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Introduction

1.1 Le probléeme et sa modélisation

Cette these est une contribution au probleme de détection de fines struc-
tures tubulaires dans une image 2D ou 3D. En particulier, nous sommes
intéressés par l'extraction du réseau sanguin dans une angiographie obtenue
par IRM du cerveau d'une souris. L’intensité en chaque point est alors donnée
par une valeur unidimensionnelle.

FIGURE 1.1.1 — Angiographie cérébrale d'une souris

Nous mettons en avant les caractéristiques de luminosité et géométriques
qui permettent de distinguer le réseau sanguin du reste de I'image en s’ap-
puyant sur une sélection de travaux déja existants.



— La luminosité. La technique d’imagerie, ’angiographie par IRM, uti-
lise I'injection d’un produit de contraste dans le réseau sanguin de 1’ani-
mal. Cela a pour conséquence le réhaussement de la luminosité des
vaisseaux. La différence de luminosité entre ceux-ci et leur voisinage
est analysée pour construire une méthode de segmentation du réseau
sanguin dans [BRLT04]. Cette méthode est limitée par 'inhomogénéité
de l'intensité. Cependant, dans [CF05], les auteurs tirent parti du fait
qu’a 'intérieur des vaisseaux sanguins I’homogénéité est plus forte qu’a
I’extérieur pour améliorer cette technique.

— Le bruit. On considere comme bruit les pixels qui sont d’intensité
comparable a celle du réseau sanguin mais qui n’appartiennent pas a un
vaisseau. Dans [HEHMO3], une étude statistique du bruit est réalisée
afin d’élaborer une stratégie de segmentation. Cependant, du fait de
la petite taille du cerveau d’une souris en comparaison avec la taille
humaine, I'importance du bruit est accrue dans notre situation. On
peut observer que pour les plus fines structures, le rayon tubulaire est
comparable a la section d’un atome du bruit.

— La géométrie. La discrimination du réseau sanguin du reste de I'image
tient aussi a sa forme spécifique. On caractérise la géométrie d’un vais-
seau par son ¢élongation, son rayon, sa courbure et par la présence d’une
bifurcation. On peut cataloguer plusieurs types de modélisations géo-
métriques.

— Paramétrisation explicite d’une surface. Pour un vaisseau sanguin
suffisamment important, on peut rechercher une paramétrisation ex-
plicite de sa surface. Cette approche conduit a des techniques de
segmentation par contours actifs. Dans [dBvGVNO3], les auteurs pro-
posent d’adapter cette technique au cas d’une surface tubulaire. Ce
type d’approche est adapté a un réseau dont le nombre et les posi-
tions approximatives des bifurcations seraient connues par avance.

— Paramétrisation linéique des vaisseaux sanguins. Dans le cas ou le
rayon du tube varie peu, on peut représenter les vaisseaux sanguins
par la ligne centrale du tube. Dans [LGFMO06] et [BST05], les auteurs
modélisent le réseau sanguin comme la réunion de courbes paramé-
trées, a l'aide respectivement de segments ou de B-splines. Les tech-
niques dérivées de cette modélisation sont dépendantes de la cour-
bure du réseau. Elles supposent que 'on en connaisse au préalable
une borne supérieure.

— Les vaisseaux comme chemins géodésiques. Une modélisation des



vaisseaux comme plus court chemin, pour une certaine métrique, d’'un

point & un autre de l'image a été proposée dans [CK97]. Afin de résoudre

le probleme des croisements de deux vaisseaux dans une image 2D, dans

[PPKO09], les auteurs proposent d’augmenter ’espace 2D en considérant

aussi les directions. L’espace ambiant sur lequel sont tracés les chemins

est donc de dimension 4.

Modélisations hybrides. Certaines modélisations combinent la lu-

minosité et la géométrie.

o Les vaisseauxr comme lignes de crétes. En considérant qu’'un point de
I'image est caractérisé par sa position et son intensité, dans [Blu62],
I’auteur suggere de considérer une image comme une hypersurface de
R4*! ot d est la dimension de I'image. Plus précisément, de ce point
de vue, cette surface est le graphe d’une fonction. Un vaisseau sanguin
apparait alors comme une ligne de créte du graphe de cette fonction.
L’épaisseur de la ligne de créte représente le rayon des tubes alors
que sa hauteur représente son intensité lumineuse. Des méthodes de
détection locale des lignes de crétes ont été proposées dans [SSDE96],
[PMGT96].

o Classification des pizels par ondelettes. En gardant le point de vue
précédent, ou une image est modélisée par une fonction, on peut
penser a exploiter la décomposition en ondelettes de cette fonction
pour caractériser les tubes. Dans [JCJ03], les auteurs représentent
chaque pixel par un vecteur comprenant les mesures prises a diffé-
rentes échelles d'une transformée en ondelettes. Ils utilisent ensuite
cette classification pour déterminer si un pixel appartient ou pas a
un vaisseau sanguin.

Modélisation variationnelle. Comme précédemment, les modeles

variationnels considerent une image comme une fonction. Il s’agit, dans

ce cas, de trouver une fonction qui minimise une certaine énergie qui
mesure la distance a un idéal. De tels modeles dans le cas spécifiques
de la détection d’ensembles de co-dimension 2 (ce qui est le cas d'un
filament) ont été étudiés dans [AABF06, ABFG12]. Le modéle autour
duquel s’articule cette these est celui de Mumford-Shah [MS89]. On

utilise une approximation de cette énergie par champs de phase qui a

été introduite dans [Mod87] pour le cas binaire et dans [AT90] dans le

cadre général.



1.2 Structure du mémoire

On peut distinguer trois étapes dans cette these.

1. Dans une premiere approche, nous choisissons le cas ou I'image initiale
est donnée par un tube d’intensité et de rayon constants et nous consi-
dérons comme énergie ’approximation de la fonctionnelle de Mumford-
Shah déduite de [Mod87]. Nous étudions le probléme de minimisation
de cette énergie lorsque celle-ci est restreinte a un sous-espace de fonc-
tions qui déterminent une géométrie fixée. Plus précisément, cet espace
est égal aux fonctions dont le support est contenu dans un tube donné
et qui satisfont une symétrie cylindrique par rapport au centre de ce
tube. Par un argument de symétrie, nous réduisons ce probléme a la
dimension 1. Une image de cet espace est alors réduite a son profil sur
une section du tube. Nous démontrons alors que ce probleme admet une
unique solution qui est caractérisée par une équation différentielle uni-
dimensionnelle. Nous exploitons cette équation pour décrire le compor-
tement qualitatif de la solution en fonction des parametres du modele
et de la géométrie du tube initial (épaisseur, longueur et courbure).

2. La deuxieme étape a pour but la modification du modele de Mumford-
Shah. Afin de se faciliter la tache, nous conservons I’hypothese simpli-
ficatrice de la premiere étape : on suppose que I'image est bimodale,
c’est-a-dire que I’histogramme des intensités comprend deux modes. Le
mode le plus haut correspond a la luminosité des vaisseaux sanguins et
I’autre a I'intensité du fond. Nous recherchons donc une solution dans le
sous-espace des fonctions binaires. Afin de favoriser la détection de fines
structures tubulaires, le principe est d’ajouter comme inconnue du pro-
bleme une métrique riemannienne qui admet en tout point une direction
propre dominante. Cette direction dominante représente ’orientation
du tube et la valeur propre associée correspond a son élongation. La
pénalisation des contours donnée par le modele initial était isotrope
(indépendante de la direction) et homogéne (indépendante de la po-
sition). On la remplace alors par un terme anisotrope et inhomogéne.
En s’appuyant sur les travaux de [AFP00, Bou90] sur les fonctionnelles
anisotropes, nous montrons que le probleme de minimisation associé
admet une solution. D’autre part, nous proposons et nous démontrons
un résultat d’approximation de notre énergie par I'-convergence. Cette
approximation permet de donner une formulation dont la résolution



numérique est plus facile a mettre en oeuvre.

. La dernicre étape de la these est la suite logique des deux étapes pré-
cédentes. Nous ne faisons plus d’hypothese simplificatrice : il s’agit de
proposer un modele de détection des tubes dans le cadre général. Le
résultat obtenu dans l'étape précédente nous fournit directement la
modification a apporter au modele initial. Le travail consiste d’abord a
montrer que le probleme est bien posé, c’est-a-dire qu’il admet des solu-
tions. Pour le modéle initial, le résultat avait été obtenu dans [GCL&9)]
en montrant que le probleme était équivalent a une formulation relaxée
dans l'espace des fonctions spéciales a variations bornées. La preuve
de ce résultat utilisait le théoreme de compacité d’Ambrosio [Amb89)]
et un lemme de décroissance pour les minimiseurs de la fonctionnelle
de Mumford-Shah. Dans notre cas, la fonctionnelle de Mumford-Shah
étant perturbée par le terme anisotrope et inhomogene, nous utilisons
un résultat récent [BL13] généralisant celui de De Giorgi-Carriero-Leaci
a une classe de fonctions plus large qui inclut le cas des minimiseurs
de notre fonctionnelle (almost quasi-minimizers of free boundary pro-
blem). Nous montrons ainsi que notre probléme est bien posé et qu'il est
équivalent a sa formulation relaxée dans I’espace des fonctions spéciales
a variation bornée. L’étape suivante consiste a approcher notre éner-
gie par I'-convergence sur le modele du résultat obtenu par Ambrosio-
Tortorelli [AT90]. Ce travail utilisait une approximation de la mesure
de Hausdorff H"~! par un contenu de Minkowski. Dans notre situa-
tion, il s’agit donc d’introduire une définition adaptée a notre cadre
anisotrope et inhomogene et ensuite de montrer qu’on a bien le méme
résultat d’approximation. Ce travail a été réalisé dans [BPV96, CLL14]
dans le cadre binaire. Il nous faut donc étendre ce résultat a une classe
d’ensembles plus large. L’outil principal de cette étape est le résultat
de régularité (Ahlfors regularity) démontré dans [BL13]. Nous pouvons
alors démontrer le résultat de I'-convergence par des techniques de dé-
coupage par tranches (slicing) tirées de [AFP00].



Chapitre 1

Un probleme de minimisation
sous contraintes

1.1 Résumé

Ce travail a pour motivation un probleme proposé par des biologistes
du Centre de Biophysique Moléculaire (CBM) d’Orléans'. Dans le cadre de
I’étude de maladies vasculaires, ceux-ci disposent d’angiographies cérébrales
de souris obtenues par Imagerie & Résonance Magnétique (IRM). Le sujet
de leur recherche est I'étude des fines structures du réseau sanguin. Leur
souhait est de disposer d’'une méthode de segmentation des fines structures
tubulaires de leurs images. Cependant, du fait de la taille de I'animal, la
segmentation des petites échelles du réseau sanguin est d’autant plus difficile
que celles-ci se trouvent « noyées » dans un bruit dont la taille et I'intensité
sont comparables.

Nous choisissons de poser le probleme dans le cadre du calcul des va-
riations. Dans cette approche, la solution d'un probleme est définie comme
I’état du systeme qui minimise une certaine énergie. Une difficulté majeure
de cette approche est de déterminer quelle énergie modélise le probléeme. Ce-
pendant, proposer une énergie suppose au préalable une bonne connaissance
du systeme que 'on souhaite modéliser. C’est pourquoi, nous différons cette
étape et nous préférons, dans cette premiere partie de la these, faire un tra-
vail d’analyse. Nous prendrons donc un modele déja existant, 1’énergie de
Mumford-Shah, et nous étudions une solution de ce modele dans le cas d’une

1. http://cbm.cnrs-orleans.fr
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FIGURE 1.1.1 — Angiographie et seuillage a 60% de l'intensité maximale

image constituée de fins tubes.

D’autre part, nous nous concentrons ici sur les aspects géométriques du
probleme. Nous simplifions alors le probleme en supposant que I'image a seg-
menter est celle obtenue apres seuillage. C’est-a-dire que nous nous plagons
dans un cadre binaire. Nous voulons ainsi faire abstraction des problémes
liés aux inhomogénéités de luminosité. Le but est alors, pour un jeu de para-
metres du modele fixés, de faire apparaitre la dépendance de la solution par
rapport aux données géométriques de I'image comme le rayon, la longueur et
la courbure des tubes.

On note n la dimension (n = 2 oun = 3) et 2 C R™ le domaine de I'image.
En tout point x € Q est associée une intensité (normalisée) g(z) € [0, 1] C R.
L’énergie de Mumford-Shah associée a g est définie par

E(u, K) = /ﬂ (u— g)2dz + BH™V(K) + /Q L |VuPds,

ot H" ! est la mesure de Hausdorff de dimension n— 1, K est un compact de
Q de codimension 1, u € W?(Q\ K) et 3, v sont deux paramétres strictement
positifs. Ici W*P(Q) est I'espace de Sobolev habituel (voir par exemple [?]).
Cette énergie dépend donc de deux variables, une fonction u et un ensemble
K de dimension n — 1. En reprenant la modélisation décrite dans la section
1.1, le graphe de g représente un paysage, ou K représente I’ensemble des
lignes de créte et le graphe de u représente le paysage ou on a lissé les petites
irrégularités locales.

Si on fait I'hypothese simplificatrice de binarité, on cherche alors u sous
la forme d’une fonction indicatrice u = 14 et K = 0A. La restriction de
I’énergie de Mumford-Shah aux fonctions indicatrices, toujours notée &£, se

10



FIGURE 1.1.2 — Graphe de g et décomposition (u, K)

réduit alors a

E(1a) = /Q (14 — g)*dz + BH" ' (DA).

Le premier terme de cette énergie est une mesure volumique (la mesure de
Lebesgue de dimension n) alors que le second est une mesure surfacique (la
mesure de hausdorff de dimension n — 1). Afin de disposer d’une énergie ne
dépendant de qu’un seul type de mesure, on introduit une approximation de
cette énergie

E.(p) Z/Q(p—g)deqtﬁ/Q (98|Vp|2+]92(1€_p)2> dz

ot p € WH2(Q;[0; 1]). 11 est montré dans [Mod87] que la famille de fonction-
nelles (E.). I'-converge vers € pour ¢ — 0. En particulier, si (¢;), converge
vers 07 et si pg est un minimiseur de E., pour tout k, alors la suite (pg)i
admet comme point d’accumulation un minimiseur de &.

Nous renvoyons a [?] (par exemple) et a la bibliographie de larticle qui
suit pour une définition et des propriétés fondamentales de la I'-convergence.

On modélise un tube d’intensité et de rayon constants A, comme ’en-
semble des points a une distance inférieure a o > 0 d’une courbe I'. On pose
alors g = 14,.

F1GURE 1.1.3 — Voisinage tubulaire de I’

11



On restreint alors E. a ’ensemble F, des fonctions dont le support est
inclus dans A, et qui sont a symétrie tubulaire (Définition 3.2.). On démontre
alors que la minimisation de E. admet une unique solution (Théoréme 3.1.
et Théoreme 3.3.). Cette unique solution est caractérisée en dimension 2 et
3 par une équation unidimensionnelle (Théoréeme 3.6.) et de cette équation
nous déduisons des inégalités sur le profil de la solution (Théoréme 3.7.).

Ces résultats ont fait I'objet de I'article suivant présenté dans la section
suivante.

1.2 Article [BV14]

12



PARAMETER SELECTION IN A MUMFORD-SHAH GEOMETRICAL
MODEL FOR THE DETECTION OF THIN STRUCTURES

MAITINE BERGOUNIOUX & DAVID VICENTE

ABSTRACT. We present a variational model to perform the segmentation of thin struc-
tures in MRI images (namely codimension 1 objects). It is based on the classical
Mumford-Shah functional and we have added geometrical priors as constraints. We
precisely describe the structure model (that we call tubes). We give existence, unique-
ness and regularity results for the solution to the optimization problem. The keypoint
is the fact that 2D /3D problems are equivalent to 1D ones. This gives hints to perform
an automatic parameter tuning for numerical purpose.

1. INTRODUCTION

The detection of blood vessels and the complete reconstruction of the network is one of
the most challenging problems in biological image processing. Some angiography images
are not very noisy and the identification of the network can be done by proven methods
that we mention below. However, in some cases, the images are very noisy and undersam-
pled. This is the case for example of angiographic MRI brain network mouse '. Even if
the magnetic fields are high, the images are sub-sampled and low contrasted due to the
smallness of the observed area. On the other hand the nature of the structure to identify
(filaments of codimension 1) requires the development of models to identify objects of null
measure.

(a) 2D slice (256 x 256) (b) 3D view (54 slices) (c) 3D view (54 slices)
FIGURE 1.1. Mouse brain MRI image with manual threshold

Several approaches have been made to overcome this difficulty both from the point
of view in the theoretical aspect (models) and numerics (how to approach and / or dis-
cretize such structures). There are, to our knowledge, few models providing a satisfactory
answer to these problems. In [15] many vessel extraction techniques and algorithms are

Date: May 21, 2015.
'We thank the laboratory CBM in Orléans for the images



2 MAITINE BERGOUNIOUX & DAVID VICENTE

presented. Vessel segmentation algorithms and techniques are divided into six main cate-
gories: pattern recognition techniques, model-based, tracking-based , artificial intelligence-
based, neural network-based and tube-like object detection approaches. One can find a
review of 3D vessel segmentation techniques in [17]. Recently, Péchaud and al. [21] have
presented a method to extract a network of vessels centerlines from a medical image. They
use both geodesic based methods and tracking methods in a 4D framework. Rouchdy and
Cohen [24] use a geodesic voting method to consider the problem. In this paper, we have
decided to use a variational model. Such models have been investigated by Aubert and al
[6, 7, 8, 9, 14] especially in the detection of points in 2D images. One important tool is
the capacity theory [1].

We present here a modified Mumford-Shah model. This model [20, 19] is a well known
segmentation model whose approximation has been studied by many people (see for ex-
ample [12, 13, 18, 16, 22]. We use the Ambrosio-Tortorelli [3] approach and consider an
approximate model that I'-converges to the original one [25]. As in [4] we add prior infor-
mation on the objects but we involve this prior in the constraints rather than in the cost
functional.

The paper is organized as follows. We first present the exact model we use and the
approximated one. However, these models are not convex and we have a lack of uniqueness.
Therefore we consider geometrical constraints in the objects that have to be what we define
as tubes of small diameter. Section 3 is devoted to the description of 2D and 3D tubes.
In the last section we prove that the problem reduces to a 1D problem and we give some
qualitative properties of the (unique) solution. This allows to get an automatic parameter
selection: indeed variational models are efficient but the parameter tuning is a major
challenge. We end the paper with an appendix including the most technical proofs.

2. A MUMFORD- SHAH TYPE MODEL

2.1. The exact model. Let Q be an open bounded subset of RV (N = 2, 3) smooth
enough (C! for example). Let be g: © — [0,1] the (normalized) observed image, g(z)
corresponds to the gray-scale intensity at point x. The model we study is derived from
the Mumford-Shah one [20] that we briefly recall : we look for a pair (u, K') where K C 2
is the set of discontinuities of g and w is a regular function defined on Q \ K. This
representation must minimize the following energy:

_1 o 2 n—1 2
E(u, K) = 2/Q\K(u 9)*dz+ BH (K)—i—’y/Q\K]Vu\ dz, (2.1)

where 3, v > 0 and HYV~1(K) is the Hausdorff measure of the N — 1 dimensional set K.
The first term is a fitting data term and the second ones penalizes the length (if N = 2)
or area (if N = 3) of the discontinuity set. The last term penalizes u variations.
We want to split the image in two sub-domains A and 2\ A. So we only consider binary
functions © = y 4 where:
1 sizeAd,
Xa(@) —{ 0 sizeQ)\A

As x4 is constant outside its jump set, Vxa(x) = 0 for any z € Q\ 0A and the energy we
have to minimize writes :

Elxa,0A) = ;/Q(XA —g)?dx + BH"L(9A). (2.2)

To describe the jumps of the function u, the most suitable space is the space of of functions
with bounded variation BV (£2). We recall the definition and the main properties of this
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space (see [2, 5, 10] for example), defined by
BV(Q) = {uec LYQ) | ®1(u) < +oo},
where

& (u) := sup { [ uto)aiv ea)d | € € e, el < 1} | (23

The space BV (), endowed with the norm |ul| gy (o) = [|ul/L1 + ®1(u), is a Banach space.
The derivative in the sense of distributions of every u € BV(Q) is a bounded Radon
measure, denoted Du, and ®1(u) = [, |Du| is the total variation of u. We next recall
standard properties of functions of bounded variation .

Proposition 2.1. Let Q be an open subset of RV with Lipschitz boundary.

(1) For every uw € BV (Q), the Radon measure Du can be decomposed into Du =
Vudz + D%u, where Vudx is the absolutely continuous part of Du with respect of
the Lebesque measure and D*u is the singular part.

(2) The mapping u — ®1(u) is lower semi-continuous from BV (Q) to Rt for the
LY(2) topology.

(3) BV(Q) C L7(Q) with continuous embedding, for o € [, 2] (N #1).

(4) BV(Q) C L7(Q) with compact embedding, for o € [1, 2) (N #1).

The singular part D®u of the derivative has a Cantor component. The functions we
consider (for example x4 functions) have no such components. Therefore, we rather
use the SBV(Q) space ( see [2] for example) which is the space of functions in BV (2)
whose derivative has no singular Cantor component. The functions of SBV (€2) have two
components : one is regular and is defined almost everywhere on 2 (for the Lebesgue
measure).

The support S of the second one generally satisfies HV~1(S) # 0.

The problems we finally consider writes

1

Min {2/ (p—g)?de + BHNTY(S,) : p € SBV(Q),p € {0,1} ae. } . (P)
Q

2.2. Approximate model. The study of the Mumford-Shah model is still challenging

and it is easier to consider approximate versions. Modica and Mortola ([19]) prove a

I'-convergence result for functional

Fe(u):/ﬂ(qu\z—i—VV;u)) dx (2.4)

to the area functional for surface of dimension N — 1, where W is a double-well potential.
Inspired by this work, we set

1 2 1— 2
e =y [r-ods+s [ (ool + ) o (25)
2 o) Q €
and define the approximate problem as
min{&(p) [p € H'(Q)}. (Pe)

The choice of coefficients A\ = 9¢ and Ay = % in this model may seem surprising. In fact,
it is required that these parameters verify 24/ A1 A2 = 6 to get a I'-convergence result for
the approximate model (see [25]). It is easy to prove that (P.) has at least an optimal
solution p.. However, as & is not convex, we get no uniqueness.

Problem (P;) is a suitable approximation of (P). Indeed we have the following conver-
gence result:
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Theorem 2.1 ([25]). For every e > 0, let p. be a solution to (P.). Then we may extract
a subsequence pe, that converges a.e. to a binary function p (p(z) € {0,1}a.e. x) which
is a solution to (P).

We refer to [5] for definition of the I'-convergence and related properties.

3. TUBE DETECTION

p*(1 —p)?

€
cannot ensure the uniqueness of the solution to (P:). As %e get existence however, we
must refine the model adding a geometrical prior. So we consider the minimization of &,
on the set of tubes (that we are going to define). This will provide a unique minimizer
according to the tube geometry.

The functional & is not convex because of the term p — dx. Therefore we

3.1. Modeling a tube. We present here a description of what we call (thin) tubes both
for the 2D and 3D dimension. Roughly speaking, we define a tube as a symmetric object of
codimension 1 whose length ¢ is much greater that the width a. Let I' be a parametrized
curve in €2 : we get the tube by thickening the curve to get a symmetric object of width
a>0.

N

(a) Dimension 2 (b) Dimension 3

FIGure 3.1. Tubes A,

Let us detail the 3D representation of such tubes. The 2D case is straightforward
(deleting one dimension).

3.1.1. The parametrized curve T'. Let T C Q be a C? curve in © C R3. We use a
parametrization with a curvilinear abscissa F': [0,¢] — I' and assume the following regu-
larity condition :
F' is bijective,
(Hr) { FisC?and Vt € 0,4, |F'(t)| =1,
F is biregular : V¢ € [0, ], dim Span(F'(t), F"(t)) = 2,

where F'(t) is the first derivative, F" (t) the second derivative. Assumption (Hr) allows
to define a Frenet—Serret frame whose main properties are recalled thereafter:

Proposition 3.1. Let S? be the unit sphere of R® and assume (Hr)is fulfilled, then there
exist
o T:1[0,0] — S? the unit vector tangent to the curve, pointing in the direction of
motion,
e N:[0,¢] — S? the normal unit vector, the derivative of T with respect to the
arclength parameter of the curve, divided by its length.,
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e B:[0,¢] — S? the binormal unit vector, the cross product of T and N.

Moreover
d T 0 v O T
—| N |=|— 0 7 N |. (3.1)
at \ p 0 -1 0 B

Functions 7 (curvature) and 7 (torsion) are scalar functions and + is nonnegative. The
curvature -y is the curvature radius inverse.

Remark 3.1. In the 2D case the Frenet-Serret frame reduces to T and N. FEzistence
conditions are the same and the differential characterization of the frame is

iln)=(50)(8) o2

Eventually, we have to set an additional hypothesis to get a local parametrization in
the neighborhood of I" : we need the curvature radius to be large enough. If it was smaller
than the diameter of the tube, this would correspond to the case where the tube fall back
on itself. Therefore, we assume

1
vt €10, 4], a<inf{}. (3.3)
(%)
Remark 3.2. [t is sufficient to assume there exists p > 0 such that
« 1
vte 0,4, —+4p<inf—.
005 V(t)

We chose p = § for the sake of simplicity
We may now define the tube A, with thickness a around I" as

1 on A,

0 elsewhere. (34)

Ay ={z € Q:d(z,T') <a/2} and g = xa, = {
Here d is the euclidean distance in RY. Let us divide A, into three sub-areas: the two
ends BY, B! and the body C,. More precisely
By = {z€Aa:|z—F(0)] =d(z D)},
B, = {z€A,:|z—F@)|=d(zI)} (3.5)
and C, = A, \ (B2 U BY).
3.1.2. Parametrization of the tube. In order to perform calculations, we must specify the

tube parametrization. For this, we consider the ends and the body separately and use
spherical coordinates (or polar coordinates for the 2D case).

Proposition 3.2. Assume (Hr) and (3.3). Then we may define
e 2D case (N=2) :

Do [O,é]x]—%, [ S,
(t.r) — F(t)+rN(t),

o Q

(I)Bo:_o,%—X]O,ﬂ'[ - B
(r,0) — F(0)+rcos(d)N(0) — rsin(0)T(0),
B e 0,%& 0,7 — B

(r,0) — F({)+rcos(0)N(£) + rsin(0)T(¢);
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o 3D case (N =3) :

w005l 3 e
(t,r,0) — F(t) 4 rcos(d)N(t) + rsin(0)B(t),

Dpo }0,%[“0,%[40,%[—@3
(r,0,0) —  F(0)+rcos(¢)(cos(d)N(0) + sin(f)B(0)) — rsin(¢)T'(0),
A }0,%{x]0,2w[x}0,g[—>3f¥
(r,0,9) — F({) +rcos(p)(cos(Q)N(£) + sin(0)B(£)) + rsin(¢p)T(¢).
Moreover, ®¢ is a local diffeomorphism whose jacobian is

JOc(t,r) = 1 —ry(t) if N =2,
JOc(t,r,0) = r(1 —rcos(0)y(t)) if N =3.

Proof. Using the 3D Frenet—Serret formulas (3.1) gives
1—5(t)rcosf 0 0
JOo(t,r,0) =] —7(t)rsinf cosf —rsinf | =r(1—rcos(d)y(t)).
T(t)rcosd  sinf rcosd
As r < /2 and the curvature radius of I' is always greater than «/2 so that

vVt €[0,4], |1—rcos(0)y(t))| #O.

This proves that ®¢ is a local diffeomorphism. O

Now, we gather the respective parametrizations ®go, ® e and ®¢ in an atlas of A,.

Definition 3.1. Assume (Hr) and (3.3). We say that (A, T') is a tube if the family
{®po, ®pe, e} is a C-atlas of A,.

3.1.3. The set F, of tubes of width . From now we assume that (I', 4,) is a tube (as in
definition 3.1). We now define a set of feasible functions to describe such a tube.

Definition 3.2. Let (T, Ay) be a tube satisfying (Hr) and (3.3). The space F, C HI(2)
is defined as the space of H}(Q) functions p such that

a) for almost every v € Q\ A, p(z)=0;
b) for almost every (z,%) € Ay X Aq,

d(z,I) =d(z,I') = pz)=p(@).
We end with an obvious property of F, functions.

Lemma 3.1. Let (I, Ay) be a tube satisfying (Hr) and (3.3). Then, for almost every
(taf) € [07‘6]2} (evé) € (]‘%%DQ and (’l", ’F) € (]_%a% )2} we get:

’T‘ = ‘7:| = p(CI)(t,T', 0)) :p((I)(ﬂ’F,é)).
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3.1.4. Minimization problem with tube constraints. If we consider all the tubes that satisfy
assumption (Hr), the minimizing problem is

min min &.,).
Tec? pers °P)
For this formulation, difficulties arise from the fact that self intersections of I' are possible
and then A, is not a tube. So, we assume that I' is known and we focus on the low-level

problem

;IE]}-% gg(p)- (Pa,a)
Here ) ) 12
E(p) = 2/A (p — 1)%dz + ,B/A <9s\vp|2 + p(p;)> da (3.6)

since g := x4, and functions in F, have their support in A,. The end of the paper is
devoted to existence and uniqueness result for P . In addition, qualitative properties of
the solution will provide parameters tuning with respect to the width « and the length £.

3.2. Solving the problem (P.,). We first give an existence result. Then, under an
hypothesis of smallness for £, we prove uniqueness of the solution.

Theorem 3.1 (Existence). Problem (P: o) has at least an optimal solution.

Proof. Let (py)n be a minimizing sequence. As (p,), and (Vp,), are bounded in L?(2),
the sequence (p,), is bounded in H{ (). Moreover Hg(Q) is compactly embedded in
LA(Q) (N < 3, see [23]). Therefore, one may extract a subsequence (denoted similarly)
that weakly converges to p in H{ () and strongly in L*(Q). The lower semi -continuity
of & then gives
E(p) < liminf & (py).
n—-+00

It remains to prove that p € F,. As Hg(Q) is compactly embedded in L'(Q) the sequence
(pn)n converges to p almost everywhere (up to a subsequence). The symmetry properties

of definition 3.2 are kept by taking the limit. This gives p € F,. O
In the sequel we set
1
VEER, Fpe(t)=(t— 12+ g(t2 —t)? (3.7)
and ) 5 1 8 )
R = _FL ()= =3t) + (5 + )t — - . ,
VEER, foult) = 5Fh(t) = (2 —3) + (3 + D) (3.5
Theorem 3.2 (Optimality condition). Let p be a solution to (P: ). Then p € F, satisfies
Vo€ Far [ (98VH@ITe(0) + frclple)(o)) ds =0 (39)

@

Proof. A classical computation gives

Vo € Fa, <VE(D),p> = /A (1882Vp(2)Vep(x) + Fp . (p(2))p(2)) da,

Every solution p € F, to (P: ) satisfies

Vo € Fo, < V&, 0p—Dp>>0,
that is (since F, is a linear space)

Vo € Fo, < VE(D),p>=0.
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[l
Theorem 3.3 (Uniqueness). If B < e, then problem (P:q) has a unique solution.

Proof. Let p1 and p2 be two solutions of (P o). As p; and p2 belong to F, one may choose
@ = p1 — p2 in (3.9): using this equality with p; and py respectively and subtracting gives

[ 986191 =)+ (aelon) = faclp) 1 — ) dr =0

@

As (fge(p1)— fae(p2))(p1—p2) = f[’;,s(m +0p2)(p1—p2)? with 6 € [0, 1], it is sufficient that
fhe>0toget pr=p2. As f (1) = %tQ — %t + (% + g), then fz_ >0for g <e. O

Remark 3.3. The hypothesis B < € is not restrictive in practice. For numerics, € corre-
sponds to the distance between the sets {x € Q: p(x) =~ 0} and {x € Q: p(xz) =~ 1}. For the
need of stability, € has to be chosen greater than the thickness of the tube (see [11]). On
the other hand, B is the regularization coefficient. For detection of thin structures, this
coefficient has to be small. Thus, the condition § < ¢ is easily fulfilled in practice.

The first significant result of this section is the existence of a unique solution providing
B < e. More informations come from the optimality conditions that we make precise now.
Indeed, the constraint p € F, does not go directly to a partial differential equation from
(3.9): we cannot ensure that the solution of such an equation (to be computed in the dual
of F,) exists and belongs to F,. In addition, the numerical description of F, is difficult.
For all these reasons, we first show that the 2D/3D problem (P:,) can be reduced to
a problem in one dimension. We can then give specific properties of the solution and
provide an automatic selection of parameters S and € with respect to « and /.

3.3. Reduction to a one dimensional problem. To reduce the problem (P:,) to a
1D problem, we exhibit a diffeomorphism that allows to fully describe a tube (through
its parametrization ) with a single variable. This is made possible by the very specific
definition of the concept of tube. We will have to relax some assumptions later to handle
the case of more general tubes.

The 1D problem we obtain is formulated in a weighted Sobolev space where the weight
w is related to the geometry of the tube and (therefore) the space dimension. The case of
dimensions 2 and 3 are treated in the same way with a significant difference in 3D since
the weight w vanishes at 0.

Assume that (', A,) is a tube as in the definition 3.1. The purpose of this section is to
obtain an expression of the energy when restricted to F,. In what follows we set

N—-1 A
W(’)") = 7% 2(6 T) R
where N = 2,3 is the space dimension, H the Hausdorff measure and 0A, the boundary
of the tube Ay, (with length £). A quick computation gives

(r) = 0+ mr| ifN=2,
wir) = mllr| +2mr? if N =3.

Definition 3.3. Let be I, = [—%,$]. The weighted Sobolev space H.(I,) is defined as
H(L,) = {g € L*(I,) | / (Ig +14'[2) w(r)dr < +o0},
I
where w is given by (3.10). This space is endowed with the norm

2 2 "2
q = q|” +|q w(r)dr.
gl (r.) /1 <| "+ 1q | ) (r)

@

(3.10)
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It is easy to see that H'(I,) is continuously embedded in H}(I,) since w is bounded
on I,. The converse embedding is true if N = 2.

Lemma 3.2. If N =2, then H.(I,) = H'(I,) and the associated norms are equivalent.
If N =3, then H}(1,) C C°(I, \ {0}).

Proof. The proof is given in appendix. O

If N=2, H\(I,) = H'(1,) C C°(1,) (continuous functions on I,) and the correspond-
ing functions are defined everywhere. In particular the trace on the boundary makes sense.
In the 3D case the result is different since w(0) = 0. Therefore functions in H}(I,) may
have a singularity at 0. However, we still have a continuity results outside 0.

We may define 1D spaces analogous to H}(€2) and F:

Definition 3.4. Let w be defined by (3.10). The space H&,,()(Ia) is the space of H}(I,)
functions that vanish at —5 and 5. The space Gy, is the space of even functions ofH}J,O(Ia).

The correspondence between 2D /3D case and 1D case is described in next proposition:

Proposition 3.3. The following application © is an isomorphism from Fo to GZ:
0:F, — G2

_ q:I, — R
P ro— p(®c(0,7)),

where O¢ is defined with (3.2). Moreover, if ¢ = ©(p) then
1Pl 1) = llallmra)- (3.11)

Proof. The proof is given in appendix.

Remark 3.4. Let X; be the t- slice of Ay :

v {Pc(t,r): r €Iy} if N =2,
t_{ {@c(t,r,0): (r,0) €Iy x|-5,Z[} if N=3.

N

FIGURE 3.2. Slice ¥; for N = 2,3

The bijectivity of © means that any element of F,, is characterized by its image in the
slice Y9 or any other slice ¥y of Ay. This comes from the (strong) assumption we made
on the geometry of the tube whose width « is constant. This assumption will be relaxed in
the future to consider tubes with varying width.
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Now we can perform the change of variables ¢ = ©(p) that provides an equivalent 1D
formulation of problem (P ). We define G. : G¥ — R* as follows

Vg€ Gy, Ge(a) =E-(07'(a)) .

Let us give an explicit expression of G:

Proposition 3.4. The function G. : G¥ — R* satisfies

w _ e, 1 2 (g— q2)2
VaeGy, Gel@)= [ |9Bl] +5(1-¢q)" +——"F|w(r)dr (3.12)
Io

where w has been defined in (3.10).

Proof. The proof is given in appendix. O
We call next reduced problem on G¥ the following
in G:(q). Pe

min Ge(q) (Pea)

We just proved that we may reduce (P: ) to a 1D problem. More precisely:

Theorem 3.4. Assume that (Hr) and (3.3) are fulfilled.
The function p is solution to (Pe ) if and only if ©(p) is solution to (PL,) where
e O is given by
0:F, — G
q:I, — R
H
g { o p(@c(0,7),
o F, is given by definition 3.2 and G% by definition 3.4
e G. is given by (3.12) and H}(I,) by (3.3) with
— 2D case : w(r) =L+ 7w|r| and
a o
53 = G
(t,r) +— F(t)+rN(t),
— 3D case : w(r) = wlr + 27r? and
a o T
o i 4x]|-5.5]x]|-5.5][ - Ca
(t,r,0)) — F(t)+rcos(d)N(t)+ rsin(0)B(t).

O [0,4) X]

3.4. Solution properties. Theorem 3.4 is the key result of this paper: indeed we may
now obtain quantitative and qualitative properties of the solution to (P: ) from the
solution to (Pg,,)-

With the symmetry properties of functions in G¥ it is easy to check that the restriction
of the solution g of (PZ,) (with 8 <¢) to (0, 5) is the unique solution of

min G (g) (3.13)
gegat
, where
Gt = {qu,%H qe QZJ}
and
+ % /12 1 2 (g B 92)2 % /12
G2(o) =[ *(98el P 450 =02+ 5Lty dr = [ (98eld P +Faclo) w(r)

with the notations introduced in (3.7).
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Theorem 3.5. Assume < . Let p be the unique solution to (Peq) and ¢ = O(p) .
Then @ (and p) takes its values in [0, 1]. In particular g € L>®(I,).
Proof. 1t is sufficient to prove that

vreo, 5], 0<at) <1,
Lemma 3.2 ensures that g is continuous on |0, §] in the 3D case and continuous on [0, §]
in the 2D case. So if N =2, we get 0 < g(0) < 1 by continuity.
e Let us prove first that

vrelo, 5l at) < 1.
Define ¢ = min(g, 1) on ]0, ] so that ¢ € G&"". Then

% /12 % 12
/ 98¢’ |“w(r) dr < / 98¢e|q |“w(r) dr
0 0

We recall that Fp (t) = 2fg.(t), where fg. is given by (3.8). We have proved in
theorem 3.3 that 8 < ¢ implies fz_ > 0. Therefore, F§_ > 0 and Fj_ is increasing. As
Fj (1) = 0, the function Fj_ is negative on | — oo, 1] and nonnegative on [1, +-0c[. Then
the function Fjp. is decreasing | — oo, 1] and increasing on [1, 400, so that
Fpe(p(r)) = Fpe(a(r)) ifq(r)) <1,

Fpe(p(r)) < Fpe(q(r)) ifq(r)) =1 =¢(r) .

As w > 0 it comes G (p) < GF(g) and with the uniqueness of the solution, this yields
@ = ¢, so that ¢ < 1.

e We prove similarly that

Vr €]0 q(r) > 0.

(6]
) 5]7
Set = max((j, O) on ]0’ %] so that X gg,+ and

2 /12 2 =2
/ 9Bel¢ |“w(r) dr < / 98e|q |“w(r) dr .
0 0

Furthermore

Fpe(p(r)) = Fpe(a(r)) it q(r)) 20
1= Fpc(0) < Fpelq(r)) ifq(r)) <0,

since F . is decreasing on | — 00,0]. As w > 0, we get

GH() < GH@+ (1= F@)u(r)dr < GH@)
q
As before, ¢ = g and § > 0. |
Now, we make the optimality condition precise : let p be the unique solution to (P:q)

and ¢ = O(p). Then

Vi € G, /I (98eq't! + f5.(a)) w(r)dr =0 . (3.14)

Let us denote

HL(0.5) = {p € HL(0.5). o(5) =0},

where w is defined with (3.10). It is a linear subspace of C%([0, §]) for N = 2 and €°(]0, §])
for N = 3. For every function ¢ € H}(0, ) we set
o(z) ifz >0,
x :
v ={ 57,

if z <0O.
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The function 1 belongs to G& and with (3.14)

/_2 (98q V' + f5,-(q)¢) w(r)dr = 2/02 (98eq'Y" + f.£(@)9) w(r) dr

N1}

%
- /0 (98206 + f5.-(@)9) w(r)dr = 0..
Finally

a 2
Vo e HL0.5) [T (08401 0) + Fpclalr)er)) wlr) dr =0
0
Choose ¢ € D(0, §) and integrate by parts gives

— 98 (7))’ +wfse(@) = 0in (0.5) . (3.15)

in the sense of distributions and in addition g(§) = 0.
Now, choose ¢ € C1(0,§) such that ¢(%) = 0 and ¢(0) # 0. An integration by parts gives

/ P g u(r) dr = - /0 (W) g dr — 7 (0)w(0)p(0) .

0
and with (3.15) we obtain ¢'(0)w(0)p(0) = 0, that is @ (0)w(0) = 0. Consequently, if N = 2
(w(0) = £ #0) we get ¢'(0) = 0 and we may describe the 2D solution.

[N]fs}

3.5. 2D case.

Theorem 3.6 (Euler equation ). Assume § < e. Let p be the unique solution to (P:q)
and ¢ = O(p). Then G € G¥ is solution to the boundary problem

— 98¢ (w@) +wfse(q) =0 in (0,2),
{ q(5) =0,4'(0) =0. ? (3.16)

In that case G € C*(1,) and is the (strong) solution to

— 9Be (w@) +wfse(q) =0 in I, ,
{ q(—=3)=q(3)=0. (3.17)
Moreover ¢ (0) = 0.

Proof. We have seen that g is the solution of (3.16) in the sense of distributions. As
q € H'(1,) is continuous on I, the equation above can be extended by parity and gives
the system (3.17). Since g € H'(1,) C L>(1,), the function

{Ia — R
ro= o w(r) fae(@)(r)

belongs to L?(I,). From (3.16) and (3.18), it can be deduced that (¢wq)’ € L?*(I,) and
wq € HY(1,). As, H'(I,) C C°(I,), then wq is continuous. Dividing by w (which does
not vanish), we deduce that ¢ is continuous on I,. In other words, § € C!(1,).

We use the same reasoning to prove with ¢ € C*(I,) and relation (3.14) that (¢8wq)’ is
C'. On the other hand,

(3.18)

(w7) =7HY +wi",
in the distributional sense, where H is the Heaviside function (H = —1 on R™ and H =1
on RT). We noticed that ¢'(0) = 0: therefore 7 H7 is continuous. This implies that wg” is

continuous as well. Dividing once again by w, we claim that ¢’ is a continuous function.
Therefore g € C%(1,) is a strong solution of (3.14). O
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We now precise the solution shape. Indeed, we want it to be as close as possible to the
indicator function of I,,. We are going to prove that the solution shape is as in Figure 3.3.
Therefore we have to estimate §(0) and @'(§) to tune parameters § and e so that g(0) is
as close as possible to 1 and |§'(§)| as large as possible.

(Sle)

FIGURE 3.3. Solution for N =2

Theorem 3.7. Assume N = 2 and 8 < e. Let p be the unique solution to (P.q)and

qd=0O(p). Then
(1) q is an even function that is decreasing on [0, %],
(2)
(0) = gzt + () < () < 70)
(3)
_ a? _ a?
- fﬁ,e<Q(0))1446€ < q(0) < 12452
(4)
o e _ a
~ 3682 <q (5) < fa,s(q(O))g(),@E :
(5)
q”(%) <0,

where fg. is given by (3.8).

Proof. The proof is given in appendix.

(3.19)

(3.20)

(3.21)

O

The previous theorem allows to tune parameters with respect to the width «, so that
the solution is as close as possible of the indicator of I,. If we want the solution to be

very flat at 0 it is sufficient to set

1
Be >> —

36

with (3.19). We would like ¢(0) to be close to 1. Passing to the limit as ¢ — 1 in relation

(3.19) gives a necessary condition

o? > 1448¢ .
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3.6. 3D case. Using the same techniques as in the 2D case, one can prove that the solution
@ is C? on )0, 2] and is a strong solution to

)
— 98 (wq') +wfpe(q) =01in[n,5] ,
G T (3.22)
Q(U) given , Q(f) =0 3
for every n €]0,%]. Nevertheless, one cannot conclude that ¢ is C' on [0,%] because
w(0) = 0 and the solution may be singular at 0. Thus, the analogous problem to 3.16
cannot be pointless defined up to 0. Indeed, we only have a weak formulation that does
allow to set appropriate boundary conditions. However, we may use the following strategy.
e The 3D problem is equivalent to a 2D one with the same projection technique. A
weight function wy appear with wo(0) # 0.
e Then, we pass from 2D to 1D by noticing that the 2D problem owns symmetry
properties once again.
We will not detail this strategy and rather present a slightly modified model that allows
to give regularity results in the 3D case.

4. A MODIFIED 3D MODEL

The possible singularity of the solution at 0 comes from the fact that w(0) = 0. This
is due to the ends of the tube contribution to w. Therefore, we consider a modified tube
model where ends are excluded.

4.1. Modeling the tube. As in section 3., assumptions (Hr) are needed to define a
Frenet-Serret frame. Thickness around I' is defined now: it is said that the section of the
tube along I' is less than o« (width of the tube) if the points are at a distance less than §
of I'. Once again it is required that the radius of curvature is not too small and we assume
(3.3). We have a result similar to the one of section 3.

Proposition 4.1. Assume (Hr) and (3.3) are satisfied. Then the following application
D is a local diffeomorphism:

& 0,4 x ]0%[ x —m, 7] = Q
(t,r,0) — F(t)+rcos(d)N(t)+ rsin(0)B(t).
The Jacobian of ® is
JO(t,r,0) = r(1—rcos(0)y(t)).
The proof is similar to the one of proposition 3.2.

Definition 4.1. Let be ® as in proposition 4.1 and T, the image of ®. We say Ty, is a
tube if ® is a global diffeomorphism from ]0,£[ x 0, %[ x ]—m, x| onto T,.

The (new) space Fo, is the subspace of H}()) with functions p such that the support of p
is included in T, and

ae. t €0,(, ae. re ]o%[ ae. (0,0) €] —m 72  p(®t,r0) = p(®(tr0). (4.1)

We now consider a minimization problem to detect such a tube Tj:

1?61_17-% gg(p), (Qs,a)
where ) )
E(p) = ;/ (p—1)*dx + ﬁ/ <95|Vp!2 + p(l_p)> dx. (4.2)
T Ta €

The following result can be proved as in section 3.1.4 .
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Theorem 4.1. Problem (Q: o) has at least a solution. This solution is unique if f < €.
Moreover, any solution p of (Peq) satisfies

Vo € Fa, / (98=ViV + f5.(p)p) dw =0, (4.3)

Ta

where fg. is defined with (3.8).

4.2. 3D tube rectification. The purpose of this section is to show that with the symme-
try assumptions (4.1) the minimization problem is equivalent to minimizing the functional
on the set of zero curvature tubes 77, i.e. the ones for which I' is a segment.

FIGURE 4.1. Tube rectification

Definition 4.2. To consider the rectified problem we set :
o I'* the R3-segment given by
F*:[0,4] — R3
t — (t,0,0),

o T the tube associated to I'* of width «,

T* = {x € R® | z = (t,rcosf,rsind), t 0,4, re |0, %], 0c-mn },
o Fx C HI(TY) the space of functions q with support in T7 such that

for almost every (t,r) € [0,4] x [0,%] and (61,62) € R? :

q(t,rcosby,rsinfy) = q(t,rcosbs,rsinby),

o w:Tx — R such that

‘ 1
w(t,rcosf,rsinf) = 1 —r2(cos 0)2v(t)2’

o Ay : T — M3 3(R) such that

Vw(t,rcosf,rsind) 0 0
Ay (t,rcosf,rsinf) = 0 101, (4.4)
0 0 1

o & the energy functional defined on F} by

12
EX(q) = ;/T* (¢ — 1)2 de + 6 . <9€\AVq|2 + (q(qgl))) dzx, (4.5)
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o H!(TY) the space of measurable functions such that

Pl 7 = /T*(IAWVP2 +p?) dz < +oo.

[e3

Let (Qf ,) be the minimization problem

in BX(q). ;
min EZ(q) (Qza)

With assumptions of proposition 4.1 and (3.3) we get :

N | =

ogrg%,te[o,z] = 0<r(t) <

Therefore the application w makes sense and takes its values in [1, %] This proves that
HY(Ty) = Hy(Ty) -
Now we may define © as
0:T, — T
x — (t,rcosf,rsinb),

where z = ®(t,7,0). As ® is a diffeomorphism (proposition 4.1) and the polar coordinates
parametrization as well, then © is also a diffeomorphism.

Proposition 4.2. The following application is an isomorphism :
v:F, — F,
p — po0O.
Moreover, |l ) = (o) 17y rg) and -(p) = £2(¥(p)).
Proof. The proof is given in appendix. O
We have the final result:

Theorem 4.2. Problems (Qc ) and (QZ ) are equivalent. More precisely p is the unique
solution to (Qe o) if and only if W(p) is the unique solution to (QZ ).

4.3. Solution regularity. We end this section by giving regularity properties of (Qc )
solution. For this, we first show that the solution of the problem (Qf ,) is solution of a
more general problem. Then we will use Theorem 4.2 to conclude. Consider

. g* . %k
qe?gl(nm Z(q) (QF%)

It is now classical to see that if 3 < ¢ then problem (Qf7%,) has a unique solution.
Theorem 4.3. Assume 8 < ¢ and let p* be the solution of (Q%%,). Then p* € C*(T,)NF,.

Proof. We first prove that any solution p of (Q%,) belongs to C*°(T};) . The first order
optimality condition gives

Ve HYT), [ (98:9pVio+ frpho)de =0, (16)

where f3. is given by (3.8). Then

96eAp = fp.e(p) on T3,
in the sense of distributions. As T is a smooth open subset of R?, then H{(T,) C
L%(T,)([23] for example). This implies that fz.(p) € L?(T%). Thanks to the ellipticity of
the Laplacian operator we deduce that p is C*°.
Let us show now that p* € F;. We use a symmetrization technique. Let H be an
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hyperplane including I'*, IT the orthogonal symmetry with respect to H and set p := poll.
As problem (QZ%,) is invariant by the rotations of axis I'*, the function j is solution of the
problem as well. By uniqueness, p = p*. this proves that p* has a cylindrical symmetry
of axis I'*. O

We may now conclude:
Theorem 4.4. If < ¢, the unique solution to p de (Q: o) belongs to C*(Ty).

Proof. Theorem 4.3 tells that the unique solution p* of (Qf,) belongs to C*(T}). In
addition, p = U~1(p*) is the unique solution of (Q. 4). As ¥~1(p*) as the same regularity
as ®, we deduce that p belongs to C%(T,,) since ® is C?. O

5. CONCLUSION

The model we have presented allows to consider thin structures segmentation via a
geometrical prior. However, the model is too general and we have to make it more precise.
Next step is to consider the case where the tube width « is not constant any longer. Using
the same techniques, we infer that we will get the same kind of results. This will be
addressed in a future work.

In addition, the angiography network we have to recover is not made of isolated tubes.
We have to deal with junctions : this is a more technical work since the local parametriza-
tion with the Frenet-Serret frame is not straightforward. A different point of view is
to consider the network as the solution of a shape optimization problem involving the
behavior of the blood as a Navier-Stokes fluid.

Last but not least, we actually perform numerical simultations and different tests with
respect to the parameters «, § and €. This will be reported in a near future.

6. APPENDIX : PROOFS
6.1. Proof of Lemma 3.2.
2D case . As ¢ <w(r) <L+ 7, for every r € I, we get

«
Ualzrr,y < llallF ) < (€+7T§)HCI||12L]1(1Q)-

3D case. Let be ¢ € H.,(I,) and r € ]0,§]. Let us prove that ¢ is continuous on I, \ ;.

Choose 7’ €]0,7[ and v a C1(I,) function identically equal to 1 on I, \ I, with support in
I, \ I,s. The function vq belongs to H'(I,). Indeed,

(/(@@Wdr—/1@h+vdfw < 2K(th+0@V)W,

I, Io

ngm(/ dr+ [ <wwﬁ,
]a\IT/ Ia\fr/
2+ ||
< LV’,’ / wq2d7"+/ w(g)dr |,
w(r’) I\, T\
< +00

and

2 2 2 ||VHgo 2
vg)*dr < |v / q° dr < w(r)g“(r)dr ,
A}) e f oo L P

L[S 2
w(r)g®(r)dr < +oo.

w(r') Ji,

IA
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Thus vq is a continuous function on I,. Asv =1on I, \ [-r,
o \ [=7,7] for every r > 0. Therefore ¢ is continuous on I, \ {0}.

6.2. Proof of Proposition 3.3.
(i) Let us show relation (3.11) for N = 2. For every p € F,, we have

ol = [ o+ 1902) do = [[ (02 +198P) do

¢ o3
ol @) /t_o/ (bl +1VpI?) 0 ®o(t r)|1 = ry()| dr dt
o Jre s
Body Ca
[0 P+ 1902 o ot Oy ar o
0=0 Jr=0
End BO
[ 190R) o@patr 0y aran
=0 Jr=0
End B*

e Let us estimate

¢ % 2 2
I ::/ / (Ip|* + |Vp|?) o @c(t,r)|1 — ry(t)| drdt.
t=0Jr=—%

Assumption (3.3) yields that
Vr € l,, Vt€[0,4, 1—rvy(t)>0.

As p € F,, it is an even function with respect to r. Thus , we get

/t 0/ (IpI* +VpI?) 0 e (t,r)(1 = ry(1)) drdt

L

L = 2/ / (Ip|* + |Vp|?) o @c(t, 7) dr dt.
t=0 Jr=0

Thanks to definition 3.2, we get
\V/(t,T) € [O,E] X Iou p(‘bc(t,?")) :p(q)0(0>r))'

n[R m\p

(IpI* +1VpI?) 0 e (t,r) (1 +ry(1)) drdt

Differentiating with respect to t, gives
Vr e l,, (1—ry(t) (Vp(®c(t,r)), T(t)) =0.

As 1 —rv(t) > 0 then Vp(®c(t,-)) is orthogonal to T'(¢) and, thus, colinear to

gives
Vp? o @c(t,r) = (Vp(Dc(t,r)), N (1)

Since ¢q(r) = p(F(t ) + TN( )) then ¢'(r) = (Vp(®c(t,r)), N(t)).
We finally obtain ¢'(r)? = |Vp|? o ®¢(t,r) and

r], then ¢ is continuous on

O

N(t). This
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e We notice that ®go(r,0) = ®go(r,0), so that

_ " % 2 2
I = (Ip? + |Vp[?) ® o (r, 0)r dr d),
6=0 Jr=0

writes

I, = / /2 (Ip* +|Vp[?) @po(r,0)r drdo = 77/2 (Ipl* +[Vp|?) @po(r,0)r dr d6.
0=0 Jr=0 r=0
As ®po(r,0) = F(0) + rcos(f)N(0) — rsin(6)7(0) = r, the function 6§ — p(F(0) +
rcos(0)N(0) — rsin(f)) is constant on [0, 7]. The differentiation gives
Vo € [0,7], (Vpo®@pgo(r,0),(—sin(d)N(0) — cos(0)T(0))) = 0.

This means that Vp o ®pgo(r,0) is orthogonal to —sin(#)N(0) — cos(€)T(0) and colinear
to cos(0)N(0) — sin(0)T(0). In addition, ¢(r) = p o ®pgo(r,d), which yields

|d'(r)] = (VVp o ®po(r,0), cos(0) N (0) — sin(0)T'(0))]-
As cos(0)N(0) — sin(0)T'(0) is a unit vector we get
|d' ()| = |Vp(F(0) + rcos(8)N(0) — rsin(0)T(0)].

Eventually, we have

2 :
I, = 7r/ (|q|2 + ¢ ]2> rdr. (6.2)

e We can prove similarly that

7 2 2 2
I3 = (]p| + |Vp| ) o ®pe(r,0)rdrdd
6=0 Jr=0

verifies

[e3

2 ’
I3 = 71'/ <|q|2 +|q ]2> rdr. (6.3)

e The above estimates give

©lR

Pl = [ @mr+20) (IaP +1 1) av.

As ¢ is an even function

P = [ (IaP+1d )t

@

that is [|pll g1 o) = llall @z (1.)-
(ii) We can show equality (3.11) similarly fo N = 3: however

(1) we deal with triple integrals,
(2) the jacobian of ®¢ at (t,7,0) is |r(1 — rcos(0)y(t))],
(3) the jacobian of ®go, e at (r,0, ¢) is 72 cos(¢).
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We set Do = [0,4] x In x [=%,%] and D = [0, %] x [0,2n] x [0,%]; then

e = [/ /( o, (0 1901%) 00l (1 —rees(0)y(0)

~~

I,:= Body

+/// (]p|2 + |Vp\2) o ®por? cos(¢) ,
(T,9,¢)€DB

I>:= end B°

+ / / / (1P + [VpI?) 0 ® per? cos(s) ,
(T,9,¢)€DB

I3:= end B*

As previously we get with (3.3)
Vr € I,,Vt € 0,¢], |r(1—rcos(0)y(t))| = |r|(1—rcos(0)y(t)).
As p is an even function with respect to r we obtain

I, = /// (‘p]Q + ]Vp\2) o ®clr|(1 —rcos(0)y(t)) dtdr db
(t,r,G)ED+

C

+ /// (Ip1> + [Vp|?) © Dor|(1 + rcos(0)(t)) dt dr d6
(t,r,0)eDF,

C

L o- z/// (1p + |VpI2) o Dclrl.
(t,rﬂ)GDg

where D}, = Do N {r > 0}. With symmetry arguments we deduce

Jo—— / (IaP? + 1) Ir| dr.

We prove as in the 2D-case that

IQ = [3 = 71'/ (]q\Q + \q/|2> 7"2 dr.
1o
and
1Py = | (mlrl +2mr2) (1af? + la'?) db.
I

Equality (3.11) holds for N = 2,3. This implies that © is an application from F, to
HolJ’O(Ia). Moreover, with definition 3.2, ©(p) is an even function that vanishes on I,
boundary, for every p € F,. More precisely, O(F,) C G¥. The bijectivity of © comes
from definition 3.2. O
6.3. Proof of Proposition 3.4.

Let be ¢ € G¥ and p = ©71(q) € F,, we have

1

_ 2
Ge(q) = &(p) = Q/Q(ZJXAOJ2 dT+,8/995|Vp|2+(p(p61))d,r7

a2
:;/Aa (p_1)2dwr5/998|vp\2+(p(p6 DY 4.
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The computation is similar to the previous ones. We obtain (2D case)

2 1 — 42)2
Gt = ¢ [ opelg P4 30 -+ 50 ar

R

rdr,

+7r/2 (18B5!q'|2 +(1—-¢q)?+28

=0
% 1 _ 2)\2
- / (965|q'|2 +50 g gt = ) ) (¢ + lr]) dr .
2
The 3D computation is quite similar. O
6.4. Proof of Theorem 3.7.

Let p be the unique solution to (P q)and ¢ = ©(p). We denote g = qjo,5] the solution to
problem (3.13).

(1) As g is even, it is sufficient to prove that ¢ is decreasing on [0, §]. We have proved
that ¢ is the strong solution of

) a
98z (wq') = wfs(g) in [0, 5
As ¢ <1 and fa. is increasing with fz.(1) =0 we get
a
vre 0,5l wr)fse(g)(r) < 0.

Therefore (wq')" is a continuous, negative function on [0, §] and wq’ is decreasing.

2
In particular
vref0,5) wird(r) <w(0)d () =o.

Thus ¢’ < 0 and q is decreasing.
(2) Let us perform a local study at t = 0. With equation (3.16) we have

vieo, 5], 98 /0 (w()d(s)) ds = /O w(s)f.(a(s)) ds
Let us estimate .
[ cactatsnas.

As G is decreasing on [0, t], takes its values in [0, 1] and fg . is an increasing, negative
function, we have: V0 <s <t < §

5 = F3el0) < Fe(a0) < F5(a(9)) < F5.(a(0)) <O (6.4)

and (with w > 0)

factatt) [ wisyas < |

that is
2 _ p2
) T < 95t (1) < f(a(0)

since ¢'(0) = 0. Thus we obtain

-Gty BT

t

w(5) f3.2(a(5)) ds < f5.(a(0)) /0 w(s)ds <0,

(0 + mt)? — 2
2 ’

(20 + mt)t

< 9Be(l+7)q (1) < fp..(a(0))——F—,
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that is finally

t t

@
vt =], A q(t <q(t) < At q .
where we have set
(20 + mt) 1
AMt)=—""F=1 . .
®) {4+ 7t +€+7Tt (6.6)
By continuity, we get
. . Q(t) fB 6(@(0))
99 — 1 A s
TO= I = e
and a local expansion of g at 0 as well:
N fﬁ,s(‘j(o)) 2 2
alt) = a(0) + LT 4 o(e?)

since ¢/(0) = 0. As 0 > f3.(q(0)) > —3 we obtain inequality (3.19).
Equations (6.4), (6.5) and 1 < A(t) < 2 give

e [0,5], —1 < AW f5o(@t) and A®) f5,-(@(0)) < f5.-(a(0)) -
This yields

« t t
veG) oz <70 < frea0) g5
Performing an integration between 0 and § gives
a? o?
<q 0) < 7(0)) ——
e SA05) — a0 < a0 5 o
and with g(5) =0 :
2 o2

3@ {5z < 900) < 71

q'(§) estimate. Equation (6.5) with ¢t = — provides

a
2
«a Q

fﬁs(( ))2*1855_q( ) < fﬂs( 7(0 ))m

1
since 1 < A(t) < 2. As fz.(q ( ) = f3.(0) = —g we have proved relation (3.21).
We finally prove that ¢"(§) < 0 The differential equation writes

vt €]0, 5[, —9Benq (t) — 9Be(f + wt)q" (t) + (€ + 7t) f5..(q(t)) =0 .

Passing to the limit as t — 5, we obtain

e’ T 1 «
2 et W N et W /0 hd
7= T~ gy
Equation (3.21) yields
e e
0< -7 (%) < .
- (2)_3655

So, we may conclude
Yo am 1 1 —20
7(5) < a — < — <0
2 360 (L +75) 188e ~ 36Be(L + %)
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6.5. Proof of Proposition 4.2.
Let be p € F,. As the support of p is included in T,, we have

ooy do = [[[[ Qo+ 190Pyds = [[] o + 1902 o

We know that ® is a parametrization of T,. Denoting D =]0, ¢[x ]O, %[ X |—m, [, and
x = (t,r,0)

HpHip(Q) = ///eD (lpo @* + |Vpo @) |r(1 — rcos(d)(t))| dx.
With (3.3),
vr € [0, %], Vte 0l ry(t) <

N

and
V(t,r,0) € D, |r(1—rcos(0)y(t))] =r(1—rcos(0)y(t)).
This yields

oley = [f oo @)= reosto)(e) ix

I
+ [[[[ 0vn o @y ra - reoson ) ax.

Iz

Let us split D as D = DT U D~ with
+ = a T - _ +
D _Dm]o,e[x}o,Q[xG 2,2[), D~ =D\ D*,
so that cosf > 0 on Dt and cosf® < 0 on D~. As (po ®)(¢t,r,0) = (po ®)(t,r,—0), it
comes

no= [ wreeya—reos@r@ya+ [[[ (oo ®)r - reos(op(n) ax.
_ ///xem_(]p\?ocb)r(l—rcos(&)’y(t))dx—k///XEDJr(!pPo<I>)r(1+rcos(0)’y(t))dX,

N 2/// (‘pPoq))Tdetdgz/// (Ip|2 o @) r dr dt do.
(t,r,0)eD+ (t,r,0)eD

The computation of I5 is different because |(Vpo ®)(t,r,0)| = [(Vpo ®)(t,r,—0)| may not
be true. Indeed if the tube curvature is zero then a cylindrical symmetric function has a
gradient whose norm is also symmetric. This is not true any longer if the tube curvature
is not zero. Set ¢ = p o ® so that

q(t,r,0) = p(F(t) + rcos(0)N(t) + rsin(0)B(t)).
With the differential properties of the Frenet-Serret frame we get

q
5y

%
o

= (Vpo®, (1 —rcos(0)y)T — rsin(@)TN + rcos(0)TB) ,
= (Vpo®, cos()N +sin(h)B) ,
= (Vpo®,—rsin()N + rcos(d)B) .
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0q
As g is symmetric — = 0. So

0o
dq

at
% = (Vpo®,cos(d)N +sin(0)B) ,
”
0 = ((Vpo®,—rsin(6)N + rcos(0)B) .
The vector Vpo & is always orthogonal to —rsin(f)N + r cos(0)B: therefore it belongs to

the plane spanned by 7" and u = cos(f)N + sin(f)B. These are orthogonal vectors and
Pythagorean theorem gives

VpPod = [VpodP = 94", (90Y’
P P (1 —rcos(6)7)2 \ ot or)

= (Vpo®, (1 —rcos(d)7)T) ,

With the above result Iy writes

B = ///xeD<<1—rcis<0> E @3)*(?)) r(mreos(n)dx
e (8 i (8

Iy
With D = DT U D™, we get

Iy = ///(t,r,e)eD+ " (1 —rcos(f)y + 1T rcos(&)*y) (615) drdtdo
- / / / - AN dr dt df
- (t,r,0)eD 1- TQ(COS(Q))nyZ ot :

2
I, = /// r (1 —rcos(0)y+ 1+ rcos(0)y) (8q> dr dt df
(t,r,0)eD+ ot

dq 2
= r|{—=— | drdtdf.
(t,r,0)eD or
2 2 2
Jdq Jq
n= /] () +<> +< ) r dr dt df.
1 MGD[ ar a6

Using (4.4) we obtain (with ¢ = p o ®)

I, = /// |A,Vq|*rdrdtdd = /// (|AVp|? o ®) 7 dr dt db.
(t,T,G)GD (t,’I‘,G)ED

Similarly

Finally

Eventually,
e = [[[ 10850+ ) 0 W rdraas
(t,r,0)€D
and
ol = | / ALY (W) + (W (p))? da.
This means that ||p? @ = [|[U(p || The application V¥ is isometric from F, to Fj.

Equality &(p) = EX(¥(p )) can be proved with the same arguments. O
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Chapitre 2

Un modele de Mumford-Shah
anisotrope et binaire

2.1 Résumé

Dans ce deuxiéme chapitre, nous modifions I’énergie de Mumford-Shah
afin d’inclure la géométrie du probleme a l’intérieur du modele. Nous conser-
vons toutefois 'hypothese simplificatrice de binarité de 'image afin de faire
abstraction des inhomogénéités de luminosité et pour nous concentrer (pour
I'instant) sur les aspects géométriques.

Puisque nous maintenons ’hypothése de binarité, nous allons assimiler le
bruit a de petits ensembles dont le diametre est comparable a la section « des
tubes les plus fins. Nous souhaitons que « soit un seuil critique de détection,
c’est-a-dire que le processus de segmentation que nous souhaitons construire
doit vérifier les deux contraintes suivantes.

i) Tout ensemble de diametre inférieur a a ne doit pas étre détecté.

ii) Tout tube T}, de longueur ¢ et de section « tels que a < ¢ doit étre
détecté.

Soit B, une boule de rayon «, disjointe de T}, et g = 1p, + 17, .

Notons £ une énergie définie sur les fonctions binaires, dont la solution
du probléeme de minimisation satisfait les deux conditions précédentes. En
particulier, cette énergie doit vérifier :

i) g(lTe,a) < g(g)a
ii) £(g9) < E(1p,).
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FIGURE 2.1.1 — Decomposition de g

Supposons d’abord que &£ est I’énergie de Mumford-Shah binaire étudiée
dans le premier chapitre. En considérant les équivalences suivantes

Vol"(B,) ~a™ Vol '(0B,) ~ a"!
Vol"(Ty o) ~ L™t Vol 1T, ) ~ a2

la condition i) est équivalente & o < [ alors que la condition i) est équiva-
lente a f < «. L’énergie de Mumford-Shah n’est donc pas adaptée a notre
probléeme. Nous devons plutot introduire une énergie qui privilégie les en-
sembles admettant une élongation suivant une direction. Pour cela, nous
introduisons une nouvelle inconnue, ¢ : @ — S* ! comme un champ de
vecteurs de norme 1. Nous appellerons ’action de ¢ sur un ensemble A la
quantité suivante

Action(A4,c) = /BA lc - v4ldVol"

ol v4 est un vecteur normal a JA. Afin de forcer le champ c a ne pas admettre
de discontinuités, nous supposons qu’il minimise le terme de régularisation
suivant

Reg(c) = /Q | Del|"dVol”,

ou r > n assure que le champ est régulier (Dc représentant le champ dérivé).
Pour ¢ < «, un champ qui minimise la somme de son action sur Ty, et du
terme régularisation doit étre tangent au tube le long de sa longueur.

Nous introduisons alors 1'énergie suivante

E(14,c) = /Q (14 —g)*dz + 8 (7—[”_1(&4) + pAction(0A, C)) +7Reg(c),

terme anisotrope

(2.1.1)
ou (3, u et 7y sont des parametres strictement positifs. Ainsi, la condition )

est équivalente a
a" < Bl + pa™ ), (2.1.2)
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FIGURE 2.1.2 — Un champ c tangent a T},

alors que la condition i) est équivalente a
Bla™? + pa" ) < La™ 1. (2.1.3)

Les deux conditions (2.1.3) et (2.1.2) ne sont plus en contradiction pour «
petit et a < £. Pour s’en convaincre, nous vérifions qu’elles sont satisfaites
en prenant

Q l
5257 M<77 v = M.
(6]

Nous verrons dans cette partie que le terme anisotrope H"~!(9A)+puAction(dA, c)

dans (2.1.1) est équivalent a la mesure anisotrope (n — 1) dimensionnelle de
OF donnée par

/ (M, v) 3 dH"!
A
ou v est un vecteur normal a 0A et
M(z) = Id, + pc(z)(c(z))’

pour tout x € ). La nouvelle variable M est donc une application définie sur
Q a valeurs dans I’ensemble des matrices symétriques définies positives. Pour
tout x sur le tube, la matrice M(x) posséde une valeur propre principale dans
la direction du tube. Pour une fonction indicatrice p = 14, nous introduisons
alors I’énergie suivante

E(14, M) = /Q (14 — g)2dz + 5/3,4 (My, V) 5dH" " + V/Q DM dz,

ou v est un vecteur normal & dA. Afin de montrer que ce probleme admet
une solution, nous introduisons une formulation relaxée de cette énergie dans
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un espace fonctionnel adapté. Plus précisément, nous posons
Ep.M) = [ (p—gPda+8 [ (M) a4 [ |DM]"da,
P

ou p est une fonction spéciale a variation bornée (SBV(§2)(voir par exemple
[?7, AFP00]) prenant ses valeurs sur {0;1} et S, est son ensemble des sauts.
Nous montrerons dans cette partie que cette énergie admet un minimimum
dans cet espace de fonctions (Théoreme 4.1). Afin de disposer d’une énergie
ne dépendant que d’une intégration par rapport a la mesure de Lebesgue,
nous posons

E.(p,M) = /Q (p — g)*dz+3 /Q (96<MVp, Vp) + p(l;p)> A4y /Q IDM|"dz.

et nous montrons que (E.). I'-converge vers F pour € — 0% (Théoreme 5.1.).
L’article [Vicl5a] qui suit est accepté pour publication dans Advances in
Calculus of Variation.

2.2 Article [Vicl5a]
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An Anisotropic Bimodal Energy for the Segmentation of thin tubes
ans its approximation with I'-convergence

David Vicente

June 20, 2015

1 Introduction

For the study of some diseases, it is interesting to focus on the blood status in a vessel network,
especially on the volume of its microvasculature. To assess this, in vivo mice brain angiography is
performed. This is based on the injection of a contrast medium and an MRI imaging process.

Figure 1.1: Mouse brain angiography and thresholding

The image we obtain is quite noisy (see figure 1.1). Performing a roughly manual thresholding
gives a binary image where the smallest vessels have the same diameter scale as the noise. In the
present work we focus on the thresholded image assuming it is binary. In order to remove the noise
without deleting the thin tubes, we introduce an energy which distinguishes sets having a tubular
geometry from others.

Let n be the dimension and 2 C R™ be a domain. Let g : Q — [0; 1] be an image with two modes
0 and 1. The analysis will consist in searching for a pair (p, M), where p : Q — {0;1} and where
M : Q — S,(R) is a field of symmetric matrices. We assume that p € BV(Q) and M € W7 (Q; S,,(R)),
where the exponent r will be made precise later. The pair (p, M) must minimize the functional

BpM) = [ (0= g)de+5 [ My ) 200 45 M o,
I3

where S, is the jump set of p, v, is a normal unit vector to S, and H"~1is the (n — 1)-dimensional
Hausdorff measure. The parameters S and v are weights to be determined. In order to detect thin
tubes, M must have the form

M = Id,, + p’cct,

where ¢ :  — R” is an unknown unit vector field and p is a fixed parameter. In particular, the matrix
M(x) is symmetric definite positive for any = € €. The relationship between p and the thickness of
the tubes will be discussed later.

In [1], it is proved that the second term of the functional E is the anisotropic perimeter associated
to the Riemannian metric (z,v) € Q x R® — (M(z)v,v)!/2. If M is fixed, this functional inherits



a lower semi-continuity property and it can be approximated in the sense of I'-convergence by an
adapted family of functionals. We generalize this work to the case where M is also an unknown (and
depends on x € Q). More precisely, we introduce the functional

> p*(1—p)?
EpM) = [ (p=gPda+5 [ (9:05p,9p) + P20 ) do + 5 Mo o,

where p :  — [0;1] is a regular function. We will prove that (E:)e>o is an approximation of E when
€ converges to 0.

In section 2, we set up the problem and give a geometric interpretation for the parameters 3,7, u.
In section 3, we recall some classical results and introduce the functional framework. Section 4 is
devoted to the existence of solutions for the minimizing problem. Finally, in section 5, we introduce
the approximation process and prove our main result, that is, the family (F;).>o [-converges to E.

2 Presentation of the model

In what follows, n represents the spatial dimension of the image with n = 2 or n = 3. We adopt the
notation that

e (-,-) denotes the usual scalar product and |- | denotes the Euclidean norm of R™ ,

e bold symbols v, c are reserved for vector or vector-valued functions and bold capital M for
matrices or matrix-valued functions,

o S"! denotes the unit sphere of R”,

o B,(z) denotes a ball in R” with center x and radius r > 0,

o ||A]| denotes a generic norm in the space of n x n matrices,

o sp(A) denotes the eigenvalues of A counted with their multiplicities,

e L" denotes the Lebesgue measure in R” and H" ! denotes the (n — 1)-dimensional Hausdorff
measure,

e H™ A denotes the restriction of the Hausdorff measure to the set A.

2.1 An isotropic model

We give a heuristic way to introduce and motivate the model. We first present an isotropic model
and show that it is not suitable for our problem. Then, we introduce an anisotropic term.

Let Q@ C R™ be the domain of the image. Formally, we say that T} is a tube with section o and
length £ if there exists a curve I' such that T}, is the set of the points of {2 at distance less than «
from T

We consider the following segmentation problem. Let us give o > 0 a critical level of detection:
if a set has diameter less than «, then it is considered as noise and has to be removed. On the other
hand, any tube 7} , with section o negligible compared with its length ¢ has to be detected. Although
the section of Ty, is critical we want to detect it because of its specific geometry. A ball B, with
radius « is considered as noise not only because it has critical diameter but also because it does not
fit the appropriate geometry of tubes.

Let I C 2 be a generic set and assume that we have the disjoint decomposition I = Tp, U B,.
The segmentation problem consists in combining two constraints. The first one is to remove B,-type
sets, because they have small radius and no tubular geometry. The second one is to detect the tubes
Tt

To this end, we consider an energy functional £ defined on the sets of 2. We say that a set F'is a
better segmentation than the set G if £(F) < £(G). Here, the functional £ is adapted to the problem
if it satisfies the following conditions:



i) E(I\ By) < &(I),
ii) E(I) < EI\ Tya)-
As a first step, we consider a "naive" energy defined on sets by
E(F) = Vol™(F A I) + BVol" 1 (OF),

where Vol and Vol" ! are respectively the volume measures with dimension n and n—1, F A I is the
symmetric difference of the sets and OF is the boundary of a set F. This model favors the detection
of sets which minimize the ratio Vol /Vol™, so it can not satisfy the constraints we imposed: if
Ti« is a linear tube then condition (i) leads to o < § and condition (ii) leads to § < c. In order to
overcome this contradiction, we will introduce a new model.

2.2 An anisotropic model

Let us introduce an energy term that favors anisotropic sets. Let ¢ : 2 — S”! be an unknown and
unit vector field that represents a direction at each point of the image. Let x € 9F and vp(z) be a
unit normal vector to the surface OF at x and set

N(9F,c) = /d lewp)ldvor .

As o < £, a field which minimizes N (91},q, c) should be tangent to 9T} 4. Moreover, we introduce a
regularization term defined on the vector field as

Reg(c) = /ﬂ IDe|" dVol,

where | - || is a pointwise matrix norm and we fix r > n (not necessary an integer) to ensure that the
field is regular. Indeed, if » > n and [, [[Dc||” < oo then ¢ is continuous. The new expression of the
energy is

E(F,c)=Vol"(F A I)+p (Vol"_l(aF) + uN (OF, c)) +~Reg(c), (2.1)

anisotropic term

where 8, 1 and ~ are positive weights. We still have to check the conditions (i) and (ii) of subsection
2.1. Assume that Ty is a linear and rigid tube of length ¢ and section a. Obviously, the best choice
of ¢ is in the direction of the tube. Using

Vol (Ty) ~ Lo, Vol YTy o) ~ L™ 2, N(0Tpa,c) ~a™ !,

condition (ii) is equivalent to
Bla™ " 4+ pa™ 1) < o™t (2.2)

For a ball B, the homothetic change of variables between B, and By, where we denote ¢; = ¢(a - ),
gives:

BUN (0Ba, c) + yReg(c) = fua™ N (0By,c1) + ya" "Reg(cy).

As « is small and r > n, if p1 ~  then the parameter pa™ ! is negligible with respect to ya"~". As
a conclusion, the regularization is more important than the normal term for balls with small radius

a. The best choice for ¢ is a constant field. In this case, condition (i) is equivalent to
™ < Bt 4 pa™ . (2.3)

The two conditions (2.2) and (2.3) are now compatible when « is small and o < ¢. For example, we
may take

=M



2.3 Functional formulation

In the sequel, we will formulate (2.1) as a minimization problem for functions by relating sets and
functions via indicator functions. We define an image as a function g : Q — [0; 1]. We assume that the
domain  C R” is Lipschitz regular. Our fondamental assumption is that the histogram distribution
of the image contains two main modes that we assume to be 0 and 1. Roughly speaking, ¢ is almost
equal to an indicator function. The unknown is a pair (p, c) where p : Q@ — {0;1} is a binary function
and c: Q — S"! is an unit vector field which minimizes the energy

/ (p—g)Qd:chB(H"_l(Sp)Jru [ e cm”-l) 9 [ el dz, 24)
Q Sy Q

where dz stands for to the n-dimensional Lebesgue measure, S, is the jump set of p, v, : S, — Sn—t
is a normal unit vector of S, and H" ! is the (n — 1)-dimensional Hausdorff measure. We can rewrite
(2.4) as

J = 92de 5 [ (s plte,w)) ant 4 [ Dl dz. (25)

The second term of the functional (2.5) corresponds to the anisotropic perimeter of S, according to
the metric ¢ : Q x R™ — [0; 4-00[ defined as

¢z, v) = [v| + pllc(z), v)|.

For more convenience in the calculus, we will adopt the equivalent quadratic form

[ w=gde+8 [ 1+ uewy)? dnn sy [ Delrdz,
Q Sp Q

which has an obvious invariance. Indeed, the functional (2.5) takes the same value for ¢ and —c.
To symmetrize it, we replace the unknown vector field ¢ by a field of matrices which takes the form
M = Id,, + p’cct so that

(M(2)v,v) = [v[* + 4* (c(x),v)?

for all z € Q2. We introduce the final version of the functional as
B M) = [ (0ot 5 [ (M) PaH ™ 45 [M s (2.6
In [1], it is proved that the quantity
/Sp (M, Vp>1/2d7-[”71

is the anisotropic perimeter associated to the dual metric associated to M. We can explicitly calculate
this metric as

2
(2.v) = VP = e v

The unit ball for this metric is an elongated ellipsoid in the direction of ¢(x). The points in the
direction of c(x) are closer to = than the points in the orthogonal directions and the ratio of the

elongation is equal to /1 + p2.

3 Functional framework and basic tools

In the following, we assume that the parameters are fixed, that is, 5 = u = v = 1. We denote by
W12(€2;[0;1]) the set of functions p which belong to W2(2) such that p(x) € [0;1] for almost every



x € Q. Let S,(R) be the space of n x n symmetric matrices and let W7 (Q; S, (R)) be the associated
Sobolev space. Let G be the subset of S,,(R) defined by

G={Id, +cc': ces"l}.
Obviously, any matrix which belongs to G is symmetric definite positive. We introduce the space
Wi (Q;G) = {M e WH(Q;S,(R)): for all z € Q,M(z) € g} .

The real number r is determined according to the classical Sobolev embedding theorem which ensures
that, if » > n, then the inclusion

W (08, (R)) = C(Q; Sp(R)) (3.1)

is compact, where C(Q; S, (R)) is the space of continuous functions defined on © which take their
values in S, (R) endowed with the L®-norm. This result is the main argument in the proof of the
following proposition.

Proposition 3.1. If r > n, then WY (; G) is closed in W (2; S, (R)) for the weak topology asso-
ciated to the Sobolev norm.

To prove this, we need clause (ii) of the following lemma. Clause (i) will be useful throughout the
paper.

Lemma 3.1. For M € S§,(R), we have that
i) M € G implies that for all v € R™ there holds |v|? < (Mv,v) < 2|v|?,
it) M € G if and only if sp(M) = {1;1;2}.
Proof. If M € G then there exists ¢ € S”~! such that M = Id,, + cct. So, we have
Mv,v) = |[v|* + (c,v)? and |v|]* < (Mv,v) < 2|v|%.

Moreover, Mc = 2c and the restriction of M to Vect(c)* is the identity, so sp(M) = {1;1;2}.
Conversely, if sp(M) = {1;1;2}, we let ¢ be an unit eigenvector associated to the eigenvalue 2.

Since M is symmetric, it follows that Vect(c)® is stable by M and its restriction to Vect(c)* is the

identity. As M and Id,, + cc’ coincide in Vect(c)® and Vect(c), they are equal. O

Now, we can prove the Proposition 3.1.

Proof. Let (My), C WLT(Q; G) be a Cauchy sequence for the weak topology associated to W17 (Q; S, (R)).
Since r > n, the inclusion
W (2 8n(R)) C C(; Sn(R))

is compact. So, (M) is also a Cauchy sequence for the L>®(;5,(R)) norm and, for z € Q fixed,
(M (x))r converges to a matrix M(x). Since the two characterizations of Lemma 3.1 are stable under
the limit, it follows that M(z) verifies this two conditions. This proves that W17 (Q;G) is closed in
Whr(€; S, (R)).

O

We need a density result for smooth functions as well.

Proposition 3.2. The space C° N WY (Q;G) is dense in WL (Q;G) for the strong topology of
W (Q; Su(R)).



Proof. Tt is well known that maps of Sobolev spaces W' between two compact manifolds can be
approximated by smooth maps in the case r > n (see [2] for example). So, it suffices to prove that G
is a compact C*°-submanifold of S, (R). To this end, we consider

U:R"\ {0} = Su(R), c~Id, +cc.

For any ¢ € R™\ {0}, ¥ is differentiable and D¥ ) (h) = ch’ 4+ hc'. As the function ¢ — DV ) is
linear, it follows that W is a C*°-function. If h € ker(DW ), then ch® +hc’ is the null matrix and in
particular there holds

0 = c!(ch’ + hcl)e = 2(c,h), 0= h’(ch’ 4 hc')c = (c,h) + |h|>.

This gives h = 0 and, as a result, ¥ is a C>®-immersion. Since S*~! is a compact C>-submanifold of
R™\ {0} and G = ¥(S"7!), it follows that G is a compact C*°-submanifold of S, (R). O

Let C.(2;R™) be the space of continuous functions with compact support in  and with values in
R™. We denote by Cp(£2; R™) the closure of C.(2; R™). Let M() be the space of Radon measures and
M(Q;R™) be the space of vectorial Radon measures over Q. The space M(§2; R™), endowed with the
norm

1A vsmny = sup {/ﬂ p-dX: 9 € C(BRM), lpllpe < 1}
is a Banach space. As this topology is quite restrictive in our case, we introduce a weaker topology.

Definition 3.1. For A € M(Q;R"), the sequence (Ag)r C M(Q;R™) weakly* converges to A if

lim/cp-d)\k:/g0~d/\
k- Ja Q
for every ¢ € Co(£2;R™).

Endowed of this topology, the space M(2; R™) satisfies a compactness property.

Theorem 3.1. If (\g)r C M(Q;R"™) is a bounded sequence for the topology of the norm, then it has
a weakly* converging subsequence. Moreover, the norm is lower semicontinuous with respect to the
weak™ convergence.

Now, let ¢ : Q x R® — RT be a sublinear function with respect to the second variable, that is,
i) for all (x,vi,va) € Q x R™ x R™ there holds ¢(x,vi + va) < p(x,v1) + ¢(x, va),
ii) for all (x,v,t) € Q x R™ x R there holds ¢(z,tv) = tp(x,Vv).

Suppose that 6 is a positive Radon measure and A is a vectorial Radon measure on . According
to Besicovitch derivation theorem (see [3]), the limit

1o ABe(@))
r50 0(B,(z))

exists and is finite for 6 almost every 2 and we denote this limit by (d\/df)(z) when it exists. We
recall that A is absolutely continuous with respect to 6 if A(A) = 0 whenever §(A) = 0. When this
holds, we write A < 6. We consider the convex functional defined on the space M (£2;R™) by

B: ) e M(QRY) / o (q: @> a8, (3.2)
Q dée

where 6 is a positive measure such that A < 6. It is shown in [4] that the integral in (3.2) does not
depend on the choice of 8. For that reason, we will write it in the condensed form

o) = [ ¢ (@),
Q
The functional ® has the following continuity properties which are proved in [5].

6



Proposition 3.3. The following statements hold

i) If v is a lower semicontinuous on Q@ x R™, then ® is lower semicontinuous on M(Q;R™) for the
topology introduced in Definition 3.1.

it) Assume that o is continuous on Q x R™. If (Ap)x weakly* converges to A and if, moreover,
Jo Mkl = Jo |Al, then ®(A\g) converges to ().

A function u € L'(Q) is said to have bounded variation if

SUP{/QudiV(sO): © € CLOR™), @l < 1} < too.

We denote by TV (u) this upper bound and the set of such functions by BV(€2). A measurable set
A C Q is said to have finite perimeter if 14 € BV(Q).
The space BV(Q2), equipped with the following norm

lullBv (@) = llullz1@) + TV (u)

is a Banach space. According to the Riesz representation theorem, if u € BV () then its derivative,
in the sense of distributions, belongs to M (2; R™) and we denote it by Du. The topology of the norm
in BV (2) is quite restrictive in our case, so we consider a weaker one.

Definition 3.2. A sequence (uy)r C BV () weakly* converges to u € BV () if (ug)r converges to
w in LY(Q) and Duy, weakly* converges to Du in M(£2;R™).

Several authors simply call it the weak convergence. To avoid confusion with the usual topology
associated to the dual space of BV (Q2), we prefer to call it here the weak* convergence. The space
BV () satisfies a compactness result.

Theorem 3.2. If (ug)r C BV(Q) is such that (||ug|| v (o)) is bounded sequence, then it has a weakly™
converging subsequence.

We give a variant of the coarea formula extended to the sublinear functionals (see [6]).

Proposition 3.4. Let ®(z,s,v) be a Borel function of Q x R x R™ which is sublinear in v. Let p be
a Lipschitz continuous function on Q and for t > 0 let Sy = {z € Q;p(x) < t}. Then, for almost all
t € R, S; has finite perimeter in Q and we have

/@(x,p,Dp)dx:/ dt/d)(x,t,Dlgt).
Q R JQ

We finish with some classical BV -geometric properties we need in the sequel (see [7]).

Definition 3.3. Let A C Q be a measurable set. A point x €  belongs to the measure theoretic
boundary of A if

timsup £ BENOA) g i g £B@AA)

0+ r r—0+ T

> 0.

We denote by 0* A the measure theoretic boundary of A .

Theorem 3.3. For a set A C Q) with finite perimeter, the following generalized Gauss-Green formula
holds. For H" ™' almost every x € 0* A, there exists a vector v(x) € S"~1, called the inner normal
vector to A at x, such that

/ 1adiv(p)dx = —/ - -vdH" ' for all ¢ € CL(LR™),
Q OxANQY

that is, D14 = vH" 'LO*ANQ.



Theorem 3.4. Let A C Q) be a set with finite perimeter. There exists a pairwise disjoint family of
sets (S;)i and a set N C Q such that

i) S; is a C1 and compact hypersurface of Q for all i,
i) H"H(N) =0,
ig) 0*A=NU(U; S:).

Definition 3.4. Let A C Q be a set with finite perimeter and p = 14. From Theorems 3.4 and 3.3
we get that S, = 0*A and v, = v.

Proposition 3.5. Let A C Q be a set with finite perimeter and p = 14. Then, we have ||Dp||m =
H(S).

The following lemma is proved in [8]. It asserts that every set with finite perimeter can be
approximated by a sequence of smooth subsets of R, all having the same volume inside (2 and each
of these boundaries satisfies a measure theoretic transversality condition with respect to 2.

Lemma 3.2. Let Q) be an open and bounded subset of R™ with Lipschitz continuous boundary, and
let A be a measurable subset of Q. If A and Q\ A both contain a non-empty open ball, then there
exists a sequence (Ag)r of open bounded subsets of R™ with smooth boundaries such that

i) img oo L2((Ax N Q) A A) =0 and limy_,oo H* H(0AL) = TV (14);
i) LA N Q) = L(A) for k large enough;
iii) HP1(0A, NON) = 0 for k large enough.

4 Existence of solutions

In this section we prove that the function defined in (2.6) admits at least one minimizer. Let us first
introduce the appropriate functional spaces and their associated topologies.

o B(Q[0;1]) = {p: Q2 — R measurable : p(x) € [0;1] a.e. z € Q} endowed with the almost ev-
erywhere convergence topology.

o WT(Q;G) endowed with the weak topology associated to the Sobolev norm || - lwir@)-

o« X = B(Q;[0;1]) x WT(Q;G) endowed with the product of the topologies. For a sequence

(P, My,);, which converges to (p, M) for this topology, we write (py, Mj) T, (p,M). Since
these spaces are metrizable, it follows that (X, 7)) is also metrizable.

o BV(Q;{0;1}) = {p € BV(Q): p(x) € {0;1} a.e. x € Q};
« ¥V =BV(Q;{0;1}) x W' (Q;G).
We recall that

/Q (p—g)°de +/S (M, vp) A1+ M) for (p,M) €,
P

E(p,M) = {
+00 for (p,M) € X\ ).

We consider the minimization problem
(P):  Min{E(p,M): (p,M) € X}. (4.1)

We prove that problem (P) admits at least one solution by using the direct method of the calculus
of variations.



Proposition 4.1 (Compactness). Let (pg, My)r C X such that (E(px, My)) is bounded. Then, there
exists a subsequence, still denoted by (px, My )k, and (p, M) € Y such that

(ps M) L+ (p, M).

Proof. As E(py, My) is finite for any k, we have (pg, My)r C Y. We separate the arguments of the
proof for (p)r and (Mg)y.

Step 1: Compactness result for (pg)i. Since py takes its values in [0; 1] and  is bounded, it
follows that (pg)x is a bounded sequence of L'(£2). According to Lemma 3.1, we have

1< <Mkpr Vpk>'

Integration with respect to H"~!LS,, gives ﬂ”fl(Spk) < E(pr, Mg). According to Proposition 3.5,
we have || Dpgllm = H"H(Sp, ), s0 (pr)k is a bounded sequence of BV(Q). According to Theorem
3.2, there exists a subsequence, still denoted by (pg)x, and some p € BV(Q) such that (pg)p weakly*
converges to p. According to Theorem 3.2, (pi)x converges to p for the L1(2) norm. As p;, takes its
values in {0;1}, we deduce that p takes its values in {0;1}.

Step 2: Compactness result for (My)i. As [Mglly1rq) < E(pr, My), it follows that the
sequence (My)y is bounded in W (Q;S,(R)). According to the Banach-Alaoglu theorem, there
exists a subsequence, still denoted by (My), and M € W (€S, (R)) such that (My), weakly
converges to M in W17 (€2; S,,(R)). Then, according to Proposition 3.1, we have M € W' (Q;G). O

Proposition 4.2 (Semicontinuity). The functional E : X — R is lower semicontinuous for the
topology T .

Proof. The lower semicontinuity of p — [, (p — g)*dz and M — ||[M||y1.- () are due to the lower
semi-continuity of the norm, in L?(Q) and W17 (), with respect to the weak topology. The remaining
part of this result is the lower semicontinuity of

(M) > [ (M) 2
SP
We first prove the result with M fixed.

Step 1. Let M € WT(€;G) be fixed and (pg)r C BV(Q;{0;1}) weakly* convergent to p €
BV(Q;{0;1}). Then, we have

/Sp <Ml/p, I/p>1/2d7'[n_1 < h]ggg.}f 5o <:’.\Z[Upl€7 ypk>1/2d7-[n—1_
Define ¢ : Q@ x R — R as
p(z,v) = <M($)V7V>1/2'

As r > n, then we have W () C C(£2) and then M is continuous. We deduce that ¢ : Q@ x R® — R
is continuous as well.
According to Theorem 3.3, we have Dpp < ’H"‘ll_Spk, Dp <« ’H"‘ll_Sp and

d(Dpr) d(Dp)

_— = 1 - - . = 1 .
d(H"1CS,,) Vpp LSy, d(H™1LS,) Upls,

Moreover, ¢ is sublinear with respect to v. According to Proposition 3.3, we can conclude the proof
of the First Step.



Step 2. Let (pg, Mg)r C Y such as (pg)r weakly™ converges to p € BV(2;{0;1}) and (My)s
weakly converges to M € W17 (Q; G). Then, we have

M 1/2 n—1 < lim inf M 1/2 'n,—l_
/SP< o) S it [ (M v,

‘((Mk - M)Vpkﬂypk”
<Mkypka Vpk>l/2 + <MVpk.ank>

‘<Mk’/pkv’/pk>1/2 — (Mwy,, Vpk>1/2’ <

NI

and since Lemma 3.1 gives (Myvy, , vy, )% + (My,,, I/pk>% > 2, we have

M}, — M| oo
’<Mk’/pm’/pk>1/2 - <M'/pkv’/pk>1/2‘ < f"

which gives that

H"1(Sp,) .

/S <MkVpkvak>1/2 — (Mvy,, Vpk>1/2den71 5

PL

< Mg — Mz~ (4.2)

As (pg)r weakly* converges to p in BV(Q), Theorem 3.2 implies that (H"~*(Sp,))x is a bounded
sequence. Moreover, since (My); weakly converges to M in W17 (Q; S, (R)) and since, according to
(3.1), the inclusion Wb (Q; S, (R)) C C(£2; S, (R)) is compact, we have that ||My — M||p= converges
to 0. So, we have the limit

/5 (M, s v )/ 2dH ! — [S (M, vy ) /2dH™ 5 0. (4.3)

PL Pk

According to First Step and (4.3), we can conclude that

/S (My,, v,)/2dH" ™! < lim inf (Myv,, , vp, ) 2dH L
P

k—o0 Spy,

We can now prove the existence of solutions for problem (P) (4.1).
Theorem 4.1. The problem (P) admits at least one solution.

Proof. As E is bounded from below by 0, there exists a sequence (pg, M), C Y such that (E(pg, Mg))k
converges to the minimum value of E. According to Proposition 4.1, there exists a subsequence, still
denoted by (pg, M) which converges to (p, M) € ) for the topology 7. According to Proposition
4.2, we have
E(p,M) < liminf E(py, My,).
k—o00

As (pg, Mg )k is a minimizing sequence for E, we can conclude that (p, M) is a solution of (P). [

5 Approximation process

In this section we give our main result, that is, we introduce an approximate problem and prove the
I'-convergence of this process. This is reminiscent of the Ambrosio-Tortorelli approximation of the
Mumford-Shah functional (see [9]).
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5.1 TI'-convergence

We want to perform an approximation of the energy E more suitable for numerical applications.
This approximation will be a good one in the sense of I'-convergence. In this section, we recall the
definition and a useful property (see [10]).

Definition 5.1. Let (X,d) be a metrizable space, (Ex)i a sequence of real-valued functions Ey : X —
RU{+o0}, and E : X — RU {400}. The sequence (Ey)r I'-converges to E at x € X if both of the
following conditions hold:

i) for all sequences (x) converging to x € X, one has

E(z) < liminf Ey(xy), (5.1)
k—o0

it) there exists a sequence (yy)i converging to x € X such that

E(z) > limsup Ey(yx). (5.2)

k—o00

When (i) and (ii) hold for all x € X, we say that (Ey) T'-converges to E in (X,d).
The main interest of I'-convergence, in our case, is the following result.

Proposition 5.1. Let (Ey)i be a sequence of functions which T'-converges to E in (X,d). Let (xg)g
be such that
Eyp(xy) < 12; Ey(x) + e,

for all k, where (ex)r converges to 07. Assuming that (xy)y is relatively compact; then every cluster
point x of (x)k is a minimizer of E and

liminf By (z) = E(x).
k—o00

5.2 The main result

In all the sequel () is a sequence of positive numbers converging to 0. Let us introduce the
functionals spaces for the approximation process:

o« WH2(Q;[0;1]) = {p e W'?(Q): 0< p(z) <1ae z€Q},
o Z=WDHh2(Q;[0;1]) x WhT(;G).

Let H, F, F. and E. be the functions defined on X with values in [0; +oo] defined by

HeM) = [ (p-gPde+ Moo
FpoM) = 4 Js, (Mup ) 2AHI T (p. M) €Y,
’ 400 otherwise,
2 )2 .
F.(p,M) fQ (95<MVP7VP> + w) dz if (p,M) € Z,
’ 400 otherwise,
E. = H+F..

The following property shows that the domain Z C X is adapted for the approximation process.

Proposition 5.2. Let (pg, My)r C Z be a sequence converging to (p, M) € X for the topology T and
such that (Eq, (pk, Mg))k is a bounded sequence. Then, we have (p, M) € Y.

11



Proof. Tt suffices to prove that p € BV (). According to Lemma 3.1, we have |Vpg|? < (M Vg, Vi),
it gives

2 1— 2
/Q (9€k|Vpk2 + pk(gkpk)> do < E, (pr, My). (5.3)
We apply the inequality 2ab < a? + b2 with a? = 9e|Vpg|? and b* = p(1 — pr)?/ek to get
/Q IVprlpe(l — pe)dz < B (pr, My).

The left hand side of the inequality is the total variation of uj, = p3/2 — p3 /3, that is

/Q |Vug|de < E., (pr, My).

Since the right hand side is a bounded, it follows that (ug)r is a bounded sequence in BV (Q).
According to Theorem 3.2, there exists a subsequence which converges weakly™* and almost everywhere
to u € BV (Q). By assumption, (pg)r converges almost everywhere to p, so by the uniqueness of the
limit, we have v = p(1 — p). Since p takes its values in {0;1}, we have u = p/6 and p € BV (Q). O

The main result of this work is the following
Theorem 5.1. The functionals (E:,); I'-converge to E in X for the topology T .

This results consists in proving the two inequalities (5.1) and (5.2). The first inequality consists
in the application of the method introduced in [11], while the second one is specific to this problem.
5.3 The inequality for the lower I'-limit (5.1)

We now prove inequality (5.1) of the I'-convergence result in Theorem 5.1. For any (p, M) € X, we
denote

. .. T
B-(p,M) = inf {liminf £, (e M): (00 M, € 2, (M) D (M) |

Let (p,M) € X be such that E_(p,M) < 4o0. Let us consider a sequence (pi, M), C Z which
converges to (p, M) for T. It suffices to prove that liminf,_, E., (pr, My) > E(p, M). With no loss
of generality, several assumptions may be made.

i) According to Proposition 5.2, E_(p, M) < +oo gives p € BV (). So, we may assume (p, M) € ).

ii) The function ¢ — E., (¢, M) is continuous with respect to the Sobolev norm W12(Q) and
C>® NWH2(Q) is dense. So, by diagonal extraction, we may assume that (pg)r C C>(£2).

As in the proof of Proposition 4.2, we first calculate the limit with M fixed and then prove a
uniform convergence result for (My)g.
Step 1. We will show that lign inf F;, (pg, M) > F(p, M).
—00

For any k > 0, the inequality a® + b* > 2ab gives

Pr(1 = pr)? 1/2
/Q 9e,(MVpyg, Vpi) + — dz > /Q6pk(1 — pr)(MVpyg, Vpg) /“de.

Let @ : Q x [0;1] x R™ — RT be the function
®(x,s,v) = 65(1 — s)(M(z)v, v)/2.

This function is sublinear in v. We denote S¥ = {z € Q: pi(z) < t} Using the Proposition 3.4, we
can write

/ 6p1(1 — pi) (MVpy,, Vi) /2dz = / (/ 61(1 — t)(MDlSk,D15k>1/2) dt.
Q R Q t t
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Applying Fatou lemma and noting that D1g, vanishes when t ¢ [0; 1] gives

1
lim inf F,, (pr, My) > / 6¢(1 — t) lim inf (/ <MD15k,D15k>l/2> dt.
k—ro0 0 Q t t

k—o0

As the left hand side of this inequality is finite, for almost every ¢ € [0; 1] we have

liminf [ (MD1g:, D1ge)"/? < +o0.

k—oo JQ
Now, Lemma 3.1 gives
| 10151 < [ (MD1g D12,
so || D1 Sk |la¢ is bounded. This yields that (1 Sf)k is relatively weakly* compact in BV(€2). We denote
A={ze€Q:px)=1}

and we have:

[ pe=plde = [ pe=talde= [ lp—taldet [ = Lalde,
Q Q Ac\Sk Sk\ Ac

Reacalling that SF = {z € Q: p(x) < t} gives

lpe(z) — La(z)| > t|1St’€($) —14c(z)| forall z € A°\ SF,
lpg(z) — La(z)| > (1 — t)|13tk(x) —14e(z)| forallz e SF\ A

which further gives
—plde > t/ 1oe — 1gc|dx + 1—t/ 1o — 1 gc|dx,
/ Pk — Pl o\sF | Sk | ( ) S5\ A | Sk |

> min(¢, 1 — t)/

Acast |1Séc — 1 ¢|dz,

> min(t,l—t)/ ‘151{9—1Ac‘dl’.
Q

So, for any ¢ €]0; 1], the unique possible limit of (lsf)k is 14c. As a result, Proposition 3.3 yields

P2(1 —pk)2 1/2
lim inf 95k<MVpk,Vpk> + kgi dx 2/ (MDlAc,DlAc) /2,
Q k Q

k—o0

As D1 e = —D14, we have

p2(1 - pk)2 1/2
lim inf 9, (MVpy, Vi) + ——2 | da > / (MD14, D14)Y2.
k—oo JO €k Q

According to Theorem 3.4, we further have [, (MD14, D14)"/? = fSp (Mv,, v, /2dH"! and then
the result of the First Step is proved.
Step 2. We will show that lim infy_, Fr, (pr, My) > F(p, M). We first prove that

- < /Q (M, Vg, Vi )dz — /Q <MVpk,Vpk>dm) 0. (5.4)

Since
(Mg Vpr, Vpr) — (MVpg, Vpi)| < |[My, — M| |Vpi|?,
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we have

€k

/Q<Mkvpk7Vpk>dx*/Q<Mvpkavpk>dx < IMy, — M| 5k/§2‘v17k|2dx-

According to (5.3), the term ey, [, [Vpx/|* is uniformly bounded with respect to k. Moreover, (M)
weakly converges to M and the inclusion W™ C L* is compact. This yields that (M), converges
to M in L* and it concludes the the proof of (5.4). We now write F;, (pg, My) as

FEk (pkh Mk) = (FEk (pkn Mk) - Fsk (pk‘v M)) + Fsk (pkn M)
According to the Step 1 and (5.4) we can conclude that

lim inf F, (p, M) > F(p, M).
k—o0

Conclusion. Since E,, = H + F;,, we have

liminf E;, (px, My) > lim inf H (p, My,) + lim inf F, (pg, Mg).
k—o0 ) k—o0 k—o0

According to the Step 2, we have liminf F, (pr, M) > F(p, M). Moreover, as H is lower semicon-
tinuous for the topology of X, we have liminf H (py, M) > H(p, M). Since E = F + H, this finishes
the proof of the inequality for the lower I'-limit.

5.4 The inequality for the upper I'-limit (5.2)

We now prove inequality (5.2) of the I'-convergence result in Theorem 5.1.

Proof. We fix (p, M) € X. If p € BV(Q) then E(p, M) = 4+00. So, we may assume that p belongs to
BV(Q) and that it takes its values on {0;1}, otherwise the result is ensured. Let (eg)r be a sequence
which converges to 07. We construct a sequence of functions (pg, My)y converging to (p, M) for the
topology T such that

lim sup E., (pr, M) < E(p, M).

k—o00
First, we assume that S;, is a smooth surface and that M is a smooth field of matrices. Then, we
remove these assumptions and we use approximating results to give the proof in the general setting.
Step 1. We assume that S}, is a compact surface of class C? and M € C*®° NW1T(Q; G). In this step,
we set My = M for any k. Moreover, if (px)r C W12(Q;[0;1]) converges almost everywhere to p,
then it converges in the L?(Q)-norm and

(fon- %)

converges to [ (p — g)2dac. So, it suffices to construct an appropriate sequence (pg)r which converges
almost everywhere to p and is such that limsup F;, (px, M) < F(p, M).
For n > 0, we introduce the following set V;,.

Vy,={z €[p=1]: 0 <dist(x,S,) <n}.

Outside V;;, we define the function py, as:

(z) = 0 forallze[p=0],
PRI =11 forall z € [p=1]\ Vj,.

The construction of py inside V;, will be made precise. Since we assume that S, is a compact and
C? surface, there exists 79 > 0 and a C!-diffeomorphism ¢ : V;,, — S,x]0;m0[ (see [8]), characterized
by
D€+ trp(8)) = (&)
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Figure 5.1: Slicing parametrization of V,,

for all (&,t) € Spx]0;m0].
We denote by X¢ the slice
Ne = {&+twp(§): t € [0;mo]}-

We shall construct py, slice by slice (see figure 5.1). Indeed, ¢ : V;;;, = S,x]0; [ is a diffeomorphism,
so it provides a complete construction of p;. We denote by xj¢ : [0;70] — R the restriction of py to
Y¢. We introduce K defined on S, x [0;70] by

K(&,t) = (M(E + twy(€)) vp(), vp(€)) /2

for all (£,t) € Sp x [0;10]). We define xy ¢ as the solution of the following differential equation

1/2
SVERK (6,8)x)e(t) = < LR (ke (t)*(1 - X’“’g(t)y) for all t > 0,

ex|In(er)] €k
with initial condition x.¢(0) = 0.

Remark 5.1. This definition may appear as “a rabbit pulled out of a hat” Actually, for £ € S, fized,
we have considered a critical point of the minimizing problem restricted to the slice ¥¢. Solving the
corresponding Fuler equation in one dimension has led us to consider the differential equation

1/2
BVERK (&)X e(t) = (Ck L Do) - Xk,g(t))2> |

€k

where ¢, was a constant to be determined. The following analysis has forced us to fix ¢, = 1/eg|In(eg)|.

For t > 0, we have
1

Xke(t) = 3K (&, ery/In(en)]

According to Lemma 3.1, we have K(£,t) < +/2. So, there exists a unique Nk,e > 0 such that
Xk, (Mk¢) = 1 and such that it satisfies

5suSp Mhe < 3V2ex1/| In(eg)]. (5.5)
€op
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As ei+/|In(er)| converges to 0, then we can assume that 7 ¢ < o for any k and £ € S,. Thus, we
modify the definition of x; ¢ as the solution of the following equation

_ 1/2
BVERK(E )X e(t) = (e + XUV por all £ €105 e,
Xke(t) = 1 for all t € [rg.e;nol, (5.6)
ka&(o) = 0'
We denote 1, = sup {ni¢: £ € Sp} and we define py, as
pr(z) = 0 forall z € [p=10],
pr(§+tvp(§)) = xre(t) forall (€,¢) € Spx]0;5m0l, (5.7)

pr(z) = 1 for all z € [p = 1]\ V.

According to (5.5), we have n — 0 which implies p — p almost everywhere. With the definitions
introduced in (5.6) and (5.7), we have to prove that limsup F;, (pr, M) < F(p, M). In the sequel we
take n = 3 but the arguments are the same for n = 2. As S, is a surface of class C?, there exist two
functions t1 and ty defined in S, taking their values in the unit sphere S*~1 and of class C! such that,
for any £ € S, the vector triplet (t1(£), t2(£),vp(€)) is an orthonormal basis of R3.

We need to prove the following lemma.

Lemma 5.1. For any e > 0 and v € R, we have

(Mv,¥) < (v, ((Myg) +26) (v 00)? (32 ) o (v (34 ).

where vp,t1,to depend on § € S, and M depends on x € Q.

Proof. As M takes its values in G, there exists ¢ :  — S?~! such that M = Id,, + cct. We have the
decomposition

{ V2 = (v,rp)? o+ (vt)? + (v, )2,
(c,v) = (c,up)(v,vp) + (c,t1)(v,t1) + (c, t2) (v, ta2).

We denote a = (c,vp)(v,vp), b= (c,t1)(v,t1) and ¢ = (c, t2)(v, t2). Moreover, we have

(a+b+c)* = a®+ b+ + 2ab+ 2ac + 2bc,
2

2 2 2 9 b 2 ¢ 2 2
a”+b"+c"+ |ea —i—; + | ea —0—; —i—(b —|—c),

(14 2¢)a* + <2+ 1) b2+ (2+ 1) .
g 3

IN

IN

We may introduce (c,t1)? < 1, (c,t2)? < 1 in the previous inequality, which gives the result of the
lemma. |

If we apply Lemma 5.1 in the definition of F;, , we get

Fuy (o M) < (077 + (0 + (02, (5.8)
where - .
R = Jy,, 956 (TPks ) (M, ) + 225) + PP

(*)ZI = fvﬂk 95k<vpkat‘1>2 (3 + é)a (59)

t 2 1
W = fy, 950(Vpr,t2)2 (34 L),

To conclude the First Step it is sufficient to prove the following assertions

lim sup(x);” < / (Muy, v )21, Jim (%) =0, (x)p2 = 0.
—00

lim
k—o00 Sp k—o00
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Remark 5.2. Roughly speaking, we will show that the energy is totally supported in the limit by the
normal component (in the direction of v,). The lateral components (in the direction of ti or ta) are
null.

Claim 1. We have the following inequality

lim sup(%),,” g/ (Muy, vp)2dH" L
S,

k—o0 P
We have
o (Vpr,vp)* < |Vl
o |Vpr|? < (MVpy, Vi), according to Lemma, 3.1,
o [0 92k (MVpy, Vpi)da < F, (pr, M),
o F;, (pr,M) is bounded.
Then, we can conclude that

/ 9€k<Vpk, I/p>2dx
Vo

is bounded. In particular, & fV% 921 (Vpk, vp)2dz converges to 0. Then, for Claim 1, it suffices to
prove

201 _ 0 )2
liirisup/v <9€k(Vpk, Vp>2<MVp, vp) + pk(16kpk)> dx < /S (Mu,, Vp>1/2d’H"71.
Since
Ipr; o pE(EH (5 OV(O) — o€+ tp(6) L Xne(s 1) — xrelt)
Ju, (6 & T1ve(8) = iy e B p ’

it follows that, for any (§,t) € S, x]0;nx[, we have

Opx
vy €3]

This yields (Vpg,vy) = X} ¢- According to the assumptions of regularity of Sy, as in [8], we may
introduce the change of variables

moddHAe)
/sp } Tom@n - e - v O

where k1 (€), k2(€) are the principal curvatures of S, at €. Since S, is a C? surface, it follows that
and kg are continuous on S,. We denote

(€ +trp(8) = Xpe(t):

1

M) = 4 @A = mED"

This yields

k 2 _ 2
(*)Zp = /S /077 (95k<Vpk7Vp>2<MvaVp>+pk(1gkpk)> 11 dt dH?(ﬁ)?

- /.

201 _ \2
/"'“ <95k(><§€,5)2K2 + ’M) Ldt dH2(€).
0 k
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In these integrals we remove the dependent variables for the sake of simplicity, that is,

r=8+tvy(§), vp=vp), pr=pr(€+trp§)), =11 1), xre = xre(t), K=K 1)

and we set
p = Xwe(l = Xkg)

NG

With the construction of yx¢ in (5.6) we get a? = m + b% so that 0 < b < a on [0;7;] and

a = 3\/5]@KX;€’£,

1

a®+ b <2ab+ ———.
el In(eg)]

This yields
(%)2? </ /nkﬁk " (1- I dt dH2(§)+/ /mc o [1d¢ dHQ(ﬁ)
E S s, Jo Xk,e Xk, Xk, s, Jo 5k| ln(ek)\ .

(69") 4 (") 5

The functions K and II are uniformly bounded with respect to k in S,x]0;70[. We denote by m their
upper bound. We have the following inequality

((*)ZP>B < mHZ(Sp)m~

According to (5.5), we have n, < 3v/2ej/[In(eg)[. This yields

vy 3v2mH?(Sp)
((*)k )B < [In(ex)|

and then lim ((*)Z”)B =0.
Denoting L(&,t) = K(&,t)I1(E, t), we have

/; /Onk 6(L(E,t) — L(¢, 0))X;c,§(t)Xk,g(t)(1 — Xkg(t))dt dHQ(é-)

(927),,
+ /S /Onk 6L(E, 0)Xk e () Xk (£) (1 — X (£))dt dHZ(E) .

((*)ZP)A,Z

As Xi;ng,g(l — Xk,¢) is nonnegative, we have

(0F7) | < swplL(&1) = L(&,0)] /S /0 " 6 (e (01— xig(D))dt dH(E),

)

where the sup is taken over all (§,t) € S,x]0;ng[. Since xxe € WH2(]0;nx[), we may use the change
of variable s = xj¢(t) to obtain

k (k)
(%), < sup|L(&,1) — L(E,0) |/ /XX 61— s)ds AH2(6),
’ Sp /Xk,e(0
< sup|L(&,t) — L(&,0)| H*(S)).

The surface S, is compact and smooth and the function L is continuous. As a result, the family
(L(-,t))¢>0 uniformly converges to L(-,0) when ¢ — 0. We can deduce that lim ((*)Z”)Al =0.
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Using the same change of variable s = xj ¢(t) in ((*)Z” )A ) gives

(03),, = [ meo [*" 60— s ane)

Xk,¢(0)

- /g (M(&)vp(£), vp(€))/2aHA(€).

P

To summarize, we have the decomposition

@ = (007) 4, (007) ,, + (0077,

and these terms satisfy
tim ((07), =0, tim (), =0, (W), = /S (Mu,, v,)V/2dH?.
. ; Y

This concludes the proof of Claim 1.
Claim 2. We have the limits

Jim (1) =0, lim (x);? =0,
where (x)}' and (%)% are introduced in (5.9).

We will prove the result for (x)}', since the method for (x);? is the same. As S, is a C? surface,
the intersection of the affine plane Py = & + Vect(t1(§),v,(€)) and S, at the neighborhood of ¢ € 5,
is a C%-planar curve. Let I be a neighborhood of 0 in R and v : I — Sp be a local curvilinear
parametrization of this curve such that

7(0) = ¢,
7'(0) = t1(6),
[v/(t)] =1, forall t € I.

As v, 07(s) is orthogonal to 7/(s) for all s € I and ~ is a planar curve, there exists #; : I — R such
that

W(S) = —R (’7(3))131('7(5))'

As v is a curve of S, and R is the sectional curvature of S}, in the direction of t1(y(s)), we have
|R1| < max(|r1], [w2])-
We evaluate

Xy (s) (1) = xre(t) = pe(v(s) +twp(1(s))) — pe(§ +twp(§)))-
So, at s = 0, we have the asymptotic expansion
Y(s) + trp(v(s)) = €+ twp(€) + s(1 — Ri(E)t)t1(E) + o(s)
and we get

Xk (s) (1) = Xk,e(t)
550 ;(1 —R(E))

(Vpr(€ + trp(§)), t1(E))- (5.10)

In order to calculate the left hand side of (5.10), we denote by (E)¢ the equation satisfied by x ¢ (see
figure 5.2) and we recall that

) 2(1_ 2\ 1/2
Sx/ETcK(ga t)X;g,g(t) = (Ek\lr}(ek)l + (e (8)) ik Xi.g (1) ) for all ¢ 6]0; T}k,g[,
(E)e : Xee(t) = 1 for all t > ny¢,
Xke(0) = 0,
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Xk (s)

S,
0 o)k T
vp(7(s)) Qo Xk
v,(8)
7(s) " S
0 k& Tk

Figure 5.2: Construction of the solution on each slice

We denote

1 21— 2)2\ " _ .
fk (.I’) = 5k| ].H(Ek)| + £x ) Yk,s(t> = Xk,y(s) (t) — Xk,g (t)7 Nk,s = mln(%(s),h nf,k)

We calculate

K(ga :
E s) E )
K(3(s),) o ~ (Be
which gives
Y,s(0) = 0,
BVERK (&Y (1) = et fha (1) = filane(®)), for all t €]0;7,[
Lemma 3.1 further gives that
1< K(&1) < V2. (5.11)

for all (&,t) € Spx]0; 7y 4[. Since S, is a C*-manifold and M € C* N W (€ G), it follows that K is
a function of class C! and there exists a constant 7 > 0 such that

[K(&,1) — K(€,t)] < 7]€ = €| (5.12)

for all (£,¢',t) € ng]O;nk[. Moreover, the study of f; gives

1/2
fk<x>s( L 1) L) < = (5.13)

eilIn(eg)|  16eg
for all = € [0;1]. Using the equation

BVET(E VL) = gy Nt () — ) + fune(o) (

and (5.11), (5.12), (5.13), we get

V2 1 1
3/eRYl (1) < =2 (¢ .

Thus, Y% s is a solution of the differential inequality

Yis(0) =0, (5.14)
Y0 < 2V + 2=ty + 15 for all £ €]0;7 . :
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So, we have

TS 1 1 V2t
Yk,s(t) < E m + E ( XpP (36k> 1) . (515)

The definition of Y}  gives

Yis(t) = Yro(t) _ Xk (s) (1) = Xre(t)

s s
and inequality (5.15) implies that for any ¢ €]0;7;, ;[ we have
Xk (s) (1) = Xke (1) T 1 1 V2t
—\ Tt = — ] —-1]. 5.16
p =2\ Tn@en)] 716 \ 7P 32 (5.16)

According to the continuous dependance of the solution of the equation (5.14) with respect to the
parameter s, then 7, ; converges to 7y ¢ when s converges to 0. So, the inequality (5.16) remains true
in the neighborhood of any point ¢ €]0;n;¢[. With k, § and t €]0; 7 ¢[ fixed, we calculate the limit
when s converges to 0, and we apply equality (5.10) to get

V2 \ | In(eg)] 16 3¢k

As np — 0 and & is continuous, there exists r > 0 such that

r<(1-—£&1(&1t)

(1= R1(E)) (Vprl€ + trp(€)). 01(6)) < |+ (exp (ﬂt> : 1> '

for all (&,t) € Spx]0;nk[. This gives

7_2 2
Ointe s @)@ < 7 (1t +1w) (0 () 1) - 6

As 1/|In(eg)| — 0, there exists m > 0 such that (5.17) becomes

(Ve (€ +trp(€)), 61(£))* < mexp <2§2t) +m.
As 2v/2/3 < 1, we have

(Vpr(&+ th(f)),t1(§)>2 < mexp (%) +m. (5.18)

Introducing (5.18) in the definition of (*)Zl in (5.9) gives

Qb < /S /0% 9er (mexp (i) —i—m) (3+ ) TI(¢, £)dt dH2(S).

Since ni — 0, the function II is bounded and there exists a positive constant, still denoted by m, such

o *) 5t </Sp /nk Ek (mexp (:}) +m) (3+Ek>dt dH?(€).
ot <[4 () )] o D

The upper bound on 7, in (5.5) implies that

Thus, we have

i < <ei <eXp <3\/§\/ | ln(sk)|> - 1) + 3v/2¢} |ln(€k)|> (3 + %) m2H2(Sp),
Wi < <ak exp (3[2,/| ln(ak)|) S Vo |1n(5k)\> (14 3e,)m>H2(S,),
(R < <eXp <3ﬂ\/|ln(sk)\ + ln(gk)> — ex +3V2¢y, |1n(6k)|) m2H?(S,).
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As g, — 0T, we have

exp (3\&,/| In(en)| + ln(sk)) S0t epy/[In(eR)] — 0F

We can conclude that (x);! — 0.

Step 2. Assume that p € BV(Q), p takes its values in {0;1} and M € C® N W1"(Q;G). In
this step, we still set M = M for any k. For the same reason as in the previous step, it suffices
to construct an appropriate sequence (py)x which converges almost everywhere to p and is such that
lim sup F;, (px, M) < F(p,M).

We denote A = p~1({1}). Let us first assume that A and Q\ A have nonempty interior. We
can apply Lemma 3.2, so there exists a sequence (A4;); of open bounded subsets of R™ with smooth
boundaries such that

1

i) limy oo £7((A;NQ) A A) =0 and limy_,o, H"H(DA;)) = H* L (DA);
i) £L"(A;NQ) = L"(A) for [ large enough;
iii) H"1(0A; N ON) = 0 for | large enough;
)

iv) we have

F(p,M) < F(p,M) + % (5.19)

where L is the Lebesgue measure over Q and p; = 14,nq. For (5.19) we use the fact that [|[D14,[|m —
| D1 4||pm and Proposition 3.3 (ii). With (i), (i) and (iii), we can say that (p;); is a bounded sequence
of BV(Q) which converges to p in L'(Q). According to Proposition 4.1, there exists a subsequence,
still denoted by (p;); which weakly* converges to p in BV(Q2). One can apply the result of the first
step with p = p;. So, there exists a sequence (p; ), which weakly* converges to p; in BV(€) such
that

lim sup F, (pr,i, M) < F(p;, M). (5.20)

k—o0
With (5.19), (5.20) and a diagonal extraction there exists a sequence (pg)r which weakly* converges
to p such that

limsup Fy, (p, M) < F(p, M).

k—o00

Let us remove the restriction that both A or £\ A have non empty interior. First, we notice that
if L"(A) =0 or L"(A) = Q the result is obvious by taking A; = () or 4; = Q for all [. So, we may
assume that 0 < £"(A) < |€2|. There exist two points z1,z2 such that

o z1 € A and for all » > 0 there holds L"(AN B(x1,7)) > 0,
o 29 € Q\ Aand for all » > 0 there holds L™((©2\ A) N B(z1,7)) > 0.

Consider the set Ag, g, = (AU B(x2,02)) \ B(x1,01) and the function Y(01,02) = L"(Ap, 9,). As
1(0,0) > L™"(A) and Y(0,0) < L"(A) for any 6 > 0, there exists ¢ €]0;1[ depending on € such that
Y(t0, (1 —1)0) = L"(A) and we set A := Ay (1_¢)p- By construction, Ag and Q\ Ay have nonempty
interior. The previous result gives the existence of (pg ) C BV(£2;{0;1}) which weakly™ converges
to pg = 14, in BV(Q) such that

lim sup Fr, (po.x, M) < F(pg, M). (5.21)

k—o00

Moreover, L"(A A Ap) tends to 0 as # — 0T, and, using

/S <MVP9’ Vp9>1/2 < /S <MVP07VP3>1/2 + \/iHn_l(aB(xlvel)) U 83(*1'2702))7

P P
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we get
limsup F'(pg, M) < F(p,M).
0—0+
According to (5.21), with a diagonal extraction there exists a sequence (py ) which weakly* converges
to p such that
lim sup F;, (pr, M) < F(p,M).
k—oo
Step 3. Assume that p € BV(Q;{0;1}) and M € Wb (Q;G). Let (M;); be a sequence as in
Proposition 3.2. Since M; € C>° N WL (), one can apply Step 2 of the proof, which gives

lim sup F;, (pr, M) < F(p, My).

k—o00

The same arguments as for (4.2) give that

WA (S,)

So, we deduce that (F(p,M;)); converges to F(p, M). With a diagonal extraction, we can conclude
that there exists (px, M), C Y which converges for the topology T to (p, M) such that

lim sup F;, (pg, M) < F(p, M).

k—o00

Since (pg)r converges pointwise to p it follows that

(f - 9ar)

converges to [, (p — g)>dz. Moreover, by construction (|[My/||y1.-)r converges to || M||y1.» and we
conclude that
limsup E., (pr, M) < E(p, M).

k—o00

6 Conclusion

We have introduced a model for the detection of thin tubes, we have proved existence of solutions
and we have proved an approximation result for this energy suitable in the sense of I'-convergence. In
a forthcoming paper, we will use the approximate problem for numerical experiments. On the other
hand, the main hypothesis we did in this paper is the bimodality of the histogram, which is quite
restrictive. If this assumption is not ensured the previous model is not valid any longer and has to
be modified. We will set a more general formulation that perfoms a similar segmentation without the
binary constraint. Roughly speaking, we look for a pair (f, M) where f is a function which is not
necessarily binary. The corresponding energy to be minimized will be:

[ (=978 [ My 2 a0 g Ml [ (96 (6.1)
Q Sy Q\Sy
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Chapitre 3

Un modele dans le cas général

3.1 Résumé

Ce troisieme chapitre est la suite logique des deux précédents. Le but
est de supprimer ’hypothése de binarité des deux étapes précédentes et de
proposer un modele dans le cas général. Pour cela, nous organisons notre
travail en trois étapes.

1. Introduction du modele. L’énergie de Mumford-Shah associée a g
est définie par

E(u, K) = /Q (u — g)2dz + BH"(K) + /Q [V

Pour les raisons développées dans le deuxieme chapitre, nous intro-
duisons M : Q — S(R) un champ de matrices symétriques définies
positives. Afin de détecter les fins tubes de 'image, la matrice M(z) ad-
met une valeur propre dominante en tout point x du tube. Le nouveau
modele de Mumford-Shah anisotrope associé & M est donc

E(u, K) :/Q(u —g)2dx+ﬁ/K (M, v)2dHm ! +*y/Q\K |Vul*da,

ol v est un vecteur unitaire et normal a K. Afin de démontrer que
cette énergie admet un minimum (Théoreme 1.2.), nous introduisons
une formulation relaxée dans 1’espace SBV(£2) et nous utilisons le théo-
reme de compacité d’Ambrosio [Amb89]. 1l s’agit ensuite de démontrer
qu'une solution relaxée est une solution du probléme initial. Le point
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crucial est de démontrer que si u € SBV(Q2) est un minimiseur alors son
ensemble des sauts est essentiellement fermé H"'(J, \ J,) = 0. Pour
cela, nous utilisons un résultat qui généralise le lemme de décroissance
de De Giorgi-Carriero-Leaci a une classe de fonctions plus large qui
inclue le cas des minimiseurs de notre fonctionnelle [BL13].

Ce travail fait l'objet de larticle [Viclbc] : An Anisotropic Mumford-
Shah Model, présenté a la fin de ce chapitre.

. Un résultat de théorie géométrique de la mesure. Afin de réaliser
une approximation par I'-convergence que nous présenterons dans la
derniere partie de ce chapitre, il est nécessaire d’établir un résultat
d’approximation de [ (Muv,v)/2dH"~! par rapport a la mesure de
Lebesgue. Plus précisément, dans le cas ou elle existe, le contenu de
Minkowski d'un ensemble S est défini par la limite suivante

M(S) = lim L'({x € Q: dist(z, S) < p})

p—0+ 2p

Si S est fermé et (n— 1)-rectifiable, alors on a, dans [Fed69] (Théoreme
3.2.39), le résultat suivant bien connu

M(S) = H"1(9).
Le but est d’établir un résultat équivalent dans le cas ou H"(9)
est remplacé par [q (M, v)/2dH""1. Pour cela, nous introduisons le
contenu de Minkowski anisotrope suivant
L Q: disty(x, S
M($) — 1 L1002 € 9 disto(z.) < )
p—0t 2p

ou disty, est la distance intégrée définie par

disty(z, S) = inf {/01 (M(7)%, ’Vﬁdt: 1(%)21;,(5)(’11)]76934 } :

Nous démontrons alors que si S est fermé, (n — 1)-rectifiable et M
vérifie

Jo> 0,30 > 0,¥(x,y) € %, [M(z) = M(y)|| < 0z —y|*,
alors

M(S) = /S (Mu, o)V 2dH" L.

Ce travail fait Pobjet de larticle [Vicl5b] : Anisotropic Minkowski
Content of a Surface, présenté a la fin de ce chapitre.
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3. Un résultat de I'-convergence. Dans cette derniere partie, nous
établissons une approximation de la fonctionnelle

E(u) = /Q (u— g)2da + 3 /J (M, v)V2dH™™ 4 ~ /Q Vul2de

ou u € SBV(Q) et J, 'ensemble des sauts de w, par une famille de
fonctionnelles (E.). définies par

2

E.(u, :/ — g2 /v21—“d / MV>2,V2) + - | da.
(w2) = [ (u=gfde+ [ [VuP (L= 2Pdet [ (c(MV2V2) + ) do
La fonction z prend ses valeurs dans [0; 1] et joue le rdle de contrdle du

gradient de u. A Paide du résultat obtenu dans 'étape précédente, nous
démontrons que la famille (E.). I'-converge vers E lorsque e — 07.

Ce travail fait I'objet de I'article [Vic15d] : Approzimation of an Anisotropic
Mumford-Shah Functional with I'-convergence, présenté a la fin de ce cha-
pitre.

3.2 Articles [Vicl5c][Vicl5b][Vic15d]
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An Anisotropic Mumford-Shah Model

David Vicente
April 23, 2015

Abstract
We introduce an anisotropic Mumford-Shah functional in dimension n = 2,3. To
detect the thin tubular structures of an image, the classical Hausdorff measure in the
original model is replaced by an anisotropic surface measure depending on a riemannian
metric M. We then consider a relaxation of this energy in the set of SBV functions and
we prove that the minimizing problem admits solution under suitable conditions. We also
prove that a relaxed solution provides in fact a regular solution to the initial problem.

Introduction

This work is a contribution to the problem of detection of thin structures, namely tubes,
in a digital image with dimension n = 2 or n = 3. In a previous work [1], we have
introduced an energy in the binary context. More precisely, we assumed that the image
histogram was bimodal. In this paper, we remove this assumption and generalize our
previous results. To solve this problem, we modify the so-called Mumford-Shah model
[2] by introducing a geometric prior which favors tubes. The domain of the image is an
open and bounded set Q2 C R", g : Q — R is a given image with normalized gray level in
[0; 1] and the well-known Mumford-Shah energy associated to this image is defined as

E(u, K) = /

Q\K

where K a compact subset of Q and u € WH2(Q \ K). To favors the detection of sets
with tubular geometry, we introduce a riemannian metric M which contains the local
orientation of the tubes. Formally, M is a function defined on €} with values in the set
SF(R) of symmetric positive definite matrices. To give an idea, M may take the form

VreQ, WweR", (M(z)v,v)=|v]*+ (c(z),v)?

where ¢ : © — S"! is an unitary vector field which locally gives the direction of the
tube. If we assume that K is a C'-hypersurface, we may replace H" 1 (K) by its associated

(u— g)’de + /Q\K Vulfde + H LK),

anisotropic version [, (Mv, yﬁd?—l"’l, where v : K — S~ an unitary, normal vector to
K. So, to minimize this term, v has to be orthogonal to ¢ and then it favors images for
which K is tangent to the field c. The Mumford-Shah energy associated to this metric
can be defined as
Eai(u, K) = /
Q\K
where K is a compact C'-hypersurface, v : K — S"~! an unitary, normal vector to K,
and v € WH2(Q\ K).

In section 1, we introduce a relaxed formulation of this problem and prove that it
admits a solution. In section 2, we show a regularity result and prove that it provides a
solution to the initial unrelaxed problem. In section 3, we present various techniques to
construct the metric M.

(u — g)*da +/ |Vu|?dx +/ (Mv, V}édH"_l, (0.1)
Q\K K



1 Relaxed problem

In order to prove that the minimization of Enj is a well-posed problem, we introduce a
relaxed formulation and prove that the new relaxed problem admits a solution.

1.1 Functional framework

The following definitions and results are taken from [4], chapters 3 and 4. A function
u € LY(Q) is said with bounded variation, denoted u € BV (), if its derivative, in the
sense of the distribution, is a Radon measure.

We are interested by the property for this space to allow functions with jump discon-
tinuities. We denote by (-, -) the usual scalar product in R” and introduce

{ B/ (z,v) = {y € Bi(2): (y — a,v) > 0},
By (z,v) = {y € B,(z): (y — z,v) <0},

for the two half balls contained in the ball B,(x) C R" determined by v € S*~1.

Definition 1.1. Let u € LY(Q) and x € Q. We say that x is an approzimate jump point
of u if there exist a,b € R and v € S*™ ! such that a # b and

lim lu(y) —al dy =0, lim lu(y) — b dy = 0.

r=0+ J B} (@0) r=0* JB; (a.)

The set of approrimate jump points is denoted by J,. The triplet (a,b,v), uniquely
determined up to a permutation of (a,b) and a change of sign of v, is denoted by

(u' (), u” (2), vu(x)).
The set J, inherits the following structure theorem.

Theorem 1.1. Let u be a given function in BV (). Then, J, is countably (n — 1)-
rectifiable. There exists a countable family (K;); of compact C'-hypersurfaces such that
Ju = NU(U; Ki), where H" 1(N) = 0.

We say that v € BV(Q) is a special function with bounded variation and we write
u € SBV(Q), if the Cantor part of its derivative is zero, we obtain:

Du = Vul™ + (ut —u v, H" " LT,

where Vu is the density of Du with respect to the Lebesgue measure £, v, the normal
of the jump set .J, and H" 'L.J, the restriction of the Hausdorff measure to the jump
set.

1.2 Existence result
For u € SBV(Q), replacing K by J, in (0.1), we define the relaxed energy by

EM(U):/Q(u—g)2dm—|—/ﬂ|Vu|2dx+/J (Mg, va) 2 dH™ 1, (1.1)

where Vu, J, and v, are defined in the sense of SBV (2). We denote by (Pnp) the relaxed
problem 3 }
(Pm) : min{Em(u): ue SBV(Q)}.

We introduce the following constraints on M:



i) ellipticity:
(Hy) : A >0,3A > 0,V(z,v) € A xR, Ajv> < (M(z)v,v) < Av|?,
ii) Holder-regularity:
(H2):  3a>0,3020,Y(z,y) €Q?  [[M(z) - M(y)|| < Clz —y[*.

Condition (H1) is equivalent to the inclusion of M spectrum in [A; A]. If M € WP ()
and p > n then, according to Sobolev embedding theorem (see [3], chapter 5), condition
(Ha) is satisfied with o =1 — 2.

In this section, we will prove the following result.

Theorem 1.2. Let Eyg be defined as in (1.1) and M a metric which satisfies (H1) and
(H3). Then, the problem (Pm) admits at least one solution.

To prove this result, we will use the direct method of calculus of variation. The key
tools are Theorem 4.8. (compactness) Theorem 4.7. (lower semi-continuity) of [4] in
the context of a constant and homogeneous metric (that is M = Id). Our result is a
generalization: M is not necessary the identity matrix (anisotropy) and may depend on
x € © (non homogeneity).

In the sequel we assume that the hypothesis of Theorem 1.2 are satisfied. We use the
weak™*-convergence which is defined in [4], definition 3.11.

Lemma 1.1 (Compactness). Let (ug)r C SBV(Q) N L>*(2) be such that (EM(Uk))k is
bounded. Then, there exists a sequence weakly® convergent to u € SBV ().

Proof. According to ellipticity condition (H;), we have
/ |V 2dz + H" " (Jy,,) < max {1; )f%} En(uy). (1.2)
JQ

In [4] (Theorem 4.8.), it is proved that the boudedness of the left hand side of (1.2) ensures
the existence of a subsequence (uy); weakly* converging in BV (Q) to u € SBV(Q).
O

Lemma 1.2 (Lower semicontinuity). Let (ug)ry C SBV(Q) be a weakly* convergent
sequence to u € SBV(Q). Then, we have

Ey(u) < liminf Eng(uy).
k—o0

Proof. As (uy)r weakly* converges to u then it converges in L'(£2) and

lim [ (up —g)%de = /Q(u — g)%dz. (1.3)

k—o0 JQ

We may assume that (Eng(uy))y is bounded, otherwise the result is ensured. So, according
to inequality (1.2), [q |Vug?dz + H""1(Jy,) is bounded with respect to k. With [4]
(Theorem 4.7.), it implies that

/|Vu|2da:§11minf/ |V |*dz, (1.4)
0 k—oo JO

HH(T,) < ligng”_I(Juk). (1.5)



According to (1.3), (1.4) and (1.5), it is sufficient to prove that

/ <Muu,yu>%d7-["_1 < lim inf <MVuk,Vuk>%dH"_1. (1.6)
” k—o0 Juy,

This result is proved in [4] (Theorem 5.2.) for an homogeneous and fixed media (if the
metric M does not depend on = € ). In order to overpass this constraint, we introduce
a piecewise constant approximation. Then, we apply the result of [4] for each piece of
the approximation.

Let n > 0 be arbitrary small and A be a finite partition of 2, such that, for any
A € A, diam(A) < 7. For each set A € A, we fix one point 24 € A. We denote M the
metric such as its restriction on A is equal to M(x4). Moreover, for any vector of the
canonical basis ¢; € S” !, we denote

I = {z € Q: (x,¢;) = t},
N} ={teR:H" 1 (J,NIL}) >0} U {t € R: Ik € N,H"~1(J,, NIT}) > 0}.

As H"1(J,) < oo (1.5) and H" 1(J,,) < oo, then Nj is at most countable. So, for any
fixed n > 0, there exists a finite partition A of 2 such that any A € A satisfies
0A C U, Hiw_,
V(z,y) € A2, |o —y| <,
H (T, NOA) =0,
Vk € N, H"1(J,, NOA)=0.
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Figure 1.1: Construction of A

We will estimate the limits of the following integral.

(NI

/ (Myuk,l/uk>%d7-[”_1 = / ((Mz/uk,yukﬁ — (MAv,, , v, )d’H"_1
T T (1.8)

+ (MAv,, Vuk>%d7-l”71.
Ju,

Claim 1: The sequence

1 1 _
/.] <<MVuk7VUk>2 7<MAVuk’Vuk>2)den !
Uk

converges to 0 uniformly with respect to k € N when n converges to 07 .
Let be A € A, x € A and estimate

<M($)l/uk,l/uk>

[

— (MA@ V)7 = (M@ V) 2 — (MU(@4) Vs Vi) 7
<(M(.%‘) — }\/I(xA))Vukv Vuk>
<M(m)yww Vuk>§ + <M("L'A)Vuw’/uk>

(NI

(1.9)



According to ellipticity condition (Hy), it yields

[
[V

(M(z)vy,,, vy, )2 + (M(z4)vyy,, V)2 > 2)\%, for ’H"*ll_Juk —a.e. x € A. (1.10)

According to regularity assumption (Hz), there exist constants C' > 0 and « > 0 such
that
Vee A, |[M(z) —M(za)| < Clx —zal|® < Cn°. (1.11)

So, (1.9), (1.10) and (1.11) give
Cn®

1
7<MA(1‘)1/uk,l/uk>2 2)\%

[SIE

< , for ’H”*l\_Juk —ae. z € A.

|(M(@)v1g v

As A is a partition of €2, we have

Cn*H (],
/J ((Muuk,z/uk>% — (MAVuk,uuk>%) dH™ 1 < 772/\é(k)

ug

As ellipticity condition gives H"1(J,, ) < )\_%EN'M(’LL]C), then (H"1(Ju,))x is a bounded
sequence and it concludes the proof of Claim 1.
Claim 2: We have the following result

/ (MAy,, Vu>%d7—[”_1 < lim inf (MAv,, Vuk)%d'}-["_l.

k—o0 Juy,
We denote by A the interior of the set A. According to [4], Theorem 5.2., we have

/ o <M($A)Vu,1/u>%d7'[n_l < lim inf o (M(mA)Vuk,Vuk)%dH"_l.
JuNA k—oo Jr, nA

According to (1.7), the energy on the boundaries is null. It gives

/ (M(2 ), va) 2 dH"™ ' < lim inf (M(24) Vi vy ) E AR,
JuNA k—=oo J g, NA
So,
/ <M(a:,4)l/u,1/u>%d7-[”_1 < Z lim inf <M(J;A)Vuk,yuk)%d’}-[”_1,
AeA’JunA ey Fmoe Sy, na

1
< liminf / M (24)V, , v, Y 2dH L
it [ Oaaai )

As A is a partition of €, this conclude the proof of Claim 2:

/ (M4, I/u>%dan71 < lim inf (MAv,, , Z/uk)%d’z'-lnfl.

k—o00 Juy,

Now, let § > 0 be an arbitrary small number. According to Claim 1, there exists n > 0
and a partition A defined as above which satisfies

lim sup
k—o00

/J <<MAVuk7Vuk>% — <MA1/uk,1/uk>%) dHm !

Uk

< 6. (1.12)

According to decomposition (1.8), (1.12) and Claim 2, we have

/ <M'Alju, yu)%dH"_1 < 6 + liminf (M, , Vukﬁd?{"_l.

k—o00 Juy,



As for Claim 2, we have
aq/m—1
< O ()

1 A i n—1
/ ((Muu,z/u>2 - (M Vu,uu>2)d’H < ol

u

We may conclude

/ (Myy,v,)2dH"" < liminf [ (M, , vy, ) 2dH"

k—o0 Juy,

Recall that we have the following chain rule for SBV (Q).

Theorem 1.3. Let u € SBV(Q) and let ¢ : R — R be a Lipschitz function. Then,
v = ou belongs to SBV () and

Dv = ¢ (u)Vul™ + (p(u™) — p(u™) ) H" " LT, (1.13)
This result is a straightforward consequence of Theorem 3.99 in [4]. It is the key tool

for the proof of Theorem 1.2 that follows.

Proof. We denote by (ug)r € SBV(Q) a minimizing sequence for Eny. As we assumed
that g € L*°(Q)), we may introduce

—Nglle()y it < —llgllze(q),
91l Lo () if £ > |lgll Lo (0)-
We denote v = poug. As the function ¢ is 1-Lipshitz, we may apply Theorem 1.3, then
v € SBV(Q2) N L®(Q). According to the decomposition (1.13), we have
vk, EM(’Uk) < EM(uk),

so (vg)r is a minimizing sequence for Eng. According to Theorem 1.1, there exists v €
SBV(12) and a subsequence, still denoted (vg); weakly* convergent to v. With Theorem
1.2, we have Ep(v) < liminf En(vg). So, v is a minimizer of Epg.

O

2 Regularity result

An important question is to check if a SBV minimizer of the relaxed problem (’ﬁM) is
a "classical" one i.e. its jump set is closed and so the function is locally smooth in the
complement of the jump set. A positive answer was given by De Giorgi, Carriero and
Leaci in [5] for the Mumford-Shah functional. We generalize this result and prove that a
minimizer of the relaxed problem (75M), whose existence is proved in section 2, provides
a minimizer of the original problem

(Pm) : min{En(u, K): K C Qis a compact C! hypersurface ,u € W?(Q\ K)}.

We give the definition of a local almost-quasi minimizer of a free discontinuity problem
and a regularity result for its jump set which is proved in [6].

Definition 2.1. We say that w € SBV (U) is an almost-quasi minimizer of a free dis-
continuity problem, if there exists A > 1, a > 0 and co > 0 such that

veSBV(U), z€U, B.(x)CU [w#v]C B.(x) =
/ |Vw|*de +H" " (J, N B (z)) < / |Vol2de + AH" (T, N By (x)) + car™ T2
B (z) B, (z
(2.1)



Theorem 2.1. Let u be an almost-quasi minimizer of a free discontinuity problem, then

H* (T \ Ju) = 0.
We use this key tool to prove the following.
Theorem 2.2. Let u be a minimizer of (Pam), then H' (T, \ Ju) = 0.
Proof. Let u € SBV(Q) be a minimizer of (Py). For 8> 0, we denote
x x
vV € 59, U xZU(*>7 g x:g(—).
5(x) 3 5() 5

As
H (T \ Juy) = 0= H"1(Jy\ Ju) =0

then, according to Theorem 2.1, it suffices to prove the following assertion.

Claim : There exists B > 0 such that ug € SBV () is an almost-quasi minimizer
of a free discontinuity problem

With the same argument as in the proof of Theorem 1.2, we have u € SBV(Q2) N
L>°(2). As u is a minimizer of (Pn), then ug is a minimizer of the rescaled problem

(Pop): min {E;(v),v € SBV(30)},
where

Bl (v) = B /m (v—gg)de+/ﬁQ|Vv|2dw+ﬁ/J (M, vy) 5™

Let be v € SBV(8Q), z € BQ, B.(z) C BQ, [ug #v] C By(z)and & = pov,
where ¢ is introduced in the proof of Theorem 1.2. As ug is a minimizer of (7516[) then
Ef/l(um < Ef,[(f)) and it implies

/ |Vu,g|2d:c+ﬁ/ - <Muuﬁ,uu5)%d7-["_1
By (z) JuﬂﬁBr(x)

g/ |Vo|2dz + 3 <Muﬁ,u@>%dﬂrz"—1+/ (5 — gp)*da.
B, (z)

JsNBy(x) By (z)

Then
/ \Vu5|2dx+6/ o <Myuﬁ,1/uﬁ>%d%"_1
B, (x) JuyNBr ()

< / |Vol2dz + 3 (M, yv>%d7-[”_1 + 4Hg||%oo(9)wnr”,
B, (x)

Ju ﬂ?,(x)

where w, = L"(Bi(x)). Now, we set 3 = A~! where ) is the ellipticity coefficient
introduced in section 1.1. The left hand side of inequality (H;) gives

H Uy N Br(@) = BXH™ (T, N Br(a)),

1
/3/J B L
ug (T

IN

SO
/ Vus?dz + H (S, 1 Br(x))
By (z)

2 1 n—1 2 n
g/ Volde+8 [ (Muy,ve)2dH" ! + 4] g]1 e mr™
B (x) JuNBr ()



The right hand side of (Hy) gives

/ Vg2 da + H" (T, N Br(x))
By (z)

< [, o) [VePde+ BAH (A Br@) + gl e g™

r(x

So, we may conclude that ug satisfies the definition of an almost quasi-minimizer of a
free discontinuity problem and the Claim is proved.

O

We deduce from the previous Theorem that a minimizer of the relaxed problem pro-
vides a minimizer of the general problem. Moreover, we have

Proposition 2.1. Let u € SBV(Q) be a minimizer of (Pm), then u € CH(Q\ J.,).

Proof. Let B,(z) C Q\ Jy; then u € WH2(B,.(z)) and it is a minimizer of the functional

/ (v — g)%da + / |Vol2dz
B (z) B, (z)

among the functions v in u + VVO1 2(B,(z)) and then classical regularity results give u €

CY(Br(2)). 0

3 Construction of M

In the previous sections, we assumed the existence of a riemannian metric M adapted
to the problem of detection of tubes. Moreover, our results are true if ellipticity (H7)
and Holder-regularity (Hz) are satisfied. So, we propose two possible definitions of such
a metric which may be used in practice.

3.1 2D Case

We give a definition adapted to dimension 2. For that, we search for an unitary vector
field ¢ : Q — S! following the direction of the tubes.

Figure 3.1: Vector field c along a tube K
We introduce the following functional
Flc) = / (Dg, )%z + / |DefPdz
Q Q
and the following minimization problem

(P.): min{F(c):c(z) €S' ae. 2 €Q, cec WP(Q)}.



If we set p > 2 then, Sobolev embedding Theorem ensures that c is a-Holder regular with
a=1- %. It is easy to prove that a solution ¢y of (P,) exists and we set

M = Id + p'coco,
where 1 > 0 corresponds to the elongation of the unit ball of M(z) along the direction

c(x).

3.2 3D Case

In dimension 3, the previous approach is not adapted. In fact, a vector field can avoid
lateraly a tube without penalizing the regularization term [, [Dc[Pdx.

)
NI

Figure 3.2: Vector field c avoiding lateraly a tube K

To overpass this problem, we introduce the second order derivative of H of g and the
following minimization problem

FOM) = [ M- H|*de + [ |DM|Pda
Q Q
and the following minimization problem
(Py): min{F(M) : M satisfies (H;), M € W'(Q)}.

If we assume that H € L?(£2), then it easy to prove that this problem admits a solution
Mjy. As for the 2D case, we assume that p > 3 and Sobolev embedding Theorem ensures
that M, satisfies (H3).

Conclusion

We have introduced a new model and we have proved that the associated minimizing
problem is well posed. In a forthcoming work, we will introduce an approximation of this
problem with I'-convergence. It allows us to solve the minimizing problem with PDE
technics.
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Abstract

This paper deals with a generalization of a result on Minkowski contents: if a set is closed and
(n — 1)-rectifiable, then its Minkowski content coincides with its (n — 1)-dimensional Hausdorff
measure. In our case, the Hausdorff measure is replaced by an anisotropic measure depending on
the location and on the orientation of the set. We introduce an adapted Minkowski content and
we prove that, under the same hypothesis of closure and rectifiability, the anisotropic Hausdorff
measure and the anisotropic Minkowski content coincide. Then, we apply this result to an almost
quasi minimizer of a free boundary problem and we prove that the anisotropic Minkowski content
of its jump set is equal to its anisotropic Hausdorff measure.

1 Introduction

In this paper we are interested in anisotropic measures defined on (n—1)-rectifiable surfaces S C R"
by

Sm(S) = /S (M, )2 dHn,

where M : R® — ST (R) is a field of symmetric definite positive matrices, v is a unitary vector
orthogonal to § and H"~! is the (n—1)-dimensional Hausdorff measure. We recall that for S C R",
the (n — 1)-dimensional upper and lower Minkowski contents are defined by
L({x: dist(z, S L ({x: dist(x, S
M*(S) — liIn sup ({SC 18 (%7 ) < p})’ M*(S) — hm mf ({l’ 1S (.’l‘, ) < p}) .

p—0+ 2p p—0t 2p

In case these upper and lower Minkowski contents are equal, their common value is called the
(n — 1)-dimensional Minkowski content M(S). In [1], the following result is given.

Theorem 1.1 (Federer, Theorem 3.2.39). If S is a closed and (n — 1)-rectifiable subset of R",
then
M(S) =H"1(S).

As H"1(S) = Spq(S), we generalize this result for the case where M is not necessary equal to
the identity. For that, we introduce the following Riemannian metric

[N

Y(z,v) € AxR", é(z,v) = M (z)v,v) (1.1)

and the integrated distance associated to ¢ is

1 1,1
> 4 _ . Y EWRH01];9),
V(z,y) € 2, distg(z,y) = inf /0 B(y,y)dt: Y 0) =2, y(1) =y [’ (1.2)
Vo e, disty(z,S) = inf{diste(z,y): y€ S},

where 4 = ‘2—;’. We define the associated anisotropic Minkowski (n — 1)-dimensional upper and

lower content as the limits
L7({z € Q: disty(z, S) < p})

MR/I(S) = limsup ’
p—0+ .20

Mona(S) = limine 2202 € @ disto(@,5) < p})
p—0t 2p



In case they are equal, we call their common value the (n — 1)-dimensional anisotropic Minkowski
content Mp(S). The main result we prove in this paper is the following.

Theorem 1.2. If S is a closed and (n — 1)-rectifiable subset of R™ and M : Q — S/ (R) satisfies
Hélder-reqularity condition:

(H) : Ja > 05 30 > O,V(I,y) € Q2a ||M(£L') - M(y)H < 9‘1‘ - y|(¥’

then we have
Mu($) = [ (M),
s
where v is an unitary and normal vector to S.

If M is defined on a bounded domain €2, then Sobolev embedding Theorem ensures that if
M € WHP(Q;S;H(R)) and p > n, then M satisfies (H).

A comparable result is given in [2] (Theorem 6.1) for S = OF and E is a set of finite perimeter.
In [3], the study focuses on anisotropic outer Minkowski content for the same class of sets. Moti-
vated by the Mumford-Shah anisotropic model introduced in [5], we are interested in the extension
of those results to the larger class of (n — 1)-rectifiable sets (which includes S = 0F, E with finite
perimeter).

In section 2, we motivate our result and give an heuristical approach for introducing ¢ and
M. In section 1.2 we prove the main result in two steps: first in 3.1, we assume that M does
not depend on z € 2 and give a proof of our result under this assumption; then, in section 3.2,
we generalize the proof in the inhomogeneous case. In section 4, we apply this result to the case
where S is given by the jump set a-of an almost-quasi-minimizer.

2  Origin of the problem and heuristic

We adopt the notations:
e  an open and bounded subset of R",
e (v1,vy) € R for the canonical scalar product of v, vy € R™,
. /\?:_fvi € R™ for the canonical vectorial product of vy,...,v,_1 € R™,
o |v| for the euclidean norm of v € R™,
o |IM]| for an induced norm of M € M,,(R),
e SH(R) € M, (R) for the subset of symmetric definite positive matrices,
o GL,(R) C M, (R) for the subset of invertible matrices,
o 0,(R) C GL,(R) for the subgroup of orthogonal matrices,
o B(Q) the class of Borelian subsets of €,
e L™ for the Lebesgue measure in R",
e H"! for the (n — 1)-dimensional Hausdorff measure,

o dist for the euclidean distance in R™.

2.1 Motivation

This work is a part of a contribution the problem of detection of filaments surrounded by noise in
a digital image. In [4] we introduced a model under the assumption of bimodality of the histogram
of the image. To remove this assumption, in [5] we have introduced an anisotropic version of the
so-called Mumford-Shah model. For the need of numerical implementation, we want to perform
a I-convergence approximation as it has been done in [6] for the original Mumford-Shah model.
To do that, we need to establish a link between Hausdorff measure and Minkowski content in the
anisotropic setting.

We set 2 C R™ an open and bounded domain, with n € {2,3}, and g : @ — R the image. In
[4], we have considered an unitary vector field ¢ : @ — S™~! tangent to the filaments (see Figure
2.1).

To favor the detection of thin tubes, for any = € ) we have set

M(z) = Id,, + p e(z)(c(2))",

2
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Figure 2.1: Vector field ¢ along a tube K

where p > 0 is a parameter adapted to the elongation of the tubes. Then, M is a field of symmetric
definite positive matrices S, (R) which satisfies

Y(z,v) € Qx R", (M(z)v,v) = [v|]> + u(c(z), v)2.

Roughly speaking, M contains the local anisotropy of the image and is adapted to the detection
of thin tubes (see [4]). We recall the so called Mumford-Shah model

E(u) :/ﬂ(ufg) dm+/ﬂ|Vu| dz +H" " (Ju),

with u € SBV(Q) and J,, is the jump set of u. In [5], we have introduced an anisotropic version
of the Mumford-Shah model as follows

EM(u):/Q(u—g)zdx—l-/Q|Vu|2dx+/; (Ml/u,1/u>%d’;‘-l"_17 (2.1)

where v, is an unitary and normal vector to .J,. We remark that if 4 = 0, then M = Id,, and
Ev = E. So, our model is a generalization of Mumford-Shah one. We want to perform a I'-
convergence approximation in the same spirit as [6]. In this paper, for the upper inequality of
I"-convergence, the authors used Theorem 1.1. In our anisotropic setting, we need to establish the

link between [, (Mu,,v,)3dH" " and the Lebesgue measure. For that, we need to modify the
definition of M.

2.2 Heuristic

By an heuristic way, we show the relation between Sy (S) and Mp(S). In the proof of Theorem
1.1, the author reduces the comparison between H"~1(S) and M(S) to the case where S is a
(n — 1)-dimensional simplex and then, with approximation arguments, he deduces the general
case. Following the same spirit, we may compute Sy (S), with S a simplex, to deduce an adapted
definition of the Minkowski content.

Thus, in this section, we assume that M does not depend on z € Q and S C R" is a (n — 1)-

dimensional simplex generated by the vector {vi,...,v,_1}. We denote by v an unitary and
normal vector to S. Then, we have

LMK
/ My, v)2dH" ! = (Mu, v) 21" (S) = #)1, (2.2)
s (Mv,v)z
where K is the n-dimensional simplex K generated by {vy,...,v,_1, Mv} (see Figure 2.2).

Considering the obvious relations
Vie{l,...,.n—1}, (M 'Mv),v;) =0, (M '(Mv),Mv)= (Mv,v),
we observe that K is the thickening of S according to the metric associated to the scalar product

(v,w) = (M~1v,w) with a corresponding thickness equal to (Mv, )2 .That the reason why we
introduce the following metric

[N

V(z,v) € QxR ¢(x,v) = (M (2)v,v)

3



Figure 2.2: Simplex K

and its associated integrated distance

Neglecting the thickening at the boundary of S (yellow part of Figure 2.3), ratio (2.2) may be
interpreted as the following

L ({z: disty(z, S) < (M, uﬁ}).

/ (Mu,u)%dﬂn_l =~ .
S 2(Mv,v)z

Figure 2.3: Simplex S and {z: distg(x,S) < <MV,I/>%}

Thus, the associated anisotropic Minkowski (n — 1)-dimensional upper and lower content may
be defined as the limits

Lr({z € Q: disty(z, S) < p})

M (S) = limsup ’
p—0F .2p

Moaa(S) = limint 2212 € @ disto(@,5) < p})
p—0t 2p

2.3 Geometric Measure Theory Framework
The geometric measure theory framework is mainly extracted from [1].

Definition 2.1 (Federer, 3.2.1). Let f maps a subset of R*~! onto R™, the (n — 1)-dimensional
Jacobian is defined by
n—1 0
a2

i= 181}1

whenever f is differentiable at a.

Theorem 2.1 (Area Formula, Federer, 3.2.3). Suppose f : R*™! — R" is Lipshitzian. If u is an
L L.integrable function, then

[ u@aan@a @ =[S u@de )

z€f~H{y}

We are interested in the class of subset of R™ which are (n — 1)-rectifiable.



Definition 2.2 (Federer, 3.2.14). The set E C R™ is (n—1)-rectifiable if there exists a Lipshitzian
function f:R"™1 = R™ mapping some bounded subset of R™ onto E.

The following result is useful to get an univalent parametrization of a rectifiable set.

Corollary 2.1 (Federer, 3.2.4). For every L"~' measurable set A, there exists a Borel set
Bc An{z: Jo—1(f)(z) > 0}

such that f|g is univalent and H""1(f(A)\ f(B)) = 0.

The last result is extracted from [2] and is specific to the computation of the anisotropic n-
dimensional Hausdorff measure.

Theorem 2.2 (Bellettini, 4.1). If ¢ : Q x R™ — R be a continuous function which satisfies
i) V(z,v) e A x R*" Vt e R, ¢(x,tv) = [t|p(x, V),
i) IN>0,3A > 0,¥(z,v) € A xR, Av| < ¢(z,v) < Alv].
Let H7} be the n-dimensional Hausdorff measure associated to the metric introduced in (1.2). Then,

for all Borel set E C R™, we have

[ H(BO.1)
HilE) = | By 1)) ™

where By(z,1) is the unit ball centered at x for the metric ¢.

3 Proof of Theorem 1.2

3.1 Homogeneous Case

In this section, as for the heuristic, we assume that the metric is homogeneous, i.e. M does not
depend on x € Q. We denote by My its common value and by ¢ the following norm

v eR", o(v) = (My'v, v)é. (3.1)

We denote by 7; the n-dimensional Hausdorff measure associated to this norm. We prove the
following.

Theorem 3.1. If S is a closed and (n — 1)-rectifiable subset of R™ and My € S, (R). Then we
have

Maa, (S) = / (Mo, )% dH",
S

where v is an unitary and normal vector to S.
We decompose the proof in three Lemmas. As My is symmetric positive definite, R™ may be
viewed as an euclidean space according to the scalar product (Mg L, ). So, Theorem 1.1 may be

directly applied. The three following Lemmas consist in the change of variable from R"™ endowed
with the scalar product (Mg*'-,-) to R" endowed with the canonical scalar product.

Lemma 3.1. For M, € S/ (R) and ¢ defined by (3.1), we have

VE € B(R"), L"(E)=/det(Mo)HL(E).

Proof. As M is a symmetric positive definite matrix, there exists P € O, (R) and ()\;);=1..., such
that A; > 0 for any i € {1,...,n} and

MO 0

My=P| ° Az P (3.2)
o
0 0 A

We denote by (¢;)i=1...n the canonical basis of R", then the family (v/\; P¢;)i=1...n is a orthonormal
basis for the scalar product (Mg L, -). So, the linear application ¢ : R® — R™ characterized by
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o(c ) \rPc, for any i€ {1,...,n}, is an isomorphism which satisfies ¢(B(0,1)) = B4(0,1) and

det(p) = y/det(Mp). It gives

H"(By(0,1))

/B o et
= /det(M,)L"(B(0,1))

As ¢ satisfies all the conditions of Theorem 2.2, it gives

H"(B(0,1))
VE € BR"™), H}(E)= L"(E).
R, Hi(E) V/det(Mo)£"(B(0,1)) &)
As H"™ = L™, it concludes the proof of Lemma 3.1. O

Denoting e; = v/A;Pc;, then (e;)i=1
(Mg, ). We may define the associated vectorial product of (v;)i=1
characterized by:

» is an orthonormal basis of R™ for the scalar product

.....

,,,,,

-1
n—1 as the vector A"~ v;

(Mg'vier) ... Mg'vaop,en) (Mp'w,er)

vwer | f e () W) 6)
(Mg 'vien) o (Mglvao1,en) (Mglw,en)

Lemma 3.2. If My € ST (R) and ¢ defined by (3.1), then we have

/\n 1 _ MO( = 1 vl)
¢,i=1 Vi = .
det(M)

Proof. As P € O,(R), then (Pc;)_, is an orthonormal basis for the usual scalar product and, for
any w € R", we have

(vi,Pc1) ... (vp_1,Pc1) (w,Pcy)
. ) . . (v,
(Vi Pea) ... (a1, Pen) (w,Pey)
According to (3.2), we have
Vv e R™, (v, P¢) = \/X-(Malv, \/)TZ-PCZ)
and then
Mglvier) ... Mg'va_i,er) (Mglw,ep)
N oow = o (Moaz v ).
(Mo 'vien) o (Mo vo1,en) (Mglw,en)

According to (3.3), it concludes the proof of Lemma 3.2.
O

As for the vectorial product, we may define an anisotropic (n — 1)-dimensional Jacobian by
/\n 1 8f
¢yi=1 8x1

whenever f is differentiable at a. The following result is a straightforward consequence of Lemma
3.2




Lemma 3.3. If M € S/ (R) and ¢ defined by (3.1), then we have

1 o (N ) K2

Now we give the proof of Theorem 3.1.

Proof. Let S be a subset (n — 1)-rectifiable and closed. As ¢, introduced in the proof of Lemma
3.1, is an automorphism, then S is also (n — 1)-rectifiable and closed for R™ endowed with the
scalar product (Mg !, -). According to Lemma 3.1, we have

L'({z € Q: disty(x, S) < p}) _ Hy({z € Q: disty(z, 5) < p})

on det(Mp) N (3.4)
We may apply Theorem 1.1 in the euclidean space (R”, (My'-, ")), it gives
HE({x € Q: distg(x, S) <
L 0.5 <ph) _ HI(S), (3.5)

p—0+ 2/)

As S is rectifiable, there exists a Lipschitzian function f : R®"! — R™ and a bounded subset
A C R"! such that S C f(A). According to Corollary 2.1, there exists a Borel set

BcAn{z:J n 1(H)(x) >0}

such that f|p is univalent and H*~1(f(A) \ f(B)) = 0. We denote by C = f~(S) N B and then
Hg_l(f(C’)) = Hg_l(S). As f|¢ is univalent, according to Area formula 2.1 with u = 1¢, we have

HI1(S) = /C 30 () (). (3.6)

For any z € C we have J°_ (f)(z) > 0 and then J,,_1(f)(z) > 0. According to Lemma 3.3, we
may write

I (f)(@)

Jf: () = mJn—l(f)(l")v
1 NS\ NS @) >§
= —— (M - . Jn,1 xT).
| NTaw]) s ew])
We denote

nflﬂ n—19f %
u(m) _ <M /\i:jl Baml (x) /\z 11 (?;1 ($) > .
‘/\?=1 Bzfl x ‘ ’/\? 1 ai x)‘
According to Lemma 3.2.25 in [1], we remark that u(x) = <M0V(f(l‘)),l/(f($!}))>% where v(f(z))

is an unitary and orthogonal vector to f(C) at f(z). Applying Area formula 2.1, this time in R"
endowed with its canonical euclidean structure gives

[ 3@ (@),
C

\/% / u(w)

= (Mov,v) 2d7—[” Y
det F(O)

\/det(Mo) /5 (Mov,v)

According to (3.4), (3.5) and (3.6) we may conclude

ERC YA

lim L7({z € Q: disty(z, S) < p})
p—0t 2p

:/ (Myw, v)2dH" .
S



3.2 Inhomogeneous setting

In this section, we remove the homogeneity assumption and using a piecewise constant approxi-
mation of M we can prove the following.

Theorem 3.2. If Q@ C R"™ is bounded, S is a closed (n — 1)-rectifiable subset of Q and M : Q —
ST(R) satisfies Holder-regularity condition:

(H):  3a>0,30>0(y) €9 M) - M) <ol -y,
then we have

Mua(8) = /S (M, vt ann?,

where v is an unitary, normal vector to S.
The proof is divided in three propositions.

Proposition 3.1. Let Q and M be as in Theorem 3.1. Then M satisfies the following Ellipticity
condition:

(E): IA>0,3A > 0,¥(z,v) € QA xR, Av]2 < (M(z)v,v) < Alv|.
Proof. As M(x) is symmetric positive definite for any x € ), we have
Vo € Q,3IN(z) > 0,3A(z) > 0,¥v € R",  A(z)|v|]* < (M(z)v,v) < A(z)|v|>.

According to (H), M is uniformly continuous, we may extend it in a continuous way to Q. As Q
is bounded, then 2 is compact and the previous inequalities remain true with (A, A) independent
of z € Q. O

Proposition 3.2. Let Q, S and M be as in Theorem 3.1. Then, we have
Mia($) < [ (v danr .
s

Proof. We may assume that [¢ (Muv, l/>%d7-["_l is finite, otherwise the result is ensured. According
to Proposition 3.1, there exists A > 0 such that

M) g/<Mu,y>%dH”—1
S

and then H"~1(9) is also finite. Fort € Rand i € {1,...,n}, we denote I} = {zx € Q: (:1: e;) =t}.
Thus, for k € N fixed, {t € R: H""H(SNI}) > +} is ﬁmte and then, for any i € {1,...,n}, the
set {t eR: HH(SNIL) > 0} is at most countable So, for n > 0 fixed, there exists a covering
K of by cubes with diameter less than n and with disjoint interiors, such that

VK e K, H" ' (SNOK)=0. (3.7)

For any K € IC, we choose ax € K and we set

(3.8)

{VKGICV:::GK M(z) = M(ax),
Y(z,v) € K xR", ¢(z,v) = ((M(ak))""v,v).

For K € K and r > 0, we set K, = {z: dist(z,0K) < r}. We have the following decomposition

Mia(S) < Y Mu(SNEK) + > Mjg(Sn (K \ K,)). (3.9)
KeKk KeK

In Claim 1 and Claim 2, we determine an upper bound for the two previous sums.

Claim 1: We have

ST Mu(SNE,) <ATEAR Y WS NK,).
Kek KeK



According to Proposition 3.1, there exists A > 0 and A > 0 such that
V(z,v) € QxR", A~7|v| < (M(z) 'v,v)z < A~ 2|v]. (3.10)
Let (z,y) € Q2 and v € W ([0;1]; Q) such that v(0) = 2 and v(1) = y, then we have

1 1 1
a7t [Tpiaes [t ot [plae
0 0 0
According to (1.2) and (3.10), it gives

Y(z,y) € Q% A_%dist(x,y) < disty(z,y) < )\_%dist(x,y) (3.11)

and then ) )
Ve e Q, B(xz,A?)C By(z,1) C B(z,A2).

As H"(B(z,t)) = t"H"(B(0,1)), we have
H"(B(0,1))

VeeQ, A F< T < \TE
H"(Bg(x,1))
and with Theorem 2.2, it yields
VE € B(Q), A FHY(E)<HL(E) <A 2H"(E). (3.12)

Moreover, (3.11) implies {x: disty(z, SNK,) < p} C {z: dist(z, SNK,) < Az p} and then we have
H”? ({z: disty(z, SN K,) <
My (SNK,) = limsup s a ) <eh
p—0+ 2p
< A% limsup H({x: dist(z, SN K,) < Azp})
p—0+ 2p
A"EAT M (SN K,).

As S is closed and (n—1)-rectifiable, so is SNK,.. We may apply Theorem 1.1 to get M*(SNK,.) =
H* (SN K,) and Claim 1 is proved.

I

)

IN

Claim 2: We have
S Mig(S 0 (K\ K,) < (1407 / (M, vt annt,
Kek s

where 0" is a constant which depends only on M uniformly with respect to x € Q and o > 0 is
given by Holder regularity assumption (H).

As the set of symmetric matrices that satisfy ellipticity condition (E) is a compact subset of
GL,(R) and the inversion is a continuous application on GL,,(R), there exists a constant m > 0
which depends only on (A, A) such that

M, M, satisfy (H) = |[M;" — M| < m|M; — M.

Let (z,y) € Q% and v € W"([0;1];Q) such that 4(0) = 2 and (1) = v, according to Holder
regularity assumption (H) we estimate

IA

)

/1 (M) =M )33
o (M1 (7)4, %)% + (M~1(7)%,9)%
/1 IM~!(7) = M~ ()4, 9)

0 (M~1(7)4,4)% + (M~L(7)4, %)

mo 1 1
< 777“/ ¥, 9) 2 dt,
2A-1 0 < )

/ LM ()5 / Rt )i

dt,

m@ 1 -~ 1
—n* M~ (7)%, )2 dt.
o3 /O< Y7

IA




We denote 0/ = -2 this gives
oA~ S

/ <M71(7)7’7>%dt’§(1+9’77a)/ (MY (7)5,4) 2 dt,
0 0

so that
{z: disty(z, SN (K \ K,)) < p} C {z: distg(I,Sﬂ (K\ K,)) < (1+0n%p}, (3.13)

and then
My (SN (K\K,)) <(1+ 9’7]“)/\/1;7[(5 N(K\K,)). (3.14)

As gg is an homogeneous metric in a neighborhood of K \ K, as in Section 3.1, we may apply
Theorem 3.1 to obtain

M (SN K\ K) = [ (M, )b dp—!
SN(E\K,)

and

ME(SN(K\K,)) < /sm (M, v)zdH" .

According to (3.14), we get
> MiaS0 (K \K) < (14 0%) [ (Mympbane T,
Kek S

so it concludes the proof of Claim 2.
Applying Claim 1 and Claim 2 to the decomposition (3.9), we have

Mig(8) < A 5AF S H S A K + (14 9'77&)/ (M, )3 dpn—!
Kek S
Taking the limit » — 0% gives

Mia(8) < A5A% 3" H L (S N OK) +(1+e'n<¥)/ (M, v)bdpn—1.
Kek s

Applying (3.7), and taking the limit as 7 — 07 concludes the proof of Proposition 3.2

Mig(S) < / (My, vy Edmm.
S

Proposition 3.3. Let 2, S and M as in Theorem 3.1. Then, we have
Mo (S) > / (M, ) dHn.
s

Proof. Let n > 0 and K be the same partition of Q as in (3.7) and (3.8). For r > 0 and K € K,
we still denote K, = {z: dist(z,0K) < r}. As K is finite and

(K,L)e K>, K#L = dist(K,,L,) >0,

then we have
Mam(8) = Y- Mam (SN (K \ Ky)) (3.15)
KeK

With the same proof as for (3.13), we have
{z: distg(x, SN(K\K,)) < p} C{x: distg(z, SN (K \ K,)) < (1+6'n%)p}
and then

Lr({x € Q: disty(z, SN (K \ Kr)) < p}) _ Lr({z € Q: disty(e, S0 (K \ K,)) < (1+6'%)p})
2p - 2p

10



Passing to the lim inf with p — 07 gives
M (SN (K\K,)) < (1+ O IMuam (SN (K \ K,.)).

As M is constant in a neighborhood of K \ K, as in Section 3.1, we may apply Theorem 3.1 to
obtain

M, (SN (K\K,)) :/ (My,v)3dH" 1.
SO(R\K)

According to (3.15), we get

Mom(S) > (1+e'na)*1z/ (My, v) 2 dHm 1,
Ker JSN(E\K,)
> (1+9/na)—1/ (M, v)zdH" !,

SNC,

where we have set Cr. = Uy (K \ K;). Remark that

r <ry=Cp CCh, UC’T—Q\<U 8K>

>0 KeK

so, we have

lim <1\A/1V,1/)%d7-["_1 :/ (I\N/Iu,u)%d’;'-[”_l.
r=0% Jsne, S\USK
As H" 1 (OK) = 0 for any K € K (3.7), then
lim <1\N/Il/,1/>%d’z‘-["_1 = / (R//Iu,uﬁd?{"—l.
r=0% Jsne, 5

We deduce that

Maa(8) > (14 0/7°)" / (M, v)Edn—!
S

and passing to the limit as n — 07 in this inequality concludes the proof.
O

4 Application to almost quasi minimizers of a free boundary
problem

4.1 Definition and main result

We are interested in regularity for local minimizers of free discontinuity problems. The functional
framework is the theory of BV and SBV functions that may be found in [7] for BV and [8] for
SBV. We give the definition of almost-quasi minimizer of a free discontinuity problem introduced
in [9].

Definition 4.1. Foro > 1, a > 0 and ¢, > 0, we say that w € SBV(Q) is a (0, a, ¢y )-almost-quasi
minimizer of a free discontinuity problem, if there exists a > 0 and co > 0 such that

ve SBV(Q), z€Q, B(z,r)C, [w#v]C B(z,r) =

/ |Vw|?dz 4+ H" " (J, N B(x,7)) g/ \Vol2dz 4+ oH" 1 (J, N B(x, 7)) + cor™ 1T,
B(z,r) B(z,r)
(4.1)

where J, and J,, are the jump sets of u and w.

In particular, it is easy to see that a minimizer of Eng, introduced in (2.1), is an almost quasi
minimizer. The main result we introduce in this section is the following.

Theorem 4.1. Let u € SBV(Q) be an almost quasi-minimizer of a free discontinuity problem
(4.1), then we have

MM(JH):/ (M, va) ¥ a1

Ju

11



4.2 Proof of Theorem 4.1

To prove Thorem 4.1, we need the two following regularity results for the jump set of almost quasi
minimizers which are extracted from [9].

Theorem 4.2. Let u be an almost-quasi minimizer of a free discontinuity problem, then
H 1 (Ta\ ) = 0.

Theorem 4.3. There exist constants B, py such that for every (o,«,c,) almost quasi-minimizer
u, for every x € J,, and for every 0 < p < pg such that B(z,p) C Q, we have

H 1 (Ju N Bz, p)) = Bt

First, we prove the following.

Lemma 4.1. Let u be an almost quasi-minimizer of a free discontinuity problem (4.1), then for
any compact set K C J, NQ, we have

Mg (K) < / (M, va) dH",
J.

u

Proof. We may assume that [, (Mu,, Vuﬁd?-l"’l is finite, otherwise the result is ensured. Ac-
cording to ellipticity condition 3.1, we have

/\%'Hnil(Ju) < / <MVuaVu>%dH"71

JuNK

so, H"~1(J,) is finite too.
According to [7], Section 5.9, the set J, is rectifiable up to a H" !-negligible set /. More
precisely, there exists a countable family (K;);en of compact Cl-hypersurfaces such that

JU—NU<UKi>,

i€EN

where H" 1 (N) = 0. Let K C J, N be compact, we have the decomposition

K_[KH(L\JU)]U{KOOKZ}U Kn G K| U[KNN].

i=1 i=q+1

Theorem 4.2 gives H" (K N (J, \ Ju)) = 0. Let 6 > 0 be fixed. As H"~!(J,) is finite, there
exists ¢ € N such that

H (K0 | K| <6 (4.2)
i=q+1

In the sequel, we omit the dependance with § for the sake of simplicity. We set S = K N ngl K;
and for A C R™ we adopt the following notation

A, = {x: disty(z, A) < p}.

Let 7 > 0 and p > 0 be fixed, we decompose K = (K \ S-,) US;, and denote £ = K \ S;,. So,
we have
K, CE,US147)p

and then

‘Cn(Kﬂ) < [’n(Ep) [‘n(S(H-T)p)
+
20 T 2p 2p
The rest of the proof consists in computing an upper bound, when p — 0T, for the two terms in
the right hand side of (4.3). As S is a closed and rectifiable set, Theorem 1.2 gives

LS, 1
lim 7( a+ )p) =(1 +7’)/ (Muu,uuPdH"*l
p—0t 2p S

. (4.3)

12



and then (s
m ( (1+T)p)

_ % n—1
Jim =S = (14 ) /J (M, vy) 2 dH" 1. (4.4)

u

In the fourth following Claims, we prove that lim sup LnSPE" ) converges to 0 when § converges

to 0. The main tool is the regularity result given by Theorem 4.3.

Claim 1: There exists p € N and z1,...,x, € ENJ, such that E C | J!_| By(zi, 7p) and

(4,7) € {1,...,p}% i # j = disty(z;, ;) > Tp. (4.5)

We construct (x;); by an iterative way and we show that the number of iterations is finite.
If E = (), then the result is obvious. Otherwise, there exists &, € E. As E C J,, there exists
(yr)r C Jy converging to &1. As diste(£1,.5) > 7p, there exists ko € N such that diste(yx,,.S) > 7p
and we set 21 = Yg,-

Let us assume that there exits z1,...,z, € ENJ, which satisfy (4.5). If E C J!_, By(z;, 7p),
then the iterative process stops. Otherwise, there exists Z,41 € E\ U!_, Bs(z;,7p). As E C Jy,
there exists (yx)r C Jo, converging to Zpy1. As disty(Zp11,S5) > 7p and disty(Zp11,2;) > 7p for
any i € {1,...,p}, there exists k, € N such that diste(yx,,S) > 7p and disty(y,, ;) > 7p. We
set x, = Yk, -

If the iterative process does not finish, then there exists a sequence (x;);eny C Q which satisfies
(4.5). According to Ellipticity condition, we have

T

VA

As Q is bounded there exists a converging subsequence which is a contradiction. So, the iterative
process is finite.

(i,5) €{1,....p}% i #j = |z — x| >

Claim 2: There exists a constant ¢ = ¢(n, A\, A) which only depends on the dimension n and the
ellipticity coefficients A\, A such that

VeeQ, #{ie{l,...,p}: x € By(zi,7p)} < c(n,\,A).

We denote
n . 1 L 1
C(n,A,A):sup quzayla---,yqeRv vza|yl|§ﬁa l#]i‘yzfy”Zﬁ .

We consider a finite partition of B (07 %) of parallelepipeds whose diameter is less than ﬁ Then,

¢(n, A, A) is finite and less than the cardinality of such partition. For z € Q, we set y; = z;;z.
According to ellipticity condition, we have

1 . . 1
x € By(w;,7p) = yi € B (Ovﬁ), i# =y -yl = Vi
and then # {i € {1,...,p}: @ € By(z;,7p)} < c(n, A A).
Claim 3: We still denote by ¢ a generic constant depending on (n, A\, A). We have

_ & _
pBp" t< F’HH 1(Ju NE;,).

According to Claim 2, we have
P
Z 17.nBy(zirp) < CLu,nE,,-
i=1
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Integrating with respect to H" ! gives

P
S H N (Ju N By(wi,7p)) < cH" N (Ju N Exp).
i=1

Ellipticity condition gives B(x;, )\%Tp)) C Bg(x;, 7p)) and then

p
S H" (TN B(wi, A2 1p)) < cH" TN (T N Ery). (4.6)
i=1

According to Theorem 4.3, there exists 5 > 0 such that
Vie{l,....,p}, H*'(J.NBxi,\21p)) > BA"T L pnl (4.7)
Inequalities (4.6) and (4.7) conclude the proof of Claim 3.
Claim 4: We have

(I+7)"c
1

L"(E
lim sup ( p) < —
p—0+ P T

where § is given by (4.2), B by Theorem 4.3 and w,, is the volume of the unit ball of R™.

5

According to Claim 1, we have E C |J?_; By(z;,7p) and then E, C UY_, By(zi, (14 7)p).
Ellipticity condition gives

By(ai, (1+7)p) € Blxi, A*(1+7)p),

it yields
LM(E,) < pL"(By(xi, (1+7)p)),
< pLY(B(xi, A2 (14 7)p)),
< pAE(L+ 1) "wep"

As E= K\ S;,, then we deduce E,, C K,;,\ S and Claim 3 gives

A3 (14 7)"wne

LY(E,) < G pH"_l(Ju NE;,),
AZ(1+ 7)"w,e e
< A0t T enc ﬁTn_)l pH" (T N (K \ S)).

According to (4.2), we deduce
LE) AR+

c
lim sup < DT, N (KN S)),
msup 17 SR g (0 9)
AZ(1+ 7—)"wnc(s
- 2p7m—1 '

Conclusion of the proof.

According to (4.3), (4.4) and Claim 4, we have

limsup£ () < (Hfz 65+(1+7')/ (M, vy)2dH
p—0+ 2p T Ju

Letting 6,7 — 0% successively gives

"(K
limsup£ (K) S/ (Muu,yuﬁdrflnfl,
p—0+ 2p Ju

which concludes the proof of Lemma 4.1.
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Now, we give the proof of Theorem 4.1.
Proof. We divide the proof in two inequalities.

Claim 1: We have
Ml*\,I(Ju)g/ (M, va) a1
J

u

We assume that f (M, I/u> 2dH" ! is finite, otherwise the result is ensured. We set Q, =
{z € Q: dist(z,0Q) > r} So, the following set is at most countable

= {r>0: / (M, v,)2dH" ! >0}.
JuNOQ,

In particular, for any § > 0, there exists a sequence (r;); C II strictly decreasing to 0" and such
that

/ (M, 1v,)5dH" 1 < 6.
JuN(Q\2r)

We consider the following partition

oo
Q=Q, U (U Qriyy \Q) ,
=0

it gives
Mg () < Mig(Ju N Q) +ZM* (Ju OV (2, \ Q200)-
=0
As M4 (E) = Mj4(E) for any E C R™ such that E C Q, we have

M (Ju) € My (TN Q) +ZM* (Ju N (2, \ 20))-

=0

We may apply Lemma 4.1, with K = J, N Q,,, and K = J, N (2, \ Q,,), it gives

Mial2) < [ (Mvvhane Z / (M, ) FAH"
Ju

Tu Qe \2ry)

As r; € II for any 7 > 1, we have

Mia(Ju)

IN

/ (Muy, vy,) d?—l” l—l—Z/ Myu,l/u)%d’;’-["fl,

” Ny \ )

IN

/ <Myu,yu>§d7-l”71+/ (Muu,uuﬁd'r'{n*l,
s TN (\2rg)

< / (M, v)2dH ! + 6.
Ju
As § > 0 is arbitrary, it proves Claim 1.

Claim 2: We have
M*M(Ju)z/ (M, va) a1

[

As for the proof of Lemma 4.1, there exists a countable family (K;);en of compact C!-hypersurfaces

such that
Ju=NU (Um) :

i€EN
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where H" "1 (V) = 0. As [J!_, K; is rectifiable and closed, Theorem 1.2 gives

MM (CJ Ki> = /Uq (Ml/u,yu)%dH"fl.

=0 1o I

So, we deduce that
Maa(l)= [ (M

oo
K
i=0

and then, as H"~}(N) = 0, we conclude that

M*M(Ju)zf (Mu,, v,)2dH™ 1.
Ju

5 Conclusion

In this paper we have introduced the Minkowski content Mn(S) adapted to the anisotropic
measures of surface Sp(S) and we have proved that under hypothesis of regularity on M (Holder-
Regularity) and regularity on S (closure and rectifiability) we get My (S) = Sm(S). In particular,
we apply this result to the case where S = J, is defined as the jump set of an almost-quasi-
minimizer u. This result is the key tool to prove the upper I'-limit of a I'-convergence result. More
precisely, in a forthcoming paper, for

2
Eme(u, 2) = / (u— g)*dx +/ |Vu|?(1 — 2)%dw +/ <e(MVz, Vz) + Z—) dz,
Q Q Q de

we will prove that (Em ). is I-convergent to

EM(u):A(u—g)de+A\vu|2dx+/ (M, v,)2dH" !

u

when ¢ — 07.

References

[1] H. Federer. Geometric Measure Theory. Springer, 1969.

[2] G. Bellettini, M. Paolini, and S. Venturini. Some results on surface measures in calculus of
variations. Annali di matematica pura ed applicata (IV), CLXX:329-359, 1996.

[3] A. Chambolle, S. Lisini, and L. Lussardi. A remark on the anisotropic Minkowski content.
Advances in Calculus of Variation, 2014.

[4] D. Vicente. Anisotropic bimodal energy for segmentation of thin tubes and its approximation
with gamma-convergence. Advances in Calculus of Variation, 2015.

[5] D. Vicente. An anisotropic Mumford-Shah model. HAL Archives Ouvertes, 2015.

[6] L. Ambrosio and V. M. Tortorelli. Approximation of functionals depending on jumps by ellip-
tic functionals via gamma-convergence. Communications on Pure and Applied Mathematics,
XLIIT:999-1036, 1990.

[7] L. C. Evans and R. F. Gariepy. Measure Theory and Fine Properties of Functions. Studies in
Advanced Mathematics, 1992.

[8] L. Ambrosio, N. Fusco, and D. Pallara. Functions of Bounded Variation and Free Discontinuity
Problems. Oxford Science Publications, 2000.

[9] D. Bucur and S. Luckhaus. Monocity formula and regularity for general free discontinuity
problems. Archive for Rational Mechanics and Analysis, 2013.

16



Approximation of an Anisotropic Mumford-Shah Functional with
[*-convergence

David Vicente

June 29, 2015

Introduction

In this paper, we provide an approximation of a new model we have introduced in [1] for the detection
of thin structures in an image. We assume that the domain {2 is an open and bounded subset of
R™ n = 2 or 3. At each point x €  is associated an intensity g(z) such that g € L*(Q). Let
M : Q — S(R) be a field of symmetric positive definite matrices. We have introduced the following
energy:

E(u, K) :/

(u— g)*dx + / |Vu|?dz + / (M, y)%d}["*l’
QK O\K K

where K is a compact hypersurface with class C', v : K — S" ! an unitary and normal vector
to K, and u € W'2(Q\ K). For M = Id,, it corresponds to the so-called Mumford-Shah energy
[2]. In this sense, £ is a generalization in an anisotropic context, because H" (K) is replaced by
Jx My, V)éd?'-["*l which depends on the orientation v(z) of K at x. In order to show that the
minimizing problem is well posed, we have introduced a relaxed formulation of this energy

E(u):/ (u—g)de—l—/ \Vu\de—i—/ (Ml/u,yuﬁd?-["*l, (0.1)
Q Q Ju

where u € SBV(Q) and J, is its jump set. We have proved that the relaxed minimizing problem
admits a solution and provides a minimizer for the initial energy .

In this paper, we are interested in the approximation of (0.1) by functionals for which the mini-
mization process is more suitable for a numerical implementation. For € > 0, we introduce

22
E&-(u’ Z) _ /Q (u . Q)Zdl' + /;) |VU|2(1 . z2)2dl’ +/Q <5<MVZ,VZ> + 46) dz.

As it has been done in [4] for the initial Mumford-Shah model, the function z takes its values in [0; 1]
and plays the role of control of the gradient of u.

In section 1, we introduce some conditions on 2 and M, the functional framework and the main
result of the paper. In section 2, is given the proof that the minimization of F. is a well posed
problem. In section 3, we show that the family (E.). is an approximation of £ when ¢ — 07 in the
sense of the I'-convergence.

1 Definitions, tools and main result
We adopt the notations:
o (v1,va) € R for the canonical scalar product of vi,ve € R?,

o |v| for the euclidean norm of v € R",

o ||M]| for the induced norm of M € M, (R),



ST (R) € M, (R) for the subset of symmetric definite positive matrices,

o B(£) for the space of Borelian functions defined in €,
o B(Q) the class of Borelian subsets of €,
o LF for the Lebesgue measure in R”,

o H* for the k-dimensional Hausdorff measure,

1 n
. ﬁf(m)dx: S /Af(x)dx, for A € B(Q) and £(A) > 0.

1.1 The Domain (2

We introduce a geometric constraint on the domain.

Definition 1.1. We say that Q C R™ satisfies the Reflexion condition (R) if Q is an open and
bounded domain with Lipschitz reqular boundary OS) such that there exists a neighborhood U of 0S)
and a bi-Lipschitzian homeomorphism ¢ : UNQ — U\ Q such that

Vo € 08, g}lgglc oly) = z.

If Q@ =] — 1;1[", denoting | - | the £*°-norm, for 6 > 0, we set

U={z€R": |2 €]1 =6 1+0[}, Vzel, @(m):ﬁ.

Then Q satisfies (R) and, by an affine composition, any parallelepiped of R™ satisfies (R). This
condition is satisfied in the context of applications in Image Processing because the images are defined
in a parallelepiped.

1.2 The associated metric ¢

Definition 1.2. We say that M : Q — S'(R) satisfies Holder-regularity condition (H) if
3a > 0,30 > 0,%(z,y) € Q°,  [M(z) - M(y)|| < 0|z —y|.

If M € W'P(Q) and p > n then, according to Sobolev embedding Theorem, condition (H) is
satisfied with a = 1 — %. Moreover, in [1], for a given g € L (), we have proposed a construction of

M which ensures that this metric belongs to W'?(Q). Hoélder-regularity condition implies Ellipticity
as follows.

Proposition 1.1. If (H) is satisfied, then M satisfies Ellipticity condition (E):
IA>0,3A > 0,V(2,v) € QxR Alv[* < (M(z)v,v) < Alv|. (1.1)
Proof. As M(z) is symmetric positive definite for any z € Q, we have
Vo € Q,3N(z) > 0,3A(z) > 0,Vv € R™,  A(x)|v]* < (M(z)v,v) < Az)|v[>

According to (H), M is uniformly continuous, we may extend it in a continuous way to Q. As Q
is bounded, then ) is compact and the previous inequalities remain true with (A, A) independent of
x € . O



Definition 1.3. For M : Q — ST (R) fized, we define the associated metric as follows
V(z,v) € Qx R, ¢(z,v) = (M (z)v,v)2 (1.2)

and the assoctiated integrated distance as

v e Wh([0;1]; ), }
’ (1.3)

Y(z,y) € 0%, dy(z, = inf{ [} ) dt:

(z,9) s(T, ) {fo (v, 79) ~(0) = z,v(1) = y
VJ C Q,Vx € Q, dé(x) = inf {dg(z,y): y € J}.

A straightforward consequence of [5], Theorem 3.2, is the following result.

Theorem 1.1. Let J C Q2 be a closed set. Then, we have
(M(2)Vdj(z), Vdj(z)) = 1
at each point x € Q\ J where dé is differentiable.

1.3 Functionals defined on measures

Now, let f: Q x R® — RT be a sublinear function with respect to the second variable, that is:
1) V(.’L',Vl,VQ) €N xR™x Rna f(x7vl + VQ) < f(fL',Vl) + f(.’L',VQ),
i) V(z,v,t) € Q x R" x RT, flz,tv) =tf(x,v).

Suppose that u; is a Radon measure and us9 is a vectorial Radon measure on 2. According to
Besicovitch derivation theorem (see [6])

L n(B.r)
r=0 p1 (B(z, 7))
dpo

exists and is finite for p; almost every x, we denote by W(m) this limit when it exists. We recall
1

that pe is absolutely continuous with respect to p; if pa(A) = 0 whenever p;(A) = 0. When this
holds, we write po < p1. We consider the convex functional defined on the space M(€;R™) by

D:pg € M(RY) — / f <x, %) dpa, (1.4)
Q dp

where p; is a positive measure such that ps < py. It is shown in [7] that the integral in (1.4) does
not depend on the choice of p;. For that reason, we will write it in the condensed form

P(p2) :/Qf(l“am)-

We give a variant of the coarea formula extended to the sublinear functionals which can be found
in [8].

Proposition 1.2. Let ®(x,s,v) a Borel function of Q x R x R™ which is sublinear in v. Let p be a
Lipschitz continuous function on Q and denote, for t > 0, Sy = {x € Q;p(z) < t}. Then, for almost
allt € R, Sy belongs to BV(Q) and we have

/@(x,p,Dp)dm:/ dt/q)(x,t,Dlgt).
Q R JO



1.4 Functional spaces

We denote by
{ B (z,v) ={y € B(x,7): (y — x,v) > 0},
B (z,v) ={y € B(x,r): (y — z,v) <0},

the two half balls contained in the ball B(z,r) C R" determined by v € S*~1.
Definition 1.4. Let u € L'(Q) and = € Q. We say that = is an approvimate jump point of u if there
exist a,b € R and v € S"~! such that a # b and

lim lu(y) —aldy =0, lim lu(y) — b dy = 0.

r=0+ J B} (@) r=0* JB; (z.0)

The set of approxzimate jump points is denoted by J,. The triplet (a,b,v), uniquely determined up to
a permutation of (a,b) and a change of sign of v, is denoted by (u™(x),u™ (z), vu(x)).

We say that u € B(Q) belongs to the space of functions with bounded variation, BV(Q), if u € L}(Q)
and its derivative Du, in the sense of the distributions, is a Radon measure. According to [9], we have
the following structure Theorem for the jump set of a BV function.

Theorem 1.2. Let u be a given function in BV (Q). There exists a countable family (C;);en of
compact C-hypersurfaces such that

Ju = NU (U Cz) ,
€N
where H" 1 (N) = 0.

We say that u € BV (Q) is a special function with bounded variation and we write u € SBV(2),
if the Cantor part of its derivative is zero, we obtain:

Du = Vul" + (u" — U_)I/an_lLJu,

where Vu is the density of Du with respect to the Lebesgue measure £™ and H"~'LJ, the restriction
of the Hausdorff measure to the jump set.
We have the following chain rule for SBV(Q2) (Theorem 3.99 in [6]).

Theorem 1.3. Let u € SBV(Q) and let f : R — R be a Lipschitz function. Then, v = f ou belongs
to SBV(QY) and
Dv = f'(uW)Vul™ + (f(u™) — f(u)) v H" LTy (1.5)

The following is a straightforward consequence of [6], Corollary 3.89.

Proposition 1.3. Let Q be an open and bounded domain satisfying (R) (1.1) and Q' = U U Q. For
u € BV(), we consider an extension in ' by the following way

Ve e U\Q, u(z)=u(p (x)), (1.6)

Then, we have

H (T, NOQ) = 0.
To establish our results, we need slicing tools.

Definition 1.5. Let v € S*™! be fized. We denote by I, the hyperplane
{zxeR": z-v=0}.

If x € 11, we set
Q = {teRiz+tveQ},
Q, = {zell,: Q, #0}.
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For any function u defined on  and any x € Q,,, we set
(u)y: Qy — R
t — ulz+tv)
The following Theorem is proved in [11].
Theorem 1.4. Let u € L>() be a function such that, for all v € S*71,
i) (u)y € SBV(Qy) for H" ! a.e. z € Q,,
i)
Q

then, u € SBV(Q) and H" 1(J,) < +oo. Conversely, let u € SBV(Q) N L>(Q) be such that
H"1(J,) < 4+oo. Then i) and ii) are satisfied. Moreover, we have

iii) (Vu(x +tv),v) = V(u).(t), for a.e. t € Q. and H* L-a.e. x €Q,,

zv)/J (Vy, V) dH"H(2) = ; HO(J(u)l,)danl(ac).

/ IV (w)a | dt + ’HO(J(U)O”)} A" () < +o0;

x

1.5 Regularity results for free discontinuity problems

We need some regularity results of J,, for v a minimizer of E. For that we recall the definitions of
anisotropic Minkowski content and of almost quasi minimizer.

Definition 1.6. The anisotropic Minkowski (n — 1)-dimensional upper and lower content associated
to the metric ¢ (1.2) are defined by

Lr Q:d)
M3g(J) = limsup ({z € o(r) < p})
p—0F 2P

Lr({x e Q: dj(z) <
Mum(J) = liminf ({z b(@) <p})
p—0F 20

)

In case they are equal, we call their common value the (n — 1)-dimensional anisotropic Minkowski
content Mnp(J).

Definition 1.7. For A > 1, a > 0 and ¢, > 0, we say that w € SBV(U) is an (A, a, c)-almost-quasi
minimizer of a free discontinuity problem, if there exists A > 1, a > 0 and cq > 0 such that

ve SBV(U), xzeU, B(x,r)CcU, [w#v]CB(x,r) =

/ [Vw|*de +H" ' (Jy N Bz, 1)) < / \Vo|2dz + AR (J, N Bz, 7)) + cqr™ 1o
B(z,r) B(z,r)

(1.7)

The following result is proved in [10].

Theorem 1.5. Let u € SBV(Q) be an almost quasi-minimizer of a free discontinuity problem (1.7),
then we have

Mua(1) = [ (M) e,

u

For our study, we are interested in the following Corollary.
Corollary 1.1. Let Q be an open and bounded domain, h € L*(Q), a > 0 and v € SBV(?) a
minimizer of

{Ea’h(v) = a/ (U—h)deL’—i—/ |Vv|2dx+/ (Muy, v)2dH" L v € SBV(Q)}.
Q Q Ju

Then, we have

Mua(e) = [ My, i) .

The proof of this Corollary is given in Appendix 4.1.

5



1.6 The functionals, their domains and the main result

Formally, we define the functionals F(u) and E.(u,z) as

E(u) = /(u—g)zdx—i—/ \Vu|2da:+/ (Myu,yuﬁd?—ln_l,
Q Q Tu

EE(U,Z) o /Q(u—g)Qdm—l—/ﬂ\VuP(l—22)2d$+/9 <5<MVZ,VZ>+iz> dzx.

As in [4], the function z : Q@ — [0; 1] plays the role of control of the gradient of u. We need to introduce
a domain for E. that ensures the existence of a minimizer. If u,z € WH?(Q) this functional is well
defined. However, the coefficient (1 — 22)? removes the coercivity with respect to u and then the
existence result can not be achieved according to the Sobolev norm. If, by addition, u is bounded,
we have

IV(u(l—22)* = |Vu(l—2%) —2uzVz|?
< 2[VulP(1 = 2%)? + 4llul e ) V2.

According to Ellipticity condition 1.1, it gives

/Q IV (u(l — 22))dz < (2 + W) E.(u, 2)

For that, it is natural to set
Du(Q) = {(u,2): u € BQ), z € WH(Q;[0;1])), ¥N e N @ (1 - 2%) e W)}, (1.8)
where @'V is the truncated function defined by

—N ifu(z) < —N,
VeeQ, a(z)=1{ u(z) if|u(z) <N, (1.9)
N if u(x) > N.

Assuming (u,z) € D,(Q) does not ensure that u € WH(Q) and Vu can not be defined as the
gradient of u in the Sobolev sense. However, we can define Vu in the following sense.

Definition 1.8. Let u € LY(Q) and x € Q a Lebesgue point of u; we say that u is approzimately
differentiable at x if there exists L € R™ such that

=0t JB(z,r) r

If u is approzimately differentiable at x then L, uniquely determined by (1.10), is called the approzi-
mate differential of u at x.

The following ensures that E. is well defined in D, ().

Proposition 1.4. If (u,z) € Dy(Q2), then u is approzimately differentiable in {x € Q: z(z) # 1} and
z 1s approximately differentiable in €.

Proof. As € is open and bounded then W12(Q2) € BV(2). According to Calderon-Zygmund (see [6],
theorem 3.83), any function u € BV (2) is approximately differentiable at almost every point x € .
So, if (u, z) € Dy, (Q), then z and @ (1 — 22) are approximately differentiable almost everywhere. The
following properties are straightforward consequences of Definition 1.10



o if v,vy are approximately differentiable almost everywhere and vy € L%°(Q), then vive is
approximately differentiable almost everywhere;

o if vy is approximately differentiable almost everywhere, then v, ™! is also approximately differ-
entiable almost everywhere in {z: va(x) # 0} (Proposition 3.71 in [6]).

We deduce that wV is approximately differentiable almost everywhere in {z: z(x) # 1}. This is true
for any N € N, so this is also true for w. O

The main Theorem we prove in this paper is the following.

Theorem 1.6. Assuming conditions (R) and (H) (defined in 1.1 and 1.2), let E : B(2) — [0; 400]
defined as

/ (u —g)2d$+/ |Vu|2dx+/ (Muy, )2 dH™™  if u € SBV(),
Q Q Ju
E(u) =

+00 otherwise
and E; : B(Q) x B(2) — [0; +o0] defined as

2,2

Eo(u.2) — /ﬂ(u —g)%dz + /Q |Vul|?(1 — 2%)%dx —i—/Q <€<MVZ, Vz) + 46> dr if (u, z) € Dn(Q),

400 otherwise.
Then, the following assertions are satisfied.

i) For any ¢ > 0, E. admits a minimizer, denoted by (ue, z:) € Dn(Q). Moreover, we can assume
that ue(x) = g(x) on {x € Q: z.(z) = 1}.

ii) For any (ex )k converging to 07, there exists a subsequence, still denoted by (ex)x, and u € SBV(R)
such that (ue,, ze, )i converges to (u,0) almost everywhere and u is a minimizer of E.

We denote by
(P): Min{E(u): u € B(Q)},

(Ps): Min{E.(u,z): (u,2) € B(Q) x B(Q)},

the two minimization problem. Theorem 1.6 ¢) implies that, for ¢ > 0 fixed, (P-) is a well posed
problem. Theorem 1.6 4i) implies that, up to the extraction of a subsequence, the minimizers of (P;)
converge to a solution of (P).

2 Existence result for (P.)

We prove Theorem 1.6 ¢). For that, we follow the direct method of calculus of variations: first we
show compactness of a minimizing sequence (Proposition 2.1), then we prove a lower semi-continuity
result for the functional E. (Proposition 2.2). Theorem 1.6 7) is a straightforward consequence of
these results.

2.1 Compactness

In this section, we prove the following.

Proposition 2.1. Let ¢ > 0 be fized. There exists (ug, zi) a minimizing sequence of E. such that
(ug)r is a bounded sequence of L>(Q), (ug, zi)i converges almost everywhere to (u,z) € Dy () and
u(z) = g(z) on {z € Q: z(x) =1}.



We need the following Lemma which is proved in Appendix 4.2.

Lemma 2.1. For (u,z) € D,(Q) and v € S"~! fized, we have ((u)z, zz) € D1(y) for H* L-almost
every x € 0, and
V(u)z(t) = (Vu(z+tv),v),
Vzz(t) = (Vz(z +tv),v),

for almost every t € Q, \ {s: z(x + sv) = 1}.
Now, we prove Proposition 2.1.

Proof. As E. > 0, there exists a minimizing sequence (uy,2x)r C Dn(2). We fix N > ||g]|r=(q)
and we consider the truncated functions (w} ) defined in (1.9). As (ug,2r) € Dn(2), we have
all (1 — 22) € WH2(Q). As Q is bounded, then W'?(Q) € SBV(Q). According to Calderén-Zygmund
Theorem (3.83 in [6]), u (1 — z7) is approximately differentiable almost everywhere. For the same
reasons, 1 — z,% is also approximately differentiable almost everywhere. According to Proposition
3.71 in [6], we deduce that ) is approximately differentiable almost everywhere in {z: zj(x) # 1}.
Moreover, V' (r) = 0 almost everywhere in {z: [a) (z)] = N} and V@l (z) = Vug(r) almost
everywhere in {z: |[@) (z)| < N} (Proposition 3.73 in [6]), it gives

Vk € N, / IVl P(1 - 22)2de < / Va2 (1 — 22)%da 2.1)
Q Q

so E-(u}, z1) < Ec(uy, z) and then (ul, 2x)y is also a minimizing sequence. According to Ellipticity
condition 1.1, we have

1
/Q\Vzk|2dx—|—/ﬂz,%dx < <E +4€) E (u, 1),

and then (zj); is a bounded sequence of W2(€2). So, there exists a subsequence, still denoted by
(2k)k, which converges almost everywhere to z € W2(Q). moreover, as (z;)x takes its values almost
everywhere in [0; 1], then z takes also its values in [0;1]. For wy, = a} (1 — 22), we have

/ |Vwk|2dm+/ widr < 2/ \Vay 2(1—2,3)2dx+2N2/ |Vzk|2dx+N2/ (1 —23)%da
Q Q Q Q Q

and then (wy); is a bounded sequence of WH2(Q). So, there exists a subsequence, still denoted by
(wg)g, which converges almost everywhere to w € W?(Q). In particular, (@} (x)); converges for
almost every = € {y: z(y) # 1} to u(x). We set u(x) = g(x) for z € {y: z(y) = 1}. This construction
ensures that (u, z) € D,(Q).

0
2.2 Lower semi-continuity

We prove the following.

Proposition 2.2. If (ug, zi)r C Dn(R2) converges almost everywhere to (u,z) € Dy(Q) and (ug)y s
a bounded sequence of L>°(Q2), then

liminf E. (ug, zx) > F:(u, 2).
k—o00

Proof. Fatou Lemma gives

2 2
lizgg.}f </Q (uk—g)de—l—/QZI;d:c) Z/Q(u_g)2dx+/ﬂz—€dx,



So, to show Proposition 2.2, it suffices to prove that

liminf [ e(MVzg, Vz)de > / e(MVz, Vz)dx (2.2)
k—oo JO Q
and
lim inf/ Va2 (1 — 22)%de > / IVul?(1 — 22)2da. (2.3)
k—oo JO Q

Proof of (2.2)

As the application
Wh(Q) — LR,
z — Vz

is continuous for the strong topology, it remains to prove that the application

L2(Q;R™) — R,
Z - [q(MZ,Z)dx

is lower semi-continuous for the weak topology of L?(;R"). Let (Zp)r C L*(Q;R") be weakly
convergent to Z € L2(Q; R™). We set

L:L2(;R") — R,
U - Jo(MZ,U)dz

According to Ellipticity condition (1.1), L € (L?(;R")) and then (L(Zg))s converges to L(Z).
Moreover, for k fixed, the following polynomial function is positive

t—>/ (M(Z +t2), Z + tZ)da.
Q

Thus, its discriminant is negative and we deduce the following anisotropic Cauchy-Schwarz inequality

/Q<MZ,Zk>da:§ (/Q <MZ,Z>01:¢)é (/Q <MZk,Zk)da:>2

As (L(Z)) converges to L(Z), passing through the lim inf in the previous inequality yields

/Q<MZ, Z)da < </Q MZ, Z>d$);lim1nf </Q <MZk,Zk>dx>;

k—o00

and then we may conclude the Proof of (2.2) by taking Z = Vzi, Z = Vz in the previous inequality

/ (MVz,Vz)de < liminf | (MVz, Vzg)de.
Q k—oo JO

Proof of (2.3)

We first consider the one-dimensional case n = 1 and then by a slicing argument we get the lower
semi-continuity for the general case n > 1. Let A C {z € Q: 2(z) < 1} be an open and relatively
compact subset of Q C R. As (2;,);, weakly converges to z in WH2(2), then (z; ) uniformly converges
to z. In particular, there exists > 0 and kg € N such that

kE>ky = AcC{reQ:z(x)<1-74}



Thus, we have

1
Vk > ko, / Vug[*dz < )QEE(ukvzk)
A

1—(1-96

and then we deduce that (uy); is a bounded sequence of Wh2(A). As ug(1 — 22) converges almost
everywhere to u(1—22) in Q, there exists a subsequence, still denoted by (ug)x, which weakly converges
tow in WY2(A). In particular, (Vuy )y, weakly converges to Vau in L2(A). For £ € L2(), we decompose

/ i3 [Vuk(l —22) — Vu(l — 22)} dz = / EVu (2% — z,%)dx+/ EVug(l — z2)dx+/ EVu(2? — 23)da.
A A A A

(2.4)
As (1 —2%)€ € L2(A) and (Vuy), weakly converges to Vu in L2(A), then we have

/ EVu(l — 2%)de — / EVau(l — 2%)da. (2.5)
A A
Moreover, we have

[ €9t = 2w < ellzan I Tunlzza I = 2l

and
[ £9uz = 2o < €l o[ Vullzagay 122 = 2l

As a weakly convergent sequence is bounded, then (Vuy) is bounded in L?(A) and we deduce that
/A EVug(2® — 28)dx — 0, /AQ“Vu(Z2 — 2})dx — 0. (2.6)
According to (2.4), (2.5) and (2.6), we get
/ASVuk(l — zH)dr — /A§Vu(1 — 2 dx

and then (Vug(1 — 22))r weakly converges to Vu(l — 22) in L?(A). As the norm is lower semi-
continuous, we deduce

/|Vu|2(17z2)2dx < liminf/ Vul2(1 — 22)2dz,
A k—oo JA
oo 2 2\2
< hmlnf/ |Vug|*(1 — z;)*“dz.
k—oo JO

Passing to the limit A T {z € Q: z(z) < 1} gives
/ IVul*(1 — 2?)%dz < lim inf/ Vg2 (1 — 22)%dz.
[¢) k—oo JO

We generalize this result to the dimension n > 1. With the notation (u), introduced in (1.5),
using the previous result obtained in dimension 1, Lemma 2.1 and Fatou Lemma, give

/A|(Vu,v>|2(1—z2)2dx _ //A IV (1)o (8)2(1 — 20(£)%)?dtd,

/ limint [ [V (up)e()P(1 = (z)2(6)?)2dtdz,
Ay Az

k—o00

liminf/Au /A IV () (8)2(1 = (21)2(£)?)2dtd,

k—o0

IN

IN

IN

liminf/ / (Vg (i + t0), NP1 = 2 (x + t0)?)2dtde,

k—oo

IN

liminf [ [(Vaug,v)|*(1 — z7)%dz,
k—oo JA

IN

liminf/ IV 2(1 — 22)%de,
A

k—o0

10



for any open set A C Q and every v € S”"!. The function x — % is measurable in U =

{z € Q: z(x) # 1, Vu(z) # 0}. According to Lusin Theorem (1.45 of [6]), there exists an increasing
sequence of compacts (K;); C U such that

{ LYUNK) < 1,
T = [(zy] 18 continuous in K.
Thus, for any = € Kj, there exists r > 0 such that

z)  Vu(y)
z)]  [Vu(y)|

As a consequence of Besicovitch Covering Theorem (2.18 of [6]), there exists a countable, pairwise
disjoint collection of balls (B;);c; satisfying (3.13) such that

1
I )

y € B(x,r) = ‘;Zé ‘ < (2.7)

Viel B;CQ, L‘”(KI\UBZ):O.
iel

For any i € I, we fix x; € B; and we set v; = gzgg;l; then

/ (Vau, v3)[2(1 — 2%)%dz < lim inf/ (Vg2 (1 — 22)%dz.
B; k—oo JB;
As (B;); is pairwise dijoint, we deduce

V201 — 22)2dr = w ) 2(1 — 222
[, el = 3 [ G- ),

icl

< o 201 . 2\2

< Zh}ggf/B Vg 2(1 — 22)2dz,
icl v

< limi 201 _ .2)2

< tminf Y [ Vw1 - 2P,

il 77

< liminf |Vug 2 (1 — 22)%dz,
k—oo JU,;B;

< liminf/ |Vug|*(1 — 23)%da.
k—oo JQ

Moreover, we have

Vu

Ve € B; N K], )|Vu|2 — |(Vu, 1/,->|2‘ < ’(Vu, W>2 — (Vu, V,->2 ,
Vu Vu
S ’<Vu, m — Vi><vu, W + I/»L‘> s
2
< 7|VU|2

It gives

11



As L"(K;\ U;B;) = 0 and (B;); is pairwise disjoint, we get

/ Vul2(1 — 22)2dz — Z/ Vu2(1 — 22)2dz
K B;,NK;

| —

< [(Vu,v;)|?(1 — 2 2dx,
- l -2 Z/é NK; ( )
l
< —/ (Y, 1) (1 = 22)2da,
1 —2 Ju;BinK;
l
< — [(Vau, 1) [2(1 — 22)%dz,
=2 Ju.n,
< ! liminf/ |Vug|*(1 — 27)%da.
2 k—oo JQ

As (K7); is an increasing sequence such that £*(U \ K;) — 0, passing to the limit I — oo gives
/ IVul2(1 — 22)2dz < lim inf/ Vg 2(1 — 22)2dz
U k—oo JO
and we may conclude

/ IVaul?(1 — 22)?dz < lim inf/ |V |?(1 — 23)%da.
[¢) k—oo JO

3 Approximation result for ¢ — 0

This section is dedicated to the proof of Theorem 1.6 ii). For that, we introduce the following
I-convergence result (see [6], Definition 6.12 for a formal definition).

Theorem 3.1. Assuming conditions (R) and (H) and (1), converging to 07, we have

i) if uw € B(Q) N L®(Q) and (ug, zk)r C Dp(Q) such that (ug)y is bounded in L>°(Q) and (uk, 2 )k
converges to (u,0) almost everywhere, then

liminf E,, (ug, zi) > E(u); (3.1)

k—o00

it) for any u € B(2) N L>®(Q), there exists a sequence (ug, zx)r C Dn () such that (uy)y is bounded
in L>=(82), (uk, 2x)r converges to (u,0) almost everywhere and

lim sup Ex, (ug, zr) < E(u). (3.2)

k—o00

3.1 The inequality for the lower I'-limit

We now prove the first inequality of I'-convergence (3.1). Let u € B(Q)NL>(Q2) and (ug, 2x)x C Dn(2)
such that (ug)r is bounded in L%°(Q) and (ug, zx)r converges to (u,0) almost everywhere. In the
sequel, we emphasize on the domain of the function: for U an open subset of 2, we adopt the
following notation

Fu;,U) = /|Vu| dm—f—/ (Muvy, vy,) 2dH" L

2
Fey(ug, 213U) - = /|Vuk| (1—z7) dI—F/( (MV 2z, Vz) + 4:) dz,
k

12



Fatou Lemma yields
liminf | (ug — g)2d$ > / (u— Q)Qdm
Q

k—oo JQ

and then it suffices to prove that liminf F,, (ug, zx; Q) > F(u; Q).
Let f be a function defined on open sets, we adopt the following vocabulary

e f is superaddditive if
ANB=10 = f(AUB) > f(A)+ f(B), (3.3)

e f is non decreasing if
ACB = f(A) < f(B). (3.4)

We perform the proof in two steps: the first step deals with dimension 1. The second generalizes
it for dimension n > 2.

3.1.1 The one-dimensional case

In this section, we assume that £ = I is an open interval and the metric M is simply a constant
m > 0. To avoid confusion, we denote the approximating functional by

2
Ge(u, ;1) = / |Vu(t)2(1 — 2(t)%)2dt +/ (msVz(t)|2 + Zig) dt, (3.5)
I I
where the domain is
Di(I) = {(u,2): u € B(I), z € WY2(I;[0;1]),YN e N @V (1 - 2%) € WH2(I)}.
We denote the lower I'-limit, by
G_(u;I) =inf {lim inf Ge, (ug, 2k; I)} ,
k—r00
where the inf is taken over all sequence (uy, zx)r C D1(I) such that (ug, z;) converges almost every-
where to (u,0) in I. We need the following Lemma which proof is given in appendix 4.3.

Lemma 3.1. Let I C R be an open interval, J C I be a set with finite cardinal. We have
we WH(I\ J) = ue SBV(I), J, C J.
The main result of this subsection is given by the following.

Proposition 3.1. Let I C R be an open interval and uw € B(I). If G_(u;I) < oo, then u € SBV(I)
and

/ IVu(t)Pdt + m3HO(Jo N 1) < G—(us 1)
I
The proof of this Proposition consists in showing the two following Lemma.

Lemma 3.2. Ifu € W"?(B,(z)), then we have

G_(u; By(z)) > /B |, [Vut P

Lemma 3.3. If u ¢ W"?(B,(z)) for any p €]0;n[, then we have

D=

Vp €l0inl, G- (u; By(x)) = m2.

Suppose that Lemma 3.2 and 3.3 are proved, we deduce the Proposition 3.1.

13



Proof. We set
J={zel:vp>0, ug WB,(x))}.

Let {x1,...,2n} C J and p > 0 be such that {B,(x;): i =1,..., N} is pairwise disjoint. Accord-
ing to Lemma 3.3 we have

Vie{l,...,N}, G_(u;B,(x;)) >m?

and then

As G_(u;-) is superadditive, we have

(SIS

G_(u; UM, B,(x;)) > Nm?.
and G_(u;-) is non decreasing, it gives
G_(u;I) > Nmz.

As G_(u;-) < +oo, the set J is finite. So, there exists p > 0 such that {B,(z): x € J} is pairwise
disjoint. As G_(u; - ) is superadditive (3.3) and non decreasing (3.4), we have

DG (u; By(x)) + G- (u; 1\ Upes By(x)) < G—(u; I).
zeJ

According to Lemma 3.2 and 3.3, it gives

HO(Jym2 + IVau(t)2dt < G—(u; I).

I\UIG.]BP(x)

Taking the limit p — 07 yields
HO(Tym? + / Vu(t)Pdt < G—(u; I,
NJ
In particular « € WY2(I'\ .J) and, according to Lemma 3.1, we get u € SBV(I), .J, C J and then

HO(Tym? + /I \Vu(t)2dt < G (u: 1),

Now, we prove lemma 3.2.

Proof. We can assume that G_(u; By(x)) < +o0o, otherwise the result is ensured. By a diagonal
extraction, there exists a sequence (ug, zx)r C D1(B,(x)) converging almost everywhere to (u,0) and

Gy (uk, 213 Bp(x)) = G- (u; By(x)).

As G_(u; By(x)) is finite, there exists C' > 0 such that
52
Vk € N, / 5k|Vzk|2+—’“ dt < C. (3.6)
By(x) ey,
2
Applying the inequality 2ab < a? + b? with a? = £;|V2;|? and b? = 425—’; gives
Vk € N, / |Vzk|zkdt <C. (37)
By(x)

14



We set ¢ = 1 — 22. As 2, € WH2(B,, (7)), then ¢, € BV(B,(x)) and (3.7) is
Wk € N, / Vexldt < 2C.
By (x)
Coarea formula (see [6]) yields
1
Vk €N, / HO{y € By(2): enly) = t})dt < 2C. (3.8)
0

Let o < 1 in an arbitrary neighborhood of 1 and § €]0; o[ be fixed numbers. According to (3.8) and
mean value theorem, there exits d €]d; o[ such that

2C
oc—9

vk €N, H'({y € By(x): cx(y) = }) < (3.9)
We set Ay = {y € By(x): cx(y) > 0r}. As (ex)r converges to 0, inequality (3.6) implies that (zx)g
converges to 0 and ¢ to 1 almost everywhere. As d; < o and o < 1 then (L£!(Ax))x converges to
£1(B,()).

Sobolev embedding theorem ensures that W'%(B,,(x)) C C(B,(z)), so ¢, is continuous and Ay, is a
countable union of closed intervals of By (z). According to (3.9), this union is finite and its cardinality
is uniformly bounded by N. For any k, there exits a disjoint family of closed intervals (I,i)izlm ~ such

that N
Ar = Uil I, , 4
Vie{1,...,N — 1}, max(I}) < min(Z;"").

There exists a subsequence, still denoted by (I})i=1..n, such that (min(I})); and (max(}))) converge
for any i € {1,...,N}. We set a’, and b’ the previous limits, I’ =]a’;bi[ and A = UY, I, As
(LY(Ag))x converges to L1(B,(x)), then A is a subset of full measure in B(x).

Let O be an open subset such that O C A. For k with a sufficiently large value, we have O C Ay,
and then

lim inf (Vur2(1 )2t > lim inf/ Vg 2(1 — 22)%dt.
—00 O

k—o00 By (x)

As z, takes its values in [0; 1], we get

lim inf |Vaug|>(1 — 22)?dt > liminf [ |Vug|?03dt,
k—oo JB,(z) k—oo JO

\Y)

S2liminf [ |Vug|*dt.
k—oo JO
Moreover, there exists kg such that: k > kg = O C A, then we have
VeeO 1-2>9.

As up(1 — z2) € WH2(Q) and V6§ > 0, we get up € WH2(0O) and the lower semi-continuity property
of the Sobolev norm gives

liminf/ |Vuk|2dt2/ |Vu|?dt.
o (@]

k—o00

As O is chosen arbitrary in A and A is of full measure in B, (x), it gives

Jim inf V(1 — 22)%dt > 52/ Vul2dt.
k—oo By () By ()

Letting § to 17, it concludes the proof of lemma 3.2.

We prove lemma 3.3.
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Proof. We can assume that G_(u; B,(x)) < +oc for any p €]0; [, otherwise the result is ensured. As
u ¢ WH2(B,(z)), there exists three sequences (y})ken, (¥2)ken and (y3)ken such that:

y,i =z, zi(y

B —
Y2 =z, 2(y3) —

3.10
= @, ) = (310
Vk € N, yk<yk<yk.
We have
T+p 22
G(ug, zi; Bp(x)) 2/ skm|Vzk|2 + 2k | ae.
T—p 45k
The inequality a? + b* > 2ab gives:
xT+p 1
G(ug, zi; Bp(x)) > / m2|Vzg|zy dt.
z—p
As [y}, y3] C B,(z), we obtain:
y 1
Gl 20 Byl) = [ Va2 at.
Ui
We have
1 yl% 1 y]%
Gug, 2 By(x)) > m? / IV 2 (6) |2 (8) At + m3 /2 IV 2 (0) |21 (£) dt.
Yi Yk
Since z;, € Wh?(B,(x)), we may use the change of variable s = z;(t). This yields:
21(y7) 21(y})
*): > m2 / " sds + m%/ * sds,
2 (yy,) 2k (y?)
ok (AR =) | RWR) — )
- 2 2
By assumption, we have 2x(y}) — 0, 2x(y?) — 1 and 2x(y}) — 0, so that we deduce:
2i () = zi (o), zell) — =)
2 2
We can conclude : )
lim inf G'(ug, z; Bp(x)) > m?2.
k—o0
O

3.1.2 Generalization to dimension n > 2

We give the proof of the first inequality of I'-convergence (3.1) for n > 2.

Proof. Let u € SBV(Q) N L*(2) and (ug, 2k)r C Dp(2) converging almost everywhere to (u,0) such
that (ug)k is bounded in L>°(£2). We have to prove

lim inf F, (ug, z; ) > F(u; Q). (3.11)

k—o00

We assume that liminf Fy, (ug, zx; €2) is finite, otherwise the result is ensured.

First Step: There exists C'(d), also depending on the regularity parameters (), 6, «) (Definition
1.2), such that
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i) C(6) = 1,

ii) for A C Q open, a € A, diam(A) < § and v € S, we have

likmianEk(uk,zk;A) 2/ (Vu, w)? dx+C(5)/ M(a)v] (w, ) AH™L,
—500 A

JunA (M(a)v, y>%

M(a)v

where w = M@

We denote by A an arbitrary open subset of  such that dam(A4) < ¢ and we fix a € A. Let
v € S* ! be fixed. According to Holder 1.2 and Ellipticity 1.1 conditions, we have

V(z,v) € AxR" |(M(x)v,v)— (M(a)v,Vv)|

Then, we get
V(z,v) € AxR", (M(z)v,v)> (1—05°A"1)(M(a)v,V)

We set C(6) =1 — 05“A~L. Then, we may write
Vo€ A, (M(x)Vz(z), Var(x))? > C(8)(M(a)Var(z), Vo (x))2
As M(a) is a symmetric definite positive matrix, Cauchy-Schwartz inequality gives
vv eR",  (M(a)r,v)(M(a)v,v) > (M(a)r,v)?,

which is equivalent to

n M(a)v? / M@y \?
Vv eR", (M(a)v,v) > M(@)v.0) <|M(a)1/|’v> . (3.12)

We set w = mg“;l" If we apply inequality (3.12) to F., (ug, zx; A), we have
[M(a)r[?

Fe, (ug, 25 A) > A (|Vuk| (1-— Zk) + 0(5)W

52
5k(w, Vzk>2 + 4811) dzx.
With the notation introduced in (1.5), (v), is the function defined on AY as (v),(t) = v(y + tw).

According to Lemma 2.1, we have V(ug)y(t) = (Vu(y + tw),w) and V(zx)y(t) = (Vz(y + tw),w), so
Fubini Theorem gives

5 [M(a)v|?
Fl (g, 23 A /w/ <|V ug)y*(1 = ((21)y)?%) +C(5)W

2
2 _
ex|V (zk)yl* + 7((4’“)1’) > dt dH" "} (y).
€k
With the one-dimensional notations (3.5), it gives

Fsk (Uk, Zka A) 2 A ng((uk;)y, (zk)yv Ag)) dHn_l(y)’

where m = C(9) <‘11\\/I/I((5))5|j> for any x € A. Fatou lemma yields
liminf F, (ug, 25; A) > / lim inf Ge, ((ug)y, (2k)y; AY) dH"(y)
k—o0 A, Fk—o0

and then i
lignian U, 253 A / G_((u)y; AY) Hn_l(y)-
—00



As lim inf F;, (ug, z; A) is finite, we deduce that G_((u),; AY) is finite for H"~1 almost every y € A,,.
We may apply Proposition 3.1 with I = AY, and u = (u),, it gives that (u)¥ € SBV(AY) for H"!
almost every y € A, and we have

liminf F, (ug, 25 A) > /
k—o0

’ UA |V(u)y|2dt+H0(J(u)yﬁA?jj)m%} dH"(y).

As liminf F;, (ug, 2; A) is finite, Theorem 1.4 implies

/ [ / |V(u)y\2dt+H0(J(u)yﬁAg)m%} AH™(y) = / (V) [2dz + / m3 (w, va) dH
w LAY ’ Q JuNA
We deduce

lim inf F, (ug, 2x; A) > / (Vu, w)|?dz + m%<w,1/u> dH™ L
k—o00 A JuNA

If we replace m and w by their value, it gives

M » _
lim inf FL, (g, 2 A) > / (Vu,w)2dz + C(6) / Ml@)v,va) gqm1,
A

hreo JunA (M(a)v, v)

N ~—

Second Step: We prove (3.11).

The function z — % is measurable in U = {z € Q : Vu(z) # 0}. According to Lusin Theorem

(1.45 of [6]), there exists an increasing sequence of compacts (K;); C U such that

xr — is continuous in Kj.
[Vu(z)] !

Thus, for any x € K, there exists » > 0 such that

z)  Vu(y)
)| [Vu(y)|

As a consequence of Besicovitch Covering Theorem (2.18 of [6]), there exists a countable, pairwise
disjoint collection of balls (B;);er satisfying (3.13) such that

(3.13)

1
l )

Vu(
<
y € B(z,r) :‘Wu( ‘f

VieI,B;C Q,diam(B;) <4, L" <Kl U Bi> —0.
el

For any i € I, we fix x; € B; and we set v; = %. According to First Step, with A = B;,
a = x; and v = v;, we get

i <Vu, W>2 dz.

h}gg.}fFEk(ukazkal) —/ |VU(IE'L)|

B,

Moreover, we have

Vu

Vu(:cz) >2 ’ 2 2
Vo € B; N K], 2_ = =) — , ;
e l ‘w <w o) | <[V ) = (V)
Vu Vu(z;) Vu Vu(z;)
\V4 — \V4
< [ o~ WP Wl * aear
2
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It gives

N2
/ <Vu, Vu(xl)> dz > L |Vul|*dz.
BinkK; [Vu(z;)| l+2 /BinK;

As liminf F;, (ug, 2; - ) is supperaddditive (3.3) and non decreasing (3.4), we have

li}gg}stk(uk,zk;Q) > thmfFEk(uk,zk,B),

icl
) 2
- T e
i€l )‘
Vu(a:l) 2
Ry
% BinkK, Vu(zi)|
> — / Vu|? dz,
l+2§ BiﬁKll |
> ! |Vul? d,

l +2 U; B;NK;

As L(K;\ U;B;) = 0, we deduce
l

hknimfFEk(“kvzk,Q) > T2 . (Vul? dz
and taking the limit [ — oo gives
lim inf F;, (ug, 2i; Q / |Vu|? do —/ |Vu)? dz.
k—o0

In particular, [, [Vu|? dz is finite. As u belongs to SBV(Q), according to Theorem 1.2, there exists
a pairwise disjoint family (C;);en of C' compact manifolds and M € € such that:

1€N

Ju=NU (U ci) . HHN) =0.

As liminf Fy, (ug, 2; Q) is finite, First Step and Theorem 1.4 imply that H"1(J,) is also finite.

According to Ellipticity condition 1.1, we deduce that [; <Muu,1/u>% dH"~ 1 is finite. Then, for a
fixed § > 0, there exists N € N such that

1
(Mu,,v,)2 dH"1 < 6. (3.14)
/]u\Uivl ¢

We set K = ¥, C; and K, = {z € Q: dist(z, K) < 7}. As [, |Vu|? dz is finite, there exists 7 > 0
such that

/ |Vaul? dz < 4. (3.15)
O\K,
With the same arguments as before, we get
liminf Fy, (ug, 252\ K7) > / | Vul? da. (3.16)
k—00 O\K,
As x — M@vu(@) g continuous in K, for any x € K there exists » > 0 such that
M(z)v (2),vu(x)) 2
M(z)vy(x) _ M(y)vu(y)

y€ B(z,m)NK = < 0. (3.17)

(SIS

(M(2)vu (@), va(2))2  (My)va(y), va(y))
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As a consequence of Besicovitch Covering Theorem (2.18 of [6]), there exists a countable, pairwise

disjoint collection of balls (Bj),; satisfying (3.17) such that

Vjel,B; C K, diam(B;) <6,  H"! (K\ U Ej) —0.
jel

For any j € I, we fix Z; € BNJ According to First Step, with A = Ej, a = I and v = 1,(Z;), we
get,
(M(Z)vu(Z;), vu)

N . denfl.
TunB; (M) va (&), vu(F))2

lim inf F, (ug, 2x; BZ) > C(9)
k—o00

For anyxegjﬂK, we have

M(Z;)vu(E5) _ M(z)v(x)

IN

J)
’<M<@>yu@),yu@j>>; (M(2)vy(2), va(@))?

IN
o,

It gives

L MIUE )l Tg) vu) - gyt [ Muv)b et - e (B 0 K).
BinK (M(Z)va (%), vu(Z;))2 BjNK

As liminf F;, (ug, zx; - ) is supperaddditive (3.3) and non decreasing (3.4), we have

liminf F, (ug, 25; K7) > Zli}gigolf F., (ug, zi; /BZ),

k—o0 p
JeI
> ) C(9) (/N (Muy, )2 dHnlmnl@mK)),
.= B]'QK
jerl
1
. 1

) </ (M) dH”l—m“(quﬂK)),
U]'BjﬂK

As LK\ §]) =0, we deduce
lilgninf F, (ukn Zk; KT) > 0(5) </ <MVua Vu>% dH" ™ — 67‘["71(K)> (318)
— 00 JK

According to (3.16) and (3.18), we deduce

liminf Fy, (ug, 25 Q) > liminf Fy, (ug, 25 K7) + liminf Fy, (ug, 255 Q \ K,
k—o0 k—oo k—o00

Y

C(9) (/ (Muy, )2 dH" ! — 57{”*(}()) +/ | Vul? da.
K O\K,
According to (3.15) and (3.14), we have
lim inf Fe (uy, 2x; ©2) > C(0) (/ (Mg, v,)7 dH"' =5 — 57—[”_1(K)) +/ |Vu|? dz — 4.
—00 ' (9]

Letting § — 01 concludes the proof

li]gniangk(uk,zk;Q) 2/ (Myu,yuﬁ dH" ! +/ |Vu)? dz.
— 00 9]

u
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3.2 The inequality for the higher I'-limit

In this section we prove the following upper inequality of I'-convergence (Theorem 3.1, i7)).

Proposition 3.2. Foru € B(Q)NL>(Q), there exists a sequence (ug, zi)r C Dn () such that (ug, zk)x
converges to (u,0) almost everywhere, (uy)y is bounded in L*°(Q) and

lim sup F;, (ug, z,) < F(u).

k—o0

We first prove a weaker result, where jJu (Mu, V)éd?["*l is replaced by its approximation with
Minkowski content. Then, with regularity results of section 1.5, we generalize this result.

3.2.1 Approximation with anisotropic Minkowski content

We prove the following result.

Proposition 3.3. For u € SBV(Q) N L>(R2), there exists a sequence (ug, zk)r C Dp(Q) such that
(ug, 2k)r converges to (u,0) almost everywhere (ug)y is bounded in L*(Q2) and

lim sup F;, (ug, zx) §/ |Vu|2dm+Mﬂ/[(Ju),
Q

k—oo

where M3, is defined in 1.6.

Proof. We may assume that |Vu| € L?(Q), otherwise F(u) = 400 and the result is obvious. For the
same reason, we may assume that M3(J,) < +oo. If u € WH2(Q), then J, = () and the stationary
sequence uy = u, 2, = 0 is a solution. In the other case, J,, # () and (1 — 27)? has to be infinitesimal
near of J,. For p > 0, we set

() = {: A (@) < p}.
We separate (2 in three parts:

(Ju)bk-v (Ju)ak+bk \ (Ju)bk-v Q \ (Ju)ak+bk
with

{ak = _45k1n(5k)7 (3.19)

bk = E%.
Let Wy, € C5°(R2) such that Uy, =1 in (Jy)s, and U, = 01in Q\ (Jy)p,. We set up = (1 — ¥)u and
2
then up = win Q\ (Ju)p,. As (by)r converges to 0 then uy converges to u almost everywhere.

We set 2, = 1 in (Jy)p, and 2z, = 5% in Q\ (Ju)agtbe- I (Ju)ap+by, \ (Ju)p, we adopt the following
construction. We introduce

t
Or(t) = e} exp (a) ;

and we set
1 Yt € [0; by,
Zp(t) =< Oplar + by —1t) YVt Elbk;ag + bil;, (3.20)
e2 Vt €]ay + by; +ool.

This is a continuous and decreasing function defined on [0; 4+o00[, moreover it satisfies

Vt €lbgsan + bil,  er(Z(8)? =
4y,
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We set z, = Z; 0 dq‘];“. As z, is constant in (Jy,)p, U (2 \ (Ju)a,+b, ), We have

B (up ) = /Q\(J) |w|2(1—5;)2dx+/ IVul2(1 — 22)%de

ap+by (Ju)ak+bk\(Ju)bk

22
+/ ex(MVzy, Vi) + k) dz
(Ju)ag -+, \(Ju )by, ( dey, (3.22)

3
£} 1

+Z£H(Q \ (Ju)ak-i-bk) + Q’cn((‘]“)bk)

As |Vu| € L2(Q) and (ay, + bg)s, converges to 0, the first term of (3.22) converges to [, |Vu/|?dz. As
|2kl L= < 1, so the second term converges to 0. As 2 is a bounded domain, the fourth term converges
to 0. As Mj;(Jy) < 400, there exists (wg)x a sequence which converges to 07 such that

L((Ju)b) < 206 (Mia(Ju) + wi) (3.23)

and then the fifth term is lower than fej(Mzg(Ju) + wk). So, the fifth term converges to 0. To
compute the limit of (F;, (ug, 2x))k, it remains to study the convergence of

2
Ap(2z) = / (€k<MVzk, V) + Z’“) dz.
(Ju)ak-kbk\(t]u)bk dey

Proposition 1.1 yields
V(z,y) € 2, |df (2) — 3" (y)]

IN

dg(z,y),
)\7%|x —yl.

IN

So, dé“ is Lipschitzian and Rademacher theorem ensures that dJ* exists for almost every x € (1, in
the sense of the approximate differentiability 1.10. Thus, for almost every @ € (Ju)a,+b, \ (Ju)p,, We
have
5 Ju Ju
Vz = Zpody" Vdy".

It gives

’ (Zkt o déu)Q
Ak(zk) = / <€k(g o dJu)2<MVdJ”, VdJu> ISR 20 I
(J“)ak"'bk\(‘]“)bk k ¢ ¢ (15 45k

According to Proposition 1.1, we have
J'U. Ju
(M(2) V2 (2), Va2 (2)) =1
for almost every x, so we may write

/ (Zk o dJu)Z 1
A — 5 od/)2 4 22 ) (MVdZ+, Vd7)2de.
) /(Ju)ak+bk\(Ju)bk <€k(zko o)+ dey, (MVdy*, Vdy*)2da

We may apply Proposition 1.2 with ® = ¢ and p = di“, it gives

Ap(2r) = /ak+bk <5k2;c(t)2 + W)

1
MD1 D1 3| dt. 3.24
. = /Q ( (s D1(1,),) 2} (3.24)

We set

[N

Haalt) = [ (MD1(y,), D14,

An(s) = /0 Haa(t)dt.
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Applying another time Proposition 1.2 gives

52
AM(S2) - AM(Sl) - / |:/S'2 <MD1(Ju)t7D1(Ju)t>% dt’

1
= (MVdJ+, vdl+)2dz,
/<Ju>32\uu)sl o0
= En((JU)Sz \ (JU)Sl)-

So, Am € Wi’)lc(](); +oo[) and VAM = Hm almost everywhere. Using equality (3.21) and then
integrating by parts (3.24) gives

Ap(z) = /:ku (fkiz;(t)2 + 2k(t)2> Hm(t)dt,

45k
ar+bg gk(t)Q
= ——Hwm(t)dt,
/bk - m(t)
4 b)2 b 1 foetbe ,
= (aink)AM(ak + bk) — iAM(bk) — 7/ Zk(t)zk(t)AM(t).
Ek 26k €k Jby

The first term obviously converges to 0. As for (3.23), we have
Am (b)) < 26k (Mg (Ju) + wi)
and then the second term converges to 0 too. As s — Apn(s) is non decreasing, then
Vt € [bgsak + bi],  Am(t) < 26(My(Ju) + wi)

For the last term, we apply another time this inequality, it gives

- i b:”bk 2 (6) 2 (t) Ant(£)dE < — (MM(‘Z:) + ) /b :”b'“ 25, (1) 2 (1)dt. (3.25)
Integrating by parts yields
ap+bp ak+by
/b 2R EDA = (ax b+ b — bk (be)” /b CEera (320
According to the definitions of (ag, bg, zx) (3.19) and (3.20), we have
(ar + br)Zx(ag + br)? — brZi(br)? = o(ex) (3.27)
and equation (3.21) gives
/ T 02 = 2, / O ),
b, be (3.28)

Ek(l — 8%)

From (3.25), (3.26), (3.27) and (3.28) we deduce that lim sup;, Ag(z;) < M3j4(Ju) and, according to
the decomposition (3.22), we have

lim sup Fr, (ug, 2) S/ IVul® + Mig(Ju).
k—o0 Q

To conclude the proof, it suffices to notice that (ug, zx)r C Dp(2).
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3.2.2 Approximation in the general setting
The goal of this section is to replace My (Ju) by [; (M, yuﬁd?{"_l in Proposition 3.3.

Proposition 3.4. For u € SBV(Q) N L>®(QY), there exists a sequence (ug,zk)r C Dn() such that
(ug, 2)r converges to (u,0) almost everywhere (ug)y is bounded in L*°(2) and

lim sup F;, (ug, z) < F(u).

k—o0

To prove this result, we need to introduce the following.

Definition 3.1. Let F(2) be the set of functions uw € SBV(QY) for which, if F(u) < 400, then there
exists a sequence (ug)r C SBV(Q)NL>®() converging almost everywhere to u, limg_,oo F(u) = F(u)
and

VkeN, Mm(Jy)= / (Muy, , vy, ) dH™ L.

Tuy

Proof. Assume F(Q) = SBV(Q2). According to Proposition 3.3, by a diagonal extraction we may
exhibit a sequence (ug, zx)x C Dp(Q) such that (ug, zx)r converges to (u,0) almost everywhere and

limsup Fy, (ug, z) < F(u).

k—oo

So, to prove the upper inequality of TI'-convergence, it suffices to show that F(2) = SBV(Q2). We
divide the proof in three Claims.

Claim 1: If u € SBV(Q) and (ux)r C SBV(QY) satisfy
i) (ug)r C F(Q),
it) limg oo F(ug) = F(u) and F(u) < oo,
ii7) (u)k converges to ualmost everywhere,

then u € F(Q).
With a diagonal extraction process, we exhibit a sequence (u;); which satisfies Definition 3.1.
Claim 2: It suffices to prove that SBV(Q2) N L*>(Q) C F(Q).

For u € SBV(Q) and N > 0, we denote by @" the truncated function defined in (1.9). So, (@")nx
converges to v almost everywhere for N — co. Moreover, Theorem 1.3 gives

DﬂN = 1_N§u§NVu£" + ((ﬂN)Jr — (UN)i)I/u/Hnil\_Ju.

and then we deduce limy_so F (@) = F(u). According to Claim 1, it suffices to prove that SBV(Q)N
L>(Q) C F().

Claim 3: Let u € SBV(Q) N L>®(Q), we have u € F(2).

We may assume that F'(u) < 400, otherwise the result is ensured. Let us extend M and u in
Q' =QUU as in Proposition 1.6, so we have

H (T, NOQ) = 0.

According to [1], Theorem 1.3, there exists v € SBV(£)’) a minimizer of the following functional:

EF )=k | (v—u)dz +/ |Vo|?dz +/ (Mu,, yvﬁd?-{"_l.
Q Q Ju

24



In particular, E%*(vy) < E%“*(u) gives
VkeN, k[ (v, —u)ide < F(u)
Q/
and then (vg)g converges to u almost everywhere. As u € L*°(2), Corollary 1.1 gives

Mia(o) = [ (Mo ) babn

Juy,

We introduce the sequence of positive Radon measures (ux)x and p defined by

VB e B(Q), m(B) — /\Vvk|2dx+/ (M, , v, )3 AH
B JoyNB

u(B) = /\Vu\de—i—/ (Muu,l/uﬁd?-l”*l.
B JuNB

u

According to [1], F' is lower semi-continuous in SBV, it gives
VA C @ open, liminf pug(A) > u(A).
k—r00

The inequality
lim sup pg (') < p(2')

k—o00

follows by the definition of vg. According to [6], Proposition 1.80, the measures () weakly converge
to p. Thus, (ug(B))r converges to p(B) if 4(0B) = 0, and then (ux(92)); converges to u(€2), that is

(F(vg)) converges to F'(u). According to Claim 1, we deduce that u € F(£2).

3.3 Proof of Theorem 1.6 ii)

O

Proof. According to Theorem 1.6 ¢), for any € > 0, there exists (u., z) a minimizer of F.. According

to (2.1), with N > ||g|| Lo (), we have
Lr{z € Q: |uc(z)] >N} >0 = E.(a,2)< E-(u.,z).
We deduce that [[uc|| () < N for any € > 0. Denoting we = u(1 — 22), we have
Vwe = Vug (1l — 252) — 2ue2:Vze.
It yields

1
/ |Vwe|dz < E”(Q)% </ |Vaue*(1 — zg)zdx) " 2N/ |V ze|z-da.
Q Q )

Applying the inequality 2ab < a® + b? with a = Z—% and b= 2 |V 2z | gives
2e2

2
/|Vz5|zsdx§/€|v,7;5|2dx+/ % da.
Q Q Q 4e

According to Ellipticity condition 1.1, we get
2 ].
e|Vz[“de < —E.(ue, z).
Q A

By (3.29), (3.30) and (3.31), we deduce

=

/Q|Vw€|dx < L) (Bu(ue, )3 + (1 + %) B (u, ).
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According to Proposition 3.4, as E # +oo, then E, (ue,, 2¢, ) is a bounded sequence. So, (we, )k is
bounded in BV(€2) and there exists a subsequence, still denoted by (we,)r which converges almost
everywhere to w € BV(Q). As [, 22 dv < 4 F., (ue, 2, ), then (z;) converges to 0 in L*(Q) and
there exists a subsequence, still denoted (z)r, which converges almost everywhere to 0. As w,, =
tg, (1 — 22 ), then (ue, )), converges almost everywhere to u € B(Q2) N L>®(€).

In [1], we have proved that E admits a minimizer v € SBV(Q2) and v € L>(Q)). According to
Theorem 3.1, i), there exists (ve,Ze, ) C Dn(2) such that (ve,, 2, )r converges to (v,0) almost
everywhere and

limsup E;, (ve,, 2, ) < E(v).
k—00

According to Theorem 3.1, i), we get

likn_lil.}f E., (ug,, 2¢,,) > E(u).

As (ue,, 2, ) is a minimizer of E, , we have
Vk e N, E. (ve,%2,) > Eqp (ue, 22,.)-

We conclude that F(v) > F(u) and then u is also a minimizer of E.

4 Appendix

4.1 Proof of Corollary 1.1

Proof. We separate the proof in two Claims: first we prove that, up to a scaling, a minimizer is an
almost quasi minimizer. Then, we prove that the given result is still true after a change of scale.

Claim 1: For 3> 0 and f function defined in Q we denote by fg the function defined in 3Q by

Vo e, falz)=f (%) .

Then, there exists 5 > 0 such that vg € SBV (BQ) is an almost-quasi minimizer of a free discontinuity
problem.

Let © € SBV(Q) be a minimizer of Eﬁ‘/ih in SBV(Q). We introduce

—lhllpoe) i< =[|A]l L (@),
VieR, ()= t if [t] < Rl zoe ()
[Pl ift > (Rl Lo (q)-
According to the decomposition (1.5), for u € SBV(Q2), we have
D¢ ou) = Lz ju@)<hf oo} VUL" + (¥ 0 )" = (o) Y H I dy

and then
Lr({z € Q: Ju(z)| > [|hllz=}) >0 = Enj'(dou) < Eyf(u).

We deduce that [0(z)] < [|h]|pe(q) for any z € Q. By an homothetic change of variable, 3 is a
minimizer of the following rescaled problem

{aﬁQ /m (v — hg)?dz + /m \Vo|2dz + B/JU (Mg, vp)2dH™ 1 0 € SBV(ﬂQ)} .
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Chapitre 4

Expérimentations numériques

Dans ce chapitre, nous présentons rapidement des pistes pour l'expéri-
mentation numérique des modeles proposés. Comme notre cadre de travail
est le calcul des variations, les méthodes que nous envisageons consistent
pour l'essentiel & minimiser une énergie. Le schéma général pour calculer ce
minimum consiste d’abord a calculer la variation premiere de cette énergie
(I’équation d’Euler), puis nous utilisons un schéma de point fixe équivalent a
I’annulation de la variation premiere. Enfin, nous déterminons pour quelles
valeurs des parametres cette méthode converge. Ce faisant, nous mettons en
parallele les formulations continues et discretes afin de mettre en avant les
analogies.

Comme pour le travail théorique, la présentation suit un certain dévelop-
pement logique. Nous démarrons notre étude avec un modele bien connu, ce
qui nous permet de tirer des enseignements que nous réutiliserons dans la
suite sur les modeles plus spécifiques.

4.1 Une premiére approche

Les résultats de cette section constituent le volet numérique de la premiere
partie de la these. L'hypothese simplificatrice sous laquelle notre raisonne-
ment s’appuyait était la binarité de I'image a segmenter. Dans une angio-
graphie, par effet de l'injection d’'un produit rehausseur de contraste dans
le sang, un seuillage de I'image & 60% de l'intensité maximale permet de
conserver 1’ensemble du réseau sanguin et d’obtenir ainsi une image binaire
(Figure 4.1.1). C’est sur cette image que nous allons réaliser la segmentation.
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FIGURE 4.1.1 — Angiographie et seuillage a 60% de l'intensité maximale

L’énergie de Mumford-Shah pour un ensemble A C ) est
£(A) = /Q (14 — g)%dz + BH" 1 (DA).

Afin de calculer la variation premiere de cette énergie, nous en considérons
plutdt une approximation. Dans [Mod87], il est démontré que, pour € > 0,
la fonctionnelle

E.(p) = /Q (p— g)zdw—i—ﬁ/g <9Wp|2 + M) dz

admet un minimum p. € WH2(Q2). Comme nous P'avons exposé dans l'article
[BV14], le but est de calculer un minimiseur p de E. puis de déterminer une
hauteur de seuillage de p qui permette d’effacer les boules et de garder les
tubes d’un certain rayon. Les équations que nous utilisons pour cela sont
démontrées dans 'article [BV14] présenté p. 12

4.1.1 Minimisation de E.

En faisant I’analogie avec le cadre continu, nous allons introduire la mé-
thode de minimisation de E. dans le cadre discret.

Cadre continu

Cherchons maintenant le moyen de calculer un minimiseur p de

min{E.(p): p € W"*(Q)}.
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Une condition nécessaire d’optimalité est
VE.(p) =0.

Un calcul standard montre que p est une solution faible de 1’équation aux
dérivées partielles non linéaire suivante

5(1 — p)(1 — 2
25—9—935A]3+5p( p)g( p) = 0 pourx €,
(4.1.1)
op
— = 0 pour z € 0.
on

Cadre discret

La mise en oeuvre numérique se fait avec une discrétisation que nous
allons préciser. La condition de Neumann est assurée par une réflexion de
I'image par rapport a ses bords. Une image 3-D est un tableau N x N x N
que nous identifierons & une vecteur de espace euclidien X = RY” muni du
produit scalaire usuel ( -, - )x. Dans le cadre de nos images obtenues par
[.R.M., la discrétisation correspond & N = 128 et alors N3 ~ 10°. La grande
dimension de ce systéme nous suggere de formuler le probleme en différences
finies explicites.

Pour cela, nous introduisons une version discrete de 'opérateur gradient.
on pose h = 1/N le pas spatial. Si u € X, le gradient V xu est un vecteur de
Y =X x X x X donné par

(VXu)’i:j:k = ((VXu)zl,j,kv (VXU’)’L?,]',]C7 (VXU)?,j,k)a

avec
Uit1,5,k — Uij .
. B i+1,5,k 1,5,k si i< N,
(vXu)i,j,k = h .o
0 si =N,
Ui j+1,k — Ui gk ..
R A kL "L L~ < N
(Vxu)?;x h e
0 si =N,
Ui 5 k+1 — Ui jk ..
RS A e e Sl < N
(Vxu)i; h e
0 si 7 =N.

On introduit également une version discrete de l'opérateur de divergence
défini par analogie avec le cadre continu en posant

diVy == —(VX)*,
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ou (Vx)* est l'opérateur adjoint de Vx, c’est-a-dire
<—diVy(U), U>X = <U, VXU>Y = <U1, (qu)1>X—|—<U2, (VXu>2>X+<U3, (VXU)3>X

pour tout (U,u) € Y x X. On peut alors vérifier que la divergence discrete
est donnée par la relation

Ul
Z7]k oA
: sit=1
. Ul _hU.1 .
(divy (U))ijn = L - ik i1 <i< N +
UL
—= sii=N

On utilisera aussi une version discrete du laplacien définie par
Axu = divy (Vxu).

On obtient alors

Uit gk + Wim1 gk + Wijpt ke + Wij—1k + Uij a1 + Uijr—1 — O6U;

h2

(Axu)ijn =
en adoptant comme convention

uo)j’k = u17j7k7 uN+17j7k = /U/N,j,k}?
Ui 0k = Uilks Ui, N+1,k = Wi Nk,
Uij,0 = Wig1,  WijN4+1 = WUij N

pour tout (4,7, k) sur {1,..., N}3. On va remplacer le probléme de minimi-
sation de E. sur W2(Q) par la minimisation de

Je(u) = (u—g,u—g)x+pB|9%(Vxu, Vxu)y + {ul — “)7:(1 —u)x ’

ot u € X et (u(l—u))ijr=wi;r(l —u,k). Sachant que J. est une fonc-
tion positive et polynomiale par rapport aux coordonnées de u € X, elle
admet donc un minimiseur. De plus, une condition nécessaire d’optimalité
est VJ.(u) = Ox (le gradient V doit ici étre entendu au sens usuel d’une
fonction dérivable J. : X — R). Un minimiseur u € X vérifie donc

i— g —9BeAxi + Ba(l - a)€(1 —20) _ Ox.
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Nous retrouvons dans cette équation l'analogue discret de I’équation (4.1.1).
Dans cette équation les conditions aux bords de Neumann sont contenues
dans la définition des opérateurs différentiels discrets. En posant § > 0, nous
avons

(1 —u)(1 —2u)

VJg(a):OX@a—d[a—g—9ﬂsAxa+6u ] = (4.1.2)

et alors VJ.(u) = Ox est équivalent & la recherche d’'un point fixe pour la
fonctionnelle

Fs(u)=u—0 [u g 0BeAu+ g “1_(1 - 2“)] .

Nous introduisons alors ’algorithme suivant.

Algorithm 1 Algorithme de point fixe isotrope

Initialisation : n =0; u’ = ¢
[tération n : on pose

1 —u™)(1 —2u™)

u"tt =" =4 u”—g—95€AXu"+ﬁu (

Stop si un critere d’arrét est satisfait.

Le résultat suivant assure la convergence de cet algorithme.

Théoréme 4.1.1. Si g; ;1 € [0; 1] pour tout (i,5,k) € {1,...,N}3, 0<d <1
et B vérifie
B < min{ c ; c }
324e2N2 4 37 108¢2N2 + 5.5

alors l'algorithme de point fize converge vers un point qui est ['unique mini-
miseur de J,.

Démonstration. Nous posons

k= {UGX: V(Z7]7k) € {17"'aN}3> Ui .k € [_13]}
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Pour u € X, nous posons

0 si U gk < 0,
Uigk = Uigk S1O< g <1,
1 si Ui 5k > 1.

En constatant que J.(a) < J.(u) et que I'inégalité est stricte s’il existe (4, j, k)
tel que u; i & [0;1], on en déduit que tout minimiseur de J. appartient a K.
Nous allons montrer que F5(K) C K et que Fj est contractante sur K. Soit
u € K, on a alors
. 1 63 ¢
V(Z,], ]{3) S {1, e N}3, Wi gk — 5(ui,j,k — gi,j,k) S [— 5 5 — ‘| . (413)

573373

Pour (I,J,K) € {1,..., N}? nous posons

o 2mil 2mgJ 2k K
V(i,j,k) € {1,...,N}3,u£}{}€K :COS< I )COS( B )cos( & ) .

I1,J,K

On peut vérifier que u satisfait

2(cos (%) + cos (%) + cos (%) —3) 1K
h? !

Axul?E =

et que (ul5); ; k est une famille de N3 vecteurs propres de X linéairement
indépendants. Ils forment donc une base de vecteurs propres de Ax et en
particulier nous avons

|Axu| < 2|l (4.1.4)

pour tout u € X. De plus, si u € I alors

|ui,j,k(1 - Ui,j,k)(l — 2ui,j,k>| < (4.1.5)

De (4.1.3), (4.1.4) et (4.1.5) nous en déduisons que si v € K alors

1,0 1620p= 308 3 0, 16206 300
272 R 2’2 2 R 2]

Sachant que 0 < § < 1, pour que K soit stable par F}, il suffit que
1 162 3
B 38 _

0
2 h? 2¢ ’



ce qui est équivalent a
€

< .
b 324e2N2 4+ 3

Nous avons
)
Fyu) = Fo(w)] < (1= 8)hu— o] + 988l (u — )] + 2| f(w) — 1(0)
ou f(u) = u(l — u)(l — 2u). Sachant que f'(t) < 11/2 pour tout t €
[—1/2;3/2], d’apres (4.1.4), nous avons

Fi) = Fa(o)] < (L= O)u—o] + =

10855 11534
< — — .
< (1 d+ 2 T 5 ) lu — |

1180

’U—U|+T€U—U|,

Pour que Fj soit contractante sur I, il suffit donc que

1085 115
— <1
h? * 2e <

ce qui est équivalent a
3

< lg2N? 55
Sachant que Fj est contractante sur K et laisse stable IC, alors la suite définie
par 'algorithme de point fixe est convergente vers I'unique point fixe de Fj
sur K. Or, tout minimum u de J. vérifie V.J.(u) = Ox, on en conclue, d’apres
I'équivalence (4.1.2), que tout minimum de J. est un point fixe de Fs et le
théoreme est démontré.

]

4.1.2 Calcul de la hauteur de seuillage

Grace a I'étude réalisée dans le premier article (Théoreme 3.6 dans [BV14]),
nous savons que le profil ¢ d’'une solution sur une tranche ¥, (Figure 4.1.2)
est donné par la solution de I’équation

— 9Bz (W) + wfpe(q) = 0sur [~5:5]
{ 2-2) = () =0, (416
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ol [—a; a] est le support du profil, w(r) = wl|r| + 27r? et

foelt) = D2t~ 36%) + (1 + f) t—1

€

/‘
N
FIGURE 4.1.2 — Tranche X, d’un tube A,

Cette équation dépend de la longueur ¢ et du rayon o du tube. Nous
distinguons alors les deux cas asymptotiques : lorsque le tube se réduit a une
boule on a ¢ = 0 et lorsque le rayon du tube est négligeable par rapport a sa

longueur ¢ — 400. Nous en déduisons alors les deux équations suivantes.

{ —98erq” — 9Beq’ + 1 fs.(q) =0
q(%)=q(=%)=0

——
{ —90erq” —18Peq +rfs.(q) =0
q(5)=q(-5)=0

A partir de ces deux équations, nous déterminons une hauteur de seg-
mentation comprise entre les deux hauteurs maximales des solutions (Figure

4.1.3).
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Comparsison des deuxsolutions

035~ —

DDZS -0.02 -Dﬂ||5 -DL -0.005 [ 0.005 D‘M DD‘G 0.0z 0.025
FIGURE 4.1.3 — Seuillage adapté a la segmentation

4.2 Un modele anisotrope binaire

Nous présentons dans cette section la mise en ceuvre numérique du modele
introduit dans [Viclba] présenté p. 41. L’énergie a minimiser est donnée par

2

2
]_ _
E.(p,M) = /Q (p — g)*dz+p /Q l9€<MVp, Vp) +p(6p> dz+|| M|y q)-

Sachant que la dimension de I'espace des matrices symétriques est égale a 6,
dans le cadre discret, un champ de matrice sur X sera défini par un vecteur
de Z = X°. Les 6 coefficients représentent les éléments sur-diagonaux de M.
Par abus de notation, pour M € Z, nous noterons

M, M, r)2 (M
Mijr=| (Mijr)e (Mijr)a (Mijk)s
M M M

ijk)s
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pour tout (i, 7, k) € {1,..., N}?. De méme, pour U € Y, nous noterons
(MUl + (Mijg)2U72 g + (M jx)sUp

(2 7

(MU )i = | (Mijn)2Ulip + M) aU? e + (Mijin)sU7 g

(M ;)3Ul s + (Mijin)sURj . + (M jn)sUps
pour tout (i,7,k) € {1,...,N}>.

4.2.1 Schéma de minimisation de M — E_.(p, M)
Dans [Vicl5a], nous avons proposé de prendre M sous la forme
M(z) = Id,, + pc(x)(c(z))*

avec c(z) € S"7!, pour tout x € Q. De plus, ce champ doit minimiser la
somme de son action sur les tubes 7" et du terme régularisation (Figure
4.2.1)

G)p(c) = Action(p, c) + Reg(c) = 9B6u/ﬂ (c, Vp)de + 7/{) || Dc||"dz,

ou r > n assure la continuité de c.

FiGURE 4.2.1 — Un champ c tangent a T’

Le probleme revient donc a minimiser G, dans I'ensemble des champs
de vecteurs unitaires de §2. Dans le cadre discret, c appartient a Y et vérifie
|cijx| = 1 pour tout (i,7,k) € {1,..., N}*. Pour u € X fixé, nous définissons
I’analogue discret de G, par

3 r/2

Gu(c) = 9Bep(c, Vxu)y + v |D (Vxc', Vxc')y

i=1
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Méthode de descente de gradient projeté

Le gradient de G,, vu comme une fonction définie sur l'espace Y tout
entier, est égal a

VGU(C) = 186€M<C,qu>yvxu

3 ‘ ) (r—2)/2 (VXcl, VXcl>yAXc1
—4’7 Z(chl,vxclﬁ/ <VxC2,VXC2>yAxC2
=1 <VXc3, VXc3>yAXC3

Nous introduisons alors ’algorithme de gradient projeté suivant.

Algorithm 2 Algorithme de gradient projeté
Initialisation : n = 0; description dans la section suivante.
[tération n : on pose

d" =" — VG, (c"),

n

ik |de,k|R3

pour tout (i,7,k) € {1,...,N}>.
Stop si un critere d’arrét est satisfait.

Initialisation de I’algorithme 2

Dans le cas de la dimension n = 3 ou les calculs sont forcément plus im-
portants, nous proposons une initialisation possible de ’algorithme 2. Notre
choix cherche a initialiser le champ ¢ dans la direction des tubes. Son principe
réside dans le fait que sur une surface lisse on peut trouver en tout point (non
dégénéré) deux lignes de courbure principales. Pour une surface tubulaire la
direction de plus faible courbure est dirigée dans la direction du tube (en
rouge sur la Figure 4.2.2).

En reprenant la modélisation introduite dans la section 1.1 de I'introduc-
tion, nous modélisons le bord d'un tube comme une ligne de niveau d’une
fonction. Pour une surface S C R? donnée de maniere implicite par

§:={z € R*| g(x) = m},
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FIGURE 4.2.2 — Les deux lignes de courbure principales

nous considérons l'application définie par ¥(x) = Vo(@) [,a différentielle de

[Vg(z)]
U est alors
1 t
DU@) = oo (Holw) - v)(¥(a)).

1

= W (Hg(a:) - P\I/(r)) )

_ Pu@yr o Hy(x)
Vg(z)]

ot Hg(x) est la hessienne de g en x, Py() et Py()e sont les projections
orthogonales sur Vect(¥(z)) et sur son orthogonal. La restriction de la dif-
férentielle de ¥ au plan tangent a la surface ¥(z)* correspond a I'endomor-
phisme de Weingarten de la surface. Pour connaitre les directions principales
de la surface, il suffit de calculer les directions propres de cet endomorphisme.
L’initialisation du champ ¢ que nous proposons revient donc a effectuer les
opérations suivantes.

1. Calculer Vxg et Hxg la Hessienne discrete de g.

2. Déterminer (V, W) € Y? tels que (‘/;'7]‘7]4;, Wi j ks %) soit une base

orthonormale de R? pour tout (i,7,k) € {1,..., N}>.

3. Déterminer les vecteurs propres unitaires (z1,x2) et (y1,y2) de la ma-
trice

( <(HX9)i,j,kV;',j,k,Vi,j,k)Riﬂ <(HXg)i,j,kVi,j,kaWi,j,k>R3 )
(Hx9)ijuWijiks Vijiors (Hx9)ijkWiiks Wijk)rs
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2

1 2
Pik avec A <A

oll les valeurs propres associées sont A}, et A ik ik

pour tout (i,7,k) € {1,...,N}>.
4. Poser
Ciji = T1Vijr + oWk

Nous remarquons enfin que pour toutes les opérations précédentes nous pou-
vons donner une formule explicite.

4.2.2 Schéma de minimisation de p — E.(p, M)

Dans un premier temps, nous considérons que M est fixé et nous cherchons
un moyen de calculer un minimiseur p de min{ E.(p, M): p € W12(Q)}. Ainsi,
p est une solution faible de 1’équation aux dérivées partielles non linéaire
sulvante

p(1—p)(1 —2p)

p—g—9Bediv(MVp) + . = 0 pourzxeq,

9%
Po_ pour z € 0S2.
on

(4.2.1)
Dans le cadre discret, 'analogue du probleme de minimisation de p
E.(p, M) sur W2(Q) consiste en la minimisation de 1’énergie suivante

w(l —u),u(l —u))x
Jem(u) = (u—g,u—g)x +5|9e(MVxu, Vxu)y + tul ) 6( ) ,
ou u € X. Sachant que J. est une fonction positive et polynomiale par
rapport aux coordonnées de u € X, elle admet donc un minimiseur. De plus,
une condition nécessaire d’optimalité est VJ. () = Ox. Un minimiseur
u € X vérifie donc
u(l —u)(1 —2u)

ﬂ—g—gﬂgdiVy(MVXﬂ)—i—ﬂ - :Ox.

Nous retrouvons dans cette équation 'analogue discret de ’équation (4.2.1).
En posant > 0, nous avons
u(l —u)(1 —2u)

Vm(t) =0x & u—6 |u— g — 9Bedivy (MV xu) + 3 : =
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et alors VJ. m(2) = Ox est équivalent a la recherche d'un point fixe pour la
fonctionnelle

u(l —u)(1 —2u)

F(;,M(u) =u—90|u— g — QBEdIVY(MVXU) + B

Nous introduisons alors ’algorithme suivant.

Algorithm 3 Algorithme de point fixe anisotrope

Initialisation : n =0; u® = ¢
[tération n : on pose

u™(1 —u™)(1 — 2u™)

"t =" — § [u" — g — 9Bedivy (MV xu") + 3

Stop si un critere d’arrét est satisfait.

Le résultat suivant assure la convergence de cet algorithme.
Théoreme 4.2.1. Soit M € Z et A > 0 tels que
<Mi7j7kU7 U>R3 S A|U’%{3

pour tout pour tout (i,7,k) € {1,...,N}> et pour tout U € R®. Soit g € X
tel que g; jx € [0;1] pour tout (i,5,k) € {1,...,N}3, 0<d <1 et f tel que

. 9 g
_ .
f < min {324A52N2 3 108A2N2 + 5.5}

alors l'algorithme 3 converge vers un point qui est l'unique minimiseur de
Je M-

Remarque 4.2.1. La condition sur M est une conséquence directe de la
condition d’ellipticité introduite dans le deuxiéme chapitre (voir [Vicl5a]).

Démonstration. Comme pour la preuve du Théoreme 4.1.1, tout minimum
de J.m appartient a I’ensemble

1
IC:{UGX:V(i,j,]{,‘)6{1,...,N}3, u@ngE [—2,2]}
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Nous allons montrer que F5n(KC) C K et que Fsm est contractante sur K.
D’apres (4.1.4), nous avons

pour tout u € X. Les fonctions

AxlX — R AMX — R
u = Axu u +— divy(MVxu) ’

étant symétriques pour le produit scalaire ( -, - )x, on a alors

| Anl| sup{(divy ( MV xu),u)x: u€ X, |u|lx =1},
sup{(MVxu), Vxu)y: u€ X, lulx =1},
Asup{(Vxu,Vxu)y: wu€X,|ulx =1}
Asup{{Axu,u)x: w€ X, |ulx =1},

AllAx]l.

IA NN

Nous en déduisons

pour tout v € X. En reprenant les arguments de la preuve du Théoreme
4.1.1, nous montrons que pour que Fjy soit contractante et laisse stable X,
il suffit que

. 15 g
< : .
f < min {324A52N2 3 108A2N2 + 5.5}

et alors I'algorithme 3 converge vers un point qui est I'unique minimiseur de
Jem [

4.3 Interprétation géométrique des parametres
du modele

L’étude qui suit nous fournit des informations pour fixer les parametres
du modele.
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4.3.1 La largeur de la phase ¢

Dans la partie théorique de la these, pour la démonstration de I'inégalité
supérieure de I'-convergence, nous avons démontré qu'un candidat optimal
de profil pour la transition entre {z: z(z) = 0} et {x: z(z) = 1} est de
largeur €]In(e)| (relations (5.5) dans [Vicl5a] et (3.19) dans [Vicl5d]). Afin
de représenter numériquement cette transition de phase dans le cas discret,
la largeur de cette transition de phase doit au moins étre égale au pas spatial.
D’autre part, 'approximation par I'-convergence du modele suppose que €
soit petit, nous fixons donc

—he .
c N

4.3.2 Le parametre d’élongation p

Nous avons montré dans [Vicl5b] que p correspond a I’élongation de la
boule unité pour la métrique

¢z, v) = (M v, v)!/?

qui est la métrique associée a la mesure de la surface [q (Mv, v)/2dH""!. en
définissant M = Id,, + pcct, la boule unité pour cette métrique est un ellip-
soide allongé dans la direction de c(z) d’un rapport /1 + p (Figure 4.3.1).

FIGURE 4.3.1 — Boule unité associée a ¢
4.3.3 Le parametre de courbure v

Le parametre v pondere le terme [, ||Dc||"dz dans I’énergie associée au
calcul de M = 1d,, + pect. 11 pénalise donc les variations de c. Soit ¢;(z) le
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flot associé au champ c. La ou c¢’est défini, nous avons alors

dg,

(@) = c(@ula).

Comme c est un champ de vecteurs unitaires et tangents au tube, alors
|d%¢,/dt?(z)| est égal a la courbure du tube en z. Nous en déduisons que
|Dc(x) - c(x)] est égal & la courbure du tube en z. Sachant que

| De(x) - e(x)] < [|De(z)],

alors [, || Dc||"dx domine la norme de Sobolev W' de la fonction qui associe
a chaque point x la courbure du flot associé au champ c.

En général, [, || Dc||"dz domine strictement la norme de Sobolev de la
courbure associé au flot. Par exemple, dans la Figure 4.3.2, il est clair que
Jo llDc||"dz > 0 mais |Dc(z) - c(z)| = 0 pour tout = € Q.

FIGURE 4.3.2 — Flot sans courbure associ¢ a un champ non constant

Le terme [, ||Dc||"dz controle donc la courbure des lignes de flot mais
aussi la variation de l'orientation des lignes de flot entre elles.

4.3.4 Le parametre de régularisation

Pour la convergence des algorithmes, les théoremes 4.1.1 et 4.2.1 nous
donnent
B < min{ ° : c }
324Ae2N2 + 37 108Ac2N2 + 5.5

avec A le parameétre d’ellipticité. dans le cas ol nous posons M = Id,, + ucc?,
il est clair que A = 1+ p. D’autre part, nous avons posé € = 1/N, la condition
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de convergence de l'algorithme 4.2.1 se réduit alors a

1

O < N+ ) +3)

4.4 Exemples

Nous considérons tout d’abord une image binaire 2D constituée d’un tube
et d’'une boule (Figure 4.4.1). Tous deux ont une section de 4 pixels. Com-
parons sur cette image 'effet des algorithmes isotrope 1 et anisotrope 3.

FIGURE 4.4.1 — Image initiale

La Figure 4.4.2 est le résultat de 'algorithme isotrope 1 apres 100 itéra-
tions.
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lteration:100

— Cas isotrope

FIGURE 4.4.2

20, nous calculons le champ ¢

M:

dant a

Avec une anisotropie correspon

par l'algorithme 2.

FI1GURE 4.4.3 — Champ ¢
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Comme nous le souhaitions, alors que le champ obtenu est tangent au
tube, il ne I'est pas pour la boule (voir Figure 4.4.3). En conservant le méme
jeu de parametres que dans le cas isotrope, nous obtenons par 1’algorithme 3
I'image de la Figure 4.4.4.

lteration:100

an

40

a0

a0

100

Fi1GURE 4.4.4 — Cas anisotrope

Contrairement au cas isotrope, il est possible dans le cas anisotrope de
séparer la boule du tube. Cet écart s’accentue si leur rayon diminue. Pour une
section égale a 1 pixel, toujours avec les mémes parametres, nous obtenons

les résultats de la Figure 4.4.7.
0.9
0.8
07
0.6
0.5
04
03
0z
01
p " p p o 1)

FIGURE 4.4.5 — Diffusion isotrope et anisotrope
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C’est cette divergence entre l'intensité d'une boule et celle d'un tube
qu’il s’agit d’exploiter pour segmenter I'image. Dans le cas d’une image brui-
tée, avec une section toujours égale a 1 pixel, nous pouvons séparer, par un
seuillage adapté, les points des filaments.

Initial Image

10 20 30 40 a0 60 70 ao 30 100

FIGURE 4.4.6 — Image initiale et champ ¢
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Iteration:100 Threshold at B0%

FIGURE 4.4.7 — Ttération 100 et seuillage & 60%

Dans cet exemple, la hauteur de seuillage est déterminée empiriquement.
Cependant, sur le modele de l'article [BV14], il est possible d’exhiber les
profils types d’une boule et d'un tube pour pouvoir déterminer la hauteur de
seuillage de maniere automatique.
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Conclusion et perspectives

L’introduction de ce modele nous a conduit a introduire des algorithmes
de diffusion anisotrope (voir ’équation (4.2.1)).

—div(MVp) + f(p) = pour z € Q,

dp

— = 0 pour x € 0.
on

Les algorithmes produits par ce modele sont proches de celui de Perona-Malik
[PMO90]. Dans cette approche, les auteurs avaient considéré une équation
d’évolution du type

dp

5= div(cVp)

ou p et ¢ dépendent de la position et du temps. Nous avons fait le lien entre les
parameétres de ce modele et les caractéristiques géométriques du tube (rayon,
élongation et courbure). Le but est, dans un temps ultérieur, de proposer
un seuillage automatique de I'image obtenue en fonction de ces contraintes
géométriques. De plus, faute de temps, il nous reste encore a implémenter
ces techniques dans le contexte d'une image non binaire et tridimensionnelle.

Nous pourrons aborder le probleme des bifurcations que nous avons écarté
dans cette étude. Le passage par un terme d’anisotropie plus général qu’une
métrique Riemannienne pourra étre envisagée.

Dans le volet théorique, nous avons puisé dans les propriétés remarquables
de la fonctionnelle de Mumford-Shah pour construire et étudier notre modele.
Ces propriétés remarquables ont permis d’asseoir notre modeéle sur des bases
théoriques saines. Cela constitue pour nous une motivation importante pour
participer a la continuation du travail théorique sur le sujet de la fonctionnelle

de Mumford-Shah.
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