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Résumé :

Ce travail s’inscrit dans ’étude des symétries d’espaces de dimension infinie. Il répond a des questions algé-
briques en suivant des méthodes analytiques. Plus précisément, nous étudions certaines représentations du
groupe symplectique complexe dans des espaces fonctionnels. Elles sont caractérisées par leurs décompo-
sitions isotypiques relativement a un sous-groupe compact maximal. Ce travail décrit ces décompositions
dans deux modeles : un modele classique (dit compact) et un autre plus récent (dit non-standard). Nous
montrons que cela établit un lien entre deux familles de fonctions spéciales (fonctions hypergéométriques
et fonctions de Bessel); ces familles sont associées & des équations différentielles ordinaires d’ordre 2,
fuchsiennes dans un cas et non fuchsiennes dans I'autre. Nous mettons aussi en évidence, dans le modele
non-standard, un lien avec certaines équations d’Emden-Fowler, ainsi qu’un opérateur différentiel simple

qui agit sur les décompositions isotypiques.
Mots clés :

Groupe symplectique complexe, représentation unitaire, décomposition isotypique, modele non-standard,

fonctions hypergéométriques, fonctions de Bessel.

Abstract :

The general setting of this work is the study of symmetry groups of infinite-dimensional spaces. We answer
algebraic questions, using analytical methods. To be more specific, we study certain representations of
the complex symplectic group in functional spaces. These representations are characterised by their
isotypic decompositions with respect to a maximal compact subgroup. In this work, we describe these
decompositions in two different models : a classical model (compact picture) and a more recent one (non-
standard picture). We show that this establishes a connection between two families of special functions
(hypergeometric functions and Bessel functions) ; these families correspond to second order differential
equations, which are Fuchsian in one case and non-Fuchsian in the other. We also establish a link with
certain Emden-Fowler equations and exhibit a simple differential operator that acts on the isotypic

decompositions.
Keywords :

Complex symplectic group, unitary representation, isotypic decomposition, non-standard model, hyper-

geometric functions, Bessel functions.
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Notation

The choices made here apply to all integers n € N\{0} ; let us consider an arbitrary value
of n.
Given any two vectors © = (1,...,2,) and y = (y1, ..., yn) of R", the standard Euclidean

product is denoted by a simple dot and given by the usual sum :
n
Y= inyi
i=1
Given any two vectots z = (21,...,2,) and w = (wy, ..., w,) of C", we set :
n
<Z7 ’LU> = Z 2 Wi
i=1

We point out that this does not correspond to the hermitian scalar product of C".
We identify real, complex and quaternionic coordinates (in Chapter 1, we explain all the
notions we need about quaternions and quaternionic linear algebra). The identifications

work as follows :
o a vector (z,y) € R" x R" ~ R*" will correspond to the vector z = = + iy € C".
« a vector (z,w) € C" x C" ~ C*" will correspond to the h = z + jw € H".
Consider any (non-zero) positive integers ¢ and [. Denote by K the field R, C or H. Then :

o M, .(K) denotes the K-vector space of [ x ¢ matrices (meaning matrices with [ lines

and ¢ columns) whose coefficients all belong to K.
« Given g € M;(K), g € M.;(K) denotes the transpose of g.

o M(n,K) denotes the K-vector space of all n xn matrices whose coefficients all belong

to K.

o GL(n,K) denotes the group of all n x n invertible matrices whose coefficients all

belong to K.

All zero matrices are simply denoted by 0. Also, we always identify matrices with the
linear maps they correspond to with respect to the canonical basis of the underlying

vector space.
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The n x n identity matrix is denoted by I,,.

Whatever kind a matrix we're studying, notation E, ; always refers to the matrix whose
terms are all 0, except for one term, the one that sits in line » and column s, which is
equal to 1; such matrices are called elementary matrices.

It will always be assumed that the unit sphere S"~! is equipped with the standard Eucli-
dean measure, denoted by ¢ and induced by the Lebesgue measure of R".

Given a measurable space X :

o L'(X) denotes the Banach space of equivalence classes of complex-valued integrable

functions on X.

e L?(X) denotes the Hilbert space of equivalence classes of complex-valued square

integrable functions on X.

Because R ~ C*" ~ H", we will denote by S**~! the unit sphere seen as a subset of
R but also seen as a subset of C*" or H".

Given a topological space X, C°(X) will denote the complex vector space of all continuous
functions f: X — C.

We fix, once and for all, an integer n such that n > 2 and set :
m=n-—1

N =2n

As for the bibliography, the references in no way mean to cover the huge litterature

connected to this work ; they only appear if explicitely mentionned at some point.



Introduction

0.1 Introduction : French version

On peut dire que la théorie des représentations consiste a donner une forme tangible a des
groupes abstraits, en identifiant leurs éléments a des opérateurs que 1’on peut en quelque
sorte visualiser. Une telle démarche permet de mieux comprendre la structure des groupes
en question, mais, ce qui est plus intéressant peut-étre, elle permet d’utiliser les connais-
sances dont on dispose au sujet de ces groupes pour résoudre des problemes difficiles. Par
exemple, étant donnée une équation différentielle, il se peut que les solutions forment un
espace vectoriel sur lequel agit un certain groupe ; définissant alors une représentation, on
peut essayer de décomposer 1’espace en sous-espaces invariants irréductibles, de telle sorte
que les combinaisons des éléments de ces sous-espaces reconstituent les solutions espérées.
Cette idée est déja présente de facon sous-jacente dans les travaux de J. Fourier. Dans son
célebre ouvrage [14], Fourier étudie I’équation de la chaleur et décompose les solutions en
séries de fonctions trigonométriques. Evidemment, attribuer les mérites a une seule per-
sonne a toujours quelque chose d’injuste, dans la mesure ou les idées nouvelles dépendent
toujours de connaissances existantes (par exemple, Euler avait déja travaillé sur les séries
trigonométriques). Résumer deux siecles de mathématiques en quelques pages est naturel-
lement impossible, si bien que nombre de personnes et contributions importantes seront
sans doute injustement oubliées dans notre entrée en matiere a caractere historique. Mais
nous souhaitons uniquement ici esquisser les étapes importantes qui ont mené a la théorie
des représentations telle qu’on la connait aujourd’hui, afin de mieux situer le contexte de
notre propre travail. Malgré les choix que nous avons di faire au niveau des noms et tra-
vaux a citer, nous avons essayé de relater le plus fidelement possible cette belle aventure
mathématique. Les premieres pages de cette introduction sont ainsi fortement basées sur
la fagon dont Mackey présente lui-méme cette histoire dans son article [41]; nous nous
sommes aussi appuyés sur [24].

Cauchy, Poisson, Dirichlet, Riemann, Cayley et d’autres reprennent les idées de Fou-
rier, arrivant notamment a d’autres applications en physique et aux harmoniques sphé-

riques en dimension plus grande. A la fin du dix-neuvieme siecle, la notion de groupe,
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introduite dans les travaux de Galois et Abel, devient prédominante en analyse et en
géométrie, notamment sous I'impulsion de Klein, qui en présente I'importance dans une
célebre conférence a l'université d’Erlangen (voir [26]). Lie se met a étudier les actions de
groupes topologiques. Frobenius se consacre aux représentations des groupes finis, mon-
trant qu’elles sont unitarisables et totalement réductibles, étudiant les liens qu’il y a entre
les caracteres et les fonctions sur le groupe, s’intéressant a la représentations réguliere
et ainsi de suite. Weyl étudie les représentations des groupes compacts, obtenant des
résultats similaires a ceux de Frobenius mais grace a des outils plus sophistiqués, notam-
ment la théorie de 'intégration développée par Lebesgue, Borel et Haar. En collaboration
avec son étudiant Peter, il démontre le fameux théoreme de Peter-Weyl, généralisation du

théoréme de Plancherel pour les séries de Fourier (voir [47]).

L’étape suivante vient de la notion d’algebre de Lie. En effet, Lie avait étudié les actions
de groupes d’un point de vue infinitésimal, en les interprétant au niveau des algebres dites
de Lie par la suite. Killing et E. Cartan avaient alors étudié les algebres de Lie en tant que
telles, aboutissant a la classification complete des algebres de Lie simples de dimension
finie. Puis, s’intéressant aux représentations de ces algebres de Lie, E. Cartan avait carac-
térisé celles qui sont irréductibles et de dimension finie, ce en termes de plus hauts poids.
Grace a toutes ces avancées, Weyl approfondit la théorie des représentations des groupes

compacts, obtenant par exemple sa formule des caracteres et celle des dimensions.

De nombreux scientifiques contribuent au développement de la physique quantique au dé-
but du vingtieme siecle (Planck, Schrodinger, Heisenberg, Von Neumann et ainsi de suite).
Le formalisme qu’ils mettent en place est celui que 'on connait aujourd’hui : un systéme
correspond a un certain espace de Hilbert, dont les droites vectorielles sont les états ; les
observables correspondent a des opérateurs auto-adjoints, qui définissent des mesures de
probabilités. Weyl montre comment se servir de I'application exponentielle pour associer
a un opérateur auto-adjoint toute une famille d’opérateurs unitaires, obtenant ainsi une
représentation unitaire de la droite réelle vue comme groupe additif; lorsque possible,

diagonaliser les opérateurs auto-adjoints revient a décomposer la représentation unitaire.

L’étude des représentations unitaires de groupes quelconques (en autorisant les groupes
non abéliens et les groupes non compacts) commence dans les années quarante, avec les

travaux de Gelfand notamment. Se dégage l'idée générale qu'un groupe est en corres-
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pondance avec ’ensemble de ses représentations unitaires (voir par exemple [16]) et que
I'on peut interpréter les actions de groupes dans des espaces topologiques X en termes
de représentations des groupes en question dans des espaces de fonctions sur X. Che-
valley rassemble et étend toute la théorie de Lie dans son ouvrage [7]. Dans les années
cinquante, Harish-Chandra étudie les représentations des groupes de Lie semi-simples,
tandis que Mackey developpe la théorie des représentations induites (voir [38], [39] et
[40]). Au fil du temps et des contributions de nombre de mathématiciens et physiciens

(mentionnés ou pas), deux grandes approches émergent :

« La premiére approche s’appuie sur la méthode des orbites de Kirillov (voir [25]);
cette méthode consiste en une correspondance, valable pour une large classe de
groupes de Lie, entre leurs représentations unitaires irréductibles et les orbites de

leurs actions co-adjointes.

o La seconde approche s’appuie sur la classification de Langlands, qui dit, étant donné
un sous-groupe parabolique d’un groupe réductif, que les représentations irréduc-
tibles admissibles du groupe sont en correspondance avec certains triplets de para-
metres (ces parametres sont liés a la notion de représentation induite - une référence

en la matiere est [27]).

Notre travail s’inscrit dans le cadre du second point de vue. Cela couvre un tres grand
nombre de situations. Donnons ci-dessous quelques exemples de propriétés connues dans

ce cadre.

o Les représentations irréductibles des groupes de Lie semi-simples, connexes et com-
pacts sont de dimension finie et paramétrées (comme E. Cartan ’a montré) par des
listes finies d’entiers positifs, a savoir les plus hauts poids (voir [27], chapitres I et

V).

o Lesreprésentations unitaires irréductibles non triviales des groupes linéaires connexes

non compacts et semisimples sont de dimension infinie (voir [23], chapitre 11).

o Larestriction d'une représentation unitaire irréductible d’un groupe linéaire connexe
réductif & un sous-groupe compact maximal se décompose en une somme directe (hil-
bertienne) de sous-représentations, chacune d’elle étant elle-méme une somme di-

recte finie de représentations irréductibles qui sont équivalentes et de dimension finie
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(ce résultat provient du théoreme de Peter-Weyl et des travaux d’Harish-Chandra -
voir [27], chapitre VIII, paragraphe 2) ; en d’autres termes, irreductibilité et unitarité

entrainent admissibilité.

« La notion de (g, K)-module est introduite par Harish-Chandra (on peut en trouver
une présentation concise dans [52], chapitre 2). A 'aide de cette notion, il démontre
un théoréme remarquable ("subquotient theorem"); on en donne ici une version un
peu plus forte ("subrepresentation theorem"), obtenue par Casselman et Mili¢i¢ dans
[5] : étant donnée I'algebre de Lie g d'un groupe de Lie réductif connexe de centre
fini, étant donnés un sous-groupe compact maximal et un sous-groupe parabolique
minimal, tout (g, K')-module admissible et irréductible se plonge dans une représen-
tation qui est induite a partir d’une représentation irréductible de dimension finie

du sous-groupe parabolique en question.

En fait, tant de choses sont connues dans ce cadre que 'on pourrait penser que la théorie
des représentations est a peu pres achevée, ce qui bien slr n’est pas le cas. En effet,
comprendre un objet nécessite des hypotheses ; changer ces hypotheses modifie la théorie ;
on peut vouloir par exemple travailler avec d’autres espaces que les espaces de Hilbert,
avec des corps de caractéristique non nulle et ainsi de suite (nous n’irons pas dans ces
directions). Egalement, les résultats ci-dessus traitent de représentations irréductibles; il
est naturel de se tourner vers celles qui ne le sont pas. Sans compter que de nombreux
aspects des représentations sont intéressants a explorer. Listons ci-dessous quelques taches

auxquelles on peut vouloir s’atteler.

o Donner des exemples concrets de représentations apparaissant dans la classification
de Langlands. Le théoréme de Stone von Neumann (dans les années trente) classifie
les représentations unitaires du groupe d’Heisenberg ; dans les années quarante, Gel-
fand, Naimark et Bargmann traitent de celles de SL(2,R) (voir [15] et [1]) ; dans les
années soixante, au cours de 1’étude des actions des groupes symplectiques, apparait
la représentation métaplectique (on pourra a ce sujet consulter [13], ou 'on trouve
au passage ce qui concerne le groupe d’Heisenberg) ; d’autres exemples sont déve-
loppés plus loin. L'intérét des exemples est, d'une part, de renforcer la légitimité

d’une théorie, mais aussi, d’autre part, d’établir des ponts avec d’autres domaines
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scientifiques ; il se trouve que la théorie des représentations est liée a énormément

de domaines.

o Etudier les représentations unitaires, sans supposer l'irréductibilité au départ, en
observant comment elles se décomposent en irréductibles lorsque restreintes a tel ou
tel sous-groupe. De nombreux travaux portent sur ce type de probleme. On trouve
par exemple le théoreme général de Kostant sur les lois de branchement, 1’étude
de Howe des representations des groupes O(p, q), U(p, q) et Sp(p, q), les travaux de
Kobayashi et Pevzner exprimant des opérateurs d’entrelacement en termes d’opéra-

teurs différentiels (voir [36]) et ainsi de suite.

o Etudier de plus pres les représentations de la classification de Langlands, détermi-
nant par exemple celles qui sont unitaires; de nombreux chercheurs travaillent ou

ont travaillé sur ce theme (Zuckermann, Adams, Vogan...).

o Exploiter les liens entre telles représentations et tels domaines scientifiques. Notre
travail s’intéresse a l'utilisation de fonctions spéciales. Le fait que des fonctions
spéciales ont un role a jouer n’est pas nouveau. Effectivement, elles interviennent
dans le calcul de coefficients matriciels : on rencontre par exemple des fonctions
de Bessel pour une certaine action du groupe des déplacements du plan ISO(2)
(voir [50], paragraphe 4.1). Elles apparaissent comme fonctions sphériques des es-
paces symétriques riemanniens. Egalement, sur le plan infinitésimal, les algebres
enveloppantes correspondent a des opérateurs différentiels, qui ameénent a des équa-
tions différentielles, caractérisant parfois des fonctions spéciales connues. Ce sera
justement notre approche : on utilisera les K-types et 'opérateur de Casimir pour
atteindre des fonctions hypergéometriques et des fonctions de Bessel. On peut aussi
mentionner la construction des opérateurs de brisure de symétrie (voir [36] et [29])

ou les fonctions spéciales jouent de nouveau un role central.

En plus des exemples donnés ci-dessus, les fonctions spéciales ont ceci d’intéressant que ce
sont des solutions d’équations particulieres et qu’elles admettent différentes expressions
en termes de séries, d’intégrales ou de récurrences. Sous certaines conditions, elles forment

des bases orthonormales de certains espaces fonctionnels de Hilbert.
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Gardant en mémoire notre intérét pour les fonctions spéciales, venons-en aux choix que

nous avons fait pour délimiter le cadre de notre travail.

Tout d’abord, le théoreme des sous-représentations évoqué plus haut justifie a nos yeux

que l'on se restreigne aux représentations induites.

Ensuite, a la recherche d’objets explicites, il semble approprié de choisir des groupes égale-
ment concrets. Puisque la notion de groupe réductif est une généralisation d’une classe de
groupes matriciels ayant comme point commun l'invariance sous une certaine involution,
nous avons directement opté pour des groupes linéaires (réductifs, méme simples en fait).
Mais quel(s) groupe(s) linéaire(s) choisir exactement ?

Le dual unitaire de GL(n,R) a été largement étudié. Il est par exemple prouvé dans
[49] que toute représentation unitaire irréductible de ce groupe peut étre définie par un
certain procédé d’induction a partir de produits tensoriels de représentations unitaires
irréductibles des sous-groupes GL(m, R) de dimension plus petite. Parmi les sous-groupes
de GL(n,R), ceux que I'on appelle sous-groupes classiques sont définis relativement a telle

ou telle forme bilinéaire non dégénérée qu’ils laissent invariante.

Les représentations de O(n), U(n) et Sp(n) sont parfaitement identifiées (par leurs plus
hauts poids, puisque ces groupes sont compacts - voir par exemple [53] et plus particulie-
rement [44] pour le groupe Sp(n)); on y reviendra un peu plus loin. Les représentations
de O(p,q) and U(p, q)) ont aussi été largement étudiées. On trouve dans [22] I'étude des
sous-modules de certaines représentations de ces groupes sur des espaces de fonctions ho-
mogenes. Dans une série d’articles, Kobayashi et Orsted étudient la représentation unitaire
minimale du groupe O(p, ¢), en décrivant les K-types minimaux en termes de fonctions
spéciales ([32], [33] and [34]). On peut aussi regarder les sous-groupes qui préservent une
forme antisymétrique/antihermitienne ; ce cas est aussi étudié dans [22], mais également

dans [35] et [8], entre autres.

Ces travaux sont basés sur les structures des K-types, en raison de 'hypothese d’admissi-
bilité des représentations considérées. Ainsi, méme si les représentations irréductibles de
O(n), U(n) et Sp(n) sont bien connues, elles forment un ingrédient essentiel dans I’étude
générale des représentations des groupes de Lie réductibles. Sans compter qu’il est notoire

qu’elles sont liées aux fonctions spéciales, via les harmoniques sphériques.

Cela nous amene jusqu’ici a resserrer notre champs d’investigation aux K-types de repré-
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sentations unitaires de sous-groupes linéaires classiques, obtenues par induction parabo-
lique. Mais pourquoi avons-nous spécialement choisi Sp(n, C)?

Dans les articles [35] et [8], les auteurs étudient des séries principales dégénérées de
Sp(n,R) et Sp(n,C), realisées géométriquement sur des espaces de fonctions définies sur
R**\{0} et C**\{0}. En restreignant ces fonctions a la sphére, on établit un lien avec
les harmoniques sphériques. Le cas de Sp(n,R) est différent du cas de Sp(n, C), mais les
deux cas ont ceci de commun que la multiplication scalaire par les nombres de module
1 amorce la décomposition en irréductibles. Plus précisément, tout sous-espace invariant
constitue un pas en avant dans la recherche d’une telle décomposition. Ce premier pas est
illustré dans les sommes directes ci-dessous, paramétrées par les caracteres de O(1) (resp.

U(1)), de sous-espaces invariants sous l'action a gauche de O(4n) (resp. U(2n)) :

¢ IS = D (S © L (S

impaires

o LX(S™ ) =P Li(S™ ), on chaque L3(S*') est la somme hilbertienne de tous
0EL
les espaces d’harmoniques sphériques de degré d’homogénéité («, 8) tel que § =

g —a.

Ainsi, on peut dire que deux actions dictent la décomposition recherchée de L*(S*"1) :
I’action a gauche des matrices et la multiplication scalaire par les nombres de module 1.

Ce schéma illustre cette double action :

O(4n) ~ L*(S™" 1) ~ 0(1)
U N
U2n) ~ L*(S"™ Y ~ U(1)

Instinctivement, on aurait envie d’y ajouter une ligne qui schématiserait :

 l'action du groupe des isométries linéaires de H" (isomorphe a Sp(n) et ainsi plongé

dans le groupe U(2n), qui lui-méme se plonge dans O(4n));

« une action de type multiplication scalaire du groupe des quaternions unitaires (iso-

morphe a Sp(1)).

La ligne que 'on aurait envie de rajouter serait donc :

Sp(n) ~ LA(S™Y) A Sp(l)



Introduction 14

Cela suggere donc une interaction intéressante entre deux actions : I'une de Sp(n) et
l'autre de Sp(1), qui n’est pas abélien, contrairement a O(1) et U(1). Rassemblant toutes

ces considérations, voici finalement la question centrale de notre travail :

Via Uaction a gauche de Sp(n) et une action de type multiplication scalaire de Sp(1) (d
préciser), quels liens peut-on établir entre des fonctions spéciales et les K-types de la

série principale dégénérée de Sp(n,C) ¢

Remarque : tout cela revient a construire l’analogue de la décomposition en harmoniques

sphériques, en prenant comme corps de base le corps des quaternions.

Il est & noter que I'action scalaire de Sp(1) n’est pas aussi simple que ’on pourrait croire :
le fait que le corps des quaternions n’est pas commutatif implique de choisir entre la multi-
plication & gauche et la multiplication a droite (on choisira a droite) et cette multiplication
des quaternions doit ensuite étre ramenée dans le cadre du corps des complexes.
Remarquons que I'étude de certaines séries principales de groupes classiques sur le corps
des quaternions est entreprise dans [18], [46] et [9].

De maniere générale, notre facon d’atteindre des fonctions spéciales poursuit la philosophie
initiée dans les travaux [31], [21], [30], [20] et [35], I'idée étant d’exploiter des opérateurs

différentiels et des transformations de Fourier particulieres.

Dans tout notre travail, on considére un entier quelconque n > 2 (la valeur minimale
2 vient du fait que I'on veut travailler avec un sous-groupe parabolique qui n’est pas
minimal).

Dans le chapitre 3, nous explicitons la structure de L*(S*"~!) relativement aux actions
de Sp(n) et Sp(1). Méme si cette double structure des K-types apparait déja dans [22], le
mérite de notre travail est de proposer un traitement personnel de la question, de fagon
totalement explicite et autosuffisante. De plus, nous mettons en avant et calculons des
polynomes qui sont invariants sous l'effet des deux actions et importants pour la suite.
Les résultats principaux du chapitre 3 (théoremes 3.2, 3.6 et 3.13) peuvent étre présentés

ainsi :
Théoréme A.

o L’espace L*(S*"~1) se décompose, relativement a l'action a gauche de Sp(n), en une
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somme hilbertienne :

mzn Oé

P - B v

EEN (4, pyenxn =0
a+pB=k

Dans cette somme, VWO"B est le sous-espace invariant irréducible engendré par les

translatés du polynome P,?‘”B (en fait sa restriction a S™') défini par :
P (2, w) = Wi TP (e — wn7a)

Ici, (z,w) désignent les coodonnées sur C" x C" ~ C*" ~ R*™ avec z = (z1,.. ., 2,)

et w = (wy,...,wy,).

o L'espace L?(S*~1) se décompose, relativement a l’action a droite de Sp(1), en une

somme hilbertienne : B
k
3
B -G @
eN =0
ou B (g) désigne la partie entiére de g Dans cette somme, W,f est un sous-espace
invariant irréductible de dimension finie, ayant Pj’%v pour vecteur de plus haut

poids ; dﬁ est un entier naturel et il y a d’fy sous-espaces invariants équivalents a Wf
L’énoncé ci-dessous correspond au théoreme 3.18 :

Théoréme B. Considérons un entier k € N et notons H*(R*") 'espace des polynomes de

4dn variables réelles, a coefficients complexes, harmoniques et de plus homogenes de degré

1 0
k. Notons 1 x Sp(n — 1) le groupe des matrices de Sp(n) qui s’écrivent avec

0 A
A e Sp(n—1).

Alors si k est pair, il existe un unique élément de H*(R™) (4 un coefficient prés) (on voit
cet élément comme un polynome en 2n variables complexes et en leurs conjuguées) qui
est invariant par l'action @ gauche de 1 x Sp(n — 1) et également par l'action a droite de

g s on dit qu’il est bi-invariant.

Sp(1). Ce polynome appartient a V., avec o =
Remarque : on montre dans le paragraphe 3.2.3 comment calculer ce polynéme.
Ces théoremes font usage de la théorie standard des groupes et algebres de Lie, ainsi

que de notions basiques, quoique moins standards peut-étre, sur les quaternions. Nous

fournissons en détails dans le chapitre 1 tous les pré-requis nécessaires, tout en faisant
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un certain nombre de calculs préparatoires au niveau des groupes et algebres de Lie
symplectiques.

Le chapitre 2 présente la série principale dégénérée de Sp(n,C), qui fait 'objet de notre
travail. Elle est obtenue par induction parabolique, que I'on explicite : choix du sous-
groupe parabolique, choix du caractere et réalisations géométriques. On obtient une famille
a deux parametres de représentations m;y 5 de G = Sp(n,C), avec (\,0) € R x Z. Elles

sont définies de cette maniere (en appelant V;y s I'espace de Hilbert sur lequel agit m;) 5) :

« Considérons 'espace vectoriel complexe V3 5 de toutes les fonctions f € co(cM\{o})

telles que pour tout ¢ € C et tout x € CV\{0} :

Flex) = <||> e f(z)

Considérons sur cet espace l'action a gauche de G, définie pour tout (g, f,z) €

G x V.5 % (C¥\{0}) par
rs(9) (@) = F(g™ )

* Virs et miy s sont obtenus par complétion de V{3 5, par rapport a la norme || - || qui

est définie par :

112 = [, 1f@)fd

Les representations ;) s sont unitaires.

Comme nous ’avons dit plus haut, nous nous intéressons au lien qu’il existe entre fonctions
spéciales et représentations. Le choix des groupes orthogonaux est judicieux car 'on sait
comment associer des fonctions spéciales a des sous-espaces d’harmoniques sphériques,
en imposant une contrainte supplémentaire (définissant la notion de fonction zonale) et
en utilisant le Laplacien (voir [12], chapitre 9, paragraphes 3 and 4). Pour appliquer le
méme genre de méthode, il nous faut ajuster la contrainte supplémentaire parce que nous
travaillons avec des quaternions; c’est tout 'intérét de 'action de Sp(1). Les fonctions
spéciales que 'on obtient sont, comme dans le cas du groupe orthogonal, des fonctions
hypergéométriques, mais cela ne fonctionne que pour des K-types particuliers. Tout cela
fait 'objet du chapitre 4. Le résultat principal peut étre formulé/résumé ainsi (pour plus

de détails, voir théoreme 4.8) :
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Théoréeme C. FEtant donné a € N, il existe dans V% une fonction (unique a un co-
efficient prés) que l'on sait déterminer explicitement grace au théoréme précédent et qui,
apres une certaine réduction du mombre de variables, se transforme en une solution de

I’équation hypergéométrique suivante :
u(l —w)p” +2(1 —nu)’ + [a® + (2n — 1)alp =0

Une autre facon d’obtenir des fonctions spéciales est de passer par des transformations de
Fourier adaptées, parce que les fonctions spéciales ont souvent des expressions intégrales. A
'aide d’une transformation de Fourier partielle, les auteurs de [35] définissent un modéle
non-standard des représentations ;) 5, modele grace auquel ils expriment les fonctions
constantes sur la sphere (formant le K-type le plus simple) en termes de fonctions de
Bessel. Nous généralisons ceci, non seulement au cadre complexe, mais aussi au niveau
d’un grand nombre de K-types, pour lesquels nous explicitons la forme non-standard de
leurs vecteurs de plus haut poids. Cela constitue notre résultat principal. Avant d’en voir
le contenu, précisons la transformation de Fourier partielle 7 (sur L?(C*"1)) dont il est
question dans le modele non-standard. Elle est définie pour f € L'(C*™*1) n L2(C*™)
par :

FNsuv) = [ J(ru,) e 2l drae

cCxcm
ott I'on note (s,u,v) les coordonnées de C x C™ x C™ ~ C*"*. On peut a présent énon-
cer notre théoreme principal, c’est a dire le théoreme 5.12, mais d’une maniére un peu

différente et allégée :

Théoréeme D (Modele non-standard et fonctions de Bessel). Soit n € N tel que n > 2 ;
posons N = 2n et m = n — 1. Soient k € N et un couple quelconque (o, ) € N? tel que
a+ = k; posons alors 6 = B — a. Pour A\ € R, considérons la représentation m;s du
groupe Sp(n, C) et la fonction suivante :

foooChx €M\ {(0,0)} — C

iAtk
— == n _
) 2 ’LU? 216

(2, w) — (120 + flwl?
ou wy représente la premiere coordonnée de w. Alors f est un vecteur de plus haut poids
de la restriction de m;\s au sous-groupe Sp(n) et sa forme non-standard, c’est a dire la

fonction f((T,u,f) — f(1,u, 2T, §)>, associe a tout (s,u,v) in Cx C™ x C™ vérifiant
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v#0ets#0 lavaleur :

i+

. 2
(—45) idh+n |s|* + 4jv[|? (
e Kags (my/T+ Tull2y/ s + 4] )
25T ) \ oy /14 w2 o (n /

Remarque : on verra dans le chapitre 2 que la représentation ;s est induite par un

caractere d'un sous-groupe parabolique de GG dont le radical nilpotent est isomorphe au
groupe de Heisenberg complexe.

Nous terminons le chapitre 5 avec deux observations intéressantes :

 la premiere concerne un opérateur différentiel simple qui relie les formes non-standards

de certains vecteurs de plus haut poids (théoreme 5.13);

e la seconde concerne un lien entre la formule du théoréeme D et des équations diffé-

rentielles dites d’Emden-Fowler (paragraphe 5.7.2).

Pour finir, nous exposons ce que notre travail apporte, a notre sens, en mettant en avant

des questions sur lesquelles il s’ouvre.
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0.2 Introduction: English version

In broad terms, the point of representation theory is to give tangible pictures of abstract
groups, by identifying their elements with operators that one can visualise. This proce-
dure helps understand the structure of the given groups, but, more importantly perhaps,
uses the knowledge we have about these groups to solve important and difficult prob-
lems. For instance, one might look for solutions of a certain differential equation; these
solutions might form a vector space on which some relevant group acts; this would define
a representation and one would try to break the vector space into irreducible invariant
subspaces; combining elements of these subspaces would hand out the desired solutions.
These ideas already appear in J. Fourier’s works. In his famous book [14], J. Fourier stud-
ies the heat equation and decomposes its solutions into sums of trigonometric functions.
Of course, to refer to a single person when discussing pioneering work is unfair, in the
sense that ideas always depend on existing knowledge (for example, Euler had already
worked on trigonometric series). To summarise two centuries of mathematical research
in a few pages is obviously impossible, so many important names and contributions will
certainly be left out in this introduction. But our intention here is merely to outline a
few important stages that have led to representation theory as we know it today, in order
to see how our work fits in a global picture of this theory. Though we have made choices
in the facts and people we mention as parts of this exciting mathematical story, we have
nonetheless tried to be as accurate as possible. The first pages of this introduction are
based on Mackey’s historical survey [41] and also on [24].

The ideas of Fourier were developed by Cauchy, Poisson, Dirichlet, Riemann, Cayley
and others, leading for instance to spherical harmonics in arbitrary dimensions and more
applications to physics. In the late 19th century, group theory, which had appeared in the
works of Galois and Abel, was placed at the heart of analysis and geometry. Klein shared
this point of view and explained it in his famous lecture at Erlangen (see [26]). Lie studied
the actions of continuous groups. Frobenius decided to concentrate on representations
of finite groups, showing that they are unitarisable and completely reducible, studying
the connections between characters and functions on the group, looking at the regular
representation and so forth. Weyl studied representations of compact groups, obtaining

similar results to those of Frobenius, but using more sophisticated notions, in particular
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the theory of integration made available by Borel, Lebesgue and Haar. With his student
Peter, he proved in [47] the famous Peter-Weyl theorem, which is a generalisation of the

Plancherel formula for Fourier series.

The next step involved Lie algebras. Lie had studied actions of continuous groups from an
infinitesimal point of view, interpreting them on the level of Lie algebras. Lie algebras were
then studied in their own right by Killing and E. Cartan, whose works led to the complete
classification of finite-dimensional simple Lie algebras. E. Cartan studied representations
of Lie algebras and classified the irreducible finite-dimensional ones in terms of highest
weights. This gave new tools to Weyl to study representations of compact groups in
further detail, obtaining for instance the formulas known as the Weyl character formula

and the Weyl dimension formula.

Many scientists contributed to quantum physics in the early 20th century (Schrodinger,
Planck, Heisenberg, Von Neumann and so on). Their works built up the setting we know
today: a physical system corresponds to a certain Hilbert space whose 1-dimensional
subspaces are the states of the system; observables correspond to self-adjoint operators,
which define probability distributions. The role of Hilbert spaces here justified the general
interest in unitary representations: Weyl showed how to use the exponential map to assign
to a self-adjoint operator a whole family of unitary operators, thereby defining a unitary
representation of the additive group of reals; diagonalising self-adjoint operators meant

decomposing the unitary representation.

The study of unitary representations of arbitrary groups (including non-abelian or non-
compact groups) began in the 40’s, with the works of Gelfand, amongst others. The
general idea arose that there existed a correspondance between groups and the set of their
unitary representations (see for instance [16]) and that one could study actions of groups
on topological spaces X in terms of representations of these groups on spaces of functions
on X. Chevalley published an account of Lie theory (see [7]), extending existing notions
and results and introducing many new ideas. In the 50’s, Harish-Chandra studied the
representations of real semi-simple groups, while Mackey developed the theory of induced
representations (see [38], [39] and [40]). From the contributions over the years of numerous
mathematicians and physicists (who appear above or are unjustly unmentioned), two

guidelines emerged:
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o the orbit method of A. A. Kirillov (see [25]), which associates unitary irreducible

representations of a large class of groups to orbits of their co-adjoint action.

o the Langland’s classification theorem: given a parabolic subgroup of a reductive
group G, the irreducible admissible representations of GG are in one-to-one corre-
spondence with certain triplets (called Langland parameters); these triplets involve

induced representations (an acclaimed reference for this topic is [27]).

Our work comes under the second approach. This covers a huge number of situations and

many general results are well known, such as:

e The irreducible representations of compact connected semisimple Lie groups are
finite-dimensional and parametrised, as Cartan showed, by finite lists of non-negative

integers (the highest weights) (see [27], chapter I and IV).

o Non-trivial irreducible unitary representations of non-compact linear connected groups

are infinite-dimensional (see [23], chapter 11).

e An irreducible unitary representation of a linear connected reductive group, when
restricted to a certain maximal compact subgroup, decomposes into a Hilbert sum
of subrepresentations, each of which consists of a finite direct sum of equivalent
irreducible representations which are finite-dimensional (this result is due to the
Peter-Weyl theorem and to the works of Harish-Chandra - see [27], Section 2 of

Chapter VIII); in other words, irreducibility plus unitarity imply admissibility.

« To discuss suitable representations, Harish-Chandra introduced (g, K')-modules (a
short and efficient presentation of these modules can be found in chapter 2 of [52]).
He obtained a remarkable theorem, of which we give a stronger version (the sub-
representation theorem) proved by Casselman and Mili¢i¢ in [5]: consider the Lie
algebra g of a connected reductive Lie group whose center is finite (the class of group
this theorem applies to is in fact larger); consider a maximal compact subgroup and
a minimal parabolic subgroup; then an irreducible admissible (g, K)-module always
embeds in a representation which is induced from some irreducible finite-dimensional

one of the parabolic subgroup.
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In fact, so much is known that one could almost feel that representation theory is near to
complete. Which of course is not true. For one thing, understanding an object requires
assumptions; changing these assumptions changes the theory; one could decide to work
with other spaces than Hilbert spaces, fields of positive characteristic and so forth (we
will not go in these directions). Then, above results deal with irreducible representations,
which comes with the question: what can be said about reducible ones ? Besides, there

are a great many things one can wish to investigate, in particular:

« Give tangible examples of the representations of Langland’s classification: the Stone
von Neumann theorem (in the 30’s) classified unitary representations of the Heisen-
berg group, those of SL(2,R) were studied by Gelfand, Naimark and Bargamnn in
the 40’s (see [15] and [1]), actions of symplectic groups were studied in the 60’s and
lead to the metaplectic representation (one can find an account of this in [13], along
with representations of the Heisenberg group); more examples will be discussed fur-
ther on. The point of examples is of course to justify the interest one might have
in a theory and also to give some insight on various areas it is connected to; it so

happens that representation theory is connected to many.

o Study unitary representations, without assuming irreducibility, looking at the way
they break into irreducibles and what they become when restricted to various sub-
groups. Many people work in this field: amongst many other results, one has
Kostant’s general branching theorem, Howe’s study of representations of the groups
O(p,q), U(p, q) and Sp(p, q), works of T. Kobayashi and Pevzer in terms of differ-

ential operators (see [36])and so forth.

o Compute various features of the representations given by Langland’s classification
and determine the ones that are unitary; many people have worked in this direction

(Zuckermann, Adams, Vogan...).

o Make use of connections there might exist between representations and other ob-
jects. The present work investigates the appearance of special functions in rep-
resentation theory. The fact that such functions do appear is hardly a discovery.
They can emerge from the computation of matrix coefficients: for example, the role

of Bessel functions is shown in chapter 4 of [50] (section 4.1) for some action of
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ISO(2) on smooth functions on the circle. They can appear as spherical functions of
Riemannian symmetric spaces. Also, on an infinitesimal level, enveloping algebras
correspond to differential operators that lead to differential equations that sometime
characterise well known special functions. This will be our approach: we will use
K-types and the Casimir operator to reach hypergeometric and Bessel equations.
Special functions also play a key role in the construction of symmetry breaking

operators (see [36] and [29]).

The interesting thing about special functions is that they are solutions of particular dif-
ferential equations and that they can be expressed in various ways: as series, integrals
and through recursive methods. Under certain conditions, they form orthonormal bases
of certain functional Hilbert spaces.

Bearing in mind the role of special functions in representation theory, here are a number
of considerations that guided us towards the setting we have chosen for our work.

First, the subrepresentation theorem justified, to us, the choice of induced representations.
Then, to study the appearance of explicit objects, it seems appropriate to select concrete
groups: the notion of reductive group is a generalisation of a number of matrix groups
that are preserved by some involution; why not choose straight away the explicit matrix
groups? Which brings us to the actual choice of a matrix group.

The unitary dual of GL(n,R) has been studied in great detail. For instance, it is proved
in [49] that every irreducible unitary representation of these groups can be defined by
some induction process involving tensor products of irreducible unitary representations of
subgroups GL(m, R) of lower dimensions. Looking at matrix subgroups of GL(n,R), the
classical ones are defined with respect to non-degenerate bilinear forms they leave invari-
ant. Representations of O(n) and U(n) are thoroughly understood (in terms of highest
weights, because these groups are compact — see for instance [53] and more specifically [44]
for Sp(n)); we shall come back to them in a moment. Representations of the subgroups
O(p, q) and U(p, q) have been studied extensively. Submodules of some representations
of these groups on spaces of homogeneous functions are described in [22]. In a series of
papers ([32], [33] and [34]), Kobayashi and Orsted studied the minimal unitary represen-
tation of O(p, q), describing the minimal K-types in terms of special functions. One can

look at subgroups that preserve anti-symmetric/anti-Hermitian forms; this is studied in
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[22], but also in [35] and [8], amongst other works.

These works are based on the structure of K-types, which comes from the admissibility
assumption of the given representations. So, although the irreducible representations of
O(n), U(n) and Sp(n) are well known, they are an essential ingredient in the general
study of representations of reductive groups. Added to which it is well known that special
functions are related to them via spherical harmonics.

So we are drawn to the study of K-types of unitary parabolically induced representations
of classical linear subgroups. But why choose Sp(n,C) 7

In [35] and [8], the authors studied degenerate principle series of Sp(n,R) and Sp(n, C)
that are geometrically realised on spaces of functions defined on R**\{0} and C*"\{0}.
Restricting these functions to the unit sphere connects them to spherical harmonics. The
cases of Sp(n, R) and Sp(n, C), are different, but share a same feature: scalar multiplica-
tion by numbers of modulus 1 guides us to irreducibles. To be more specific, any invariant
subspace takes one a step forward towards a K-type decomposition. The direct sums be-
low illustrate this. In these sums, the parameters correspond to the characters of O(1)
(resp. U(1)) and the summands are invariant subspaces under the left action of O(4n)

(resp. U(2n)):
¢ L2<S4n—l) = Lgven(84n_1) ©® Lgdd(84n_1);

o L*(S™1) =@ Li(S*™ "), where each space LZ(S*""!) is the Hilbert sum of all
ST
subspaces of spherical harmonics of homogeneous degrees («, ) such that 6 = 5 —a.

So two actions seem to rule the decomposition of L*(S*"~!) we are looking for: left action
of matrices and scalar multiplication by numbers of modulus 1. This diagram captures

the situation:
O(4n) ~ L*S"™ 1Y ~ 0O(1)
U N
U@2n) ~ L*(S*™ Y ~ U(1)

Of course, one instinctively wants to add a line with:

 the group of linear isometries of H", which is isomorphic to Sp(n) and thus imbeds

in U(2n), which itself imbeds in O(4n);
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» some scalar type of action of the group of unit quaternions (which is isomorphic to

Sp(1)).
In other words, the line would be:
Sp(n) ~ L2S*™™ 1) ~ Sp(1)

This suggests an interesting interaction between the left action of Sp(n) and a scalar-type
action of the group Sp(1), which, unlike O(1) and U(1), is not abelian.

Putting all these considerations together, the central question of this work is:

Via the left action of Sp(n) and the right action of Sp(1), how do special functions

connect to K-types of the degenerate principal series of Sp(n,C)?

Remark: what we are trying to do is generalise spherical harmonics by changing fields,

choosing H instead of R or C.

It must be pointed out that the scalar type action of Sp(1) is not as simple as one might
expect: non-commutativity of the field of quaternions requires a choice of sides for scalar
multiplication (we choose right multiplication) and this multiplication in the quaternion
setting must then be translated back into the complex setting.

Let us point out that principal series of classical groups over the field of quaternions are
discussed in [18], [46] and [9].

Generally speaking, works such as [31], [21], [30], [20] and [35] serve as guidelines to obtain

special functions: we make use of differential operators and Fourier transforms.

Throughout this work, we consider an integer n > 2 (the minimal value 2 comes from the
fact that we wish to work with a non-minimal parabolic subgroup).

In chapter 3, we make the structure of L?(S%~1) explicit with respect to both the left
action of Sp(n) and the right action of Sp(1). Although this double K-type structure
appears in [22], the credit one can give to the present work is to offer a personal treatment
of the subject, totally explicit and self-contained. Moreover, we bring forward polynomials
which are invariant under both actions and we show how to compute them. They are
the ingredient that takes us to hypergeometric functions. The main results we obtain in

chapter 3 are:
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Theorem A.

o With respect to the left action of Sp(n), the space L*(S*~1) decomposes into the

following Hilbert sum.:

mzn Oé

P - @ D v

kEN (4, pyenxn =0
a+pB=k

In this sum, Vfﬂ is the irreducible invariant subspace generated by the left translates

of the polynomial Pﬁ’ﬂ (in fact its restriction to SY=1) which is defined by:
P;"ﬁ(z, w) = w " Z T (weE — wiH)Y

Here, (z,w) denote the coodinates on C" x C" ~ C*" ~ R*, taking z = (21, ..., zn)

and w = (wy, ..., wy).

o With respect to the right action of Sp(1), the space L*(S*"~1) decomposes into the

following Hilbert sum.:
B(§)
S4n 1 @ @
eN =0
where E (g) denotes the integer part of g In this sum, Wf s a finite-dimensional

irreducible invariant subspace, which contains Pf‘”” as a highest weight vector; d,’;

s a positive integer and there are dﬁ invariant subspaces that are equivalent to Wff
The following statement corresponds to theorem 3.18:

Theorem B. Consider an integer k € N and denote by Hk(R4") the space of harmonic
polynomials of 4n real variables with complex coefficients and which are homogeneous of

degree k. Denote by 1 x Sp(n — 1) the group of matrices of Sp(n) that can be written
1 0

0 A

Then if k is even, there exists a unique element of H*(R*™) (up to a constant) (we see this

with A € Sp(n —1).

element as a polynomial of 2n complex variables together with their conjugates) which is
invariant under the left action of 1 x Sp(n — 1) and also under the right action of Sp(1).

Taking o = g, this polynomial belongs to V.. We call it a bi-invariant polynomial.
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Remark: we show in Section 3.2.3 how to compute this polynomial.

These theorems involve standard theory of Lie groups and Lie algebras and basic, but
perhaps less standard, knowledge of quaternions. Chapter 1 details all the necessary
background and in the process determines and computes many things that are needed
further on.

Chapter 2 introduces the actual degenerate principle series we are interested in. It is
obtained by parabolic induction which we make explicit: choice of parabolic subgroup,
choice of character and geometric realisations. We obtain a two parameter family of
representations of G = Sp(n,C), denoted by m;y 5 with (A,0) € R xZ and defined as

follows (denoting by Viys the carrying space of m;y s):

« Consider the space V3 ; of all functions f € CO(CV\{0}) such that for all ¢ € C
and x € CV\{0}:

f«m>=:Q;)_6wr”—Nfu»

Consider the left action of G on this space, defined by

mins(9)f(x) = fg™'x)
for all (g, f,z) € G x V5 x (CV\{0}).

« Vixs and my 5 are then obtained by completion of V;} ; with respect to the norm || - |

defined by:
2 2
112 = [, 1f@)fd

Representations ;) s are unitary.

As mentioned earlier on, our interest lies in the link one can establish between repre-
sentations and special functions. What makes the choice of unitary groups all the more
appropriate for us is that it is well known how to associate special functions to irreducible
spaces of spherical harmonics, by adding an additional invariance constraint (defining
zonal functions) and using the Laplace operator (see [12], sections 3 and 4). To use simi-
lar methods with symplectic groups requires to slightly adjust this additional constraint;
this is precisely the point of the right action of Sp(1). The special functions we end up

with, as for the orthogonal groups, are hypergeometric functions, but this only works in
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specific K-types. These methods are developed in chapter 4. Here is a partial statement

of the main result (see theorem 4.8 for more details):

Theorem C. Given o € N, the previous theorem shows us how to explicitely compute
in V& a function (unique up to a constant) which can, after a suitable reduction of

variables, be written as a solution of the following hypergeometric equation:
u(l —w)p” +2(1 —nu)’ + [a® + (2n — 1)alp =0

Another way to obtain special functions is to apply Fourier transforms, simply because
special functions can be expressed in many ways, ways that often involve integrals. Using
a partial Fourier transform, the authors of [35] define a non-standard model of ;) s which
enables them to describe constant functions on the sphere (elements of the lowest K-type)
in terms of Bessel functions. We generalise this, not only by adapting it to a complex
setting, but also by dealing with a much wider set of K-types, finding explicit formulas
for the non-standard forms of their highest weight vectors. This is our main result.
Before we actually get to it, let us define the partial Fourier transform F (on L?(C*™*'))

that is required in the non-standard model (or non-standard picture). It is defined for

f c Ll(c2m+1) N L2(<c2m+1) by

F<f)(87 U, U) = /(CX om f(’i', u, f) 6_2”Re(37+<v»§>) deS

where (s,u,v) denote the coordinates of C x C™ x C™ ~ C*"*!. We can now state our

main theorem, namely Theorem 5.12, but in a slightly different and lighter way:

Theorem D (Non-standard picture and Bessel functions). Let n € N be such that n > 2
;set N=2n and m=n—1. Let k € N and any pair (a, ) € N? be such that o+ 3 = k
;set 6 = [ —a. For X\ € R, consider the representation m;y s of the group Sp(n,C) and
the following function:

f o C"xC"\{(0,0)} — C

_irtk
(z,w) — (2l + lwl) ™2 " wp

where wy denotes the first coordinate of w. Then f generates a finite-dimensional subspace

under the action of 7r2->\,5’ [ is a highest weight vector of this subspace and the non-

Sp(n)’
standard form of f, meaning the function .7:((7, u, &) — f(1,u,2T, 5)), assigns to all
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(s,u,v) in Cx C™ x C™ such that v # 0 and s # 0 the following value:

iA+0

. 2
(cis)e noen [ \JloP T 4ol
T Kags (my/T+ Jull2y/IsP2 + 4]
SEHT (R ) \ w1 (Jul? e v

Remark: we will see in Chapter 2 that m;s is induced by a character of a parabolic

2

subgroup of G whose nilradical is isomorphic to the complex Heisenberg group.

Chapter 5 ends with two interesting observations:

o there exists a simple differential operator that connects the non-standard forms of

certain highest weight vectors (Theorem 5.13);

o the formula given in Theorem D is linked to differential equations known as Emden-

Fowler equations (Section 5.7.2).

Finally, we discuss what we feel has been gained with our work and what perspectives it

leaves us with.






CHAPTER 1
Preliminaries: Lie theory and

quaternions

Dans ce chapitre, nous rappelons toutes les notions dont nous avons besoin dans notre
travail.

Dans le paragraphe 1.1, nous rappelons un certain nombre de généralités : actions de
groupes, représentations, réductibilité, action naturelle d’'un groupe linéaire sur 'espace
ambiant, action a gauche sur les fonctions, groupes et algebres de Lie, crochet et expo-
nentielle de matrices, groupes linéaires connexes réductifs/semi-simples, représentations
unitaires et continues, exemple de la représentation réguliere gauche, dual unitaire d'un
groupe, vecteurs C'™ et différentielle d’une représentation en I’élément neutre. On explique
enfin que le théoreme de Peter-Weyl est a la base de la notion de K-type et d’un théoreme

d’Harish-Chandra qui peut se formuler ainsi :

Soient G un groupe linéaire connexe réductif, K un sous-groupe mazimal compact K et
m une représentation unitaire irréductible de G. Alors la restriction w . de ™ au sous-
groupe K se décompose en une somme hilbertienne de sous-représentations irréductibles

de dimensions finies :

| = Z@ n,T

rek
ou, pour tout élément T de E, n, désigne un entier tel que 0 < n, < dim7 < 0o ; on
appelle cet entier la multiplicité de 7.
La somme ci-dessus est une facon symbolique de dire que si 'on décompose la représen-
tation 7|k en sous-représentations que l'on regroupe par classes d’équivalence, alors n.,
d’entre elles appartiennent a la classe 7. Les classes d’équivalence 7 telles que n, # 0

sont appelées K-types de m. Cette décomposition est une sorte de signature de la repré-
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sentation 7 ; la notion qui formalise cela est celle d’équivalence infinitésimale, mais nous
n’en dirons pas plus (on peut consulter [27] & ce sujet, paragraphe 2 du chapitre VIII et
paragraphe 1 du chapitre IX).

Dans le paragraphe 1.2, nous définissons le groupe symplectique G = Sp(n, C), son algebre
de Lie g = sp(n, C), le sous-groupe compact maximal K = Sp(n) de G et son algebre de
Lie £ = sp(n).

Dans le paragraphe 1.3, nous présentons des éléments de la théorie de Lie sur laquelle
s’appuie notre travail, mais que nous appliquons directement a g et a G. Listons ci-dessous

les points évoqués.

e En termes de structure : sous-algebre de Cartan, racines et espaces propres cor-
respondants. Les racines sont des combinaisons linéaires des formes linéaires L,
qui associent & une matrice diagonale son 7™ coefficient diagonal. On peut voir

une telle combinaison comme un n-uplet d’entiers et définir un produit scalaire sur

les combinaisons linéaires en question en appliquant simplement le produit scalaire
euclidien aux n-uplets. On définit enfin les racines positives, en explicitant la demi-
somme des racines positives, qui est la forme linéaire px donnée par la formule

(1.3).

o Ensuite nous montrons comment complexifier une représentation de £ pour obtenir
une représentation de g et déterminer les poids (qu’on peut aussi voir comme des
n-uplets d’entiers), les sous-espaces propres correspondants, les vecteurs de plus
hauts poids et les espaces invariants irréductibles qu’ils engendrent (sous l'effet de
la représentation considérée) ; la dimension de ces espaces se calcule avec la formule

de Weyl (1.4).

o Nous introduisons ensuite 'opérateur de Casimir de I'algebre de Lie enveloppante
de €, avec la définition d’une base de matrices, des calculs d’exponentielles avec
ces matrices, la définition d’'un produit scalaire et d’'une base orthonormée et en-
fin le calcul de la valeur propre de cet opérateur correspondant a un sous-espace

irréductible invariant par une représentation donnée de K (voir proposition 1.6).

Dans le chapitre 1.4, nous donnons une définition des quaternions, en les envisageant

comme des couples de nombres complexes et en précisant les notions de conjugué et de
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module. Nous mettons ensuite en place I'algebre linéaire quaternionique, insistant sur le
choix important de la multiplication scalaire a droite et en montrant comment identifier
des matrices de M(n,H) avec des matrices de M(2n, C).

Enfin, dans le chapitre 1.4.4, grace aux identifications évoquées ci-dessus, on ré-interprete
les matrices de Sp(n) rencontrées précédemment en termes de matrices quaternioniques, en
refaisant des calculs d’exponentielles et en démontrant une propriété utile sur les matrices

triangulaires par blocs (proposition 1.14).

1.1 Basic definitions and properties

Given a set X, denote by Bij(X) the set of bijections from X onto X; it is a group with
respect to composition. An action of a group G on X is a group homomorphism from G
into Bij(X).

Given a vector space V', a representation of a group G on V' is an action m of G on V
such that all maps 7(g) are linear isomorphisms of V. The space V' is the carrying space
of m; the dimension of 7 is the dimension of V' (possibly infinite). A subspace W of V is
invariant (or stable) under the action of 7 if for all g € G: w(g)W C W; in this case, the
restriction 7|y is a subrepresentation of w. The representation 7 is algebraically irreducible
if it has no invariant subspaces other than {0} and V itself; in this case we also say that V'
is irreducible. An invariant subspace W of V' which is irreducible is called an irreducible
of V' (we will often say component instead); the corresponding subrepresentation is called
an irreducible of the initial one.

Take K to be the field R, C or H and denote by V the vector space K". Consider a
subgroup G of GL(n,K). The natural action of G on V is simply defined by standard
matrix multiplication: a matrix g € G assigns to an element x € V the element gx € V.
Now consider a subset S of V' which is stable under the natural action of G' and the
complex vector space F(S,C) = {f : S — C}. Because S is stable under the natural
action of G, given f € F(S5,C) and g € G, one can define a new element of F(.5,C):

Lig)f: S — C

r — f(g'2)
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By varying f, we define a bijection:
L(g): F(S,C) — F(S,C)
foo— L)/
This induces another map:
L: G — Bij(F(S,QC))
g — L(g)
This map L is an action of G on Bij (F(S,C)). Because each L(g) is in fact an operator
of F(S,C), L is a representation of G on F(5,C); we will simply call it the left action
of G on F(S,C). We say that an element f of F(S,C) is left-invariant if f is invariant
under the left action of G, meaning that L(g)f = f for all g € G.
Given a subspace F’ of F(S,C) which is stable under the left action of G, the map
G — Bij(F)
g > L(g)

f/
is of course also a representation; it will be referred to as the left action of G on F' and

also denoted by L.

According to the kind of spaces one is interested in, some additional structure is necessary
to be technically able to study group representations on those spaces. Our setting will be
that of Lie groups acting on complex Hilbert spaces.

A Lie group G is a group that has the structure of a smooth manifold such that multi-
plication and inversion are smooth. For instance, the group GL(n,K) and all its closed
subgroups are (linear) Lie groups (see Theorem 0.15 in [28]); when connected and stable
under conjugate transpose, taking K to be R or C, they are called linear connected reduc-
tive groups and if their center is also finite they are linear connected semisimple groups.
Being a manifold, G has tangent spaces at all of its elements. In particular, denote by
g, or Lie(G), the tangent space at the identity element. It can be shown that g is a Lie
algebra with respect to a bilinear skew-symmetric product called the commutator, that
involves a general definition of the exponential map. We do not enter the details here,

because all we need to know in this work is that when G is a linear Lie group:

o The commutator of its Lie algebra g is just the usual commutator [-, -] of matrices,
defined by [X,Y] = XY — Y X this in fact defines the adjoint representation ad of
g: ad(X)Y = [X,Y].
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o The exponential map exp : g —> G just assigns to each X € g the usual matrix

exponentialepr:[+X+X72+)§—f+)i—f+....

The choice of Hilbert spaces is not a random choice: the scalar product enables one to use
orthogonality to study invariant subspaces, from the corresponding norm arise continuity
and differentiability, unitarity of operators have led to extensive results, quantum theory
is based on Hilbert spaces, finite-dimensional spaces can always be turned into Hilbert
spaces and so on.

So consider a Lie group G and a Hilbert space H.

From now on, when considering a representation 7 of G on a Hilbert space H, we auto-

matically assume that:
o the linear isomorphisms 7(g) are bounded;

e the map
GxH — H

(9,) +— w(g)z

is continuous.

The notion of reducibility is also slightly adjusted: 7 is said to be irreducible if there are
no closed invariant subspaces of H other than {0} and H. Also, 7 is said to be unitary if
all operators 7(g) are unitary operators of H. If one considers another representation 7’
of G, on a Hilbert space H', then 7w and 7" are equivalent if there exists a bounded linear
isomorphism f : H — H' such that f~! is also bounded and such that for all g € G the

following diagram commutes:
H 7(g) H

b
H — H
7' (9)
We often say in this case, though it is a slight abuse of language, that H and H’ are
equivalent. The set of equivalence classes of all irreducible unitary representations of
G is called the unitary dual of G and denoted by G. We identify G with any set of
representatives of its equivalence classes: we might write 7 € G, though we are actually

thinking of the equivalence class of 7; we might consider a sum over all 7 € G, implicitely

meaning that we have chosen a set of representatives and that each 7 is one of them.
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A vector v € H is a C*®-vector of a representation 7 if the map g — m(g)v is C* on G.
We denote by C*°(7) the set of such vectors. It can be shown that it is a dense subspace
of H. In particular, one can define on this subspace C*°(7) the differential at the identity

element drm of 7 by

d

dr(X)v = —
n(Xo=Z

[7r(exp tX)v]

for all (X,v) € g x C*®(m). Elements X are thereby seen as first order differential opera-
tors. In our work, we will in fact not need to worry about C'*°-vectors, because calculations
will always be done for restrictions of representations to finite-dimensional invariant sub-
spaces of H and it can be shown that each of them coincides with the space of C'**°-vectors
it contains (see [27], Chapter III, Section 4, Corollary 3.16).

We finish this section with perhaps the most important example, then a historical and
founding theorem and finally a major consequence; they all revolve around topological
compactness.

This proposition follows [27] (Chapter I, Section 3, fourth example):

1.1 Proposition (Important example). Consider a compact Lie group K, a left-invariant
measure j of K, the Hilbert space L*(K, 1) and the left action of K on L*(K, ), defined

(as we saw earlier on) by
L(k)f(x) = f(k™"2)

for all (k, f,z) € K x L*(K,u) x K Then L is a continuous unitary representation of K
on L*(K, u), called the left-reqular representation of K.

Then comes a theorem that is also proved in [27] (Section 5 of Chapter I, Theorem 1.12):

1.2 Theorem (Peter-Weyl Theorem). Let K be a compact Lie group. Let w be a unitary
representation of K on a Hilbert space H. For each T € /[2, let H, denote the sum of all
irreducible invariant subspaces of H that define subrepresentations that are equivalent to T
(if there are none, just set H, = {0}). Denote by n, the lowest number of such subspaces
one can choose to ensure that they add up to H. (if H, = {0}, just set n, = 0). This
number n. is called the multiplicity of T. We point out that n, € NU{oco}. An element T
of}/(\ is called a K-type if n, # 0. Let E, denote the orthogonal projection on H,. Then:

1. All representations T € K are finite-dimensional.
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2. If two representations T and T’ of[A( are inequivalent, then:

E.E. = E E, =0

3. Every h € H satisfies: h = Z E. h.
rek
Another way to state Theorem 1.2 is to say that 7 decomposes into a sum of subrepre-
sentations that are parametrised by K ; the one that corresponds to a given parameter
reK decomposes into n, finite-dimensional irreducible unitary subrepresentations that

are equivalent to 7; this kind of decomposition is written:
™= Z@ n,T

Theorem 1.2 can also be used to study representations of groups that are not compact,
simply by restricting to compact subgroups. Under certain assumptions, multiplicities

are finite:

1.3 Theorem. Suppose G is a linear connected reductive group and let K be a maximal
compact subgroup of G. Consider an element ofC:’. Apply Theorem 1.2 to the restriction
7|k of m to the subgroup K :
| = Z@ n,T
TGI/(\'

Then the multiplicities n, are finite. More accurately: n, < dim7 < oo.
Remarks:

e This theorem is part of Harish-Chandra’s work. For a proof, one can read Section

2 of Chapter VIII in [27] (Theorem 8.1).

o In the way we have stated this theorem, we implicitely use the fact that all maximal

compact subgroups of G are conjugate (see for instance [4], Chapter VII, Theorem

1.2).
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1.2 Symplectic groups

First of all, it will be convenient to split matrices into blocks. A 2n x 2n complex matrix g,

that is, an element of M(2n, C), will be split into four n x n complex matrices A, B, C, D:

A C
B D

In particular, we shall be interested in the matrix:

0 —I,
I, 0

We denote by w the standard symplectic form on C**, defined by:
WX, X)) ="XJX" = (y,2") — (z,y)

where X = (z,y) and X’ = (2/,¢) belong to C" x C".

A 2n x 2n complex matrix g is said to be symplectic if
f9Jg=J
This is equivalent to saying that g preserves w, meaning:
VX, X)) e C" xC*™: w(gX,gX') =wlX, X

The group of such matrices is the complex symplectic group (or just symplectic group),

denoted by:
G = Sp(n,C)
It is straightforward to check that a 2n x 2n complex matrix g = 2 ¢ is symplectic
if and only if:
'YAB="'BA ,'CD ="'DC and 'AD —'BC =1 (1.1)

The group G is a closed subgroup of GL(n,C) and is therefore a Lie group. It is in fact

a linear connected semisimple group. Its Lie algebra is:

g=s5p(n,C) = {X € M(2n,C) / 'XJ + JX =0}
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or, expressed otherwise:

A C
g=1X = € M(2n,C) / B and C are symmetric
B —'A
Define K = Sp(n) = Sp(n,C)NU(2n) (as usual U(2n) denotes the group of unitary

complex 2n x 2n matrices). Unitarity and preservation of the standard symplectic form

imply immediately that the group K consists of all matrices of U(2n) which can be written

where of course M denotes the (complex) conjugate of a given matrix M. It is well known
(see for instance Theorem 6.5.2 in [42]) that K is compact and simply connected (therefore
connected). It can be shown that K is a mazimal compact subgroup, via what is called
the Cartan decomposition of g (which we say nothing of, just referring the reader to [27],
Section 1, Proposition 1.2); we will often refer to K as the maximal compact subgroup of
G, although such a subgroup is not unique. Being a closed subgroup of GL(n,C), K is
itself a Lie group; denote by € = sp(n) its Lie algebra (it is a Lie subalgebra of g). This
Lie algebra consists of all skew-hermitian (skew for short) elements of g:
t=0X = 4 -5 € M(2n,C) / A is skew and B is symmetric

B A

1.3 Lie theory applied to Sp(n) and sp(n)

1.3.1 Roots

Let us point out that the complexification of £ is g and that g is a complex semisimple
Lie algebra (for a definition of semisimplicity, we refer the reader to [48], Chapter 2).
We summarise some well known facts below, applying the general theory of complex
semisimple Lie algebras to the particular case of g. We follow [27] (Chapter IV) and [48]
(Chapter 2), using the explicit setting of ¢ = sp(n) and g = sp(n, C).

Let b be the usual Cartan subalgebra of g consisting of diagonal elements of g. If r belongs

to {1,...,n}, denote by L, the linear form that assigns to an element of b its 7" diagonal
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term. Denote by Ag the set of roots of g with respect to h. By definition, if v is a root

then the corresponding root space is:
6, = {X € g/VH € b: ad(H)(X) = v(H)X}

The set Ag consists of the following linear forms, where r and s denote integers that

belong to {1,...,n}:
o L,— Ly with r <s;
e —L,+ L, with r < s;
e L.+ L, with r < s;
e —L,— L, with r < s;
o 2L,;
o —2L,.

Because g is semisimple, the root spaces are complex one-dimensional subspaces. One can
check that the root spaces of the above roots are respectively generated by the following

root elements:
¢ UTJ,FS =FE,s— Entsper (With 7 < s)
* UTTS = Esr — Enyrnts (With r < 5)

¢ V;"—; = Lrnts + Es7n+r (With r < s)

o V.= Enysr + EBnyrs (with r < s)
® D;’— = Ly nir
° D; = Lntrpr

where F, ; are elementary matrices. We will write
Hy = Ery = Engrngr
for each integer r € {1,...,n}. Let us point out that

{Hr}re{l,...,n}
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is a C-basis of h and that

{Hra D:a DT_}TE{I,...,H} U {U:y U;;» ‘/7“—;? V;,_s}r,se{l,...,n},r<s (12)

is a C-basis of g.

Denote by hg the real form of b that consists of real matrices of h. If r belongs to {1, ...,n},
the restriction L,.| is again denoted by L,, for simplicity. Denote by b the space of
real-valued linear f?)ﬂims defined on hg. Any element o of by can be written o = 3", [, L,
where each [, is a real number; the linear form o is said to be an integral form if each I,
is an integer. The space bg is endowed with a natural Euclidean product < -, - > defined
by:

n
<o,0 >=> 11

r=1

We denote by | - | the corresponding norm.

Remark: in [27] (Chapter IV, Section 2), the inner product used on hi corresponds to
2 < -, - >. The fact that we have omitted the coefficient 2 has no consequence in what we
discuss further on: for instance, in the Weyl dimension formula (see next section) all the
coefficients 2 just cancel out.

The restrictions of the various roots to hg are real-valued and therefore belong to b (in
fact they are integral forms). They also completely define the corresponding roots; this
is why we shall think of roots as elements of hi (without any loss of information).

An order can be chosen on Ag such that the positive roots are the linear forms:
e L,— L, withr < s;
e L.+ L, with r < s;
o 2L,.

Denote by AL the set of positive roots and by pg the half sum of the positive roots. It

is straightforward to check:
pk =nli+(n—1)Ly+...+2L, 1+ L,

Identifying linear combinations of L1, ..., L, with their coordinates in the basis { L1, ..., L, },

we will write:

pr = (n,n—1,...,1) (1.3)
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1.3.2 Highest weights

When studying a finite-dimensional representation 7 of K on a complex vector space, one
can study the infinitesimal action given by dr; this is an R-linear representation of €. It
can always be thought of as a C-linear representation of g = ¢ @ if, by extending it to g

in the following natural way:
dr(X +1iY) == dr(X) + idn(Y)

for X, Y € ¢. Correspondance between the initial representation dm and its complexifica-
tion (meaning its extension to g - we’ll also say that we have complezified dr) is clearly
one-to-one.

For a given C-linear representation w of g on a complex finite-dimensional vector space
V', one defines weights similarly to roots: weights are linear forms on § that give the
corresponding eigenvalues of joint eigenvectors of all the linear maps w(H), where H
runs through b; if o is a weight, the corresponding weight space (by definition it is not

reduced to 0) is:
Vo,={veV/VH €b: w(H)(v)=0c(H)v}

The structures of semisimple Lie algebras and of finite-dimensional representations of
5[(2,C) imply that the restrictions of the various weights to hg are integral forms, thus
belong to h. So we shall think of weights as elements of . Then a highest weight vector
of (highest) weight o is a vector v that belongs to V, and that is cancelled by the action of
all elements of n* under w. Applying @ to v for all X € g then generates an irreducible
invariant subspace V;,..(v) of V. The linear form o is called a highest weight because basic

Lie theory shows that w

Virr(v) Can have no higher weight than o.

If v is a highest weight vector of the differential (at the unit element) of some finite-
dimensional representation 7w of K, then basic Lie theory assures us that the same conclu-
sion as above holds for 7: applying 7(k) to v for all k € K generates the same subspace
Virr(v). We shall say that o is a highest weight of 7w (though it is in fact defined on g)
and that v is a highest weight vector of 7.

An element o of b is said to be dominant if for any positive root o’

<o,00>>0
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The highest weight theorem (see [27], Chapter IV, Theorem 4.28) applied to K sets a
correspondence between irreducible representations of K and dominant integral forms:
these are precisely the highest weights; they are the forms ¢ = > ,[.L, such that
(I1,....0,) e Nt and [y > Iy > ... > ,, (we will identify o and (4, ..., 1,)).

If o is the highest weight of an irreducible representation of K, then the dimension d, of
this representation is given by Weyl’s dimension formula (see Theorem 4.48 of [27]):

HCMGA_}; <O'+pK,OC>

d, =
HaGA; < pPK,x >

(1.4)

1.3.3 Casimir operator

As we have seen, the Lie subalgebra £ consists of complex N x N matrices

such that A is a skew-Hermitian n x n matrix and B a symmetric n X n matrix.

Define (r and s denote integers that belong to {1,...,n}):
o« Ay =iE, —iEnir iy
e Biy=FE. s~ Es; + Enirngs — Enysnir (When 7 # s)
o Crs=1E, s+ il , —iEn s — 1Epispnir (When v # s)
* Dy =FEniry — Erpir
o B =ib iyt il nyy
o Frs=FEnprs+ Enysr — Erpgs — Eg iy (when r # s)
o Grs=iEpirs + 1B s, + 1B s + 1Es nyy (When r # s)

where, again, £, ; are elementary matrices.

One easily sees that:

o Ifn Z 2 then {Ara DT‘7 Er}re{l,...,n} U {Br,37 Cr,s; Fr,sv Gr,s}r,se{l,...,n},r<s is a basis OfE

over R.

o If n =1 then {Ay, Dy, Ey} is a basis of ¢ over R.
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Elements of £ correspond to elements of K via the exponential map. One easily obtains

the following table for n,r, s € {1,...,n}:

Matrix M M? M3
A, -1, —A,
D, -1, -D,
E, -1, —-FE,
Bry || Ky | =By
Cow || =Ko | —Chs
Frs —Kos | —Frs
Grs —Ks | —Grs

where we denote by I, the matrix £, + E,4, 4, and by K, the matrix F,, + Es s +

En+r,n+r + En+s,n+s-

From this table we obtain the following exponentials for ¢ € R:
1.4 Lemma.

e Forre{l,2,...,n} and M € {A,,D,, E.}:

exp(—tM) =1 — (sint)M + (cost — 1)1,
e Forr,s € {1,...n} such as r < s (here it is assumed that n > 2) and for M €
{Brs; Crsy Frs, Grs}:
exp(—tM) =1 — (sint)M + (cost — 1)K, ¢
Define on ¢ the bilinear form 3 by:
B(X,Y) = —;Tr(XY)

where Tr denotes the matrix trace form. One easily checks:

1.5 Lemma.

1. The basis

=
s
Q

,,,,,

of € is orthonormal with respect to [3.
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2. The symmetric bilinear form [ is real-valued and positive-definite; in other words it

is an inner-product on €.

3. B is ad-invariant, meaning invariant under the adjoint action:

VXY, Zeg: B([X,Y],Z)=—-p(Y,[X, Z])

Let us consider a finite-dimensional representation o of K. Because [ is a nondegenerate
ad-invariant bilinear form on ¢ and because B is an orthonormal basis of £, we can define

(as in [12], see section 7 of chapter VI) the Casimir operator of o:

dim (€)

Q= Y (do(X,)) (15)

r=1
where, for the time being, we denote by X, the elements of B.

We shall make (1.5) lighter by using enveloping algebra notations:

Qo= > X7 (1.6)

As we explained in Section 1.3.2, we can always extend do to obtain, in a one-to-one
fashion, a C-linear representation of g. This enables us to write down elements of B
as combinations of elements of the basis (1.2) of g and consider the action on these
combinations of the complexification of do, which in turn enables us to use information
we have on weights, in particular highest weights. The formulas for the Casimir operator
become quite simple when applied to a highest weight vector. If the representation o is
irreducible, then Schur’s lemma combined with the well known fact (see for instance [12],
proposition 6.7.1) that 2, commutes with do imply that €, is equal to a scalar multiple
of the identity map. This scalar is easy to determine when considering a highest weight
vector and the aim of this section is precisely to compute it.
One easily checks (using notations of Section 1.3.1 and the C-basis (1.2) of g) that for all
integers 7 and s in {1,...,n}:

e A, =1iH,

e B,=U-U (r<s)

s

o Cry=1iUf, +iU, (r <s)
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D, =D, — D}

E, =iD; +iD;

° Fr,s:V_ ‘/7:;(7”<S)

rs

Grs =iV, +iVE (r <s)

1.6 Proposition. Ifo is a finite-dimensional irreducible representation of K on a complex
vector space and if X\ is its highest weight, then:
n n—1
Q, =— (Z ()\Q(Hr) + ZA(HT)) + Z 2(n — r))\(HT)> -Id
r=1 r=1

where Id denotes the identity map.
Proof:

By definition:

Q=3 (24D +L Y (Bl ach 4R+ (1.7)
r=1

1<r<s<n

Using the formulas given just before this proposition, multiplying the brackets out (one
must be careful: the operators do not commute) and cancelling out various terms, we get:

Qp == (H2+2D; D} +2D;D; ) = > (UNU + U U+ ViV + Vi)
r=1 1<r<s<n
(1.8)
Apply €, to a highest weight vector v. Then, by definition of a highest weight vector, all
terms such as D (v), U7 (v) and V£ (v) are equal to 0. So (1.8) applied to v becomes:

Q(v) = =3 (H(0) +2D7D; (v) = 30 (URUL@) +VEVL W) (19)

r=1 1<r<s<n

One can check the following commutation rules:

DY, D;|=H, ; [U'.U.)=H —H, ; [V.V.=H+H,.

r,s) s r,s) V1S

Using these rules in (1.9) we get
0u(0) = =3 (HA0) +20,0)) = 3 (H(o) = (o) + H(0) + H.(0)

r=1 1<r<s<n
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which can be written:
0, (v) = 3 (H2(0) + 2,(1)) — 3 2n 1), (0 (110)
r=1 r=1
Because A is a weight and v a corresponding weight vector, we finally obtain:
O, (v) = — (i (N2(H,) + 2X\(H,)) + nf 2(n — r)A(H,)) (v)
r=1 r=1

One concludes with Schur’s lemma.

End of proof.

1.4 Quaternions

1.4.1 One way to define quaternions

For the time being, we regard the set of quaternions H as the set C*. We write (1,0) = 1y
and (0,1) = jg. We equip C? with the usual complex vector space structure, denoting
scalar multiplication simply by a dot. A pair (u,v) € C? corresponds to the element
u- 1y +v - jg. The following rules define a multiplication ® on H (we call it quaternionic

multiplication):
o (i) V(u,v) €C?: (u-1g) ® (v-1g) = (uv) - 1g.

o (ii) V(u,v) € C*: (u-1g) © (v- ju) = (w) - ju.

(iii) Y(u,v) € C*: (u-ju) © (v-1g) = (uD) - jg. In particular, this implies the

fundamental formula for all v € C:

Ju® (v-1g) =7 - ju

(iv) Y(u,v) € C*: (u-ju) ® (v - ju) = (—ud) - 1. In particular, this implies that

Ju ® jr = —1 - 1, which we of course just write j& = —1g.
o (v)V(h,h K') €W :

—hoW+h)=(hoh)+(hoh").

—(h+h)Oh =(hoh)+ (K oh").
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These rules clearly imply that 1y is the left and right identity element for quaternionic
multiplication. Let us also point out that quaternionic multiplication is not commutative,

precisely because of rule (iii), but it is associative:
V(h, W', W) eM: (hoW)Oh =ho (K ©h")
Moreover, we obviously have:
V(u,h) e CxH: u-h=(u-1g)®h

In this sense, if we identify complex numbers u with quaternions u - 1y, we can say that
quaternionic multiplication has absorbed complex scalar multiplication, which is therefore
no longer needed: all the structure of H lies in addition and quaternionic multiplication.

To make notations simpler, we will now:

o just write u instead of u - 1y, given u € C;
e just write 7 instead of jy;
o omit all multiplication symbols.

Rule (iii) implies that any quaternion h can be written in two ways for suitable (u,v) € C%
either u+ jv or u+77j. So we could choose to write the second coefficients of quaternions
either on the left of j or on the right of j. We choose the second possibility, because it
is more convenient for quaternionic linear algebra. Finally, as we shall soon see, every
non-zero quaternion has a unique inverse, which is both a left and right one. Now let us

summarise the facts and definitions we have seen so far:

The set of quaternions is H = {u +jv / (u,v) € CQ}.

H is a skew (non-commutative) field, with respect to addition and quaternionic

multiplication.

YoeC: jv=10j.
. 2=-1.

Given a quaternion h = u + jv, one defines its quaternionic conjugate h* (or conjugate
for short):

h*=u— jv
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1.7 Lemma. Given any quaternions hy and hs:
1. (h1+ ho)* = hi + h3
2. (hihg)* = hihi
The modulus of a quaternion A is then defined by :
(Bl = Vhi = \J[uf? + |o]?

This definition shows that every non-zero quaternion h, as announced previously, has a
unique left inverse, a unique right inverse, and that both of these inverses coincide:

h*

ht =
|2

Also, one obviously has:

1.8 Lemma. Given any quaternions hy and hs:
1. hy =0<=|hy| =0
2. [hy 4 ho| < |ha| + | Ryl
3. |haho| = |ha|hel

A quaternion h will be called a unit quaternion if |h| = 1. We point out that the set of
unit quaternions is a group with respect to quaternionic multiplication; we shall denote
it by Uy; it is clearly diffeomorphic to the three-dimensionnal sphere.

Remark:

This complex version of quaternions corresponds exactly to the traditional and historical
real version (used by W. R. Hamilton himself - see [19]). In the real version, quaternions

are usually written h = a + bi + ¢j + dk, with (a,b,c,d) € R*, their conjugates becoming

a — bi — ¢j — dk and their moduli \/|0L|2 + |b]2 + |¢|? + |d|?. The correspondance between

the real and complex versions works via the identifications © = a + ib and v = ¢ — d.

1.4.2 Quaternionic linear algebra

Consider any integer p > 0 and the set H”, equipped with the usual addition and the

usual scalar multiplication (by quaternions). Multiplications can be applied on the left
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or on the right of coordinates; the only difference, compared to R” or C?, is that left and
right multiplication usually give different results (H is non-commutative). Considering
left multiplication, we see that all the axioms of a vector space are satisfied, so we say
that H” is a left quaternionic vector space; similarly, one can focus on right multiplication
and say that HP? is a right quaternionic vector space. In some way, which point of view we
choose has no importance, because H” is both types of vector spaces at the same time.
However, linearity of functions must be specified: left linearity does not coincide with
right linearity, again because H is not commutative. We shall always work with right
linearity: for us, a linear map from some quaternionic vector space to another will always
mean a right linear map. The reason for this choice lies in matrix multiplication, which

we now look into.

Remember that M(p, H) denotes the vector space of p X p quaternionic matrices (that is,
with quaternionic coefficients); but one needs to specify the vector space structure. Of
course we equip M(p, H) with the usual matrix addition. Scalar multiplication (multi-
plication by quaternions) can be defined on the left or on the right. So clearly, M(p, H)
is both a left and a right quaternionic vector space. The discussion is similar for vector

spaces of | x ¢ quaternionic matrices, given ([, ¢) € N,

To write down a matrix A € M(p, H) whose coefficients are denoted by a, s, with r and
s two integers between 1 (included) and n (included), we just write A = [a,¢]. Here, we
do not mention p explicitly because we know the size of the matrix from the context. If
ever we need to consider other types of matrices, we must specify indices or simply write

down all the coeflicients.

Multiplying matrices by other matrices is defined as usual, but one must respect the order

in which coefficients come.

As one expects, a matrix A € M(p, H) is invertible if for some matrix B € M(p, H) one
has AB = BA = I,,, in which case B is the inverse of A and is denoted by A~! instead.
The set of invertible matrices is of course a group with respect to matrix multiplication

and is denoted by GL(n, H).
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1.4.3 Identifying complex and quaternionic coordinates

Again, consider any integer p > 0. As we have seen, we identify C* with H by identifying
(u,v) € CP x C? with u + jv € HP. In the course of this identification, we shall use the

following notations for quaternion vectors x:
o == (21,...,x,) € H;
o T, =u, +ju, forallr € {1,2,--- ,p} and with (u,,v,) € C%
o U = (Ul,"- ,up) € CP and v = (1)1,"' ,vp) e CP;

o T =1u-+ju.
We define for all vectors =,y in H”:

c (@ yy =Sy € H

o lzl? = (@, 2)g = 0o @l = 0 |

1.9 Lemma. Given any vectors x,y € HP and any quaternion h:
e =0« |z|| =0

o [l = [lzhll = |Al]lz]

o Nz +yll < llzll + vl

We refer to || - || as the norm of HP. It is the standard norm for HP seen as a real (resp.
left or right complex) vector space and it obviously turns H? into a real (resp. left or right
complex) Banach space.
Matrices M € M(p, H) will be decomposed as M = A+ jB, with A and B two complex
p X p matrices. With these notations, such a matrix M can be identified with the following
element of M(2p, C):

A —-B

B A
We say that M is the pullback of M’ and we denote by My(2p, C) the vector space that

M =

consists of all elements of M(2p, C) that can be written like M’. This procedure defines a

map:
M — M
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This map is bijective and respects matrix multiplication, meaning that, given any two

elements M; and M, of M(p, H):
B (MiM,) = Eg (M) Eg (M)

This implies that if M; is a right inverse of M;, then M}, = ES(M>) is a right inverse
of M] = E5(M;). The same goes for left inverses and, because left and right inverses

coincide in GL(2p, C):

1.10 Lemma. If a matriz M of M(p,H) has a right inverse M' € M(p,H), then M’ is

also a left inverse of M. This also works the other way round, swapping left and right.

This is why we grouped both kinds of inverses in a single definition when we introduced
invertible matrices earlier on. We denote by GLg(2p, C) the image of GL(p, H) under the
map EY; it is obviously a subgroup of GL(2p, C) and the restriction of ES to GL(p, H) is
an isomorphism onto GLy(2p, C).
Using above notations, applying a matrix M € M(p, H) to a vector u+jv € H corresponds
to applying ES(M) = M’ to the vector (u,v) € C*.
If one looks back at the shape of elements of the compact group K given in section 1.2,
one cannot miss the similarity with matrices such as the matrix M’ above. This tells us
that, via the map Eg, the group Sp(p) corresponds to the group of elements of GL(p, H)
that perserve the norms of vectors of H”, that is, the group of linear isometries of H”. We
again denote this group by Sp(p). In particular: Sp(1) ~ Uy.
Left and right multiplication by quaternions in H” can also be read in C*, but not as
simple scalar multiplications: they combine the complex coordinates in a more subtle
way. Indeed, multiplying on the right a quaternion h = u+ jv € H by another quaternion
q=a+ j3b € H gives:

hq = (ua — vb) + j(va + ub)
This formula also shows how left multiplication operates (h and ¢ play symmetric roles).
Let us summarise how the actions of quaternionic matrices and quaternionic scalars read

in the complex setting:

1.11 Lemma. Given x =u+ jv e H’, g=a+jbe H and M = A+ jB € M(p,H):

A —-B u )
1. Mz € H" corresponds to e C®?

B A v
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2. xq € HP corresponds to (vya —01b, ..., upya —Tyb, v1a +T;b, . .., vpa +Tyb) € C?.

Consider a quaternionic matrix M € M(p, H) and denote by m,., its coefficients. Similarly

to previous notations, write m,s = u,s + jv,s and define:

||M||Op = max{lurs|a |U7"s|}1§r,s§n

Obviously, ||M||ep is equal to the standard norm of Ef(M) in M(2p,C) which hands
out the highest (complex) modulus amongst all (complex) coefficients of ES(M). This

combined to lemma 1.9 implies:

1.12 Lemma. Given any matrices M, M' € M(p,H) and any quaternion h:
¢ M =0 |[[M]o =0
o [[hM]lop = [[MPllop = [A[l M]lop
o (1M + M|op < [[M]lop + [[M]]op

We refer to || - [|op as the norm of M(p,H). It turns M(p, H) into a Banach space and
the map Ef into a homeomorphism, allowing one to define the exponential map exp on

M(p, H) by the usual formula:

exp(M) =

!
r=0 r

One easily checks that the maps Ef and exp commute; in other words, we have the

following commutative diagram:

C
GL(p,H) — GLg(2p,C)

exp ]\ Iexp

M(p, H) — Mg(2p, C)

H
1.4.4 Symplectic matrices seen as quaternionic matrices

Elements of Sp(n) (see section 1.4.3) can be seen, via the embedding map Eg, as quater-
nion matrices; in this process of identification, for simplicity, we will not change notations,

writing in particular:

° Ar — iET‘,T
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e B.s=FE.;— E;, (whenn > 2 and r # s)

Crs =1iE,s+1iE;, (when n > 2 and r # s)

° Dr - jEr,r

E, = jiEr,r

F.s=jE, s+ jE,, (when n > 2 and r # s)

Grs = jiE, s + jiEs, (when n > 2 and r # s)

..........

as a subset of M(n,H)). Applying the exponential map and lemma 1.4, given t € R, we

have:
1.13 Lemma.

e Forre{l,2,...,n} and M € {A,,D,, E.}:

exp(—tM) =1 — (sint)M + (cost — 1)E,.,.
e Forr,s € {1,..,n} such as r < s (here it is assumed that n > 2) and for any
M e {Br,37 Cr,37 Fr,57 Gr,s}:
exp(—tM) =1 — (sint)M + (cost — 1)(E,, + Es)

One can transport the inner product 3 defined in section 1.3.3 to matrices of £ seen as

quaternionic matrices: for such matrices X and Y, one sets 3(X,Y) = 3 (Eﬁ(X ), BS (Y))

Again:
e [ is an inner product on £ (seen as a subset of M(n,H)).

e The set

Br,s Or,s Fr,s Gr,s}
\/57 \/57 \/5’ \/§ rse{l,...,n},r<s

.....

is an orthonormal basis of € (seen as a subset of M(n,H)) with respect to f.

The following proposition will come out useful when studying stabilisers of actions of K:
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1.14 Proposition.

h L
1. Consider a quaternionic matriz M = , with h € H, L € My,_1(H) and
0 T
T € M(n — 1,H). Then M belongs to K if and only if L = 0, h € Sp(l) and
T € Sp(n—1).
h 0
2. Consider a quaternionic matriz M = , with h € H, C € M,,_;1(H) and
C T
T € M(n — 1,H). Then M belongs to K if and only if C = 0, h € Sp(1) and
T € Sp(n—1).
Proof:

The proofs of both items work similarly, so we’ll just deal with 1) (in fact, each item
implies the other, via the transpose of matrices).

Suppose M belongs to K. One can decompose M into M = U + jV, with

hl Ll

( ) € M,,(C)
0 1Ty
h2 L2

V= € M, (C)
0 T

Recalling the definition of the map Ef, we have:

U

hi Ly —hy —Ly
0o 7, 0 Ty
ho Ly hy Ly
0 7o 0 T,

Egg(M) =

The matrix M belongs to K, so E(M) is unitary:

(M) Eg(M) = Eg(M)" (M) =1

By looking at the top left coefficient of these products, one finds (the symbol || - || denotes

the norm in C"' - we use it identifying line matrices and vectors):

[P+ (| Lall* + haf” + || Lo||* = 1
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|hi]? + |hef? =1

This implies:
IZ4[]* + || L2]|* = 0

Consequently, L = 0. From this it follows that A and T must belong respectively to Sp(1)
and Sp(n — 1).

This proves one implication; the converse is straightforward.

End of proof.



CHAPTER 2

Degenerate principal series of Sp(n, C)

Dans ce chapitre, nous présentons la famille de représentations induites qui est 1'objet
central de ce travail.

Tout d’abord, nous choisissons un sous-groupe parabolique () = M AN que nous explici-
tons dans le paragraphe 1; M, A et N sont trois sous-groupes fermés de G, donc sont des
groupes de Lie. On note de maniere naturelle man les éléments de M AN.

Remarque : les notations N, n et m renvoient aussi a dimensions, mais les contextes
empéchent toute ambiguité.

On fait remarquer dans la proposition 2.1 que le sous-groupe () est constitué de toutes les

a L
matrices de Sp(n, C) de la forme g = avec a € C\ {0}, L une certaine matrice

0
ligne de M 5,—1(C) et D une certaine matrice carrée de M(2n — 1,C); pour les matrices

de A, le coefficient «v est un réel strictement positif et on le note a(a); pour les matrices
m de M, le coefficient «v est de norme 1 alors on le note plutot e,

Le sous-groupe parabolique étant fixé, en suivant le procédé exposé dans [27] (chapitre
VII, paragraphe 1) nous définissons dans le paragraphe 2.2.1.1 une famille, paramétrée
par des couples (), 0) € R x Z, de représentations induites ;) s sur des espaces de Hilbert
Virs. Ces représentations unitaires 7y s sont obtenues en considérant d’abord l'action a

gauche de G sur l'espace vectoriel

—iA—N

Vis = {f € C°(@G) /Vg € G, Vman € MAN : f(gman) = e /™) (a(a))

(2

f(g)}

puis en complétant cet espace par rapport a la norme || - || définie par

112 = [ 17 ) di

ou dk désigne la mesure de Haar (unique a un coefficient pres) de K.



Chapter 2. Séries principales dégénérées de Sp(n,C) 58

On peut réaliser m;) ; dans d’autres espaces fonctionnels; on dit alors que 'on change de
modele. Celui que nous venons de présenter est le modele induit. Dans les paragraphes
2.2.1.2 et 2.2.1.3, nous donnons deux autres modeles, I'un dit compact et 'autre non-
compact, toujours en suivant ce qui est fait dans le chapitre VII de [27].

Puis, nous introduisons d’autres modeles encore, qui sont ceux que 1’on considére concre-
tement dans notre travail. La fagon dont on passe des modeles précédents a ceux-la est
expliquée dans le paragraphe 2.2.2.1, ou I'on donne la nouvelle version du modele induit.
Il s’agit de réaliser géométriquement les fonctions de V3 5, en identifiant les matrices de G,
modulo un stabilisateur, & des vecteurs de CV \ {0} : cela se fait en considérant un vecteur
de référence e; = (1,0,...,0) et en y appliquant l’action naturelle de G. On obtient le
modéle induit de notre travail avec un procédé similaire & celui vu plus haut : V{ ; devient

I’espace

M—{fecO(cN\{O} [ veeC\(0}: fle) = (, ,>_6|c|‘“‘Nf(-)}

sur lequel G agit a gauche, puis I'on obtient ;55 et Vi) s en complétant cet espace par

rapport a la norme || - || définie cette fois par

112 = [, 1f@) do(a)

On dit que les fonctions de V3 ix.s sont covariantes; la propriété de covariance fait référence
non pas a la continuité de ces fonctions mais a 1’égalité qu’elles vérifient pour tout ¢ €
C\ {0}.
Dans les paragraphes 2.2.2.2 et 2.2.2.3, on décrit le modéle compact puis le modeéle non-
compact.
Pour le modele compact, méme si le parametre A est caché, on conserve la notation V) s

qui désigne cette fois I'espace de Hilbert

{feL?(S* 1) /¥ eR « f(e”) =e ™ f(-)}

pour la norme || - || de nouveau définie par :

112 = [, 1f@) doa)

L’action de G n’est pas exactement ’action a gauche, le probleme étant que 'action
naturelle de G ne préserve pas tout le temps la sphere. En revanche, et cela nous suffira,

si I'on restreint la représentation a K, alors on obtient vraiment une action a gauche.
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Il est a noter que la restriction a la sphere des fonctions F' de V{3 5, dans le modele induit,
donne toutes les fonctions continues f du modele compact et que le procédé de restriction

est réversible. Pour des fonctions F et f qui se correspondent, on a :

P = 1ell 5 ()

]

pour tout z € CV\ {0}.

Pour le modele non-compact, méme si les deux parametres A et § sont cachés, on conserve
encore la notation V;y 5, qui désigne cette fois 'espace de Hilbert L?(C x C™ x C™), pour
la mesure de Lebesgue ds du dv. De nouveau ’action de G n’est pas si simple, mais si 'on
restreint la représentation au sous-groupe N constitué des transposées de matrices de N,

alors on obtient vraiment une action a gauche.

Il est aussi a noter que le principe de covariance permet, étant donnée une fonction f de

Virs, dans le modele non-compact, de définir une fonction F sur S*¥ =1 (2, # 0) par :

)
z - wy z Z, W w
F(sz): — |Zl|_2)\_N.f (1727"'an727'-'7n)
’Zl‘ 22’1 21 Z1 21 21
La fonction f est continue si et seulement si F' Iest. Comme S* ! N (2, = 0) est de
mesure nulle sur la sphere, ce procédé permet de reconstituer tout 'espace V;y s dans le

modele compact et le modele induit.

The heart of our work is the study of certain induced representations of G. Why it is
interesting to concentrate on such representations was dicussed in the introduction. These
representations are constructed by considering a representation of a parabolic subgroup
and turning it into a representation of the whole group . The theory that leads to
induced representations would take too long to explain here, so we will just explicit the
specific parabolic subgroup we will work with, along with the corresponding induced
representations, referring the reader to [27] (sections 2 and 5 of Chapter V and Section 1

of Chapter VII) for a thorough lecture on the theory that underlies section 2.2.1.
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2.1 A specific parabolic subgroup

We write 2n x 2n matrices in the following way:

* I x H

where E, F,G, H are m x m matrices and where the stars denote suitable numbers, line

matrices or column matrices.

Using those notations, we list below the subgroups of G we need to define the induced

representations of G we intend to study.

o We denote by M the subgroup of G consisting of all matrices of the following type:

e 0] 0 0
0 Al 0 C Al C
m= - with# € R and € Sp(m, C).
0 0le™ 0 B|D
0 B| 0 D

We then write 6 = 6(m).

o We denote by A the subgroup of G consisting of all matrices of the following type:

a 0] 0 0
0 L,| O
a= with a €]0, 0o].
0 0 lalt 0
0O 0| 0 I,

We then write o = «(a).

o We denote by N the subgroup of GG consisting of all matrices of the following type:

1 |2 M
0 I,| v O
n= with (s,u,v) € Cx C™ x C™.
0O 0|1 O
0 0 |—u Iy
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The coefficient 2 in front of s is not really necessary in the definition, but we keep
it, as customary, to signify the isomorphism between N and the so-called Heisen-
berg group H*™!: matrices n as above correspond to elements (s, u,v) of H*™+1,
Though we will say nothing more of it, this isomorphism underlies the non-compact

picture to come.

o We define the parabolic subgroup Q) as the group of elements ¢ € G for which there
exists (m,a,n) € M x A x N such that ¢ = man ; we write Q = M AN, calling this
equality the Langlands decomposition of @ (it defines a diffeomorphism of @) onto
M x A X N).

o We denote by N the subgroup of G that consists of all matrices n for n € N.

Remark: we are aware that symbols m, n and N are already used, but with context there
can be no confusion.

We point out that notations N and N are swapped in [35]; we have not followed the choice
of the authors, so as to stay close to notations used in [27].

The subgroups M and A are linear Lie groups (as N, N and Q) and:

o the Lie algebra of M is the subalgebra m of g consisting of matrices of the following

type:
i 0 0 0
0o A 0 C A C
Y — with# € R and € sp(m,C) ;
0 0 —if 0 B D
0 B 0 D

o the Lie algebra of A is the subalgebra a of g consisting of matrices of the following

type:
g 0 0 0
00 0 O
Y = withg e R .
00 —p8 0
00 0 O

We have left out the Lie algebras of N and N because we will not explicitly use them.
When defining induced representations, one can wish to change the carrying spaces. In

order to do so, this proposition will prove useful:
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2.1 Proposition. @ is the subgroup of G consisting of all matrices of G in which the

entries of the first column are all O except the one at the top.
Proof:

If g belongs to M AN then one can write:

a 0 0 0 1 w s W
loa o cflor v o0
1o oatolloo 1 0

0B 0 D)\00 —u I

A C
where a € C\{0}, belongs to Sp(m, C) and where (s, u, v) belongs to C x C™ x C™.
B D

This gives the following form of ¢ (we’ll say that a matrix of this form is a @-form matrix):

a alu as alv
0 A Av—Cu C
0 0 a™! 0
0 B Bv—Du D

q:

and we see the first column of ¢ satisfies the required condition.

Suppose now that a matrix g of G has all its entries in the first column equal to 0 except

the top (diagonal) entry which is non zero; let us write:

a %k t 1
10 AmC
o e b oy
0 B n D
where « is non zero, 2 g is some m x m matrix, (¢, k,[) and (b, e, f) belong to

CxC™xC™and (m,n) to C™ x C™. Working with the properties of symplectic matrices

given in formulas (1.1), one can prove that:
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° b — ail;
A C

. belongs to Sp(m, C).
B D

Then, again using the conditions that a symplectic matrix must satisfy, one shows that:
o (i) ka™' +'An = 'Bm;
o (ii) la™' +'Cn ="Dm;

Comparing with the @-form matrix obtained in the first part of the proof, we try to

identify s, u, v. We see that we must have:
e s=tal;

e u=kal;

o v=I[a"t

So that (i) and (ii) become:

u ‘B —'A [ m
v D —ic| \n
Inverting this gives:
m -C A |
n -D B B v
a au as aW
So we see that ¢ = oA mC is a Q-form matrix. Consequently we can write:
0 0 o' 0
0O B n D
a 0 0 0 1w s W
10 A 0 C 07 v 0
looato|loo 1 0
0O B 0 D 00 —u I

and ¢ finally does belong to Q = M AN.

End of proof.



Chapter 2. Séries principales dégénérées de Sp(n,C) 64

2.2 Specific induced representations

Throughout this section we consider any A € R and € Z.

2.2.1 Usual definitions
2.2.1.1 Induced picture

Consider (X,0) € R xZ and the character y;»s of the parabolic subgroup @) = M AN
(introduced in section 2.1) defined by:

. AN
xirg(man) = ¢ (a(a)) ™

The corresponding induced representation (from @ to G), denoted by m;\s = Indf2 X\

is obtained by considering the left action of GG on the complex vector space
Vs = {f€C%G) / Vg € G, Yman € MAN : f(gman) = x;,5(man) f(g)}
and completing this space with respect to the norm || - || defined by:

11 = [ 1£F? dk

where dk denotes the Haar measure (unique up to a constant) of K. Functions of V3 ; are
said to be (A, d)-covariant, or just covariant for short, when the exact values of A\ and §
are not needed or when the context makes them clear. The representations ;) s obtained
by varying the parameters A and ¢ are unitary and form a family called the degenerate
principal series of G (the word degenerate refers to the fact that the parabolic subgroup
we have chosen is not minimal). They were studied in [18], where it is proved that m;) s
is irreducible if and only if (X, ) # (0, 0).

The representations ;5 obtained by varying the parameters A and ¢ are unitary and
form a family called the degenerate principal series of G (the word degenerate refers to
the fact that the parabolic subgroup we have chosen is not minimal). They were studied
in [18], where it is proved that ;) s is irreducible if and only if (A, d) # (0,0).

One can change the carrying space and define representations that are equivalent to ;) 5.
To specify which one of them is considered, one uses the word picture to mean description
of action and carrying space. The above description is called the induced picture. The
equivalences are due to some structure theory, which, as mentioned ealier on, we have

decided not to discuss.
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2.2.1.2 Compact picture

The compact picture is obtained by considering the complex vector space
V8s = {feCK)/Vke K, VmeM NK : f(km)=e """ f(k)}
and completing it with respect to the norm || - || defined by:

1A= [ 17 dk

Identification of the carrying spaces of the induced and compact pictures is based on a
specific decomposition of elements of G: structure theory shows that G = KM AN. The
restriction to K then defines a one-to-one correspondance between functions of V{3 ; seen
in the induced picture and functions of V3 5 seen in the compact picture. The action of
G here is not as simple as one might think: elements of G take elements of K possibly
out of K. But an interesting fact to point out is that the restriction of the action to K is

just the left action of K.

2.2.1.3 Non-compact picture

One can show that restricting elements of V{ 5 to N gives continuous functions in L*(N, dn),
where dn denotes the Haar measure (unique up to a constant) of N.

So we choose as carrying space the whole of L?(N). Here as well, the action of G is not
as simple as one might think: elements of G take elements of N possibly out of N. But
an interesting fact to point out is that the restriction of the action to N is just the left
action of N.

Identification of the carrying spaces of the induced and non-compact pictures is a little
more subtle than for the compact picture, because based on a decomposition of G that

only works for almost all g € G: NM AN is dense in G.

2.2.2 Changing the carrying spaces

Another way to change the carrying spaces is to make use of the natural action of the
group G on CV. Each of the three pictures described previously then leads to another
picture; in the process, for simplicity, we will not rename the pictures and we will keep

on writing ;s for the induced representations.
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2.2.2.1 Another induced picture

2.2 Definition (Induced picture of m;ys). It is obtained by considering the left action

of G on the complex vector space

-5
Vi - {f cot (@) /veeco)s )= () |0|‘“‘Nf(-)}
and completing this space with respect to the norm || - || defined by:

112 = [, 1f@) do(a)

The completion of V33 5 is denoted by V;ys. Functions of V{3 ; are also said to be (A, d)-
covariant, or just covariant for short, when the exact values of A and ¢ are not needed or
when the context makes them clear.

We have the same properties as in the initial induced picture:
e T;\s 18 unitary;
o ;s is irreducible if and only if (X, ) # (0, 0).

It is also explained in [8], amongst other things, how 7y decomposes into the direct sum
of two irreducible invariant subspaces.

It is both interesting and important to understand how the correspondence works between
both versions of the induced picture.

Though we said we would not change notation, it will be helpful to write ‘71')\75 (resp. Tixs
and [-]) instead of Vjy 5 (resp. ms and ||-||) when considering the initial induced picture.
Consider the vector e; = (1,0,...,0) of C. Consider the natural action of G' on vectors
of C¥\{0} (matrices times column vectors). The stabiliser S of e; is then the subgroup
of matrices of G such that the coefficients of the first column are all zero except the one
at the top that has to be 1. Looking back at the proof of Proposition 2.1, we see that this
stabiliser is a subgroup of the parabolic subgroup ) = M AN; more accurately, elements

of S can be written s = man with:

1 0]0 O
0 A AlC
o m= with € Sp(m, C);
0 0|1 0 B\|D
0O B|0 D
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o a=Iy;
1 fuw|2s '
0 I,| v
e n= with (s,u,v) € Cx C™ x C™.
0 0|1 O
0 0 |—u I,

Consider a function f that belongs to the space Vi?\,s'
Elements man of S satisfy ™ = a(a) = 1, so covariance of f implies that the function

f is constant on cosets of G /S and thus defines a function fonG /S by:

fs(9S) = f(g)

Because G/S is homeomorphic to CV \ {0}, one can then define a (complex-valued) func-

tion f on CV\{0} by:
f(z) = fs(gS) = f(g), where one chooses any ¢ that satisfies g(e;) = .

Maps fs and f are continuous. Also, given ¢ € C\{0}, one can write (again, for any g

that satisfies g(e;) = )

—s
Flex) = flegler)) = £ (gleer)) = F(gCler)) = F(gC) = (H) e f(g)

and consequently

=5
Flex) = () e f(a) (2.1

where C' is the matrix

c 00 0
0 I,| 0 0
Lo olet o
0 0|0 I,

£ 0] 0 0 el o 0o 0
0 In| 0 0 0 I,| 0 0
m — —~ . a= and n = Iy.
0 0|(g) o 0 0l o
0 0| 0 I, 0 0| 0 I,
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So far, we have associated, in a one-to-one fashion, covariant functions f on GG to contin-
uous functions f on CV\{0} that satisfy (2.1) for all non-zero complex numbers c. This
correspondence makes representations and identifications compatible, in the sense that
we have a commutative diagram for each element g of G (to observe this commutativity,
one just looks for instance at the image of some z € SV~ under some ;) 5(g) f and uses

the definition of the left action of G and the way functions are identified):

f— #ns(o)f

L]

f—— ms(9)f

Now, what is the relevant norm to choose for f7

SQNfl

Because K is a subgroup of U(N), the sphere and its Euclidean measure o are

invariant under the natural action of K. Restricting the natural action of K to S?V—1,
the stabiliser of e; is Sy = SN K. Thus the map (taking, as above, any ¢ such that
ge1 =)
v SEL s G/Sk
x — ¢Sk
is a homeomorphism between S?*¥~1 and the quotient K/Sk; let us denote equivalence
classes by [k] (k refering to any representative of the coset k£Sk). The natural action of K

on the sphere induces a natural action (simply denoted here by a dot) on K/Sk, defined

on equivalence classes by (taking k; and ks in K):
ki - [ko] = [k ko]

The Euclidean measure o can be transported to K/Sk so as to define a K-invariant

measure ¢ (the image measure of o):

for all measurable subsets B of K/Sk.

Because Sk is a closed subgroup of K and because K is compact, the homogeneous
space K/Sk has a unique left invariant Borel measure, up to a constant. This is due to
a standard integration theorem, which one can find for instance in [28], Chapter VIII,

Section 3, Theorem 8.36 (this theorem is in fact stated for real-valued functions, but it
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passes on to complex-valued ones). So measures ;1 and i must be proportional. Moreover,

the same theorem says that for all continuous functions ¢ on K one has

fowar=[ [ $(hs)ds| dj([K)

where ds denotes the Haar measure of Sk (induced by the normalised left Haar measure

of K). From this we deduce (using the fact that f is constant on each coset of K/Sk)

/K’f(/{:)‘2 dk = some constant '/Swil |f(x)]? do(z)

where the constant involves the proportionality constant mentioned above and the volume
of the subgroup Sk. These considerations justify our choice of norm || - ||. Covariance
makes it a proper norm, in particular: the norm of a covariant function is equal to 0 if
and only the function vanishes almost everywhere.

Our discussion above has shown that [-] and || - || are proportional, so they define the
same topology. One needs not worry about the proportionality coefficient, because it does
not affect unitarity, in the sense that unitarity of operators in one picture corresponds to

unitarity in the other picture.

2.2.2.2 Another compact picture

2.3 Definition (Compact picture of m;, 5). The carrying space here is the Hilbert space
Vg = {f e LX) /YO eR : f(e?)=e"f(-)}
with respect to the norm || - || defined by:

11 = [ 1F@)F? dk

We say that elements of V) s are d-covariant (or just covariant for short, when the exact
values of ¢ is not needed or when the context makes it clear). Again, the action of G is

not as simple as one might think, but its restriction to K is just the left action of K.

The parameter A does not explicitly appear in the compact picture, but is hidden in the
following observation. Restriction of functions F of V3 5, in the induced picture, to S* !
establishes a one-to-one correspondence with continuous elements f of the space V;, 5 seen

in the compact picture. This correspondence works as follows:

for v € CN\ {0}.
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2.2.2.3 Another non-compact picture

This picture is based on two observations:

o The image of e; = (1,0,...,0) € C under the natural action of the subgroup N is
the hyperplane P = {1} x C™ x C x C™: indeed, using notations of section 2.1 for

elements n € N, an element ‘n € N assigns to e; the point (1, u,2s,v) € P.
o The Haar measure of N is the Lebesgue measure ds du dv.

So restricting functions of Vi(/)\,é, in the initial induced picture, to functions on N, in
the initial non-compact picture, corresponds to restricting functions of Vigﬁ, in another
induced picture, to the hyperplane P, thereby obtaining continuous function of L?(P)
with respect to the Lebesgue measure ds du dv. These considerations naturally lead us to

the following choice:

2.4 Definition (Non-compact picture of 7;, 5). The carrying space is L?(P), with respect
to the Lebesgue measure ds du dv, where (1, u, 2s,v) denote the coordinates on P. Again,
the action of G is not as simple as one might think, but the restriction of the action to

N is just the left action of N.

One has to be careful with the way the induced picture and the non-compact picture
correspond to one another. As much as one can always restrict functions of V3 5, in the
induced picture, to obtain continuous square integrable functions on {1} x C™ x C x C™,
the reverse procedure via covariance only gives functions defined on CY N(z; # 0). In

more detail, an element f of V)5 in the non-compact picture defines a function F' on

SEN=L N (2 #0) as goes:

-5
21 i w1 22 Zn W w.
F(Z,'LU):<|21|> ’Z1| g Nf("'ana"'an)

) ’ )
221 21 21 21 21

The function f is continuous if and only if F is. The measure of S* =1 N (z; = 0) is 0
in S?N=1 5o this procedure enables one to obtain the whole of Vire in the compact and
induced pictures.
Via the bijection

CxC"xC"™ — {1} xC"xCxC™

(s,u,v) — (1,u,2s,v)
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we will identify the spaces L?(P) and L*(C*™!) (with respect to the Lebesgue measures
ds dudv).
Remark: the parameters A and ¢ do not actually appear in this picture; they are hidden

in the restriction/extension process.






CHAPTER 3

Actions of Sp(n) and Sp(1)

La notion de K-type est au cceur de tout notre travail, dont I'objectif est d’associer a
certains d’entre eux des fonctions spéciales. Comme nous I’avons annoncé en introduction,
il y aura deux actions a considérer : une action a gauche de Sp(n) (étudiée dans le
paragraphe 3.1) et une a droite de Sp(1) (étudiée dans le paragraphe 3.2).

Pour I'action a gauche, on travaille dans le modele compact, ou I'espace de Hilbert est un
sous-espace de L?(S4"~1). Tl est bien connu que celui-ci se décompose en une somme directe
hilbertienne, dont chaque terme est constitué de restrictions a la sphére de polyndémes
harmoniques homogenes de méme degré ; ces restrictions sont les harmoniques sphériques ;
on note H Pespace de tels polynémes de degré k et Y* I’espace des harmoniques sphériques
correspondantes. Les espaces V¥ sont des espaces invariants irréductibles pour I'action &
gauche du groupe orthogonal O(4n).

Les identifications R* ~ C?" ~ H" permettent de considérer les polyndmes de H* comme
des polynomes & variables complexes z € C*" (en tenant compte de leur conjuguées %)
et de considérer U(2n) comme un sous-groupe de O(4n). Ainsi, définissant H*? comme
I'espace des polyndmes homogenes harmoniques de degré d’homogénéité (o, 3) sur CV
(c’est & dire de degré o en z et (8 en %) et en définissant Y™ comme l'espace de leurs
restrictions & la sphére, on peut considérer que H*” est un sous-espace de H** et que Y**
est un sous-espace de Y. Les espaces Y sont invariants et irréductibles sous 'action
a gauche de U(2n), donc la restriction de cette action a Sp(n) préserve encore les espaces
VP qui cette fois ne sont plus irréductibles. Comprendre la structure de L?(S**~1!) par
rapport a l’action a gauche de Sp(n) nécessite donc simplement de se restreindre a chaque
espace H*?. On fixe alors un couple quelconque (o, 3).

La théorie des représentations montre que chaque composante irréductible est associée a

un vecteur de plus haut poids (unique a un coefficient pres). Le paragraphe 3.1.2 identifie,
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dans le théoréme 3.2, ces vecteurs de plus haut poids Pf‘ﬁ , ainsi que leurs poids ag"ﬁ ;
~ est un parametre entier compris entre 0 et min(«, 5) (il compte les composantes, en

quelque sorte). Dans le reste du chapitre 3.1 :

e nous calculons les dimensions des composantes irréductibles VVO"B engendrées par
les polynémes P$’5 , ce qui se fait a I'aide des plus haut poids et du théoreme des

dimensions de Weyl;

e mnous vérifions que ces dimensions épuisent la dimension de H*”, démontrant ainsi

la somme directe donnée par le théoreme 3.8, a savoir :

~ @
K = Z L’vaﬁ
(aB)eN? 7
0=pF—a
yerxh

Urpw)

Pour l'action a droite de Sp(1), dans le paragraphe 3.2, on définit déja cette action R

précisément, en expliquant comment elle est liée a la multiplication scalaire a droite dans
a —b

H". L’action a droite d'une matrice ¢ = € Sp(1) sur une fonction f a variables
b a

complexes (z,w) € C" x C" ~ C*" fonctionne ainsi :
R(q)f (2 w) = f (az — bw, aw + b2)

Pour en étudier les vecteurs de plus hauts poids, on complexifie R, obtenant une repré-
sentation de sl(2,C), identifiant alors les éléments d’une certaine base de s[(2,C) a des
opérateurs différentiels : c’est 'objet de la proposition 3.11. Le théoréme 3.12 montre que
les plus hauts poids se trouvent parmi les P;)‘”B et permet d’aboutir au théoreme 3.13 qui
explicite la décomposition de H” (k valant oo+ ) en irréductibles pour I'action a droite de
Sp(1). Il est a noter que c’est bien H” tout entier qu'il faut considérer, car les sous-espaces
H*” ne sont en général pas stables par 'action R.

La fagon dont les actions a gauche et a droite interagissent est résumée dans le diagramme
3.1. Pour finir, nous montrons que dans ce diagramme, il existe une unique harmonique
sphérique (& un coefficient preés) qui soit invariante par les deux actions L et R a la fois
(on dit qu’elle est bi-invariante). Une méthode par induction sur les coefficients permet

de la calculer. Cela fait 'objet du paragraphe 3.2.3.
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In this section, we work with the compact picture of the induced representations m;y ;.
Because the restrictions m; ,\75’[( coincide with the left action of K on V;) 5, we now simply
write L instead of m;) 5, whatever the value of §. If we change the values of §, we can
reconstruct the whole of V' = L2 (SzN *1), as we will see. We intend to study how
this Hilbert space decomposes into irreducibles under two actions: the left action L of

K = Sp(n) and the right of Sp(1) we will define later on.

3.1 Left action of Sp(n)

3.1.1 Preliminaries

For the time being, denote the coordinates of R*" by (x1,...x9xn). Consider the Laplace
operator Ag defined by:

2N 82
For k € N, denote by H* the complex vector space of polynomial functions f defined on

R?*" | with complex coefficients and such that:
1. f is homogeneous of degree k;
2. f is harmonic, that is, Ag(f) = 0.

Denote by V¥ the complex vector space that consists in the restrictions to S?N~! of
elements of H": these restrictions are called spherical harmonics. It is well known that
(see for example [12], chapter 9):

12 <S2N71) :@yk (3.1)

keN

where the various spaces Y are orthogonal to one another in L?(S?N-1). It is also
well known that the subspaces Y are stable under the left action of SO(2N) and define
irreducible and pairwise inequivalent representations of SO(2N) (see chapter 9 of [51]).

Because K can be seen as a subgroup of SU(NN) which can itself be seen as a subgroup of
SO(2N), the sphere S?¥~1 is stable under the natural actions of K and SU(N) and one
can therefore consider the left actions of K and SU(N) on Y*. It so happens that the

right action of Sp(1) that we will define later also preserves Y*. So, to understand how
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L2(S?N=1) decomposes under the left action of K and the right action of Sp(1), one just
needs to concentrate on each V*.

Let us switch to complex coordinates. Put z = (z1,...,2y5) € RY, y = (n41,...,T2n) €

z—z :
5> a function f of x

and y =

RY and z =z + iy = (21,...,2y) € CV. Because © = 2

and y can be written as a function F' of the complex variable z and its conjugate z:

f(z,y) = F(z,2)

An element u of SU(N) can be viewed as a matrix 4 of SO(2NN), through the following
embedding of the set of complex N x N matrices into the set of real 2N x 2N matrices
(the way we have identified R* and C" is precisely designed to match this embedding):

one decomposes u into two real matrices A and B, writing u = A + iB, then defines

and checks that @ belongs to SO(2N) and that the mapping u — @ is an injective group

morphism. The left action of @ on f then transfers to F' in the obvious way:
L(u)P(z,2) = P(u 'z, u=12) = P(u "'z, 'uz) (3.2)

The last equality holds because w is unitary and therefore u—1 = *u.

In the coordinates (z,%), the Laplace operator becomes:

N 82
A(C =4 Z:ZI 62’18271

For o, € N, consider the space H*? of polynomials P(z, %) (z € C) such that:
1. P is homogeneous of degree o in z and of degree ( in z;
2. A¢(P) =0.

Each H*” is invariant under the left action of unitary matrices; the resulting representa-
tions of the unitary group SU(N) on H®# are irreducible and pairwise inequivalent (again,

see [51], chapter 11).

3.1 Proposition. The dimension of H*? is given by the following formula:

a+B+N-1)(a+N-2B+N—2)

. a,f (
dim H™ = (N — 1)I(N — 2)lalg!
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Via coordinate identifications, one can consider spaces H*” as subspaces of H**?. Given
k € N, this leads to the natural isomorphism (see [51], chapter 11):
"'~ @ H** (3.3)
(a,3)EN?
a+pB=k

We denote by Y the space of restrictions of elements of H*” to the unit sphere S*V-1.
From (3.1) and (3.3) we deduce:

12 (S2N71) _ @ Yo

(a,8)EN?
Consequently, in the compact picture:
Vas= @ y° (3.4)
(a,8)EN?
=f—a

We now discuss a basic yet important point: we can work with homogeneous harmonic
polynomials rather than spherical harmonics. In order to explain why, let us fix any non-
negative integers a and 3 and denote by R the map that restricts polynomials of H** to
the unit sphere S?V—!; the target space of R is precisely Y. Because of homogeneity,
the map R is a bijection; it is in fact a linear isomorphism. Let us introduce two notations

for the left action of K, according to which kind of functions we want it to apply to:

o 7 will denote the representation of K that corresponds to the left action on Y%7,

o« 7 will denote the representation of K that corresponds to the left action on H*”.

The restriction map R commutes with both left actions of K. Said otherwise, the following

diagram commutes (with k£ € K):

Ha,ﬁ 7' (k) Ha,ﬁ

b

Yy Y
(k)

Because the spaces H*? and Y*” are finite-dimensional, 7 and «’ are differentiable. The
differentials (at the identity) dm and dn’ are also related by a commuting diagram (with
X et):
good 2T, pas
L

ya,ﬁ ya,ﬁ
dn(X)
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In other words, the linear isomorphism R intertwines dr and drn’. This implies that
weights of 7 coincide with weights of 7/, weight vectors of 7 correspond to weight vectors
of 7’ and highest weight vectors of 7w correspond to highest weight vectors of 7’

This is why we now identify 7 and 7/, going back to our notation L and denoting by dL
the differential of L (at the identity).

Remark: we will often identify polynomials of H*? and the corresponding spherical har-
monics of VP,

We now work with polynomials, to compute highest weight vectors and highest weights.
The space H*” is stable under the action of K, but not necessarily irreducible: it can
break up into (obviously) finite-dimensional irreducible components. Each component is
generated by some highest weight vector under the action of K. Components being finite-
dimensional, one can differentiate the restrictions of 7 to each of them. Remembering
(3.2), if X belongs to the Lie algebra ¢ of K, if P belongs to the carrying space of L and
if 2 belongs to C", then by definition:

AL(X)(P)(z.2) = &

(P (exp(=tX)z, " (exp(tX))2) )

t=0
The chain rule of differentiation applied to functions of real variables and then rewritten

in terms of complex variables gives:

( ‘ i’t:(] (exp(—tX)z)

% (2.2)

dL(X)(P)(z,2) = { &

so that we have:

- —Xz
aLX)(P)(=2) = ( 22| 2(2,7) ) . (3.5)
The infinitesimal action dL can be complexified, in other words extended in the natural

way to the complexification g = sp(n, C) of € = sp(n). This complexification of dL is also
defined by Formula (3.5), but this time with X € g.

3.1.2 Highest weight vectors

We fix k € N and (a, 3) € N? such that a + 3 = k.
To make polynomial calculations clearer, we change our system of notation for complex

variables: we write (z,w) = (21, ..., 2y, Wy, ..., w,) instead of our initial z = (z1, ..., 2n),
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with of course z = (z1, ..., z,) € C" and w = (wy, ..., w,) € C". We now state and prove a

theorem which is the heart of this chapter:

3.2 Theorem. Denote by [*F the set of integers v such that 0 < v < min(a, 3). For
v € 1P, consider the polynomial on"ﬁ defined by:

P’yaﬂ(z7 w, 27 w) = wla_vzilﬁ_fy(uhzil - 11]1272)’Y
a, a,f
1. Py B belongs to H*".
2. For any element H of the Cartan subalgebra by of g:
dL(H)PS’ = [(o+ B — )Ly + vLo] (H) PP

This means that P$’5 is a weight vector associated to the weight
03‘”3 =(a+p8-770,...,00=(k—7,7,0,...,0)

3. If i and j denote positive integers, if X denotes E;; — Enijnti 07 Fipyj + Ejni

when 1 <i<j<mn, or K, when 1 <1i <n, then:
AL(X)P&P =0
This means that the highest weight condition is satisfied.

In other words, P$’5 is a highest weight vector: under the action of w, it generates an

irreducible invariant subspace Vf?ﬂ of H*P.
Proof:

For simplicity, let us just write P instead of P;"’B :

1. Multiplying out the brackets of P gives a list of monomials that are all homogeneous
of degree v in both w and z. Combining this with the powers of the terms w; and z;
that sit before the brackets and the fact that no variable appears at the same time as its

conjugate, we see that P belongs to H*(CV).

2. and 3. We use Formula (3.5) for the specific elements of g we need to consider:
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o if H belongs to h and if hq, ..., h,, —h1, ..., —h, denote the complex diagonal terms
of H:
“ oP oP oP oP
L(H)P Z D) = N il Rl el el
dL(H)P(z,w, z,0) ;hz ( Gt Wit Ei wzau_})
So:
_ oP oP _OP _ 0P
dL(H)P(z,w,z,w) = hlwlTl + h2w2f)7wg + hlzla—gl + thga—g2 (3.6)
e f X=FE,; —Epijnti (1 <i<j<n)
opP op 0P 0P
dL(X)P(z,w,z,w) = zja—Zi wzf)wj zia—gj - wja—wi
So:
— for j > 3:
dL(X)P =0
— for i =1 and j = 2 (only remaining case):
_ or 0P
dL(X)P(z,w,z,w) = wla—w2 + 21872_2 (3.7)

o if X = Ei,n—i—j +Ej,n+i (1 <1< j < n):

P o _oP 0P
b 8zi i 82]' = 81&1 =i @Ujj

dL(X)P(z,w,z,w) =

So:
dL(X)P =0
oP _ 0P
dL(X)P(z,w,z,w) = wiﬁizi zza—wZ
So:
dL(X)P =0

All that remains to be done is compute the partial derivatives in formulas (3.6) and (3.7)

to find:

« ()V Heb: dL(H)P = [(a+ 8 —7)hi + vhy] P.
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L4 (11) dL(ELQ - En+2,n+1)P = 0

To make computations easier we set B = w92z — w1 25.

To establish (i), let us compute dL(H)P(z,w, z,w):

hwy (0 — i A0 B — 5wt A0 TBY)
+
haws (’YZ]IU?_WZ]B—VB'Y*)
+ (3.8)
iz ((8 — Vw7 A5 BY + qwpwf T 5P B
+
hozy (—vwlw?ﬂzﬂﬁ_“yBV*l)
Then we can organise the terms of (3.8) to get:
BY (hi(a = )i 5777 + hy(B = Ywi 75" )
+
B hyw ™ 557 (wez — wi ) (3.9)
+
B Y hoyw ™7 557 (wez — wy 2)

which can obviously be rewritten

[(a+ B =)k + vho] wi 55787 (3.10)

We finally recognise the desired expression: [(a+ 3 — v)hy + vhs] P.

To establish (ii), let us compute dL(E1 5 — Epyont1)P(z,w, Z,0):
—+ 2_1_> (z,w,2,W0) = wyyaw 2P VB — Ziyww T 5P B!
which obviously equals 0.

End of proof.

Each component corresponds to a specific eigenvalue of the Casimir operator €y of L.

Proposition 1.6 and theorem 3.2 imply:
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3.3 Corollary. Consider the irreducible representation (L, Vva’ﬁ). We remind the reader

that its highest weight is (o + 8 — v) L1 + vLa. Then (denoting by Id the identity map):

QL:—[(a+ﬁ—7)2+2n(a+ﬁ)+72—27] -Id

3.1.3 Isotypic decomposition with respect to Sp(n)

Again we fix k € N and (o, 3) € N? such that o + 3 = k. We now want to establish that
H** is the direct sum of all the subspaces VWC“’B . We do this by computing dimensions
and showing that the dimensions of the various VVO"B add up to the dimension of H*.

We point out that in the formulas to come, we use the standard convention 0! = 1:

3.4 Proposition. The dimension of Vf‘ﬂ is given by the following formula:

(k=7 +N -2y +N -3 (k—2y+1)(k+N—1)

dimV? =
by (k—~+ D41 (N — DI(N — 3)!

So we denote this dimension dﬁ, omitting the values of a and 5.

Proof:

We apply Weyl’s dimension formula (1.4), choosing the highest weight o = 03”8 (given
by theorem 3.2), px = (n,n—1,...,1) and using the three types of positive roots L; — L;,
L; + L; and 2L; introduced in section 1.3.1 of Chapter 1. With these choices, dimV;’"B is

equal to:

H‘ - <o+tpk,Li—L;> H  <otpK,Li+Li> yyn <otpr,2Li> (311)
1<J  <pg,Li—L;> 1<J  <pg,Li+L;> =1 <pg,2L;>

Looking into each product, we see that the terms for ¢ > 3 all cancel out so that (3.11)

can be rewritten as:

n <o+pr,L1—L;> yn  <o+pr,La—L;>
Jj=2 <pr,L1—L;> Jj=3 <pr,Lo—L;>

n <o+pr,L1+L;> n <o+pr,La+L;> (3 12)
J=2 <pr,L1+L;> J=3  <pr,Lo+L;>

<o+4pr,2L1> <o+pr,2La>
<pr,2L1>  <pg,2L2>
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With o+ px = (E—~v+n,y+n—1,n—2,.., 1), (3.12) becomes:

(k—ytn)—(y+n=1) ryn  (b=—y+n)—(n—j+1) yyn  ((y+n=1)—(n—j+1)

n—(n—1) j=3 n—(n—j+1) J=3  (n=1)—(n—j+1)
(k—v+n)+(y+n=1) yyn  (k=y4+n)+(n—j+1) ryn (@+n—1)+(n—j+1) (3.13)
n+(n—1) Jj=3 n+(n—j+1) Jj=3  (n—-1)+(n—j+1)

2(k—=v+n) 2(y+n—1)
2n 2(n—1)

Formula (3.13) can be rewritten as:

k=2v+1 1 k=—ytj—1 7n =2

1 Jj=3 ;-1 Jj=3 j-2
k+N—-1 1 k—y+N—j+1 yn ~y+N—j
N—-1 Hj:3 N—j+1 Jj=3 N—j (3‘14)

k—v4+n y4+n—1
n n—1

Formula (3.14) can be reorganised as:

n  k—y+j Hn—l yt+J

n  k=y+N4l—j ypn  y+N—j 1
Jj=3  N+1—j J=3 N—j (3.15)

(k—2y+1)(k+N—1)
(N-1)

Writing products in terms of factorials we get the following expression:

(k=vy+n)! (y+n—1)!
(k—=y+1)In! 4l(n—1)!

(k—y+N+1-3)!(N+1-n—1)! (y+N-3)(N—n—1)! (3 16)
(k—y+N+1-n—1)I(N+1-3)! (y+N—n—1)(N-3)! ’

(k—2y+1)(k+N—1)
(N-1)

Formula (3.16) becomes:

(k—v+n)! (y+n—1)!
(k—y+1)In! Al(n—1)!

(k=y+N-2)In! (v+N-=3)!(n—1)!
(k—y+n)(N=2)! (y+n—1)!(N-3)!

(k—2y+1)(k+N—1)
(N-1)

One finishes the proof by noticing various cancellations.
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End of proof.

3.5 Proposition. The dimension of H*® can be written as the following sum:

dimH* = Y~ dimV*"

B
veLy

Proof:

We start by supposing @ < [, so that v < «a. Using propositions 3.1 and 3.4 and
after several cancelations, we just need to prove this equality (as previously mentioned,

whenever 0! occurs, one takes 0! = 1):

a  (E=y+N-2)(y+N-3)(k—2y+1) _ (a+N—-2)(B+N—-2)!
v=0 . (kj'y+1)!'y! 8 - (N—2)a!p! (3'17)

If B < a, so that v < 3, we need to prove:

S8 N DNGENBNE=2y+1) _ (@t N-2)(BN-)
=0 (k—y+1)!4! o (N=2)a!p!

These two formulas are in fact equivalent, because of the symmetrical roles of a and 3. So
one just has to prove Formula (3.17); in this formula, let us set p = k+1 and A = N — 3,
which changes Formula (3.17) into

o (Atp—)NAN)(p=27) _ (a+A+1D)!(p—at+A)!
7=0 (p=)! T (A+Dal(p—a-1)! (3.18)

Forgetting about the exact expression of u, we shall prove Formula (3.18) by induction

on «, proving the following statement:
Va € N, Vi > 2a+1: formula (3.18) is true (3.19)

One easily sees that Statement (3.19) is true for a = 0.

Let us now suppose that it is true for given @ € N and consider o« + 1 and some p >

2(a+ 1) + 1. Then:

yhotl (A+p=7) A+ (1—=27)
=0 (u=7)1!

separates into

a (A+uf'y)!(A+'y)!(,u72’y)} + (Atp—a—1)!(Ata+1)!(p—2a—-2)
=0 (n=7)! (p—a=1)!(a+1)!
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Because pn > 2(a+ 1) + 1 > 2a + 1, we can apply the induction hypothesis to the sum;

we obtain:

(a+A+D)!(p—atA)! + (A+p—a—D)(A+a+1)!(p—20—2) _
(A+D)al(p—a—1)! (p—a—1)!(a+1)! -

at A+ D) (p—at+A—1)! [ pu— 90—
ot alf)o(fin!:! . HAC:;A + ua2+£¥1 2 (3.20)

One can check that the brackets can be written as

(p—a=1)(a+A+2)
(A+1)(a+1)

so that (3.20) becomes:

(a+A+ D) (p—at+A-1)! (p—a—1)(a+A+2)
(p—a—1)!a! (A+1)(a+1) o

(a+A+2)/(A+p—a—1)!(p—a—1)
(A+1)(p—a—1)!(a+1)!

[(a+1)+A+1]1[n—(a+1)+A]!
(AF 1) (@ Dlu—(a+1)—-1]!

This finishes the induction step and thus the proof.
End of proof.

We can now give the isotypic decomposition of the restrcition of L to H*?:
B B
3.6 Theorem. H*" = B Ve
~yelxB

Proof:

The Peter-Weyl theorem 1.2 implies that two inequivalent subrepresentations of a unitary
representation of a compact Lie group must act on orthogonal subspaces. Therefore the
spaces Vf"ﬁ are pairwise orthogonal (the corresponding subrepresentations each have a
different weight, so they are pairwise inequivalent). As Proposition 3.5 says that the

dimensions of all the Vf’ﬁ add up to the dimension of H*”, Theorem 3.6 follows.
End of proof.

3.7 Remark. We see at the same time that each K-type has multiplicity 1 because the

highest weights of the various Vf‘*ﬁ are all different.

To summarise the whole of Section 3.1, putting it back into context with regards to our

induced representations m;y s, we can say that we have proved:
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3.8 Theorem (Isotypic decomposition of m;y5). Consider any A € R and § € Z. Then:

@
M,é‘K = Y L
(a,B)EN?

0=pF—a

yeIes

V’Ya B

In this isotypic decomposition, the multiplicity of each K -type is 1 (we say that the K -types

are multiplicity free).

3.2 Right action of Sp(1)

3.2.1 Isotypic decomposition with respect to Sp(1)

Let us fix k € N and consider the space H*. Again, denote by
(z,w) = (215« s 20y Wiy« v o, Wy)

the coordinates of CV, by h = (hy, ..., hy) the coordinates of H" and use the identification
h=(z+jw) € H" +— (z,w) € CV.

Right multiplication of a quaternionic vector h by a quaternion ¢ consists simply in mul-
tiplying all quaternionic coordinates by ¢, obtaining the quaternionic vector hg. Consider
any subset S of H" and assume that it is stable under right multiplication by unit quater-
nions. Let F be any subset of {f : S — C}. Then the right action R of Ug on F is
defined by

R(q)f(x) = f(zq)

for all (q, f,z) € Ug xF x S. As before, we write R(q)f instead of [R(q)](f).
Consider a unit quaternion ¢ = a + jb € Uyg. The rules of quaternionic multiplication

imply (as explained in Section 1.4.3), given h = z + jw € H™:
hq = (az — bw) + j(aw + b2) (3.21)

The subset S of H" identifies with a subset of CV, that we also denote by S. As explained
in Chapter 1 (section 1.4.3) the quaternion ¢ (seen as a 1 x 1 matrix) identifies with the
matrix

a —b

b a

€ Sp(1)
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that also denote this matrix by ¢q. These considerations explain our choice of action of

Sp(1) on functions of the complex variables (z,w):

3.9 Definition. The right action of Sp(1) on F, again denoted by R, is defined for all
g € Sp(1) and (z,w) € S by:

R(q)f(z,w) = f (az — bw, aw + bZ)

An element f of F is right-invariant if it is invariant under the right action of Sp(1),
meaning that for all ¢ € Sp(1): R(q)f = f.

Let us come back to spherical harmonics, fixing any k£ € N. One can show:

3.10 Proposition. The right actions of Sp(1) on H* and Y* define continuous unitary
representations of Sp(1); we identify these representations, denoting both by R. We point
out that H* is stable under R.

As we have already seen, to study irreducible invariant subspaces under the action of a
compact group, one complexifies its Lie algebra. The complexification of sp(1) = su(2)
is:

su(2) @ isu(2) =sl(2,C)

A basis over the field R of su(2) is given by the three matrices :

¢t 0 0 2 0 -1
0 — v 0 1 0

A=

1 0

e h= =0+ i(—A) € su(2) ®isu(2)
0 -1
0 1 . s ,

.« 6= == +1 (7> € su(2) @ isu(2)
0 0
0 0

. f= =§+i(£) € su(2) @isu(2)
10

We have for t € R the following exponentials:



Chapter 3. Actions de Sp(n) et Sp(1) 88

o exp (%C) =

These exponentials belong to Sp(1) and therefore correspond to specific unit quaternions
@ = ay + jby, with (at, b)) € CxC (see Lemma 1.11 to recall identification between

quaternion and complex matrices):
o exp(—tA) corresponds to ¢; = e~ + 05;

e exp (%) corresponds to ¢; = cos (%) — jisin (%),

e exp (iZC) corresponds to ¢; = cos (%) — jsin (%)

Now extend representation dR of sp(1) to a complex representation dcR of sl(2,C) by
defining for all Z = X + Y € sl(2,C) (taking (X,Y) € sp(1) x sp(1)):

deR(Z) = dR(X) + idR(Y)

Remember that by definition, given any P € H*, X € sp(1) and (z,w) € C" x C™:

d

dR(X)P(z,w) = ails

[R (exp(tX)) P(z, w)]

Therefore, given any Z € sl(2,C), dcR(Z) can be seen as a differential operator; given
P € H*, we shall denote by Z - P the polynomial obtained by applying the differential
operator Z to P. Using above formulas that link e, f,h to A, B,C, above exponential

—tB —tC

5, - and definitions of dRR and dc R, one can prove:

formulas for —tA,

3.11 Proposition. Simply denote by e, f, g the respective differential operators:
d@R(@) s d@R(f) s d@R(h)
Then:

—\n 0 _ ., 9
e € = r=1 (UJT 85 Z’I“ am)
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—_0 5 0
o f=200 (ZraT,T - wraf%)

_ 9 =0 I
o h=3%1"_, (Zrafzr — Zrpg= T Wrge — wrﬁ)

k
Let us study the direct sum H* = @Hk_s’s. We know that each H*** breaks into

s=0
min(k—s,s)
b V,Yk_s’s. Using formulas of Lemma 3.11, one shows:
v=0

3.12 Theorem. Consider integers k,«, 3,7 such that 0 <~ < min(c, 5) and a+ 5 = k.
Then

o h- pvaﬂ = (a— 5)}?3,,8
e When~y <p:e P =(3—~)Pytti-t

e Wheny<a : f- pva,ﬁ = (o — ,Y>P’yoc—1,,8+1

3.2.2 K-type diagram

Figure 3.1 captures the contents of theorems 3.2 and 3.12. In this diagram, the thick
black dots represent the highest weight vectors on"ﬁ (a4 6 =k).
Let us take a closer look at Figure 3.1. For any fixed integer v such that 0 <y < E (g)

(the function E assigns to a real number its integer part):

e The arrow beneath v points to a vertical set of components whose direct sum

defines an invariant subspace Vf (obviously not irreducible) under the left action of

Sp(n):
k kéé/ k
VE= @Veke
LA

e The components in Vf all correspond to the highest weight (k —~,~,0,---,0)
(given by Theorem 3.2) and are therefore equivalent; in particular they all have the

same dimension d’fy.

e A vertical set of thick black dots defines a basis of an irreducible invariant

subspace W} under the right action of Sp(1) (of dimension k — 2 + 1):

Wf = Vect@{Pﬁ’k_o‘}a:%...,k—y cV,
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The polynomial Pf*%” is a highest weight vector of Wf and corresponds to the

highest weight k£ — 2.

» Because the left action of Sp(n) and the right action of Sp(1) commute, applying L
to Wf gives irreducible invariant subspaces of R contained in Vf ; these subspaces
define subrepresentations of R which are equivalent to the restriction of R to Wf ;

therefore, they all have the same dimension k£ — 2y + 1.

Now, using the fact that the left action L of Sp(n) is transitive in each box, we deduce:

3.13 Theorem. The isotypic decomposition of H* with respect to the right action R of

Sp(1) is:
5(3)
H = @ aw!
=0

In particular, the multiplicity of va is equal to d@.

3.14 Remark. The structure of H*, which we have studied with respect to the left action of
Sp(n) and the right action of Sp(1), appears in [22] (Proposition 5.1), where it is expressed
in terms of tensor products (using our system of notation):
k 713) k k
_ —7y
H ‘Sp(n)XSp(l) - ; i oW,

Nonetheless, the credit one can give to our work is to explain this structure in a personal

and self-contained way.

3.2.3 Bi-invariant polynomials

This result follows from Theorem 3.13:

3.15 Corollary. Consider k € N and suppose k is even, writing o = %

e The component V' is the only one that contains one-dimensional invariant sub-

spaces with respect to R.

e The 1-dimensional complex vector space generated by P>* is stable under the right

action R of Sp(1); in fact, one easily checks that P& is right-invariant.
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HYO

Hk_1'1 q

Hk-22 q

H2,k—2q

I-Il'k_1 q

H Ok q

y=20
b o
e y= 1
vy 71\‘ l 0
el e
Vok—1,1 } o Vlk—l,l f\. \
el e\ f
Vok—Z,Z \ P Vlk—Z,Z \ ° ¥
]/},Z‘k_z 1 .\ Vlz,k—z .\
el ) e\ )/
Vol,k—l ) .< V11,k—1 \ .\¢
el ) f
Vbo,k \ ° ( 0
o

y=2
| o
e
Vzk—Z,Z \.
k=
/S R
0

Figure 3.1: combining left action of Sp(n) and right action of Sp(1) within H*, assuming

here k& > 5.
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e The component V> decomposes into d* one-dimensional irreducible subspaces,
along which R is just the identity representation. This implies that all elements

of V& are right invariant.
Another consequence of previous section is:

3.16 Corollary. Consider an element f of L*>(S?*N=1Y). Then f is right invariant if and
only if f belongs to the following Hilbert sum:

e

aeN

Let us now consider the subgroup 1 x Sp(n — 1) C Sp(n): it consists of block diagonal

1 0
matrices , where A € Sp(n —1).

0 A
3.17 Definition. Consider any («, 3) € N? such that o + 3 = k. A polynomial of H*?
and its corresponding spherical harmonic in Y*? are said to be bi-invariant if:
o they are invariant under the left action of 1 x Sp(n — 1);
« they are also invariant under the right action of Sp(1).

3.18 Theorem.

1. Consider any (o, ) € N* and any integer v such that 0 < v < min(a, ).

Denote by Invg’ﬂ the complex vector space that consists of all polynomials of Vf“ﬁ

which are invariant under the left action of 1 x Sp(n — 1). Then:

dimc(Inv:’ﬁ) =a+p3—-2v+1

We point out that this dimension is higher than or equal to 1 and that it equals 1 if
and only if a« = 3 =.

2. Emistence in H* of a bi-invariant polynomial implies that k is even.

3. Assume that k is even and write o = g Then V& contains a unique, up to a

constant, bi-invariant polynomial; the other components do not contain any such

polynomial.
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Proof:

Item 1: our proof relies on a Zhelobenko’s branching theorem with respect to the pair
(Sp(n),Sp(n — 1)), namely Theorem 4 of Chapter XVIII in [53]. This theorem implies

that the number of times an irreducible representation of 1 x Sp(n — 1) ~ Sp(n — 1) with

highest weight ¢ = (¢p, -+ ,¢,—1) occurs in an irreducible representation of Sp(n) with
highest weight a = (aq,- - ,a,) is equal to the number of non-negative integral n-tuples
b= (by,---,b,) such that the following two rows of inequalities are satisfied:

ay>by >ay>by Zaz>by >Z--->a, 20,20

by Zc1>2by Zco>by =2 2>cp1 2by

Remember that the highest weight of the left action of Sp(n) on Vfﬁ is the n-tuple
a=(a+p—7,70---,0).

Also, the highest weight theorem (see for instance [27], Section 7 of Chapter IV) implies
that a polynomial P € V.*7 is invariant under the left action of 1 x Sp(n — 1) if and only
if the restriction of the left action of 1 x Sp(n — 1) to the 1-dimensionnal space Vectc(P)
defines an irreducible representation of Sp(n — 1) with highest weight ¢ = (0,---,0).
Taking a = (a+5—7,7,0,---,0) and ¢ = (0,--- ,0), the two rows of inequalities become:

a+fB—-—y2>2b >2y2>2by 20=b3 =---=0 =0b,=0
b1 ZOZbQ :Ozbg ::O :bn
Thus the only non-zero coordinate of the n-tuple b is by and we are left with counting the

number of integers b; between oo+ 3 — v and ~. This number is a4+ 3 — 2y 4+ 1. Because
v € [0, min(c, B)], this number is higher than or equal to 1 and it equals 1 if and only if

a=p=nr.
Items 2 and 3: they just require to combine Item 1 and Corollary 3.15.
End of proof.

Let us fix any a € N and write £ = 2a. We now set to determine the unique bi-invariant
polynomial of H* (up to a constant) explicitly.
Define the following set:

Ao ={(a,b) eN* Ja+b=a}

Let us consider the polynomials U, V, P defined by:
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o U(z,w) = 2171 + wiwy (we will often write U instead of U(z,w));
o V(z,w) =", (2% + waw,) (we will often write V' instead of V(z,w));

o P(z,w) =Y 4ea, vaU*V? where the various v, denote complex scalars (undeter-

mined at this stage).
The polynomial P is obviously:
« homogeneous, of homogeneous degree (a, a);
o bi-invariant.

If P is harmonic, then, following Corollary 3.15, P necessarily belongs to the component
Vo of H”. To ensure that P is indeed harmonic, we need to apply the complex Laplace

operator and make sure P is in its kernel. Remember that this operator is:

n 82 62
Ac=14
c=12 (8z,ﬁz7 * 8wr8w>

One easily checks that:
AcP(z,w) = va(a® +a) U VP 4+ va(b® + (2n — 3)b) U Vo1
Given A € A, let us introduce the following notations:
o Ci(A) =v4(a®+a) and Ty (A) = U1V
o Cy(A) =vs(b? + (2n — 3)b) and Th(A) = U* VL
With these notations we have:

AcP(z;w) =4 ) [Ci(A) - Ti(A) + Co(A) - To(A)] (3.22)
AcA
By multiplying the brackets out in powers of U and V', we can write down the list of

monomials that come from T;(A), given A = (a,b) € A and i € {1,2}; let us denote by
M, (A) the set such monomials.

3.19 Proposition. Consider two pairs A = (a,b) and A" = (a',b") such that A # A'.
Then:

1. My(A) N My (A) =0
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2. Mo(A) N Ma(A) = 0
3. [My(A) N My(A) #£ 0] < [A = (a—1,b+1)]
4. IMa(A)NMy(A") £ 0] < [A =(a+1,0—1)]
Proof:

The monomials of M;(A) (resp. M;(A’)), again with ¢ € {1,2}, split into a first part
which is a homegeneous polynomial of the variables z;,w;,Z;,w; and of homogeneous
degree (a,a) (resp. (da’,a’)) and a second part which is a homegeneous polynomial of
the variables zy, ..., z,, Wa, ..., Wy, Z2, ... Zp, Wa, . .. W, and of homogeneous degree (b, b)
(resp. (V/,b')). For monomials to coincide, their homogeneous degrees must of course

coincide, which is enough to establish (1), (2), (3) and (4).
End of proof.

Consider two pairs A = (a,b) € A and A’ = (a/, ') € A such that A # A’

o If a monomial appears in both M;(A) and My(A’) (implying A’ = (a — 1,b+ 1)),
then the coefficients it appears with are C'1(A) times some combinatorial coefficient

and Cy(A") times the same combinatorial coefficient. Thus we must have:

Ci(A)+Cy(A) =0

« If a monomial appears in both Ms(A) and M;(A’) (implying A’ = (a + 1,b — 1)),
then the coefficients it appears with are Cy(A) times a combinatorial coefficient and

C1(A) times the same combinatorial coefficient. Thus we must have:

Cy(A) + Cy(A) =0 (3.23)

Above considerations finally show us how to choose coefficients 4 in the definition of
P so as to ensure that P is harmonic. Figure 3.2 helps understand the following steps

(assuming that a > 1):

o List all pairs of A, from left to right: (a,0), (a—1,1), ..., (1,a—1), (0, ).
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(a,0) Ga-3) @a-2) (La-1) (0, )

Va V3 V3 V1 Vo

Figure 3.2: Induction method to find bi-invariant polynomials

o Start for instance by the pair Ay = (0,«) on the far right and assign to it any
coefficient v4, = 1p; it determines C}(Ap) (which is in fact 0) and Cy(Ap).

o Move on to the pair Ay = (1, — 1) on the left and compute the only suitable
coefficient v4, = 11 by using Equation (3.23).

« And so on, until the pair A, = («,0) has been reached and its coefficient v4, = v,

computed.
Let us refer to this as the induction method.

3.20 Theorem. Given any even integer k € N and writing o = g, the induction method
computes the unique (up to a constant) bi-invariant polynomial of H”: this polynomial

belongs to V.
3.2.1 Examples.
e Fora=1,onefinds P=(1—-n)U + V.

. Foraz?,oneﬁndsP:%Uz—l— (1-2n)UV + V2



CHAPTER 4

Compact picture and

hypergeometric functions

On travaille de nouveau avec le modele compact, en considérant l'action a gauche de
Sp(n) sur les espaces H*" tels que les sommes a + (3 soient toutes égales & un entier k € N
donné. On suppose en fait que k est pair et on considere la valeur particuliere o = g

Le but de ce chapitre est d’exploiter 'opérateur de Casimir et des propriétés d’invariance
d’'une fonction bien choisie pour décrire celle-ci comme une solution de 1’équation hy-
pergéométrique. La fonction en question, notée fp dans le paragraphe 4.2, est 'unique
harmonique sphérique bi-invariante de H*, donnée par le théoréme 3.18 et calculable &
I'aide du théoreme 3.20; elle appartient a V>,

L’invariance a droite de fp entraine que 'on peut associer a fp une fonction f définie
sur 'espace projectif P"~!(H). Cela nécessite bien siir de définir ce dernier. Puisque 1'on
travaille avec la multiplication & droite, la droite quaternionique (vectorielle) qui passe
par un point x € H" est 'ensemble x H = {xh / h € H} et P" !(H) est 'ensemble de
toutes les droites quaternioniques.

La proposition 4.1 montre comment associer a une droite quaternionique x H un repré-

sentant de son orbite sous l'action a gauche de 1 x Sp(n — 1), paramétré par un réel

0 € [O, g} ; la droite qui représente 'orbite est z(0) H, ou z(0) désigne le point de coor-

données (cos6,0,...,0,sinf) dans H". La proposition 4.1 montre aussi comment calculer
0 (on notera bien sir x = (z1,...,x,) € H") :
o sixy # 0, alors § = arctan (||2']|), ou 2’ = <%’ - i—’;) ;

e sixy =0, alors 0 = 7.
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Le diagramme 4.1 illustre ce procédé, qui permet ensuite d’associer a la fonction f une
nouvelle fonction F' de la variable 6.
La fonction fp appartient a une composante irréductible et par conséquent est une fonction
propre de l'opérateur de Casimir ), associé a I'action a gauche L de Sp(n); notons A la
valeur propre correspondante. Expliciter cela revient a écrire une équation différentielle
du second ordre :

92

> o;

XeBg

(i) -

ou By est une base orthonormée de €. En appliquant cette équation a x(#) on obtient (4.3).
La réduction du nombre de variables dont on vient de parler permet d’écrire une équation
équivalente, plus simple, a une seule variable. Pour comprendre comment, il faut regarder

I’équation (4.3) de plus pres. Les termes de la somme de gauche sont du type

02
o

_(#r(exp-ex)a06))

ou X appartient a la base orthonormée Bg. L’exponentielle exp(—tX) appliquée a z(0)
donne un point image de H" qui ne correspond plus forcément au méme parametre 6 via
la proposition 4.1. La valeur du nouveau parametre est un nombre qui dépend de 6, de X
et de t; on note Ex (t) cette valeur. L’équation différentielle équivalente & (4.3) que 'on
obtient est alors :

92

> op

XeBg

(F(exo()) =2 FO)

t=0
Tout cela fait 'objet des paragraphes 4.1 et 4.2.

Le paragraphe 3 explicite ’équation différentielle ci-dessus : on a vu plus haut que ’on sait
calculer chaque &x (t) et que I'on peut donc calculer chaque dérivée seconde. Les calculs
sont longs (et fastidieux), mais débouchent sur une équation différentielle intéressante, a
savoir (4.5). Un changement de variable révele 1’équation hypergéométrique donnée dans
le théoreme (4.8), théoreme qui constitue le résultat essentiel de ce chapitre :

A

u(l = u)¢"(u) + (2 = Nu)p'(u) — Se(u) = 0

Comme fp appartient a V%, le corollaire 3.3 permet de calculer la valeur de A : elle est

égale & — (202 + (4n —2)a), ce qui rend I’équation hypergéométrique totalement explicite.
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4.1 Quaternionic projective space

In this work, straight lines are defined with respect to right-multiplication: given x € H",

the quaternionic line through z is the vector space
xH ={xh / h € H}

The quaternionic projectice space P"~1(H) is naturally the set of quaternionic lines of H".
Quaternionic matrices act naturally on quaternionic lines: given z € H", an invertible
matrix M € GL(n,H) assigns to xH the quaternionic line through Mz. We call this
action the natural action of GL(n,H) on P }(H). We now study the orbits under the
restriction of this action to the subgroup 1 x Sp(n — 1). Given z H € P"!(H), we denote
by O(xH) the orbit of # H. We show in the next proposition that the orbits can be

parametrised by a single real variable.

4.1 Proposition. Consider any x = (x4, ...,x,) € H". There exists a unique 6 € [ , 2}
such that, denoting x(0) = (cos 8,0, ...,0,sin0) € H", the quaternionic line x(0) H belongs
to O(xH). Moreover, 0 is explicitly given by the following formulas:

e if xy #0, then 0 = arctan (||2'||), taking ' = (x—? m—”)'

x1? " wy J
o ifxy =0, then 0 = 7.
Proof:
Existence:

Suppose first that z; # 0. Then, writing 2’ = (xgxil, e xni), we have:

1 1 1
cH = (z1,...,2,) H= (xl,a:Q, ,ZL‘n> H = (1,2")H
T T T

Because 1 x Sp(n—1) acts transitively on spheres of H" ', there exists a matrix ,

with k € Sp(n—1), that takes (1, 2")H to the quaternionic line (1,0, ..., 0, ||2’||) IHI (remem-

ber that || - || denotes the norm of H"'). This line can be rewritten
']
V1 HI/!Q \/1+ [y

for some 6 € [0, 5 [ Figure 4.1 illustrates this.

(1,0,...,0, ||'||) H ) (cos,0,...,0,sin0) H
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______________________

Figure 4.1: A single variable 6 to parametrise orbits

If now x; = 0, thus ||2/|| = 1, then one can choose k so that carries x H onto
0 k

(0,...0,1) H, which gives 6 = 7.

This establishes existence and formulas of 6.

Uniqueness:

Suppose ¢ and 6" belong to [O, g} and that the quaternionic lines z(f)H and z(6") H
belong to O(xz H). Then there exists k € 1 x Sp(n —1) such that kz(¢') H = x(0) H, which
implies that there exists ¢ € Uy such that:

kx(0') = x(0)q (4.1)
Suppose that n > 3, and write
1 0 0
k=10 A B

0 L D
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with b € H, A € Mn_27n_2(H), L e Ml,n—2(H) and B € Mn—Q,l(H)-
Then (4.1) implies: We have:

cos @’ qcosf
Bsinf | = 0
bsin 0’ gsinf

We now split the rest of the proof into three cases.

e Casel: 0,0 € [0,%{. Then ¢q = %Sbg, Bsinf = 0 and:

sin 6 cos &’
bsin@ = ——— 4.2
o cos 6 (4.2)

Subcase 1: #" # 0. Then B must be 0 and Proposition 1.14 (see Chapter 1) implies
L = 0 but more importantly for us |b| = 1. Thus from (4.2) it follows that | tan | =
| tan 0’|, implying tanf = tan @ and 6 = ¢'.

Subcase 2: #" = 0. Then sin# = 0 and cosé = 1, so (4.2) becomes tanf = 0 and
finally 6 =0 =1¢".

T

o Case 2: = 7. Then cosf = 0 implies cos ¢ = 0 and finally ¢’ = T = 0.

o Case3: 0/ = 7. Then cos# = 0 implies gcost = 0, thus cosf = 0 and finally

0 =75 =0 (because g # 0).

There remains the case n = 2, for which we choose k as with b € Ug. Similarly
0 b

to what is detailed above, we also obtain 6 = ¢’.

End of proof.

4.2 Reducing the number of variables

From now on, throughout the rest of this chapter, the setting is the following:

TR

o We fix an even integer k € N and write a =

« We consider the space H* and its unique, up to a constant, bi-invariant polynomial

P, which in fact belongs to V"% C H*® (see Theorem 3.20).
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o We denote by fp the spherical harmonic that corresponds to P, that is:
frp= P‘S2N71 e y*e

We remind the reader that, by definition, the right action of Sp(1) corresponds, in the
quaternionic setting, to right scalar multiplication by unit quaternions.

Invariance under the right action of Sp(1) enables fp to descend to a function f on

P 1(H):

f o PiH) — C

rH —  fp(x), where z is assumed to belong to S?N~!

Transferring, in the way one expects, the left action of K on spherical harmonics to a
left action, also denoted by L, of K on complex-valued functions defined on P"!(H), we

write:
L(k)f(xH) = f( (k™ 2)H)

for all (k,x) € K x S2N-1.

Invariance of fp under the left action of 1 x Sp(n — 1) implies that f is invariant along
the orbits of the left action of 1 x Sp(n — 1) on P""'(H). Therefore, f descends to a
function on the classifying set O of orbits, leading in turn to the following new function

(via Proposition 4.1):

F: 0z — C

)

0 = F(0)=f(z(O)H) = fp(x(0))

Now, apply Formula (1.6) to write down the Casimir operator €2, of L. This operator

acts on fp like this, given an element z € S~

U= 3 o

XeBg

82
ot

(*lexp(—£)(p)@) ) = ¥

t=0 XeBg

(fp(exp(—tX )$)>

t=0

82

as long as each expression 75

o [fp (exp(—tX)x)] above is well defined, which is the case
because fp is smooth.

Corollary 3.3 says that the component V. is associated to the eigenvalue A = —(2a% +
(4n — 2)ar) of Qp:

Qr(fp)(z) = A- fr(x)
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Given 6 € [0, g}, one can apply this equation to z = x(6) (see Section 4.1 for notation):

82
2 op

XeBg

(fr (exp(=tX)2(0)) ) = A- fr (2(6)) (4.3

t=0
One can convert this into a differential equation satisfied by the function F' of the real
variable 6. But this requires to know for each X € B and each ¢t € R, which parameter
Exp(t) € {0, g} labels the orbit of exp(—tX)xz(#)H under the left action of 1 x Sp(n —
1). Proposition 4.1 gives us the value of £xg(¢). Indeed, denoting by (v, ...,y,) the
coordinates of exp(—tX)x(0):

o when y; # 0, we have £x (1) = arctan ||y/||, where 3’ = stands for (ij—f, o Z—Y),

e when y; = 0, we have {x4(t) = 7.

Then (4.3) can be written:

82
2 op

XeBg

_(Flexo)) =2-Fe0) (44)

We point out that in this equation, the expressions that appear in the sum are automat-
ically well defined. Finally, all we have to do now is determine the coordinates of the

various exp(—tX)z(6) and use above formulas for £x ¢(1).

4.3 Hypergeometric equation

We continue to work with the setting and notations of Section 4.2.
In Equation (4.3), all terms corresponding to elements of the Lie algebra of 1 x Sp(1)
vanish, precisely because fp is invariant under the left action of 1 x Sp(1). So the relevant

elements of B are :

Blr Ol'r Flr Glr
ZZ':A,Z':D,Z',L'IE,XT: 2 = d , 7"‘:777 = B
e V2 V2T R T T A

where r denotes an integer such that 2 < r < n; let us denote by Z the set of these

) K‘,i

integers.

Exponential formulas of Lemma 1.13 give, taking r € Z, t € R and n € {i, j, ji}:

cost —nsint 0

0 I,

exp(—tZ,) =
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coOsT -+ —sinT
exp(—tX;) = |
sint .-+ cOST
cosT ... —nsinT
exp(—tYy,) = )
—nsint ---  cOST

where
o the nonexplicited entries are 1 on the diagonal and 0 elsewhere;
e the dots show lines r and rows r;

. t
e the variable 7 denotes 7

Dealing first with matrices Z,:

The following proposition is straightforward:
4.2 Proposition.
1. exp(—tZ,)z() = ((cost —nsint)cosb,0,...,0,sin6)

2. Suppose 0 € [O, %[ Then:

§z,0(t) =0 5 &5 9(0)=0 ; &7 4(0)=0.

Dealing now with matrices X, and Y, ,:

Case 1: r=n

This proposition is also straightforward:

4.3 Proposition.

1. exp(—tX,)z(0) = (cosTcos —sinTsin b, 0, ...,0,sin 7 cos § + cos 7 sin f)
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2. Suppose 0 € }0, g{ Then for t small enough we have cost cos —sinTsin € # 0 and

Ex (D) :w@e}o,ﬂ .

Also:

e ol0) = —= € ,(0)=0.

Sl

4.4 Proposition. Consider n € {i, 7, ji}.

1. exp(—tY,,)z(0) = (cosTcos —nsinTsinb, 0, ...,0, —nsin 7 cos # + cos 7 sin §)

2. Suppose 0 € }O, g[ Then cosTcosf —nsinTsinf # 0 and

cos? 7 sin? @ + sin® 7 cos2 6 ]O 7T|:
)

v n0(t) = arctan\/

cos2 7 cos? @ + sin? 7 sin? 0

Also:
1

a tan(20)

§,,000) =0 5 & 4(0)

Proof:

A simple matrix multiplication proves Item 1. Let us now look at Item 2. Because cos 6
and sin # are both non-zero and cos 7 and sin 7 cannot be simultaneously equal to 0, one
necessarily has

cosT cos ) —nsinTsinf # 0

Then the square root formula comes from Proposition 4.1 and the fact that, given any
(a,b,7) € R x R x{i, j, ji}:
la + nb| = Va2 + b?

The reason why &y, ¢(t) belongs to the open interval }O, g{ is due to the following facts:
« arctan maps [0, +oo[ onto [0, z [;

« the square root expression cannot take the value 0 because, again, neither cos # nor

sin @ are 0 and cos 7 and sin 7 cannot simultaneously be equal to 0.

Now let us now compute 5%}79(0) and gg/m(,(o). For this purpose, define functions 7', U, V., W, R, S, ¢

by (t,x,y are real variables):

. T(t) =

-
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e U(x) = cos® xsin® 0 + sin® x cos? §

o V(x) = cos?xcos? § + sin® x sin? 0

. W:%
e R(y) =y
e S=RoW

¢ = arctan oS
One obviously has
U(0) =sin®6 ; V(0) = cos* 0 ; OW(0) = tan*(#) ; S(0) = tand ; #(0) =0
and easily checks
U'(0)=0; V'(0)=0; U"(0) =2cos(20) ; V"(0) = —2cos(26).

By writing W/ = Y20V and §7 = #,W and by differentiating W’ and S” one obtains:

V2
2 cos(20) cos(20)
/ —_0 - " — .o —0N- Q" —
WH0) =0; W(0) costf §1(0) =03 570) cos*Otanf
By writing ¢’ = 5 f;Q and by differentiating ¢’ one gets:
J0)=0; ¢'(0) = —
’ tan(20)

Finally, writing £ = ¢ o T', we have:

&, 0(t) = (0o T)(t) = ¢'(T(1) - T'(t) = 75 - ¢'(T(t))
Vo) =75 (¢ 0 TY (1) = 5 - ¢"(T(1)) - T'(t) = 5 - ¢"(T(1))
« &,,(00=0

1
g%,,e( ) - tan(26)

Throughout the calculations, one can check that all expressions are well defined.

End of proof.

Case 2: 2 <r <n (when n > 3 only)
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4.5 Proposition.

1. exp(—tX,)z(0) = (cosTcos0,0,...,0,sin 7 cos 0,0, ...,0,sin 0), where the term sin T cos 6

is the ™" coordinate.

2. Take 0 € }O, g[ If T € R is such that |7| is small enough, then:

B 1
~ 2tanf

x,.0(t) = arctan < \/sin2 T + tan? 9) : 639,9(0) =0 ; SSI(T’H(O)

COST

Proof:

The proof is straightforward; here are the steps:

Define U(7) = sin? 7 + tan? § and check: U(0) = tan?(6), U’(0) = 0 and U"(0) = 2.

Define V' = /U and check V(0) = tan®, V'(0) = 0 and V" (0) = .

tanf "

e Define W(7) = cos 7 and Z = ;; check Z(0) = tan6, Z'(0) = 0 and Z"(0) = ﬁ.
e Define A = arctanoZ and check A(0) =6, A'(0) =0 and A”(0) = 1.
These are the calculations with respect to the variable 7; remembering that 7 = %

establishes Item 2.

End of proof.
Above calculations also establish:
4.6 Proposition. Consider n € {i, 7, ji}.

1. exp(—tY,,)x(d) = (cosTcosh,0,...,0,—nsinTcosb,0,...,0,sinf), where the term

—nsinTcos@ is the ™ coordinate.

2. Take 0 € }O, g[ If T € R is such that |7| is small enough, then:

B 1
© 2tanf

Ex, 0(t) = arctan ( \/sin2 T + tan? 6) 0 &, 0(0)=0 5 &% 4(0)

COST

Assembling all terms in (4.4)
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Equation (4.4) can be written:

> F" (£11,60(0)) - [ffw,e(o)r + F' (En0(0) - €316(0) = A - F(6)
n € {4, j,ji}
2<r<n

M e {X,.Y,,, Z,}

Combining this to propositions 4.2, 4.3, 4.4, 4.5 and 4.6 finally gives for 6 € }O, g[

6 n dn — 8
tan(26)  tan6

F'(0) + ( > F'(6) — 2AF(0) =0 (4.5)

If one considers the smooth diffeomorphism (onto)
v o o3[ — 01
6 +—— cos?f

and applies the change of variables u = 1 (0), then one obtains the standard hypergeo-
metric equation given in the theorem below, which summarises this chapter and is one of

our main results. Before we state it:
4.7 Definition. The reduced version of fp is the function pp = F o™t

4.8 Theorem. Consider o € N and k = 2. Consider the unique (up to a constant)
bi-invariant spherical harmonic of Y*. Then the restriction of its reduced version to the

open interval 0, 1] satisfies the hypergeometric equation:

u(l = u)g"(u) + (2 = Nu)g'(u) — S¢(u) =0

A
2
where A = —(2a% + (4n — 2)a).

Remark: at the end of this work, as we draw our conlusions and discuss the occurence of

special functions, we recall a few basic facts about hypergeometric equations.



CHAPTER 5

Non-standard picture and Bessel

functions

Le but de ce chapitre est de mettre en évidence des K-types de la série principale dégénérée
qui admettent une description en termes d’autres fonctions spéciales, a savoir ici des
fonctions de Bessel. Comme elles servent a calculer de nombreuses intégrales, ayant elles-
mémes des expressions intégrales, I'idée principale est d’exploiter une transformation dont
la construction est basée sur une transformation de Fourier complexe ; ce faisant, on définit
un autre modele des représentations de notre série principale dégénérée de Sp(n,C) : le

modele non-standard.

Dans [35], les auteurs utilisent une transformation de Fourier partielle, qui a des vertus en
termes d’opérateurs d’entrelacement. Au cours de leur travail, ils montrent qu’un certain
K-type s’exprime a 'aide de la fonction de Bessel K. D’ou I'idée de se servir d’un type
similaire de transformation de Fourier, mais adaptée au cadre complexe. Cette adaptation
est faite dans [8], ou il est encore question d’opérateurs d’entrelacement, mais pas de
fonctions spéciales (ce qui nous intéresse justement ici). Notons F la transformation de

Fourier partielle en question, définie précisément dans le paragraphe 5.1.

Cette transformation de Fourier F est définie sur L?(C*"*1); le cadre qu'’il nous faut n’est
donc plus le modele compact, mais le modeéle non-compact. Cela peut sembler probléma-
tique, car nous avons identifié les K-types dans le modele compact, avec des harmoniques
sphériques. Mais n’oublions pas que 1'on peut passer d'un modele a l'autre grace a la
propriété de covariance (voir le chapitre 2 pour se remémorer cette propriété). Ainsi, si
I’on s’intéresse a une certaine composante Vva’ﬁ, dont le vecteur de plus haut poids est la

restriction a la sphere gﬁ’ﬁ de Pﬁ’ﬂ, alors ’homologue de gg"ﬁ dans le modele non-compact
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se détermine en prolongeant gg"ﬁ en une fonction g définie sur CV \ {0} par

—IA— « Z
g(x) = a| PNy ()

||

puis en restreignant g a 'hyperplan {1} x C™ x C x C™, que l'on identifie a C x C™ x C™
en suivant la regle (1,u,2s,v) <— (s,u,v).
Fixons maintenant k£ € N. La famille de K-types que nous étudions (présentée dans le
paragraphe 5.2) est constituée de tous les Voa’ﬂ tels que a+ 3 = k, autrement dit tous les
K-types correspondant au parametre v = 0. Comme ce parametre est désormais fixé a 0,
on omet de le préciser dans les notations, que 'on simplifie un peu : on écrit g, 3 au lieu
de g” et 'on note G, 4 la fonction homologue dans le modéle non-compact.
A ce stade, on a donc des vecteurs de plus haut poids exprimés dans le modele non-
compact. Le modele non-standard est le conjugué du modele non-compact par la trans-
formation de Fourier F, c’est a dire que F entrelace la représentation ;s vue dans le
modele non-compact et la représentation ;) s vue dans le modele non-standard.
La forme non-standard de la fonction g, s est donc tout simplement F(G, ). Le but de
ce chapitre est de déterminer explicitement cette fonction.
Dans le paragraphe 5.3, nous détaillons toutes les définitions et propriétés techniques
nécessaires pour la suite du travail (fonctions de Bessel, calculs d’intégrales classiques et
ainsi de suite).
Dans les paragraphes 5.4 et 5.5 on applique a Gy 3 la transformation F¢ puis la trans-
formation F,, aboutissant au calcul explicite d’une intégrale élaborée (théoreme 5.11) et,
dans le paragraphe 5.6, au récapitulatif qui constitue notre résultat principal (théoreme
5.12) et que I'on peut résumer ainsi :
La forme non-standard F(Gapg) de gap est définie pour tous les triplets (s,u,v) de
CxC™xC™ tels que v #0 et s # 0 par :

F(Gap)(s,u,v) =

iA+S

iz e (P AP
) Kosgs (my/1+ ull 1P + 4]e]?)

+1 F(%—i—n) w1+ ||ul]?

2

Ce chapitre se termine par deux résultats qui suggerent de nouvelles pistes de recherche :
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o le premier (théoréeme 5.13) met en évidence un opérateur différentiel simple qui

permet de relier certains vecteurs de plus haut poids;

o le second (proposition 5.17) établit un lien entre la formule du théoreme 5.11 et des

équations différentielles dites d’Emden-Fowler.

We use the definition of the non-standard picture given in [8] (Section 5.1, where it
is actually called the non-standard model). It was initiated by the authors of [35], who
studied a degenerate principle series of the real symplectic group Sp(n, R) and the minimal
representations of O(p, ¢) in [34].

Let us consider any fixed (A,0) € R xZ. Remember that these parameters seemingly
disappear in the compact and non-compact pictures, but are hidden in the way one
extends functions to switch from these pictures to the induced picture. In this section,

the parameter ¢ is often implicit.

5.1 Non-standard picture

Let us denote by (s,u,v) the coordinates on C x C™ x C™ ~ C*™*! and define some

partial Fourier transforms along specific variables of C*"*!:

o Denote by L the set of equivalence classes of functions g : C*"** — C such that
for almost all (u,v) € C™ x C™: / lg(7, u,v)|dT < 400. For such functions g and
C

such pairs (u,v) we set:
F-(9)(s,u,v) = / g(T,u,v) e~ 2imRe(sT) 7
C
« Denote by Lé the set of equivalence classes of functions ¢ : C*"™' — C such that

for almost all (s,u) € Cx C™: / lg(s,u,€)| d§ < +o00. For such functions g and
(Cm

such pairs (s, u) we set:

f§<g)<87 u, U) - /(Cm g(s, u, f) eiQi“Re<v,§> df
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Density of L' N L?(C*"') and LiN L2(C*™ 1Y in L2(C*™*1) implies that above formulas

completely define two partial Fourier transforms, written respectively:

‘F‘r : L?((C?erl) N L2<<ch+1)

Fe: L(C™) — L2(C*™HY)

We now define the partial Fourier transform on which is based the non-standard picture:

F = fT @) fg (51)
For integrable functions f : C*™™ — C one can write:
Fsuv) = [ f(rug)e 2l are (5.2
cxcm

Finally:

5.1 Definition. The non-standard picture of ;) s has LQ((CMH) as carrying space. The
action of GG is then the conjugate under F of the action of GG in the non-compact picture;
in other words, F intertwines the action of G in the non-compact picture and the action

of G in the non-standard picture.

5.2 Aim of this chapter: specific highest weight vec-
tors

Decomposition (3.4) and Theorem 3.6 tell us what the K-types of m; s are: they are
the isotypic components of the left action of K which sit in the spaces H*? such that
0 = B — a. This point of view comes from the compact picture. Though this picture
has helped us describe all K-types, it is interesting to see what they look like in other
pictures, in particular the non-standard one. This is the point of the rest of this chapter.
Recalling notations of Theorem 3.2, for technical issues we restrict to K-types labelled by

~v = 0, namely the components VOO‘”B whose highest weight vectors are

Because we intend to use the right action of Sp(1), we consider an entire space H" of

harmonic polynomials.
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So we now fix (for the rest of this chapter) any & € N and consider values of o and [ such
that:
a+p=k

We denote by gq. the restriction of P’ to the unit sphere S?N-1,
Let us call g the function in the induced picture that corresponds to g, 3. It extends g, s,
meaning: |,y , = Ja,s- Remember that ¢ must satisfy the covariance relation for all

non-zero complex numbers c:

We define

a(s,u) = \/1 + 4]s]? + ||ul|?

r(s,u,v) = \/a2(s, u) + ||v]|?

By restricting g to the complex hyperplane {1} x C x C™ x C™, we associate to g the
function G, 5 defined on C*"*! by:

Gop(s,u,v) = g(1,u,2s,v)

i 1 2
= (r(s,u,v)) " * Vg e
r(s,u,v) r(s,u,v) r(s,u,v) r(s,u,v)

B 1 AN 1 U 2s v
—\r(s,u,0) Jop r(s,u,v) r(s,u,v) r(s,u,v) r(s,u,v)

Finally, due to the total homogeneity degree k of Py’ B,

(25)°

Dtk
(a2(s,u) + [|v]|2) 2 "

(5.3)

Gop(s,u,v) =

The function G, g is the non-compact form of g, g. We point out that we automatically
know that G, belongs to the Hilbert space L2(C*™!): this follows from the identifica-
tions between the carrying spaces in the various pictures.

The aim of the rest of this chapter is to determine the non-standard form F (G, ) of Go g
(we shall use the composition formula we have seen: F = F, o F¢). The explicit non-
standard form we end up with is given in Theorem 5.11 and also in Theorem 5.12, which
is a recap that puts all these calculations back into context. Calculations will involve
Bessel functions and various technical results which, for convenience, we put together in

the next section.
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5.3 Bessel functions and useful formulas

We shall need to compute various integrals. Some will be expressed in terms of Bessel
functions. Let us recall definitions of these functions. In these definitions, following for
instance [37] (sections 5.3 and 5.7), we take v to be any complex number (called the order)
and the variable z to belong to C\ L, where L is the half line of complex numbers ¢ # 0
such that —7 < Arg(¢) < m:

1. The Bessel function of the first kind is the function .J, defined by:

B o (_1)k 2\ v 2k
JV(Z) = kz::o F(k + 1)F(k +v+ 1) <2>

We point out that for v € Z, J_,(z) = (—=1)"J,(2).

2. The Bessel function of the second kind is the function Y, defined by:

J,(z) cos(vm) — J_,(2)

sin(vm)

Yi(z) =
when v ¢ Z and, when v € Z, by
Yi(z) = lim  Y(2)
0<]e—v|<1
We point out that for v € Z, Y_,(2) = (=1)"Y, ().

3. The modified Bessel function of the first kind is the function I, defined by:

0 1 2\ v+2k
IV(Z) = I;) F(k? + 1)F(k; + v+ 1) (2>

We point out that for v € Z, I_,(z) = I,(2).

4. The modified Bessel function of the third kind is the function K, defined by

T L,(2) - L(2)

2 sin(vm)

K,(z) =

when v ¢ Z and, when v € Z, by

K,(z)= lim K.(z)

e—v
0<|e—v|<1

We point out that for v € Z, K_,(2) = K, (2).
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Remarks:

o The Gamma function is a meromorphic function that has no zeros and whose poles

are 0,—1,—2--- (they are all simple poles). In the series above, some coefficients

may involve terms ﬁ for certain poles z (in which case there are only finitely many

coefficients of this sort); but this is not a problem, since such coefficients are then

simply 0 (because |I'(z)]| = +00).

o At the end of this work, we recall the differential equations that are satisfied by the

various Bessel functions.

When the order is a nonnegative integer, one can define Bessel functions as integrals (see

[17], Chapter 8, Section 8.411, Formula 1.', or [10], Chapter VII, Section 7.3.1, Formula

(2)):

5.2 Proposition (Bessel’s integral representation). When v € N, one can define J, as

follows:

T izsing —ivf
/ eZZSlIl e—Zl/ de
0

As a consequence, by writing
. . (T
cosa cosf + sina sinf = cos(a —6) = sin (2 —a+ 9)

and using a change of variables one can prove:
5.3 Corollary. Given any v € N, p > 0 and a > 0:

21 . . . . - ™

/ ew@ e—zp(cosa cos 6+ sina sin ) do = 27_[_611/((1—5) Jy(ﬁ)
0

The following equalities are stated in [10] (Chapter VII, Section 7.11, items (25) and (26));
one can also find them in [37] ( Chapter 5, Section 5.7):

5.4 Proposition.
o Kyoi(2) = Kuni(2) = =2 K, (2);
o Kyor(2) + Kopa(z) = —2K0(2).

As a consequence: 28 (2) = YK, (2) — K,41(2).
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Formulas in this proposition are stated in [11] (Chapter VIII: Formula (20) of Section 8.5
and Formula (35) of Section 8.14); one can also find them in [17] (Section 6.565, Formula,
4., page 678 and Section 6.596, Formula 7.8, page 693):

5.5 Proposition (Two integral formulas involving Bessel functions).

e For any real number y > 0 and any complex numbers a,v, u such that Re(a) > 0

and —1 < Re(v) < 2Re(n) + 2, one has:

/OO R (:1:2 + a2> o J,(zy)\/ry do =
0

a" K, (ay)
21T (1 + 1)

e For any real number y > 0 and any complex numbers a, B, v, i such that Re(a) > 0,

Re(8) > 0 and Re(v) > —1, one has:

This next formula is stated in [10] (Section 7.4.1, Item (4), page 24):

5.6 Proposition (Asymptotic expansion for Modified Bessel functions). For any fized
P e N\{0} and v € C:

KM:(W)%@_Z([PZI Laeren) o

2z pzop!F(%le/—p)

+O<|z|_P>)

The following proposition can be derived from Section 9.6 of [12]:

5.7 Proposition (The Bochner formula). Consider any integer p > 2. For & € SP~!
and s > 0:
/ e g (¢) = 2ms' BTy (2ms)
Sp—

where do denotes the Euclidean measure of SP™1 and & - &' denotes the euclidean scalar

product of RP applied to the elements of the sphere & and & seen as elements of RP.

We end this section by recalling two standard results: the first gives sufficient conditions
to differentiate integrals with respect to parameters and the second relates the standard

polar change of coordinates.
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5.8 Proposition (Parameters and integrals). Consider an integer p > 1, a pair (a,b) €

R? such that a < b and a function
f:RP x]a,b|— C
Denote by (x,\) the coordinates on RP x]a,b[ (A is the parameter). Assume that:
e the function v — f(x,\) is integrable on R for all fized X €la, b|;
e the function A\ — f(x, \) is differentiable for all fized x € RP;

e there exists an integrable function g : RP — [0,00] such that for all (x,\) €
R? x]a, b]:
of

S| < g0

Then, for all X €]a,b|, the function x — %(x, A) is integrable on RP, the function

¢ : Ja,b] — C
A — Jee flx,N)dx

is differentiable and

s = [ e xydr

5.9 Proposition (Integrals and polar coordinates). Consider any integer p > 2 and a
measurable function f : RP — C (with respect to the Lebesque measure of RP). Write
elements x € RP\{0} as r& withr > 0 and £ € SP~.

Then f is integrable on RP if and only if the function (r,£) €]0, +00[xSP~ — f(r€) is
integrable on 10, +00[x SP~! with respect to the measure r’~'dr do(€), where dr refers to
the Lebesque measure of R and do(§) to the euclidean measure of SP~!.

When integrability is satisfied, we have:

We now set to prove the main result of this chapter. The calculations are long and
technical. We spread them over two sections: Section 5.4 (which applies F¢) and Section
5.5 (which applies F,). In Section 5.6, we summarise in a single and self contained

statement what we have achieved; this will be our main theorem, namely Theorem 5.12.
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5.4 First transform

By definition:

(25)* —2imRe<v,£>
— ‘ imRe<w, 4
FelGalomt) = [ o g ¢ (5.4)

In real coordinates, writing £ = x + iy and v = a + ib (elements x,y, a, b each belong to
R™) and identifying £ and v with the elements (x,y) and (a,b) of R™ x R™, formula (5.4)

reads:

(QS)Q —9; .x—b-
fg(Ga,g)(s,u, v) = / - e~ 2im(a-z=by) dxdy (5.5)
R XR™ (@2(s,u) + ]2 + yl2)F "

We remind the reader that the dots in the exponential term refer to the usual Euclidian
scalar product of R™.

Proposition 5.9 allows us to switch to polar coordinates, identifying (z,y) (resp. (a, —b))
with the unique point rM (resp. 'M’') of R*™ such that M (resp. M’) belongs to

§#m=t C R*™ and v = /||z]2 + yl? = [|€]| (resp. ' = y/a? + (=0)* = ||v|}). This is

possible because the function
(r, M) €]0, +00[xS*™ 1 — G(s,u,rM) e 2imMM’

is integrable on ]0, +o0o[x S?™~! with respect to the measure r*"~'dr do(£). This follows

from the inequality

2m—1

T 1

= Lkt3

(a2(s,u) +1r2)F "

and Riemann’s usual criterion for integrability.

Here, we denote by M - M’ the Euclidean scalar product of R*™ applied to the points M
and M’ of the sphere S?™~! seen as vectors of R*™. The polar coordinates change the

integral of Formula (5.5) into:

00 25)¢ . /
/ / ( S) o 6—217”“7“ M-M dO’(M) 7,,2m—1d7, (56)
0 S2m—1 (ag( +n

s,u) +r?) 2

Integral (5.6) can be written:

00 25)¢ . , ,
/ ( 8) T </ 67217”"7" M- M dO'(M)) T,meld,r (57)
O (a2(su) 47T Vs
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Proposition 5.7 then changes (5.7) into:

oo 25)¢
/ (25) 27 () T T (2 ) (5.8)
0 (@ u) £
Because 1" = ||v]], (5.8) becomes:
(63 (03 —m o0 /rm
2 s ol [ s a2l dr (5.9)

(a*(s,u) +7%) =
We now want to apply Proposition 5.5. But it uses another notation system than ours.
To understand how to switch from one to the other, let us define new variables x, y, u by:

N+ k

x=r;y=2m|v|; p= +n—1;v=m-—1

Then (5.9) becomes:
R

a?(s,u) +1?)

2a+17rsa”vulfmyf§/0 ( 1 Imo1(2y)y/rydae (5.10)

Proposition 5.5 (first formula) now gives (as long as ||v|| > 0)

‘l—m —lay_'uy#—i_%Kl/ju(ay)
20T (p+ 1)

2% s oy 2

which, back to our own notation choices, is equal to

2a+13aﬂ.M;"k+n ||’U|| M2+k+1
a

F(2 4 a) \alsu)

Because K, = K_, whatever the value of v, we have proved so far:

K_ (gt 2mals, w)o])

5.10 Proposition. Given any A € R and any (a, ) € N?, consider the non-compact
version G, 5 of the highest weight vector g 5. Then, for all (s,u,v) in Cx C™ x C™ such
that v # 0:

Fe(Gop)(s,u,v) =205

wi (ol
I'(A+n) (a(s,u)> K1 (2ma(s, u)v])

where k = a + 3 andA:”\T*k.

5.5 Second transform

Given any (s,u,v) € Cx C™ x C™ (we assume v # 0), we want to apply F, to Fe¢(Gap)
by writing
FrlFelGap)) (5:0.:0) = [ FelGap)(7yu,0) 280 ar (5.11)
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Let us first check that the function 7 — F¢(G, ) (7, u,v) is indeed integrable. In other

words, we wish to know whether the integral

1 Fe(Gap)r . v)] dr

or, more explicitely,

n A+1
/ |2a+17_a 't HUH : KA+1(27TCL(7_ U)H’UH)’ dr (512)
C I'(A+n) \a(r,u) 7

is finite or not. Let us split (5.12) into two integrals:
« one integral, denoted by I, over the unit ball B; of C;
« one integral, denoted by I, over C\ By.

Because ||v]| # 0 and a(7,u) > 1, the function that sits under integral (5.12) is continuous
on B and therefore [ is finite. Proposition 5.6 (using the integer P = 1) and Proposition
5.10 allow us to write |F¢(Gap)(7,u,v)| in the following way (A, B,C denote positive
constants and B > 1):

Al —ctar? [1 +o< L )] (5.13)
(B+4|71?) C(B+4|7]?)2

Then for |7| large enough and a suitable constant D > 0,

A 70 ( D)
7
_ e 1+
|7-|%—0¢ ||

is an upper-bound of (5.13). The exponential term forces convergence of I and this finally
establishes the desired integrability. We point out that this integrability will let us switch
to polar coordinates.

Let us use notations a, b, x, y again, this time taking them to simply be real numbers such

that s = a +ib and 7 = x + 7y. Then Re(s7) = ax — by and (5.11) becomes

2a+17_a7.[.A+n HUH
a

A+1
2 ['(A+n) )) Kp1(2ma(r,w)l|v]]) e 2™ dudy

(1,u

which can be re-organised as

ot of A / T Ka1(2ma(r, u)v])
RQ

—2im(ax—b
T +n) a(r, )i e~ 2imar=by) oy dy (5.14)

Let us again use polar coordinates (outside the origin):
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e (z,y) = rvg with 7 > 0, 0 € R and vy = (cos#,sin #); accordingly, 7 = re®.

e (a,—b) =1r'vy with v’ >0, ¢ € R and vy = (cos®',sin@’).

Let us point out that we obviously have r = |7| and " = |s|. Let us also adapt notation

a(s,u) to these polar coordinates, writing a(r, u) instead of a(7,u):

a(r,u) = \/1 + 472 + |Jul]?

Integral 5.14 can now be written:

2a+17TA+nHUHA+1 /°° r*Kav1(2ma(r, u)lvf]) </27r pia? 6—2mm~’(cos9cos9'+sinesin9’)d9> rdr
0 0

I'(A+n) la(r, u)]A+1
(5.15)
Following Corollary 5.3, the inner integral
2 . ’ ’ ; P
/ eza@ 67227”“7‘ (cos @ cos®’ +sinf sinf’) 4o
0
is equal to:
omeie(?~5) Jo(2rr") (5.16)

Remembering that ' = |s| and ¢ = Arg(s), (5.16) is equal to:
ome@(A5E-5) 1 (27r|s)

This turns (5.15) into:

2a+27TA+n+1”UHAHem(Arg(E)_f) /00 rott K1 (2ma(r, w)||v]]) Jo(27r|s|) dr (5.17)
0

I'(A+n) [a(r, u)]A+

We can now apply the second formula of proposition 5.5. To help follow notation choices

made in this proposition, we set:

e x =2r and dx = 2dr;

B =1+ [lul* > 0;

a = 2m|jv]| > 0 (careful: this variable a is not what we have denoted a(r, u));

y =mls| > 0;

o V=aq
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e n=A+1.

Plugging these expressions in (5.17) and using Proposition 5.5, we finally achieve what
we announced at the end of Section 5.2: compute the non-standard form F, [F¢(G4 )] of

Gl (therefore of g, 5). The formula we obtain is:

5.11 Theorem (An integral formula).
.F(Ga,g)(s,u,v) =

27)¢ -
/ . ( T) e 6—217rRe(57+<v,§)) def _
EXC (L A7 + [Jull® + [[E]]7) 2

iA+S

. 2
(—iz)r s (/ISP Aol
B . Kasgs (my/L+ [ulPy/[sP? + 4o?)

TS +n) \ w1+ [fulf?

2

where:
e (k,a,n)eN’, 0<a<kandn>2;
e (s,u,v) €CxC"xC™ and (1,§) e CxC™ ;

e s#0 andv # 0.

5.6 Statement of main result

The following result, which serves as a recap, binds together the formula of Theorem 5.11
and all the ingredients that are needed to understand the true meaning of this formula.

In this theorem, we consider three groups M, A and N, respectively isomorphic to the
groups U(1) x Sp(m, C), RY* (multiplicative group of positive reals) and HZ"*! (com-
plex Heisenberg group), embedded in Sp(n,C) as follows (denoting elements of M, A, N

respectively by m,a,n):

e?m 0 0 0 afa) 0 0 0 1 w2 W
0o A| o C 0 In 0 0 0 In| v
m = - a = n =
0 0]e™m o 0 0 |[a(@] o0 0 0|1 0
0O B| 0 D 0 0 0 I 0 0 |—u I
AlC
with O(m) € R, a(a) €]0,00], (s,u,v) € Cx C™ x C™ and € Sp(m,C). We
B|D

consider the group ) = MAN.
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5.12 Theorem (Non-standard picture and Bessel functions).

Consider n € N such that n > 2 and set N =2n, m =n — 1.

Let G be the group Sp(n,C) and @ = M AN its parabolic subgroup introduced above; let
K be the subgroup Sp(n).

Consider (X, 0) € R X Z and the character x;»s defined on Q by:

. IAMN
xing(man) = ¢ (a(a))

Consider the degenerate principal series representations m;y s = Indg Xirs of G (see Sec-
tion 2.2.1.1 of Chapter 2 for details).

Consider k € N and any (o, ) € N? such that o+ 3 = k; set 6 = § — a.

Consider the irreducible (finite-dimensional) subrepresentation of 7Ti>\75‘K whose highest
weight is (k,0,---,0). Then the corresponding highest weight vector (up to a constant) is

given:
e in the compact picture by the function

Gop = SN 1cC'xC" — C

(z,w) — wf‘z_lﬁ

e in the non-compact picture by the function

Gas : CxC"xC™ —s C

(s,u,v) —

(2s5)> —
(L4l +[ul2+]|v]2) "2 "
e in the non-standard picture by the function F (G, ), which is defined for all (s,u,v)
in CxC™xC™ such that v # 0 and s # 0 by:

F(Gop)(s,u,v) =

iA+0

. 2
(—i5) qid+BEn |s|* + 4 jv]|? (
z- : Ko (my/1+ ||ul? |s|2+4||v||2>
2% (A o) \ 7y /1 [ulf2 2 % ¢

Remark: we point out that the symbol N refers to a group, symbols n, m to elements of

groups, while the three symbols also refer to dimensions; context makes intended meanings

of these symbols clear.
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5.7 Two interesting properties

In this section, we make two observations that seem relevant to us: we feel they may
prove useful in further investigation of the K-types of the various representations ;) 5 in

the non-standard picture.

5.7.1 A differential operator that connects certain K-types

If we look back at Figure 3.1 of Chapter 3, we see that the highest weight vectors we
have studied in this present chapter are those that correspond to the components of the
column on the far left. We saw in Theorem 3.12 that the operator e applies a highest
weight vector onto the one immediately above (up to a constant). When restricting to the
highest weight vectors of the left column, the action of e can be interpreted, with respect
to their non-standard versions given by Theorem 5.12, as a differential operator that acts
on Fourier transforms; this present section makes this clear.

To study properties of F with respect to differentiablity and multiplication by coordinates,

we will use the following notations:

o (7,u,&) will denote the coordinates on C x C™ x C™ with respect to initial functions
I
e (s,u,v) will then denote the coordinates on C x C™ x C™ with respect to F(f).

5.13 Theorem (Differential induction formula). Suppose k > 2 and > 2. Then:

29

‘F<Ga+1,ﬁ—1>(57uvv> = _iﬁa(}.(Ga,B)(&U,U))

Proof:
For0<a<k—1and (1,u,§) € CxC" xC™:

Ja+1,8-1 (17 U; 27—7 5)

(27’)‘”1
)71')\7ka

Goy1,-1(Tu,8) = (T(T’u’g))—ik—N_k

= (T(T,u,g))
=27 (T(T,u,f)
=27 Gop(T,u,§)

—iA—-N—k

(27)*

Theorem 5.13 then follows lemmas 5.14 and 5.15, both of which are given below.
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End of proof.

5.14 Lemma. If 3 > 2, then, given any u € C™, the maps
(1,6) € Cx C™ +— Gop(T,u,&)

(1,) e Cx C™ — 7 Gup(T, 1, )

are both integrable.
Proof:

Let us call ¢ the map (7,§) — 7 G 5(7,u,&). We point out that integrability of this
map forces integrability for the other.

There is no problem as to the integrability of 1) on the unit ball B;(0) whose center is the
origin. So one just needs to check integrability on the set R*™\ By (0).

Given a non-zero element (7,&) of C x C™ ~ C", there exists a unique r €]0, +oo[ and a
unique M € S*"~! such that if (77, &) € C x C™ denote the coordinates of M seen as an
element of C x C™, then (7,€&) = r(7ar, €nr). Identifying complex coordinates on C x C™
with real coordinates on R? x R*™ ~ R*" and applying proposition 5.9, we see that 1 is

integrable if the function
(r, M) €]0, +00[xS*" " — 17 Go 5(rmar, u, r€nr)

is itself integrable on ]0, +-00[x S?"~!, with respect to the measure r**~'dr do (M) and for

all uw € C™. We have:

QQ(TTM)Q 7“2”'
(L + 4fr7ar? + [[ul]® + [|r&a||?
2047,04—&—271
= o)k
B

|rGa75(TTM7u7T§M)| T2n_1 = Atk
o

This finishes the proof, because g > 2 and r > 1.

End of proof.
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5.15 Lemma. Consider a function f:Cx C™ x C"™ — C. Assume that the maps
(7,8) — f(T,u,§)

are both integrable on Cx C™ for all u € C™. Consider the map ¥ : (1,u,§) —>

T f(T,u,§). Then:

FO)(s,0,0) = —— - (F(f)(5,u,0)

—im Js
Proof:
Switch to real variables:
o 5=, + iy, with (z,,vy,) € R?
o U= Ty + 1Yy, with (z,,y,) € R™ x R™;
o V=1, +iy,, with (z,,y,) € R" x R™,

Similarly for the integration variables 7 and £ that enter the definition of the non-standard

Fourier transform:
o T=ux,+iy,, with (z,,y,) € R?;
o &= x¢+ iz with (2¢, 2¢) € R™ x R™.
To make expressions in the integral shorter, define:
o W= (Try Tus T, Yoy Yur Ye )
o dw = dx; dz, dx¢ dy; dy, dye.

We remind the reader that the dot simply refers to the standard eucliean product (of R™
here). One last notation before we actually begin the proof. With all these notations,

definition 5.2 reads:

.F(S, u, U) — /]Rgn fR(w) eXp*2iﬂ($sxT*ysyT+$v-x§7yv-y£) du}
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Coordinates = and ys are just parameters that appear in the integral. Lemma 5.14 and

proposition 5.8 enable us to differentiate this integral with respect to both parameters

and obtain:
’ (f(s,uw)) :/ —2imx, fr(w) exp” 2T (@sTr—ysyrFTTe Yo ve) gy
Ox, R2"
0 ‘
F(s,u,v :/ 2Ty fr(w) exp 2T (Estr—ysyrtruze—yove) o,
ays( (5,1,v)) o0 2imYr fr(w) exp
This finishes the proof because, by definition, the operator % is equal to % (8%3 —1 823).

End of proof.

5.16 Corollary. Consider integers k,a, 5 such that k > 2, a+ =k and § > 1. Then:

F(Gap)(s,u,v) = <2)a 5;(.7:(@07;@)(5,%1)))

—im
Remark: as we have seen in the proof, multiplying by 27, one switches from G, 3 to

Ga+1,5-1. This corresponds to the action of the operator e studied in section 3.2.1.

The following diagram shows how the operators of this section relate to one another,

connecting functions and their transforms (assuming that 5 > 2):

Got1,-1 — Goy15-1 — F(Gat1,8-1)

I;e T%Id I E)

Jog  — Gap ——  F(Gap)

5.7.2 Underlying Emden-Fowler equations

Theorem 5.12 gives the following expression for the highest weight vectors g, s in the non

standard picture:

iAo

. 2
(—i5)e pirtBn |5 + 4f|v]]?
: , Koo (7r A \s|2+4||v||2)
SRR L) \ /14 |Ju)? 2 v v

One inevitably notices a sort of two variables structure in this expression. Indeed, the

2

particular value o = 0 and the square root terms lead us to study the functions:

¥, : ]0,400[Xx]0, 400 — C
(,9) — (2)" K.(xy)
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where the parameter v is taken to be any complex number.

For any given v € C, zy > 0 and gy, > 0, define the functions:

Orow : ]0,+00[ — C

Y — (20, y)

Gyow = 10, +00[ —> C

x> U(z,5)
Because the function K, is a modified Bessel function of the third kind, we have:

V2

1" 1 / . v _
KIE) + LKL (1+ e) K,(€) = 0

This equation (which is in fact recalled in the conclusions part of this work) is true whether
¢ is considered as a real or a complex variable; here, we choose £ € R. Combining this
equation with the first and second derivatives of the functions ¢, and ¢, ., one can

check the following proposition.

5.17 Proposition. Given any v € C, xg > 0, yo > 0 and taking y > 0:

1+ 2v

<pgo,1/<y) + ( Y )90;:0,1/@) - :Eg Caow(y) = 0
1—2v)

gbgo,u(m) + (xgb;;oﬂ(x) - y(% gbyo,u(l‘) =0

Both equations can be written as (taking a € C, b > 0 and ¢t > 0):

u"(t) + %u’(t) — bu(t) = 0 (5.18)
Such equations belong to the family of Emden-Fowler equations (or Lane-Emden equa-
tions), which appear in various forms and have been studied in many works (see for
instance [6], [2], [3], [43] and [45]).
The general solutions of (5.18) can be written as the following combinations (with ¢-

dependent coefficients) of Bessel functions of the first and second kind:
u(t) = Cyt2" Jao (=itvVh) + Cot™2" Yoou (—itv/h)

This implies that ¢,, , and ¢, , are such combinations, which gives new formulas for the
function v,,, thus other formulas for the non-standard version of the highest weight vector

of Theorem 5.12.



Conclusions

Dans cette étude des K-types des séries principales dégénérées de Sp(n,C) et du lien

qu’elles entretiennent avec les fonctions spéciales, nous avons :

o ¢établi dans le chapitre 3 une sorte de cartographie des K-types, montrant comment
chaque espace V¥ se décompose en sous espaces invariants irréducibles pour Paction
a gauche de Sp(n) mais aussi pour I'action a droite de Sp(1), en mettant en avant
la fagon dont ces deux structures se croisent et, en corollaire, en obtenant une

caractérisation de I'invariance d'une fonction de L?(S?V~1) par I'action a droite de
Sp(1).

o introduit la notion de polynéme harmonique bi-invariant (allant de pair avec la
notion d’harmonique sphérique bi-invariante) en précisant les conditions d’existence
et d’unicité de ces polyndémes et en donnant un algorithme sur les coefficients qui

permet de les calculer explicitement.

o montré dans le chapitre 4 que lorsque k est pair, 'unique (& un coefficient pres)
fonction bi-invariante de Y* est associée & une équation hypergéométrique (dont

nous rappelons la définition plus loin) ;

o montré dans le chapitre 5 qu’il était possible pour beaucoup de K-types de leur
associer des fonctions de Bessel modifiées (accompagnées malgré tout d'un facteur
fonctionnel), ce par I'intermédiaire d’un certain type de transformation de Fourier
et d'un opérateur différentiel tres simple (fournissant au passage le calcul d’une

intégrale élaborée).

e établi a la fin du chapitre 5 un lien avec des équations différentielles dites d’Emden-

Fowler.

Nous ne rappelons pas ici les énoncés des résultats, puisque les résultats essentiels sont
donnés de fagon simplifiée dans l'introduction (théoremes A, B, C et D) et de facon

détaillée tout au long des chapitres, les principaux résultats étant :

o les théoremes 3.2, 3.6, 3.13 et 3.20 (chapitre 3), pour la structure des K-types

relatives aux deux actions en question;
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le théoreme 4.8 (chapitre 4), pour I’équation hypergéométrique ;

le théoreme 5.12, pour les fonctions de Bessel ;

le théoreme 5.13 pour un opérateur différentiel qui relie certains K-types.

la proposition 5.17 pour les équations d’Emden-Fowler.

Une question légitime se pose : que pouvons nous tirer de ce travail 7 L’intérét des résultats
obtenus se présente sous plusieurs facettes.

Tout d’abord, les séries principales dégénérées de Sp(n,C) sont des représentations uni-
taires significatives et nous en avons une meilleure vision a présent : leur K-types, ingré-
dients essentiels, sont bien identifiés ; beaucoup d’entre eux ont des éléments qui peuvent
étre vus comme des manifestations de fonctions spéciales importantes que nous avons
su expliciter. En ce sens les fonctions spéciales précisent nos connaissances sur les séries
principales dégénérées.

Inversement, la théorie des représentations a permis de regrouper dans un méme tableau
des fonctions spéciales de natures différentes : fonctions hypergéométriques et fonctions
de Bessel. Chacune de ces fonctions est solution d’une certaine équation différentielle
ordinaire linéaire d’ordre 2 a coefficients polynomiaux. Rappelons quelques généralités

sur les fonctions spéciales (on pourra se reporter a [37] - chapitres 5 et 9).

o Etant donnés des nombres complexes a, b et ¢ (on supposera ¢ ¢ 0,—1,—2,---) et
la variable complexe z (on supposera 0 < |z| < 1), une solution (au voisinage d'un

point régulier) de l’équation hypergéométrique
2(1—=2)¢" +c—(a+b+1)z]¢  —abp =0 (5.19)
est la fonction hypergéométrique F'(a,b; c; -) définie par :

Fla,b; ¢ 2) = g% (“2’3?”; (5.20)

Dans cette série, les symboles de Pochhammer (x); font référence a des produits
finis : = désignant un réel et k un entier positif, (x), vaut x(z + 1)...(x + k — 1)
lorsque k£ > 0 et 1 lorsque £ = 0. On reconnait dans le théoréme 4.8 une équation
hypergéométrique de parametres a, b, c avec ab = %, a+b+1=Netc=2 On

remarque que A étant négatif, la série hypergéométrique associée est un polynome.
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o Etant donné un nombre complexe v et la variable complexe z (on suppose que z

n’est pas un réel négatif ou nul) :

— Les fonctions J, et Y, (définies dans le paragraphe 5.3) sont des solutions

linéairement indépendantes de I’équation différentielle :
1 2
RN (1_”2>¢:0 (5.21)
z z

— Les fonctions [, et K, (définies dans le paragraphe 5.3) sont des solutions

linéairement indépendantes de I’équation différentielle :
1 v?
(puwl_(HZ)(p_o (5.22)
z z
Dans notre travail, nous avons rencontré :

 dans le chapitre 4, une équation hypergéométrique, donc du type (5.19);

« dans le théoreme 5.12, des fonctions de Bessel modifiées de troisieme espece (méme
si accompagnées d'un coefficient fonctionnel), correspondant donc a une équation

de type (5.22).

Ces équations sont de natures différentes : I'équation (5.19) possede trois singularités
régulieres (0, 1 et oo) tandis que (5.22) a deux singularités (0 et co), dont 'une n’est pas
réguliere (& savoir co). Etablir des relations entre leurs solutions a donc un intérét en soi.
Qu’il y ait un rapport entre fonctions hypergéométriques et fonctions de Bessel n’est pas
nouveau; en effet, pour v € C, on a 1’égalité (voir [50], paragraphe 3.5.6) :

)= 2 Py -2
ATty VT T

ou, étant donné un nombre complexe ¢, F(c;-) désigne une autre fonction hypergéomé-
trique, définie comme dans la formule 5.20 mais en remplacant (a)(b), par 1. Ce que notre
travail montre d’intéressant, c’est qu’il existe des relations entre de nombreuses fonctions
hypergéométriques et fonctions de Bessel (modifiées), relations imposées par la théorie

des représentations.

Notre travail s’ouvre ainsi sur des questions qui pourraient se révéler fructueuses :



Conclusions 132

o ayant rencontré les équations hypergéométriques dans notre travail, comment pouvons-

nous exploiter les formes explicites de leurs solutions ?

o ayant rencontré les fonctions de Bessel modifiées, comment pouvons-nous exploiter
I’équation différentielle qu’elles vérifient et ont-elles ici une autre signification d’un

point de vue théorie des représentations ?

o comment exploiter la théorie des représentations pour affiner le lien mis en évidence

entre les fonctions spéciales rencontrées ?

o comment exploiter le lien avec les équations d’Emden-Fowler ?
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Analyse Harmonique Quaternionique et Fonctions Spéciales Classiques

Ce travail s’inscrit dans I’étude des symétries d’espaces de dimension infinie. Il répond a des questions algébriques en suivant des méthodes
analytiques. Plus précisément, nous étudions certaines représentations du groupe symplectique complexe dans des espaces fonctionnels. Elles
sont caractérisées par leurs décompositions isotypiques relativement a un sous-groupe compact maximal. Ce travail décrit ces décompositions
dans deux modeéles : un modeéle classique (dit compact) et un autre plus récent (dit non-standard). Nous montrons que cela établit un lien entre
deux familles de fonctions spéciales (fonctions hypergéométriques et fonctions de Bessel) ; ces familles sont associées a des équations
différentielles ordinaires d’ordre 2, fuchsiennes dans un cas et non fuchsiennes dans I'autre. Nous mettons aussi en évidence, dans le modéle
non-standard, un lien avec certaines équations d'Emden-Fowler, ainsi qu’un opérateur différentiel simple qui agit sur les décompositions
isotypiques.

Mots-clés : groupe symplectique complexe, représentation unitaire, décomposition isotypique, modele non-standard, fonctions
hypergéométriques, fonctions de Bessel.

Quaternionic Harmonic Analysis and Classical Special Functions

The general setting of this work is the study of symmetry groups of infinite-dimensional spaces. We answer algebraic questions, using analytical
methods. To be more specific, we study certain representations of the complex symplectic group in functional spaces. These representations
are characterised by their isotypic decompositions with respect to a maximal compact subgroup. In this work, we describe these decompositions
in two different models: a classical model (compact picture) and a more recent one (non-standard picture). We show that this establishes a
connection between two families of special functions (hypergeometric functions and Bessel functions); these families correspond to second
order differential equations, which are Fuchsian in one case and non-Fuchsian in the other. We also establish a link with certain Emden-Fowler
equations and exhibit a simple differential operator that acts on the isotypic decompositions.

Keywords : complex symplectic group, unitary representation, isotypic decomposition, non-standard model, hypergeometric functions, Bessel
functions.

Discipline : MATHEMATIQUES

Université de Reims C_Ffam agne-Arde ne
Laboratoire de Mathématiques. d Re|ms EA 4535
', e U.F.R. Sciences Exactes et Naturelles

Moulin de la Housse - BP 1039
51 687 REIMS Cedex 2



