x € R and k € N with u*({x}) > 0, there exists ¥’ € R such that
p((—o00,2")) < p((—o0,2)) < p((—00,2]) < p((—00,2)),
which is for instance always satisfied when ¥ is non-atomic, then

AW (7, 78) < W (u, 1d®) + W (v, V9. (5.2.6)

Remark 5.2.2. If 7 is a martingale coupling, i.e. [y 7y (dy') = o', p(dx’)-almost every-
where, then for x* € II(1*, 1) an optimal coupling for AW, (7%, 7), we have

/ p (da) Z/ x—/yﬂfi(dy) X" (de, da’)

= RxR R

< 2r_1/ (|x_g;’|7“+ az’—/yﬂﬁ(dy) > X" (de, da’)
RxR R

= [ (e | ) [umian] ) e,
RxR R *

< 2”‘1/ (le = a']" + Wi, m)) X*(d, da)
RxR

< 2 AW(r 7t) — 0.

k—4o00

r

x— /Ryﬂﬁ(dw

In that sense, 7%, k € N is almost a sequence of martingale couplings.

In the setting of Proposition 5.2.1, if u* and v* are also in the convex order and 7 is a
martingale coupling, then in view of Remark 5.2.2 one would naturally expect that 7% can
be slightly modified into a martingale coupling and still converge to 7 in AW,.. This actually
requires a lot of work and is the whole purpose of Theorem 5.2.5 below. We mention that
the previous proposition generalises to any Polish spaces X and Y, as the next proposition
states, but unfortunately without providing an estimate.

Proposition 5.2.3. Let p, p* € M, (X),v,vF € M, (Y), k € N, all with equal mass and
such that pi* (resp. v*) converges to u (resp. v) in W,. Let @ € I(u,v). Then there exists
a sequence ™ € TI(u*, v*), k € N, converging to m in AW,.
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The next proposition is a key ingredient which allows us to reduce the proof of Theorem
5.2.5 below to the case of irreducible pairs of marginals. For p € M;(R), we denote by u,
its potential function, that is the map defined for all y € R by w,(y) = [g |y — x| u(dz) (see
Section 5.4 for more details). We recall that a pair (u, v) of finite positive measures in convex

order is called irreducible if I = {u, < u,} is an interval and, p(/) and v(I) have the total
mass. If a € R is such that v([a, +00)) = 0, then the convex order implies pu([a,+00)) = 0,

hence
up(a) =a— [ zp(de) =a— [ yv(dy) = ufa)

so a ¢ I. Similarly, v((—o0,a]) =0 = a ¢ I. We deduce that v must assign positive
mass to any neighbourhood of each of the boundaries of I.

According to [25, Theorem A.4], for any pair (u, ) of probability measures in convex
order, there exist N C N and a sequence (fin, Uy )nen of irreducible pairs of sub-probability
measures in convex order such that

,u:n—l—z,un, V:n—l—Zl/n and {uu<ul,}:U{uun<uyn}7

neN neN neN

where the union is disjoint and 7 = fpi|{y,—u,}. The sequence (jin, Vy)nen is unique up to
rearrangement of the pairs and is called the decomposition of (u, ) into irreducible compo-
nents. Moreover, for any martingale coupling 7w € II,;(u, v), there exists a unique sequence
of martingale couplings m,, € Iy (n, vn), n € N such that

7TIX+Z7Tn,

neN

where x = (id, id).n and * denotes the pushforward operation. This sequence satisfies
Vn e N, m,(dz,dy) = p,(dx) 7 (dy). (5.2.7)

Proposition 5.2.4. Let (u*, v*)ren be a sequence of pairs of probability measures on the real
line in convexr order which converge to (u,v) in Wy. Let (tin, Vn)nen be the decomposition
of (i, v) into irreducible components and 1 = fi|{y,—u,}. Then there exists for any k € N a
decomposition of (u*,v*) into pairs of sub-probability measures (u=, v¥),cn, (nF, vF) which
are in convex order such that

"+ > =gk P Y V=0 keN, (5.2.8)
neN neN
I U CE

We can now state our main result, namely Theorem 5.2.5 below. Any martingale cou-
pling whose marginals are approximated by probability measures in the convex order can be
approximated by martingale couplings with respect to the adapated Wasserstein distance.

Theorem 5.2.5. Let %, v* € P.(R), k € N, be in convex order and respectively converge
to p and v in W,. Let m € Wy (u,v). Then there exists a sequence of martingale couplings
7* € My (p*, v%), k € N converging to m in AW, ..
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Sketch of the proof. We will first argue that it is enough to consider the case r = 1. Thanks
to Proposition 5.2.4, we can also reduce the proof to the case of irreducible pairs of marginals
(i, v), whose single irreducible component is denoted (I,7) = I.

Step 1. Fix any martingale coupling m € I/ (p,v). By directly approximating m we
would face technical obstacles. First, for K a compact subset of I, |k X 7, is not necessarily
compactly supported. Moreover, v may put mass on the boundary of I. To overcome this,
the kernel 7, is first compactified to a compact set [—R, R|, where R > 0, and then pushed
forward by the map y — a(y—x)+x, where a € (0, 1). This yields a martingale coupling 7%
close to 7 and easier to approximate, between p and a probability measure v%* dominated
by v in the convex order. We find compact sets K, L C I such that the restriction 7| g «g
is compactly supported on K x L and concentrated on K X [O/, where L denotes the interior
of L. Since by irreducibility v puts mass to any neighbourhood of the boundary of I, v
assigns positive mass to two open sets L_, L, on both sides of K with positive distance to
K. This is summarised in Figure 5.1, where J denotes a compact subset of I large enough.

J

F

L

C
\

-
(%

l L_ K L,

Figure 5.1: Intervals involved in the proof. The boundaries of the closed intervals are vertical
bars and those of the open intervals are parenthesis.

Step 2. Tt is possible to find an approximative sequence (7% = ¥ x #%),cy of the sub-
probability martingale coupling 7/®|g«r from step 1. Unfortunately #* is not necessarily a
martingale coupling. Therefore, we free up some mass, and use the one available on the left
and right of K in L_ and L, to adjust the barycentres of the kernels 7¥. Hence we find a
sequence (7% = i* x %) ey of sub-probability martingale couplings approximating 7| g «g.

Step 3. By construction, up to multiplication by a factor smaller than and close to 1, the
first marginal of #* satisfies i* < p*. Moreover, its second marginal denoted 7* is such that
there exists a probability measure v*** which satisfies 7% < v®** <_ ¥ Then by using
the uniform convergence of potential functions, we show that for k sufficiently large there
exist sub-probability martingale couplings n* € I/ (u* — gF, vfe* — k) so that the sum
n* + 7* is a martingale coupling in Iy, (u*, vf**), where the second marginal is dominated
by v* in the convex order.

Step 4. In the last step, we use the inverse-transform martingale coupling between v
and ¥, see Chapter 2, to change n* + #* to a martingale coupling 7 € II(y*, v*). Finally,
we estimate the AW, -distance of 7 to 7*. O

R,ak

5.3 On the weak adapted topology

We begin this section with a Lemma on uniform integrability which will prove very handy
throughout the paper. We formulate it for finite positive measures on X, but it is understood
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that (X, ) is replaced with (Y] y,) for measures on Y.
Lemma 5.3.1. Let r > 1 and p € M,(X). Fore >0, let

I'(0) = sup / ' (, 20) 7(d). (5.3.1)
TEM(X) X
T<p, 7(X)<e

(a) I is monotone in w, i.e., p < p' € M, (X) implies that I7 () < IT ().
(b) The value of 17 (1) vanishes as € — 0.
(c) For any i’ € M, (X) such that u(X) = p/(X) we have

I(p) < 277112 () + W (i 1)) - (5.3.2)

(d) Let p,pu* € M,.(X), k € N be with equal mass such that u* converges weakly to p.
Then

Wik p) — 0 <= supI’(u*) — 0 and sup | d(z,x0)p"(dz) < +oo.
k—4o00 keN € e—0 keN J X

(e) Finally, if X =R and p <. v with v € M(R?), then I} () < I1(v).
Remark 5.3.2. If u(X) < ¢, then I7(u) is simply the r-th moment of f.

Proof. The first point (a) is an easy consequence of the definition of I7.
Next we check (b). Let € M,.(X) be such that u(X) > 0. Since

£ =0 (). (5:33)

to check convergence of I”(u) to 0 with €, we may suppose that p € P,.(X). Let € € (0,1).
For n € M,.(X), we denote by 77 the image of by the map x — d’(x, x). It is then enough
to show that )
I'(p) = . Fgl(u) du. (5.3.4)
Indeed, since u € P.(X) we have [y dx(z,20)" u(dx) = [ Frl(u)du < +00, so we
conclude by dominated convergence that I7(u) vanishes with €. Of course an appropriate
upper bound would be sufficient, but (5.3.4) will come in handy for the proof of the last
part. Let 7" € M(X) be such that 7% is the right-most measure dominated by @ with mass
equal to €, namely

Fa(y) — (1 —¢)
(B:)

() = (a0 + 1.0 ),

where

Ye = Fﬁ’l(l —¢), A.={zxeR|d%(z,z9) >y} and B.={reR|dy(z,x0) =y},
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and the second summand of the right-hand side is zero if u(B.) = 0. By (5.2.5) and definition
of y., we have
Falye—) <1—¢, (5.3.5)

hence p(B:) = fi({y:}) > Fa(y.) — (1 — €) and therefore 7% < p. Moreover,
T (R) = p(Ae) + Fr(ye) — (1 — &) = A((ye, +00)) — (1 = F(ye)) +€ =&
Let us show that .
[ e, m) 7 (dr) =
X 1—¢

According to (5.3.5), (1 — ¢, Fiz(ve)] C (Fu(y=—), Fa(y:)], so by (5.2.4), for all v € (1 —

e, Fa(y:)], Fy'(u) = y=. Then, using the inverse transform sampling and (5.2.3) for the

second equality, we get

[ dxlaz0) 7 () = [ YLy oo ) BldY) + (Frly:) = (1= ).

—/1 Ftwydut [ B )
_Ff<ys>ﬁuu e E W

= | Fp'(u)du,

l—e

- (u) du. (5.3.6)

hence (5.3.6) holds.
Let 7 € M(X) be such that 7 < pand 0 < 7(X) < e. In view of (5.3.6), it is enough in
order to prove (5.3.4) to show that

/ng((x,l’g)T(dx)< I:F H(u) du. (5.3.7)

Since 7 < u, we have 7 < . Using (5.2.5) for the last inequality, we get for all u € (0, 1)

1=Fe/rx) (Fr (1= 7(X)u)) = F U _T(T)(())Qu)’ o0)) < AlE (1 _T(T)(())()“)’ +00)) <u,

hence F?/T(X)(Fﬁ_l(l —7(X)u)) > 1 —w and by (5.2.3), FT_/T(X)(l u) < Fﬁ_l(l — 7(X)u).
Using the inverse transform sampling, we deduce

/dxxxo) (dz) =7(X / T/T(X u)du=T1(X / T/T(X (1 —wu)du

X)/O Fo(1— 7(X)u) du—/“(x) Frwydu< [ F ),

l1—e

hence (5.3.7) holds.

To see (¢), fix ' € M(X) with u(X) = p/(X). We denote by 7(dx, dz’) = p(dz) 7, (dx') €
(e, ') a Wi-optimal coupling. Let 7 € M(X) be such that 7 < p and 7(X) < e. Let
7" € M(X) be defined by

7 (dz') = /QCEX 7. (dz") 7(dx).
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Since 7 is element of II(u, 1), we find 7/ < p/ and 7(X) = 7/(X). Then

[ dxmo) r(dn) <270 [ (dy(al o) + dy (w,2')) mo(da’) 7(d)

XxX

<2t (IT +/ d'y (x, 2") 7w (dz, dac))

which shows by optimality of 7 the assertion.

We now show (d). Let p, u¥ € M, (X) be with equal mass such that p* converges weakly
to p. According to (5.3.3), we may suppose that u, u* € P,.(X).

Suppose that W, (u*, i1) vanishes as k goes to +0o. Then the sequence of the r-th moments
of 1*, k € N is bounded since it converges to the r-th moment of y. Let n > 0. Let kg € N
be such that for all k > ko, Wr(u¥, i) < n. Then (c) yields for € > 0

sup I7 (") < 37 I(ph) + sup LD (") < 7 ID(pF) + 2771 (I () + ).

keN k<ko k>ko k<ko
According to (b) we then get

lim sup sup I” (p*) < 27,
e—=0 keN

Since n > 0 is arbitrary, we deduce that sup,cy I7(p*) vanishes with e.

Conversely, suppose that supyey [7(1*) vanishes with ¢ and the sequence of the r-th
moments of ¥, k& € N is bounded. By Skorokhod’s representation theorem, there exist
random variables X and X* k € N, defined on a common probability space such that X,
resp. XF is distributed according to u, resp. ¥ and X* converges almost surely to X. Then

for all M > 0,
W (1, ) < EBldy (X*, X)] = E[d (X", X)L gr (xr x)<any] + Eld% (XF, X)L (x6 x)5003)-
By the dominated convergence theorem, we deduce

lim sup Wf(,uk, p) < limsup E[er(Xk, X)]].{drx(xk,x)ZM}].

k—+o0 k—4o00

Let us then prove that the right-hand side vanished as M goes to +00. Let n > 0. Let
e > 0 be such that I7(u) + supyey I7 (1) < 1. By Markov’s inequality, we have

Eldy (XF, X)) 2r!
sup E[1; - <su <
S Bl ok x02an] < sup M e Vil ¢

[ o) (1 + ) (d),

where the right-hand side vanishes as M goes to +o00. Therefore, there exists My > 0 such
that for all kK € N and M > M,

Eld% (X", X)L g (xr,x0za0y) <277 (E[drx(Xkaﬂﬁo) Liar (xv x)>03] + ]E[dg((moaX)]l{d’"X(Xk,X)ZM}])
< (I + () <277,
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Therefore, for all M > M,

lim sup E[d% (X*, X)1gr (xr,x)=ar3] <2770,
k——+o0

Since 7 is arbitrary, this proves the assertion.

Finally, we want to show (e). Let X = R? and u <., v with v € M;(R?). According to
(5.3.3), we may suppose that p,v € P;(R?). Again, we write i and ¥ for the pushforward
measures of p and v under the map (x — |z — zo|"). First, we note that & is dominated by
7 in the increasing convex order. Indeed, let f € C(X) be convex and nondecreasing, then
x +— f(]Jz — x|") constitutes a convex, continuous function. Thus,

[ swmtdy) = [ fx = o) o) < [ $(e = oy vide) = [ 1) wtan).

The convex increasing order is characterised by the following family of inequalities (see
for instance [[3], Theorem 2.4]): for all 0 <e <1,

1 1
/15 F'(y)dy < | Fy'(y)dy.

1—¢
The identity (5.3.4) concludes the proof. O

We now prove Proposition 5.2.1. A handy tool in the construction of the approximative
sequence (7%)pen are copulas. Recall that a two-dimensional copula is an element C' of
IT(A\, A) where A is the uniform distribution on (0,1). A coupling 7 is element of II(u,v)
if and only if it can be written as the push-forward of a copula C' under the quantile map
(F75 F7N):(0,1) x (0,1) = R x R, Clearly, if C' is a copula then m = (F', F;').C is
contained in II(y, v). Contrary, when 7 € II(u, v) is given, we can construct a copula C' by

C(du, dv) = 1(g1)(u) du Cy,(dv),
where C, is given by

Cu = ((y,w) = E,(y=) +wv({y})s(Tp 1) X A). (5:3.8)

In particular, we have that u + C, is constant on the jumps on F,. By the inverse
transform sampling, showing that 7 = (F ', F,'),C' amounts to showing that the second
marginal distribution of C' is indeed uniformly distributed on (0, 1), which is a direct conse-
quence of the inverse transform sampling and the well-known result (see for instance Lemma
2.6.6 for a proof) that for any n € P(R),

((z,w) = Fy(z=) +wn({z})).(n x A) = A (5.3.9)

Moreover, we have by (5.2.4) that F,}(F,(y—) +wr({y})) =y for all (y,w) € R x (0, 1],
hence for all u € (0, 1),
Tty = (F, 1 )aCu. (5.3.10)



Proof of Proposition 5.2.1 . Because of homogeneity of the AW,- and W,-distances, we can
suppose w.l.o.g. that p, u*, v, v¥ and 7 are probability measures. Let C' be the copula defined
by C(du, dv) = 1 1y(u) du Cy(dv), where C, is given by (5.3.8).

In order to deﬁne 7%, we construct associated copulas C* where u +— CF is constant on
the jumps of Fx. Let

9k5 R x (Oa 1) — <07 1)? (ZL’,U}) = F,u’“(x_) —l—wuk({l’}>,

i B 1
C*(dv) = /w c (r-2000) (dv) dw,

0 F
— (Fu—kl, Fy_kl)*C’k = (F#_kl, Fy_,cl)*(]l(o,l)(u) du C*(dv)).

The fact that C* is a copula, and therefore 7% € II(u*, V%), is a direct consequence of
(5.3.9) and the inverse transform sampling. Since u +— C, and u — C* are constant on the
jumps of F,, and F)» respectively, reasoning like in the derivation of (5.3.10), we have for
du-almost every u in (0, 1)

() - (Fu_kl)*cf

-1

Moreover, since (u — (F'(u), F;'(u))).A is a coupling between p and ¥, namely the

I
comonotonous coupling, we have

1
AW (m, 7%) < /0 (ypulm) o Ol +W:(WF;1(U),W§;(U))> du

, (5.3.11)
=Wy (1, ") +/ Wy ((F,)eCl, (F31).CF) du.
0
By Minkowski’s inequality we have
([ w7 (G et ) < ([ o ()0 (B.C) )
0 . (5.3.12)

([ (B0 ) )

1

Since for any n € P(R) the map Fv; o Fpy is non-decreasing, we have (see for instance

[4, Lemma A.3]) that for dw-almost every w € (0, 1),
F Y FLH(w)) = F(;}]_l)*q,f (w).

U] Ck

Hence, we deduce

W ((F, 1.8 (Fh).0

) (w)) = Fi (Fog ()] dw du

L (0)]" Cy(dv) du

IFV (v)— ()" dv =W (v, ") = 0,
(5.3.13)

I
/\\\

0,1)
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where we used inverse transform sampling in the second equality. At this stage, we can
already show (b). Indeed, the assumption made in (b) ensures that any jump of F), is
included in a jump of F,,. We already noted that u — C, is constant on the jumps of
F,, and therefore also constant on the jumps of Fx. This yields for all u,w € (0,1) that
Cek( Pl = C, and particularly C¥ = C,, which lets vanish the first term in the right-

hand side of (5.3.12). Then the estimate (5.2.6) follows immediately from (5.3.11), (5.3.12)
and (5.3.13).
To obtain (a) and in view of (5.3.11), (5.3.12) and (5.3.13), it is sufficient to show

1
/ WI ((F)-Co, (F1).CE) du — 0,
0

This is achieved in two steps: First, we show for du-almost every u € (0,1) that

WL ((F,N.C, (F7H.CF) — 0. (5.3.14)

v

Second, we prove that
w= WI((F1)Cu, (F,).Ch) ke, (5.3.15)

is uniformly integrable on (0, 1) with respect to A.

To show (5.3.14), note that W,-convergence is already determined by a countable family
C C ®,.(R) (see [78, Theorem 4.5.(b)]). For this reason, it is sufficient to show that for all
f €C, for du-almost every u € (0, 1),

/(031) JE (v) Cy(dv) — g(u) = /(071) FE7Y(0) Cu(dv),  k — 400, (5.3.16)

where the integrals are du-almost everywhere well defined because of the inverse transform
sampling, the fact that f € ®.(R) and v € P,(R). For u € (0,1), let z, = F,'(u) and
k= FJ}(u) Let U C (0,1) be the set of continuity points of F;! and define

U, ={u el ]| F,is continuous at z,} and U;={uvecld\U.|ue (F,(x,—), F.(z,))}.

By monotonicity of F’ . the complement of & in (0,1) is at most countable, and since
i has countably many atoms, the complement of Uy in U\U. is also at most countable. We
deduce that it is sufficient to show (5.3.16) for du-almost all v € U, U U,.

Let then u € Y. If pk({z%}) = 0, then C* = C, and

/(071) FEH () CH(dv) = g(u).

From now on and until (5.3.16) is proved, we suppose w.l.o.g. that u*({z*}) > 0 for all
kE € N. Then

L)) CF(dv _ b F (@) w) duw
/(071)f(Fy (v)) Ck(dv) ) /Fﬂk(xﬁ_)g( ) dw. (5.3.17)
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Define I}, = inf,>; 2! and r, = sup,~, zi. Since u € U we find I, 7~ x, and rp N\ xy
when k goes to +00. Due to right continuity of F,, and left continuity of x — F,(z—) we
have

F(z,—) = li]I)n F,(l,—) and lizgn F,(rp) = Flu(zy).

By Portmanteau’s theorem and monotonicity of cumulative distribution functions we
have

F.(l,—) < limkinf Fr(l,—) < limkinf F(af—) < limksup Fu(ah) < limksup For(rp) < Fu(rp).

By taking the limit p — +o00, we find

F(z,—) < limkinf F(zf—) <limsup Fju(2f) < F (). (5.3.18)
k

By (5.2.5), the interval [F(z%—), F,x(2¥)] contains u, and if u € U, then (5.3.18)

pk Ly phk Ly
implies that its length p*({z*}) vanishes when k goes to +o0o. Consequently, (5.3.17) and

the Lebesgue differentiation theorem yield that for du-almost every u € U,,
T (@) Clldv) = g(w).

Suppose now u € U; and define

ar = Fu(zh—)V Fy(zy—), by = Fu(2h) A F(z,).

Note that on the interval (ay,bx) the function g is constant equal to g(u), so (5.3.17)
writes

-1 k _; F () ) duw by 2 du a i
[, fEen e = s ([ sy "o ans [* - gwran).

According to (5.3.18),
ap — Fu(zi—) =0 and Fu(zh) — by — 0, k— +oo. (5.3.19)
Moreover, it is clear with (5.2.5) in mind that
Fulabo) < — i*({a}) > u— Fy(a,-),

and b, < Fe(2h) = p"({zf}) > Fu(2,) — u

u

(5.3.20)

Using the latter fact and the equality

b — ar = p({2y}) — (F () — be) — (ax — F, (2,-)),

we get
F.“‘k(xﬁ) — by Ok — Fpk(l’ﬁ—) < b, — ay, <1
L T e I C
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Hence by (5.3.19) we have #b’“_a.’“ — 1 as k goes to +-00, which implies that —rs {mk} f g(u) dw —

r({zE})
g(u) as k — 4o00. Therefore, we just have to show that

1 /Fuk(ff»‘ﬁ) ak )
_ w) dw + w)dw | — 0, k— +oc. 5.3.21
e (L s [ o o320
Note that we can assume w.l.o.g. that for all k € N either F,x(2F—) < ay or by < Fx(aF).
Let d = (u — F,(z,—)) A (F(z,) — u), which is positive since u € Uy. Then we have by
(5.3.20)

1 /Fuk(wﬁ) (w)d a, (w)d
— w) dw + w) aw
D) o Fatet
1 Fuk(ﬂcﬁ) ak
< = d dw| .
(5.3.22)
By the inverse transform sampling and the facts that f € ®,.(R) and v € P,.(R), we

have [y |g(w)|dw = [z |f(y)| v(dy) < +oo. Then (5.3.21) is a direct consequence of (5.3.22),
(5.3.19) and the dominated convergence theorem. Hence (5.3.14) is proved for du-almost
every u € (0, 1).

Next, we show uniform integrability of (5.3.15). We can estimate

WEE ). Col B0 < 27 ([ IR Cutde) + [ 17701 Cltan)).

1)

Since by inverse transform sampling we have

/01/01|F v)[" Culdv) du_/|y’ (dy) < o0,

it is enough to show uniform integrability of u — [ ) [F, " (v)|" Cji(dv), k € N.
On the one hand, using the inverse transform sampling and v € P,.(R), we have

sup /01 /01 (v)|"C*(dv) du—/|y] (dy) < +o0.

On the other hand, let ¢ > 0 and A be a measurable subset of (0,1) such that A\(A) < ¢

We have
01)

where 7%(dv) = [,_ o]lA(du) C*(dv) du. Note that 7-’“ <\ (FY),7F <vand (F1), 75 (R) =
7%((0,1)) = A(A). Therefore,

sup sup// )|" CF(dv) du < I"(v),
AeB((
)\(A <5
where I7(v) is defined by (5.3.1). By Lemma 5.3.1, the right-hand side converges to 0 with
e — 0. This yields uniform integrability of (5.3.15), which completes the proof. m
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As mentioned in Section 5.2, Proposition 5.2.1 generalises to Polish spaces. Unsurpris-
ingly, the proof of Proposition 5.2.3 requires radically different tools from its unidimensional
equivalent. In particular, we need to recall the so called Weak Optimal Transport (WOT)
problem introduced by Gozlan, Roberto, Samson and Tetali [90] and studied in [89], formu-
lated according to our needs. Let C': X x P.(Y) — R, be nonnegative, continuous, strictly
convex in the second argument and such that there exists a constant K > 0 which satisfies

V(z,p) € X x P.(Y), Cl(z,p) <K (1 + dy (z,20) + /ng“,(y,yo)p(dy)) : (5.3.23)

Then the WOT problem consists in minimising

Volu,v) = inf /X Oz, m0) p(da). (WOT)

mell(p,v)

In view of the definition (5.1.3) of the adapted Wasserstein distance which involves mea-
sures on the extended space X x P(Y), it is natural to consider an extension of (WOT)
which also involves this space. Hence we also consider the extended problem

Veluv)= int [ Cla,p) Pde,dp), (WOT")
XxP(Y)

PeA(p,v)

where A(p, v) is the set of couplings between p and any measure on P(Y) with mean v, that
1S

Ap,v) = {P EPX xPY)) | /(m by (dx) p(dy) P(dx’, dp) € (g, 1/)} . (5.3.24)

'p)EXXP(Y)

Remark 5.3.3. We gather here useful results on weak transport problems which hold under
the assumption we made on C"

(a) (WOT) admits a unique minimiser 7* [18, Theorem 1.2];

(b) As a consequence of the necessary optimality criterion [20, Theorem 2.2] and [20,
Remark 2.3.(a)], J(7*) is the only minimiser of (WOT”)

(c¢) V(p,v) =V'(p,v) [18, Lemma 2.1J;

(d) Stability of (WOT) and (WOT’): Let u* € P.(X),v* € P.(Y), k € N converge
respectively to u € P,(X) and v € P.(Y) in W,. For k € N, let 7% € TI(i*,v*) be
optimal for V (¥, %). Then 7%, resp. J(7*), converges to the unique minimiser 7*,
resp. J(7*), in W, [20, Theorem 1.3 and Corollary 2.8]. In particular, this shows that
7% converges to 7 even in AW,.

Proof of Proposition 5.2.3. Let € > 0 and yg € Y. Define for R > 0 the W,-open ball By of
radius RY" and centre d,, and the set

Arp={r € X | m, € B} = {xEX ‘ /Yd’{/(y,yo)m(dy) <R}.
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Since v € P.(R), [x [y dv(y,v0) me(dy) p(dx) = [y dy (y,y0) v(dy) < 400, hence p is
concentrated on Up.g Ar and we can choose R large enough such that

W(X\AR) <e.
By Lusin’s theorem, there exists a closed set F' C Ag such that
w(X\F) <e and x> 7, restricted to F' is continuous.

Let /WT(Y) be the linear space of all finite signed measures on Y, the positive and negative
parts of which are contained in M,.(Y'), equipped with the weak topology induced by ®,.(Y).
Since weak topologies are locally convex, an extension of Tietze’s theorem [73, Theorem 4.1]
yields the existence of a continuous map z +— 7, defined on X with values in M,.(Y") such
that 7, = 7, for all z € F' and

{7, |z € X} Cco{m, | x € F} C Bg,

where co denotes the convex hull.

Next, we define a nonnegative, continuous, strictly convex in the second argument func-
tion which satisfies a condition of the form (5.3.23) in order to use the results on weak
transport problems detailed in Remark 5.3.3. Let {gx | £ € N} C ®1(Y) be a family of
1-Lipschitz continuous functions and absolutely bounded by 1, which separates P(Y) (see

[78, Theorem 4.5.(a)]). We have for any pair p,p’ € P(Y), p # p’ that there is [ € N such
that

[ o) pldy) # [ )/ (dy). (5..25)

Define C' : X x P.(Y) — Ry for all (z,p) € X x P.(Y) by

1 2
C(z,p) == p(Ta,p) + > 5
keN

?

J 9uw) 7 (dy) ~ [ 90(v) pldy)

where p: P(Y) x P(Y) — [0, 1] is defined for all p,p" € P(Y) by

p)= inf / dy (y,y') A1) x(dy, dy).
p(p,p) nf () A1) x(dy, dy)

Since p can be interpreted as a Wasserstein distance with respect to a bounded distance,
it is immediate that it is a metric on P(Y) which induces the weak convergence topology.
On the one hand, the map (z,p) — p(7,, p) is continuous by continuity of z +— 7,. On the

other hand, by Kantorovich and Rubinstein’s duality theorem and Jensen’s inequality, we
have for all (z,p), (2/,p") € X x P.(Y)

1
2 9

keN

2

Lot~ [ o)ty | [ out) 7tdy) — [ on(s) /()
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=% x 2| a7 = [ aw)pian) + [ onto) metdn) = [ anto) )
<| [ o) meldy) ~ [ o) pldy) — [ e Taldy) + [ guly) o (dy)

_sz ('/ 9 (y) T (dy) — /gk Tt dy‘ ‘/ 9r(y dy)—/ygk(y)p’(dy)D

keN
<8 WA (Ty, Tar) + Wl(p,p ) <8 Wi (T, Tr) + Wr(p,p )

where the right-hand side vanishes when (z/, p') converges to (x, p) by continuity of = +— 7.
We deduce that C' is continuous.

Note that p is convex in the second argument. Therefore, to obtain strict convexity of
C(z,-) in the second argument, it is sufficient to verify that

3¢ || o) ()

is strictly convex. Let p,p’ € P(Y), p # p' and | € N such that (5.3.25) holds. Hence, strict

keN
convexity of the square proves

2 2 2

o [Lat)pdy) + (1= ) [ aw) )| <a| [ a)ptn| + 1 -a)| [ by
which yields strict convexity of F' on P(Y).

Moreover, we have for all (z,p) € X x P.(Y), C(x,p) < 1+ 8 =9, hence C satisfies

(5.3.23). Remember the definitions of V' and V’ given in (WOT) and (WOT"). Since for all
reF, C(x,m,) = C(z,7,) =0, we have

2

Vp,v </ (x, ;) p(dr) < 9e.
Let 7*¢ € TI(p, ) be optimal for V(u,v). For P, P" € P(X x P(Y)), let

p(P, P) = _inf ((dx(z,2") + p(p,p')) A1) x(dz, dp, d2’, dp’).

XEI(P,P") /XXP(Y)XXXP(Y)

Since ju(dx) 6r, (dp) 0,(dz") .+ (dp’) is a coupling between J(7) and J(7*°), we can esti-
mate :

HI(r), (™) </ p, 75°) p(da)

< [ o) + [ [ (dy (o) A1) (ra + 73) (dy) plda)
<V(p,v)+ 2 < 1le.

For k € N, let 7*¢ € TI(u*, V%) be optimal for V(u*,v*). Then J(7%¢) is optimal for
V'(u*, V%) by Remark 5.3.3 (b), and converges to J(7*¢) in W, and therefore weakly by
Remark 5.3.3 (d). Then we get

limsup p(J (79), J (7)) < limsup (5(J (7<), J(7°9)) + p(J (x*%), (7)) < 11le.  (5.3.26)

k—4o00 k—+o00
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So far € > 0 was arbitrary. Therefore, there exists a strictly increasing sequence (ky ) yen
of positive integers such that

YN e N*, Vk>ky, plJa"2""), J(x)) <1227V,

For k € N, let N, = max{N € N | k > ky}, where the maximum of the empty set is
defined as 0. Since ky is strictly increasing, we find that N, — +o00 as k — +o00. Then the
sequence of couplings

mh =k e (kU8 ke N

is such that p(J(7*), J()) vanishes as k goes to +oo, and therefore J(7%) converges weakly
to J(m). Moreover, since W,-convergence is equivalent to weak convergence coupled with
convergence of the r-moments, we have that the r-moments of ¥ and v* respectively converge
to the r-moments of y and v, which implies

Jo ) WE0) (@) drydp) = [ Wik, 8,0) i) = [ di (g o) v ()
XxP(Y) X Y
e /Y dy (y, yo) v(dy) = /X iy Vr (0 000) I () (de, dp).

We deduce that J(7*) converges to J(w) in W, as k — +oo. According to (5.1.3), 7%
converges to ¢ in AW,., which concludes the proof. O]

In the proof of Theorem 5.2.5 we need to be able to confine approximative sequences of
couplings to certain sets. The next result provides all necessary tools for this.

Lemma 5.3.4. Let u, % € M, (X), v,v* € M.(Y), k € N all with equal mass and 7 €
(p*, %), k € N, converge to © € I(p,v) in AW,.

(i) Let A C X be measurable and B D A be open. There are ji* < y*|p and ey >0, k € N
such that #* := g% x 7% satisfies

AW, (7% (1 — )7 axy) + &k i 0.
—+o00

(ii) Let C C X be an open set on which v is concentrated. There are p* < ji*, o8 < ¥,
7k =k x 7% e TI(*, 0%) concentrated on B x C and &}, > 0, k € N such that

AW, (L= e)mlay) + [ Wi (7S, k) i (da) + 2, — 0.

k——+o00

Proof. Both assertions are trivial if p(A) = 0. So assume that p(A) > 0.

(i) Let x* € TI(1*, 1) be optimal for AW, (7%, 7) and x = (id, id).p.
Since x*(dx1, dx2) 8(zy ) (dxs, dzs) defines a coupling in II(x*, x), we find

W (X", x) < /X4(dX($17903)T + dx (w2, 24)") X" (1, dws) 80y 00 (ds, ds)
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= / dx (z1,72)" X*(dxy, dry) < AWL(7F ) = 0, k — +oo.
XxX

Further, let P : P.(X x X) — P(X x X) be the homeomorphism given by

(1 4+ dx(z1,20)" + dx (22, 20)") n(dxy, drs)
P dxq.d =
(e, dee) = (o) + dx (@, 70)") {dy, day)

for n € P.(X x X). Recall (5.1.1), then it is easily deductible that P(n') — P(n) weakly if
and only if ¥ — 7 in W,. In particular, we find P(x*) — P(x) weakly as k goes to +oo.
Let f € ®.(X x X) and

Txwa(xy, x2) f(z1,22)
14+ dx(z1,20)" + dx (2, 20)"

o: X x X (21,29) —

Then ¢ is a bounded measurable map which is continuous w.r.t. the first component. As
a consequence of [127, Lemma 2.1], we find

/ o(21, 22) P(X")(d21, dza) — (1, 22) P(X)(dr1,dxs), k — +00,
XxX XxX

which amounts to

[ fen ) Ploaldon de) > [ f(en @) xealden des), k- 4o,
XxX XxX

Therefore (5.1.1) yields W,-convergence of x*|xx4 to X|xxa. By Portmanteau’s theorem,
we have

X"(B x A) < u(A) = x|xxa(B x B) < llimjnkath(B x B) = liminf x*(B x A),
— 400

k—4o00

hence ¢, := 1 — Xklsl(?AX)A), k € N is a null sequence of nonnegative real numbers. Denote by
[*, resp. ii* the first resp. second, marginal of x*|px 4, k € N. Note that
~k
fr(X)
1l —¢er = . (5.3.27)
1(A)
We want to show that
AW, (1" x 7% (1 = ep)p|a x 7)) — 0. (5.3.28)
On the one hand, note that
AWE (% x ¥ i x ) < . (d;}(:c,x’) + Wf(w’;,ww/)) X" Bxa(de, dz')
< / (d& (z,2') + Wi (xk, 7@)) X" (dx, d2’) (5.3.29)
XxX

= AW (7" 1) =0, k— +oc.
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On the other hand, let
it =1 —epla, F=p"AE" and o = pH(X) - CNX) = (X)) - CF(X).

Let X* € T(ii* — ¢*, i¥ — ¢*) be optimal for AW.((* — ¢*) x 7., (1% — ¢*) x 7,). Since
((id,id).¢* + x*) is a coupling between i* and fi¥, we find

AW, (7* X g, fi* % 1) < /X (e (2, ') + W (10, 7)) Xo(dez, d2')
= AW (5" = ¢F) x mp, (0* = ¢*) x )
< AWT((ﬂk - Ck) X Ty, O‘k(;(xo,yo)) + AWT((ﬂk - Ck) X Ty aké(ﬂﬁmyo))'

In the next estimates we use (5.3.1). Note that the first marginal of (i* — ¢*) x 7, is
dominated by p whereas its second marginal is dominated by v. Thus, denoting 7*(dy) =

Jx ma(dy) (1* — ¢*)(dz), we find
AW =€) X Mo 18(an) = [ (@l,0) + Wi (m2.0,) (7 = ¢F)(de)

= [ dxle,20) (7 = ¢*)(de) + [ dy(y30) ()
< A5, () + 15, (v).

Similarly, we find

AWL((A" = ¢*) X Ty, b o) < I, (1) + 15, (v).
If we can show that a4, vanishes for & — 400, then we find by Lemma 5.3.1 (b) that
AW, (1" x 7, jiF x 1) — 0, (5.3.30)

k—+o00

and the triangle inequality with (5.3.29) and (5.3.30) yield the assertion, (5.3.28).

Since [i*, i* < pu|a, the respective densities of ;¥ and i* with respect to u|s satisfy

jfl:, % < 1. Then
e B dﬂk dﬁk + d/]k
o=t (0 -0 = [ (S0 - @) waw < [ (1- @) v
= p(A) — i*(A) = exp(A) — 0,

k——+o0
which is conclusive.
(ii) To show the last assertion, we denote by 7* and 7 the second marginal of ji* x 7*
and p|4 X 7, respectively. Since we have to remove mass outside of C' from 7* and the
corresponding kernels, we consider the W,-optimal couplings

ek, (1 —ep)p) and {F € (M (C)o, 0(C)i¥| o).
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k. Using the couplings x* and {* we define

From now on, we denote by /i
iy (d2).

the kernels
dz :/ Xo(dz) mh(dy) and  #%(dt) /
Y

whose second marginal denoted " satisfies

My = [ [ [ i) akay) (dz) <
nC) 7*lo(dt).

A=)
=T =G

Let then 7% := g*

and since v is concentrated

So D% is concentrated on C. Moreover, we have 7*|o < v,
ok = 0F|o < VP For k € N, let £}, € R be such

on C, 7(C) =v(Y) = pfa(X) = u(A), hence
that #(C)
-d="0 (5.3.31)

< (X)) = (1 —ep)u(A) < p(A), hence ¢}, is

For k € N, using (5.3.27), we have 7*(C')
nonnegative. Then it remains to show that
+¢e, — 0.

AW, (7, (1= &)nlaxy) + [ WIS 78) i (d) + &), —

(5.3.32)

Since we have
k
z

7 (dy) XE(dz) € T, %),
7©) i (dy, d),

| ) mh ) (=) = A
L=k ek (g2, an),

L ) R ) = o

#p(dz) XE(dt) € TL(7, 7y),

we find plugging the expressions (5.3.27) and (5.3.31) that

AW (" > my, i x 77)

< [ Wik, i) it (do)
_2’“*1/ (W (xk, 78) + Wi 7k, 78)) i (da)

<ol /X ( /Y ) midy) Xy(de) + | dy(z ) F(dz) >z§<dt>) ji*(dx)
o (PO it + G [ et )
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r— l—e r ~ 1 r(~k ~ =~ ~k
_9 (1_€:w (7%, (1 =<))W 1O |C)>.

To see convergence to 0, note that since AW, dominates W,, we find by continuity of
the projection on the second marginal that (5.3.28) implies

Wi (0%, (1 — ex)7) = 0, k — +oo0.

Using Portmanteau’s theorem and the fact that (1 —e;) — 1 as k goes to 400, we have
for all nonnegative function f € ®,.(Y)

limsup 7" (1 f) < limsup 7*(f) = o(f) = ol f) < liminf 7% (1 f),

k—+o00 k—+o0 k—+too

hence
Mlo(f) = o(f), k— +oo. (5.3.33)

Moreover, (5.3.33) applied with f = 1 yields 7*(C) — (C) = u(A) as k goes to +oo,
hence ¢}, vanishes as k goes to +o00 and

W, (7 (CYo, 5(C)oF|¢) = 0, &k — +oo.
We deduce that
AW (iF x ok b < q® </ Wr(zh &%) p*(dr) — 0, k — 4o0.

On the other hand, by (5.3.27) and (5.3.31) we have ¥ = ::E)C())ﬁk = 1 zk ¥, hence

1—¢]
AW, (7 > 7, (1= elpla x m0) = 37—

—€kAW HEF X T (1 — ep)pla x L),

where the right-hand side vanishes as k goes to +oo by the first part. Then (5.3.32) follows
by triangle inequality and the latter convergences, which completes the proof. O]

The addition of measures is continuous with respect to the weak and Wasserstein topol-
ogy. More precisely, we have the estimate

Wi+ s v +v) S W (s v) + Wi (', V)

for all measures pu, p/, v, € P,.(X) such that p and v, resp. ¢/ and ' have equal mass.
When considering the adapted weak topology, the next example disproves a comparable
statement.

Example 5.3.5. Let X = Y = R, and 7* = (5< 1) ¢ = 5<_1 1) k € N. Then both
k?
sequences are convergent in AW, but

2
AW, (7% + P, d0,1) +60,-1)) = z +2
does not vanish.
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However, we show in the next Lemma that the addition of measures with respect to the
weak adapted topology could still be somehow considered continuous if one of the limits has
mass significantly smaller than the other.

Lemma 5.3.6. Let fi, jif, 0,0 € M.(Y), k € N be with equal mass and fi, i*, 7, 17’“ €
M,.(Y), k € N be with equal mass smaller than ¢. Let #% € TI(g*, 0F), 7% € H(,u ZN
keN, 7 ell(ii,v) and © € II(f1,v). Let u=p+ i and v =0+ . Then

(a) We have for all k € N
AW (7% + 75 7 + 7)
< AW(EN 7) + 277 (I (3) + (") + 12(9) + I2() + 217 (19) + 217 (7))
< AWER 7) + (2712 (WE(EF, ) + Wi 08, 9) + 20 (0F,

+ 2 1+ 27N () + 3.2 (1 + 27 DI (v),
(5.3.34)

where I7(-) is defined by (5.3.1).

(b) If (7F)ren converges to & in AW, and (u*
converges to p, resp. v, in W,, then

PP+ [ ken, resp. (VF = 0% + P )gen,

limsup AW (7% 4+ 7% 7 4+ 7) < C(I7(p) + I7(v)), (5.3.35)

k—+o0

where C' > 0 depends only on r.

Proof. The second inequality of (5.3.34) is easily deduced from the first one, (5.3.2) and the
fact that I7 () < IT(w), IZ(7) < IZ(v) and IZ(D) < IZ(v).

To see (b), assume for a moment that the first inequality of (5.3.34) holds true and
suppose

k

i s qain AW, pr=pF+p"—p and S =0F40F 5 vin W,

as k — +oo. Using Lemma 5.3.1 (a) and then (5.3.2), we get

lim sup AW (7% 4+ 7% % + %) < C’' lim sup ([;(Mk) + 1L + I () + ]g(’/))

k—4o00 k—+o0

< C'limsup (Wf(,uk,,u) +Wr (W, v) + IZ(p) + I;(”))

k——+o00

= C(IX(p) + LL(v)),

where C, C" > 0 depend only on r. Hence (b) is proved.
To conclude the proof, it remains to show first inequality of (5.3.34). Let p* € II(i*, i)
be optimal for AW,.(#%,#) and p* € II(i*, i) be arbitrary. We write p* = p*¥ + . Then

AW (RE 475 7 4+ 7) < (d (2, 2') + Wi (7" + 7)a, (7 + 7)) p¥(de, da’). (5.3.36)

XxX
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d—ﬁ and pF = %. Notice that p and p* take values in [0, 1]. The identities

(7 + 7)(do, du') = plda) (P(@) Fa(de') + (1 = () Fuld)),

(7" + 7)(do da’) = i (do) (§(2) RE(d') + (1= p(2)) 7 (') ),

provide representations for the disintegrations of (#+7) and (#* +#*) respectively for u(dz)-
and p*(dx)-almost every z:

(7 + 7)e = P(2) 7w + (1 = ()70, (7% +7F), = pF(2) 7% + (1 — pF(2)) 72

Thus, we have when letting of (z,2") = (pF(z) — p(2/))*, oF (z,2) = (pF(z) — p(2’))~
and %(x,2') = p*(z) A p(z') that

WL (7 + &), (7 + 7))
< W (B8, o) 75, B4 (a, a) o)
+ W] (ai(a:, )75+ (1= (@) 75, o (2,2) 7o + (1= p(a')) w) (5.3.37)
< B, 2 YW (35, 7r) + 277 (0 (2, 2 )W (7E, 8y) + (1= 9 (2))WE(7E, 6,)
+ak (2,2 YW (Far, 6y) + (1 = H(2) )W (7, 0y ) -

Since 8% (x, 2') = p¥(x) Ap(x’) < 1, we deduce from (5.3.36), (5.3.37) and AW ,-optimality
of pF

AW:(’f(k —I—’ﬁk”ﬁ' —|—77() < AW:(,]}]C’,]}) + 8 XdX(l,,x/)r ﬁk(dl',d.fE/)
27”71/ Hk T~k 5 ~k dr. d /
™ X><Xp (x)wr(ﬂ-xv yo)p ( X, x)
491 / P YW (R, 6,) B (dez, d’)
XxX
2 /X><X o/i(x, AC Oyo) p*(dz, da') (5.3.38)
+ 27"—1/ (1 —ﬁk(x))WZf(fr’;,éyo)pk(dx,dx’)
XxX
+ 2T_1/ ali(l"'x/)W:(ﬁ‘x/,(syo)pk(dl',dl'/)
XxX

F2 [ (= pa)W (ar,by) (e, ).
XxX
Recall that p* has marginals fi* and ji with total mass smaller than . By (5.3.1) we find
/ dx(z, ') M (de,da’) < 2 (I(A%) + I2(72)) - (5.3.39)
XxX
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Concerning the marginals of p*(x) p(dx, dz’) and p(z') p(dx, dz’), we find the relation

() @*(de) = (1 = p*(2)) p*(dz),  p(a') ilda’) = (1 = p(a)) p(da’).
Again by (5.3.1), we find since p* € TI(ii*, 1), 2% € (¥, 0%) and 4 € [I(fi, 7) that

/)(xXﬁk(w)W:(ﬁ];’5yo>ﬁk(dx’ dgj’) :/XXX(l— Ak( ))WT(W 5 ) k(da:) ng(ﬁk), (5'3'40)
[ P o, 8,) (e, da!) = [ (L= )W, b) il de’) < IE(D). - (5.341)

We deduce from (5.3.38) and (5.3.39)-(5.3.41) that it is sufficient to show

/X o W7 6,,) o (de,da') < 1205, (5.3.42)
/Xxxa — @)W (R, 6,) pF(dx, da') < TT (), (5.3.43)
/X B W (b, pF (e, do!) < I2(9), (5.3.44)
[ U= B (o, 8y) (e, da) < T2 (5). (5.3.45)
To see (5.3.43) and (5.3.45), note that
(1 —p(2)) p*(dz) = i*(dx) and (1 —p(a")) u(de') = p(da’). (5.3.46)

As a consequence, the first marginal of (1 — p*(x)) p*(dx, dz’) is i¥, whereas the second
marginal of (1 —p(a’)) p*(dz, dx’) coincides with fi. Hence, as the mass of ji* and fi does not
exceed €, we have

[ Q=P @)W 8) (. da’) = [ WG 8,,) () = Wi, 6,) = T2(5%),
o Q= D)W ars00) () = [ W (s 8,) flda’) = W7, 8,0) = T2 ().

Next, we show (5.3.42) and (5.3.44). To this end, denoting with a slight abuse of notation
pF(dx, dz') = pF(dx) ph(da') = p(da’) pi(dz), we have

o (z,2) p*(de, da’) < p*(x) p"(dw, da’) = Zﬂ( ) i (de) pip(da’) = i (dx) ply(da’),

O () p(de’) pl () = f(de’) p ().

of (z,4') pM(dw, dr') < p(a’) p*(dr, da’) = =
1

In particular, the first marginal of o (z, 2’) p¥(dz, dz'), denoted here by 7, is dominated
by fi*, whereas the second marginal of o (z, 2') p*(dz, d2’), denoted here by 7/, is dominated
by fi. Concerning the mass of 7 and 7/, remember (5.3.46), o (z,2') < 1 — p(a’) and
o (z,2') <1 — pF(z), thus,

r(X) = [ ah(@.) (e da’) < [ (1= p(@)) plda') = i(X) < e,
XxX X
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7(X) = [ ak(a!) pMdeda) < [ (1= pH@)) p(da) = (X < -

Using (5.3.1), we conclude with

/ of (z, 2" YW (#7E,6,,) p" (da, da') / W (# )7 (dx) < I7(DF),
XxX

/ o (2, 2 YW (s, 8,0) p(d, d’) = / W (#0r,6,,) 7'(da’) < I7(9).
XxX X

]

The addition on M,.(X x Y') is continuous with respect to the adapted weak topology
as soon as the limits have singular first marginal distributions. We recall that two positive

measures 4, v are called singular iff there exists a measurable set A C X such that /L(AC) =
0=vr(A).

Lemma 5.3.7. Let m,x € M, (X X Y) be such that their respective first marginals are
singular. Let 7%, x* € M. (X xY), k € N converge to © and x respectively in AW,.. Then

™+t — m+x in AW,
k——+o0

Proof. Let 1, p2, u¥ and pb denote the respective first marginals of 7, y, 7% and x*. Due
to singularity, there is a measurable set A C X such that j;(A%) = 0 = uy(A).

Suppose first that for all k& € N, pb(A%) = 0 = uk(A). Let pb e TI(uk, py), resp.
o5 € TI(uk, o), be an optimal coupling for AW, (7% ), resp. AW, (x*, x). Since almost
surely

(" + x")e = La(x) mh + Lye(z)xh and (7 + x)e = La(2) mo + 1yo(2) Xa,
we have

AWL(E 4w+ x) < [ (@, 2)) + W+ X, (14 X)) (of + pb) (der, da)

XxX

(d (. 2) + Wi (s, ) pi (e, da’)

XxX
+/ dr (z,2") + W (XE, X )) ph(dx, dx’)
= AWL(7F 1) + AWL(XF, x) = 0, k — +oo.

Let us now go back to the general case. Since X is a Polish space, p; and py are inner
regular, so there exist two compact sets K7 C A and Ky C AL such that

(K% <& and  pa(KY) < e

Since X is Polish, it is normal, hence we can seperate the closed, disjoint sets K7 and
K5 by open, disjoint sets K; and Ky where K C K; and Ky C Ky. Then Lemma 5.3.4
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(i) provides sequences (fiF x 7%)ren and (5 X x*)ren with values in M(X x Y) and null
sequences (ex)ken and (nx)reny with values in [0,1], such that af < uf|z . @5 < pblz, and

AW x i, (1= en)mliy) + AW(s X x5, (1= )Xl koxy) = 0,k — +oo.

To apply Lemma 5.3.6 (b), let 0 < &’ < ¢ be such that &'(u1 (K1) + pu2(Ks2)) < e. Let k
be sufficiently large such that ¥ A n* < &’. We consider the sequences
g 1= L—& k

T =1 k,u1><7T+

where 7% is well-defined in M,.(X x Y) since ¥ < ¢’ and n* < £’. Note that as k — +o0,

/

—c 5
AW, (gkﬂ'l x 7k (1—¢ )7T|K1Xy> = AWT (p, x k(1 — Ek)ﬂ'|[(1><y> — 0,

f1—=€
AW (£ k(1= ) -

11—
1-
1 - r [~ k

. AW (5 % X5, (1= ") x| kaxy) = 0.
Since the first marginal distributions of i} x 7TI; and (1 — ex)7|k, v, resp. fi5 x x5 and

(1— 1) x|Kyxy, are concentrated on Ki, resp. Ks, and since K; and K, are disjoint, we have
according to the preceding part that

AW (7R 7)) =0, k — 4o0.

Due to AW,-convergence of (7%)ren and (x*)pen, We obtain W,-convergence of the
marginals of 7% + \* to the marginals of 7 + y. Furthermore, we have

X XY) =7(X X Y) < pn(K7) + po(K5) + €' (1 (Ky) + pa(K2)) < 3e.
Then (5.3.35) yields
lim sup AW" (7% 4+ x*, 7 + x) = limsup AW! (7" + 7% & + 7)
k—4o00 k—+o00

< C ([§a<:u1 + :uQ) + Iga(yl + UQ)) )

where 1, and vy denote the respective second marginals of 7 and y, and the constant C' only
depends on r. Therefore, the right-hand side vanishes with e according to Lemma 5.3.1 (b),
which concludes the proof. O]

5.4 Auxiliary results on the convex order in dimension
one

We recall that the convex order on M;(R) is defined by

p<egv <= Vf:R—=Rconvex, u(f)<wv(f).
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The following assertions can be found in [25, Section 4]: for all (mg, m;) € R x R, there
is a one-to-one correspondence between finite positive measures p € M;(R) with mass mq
such that [ v u(dy) = my and the set of functions u: R — RT which satisfy

(i) w is convex;
(i) u(y) — moly — my| goes to 0 as |y| tends to +oo.

Any function which suffices (i) and (ii) is then called a potential function. The potential
function of u is denoted by

u(y) = [ ly = al p(de).

A sequence (1*)ren of finite positive measures with equal mass on the line converges in
W to p iff the sequence of potential functions (u,)ren converges pointwise to u,. In that
case, since for all y € R the map x — |y — x| is Lipschitz continuous with constant 1, we
have by Kantorovich and Rubinstein’s duality theorem that

sup 1,0 (g) = ()] < Wil ) =0,k = +oc,
ye

hence we even have uniform convergence on R of potential functions.

In dimension one, for all m; € R, the set of all finite positive measures with mean m; is a
lattice [120, Proposition 1.6], and even a complete lattice [121]. Then all u, v € M;(R) with
mean my have a supremum, denoted p V., v, and an infimum, denoted u A, v, with respect
to the convex order. In that context it is convenient to work with potential functions since
they provide simple characterisations of those bounds:

p Vv is defined as the measure with potential function u, V u,,

p Ac v is defined as the measure with potential function co(u, A u,),
where co is the convex hull.

Lemma 5.4.1. Let (u*)ren, (V¥)ren be two sequences of Mi(R) converging respectively to
p and v in Wi. Suppose that there exists (mg,m;) € R% X R such that p*(R) = v*(R) = my
and [ pF(dx) = [y vi(dy) = my for all k € N. Then

m Wi(" Ve V5, i Vee v) =0 and  lim Wi(" A V¥, 1t Aew v) = 0.

k—+o0 k——+o0

Proof. Convergence in W is equivalent to pointwise convergence of the potential functions.
Thus, the convergence of u* Ve, V¥ to p Ve, v in W, is a consequence of the pointwise
convergence of Uk ok = Uk V Uyk 10 Uy V Uy = Upy -

To show convergence of piF A, UF to i Agp v in W, it is sufficient to show for all x € R

Uy gk () = cO(tye A uye) () = co(uy, Auy)(2) = upp,o(z), k= +o0. (5.4.1)
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Since u,x and u,r converge uniformly on R to w, and u, respectively, we have uniform
convergence of u,s A u,k to u, Au,. Let € >0 and kg € N be such that for all £ > ko,

:Stlel]g (e A wn ) () — (u, Awy)(x)| < €.

For all k£ > kq, we find

co(uy AN y) — € < (uy Ay) — € < uye AUk,

co(uyr Atyr) — € < (Upr Atyr) — € <ty Ay,

Thus, as the convex hull is the supremum over all dominated, convex functions, this
yields
co(uy A uy) —e < co(um Auye) < co(uy, Auy) + €,

which proves (5.4.1) and completes the proof. O

We now prove the key argument to see that it is enough to prove Theorem 5.2.5 for
irreducible pairs of marginals.

Proof of Proposition 5.2.4. To construct the desired decomposition, pick for all £ € N a
coupling 7% € Il (u*,v*). Let I, and 7, denote the left and right boundary of the open
interval {w,, < u,,} on which p, is concentrated, and set

F;L(Tn—) Fu(Tn—)

1k (dx) :/ 5F_k1(u)(dx) du, v*(dy) :/ ngkl(u)(dy) du.
o 3

u=Fy(In) u=Fu(ln)
These are the respective marginals of 7% on R? given by

Fu(rn*)
k (dz, dy) = / 8oty () 1, () . (5.4.2)
Hk

u:F;z (ln) Hk

k k

n

J =10,1]\ U (Fuln), Fura=)),

neN

<ex VE

Since 7" is a martingale coupling, we have p .

Finally define

and set
n"(dz) = /ueJ 5F;k1(u) (dz) du, v*(dy) = /ue ﬂ-;{;—l(u)<dy) du.

J Pk

These are the respective marginals of 7% defined by
~k _ k
7 (d, dy) = / e (d) T () du,

which is again a martingale coupling with marginals (n*, v*), thus, n* <., v*.
Using inverse transform sampling for the second equality, we find

1
<7~Tk + 3 Wﬁ) (dz, dy) = /u:O 5F;kl(“)(dx) W§;k1(u)(dy) du = / 8¢ (dx) 8% (dy) p* (da®)

neN zkeR
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= pf(dx) 7} (dy) = 7" (dz, dy).
Concerning the marginals, we deduce

77k+z,ufl:uk and Uk—i—zyszyk.

neN neN
For all (7,u,l,r) € Pi(R) x (0,1) x R x R, we have by (5.2.3):
FE()<u<FE(r=) = I<F'u)<r = F() <u< F(r—). (5.4.3)
Since pi,(dz) = 1, ) (x) pr(dx), using (5.4.3) for the second equality we find
Fu(rn—)

i (dx) = /a:’e(ln,rn) 0y (dz) p(dx) = /UFH(ZH) 5F;1(u)(dx) du.

We deduce that

)

1 Fu("‘n_)

Op () (dx) du — Z/

=0 neN u=Fy(ln)

1) (dz) du.

/ 5F;1(u)(dx) du
= s

Since the monotone rearrangement gives an optimal coupling, we have

WA )+ 3 WA gi) = [ 13 0) = £ )] d = W ),

neN

hence
: k _ _ : k
Jm W) = 0= Tim Wiy, p), Ve N.

Since the marginals of 7" converge Weakly, the sequences (uk)keN and (vF)gen are tight,
and so is (7%)gen. For any m € N, 7F is dominated by 7%, hence (7%)ey is tight and
therefore relatively compact. Moreover, by W;-convergence of (¥ ken and (v%)ren, the

sequences ( g || 11* (da:))keN and ( Jr 1Yl V’“(dg))keN are convergent and therefore bounded.

Hence the sequences ( Jr || /,Lﬁ(dx))keN and < Iz Yl u,’j(dy))keN are bounded as well and admit

convergent subsequences. Since the W,;-convergence is equivalent to the weak convergence
and the convergence of the first moments, we deduce that the sequence (7F).ey is relatively

compact in W;. There are subsequences (m’?) jen converging in W, to a measure 7,, where
7, < 7. The first marginal of 7, coincides with pu, due to continuity of the projection, thus,

Tn, S 7T|L,L><R = Tp.

As (R x R) = p,(I,) = m(R x R), there must hold equality, ie., 7, = m,. In
particular, (7%),cn has only a single accumulation point and is therefore W,;-convergent. Due
to continuity of the projection, (v¥)ren converges in Wy to v, for each n € N. Analogously,
we find that (v¥)gey converges to . O
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The next two lemmas explore certain scaling and restrictions of measure on condition
that the transformed measures are in convex order.

Lemma 5.4.2. Letr > 1 and pp € M, (R?) be a finite positive measure. Let m; = [p x pu(dx)
and p®, o € Ry be the image of u by y — a(y —my) +my. Then for all o, € Ry,

Wi i?) =18 = al ([ 1o - mmu(d:zc))i . (5.4.4)

Moreover, (1%)qer+ constitutes a peacock, i.e., a < 3 € Ry implies u® <., pP.

Remark 5.4.3. Let 19,17, € M,.(R?) be with equal mass and 7 be an optimal coupling for
W,(no,m). For all t € [0,1], let 1, be the image of v by (y,2) — (1 — t)y + tz. It is well
known that the curve [0, 1] 3 ¢ — 1, is a constant speed geodesic for W, connecting g to ;.
Moreover, for all 0 < s <t¢ < 1, the image of v by ((1 — s)y + sz, (1 — t)y + tz) is an optimal
coupling for W,.(ns, ;).

In particular for a < 3 € Ry, 19 = 6, and 0, = p?, we have v(dy, dz) = 6,(dy) p°(dz)
and for t = §, n; = p®. Therefore, the image of v by (y,2) = ((1 —t)y + tz, z), that is the
image of u by y — (a(y —x) +z, B(y — x) + x), is an optimal coupling for W, (u®, u”), hence
(5.4.4) is proved.

Since the proof is brief, we add it here for the sake of completeness.

Proof of Lemma 5.4.2. Let a < 8 € R,. We have by the triangle inequality for W, that

1

([, Jo =l 07(d2))” = WG ) < WG ) + Wi, )

</]Rd |z — my|" M%dm))i W, (e, Mﬁ)'
Thus,
Wi (1, 1) > (/Rd |z — 7711!1”,w3(cl:16))i B (/Rd v — m1\rua(dx))i
=(B—-a) (/Rd |z — mlrﬂ(d:p)) 1

Since the image of p by x — (a(z —my) +my, B(y —my) +my) is a coupling between p*
and %, we also have the reverse inequality

W) < (5= ) ([ e =il ()

which proves (5.4.4).
To see that (u®)acr+ is a peacock, we fix again a < € R, and any convex function f
on R?. Due to convexity, we have

PO = [ @l = m) -+ m) p(da)
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< [ (G0t =+ (1) som) ) wia) <40,

O
Lemma 5.4.4. For all p € P1(R) with barycentre m; € R and R > 0, let p® be defined by

R—m1 R+m1
ok Rt TR

pR =D Nex ( (5R> Zf R > |m1’7

and p® = 6,,, otherwise. Then

(a) For all R >0, pr < p, and if R > |m4|, then p' is concentrated on [—R, R].

(b) We have
R
Wi(p™,p) o O
Proof. Let p € Pi(R) be with barycentre m; € R. For all R > |my], let o = ;7165 5 +
R;gl dr, so that pft = pALn®. If R < |my| then pft = Om, SO we clearly have pft <o p. Else,
pft <., p still holds by definition of the convex infimum. Moreover, since n’t is concentrated
on [—R, R], so is p® by domination in the convex order, hence (a) is proved.

To show (b), we show that for all y € R,

Uppyr (Y) = co(uy A uyr)(y) = up(y), R — 400. (5.4.5)
Let € > 0. Since u,(y) — |y — my| vanishes as |y| — +o00, there exists M > 0 such that
VyeR, |yl >M = u,(y) <|ly—mi|+e

Let Ry = |mi| + supyei_pran up(y) and R > Ro. The map u,r is a piecewise affine
function which changes slope at —R and R and such that u,r(y) — +o00 as |y| = 4o00. It
therefore attains its minimum either at —R where it is equal to R + m; or at R where it is
equal to R — my, and this minimum is equal to R — |my|. We deduce that for all y € R,
u,r(y) > R — |my|. Moreover, 0,y <¢» uy,r, hence we also have u,(y) > |y — my| for all
yeR. Let y € R. If [y| < M, then

up(y) < su%[] u, = Ry — |my| < R —my < uyr(y).

Else if |y| > M and wu,r(y) < upy(y), then
up(y) < ly —ma| +e <upn(y) +e.

We deduce that for all y € R and R > Ry, up(y) —¢ < (up Auyr)(y). Thus, as the convex
hull is the supremum over all dominated, convex functions, this yields

Uy, — & < co(uy A tyr) < Uy,

which proves (5.4.5) and completes the proof. ]
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5.5 Proof of the main theorem

We consider the setting of Theorem 5.2.5. Before entering its technical proof, we argue that
it is sufficient to consider the case r = 1 and that we can consider without loss of generality
that (u,v) is irreducible.

When considering a weakly convergent sequence of couplings (7)zcn, whose sequence
of marginal distributions (u*,¥)ien is converging in W,, one can deduce W,-convergence
for the sequence of couplings. This is due to W,-convergence being equivalent to weak
convergence coupled with convergence of the r-moments. To see the latter, we find (when
equipping X x Y with the product metric (d% (z,2') + di (y,y'))"/")

[ (@l mo) + iy o)) 7 dy) = Wi, 0u,) + W, 640)

— WI(N75$0> + WZ(”? 6y0) - /XxY (dTX(vaO) + d;)(y,yo)) W(dl’,dy)

k—+o00

(5.5.1)

By a similar reasoning, we show that convergence in AW, holds as soon as AW holds
and we have W,-convergence of the marginals. This is accomplished in the next Lemma.

Lemma 5.5.1. In the setting of Theorem 5.2.5, assume that there exists a sequence of
martingale couplings ™ € My (u*, V%), k € N converging to m in AW;. Then this sequence
also converges to ™ in AW,.

Proof. Since its marginals are convergent, we have relative compactness of (7%)reny C P (R x
R). By [18, Lemma 2.6] this is equivalent to relative compactness of (J(7%))ren in P,(R X
P,(R)), where J is the inclusion map defined above (5.1.3). Let P € P.(R x P.(R)) be
a W,-accumulation point of the sequence. Again by (5.1.3), we have that J(7*) — J(7)
in Wi, and therefore also weakly in P(R x P;(R)). Note that f € Cy(R x P(R)) implies
[ € Cy(RxPy(R)), and therefore, J(m*) converges weakly to J(m) in P(R x P(R)). Similarly,
we find that P is a weak accumulation point in P(R x P(R)). But the weak topology is
Hausdorff, and therefore P has to coincide with J(m). As a consequence we have W,-
convergence of J(7%) to J(r), and due to (5.1.3) the assertion. O

Next, Proposition 5.2.4 is the key ingredient to show that it is enough to prove Theorem
5.2.5 when (u, v) is irreducible.

Lemma 5.5.2. If the conclusion of Theorem 5.2.5 holds for r = 1 and for any irreducible
pair of marginals (i, v), then it holds for r =1 and for any pair (u,v) in the convez order.

Proof. In the setting of Theorem 5.2.5, fix 7 € I/ (p, v). Denote by (pn, Vn)nen the decom-
position of (i, v) into irreducible components with

L=0+D fny, V=0+ Y Vn
neN neN
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By Proposition 5.2.4, we can find sub-probability measures (n*, v*)gen, (1) @nenxn,
(fo)(k,n)eNXN such that

N <ee U, pF <o vF V(k,n) e Nx N,

n

" —n, V"=, wE =, V= v, in W, k= 4o

For k € N, let x* € Iy (n*,v*) be any martingale coupling between n* and v*. Since
the marginals both converge to n in Wi, (x*)ren is tight and any accumulation point with
respect to the weak topology belongs to I1y;(n, 7). Since x := (id, id).7 is the only martingale
coupling between 1 and itself, (x*)ren converges weakly to x as k goes to +oo and even in
W, according to (5.5.1). We can show that this convergence also holds in AW;. Indeed,
according to Proposition 5.2.1, there exists a sequence Y* € II(n*,v*), k € N, converging to
x in AW;. Then

AWIOE ) < [ WO R () < [ (WA 62) + Wi, 1)) ' (do)
= [ [l =2l + %)) o (d) = [ o = al (3 + 5 (da, o)

Since (x,2') — |2/ — z| € ®;(R?) and x* and x* converge to x in W, we deduce using
(5.1.1) that

/|$ (x* + ") (dw, dz’) —>2/|$—xlx(da: dr')y =0, k— +oo,

hence,
AW (X", x) < AWL(XF XF) + AW (R, x) = 0, k — 4oo.

By assumption we can find for any n € N a sequence (7¥)pen of martingale couplings
between p* and v/*, k € N, which converges in AW, to m, as k goes to +o0, where 7,, denotes
7 restricted to the n-th irreducible component given by (5.2.7). By Lemma 5.3.7, we have
for all p € N that

X+ > ™ & x + Y m in AW,k — 4o

neN, n<p neN, n<p

Moreover, the respective marginals of x* + 3, oy 7%, namely p* and v*, converge in W,
to the respective marginals of x +3,,cn 7, namely p and v. Therefore, according to Lemma
5.3.6 (b), there exists a constant C' > 0 such that

11msupAW1 <X +Y o+ > 7Tn> < C<Il ( )+]§p(V))a

neN neN

where €, = 3>°,cnnsp n(R) Where by convention the sum over an empty set is 0. Clearly,
(ep)pen is a null sequence, thus Lemma 5.3.1 (b) reveals that the right-hand side vanishes
as p goes to sup N. This proves that 7 = \* + 3, oy 7% € Ty (¥, v*) converges in AW, to
T=X+ ey ™ € Uy, v). O
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Proof of Theorem 5.2.5. Step 1. Due to Lemma 5.5.1 and Lemma 5.5.2, we may suppose
without loss of generality that r = 1 and (u,v) is irreducible with component I = (I,7),
l € RU{—o0}, » € RU {+00}. Next, we define auxiliary martingale couplings close to
7 which will be easier to approximate in the limit. We define them with the same first
marginal distribution whereby the second marginal distribution is smaller with respect to
the convex order. These auxiliary couplings will satisfy two key properties: first, their second
marginal distribution must be concentrated on a compact subset of I when the first marginal
distribution is itself concentrated on a certain compact subset K of I. Second, it is essential
that their second marginal distribution has positive mass on two compact subsets of I on
both sides of K.
Fix € € (0, 3). Choose a compact subset K = [a,b] of I with

,u(KB) <e. (5.5.2)

Instead of directly approximating m, we initially consider the martingale coupling 7%
whose definition is given below. For any R > 0, let (72),cr be the probability kernel obtained
by virtue of Lemma 5.4.4. By Lemma 5.4.4 (a) we have for all x € R that ﬂf <ip T
Therefore,

R <
Walrf,ma) <2 [yl ma(dy),

where the right-hand side is a p-integrable function of z. By Lemma 5.4.4 (b) we find
7l — 7, in W) as R — +00. Let 7% := p x 7, then dominated convergence yields

AW, (=t 1) < /RWI(Wf,m),u(dx) —0, R— +o0.

Denote by v® the second marginal of 7. Consequently, v converges to v for the Wi-
distance and v* <., v for all R > 0. Let @ and b be real numbers such that a € (I,a) and
b € (b,r), for instance
b+r

V(a—1)and b= (b+1)A 5

[+a

a=

Since (u,v) is irreducible on I, v assigns positive mass to any neighbourhood of the
endpoints [ and r of I. From now on, we use the notational convention that for all ¢ €
R U {£o0},

[—oo0,¢) ={zeR|z<c}, (e,+0]={reR|c<z} and [—oo,+o0]=R.

In particular, T =1[,7] ¢ R. Then [[,a) and (b,r] are relatively open on the common
support I of the probability measures v and v, so Portmanteau’s theorem yields

. R )Y > ~ .. R//5 >
lminf (1)) > w((1,8) > 0, N inf " (5, ) > vA(b,#]) > 0
Thus, we deduce that we can choose R > 0 such that

R> (—a) Vb, /Rwl(wf‘,wz)u(dx)<6, VR(1,a) >0, and vR((B,r]) > 0. (5.5.3)
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Let w2 be the image of 72 by y — a(y —z) +x when o € (0,1). Then 72 := y x rlte
satisfies by Lemma 5.4.2

AW, (er + (1 — )P </W1 emy + (1 — e)nhe 1) u(de)
< (1=2) [ Wi, m,) pu(d)
< [ Wi xl) ulda) + [ Wil x) plda)
= (=a) [ [ |o—ylnl(dy) plda) + [ Wi(xE7.) p(d)
< (1 =a) ([ Jolutdo) + [ 1ylv"(@) + [ Wil m.) o),

where the right-hand side converges to [ Wi (72 7,) u(dx) < e for @ — 1. Note that

2hoacd b;bl:;? € (0,1), so we can choose o € (0,1) such that

2R—a—a b+b+2R

1 —g)rfte > = : 5.4
AWi(em+ (1 —e)n™ ) <e and «> YT v 5+ 9R (5.5.4)
Let L be a compact subset of I such that the interior L of L satisfies
[(=R)V (ad + (1 — a)a), RA (ar + (1 — a)b)] C L.
Because R > (—a) V b and thereby [a,b] = K C [—R, R], we have that u|x x 7% is

concentrated on K x ([—R, R]NT). Furthermore for any (z,y) € K x ([-R, RJN1T), we find
ay + (1 — a)z € L. Hence, p|x x 78 is concentrated on K x L.
Denote the second marginal of 7rRa by v, Since

(x,y) € (,R)x[l,a) = I<(l—a)r+ay< R—a(R—a) < a;d,
we have that
e (L 5EE)) = [0 sy (o) 7 ) = Rz]l oy (ay + (1= a)a) 7/'(dz, dy)
> R2]l(lR)><[la)( Bdx, dy) = / a)) p(dx).

If v € [R,+0c0), then 7% = §, and since R > a, 77((—o00,a)) = 0. Added to the fact that
1 is concentrated on I, we obtain

/(LR) T, ((—00,a)) p(dx) :/]Rﬂ-m (=00, @) puldz) = vF((—00,d)) = VR([L, &) > 0.

We deduce that

7 b+b
phe ((l, a—;—a)) > 0, and similarly, v (( _g ,r)) > 0. (5.5.5)
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To summarise, we have constructed a martingale coupling 7% € I, (u, v?) close to

7 with respect to the AW;-distance, whose restriction 7f%%|x, is compactly supported on
K x L and concentrated on K x L. Moreover, the second marginal distribution v is
dominated by v in the convex order and assigns positive mass on both sides of K.

Step 2. In the next step we construct a sequence of sub-probability martingale couplings
supported on a compact cube J x J (K C J C I) converging to 7/ |g«g.

Our first goal is to find a sequence v%*, k € N, such that p* <., v®** < v* and

Wh(Rek ey 50, k= oo, (5.5.6)

Defining vf** by
I/R’a’k — l/k /\c (Mk \/c Tk(VR’a)),

where T}, denotes the translation by the difference between the common barycentre of p* and
v* and the common barycentre of v and v™% i.e., [pyv*(dy) — [py v (dy), fulfils these
requirements. Indeed

WL ), %) = | [ yoh(dy) = [ yvidy)| < Wik o,

as k goes to +-00. Then Lemma 5.4.1 provides v** — vA ., (uV %) = vB%in W) as k goes
to +o00. By Proposition 5.2.1 we can approximate 7 with couplings 7%k € TI(uk, veF)
in AW,. Unfortunately the sequence 7f** Lk € N does not have to consist of solely
martingale couplings. Therefore, we have to adjust the barycentres of its disintegrations,
(mfk) to obtain martingale kernels and thereby martingale couplings. Due to (5.5.5) and
inner regularity of ®, we find compact sets

a+a b+b
L_ C (l, 2) ; L+ C (27T>

with v®-positive measure. Let [,7 € I, be such that [ < inf(L U L—) and sup(L U L,) < 7.
Then define

5 N 7 . b+ b 8 i 3b+0b
L_:<l,a+a), L+:< ; ,f) and K:<3“+“,3+>, (5.5.7)

2 4 4

so that L_, L, and K are bounded and open intervals covering respectively L_, L and K
and such that the distance e between L_ U L, and K is positive:

a—a b—0b
AN —— > 0.
4 4

e=inf{|o—y||(z,y) € (L-UL) x K} >

Denoting J = [l~, 7], Figure 5.2 summarises the construction.

The respective restrictions of v®* to L_ and L. are denoted by v* and I/_]T_, respectively.
Since L_ and L. are open, Portmanteau’s theorem ensures that eventually (for k sufficiently
large) ¥ and v each have more total mass than some constant § > 0.
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I a J b P
= - —1
l I_ A K b L, ’
L_ K e L,

Figure 5.2: Points and intervals involved in the proof. The boundaries of the closed intervals
are vertical bars and those of the open intervals are parenthesis.

By Lemma 5.3.4 (ii) there are pF < pk ok < pRak gk = pkxak e TI(p%, 0F) concentrated
on K X L and g5 > 0 such that
AW (75 (1 — )7 g ir) 66 — 0,  k — +oo0. (5.5.8)

The following procedure shows that there are for 4*(dz)-almost every o unique constants
" (), (z) € [0,+00) and d*(x) € [1,400) such that

N ko ok k
P e G L e € L ~k _ k koo
Ty = (1) € P(R), /Ryﬂz(dy) =z, c(zr)Nci(z)=0.

Note that the constraint ¢® (z) A ¢ (z) = 0 provides
/Ryfr’;(dy) <r = "(z)=0, /Ryfr];(dy) >z = (z)=0. (5.5.9)
We require 7* to be a probability measure with mean x, thus,
1+ (z)/F (R) + ¢ (2)vF (R) = d"(z), (5.5.10)
/ y 7 (dy) + & (z / y i (dy) + cF (z /Ryu_(dy) = xd"(x). (5.5.11)

Combining (5.5.9) with (5.5.10) and (5.5.11) yields

k _ fRyﬁi(dy)—x x_fRyﬁl;(dy) ]
~) = Je(z —y) vE(dy) voe o, evk (R) ’

koo T — [pyRE(dy) x— Jpy#h(dy)|]
(@) = Je(y — x) vE(dy) voelo ek (R) ] ’

x—&yﬁwwq

1,1+‘

d*(z) =1+ (2)vE(R) + L (2)Vf(R) €

e

Remember from (5.5.7) that LUL_UL, C [I,7] C I. Then we obtain for ji*(dx)-almost
every x the estimate

) T

ke ak KW k@t di ) -1\  di) -1,
W7y, ) < W < () iR () z) < ———|r=1
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. o — Jpy 74 (dy)| 1l

e

Hence, the adapted Wasserstein distance between #* and #* = fi¥ x 7* satisfies

AW (75,7 </W1 kAR ik (da) < 17

x—/yw (dy) ’ )| ¥ (d)

_ P

AW1( (1 —Sk)TrR’a|K><R)a

where we used Remark 5.2.2 in the last inequality. The triangle inequality and (5.5.8) then
yield
lim AW (7P (1 — )| gxr) = 0, k — 0. (5.5.12)

Next we bound the total mass which we require to fix the barycentres. We find that

/IRWﬂk(dx) < e(yk (R)l/\ k r /Ryﬁ];(dy)‘ ﬂk(dw)

AW, (7%, (1 — 5k) |KxR)
o (R) A A (R))
where we used Remark 5.2.2 again for the last inequality and the fact that v* (R) Av¥ (R) > §

for k large enough for the limit. Consequently, when % denotes the second marginal of 7%,
we have for k sufficiently large that

— 0, k— +o0,

(1—2e)7* < (1 - 2¢)p +(1—25)(y§+y¢)/ﬂ§— K(dz) < (1 — ek,

Step 3. In this step, We complement the martingale coupling (1 — 2¢)7* to a martingale
coupling with marginals p* and ev® + (1 e)vit ek for k sufficiently large. Recall that 7% €
Iy (A%, %) and 789k r € (g, 7)), where 0¥ is the second marginal distribution
of WR’Q\ kxR, are concentrated on the compact cube J x J and

AW1<7?k, (1 — Sk)TFR’a’KXR) — 0, k — 4o00.

g)mlt — (1 —2e) 7| g «g is a martingale coupling with marginals

Furthermore, since (1 —
(1—e)u— (1 —-2e)ulxr and (1 —e)™* — (1 —2e)0,

we deduce by irreducibility of the pair (i, v) on I irreducibility of the pair of sub-probability
measures

ep+ (I—e)p— (1 =28)ulx and ev+ (1 — )™ — (1 — 25)0F
whose potential functions satisfy

0 < up — Ua-20)ulpe < Uspg(1—e)pfoo — U1—2e)pia  ON 1.
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Since those potential functions are continuous, there exists 7 > 0 such that they have
distance greater 7 on J. By uniform convergence of potential functions, for k£ € N sufficiently
large we have

-
0 < wupr — ug_geypr + 5 < Ugpb o (1—eppRook — U—ge)pk  ON J.

On the complement of J we have w_s.)» = U _g-)p+ since both measures are concen-
trated on J and satisfy (1 — 2¢) [ x if(dx) = (1 — 2¢) g y *(dy). Therefore,

(&
0 S U’/Jk - U’(l*Q&)ﬂk S 'Uleyk+(1,€)l,R,a,k — U(1,2€)l~,k on J¢.

By Strassen’s theorem [183], there exists nt € Iy (u* — (1 — 2e)0%, ev® + (1 — e)vBok —
(1 — 2¢)0*). Finally, we write

ﬁk — 77k + (1 — 25)ﬁk (= HM(Mk7€yk + (1 _ €)I/R’Oé’k).

Step 4. In the last step, we show that the sequence constructed in this way is eventually
close to the original martingale coupling 7 in adapted Wasserstein distance.

The marginals of 7 are converging in W to (u,ev + (1 — e)v™%) as k goes to +o0o. We
have according to (5.5.12) that

(1 —28) AW, (7", (1 — gp)T™*) = 0, k — oo.

Since p(K) > 1—¢, (1 —2¢)(1 —¢) > 1 — 3¢, and &, vanishes as k goes to +00, we have
for k € N large enough

(R = (em + (1 — )™ — (1 = 26)(1 — )7 i) (R)
=1—(1-2¢)(1 —ep)pu(K)
< 3¢,

hence (5.3.35) writes

lin sup AWy (7%, €7 + (1= €)7%%) < C(Tpe(p1) + Tnalev + (1 = e)p)),
k

where C' depends only on the exponent 7 = 1. Since v <., v, then ev + (1 —e)v® <, v,
so using Lemma 5.3.1 (e), the triangle inequality and (5.5.4), we get

lim sup AW, (7", 7) < lim sup (AWl(ﬁk, em + (1 — &)™) + AW, (em + (1 — e)ne, 7r)>
k k
< 0(135(/1/) + ]35(V)) + €.

Since the right-hand side only depends on € and vanishes as € goes to 0, we can reason like
in the proof of Proposition 5.2.3 (from (5.3.26)) to find a null sequence (£ )ren, two sequences
(Ri)ken, (0)ken with values respectively in R and (0, 1), and martingale couplings

A5 e M (pF, 6F + (1 — &)p™oek) ke N
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such that
AW, (7% 1) =0, k — +oo. (5.5.13)

In particular, the W-distance of their second marginal distributions vanishes as k goes
to +00, hence the triangle inequality yields

W (Ex/F + (1 — &) v Ry < (88 + (1 — & )vio® v) Wy (v, vF) — 0, k — +oo.

Remember that vfoxk < vk hence & + (1 — &, )vfox* < vk Then by Theorem
2.2.12, there exist martingale couplings M* € Tl (&% + (1 — & )vFwerk LF) k€ N such
that

/ |z — y| M*(dz, dy) < 2W (" + (1 — & vk Py 50, &k — +oo.  (5.5.14)

RxR

Let then 7% be the joint distribution of the first and third marginals of #*®@M¥, that is
n(de,dy) = p(de) | ME(dy) #S(d2) € (1, ).

Using the fact that for u*(dz)-almost every x, #%(dz) M*(dy) € (7%, 7%), we get

CE’ .CU

AW, (k75 /m 7k 78 ik (dr) < /M |z =yl it (d) ME(dy) 7 (d2)

= |Z_y|Mk(dy7dZ)7

RxR

where the right-hand side vanishes by (5.5.14) as k goes to +00. Then (5.5.13) and the
triangle inequality yield

AW, (78 1) < AW, (78 75) + AW (7%, 7) = 0, Kk — +oo,

which concludes the proof. O]
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Chapter 6

Stability of weak martingale optimal
transport and weak optimal transport

Abstract

Motivated by the study of the concentration of measure phenomenon and their con-
nection with transport-entropy inequalities, Gozlan, Roberto, Samson and Tetali [90]
introduced a general notion of transport cost problem called the Weak Optimal Trans-
port (WOT) problem. Backhoff-Veraguas, Beiglbock and Pammer [18] and Backhoff-
Veraguas and Pammer [20] proved that under some regularity assumption on the cost
function, existence, uniqueness and stability hold for the WOT problem. Thanks to a
result proved in the companion paper (Chapter 5), we recover those result in a different
way.

Because the martingale constraint reflects the condition for a financial market to
be arbritrage free, it is natural in the context of mathematical finance to consider the
martingale counterpart of the WO'T problem, namely the Weak Martingale Optimal
Transport (WMOT) problem. Thanks to the main theorem of the companion paper, we
prove the existence, the uniqueness and most importantly the stability of the WMOT
problem under mild regularity assumption of the cost function.

We also prove that martingale C-monotonicity is sufficient for optimality of the
WMOT problem, that the so called Wasserstein projections are Lipschitz continuous in
dimension 1 and finally we establish the convergence in a space of extended martingale
couplings. We discuss a consequence on the surreplication bound for VIX futures.

Keywords: Martingale Optimal Transport, Adapted Wasserstein distance, Robust fi-
nance, Weak transport, Stability, Convex order, Martingale couplings.
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6.1 Introduction and motivations

6.1.1 The Weak Optimal Transport problem

Motivated by the study of the concentration of measure phenomenon and their connection
with transport-entropy inequalities, whose extensive study can be found in [130, 88, 44], Go-
zlan, Roberto, Samson and Tetali [90] introduced a general notion of transport cost problem
called the Weak Optimal Transport (WOT) problem, which they studied with Shu in [89]. In
order to define it we introduce some notation. Let X and Y be two Polish spaces respectively
endowed with the compatible and complete metrics dx and dy. Let u be in the set P(X) of
probability measures on X, v € P(Y) and C' : X x P(Y) — R, be a nonnegative measurable
function. We denote by II(u, v) the set of couplings between p and v, that is 7 € II(u, v) iff
m € P(X xY) is such that for any measurable subsets A C X and B C Y, m1(AxY) = u(A)
and 7(X x B) = v(B). Then the WOT problem consists in the minimisation

Ve(u,v) := inf / C(z, m,) u(dx), (WOT)
mell(p,v) J X

where for all 7 € II(u,v), (7,)zcr denotes a disintegration of 7 with respect to its first
marginal, which we write 7w(dz,dy) = u(dz)m,.(dy), or with a slight abuse of notation,
m = u X m, if the context is not ambiguous. Note that for a measurable map ¢: X xY —
R, the WOT problem with the cost function C' : (z,p) — [y c(z,y)p(dy) amounts to
the classical Optimal Transport (OT) problem already discussed in the companion paper
(Chapter 5). In particular it was mentioned that the OT theory covers an impressive range of
applications. This particularity seems to be shared with the WOT problem, which benefits of
high flexibility. One could for instance see the recent work of Backhoff-Veraguas and Pammer
[21] and the references inside for an investigation of a connection of the WOT problem with
the Schrédinger problem, the Brenier-Strassen Theorem, optimal mechanism design, linear
transfers and semimartingale transport.

In order to gain some insight on the WOT problem, we recall some results of paramount
importance, namely existence, uniqueness and stability. To formulate those results we need
to introduce a more specific setting. From now on, we fix r > 1 and xg, yo two arbitrary
elements of X and Y respectively, their specific value having no impact on our study. Let
P"(X) denote the set of all probability measures on X with finite 7-th moment, i.e.

Pr(X) = {p € P(X) | /XdTX(x,:UO)p(dx) < +oo}. (6.1.1)

Let C(X) denote the set of all real-valued continuous functions on X. The set P"(X) is
equipped with the weak topology induced by

' X)={feC(X)|Ta>0, Ve X, |f(x)] <all+dy(x,xy))}.

Then a sequence (p*)ren converges in P7(X) to p iff

Vg€ 0'(X), p9)= [ 9(@)phdn) — plg) = [ glx)plda)

k—+o0
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It is well known that the latter is equivalent to

1

W,(p*,p) = inf (/Xxxd&(:c,y)ﬂ(dw,dy)>r — 0,

m€ll(p¥,p) k—+o0

where W, is the Wasserstein distance with index 7, which is a metric on P"(X) compatible
with its topology, turning P"(X) into a complete separable metric space, see [8, 168, 190, 191]
for much more details.

Back to the WOT problem, consider a cost function C' : X x P"(Y) — R, being lower
semicontinuous and convex in its second argument. Backhoff-Veraguas, Beiglbock and Pam-
mer [18] prove that for all (u,v) € P(X) x P"(Y), the infimum Vi (p, v) is attained. More-
over, the map (u,v) — Vo(u,v) is lower semicontinuous. Backhoff-Veraguas and Pammer
[20] also prove the stability of the WOT problem: suppose that C' € ®"(X x P"(Y)) and
let pf € P(X),v* € PT(Y), k € N converge respectively weakly to u € P(X) and in W,
to v € P'(Y) as k goes to +00. For k € N, let 7% € II(u*, %) be optimal for V(u*, v*).
Then any accumulation point of (7%),en for the weak convergence topology is a minimiser of
Vo(p, v). If the latter has a unique minimiser 7%, which happens for instance if C' is strictly
convex in its second argument, then 7% converges weakly to 7* as k goes to +0o. In the
latter case, when p*, u belong to P"(X) and the convergence of p* to p holds in W,, then
one can easily show that

™ — 1 in W,. (6.1.2)

k—4o00

However, the topology induced by the Wasserstein distance in not always well suited for
any setting, especially in mathematical finance, since its symmetry does not take into account
the temporal structure of martingales. As explained in the companion paper (Chapter 5), it
is sometimes necessary to strengthen the usual topology and therefore consider the adapted
Wasserstein distance AW, of index r defined for all couplings m = u X 7, 7" = ' x 7, €
P(X xY) by

1
AW,.(m,7") = inf : (/X R (d(z,2") + Wi (7, 7)) X(dx,dx’)) "
X

XE(p,p/

It will prove important to observe that
AW, (7, 7") = W,.(J(x), J (")), (6.1.3)
where J is the trivial embedding map from P(X x Y) to P(X x P(Y)), namely
J:P(X XY)>7m=pxm+— uldr)d., (dp) € P(X x P(Y)). (6.1.4)

There exist other ways to adapt the usual weak topology: Hellwig’s information topology
[101], Aldous’s extended weak topology [2] or the optimal stopping topology [15]. But we
do not lose generality by using the topology induced by the adapted Wasserstein distance
since strikingly, all those apparently independent topologies are actually equal, at least in
discrete time [15, Theorem 1.1]. By the connection Backhoff-Veraguas and Pammer establish
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between the WOT problem and an extended version of it, which minimises a cost function
over a set A(u,v) of extended couplings (see Section 6.2.6 below for a proper definition), in
the setting of (6.1.2) when C' is strictly convex in its second argument, we can derive the
convergence of J(7*) to J(m*) in W, as k goes to +oo, which by (6.1.3) is equivalent to the
convergence of the minimiser 7% of Ve (u*, V%) to the only minimiser 7* of Vo (u, v) in AW,.

In the companion paper we prove that any coupling whose marginals are approximated
by probability measures can be approximated by couplings with respect to the adapted
Wasserstein distance (see Proposition 6.2.3 below). We show in the present paper that this
result allows us to recover the existence, uniqueness and most importantly the stability of
the WOT problem under less regularity assumption on the cost function.

6.1.2 The Martingale Weak Optimal Transport problem

The classical OT theory is not sufficient to solve some major problems raised by the field of
mathematical finance, such as robust model-independent pricing. Indeed, Beiglb6ck, Henry-
Labordére and Penkner [23] showed in a discrete time setting and Galichon, Henry- Labordére
and Touzi [84] in a continuous time setting that one would need an additional martingale
constraint to the OT problem in order to get model-free bounds of an option price. This
martingale constraint reflects the condition for a financial market to be arbritrage free. This
leads to the formulation of the Martingale Optimal Transport (MOT) problem recalled in
the companion paper (Chapter 5). With regard to this, it is natural to study a martingale
counterpart of the WOT problem.

Let d € N*, C : R? x P(RY) — R, and p,v € PY(R?). Then the Weak Martingale
Optimal Transport (WMOT) problem consists in the minimisation

VM (p,v) = inf /Rd C(z, m,) u(dx), (WMOT)

w€llps (p,v)

where ITy; (i, v) denotes the set of martingale couplings between p and v, that is

My (p,v) = {7r = u X m, € I(u,v) | p(dr)-almost everywhere, / y 7. (dy) = :z:}
R

According to Strassen’s theorem [183], the existence of a martingale coupling between
two probability measures p,v € PH(R?) is equivalent to u <., v, where <., denotes the
convex order. We recall that two finite positive measures p, v on R? with finite first moment
are said to be in the convex order iff we have

[ @) utde) < [ ) vidy).

for every convex function f : R? — R. Note that by evaluating this inequality for the constant
function equal to 1, the identity function and their opposites, we have that p and v have
equal mass and satisfy [ga x p(dz) = Jgayv(dy). For a measurable map ¢ : X xY — R, the
WMOT problem with the cost function C' : (x,p) — [y ¢(x,y) p(dy) amounts to the MOT
problem already discussed in the companion paper (Chapter 5).
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The main result of the companion paper is that any martingale coupling whose marginals
are approximated by probability measures in the convex order can be approximated by
martingale couplings with respect to the adapted Wasserstein distance, see Theorem 6.2.4
below. Similarly as for the WOT problem, we prove in the present paper thanks to the latter
theorem the existence, the uniqueness and most importantly the stability of the WMOT
problem under reasonable regularity assumptions on the cost function.

In particular we recover the stability of the MOT problem proved by Backhoff-Veraguas
and Pammer [20]. To do so, they used the tool of martingale C-monotonicity by proving
that it was a stable necessary optimality criterion. However the question remained open
whether any martingale coupling satisfying this condition is optimal. We show here that it
is indeed the case under mild regularity assumptions on the cost function.

6.1.3 Outline

We state in Section 6.2 the main results of the present paper, namely the stability of the WOT
and the WMOT problems, the sufficient optimality criterion of martingale C-monotonicity
for the WMOT problem, the Lipschitz continuity of the so called Wasserstein projections and
the convergence in an extended space of martingale couplings. We also connect this work
with an application on the surreplication bound for VIX futures. Those results have their
own devoted section. Section 6.3 consists of the unified proof of the stability of the WOT and
the WMOT problems. Section 6.4 consists in showing that martingale C'-monotonicity is
sufficient for optimality for the WMOT problem. In Section 6.5 we establish auxiliary results
which help us see that the Wasserstein projections are Lipschitz continuous in dimension 1. In
Section 6.6 we prove a result similar to the main theorem of the companion paper, namely
the convergence in an extended space of martingale couplings. Finally Section 6.7 is an
appendix which gathers the proofs of useful lemmas.

6.2 Main results

6.2.1 An extension of the weak and adapted topologies

For » > 1, the Wasserstein distance W, is widely used to measure the distance between two
probability measures with finite r-th moment. In order to measure the distance between two
couplings, one could also use the stronger adapted Wasserstein distance for reasons discussed
above. Despite being very handy, those distances sometimes lack topological convenience.
For example, the W,-balls {p € P"(X) | W,(p, d,) < R}, R > 0, are not compact for the
W,-distance topology. This observation is not without consequences since it stood in the
way of our proof that martingale C-monotonicity is a sufficient optimality criterion for the
WMOT problem (see Section 6.2.4 below).

In order to overcome that hurdle, we choose in the present paper to work in a finer
topology which benefits of more convenient and flexible properties. We give the definition
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here as well as some insight to understand its basic properties. All proofs and technical
details are deferred to Section 6.7.2 below.

Definition 6.2.1. Let f: X — [1,4+00) be continuous. We consider the space
Pr(X) ={p e P(X) | p(f) < +oo}.

We equip Pr(X) with the topology induced by the following convergence: a sequence
(pr)ken € Pr(X)N converges in P;(X) to p iff one of the two following assertions is satisfied:

() e, — pin P(X) and pi(f) = p(f).

(i) pr(h) e p(h) for all h € &4(X) :={h e C(X)]|3a >0, Vz € X, |h(z)] < af(zx)}.

Unless explicitly stated otherwise, P(X) is endowed with the weak convergence topology:;
for r > 1, P"(X) is endowed with the W,-distance topology; for f : X — [1,+00) continuous,
P(X) is endowed with the topology induced by the convergence described in Definition 6.2.1.
When f is the map « — 1+ d'y(z, zo), then Pr(X) = P"(X) and the two topologies match.
Hence the reader who is not willing to consider this extension may completely disregard it
and consistently view P;(X) as the usual Wasserstein space P"(X).

We will mainly address convergences of probability measures in terms of topology. How-
ever it will sometimes prove useful to consider the metric W; defined on P;(X) by

Vp,q € Pp(X), Wylp,q) ==  sup  (p(fh) —q(fh)), (6.2.1)
h: X—[-1,1],
h is 1-Lipschitz
which is a complete metric compatible with the topology on Ps(X).
A continuous function ¢ : Y — [1,4+00) can naturally be lifted to a continuous function
G:Py(Y)—[1,400) by setting

Vp e Pr(Y), a(p)=plg). (6.2.2)

We will often consider probability measures on P(Y'). A very convenient aspect of the
extended topology is that the spaces P;(P(Y)) and P;(P,(Y)) and their respective topolo-
gies, a priori different, are actually equal. If moreover P,(Y') is endowed with the metric
W,, then those topological spaces are also equal to P*(P,(Y)), whose definition is given by
(6.1.1) with (1,P,(Y), W,) replacing (r, X, dx). Therefore one can freely switch between the
topological spaces P;(P(Y)), P;(P,(Y)) and P(P,(Y)).

It is also possible to extend the adapted weak topology, in the spirit of (6.1.3). Recall
the map J defined by (6.1.4) which embeds P(X x Y) into P(X x P(Y)). For two real-
valued functions f and g respectively defined on X and Y, we denote by f & g the map

X XY 3 (z,y) = f(x) +g(y).

Definition 6.2.2. Let f: X — [1,4+00) and g : Y — [1,+00) be continuous. For k € N,
let pk u € Pr(X), vF,v € Py(Y), 7% € TI(p*,v*) and m € I(u,v). We say that (7%)en
converges in AW g, to 7 if one of the two following equivalent assertions is satisfied:
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(i) J(7*) — J(7) in Pras(X x P(Y)).

k—+4o0

(i) J(7*) — J(7) in P(X x P(Y)), u*(f)

k——+o0 k

There also holds the convenient fact that Praz(X x P(Y)) and Pray(X x P,(Y)) and
their respective topologies are equal, hence we can rephrase (i) as J(7%) T J(m) in
—T00

2 ) and 5 (g) — v(g).

Prag(X x Py(Y)). When f and g are respectively the maps  — 1+ d%(x,z) and y —
1+ d5(y,y0), then (7%)ren converges in AWpg, to m iff it converges in AW,. Once again,
the reader may skip this extension and consider as he wishes that convergences in AW;q,
mean convergences in AW,.

6.2.2 Stability

The proof of the stability of the WOT problem relies on the following extension to the finer
topology of the approximation of couplings on the line in the weak adapted topology proved
in the companion paper (Proposition 5.2.3). This extension is an easy consequence of the
equivalence stated in Definition 6.2.2.

Proposition 6.2.3. Let f: X — [1,4+00) and g: Y — [1,+00) be continuous. Let pu* €
P;(R), v* € Py(R), k € N, respectively converge to i and v in P;(R) and P,(R) respectively.
Then there is for any © € I(u,v) a sequence of couplings 7% € T(u*, %), k € N converging
tom in AWjsa;.

In the martingale setting, we recall the main theorem of the companion paper, namely
that any martingale couplings whose marginals are approximated by probability measures in
the convex order can be approximated by martingale couplings with respect to the adapted
Wasserstein distance. We state it in the setting of our extended topology, which is also a
direct consequence of the equivalence stated in Definition 6.2.2. For » > 1, we denote by
F7(X) the set of continuous functions f : X — [1,400) which dominate z — 1 + d’ (z, xo),
that is

Vee X, f(z)>14d%(z,x). (6.2.3)

Theorem 6.2.4. Let f € F'(R) and g € F}(R). Let u* € P¢(R) and v* € Py(R), k € N, be
in convex order and respectively converge to p and v in Pp(R) and Py(R). Let m € Hp(p,v).
Then there exists a sequence of martingale couplings 7% € Ty (u*, V%), k € N converging to

T in AWia;.

We recall that a sequence (u*)pen of probability measures on X is said to converge
strongly to some u € P(X) iff for any measurable subset A C X, u*(A) converges to u(A)
as k goes to 4o00.

Theorem 6.2.5. Let f : X — [1,+00) and g : Y — [1,+00) be continuous. Let X andY be
Polish spaces, C': X x Py(Y) = R be convez in the second argument, lower semicontinuous
and such that there exists a constant K > 0 which satisfies for all (z,p) € X x Py(Y)

Clap)| < K (@) + [ g)p(an). (6:2.4)
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For k € N, let u¥ € Py(X) and v*F € P,(Y) converge in Py(X) and P,(Y) as k — +oo
to p and v respectively. Suppose moreover that one of the following holds true:

(A) C is continuous.

(B) C is continuous in the second argument and p* converges strongly to u as k — +oo.
Then

(a) Ezistence: there exists m* € I1(u,v) which minimises Vo (u, v).

(b) Stability: we have
VC(Mka Vk) — VC(Ma V)'

k——+o0

Moreover, for k € N let 78" € T(u*, v*) be a minimiser of Vo(u*,v*). Then any
accumulation point of (7%*)ren for the weak convergence topology is a minimiser of
Vo, v). If the latter has a unique minimiser ©*, then

TR T in Prag(X x Y). (6.2.5)

k—4o00

(¢) Uniqueness: if C is strictly convex in the second argument, then the minimisers are
unique and the convergence (6.2.5) holds in AW jay.

Note that the WMOT problem is in fact a particular case of the WOT problem. Indeed,
the resolution of the WMOT problem between i, v € PH(R?) for a cost function C' : RY x
P(RY) — R, amounts to the resolution of the WOT problem between the same marginals
and the cost function

~ o d C(z,p) if [yyp(dy) ==
C:R*x PR )9(x,p)»—>{ Yoo olse € R, U{+oo}.

Since infinite-valued cost functions are not admissible in the setting of Theorem 6.2.5,
the case of the stability of the WMOT problem requires its own statement.

Theorem 6.2.6. Let f € F'(RY) and g € FY(R?). Let C : R? x Py(R?) — R be convex
in the second argument, lower semicontinuous and such that there exists a constant K > 0
which satisfies for all (x,p) € R? x P,(R?)

Clan) <K (f@)+ [ gw)pidy)). (6:26)

For k € N, let u* € Py(R?) and v* € P,(RY) be such that u* <. v* and p*, resp. v*,
converges to p in Pr(RY), resp. v in Py(R?) as k — +o00. Suppose moreover that one of the
following holds true:

(A) C is continuous.
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(B) C is continuous in the second argument and p* converges strongly to pu as k — +oo.
Then
(a’) Ezistence: there exists 7 € Iy (p, v) which minimises VA (u,v).

(b’) Stability in dimension 1: when d =1 there holds

Ve (Wt vty = Ve (). (6.2.7)

(¢’) Stability: suppose that (6.2.7) holds. For k € N let 7%* € Ty (¥, v*) be a minimiser
of VM (P v%). Then any accumulation point of (7%*)ren for the weak convergence
topology is a minimiser of VM (u,v). If the latter has a unique minimiser 7, then

™ 1 in Prag(RY x RY). (6.2.8)

k—+o0

(d’) Uniqueness: if C' is strictly convex in the second argument, then the minimisers are
unique and the convergence (6.2.8) holds in AW pay.

Remark 6.2.7. We actually show that (a’), (¢’) and (d’) are still valid when there exist two
Polish subspaces X and Y of R? such that f is defined on X, g on Y, C on X x P,(Y),
(6.2.6) holds for all (z,p) € X X P,(Y), u* € P¢(X) converges in P¢(X) to p € Py(X) and
vF € Pp(Y) converges in Py(Y) to v € Pp(Y) as k — +oc.

We can exhibit a strong connection betwen the (WMOT) problem and a Benamou-
Brenier type formulation of the MOT problem suggested by [17]. In dimension one, this
problem consists for two probability measures u, v in the convex order in maximising

MT(u,v) == supE Uol o1 dt} (MBB)

over all filtered probability spaces (€2, (F¢)icpo,1, ), real-valued (F;)¢cjo,1-progressive process
(0¢)tepo1) and real-valued (F)icpo,1)-Brownian motions (5;)icpo,1] such that the process

¢

(Mrctoy = (Mo + [ o,dB,)
0 t€0,1]

is a continuous martingale which satisfies My ~ p and M; ~ v. When the second moment

of v is finite, then (MBB) has a unique maximiser (M )icpo,1] [17, Theorem 1.5] called the

stretched Brownian motion from u to v, since it is the martingale subject to the constraints

Mg ~ pand My ~ v which correlates the most with the Brownian motion.

Let Oy : RxPy(R) — R be defined for all (z, p) € RxP(R) by Ca(z, p) = Wi(p, N(0,1)),
where A/ (0,1) denotes the unidimensional standard normal distribution. Let p,v € Po(R)
be in the convex order and V&! (1, v) be the value function given by (WMOT) for the cost
function Cy. Let m* € Iy (11, v) be optimal for VA! (11, v) and M* be the stretched Brownian
motion from p to v. Then Remark 2.1, Theorem 2.2 and Remark 2.3 from [17] imply that
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(a) MT(p,v) = 4 (1+ fi |yl? v(dy) — V& (1,v));
(b) 7* is the joint probability distribution of (Mg, M), and conversely

Ve [0,1], M =B [F2 (Fyon(B)IX, (Byo<s| (6.2.9)
where X ~ p is a random variable independent of the Brownian motion (B;)¢co,1], and
F,, resp. F ! denotes the cumulative distribution function, resp. the quantile function
of a probability distribution n € P(R) (see Section 6.2.5 below for more details).

As a consequence of Theorem 6.2.6, for r > 2, the stretched Brownian motion between
converging marginals in W, converges in AW, to the stretched Brownian motion between the
limits. Because of the martingale structure, we even have an estimate of the AW, -distance
between the joint probability distributions of the initial position and the whole trajectory.

Corollary 6.2.8 (Stability of the unidimensional stretched Brownian motion). Let r > 2
and pk, vk pv € PT(R), k € N be such that for all k € N, p* <. v and p*, resp. v*,
converges to j, resp. v, in WW,.

For k € N, let M* be the stretched Brownian motion from p* to v* and M* be the
stretched Brownian motion from p to v. Equipping C([0,1]) with the supremum distance
and denoting by L(Z) the law of any random variable Z, we have the estimate

r

AW (LM, (Moo £OT, (M reto)) < (7 ) AW (£, M), £, M17))

r —

and the right-hand side vanishes as k goes to +o0.

6.2.3 Stability of the superreplication bound for VIX futures

The Volatility Index (VIX), often referred to as the Fear Index, is a popular measure to
determine market sentiment. When investors expect the market to move vigorously, they
typically tend to purchase more options, which has an impact on implied volatility levels.
The VIX is by definition the implied volatility calculated on a 30 days horizon on the S&P
500. The more the VIX increases, the more demand is expressed for options, which become
more expensive. In that case the market is described as volatile. Conversely, a decreasing
VIX often means less demand and therefore decreasing option prices, hence the market is
perceived as calm.

We consider a financial market composed of two financial assets: the risk-free asset and
the S&P 500 (S¢)icqr 1), tradable at dates 77 and T = Ty + 30 days. We suppose known
the market price of call options for any strike K > 0, so that by the Breeden-Litzenberger
formula [46] we get the respective probability distributions p and v of Sz, and Sp,. We allow
trading at time 0 in vanilla options with maturities 7} and 75, and trading at time 7} in the

S&P 500 and the forward-starting log-contract, that is the option with payoff T2:2T1

Sr,
In St at
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T5. In this setting, Guyon, Menegaux and Nutz [99] derive the model-independent arbitrage-
free upper bound for the VIX future expiring at T}, given by the smallest superreplication
price at time 0

(0,400)

Prsger () = inf ( [ wudn+ [ u(dy>) L (6210)

where the infimum is taken over all (uy,up) € L*(1) X L'(v) and measurable maps AS, AL
such that for all (z,y,v) € (0, 400)? x [0, +00),

2
uy () + us(y) + A%(x,0)(y — z) + Al(z,v) (— n? - 1)2> —v (6.2.11)
TQ — T1 T
is nonnegative. Similarly, the model-independent arbritrage-free lower bound for the VIX
future expiring at 77 is given by the largest subreplication price at time 0

Pantye) =suw ([, o utae) + [l i),

(0,400)

where the supremum is taken over all (uy,us) € L*(u) x L*(v) and measurable maps AS, AL
such that for all (z,y,v) € (0,+00)? X [0, 4+00), (6.2.11) is nonpositive.

Note that the primal problem Piype (i1, v) involves in (6.2.11) three variables z, y, s, which
stand respectively for the S&P 500 at time 77, the S&P 500 at time T3, and the VIX at
time 77. We would then naturally expect the dual formulation to involve three marginals.
Strikingly, the dual side of the superreplication of the VIX takes the form of a WMOT
problem with 2 marginals only thanks to concavity of the square root, see [99, Proposition
4.10].

Proposition 6.2.9 (Guyon, Menegaux, Nutz, 2017). Let 0 < Ty < Ty and f: [1,+00) — R,
be given by f(x) = |In(x)| + |z|. Let p,v € Ps((0,+00)) be in the convexr order, then the
dual problem Dgype, consists of

Duper(p,v) = sup Cvix(z,m) p(dr), (6.2.12)

m€llp (p,v) / (0,400)

when Cyrx: (0,400) x Pr((0,4+00)), (z,p) +— \/_ngTl J0,400) I (%) p(dy). The values of
Pyyper(t, V) and Dgyper(p, ) coincide.

The fact that p and v are defined on (0,400) motivated Remark 6.2.7, that is the
consideration of the stability of the WMOT problem in the setting of Polish subspaces of
R?. Note that Cyx is indeed an admissible weak transport cost: on {(z,p) € (0,+00) X
Pr((0,+00)) | Jio400)yP(dy) = 2} it is well-defined and continuous, and the map p
Cvix(z,p) is concave on {p € Ps((0,+00)) | Jgyp(dy) = x} for fixed x € (0,400). Hence,
we can apply Theorem 6.2.6 and find that the robust superreplication bound for VIX futures
depends continuously on the marginals:
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Corollary 6.2.10. In the setting of Proposition 6.2.9, let the pairs u*,v* € P((0,+00)),
k € N, be in convex order and converge in P¢(R) to p and v respectively. Then there exist
mazimisers ™ € My (uf, V%),

lim Dsuper(uk, I/k) - Dsuper<u7 y)?

k——+o00

and any weak accumulation point of (7%*)xen maximises Dgyper (1, V).

6.2.4 Martingale monotonicity

A remarkable tool in the theory of optimal transport is cyclical monotonicity. It allows to
determine optimality of a coupling only by knowing its support. In its spirit the notion of
finite optimality was developed in context of martingale optimal transport in [25] and [93].

Definition 6.2.11 (Competitor). Let a = u X o, € PY(R x R). We call o = p/ x o, €
PLR x R) a competitor of «, if

p= ' and /yo/x(dy) = / yag(dy), p(dr)-almost everywhere.
R R

Definition 6.2.12 (Finite optimality). Let ¢: R x R — R be a cost function. We say that
a Borel set I' C R x R is finitely optimal for c if for every probability measure av € P(R x R)
finitely supported on I'; we have

L eeyadrdy) < [ clay)o(dz,dy)

RxR
for every competitor o’ of «.

Under the assumption that ¢ is continuous and sufficiently integrable, there was shown
in [25, Lemma A.2] and [93, Theorem 1.3] that a martingale coupling is optimal if it is
concentrated on a finitely optimal set.

Recently the notion of martingale C-monotonicity, c.f. [20], was introduced for Weak
Martingale Optimal Transport (WMOT), which was therein used to show stability of the
Martingale Optimal Transport problem.

Definition 6.2.13 (Martingale C-monotonicity). We say that a Borel set I' € R x P}(R)
is martingale C-monotone iff for any N € N, any collection (z1,p1),...,(xy,pn) € T’ and
q, -, qv € P'(R) such that %, pi = X, ¢; and [pypi(dy) = fpy ai(dy), we have

> Claipi) <Y Clai, q).

i=1 i=1

So far, it was known that martingale C'-monotonicity is a necessary optimality criterion

in the following sense, c.f. [20, Theorem 3.4]: let 7* € Il (p, v) be a martingale coupling

which minimises (WMOT), then J(7*) is concentrated on a martingale C-monotone set.
This means explicitly that there is a martingale C-monotone set I with

(x,m,) € ' for pu(dx)-almost every z. (6.2.13)
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Remark 6.2.14. Conversely, if 7 € IIj;(u,v) is a finitely supported coupling of the form
L3N 6 (dx) pi(dy) for 21 < -+ < 2, € Rand py,--- ,py € P(R) and satisfies (6.2.13),
then it is optimal. Indeed, in that case (z1,p1), -+, (xn,pn) € T' and any martingale
coupling 7 € Iy (p, v) is of the form 7'(dz, dy) = + XN, 6,,(dx) ¢;(dy), where g1, -+ ,qy €
PYR) are such that Y p; = SN ¢ and for all i € {1,--- N}, fpypi(dy) = z; =
Jr v qi(dy). By definition of martingale C-monotonicity, we get

1 J /
| Ol me) ) = }:Camm < 3 X Claa) = [, Ol ) plda),

hence 7 is optimal.

However, the question remained open if any martingale coupling satisfying (6.2.13) is
optimal. The stability result, Theorem 6.2.6, allows us to confirm that this is indeed the
case.

Theorem 6.2.15 (Sufficiency). Let f: R — [1,4+00) and g: R — [1,400) be continuous.
Let 1 € Py(R) and v € Py(R) be in convexr order, and C: R x Py(R) — R be a measurable
cost function, continuous in the second argument and such that there exists a constant K > 0
which satisfies

Ya,p) ER X Py(R), Clap) < K (f@)+ [ o)p(dn)).

Let T' be martingale C-monotone and m € Iy (, v) be such that we have (6.2.13). Then
7 is optimal for (WMOT).

In turn Theorem 6.2.15 allows us to strengthen [25, Lemma A.2] and [93, Theorem 1.3]
by assuming less continuity of the cost function.

Corollary 6.2.16. Let f: R — [1,+00) and g: R — [1,400) be continuous. Let i € Ps(R)
and v € Py(R) be in convex order, c: RxR — R be measurable and y — c(z,y) be continuous
for all x € R. Furthermore, let K > 0 be a constant such that

c(z,y) < K(f(x) +9(y), V(r,y) eRxR

Then 7 € I (u,v) is finitely optimal if and only if 7 is optimal for the MOT problem.

6.2.5 On the Wasserstein projection

The continuity of the so called Wasserstein projection is essential in our proof of a desired
convergence in a space of extended marginale couplings, see Section 6.2.6 below. It will
also prove useful to show that the stretched Brownian motion provides a convenient tool to
approximate two probability measures in the convex order with atomless ones still in the
convex order, see Section 6.7.4 below. In this context we will work in dimension 1 and rely
on the very convenient tools of cumulative distribution functions and quantile functions.
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For n a probability distribution on R, we denote by F, : = + n((—o0,z]) its cumulative
distribution function, and by F,' : (0,1) — R its quantile function defined for all u € (0,1)
by
F Y (u) = inf{z € R| F)(x) > u}.
The following properties are standard results (see for instance Section 2.6 for proofs):
(a) F,is cadlag, ;7" is caglad ;

(b) For all (z,u) € R x (0,1),

Fl(u) <z <= u< Fy(z), (6.2.14)

which implies
Fy(z—) <u< Fy(z) = z=F,"(u), (6.2.15)
and Fn(Fn_l(u)—) <u< Fn(Fn_l(u)); (6.2.16)

(c) For n(dx)-almost every = € R,
0< Fy(z), Fylz—)<1 and F,'(Fy(x)) =2

(d) The image of the Lebesgue measure on (0,1) by F, " is 7.

The property (d) is referred to as inverse transform sampling.

For u,v € P"(R), let Z(u,v), J (u,v) € P"(R) be the probability measures whose respec-
tive quantile functions are defined for all u € (0,1) by

FZ—(L,V) (u) = F;*(u) — 0_co(G)(u) and Fj_(lmy) (u) = F, (u) + 0_co(G)(u), (6.2.17)

I

v

derivative. By [4, Theorem 2.6 and Proposition 4.2], Z(u, v), resp. J(u,v), is a projection
of u, resp. v, on the set of probability measures dominated by v, resp. dominating p, in the
convex order:

where G : v — [J(F,' — F,")(u)du, co denotes the convex hull and 0_ the left-hand

W (1, Z(p, v)) = inf{W: (i, n) | n € PT(R), 1 <ew v}
and W,(J (. v),v) = nf{W,(n,v) [ n € P"(R), p < n}.

Notice that for r > 1, the projections Z(u,v) and J(u, v) are unique and do not depend
onr. Forr =1, those projections are not unique and the maps Z and 7 provide a measurable
way of choosing those projections.

Remark 6.2.17. By (6.2.17), the map u FI_(}W) (u) — F,*(u) is the opposite of the left-
hand derivative of a convex map, hence it is nonincreasing. Therefore, for all u € (0,1), its

mean on (0, u) is bigger than or equal to its mean on (0, 1), that is

o Erly o)~ B @) 2 [ (gl o) = @) do = [ yoldy) — [ 2p(an)

u
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where the last equality comes from the inverse transform sampling and the fact that Z(u, v)
and v have the same barycentre, consequence of Z(u,v) <. v. If [pyv(dy) = [z u(dx),
then [j' I(u V)( v)dv > [y F7'(v) dv for all w € (0, 1), and [169, Theorem 3.A.5] implies that
Z(p,v) <ep i1, and therefore Z(u, v) <., t Aep v. In general, there is no equality.

Similarly, we have that p <., J(u,v), and if [ yv(dy) = [z x pu(dx) then v <. J(u,v),
hence p Ve, v < J(,v).

Theorem 6.2.18. The maps L and J are Lipschitz continuous with
Wi (Z(p,v), Z(W' V') < 2Wo (1, 1) + Wi (v, V) (6.2.18)
and Wo(T (p,v), T(W, V') < Wi(p, 1) +2W, (v, V) (6.2.19)
for all p,v, 1/, v € P"(R).

Remark 6.2.19. The inequalities (6.2.18) and (6.2.19) respectively generalise [4, Propo-
sition 3.1 and Proposition 4.3] which state that when p <. v so that Z(u,v) = p and

I (p,v) =

Wi (1, (', V")) < 20 (1) + Wi (v, V)
and W, (v, T(i, V) < Wi(p, 1) +2W, (v, /).

6.2.6 Convergence in an extended space of martingale couplings

The adapted weak topology is defined as the initial topology under the map J, which is
given by (6.1.4) and embeds P(X x Y) into P(X x P(Y)). Conversely, it is widely known
that we can associate to a probability measure P € P(P(Y)) its intensity I(P)(dy) =
Joervy p(dy) P(dp) € P(Y). For the extended space P(X x P(Y)) we naturally define the

extended intensity I by

[:PXxPY)) 3P / p(dy) P(dz,dp) € P(X x Y, (6.2.20)

peEP(Y)

which associates to each P € P(X x P(Y)) a coupling I(P) € P(X x Y). We note that I
is the left-inverse of J.

For (u,v) € P(X)xP(Y), we define the set of extended couplings A(yu, ) between p and
v as the set of probability measures on P(X x P(Y)) whose extended intensity is a coupling
between p and v, that is

Al ) = {P X P e P(X X P(Y)) | pldy) P(de, dp) = u<dy>} |

(z,p)EXXP(Y)

If f: X > R" and ¢g: Y — R" are measurable functions, then any P € A(u,v) satisfies
[ fl@) Plde,dp) = [ (@) plde),
XxP(Y) X
Y
Y

and /XXP(Y/ P(dz,dp) = (y) v(dy).
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For u1,v € PYR?), we define the martingale counterpart Ays(u, v) of A(u,v) as the set of
probability measures on P(R? x P1(R?)), whose extended intensity is a martingale coupling
between p and v, that is

Apy(p,v) = {P € Au,v) | /d yp(dy) = x, P(dz,dp)-almost everywhere} : (6.2.22)
R

The following theorem may be seen as a complement of Theorem 6.2.4.

Theorem 6.2.20. Let f,g € F'(R), and for k € N, let u* € P;(R) and v* € P,(R) be in
convex order and respectively converge to ju and v in Pg(R) and Py(R). Let P € Ap(p,v).
Then there exists a sequence P¥ € Apr(u*, %), k € N, converging to P in Pias(R x P(R)).

Remark 6.2.21. In the light of Theorem 6.2.4, we can add in the statement of this theorem
that when P € J(A(i1,v)), then P* can be chosen in J(Ay(p*, vF)).

6.3 Stability

This section is devoted to the proof of Theorem 6.2.5 and Theorem 6.2.6 about the stability
of (WOT) and (WMOT), and the corollary on the stability of the stretched Brownian motion
in dimension one.

Proof of Theorem 6.2.5 and Theorem 6.2.6. First, we prove (a) and (a’). Let II(p,v) =
(1, v) and Ve, v) = Ve(u, v) in the setting of Theorem 6.2.5, and I(u, v) = Iy (1, v)
and Vo (p, v) = VM (p, v) in the setting of Theorem 6.2.6.

Let (7™)nen € (1, )N be such that [y C(z, 1) u(dz) converges to Ve (u, v) as n — +oo.
By tightness of 1 and v we deduce the existence of a subsequence (7" );en of (7™),en which
converges to some 7" € ﬂ(,u, v) with respect to the weak convergence topology and therefore
the topology of Prag(X x Y) since 7™ (f @ g) = u(f) +v(f) = n*(f ® g) for all € N. By
Proposition 6.7.9 (b) below we then have

A

Ve, v) < /X Oz, 7%) p(dz) < liminf [ Oz, 7™) p(dz) = Volu, v),

l—+o00 JX

which shows that 7* is a minimiser for Vi(u, v) and proves (a) and (a’).
We now show that the convergence

Ve (pk, vF) o Vel v) (6.3.1)
holds in the setting of Theorem 6.2.5, and in the setting of Theorem 6.2.6 as soon as d = 1,
which will prove (b’) and the first part of (b). Let 7* be a minimiser of Vi (u,v). By
Proposition 6.2.3 in the setting of Theorem 6.2.5 and Theorem 6.2.4 in the setting of Theorem
6.2.6 if d = 1, there exists a sequence 7% € TI(1*, v¥), k € N, which converges to 7 in AW ja;,
which is equivalent to J(7*) converging to J(7*) in Pres(X x P(Y)).
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Under Assumption (A), we then have by Lemma 6.7.13 (b) that

/ C(x,p) J(x")(dx,dp) — C(z,p) J(m*)(dx, dp). (6.3.2)
X xPy(Y) k=400 JX xPy(Y)

Under Assumption (B), the strong convergence of (1) to  and the weak convergence
of (J(7%))ren to J(7*) imply by Lemma 6.7.12 (b) that (J(7"*))ren converges stably to J(7*),
hence (6.3.2) still holds by Lemma 6.7.13 (d).

Using (6.3.2) for the second equality, we then have

lim sup Vo (pF, %) < limsup [ C(x,7%) p*(dx)
k——+00 k—4o00 JX

= limsup C(x,p) J(7")(dx, dp)
koo JXxPy(Y) (6.3.3)

= C(z,p) J(7*)(dz, dp)
X xPy(Y)

= Vo(u, v).

Let (Ve (ukt, %) )1en be a subsequence of (Ve (uF, %)) wen converging to lim infy,_, 4o Ve (uiF, vF).
Let m € f[(,u, ) be an accumulation point of (7%*),cy with respect to the weak convergence
topology, which exists by tightness of the marginals. Note that in the martingale case, the
fact that 7 is a martingale coupling is guaranteed by the W,;-convergence of the marginals.
Then by Proposition 6.7.9 (b) below, we find that

tminf Vo, v = lim [ Ol b (de) > [ Ol 7) pldn) > Vo).
With (6.3.3), we conclude that limy_, 4o Ve (1¥, v¥) = Ve(p1, v), which proves (6.3.1).
Let us now prove (¢’) and complete the proof of (b), assuming if we are in the setting of
Theorem 6.2.6 with d > 1 that (6.3.1) holds. For k € N, let 7** € TI(1*, /%) be a minimiser
of Ve(u¥,v¥). For any subsequence (7%*);cy of (7"*)gen converging weakly to some 7,
Proposition 6.7.9 (b) below ensures that

VC(Mv V) = lim VC(”kj’ ij) = lim C(l‘, ﬂ-lmﬁjV*) /L(dl’) > / C(ZE, ﬁ-x) :u(dx) 2 VC(M? V):
J—+00 J—too JX X
so 7 is a minimiser of VC(,u, v). In particular if VC(M, v) has a unique minimiser 7*, it is
the unique accumulation point with respect to the weak convergence topology of the tight
sequence (m"*)en, which therefore converges to m* weakly and even in Pya,(X x Y) since
its marginals converge in P¢(X) and P,(Y) respectively. Hence (b) and (c¢’) are proved.
Finally, let us show (c) and (d’). The strict convexity of C(z,-) for all z € X yields
uniqueness of the minimisers. Indeed when 7,7 € II(y, v) then (m+7) € I1(s, v). When,
moreover, 7 # 7, then p({z € X | m, # 7, }) > 0 and since C(x, 5(m, + 7)) < 3(C(x, 7,) +
C(z, 7)) with strict inequality when m, # 7,

/X C (:B, fa ; ﬁz) p(dr) < ; (/X C(z, 7)) p(dx) + /X C(x, ) u(d:v)) : (6.3.4)
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Let then 7* be the only minimiser of Vc(u, v). To conclude the proof, it is enough to
show that J(m"*) converges to J(m*) in Prgs(X x P(Y)) as k goes to +oo. Let P* €
Pras(X x P(Y)) be an accumulation point of (J(7%*))ren, which exists by Lemma 6.7.8.

To conclude, it suffices to show that P* = J(7*), which is achieved in three steps. Let
A(p,v) = A(p, v) in the setting of Theorem 6.2.5 and A(u,v) = Ap(p1,v) in the setting of
Theorem 6.2.6. First we show that

P* e Ap,v). (6.3.5)

Next, we show that J(7*) and P* both minimise

Voluv) = int C(e,p) P(de, dp).

PeA(p,v) J XxPy(Y)

Finally, we show the uniqueness of minimisers of f/c(u, V).
Let (J(7%*));eny be a subsequence converging to P* in Prgs(X x P(Y)). By Lemma
6.7.10 below we have

/ pldy) J(x")(de, dp) — pldy) P*(dz, dp),
(@,p)EXXPy(Y) l=+00 J(z,p)EXXPy(Y)

where the convergence holds in P, (X x V') as | goes to +00. Since the left-hand side is v/*,
which converges to v in W, and therefore in the weak topology, we deduce by uniqueness of
the limit that the right-hand side is v, hence P* € A(p,v). In the setting of Theorem 6.2.6,
since, as f,g € FLY(RY), X x Py(Y) 2 (z,p) — |z — [y yp(dy)| € Prey(X x P,(Y)), we have
that

0= /
X xPy(Y)

hence P* € Ay (p,v).

Let us show that J(7*) and P* both minimise Vo (u, ). Note that since P* € A(u,v),
we have P*(X x P,(Y)) = 1. Since (J(7**)),en converges to P* in Pras(X x P(Y)), we
find with Lemma 6.7.13 like in the derivation of (6.3.2) that

a:—/yyp(dy)‘ J(7F*) (dx, dp) — )‘m—/yyp(dy)‘ P*(dx, dp),

l=+00 JX xPy(Y

/Xxp ) C(z,p) J(?Tkl’*)(dl’, dp) — C(z,p) P*(dz,dp). (6.3.6)

l=+00 JX xPy(Y)

Then (6.3.6), the definition of 7%* and last (a), resp. (a’), yield

[ Clw.p) P*(de,dp) = lim C(a,p) J(x**)(de, dp)
X xPy(Y)

l=+00 J X xPy(Y)

_1; % ky K
_lilinooVC(M v )

= VC(NH V)
= C(z,p) J(7*)(dz, dp).

X XPy(Y)
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Let P(dz,dp) = p(dz) Py(dp) € A(u,v). Then p(dzx) Joer, vy P(dy) Pu(dp) € II(y, v), so
by Proposition 6.7.11 below for the last inequality,

/Xxpf(y) C(x,p) J(7*)(dx, dp) :/XC(%WSZ)M(dI)

= ‘A/C(ﬂa l/)

< /X C <a: /p " Pz(dp)> plde)
< o L o, Ol p) Peldn) pla),

(6.3.7)

which proves that J(7*) minimises Ve (1, ), and so does P*.

We now prove that J(7*) is the only minimiser of V(s 7). To do so, we first prove that
any minimiser of Vo (i, v) is in the image of J. Let then P be such a minimiser. For x € X,
let 7,(dy) = [yep, vy P(dy) Pr(dp) and 7(dz,dy) = p(dz) 7, (dy). Then J(7) € A(p,v) and
Proposition 6.7.11 below yields

/Xxpf(y) C(z,p) J(ﬁ)(d%dp)Z/XC(x,frx)u(d:c)§/X/Pf(y) C(x,p) Py(dp) p(dz).

By optimality of P, this inequality is an equality, hence for u(dz)-almost every = € X
we have
Clz, ) = C(z,p) P.(dp),
Ps(Y)
and therefore P, = 0z, by the equality case of Proposition 6.7.11 below, or equivalently
P = J(7). Therefore any minimiser of Ve(u, v) is contained in J(II(j, v)).
Recall that for all m € II(, v) we have

J Camptda) = [ Cla.p) J(x)(dr,dp).

XxXPg(Y)

With (6.3.7), we deduce that P € A(u,v) is a minimiser of Ve (p, v) iff P is the image of
a minimiser of VC(,U, v) by J. By (6.3.4) the minimiser of VC(,u, v) is unique. This shows the
uniqueness of minimisers of Vo(u, v), and therefore the uniqueness of accumulation points
of (J(7%*))ren, which is conclusive. O

The proof of Corollary 6.2.8 relies on the following Lemma.

Lemma 6.3.1. Let p > 1, and C, : R x P?(R) — R be defined for all (z,p) € R x P?(R) by
Cp(x,p) = WE(p,7), where v € PP(R) does not weight points. Let Vé\f be the value function
given by (WMOT) for the cost function C,,.

Let r > p and p*,v* € P"(R), k € N be in convex order and converge respectively to u
and v in W,. Then limy_, ;oo VAL (u*, vF) = VA (u,v) and the optimisers are converging in

AW,
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Proof. By Theorem 6.2.6 it is sufficient to show that p — W#(v,p) is strictly convex. Since
v does not weight points, the unique W,-optimal coupling between v and p € P,(R) is
the comonotonous coupling x? given by the map = Fp_l(Fﬂ,(x)) i.e. the image of v by
z — (x, F; Y (Fy(x))). For ¢ € P,(R) and A € (0,1) the coupling x = (1—X)x?+Ax? between
v and (1 — A)p 4+ Ag is not given by a map unless F,'(u) = F,'(u) for all u € (0,1) i.e.
p = q. Therefore, when p # ¢,

(1= W3, ) + AW (3,0) = [ | =yl xlda, dy) > Wily, (1= A+ Aa).

We can now prove the stability of the unidimensional stretched Brownian motion.

Proof of Corollary 6.2.8. Let v = N(0,1) be the unidimensional standard normal distribu-
tion and Cy : R x P%(R) — R be defined for all (z,p) € R x P?(R) by Ca(x,p) = Wi(p,7).
Let VA! be the value function given by (WMOT) for the cost function Cs.

In the setting of Corollary 6.2.8, let 7* € Iy (p, ), resp. % € I (p*, v*) be optimal for
VA (p,v), resp. VAL (pk, vF). For (z,b) € R x RO let B = (B,)sep0,1) be a Brownian motion
and

G*(x,b) = (B |Fi'(Fy(By — By +by))]) and G*(z,b) = (B [F;'(F,(B1 — By + by))] )

tel0,1] te[0,1]

According to (6.2.9), (M}, (MF)icio1)) and (M, (M;)ico.1]) are respectively distributed
according to

n(de,df) = it (de) (G, )W) (Af) and o (de,df) = p(da) (G* (x,-).TV)(df),

where W denotes the Wiener measure on C([0,1]). Let x* € TI(y*, 1) be optimal for
AW, (7%, 7). Then

AW ) < [ (le = WG, LW G, )W) (e, da),
RxR

According to (6.2.9), for p¥(dr)-almost every x € R, G*(z, B) is the stretched Brownian
motion from d, to ¥, hence it is a continuous (F)epo,1-martingale, where (F;);eqo,1] is the
natural filtration associated to B. Similarly, for u(dz’)-almost every x € R, G*(2/, B) is
a continuous (Fy)ep,1-martingale. Therefore, for x*(dz,dz’)-almost every (z,z') € R x
R, G*(z,B) — G*(«/,B) is a continuous (F;)se[o,;-martingale. Using Doob’s martingale
inequality for the second inequality, the fact that F.,(B;) is uniformly distributed on (0, 1) for
the first equality and the fact that the comonotonous coupling between 7% and 77, is optimal
for W, (7¥, 7%,) for the second equality, we get for x*(dx, dz')-almost every (z,2') € R x R

sup ‘G’ z,B), — G* (2, B),

te[0,1] ‘|

-) ElIGH @, B): - G B[

WI(G*(z, ), W, G(a', )W) <E

= (i
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We deduce that

awito) < (S55) [ (o= Wik ) e de') = () AWt e,

where the right-hand side vanishes as k goes to +00 in virtue of Lemma 6.3.1. O

6.4 Martingale monotonicity

In this section we prove the claim that martingale C-monotonicity is sufficient for optimality
for (WMOT).
For g : Y — [1,400) continuous, we denote

FoY):={f:Y — [1,+00) continuous |Vy €Y, f(y) > g(y)}. (6.4.1)

When Y = R? for some d € N*, we denote

FHR?) = {f € F,(RY | 3h: R, — [1,400), hit) s, Fooand f= hog}. (6.4.2)

Proof of Theorem 6.2.15. Let h € F4(R) be such that v(h) < +oo, whose purpose will be
revealed later in the proof. To demonstrate the main idea without further technical details,
we assume for now that p is concentrated on a Polish subset & C R and the restriction
Cl g xp, ) 18 continuous. Let X, : @ — R, n € N be independent random variables identically
distributed according to  and G C ®e4(R x P(R)) be a countable family which determines
the convergence in Pygy(R x P(R)) (see [78, Theorem 4.5.(b)]). By the law of large numbers,
almost surely, for all ¢ € G,

1 n
nkgl/]RXP(R)w<z7p) 6(Xk77TX (dSB dp ZQ/J Xk’vﬂ-Xk)
o E[l/’(XhWXl)]
e (6.4.3)

= | ve.m) plde)

- ?ﬂ(xvp) J(?T)(dx,dp)7

RxP(R)

Moreover, almost surely, for all n € N,
(X, 7mx,) €T N (K x Py(R)), (6.4.4)
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and by the law of large numbers again, we have almost surely

Tllkzi:m(k(h) — Elrx, (h)] = /Rﬂx(h) p(dx) = v(h). (6.4.5)

n—-+o0o

Let then w € Q be such that (6.4.3), (6.4.4) and (6.4.5) hold when evaluated at w and set
rn, = X, (w) and 7" (dx, dy) = + Sp_ 04, (dx) 7y, (dy) for n € N. Then " has first marginal
n _ 1

P = - 3i_1 0y, and second marginal v" = [ p T, (dy) p"(dr). We deduce that 7" is a
martingale C-monotone coupling between p" and v™ which satisfies

1 . i
J(r") = — Z O@pme,)  —— J(m) in Preg(K x P(R)),

n el n—-+00

Thus 7" converges to 7 in AW g as n goes to +oo. In particular we have convergence of
the marginals in P¢(R) and P, (R) respectively, and even convergence in Pj,(R) of the second
marginals since v"(h) converges to v(h) as n — +o0, consequence of (6.4.5) evaluated at
w. Note that due to martingale C-monotonicity of 7", we have according to Remark 6.2.14
that

V() = [ Cla ) (do),

where we recall that the value function VA is defined in (WMOT). Since u", resp. 1"
converges to p, resp. v in P¢(R), resp. Pr(R), by Theorem 6.2.6 we have convergence of the
optimal values VM (™, v™) — VM (u,v) as n goes to +o0o. By convergence of (v"(h))nen to
v(h), the convergence J(7™) — J(r) is not only in Psay(K x P(R)), but even in Pf@ﬁ(f( X
P(R)) (see Definition 6.2.2) and therefore Pf@;l(f( X Pr(R)) by Lemma 6.7.3 (b) below. In
that context, C|z,p, &) € q)feafz(f( X Pr(R)), so

| Clam) ptd) = [, oy O ) T () dp)
= lim C(z,p) J (") (dx, dp)

n—=+00 J K x Py, (R)
:nliglw/]ygc(x’ﬂm)ﬂ (dx)
. M n . n
- i V)

= V&' (),

hence 7 is optimal for VA (i, v).

Next, we drop the additional joint-continuity assumption on C. Since v(g) < +o0, there
exists by the de La Vallée Poussin theorem h € F(R) such that v(h) < +o00. For N € N*,
let By = {p € P,(R) | p(h) < N}, which is a compact subset of P,(R) by Lemma 6.7.7
below, and C(By) be the set of continuous functions from By to R, endowed with the
topology of uniform convergence. The map ¢™: R — C(By) given by ¢™(x) = C(z,")|5,
is Borel measurable due to [6, Theorem 4.55]. Let ¢ € (0,1). By Lusin’s theorem there is
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for every N € N* a compact set K C R such that the restriction ¢"|xn is continuous and
p(KN) > 1 — 5. We have

u(ﬂ KN) >1- 3 u((KN))=1- % 2%:1—5.

NeN* NeN* NeN*

Let K¢ = Nyen+ K, then for all N € N* the restriction ¢™ |- is continuous. We claim
that C|k=xp,(r) is continuous w.r.t. the product topology of R x P (IR). To this end, take any
sequence (zg, pp)ren € (K€ X Py (R))N with limit point (x,p) € K x Py(R). Since py — p
in P, (R) as k goes to +00, the sequence (px(h))ren is convergent and therefore bounded so
there exists N € N such that p,p, € By for all k € N. As ¢"(x;,) converges uniformly to
oV (z), we have

Clarpr) = 6" (@x)(px) 2 0" (@,p) = C(w,p)-

Therefore, C| ke xp,r) is continuous.

Let pu* = ﬁu‘[(s7 = puf Xy = ﬁ'ﬂ'h{sXR and ¢ be the second marginal of 7°.
Obviously uf is concentrated on K¢. Since u(K®)u® < p and 78 = m,, 7° is martingale
C-monotone and satisfies (z,75) € I' for u®(dz)-almost every z. Finally, pu(K®)v(h) =
Jrce me(h) p(dx) < v(h) < +o0, hence v° € P,(R). Therefore the reasoning of the first part
applied with (K¢, uf, v°, 7°) replacing (K, ju, v, ) proves that ¢ is optimal for V2 (e, v%).

Next, we convince ourselves that J(7°) converges to J(7) stably in P;q;, (R x P(R)): let

¥: R x P(R) be measurable and absolutely dominated by a positive multiple of f & fAL, then

HENw) = [ om) (o) = e [ vom) ulde) = [ 0t ulde) = J(m)0),

where we employed dominated convergence and that 1 —e < pu(K¢) < 1. In particular,
the marginals (4%).>¢ converge to g in Pr(R) and strongly, whereas the marginals ().~
converge to v in P, (R) for £ \ 0. Using item (d) of Lemma 6.7.13 yields

lim VA (u'/" 0" = i C(z,p) J(x"/™)(dz,d
Lm Ve vty = Mm [ e G p) ) (de, dp)
= C(e,p) J(m)(da, dp) = [ C(e,m,) p(d)
RxPp(R) R

The marginal sequences (/™) en+ and (v1/™),en- satisfy the assumptions of Theorem
6.2.6 with (B). Hence, by item (b’) of the very same theorem we have that

V() = lim VA (a7 = [ O plde),

n— 00
proving optimality of 7. m
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6.5 On the Wasserstein projection

In order to prove Theorem 6.2.18, we need first to establish some auxiliary results, especially
Proposition 6.5.4 which shows that the convex hull is a contraction.

Lemma 6.5.1. Let 0 < a < b and F,G : [0,b] — R be continuous on [0, b], convex on [0, a)
and affine on [a,b]. Then for any increasing convex function 6: R — R we have

b b
| 0004(eo(F) = co(@)]) (w) du < ["0(10(F = G)]) () du (6.5.1)
where co denotes the convex hull and O the right-hand derivative.

Proof of Lemma 6.5.1. Let f and g be the respective right-hand derivatives of F' and G, so
that f and g are right-continuous functions, nondecreasing on [0, a), which satisfy F(z) =
F(0) + [y f(u)du and G(z) = G(0) + [ g(u) du for all z € [0, b].

First, we make the convex hull of F' explicit. Let

c:inf{xe [0,a] | f(z) > }W}

Since f(a) = w, ¢ is the infimum of a nonempty set. By continuity of F and

right-continuity of f, we have f(c) > w Let A : [0,b] — R be the affine function

which coincides with F' at ¢ and b. Let us show that A < F. We have for all z € [c, d]

+/ w)du > F(c) + (oc—c)f(c)ZF(0)+($—c)ﬁ:A(x).

If ¢ > 0, then by definition of the infimum and left-continuity of x +— f(z—) on (0, a] we
have f(c—) < M Similarly to the previous calculation, we have for all = € [0, ¢]

O+ [ fu=)du=Fle) = [ flu=)duz F(e) = (e~ 2)f(c-)
> Fle) — (e~ ) =10

hence A < F on [0, a]. Moreover, F' is affine on [a, b] and is equal to F'(a) > A(a) at a and
A(b) at b. We deduce that A < F on [a,b] and therefore on [0, b]. This implies that for all

x € [0,0],
Fb) = F(z) _ F(b) = A(z) _ A(b) —Ax) _ A(D) = Ae) _ F(b) = F(e)
b—uz b—ux b—=x b—c b—c
Let z € [0,a). If 2 > ¢ then f( ) > f(e) > M. If x < ¢ then by definition of ¢ and
(6.5.2), f(z) < F(b) F(w) < F(bb (©)  We deduce that
F(b) — F(c)
b—c

Vo € [0,a), f(z)> — r>c (6.5.3)
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Let F : [0,0] — R be the function which coincides with F* on [0, | and with A on [c, b)].
Let us show that F' = co(F'). First, we deduce from (6.5.3) that

vee0,b], Fla +/ ( Flunc) (W)) du, (6.5.4)

hence F is the sum of a constant and an integrated nondecreasing function and is therefore
convex. Moreover, since A < F we have F' < F, so by definition of the convex hull,
F < co(F). On the other hand, let = € [0,b]. If z € [0,c] U {b}, then F(z) = F(z) >

co(F)(z). If x € (¢,b), then by convexity of co(F') for the second inequality and the fact
that co(F)(z) > F(z) = A(z) and co(F)(c) < F(c) = A(c) for the third inequality, we have

F(b) 2 co(F)() = co(F)(z) + (b — ) X~ 0F))

> co(F)(x) + (b — z) L) = olF)(©)

> co(F)(x) + (b— x)w
= co(F)(x) + (b— x)w
A(b) — A(z)

> A@)+ (b —2) = —

so those inequalities are equalities and F'(x) = A(z) = co(F)(z). We deduce that F' = co(F),
or equivalently

b—=x T —
F
— (c) +

CF(b) for = € [c, b].

co(F)|o,q = Flio,g, co(F)(x) = —

Reasoning in the same way for G, we deduce the existence of d € [0, a] such that for all z €
0,a), g(z) > % < x >dand co(G)(x) = G(0) + [5 (g(u Ad) A (L)) du,
or equivalently

b—x x—d
co(G)lp.aq = Glo.qg, co(G)(x) = b_dG(d) + - dG(b) for x € [d, b].
Without loss of generality we assume that ¢ < d. Let ¢ = F(bl))icc and v = G- dG( ),
Then the left-hand side of (6.5.1) is given by
b
/ 0 (I(f(unc)nel) =0(lg(u Ad) Arl)) du
0 (6.5.5)

= [0 — gy du+ ["6(— gla)) du+ [0 (1o =) dee
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It remains to show that

d
/C 6(lp — glu du+/ (g —]) du</ (1f () — g(w)]) du. (6.5.6)
Suppose first that ¢ > 7. It was shown that for all x € [0,a), g(z) > v iff z > d.

Therefore,
gx) <y <p < flz) VYre]ed). (6.5.7)

Hence, we find by increasing convexity of 6 and convexity of the modulus that

[ o050 = gty au = [0 - g aut [0 (52 L/u o(0) o)
z/cde(f( du+/ </d Cgl()dv>du

:[%qu@m»m+AeWﬁwy
F(b)—F(d)

where ¢ = — . To obtain (6.5.6) it is sufficient to show the following inequality

/Cd (0(f(u) — g(u)) —0(¢ — g(u du+/ 0(|¢ —~|) — (¢ — 7)) du > 0. (6.5.8)

By convexity of 8 we have 0(y) —60(z) < (y—x) H(Z;:Z(I), resp. (z y)M <0(z)—0(y)
for all (z,y,2) € R? such that * < y < 2, resp. # < y < z. By (6.5.7) we can apply the
former inequality with (z,y, z) = (¢ —7, f(u) =7, f(u) — g(u)) and the latter inequality with
(z,y,2) = (¢=7,0—g(u), f(u) —g(u)) for all u € [c,d], which yields 6(f(u) —7) —0(¢—7) <
O(f(u) —g(u)) —0(p — g(u)). By integration on [c, d] we get

/Cd(e(f(u)—g( )) = 0(6 — glu du>/ — ) = (¢ — 7)) du (6.5.9)

Applying (6.5.9) yields the first inequality, Jensen’s inequality the second and Jensen’s
inequality coupled with 6 being increasing the final one

[ 07 w) ~ g(u)) ~ 86 — gu) du+ [ 6016~ 1) — 06— ) du
> [*0070) — )~ 06~ du+ [ 606~ ) ~ 06— ) du
> ['o Qicgﬁw%wm+fw—ﬂm»—mwﬁMu
z/"(Lﬂ«fﬁw—vm+£?w—mwM))ww—wm
:/b v) = 0(¢ — ) du =0



Suppose now ¢ < 7. Let e = inf{u € [¢,d] | g(u) > ¢}, where inf ) = d by convention,
so that

d b
0t =gl du+ [ 6(1p =) du

=/:9(90—9(U)) du+/€d9(g(U)—s&) dqu/dbG(v—sO) du.

On the one hand, (6.5.3) implies that [ 0(p—g(u)) du < [70(f(u)—g(u)) du = [T 0(]f(u)—
g(u)|) du. On the other hand, (6.5.2) implies that ¢ = w < . Again due to convexity
and monotonicity of 8, we get

b b b
[ 005 @) = gt du> ["006 =D du= [ 60y =) du.
Hence, it is sufficient to show

1 d 1 d
b e (/e 5g(u)—¢ du + (b — d) 57_(;5) <icx m (/e 5|g(u)—f(u)\ du + (b — d) 57¢~>> , (6.5.10)

where <;., denotes the increasing convex order. Let 7y, resp. 75 denote the left-hand, resp.
right-hand side of (6.5.10). By [169, Theorem 4.A.3] (6.5.10) is then equivalent to

1 1
vp € [0,1], / Fr M u)du < / F\(u) du. (6.5.11)
p p
On [0,d), the map ¢ is nondecreasing and dominated by -, so the map
ur (glle+ (b —eju)=) =)l caer + (7 = @) lrae_,y (6.5.12)

is nondecreasing on (0,1). Since the image of the Lebesgue measure on (0, 1) by the latter
map is 71, by [4, Lemma A.3] the expression of F lis given by (6.5.12). Moreover the image
of the Lebesgue measure on (0, 1) by the map

wis Jg(e + (b — Ju)=) = F((e + (b - Yu)NEgeuey + (7~ DL gae

b—e

is 73. By Lemma 6.7.1 below we deduce that

J(p) == /( 9t0) = F@)] dut (b= (e + =) VNG - @) < [ Bl (w)du,

e+(b—e)p)Ad

and (6.5.11) is satisfied if for all p € [0, 1],

[ Etwdu=[" ()= 0) dut (b= (e + 6= ) V)~ ) < )

(e+(b—e)p)Ad

First let p € [0,1] be such that p > 4=<. Since ¢ < ¢, we have
1
[ Fatwdu= =)= p)r - ) < b= )1 =)y = 7) = T,
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Next let p € [0,1] be such that p < 4=¢. We have

d d
/e+<b—e)p () du < /e+<b_e)p (f(u) + 1/ (u) = g(u)]) du,
hence

/F du</+(be 1 (w) |du—|—/ oo ) = @) dut (0= d) (7 — ).

Recall that (b — d)¢ = F(b) — F(d) and ¢ < ¢. Therefore, the inequality

[ () = 6) dut (0= d)y = 8) < (0 d)(y — )

+(b—e)p
is equivalent to
F(d) = Fle+ (b—e)p) + (b= d)g = F(b) = Fle+ (b= e)p) < (b~ (e + (b= e)p))9,
which is always satisfied by (6.5.2). This yields

[ Fwans [0 o) - @ dut - a0 - 9) = T,

which concludes the proof. O]

Lemma 6.5.2. Let f be real-valued and cidlag on [0,1] and F be an antiderivative of f.
Let I be an interval of [0,1] and (¢,d) = (inf I,sup I). Then

(a) For allx € (¢,d), |05 co(F|r)(x)] < | flle < +o0.
(b) co(F|r)(c+) and co(F|r)(d—) exist and are respectively equal to F(c) and F(d).

Proof. Let K = ||f|loo, which is finite since f is cadlag on a compact interval. Let I be
an interval of [0,1] and (¢,d) = (inf I,sup /). Then the maps = — F(z) — K(x — ¢) and
x +— F(d) — K(d— x) are convex and dominated by F on I. By definition of the convex hull
we find for all x €

F(¢)— K(x —¢) < co(Flp)(x) < F(z) < F(c)+ K(z — ¢),
F(d)— K(d—z) <co(Fl|;)(z) < F(z) < F(¢)+ K(d — x),
which clearly implies (b). By convexity of co(F|;) we then have for all z € (¢, d)
e < NG = Q) _ colFl)(r) — colFlr)(e)

< 8, co(F;)(z) < CO(F’I)(d;)_—wco(Fh)(x) _ F(d) —dc:)(fll)(x) <K
which proves ((a)). 0
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Lemma 6.5.3. Let 0 <a<b, FF:[0,a) > R and G : [a,b) — R. Then
CO(CO(F)]l[Oya) + G]l[ajb)) = CO(F]].[Oja) + G]l[&b)).

Proof of Lemma 6.5.3. Let u = co(co(F)1jgq) + Gljap) and v = co(Fljgq) + Gljap). The
function v is convex and satisfies u < co(F) L q) + Gliap) < Fljg ) + Gligp) so by definition
of the convex hull, u < wv.

Conversely, v|a5 < G and vjq) < F. Since v|jq) is convex, the latter inequality implies
V][0,0) < co(F), hence v < co(F)1jgq) 4+ Glgyp. Since v is convex, we get by definition of the
convex hull that v < u, which proves the equality. O

Proposition 6.5.4. Let f and g be real-valued cadlig functions on [0,1] with respective
antiderivatives F' and G. We have

104 (co(F) = co(G))Il, < [If = gll, - (6.5.13)

Proof of Proposition 6.5.4. Assume for a moment that (6.5.13) holds true for antiderivatives
of piecewise constant functions. Let n € N*. Since f and g are cadlag, there exist p € N*,
0=ay <a < -+ <a, =1 and two piecewise constant functions f,, : [0,1] — R and
gn : [0,1] — R which coincide respectively with f and g on {ag,--- ,a,}, are constant on
lag, ag41) for k € {0,--- ,p— 1} and satisfy

3|

sup (1£(x) = (o) + lo(a) - gu (@) <

In particular, we have that ||f — f.|, — 0 and ||g — gn||, — 0. Let F,(v) = F(0) +
5 fa(u) du and G, (v) = G(0) + [ gn(u) du where v € [0,1] and n € N. Since F < F, + %,
we have co(F) < co(F,) + &, and similarly co(F,) < co(F) + +. By the same reasoning for
G and G, we deduce that

sup (| co(F)(x) — co(F) ()| + [ co(G)(x) — co(Gn)(2)]) <

2
z€R n
Thus, co(F,) and co(G,,) converge to co(F) and co(G) respectively. Moreover, since f, g
are cadlag on a compact interval they are uniformly bounded. Thus, there is a constant
such that ||gnllec V ||fallee < K for all n € N. By Lemma 6.5.2 (a) we find that for all
n € N, 0, co(F),0; co(G), 04 co(F,), 0+ co(G,,) € [—K, K]. By monotonicity and therefore
continuity almost everywhere of their right-hand derivatives, co(F') and co(G) are differ-
entiable almost everywhere. Because co(F,,) — co(F) and co(G,) — co(G) pointwise, we
have by [108, Theorem 6.2.7] that 0, co(F,,) — 04 co(F') and 0y co(G,) — 04 co(G) almost
everywhere on [0, 1]. By dominated convergence we get
lim {0, (co(F) — co(F))]l, = 0= lim |3, (co(G) — co(Gy))]

n—-+oo n—-+o0o r

Applying then the triangle inequality reveals
104 (co(F) = co(@))[l, < Tim (][04 (co(F) = co(Fn))l, + [0+ (co(Fn) — co(Gn))l

n—-+o0o r
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+ 1104 (co(Gn) = co(G))],)
< tim | fo = gall, < T ([[fo = fll, +[1f = gll, + lg = gnll,)

n—-+00

=l =gl

which shows the statement.

We now prove the assertion assuming that f and g are piecewise constant. Let then
(ak)o<k<n be a partition of [0, 1] adapted to f and g, i.e. 0 =ap < ... < a, = 1 and for all
ke{0,---,n—1}, flapan) a0d g|(ay,as,,) are constant. For k& € {0,---,n}, we consider
the functions

[N co(Fjo,a))(z) if z € [0, ay), G s co(Glo,a)(x) if 2 € [0,ay),
F(x) else; G(x) else,

and we denote f* = 9, F* and ¢* = 0, G*.

Note that F* = F! = F, G = G' = G and F" = co(F), G" = co(G). We will show by
induction that ||f**! — k“HT < |If* — g*||» for k € {0,--- ,n — 1}. As the initial case is
trivial, we assume that the assumption holds for 0 < k < n — 2. We have

T

) :+ H(fk:+1 S . (6.5.14)
= Ha_,_ CO(F|[0,ak+1)) - CO(G‘[O,ak+1)>H: + H(fk - gk>|[ak+171] : -

ka+1 k:+1

H fk+1 k+1)

‘[0,ak+1

Applying Lemma 6.5.3 with @ = aj,, b = a4 and the maps F|(q,.,) and G|, a,.,) yields

co(Fjo,ax,1)) = €0(cO(Fj0.0)) Lo,a) + Fliagari)) = cO(F*|0,0,1))-

Similarly, we have co(G|j,a,,,)) = €0(G*|j0,4,,,))- By Lemma 6.5.2 (b), F* and G* are
continuous at a; and therefore on [0, ax41). Moreover they are convex on [0, ay) and affine
on [ag, ary1), so we can apply Lemma 6.5.1 with a = ay, b = a4 and the maps F* and G*
to get

|0 (co(Flip.ay 1) = c0(Glioar.))| = 05 (c0lF* 0.00,1)) = c0( Gl i),

< H(fk - gk)|[0,ak+1) .

(6.5.15)

We deduce from (6.5.14) and (6.5.15) that

”fk-H _ gk+1

< | -g

Hence, we have shown that
10 (co(F) = co( @D, = £ = g"ll, < | £ = 6" = IIf =gl

which shows (6.5.13) for antiderivatives of piecewise constant functions and completes the
proof. n
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Proof of Theorem 6.2.18. Fix u,p/',v,v/ € P"(R) and assume for a moment that the state-
ment holds for compactly supported measures fi,, ., v, v, € P"(R), n € N where

Hm OV (ps pn) + Wl 1) + Wi (v, vn) + Wi (V1)) = 0. (6.5.16)

n—-+o0o

Let © be the set of all even and strictly convex functions 6 : R — [1,400) such that
w1(8) + v(0) + sup,,en(pn(0) + v,(6)) < +oo. For all § € O, let Wy : Py(R) x Pp(R) — R be
defined for all (n,7) € Py(R) x Py(R) by

xr —

Waln.7) = _inf Rme(

well(n,r

y) w(dx, dy). (6.5.17)

Note that for all (n,7) € Ps(R) x Pa(R) and 7 € II(n, 1),

- 1 1 1
[ o(55Y) mtdwady) < [ S(0() + 6(-p) wlda.dy) = 50(6) + 57(0) < +oo,
RxR 2 RxR 2 2 2
(6.5.18)
hence Wy(n, 7) < +o00. We deduce by [19, Theorem 1.2], resp [19, Theorem 1.4] that for all
0 €0, Z(uv) and J(u,v) coincide respectively with the unique minimiser of

nepe(ﬂl%r)l,fnsczu We(p,n), and nePa(J%ngl,fuscmn Wy(n, v), (6.5.19)
which by [19, (1.2) and (1.7)] have a common value Vp(u, v). Let us show that (Z (g, n))nen
and (J (in, Vn))nen respectively converge to Z(p,v) and J(u,v) in W, as n — +oo. On
the probability space (0,1) endowed with the Lebesgue measure, by (6.5.16) the random
variables F, ! and F ! converge in L” to F, " and F, ! respectively, hence (|F,, ' )nen, [F, '],
(|, " )nen and |F; " are uniformly integrable. By the de La Vallée Poussin theorem, there
exists an increasing and strictly convex map h : Ry — [1,+00) such that for all ¢ € R,
h(t) > t, @ goes to +oo with ¢ and sup,cy Jg R(1 + |2|") (pn, + v + 0+ v)(dx) < 400.
Denoting by (F7)*(R) the set 7 (R) defined by (6.4.2) with z + 1+ |z|" replacing g, we
deduce that the map f: z +— h(1 + |z|") belongs to © N (F")*(R).

For all A > 0 and n € P(R), we denote by (5).n the image of n by x + . Using the
inequality f (”f) < % f (%) + % f (y;"‘) valid for all z,y, z € R for the first inequality, we
get

()t ) (1) = W5 (30, (5)-Zlatns1))
< WG tin) + WVt T, )

1 1

< §Wf(50, fn) + iwf(un’ Vn)
1 1 1

< 2000) + () + ().

We deduce the existence of R > 0 such that for all n € N, (7).Z(pn, v») belongs to Bg :=
{p € PMR) | p(f) < +0}. Since f € (F")"(R), we have by Lemma 6.7.7 below that Br

243



is compact for the W,-distance topology. Therefore the sequence (()+«Z(fin, Vn))nen admits
a W,-accumulation point. This represents no challenge to show that the image by x +— 4x
of this accumulation point is a W,-accumulation point of the sequence (Z(tt, V) )nen. With
a similar reasoning we show that the sequence (J (fin, Vn))nen admits a W,-accumulation
point as well.

We now choose 6 even, strictly convex and dominated by a multiple of z +— (1 + |z|").
Let (Cu)nen and (&, )nen be subsequences of (Z(pin, Vn))neny and (T (fn, Vn))nen converging
to ¢ and £ in W,, respectively. Then by [19, Theorem 1.5],

WG(:“?C) = lim W9(/Ln’an’) = lim %(un’vyn’) :‘/G(M?V)?

n—-+0o n—-+o0o
W9(£7 V) = nEIJPoo WQ(&ZU VTL') - ngglm‘/b(,unﬁ Vn’) - ‘/9(:“7 V)'

Moreover, for all n € N, Z(ptr, V) <ex Vi and iy <eo J (fins, Vi ), 80 by W,-convergence
we have ( <. v and p <. &, and both measures are therefore admissible for (6.5.19). But,
for strictly convex € the optimisers of (6.5.19) are unique. Thus, (Z(pn, Vs))nen is not
only W,-relatively compact, but also has only a single accumulation point, Z(u, ). This
means in other words that (Z(u,, vn))nen converges in W, to Z(u,v). We also deduce that
J (" v") — J(u,v) in W, as n — 4o00. Analogously we obtain that Z(u,,v),) — Z(i', V')
and J(u,,v,) — J (W', V') in W, as n — 4o00. Therefore,

We (Z(p, v), Z(',v) < T (We (T, v), Zpin; vn)) + We (Z(tin, vn) L1t )
AW, (Z (s v7,), Z(W, V)
- nl—l>r—&{loo Wr (I(Mn7 Vn)7I(MTL7 Vn))
S lim (2Wq~<,un, Mln) + W’r(Vnu V;@))

n—-+4o0o

=2W,(u, :ul> + Wi (v, V/)?

and similarly W, (T (u,v), T (i, V")) < Wi(p, i) + 2W, (v, V).

Since compactly supported measures are dense in P"(R) (to see it, consider for n € P"(R)
the image of n by x — (—=R) V (z A R), where R > 0 is arbitrarily large), the preceeding
allows us to only consider compactly supported p, i/, v, v € P"(R). We define

14

G:UH/()U(FJI—F;I)(u)du and G':vt—)/ov(Fl;l—FTl)(u)du.

By convexity of co(G) and co(G”), we have that 0_ co(G)(u) and 0_ co(G")(u) respectively
coincide du-almost everywhere on (0, 1) with 0, co(G)(u) and 04 co(G")(u), so by (6.2.17)
we have for all du-almost all u € (0,1)

Frim(w) = F (1) = 05 co(G)(u),  Fri,,)(u) = F, " (u) + 94 co(G) (u),

Ff(}/,u/)(“) = F Y (u) — 0y co(G')(u), and Fg(lu/7,j,)(u) = F N (u) + 04 co(G)(u).

o
Since F; 1 is nondecreasing, it has at most countably many discontinuities, and since u

is compactly supported, F;'(04) and F,'(1—-) are finite. Denoting F,'(1+) = F'(1-),
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F ! coincides therefore du-almost everywhere with the real-valued cadlag map [0,1] 3 u
F'(u+). Reasoning the same for 4/, v and v/, we deduce that G and G’ can be interpreted
as antiderivatives of real-valued cadlag functions on [0,1]. Therefore by Proposition 6.5.4
and we get

10+ (co(G) = co(G))l, < 0-(G = &), < | B = F' = Bt +

< Wi (p, pf') + Wi, V).

r r

By the latter inequality and Minkowski’s inequality we then have
1
1 ;
WoZ (2, T ) = ([ 1P () = Fily (@) )
= HF_1 — 04 co(G) — FM_/1 + 04 CO(G/)HT
<|Ft = E2| + 104 (co(G) = co( @),
<2, () + Wil ),

and

W00, TG ) = ([ 1) = Egby (@ )

= |F7 404 (@) = Fp' = 0 co(@)]
< [[E7 = B+ 105 (eo(@) = co(@)],
< Wi, 1) + 2W, (v, V).

]

6.6 Convergence in an extended space of martingale
couplings

We recall that a pair (u, v) of finite positive measures in convex order is called irreducible if

I ={u, < u,} is an interval and, p(I) and v(/) have the total mass. If @ € R is such that
v([a,+00)) = 0, then the convex order implies u([a,4+00)) = 0, hence

up(a) =a— [ 2p(de) =a— [ yvidy) = ufa)

so a ¢ I. Similarly, v((—o0,a]) =0 = a ¢ I. We deduce that v must assign positive
mass to any neighbourhood of each of the boundaries of I.

According to [25, Theorem A.4], for any pair (u,v) of probability measures in convex
order, there exist N C N and a sequence (fi,, Vy)nen of irreducible pairs of sub-probability
measures in convex order such that

u:n—l—z,un, V:n—i—ZVn and {uu<uy}:U{uun<uyn},

neN neN neN
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where the union is disjoint and 7 = pffy,—u,}. The sequence (pi, Vn)nen is unique up to
rearrangement of the pairs and is called the decomposition of (u, ) into irreducible compo-
nents. Moreover, for any martingale coupling 7 € I,/ (u, v), there exists a unique sequence
of martingale couplings m,, € Iy (n, vn), n € N such that

W:X—i_zﬂn;
neN

where x = (id, id),n and * denotes the pushforward operation. This sequence satisfies
Vn e N, m,(dz,dy) = p,(dx) m.(dy). (6.6.1)

The following assertions can be found in [25, Section 4]: for all (mg, m1) € R’ x R, there
is a one-to-one correspondence between finite positive measures p with mass mg such that
Jr y p(dy) = my and the set of functions u: R — RT which satisfy

(i) w is convex;
(ii) u(y) — moly —my| goes to 0 as |y| tends to +o0.

Any function which suffices (i) and (ii) is then called a potential function. The potential
function of p is denoted by

u(y) = [ ly— ol p(da)

A sequence (1i*)ren of finite positive measures with equal mass on the line converges in
W to p iff the sequence of potential functions (u,)ren converges pointwise to u,. In that
case, since for all y € R the map x — |y — x| is Lipschitz continuous with constant 1, we
have by Kantorovich and Rubinstein’s duality theorem that

Sup un (y) — wu(y)] < Wi(pF ) =0,k — 400,
)

hence we even have uniform convergence on R of potential functions.

In dimension one, for all m; € R, the set of all finite positive measures with mean m; is a
lattice [120, Proposition 1.6], and even a complete lattice [121]. Then all u, v € M;(R) with
mean my have a supremum, denoted p V., v, and an infimum, denoted u A, v, with respect
to the convex order. In that context it is convenient to work with potential functions since
they provide simple characterisations of those bounds:

iV v is defined as the measure with potential function u, V u,,

p Ao v is defined as the measure with potential function co(u, A u,),

where co is the convex hull.

Before proving Theorem 6.2.20, consider f, g € F'(R). Note that convergence in P g, (R x
P(R)) is equivalent to weak convergence coupled with the convergence of the f @ g-integrals,
whereby we can suppose without loss of generality that f(x) = g(x) = 1 4 |z|. Indeed, if

246



there exists P¥ € Ay (p®, V%), k € N, converging to P in W, then it converges weakly to P,
and

PH(f&g) =1(PY)(f&g) = 1" (f) + ¥ (9) = u(f) +v(g) = I(P)(f & g) = P(f & g),

as k tends to 4-o00.
We can also suppose without loss of generality that P is a finite sum of elements of
J(P(R x R)), and that (u,v) is irreducible, as shown in the next two lemmas.

Lemma 6.6.1. Let f,g:x +— 1+ |z|. Assume that the conclusion of Theorem 6.2.20 holds
for any P € Ay(p,v) of the form

1 & ,
P==>"J(x), (6.6.2)
n =
where n € N* and 7', --- | 7" € P(R x R) are all martingale couplings with first marginal 1.

Then it holds for any P € Ay(p,v).

Proof of Lemma 6.6.1. Fix P =y x P, € Ay (p,v). First we show that P can be splitted
into a family (P');c(0,1) € P(RxP(R))@D such that ¢ — P' is measurable, for each ¢ € (0, 1),
P! is concentrated on the graph of a function, i.e. there exists 7 € P(R x R) with first
marginal p which satisfies J(7!) = P!, and

1 1

P!(d, dp) dt = / J(7%)(dz, dp) dt. (6.6.3)

t=0

P(dx,dp) = /

t=0
Let A denote the Lebesgue measure on (0, 1). Since P'(R) is Polish, there exists by [113,
Lemma 3.22] a measurable map i : R x (0,1) — P}(R) such that
P = ((z,t) = (z,h(x,1))) (L @ N). (6.6.4)
For all t € (0, 1), let then
PH(d, dp) = p(d2) ey (dp).

The fact that h is measurable ensures that P! is well defined and ¢ — P! is measur-
able, and by setting 7'(dx,dy) = p(dx) h(z,t)(dy) we have P' = J(n*). Moreover, for all
nonnegative measurable map f : R x P(R) — R we have using (6.6.4) for the last equality
that

[ [ i) P, dp)dt = [ () () ey (lp)
t=0 JRxP(R)

RxP(R)x(0,1)

Rx(0,1)

— P(dz.d
Rxp(R)f(fv,p) (dz,dp),
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which proves (6.6.3). For n € N*| let

1 J 1
- J / 7rdt> X9 g :
n]z:l ( =1 n; nfj";lﬂ';dt

n

By (6.6.3) and definition of P,, we have for all measurable nonnegative or with at most
linear growth function f: R x P}(R) — R that

/Rxpl(R)f(w,p) P(dz,dp) = /Rx(m fx,7h) p(dz) dt

i (6.6.5)
and f(z,p) P,(dx,dp) = /f <x n/n T, dt) p(dx)
RxPL(R) j=1
Applying (6.6.5) with f: (x,p) — p and f: (x,p) — |x — [ryp(dy)| yields
 (dx, dp) / / dtp(de) = [l plda)dt
/RxPl() 7, dp) Z -y o () Rx(0,1) T f(dz)
= p P(dx,dp) = v,
RxPL(R)
and
- dy)| P.(dz, dp) / - / / (dy) dt| p(d
/Rxpl(R)w /Ryp(y)’ z, dp) Zl r—n Yy, (dy) ‘ z)
g (x—/yw dy)> dt| p(dz)
< " olr— t(d ‘ dt u(d
_jgl/R/jnlx | ymidy)| dt p(da)
= [ Jo= [yt ntaryat =0
Rx(0,1)
= x—/yp dy’P(dep):O,
RxP1(R)
hence for all j € {1,--- ,n}, nfﬁ;l 7t dt is a martingale coupling and P, € Ay(u,v). More-

over we show that P, converges to P in W for n — oo. This can be achieved by means of
the modulus of continuity [77]:

o (LSS [ sy a t
Wi(P, P,) = Wy (nnjz:/ J(m )dt,anJ (n/ ™ dt))

1 % .
=y W <n /7 J(rt)dt, J <n / t dt))
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5ﬂ—t dt 5 J
X nff_ wt, dt)

ﬁZWI (/an =1
j d
ﬂ;dt) p(dx)

7j=1
< "t S dt, S
TLJZI :cERWl (n/Jnl ’ ’ nff;l
n z in
" W <7Ti, /;71' ds) dt p(dz)

;BE]Rj 1

1
n 2.n t=1-1
nW1 e, x) ds dt u(dzx).

n

S

Denote by A the Lebesgue measure on (0,1) and by w! the 1-modulus of continuity of

(t) dt 6, (dp) € P1((0,1) x PY(R)), that is
2(t, s) dt ds.

n

s () ds = 2 Bpacs 1

(dt,ds) = dt n]l[
t —s|dtds = 2, so that 2 [t — s| xn(dt,ds L. Then by
) (0,1) n

w, () = sup {/ Wi (it 78) x(dt,ds) | x € TI(\, \) and / |t —s| x(dt,ds) < (5}

Let
We compute n? f(] v
definition of w! we have

SLL
hence Wy (P, P,) < [pw ( ) (dz). By [77, Lemma 2.7] we have w <3i) N 0asn— oo
. (6.6.6)

and note that by the triangle inequality we have
Wil ms) x(dtods) <2 [yl k() de
(0,1

nW1 o, x) dsdt < w) <n)’

1 _—
T XETI(AN)

“r \3n
: (x,p) = Jglylp(dy), the definition of Ay (p,v) and the
fact that v € PY(R), we get that the right-hand side of (6.6.6) is pu-integrable. Hence, by

1
()= o
(0,1)2

By (6.6.5) applied with f

(P, P, </ () (dx) (0 asn — oo.
k

dominated convergence we have
), k € N, such that

By assumption, for all n € N there exists a sequence P¥ € Ay (
P% — P, in W) as k — +oo. Then there exists a strictly increasing sequence (k,)nen of

Wl( n,Pk”> <2- "

positive integers such that
VneN, Vk2>k,,
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For k € N, let n;, = max{n € N | k > k,}, where we set by convention max () = 0. Since
(kn)nen is strictly increasing, we find that ny — 400 as k — +oo. Then the sequence

Pk = Pfk e Ay (i*, %), keN

satisfies
Wi(P, P*) < Wi(P, Py,) + Wi(Py,, Pr) — 0.

k—+o00

]

Lemma 6.6.2. Let f,g : v — 1+ |z|. If the conclusion of Theorem 6.2.20 holds for any
irreducible pair (u,v), then it holds for any pair (u,v) in the convex order.

Proof of Lemma 6.6.2. In the setting of Theorem 6.2.20, fix P € Ap(u,v). Denote by
(tn, Vn)nen the decomposition of (u, v) into irreducible components with

L=0+D fny, V=0F Y Vn.

neN neN

By Proposition 5.2.4, we can find sub-probability measures (1, v")ser, (1) rmeriss
(Vﬁ)(k,n)eNxN such that

N <eV®, pf <o vF V(k,n) e NxN,

n

" —=n, V"=, wF =, V= v, in W, k= 4o

Since n* and v* are in convex order and both converge to 1 in W, there exists by Theorem
6.2.4 a sequence of martingale couplings x* € II;(n*, v*), k € N converging in AW to the
only martingale coupling between 7 and itself, namely x = (id, id),n. Equivalently, J(x*)
converges to J(x) in W as k — +o0.

Let m = p X m,, where m, = [p(p, p P.(dp). Then 7 is a martingale coupling between p
and v, hence for all n € N, the measure 7w, = u, X 7, is a martingale coupling between p,,
and v,. We deduce that for all n € N, P, = u,, X P, € Apys(fin, V). By assumption, we can
find for any n € N a sequence PF € AM(,un, v¥), k € N, which converges in W, to P, as k
goes to +00. For k € N, let P* = J(x*) + 3 ,cn P¥. Then for all p € N we have

Wi (P*, P) =W, < )+ > PE I+ Y Pn>

neN neN

<WIL(J(XF), J(x)) + > Wi (P%, P,) + Wy ( > PF > Pn) .
neN, n<p neN, n>p neN, n>p
(6.6.7)
By the triangle inequality we have

Wl ( Z Pr]f) Z Pn) S Wl ( Z qu]fa 5(0,60)) + Wl (5(0,50)7 Z Pn) .

neN, n>p neN, n>p neEN, n>p neN, n>p
(6.6.8)
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Let ) = Y enmnsp in(R) = X pennsp 15 (R) where by convention the sum over an empty
set is 0, and for ¢ € P(R), let

1) i=sup [ [a]7(do),

where the supremum is taken over all positive measures 7 on R such that 7 < ¢ and 7(R) <
p. Then by (6.2.21) we have

wl( )y P/:,a(o,go))z S [ (il [ () Pl dp)

neN, n>p neN, n>p

= 5 ([lalubian)+ [ wlvien)

neN, n>p

< L") + I, (V).

The same reasoning yields W, (5(0,50), S neN, n>p Pn> <1} (p)+ 1} (v). So by (6.6.7) and
(6.6.8) we have

Wi(P* P) < Wi(J(XM), T0)) + X2 WA, Pa) + I (1) + L (%) + L (1) + I (v).

neN, n<p

By Lemma 5.3.1 (c) we have I} (u*) + I (/%) < I () + 1L (v) + Wi, i) + Wh (v, v),
from which we deduce

limsup Wi (P¥, P) < 2(1} () + 1} (v)).

k——+o00

Clearly, (,)pen is a null sequence, thus Lemma 5.3.1 (b) reveals that the right-hand
side vanishes as p goes to sup N. This proves that P* € Ay (u*, v¥) converges in Wy to
P e Ay(p,v). O

The proof of Theorem 6.2.20 also relies on the following approximation lemma.

Lemma 6.6.3. Let a,b € RU{—00,+00} be such that a < b and p € PY(R) be supported on
[a, b] with mean m € R. Then for any sequences (a*)ren, (0¥)ren of real numbers such that

a<a*<m<btb<b, o N, a and V¥ b,

k——+o0 k——+o0

there are measures p* <., p supported on [a®,b*] such that Wi (p®, p) k—+> 0.
—+00

Proof of Lemma 6.6.5. First, we let a,b € R and consider for each £ € N the measure

vF —m m — a”
pk = <bk—ak5ak + M(Sz;k) Ne p-
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Clearly, p* is supported on [a*, b¥] and is dominated by p in the convex order. Moreover,
due to W,-continuity of A. (Lemma 5.4.1), we have that

k—+00 b—a * b—a

lim pk:<b_m5 +m—a5b> Aep=p in W.

Suppose now a,b € RU {—00,4+00}. Let ¢ > 0. By Lemma 5.4.4, there exists a
compactly supported probability measure p* <. p such that W;(p,p°) < e. Since pf is
compactly supported, we can find like in the previous case measures p** <., p° supported
on [a*, b¥] such that W, (p™*, p?) vanishes as k goes to +oo, which implies

pPF <o p and limsup Wi (p=F, p) < 2e.
k—+o0
Since € > 0 is arbitrary we deduce the existence of a strictly increasing sequence (ky)nen+
of positive integers such that

VN e N*, Vk>ky, Wi(p* *p) <3.27V

For k € N, let Ny = max{N € N | k > ky}, where the maximum of the empty set is
defined as 0. Since ky is strictly increasing, we find that N, — +o00 as k — +o00. Then the
sequence of probability measures

pFi=pr "k keN
gives a solution. O]

Proof of Theorem 6.2.20. According to the discussion on f and ¢ above, Lemma 6.6.1 and
Lemma 6.6.2, we can assume from now on that f(z) = g(z) = 1+ |z|, P is given in the form
(6.6.2), that is

where n € N* and 7!, --- ;7" € P(R x R) are all martmgale couplings with first marginal p,
and (u,v) consists of a single irreducible component I = (a, b). We call the second martingal
of 7 by v;.

Assume for a moment that we can find for all ¢ € (0,1) and j € {1,--- ,n} a sequence
(1/]]-f “)ren of probability measures which satisfies

l1msupW1( ) < Me, ph <. -5 and Zl/ =k (6.6.9)

k—+o0

where M € R is independent of ¢.
As e > 0 is arbitrary we deduce the existence of a strictly increasing sequence (ky)nens
of positive integers such that

VN €N, Vk>ky, Vje{l---,n}, Wi ) <(M+1)-27Y
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For k € N, let Ny = max{N € N | k > ky}, where the maximum of the empty set is
defined as 0. Since ky is strictly increasing, we find that N, — 400 as k — +o0o. Then for
all j € {1,---,n} the sequence of probability measures

-N
1/;-C =k eN

is such that

1 n

k . k k k k

vi — v, in W <, vi and —) vi=1v"
J postoo ! M Sa n; !

By Theorem 5.2.5, there is for each j € {1,--- ,n} a sequence 77 € Il (1", v}), k € N
which converges in AW, to m/. The sequence of extended martingale couplings is given by

ZJ Ri) e NuF, vk,

and conclude with

1& 1 “
Wi ( < =N Wi(J(7), J(77)) = =" AW, (7 7)) — 0.
njil j=1 k—-+o0
Fix e € (0,1). In order to conclude, it remains to show the existence for all j € {1,--- ,n}

of a sequence (l/f’s)keN which satisfies (6.6.9).

Let a™,b™ € I, m € N, be such that a™ < b, p([a™,b™]) > 0, p({a™,b™}) =0, a™ \,a
and b™ ' b as m — +oo, and define p* when it exists as the only probability measure
supported on {a™,b™} with barycentre z, §, else:

m bﬁj”—amam + =4 5bm if z € (a™,b™),
0z else.

Consider for each j € {1,--- ;n} and x € R the probability measure
7Tg;m = I(Wi’PZL%

and set 9™ (dz, dy) := p(dx) 7™ (dy). Since w2™ is dominated in the convex order by p™, it
has barycentre x and 7/ is a martingale coupling between p and its second marginal v; ,.
Moreover, as ) and p™ have the same barycentre, we find according to Remark 6.2.17 that
oM < 7wl thus v, <. v;. Moreover,

AW, (7 ™) < /Rwl(wg,ng;m) p(dz). (6.6.10)

Up to modifying x — 7/ on a p-null set, we may suppose w.l.o.g. that for all z € R, 7/
is concentrated on the closure of I. By Lemma 6.6.3, 7/ can be approximated by measures
@™ <. 7, m € N, concentrated on [a™,b™] such that W;(¢"™, wJ) vanishes as m goes to
+00. By definition of the Wasserstein projection, there holds

Wi(n], m3™) < Wi(nd, ¢i™) — 0.

)
z z m—-+00
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By the triangle inequality and convexity of the absolute value,
Wl (ﬂ-i‘? qg;m) S Wl (ﬂ—iw 50) + Wl (507 Qi’m) S 2)/Vl (Wia 50)7

whereby we can apply dominated convergence in (6.6.10) to find that 7™ converges to 7/
in AW, as m — +oo. In particular, we have WW,-convergence of v;,, to v; as m — +oo.
Choose m € N such that 7; := v, ,, satisfies

Wl(ﬁj,l/j) <e Vje€ {1, ce ,n}. (6611)

Since pu({a™,b™}) = 0, we have that for any continuous map h : R — R with at most
linear growth, the set of discontinuities of hAll{gm ym) is a p-null set, so Portmanteau’s theorem
implies that p*|jgm ym(h) converges to pu|jgm ymi(h) as k — +oo, hence

Iu([am7bm]) k : k m o pm m o m
7/Lk([am,bm])'u |l bm] T plampmy in Wy and - p”([a™, b™]) ol wu([a™, b™]). (6.6.12)
Since ™ <., p™, 72" ([a™,b™]) = 1 for x € [a™,b™] and 7™ = §, for x € R\[a™, b™].
So for any measurable and bounded map h : R — R, we have

Ujr\[am o) (h) = /Rﬂi’m(h]lR\[am,bm]) p(dz) = /Rh(ﬂf)]lu@\[am,bm](%) p(dx) = plryfam pmi(h),

and - j|jgm pm) (h) = /R 3" (AL am ) p(dov) = Aﬂi’m(h)ﬂ\[am,bm](dx),

hence ;|\ [gm pm] = f|r)\[@m pm] and |[gm pm) is the second marginal of pu|jgm ym) X m2™, which
yields pmpm) <co Vj|jampm). In particular this implies 7;([a™, 0™]) = p([a™,b™]), and the
barycentres m Jr 77 |((gm pm)) () and W Jr @ pt] [am pm) (d) coincide, we denote their

common value by #. By (6.6.12), for k large enough p*([a™, b™]) > 0 so we can define

k ~
Tk 1o o) Dl fam pm) m
Po= j ( 9 ) /\C p];kJ
! pk([am, om]) " p([a™, b™])

where z* = W[Rx,ukham,bm](dx). As J is Wi-continuous (Theorem 6.2.18), by
(6.6.12) then the fact that pi|jgm ym) <co Uj|jam pm), We have that

k ~ ~ ~
/,L |[am’bm} Vj ‘ [a7n7bm] ) < /J,| [amﬁm] I/j ’ [am’bm] > I/j ’ [am,bm} .
j( , — J , = in W;.

pr(lam, 0m]) " plla™, o)) ) kesboe =\ p([am™, 07]) " (@™, 0m]) ) p(la™, b)) '

Since j|(gm ym) is concentrated on [a™,b™] with mass u([a™,b™]) and barycentre &, we
get that 7j|jgm pm) <er p([a™, b™])p2. Due to (6.6.12), we have that 2* converges to , thus,
Pk k—+> P in Wy. Therefore, Wi-continuity of A, (Lemma 5.4.1) yields that

—+o00

. N ﬁj|[am,bm] .
kggloo i = Sl b)) in W. (6.6.13)
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We set

= (1= &) (¥ myjam ) + 5 ([, b)5F) + epiF. (6.6.14)

Note that p*([a™,b™])DF is the convex order infimum of two measures which dominate
(1¥]jgm pm) in the convex order, hence pi¥|jgm ym) <o pi"([a™, 0™])DF, which yields

/Lk = (1 — 8) (,uk]R\[am’bm} —+ lu/k|[am7bm]) + 8/ij <c ﬂ]k (6615)

Furthermore, there holds by (6.6.12) and (6.6.13) that

o (1—¢) (/,L|R\[am7bm} + ﬂjham’bm]) +ep=1—-¢e)p;+ep inW. (6.6.16)

J ko0

Due to uniform convergence of potential functions, there is for any 6 > 0 an index
k(0) € N such that for all £ > k(d) and j € {1,--- ,n} we have

o < (I —¢e)ug, +eu,+9 and  u, <k + 0. (6.6.17)

Recall that (i, v) is irreducible, therefore we can fix a § > 0 such that

Uy |jam pm) < €Uy [gm pm] — 20. (6.6.18)
Recall moreover that ; <., v; for all j € {1,--- ,n}, hence
SRS (6.6.19)
i V. cx — V. = . 0.
n = R

So, let k > k(d), then for y € [a™,b™] we obtain by (6.6.17) for the first and last
inequalities and by (6.6.18) and (6.6.19) for the second inequality that

n

ZU~JI_¢( (1—¢) nZuyj y) +euu(y) + 6 < (1 —e)u,(y) +eu,(y) — 0

=u,(y) — 6 < ue(y).

On the other hand, recall that 19;»“ <ex PJi. Moreover, p7; and W,u |am m] are
two probability measures concentrated on [a™,b™] with the same barycentre, which yields
wF([am, bm])up;r;c = Uk [[gm ym) on R\[a"™, b™]. Using the definition (6.6.14) for the first equal-
ity, we then find for y ¢ [a™, b™]
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This shows that 1 o ~jk <ee V¥ when k > Kk(5). Let then \* € HM(% i1 Ja v¥) be

the inverse transform martingale coupling (see Section 2.3.1), which by Theorem 2.2.12 is
such that

1 n
/ ly — z| X*(dzx, dy) < 2, ( > ~j’-“, z/k) : (6.6.20)
RxR n =

We can define uf “ as the second marginal of 7F x x¥, that is

= [ Xk(dy) 7} (da)

In particular we have

Sch and ZV =", (6.6.21)
n

J

We can estimate by the triangle inequality
Wi(V)S, ) < Wh(vyS, i) + Wh(F, ) + Wa (5, 15)
< [ [ Iy = ol xk(dy) 74 (dz) + Wi, 55) + Wa(55,)

Summing over j, drawing the limit & — 400 and using (6.6.20), (6.6.16) and (6.6.11)
leads to

1 n
lim sup — ZWl ,vj) < limsup (/ ly — | X*(dz, dy) + nZWl )) +e

k—+oo ’fl k—+o0 j=1

M:

k—+o00

<
I

1
< 2limsup W, (n ,V)+ E Wi(p, ;) + ¢
i=1 j=1

1 n
§2W1((1—8)nz j+&t,u,1/)—|— ZWlu,VJ)+€)+
7j=1 7j=1
1 n n
<21 —e)Wy EZ j,V) + 2eW, (u, v) + % > Wilp,v) +e° +e
=1 =1
2(1 —

6) ZWl<ﬁj, I/j) + 26W1(,u, l/) -+ E ZWl(M, l/j) + 82 + e

=1 " j=1

€ n
< 2eW(u,v) + - > Wi(p, vy) + 3e.
=1

<
n

(6.6.22)

Then by (6.6.22), (6.6.15) and (6.6.21), for all 7 € {1,---,n} the sequence (Vf’e)keN

satisfies (6.6.9) with M = n(2Wy (i, v) + + X7, Wi(p, v;) 4+ 4), which is conclusive. O
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6.7 Appendix

6.7.1 Lemma

Lemma 6.7.1. Let u € PY(R) and f : R — R be a measurable map such that p is the image
of Lebesgque measure on (0,1) by f. Then

vp € [0,1], /plf(u) du < /p1 Fr(u) du.

Proof. Let p € [0,1], ¢ : (z,y) = lyzc1_pyy and U be a uniform random variable on (0, 1).
For all x,2",y,y" € R such that z < 2’ and y < 3y’ we have

() = ez, y) — e, y) + c(z,y) < 0.
Then by [161, Theorem 3.1.2] we have

/p1 f(u) du = E[e(U, f(1 — U))] < Ele(U, F,Y(1 - U))] = /p1 Fo () du.

6.7.2 Extension from P" to P;.

We recall that unless explicitly stated otherwise, P(Y") is endowed with the weak convergence
topology, and for any continuous map f : Y — [1,+00) we endow the space Pr(Y) = {p €
PY) | p(f) < +oo} with the topology induced by the following convergence: a sequence
(pr)ren € Pr(Y)N converges in Pp(Y) to p iff pr converges weakly to p and py(f) converges
to p(f) as k — +oc.

As mentioned in Section 6.2, this extension emerged from the need to overcome the
inconvenience of the non-compacity of the W,-balls {p € P"(Y) | W,(p, dy,) < R}, R > 0 for
the W,-distance topology. All the following lemmas together show that this extension enjoys
nearly the same flexibility as the usual Wasserstein distance topology and most importantly
benefits of a helpful compacity result, see Lemma 6.7.7 below.

Remark 6.7.2. We continue with some remarks on the structure of P;(Y):

(1) Convergence in P;(Y') can be described differently: let (pi)ren converge to p in Ps(Y),
and let ¢ € C(Y) be such that 0 < g < f. By Portmanteau’s theorem we have
p(g) < liminfy oo pi(g) and p(f) = p(g) = p(f = ¢g) < liminfy, oo pi(f = 9) =
p(f) —limsup,_,, . pr(g), hence limsup,_, . pr(9) < p(g). We deduce that

pe 2 pin Pr(Y) = pilg) — plg), Vg€ Q(Y), (6.7.1)

when ®;(Y) := {g € C(Y) | g is absolutely dominated by a positive multiple of f}.

It is immediate that for » > 1, this topology is finer than the one induced by W, on
Ps(Y) if f belongs to the set F"(Y') of real-valued continuous functions defined on Y
and bounded from below by y — 1+ d¥ (v, vo).
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(2) The set P;(Y) is naturally embedded into the set M (Y) of all bounded positive Borel
measures on Y, endowed with the weak topology, via the following continuous injection

v Pr(Y) = M(Y),  up)(dy) = f(y) p(dy).

Clearly, the topology on P;(Y') coincides with the initial topology under ¢. Even more,
the set «(Pr(Y)) = {m € M (Y): m(%) = 1} is a closed subset of M, (Y) since % is
continuous and bounded. As such, we deduce that P;(Y’) is a Polish space.

(3) By [41, Theorem 8.3.2 and the preceding discussion|, we have that the weak topology
on M, (Y) is induced by the norm

My — mallo == sup  (ma(g) — ma(g))-
g: Y—[-1,1]
g is 1-Lipschitz

This permits us to define a metric on P¢(Y) via

Wie(p,q) == .Yiu[rjl ; (p(fg) —aq(fg)) = lle(p) — t(@)]fo- (6.7.2)
g is 1-Lipsc7hityz

Thus, W, is a complete metric compatible with the topology on P;(Y).

From now on, we equip P;(Y) with W;. A continuous function f: Y — [1,+00) can
naturally be lifted to a continuous function f: Ps(Y) — [1, +00) by setting

A

f(p) =p(f) (6.7.3)

Let us recall some notation. For any probability P € P(P(Y)) we denote its intensity

A

I(P) € P(Y), defined by I(P)(dy) = [py)p(dy) P(dp). Then we have P(f) = I(P)(f). For
twomaps f: X > Rand g:Y — R, wedenote f G g: X XY 3 (z,y) = f(x)+ g(y).

As we are solely interested in topological properties, the next lemma shows that we
can freely switch between the spaces PP (Y)), Ps(P(Y)), and P'(P(Y)), the latter’s

definition being given by (6.1.1) with (1, P¢(Y), W;) replacing (r, X, dx).
Lemma 6.7.3. (a) Let f: Y — [1,400) be continuous. Then
Pi(P(Y)) = P;(Ps(Y)), (6.7.4)

and their topologies are equal. If moreover one endows P;(Y) with the metric Wy

defined by (6.2.1), then
Pi(P(Y)) = Pi(Ps(Y)) = PHP(Y)), (6.7.5)
and their topologies are equal.

258



(b) Let f: X — [1,400) and g : Y — [1,+00) be continuous. Then
Prag(X x P(Y)) = Prag(X x Pe(Y)), (6.7.6)
and their topologies are equal.

Remark 6.7.4. The equalities (6.7.4), (6.7.5) and (6.7.6) are to be understood up to an
identification, namely we consider that for two measurable sets Z’ C Z, a probability measure
p € P(Z) belongs to P(Z’) if p(Z') = 1, the underlying identification being of course between
p € P(Z) and the probability measure p’ € P(Z’) defined for any measurable subset A C Z’
by p/(4) = p(AN 2.

Proof. Let us prove (a). The inclusion P;(P(Y)) D Pp(Ps(Y)) is straightforward. Con-
versely, let P € P;(P(Y)). Then by definition,

P(f) = [, PU) Plp) < +o0.

which can only hold if p(f) is P(dp)-almost everywhere finite, or equivalently P(P;(Y)) = 1,
hence P;(P(Y)) C P;(Py(Y)) and therefore we have equality. To see that the two topologies
match, let us show that

P* — Pin Pi(Pr(Y)) <~ Pt — Pin PiPY)).

k——+o0 k—+o0

Since the topology on P;(Y) is finer than the weak topology on P(Y'), we have C(P(Y)) C
C(P;(Y)), so the direct implication is trivial. Conversely, suppose that P* converges in
Pi(P(Y)) to P as k goes to +0o. Let h € C(Y) be bounded. Then h e C(P(Y)) is
bounded, and I(P*)(h) = P*(h) converges to P(h) = I(P)(h) as k goes to +00. Moreover
I(P¥)(f) = P*(f) converges to P(f) = I(P)(f). This shows that (I(P*))zen converges in
P;(Y) to I(P). Therefore {I(P*) | k € N} is relatively compact in P¢(Y). We deduce by
Lemma 6.7.5 below that {P* | k € N} is relatively compact in Pi(Pr(Y)). Let @ be an
accumulation point of (P¥)rey in Pi(Ps(Y)). In particular @ is by the direct implication
shown above an accumulation point of (P*)yey in P;(P(Y)), hence @ = P by uniqueness of
the limit since the topology is metrisable and therefore Hausdorff.

Let us now prove the second part of (a). We endow P;(Y') with the metric W;. To see
that the sets Py(P;(Y)) and P'(P;(Y)) are the same, we find

P(f)<+o0 = [ p(f)Pldp) < +o0 = [ Wi(p.6,0) P(dp) < +00,
PY) P(Y)

which is an easy consequence, as well as the equality of the topologies, of

Vp e Py(Y), p(f) = fyo) < Wi(p,dy,) < p(f) + f(%0)-

Let us now prove (b). We derive the equality Prgs(X X P(Y)) = Prag(X x Py(Y)) as
in (a) since

P& = [ (@) +p(9) Pldr,dp) < +oo,
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which can only hold if the second marginal of P is concentrated on P,(Y’). To see that the
topologies are equal, the only nontrivial part is, as in (a), to show that if (P*),cn converges
in Prag(X x P(Y)), then {P* | k € N} is relatively compact in Pras(X x Py(Y)). Let
then (PF)ren converge in Prey(X x P(Y)) to some P. Recall moreover the definition of
the extended intensity / given by (6.2.20). Let hy : X — R and hy : Y — R be two
continuous and bounded maps. Then the map H : X x P(Y) 3 (z,p) — [y hi(2)h2(y) p(dy)
is continuous and bounded. Denoting h : (z,1) — hi(x)ha(y), we deduce that I(P*)(h) =
P*(H) converges to P(H) = I(P)(h) as k goes to +oo. Hence (I(P*))ren converges weakly
to I(P). Then by continuity of the projections the first marginal p*, resp. the second
marginal ¥ of I (P*) converges weakly to the first marginal p, resp. the second marginal v
of I(P). Since the maps f&0: (z,p) — f(z)and 068§ : (z,p) — §(p) belong to C(X x P(Y))
and are dominated by f @ g, we also have that

pH(f) =P f@0) — P(fo0)=p(f) and vMg)=P0ag) — POSg) =),

which shows that (1%, %)ren converges in Pr(X) x Py(Y) to (i, v). Therefore (I(P*))ren
is tight in P(X x Y) and both projections {u* | k¥ € N} and {v* | k € N} are relatively
compact respectively in Py(X) and P;(Y), so by Lemma 6.7.8 below {P* | k € N} is
relatively compact in Pragz(X x Py(Y')), which proves the claim. O

Lemma 6.7.5. A set A C P(Ps(Y)) is relatively compact if and only if the set of its
intensities 1(A) C P¢(Y') is relatively compact.

Proof. The first implication follows as in [18, Lemma 2.4] by continuity of I, c.f. Lemma
6.7.10 below. The reverse implication can be shown by pursuing the same idea as in [18,
Lemma 2.4] with slight modification: instead of considering the map y — dy (y,y')" we use

y = f(y). O

Lemma 6.7.6. A set A C Py(Y) is relatively compact if and only if it is tight and

Ve >0, dR >0, sup

dy) < e.
HEA /{erlf(y)>R} f(y) M( y)

Proof. The proof of this lemma runs along the lines of [18, Lemma 2.5] when replacing
y = dy(y,y) by y = f(y). =

For g : RY — [1,+00), recall the definition (6.4.2) of the set F," (R).

Lemma 6.7.7. Let d € N* and R? be endowed with a norm | - |, and let g: R? — [1,+00)
be continuous. Then for all f € F(R?), the set Br := {p € P(R) | p(f) < R} is a compact
subset of P,(RY).

Proof. Let R > 0, (pn)nen be a sequence in BY and € > 0. There exists 7 > 0 such
that for all z € R% |z| > r implies f(z) > £. Let K = {x € R? | |2| < r}. For all
n € N, we have R > p,(f) > po(R\K)Z, hence p,(R/\K) < c. So (pn)nen is tight,
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and by Prokhorov’s theorem there exists a subsequence, still denoted (p;,)nen for notational
simplicity, which converges weakly to p € P(R). Since f is continuous and nonnegative, we
have by Portmanteau’s theorem

p(f) <liminfp,(f) < R,

n—-+o0o

so p(f) € Bg. It remains to show that this convergence also holds in W,. By Skorokhod’s
representation theorem, there exists for all n € N a random variable Z,, ~ p,, such that
(Zy)nen converges almost surely to a random variable Z ~ p. For all n € N we have

pu(g) = Elg(Zn)] < E[f(Zn)] = pu(f) < R,

so by the de La Vallée Poussin theorem, (¢(Z,))nen is uniformly integrable. We deduce by

lim p,(g) = p(g)

n——+00
and (6.7.1) that (p,)nen converges in P,(R?) to p, so Bg is compact. O]

For a probability measure 7 € P(X x Y), we denote by projy(m) and projy (m) its
X-marginal and Y-marginal, respectively. Recall moreover the definition of the extended
intensity / given by (6.2.20).

Lemma 6.7.8. Let f: X — [1,400) and g: Y — [1,400) be continuous. The following are
equivalent:

(a) A set1l C P(X xY) is tight and both projections, projy (II) C Pr(X) and projy (II) C
P,(Y), are relatively compact.

(b) J(II) as a subset of Prag(X x Py(Y)) is relatively compact.
Conversely, the following are equivalent:

(a’) A C Prag(X x Py(Y)) is relatively compact.

(b’) I(A) C P(XxY) is tight, and both projections, projx (I(A)) € P;(X) and projy (I(A)) C
P,(Y), are relatively compact.

Proof. For this lemma works the same proof as in [18, Lemma 2.6] when using Lemma 6.7.5,

the characterisation of relative compactness given in Lemma 6.7.6 and continuity of I, see
Lemma 6.7.10. O

Proposition 6.7.9. Let f: X — [1,400) and g: Y — [1,+00) be continuous functions, and
C: X xPy(Y) = RU{+o0o} be lower semicontinuous and bounded from below by a negative
multiple of f @ g. Then

(a) The map

5 Y P P 7.
Pf699<X X Pg( )) > = X><’Pg(Y) O(iL’,p) (d:c,dp) (6 7 7)

1s lower semicontinuous.
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(b) Suppose in addition that for all x € X, the map p — C(zx,p) is convex. Then
Prog(X X Y) 3 7 /X O, ) p(d), (6.7.8)

where p denotes the X-marginal of 7, is lower semicontinuous.

Proof. Lower semicontinuity of (6.7.7) is obtained by standard arguments. To see (6.7.8),
let (Tg)ken € Prag(X x Y)N converge in Prey(X X Y) to some 7. We find by the first part
of Lemma 6.7.8 an accumulation point P € Pras(X x P(Y)) of (J(7%))ren. By possibly
passing to a subsequence we can assume that P* := J(7*) converges to P in Pgs(X x P(Y))
as k goes to +00. Write p*, k € N and p for the X-marginal of 7% and 7, respectively. Due
o0 (6.7.7), we obtain

liminf | C dr) = lim inf C P*(dx,d
iminf | C(e,mp) p(dr) = lim in ) (z, p) P*(d, dp)
> C(x,p) P(dz, dp)
XxPs(Y)

> [ €@ 1(P) pld)

= [ (w.(P).) )

where we used Proposition 6.7.11 below for the last inequality. Since I is continuous by
Lemma 6.7.10 below, we find that 7* = I(P*) — I(P) and I(P*) = 7* — 7 as k — +oo0.
But the weak topology is Hausdorff and therefore 7 = I(P) yielding

liminf [ C(z, %) y*(de) > /X Oz, mp) pldz),

k—4oc0 JX
and thus (6.7.8). O

Lemma 6.7.10. Let f: X — [1,+00) and g: Y — [1,400) be continuous. The maps
T Py(PYV)) = Py(Y), I(P)dy) = [ pldy) Pldp), (6.7.9)
I Preg(X x P(Y)) = Pray(X x Y),  1(P)(d.dy) := | ooy P) P dp), - (67.10)

are continuous.

Proof. Let (P*).en be a sequence in Py(P(Y)) with limit point P. Let h € Cy(Y), then
h € Cy(P(Y)). Thus,

Jim I(P¥)(h) = lim PH(h) = P(h) = I(P)(h),
Jim 1(P¥)(g) = lim_P*(9) = P(3) = I(P)(9),
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which shows by (6.7.1) continuity of I.
Next, let (P*)ren be a sequence in Pyay(X x P(Y)) converging to P. Let h € Cp(X xY),
then h(z,p) := [y h(z,y) p(dy) is contained in Cy(X x P(Y)). Again, we find

lim [(P¥)(h) = lim P*(h) = P(h) = I(P)(h),

k—4o00 k—4o00

lim [(P*)(f ®g)= lim P(f®g)=P(feg)=IP)fog)

k—+o0
whereby we derive continuity of I by virtue of (6.7.1). O

Proposition 6.7.11. Let f: X — [1,4+00) be continuous, C : Pr(Y) — R be convez, lower

semicontinuous and lower bounded by a negative multiple of f Then for all Q) € Pf(P(Y))
holds

C(1(Q)) < C(p) Q(dp). (6.7.11)

- IPr(Y)

If moreover C' is strictly convex, then (6.7.11) is an equality iff Q = d1(q).

Proof. Let Q € Pp(P(Y)), P, : @ — P(Y), n € N* be independent random variables
identically distributed according to @ and G C @®;(P(Y)) be a countable family which
determines the convergence in P;(P(Y)) (see [78, Theorem 4.5.(b)]). By the law of large
numbers, almost surely, for all ¥ € G,
1 & 1&
=Y ¢(P) — E[p(P)]=QW) and - Y C(P) — E[C(P)]=Q(C). (6.7.12)
k=1

n =1 n——+0o0o n——+00

Let w € Q be such that (6.7.12) holds when evaluated at w and set p,, = P,(w) for n € N*.
Then (% Sy §pk)neN converges in P;(P(Y)) to Q. By Lemma 6.7.10, % 323, p. converges
to I(Q) as n — +oo. By lower semicontinuity of C' for the first inequality, convexity of C
for the second one and (6.7.12) evaluated at w for the equality, we get

C(I(Q)) <liminfC (1 Zn:pk> < lim inf ! Xn: C(pr) = Q(C). (6.7.13)
= notee mog T

n—-+o0o

If @ = 01(g) we have trivially equality in (6.7.11). So, assume that @ is not concentrated
on a single point, and that C is strictly convex. There are h € ®;(Y) and b € R such that
A={pePsY)|p(h) < b} satisfies

Q(A) > 0 and Q(A°) > 0. (6.7.14)
Indeed, pick any points pi,ps € Pr(Y), p1 # po in the support of @), then the Hahn-
Banach separation theorem provides h € ®¢(Y) and b € R such that pi(h) < b < pa(h).

As both points lie in the support of @, and {p € Pr(Y) | p(f) < b} and {p € Pp(Y) |
p(f) > b} are open subsets containing p; and ps, respectively, we obtain (6.7.14). Write
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Q1(dp) := ]IA%((C%) and Qq(dp) := 1 e 8((5“2)). By the definition of A, we have that I(Q1)(h) <

b < I(Q2)(h) and especially 1(Q1) # I(Q2). By (6.7.11) we find

/Pf(y) C(p) Ql(dp) > O(I(Q1>) and C(p) Qz(dp) > O(I(QQ))

Pr(Y)

Hence, as @ = Q(A)Q1 + (1 — Q(A))Q2 we get

/pf(y) C(p) Q(dp) = /P Ly (PR Quldp) + /P ) CPIRA) Qa(dp)

> Q(A)CI(Q1)) + (1 = Q(A)C(I(Q2))
> C(QIA)I(Q1) + (1 - Q(A)I(Q2)) = CI(Q)),

where we used 1(Q) # I(Q2) and strict convexity for the last inequality. O

6.7.3 A Portmanteau-like theorem for Carathéodory maps

Let (7%)ren be a sequence of probability measures defined on X x Y converging in Ppg, (X X
Y)tonm and ¢: X XY — R be a (lower) Carathéodory map, that is a measurable func-
tion which is (lower semi-)continuous in its second argument. The goal of the present
section is to determine in which situation we can connect the asymptotic behaviour of
Txwy clx,y) 7*(dz, dy) and [y.y c(x,y) w(dz,dy). We recall that (7%)ien is said to con-
verge stably to 7 iff for every bounded measurable map g : X — R and bounded continuous
map h:Y — R

[ a@h() dr.dy) — [ g@)hly) w(dr,dy) (6.7.15)

k—+oo JXxY

We say that a sequence (u*)pen of probability measures on P(X) K-converges in total
variation to y iff for every subsequence (u*i);en we have

Lemma 6.7.12. Let m, 7% € P(X xY), k € N be with respective first marginal p, u*. All
of the following statements are equivalent:

(a) (7%)ken converges to w stably.
(b) (7%)ken converges to m weakly and (u*)ren converges strongly to .

(c) (7*)ren converges to m weakly and every subsequence of (u*)ren has an in total variation
K -convergent sub-subsequence with limit p.
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Proof. We prove “(a) = (b)”. The definition of stable convergence given by (6.7.15) is in
the Polish set-up by [42, Theorem 8.10.65 (ii)] equivalent to

dz,d dz,d

[ elwyntidndy) — [ cloy)n(de.dy)

for all ¢: X xY — R which are bounded and Carathéodory. Thus, stable convergence is
stronger than weak convergence. For all measurable subsets A C X, we find by setting
g=14and h=11n (6.7.15) that

Next we show “(b) = (c)”.

Let p*(dx) = p*(z) pu(dz) + n¥(dx) be the Lebesgue decomposition of pu* w.r.t. y. Since
n* is singular to p there is N* € B(X) such that n*(N*) = n*(X) and u(N*) = 0. Define
N = Upen N¥ € B(X), then n*(N) = n*(X) for all £ € N and u(N) vanishes as a countable
union of null sets. Thus, n*(X) = p*(N) — u(N) = 0 as k — +o0. Since (p*)rey is bounded
in L'(p1) there is by Komlés theorem a K-convergent subsequence to some limiting function

p € L'(u). We have

n

lz:pkl — p, p-a.s.
n =1 n—+oo

By [41, Corollary 4.5.7] the above convergence even holds in L'(x). We find for any
measurable subset A C X

/A Zpk’ p(dx) n_>+oo/ = u(A).

Hence, p(x) = 1, p(dz)-almost surely and
V(ST utp) =0+ [ S ) 1| ) 5 0
i X|ni= e

Finally we show “(c) = (a)”. If (7*)ren does not converge stably to 7, then there is a
bounded Carathéodory function ¢: X x Y — R, such that

lim sup
k—+o0

/X><Y c(x,y) wk(dx, dy) — /X><Y c(x,y) w(dx,dy)’ > 0.

Hence, w.l.0.g. there is a subsequence (7%7) ;e such that 7% (c) > 7(c) 4§ for some § > 0.
Especially, we have for any sub-subsequence (7% ),y of (%) ey that

—> "7 (c) > m(e) + 4, (6.7.16)
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whereby the Cesaro-means of the sub-subsequence are not stably convergent. By assumption
there exists a subsequence (1% );en of (u%);en which K-converges in total variation to p.
For n € N* define

1 , 1
SN ybi and A" =—
n i n

i =

n n
= =1

We will show that (7"),en+ converges stably to 7, which will contradict (6.7.16) and end
the proof. Let i"(dx) = 7"(x) u(dz) + 7™ (dz) be the Lebesgue decomposition of i" w.r.t.
p. Define the auxiliary sequence

(dx, dy) = (1A () &2 (dy) + (1= p(2))" ma(dy) ) plda).

Let ¢: X x Y — R be Carathéodory and absolutely bounded by K, then

[ clay) #dwdy) ~ [ clay) 7" (d.dy)
<k ([ 15 @ = 1Ap @) nlde) + [ (1= 5"@)" u(de) + (X))

< K ([ 1) = 11 ld) + 207 (%)
< 2K TV(i",p) — 0.

In particular, we have found that (7"),cn- converges to m weakly. Note that the first
marginal 7™ is p, and therefore [127, Lemma 2.1] yields stable convergence of 7™ to 7 as
n — 4o00. By (6.7.17), we find that (7"),en+ also stably converges to . O

Lemma 6.7.13. Let f: X — [1,4+00) and g: Y — [1,+00) be continuous, and let (7*)pen
converge to m in Prag(X x Y).

(a) Ifc: X XY — RU{+o0} is lower semicontinuous and bounded from below by a negative
multiple of g ® h, then

lim inf kdx, dy) > dx, dy).
im inf XXyC(w,y)ﬂ (dx, dy) > XXyC(w,y)W( z, dy)

(b) If c: X XY — R is continuous and absolutely bounded by positive multiple of g @ h,
then

lim c(x,y) m(dx, dy) = / c(z,y) m(dz, dy).

k—+4oo JXxY XxY

(c) If c: X XY — RU{+o0} is lower Carathéodory and bounded from below by a negative
multiple of g ® h, and T converges to m stably, then

lim inf c(x,y) 7" (dx, dy) > c(x,y) m(dz, dy).
k—+oco JXxY XxY
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(d) Ifc: X xY — R is Carathéodory and absolutely bounded by a positive multiple of g®h,
and T converges to m stably, then

lim c(x,y) m(dz, dy) = / c(x,y) m(dz, dy).

k—+oo JXxY X XY

Proof. These results are well-known. Note that by [41, Theorem 8.10.65] we have for every
bounded lower Carathéodory map c that = — m(c) is lower semicontinuous w.r.t. the topology
of stable convergence. O]

6.7.4 On the continuity of the marginal distributions of the stretched
Brownian motion

The following Lemma shows that the stretched Brownian motion provides a convenient tool
to approximate two probability measures in the convex order with atomless ones still in the
convex order.

Lemma 6.7.14. Let u,v € P?*(R) be such that p <. v and (u,v) consists of a single
irreducible component I = (I,7). Let (M )icpo1) be the unidimensional stretched Brownian
motion from u to v. Then

(a) For each t € (0,1) the distribution v, of M is atomless.

(b) For all s,t € [0,1] such that s < t, (vs,11) consists of the single irreducible component
1.

Proof. Let us first prove (a). Let t € (0,1) and y € R. Let v = N(0, 1) be the unidimensional
standard normal distribution and Cy : R X P?(R) — R be defined for all (z,p) € R x P*(R)
by Ca(x,p) = W3(p,7). Let V4! be the value function given by (WMOT) for the cost
function Cy and 7* € IIy(p, v) be optimal for VA! (11, ). According to (6.2.9),

]\41t>k = Spt(Xv Bt)>

where X ~ g is a random variable independent of the Brownian motion (Bs)sep,] and
©; - R x R — R is defined for all (x,b) € R? by

ou(,b) = /R F(F (VI= iy +b)) 2(dy). (6.7.18)

In order to prove that P({ M, = y}) = 0, it clearly suffices to show that for p(dx)-almost
every r € R,

P({¢i(x, B)) = y}) = 0. (6.7.19)

The map T = F..' o F, is nondecreasing. Let b > ¥ and assume that T'(v/1 —ty +b) =
T(v/1—ty+1) for all y € R. By monotonicity of T" we deduce that 7" has to be constant
on all intervals of R of length b — b’ and therefore on R. So assume that 7" is not constant.
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Then there exists y € R such that T'(v/1 —ty +b) > T'(/1 —ty + V). As F, is continuous
and F%l is left-continuous, we find an € > 0 such that

Vi € (y—e,yl, T(V1I—ty+0b)>TH1—ty +V),

hence @i(x,b) > ¢i(x, V). We deduce that b — ¢;(z,b) is increasing and therefore one-to-
one, hence the equation ¢;(z,b) = y has at most one solution b*. Denoting by b* any real
number if the latter equation has no solution, we then have

P({pi(e, By) = y}) < P({B, = b"}) = 0.

In order to prove (6.7.19) and conclude the proof, it remains to show that for u(dx)-
almost every x € R, the map F%l o F, is not constant. Since v is the unidimensional
standard normal distribution and W; is a martingale kernel, it is equivalent to show that for
p(dz)-almost every x € R, 7 # 0,. This is done using the WMOT monotonicity principle.
By (6.2.13) there exists a martingale Cy-monotone set I' C R x P!(R) such that (x,7%) € T
for all z in a p-full set A C R. This implies that for all z,2' € A and p,p’ € P'(R) such that
T+ Ty =p+ 1, Jpyp(dy) =z and [pyp/(dy) = 2’, we have

Wi (5, y) + Wi (e, v) < Wi(p,v) + Wi (0, 7). (6.7.20)

Let z € A. To conclude, it suffices to show that 7} # §,. Note that if (p,p’) is admissible

for (6.7.20), so is (3(7} + p), 2(7% + p')). In the proof of Lemma 6.3.1 we show that ¢ —

Wi(q,7) is strictly convex. Therefore, if p # 7* or p’ # 7, then

1 /
M@m+%<www{m+m)+w(wﬁmﬂ
<§WQ(W§,7)+§W§(ID, )+ WQ( )+ Wa(p ),

and the inequality (6.7.20) is strict. To show that 7} # 6, and thereby end the proof, we
deduce that it suffices to find 2/ € A and two measures p,p’ € P'(R) such that

0 + 7 =p+7p, /Ryp(dy) =, /Ryp (dy) =2', p# s, (6.7.21)

and W3 (p,7) +Ws (', 7) < Wi(mh,7) + W3 (02, 7). (6.7.22)
Suppose that

p({z" € (L] | 7 ((2,7)) > 0}) + p({2" € (z,7) | 75 ((I,2)) > 0}) = 0. (6.7.23)

Then for p(dz’)-almost every a’ € (I,r), the sign of y — x is 75 (dy)-almost everywhere
constant equal to the sign of 2’ — x, so using the martingale property of 7 in the third
equality, we get that

o) = [y alvtdy) = [ [y~ olmildy)) i)
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p(dz’)

— 7 (dy) — 2| p(de’ +/
o fymty) )+ [
= [ I’ = ol u(da’) = w,(@),

which contradicts the irreducibility of (i, ). We deduce that (6.7.23) does not hold, hence
there exists 2’ € A such that 2/ < z and 7}((x,r)) > 0, or 2’ > x and 75 ((l,x)) > 0.
Since 7%, has mean z’, we can find in both cases & < z < gy such that % ((Z,x)) > 0 and
75 ((x,9)) > 0, which implies

/ ymo(dy) —x
R

0< Fp (v—) < Fpe () < L. (6.7.24)
Define for «, 5 € [0, 1]
S d Sy d
Pa = /(; F;;l, (u) u, gp = 18 F7:;1, (u) Uu.

Fﬂ.* ($—)
Let ¢ = <fo S - P w) du> NI, 0 (Fi () = ) du). Since forallw € (0,1),

u> Fr () <= F;}(u) >z and u < Frr (v—) = Fw’}(u) <r = u < Fr (x—), the

™

maps a — ['(v — F Z} (u)) du and 8 +— fllfﬁ(Fw_*} (u) — x) du are nondecreasing respectively
on [0, Fr« (x—)] and [6, 1 — Fy+ (x)]. Moreover, those two maps are continuous, so we deduce
the existence of o/ € (0, F,r;(x—)] and ' € (0,1 — Fr- (z)] such that they both equal c
respectively at a« = o and = ', hence

/

[ F ) —aydut [ (F )~ ) du= [ ypeldy) + [ yas(dy) — @ + 5w =0

T 1-p/ T

Note that (6.7.24) implies that o + " € (0,1]. Then the measures p = (1 — o' — ')d, +
Por + g and p = (& + 3')0, + 75 — por — qa satisfy (6.7.21). Let x € II(w%,v) be the
Ws-optimal coupling and denote by p = 7}, — por — g and p = po + qz. Then

(Pldy) xold2) + 8uldy) [ xuld2)pld)) € TH(p. ),
(Pldy) o ) + 6uldy) [ xaldz)tan)) € 1),
hence
2 12 124
Wip) < [ Jy— 2P aldy) ) + [ o= 2 plde) valdz),
WP ) < [y = 2P ldy) xo(d2) + [ o = 2 Bldt) xu(d2).
RxR RxR
Combining these inequalities yields
2 20,/ 12 A 12 ~
Wi + WA ) < [y =2 (4P dy) o (d) + [ e =2 (5 + P)(d) xald2)
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—/ ly — 2|* x(dy, dz) +/|x v(dz)
_W2( x7’7>+w2(6ﬂ777)7

which proves (6.7.22) and completes the proof.
Let us now prove (b). Let s,t € [0, 1] be such that s < t. Since p <.y Vs <ep vy <ex V,
we have v, < u,, <wu,, <wu,, hence u,, = u,, on It Let z € I. Then

Uy, (Z) = E“M: - ZH = EHE[Mt* - Z|Xa (Bu)ue[o,s]]u

E[E[M; — 2||X, (B)ueps)] = EIM; — 2] = w,(2). (6.7.25)

Let us show that the inequality above is strict. This is equivalent to show that given X
and (By)uc[o,s], the sign of M/ —z is not almost surely constant. Suppose that P(M} < z) > 0,
the case P(M} > z) > 0 being treated symmetrically. Then it suffices to find a Borel subset
A C R such that

P(M >z, X e A M <z)>0, (6.7.26)

since the martingale property would then imply that P(M; < z, X € A, M} < z) is positive
as well. The pair (u,v) being irreducible, we have that
u(A:={zx € (—o0, 2] | 7i((z,400)) > 0}) >0

For fixed 2,y € R, the map b— T% (b) = F..' (F,(v/1 —ty+b)) is non-decreasing where
limy_, 400 T%,(b) = lim, x4 F.'(u). Recall that y — T (b) and y — T, are y-integrable,
therefore we have due to monotone convergence

bLlIJrnooSOtx b _bLIIJrnoo/T dy —hmF ( )
hm ws(x,b) hm / v(dy) —hmF ( ),

and, in particular,

Vee A, lim ¢(z,b) >z and lim @s(z,b) <z
b—r+o00 b——o0

Again, recall that x — ¢;(z,b) and = +— ps(z,b) are p-integrable, therefore we find due
to monotone convergence

lim /gpt (x,0) u(der) = lim @(x,b) u(dr) > zu(A),
b——+o0 A b—+o0c0
lim / s(x,b) p(dr) lim ¢s(x,b) p(de) < zu(A).
b——o0 Ab——o0

Hence, there are by, b; € R and A’ C A, u(A’) > 0, such that
oi(z,b) > z and @4(z,b) < 2
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for every x € A, b > by and b’ < b;. Then

P(M >z, XeA M <z)>P(B,>by,X € A, M} <2)
=P(B, > by, X € A, B, <by) >0,

which proves (6.7.26). Hence the inequality in (6.7.25) is strict and w,, < u,, on I. O

Corollary 6.7.15. Let (1%, v%)ren be any sequence in PH(R) x PYR) converging to an
irreducible pair (p,v) € PHR) x PL(R) with component I. Let &€ > 0, then there are (0*)ren
and an atomless measure U in PY(R) with limy_, o 7% = ¥ in Wi, such that

Wi(D,v) <&, pF <o 0" <o V¥ forallk €N and (u,7) is irreducible with component I.

Proof. 1t is clear that whenever two measures (1, ) have finite second moment, the stretched
Brownian motion provides by Corollary 6.2.8 and Lemma 6.7.14 (a) a continuous interpo-
lation (ytt)scf0,1), where pig = g and p; = v, such that j, is atomless for ¢ € (0,1). We are
going to extend such an interpolation to a case where only first moments are finite. To work
around this issue, assume for a moment that we can introduce an intermediary measure v
with p <., v <., v, where the decomposition into irreducible components (I,,)nen of (7, v)
consists only of bounded intervals, and v(J) = 0 for J = R\ U,en In. For all n € N, let
(7|1, vn) be the irreducible pair associated with 7, in the decomposition of (v,v). Since I,
is bounded, v, € P*(R) so we can consider the stretched Brownian motion (M;")sepo,1) from
1

ﬁﬂ] 1, $0 SyVn- Since ¢ — M is almost surely continuous on [0, 1] and 1,, is bounded, we
1

find by dominated convergence that the law of M;* converges in W to SV ast tends to

1. Therefore we find for each I,, a time ¢,, € (0,1) such that for each n € N the distribution

ﬂ(}n)ﬂn of M satisfies

Wl(ﬁﬁnyn) <

on+1 '
In particular, 7, is atomless by Lemma 6.7.14 (a). Recall the definition of the Wasserstein

projection Z(-,-) given in Section 6.2.5. We set

U= Z U and 0% = T(0, %) Ve piF.
neN

Thus, ¥ <. 7% <. v* and

Wl(ﬁ, I/) < Z ontl <e.
neN
Moreover there holds
uy, < up = Z Up|, < Z Up, = Uy < Z Uy, = Uy, (6.7.27)
neN neN neN

which implies p <., 7 <., v. For all n € N, (v|;,,V,) is irreducible by Lemma 6.7.14 (b),
so the second inequality in (6.7.27) is strict on U,en In. Since u, < u, = uy on I\ Upen In,
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we deduce that u, < uz on I. On I, we have u, = w,, which implies u, = u;. Therefore
{u, < uy} =TI and (u,7) is irreducible with component /. Finally, since p <., 7, UVegpt = 7,
and since 7 <., v, Z(?,v) = . Due to W;-continuity of Z (Theorem 6.2.18) and V., (Lemma
5.4.1), we derive that limy_, 7* = ¥ in W;. It remains to show that there is a measure ¥
with the above mentioned properties.

If v ¢ P?(R), then I has to be unbounded. For simplicity, we assume that I = R, since
if I = (—o0,b) or I = (a,+00) with a,b € R the construction below also works in these

1

cases with the obvious modifications. To this end, we define iteratively ul = 5= ud, and for

n € N*, we choose ui™ € (0, 5 Au}) and u™ € ((1 — 577) V uj, 1) such that
Hr e R| F,(x) € (ui™ uf))} >1 and |[{z €R|F,(2) € ((uy,us™))} >1, (6.7.28)

which is possible as v((—oo, R))Av((R, +00)) > 0 for all R € R. We have that lim,,_, o u} =
0 and lim,,_, ;» uy = 1, and set

du
n+l_ n
R “2

A +1 +1
D= | (uf —uf P gy BT ) g
1

—1
neN* u717‘7u717’+1 u;l E, (u)

which entails us to define v := 7V, u. For all x € R we have by inverse transform sampling
for the last equality

u™ w2t
usl) = 3 ( ) o) | +| [ <F;1<u>—x>du)
neN* Uy Uy
) ul u§+l
<X </ | (u) — x| du+ |F;1<u)—xldu>
neN* Uy uy

= /01 |F 7 (w) — x| du = u, (z),

where the inequality is strict iff there exists n € N* such that F' — x is not constant
on (uft u?) or (u},uy™). By monotonicity of F ! the strict inequality is equivalent to
v € (B N (up™), FyN(up)) or (FN(ud), Fy N (usth)) for some n € N*. We deduce that 7 <., v
and therefore p <. v <. v, and the irreducible components of (7,r) are given by the
intervals

L= (F, (ui™), F, () and I = (F, (ug), F, ' (uz)), n €N, (6.7.29)
which are indeed nonempty by (6.7.28) and bounded. In particular for all n € N* we have
up(F () = w(F, (uf)) and up(F)H () = w(F 7 (up)). (6.7.30)

v

Since uy < w, Vup, = up < u, and (p,v) is irreducible, (6.7.29) is also the decomposition
into irreducible components of (7, ), which consists solely of bounded intervals.
To conclude, it remains to show that

v (R\ U 1y Ig)) = ({F ') [neNFU{F (W) | neN}) =0 (6.7.31)

neN*
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For each n € N* and bounded neighbourhood of F,!(ul), there is by irreducibility
of (p,v) and continuity of potential functions a § > 0 such that w, + 6 < w, on this
neighbourhood. Thus, for y close enough to F, ! (u}'), we have u,(y) < us(y) due to (6.7.30),
hence

up(y) = up(y) V uu(y) = us(y), for y close enough to F, ' (uf). (6.7.32)

For each n € N*, it is clear from the definition of © that its restriction to the closure
of I' is concentrated on a single point in I! and therefore does not charges the boundaries
of I'. We recall the easy fact that the potential function of a probability measure is linear
on an open intervall iff this measure does not charge this interval. We deduce, with use of
(6.7.32), that we can find an open neighbourhood of F!(u}) such that u; and therefore u;
is linear, which implies that 7 does not put mass on {F,!(u}) | n € N*}. Analogously, we
find that o does not charge {F,*(u}) | n € N*}, which proves (6.7.31). O
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