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Le principe est simple : une vibration du tonnerre avec une résonance mazrimum.
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Résumé

Cette these s’attache a l'existence et la dynamique en temps long de solutions d’équa-
tions des ondes bidimensionnelles dans lesquelles 'une des deux directions est confinée,
soit par la géométrie du probleme (équation des ondes sur R x T), soit par un potentiel
harmonique dans une direction. Aprés une présentation des méthodes utilisées pour ’ana-
lyse harmonique des équations dispersives (notamment la méthode dite des résonances
en espace-temps), nous nous intéressons a I’équation des ondes avec masse non-nulle (ou
de Klein-Gordon) sur R x T pour prouver un théoréme d’existence et d’unicité en temps
long et expliciter les méthodes employées pour traiter un probleme anisotrope. Puis nous
établissons un théoreme d’existence en temps long pour I'équation des ondes sur R? avec
potentiel harmonique dans une direction. Nous approchons ensuite cette équation par une
équation résonante : nous dérivons cette équation et nous prouvons un théoréme d’exis-
tence en temps long, ainsi qu'un théoréme d’approximation LZ.

Mots-clefs
Equations dispersives, équation des ondes, équation de Klein-Gordon, potentiel harmo-
nique, résonances en espace-temps, systeme résonant, dynamique en temps long.

Abstract

This thesis focuses on long-time existence and long-time dynamics for the solutions of
some bidimensional wave equations where one direction is trapped, either by the geome-
try of the problem (if we take a wave equation on R x T) or by a harmonic potential in
one direction. After presenting the methods used in the harmonic analysis of dispersive
equations (with a special focus on the so-called space-time resonances method), we start
by studying the wave equation with a mass on R x T (i.e. Klein-Gordon’s equation) in
order to prove a long-time existence and uniqueness theorem : it will allow us to explain
in detail the methods used for an anisotropic problem. Then we establish a long-time
existence and uniqueness theorem for the wave equation on R? with a harmonic potential
in one direction. Finally we approximate the long-time dynamics of this equation by a
resonant equation : we derive this system, prove a long-time existence theorem and a L?
approximation theorem.

Key words
Dispersive equations, wave equation, Klein-Gordon equation, harmonic potential, space-
time resonances, resonant system, long-time dynamics.
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1.1. ETUDE A DONNEES PETITES D’EQUATIONS DISPERSIVES 14

Note for the non-French-speaking reader : Chapters and after are self-
contained and will not refer to this introduction.

Dans ce chapitre introductif, nous présentons le cadre d’étude dans lequel nous plagons
cette these, ainsi que les principaux résultats prouvés dans les chapitres suivants et leurs
conséquences.

1.1 Etude 4 données petites d’équations dispersives

Nous nous intéressons dans cette these a deux équations basées sur I’équation des ondes
0?u — Au = 0.
1. Tout d’abord, nous considérons ladite équation sur R x T, avec une masse p (prise
strictement positive), et avec une non-linéarité quadratique :

Bpu—Autpu = Qu),
u(0,2) = wo(x), (01)
Ou(0,2) = wui(x)

ou

w: (t,x1,m9) € Ry X Rx T+ u(t,z1,22) € R,
up : (z1,72) € Rx T +— up(z1,22) € R,
up : (x1,22) € R X T +— ug(x1,22) € R,

@ est une fonction quadratique de u.

2. Ensuite, nous nous intéressons a I’équation des ondes, sur R?, mais avec un potentiel
harmonique dans la direction x5, avec une non-linéarité quadratique :

Ru—Au+23ut+u = Qu),
w(0,z1,22) = wugp(x1,x2), (02)
Opu(0,21,22) = wy(x1,2),

ou

w: (t, o1, 12) € Ry x R u(t, 21, 29) € R,
up : (21, 7) € R? = ug (w1, 72) € R,
u - (1‘1,.%'2) € R2 — ul(xl,mg) S R,

Q est une fonction quadratique de wu.

Ces équations ont plusieurs similarités : ce sont des équations dites dispersives, basées sur
I’équation des ondes, avec un confinement anisotrope.

Intéressons-nous dans un premier temps au caractere dispersif de ces équations. La notion
de confinement sera développée ultérieurement.

Nous appellerons équation dispersive toute équation dont le terme linéaire présente des
solutions sous la forme d’ondes planes, c¢’est-a-dire des solutions de la forme

(t,l’) — ei(wtfk-:v)7

ol w et k sont deux réels, et telles que la wvitesse de groupe g—‘g dépende de k. Cette

dépendance se traduit par Hess(w) # 0 : moins Hess(w) est singuliére, plus I’équation est
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dispersive.
Ainsi I’équation de la chaleur n’entre pas dans ce cadre (w ou k devrait étre complexe),
mais I’équation de Schrédinger

Ou — iAu = 0, (S)

admettant des ondes planes de la forme

12
ez(—k t—k-a:),

est une équation dispersive. De méme, si I’'on considere ’équation des ondes
2
Ofu— Au =0, (0)

on remarque qu’elle admet des solutions sous forme d’ondes planes de la forme

pillklt£k-z)

L’équation des ondes est donc dispersive en dimension supérieure ou égale a 2.
De maniere plus générale, les équations s’écrivant sous la forme suivante sont des équations
dispersives :

O+ L(i0)u = 0,

ou

9 — (L(i9))*u = 0,

pour une fonction L vérifiant L” # 0, si tant est que L(20) ait un sens. La simplicité de la
géométrie dans laquelle nous travaillons (R? ou R x T) nous permet de définir aisément ce
multiplicateur L(:0), en utilisant la transformée de Fourier (notée F et définie précisément
dans le chapitre Rlen (ZT.T) ) :

L(id) f = FH(L(§)FF(€)) -

Par exemple, pour I’équation de Schrodinger, L(€) = €2 ; pour 1’équation des ondes il s’agit
de L(§) = |£|. De maniére générale, une onde plane solution d’une équation dispersive

s’écrit sous la forme
H(L()t—Ex)

Pour ces équations, la vitesse de propagation d’un paquet d’ondes, i.e. une solution de
I’équation centrée a la fréquence &, aussi appelée vitesse de groupe, est égale a L'(£). Dans
le cas de I’équation de Schrodinger, cette vitesse dépend de la fréquence (elle est égale a
2¢) alors que pour 1’équation des ondes en dimension 1 elle est constante sur R_ et sur
R4 (en dimension supérieure elle est constante sur toute direction radiale).

Cette différence entre ’équation des ondes et I’équation de Schrodinger est fondamentale :
lorsque la vitesse dépend de la fréquence, il y a dispersion de la solution, ce qui fait que
cette derniere aura tendance a s’étaler.

Mathématiquement, cela se traduit par une décroissance de la norme L°° de la solution
combinée avec la conservation de la norme L?. Pour 1’équation de Schrodinger dans R, on
a par exemple, pour une solution u de () de condition initiale ug,

C
[ < i [uollzr -

Une telle décroissance n’existe pas dans I’équation des ondes en dimension 1 : les ondes
qu’elle engendre avancent toutes a la méme vitesse, et la norme L*° d’une solution de
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I’équation des ondes libre ne décroit pas (elle décroit en dimension supérieure).

En revanche — et c’est 1'une des raisons pour lesquelles nous ne considérons pas tout-a-fait
I’équation des ondes dans (O1l) — si on s’intéresse a I’équation des ondes avec une masse
(appelée aussi équation de Klein-Gordon)

O*u — Au+ pu = 0, (KG)

on remarque que L(&) = /&2 + pu, de dérivée L' () = \/J@T_ On a ainsi un phénomene de
I

dispersion, moins fort que celui lié & Schrodinger (étant donné que la vitesse d’une onde a
une fréquence £ tend vers 1 lorsque ¢ tend vers 'infini), mais cela permet tout de méme
d’obtenir une décroissance L>° de la solution :

1
el < 77 lluollwaraa

ott W3/21 correspond a Pespace de Sobolev & régularité 3 /2 dans L' : ce coiit en dérivée est
en quelque sorte la traduction de la moindre efficacité de la dispersion dans Klein-Gordon.

Savoir que les solutions de ’équation libre décroissent en temps est d’une grande utilité
lorsque vient I’étude du cas non-linéaire. Nous étudions dans cette thése des non-linéarités
quadratiques, a donnée initiale petite, c’est-a-dire des équations du type

— 3 — 2
{@u 1Au = u?, (NLS)

u(0,2) = evo(x),
avec € un petit parametre. Si 'on écrit u = ev, ’équation que I'on obtient pour v est

O —iv = ev?,
v(0,z) = wvo(w),

En d’autres termes, pour € assez petit le terme non-linéaire est négligeable et I’évolution
de I’équation doit étre gouvernée par la partie linéaire. C’est une des raisons pour laquelle
nous considérons une non-linéarité quadratique : une non-linéarité d’ordre supérieure u*
deviendrait *~1v¥, et serait en quelque sorte « plus négligeable » qu’une non-linéarité
quadratique. La non-linéarité quadratique est, dans ce contexte de petites données, étre
le cas le plus difficile. De plus, il s’agit en quelque sorte d’un cas général : si 'on fait un
développement limité de la nonlinéarité autour de 0, et que l'on suppose de plus qu’elle
est invariante par translation, on obtient pour premier terme d’ordre > 1 un opérateur
bilinéaire lui aussi invariant par translation. Or un opérateur bilinéaire invariant par trans-
lation est un opérateur de pseudo-produit, donc trés proche d’une nonlinearité « simple »

en u2.

La partie linéaire d’une équation dispersive étant bien comprise, les différentes techniques
développées pour I'étude des équations dispersives s’atteélent a estimer au mieux la non-
linéarité.

Une des méthodes les plus populaires consiste a utiliser des estimations dites de Stri-
chartz. Introduites par Strichartz dans [56], elles consistent & estimer des normes LjL?
(L7 en temps/LP en espace) de la non-linéarité. Cette méthode, que nous ne développerons
pas ici, est tres efficace dans un cadre hamiltonien puisqu’elle permet & moindre cofit I’éta-
blissement d’un théoreme d’existence locale, ’existence globale étant ensuite donnée par
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I’existence d’'une quantité conservée. Elle permet aussi d’obtenir des résultats a régularité
plus faible que les méthodes développées dans cette these. Pour des exemples détaillés, on
pourra se référer au livre de Tao [57] ainsi qu’a des articles comme [10].

Cependant, utiliser des estimations de Strichartz s’avere beaucoup moins efficace lorsque
I'on étudie des systémes non-hamiltoniens comme 1’équation (NLS]) ou les équations (OTl)
et ([O2), et surtout lorsqu’on s’intéresse & une étude en temps long : en effet la décroissance
obtenue par les inégalités de Strichartz est en général plus faible que celle donnée par les
estimations dispersives. De par leur nature (elles sont basées sur des espaces L? en temps),
les estimations de Strichartz ne voient que des effets globaux des interactions dans le terme
quadratique.

Plusieurs solutions ont été proposées pour analyser plus finement la non-linéarité. Nous
nous focaliserons sur I'une des ces solutions : les résonances en espace-temps. Elle repose
substantiellement sur I'un des théoremes les plus simples et les plus élémentaires d’analyse
harmonique : le lemme de la phase stationnaire.

Proposition 1.1.1. Soient u € C§°(R,C), ¢ € C*(R,R). On suppose que ¢ posséde un
unique point critique non dégénéré sur supp(u) noté x.. Alors

ei)\go(a:)u(x)dx ~A—=+oo (xc)eiA¢($C)'

400 o ei%signcp"(xc)
T
/. > @

Sans rentrer dans les détails de la méthode — celle-ci sera développée dans le chapitre 2] —,
tout vient du fait qu'une équation dispersive peut s’écrire sous la forme suivante (appelée
formule de Duhamel) :

A A t N A A
F(t.6) = fol€) + /O /R &M () (€ — m)dnds,

ou ¢(&,m) = L(§) £ L(n) + L(§ —n).

Afin d’estimer et prouver de la décroissance pour le terme intégral (correspondant a la
non-linéarité de ’équation), le lemme de phase stationnaire est idoine : il faut donc savoir
quand cette phase est stationnaire par rapport a la variable s (i.e. lorsque ¢ = 0 : ce sont
les résonances en temps) ou par rapport a n (i.e. lorsque 0,¢ = 0 : ce sont les résonances
en espace). L’étude des zones d’annulation de la phase ¢ ou de sa dérivée 0, ¢ est donc une
étape importante de cette méthode. Plus ces zones seront complexes, moins les estimations
du terme intégral seront aisées : ainsi pour ’équation de Schrédinger en dimensions 2 et
3 ont été traités les cas ot {¢ = 0} N {9,¢ = 0} = {0} (dans [24], [26]), mais le cas d'une
non-linéarité égale a |ul?, pour laquelle {¢ = 0} N {8,¢ = 0} est une droite, est toujours
ouvert (on s’attend a une explosion en temps fini).

Cette méthode s’est révélée extrémement fructueuse depuis son développement en 2009
par Germain, Masmoudi et Shatah qui dans [24] ont synthétisé deux techniques d’étude
des équations dispersives : les formes normales de Shatah [52] et les champs de vecteurs de
Klainerman [37]. Par exemple, pour des équations de Klein-Gordon quadratiques, outre
larticle de Shatah [52], on peut se référer a [44] par exemple, ou, pour des systémes, a
[22] ou [36]. Dans le cadre de 1’équation des ondes, on regardera notamment les articles de
Pusateri [47] et Pusateri-Shatah [48].

Dans cette these, nous utiliserons la méthode des résonances en espace-temps pour ’étude
des deux équations (OT]) et (O2). Si 'utilisation de cette méthode est assez directe dans le
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cas de (OI)), elle se révelera beaucoup plus délicate dans le cadre de 1’étude de 1’équation
des ondes avec potentiel harmonique : en effet, pour ’équation (O2)), 'ensemble résonant
en espace-temps {¢ = 0} N {9,¢ = 0} est une droite dans certains cas, ce qui contraint
a une étude tres fine de la phase ¢ et a 'utilisation de nouvelles méthode d’étude de ces
résonances.

1.2 Confinement d’ondes

Une particularité supplémentaire des équations (O1]) et (O2]) est que ces équations en deux
dimensions présentent une situation de confinement dans une direction. Physiquement,
pour confiner une onde, deux solutions sont possibles :

1. il est tout d’abord possible de les faire circuler dans un céble, c’est-a-dire dans R x T :
la premiere direction est libre mais la seconde, de par la géométrie du probleme, est
confinée. Il s’agit de la situation de 1’équation (OTI).

2. il est possible de les laisser évoluer dans une géométrie plate (R? par exemple), mais
avec un potentiel qui les confine dans une direction : c’est l'effet qu’a le potentiel
harmonique de 1’équation (O2)). Ce phénomene s’illustre par exemple lorsque on
soumet des condensats de Bose-Einstein a un potentiel harmonique : ils prennent
alors une « forme de cigare » (cf [16]).

Ce confinement, et surtout cette anisotropie, demandent une étude de I’équation elle-méme
anisotrope. Prenons I'exemple de

OPu — Ao + pu = u?,
avec u fonction de Ry x R x T. Deux transformations sont naturelles : la transformée de
Fourier dans la premiere direction, le développement en série de Fourier dans la seconde.
Un calcul rapide montre que si u,,(t,z1) est le m-iéme coefficient de Fourier de u dans la
direction x4, ’équation se réécrit :

afup — Apuy + p2up + puy, = Z U Up—m.-
MmEZ

Ainsi on a transformé 1’équation de départ en une infinité (dénombrable) d’équations
de Klein-Gordon, avec L(§) = /&2 + p? + u, cest-d-dire avec une dispersion d’autant
meilleure que p est grand. Ce phénomene propre aux espaces produits peut étre analysé
ainsi :

— une équation dispersive sur le tore n’a aucune chance de disperser, ce phénomene
étant lié au fait que les hautes fréquences sont envoyées a l'infini plus rapidement
que les autres.

— mais lorsque ce tore est couplé & un espace plat, dans T x R par exemple, les hauts
modes de Fourier du tore vont contribuer a la vitesse de propagation dans la direc-

tion infinie (c’est ce qui est visible dans la formule L(§) = /&2 + p? + u).

L’idée est substantiellement la méme lorsqu’un potentiel harmonique vient faire office de
potentiel confinant. En effet, de méme que les séries de Fourier sont adaptés a I’étude du
Laplacien sur T, les séries d’Hermite sont adaptés a l'oscillateur harmonique —A + 22 :
nous appelons p-ieme coefficient d’Hermite d’une fonction u la coordonnée (u,v,)r2, ol
Yy est la p-ieme fonction d’Hermite, c’est-a-dire le p-iéme vecteur propre de —A + z2, as-
socié a la valeur propre 2p+1 (p entier naturel). De méme que précédemment, on rameéne
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(O2) & une infinité d’équations en dimension 1 avec L,(§) = /&2 + 2p + 2. Cependant,
la transformation d’Hermite, contrairement a la transformée de Fourier, ne transforme
pas la non-linéarité quadratique en une convolution. Cette difficulté supplémentaire doit
étre prise en charge et le sera notamment dans les appendices, par quelques compléments
d’analyse harmonique.

Les cas d’équations dispersives en géométrie non plate ou avec des potentiels ont donné
lieu & un nombre important de publications récentes. Pour des études de Klein-Gordon
sur des tores ou des sphéres, on pourra lire [I2] ou [11]; [31] quant & lui s’intéresse a
Schrédinger sur un espace produit. Pour I’étude de potentiels harmoniques, on se référera
notamment a [7], [2], ou plus récemment & [32].

1.3 Principaux résultats

Nous présentons ici brievement les trois principaux résultats qui sont prouvés dans la
these. Dans le chapitre 2] nous montrons qu’une étude assez directe permet d’avoir des
résultats d’existence et d’unicité a données petites, assurant — si la donnée initiale est de
taille € — un temps d’existence de 'ordre de € (par une majoration directe) ou méme g4/3
en utilisant la dispersion.

Etude de I’équation des ondes avec masse non nulle sur R x T. Nous établissons
dans le théoréme B.2.8] un résultat
— d’existence et d’unicité a données petites.
— assurant un temps d’existence de l'ordre de e~
initiale.
— a régularité modérée, c’est-a-dire que l'on a impose une régularité > 1/2 dans la
direction torique et > 3/2 dans la direction libre.

2 o0 € est la taille de la donnée

Ce résultat, bien qu’assez élémentaire, montre en substance la maniere de traiter un pro-
bleme anisotrope et la maniere dont les résonances en espace et en temps interviennent
(Péquation (OI]) n’étant pas résonante en espace-temps, ceci explique le caractére élémen-
taire de la preuve du théoréme).

Etude de I’équation des ondes avec potentiel harmonique. Contrairement au
précédent systeme, I’équation des ondes quadratique avec potentiel harmonique est tres
résonante, dans le sens ou elle présente, dans certaines configurations, une zone de réso-
nances en espace-temps égale a une droite. Le théoreme EI.10] prouvé dans la these est
donc plus faible que le théoreme B2.8 11 s’agit
— d’un théoreme d’existence et d’unicité a données petites.
— d’un théoreme assurant un temps d’existence de 'ordre de e~
de la donnée initiale et § > 0 est arbitrairement petit.
— d’un théoreme a régularité modérée dans la direction piégée, mais haute dans la
direction libre (on I'impose supérieure a 1/96).
Ce résultat pourrait sembler faible en comparaison du résultat d’existence en temps %/
trouvé dans le Chapitre 2] théoreme [Z4.4]: en réalité 'anisotropie de la situation empéche
d’avoir aussi facilement ce type de résultat.
De plus les espaces fonctionnels utilisés dans le théoréme [Z.T.10] sont beaucoup plus perti-
nents pour ’étude de la dynamique en temps long de ’équation.

4
319 ot ¢ est la taille

3
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Enfin, I’étude fine des résonances développée dans le Chapitre 4 est fondamentale pour
I’étude de ce que 'on appelle le systeme résonant associé a I’équation.

Dérivation et étude d’un systéme résonant. Afin de mieux comprendre la dyna-
mique de I"équation (O2), nous dérivons une équation résonante associée a ([O2l).

L’idée de I’étude d’un systéme résonant a été initée pour des systemes hyperboliques par
Klainerman et Majda dans [39], ainsi que par Grenier dans [30] et Schochet dans [51] avec
la méthode dite de « filtrage des fréquences ».

Cette idée a connu un regain de popularité il y a quelques années lorsque Ionescu et Pausa-
der ont adaptée pour les équations dispersives dans [34] et [35], ou ils étudient 1’équation
de Schrodinger non-linéaire sur R x T3,

Ici, nous nous inspirons plus précisément des travaux de Hani, Pausader, Tzvetkov, Vis-
ciglia dans [3I] pour NLS sur R x T¢ (1 < d < 4), ou Hani et Thomann pour NLS avec
confinement harmonique ([32]).

L’idée est de partir de la formulation fréquentielle d’une équation dispersive :

A

t . A A
76,6 = F(0.6) + /0 / ¢H0EM () (€ — n)dnds,
n

et d’appliquer un lemme de phase stationnaire afin d’identifier les fréquences résonantes,
i.e. les fréquences qui donnent naissance a des termes non-négligeables.

Dans cette thése, nous dérivons 1’équation résonante pour (O2), nous prouvons un théo-
réme d’existence en temps long d’ordre £~2, & régularité modérée (Théoréme [5.1.1). Enfin
nous montrons que ce systéme résonant est une bonne approximation de ’équation initiale

(Théoreme B.1.2).

1.4 Applications des résultats de la thése — perspectives

Dans cette section, nous présentons plusieurs pistes d’étude se basant sur les résultats
prouvés dans la these.

1.4.1 Etude précise de systémes résonants

Le systéme résonant établi au chapitre Bl s’il a été étudié du point de vue de 'existence
et de 'unicité en temps long, mériterait une étude plus approfondie de la dynamique. Par
exemple, dans [31], les auteurs ont réussi a montrer 1'existence de solutions a 1’équation
de Schrédinger cubique sur un espace produit avec norme de Sobolev croissant logarith-
miquement en temps en trouvant d’abord de telles solutions au systéme résonant puis en
utilisant leur théoréeme d’appoximation.

Nous pourrions, si nous parvenons a comprendre la dynamique du systeme résonant dérivé
ici, obtenir des informations sur le comportement des solutions de (02) du méme acabit.

La difficulté vient de la complexité du systéme résonant : bien qu’a priori plus simple
(dynamiquement parlant) que 1’équation initiale, la présence des fonctions d’Hermite et la
complexité de leur interaction rendent le systeme ardu a comprendre de prime abord.

Une solution pourrait étre de s’intéresser d’abord a un systéme résonant pour les ondes
sur R x T sans masse. L’équation (OI]) n’est pas en soi pertinente : en effet, dés lors que
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u # 0,1l n’y a pas de résonances en espace-temps, donc pas de systéme résonant. C’est
pourquoi on pourrait étudier

Ou—Au = Q)
u(0,2) = wo
Oyu(0, )

I
g
5

ou

w: (t,x1,m9) € Ry X R X T u(t,z1,22) € R,
ug - (1‘1,1‘2) ERXxT— uo(xl,xg) S R,
Uy - (1‘1,1‘2) ERXxT— ul(.%'l,.%'g) S R,

Q) est une fonction quadratique de u

mais un autre probleme apparait : ’équation projetée sur le mode 0 n’est pas dispersive
(car de symbole L(&) = /&2 4+ 02 = |¢]). 1l faudrait alors trouver un moyen de supprimer
ce mode nul, sans ajouter de masse. Dans ce cas I’équation résonante pourrait étre assez
simple et aider & comprendre mieux I’équation résonante pour (OZ2]).

1.4.2 Vers une application aux fluides géophysiques ?

L’étude de I’équation des ondes avec potentiel harmonique, bien qu’intéressante en elle-
méme, a d’abord été entamée par I'auteur comme une premiere étape de I’étude des
ondes dites de Poincaré dans le systeme de Shallow-Water-Coriolis. Il s’agit d’un modele
adimensionné pour ’étude des ondes équatoriales en eaux peu profondes :

on+1iViou+ua-Vvn+e2v-(qu) = 0,
Ou+ Hwgut +1Vn+u-Vu+u-Vi+e?u - Vu = 0,

ou 7 est la hauteur relative de ’eau par rapport & une hauteur de référence, u la vitesse
relative du fluide par rapport & une vitesse stationnaire @. Le terme xou®
force de Coriolis : preés de I'équateur il satisfait 'approximation dite du betaplan, en se
comportant comme une fonction linéaire de la latitude. Le petit parametre € représente a
la fois les nombres de Rossby (rapport entre la vitesse de rotation de la Terre et la vitesse
du fluide) et de Froude (mesurant l'influence de la gravité).

représente la

Plusieurs travaux récents traitent de cette équation : Gallagher et Saint-Raymond 1’ont
étudiée dans le cadre classique (sans le parametre ¢) dans [I8] et Cheverry, Paul, Gallagher
et Saint-Raymond ont étudié le cadre semi-classique (i.e. ¢ — 0) dans [§] et [17].

Si 'on prend @ = 0, on obtient :

e20,U + A(z,eD)U = 3Q(U),
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ou
uQ _ eSug\2 -3
U= 1 with { = <(1+ 2 ) 1)6 ’
s u = (u1,uz),
0 581 862
A(:Cg,eD) = 681 0 —XT9 y
862 T2 0
up  3up 0 uz 0 Zug
Q(U) = %UO (5% 0 681U — 0 u9 0 8(92U.
0 0 w suo 0w

Dans [18] et [8] les auteurs se sont ramenés a des propagateurs scalaires, en pseudodiago-
nalisant 'opérateur A. Ils ont déterminé les valeurs propres comme solutions de I’équation
polynomiale suivante de parameétres ({,n) et d’inconnue 7 :

(& +e(2n+ 1)1 + & = 0. (1.4.1)

Les valeurs propres d’ordre € correspondent aux ondes dites de Rossby et leur piégeage
est prouvé dans [§].

Les valeurs propres d’ordre 1 sont appelées ondes de Poincaré. Les auteurs de [8] prouvent
un résultat de dispersion semi-classique pour ces ondes, mais de nombreuses questions
restent en suspens : peut-on avoir un théoréme d’existence en temps long pour les ondes
de Poincaré ? Quelle est la dynamique de ces ondes en temps long ?

Par les formules de Cardan, les solutions de (LZ4I]) sont

o g te@ny1) (1 (e 27 2%k
A =2 3 cos | g arccos | — GCEECESHE + )

avec k =0,1,2, A\; le mode de Rossby et \g, A2 les modes de Poincaré.
Lorsque ¢ tend vers 0, on obtient ’asymptotique suivante :

Mo(é1,n) =1/ +e(2n+2) + o(e?)

Ao (&1,n) = —1/€7 +e(2n + 2) + o(e?)
Les vecteurs propres associés a ces valeurs propres sont calculés dans [18] :

By A —
| w3 @) + eV e (o)
e, (w1, m2) i= Cf, 465" Y (22)

9 n 7 n+1
e mrey 3001 (2) + eV U e (2)

ou v, est la n-ieme fonction d’Hermite.

Voila pourquoi nous considérons comme premieére approximation des ondes de Poincaré
I’équation

OPu — Au+ 23u + u = u®.

En effet,
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1. les valeurs propres associées a I'équation sont +4/€2 + 2n + 2.

2. le vecteur propre correspondant a la valeur propre :I:\/ff + 2n + 2 est la fonction
(z1,22) — 6i§x1¢n($2).

Ainsi, il parait pertinent de s’intéresser a I'introduction du parameétre semi-classique € dans

I'équation (O2), et de passer & un cadre vectoriel (prenant ainsi en compte les vecteurs

propres Ve, , 1).

1.5 Organisation de la these

La theése s’organise autour de trois parties largement indépendantes, mais d’un niveau
technique croissant, et d’appendices.

1. dans le Chapitre 2] nous exposons une démarche générale d’étude d’une équation
dispersive dans le cadre de données petites, ainsi que la méthode des résonances en
espace-temps. Nous prenons comme exemple I’équation de Schrédinger quadratique.

2. dans le Chapitre[3] nous nous intéressons a ’équation des ondes sur R x T avec masse
non nulle (OT)) et établissons I'existence et 1'unicité en temps long.

3. le Chapitre @ quant a lui, s’intéresse a ’équation des ondes avec potentiel harmo-
nique (O2)) : nous y prouvons l'existence et 'unicité en temps long. Le Chapitre
poursuit 1’étude de cette équation en dérivant un systeme résonant. On y prouve
I'existence et 'unicité en temps long ainsi que la validité de ’approximation d’une
solution de (O2)) par une solution du systéme résonant.

4. enfin, trois appendices exposent les résultats techniques nécessaires a la these. D’abord,
lappendice [Al s’attache & prouver plusieurs résultats d’analyse harmonique (multi-
plicateurs de Fourier, phase stationnaire, fonctions d’Hermite). L’appendice [Bl étudie
en détail les résonances pour I’équation des ondes avec potentiel harmonique. Enfin,
I'appendice [C] montre un résultat de paraproduit pour les fonctions d’Hermite.
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The goal of this section is to introduce the main tools and methods used in the study
of dispersive equations. In order to illustrate the concepts handled in this part, we are
going to use a very simple example of dispersive equation: the quadratic 1-D Schrédinger
equation
{ Ou —iAu = Qu,u), (2.0.1)
u(0,2) = wo(x),

with v : Ry x R — R, Q(u) a quadratic term in u, @, and up : R — R a small initial data.
After discussing the general methods for establishing existence theorems (use of the pro-
file of a solution, Duhamel formula, contraction estimates), we are going to prove three
existence theorems for our toy model (Z.0.1]):

1. a first one (Theorem 3.1 giving an existence time of order e~ (where ¢ is the size

of the initial data) in H". This theorem only uses the hyperbolic structure of the
problem (i.e. energy estimates are possible).

4
2. a second one (Theorem [Z44) giving an existence time of order ¢~ 3 in HY N L.
This theorem uses the dispersive properties of the equation.

3. a third one (Theorem [Z5.5) giving an existence time of order e=2 in HY N L2((z))
(where L?((z)) is a weighted L? space defined in ZZZZ). This theorem uses the
space-time resonances method.

We are proving Theorems giving longer and longer existence times, but for more and more
localized data (functions in L?((z)) are more localized around the origin than L' functions,
which are more localized than L? functions). The methods used to obtain longer existence
time use the frequency structure of the equation: the dispersive properties needed for
Theorem [2.4.4] use the harmonic properties of the linear part, the space-time resonances
use the harmonic properties of the nonlinear one.

2.1 The notion of profile

Since we are working with small data and a quadratic nonlinearity, our problem has to be
seen as weakly nonlinear: indeed, if v = ev with v of size 1, (Z.0.1]) becomes

0w — iAv = eQ(v).
The solution of the linear problem (¢ = 0)

{atu—iAu = 0,

u(t=0) = wuo,
is given by
u(t, z) = e *Pug(x),
where e®® is the linear propagator associated to (Z0.1)), defined thanks to the Fourier
transform:
ug(e) = (2m)? [ e g (€)ae,
with

A

f(t,6) = F(f)(t,€) ::/Rf(t,x)e—mfdx. (2.1.1)
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In the weakly nonlinear regime, we can expect the linear dynamics to be dominant, in
particular in the long-time scale. This incites us to consider the backwards linear evolution
of a solution of the nonlinear equation: this is what we call the profile of a solution of

Z0.1).
Definition 2.1.1. The profile f of a solution u of (210.1) is defined by
f(t,x) = e "Pu(t,z).

In the weakly nonlinear setting, f is slowly varying, its temporal variation being governed
by the nonlinearity:

O f =0 (e_imu(t, x))
= —iNe " u(t, z) + e P u(t, x).
Since u satisfies (Z.0.1)), dyu(t, z) = iAu + Q(u,u). Then
O f = —iAe " Pu(t, ) + e (iAu + Q(u,u)),

which gives '
8tf = e_ZtAQ(u? u)a

or, if we write everything in terms of f,

O f = e AQ (e“A £, el f) . (2.1.2)

2.2 Use of a contraction mapping principle

Similarly to what is done for the study of differential equations, we begin the study of
a dispersive equation by an integral formula for our equation: this formula is called a
Duhamel formula.

If we integrate (2.1.2]) between 0 and t, we get

f(t,z) = f(0,2) + /t e AQ (eiSAf(s,x), eiSAf(s,x)) ds, (2.2.1)

0

or, in terms of w,

u(t, ) = 2 (0, z) +/ =8 Q (u(s, ), u(s,z)) ds, (2.2.2)
0

Equation (ZZT]) is a Duhamel formula for (Z0.1)): it allows us to rewrite (Z0.1]) as a fixed
point equation

f= A, (2.2
where A(f) = fo + A(f), and

A(f)(t,z) := /Ot eTAQ (eiSAf(s,:U), eiSAf(s,x)) ds. (2.2.4)

We can similarly write it as u = A(u), with A(u) = eijAuo + A(u). Solving the fixed point
problem (2.2.3)) can be done by proving that A (or A) is a contraction in a ball Bg(0,¢)
of a well-chosen space S i.e.

V(f,9) € Bs(0,¢), [IA(f) = Alg)lls < cllf —gllg, with e <1.
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Actually it suffices to prove an inequality of the form
IA(H)lls < ClIfIlg, with C € R. (2.2.5)

Then for e < %, for || follg < 5, A is a contraction of the ball of radius € and then has a
unique fixed point.

Remark 2.2.1. The time of existence depends strongly on the space chosen and of the
dependence in time of the constant C in (Z2Z5). If C' does not depend on time and S is
of the form L™ (Ry,S") with S" a functional space on the spatial variable, then we have a
global existence. The following sections will give three examples of local existence in time.

Throughout this chapter and this thesis, we are going to consider Sobolev spaces. Here
we recall their definition.

Definition 2.2.2. If m is an integer and 1 < p < oo, the Sobolev space W™P(R) is
defined as the space of LP functions with f', f", ..., f™ in LP. If p =2, W™P is denoted

H™. For s non integer, W*P is defined by interpolating W2 and W12 where [s] is
the integer part of s. In the case p = 2, the H* = W52 norm is defined equivalently by

= ([ 0+ Py If©Rd)

We define in a similar way the homogeneous Sobolev space HS(]R)

1= ( [, rsPswf(s)Pdfs)%.

If w: R — C, we define the weighted Sobolev space H*(w) by

feH(w) & wf e H.

2.3 A simple theorem: direct energy estimates

Here we give a first example of an existence theorem established with a contraction esti-
mate, without any fine study of the structure of the equation.

Theorem 2.3.1. Let N > 1/2. There exists C > 0 such that for all € > 0, for all uy with
lluoll v < €/2, there exists a solution u to (Z11) in the space L>([0,T), HY) with

. 1
20’

and
[ull oo jo,7), 1) < €
Moreover, u is unique in the ball of radius ¢ of HN .

Remark 2.3.2. This result does not give a very long existence time, but it only needs the
solution to be in HN.
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Proof :

The proof of this theorem does not rely on the use of the profile of the solution: it only uses
the very basic properties of the linear propagator and the simplicity of the nonlinearity
(in particular the fact that it does not involve derivatives of u). Given the form of the
Duhamel formula (22.1]), we want to estimate the H~ norm of

A(u)(t) := /0 92 Q (u(s, ), u(s, z)) ds.

o], < |

t—s)A

First of all,

TR Q (u(s), u(s)) HHN ds.

N/2

Since the operator e is an L? isometry and commutes with (—A)™/2, we have

0] < [ 1 (o) s s (23.1)
Because @ is quadratic and because of Leibniz’ rule, there exists a constant C' such that

1Q (u(s), w(s)ll gx < Clluls)ll g [[uls) g - (2.3.2)
Then, by the Sobolev embedding HY (R) < L>(R) when N > 1/2, we have

[u(s)l oo < [luls)l g,

[u(s)l oo < [luls) g - (2.3.3)
Estimate (23:2]) then becomes
1 (u(s), u(s) | g < C lluls)[7g (2.3.4)
which leads to
[Aw]| < c/o u(s) % ds (2.3.5)

Then let 7' > 0. If we take the L>°([0,7")) norm of (Z3.5]), we obtain

| A@)| < CT [|ul? e o 7).117) - (2.3.6)

Leo([0,T),HN)

Hence, if [ull foc(jo ) gy < € and if T < &=, then H.A HLoo(OT) 1) < ¢/2, and A is

a contraction on the ball of radius e of L>([0,T), H. This ends the proof of Theorem
231 m

2.4 Use of the dispersive effect

Theorem 2.3.1] uses only the fact that the propagator for Schrodinger’s equation is a L?
isometry and that we are able to make energy estimates.

In order to improve this result, one can study more finely the properties of the linear
propagator, in particular its decay properties, ie. the dispersion.
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2.4.1 Heuristics of dispersion

Physical observations show that in a large variety of frameworks (Schrodinger’s equation,
Korteweg-de Vries’ equation, wave equation, etc.), a free wave will tend to spread out,
leading to a L*° decay in time. This phenomenon called dispersion occurs in so-called
dispersive equations, in particular in equations of the form

0w+ iL(D)u =0, (2.4.1)

with D = i0, L : R — R and L(D) is the Fourier multiplier associated to L, i.e. for all
function f, F(L(D)f)(€) = L(€)f(€). To call this equation dispersive we moreover ask
Hess(L) # 0.

Now we consider an initial data localized at a frequency &y, and we determine the velocity
of the resulting solution. This solution is a wave packet, i.e. of the form,

u(t,z) = /RA(g — &)l @Ew(©) g (2.4.2)

with A localizing around 0 and exponentially decreasing.

Its group velocity is defined by
dw
Vg =
Since u is a solution of (2-4.1]), we have w = —L(k), hence the group velocity is —L'(k). For
a dispersive equation, it is not constant: then different frequencies will travel at different
speeds and a spreading of the solution is expected.

For Schrédinger’s equation, L(€) = &2: it is considered as dispersive. In particular, the
group velocity at frequency £ is —2¢&.

2.4.2 Dispersion for Schrodinger’s equation

For Schrodinger’s equation, we can write

e D)y = gy x Ky (),
with
Ki(z) = %6““2/‘“. (2.4.3)
(4rt)2
Hence, by Young’s inequality
e uo|, . < €= fluolla (2.4.4)
L Vi

This is the dispersion inequality for Schrédinger’s equation : the decrease of the L*° norm
of a solution corresponds to the expected spreading mentionned in the heuristics.

Remark 2.4.1. Having an explicit formula with a convolution kernel is specific to Schrodinger’s
equation. For other considerations on dispersion inequalities, see Section [Z.0.
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2.4.3 An improved theorem

We are going to use the L decay of the Schrodinger propagator in order to obtain a
better existence time for (Z0.J]), for more localized data : dispersion needs functions in
L.

First of all, we define a functional space adapted to this L decay.

Definition 2.4.2. For N > 1/2, T' > 0, we define the space SQJY by the following norm

lullsy = b (lotllviey + £ o) o) (2.4.5)

)

Remark 2.4.3. If u is in S%V, then for all t <'T', we have
[u(s)l| v < Nlullgy
—1/4
lu(s)ll oo < 57 lull gy -
In particular the L>° norm of u is controlled by a decreasing-in-time function.

The space SQJY being defined, we can state the following result:

Theorem 2.4.4. Let N > 1/2. There exists C' > 0 such that for all e > 0, for all uy with
[uoll v + lluollpr < e/2,
there exists a solution u to (Z11) in the space S with
4
T :=(2Ce)" 3,
and
lullsy <.

Moreover, u is unique in the ball of radius € of S%V.

Remark 2.4.5. Even if the definition of the norm SN do not explicitely show it, the
hypotheses of Theorem [2.4.4] have to be thought as "f is in HN " and "f is in L'" (with a
prescribed decay), where f is the profile of the solution. Actually, when proving Theorem
we are going to controll the L' norm of the profile. This corresponds to a stronger
localization than in Theorem [Z31) (a function in L' is more localized than a one in L?).

Proof :

Let T > 0. Since the space S]TV is defined with multiple norms, we are goint to estimate
the HYN norm and the L norm of A(u) (defined in ZZ24) separately.

During the whole proof, C' will stand for a universal constant but might be different from
line to line.

High-regularity estimate. By (2.3.1]) and (2.3.2), we have

A < c/ot ()| oo [[1(s)[| v ds. (2.4.6)
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Then, given Remark 2.4.3] we know that
lu(s)ll g < llullsy
()l oo < 574 Jull gy
hence
T by
[A@ ]y < 0 [ 57 fuliy s
< O Jlulgy
Taking the supremum in time leads to
sup Au)(t < CT3* |Ju%n . 2.4.7
e A ®)| lully (24.7)
L*° estimate. Now, we have a look at H.Z(u)(t)HLoo
AW )|, . < /0 e=IAQ (u(s), uls))|| _ ds. (2.4.8)
By the dispersion inequality (2.4.4)),
095G (uls), u(s))]| . < O Q (uls),u(s)) (2.4.9)
L™ \/t—s
Then, Hoélder’s inequality gives
1Q (u(s), u(s))llpr < Clluls)]7z - (2.4.10)
Using (Z4.9) and (Z4.10), (Z48]) becomes
Aww| <c [ 2 22d
[A@®],. ¢ | —= )L ds
Since |lu(s)]| ;2 < ”u”S{F\” we obtain
A )|, . < cvEllulgy-
Taking the supremum in time gives
sup (¢4 H,Z(u)(t)HLm) < CT¥* |lullgy - (2.4.11)

tel0,T)

Conclusion. Gathering (Z4.7) and (ZZ.IT) gives

] < 79 iy

This concludes the proof of Theorem [Z4.4] by the contraction argument of Section |
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2.5 The notion of space-time resonances

2.5.1 Duhamel Formula in the phase space

Even if Theorem [Z4.4]is better than Theorem 2.3 1]in the sense that it uses the structure
of the linear propagator of (Z0.Il), it may be improved by a finer study of the nonlinear
term. Indeed, the nature of the interactions brought by the quadratic nonlinearity are not
visible when looking at the Duhamel formula (Z2.T]).

If instead of (Z2.1]) we look at its Fourier transform, we obtain the following:

A A

f@t.€) = f(0,8) + /t eiss’ F (Q (eiSAf(s), eiSAf(s))) (&)ds. (2.5.1)

0
The question is now to determine F (Q (eiSAf(s), eiSAf(s))) (&). We are going to state
three particular examples:
1. if Q(u,u) = (), then

F(@(e21(60.%16)) © = [ T Tl 6~ an,

R
and the Duhamel formula becomes

A A

t . ~ ~
F(.6) = £(0,6) + /0 st (En) /R T m) [ (5,6 — m)dnds,

with ¢__(§,7) ==& + 0 + (£ — n)*.
2. if Q(u,u) = u?, then the Duhamel formula becomes

A A

t . A A
F(t.6) = £(0.6) + /0 b+ En) /R Flsim)f(s,€ — m)dnds,

with ¢4y (&,n) ==& —n* — (£ —n)*

3. if Q(u,u) = |u|?, then we get the Duhamel formula becomes

E.5.1+b)

A A

t ) R -
F(t.6) = 7(0.6) + /O b+ (En /R F(s,m) F(5,€ — mydnds,

with ¢y (§,7) = € —n* + (€ = n)”.
In all these situations, the pattern is similar: the quadratic interaction corresponds to two
input frequencies, n and £ — 7, giving birth to the output frequency &, with a oscillating
factor e®*?&m  The study of the phase s¢(&,m) may help us undestand the interaction
between 1 and £ — 7, and in particular highlight the so-called resonant interactions.

2.5.Tk)

Remark 2.5.1. In the other examples of dispersive equations, the Duhamel formula is of
the same kind:

A~ A~ t . A A
ft.6) =A@+ [ [ o fta)fe — nyanas. (2.5.2)

with

¢ = L(§) = L(n) £ L(§ — n).
Resonant interactions have been studied from two different points of view in the 80s by
Shatah in [52] and Klainerman in [37]: the global point of view used in this thesis has
been initiated by Germain, Masmoudi and Shatah in [24]. We are first going to give a
physical flavor of what resonances are, and then mathematically translate these physical
heuristics, in order to prove a long-time existence theorem (Theorem 2.5.5]).
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2.5.2 Resonant interactions
2.5.2.a Time resonance phenomenon

In physics, the phenomenon of resonances corresponds to a forcing of a system at one
of its eigenfrequencies. The resonance occurs when a plane wave (solution of the free
evolution problem) coincides with the forcing term.

For example, in the following example

u'(t) —iwu(t) = (u(1)",
o(t) = et (2.5.3)
ug given,

the solution of the system is bounded, except when o = % : here we have a linear growth
of the solution, because we are in a resonant configuration.

However, the free evolution in (25.3)) is almost too basic to be interesting: indeed it only
gives birth to one kind of oscillating solutions, at a frequency w. Let us consider a slightly
more sophisticated example where the free evolution generates an infinite number of plane
waves:

Ouu(t, x) +iAu(t,x) = wv(t,z)w(t,z),
o(t,z) = eiloz—a®t) (2.5.4)
w(t,x) = ei(Bz=F21)

Here we chose v and w to be plane waves, i.e. solutions of the free equation. A plane wave
coincides with the forcing term if there exists £ such that

pi6x—€%t) _ i(aw—a’t) ,i(z—pB1) ei((a+ﬁ)x—(a2+ﬁ2)t)’

ie. E=a+pBand 2 =a’+ B2 or
(@+p)* —a® = 5> =0,

This condition can be transposed in the framework of Duhamel formula (ZE5TED): the two
input frequencies are n and £ — n instead of « and 8 and the resonant condition writes

o(&:m) = 0.

Mathematically speaking, it corresponds to considering the Duhamel formula (Z5.1])
— in the case u? to simplify notations — as an oscillating integral in time

/t e~ (s ) f(s, € —n)ds,

0

with ¢ = ¢4, and doing a stationary phase lemma on this integral tells us that the
frequencies leading to higher order terms are the one cancelling J; (—is¢(§,n)), i.e. the
frequencies (£, n) such that

¢(&;m) = 0.

In this case, we say that the interaction is time-resonant (because the oscillating integral
is in time).
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2.5.2.b Space resonances

In physics, some interaction may be time resonant, but will not see each other after
a long time, because they travel at different speeds. So as to see it, we are using the
framework of wave packets defined in (ZZ.2]). We consider the system

Ou(t,z) + iAu(t,x) = v(t,z)w(t, z),
v(t,x) = wave packet centered in «, (2.5.5)
w(t,z) = wave packet centered in f.

The form of the solution u is then
t
u(t, z) = e~ Pug(x) —i—/ e (s, x)w(s, z)ds. (2.5.6)
0

Since v and w are wave packets, we can think of them as,

{ U(t,x) = e*(xfat)QﬂLia(:vfat)’

w(t,z) = e (@A FiBE—p1) (2.5.7)

(it is the case, up to a scaling, if v(0,x) and w(0, z) are gaussians).

Now if we look at the L? norm of e**?v(s, z)w(s,z), we easily remark that if o # 3, it will
go to 0 when ¢ goes to infinity. On the contrary, if & = 8 and the system is time-resonant,
this norm will be constant: hence the solution u given by will go to infinity as ¢ goes
to infinity.

This consideration is adaptable to Equation (ZX5JED), if we replace the input frequency «
by n and 8 by & — 7. The condition o = 3 then writes n — (£ —n) =0, i.e.

From a mathematical point of view, it corresponds to considering the spatial integral
as an oscillating integral:

/ =060 f(n) f(€ — )y
R

A stationary phase lemma on this integral gives that the frequencies creating leading order
contributions are the ones cancelling 0, (—is¢(§,n)), i.e. the frequencies (£,7) such that

In this case, we say that the interaction is space resonant (because the oscillating integral
is in 7).

2.5.2.c The space-time resonances method

The toy models studied in Sections 2.5.2:al and 2.5.2.0)] highlight the importance of the
vanishing (or the non-vanishing) of the phase ¢ or its derivative 0,¢. Let us develop
mathematically what happens in those two different cases. We are going to use the fol-
lowing version of Duhamel’s formula (Z35.1]):

ft.e / [ e flu (€~ myands.

Our aim is to be able to estimate this integral in a better way than in proofs of Theo-
rems 2.3.1] and [Z4.4] by performing some transforms, depending on the behavior of ¢ and

.
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If the phase ¢ does not vanish, we can write
emisd = éas (e7) (2.5.8)

and perform an integration by parts in s. This normal form transformation (according
to Shatah’s terminology in [52], inspired by the dynamical systems classical terminology)
will lead to an expression of the form

A~

' R ~ t ) "
D f(tn)f(t.€ —min+ [ [ Se o, o fie = s

+ symmetric or easier terms.

76,6 = fol6) + /

R

A short calculation shows that
0, f = €€ F(u?).

Thus, the nonlinearity f0sf is now a cubic one, easier to deal with since we are working
with small data.

If the derivative of the phase 0,¢ does not vanish, we write

eis? = _Z,Slan 50 (e*iw) , (2.5.9)

and perform an integration by parts in 7, to obtain

t
f(t,€) = fo(€) + /0 /R Ay <_isla,7 ¢> e f () f (& — m)dnds

! 1 A o
_ _15¢(577I) _
" /0 /]R —is@n(be Onf(m) f(§ —n)dnds

+ symmetric or easier terms.

This allows to gain a power of s and improve the long-time existence. This corresponds
to Klainerman’s vector fields method, developed in [37].

Remark 2.5.2. Performing an integration by parts in n will lead to terms of the form
8,7f(5, n), which is, in the physical space, x f(s,x): this is one of the reasons for the strong
localization hypothesis appearing in Theorem 2573,

This point is quite easily understandable if we focus on the interaction between wave pack-
ets:

— If the solution is localized and we take two wave packets with different speeds,
they are both localized around 0 at time 0. So we can be sure that after a large
enough time, the packets will not interact, and we will be able to quantify their
"non-interaction” as a function of time (this is the % term we find by integrating by
parts).

— But if we don’t assume the data to be localized, it is possible for two wave packets
to come from very far away from zero and interact after an arbitrary long time.
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In the general case, we have zones where ¢ vanishes (call this zone T, the time reso-
nant set), where 0,¢ vanishes (S, the space resonant set) and a zone where both vanish:
call it R, the space-time resonant set. This zone is problematic because none of the inte-
gration by parts presented before are feasible.

If the space-time resonant set is of measure 0, it is reasonable to think that this diffi-
culty will be handled by an adapted localization: we introduce a function x! equal to 1
around R, the localization being narrower as time grows. The integral

t . A A
/ / (€ m)eEN F() F(E — n)dnds
0 R

should be small.
Then in order to deal with

t
/O /R (1= x)e 9D f(n) f(€ — n)dnds,

we cut again the space with a function 6° localizing around the space resonant set (for
example): hence we are reduced to estimate

t
/0 /R (1 — x*)0%= &M () F(€ — m)dnds, (2.5.10)
and
t . A A
/0 /R (1= x*)(1— 0%)e—#9EM f ) (€ — n)dnds, (2.5.11)

In (2.5.10), since we are around the space resonant set but outside the space-time resonant
set, the phase ¢ does not vanish: we perform an integration by parts in time. In (Z5.TIT]),
Op¢ does not vanish, and we perform an integration by parts in 7.

One problem is then to be able to estimate terms of the form

t A A
[ [ mtemeon ja) e ~ nyanas, 25.12)
0 JR

so-called bilinear Fourier multipliers. Ideally they would satisfy Holder-like estimates (i.e.
they would be continuous LP x LY — L™ with 1/p 4+ 1/q = 1/r). The results needed in
this thesis are gathered in Appendix [Al

All the difficulty will be to deal with these three different zones: we have to identify
them (i.e. to study the phase), cut off carefully the frequency space and deal with each
zone. We give the following definitions:
Definition 2.5.3. Let ¢(&,n) be a real phase.

(i) The time resonant set is the set T := {(£,1) € R?|¢(£,n) = 0}.

(i) The space resonant set is the set S := {(&,n) € R?|9,¢(&,n) = 0}.
(iii) The space coresonant set is the set S := {(€,1) € R2|0e¢p(€,m) = 0}.

(iv) The space-time resonant set is the set R := {(£,n) € R%|¢(¢,n) = 9,(¢,n) = 0}.
Remark 2.5.4. The space coresonant set is not directly involved in the study of reso-
nances. However, since the fized-point spaces are often built on weighted norms, we may

have to differentiate with respect to & the integral term in the Duhamel formula [E23)):
this will make terms of the form Oc¢ appear. Hence it can be interesting to compare O¢¢

to Oy¢: this explains that we also want to define and study the space coresonant set S.
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2.5.3 An example treated with space-time resonances

In order to illustrate the method described in Section 2.5.2.d, we are going to establish
an existence and uniqueness theorem in the same spirit as Theorems 2.3.1] and 244, but
with an improved existence time. So as to avoid technical details and to have a quite short
proof, we are going to consider the following Schrédinger equation:

{&tu—z’(A—l)u = u? (2.5.13)

u(0,2) = wup(z),
with v : Ry xR — C and up : R = C a small initial data.

Theorem 2.5.5. Let N > 1/2. There exists C > 0 such that for all € > 0, for all
up with |[uollgx + [luollp2(pyy < €/2, there exists a solution u to (ZU1) in the space

L>([0,T), HN) N L>([0,T), L?({x))) with
T := (2Ce)72,
and

sup [lu(®)|| v + [u)ll L2y < €
te[0,T)

Moreover, u is unique in the ball of radius e of L°°([0,T), H™) N L>([0,T), L2((x))).

Proof :
First of all, it is not hard to see that —A + 1 has the same L?-continuity and dispersion
properties as —A (Proposition ZZ44]), i.e. there exists C' > 0 such that

Hefit(Afl)f‘

L <Clf (25.14)

Hefis(Afl)fHLoo < % (Falree (2.5.15)

We take those results for granted.
Then we are going to write

SIJY = LOO([()?T)v HN) n LOO([O,T)7L2(<.%'>)).

In order to prove Theorem 2.5.5], we are going to follow the following steps:
1. establishing a Duhamel formula in the frequency space
2. identifying the phase and its behavior
3. establishing the high-regularity estimates
4. using the space-time resonances method to deal with the weighted norm

Let us follow these steps. Note that the same constant C' may have different values from
line to line.

1. In order to give the Duhamel formula for (Z5.13]), we first define the profile f of a

solution of (Z5.13):

f(t,x) = e A Dyt 2). (2.5.16)
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Then, adapting (Z2.4]) gives the following Duhamel formula for (Z5.13)):

f(t7 .%') = fO(x) + A(f)(t7 .%'), (2'5'17)
with A(f)(t, z) = / ey (e AV f(s,2)) (7@ f(s,2)) ds. (25.18)
0

The operator A can be rewritten in the frequency space as in (Z5.1Fal):

f(t.€) = F(0,€) // i€ F(s,0) F(s, € — m)dnds,

with ¢(&,7) = (€2 +1) + (° + 1) + ((5 —n)?+1) (2.5.19)
=& +n*+(E-n)+3.

. The phase in Duhamel’s formula is ¢(¢,7) = €2 + 7% 4+ (€ —n)? + 3. It does not

vanish: it is even bounded from below by 3. Hence we can say that Equation 2513
is non resonant in time. We are going to take advantage of this property later by
performing a normal form transform.

. Now we start to make our contraction estimates. The easiest one is the high-

regularity estimate: we are going to use the physical space Duhamel formula:

”_A(f)(t)HHN < /Ot Hefis(Afl) (efis(Afl)fT(s)) ( —is(A-1) f_ )HHN S.

Since e~*(A2=1 js HN_continuous, we can write

O < (e 50) (D0,

HN

Now, thanks to Leibniz’ rule,

AW < € e @) e e ) s

HN

Because of the HN-continuity of e (A1)

|em=@05s)| < C|[Fs)], . = CIFGlgn-
Dispersion for e **(A~1 in dimension 1 (Z5.15) then gives

H —is(A— 1

Foll <oz 70

But the L' norm can be bounded by a weighted norm: by Lemma [A.0.1]

LF e < 3/l ez (11l 2

< NF p2gay) -

Hence,

A D gx < C/O % 1) g [1F ()l 22 ay) ds
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Thus,

t
Lo
AWl < C [ =173 ds
< OVE||f[&y -
Taking a supremum in time then gives

sup ANy < OVT | fllgy - (2.5.20)

te[0,T)

4. Finally we have to find bounds for [|A()|2(()- In order to do so, we first notice
that

A L2¢zy) < AN 22 + A L2z -

Since || A(t)| 12 is bounded by |A(t)[| v, we are allowed to focus on [|A(t)]| 2(,) only.
Now,

AW 20y = [[0cAW)|,

Here we have to use the expression of A in the frequency space given in 2.5.19 in
order to compute J¢.A(t):

O A(t) = Ai(t) + Aa(t),

with

~ t o _ _
t) :/ / elS¢>(£,n)f(s,77)8§f(S’£ — n)dnds,
/ / isDgd(€, m)e" e f( )f(Saf — n)dnds.

We are going to estimate each of these terms separately.

(i) First of all, A;(t) can be expressed as

Ai(t) = /t e~(A=) (e_iS(A_l)f(s,x)) (e_iS(A_l)(xf)(s,x)) ds.

0

Since e~*(A=1) is L2 continuous, and by Holder’s inequality,

[A ()] 2 < © /0 e a0 )| e @D @) 2 05
Now, by (2Z.5.15) and Lemma [A.0.1],
H A HLoo SC_ Hf ‘LQ( (@)
The L? continuity of e~*(2~1) gives
e @ne)], < cf@ne],,

<C|f(s )HL2(<J:>) :
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Finally, we obtain

t
AL ()l 2 < C/O % 1L 2@y 1 () 22y ds

leading to the same conclusion as in (Z.5.20),

sup [ Av(£)ll2 < OVT I3 (2.5.21)

te[0,T)

(ii) Dealing with Ajy(¢) may seem harder, because the term under the integral is
not obviously decreasing like 1/4/s. However, we know that ¢(£,7n) does not
vanish and is even bounded from below uniformly on R. We are going to take
advantage of this fact by writing

. 1 .
eise(€m) — : Oy etse(&m) ’
id(€,m) ( )

and by performing an integration by parts: this gives

~

Az(t) = A3(t) + A3(t) + A3(1) + A3(1),

with

() = /t%ﬁ;) 49 F (1, ) F(1,€ — m)dn,

Ded(Em) ooy VT
// io(&,n) f(s,m) f(s,& —n)dnds,

/ / 82555 7777 e, (f(s,n)) ?(5,5 — n)dnds,

/ / af(;b; 7777 etso(En f( 1)0s (f(s & — 77)) dnds.

312

o?

e A bilinear multiplier estimate. The problem with the integrals .%AVQ is
that they are no longer convolutions, as A; was for example: this is due to the
presence of the symbol 9e9EN) 1,0t ug define

#(&m)
B 0ep(&:m)
mim € =) = o(&,m)
B 4§ — 2n
SN+ (E-n)?+3
2n +4(§ —n)

T2+ +3

and, for two functions a and b

Tn(a,b) := F~! (/R m(n, & —n)a(n)b(§ - n)dn) :

The problem is now to have "Hélder-like" estimates for T, : this is true and
stated in the following proposition:
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Proposition 2.5.6. Forall 1 <r < oo, 1 < p,q < 0o with % —i—% = %, a in
LP(R), b in LIY(R), then T,,(a,b) is in L" and there exists a constant C' > 0
such that

1T (a, 0)l| - < Cllallo (18]l £ -

Proof :
We are going to apply Coifman-Meyer’s Theorem [A.3.9l So as to do this, we

write
4¢ + 2n

M+ +n*+¢+3
and we have to bound 8;‘,‘3? by the correct power of 1/(|n| + |(]). If we look at
the first partial derivatives, we obtain:

m(n, () =

B 2 U+ 2n)(n+¢)
) S AT RS (e P O+
o, €) = 4 (4¢ + 2n)°

I+ 2+ +C+3 (n+Q?+n2+2+3)%
Hence, we have

C

C
|anm(77’ < ——— and |(9gm(77, Q)] < m

(Inl +1¢1)

We can continue the process to get

o C
250¢m (.| < iy

Thus m satisfies Coifman-Meyers’ Theorem’s hypoteses: this ends the proof of

Proposition 2.5.61 W

Now, in order to apply Proposition 5.6, we write each of the A% terms as
bilinear multipliers:

.A%(t) _ tefit(Afl)Tm (efit(Afl)f(t), efit(Afl)JE(t)) ,

t
.A%(t) _ /0 efis(Afl)Tm (efis(Afl)f_(s)’efit(Afl)fT(s)) ds,

,A%(t) _ /t Sefis(Afl)Tm (efis(Afl)aSJ?(s)’ efit(Afl)JF(s)) ds,
0
(s)) ds.

t —_ . —
Ag(t) _ /0 Se*ls(Afl)Tm (efls(Afl)f(S% e*lt(Afl)asf

e Now we estimate each of the terms A% for i = 1,2,3 (A3 being the same as
A3).

First of all, since e~ (A1) is L2 continuous,

| A30)]

= Hte—z‘t(A—l)Tm (e—it(A—l)f(t)’e—it(A—l)f(t))‘
<Ct HTm (e—it(A—l)J?(t)’ e—it(A—l)JE(t))’

L2

2’
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By Proposition 2.5.6]

L G O 0)] PSS R 0] PN S V1 P
which leads, by the L2-continuity of e ™A~1 and dispersion for e #(&-1)
(2515,
|z, (@D fle), e @D Fe)) | < C% 1Fo| . |lFo|
< % 1117 2o
This leads to
|40, < CVEIFI72 0y - (2.5.22)

i.e.

82 [A3)|| , < VT IFIZy - (2.5.23)
By using the same arguments, we obtain

82 |||, < VT IFIZy - (2.5.24)

Dealing with A3 requires more work: by the same arguments as before, we

obtain .
| ,<c [ s
L2 0

Now, the profile f satisfies

0s(f(s)) = e B Vu(s)”,

A3 (2.5.25)

1 -
o el

This gives

NOIG]

_ He—is(A—l)u(s)Q‘

<l

L2

2’

Now by Holder’s inequality,

)], < Cllu)ll e ()| o -

is(A—1)

Since u(s) = (A~ f(s), we use the L? continuity of e and the disper-

sion inequality 2.5.15] to obtain

By (Z5:20) and ([(Z5.26]), we have the following inequality:

0], < [ 16

s _(3)‘

i S S IFENe 1 (2.526)

|43 o),

ds.
L
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Bounding || f(s)]| ;2 and Hf(s)’

o by HfHSva then gives, for all t < T,

|43, < ctifiy.

Taking the supremum in time finally gives

sup A3 < CTf|EN - 2.5.27
o B, <cTiifligy (2:5.27)
By Inequalities (2.5.23)), (25.24), (25271,
S [4a(t)lz < (VT I llsy + Tl IEx ) 1F g - (2.5.28)
S ’
Then, by (Z5.2]1) and (Z5.28]),
S0 [l < C (VT Ul +TNFIZ ) 1fllspe - (2:5.29)
€ I

Finally, by (25.20)) and (Z.5.29), we have the following inequality:
1Ay <€ (VT Iy + T Uy ) 1 sy (2:5.30)
Hence A is a contraction in the ball of size ¢ of SQJY as long as
C (ﬁg n Taz) <1,

i.e. as long as

T < (C'e)72,

for a given constant C’. This ends the proof of Theorem 2551 W

2.6 Other models of dispersive equations

In this section, we are giving a taste of other frameworks where dispersive methods or
space-time resonances method can apply, with a special emphasis on wave and Klein-
Gordon’s equation.

2.6.1 Fourier transforms

When we study a dispersive equation of the kind
Ou —iLu = N(u),

with L a differential operator (in the spatial variable) and N a nonlinearity and we want
to understand its harmonic properties, we need to find a decomposition adapted to this
operator:
— if it is a flat differential polynomial, e.g. L = A on R, then the Fourier transform
is relevant.
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— if it is a differential polynomial on the torus, then the Fourier series will be the
good framework

2m )
cp(t) = flt,x)e “Pdx.
0
— if L = —A + 22, i.e. L is the harmonic oscillator, the Hermite coefficients will be
the tools to use:

fp() = [ f(x)yp(x)de,
Rd

where 1), is the p-th Hermite function (p € N), i.e. the eigenfunction of —A + x?

associated to the eigenvalue 2p+1 (the reader may read more about these functions

in Chapter [, Definition FT.2]).
However, in the two kinds of wave equations we are studying, the operators are strongly
anisotropic : either it is the Laplacian on R x T (Chapter ), or it is the flat Laplacian
in one direction and the harmonic oscillator in the other one (Chapter H)). In those two
cases we will have to define the appropriate transform in each direction. It does not seem
relevant to define all those transforms in this section, the reader can refer to Definitions
B21 and 323 page B0 or Definition B 1.3l page [[1] for more details.

2.6.2 Dispersion for wave and Klein-Gordon’s equations

We are going to identify and discuss dispersion properties for two PDEs which are the
basis of the models studied in this manuscript.

For the wave equation, i.e.

Pu—Au = 0,
u(0,2) = wo(x), (2.6.1)
ou(0,z) = wuy(x),

we have L(&) = |].

Then the group velocity for a wave packet at frequency € is % In dimension 1, it is
constant on R_ and on R, : hence the wave equation in dimension 1 is not dispersive.
On the contrary, for a higher dimension d, the direction of this veclocity is not constant:
this explains the dispersive effect we state in Proposition [Z.6.1l More precisely, we remark
that Hess(L) # 0 but is of rank d — 1: we have some dispersive effect, but not as strong
as the one for Schrédinger’s equation.

Thus we have the following inequality, well known for a long time (we can find an elemen-
tary and detailled proof in [1] for example):

Proposition 2.6.1. Let C = {¢ € RYr < |¢| < R} for some positive r and R such that
r < R. A constant C then exists such that if uy and uy are supported in the annulus C
then the associate solution u of the wave equation (Z.61) in dimension d satisfies

1
vt #£0, u@)ll e < Ctdj (lwoll r + lluallLr) - (2.6.2)
2
This means in particular that the wave equation does not disperse in dimension 1. The
dispersion power relates to the rank of Hess(L) which is equal to d — 1.
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For Klein-Gordon’s equation, i.e.

Ru—Aut+u = 0,
u(0, x) uo(x), (2.6.3)
amu(o’x) = ul(x)a

we have L(§) = /1 + &2

Hence, the group velocity of a wave packet at frequency £ is equal to J—, and Klein-
V142

Gordon’s equation is dispersive. The following proposition is proven in [43].

Proposition 2.6.2. Let C\, = {{ € RIA < [£] < 2A} for some positive \. A constant
C then exists such that if Gy and @1 are supported in the annulus Cy then the associate
solution u of the wave equation (2.6.3) in dimension d satisfies

d,q 1
vt #£ 0, lu®)llpe < CXT 1 (Jluollpr + llua i) - (2.6.4)

d
12

In particular, we have
Hefuﬁmluoum < Cluoll g, (2.6.5)

Remark 2.6.3. Passing from (2.6.4)) to (Z6.35) is not completely obvious: the Klein-
Gordon equation is of order 2 in time and linear propagators have been described only for
equations of order 1 in time. We explain the way to deal with order 2 in time equations
inl3, Section T3 page [52.

Remark 2.6.4. The dispersion inequality for Klein-Gordon’s equation is similar to the
one for Schrodinger’s equation: the decay in time is the same. However, it requires more
reqularity (W3/2’1 instead of L'). This can be explained the higher capacity of Schrodinger’s
equation to send high frequencies at infinity: indeed, the group velocity for Schrédinger is
—2& whereas the one for Klein-Gordon is JH—@: this last one is bounded, contrary to the

first one. This is why we need to weaken the weight of high frequencies in Klein-Gordon’s
equation, by taking a higher reqularity norm.

2.6.3 Some results obtained with space-time resonances

First of all, for three expository articles on space-time resonances with different points of
view, the reader can refer to [53], [21] or [41].

A wide variety of dispersive equations has been studied from a space-time resonances
point of view. Germain, Masmoudi and Shatah started with Schrédinger’s equation, in
dimension 3 in [24] and in dimension 2 in [26]. The phase for Schrédinger’s equation is
quite easy to compute, and so are the time, space, and space-time resonant sets:
— if the nonlinearity is equal to 42 as in ([Z5.0Fal), then the phase is ¢ = &2 + 7% +
(€ —n)2. The time resonant set is {¢ = n = 0}, so is the space-time resonant one.
— if the nonlinearity is equal to u? as in (Z5.0FH), then the then the phase is ¢ =
¢2 —n? — (€ —n)2. Hence the space resonant set is {¢& = 2n} and the time resonant
set is {n.(§ —n) = 0}: this leads to a space-time resonant set equal to {£ =n = 0}.
— if the nonlinearity is equal to uw as in (Z5.1Ed), then the phase is ¢ = €2 —n? + (£ —
n)2. Hence the space resonant set is {¢ = 0}, the time resonant set is {n.£ = 0}
and the space-time resonant set equal to {£ = 0}.
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The first two cases are way easier than the third one: in the first case, the time resonant
set is a single point. In the second one none of the space or time resonant set is reduced
to a point, but the space-time resonant set is. That is why in those two cases a global
existence theorem has been proven. In [40], the author rewrote the proof of [24] in the
case of a nonlinearity equal to 42, and established an existence theorem in a simple space,
ie. in H*((x)), for all s > —1/2 (critical exponent).

Germain, Masmoudi and Shatah then proved existence theorems for capillarity waves in
[25] or gravity waves in [27]. The same ideas helped to study a Klein-Gordon system ([21])
or for the Euler-Maxwell system in [23].

A special focus on wave equations was made in the last few years: see the works of Pusateri
[47], Pusateri and Shatah [48] or Pocovnicu [46].

Space-time resonances also occur in more theoretical harmonic analysis problems: for
example, Bernicot and Germain studied bilinear dispersive estimates in [4] and [5].

2.6.4 Comparison of some results on wave equation and Klein-Gordon

Our main existence results are of the following form:

1. For the wave equation on R x T, we have a long time existence and uniqueness result
(Theorem B.2.8), with a time 72, (¢ being the size of the initial data), in a space
of regularity M > 1/2 in the periodic direction, N > 3/2 in the free direction and
with a weight () in the free direction.

2. For the wave equation on R? with a harmonic potential we also have a long time

existence and uniqueness result (Theorem [LT.I0), with a time e T (0 >0),in a
space of regularity M > 3 in the trapped direction, N > 1/§ +3/2 4 2M in the free
direction with a weight (x).
Even if this result may be compared to the "improved theorem" [Z4.4] this theorem
is stronger, for two reasons in particular: first the functional spaces are more robust
and natural than the ones of 244l ; then Theorem ET.T0l gives bilinear estimates
which are essential for the study of a resonant system.

These results can be compared to some results already established in other frameworks:

1. For the wave equation in R3, with a cubic nonlinearity, Pusateri and Shatah estab-
lished in [48] a global existence theorem in a H?(x) N H'(2?) N HY.

2. A similar result for a quadratic nonlinearity is impossible for a pure wave equation
(i.e. without mass), since Glassey in [28] and Schaeffer in [49] proved that for a
nonlinearity with a degree below the so-called Strauss critical exponent p. (p. =
1+ v/2 in dimension 3, p. = %(3 ++/17) in dimension 2), blow up occurs (for small
initial data).

3. For Klein-Gordon’s equation on the torus, Delort proved in [I1] a long-time existence
theorem in Sobolev spaces (unweighted because all the directions are compact). In
the case of a quadratic nonlinearity and for the two dimensional torus, he managed
to obtain a time of order e~2|log(e)| ™ (A > 0 constant).

2.7 Notations used throughout the manuscript

Throughout this thesis we are going to use the following notations.
— for x a real number, we write

() :=V1+ a2
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— For all n € R and m € N,

Mm =% +2m + 2

— Forallne R, meN, u >0, we write

(n,m) = \/n* + m? + p

— if p is an integer, we define p = max(1, |p|).

— if f and g are two functions, we write f < g if there is a universal constant C' such
that f < Cg.

— if A and B are two functions, m and n two integers,

(A Spmon B(m,n)) < (A S B(m,n) + B(n,m)). (2.7.1)

— we write D = 0.
— if m : R? = R, we define the bilinear operator T}, associated to m by

Tn(f,9) = F ! (/Rm(m- —n)fma(-— n)dn) : (27.2)

The properties of this kind of multiplier are studied in Appendix [Al



Chapter 3

The quadratic Klein-Gordon
equation R x T

Contents

B Equation. . ... ... it 50
(3.2 Functional framework and main resulti . . . . . . ... ... ... 50
[3.2.1 Two transforms adapted to the equation . . . . . . . . .. .. .. 50
B.21.a  Functional spaced . . . ... ... ... ... ... ... 51

B22 Mainvresull . . ... ... 51
(3.3 Dubhamel formulad . ... ... ... ... ... 52
3.4 Studyofthephasd. ... ... ... ... 53
[3.5  Proof of the existence theorem . . . . . « v v v v v v v v v v v .. 54
[3.5.1 Main result and strategyl. . . . . ... ... 54
Bola Mainresull . . . ... ... 54

[3.5.1.b  An intermediate propositiod . . . . .. ... ... ... 55

3.5.1.c  Strategy for the proof of Proposition@ ....... 57

[3.5.2  Unweighted norm: basic paraproduct decomposition . . . . . . . 57
[3.5.3 Weighted norm: towards space-time resopanced . . . . . . .. .. 59
B.53a Term JJd. . ... ... 60

[3.5.3.h erm .Jo: use of an integration by parts in spagd R 60

[3.5.3.c Term .J;: use of the space-time resonances method . . 62

[3.6 Conclusion and perspectives . . « v « v v v v v v v v e e 67
[3.6. CubiC TeSONANCES . « « « v v e e e 67
[3.6.2 The non-massic casd . . . . . o v oo 67

49



3.1. EQUATION 50

3.1 Equation

In this chapter, we are going to consider a Klein-Gordon equation, on a product space
R x T. This is one of the simplest examples of a "wave equation with a mass" in an
anisotropic setting, and it will help to get a clear understanding of the way of using space-
time resonances, in particular the way of using them in an anisotropic framework.

We are considering the following equation

RPu— Au+pu = u?,
u(0,2) = wg(x), (3.1.1)
81?“(071.) = w (1’)7

with w : (t,z1,22) € Ry X R X T+ u(t,z1,22) € R and p > 0. As explained in Chapter
Bl we are going to go through the following steps to study this equation :

— we have to build a functional framework adapted to the equation.

— a Duhamel formula has to be established.

— resonant sets are deduced from the phase given by the Duhamel formula.

— we establish contraction estimates.
In the case p = 0, this equation is a true wave equation. This case will not be studied
here, we only focus on Klein-Gordon’s equation.
Space-time resonances methods for quadratic Klein-Gordon equation have been used first
by Shatah in [52]. Then several other results came for quadratic Klein-Gordon equations,
see [44] for example, or for systems as in [22] or [36].
The case of non-flat geometry has also been studied, in particular Klein-Gordon equation
on the torus or on a sphere: see [12] or [11] for more details.
However these results focus on isotropic models, i.e. on T? or S% and not on a product
space as in our situation.

3.2 Functional framework and main result

3.2.1 Two transforms adapted to the equation

Given the product space structure, we need to define two different Fourier transforms in
order to deal with Equation (3I.T]).

Definition 3.2.1. Let f: Ry xR xT. Forallp e Z,t € Ry, 1 € R, we define the p-th
Fourier coefficient of f, as follows:

R 2w

ft,x1,p) = f(t,z1, z0)e” P 2day. (3.2.1)
0

Remark 3.2.2. When it is clear from the context, we drop x1 in f(s,xl,m) and simply
write f(s,m).

Definition 3.2.3. Let f : R xR xT. Foralls € Ry, £ € R, p € Z, we define the global
Fourier transform of f as follows:

f(s,{,p) ::/Rf(s,xl,p)e_mlgdml. (3.2.2)
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3.2.1.a Functional spaces

Given the anisotropic framework in which we are working, we are going to define our
Sobolev spaces in an anisotropic way. We do not recall the Sobolev spaces and the weighted
Sobolev spaces as defined in Definition [2.2.2]

Remark 3.2.4. In particular, we are going to consider norms of this kind:

which can be controlled as follows

B (/R (N ‘f(s,,g,m)fdg)% + (/R <§>2N\65f(s,§7m)\2df)

HY (1)) —

1
2

fs,m)|

Definition 3.2.5. If M is a real number, we define for a 2r periodic function g its HM
norm by

ol = | (+"'30))
2(2)

pPEZ

In the case of Equation (B.ILT]) we are going to focus on one space in particular:

Definition 3.2.6. For M and N positive real numbers, for f defined on Ry x R x T, we

define the HM HY ((z1)) as the £2 norm of (pM Hf(s,p)HHN(< 1))) .
T pe

Remark 3.2.7. The space HM HY ((x1)) can also be defined by the form

(1) (@20 01V f|

2’

3.2.2 Main result
The existence theorem for this equation is the following:

Theorem 3.2.8. Let e > 0. Let
T =Ce2,
with C' a universal constant.

Then, given M and N integers satisfying

1 3
M>— N>— 3.2.3
>3 N>3, (3.2.3)

if (up,u1) satisfies

&
ol grares grves ayyy + 1t ll 2y oy < 55

then there exists a unique solution u to (BIT]) defined on [0,T] with

Slip Hu(t)HHé‘”lHﬂgﬂ((xl» <e. (3.2.4)

We notice that the existence time is of order e~2, which is better than the two simple

theorems 2.3.1] and 2.4.4] established in Chapter 21
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3.3 Duhamel formula

Establishing the Duhamel formula for this equation is trickier than what we saw for NLS
in Chapter 2 Indeed, Equation (31)) is of order 2 in time, contrary to NLS which is of
order 1 in time.

In order to go back to an equation of order one, let us define the following auxiliary
functions:

Definition 3.3.1. The left-traveling part of u (resp. the right-traveling part) denoted u

(resp. u_) is defined by
Ut = u i/ —A+ pou.

Remark 3.3.2. We make two important remarks on the left and right traveling parts of
w:

1. The left and the right traveling parts u+ satisfy
Opus Fiv/—A+ p uy = —u?. (3.3.1)
2. For allt,

us(t) € Hy' HE ({21)) |-
(3.3.2)

(ult),Deutt) € HYFLHY (22)) x B HE ((21))|

Projecting (3:3.1) on e/(¢*1+P%2) giyes

Oyiis (£, €,p) F i\/€2 + p? + p s (t, €, p) = (u2)(£, €, ). (3.3.3)

Now we consider the profile

Fe(t €, p) == eFVETP TG (1 ¢ p). (3.3.4)
Then fi(t,f ,p) satisfies
O fa(t,€,p) = TVETPHR(2) (¢, ¢, p). (3.3.5)

Equation ([335]) can be rewritten using the integral form:

fi(t’£>p) = fi(oagap) +A et e +M(u2)(8,£,p)d8

The Fourier transform of a product being a convolution, this leads to

(u?)(s §p—2ﬂ2/ u(s,n,m)u(s,& —n,p —m)dn.

meEZ

Then, since

=

ug(s,mym) —u_(s,n,m) =2i (77 +m? +M) u(s,n,m),

the formula becomes

@) s.ep)=20Y Y ap / “a”’ Jusls.6 = np—m) g (3.3.6)
my |

m q,B==+1 5 /Y m>,u

with (n,m), := /1% +m? + . Then from (B3.6) we get the Duhamel formula for fa:
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Proposition 3.3.3. Equation (311) is equivalent to the fized point formula for f =
(f*aer)"
f=A(f),

with A(f) = fo+ A(f), and

mﬂW@m:%X;z<w//¢mfhsﬁﬁﬂfﬁ¥T%me

m q,f=%+1
(3.3.7)
where the phase gbm p U8 defined by
¢ = (&, p)u + aln,m), + BE—1,p —m),. (3.3.8)

3.4 Study of the phase

In the case p > 0, we have the following result (a similar result has been proven by Shatah

n [52)).

Proposition 3.4.1. In the case p > 0, the phase ¢ never vanishes. Moreover, we have,
for all real numbers &,m and integers m, p,

1
P (&m)| 2 —m———
‘ 2 )‘ VE +p*+p
Proof :
For all o, 8 = +1, the cancellation set of ¢** is included in the conic
3
(m? + W& = 2pm + wén + (p* + i = p(pm — p* —m* — ).

The left-hand side is always greater than 0 whereas the right-hand side is of the sign of
—u. Hence this equation has no solution whenever u > 0.

o If o = 8 =1, then we immediately have ¢*f? > VM-
e If « =1 and § = —1, evaluating ¢®% in € = n = p = m = 0 gives that ¢*? is always
positive. In particular, if X = (¢,p) and Y = (n,m),

o (Em) \/|X|2+u+\/|Y|2+u \/|X Y2+ p

> JIXE 4t VP = IX Y+

Writing = = | X| and y = |Y| leads to studying the two (real and nonnegative) variables
function

U(z,y) = \/m2+u+\/y2+u—\/(w+y)2+u-

For z fixed, 0,9 (x,y) = \/y — \/(mi?;?—w' This quantity vanishes if and only if

{y2 = (z+p)?

y and x + y have the same sign,
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which is impossible unless x = 0.

If 2 =0, ¢(x,y) > /. If not, 9,2 has a constant negative sign (by looking at its sign at
y = 0). Then y — ¢(z,y) is decreasing and it suffices to study the asymptotical regime
y — oo to bound ¢*? from below. A Taylor-Lagrange formula gives

V(m+y)2+u— Vy2+u:x+r(x7y), with r(z,y) < 0.
Hence

Bla,y) = a2+ p—x —r(2,y) = a2+ p—a.

Another Taylor-Lagrange formula gives

Y(z,y) >

)

SHES

in the asymptotic regime x — oo.

o If « = —1 and 8 = 1, the conclusion is identical by exchanging the roles of (n,m) and
(€ —n,p—m).

o If « = 5 = —1, then ¢ is always negative. By using the same notations X,Y,z,y, we

have, if ¥2(z,y) = Va2 + p—Vy? +p— (@ —y)> + p,

Y y—z
Oy(z,y) = — - -
! Vi +p Ve -yt
It is vanishes for y = 3. Given that s (z,y) = —oo when y — oo, we only have to bound
from below 13 (z,y) when y = 0 and when y = z/2:

— when y =0, ¥2(z,y) = — /1.
— when y = 3,

with r(z) > 0 and r(z) < 3—£—. Hence

This proves the proposition. B

3.5 Proof of the existence theorem

3.5.1 Main result and strategy
3.5.1.a Main result

Following the strategy explained in Chapter [2, Section 2.2 we are going to prove the
following inequality for the Duhamel operator A defined in (3.3.7):
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Proposition 3.5.1. For all M, N real numbers satisfying (3.2.3),
HA(f)(t)|’H{TV1HD§Y(<ml>) S toi‘igt ”f(S)H?LJ{TVIHDéY(m)) + toiglit Hf(s)H:;{%fHéY((xm - (35.1)

Going from ([B51]) to Theorem B.2:8]is a straight application of the method of Section
For now on we only focus on proving Proposition B.5.1l
3.5.1.b An intermediate proposition

In order to prove Proposition B.5.1], we are going to prove an intermediate result. First,
we give the following definition:

Definition 3.5.2. For allm,p € Z, o, = +1, £ € R, fort € Ry, we define

T8 (t,8) - / / Fisos fa(s, ?7,> : )fi(gs’_fn— ;fn;:”) dnds. (3.5.2)

Remark 3.5.3. Note that given this definition,

) =2r> Y apIit, (3.5.3)

m o,f=%1

Proposition 3.5.4. For all N > 3/2, forallpeZ, m € Z, o = +1, f = +1,

H mipl HHN(m) < QL () + Col () + RS (D), (3.5.4)

with
— Q?‘n’g)(t) is the quadratic integral term

t
1 4 "
oBt) = | — — d 3.5.5
Qm,p( ) A \/g f(sam)HHN( $1 f(sap m)HHD]J((xﬂ) S, ( )
— Cﬁ{g(t) is the cubic integral term
. 2 .
Calt / p— ds, 3.5.6
20 = | )y [T =m) a5 356)
— R%%(t) is the boundary term
0!5
Rip) = Ve[ fattom)| o sEp =m0 357)

Proof of Proposition [3.5.1] assuming Proposition [3.5.4 :

We are going to focus on the term Q%’g(t) defined in (855, the method being exactly
the same for C;‘,‘L’g(t) and R%g(t)

The proof essentielly relies on the fact that HM (7)) is an algebra for M > 1/2. However,
we are going to detail it for two reasons :

1. the ideas are of the same kind as the ones developed in the “summation theorem”

2. we have to be really careful about the time dependence and the uniformity of the
bounds we are establishing.
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Because of formula (3.5.3)), we simply want to sum over m and take the H¥ norm, i.e. we
are reduced to proving the following inequality :

M f F 2
(p m%( F(s,m) HHN f(&p—m)HHg(w)) <O 3 oy -

pGZ 02
(3.5.8)
In order to prove this inequality, let us write
f(S, m)HH]{J((ml)) = m*M Hf(S)HH'ﬁ-VIH]]]J((xIM am(s),
with (@, (s))mez a sequence in the unit ball of £2. Then
M ? ; _ 2
My (176 o 52 =0 1)) = DNt oy o)

with

s) = pM Z m- Y —m) May,_n(s). (3.5.9)

Then it remains to prove that the sequence (pM Smezm May,(s)(p — m)*Map_m(s)) -
P

is in the ball of ¢2 of diameter independent of a,(s) (given that (an,(s)),,cz is in the unit
ball of £2). Let us rewrite

bp(s) = by(s) + by (s),

with

Z m~ Y(p—m)~ Map_m(s),

meZ
m<p m

Z m- Y(p—m)~ Map_m(s).

meZ
m>p—m

Remark 3.5.5. Here we are performing a kind of £* paraproduct.

When m < p —m, |p| <2|p—m|, and |by(s)| can be bounded as follows:

bp)| <2 37 =M M ()l [p = m| M ap - (s)]
meZ
m<p—m

<z (2)" am(liap-nts)

2

<3 () lanlopn(o)

((‘%)M \am<s>\)

Then, by Young’s inequality,

<
02

(lam()l)

H (prp pEZL

b
meZllp e
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with b, defined in (B5.9)).
By hypothesis, ||(|am(5)(5)])mezll,2 < 1. Then by Holder’s inequality,

(G een) =),

which is bounded whenever M > 1/2 (because of (B.2.3)). Then (b}(s))pez is bounded in
? with a bound independent of (an(s)),,cz-

The method being exactly the same for 612,, we get the inequality (B5.8]).

It remains to integrate in s and the proof of Proposition B.5.1]is finished. W

From now on we prove Proposition B.5.41

(lam(s)])

meZ||p2 ’

3.5.1.c Strategy for the proof of Proposition 3.5.4]

We start by choosing two real numbers M and N satisfying condition ([3:2.3]), and m and p
two integers.

In the Fourier analysis framework we are in, it is always more convenient to work with
homogeneous norms (with both a homogeneous regularity and a homogeneous weight).
Hence in order to establish inequalities on the HY ({z1)) norm, we are going to compare
this norm to homogeneous norms:

1A my oy S M2 + 1 ey + 1 ey + 1A N 2y -

In order to s1mphfy the proof and to give the main ideas, we are only going to focus on
the HR and the H]R (z1) norms, the two other ones being dealt with in the same fashion.
Studying the Hﬂ]g norm should not be too difficult, it relies essentially on a fractional
Leibniz’ rule (or a paraproduct decomposition) and on the use of the dispersive decay of
the solutions.

On the contrary, studying the Hﬂg (z1) norm will make more problems appear: the weight
x1 corresponds to a differentiation in the Fourier space and will make direct estimates fail.
In this case we will have to perform some integrations by parts, relying on a finer knowledge
of the behavior of the phase. Studying weighted norms is nevertheless fundamental in order
to establish the existence Theorem [B.2.8]

Proposition B.5.4] will follow from Lemmas and [3.5.8]

3.5.2 Unweighted norm: basic paraproduct decomposition

Lemma 3.5.6. For all M, N satisfying (32.3),

A

fa( HH3/2 ((@1) f (s’p_m)HHN

ol = [ | v e

Remark 3.5.7. In particular, we have Hza,ﬂ )H < Qa’ﬂ( t).

HNN

ds. (3.5.10)

Proof :
We want to bound the following norm

N q:isqbfn’ifa(sﬂ%m) fﬁ(S,f—naP—m)d
g(ée iy, E—mp—my,

L2
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Here a paraproduct decomposition is the most appropriate: let xy be a smooth function
satisfying Coifman-Meyer’s theorem’s hypotheses (Theorem [A.3.7]), localizing in the zone
Inl < 1€ —nl, and let

N /ezpzsqamff fal(s,n,m) fa(s,€ —n,p— ™) g — Io+Ty,

m>u (—np— m>u

with

I :— N :Fzs¢mpfoz(s , )J?B(Saf—ﬁ,l?—m)d
AR (m), (&=mp=—m).

. ¢N _ _ $is¢?ﬁg)fa(5’n’m) fB(S,f—U,P—m)d
II*X' 5 /R(l X(U,f 77))6 <77,m>y, <£_77;p_m>y, n.

These two terms being symmetric, we are only going to bound I,. We can write

— L _ $is¢?,{§,fa(5’77>m) B Nfg(S,&—n,p—m)d
IX_/R(g_n)NX(”’5 ne ———(—n) n

(n,m)u (€=np—m)y
. eiim\/mfa(s, m) |D|N6ﬂs5 A§1+(pfm)2+uf6(5’p —m)
" (D, m) ’ (D.p—m)y |

with T, the bilinear multiplier operator (defined in 2.7.2]) of symbol

£N iox /€242
T)]VX(U’g —n)et™ S

m(n,§ —n) = -

Since eFisV ~A+P* 1 is [2_continuous and by Lemma[A3.3] the symbol m satisfies Holder-
like estimates: this leads to

eiisom /7A11+m2+,ufa (m’ S)
<D’ m>ﬂ

+isB, /A§1+(p—m)2+uf6(8’p _ m)

e
DN
DI Do~

Il S

Lo L2

Then, thanks to a combination of Lemma [A.0.1] and the dispersion proposition [A.T.1] we
have the bound

eiisaw A +m2+,ufa(s7 m)
<D7 m>ﬂ

N

Sl
S
2

=

w3/2,1

fa(s,m) 2

H3/2

oo

foz(37 m) 2
(D, m)

A

HALH3/2 ((21))

N

Sl= Sl

H3/2((z1))
Finally the Fourier multiplier Proposition [A.T.4Fa] gives

etison/—Aqy +m2+ufa(5, m)
<Da ’I’I’L>y,

1 1

NENTES

A

fals,m

S

(3.5.11)

)HH3/2(<11)) '
Lee
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The L? continuity of e™*?VA&TP=")*+4 314 the Fourier multiplier Proposition A L.4kal
also give

P oo N G R
S ———|fs(s,p—m
(D,p—m), L (p—m)?+u s HN
This gives the following bound
£N/62F15¢m/3 fOé(s m, )fﬁ(s,g_n’p_m)d'r]
R <777 > <§ - D — m>ll L2
O‘(s’m)HHW(( (p—m)2+pu 5(s,p—m)HHN.

Lemma [3.5.6] is now proven. l

3.5.3 Weighted norm: towards space-time resonances

Lemma 3.5.8. For all N satisfying (3.2.3),

[Z530 .y < D00 + GO + REG0) (35.12)

Proof :
A weight in the physical space corresponding to a derivative in the frequency space, we
want to estimate the L? norm of

t f — J—
/O €™ 0 ( / eF it f”;ff 77’> ™) fi(;’_gn pn’_pm>m)dn> ds = Ji + Jo + Js,
) ) j

where
Dl T fals,n,m) fa(s & =, p=m)
/ I3 /zs e O TR P r—— s,
_/ ’é-‘N/ ZFzs¢m’8 foz 3 , 1, m ) (_anfB(S,g—U>P—m )
- m>ﬂ <§_777P—m>u
— N $zs¢mpfa s,1, M ) ;
J3 = / €] /e oy fa(s,6 =n,p—m)0e <<5—U,P—m>ﬂ> dnds.

Those three terms are quite different and three separate and independent methods will be
needed to bound them:

— the integral Js is the easiest one and will be bounded in the same fashion as the
HY norm was bounded.

— the integral Js has a 877]?5(3,{ —n,p —m) term, which will "force" this term to be
estimated in L?. This situation can be problematic sometimes and we will need to
perform an integration by parts in 1 to solve this problem.

— the integral J; is the most clearly problematic : the s factor makes the integral
behave like s3/2. This is typically the case where the space-time resonances method
is powerful.
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3.5.3.a Term Jj

‘We notice that

3
2

5 ( 1 ) _ n—¢

&' pu—

E=mp=mu) (€= n2+@—m)?+p)
so we are in the same situation than in section and we have the following lemma:

Lemma 3.5.9. For all N satisfying (3.2.3),

[FAES /t LHfa(s’m)‘H?’”«m) Hfﬁ(s’p_m)HHN is. (3.5.13)
¢~ Jo

Vs Vmrvn Jeomiis

Remark 3.5.10. We deduce from (B5I3) that HJ3HL§ S Q%’g)(t).

3.5.3.b Term J5: use of an integration by parts in space

We want to prove the following Lemma:

Lemma 3.5.11. For all N satisfying (3.2.3),
192l z2 S Qo (8) + Crat (8) + R (). (3.5.14)
As in Section B.5.2] we are going to use the paraproduct cutoff y. Let us write
Jo = Joy + o1y,
with

$is¢>f‘n’€, fa(S,nam) 87]]75(5’5 — 10D — m)d
’ n
<77,m>u (€ _U,p—m>u

eIV . B is¢%{§]fa(s”’7am)a J?B(Saf—??,p—m)
J2,1—X T ’5‘ /]R (1 X(777§ Tl))e$ <,’7’ m>;1, ! <£ —n,p— m>y, dn

Jox = —|5|N/RX(7%§—77)6

Here, there is no symmetry between J;, and Jp1_, : we will have to deal with those two
terms separately, and prove the following result:

Lemma 3.5.12. For all N satisfying (3.2.3),

Jots,p —m]

tf 1 Hfa(s’m)’m/?« )
J </ 1 1 ds7 3.5.15
| ZXHL?N o | Vs \/m \/m ( )
1 T21-xll2 < Qi (D) + Cf(6) + RE(1). (3510

Remark 3.5.13. Similarly to what we concluded for Lemma in Remark [357, we
deduce from (35.15) that ”JZXHLE < Q%8 (t). So Lemma 3512 implies Lemma [F5.11L

Proof of Lemma [3.5.12] :
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Term Jy,. In the zone x =1, we have [£| < |{ —n|. This incites us to write

|£|N $zs¢%{gjfa(8a77’m) |£_77|N877f5(8’£_777p_m)d d
2= / /]R J€—nv m,& —m)e (n,m)u (€ —np—m)y e

Then, since the symbol | g‘f‘:‘N x(n, & —n) satisfies Holder-like estimates (because of Propo-

sition [A.3.3]), we can write

ol 2 < e:tisa\/mfa(m7 s) |D|Neiz‘sﬁ AZ F(p—m)>+p (CleB(S’ T1,p — m)) ]
. - s.
xllr2 (D,m), (D,p —m),
Lo .
z]
As in Section 3.5.2]
:I:isa\/m R R
e 1 fa(s,m) <L 1 fa(s,m)H )
<D,m>y, . ~ \/—\/27 H3/2((21))
and
|D|Neiz‘sﬁ A2 +(p—m)?+p (xlfﬁ(s,p — m)) B 1 1 )H
ST~ S, p—m .
<D7p_m>u (p_m)2+lu B N
L2
Ty
Hence the bound
||J2 H 2 < m)H ; fﬁ(s,p—m)H dS,
WXIL2 ~ H3/2(<;)31>) (p_m)2 +,LL HN
and Inequality (B.5.19]).

Term Jy1_,. The problem here is the following: if we use the same method as previously,
we will get the following integral:

|£|N is¢p2P |77|Nf04(5,77’m) 877f5(5’£_777p_m)
Jox = / / X(1,€ = 1)) eFom dnds.
X |77|N <77’m>,u (£—n,p—m>u
The only space where we are allowed to estimate

—1 an]?ﬂ(sag —7,P— m)
d ( € —=np—my )

is L2.
But if we try to bound

—1 (e:tisw/n2+m2+u ’n‘Nfoz(& 1, m))
<77am>u

in L*>°, we will bound it by H\D[N fOéHH3 () which is not controlled by the fixed point

norm! This can be seen as a problem arlslng when x f is the high-frequency term.
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In order to solve this problem, we are going to perform an integration by parts in 7, by

writing

r s 5
_‘QN /R (1 o X(Uaf o n))e$is¢>%”5p fa(s,ﬁam) anf5(37§ — P — m) dn = Z ji,
1=1

<77>m>u (€ —n,p—m)u

where

Ti= -kl /R (Ox(n. € — ) — Dax(, € — my) eFisdfcy Jalss 1 m) Jo(s, & — mp —m)

<777 m>u <§ —1DP— m>u

j — N _ _ 50 a,B q:isqbfn’ifa(sﬂ%m) -fﬁ(s’g_nap_m)d
2= e [ (1= x(mg —n)iso, N TR ey
Tom e [ (1= x(n.e - wissg, Onfals,mm) fo(s,€ —mp—m) |
5= Ie] /R (1= X(m, € —m))e A ot

)

)

T eIV _ oo TFisémn 7 9
Jy = ¢ /R(l x(m, & —n)e fa(s;n,m)oy <<n,m>“ € —mp—m),
1

Ty 6" [ (1= xtog = e S S o p— o, ( :

The terms jl, Jy and J5 are bounded, as in Section B.5.2] by

1
H3/2((z1)) m

A

fﬂ(sap_m)

fa(sam)‘

1 1
el b
The term Js can be dealt with as was the term J1,x: hence it is bounded by

1
H3/2((z1)) m

A

fﬁ(S,p— m)

Jals,m)|

HHN'

1 1
Vsym2+u
Hence

t ~ ~ ~ ~
| (it Tot Tut ) ds 5 Q30
0

Finally, the term Jo is very similar to Ji, where recall that

Jp = IS‘N/ 130@%’@6%”%2’ Ja(s,mm) fis(s, € =m.p = m)d
R ’ (n,m), (& —np—m)u

It will be bounded in the next section. This ends the proof of Lemma [3.5.172] W

3.5.3.c Term J;: use of the space-time resonances method

The Lemma to prove is the same as in the previous sections:

Lemma 3.5.14. For all N satisfying (Z2.3),

1]l 22 S Q1) + Coib () + REL(E).

1 )ﬁ@@—mp—mw

§—np—

m>u> dn.

(3.5.17)
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In order to get the smallest possible growth of the integral J;, we are going to use the

result we saw in Section [3.4t the phase ¢ never vanishes and is easily bounded from below.
. a,B o f

If we write eT#$%mp = '¢°1"5 Os (e:FZS‘bm’P), we have

m,p

1 w028\ fal(s,m,m) fa(s,& —n,p—m)
J = §N/138 ¢0"5 O (eTisPmp dn
Vel [t 0 (T ) S e =

Then an integration by parts gives
Ji=Jio+J11+ 12+ 13,

with

)

Ty o= N b o, 1 $ls¢>m5 fCV(S 1, )f5(875_777p_m)d
o ’5‘ /t (b m,p <77’ > <£_77ap_m>ﬂ 7

N a,p :F15¢m/3 fa(s n,m )fﬁ(saf—n,l)—m)
Jiai= =l / /8 P m,pe hmy, {E—mp—m), 1%

1 a8 Osfals,mom) fa(s, & —n,p—
J1 9 __|£|N/ /s@gqbaﬁ $ls¢>m§,af (5 Um)f6(5§ n,Pp m)dnds,

’ P (nom),  (E—=np—m),
1 @ ) as f, S T LY T
Ji3 = ‘QN/ / 33£¢a§) aB ejFlsd)mB f<§78’ 77> m) JZ(S_ i’piiw“m)dnds.

Lemma B.5.14] will be deduced from the following Lemmas:

Lemma 3.5.15. For all M, N satisfying (3.2.3),
1

1100l 2 Smes o) VE Hfa(s,m)HHN — Fals,p— m)‘ oy (3518)
11,11l 12 Smes(p—m) /t 1 fa(S,m)‘ S fg(s,p — m)H ds,
0 Vs 12\ /(p —m)? + p HN ((21))
(3.5.19)
11202 Smespom) —— LS g (3.5.20)
Vp—m)? +pm®+ g =
113l L2 Smes(p—m) . ! > T, (3.5.21)

(p—m)Z+pm?+p f Ro—
with
7= [ A 5o 13 5o gy 173522 = 7)oy 5

and Spmes(p—m) being defined in (Z771)).

Remark 3.5.16. From Lemma [Z5.18 we deduce that
110l 2 S R (),
1012 S Qo)
122 < Cri(t
1032 < Crib(t

and we immediately get Lemma [3.5.14)

);
)

)
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Proof of Lemma [3.5.15]:
We are only going to bound Ji o, Ji1 and Ji 2, the term J; 3 being bounded in the same
way as Jq2 will be.

It is important to notice that the same multiplier appears in all those terms: by combining
Coifman-Meyer estimates (Proposition [A.3.T]) and the paraproduct estimate (Proposition
[A.3.3), we know that the symbol

m(n, & —n) = Oe i — ! ! 6"

ol JE TP ple - v

satisfies Holder-like estimates. However, this result is not enough: we want to be able
to make paraproduct decompositions in one direction (with the function x) and in two
directions, with X localizing in the region |(n,m)| < |({ —n,p —m)|. That is why we state
the following straightforward result:

Proposition 3.5.17. The following symbols satisfy Hélder-like estimates:

o€ =) = 08y el
o€ =) = e - 0 e s
M€= 1) = iy qzi,p ﬁ € \sr:‘N 5: f:zii“ —%

M1 50 ) = Oy A AT TR ¢

In order to simplify the proof, we are only going to bound the following integrals (the
other ones being bounded in the same way):

he :/ &=l 7P+ 2 4 ety Fao . m) fo(s.E —mp—m)

(n, (E=np—m)y,
— N 2 :Fzsquﬁ fa’(s 7, m )fﬂ( 5 n,D— m)
Jig = //m (n,& =m) ™ \/n? +m?2 + pe e =1 — dnds,
_ N 5 Fisgs O s fal(s,m,m) fa(s,& = n,p —m)
Jio = / / my ~(n,€ —n)n™\/n? +m? + pe o, E—np—m, dnds.

More precisely, since /7% +m? + u =: (n,m),, we are dealing with

7 isg%B & fa(s,€=np—m
Jl,O = /Rtmx&(nvf - n)’n‘Ne$Zs¢m’pfOé(s7777m) 5( )d777

<§ —n,pP— m>M
. ! ool fa(s,&€ = n,p—m)
J ::—/ /m ~(n, & — N oFisomin f (5,1, m) 2L~ ’ dnds,

- t . Ja(s,€ =n,p—m)
J = _/ / sm., =\1,q — Ne:l:13¢m,pas alS, 1, m e : dnds.
1,2 A xm&—=n)n| fa(s,m,m) €—mp—my,
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Bounds for jl,o- This term should be easy to bound since we do not have any integral in
time. The bilinear operator associated to the symbol m, ;(77,5 — 1) satisfying Holder-like
estimates, we have the following bound:

H |D|N +isy/ 7A+m2+uf (t m) etisy/ —A+(p—m)2+p fﬁ (t,p - m)

[oll (D.p— M)

L2 >

Then, the same steps as in section B.5.2] detailed page B8 gives

[roll s = VE|futt.m|

1 .
HY Jlp—m) + u ACER] .

Hence we get the inequality (3.5.18]).

2"

Bounds for jl,l. Similarly to what is done for !7170, we get

t
</L
L2 Jo /s

hence (3.5.19)) is proven.

1
s o=

A

fals,m

A

Hjl,l‘ f5(37p—m) ds,

HHN((xl))

Bounds for J~1,2. This term is quite different from the two previous ones and deserves
a special treatment. Using the Proposition B.5.T17] for m, 5, we get

- t . . Fis\/—A+(p—m)?+u £ _
HJLQ‘ S / s ‘Neizs«/fAerQJruana(S’m) € fﬁ(sap m) ds.
2~ Jo L2 V-A+(p-m?+pu .
The second term is bounded as in B.5. 11k
isy/— —m n -
ei A+(p )2+“f5(37p m) < L 1 fg(s » m)H
VEAEom? T VsV m) e H/2(Ga))
(3.5.22)

In order to bound the first term, we have to remember that

Osfals,m) i= e~V (a5, m)?)
_ efaitw/ —A24-2p+-2 ( <ﬂ+(8, m) - ZAL,(S, m) ) 2)

2V =A+m?+p

. N ix/— 2 f . itn/— A2 Lm?2 . .
with @4 (s,m) == ™ Atmife(sm)  Then, since etV —A%m* 1 ig unitary,

|IppesisV STy

. 2
u+ s,m) —u_(s,m)
H 2v/—=A+m? + )

This means that

H,D‘Neﬂsmasfa(&m) < iy (s,m) —a_(s,m) iy (s,m) —a_(s,m)
L2 2V =A+m2+pu gn | 2V-A+m?4p

(3.5.23)
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By the Fourier multiplier proposition [A.T.4Fal we have

1
NN m2+/‘

Uy (s,m) —1a_(s,m)

2/ =A+m?+pu

(s Cs, M)l g + (2 (s, m) | ) -

. ; _ 2 . .
Since etV —A+tm L g [2_unitary, we get

1
NN m2+/‘

Uy (s,m) —1a_(s,m)

2v/—A+m?2+p

([ T T

Similarly,
ﬂ+(s,m) — @,(s,m) 1 N ~
Ut (S, M) || 700 + ||U=(5,M)|| 700 | - 3.5.25
Nav e —— (s (s m)l + o= (s, m)l) - (35:25)

Then the dispersion inequality (A.I.]) in Proposition [AT1] gives

(o)l S <z et o,
By Lemma [A.0.1]

(s, )l S <z [t (35.26)

H3/2((z1))

Then thanks to the inequalities (35.24), (3520) and [B5.26]), the inequality B523)

becomes

. “ 1 1
H’D\Neiwv‘“m”ﬂasfa(s,m)

<_
2
\/_m +M5'y +1

| £ Gsom)||, 15 Csm)ggsrz -

(3.5.27)

Then, (3522 and [35.27)) give the following inequality for 17172 :

1

ol % s, 2,
with
‘7%7,%5:/015”,)?7(8’m)HH3/2 fé(s’m)HHi“/Q«m)) fﬂ(s’p_m)HHi“/Q((m))dS'

Hence the inequality (35.20): Lemma B.5.15] is now proven. B
Now we gather Lemmas [3.5.24] B.5.25] and 3526} this ends the proof of Lemma B5.8H

Combined with Lemma B.5.6] Lemma [B.5.8] gives the intermediate contraction estimate
(Proposition B:5.4]). The contraction proposition B.5.]] then follows, and Theorem B.2.8] is
proved.
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3.6 Conclusion and perspectives

3.6.1 Cubic resonances

Theorem B.2.8] was quite straightforward to prove because there were no time resonances
in the quadratic nonlinearity. After doing an integration by parts in time, we obtain a
cubic term, which may be resonant: the study of these resonances is a good way to know
if we can hope to improve the existence time in Theorem B.2.8. The phase to study for
cubic resonances is the following one

@50 (E,m,C) =€ £ p? + pt a/n? 4 m2 4 pt By (€~ )2+ (p—m)2

2 m2 /(= O+ m? 4,

with «, 8,v,0 = £1.
This phase is not easy to study, contrary to what would happen in the flat geometry
(Klein-Gordon in R?), where the phase is a real "convolution phase'. The main reason is
that when we write

£ ~ 2
0. (o) — ity B3 ([ (sm) — (s m)
sJal\S, 2\/m ’

we are already considering states at the Fourier mode m (on the torus). Knowing where
1/)2‘1’7%%5(5 ,1m,¢) and its derivatives with respect to n and ¢ vanish would allow us to apply
(or not) the space-time resonances method and improve the existence time.

3.6.2 The non-massic case

Another natural question would be to study the case where p =0, i.e.

Ofu—Au = Q(u),
u(0,2) = wo(z), (3.6.1)

Ou(0,z) = wuy(x),

If Q(u) = u?, another problem occurs: the 0-mode (in the periodic direction) is non-

dispersive (contrary to the other ones which are dispersive, with dispersion relation /&2 + p?).

If we manage to get rid of the zero mode, then the study of the resonant interaction is

rather simple.

The phase is the following

020 = \J€ 4 p2 + ayfn2 +m2 4 By — )2 + (p —m)2.

Then the space resonances set (i.e. the cancellation set of Bn(bﬁg%) is given by the following
chart

a=p a=—f
%—1>O 6:%77 62(2—%)77 (3.6.2)
%—1<0 £=<2—%) §=In
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(we assume that neither p, m or p —m is 0). Then the space-time resonances condition
writes

a=-1,=-1,(0<m<porp<m<0)
ora=-1,=1(0<p<morm<p<0).

These resonances conditions will be useful to compute the equation’s resonant system: we
are giving more details in the adequate section, i.e. in Section
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4.1 Introduction

4.1.1 Presentation of the equation

The goal of this part is to study the equation

Pu—Au+23u+u = u
u(0,z1,22) = up(1,22), (4.1.1)
8tu(0,$1,£62) = ul(:vl,xg),

where u : (t,z1,22) € Ry x R? + u(t,z1,29) € C. This equation is based on a wave
equation with a harmonic potential in one direction. We chose the operator —A + xo + 1
instead of —A + xo + p for two reasons. First of all it is the classical version of the semi-
classical equation for Poincaré waves (see Chapter 1). Moreover, chosing p = 1 makes
very interesting resonance phenomena occur (which is not the case if u = 0 for example).

Since in Chapter Bl we focused on the history of Klein-Gordon equation, we are going to
state here some previous results about wave equation with a potential.

The study of wave equations with a potential has a pretty long history: for a review of
the different dispersive effects, see the work of Schlag in [50], or [20] and [I3] for specific
and more recent examples. Some global existence theorems have been proven in the case
of polynomially decreasing potentials: see the books of Strauss ([55]) and of Shatah and
Struwe ([54]) for reviews or [19] for a specific example. These results mainly rely on the
fact that a localized or decreasing-at-infinity potential should be invisible for solutions
supported far from the origin: its effect should be either neglictible or well-understood
from a global point of view. This is not the case for a harmonic potential, and other
methods have to be considered. Harmonic potentials (i.e. non-decaying, non-localized)
in a dispersive equation have been studied in the past years, in the particular case of
Schrodinger’s equation: see for example [7], [2], or more recently in [31] (which considers
a toric geometry, quite close to the geometry created by the harmonic potential) or [32].
Considering a harmonic potential forces to consider the harmonic structure of the equation
and to study the interaction of frequencies, i.e. the resonances, inside the nonlinearity.
This fine study of resonances was introduced by Klainerman in [37] and developped for
example in [38]. To be more precise, we are going to use the new version of this study of
resonances, developped by Germain, Masmoudi and Shatah in [24], and used for the wave
equation by Pusateri and Shatah in [4§].

Studying the equation (ZIT]) is therefore quite new. Equation (£I11]) is semilinear —weakly
nonlinear since we are studying it in the small data framework, but with a quadratic non-
linearity, which means that the resonant interactions will not be able to be compensated
simply by using the weakness of the nonlinearity. Moreover, the geometry given by the
harmonic potential, which is physically know as the "cigar-shaped" geometry in the case of
Bose-Einstein condensates (for a cubic Schrodinger equation with a harmonic potential)
gives birth to very specific resonant interactions and will force us to understand in detail
the resonant zones in the frequency space.

This fine understanding allows us to understand better the dynamics of our equation:
in particular we are able to find a resonant system for (LI, in the spirit of what has
been done in [31] or [32]. This system is simpler to study and we prove that it is a good
approximation of the solutions of the original equation.
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The end of Section [£1] is devoted to presenting the main result of this chapter, i.e. the
existence theorem [ZT.T0l Section gives a strategy for the proof of Theorem ALT.T0]
which is detailed in Sections [£3] to 1]

4.1.2 Mathematical framework

Since we want to prove long-time existence theorems in a high-regularity framework, we
have to define the regularity spaces we are going to use: given the anisotropic structure
of the operator —A + z3, we have to define anisotropic spaces and anisotropic transforms
adapted to the differential operator, in the spirit of Chapter Bl Section

Definition 4.1.1. The n-th Hermite function v, on R is defined as follows

Ynla) = ()T (). (112)

dx™

It is the n-th eigenfunction of the harmonic oscillator:
— (@) + 2% = (20 4 1)hn. (4.1.3)

We also define the interaction term between three Hermite functions M(m,n,p):
Mmon,p) = [ (o) (a)p(a)da, (4.1.4)

Remark 4.1.2. We recall that the family (1n)nen s a hilbertian basis of L?(R). However,
contrary to what happens for complex exponentials, the product of two Hermite functions
is not a Hermite function. That is why we need to define the symbol M(m,n,p): its
properties are studied in Appendiz[Al, Section [A.H

Definition 4.1.3. The Fourier transform of a function g defined on R is given by

f@xozg@wz/kng@m;

R

The Fourier-Hermite transform of a function f defined on R? is defined by

Folt.€) :/R/Rf(t,l“hiﬂz)@m£¢p($2)d$1dw2,

where 1y, is the p-th Hermite function defined in (EI12).
Define also f) := f;l(fp).

Given the form of the operator (—A + x2 + 1), anisotropic regularity spaces will have
to be defined. We are going to define two different kinds of "Hermite regularity spaces",
depending on whether or not we give a global definition or a strongly anisotropic one:
actually both will be related to each other.

The isotropic point of view consists in defining the regularity with the operator, in the
same fashion that, for example, || f|| . = H(—A)S/QJ”HQ:

Definition 4.1.4. For all integers N, for all f in L?(R?), we define the HN norm of f
by

£l = |[(=A + a3+ D)Ny|

L2(R2)
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However, given the way we are going to work (based on the study of the phase and on
integration by parts), it will be useful to be able to study each direction separately. First
of all the Hermite regularity in one direction is defined.

Definition 4.1.5. Let M be an integer. Then the space at Hermite reqularity M, writ-
ten HM(R), is defined by the following norm.

[ Fllyoan = || (~22

(4.1.5)

This one-dimensional definition allows us to introduce the following space of functions
defined on R?.

Definition 4.1.6. Let N, M be two integers. The space H%Hﬁ (written HMHN in the
rest of the paper) is defined on functions on R? by the following norm

(7 ol
1/ peN

Remark 4.1.7. The order chosen to define HM HN is very important: in our proof we
are going to start to work with a given Hermite mode, and then sum over all the Hermite
modes.

1f s g =

£2

Finally, the following spaces will be defined so as to have lighter and simpler notations for
time-dependent functions.

Definition 4.1.8. Let M and N be two integers, t a non negative real number. Then the
space By is defined for all g defined on Ry x R by the norm:

l9(®)l5, = ©F 19Ol 3., (4.16)

In order to simplify notations, we are going to write B(g)(s) for the following quantity:

= gl gz lg(s)ll 5, (4.1.7)

The spaces B and StM’N are defined, for all function f defined on R, x R?, by the norms

1
5@y = 02 1O a3 o, (119
LF @ garn = LFOllggn + 1L Ol gpe - (4.1.9)
Finally, the StM’N norm of a vector is defined as follows:
v = 411
v o = H’U,HSiVI,N + HUHSt]M,N. (4.1.10)

The fized-point space where we are going to work is then defined as follows: if T > 0,
MN .
X s defined by

HfHEIVI,N = sup Hf(t)HSM,N. (4.1.11)
T 0<t<T ¢
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Remark 4.1.9. — Since the eigenvalues of —02 + z*> + 1 are (2n + 2)pen, the
following equivalence of norms holds

”fHHM ~ (Z(zp‘i‘z)zM‘fp‘z) ~ (ZEQM’JCIJ’Q) )

pEN peN

with p = max(1, p).
— We also have for all f

A4 < Wl < I llpg o -

— if f € SfV’M, then for all p € N, there exists (ap(t))pen, such that

| £l = P~ Fap(t) 1F(1)]| g

1)l = 2~ ap(®) I1F )| gnvons

with || (ay(6))perillp < 1.

4.1.3 Main result

The whole point of this chapter is to be able to have a long-time existence, that is to say
an existence time of order e~* with a > 1, if € is the size of the initial data. We are going
to prove the following Theorem:

Theorem 4.1.10. Let 6 > 0, € > 0. Let

4
T =C(0)e?, witha=———,
3(1+0)
with C(0) depending on & only.
Then, given M and N integers satisfying
M >3, (4.1.12)
1 3
N > 5+§+2M, (4.1.13)
(4.1.14)
if (up,u1) satisfies
€
luoll gavarsr + flurllgwar < 5,
then there exists a unique solution u in Eé‘fHLNH to (A1) with
HUHEJMJA,N+1 <e,
r (4.1.15)

HatuHEM,N <e.
T

This result comes from a fine study of resonance phenomena occurring in the equation
and of the dispersive properties of the Klein-Gordon operator with a harmonic potential.
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Remark 4.1.11. One can remark that a similar result to Theorem can be proven
quite easily in the same fashion as Theorem[2.4.4) if instead of the space S, N we take the
space defined by

1
115200 = 1 + e Wl -

Proving this result relies on the dispersive estimate for the Klein-Gordon with a harmonic
potential, i.e. a decay inequality for the L* norm of the solution.

Howewver it does not involve any study of resonances. It is really weaker than the result of
Theorem [£.1.10, because it does not give any estimate on f in a weighted Sobolev norm.
And having an estimate on weighted norms is fundamental when it comes to the study of
the dynamics of the system, in particular when approrimating it by a resonant system, as
it is done in Chapter[d.

4.2 Strategy
Our goal is to rewrite Equation ([I.J]) as a fixed point problem
u= Au),

where A(u) = up + A(u). To determine A, we establish a Duhamel formula for (ZI1.T).
Then we state the contraction estimates we want to prove in order to get Theorem [L.T.101
Finally we describe the space-time resonances of the system in order to give an idea of the
strategy adopted in the following sections.

4.2.1 Duhamel formula

Studying the resonances relies on establishing a Duhamel formula for the equation, i.e.
on writing (£IT]) with an integral formulation. First of all we give a definition of the left
and right-traveling parts adapted to (AL.I.Tl):

Definition 4.2.1. The left-traveling part of u (resp. the right-traveling part) denoted u4
(resp. u_) is defined by
Ut = Ou £ 1 (—A + x% + 1)1/2 u.
Remark 4.2.2. It is important to remark that we have the following equivalence for all t:
((u®), Bru(t)) € SFHM % SPMY) 6 (us € SO (4.2.1)
Thanks to Remark 4.2.2] we are going to reformulate the problem as follows:

Proposition 4.2.3. A function u is a solution of (LI1I) if and only if the profile f =
(f1.f) satisfies
f=Alf), (122)

where A(f) = fo+ A(f) and
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where

N :Fzs¢m n p (77) ]T.B,n(g B 77)
A(f)e, (8 = Z Z aﬁ./\/lnmp//e 77> = dnds, (4.2.3)

m,n o,B==1 m

with ¢35, = (€)p + a)m + BE = n)n and M s the hermite functions interaction
term (EI.4).

Remark 4.2.4. Here, the frequency variables & or n have to be understood as & or 1y,
i.e. the frequency variable associated to the first space variable. We do not write this index
in order to simplify notations.

Moreover, for now on we are going to write fa,m(n) instead of fa,m(s,n) when the depen-
dence in s is obvious.

Proof :
The left and the right traveling parts u4 satisfy

Ougy Fin/—A+ 22 +1uy = —u?. (4.2.4)
Projected on the eigenfucntions e®%11),, (), the equation (@ZZ) becomes
Optis p(t,€) Fin/ €2 + 2p + 2 T p(t,€) = (u?),, (4.2.5)
Now the profile ftp(t, £) = eTity 52+2p+2ﬂi7p(t, €) satisfies
Oufep(t.6) = FIVERPE(2) (6). (4.26)
Equation (£2Z6]) can be rewritten using the integral form:

~ ~ t AT ——
fﬂ:,P(taf) = fi,P(Oag) +/0 Ve +2p+2(u2)p(87§)d8'

Now we study the (u?),(s,€) so as to write it as a function of f.

://’U?(t,ﬂfl,l?)eizlg’lz}p(ﬂfQ)dxlde.
RJR

We use the decomposition w(z1,2) = 3 en Jg Um (7)€ " (z2)dn, and Fubini’s theo-

rem to get:
2
a-/ [ ( [ e, (wz)dn> e, (03)dy iy
meN

:// / mlnwm(-%'Z)dﬁ/Ran(g)eixlen(xQ)dceimlﬁwp(mé)dxldxz

m,neN

- [ [ (@it [ ot [ naa)inoa)iy(az)dss) dnde.

Then, since
R
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we obtain

TRGEEDS [ (Eniats =) [ tin(aa)n(oa)iy(o)ds) d

— 25" M(n,m,p) / o (1) (€ — 7).

m,n R
Then,
U m(n) — U—m(n) = 2i\/0% + 2m + 2Uy,.
Hence
1 _ Ua,m(n) Usp(€ —1) ,
(u?),(§) QWmZmaﬁz:ﬂaﬂM(n,m,p)/R W -0 n. (4.2.8)

Thanks to Equation (L.Z8)), it is easy to get the formula for fi7p:

t o
f. = f wisgot fam (1) fan(§ — n)
ot = Fes00 4205 32 cpinm) [« G (E— 1 T

where ¢, = (€)p + aihm + BE = n)n-
This ends the proof of Proposition £.2.31 B

4.2.2 Contraction estimates
As developed in Chapter 2 Section 2.2] it suffices to prove that the operator A is a
contraction which maps the ball of radius ¢ for the E¥ N norm into itself (for well-chosen

_ 4
M, N and T). More precisely, in order to get the existence time T = ¢ 30+9  we are
going to prove the following theorem.

Theorem 4.2.5. For all w > 0, for all M and N satisfying (A1.12]) — (AI1.13]), we have
the following inequality:

t
H.A(f)HStM,N Sw / S_i'i‘w Hf“gM’N + S%‘f'w ||szMN ds + C(t), (429)
0 S S

with €(1) = (4 (10 + 1F DIy ).

Remark 4.2.6. We can make two remarks on this property:
— the following inequality is a direct consequence of ([E29)):

3 3
HA(f)HZ%N <., max (T4+w Hf”ég“v T2tw ”f”;y,zv) ) (4.2.10)

with the same notations and hypothesis as in Theorem [{.2.5
— Going from Theorem [{.2.5] to Theorem [{.1.10) is then quite straightforward: the
inequality (Z2ZI0)) gives an existence time equal to (up to a constant):

. 31 2'31 . __4  __4 __4
min gZ+w7€ S+w :mln(g 3w g 3+2w):€ 34w |

Then taking w = 3745 gives the result.

For now on, our goal will be to prove Theorem [4.2.51
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4.2.3 Space-time resonances

In order to obtain a large existence time, we are going to use the method of space-time
resonances as described in Chapter 2l Section L5l Here the phase to study is

o Em = e vt 2taytom 24 B (E—n?+m 2. (42.10)

The study of the resonances and of the resonant sets is done in Appendix Bt here we only
state the main theorem.

Theorem 4.2.7. Let o and 8 be two elements of {—1,1}. Consider the phase ¢(§,n) =
gb%ﬁlvp(&,n) as defined in[{.2.11} Then the space resonant set is

(=

1. In the case (o, ) = (1,1), there are no time resonances: T = ().
2. Otherwise,
(a) If afp + Bm < 0 or afp + Bn < 0, there are no time resonances.

(b) If aBp + Bm > 0 and afp + fn > 0, there are space-time resonances if and
only if the following condition is satisfied.

afp+ Bm+ an > 0, ©)
m? +n?+p? —2mn —2pm — 2pn — 2m — 2n — 2p — 3 = 0.

In that case, the space coresonant set is equal to the space resonant set: S=8.

Hence we are in a rather new situation, compared to the situations described in Chapter
2] Section 2.6.3]

In our situation, like in the nonlinear Schrédinger equation with a |u|? nonlinearity, the
space-time resonant set is a line; one more difficulty is that this line depends on the input
and output Hermite modes. This kind of problem is a really new situation which will
require a fine adaptation of the Germain-Masmoudi-Shatah method.

Remark 4.2.8. Here is how the integers satisfying the condition Cq g distribute (in the
case o = B = 1: they all are on a surface of degree 2 but, more interesting, they seem to
be uniformly distributed. Moreover, this surface looks like a cone: when m, n and p are
large, the resonant condition reduces to its quadratic part.
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In order to study separately space and time resonant sets, a precise understanding of the
phase and its derivatives is necessary: this work is done in Appendix

This study being done, we introduce the following functions, used in order to explicitly
split the (£, n)-frequency space into several zones:

Definition 4.2.9. We define x to be a smooth function, homogeneous of degree 0 such

that x(n,§ —n) =0 for [£ —n| < 2/n|.
The function 0 is defined as a smooth function supported on [0,2], equal to 1 on [0,1]. For

all R > 0 we define Or(x) = 0((R)x).
Moreover we impose x and 0 to satisfy Coifman-Meyer’s theorem’s hypotheses.

Remark 4.2.10. The function x will allow us to make a paraproduct decomposition
adapted to the convolution. The function Or will be introduced in order deal separately
with high and low frequencies, and the parameter R may be time-dependent.

4.3 High regularity results

We start with the high-regularity contraction estimate. Our aim is to prove the following
Proposition.

Proposition 4.3.1. The operator B defined as
i _ 2 X —A 2
B(f) _ /t s oy Z e Qisy/ A+x2+1fa e—Bisy/ +12+1f5 ”
0 a, =1 \/—A+x§+1 \/—A+x§+1
satisfies, for all f, for all M satisfiying he condition (I1I12)) and N satisfying [ELI3).

t
_1
IBUn < [ 5751 s

(4.3.1)

Proving this inequality is a simple Holder inequality L? x L>® — L? combined with the
global dispersion estimate (Proposition [A.1.3]) and the following product law (proven in
[15]):

Proposition 4.3.2. (product law for the space 7-LN) Let f and g be two elements of
HN N L™, and N > 1/2. Then

1fgllzn < 1A gn gl e + 111l oo gl g -

Proof of Proposition [4.3.7]:

We have to bound the #~ norm of the bilinear term B defined in (3.0)). Since ¢/5V ~A+a3+1
is #N continuous,

Bl s [ X VAR fo R
HN ™~ 0 o B==+1 \/—A+m§+1 \/—A—i—m%—i—l N '
Then, by the product law for HN (Proposition A.3.2)),
5 . t e—oisy/—AtIH £ e—ﬁz’S\/TxgﬂfB
1By S /0 a’ﬂz:ﬂ J A . J A .
e m T, er
Varadan || V-asad |, '
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/N s isy/—A+x2+1 N,M _ - 1 -
Because of the H*" continuity of e 27" and the S, -continuity of e (Propo
sition [A-T.4FDI),
e:FiSN / —A—l—x%—l—l fi

VA4 23+ 1

By the global dispersion inequality (Proposition[A.1.3)) and the Séﬂv M

(Proposition [ALT.4FD)),

SHIVEY STE (4.3.2)

HN

continuity of %
\V —A+zs+1

efﬁisw/fAJr:v%JrlfB
[—A + x% +1 Lo (R2)

Finally, gathering (3.2 and (£3.3]) leads to

S,

g s ”f”Sé\/IN . (4.3.3)

t
_1
By < [ 57 11 s,

and Proposition 43 is proved. B

4.4 General strategy for the H/ Hzl (x1) norm
We now focus on the weighted norm and we want to prove the following proposition:

Proposition 4.4.1. If U is the bilinear operator defined as

S =

then for all 6 > 0, for all M, N satisfying the conditions ([ELI2) — {EII3)), there exists
a constant K(9) such that

1
%pM mZmM(m7 n,p) ”Um,n(fna fm)HH3/2

. (4.4.1)
< K(3)( /0 (542575 11 ap(s) + %% 17 ) ds + ClO)c (1) ).

with () = (¥4 (1A + 1FD)Zgev ) and where (ay(&)per, (By(s)pen and

(cp(t))pen are £2 sequences of norm bounded by 1.

Remark 4.4.2. Taking the (> norm (in p) of ([{-4.1) allows us to write

S M(m,n p>} Ui fm)

m,n

t
< K(9) ( / (5575 [ FlZprw + %52 || £ ) ds + c<t>> ,
M O S S

B;

which corresponds to the inequality in Theorem [{.2.5
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Proof of Proposition [4.4.1] :
We know that

_mﬁfm () Fu€=m\ ,
“5’ // < nm <§_77>n>dnd

By the Leibniz rule the integral can be rewritten as follows:

,mfm )ﬂ(f—n)) _
3 / / ( A s = L+ T+ Ko

\/— ” (fnafm HHS/2 -

2
LE

where

—ig 7zs¢fm( )fn(g_n) S
// O e (€ 1

_ % _z‘sqbfm n 35fn(§—77)
: 'f‘//e im0

,Zs(bfm fn(é —n)(=§)
~ ek // C—np+me? "™

The integral term J,, ,, will be treated in Section 4.1l (Proposition E.4.3) ; K, ,, will be
dealt with in Section (Proposition €.4.5]). Estimating the integral term I, ,, will be
harder and explained in Section 43|

Although the estimates for J,, , and K, , might not seem sharp in view of their proof,
they fit in the ones for the I, , term, which is the harder one to deal with.

4.4.1 Estimates for J,,,

We are going to prove the following inequality:

Proposition 4.4.3. There exists (ay(s))pen in the unit ball of £2 such that

1 t _ 1,38 2
T Ml ) ool S [ ()7 1 s,
m,neN 0

for all N and M satisfying ({.1.139)-(4.1.13).

We are going to proceed in two steps: first, we establish n and m-dependent bounds on
| /m,nll 2 ;: then it remains to sum these bounds.

4.4.1.a Bounds for ||J, |-
Lemma 4.4.4. The following bound holds.

>
=
2

3

W malge S | 45) 7 F R (B(1,)(5) 4 Ul ) 1o,

(4.4.2)

with Spmesn defined in (ZZ21) and B(fm)(s) defined in (£.1.7).

Proof :
Here we will perform two cutoffs:
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1. the paraproduct decomposition, using the function x, equal to 0 for |£ — n| < 2|n|.

2. high-low frequency cut-off: 6.(|n|) is the smooth function localizing in the zone
n| < s°.
Write the L? norm of J as follows.

% t . . efis(;s fm(n) 8§fn(£ - 77) 5
alle < Il [ [ 0 =xtmg=m) i e
% t _ s 2 6—i3¢ fm(n) affn(g - 77) s
+Wﬂ [ e = mos(pe e e B gy ;
% t . — 0. 2 e—is¢ fm(n) a&fn(f - 77) S
/0 /x(n,f (1 = 0s(n7))) o E =T dnd

L
= g2 + Il 2 + [Tl 2 -

We are going to estimate separately each of those three terms.
— Term J;_,
We can rewrite Ji_, as

€V (1 — geise I [E =30 hE — )
//Qsm) T L

which allows us to write it as a bilinear Fourier operator:

t .
N R N G el P
0 —X

D) (D)n
with T7.;  the bilinear Fourier operator (defined in (Z772]) ) associated to the
-X
multiplier
3
n+¢|?
i (n.6) = [T (1= x(m. ),

which satisfies Holder-like inequalities thanks to Proposition [A.3.3]
The differential operator e*5(P) is continuous from L? to L2. Then

¢ ] b L1,
Ji_ < T . —is( " ID|ze s n) ds.
RPETA N G il )| IR
Proposition [A.3.3] implies
t
J1- 5/ i o H D|e—istD)n Ttull o 4.4.3
H 1 XHL2 0 <D>m . ‘ ’ <D>n 2 ( )
Proposition [A.1.6] implies that
_ f 1,1
He ZS<D>mﬁ <mTi(s) 4\/HmeHN HmeBs (4.4.4)
m |l oo

Thus Proposition [A.1.4] inequality (A.L4Eal), gives

3 x1f
D|ze#(D)n 1/n
o D).

The two inequalities ({44 and (£Z45]) allow us to rewrite (ZZ43]) as

~

_1
Sz lfallp, . (445)
L2

3 .
3 _is(D
e 1s( >nx1fn L

1 1 t _1
erle S mtnt [ Tl Ul 1l ds. (4.4.6)
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— Term J,
First of all since we are in the zone {\/]€]Z + [nZ < (s)?} N {|¢ —n| < |n|}, we can

bound \5]% by (s>32_(s (up to a constant). This gives

[Fedls S H [ [ o xtne ot pe e LD AL 4
<[t

—1 fm —is(D xlfn

Tm" (6 1$(D)m e is(D)n
(D)m (D)

where m (&) == x(n,& —n)0s(In?]). Thanks to Coifman-Meyer estimates (The-

orem m we can write

X!
t 35
1l < /0 ()

The conclusion is the same as previously: we find

¢ 3¢6_1 1 _ 1
IIJJIILQS/O (s)273m=3n7> | fml g, A/l fnllgpn [ fnll 5, ds- (4.4.7)

— Term J, 5
Inequality (A.T.4Ed) will be crucial to deal with high frequencies. Firstly, J, j can
be rewritten as

2
Lé

ds,
L2

—is(D)n T1fn

—i${D)m fm He

e m ds.

L2

IS

fm( )aéfn(f - W)dnds

[l e = H/ /‘ X, € =) (1 = 0,6 (|n2])|n|2e¢

<77>m <§ - 77>n Lg
— 0 3 —is(Dym_dm__—is(Dy, L1fn
g /0 Tm;’ ((1 0 (’D‘))’D‘ ‘ <D>m7e <D>n) L2 d87

3
with mih(n, ¢) == % x(m,& —n)(1 — 0,5(]n%])). Then Theorem [A-3.1] combined

with Proposition give

1Tl </t (1= 0,5(|D]))|D|}e=isDm _Im He_isw)nmlfn s
) 2~ — Ug _— )
xhilp 0 (D)m |l 100 (DYl 2
(4.4.8)
First, by the multiplier estimate (A.1.4Eal),
He—is(D>n 1. f 072 || £a(8)]l 5. - (4.4.9)
<D>n L2 s

Then, the Sobolev embedding ||u|| ;e < [Jul| gy~ for N > 1/2 — actually it is enough
to use ||[ul|joe S |||l — allows us to deal with the other factor in (Z4.8):

)m fm
(D)m

m_Jm_
(D)m

(1= 0r(D))|DI5 fn| ,

@ - 6D

< H(l —6,(1D]))|D|Fe D)
LOO

L2

<m2
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Thanks to Proposition [A.1.4] inequality (A.1.4Ed]),

Jm

(D)m S (5"l (4420)

S o=

Finally, using (£.4.9) and (£4.10) in (£.4.8]) gives

H(l —0,5(|D|))|D|ze i s(PIm

1 L 1
— ||/ < ™ nllp. d
Wl S | gy Ul U, ds

t
_1
5 \/@ 0 <5> 4 HmeHN anHBs ds’

as soon as N > 3 + - (which is true because of Hypothesis [@I13)).
Combining Inequalities (IZEII) (Z41) and (@4AE]) concludes the proof of Lemma 2.7 M

4.4.1.b Summation

Now that Lemma 4 4lis proven, going back to Proposition [£Z4.3 reduces to summing over
the indices m and n, i.e. to proving the following result:

P S M, p) DL () 4 (g ) W), S IF o )
(4.4.11)
with ||(ap(s)penls < L

Proof :
First of all, for all integers p,

1£o() 5, = 1F ()l gren 2™ M ap(s),

with (a,(s))pen in the unit ball of £2. Similarly, there exists (by(s))pen in the unit ball of
£? such that for all p € N,

1ol =2~ 1)l gaen by(s)
< p M L)l gae By(s),

since N > 2M thanks to condition (@ILI3]). Finally, using that if (a,(s))pen, (bp(s))pen €

22, then (1/ayby(s))pen is in £2, we can bound each of the factors

B(fm)($) 1 fn($)l, > [ fm($) g 1 fals)l 5, ;
B(fr)(8) 1 fm ()5, » [fm () g, [1Fn ()] v s

M g ()™M (8) | £l e
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with (o (8))men and (9,(s))nen in the unit ball of £2. Then we can bound

(BUm) () + 1)l ) 1)1, S M atm(s)n™ Ba(s) () [Zav

with (0, (5))men and (B (s))nen in the unit ball of £2. This inequality implies

IS

MZanp)%

m,n

S IO ™ Y My, p) R g (50 i (5)

m,n

(BUa) () + (g ) 1715,

3
B

i

. . . 1
Then we are in the framework of the resummation theorem [C.T.THI, with a = 7, hence

n)

PN

MZanp) ax(m

=i (BURES) + U@l ) 1fals)s,

S Oy I f g p T a,(s) (4.4.12)
S IFIFear v ap(s), (4.4.13)

with [[(ap(s))penll,2 < 1. Combining [EZI2) and the integral inequality (EZ2]) ends the
proof of Proposition 1.4.31 W

4.4.2 Estimates for K,,,

Here the property we need to prove is pretty similar than the one for J, but the methods
are not exactly the same.

Proposition 4.4.5. There exists (a,(s))pen in €2 such that

1 ty
\/Z_M Z M(m,n,p) [ Kmnll e < / s 4 ”f”éJVIN up(s)ds.
0 S

m,neN

Proof :
We focus on proving the following lemma:

Lemma 4.4.6. The following bound holds for all integers m and n, for all time t € Ry
and for all M, N satisfying (4.1.19)-(4.1.13):

IS

1)

1 b 1max x(
Tl S [~ (B0 0) o ) o),

Proof of Lemma [4.4.6]:
We are going to proceed in a similar and simpler way. Write K = K, + K;_,, where

— 7zs¢fm( ) fn(g_’r/) X (_5) S
=[¢]2 // (n,§ —n)e M (& =) +2n+2)3/2d77d

—is fm( ) fn(f_n) X (_5)
x =kl // = x(me=m)e ¢<> ((€ —n)2 +2n+2)3/2d77d8'
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We can write the following inequalities:

t
15l < /
0

t
151 llye < /0

5 5

where mff = x(n, C)% and m{SX = (1 — x(n, C))% These symbols satisfy
Holder-like estimates (Proposition [A-3.3)); combined with the multiplier estimate (A T.4Fal)
and the dispersion-multiplier lemma [A.1.6] this proves Lemma £Z.6. B

Then summation is identical to what is done in [£. 4. 1.0t we skip it and end the proof of

Proposition [4.4.51 W

ds
L2

is(D) 5 _is(Dym _Jdm  _is(D)n _Jn >
€ ! mi <|D|26 <D>m’6 (D)3

is(D) —is(D)m _Jm 5 _is(D), Jn
T e (el O )

n

ds,
L2

4.4.3 Estimates for I, ,

The integral term I,,, concentrates the main difficulties of the proof: it corresponds to
the case when the differentiation in & hits the complex exponential €**® and appears to
make long-time estimates impossible given the additional power of s given by 356i3¢. This
is the reason why we are going to try to find a way to get additional decay in time. We
write

Z M(m,n,p) I, = 1M+ 1P 4 [HIm,
m,n
where
1. I corresponds to the high frequency term:
I = Z M(m, n,p)Ig{n,

m,n
with

fm(”?) fn(é B 77)
Mm (€ —1mn

the function 6 (|¢|) being smooth and localizing in the zone |¢| < s°.

High frequencies are quite easy to deal with: in fact, since we are in a high-regularity
framework, this means that the high frequencies have a small amplitude. This can
be understood with the high-frequency inequality in Proposition [A.1.4] inequality

(A.14td).

2. I" corresponds to the high Hermite modes:

.= Z M(m,n,p)[ﬁ%,

3 t .
=l [ [ (= 0slinous(l6 = nyisogoe™ dnds,

with
fm(n) fAn(g B 77)
. €~ 1"

The idea of a high regularity leading to good estimates for high frequencies applies
also in the framework of Hermite modes.

it = —il? [ [ Ousnbos(e — nbisdeoe
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3. I'/™ is the remaining term, corresponding to low frequencies and low Hermite
modes:

Ilf’lm = Z M(m7 n7p)17l7{7n + Z M(m7 n7p)17l7{7n

m<(t)% neN meN,n<(¢)9

This last sum will be treated thanks to the space-time resonances method: in par-
ticular we are going to distinguish when there are space-times resonances (condition
([C), page [T, satisfied) or when there are not space-time resonances (condition (C)
not satisfied).

The situation is summed up in the following tree.

5 Mo = 3= Moo /O [ isteoe DI s

High Fourier modes High Hermite modes Low Fourier and
term I/ term Ih™ Hermite modes
section section term [Lm
section 4.7
Small times Large times

N

[ 7.2 /\

Condition C  Condition C'
satisfied not satisfied

er3  BId

4.5 Estimates for high frequencies

Proposition 4.5.1. There exists (ay(s))pen in €2, [|(ap(s))penll,e < 1 such that for all
N, M satisfying Conditions (A.1.12]) — (A1.13]),

1
m,neN

t
_1 2
LS /0 sHIF 200w ap(s)ds.

Proof :

First of all, we are going to prove the following result:

Lemma 4.5.2. For all integers m and n,

< / " max(m, n)
~m n
L2 0

N

=

71| fin ()|l g B(f) (5)ds,

1
L)
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whenever N satisfies (L113).

The sum over m and n will be skipped: we are in the framework of the summation theorem
[C.1.1] with the same parameters as in Section 4.4.1.bt Proposition £.5.1is deduced in the
same way.

Proof of Lemma [4.5.2] :
Recall the expression of I hf n

hi o 0., ; 18 dreist dm (1) fn(& =)
1t = et [ [ 0= 0utaboste = n) isvppem i D e

Our idea is to say that if | —n| + |n| is large, it means that either |£ — 7| is large or |n] is
large. In order to do so, we can remark that

1—- 655(’77‘)655(‘5 - 77’) - (1 - 055(’77‘)) + 05‘5(’77‘) (1 - 05‘5(’5 - 77‘)) :

Using the paraproduct decomposition (with the function y, equal to 0 for | —n| < 2|n|)
leads to the following splitting of Iﬁ{n:

dnds.

M, ="+ 1P+ 1+ 1"

where

Vet [ [ steontme —n) (1= 0 () e dmInE= D) 4
M (€T

2. g3 s . s —0.s(l€ — efis¢fm(77)fn(£_77) s

12— /O [ socoxtn.e = moalnl) (1= 0. = o)) o 2D IE D gy

—is¢fm(n) fn(g _ 77) S
T

4 % ! s o o s — 0. _ e—is¢fm(n)fn(§_n)

rfeft [ [ 506001 = x(m.6 = 0)0us(l) (1= Oy =)y o0 ST TET

We shall only deal with the integral term I', the others can be dealt with in a similar way.

B /O / s0ed(1 — X(1,€ — 1)) (1 = B ([n])) e

dnds.

Using the expression of 0¢¢ = we get

& _ &
©p  E—nn’

1 |5| s . 059 gfm(n) fn(f—ﬁ) s
I / I 00X, = m)(1 = s ()¢ 25 =M
_ |£| 5 _ —i5¢ %fm(n) fn(£ - 77) s
‘/ SRR ey
_ ! ‘5’58 £—n — 0. —is¢ %fm(n) fn(g_n) "
/ s STE =y (1 Bes el ey, A
i e,

Let us focus only on I™!, I™? being very similar.
The bilinear multiplier associated to the symbol (n,() — |7’|+‘C_|2 x(n, ¢) satisfies Holder-
type estimates thanks to Lemma [A.3.3t

(=5 \Dr% —0,5(ID]) fm

e, o

LQN‘/



4.6. ESTIMATES FOR HIGH HERMITE MODES 88

Thanks to Proposition [A.T4] inequality (A.I4Ed), we know that the multiplier % is

bounded in L2. Hence we can write:

|

s [P0 = 05 (1DD) fon|

efis@'D)nanLoo ds

< 1
L2~ /mn /o
Then Proposition [A_T.6] implies

R IR IO N TA VAT

Thus

=

< B

L2~ /mn

Then use the high frequencies proposition [A.T.4Le to write

|| )3 1D 05(1D])

12 VIl [ fnll 5, ds-

1
ni t 1

\/_ < >Zm HmeHN ||anHN anHBst

Finally, in order to estimate the norm in the space By, we have to divide by +/(t). Then

<

7.

1

max m, n Z _1
H 11 L2 N/ < > 4 HmeHN anHHN anHBst’

whenever N > = —|— 5, which is true thanks to Condition (EILI3]). This ends the proof of
Lemma [ I
This also ends the proof of Proposition 5.1 W

4.6 Estimates for high Hermite modes

Proposition 4.6.1. For all M, N satisfying ({{.1.13)-(4.1.13), there ezists (ap(s))pen in
2, | (ap(s))penlle < 1 such that

\/%QM Z M(m n,p) HIlf T)BM Z M(m,n,p) ng,n
meN,n>(t

m>(t)% neN

L2

t
< [ HfHéSM,N ap(s)ds.

Proof of Proposition [4.6.1]:
In all this section, we will be estimating the following term:

S D S RO) 8
<t> m>(t)% neN

2’

the other one being bounded similarly.
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4.6.1 Bounds for H[lf

Here the bounds for HIlf

will not be as sharp as possible: they only have to fit in the

L2

estimates we are going to get for the case "low frequencies, low Hermite modes" (Section

[4.7).

Lemma 4.6.2. For all m and n integers, N satisfying (4-1.13),

PN

t 36 , 1
2 5/0 S B (s

2 (o

Proof :
The expression of I,l{n is

fm(n) fn(g B 77)
Mm (€ —mn

3 t .
_— /0 / 0,5 (|n)0.s (1€ — nl)isdede ™ dnds.

First of all, since || < s° and |€ — | < 59,

fm( ) fn(g _77)

M (€ |, %

il 5 :

LQN

’/9 (In)0s (1€ — nl)isOepe "¢

2
L&

Then the symbol m(n, () = 0,s(|n])0ss (|¢)0e0(n, () is a Coifman-Meyer symbol, hence

t
< / 33763

L2 0

Then we bound each of the factors:

1. the first term is bounded by Lemma [A.T.4Cak

o i

—is(D) I
(D)m

o—is(Dym _Im

Dym ds.

oo

e

|22
L2

1
S | fmll e

L2

1
SmTE [ fmllg -

2. the second one is bounded by Lemma [A.1.6}

p—is(D)n _In < in—i\/zv—
| s [Fallay 17l
Then,
1
1 I " 35 1max(m,n)7
oL P R A PV T Py TP

and the lemma is proved. l
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4.6.2 Summing

Bounding
[ fom ()]l v B(fn)(s)
by
N ()b (5) £ s

with (@,(5))men and (b, (5))nen in the unit ball of £2 less than 1 leads to

I
2
m>(t)% neN < t> g
1 t
max(m,n)T _n _ 381
S Z M(m,n,p)#m Np—M 832+411am(s)bn(s)Hf|@M,N ds
m> (8% neN mn 0
1 t
max(m,n)4 _ _ _(N— 35,1
DY Momn ) BB [ ()b (O e s
m>(t)% meN == 0
1
max(m,n)+ _ _ t N 35,1
set X M(ﬂ%ml))#m MM am(8)bn(s)(8) M ST | f|Gasn ds.
m>(t)% meN = 0

By the summation theorem [C.T.1}H(IJ), we have

Moy M(mn,p

m>(t)® neN

(k]

t
l —(N— 36,1 2
10l 5 [ O o) E e s,

1
W;

with (ap(s))pen in €2
If N > 2M, which is true by condition ([AII3]) then

(]

1 t 1
MOOST Mmnp)—= |10 < /0 ap(5){s) T |1 f e ds,

m>(t)% neN <\/%>

with (ap(s))pen in £2. This ends the proof of Proposition Z.G.11H

4.7 Estimates for low frequencies and low Hermite modes

Our aim is to prove the following proposition:

Proposition 4.7.1. If M and N satisfy Conditions {{.1.12)-({4.1.13), there exists (ap(s))peN,
(bp(8))pen and (cp(s)) in €2, with norm less than or equal to 1, such that

I

1
2 m,g@w Vi s

1 % [ (Q1ay(e) + )i + en(0R00),

with
_1
Qs) == ()73 || f3ar s

1
O(s) = ()5 | S0y

R(O) 1= 0F (17012 + 170 e )
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4.7.1 Intermediate result and summation

In this section we are going to prove the following proposition:

Proposition 4.7.2. For all m and n integers, and N > %,

=l

t(max(m,n)*i g5 0
o 5 (P @ (o)l BUA)

max(n, m)%

(206) Ul BUn) (B()(5) ) s

mn

ymax(n, m)%

wE

+

W=

+(Vn+1+vVm+1) t (A(t) + A(1)),

with A(t) = || fm ()|l v B(fn)(s)-

Going from Proposition [.7.2]to Proposition .71l is quite easy: by Remark [Z.1.9], we know
that

1. the quadratic term can be bounded as follows:

1 ()l g BUa)(8) S 1M am(5)*n M ba () L I ge

with (@ (5))men and (b, (s))pen in the unit ball of /2.

2. the cubic term is leads to a better bound:
()l e BU ) ($)B(f)(8) S m™Mam (s)n™ b () || FIl a0

with (am(s))men and (b, (s))nen in the unit ball of 2. Hence
()N e BUn) ($)B(f)(5) S m ™M ()™ ba () | FIlgar

with (@ (8))men and (b, (s))nen in the unit ball of £2.

3. a same bound can be found for the remaining term:
A(t) S m M an (s)* 0 bu(s) || f I

with (@m(5))men and (b, (s))pen in the unit ball of /2.

We fit in the framework of the bounded resummation theorem [C.1.T}(2]), and Proposition
47 1lis proven.

The proof of Proposition [£7.2] can be summed up as follows:
1. first of all we say a word about small times (section [£.7.2)).

2. then, for large times, we have to split the space in two zones: around the space
resonant set and far from it. But the way of dealing with those zones will depend
on whether Condition (C)) (page [T7) is satisfied or not.

(a) if this condition is satisfied,

i. near the space resonant set, we are going to take advantage of the narrow-

ness of the zone (Section E.7.3.al).
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ii. outside the space resonant set, we are going to perform an integration by
parts in 7 and gain some powers of time (Section [7.3.1).

(b) if the condition is not satisfied,

i. near the space resonant set, we are going to take advantage of the non can-
cellation of the phase and perform an integration by parts in time (Section

7).

ii. outside the space resonant set, we are going to perform an integration by
parts in 1 and gain some powers of time (Section A.7.4.Dl).

4.7.2 Small times

Establishing contraction estimates for small times is not a big matter when we study
weakly nonlinear dispersive equations. In our situation, we have the following theorem:

Proposition 4.7.3. For all 0 <t <1,

max(m, n)’

L2 Nm<—>n \/@

\/* el /Otsg [ fonll e B(f) (5)ds. (4.7.1)

=

Let us remark that since we are considering times smaller than 1, we have st < (s)~
this is the reason why Proposition [£.7.3] will imply Proposition [£.7.2]

Proof :
First of all, so as to deal with the frequency [£ ]%, we use the paraproduct decomposition.
Wite Iﬁr{,n = I, + I;_,, where

s [t - f f(e—
I = ¢} / / —z‘sx(n,g—n)angae—“ﬂ%(:) ]2’2(5 n>77)d?7d8,

it [ [ s 0 e D IE D)

Then, since ¢ = write I = I}( + Ill_x + I>2( + Ilz_x where

& _ _&m
©p  E—nn’

—is 7lsd)fm( )fn(é_n) s
15\/ / . =g oo T LA gy,

I = 1€l / /—13 (1=x((m,&—mn)) ge st)'}zm; )'iz(i_i)dnds’

A

= |¢]? /0 / _isx<n,£—n>¢e“¢”z’;’;>(z) <f__:>n "22(577>Z)d77d8’

2 g2 ! —is(1 — . efisq&fm(n) §—n full—1n) s
o= ilE [ i (0t g g G B s
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Those integrals can be rewritten as bilinear multipliers

t
7! ::/ SeiS<D>p<i <|D|gezs<D>m Jm e~ i5(D)n In )ds,
0

X D), Tin (DYm’ (D)

= /Ot Seis(D)p&Tml_x <€‘“<D>m<£ﬁ’ |D|3eis(D)n d;’;) ds,
2= /Ot s b, (yu\%e—isw)m(gﬁ, <g>ne—i5<f’>" (lJ;’;n) ds,
7 = /Ot selOwr, (ez‘s<D>m (g;m, ID|? <§>ne“<D>n <1J;1;n) ds,

nojeo

3
with my (n,¢) = x(n, C)% and m1_y(§,n) = (1 —x(n,§ —n)) ‘"sz%‘
Firstly, the multiplier lemma [A.T.4Fa] gives the following:

t
s/s
L2 0

Then, because of Proposition [A.3.3] m, and m;_, satisfy Holder-like estimates:

ds.
L2

|

T, (D %eisw)mf_m’eis(D)nL)
1P Dim D)

t
Il </ s|ipppeisoim _Im_|| || ~istp)n_In ds. 4.7.2
H X}LQ ~ 0 ‘ ’ <D>m L2 <D>n Lo ( )
Thanks to the Fourier multiplier lemma [A.T.4Fal,
8 _ig(D)m Jm < -1 3 <, -t
e ] LD B TR

Thanks to the dispersion-multiplier lemma [A.1.6]

s fn _1 1
(D <s7in 1/ fallgy [ fall g, - (4.7.4)

(D) ll oo

Bounds @72), (73] and (@T4) thus give:

t§ 1 _1
)0 5 [ st b Ul Tl Wl .

which implies (£7.1]).
The three other integrals can be estimated in the same way: this ends the proof of Lemma

473 |

e

4.7.3 Large times. Estimates for I}/ with condition (C) satisfied

We are going to prove the following result:

Lemma 4.7.4. For all m and n integers such that condition (Q) is satisfied, for all M,
N satisfying (£.1.12)-(4.1.13) and for all t > 1,

X 2 t 1
Bsﬁﬁ%iﬂwﬂ@7WMWMmem@m (4.7.5)

lfn‘

il
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Recall that the study of resonances in Appendix[B] (Lemma[B.1.3]) implies that if condition
(@) is satisfied, then the space-resonant set is the space-time-resonant set, and is the
straight line {& = A, nn}, where

n+1
Amn:1+

7 —T (4.7.6)

Hence it seems natural to distinguish two zones: close to this set and far away from it.
Let o*(&,m) :== 0(\/(s)0p#(&,m)) where 0 is equal to 1 around 0: ¢* localizes in the zone

1 1
—\/?—> < 877¢(£577) < (5)

Let us now write Iﬂ,];n = Iﬂ,{:fl + Ii,{;ﬁr, where
— I%:Z is the low-frequency, resonant term.

isg fm(0) Ful€ =)
<77>m <§ - 77>n

3 t
1= 6 [ [ s0consioste — e €e nds

(4.7.7)

— I,{}:;Zr is the low-frequency, non resonant term.

Lfnr . s s s _ 7Zs¢)fm( )fn(f—ﬁ) S
1 = (e} / [ 50c08.6a1)0,5(1¢ ~ (1 — (€ m)e i (szg)

4.7.3.a Around the space resonant set,

We are going to use the narrowness of the zone where we are localizing in order to prove
the following result (which implies Lemma [Z.7.4]).

Lemma 4.7.5. For all m and n integers, for all M satisfying (4.1.13) and N satisfying
(#-1.73),

o

T

t X 1
fH |2 S / <s>35ma(#<s>—z Vil /Wl 1 Fall g, ds. (4.7.9)
Proof :

First of all, we use the fact that in the zone where 0 (|n|)0. (| —n|) # 0, we have |n| < 40
and [€ —n| S, so \5! < 19, hence:

—4s fm( )fn(f_n)
|24, 3008 (1) 0s (€ = " (€ m)e™ 0 G2 s Rlnds]|
Let us write
S(&,m) == Vs0:005(In))bss (1€ — nl)® (€, m). (4.7.10)

Our aim is to get nice Holder-like estimates for the symbol S, which is a bilinear multiplier
localizing in a narrow zone, around a curve: this is the point of the paper of Bernicot and
Germain [3], and in particular Theorem [A-3.5] and its refined version [A.3.8

1. Study of the symbol S
Here we are interested in size and width of the support of S and in derivative estimates.
We have the following lemma:
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Lemma 4.7.6. The symbol S satisfies the following properties:

Hence the symbol S satisfies the hypotheses of Theorem[A.3.8, with p = s°, w =

— S is supported in a ball of radius p = s°,
)

— S is supported in a band of width w = m,
— the derivatives of S satisfy the following inequalities:

a ab a+b
oeons| s V5.

36

5°%y/max(m,n)

v
1

n= N
Proof of Lemma [4.7.6] :

— First we can remark that S is supported in a ball of radius s°.

— Then, we have to determine the width of the support of S, that is to say the width
of the zone |0,¢| < % So as to do this, use the asymptotics for 9,¢ computed in

Appendix [Bl

1. In the zone |n| < /m, (B.14) applies, and the witdh of this zone is bounded
by

min(m,n)

NG

2. In the zone || > c¢y/m (c € R), since n? < s° < /s, we are in the asymptotics

39

. 1 .. s
of (B.IG)). Hence the width of the band |0,¢| < 75 s less than G2

This completes the proof.

— Finally, we have to estimate the derivatives of S. Thanks to Lemma [B.1.3] we
know that on the band |0,¢| < LS, |0 0| < % Hence the inequality is satisfied for
a=b=0.

Then we have to study 6?(32 (V/s0:005(|n))0s (1€ — n|)p®):
— any derivative of { and 7 of 9,¢ or 0¢¢ is a sum of fractions of negative order in

. . 2m42 | _2n42
&, in n, and in m, n and p. As an example, we have 9,(0,¢) = <’77L>§n + <£Tg>%,

0t (0n) = — é’j‘;f% . Then

0L} (9,0)| S 1,
a0k (9y0)| S 1.

— then [9¢0}0,s (In)fss (1€ —nl)| < V5"
— finally,
Op® = ﬂ@n(8n¢)9’ (v'50,9)
35(,08 = \/585(8§¢)0’ (\/zag(ﬁ) .
We just proved that the different derivatives of 0,,¢ were bounded by a universal

constant. This leads to |8g8f]g08| < /T
Leibniz’ rule concludes the proof.

7
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Lemma [4.7.6] is now proved. B

2. Estimates.
The term to estimate is

t A
_ s —i5¢ fm( ) fn(§ n)
H [ [ socons s e =g teme =0 T IE D agas )
t A
< is(€)p s 5 _ s is(n) f (77) is{(€—n)n fn(§ 77)
$ 1| e rsaeonatos e ~ g met o e BBy as

ds,

S\/‘
1

with Ts the bilinear Fourier multiplier associated to S as defined in (2.7.2]). Lemma 7.6l
and Theorem [A.3.8] lead to the following estimate.

Now by the modified dispersion proposition [A_1.6, we get the following inequality.

m —is(D)p, _JIM m ~is7d
‘ oy I Dy S, ) / 0t all 1l

Ts (e_is< —. ¢
(D)m (D)n (D),
Then, thanks to the linear multiplier inequality (A.1.4Fal), we obtain the final inequality.

—is fm s Jn max(m,n) ss_1
L oy | W= e L PRV TA PR TP

Now it remains to integrate over s, and divide by v/¢ to get the B norm: we obtain
I

Sl <5 V5 fmaxta 1/4 T3l /1l [l ds.

which proves Lemma [Z.7.51 1

—1 fm —s{D fn
P TS (e is(D)m e 1s(D)n )
(D)m (D)n,

L2

38

—is(D)n fn
e
(D)m

(D)

—is(Dym _Sm_—is(D), _In
T (¢ i )

L2 ~ L2 l:°°

< y/max(m, n)s

L2 L

L2

4.7.3.b Outside the space resonant set,

We have to take advantage fo the non-cancellation of J,¢: we are going to prove the
following result.

Lemma 4.7.7. For all m and n integers, N > 3/2, t > 1,

maxnm2 t )
ﬁ /1 ()248) 5 M fonll g /N fall o 1 fll g s (4.7.11)

lf,nr

L]

Proof :
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1. Space resonances method. Write

723(;5 _ ;%a ( 7@8(1)) .

The term I,{/Z’Zr can be rewritten as follows, for ¢ > 1.

3 t 1 ' Am An _
e =1 [ [ socotstpstic = = 1250, (e74) T BB gy

An integration by parts in 7 leads to
o =T+ + 1 + 1,

where

o? o f £ _
_ e} / [ Batimioste - aa - o %8 09 ging S Jnl€ = 1) g

O Ondd (Mm (§—n
. 5 ) g«b isoy (Fn)\ Fule =),
— et / [ ostinbale = nha - i35 an<<n>m> P s,

3 3 i Am An —
vt [ f esaunr)esa(rs—m)(l—¢8>i;—¢e—”¢f o, (L s,

77¢ <77m 5_77>n
_ _ 1 s dm) € =)
——lel? [ [ on(0.mpuste - )1 - 2)000) iz T B 4y

We will only prove

2 ot 1
5%/ ()24) 7T Wl e \/ Il [ fal 5, s,

Yol

(t) L? 1

the inequalities for Z7, j = 2,3,4 being treated similarly. The term Z' is actually the
2

harder to deal with since the fraction % gets big close to the space-time resonant zone.

The terms of the form 9, f appearing in the terms 77, j = 2,3, 4 are not really problematic:

2
the difficulty coming from them is compensated by the absence of %

2. Estimates for Z'. The main problem arising here is to be able to find a bilinear
estimate for the symbol

Ocd Onp
0y O

This symbol does not enter directly in the framework of the Bernicot-Germain theorem
[A.3.8l In order to understand better the behaviour of this multiplier, we split the frequency
space along the level lines of d,¢. So as to do this cutoff in a smooth way, let us define
the following functions.

1= O (In)0ss (1€ = 1) (1 = %) 5= (4.7.12)

Definition 4.7.8. Let w be a real function supported in [%, 1} such that

Vo #0, Y (w( —27z)) = 1.

JEZL
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Define the following functions

a
]Iafvb = w(3)7

Lo<m = w(2¥a).

Now we can write

o Ocp 020 _
(- 2200~ S sy, (4713
neEn 1/2<21<\/s

where

9 Oy
06 O’

Then, we split dyadically the frequency space: the asymptotics of ¢ and its derivatives
strongly depend on the comparison between the size of the frequencies and the size of
|0y¢|: in Lemma [B.I.5l we obtain three different asymptotical regimes, depending on a
parameter o(m, j,n) defined by

57 = 0,3 ()05 (1€ — 1), gz (1 — &%) (47.14)

i’

o(m,j,m) = Y (4.7.15)

To deal with this, we are going to use the smooth functions H\/WN% and Ligi24p2<m-
This is why we need to define the following symbol:

e Opp
+ ) s\ Y€ n
Sie = Tonoma-al freprppan (1 = 97505 2

Let us finally rewrite the symbol S defined in (A7.12]) in order to take into account the
different asymptotics for 9,¢. Write

S =M+ M? + M3,

where MY, M? and M? are defined as follows.
1. The symbol M corresponds to small values of [£], |n|.

1_ + o
Af—%mw&%( 23‘%+%)-
1/2<21<\/5

2. The symbol M? corresponds to small values of the parameter o(m, j,2¥) defined in

ELI3).

9 +
M? = (1= pecz) - D 2 Sk
1/2<2i<\/s  klo(m,j,2F)<1

3. Finally the symbol M3 corresponds to the remaining terms, i.e. large values of
o(m, j,n).

3 +

1/2<29</s  klo(m,j,2F)21
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If g € {1,2,3}, we write J? for

[ q e—isqbfm(n) fal€ =) 5
‘/1 /M“’”) O

With these notations, we remark that
TV = g3 (T + 2+ T3,
1. Estimates for M.

Lemma 4.7.9. (Bilinear estimate for low frequencies) We have the following estimate.

1

2 S o (VL VE) / 53573 | fonll v /Il [l ds. (47.16)

Remark 4.7.10. Remark that the inequality (716 is stronger than the inequality (Z71T])
in Lemma [{.7.7].

Proof :
Let Jj1 be the following quantity.

li m e—zs¢fm( )fn(g_n)
/ <3 S (Mm (€= mn

1 3 4
Sl

dn,
where S;E is defined in ([@7.14]).

First we will establish a bilinear estimate for the symbol H|§|2 Hnl2< <_S which will be de-

noted S for the sake of simplicity. Given the central symmetry for the level lines of 0, ¢,
estimates for S will also be valid for S+

Let us adopt the following strategy: first we study completely the symbol §j, then we
rescale it to fit in the Bernicot-Germain theorem’s hypotheses.

Lemma 4.7.11. The symbol §j satisfies the following properties:
— gj is supported in a ball of radius p = ,/%,
— §j is supported in a band of width w = 277 min(\/m, /1),

— the derivatives of gj satisfy the following inequalities: for all a,b integers,

eohS;| < 2/ (27) .

Hence the symbol 2*j§j satisfies the hypotheses of Theorem [A.3.8, with

_/m
p= 9 ’
w = 279 min(y/m, /i),
p=27

Proof of Lemma [4.7.17] :
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— It is clear that the support of gj is included in a ball of radius less than \/% .

— Thanks to Lemma [B.1.4] we know that if || < \/% then the width of the band
On¢ ~ —277 is of bounded by 277 min(\/m, /1).

— To prove that the symbol satisfies 8?325}‘ < 27(27)%%0 we first recall the formula

for 5.
. 2 2 3 B ) 32¢
Sy(€m) = w(20,0)0 (7%%‘?’) B DB (1 = 8150, 52 2L

We focus on the effect of the operator 9, on S;.
— First, 9, (w(270,0)) = 2j8,27¢w’(2j8,7¢). Since J5¢ is bounded by 2 for all a > 1,
this leads to

0, (w(270,0))| £ 2/,

— Then, if 7 > 0,

o (00 1)) = | e+ ) 5

i.e we have the following estimate (for times s > 1).

p) p)
0 (0 (VLI Y ot ik i) )| £ A s S0
m+1 m+1
— Now we have to bound 0, (0(\/s0,¢)). Given the definition of 6, there exists ¢

such that
flz)=1for —1—c<z<-lorl<z<l+4ec

This means that

1 14+¢
Oy, (0(+/30,0 0 for — < |9,0| <
h (6(v/50p9)) # 7 |On | VA
Hence if we are in the zone 0,¢ ~ —277, the quantity
|0y (0(v/50,9))]

is different from 0 if and only if 2/ ~ /s: so it is bounded (up to a constant)
by +/s. Finally we can write the following inequality.

|0 (0(v/30,0)) \<2J

— Finally, %‘ <1 (Lemma [B1.3) and

) @ _ana§¢_8£¢an¢
T\ono )| | Oy (0,0)?
< 1
™~ 0n 0l

<97,
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Similarly, we have

92¢ ;
527]5' < 27 and

82
377 L(ﬁ
Ono
This finally gives the desired estimate (for a = 1,b = 0 but it generalizes easily).
Lemma [7.17] is now proved. W

< 9%

~

Rewriting J jl’i as a bilinear operator gives

1 o A =isDym _Sm _is(py, Jn
17|, =2 | Tz <e e <D>n) . (4.7.17)
Using Theorem [A.3.8] we obtain
7 (isDym _fm_ zs<D>nL)
s (O
w 101 ] 2 Im i In
Smax (1,2) (poyrd ! emiooim Lo | Jmioton L
H (D)m Il 2 (D)n Il 0
. —i fm —is(Dyn _JIn
< min(y/m, /o) ||e7Prm L0 e8P _In_ .
Vi, /i (DYl 2 (Dl oo
Then use the Fourier multiplier Proposition [A.T.4fal to get:
—is(D) f_mH <LHf | (4.7.18)
€ ~ m ol
(Dl ~ v "
1
S N [ fmll g - (4.7.19)
Similarly, Proposition [A.1.6] implies
T T RN TP A (4.7:20
By (@ZI8) and (.20,
7~ (e—is(D)m fm —is(D)n fn) <min(m,ﬂ) - 3 -
[t (e ), 5 P Vi Ul s,

(4.7.21)
Now by @TZIT7), @ETZI) and since [¢] < s°, we get

1
. pi 1
o 82 o min(Vm VS llg A Mfall s Il (4.7:22)

g1z 73]

Then, since

e[ 2 se s [S o),

$<21</s 12 $<29<y/s
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([E22) gives

et [ 3 s

1 .
§2J§\/§ L2

[N
PN

1 .
< - / o . fn s3047— 2 ds
—wmin(y/a ) [ Wl T Wl Zza#st 2

= \/nmmln(\/_ \/_)/ s2%g 4||meHN I foll g 1 foll g, dss

which concludes the proof of Lemma [Z.7.9. B

IA

>J>I>—‘

2. Estimates for M?2.

Lemma 4.7.12. (Bilinear estimate for high frequencies and small values of o(m, j,n))
We have the following inequality.

Lt
max(m,n)1 35 _1
qu ?|.. 3 %m;ﬂﬂ%umhmmmwmmm (4.7.23)

Remark 4.7.13. The inequality (LT23)) is stronger than the inequality LTI in Lemmal[f. 7.7

Proof :

Recall that:

J? = /1 S Th(s)ds= /1 3 / Sie —ZSWZ’”; )JZ@ :7;7) dds.

2k k
\/_21<<1 2k>./m Tz <L 22V

We start by stating multilinear estimates for the symbol S;;, = S;k (the case S;rk is simi-
lar). We skip the proof of the following result, very similar to Lemma 7111

Lemma 4.7.14. The symbol S;, satisfies the following properties:
— Sj 1 is supported in a ball of radius p = 2k3,k ’
— S,k is supported in a band of width w = 22m2+; ,
— the derivatives of S; . satisfy the following inequalities: for all a,b integers,

3 nSj,k} < 27 (27)et0,

Hence the symbol 2775 ;. satisfies the hypotheses of Theorem [A.3.8, with
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If we rewrite .J; as a bilinear operator,

B —is(Dym _Im_ _is(D), _Jn )
T2 JSj,k: (6 <D>m’e <D>n

1kl 2 = 27

)

2
L&

we can apply Theorem [A.3.8] to obtain

A isDy I —ispy, S >
T2 JSJ- (6 <D>m,6 <D>n

L
3k
< 2 He—is<D)mf_m e—i5(D)n Jn :
~ 2m +2 (D)o | 2 (D)o |

by the dilation lemma [A.2.2]
Then, by the dispersive estimate and Proposition [A.T.4] inequality (A.1.4Fa]),

= [l fmllzzn /1 full g (1 fnll 5,

1
1 3k
. n4 2 3
< 9i_= 30

~ ,/m2m+28

1
S4

3
i35 .

5

Now we sum over k:
35

O (LR I e R P T P A

2k <58 \/— \/_

Finally by sum over j and integrating in time,

1 t max(m,n) toss 1
v AR SRR IO Ity A T Py PP

k 51 j
2P<s% 2<2< /s 12

>J>I>—‘

PN

This ends the proof of Lemma |

4. Estimates for M?3.

Lemma 4.7.15. (Bilinear estimate for high frequencies, and small values of j) We have
the following inequality.

1 t
max(m,n)1 n 1
< P e () [ Ul o1l 1l

(4.7.24)

1 3
7 e,

Remark 4.7.16. Inequality [L24) is stronger than the inequality (I Z11)) in Lemmal[f. 7.7

Proof :
Recall that:

¢ — + e—z‘sqsfm(ﬁ) Fu(€ =) <
Y AR S CUEY D R e i s

k k
\/—21 T ~b 2RV \/—21 T b 2°2/m

First we establish multilinear estimates for the symbol S;;, = ka (as previously, the case
S;.Lk is similar): we are not going to give the proof of the following result but it depends

on the asymptotics found in (B.1.7) and (B.1.8]).
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Lemma 4.7.17. The symbol S;, satisfies the following properties:
— S 1s supported in a ball of radius p = 2k
— S, 1 is supported in a band of width w = 25/2n + 2 < 23 max(m, ﬂ)%,
— the derivatives of S, satisfy the following inequalities: for all a,b integers,

a nSJ}k‘ S 2j(2j)a+b.
Hence the symbol 2*ij,k satisfies the hypotheses of Theorem [A.3.8, with
p=2"

This leads to

< 97

S2 %22}%)&\/— \/_)/ s i\/_”fm”HN Fallzz 1l foll 5, ds-

. . k 6
Here we are in the regime where 27 < 2= <

~m \/_

gl 72

Hence the inequality rewrites as follows.

1
-max(m,n)4 n t 1
o s (\[Z1) [ T Wl Tl Tl

Then summing over j and k and integrating leads to

/1 Z Z Jg(s)ds

2k<sd 1<2i< /s

ez 72|,

L2

ISt

< max(m,n)

n t 1
7_7_ — 1 304—7 m md .
< = max (1/ , )/1 s | fll g A/ fll g 1L . ”BS s

Then Lemma 4715 is proved. B

Then gathering Lemma [£.7.9] Lemma and Lemma leads to Lemma L7711

4.7.4 Case where p > m, p > n but condition (C]) is not satisfied

We are going to prove the following lemma:

Lemma 4.7.18. For all m and n integers satisfying ({.1.139)-([{4.1.13) and such that con-
dition () is not satisfied,

_ max(m, n)**1
v mn
max(n, m)%

/I

+(Vn+ I+ Vm+1)?

t 1
/1 54| o B(f)(5)ds

% HIL};”‘ 1.2
/lt §3045 | frull g B(fm) (s)B(fn)(s)ds

3
max(n,m)1 L

/L

N,

(A@) + A1),

with A() = [ f (O 3 B D)-
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Recall the situation: in the case where p > m, p > n but condition (C]) is not satisfied,
there are no space-time resonances. When we are close to the space-resonant straight line,
a normal form transformation should help.

However, one of the main problems is that we do not have |0:¢| < [9,¢|. So as to deal
with this new configuration, we are going to loosen the constraint on the narrowness of
the zone close to S: this will make the estimates outside this zone easier. Inside it, we
will be able to use the time-resonances method since ¢ does not vanish.
We are performing two different cutoffs:
— 0 is a compactly supported C* function equal to 1 on [—1,1]
— Ou(ln) =0 ()
— We have to choose a new function ¥* localizing around the space resonant set. Our
idea is to take the widest zone which does not meet the space-resonant set. Proposi-
tion [B.1.4l will be very useful: if v localizes in a neighorhood of size m%
of §, we can be sure that we will not meet the time-resonant set.
If we adapt the proof of Lemma E7.6] we know that the zone |0,¢| < d is of width
v/max(m,n)s*d. Consequently the function ¢* can be chosen equal to

¢%§ﬂﬂ::9(dvnwxﬁﬂﬂﬂswﬁ¢n+—l+\hn+—U2§K%¢O. (4.7.25)

Then write
1 = 15+ 1

m,n

where
— Iﬁ,{;,’; is the space-resonant term.

3 ' 3 Am An -
1=t [ [ soeonsiose - e o T I gy

— I'nr s the non space-resonant term:
)

iso dm() Fu€ =) )
(M (€= 195

3 t
s =16t [ [ s0co,s(nDoale - a1 - o)

4.7.4.a Around the space resonant set (IL{IL)

Lemma 4.7.19. For all m and n integers, M and N integers satisfying (4.1.12)-(4.1.13),
t>1,

Ilf,r

1
L

where B is the boundary term:

L2 SB+Q+C,

o max(n, m)%

N

508

Bi= (VT 1+ vVmF1) E3TE(A®) + A1)
with

AQ@) = || fm @) g B(fn) (D),
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Q is the quadratic term:

max(m, n)** 3

t 1
e R AT

Q=

and C is the cubic one:

max(n, m)%

€= y/mn

[ 55 Ul B (B (s

Proof :
First of all, use the boundedness in the frequency space.

7

1] 5 % | [ [ oottt —apur (e eiso T EZ D g,

Mm (€ =n)n

L2

A. Integration by parts in t. Now we are going to use that there are no time reso-
nances on the support of 1°, i.e. that ¢ does not vanish. This will allow us to write the
following equality:

it = g, ().

Then write that

isg Jm(0) ful€ =)

% [ [ socon,s.le ~ € me e dnds
_ //S@g(ﬁ@a )0 (1€ —nDY* (& n)— ¢ (_”‘b) ]2;;77) Jzzc(:j)d”ds )
m n 12

and perform an integration by parts. This operation leads to

%5 ¢ s _ s L efisqs fm( )fn(£ 77) s = ! 7
29 [ [ socot,s ()0ule = om0 (o) LD B D g =31,

where

= T =
e e

N e
i ]2,;>(Z) 8s<£n§£n;nn) dds,
s L

)

1f, =15 U 0005 (In))0ss (1€ — n)y* (€, m)

=¥ [ [ ocons(uos(e - awn

7= [ [ saeosindoue —nho(e.n

JERP / / 50e00,5 (1n)0,5 (1€ — 1) (€, m)—

/ | s0eo0. 16,6165 1€ ~ nv (€.
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B. A preliminary result. The terms Ilj , can be written as bilinear multipliers asso-
ciated with the same symbol. We are going to take advantage of it and prove a general
result about the multiplier associated to the following symbol:

1
(Vn+1++vm+1)

S(éa 77) = 240 a§¢(£> 77)935 (|77|)955 (|£ - 77|)¢8(£> 77)

1
o(&m)

Lemma 4.7.20. For all g and h we have the following inequality.

3
max(n,m)i _1
< g7 h h
| Sl T .

with Tg the bilinear operator associated to S as defined in (27.2).

", g —is(D h
TS (e 1s(D)m e 1s(D)n )
(D)m (D)y,

Proof :
We want to apply Theorem [A.3.8 to do this, we have to estimate the size of the support
of S and its behavior with derivation operators:

Lemma 4.7.21. The symbol S satisfies the hypotheses of Theorem [A.3.8, with

-1

Proof of Lemma [4.7.27] :
We are only going to detemrine a value for u, i.e. we are going to prove that

a+b
8?825(5,77)‘ < <\/max(m,ﬂ)835(\/n +1++vm+ 1)286> ’ .

So as to prove this inequality, we need to understand the effect of differentiation on each

factor in S.
— |0¢p| < 2 and |920%4| < 2 for all a,b such that a + b > 1.
3 €7n

0200| S sy S1for s > 1.

— pr = 0 (\/max(m,ﬂ)s35(\/n +14+vm+ 1)235\3,7(]5\) hence, given the bounded-
ness of derivatives of 0, ¢,

a+b
< < max(m,n)s* (vn + 1 + \/m—i—l)Qs‘S) .

aqb, /s
8§an¢

— Finally, by Proposition [B.1.4]

ﬁfj(\/ﬂ—l—l—{—\/m%—l)%sé

and

< (WadT+vmiD?s) .
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This ends the proof of Lemma [£.7.27. W

Then applying Theorem [A.3.8 leads to

’ < y/max(m, n)s*
L2

Thanks to the linear multiplier estimate (A.1.4kal), we finally obtain

ssmax(n,m)s 1
| )|, 5 max(m, s R 2 5,
< V() R ) 500 ).

The result is the same when exchanging the roles of g and h. This ends the proof of
Lemma [4.7.201 W

h
(D)n

<5

—is m 9 —is{D)n h
Tg (e (D) ,€ { —)
(D)m (D)

_9
(D)l 12 w3l

=

T —is(D)p Y —is(D)n
S (e <D>m , €

" <
<D>n L2
<

=

C. Application to I lO,r' The integral I l?r can be rewritten as follows.

1 e—itqbfm(t?n) fn(t7§_n)
i6° (hm E—m

= [ 0cotstts (s — w6 m) e o T D LA E g

3 (Vn+ 1 + Vm £ 1)*Ts (e_“w)m_fm(t) e~ it{D)n f"(t))

19, =3 [ 100t (10,16 — o€ 1)~

(D)m’ (D)
o Fm(D) iy fall
W T Vs 12T (0 ) o el
Then thanks to Lemma [£.7.20] we have the following inequality:
3
1,0 9,56 1max(n,m)1
- < ty 2V
i HIM Lo S (VI T V)P =2 (A1) + A1), (4.7.26)

with A(t) = [| fm (8[| v \/an(t)HHN ()l 5,-

D. Estimates for I ll,r' First we give the following formula for 7, ll,r:

t
Jr—-t i 1 2/ T <it(D)m Jm Lemis(Dhn fn >d.
Lr (\/n vm ) . s\e —<D>m e D) s

Then dividing by v/¢ and using Lemma E720] gives

1

Vi Hlllﬂ‘

1 s ¢ ; f i f
1 s 2 ity S —is(D)n_In_
o S T VEFT Vi) /1 T ( e <D>n) s

5 t 35 max n,m _1
S R A PE NP T

1

w100
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Then we have the following inequality:

3 ¢
max(n,m)4 _1
o SV Vi PR [ o U Ul .

(4.7.27)

ea

E. Estimates for [, fr. We proceed as for [ 1177, and get the following.

3
4

max(n,m _1
il s AT v [ o i Ul

Now remark that

O frm =€ " PImd,

R
D )

where uy ,, = eFis(D)m f+.m- Now we use the method explained in details in Chapter [3]
Section B.5.3.cl For the sake of simplicity we write the following inequality:

105l 2 = [|e™Pmac, |

S lwmllz2 lumll o -

Then given the expression of u,, and the dispersion inequality (A1), this inequality
holds.

I»—‘

|@MMNQNMMAM|

m
S5 wmmwwm&

This leads to

(\/n+1+\/m 1)?

\/—le L2N

3

1

max n, m Z _;mz
/ z T\/\IfmIIHN | foll g, A/ L frll v 1 fnll 5 ds.

S4

(4.7.28)

F. Estimates for [ f:r and [ l‘fr will be skipped since they can be treated as I, 277,, even if
we differentiate the function 6.

We finally gather Inequalities (.7.26]), (L.7.27)) and (£Z7.28): Lemmal7.19is now proved.l
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4.7.4.b Outside the resonant set.

The lemma to prove is the following one:

Lemma 4.7.22. For all m and n integers, N > 3/2, t > 0,
Ilf,nr

3
1 max(m,n)*"1 [ 551
A e el R A PR TR P T

where I%:ZT is defined in ([7.7.8), page [94}

Here the estimates are almost a copy-paste of the method developped page [Q6, with these
two changes.

1. The term |O¢¢| is no longer smaller than |9,¢|. Then the quantity ‘g{% is bounded
by 27 in the zone Ond ~ —277,
2. We also define the symbols S;»—L, S;—L , MY, M? M3, etc. However, given the change

)

of localization around the space resonant set (cf. the definition of ¢° (Z7.25])), the
equality (L.7ZI3]) becomes

N X _
1-9 )ﬁa%b = > S +5;, (4.7.29)
TR 12<09 <\ fmax ()t (VAT T+V/m A 1)?
Since

L Z 22.7 < max(m n)’?’ﬁ
Vs AEEVE
27 <q/max(m,n)t4d (/n+1+v/m+1)2

we have the following estimate:

Lfnr

3
1 max(m ﬂ)3+1 b g 1
vl iCa PR AR T PRI TA P

Lemmas 719 and E7.22] give Lemma 7,18l

Then, Proposition {72 is proven by combining Propositions 7.3l A.7.4 and 718l

Remark 4.7.23. The case where p < m or p < n should also be treated separately,
but estimating this term is very similar to what we did in the case "p > m, p > n but
condition [A not satisfied" (Section [J.7.4): actually it is even easier since we do not have
time resonances.

Finally, Proposition 5.1l Proposition 6.1l and Proposition [£7.1] lead to Proposition
441l

Propositions .4.1] and E.3.1] give Theorem .25 and consequently Theorem HITIQ is
proven. H
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5.1 Introduction

In the previous chapter we proved an existence theorem with the method of space-time
resonances, which depends on a pointwise-in-time study of the Duhamel formula (con-
trary to Strichartz-based methods). This fine study can help to understand the dynamics
of the equation: for example Germain Masmoudi and Shatah establish scattering results
for Schrodinger’s equation in [24].

Here we do not have any scattering result since we do not have a global existence result.
In order to understand the dynamics of . 1.1], it may be useful to derive a simpler system,
generating the dynamics of the original equation. This study of a resonant system has
been initiated in hyperbolic equations by Klainerman and Majda in [39] for incompressible
fluids, then by Grenier [30] and Schochet [5I] with the so-called "filtering method" for
highly rotating fluids.

Using this notion of resonant system in the framework of dispersive equations is more
recent: Ionescu and Pausader in [34] and [35] studied the nonlinear Schrédinger equation
on R x T3; other studies have been made by Hani, Pausader, Tzvetkov, Visciglia in [31]
for NLS in R x T? (1 < d < 4), by Pausader, Tzvetkov and Wang for NLS on S3 ([45])
and more recently by Hani and Thomann in for the NLS with a harmonic trapping ([32]).
In all of these articles, the main idea is that the dynamics of a system is governed by the
resonant frequencies. So as to understand this idea, assume that a quadratic dispersive
PDE has the following Duhamel formula:

A A t N A A
F(.6) = £(0.6) + /0 / 59 f () f (€ — n)dnds. (5.1.1)

Assume that for all &, there is one 1y(§) such that 0,¢(&,no(x)) = 0. Then, a Stationary
Phase Lemma will give

A A

/eisd’(g’")f(n)f(f —n)dn :%e”‘b(g’m(@)f(no(é))f(é —n0(&))

+ remainder decreasing with time.

Moreover, if ¢(&,m0(§)) = 0, the integral

t R A
/0 els¢>(577]0(§))f(770(£))f(£ - nO(&))dS

is an oscillating integral, and it is bounded as t goes to infinity thanks to Riemann-
Lebesgue’s Lemma. Hence, if = is the set of £ such that ¢(§,70(§)) = 0 and I¢c= the
indicator function of =, the leading term in the Duhamel formula is

Iees /0 Fn0(©) (€ — mo(€))ds.
We will call the equation
f(t,6) = F(0,6) + Teem /O F0(©) F (€ — mo(€))ds (5.1.2)

the resonant equation. This equation is simpler since we restricted the original one to
some resonant modes. In the case of anisotropic models as ours (with one free direction
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and one direction trapped by a harmonic potential), the resonant equation keeps the same
form but with trickier resonant conditions.
A good resonant system has to satisfy the two following properties:

1. it has to be a good approximation of the initial equation, i.e. if f is a solution of
(BII) and g is a solution of (B.I.2) with the same initial data, then f — g goes to
zero as t goes to infinity (if we are in the lucky case of a global existence).

2. we should be able to understand its dynamics. For example, in [3I], Hani, Pausader,
Tzvetkov, Visciglia were able to build solutions of the resonant system with growing
Sobolev norms, and consequently prove that the initial equation had solutions with
growing Sobolev norms.

In this manuscript we focus on the derivation of the resonant system, the existence of
long-time solutions for this system and the validity of the approximation of the initial
equation by this system.

The resonant equation associated to (1T is

t f aB ¢y f, _ B
ra ra M m,n,p fOé,m()‘m ng) f Jl((l )‘m n)f)
fi,p(t’g) = fi,p(o’g)_i_/ Z ( a) a,p 7 - a,p 7 ds,
0 m,neZ \/5|872]¢(£,)\m7,n£)| <>\m,n >m <(1 - mvn)£>n
a,fe{£1}
m#n or aF£—_3
satisfied
(5.1.3)
with )\%775” .= ——2_ and () is the resonant condition appearing in Theorem EZ7l

14+afB,/ ﬁ
Since the system is simpler given it involves only selected interacting modes, we are able

to prove a better existence and uniqueness result than for the original one.

Theorem 5.1.1. Let ¢ > 0, T = C/e? with C a universal constant. Then, given M, N
and K satisfying

3
M > 6, Nzi’ k=1 or2, (5.1.4)

if fo = (fo+: fo-) is an initial data with || follyar g ((zyyx) < €/2, then there exists one
and only one solution f = (fy, f-) to the resonant system on the interval [0,T), belonging

to the L$® ([O,T),’I-[MHN((x1>H)), Moreover, for allt € [0,T), || f+[lgar g <e.

ml)“
Moreover we are able to prove that this resonant system is a good approximation of the
initial equation:
Theorem 5.1.2. Let 0 < a < g, l<w<l1- %a, e > 0. Let N and M satisfying
#-1.12), (f-1-13) with in addition N > 9 —%. Let 0 < My < M — %.
4

There exists a C(a,w) such that, for e small enough, if T = C(a,w)e” 3+%, if

— [ is a solution to the initial system in E%’N with initial data fy in the ball of

center 0 and radius €/2 of Sé\/[’N,

— ¢ 18 a solution to the resonant system in Eé\fl’N with the same initial data,
then we have, for allt <T,

1(f = 9)(O)llyrro g2 < €.

Remark 5.1.3. We have to compare the size of f — g to the variation of f and g during
4
a time e 3%« : we prove in Theorem [{.2.5 that the one for f is of order

4

e T 1 3
_1 9__3
/ sTig%ds ~ &2 Bre
0



5.2. DERIVATION OF THE RESONANT SYSTEM 114

Similarly, the increase of g is of order
4

e 3tw 1 9 3
/ sT3e%ds ~ 2 T << g2 e,
0

2
But if w is small enough, we have e << = 3+3w | which means that the size of f — g is
small compared to the variation of f and g.

5.2 Derivation of the resonant system

The Duhamel formula for (£1.1]) is the following

Fep(t,.€) = frp(0,€) + Di(f, f),

where

_ Fisoo Jam() fan(§ —n)
Drsd) mz,,mﬁzﬂo‘m(“’m’p)/o e I

It describes the interaction between Fourier modes (input frequency n and £ — 7, output
frequency &) or between Hermite modes (input modes m and n, output mode p). We saw
in the study of existence and uniqueness for the original equation that some modes are
resonant: more particularly, they can be space resonant when anmﬁw(g ,m) = 0 or time
resonant when (;5%%71)(5 ,m) = 0. These resonant interactions must be the ones governing
the dynamics of the whole equation.

In this section we are going to determine these resonant interactions and the corresponding

resonant equation.

Space resonant interactions. The first step is to remove the interactions which are
non resonant in space, i.e. the interactions such that d,¢ # 0. In Appendix [B] the
cancellation of 0,¢ is studied in detail :

1. if « = —f and m = n, then 0,¢ is identically zero for £ = 0, and does not vanishes
for £ # 0. Moreover ¢ never vanishes.

2. otherwise, for all £ there exists one and only one 79(&) such that 9,¢(&, n0(€)) = 0:

1

1+ap %ﬁl

no(€) = )\f‘n% , where )\f‘n% =

Hence it is natural to approximate the Duhamel formula as follows

1. first, if m = n and a = —/, the non-cancellation of 9,¢ allows us to perform an
integration by parts in 7, and consequently gain a decay in s. That is why we are
allowed to remove those Hermite modes

‘ ~ ~
D ~ Fispm p fam(n) fﬁ,n(§ - 77)d ds.
1(f7 f) mgeN Ck/B'/\/l(n7Tn7p)/0\ /]RLe <77>m <£_77>n nas

a,fe{+1}
m#n or a#£—f
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2. then if m # n or a # [, we are in the framework of stationary phase Lemma: the
behavior of the oscillating integral in 7

/ o Fismilnp fa,m(n) J?ﬁ,n(f ) d
R (Mm (€= Mn

is governed by the frequencies on which 9,¢ vanish, i.e.

:Fi3¢van’,6n,p fa,m(n) ]T.B,n(g - 77)
/Re M -1 "

O st (emie) Jam(10(8) Fan€ — m0(€))
s|026(€,m0))] E))m (€ —m(E))n

.

~

for some constant C. Hence the following approximation for Di(f, f):

CeFistina€mE) F o (no(€)) Jo.n(€ = mo(€))
s|2¢(6,m0)]  (M0(E)m (€= m0(&))n

t
Dl(faf)N Z aﬁM(n’m,p)/o dS.

m,neN
a,Be{£1}
m#n or a#£—f

Time resonances. Now the space nonresonant interactions have been removed, the

approximate formula we obtained is a sum of oscillating integrals of the form

m7n7p

t
/ FistinpEmE) B (o e\,
0

The integrals for which ¢%5 is different from 0 are more likely to be neglectable compared

m7n7p
to the ones where it is. But ¢%?  vanishes on the zero set of (3,@%;5 if and only if the

m7n7p 7n7p
condition () is satisfied :
m? +n?+p* —2mn —2pm — 2pn — 2m — 2n — 2p — 3 = 0. (©)

Hence if (C)) is not satisfied, the integral

/t CeFistiinnE€m(O) Fon(mo(€)) Fon(€ = mo(€)
0

Js1026(€,m0)] (M0 (€= m0(E))n

is an oscillating integral. Hence the approximation

o~ [ % ¢ Fam0G28 Jonl1-2529)
0 ez \J31020(€,m0)| (MaEm (1= A6
o,Be{£1}
m#n or aZ£—0
satisfied

The resonant equation is the following one

N . t O JamO559) fon((1 = X55)0)
t’ _ O’ 9 N I 3 d
Jrp(t,8) =fxp( 5)"’"/() m%Z tla%tb(&no)\ <)\%’75n Ym o (1 — %’Fn)Qn i
a,Be{+1}
m#n or a#—L3
satisfied

(5.2.1)
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Given the heuristic approach we made, it is natural that this equation approximates
correctly the dynamics of the original equation. So as to prove this, we are going to
proceed in two steps:

1. first of all, we have to show that the solutions of the resonant system exist for a time
at least as long as the solutions of the original system (we are even going to get a
longer existence time).

2. then we have to prove that the solutions of the resonant system are a good approx-
imation (in a sense explained in section [5.4]) of the solutions of the original one, as
long as the former exists.

5.3 Long-time existence for the resonant system

The resonant system being simpler than ‘ihe original equation, it seems reasonable to find
an existence time at least as good as 1/e3 where ¢ is the size of the initial data.

Our target is the same as in the proof of Theorem L.T.T0]: we are going to prove contraction
estimates for the operator f{\e/sip( f, f). In order not to be too redundant, we are going to
gather all the technical details in one proposition.

Since the Duhamel formula is symmetric in n and m, we are going to prove a contraction
estimate for this "half Duhamel formula":

f~:|:710(t7 5) :.]?:bp(oa 5)

¢ C fa,m()‘giﬁmf) fﬁm((l - )‘frlriﬁz)g)
[T Mo — o Ty
m,ne’ s| n¢(f>770)| (Amm&)m  (( mn)§)n
a,pe{£1}
m<n
m#n or aF#—4
satisfied
(5.3.1)

Remark 5.3.1. This equation is different and much simpler to deal with than the Duhamel
formula (B22) for the original equation (E1I]). In fact, it does not involve any integration
i &: then estimating the integral term will be based on Young’s inequality instead of
Hélder-like inequalities.

We are going to give a few useful bounds for A = )\f‘n’?n =

1. If a8 =1, then A and 1— X\ are bounded by 1. Otherwise, since m # n, the maximum
of A is reached for [n —m| = 1. This leads to the bound

|A| < min(m,n). (5.3.2)
2. Since we are in the case m < n, we also have the bound

1 m-+1
- <9 5.3.3
TR ey i (5.3.3)
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5.3.1 A preliminary bilinear estimate

Proposition 5.3.2. Let a, b, ¢, and d be four integers, m and n two integers with m < n.
Then if we define S = S(a,b,c,d) = H*\°((z)*D) we have

85fa m()‘g) adfﬁ n((l - )\)5)

a _ e(e,d) L
(A" (1= WA S R Hs o Mnls 1l
3

where

if c¢<d, | max(c,d) if c#d,
if ¢>d, “”dA(C’d)_{ c+1l if c=d.

For example, for a =1, b= N, ¢ =d =0, we have

v famAE) fan((l = NE)
Am (1= X))

Ifa=3/2,b=N,c=1,d=0, we have

Ny\1/2 8£fa m(AE) fB n((1 = A)E)
Am (1= A))n

a A'b=max(a,b), e(c,d) = {

= O

H(/\E)((l —A)¢)

S \/—”fMHHN W [l ()

||<A£)3/2<<1 — N9

<
2 ~ /mn HfWL||HN(<$>) Hf”HHN((gC»

Proof :
Let us only prove two cases: a > b, ¢ > d and a > b, c < d.
If a > b and ¢ > d, then

b /5 0Edam(0€) 0T (1= N)8)

A (=N VA= s == e

2
Lg

o 0 fam(AE) O (1= 0)9)
< QAR | @V g, H
3
O fom(€) 0 fa.n ()
S é‘(l 6 gb 5 ,
SR P T PN

by a change of variable (dilation). Then, since ﬁ is bounded by ﬁ,

b\/—a fozm()‘g) adfﬁn((l_ )5)

(A)*((1=N)¢) Am (=N

2
Lg

\/_

Then by L? continuity of the Fourier transform,

9 fo.0(6)

€0 fom©)]

.

0 fam(©)|

S ”Da (xcfa,m)HLg

5 ||f0£,mHHa(<x>c) .
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By L' — L™ continuity of the Fourier transform,

|0 . [0 05a]

.

swww%m%wmwmmw

by Proposition [A.Q0.1l Then,

[osts,.

12 S Hme||Hb(<m>d) S HfB,nHH“(<x>C)'
Moreover,

aD" = D’z — bD" 1.
Hence,

HxDbxdf@n’

L% S ‘|f67n||Hb(<m>d+1)

This proves the theorem in the case a > b and ¢ > d.
In the case a > b, ¢ < d, then

06 fam(AE) 0 3. ((1 — A)E)
Dm (1= NE)n

(A1 =A)¢)

Z
2 O Fam(X6) O a1 =09
o e HLWH(“ VN, |
3
| g0 28 Fam(© 1|, 0 50 (6)
< (E)m Lo VIA (E)n L27
13 13

by a change of variables. Then using the bound (5.3:3]) reduces the problem to the previous
case.

Hence gathering (5.34), (53.5) and (5.3.6]) prove Proposition 5.3.31 W

5.3.2 Bilinear estimates for (5.3.1]).
We are going to use Proposition to prove the following one:
Proposition 5.3.3. Let N > % Then, if

1 FamNE) Fon((1 = N)E)
026(¢,m0)] (A&m  ((L=X)&n

1(§) ==

we have the following bounds

<mi L

I)HHN(( ))Nm \/m—HfamHHN ||f5nHHN ,

=

< m2

|77 D] gy = F|rfam\\HN( o) I fsnll i gy -
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Proof :
We are going to prove the estimate for the weight (x)?, the weight (x) being dealt with
similarly. We are simply going to estimate the L? norms of |¢|V1, ||V 9] and ]{\Nagf.

1. We first recall that

2m + 2 2n+ 2
g te B
(P +2m+2)% (€ - )2+ 2+ 2)}

2 o
Rl (&) =

&

n+1
1+€ W

where € = af. Then, if n =ny := , a calculation shows that

-

2m + 2
A(N2€2 + 2m + 2)%

8727 ¢%ﬂ,n,p(£> Mo (5)) =

Hence

1 _AAE

3
|8%<;5| 2m + 2

by the bound (5:3:2)) on A. Then

N1 < el 60

Jam(AE) |
Am

Fonl(1=2)8) | |

If we write [£|N = WKl — M€Y, by the bound (5.3.3) we have

OF Fam(ME) O f3 n((1 = N)E)
(AE)m (1 =X)&)n

)

V1] < (m + (A6)) (1= X))

with
3
azi, b=N, c=0,d=0.

Then we are in the framework of Proposition [5.3.2, and we conclude by

(5.3.4)

3
N mH
|1e™1] . 5 T MmNl

2. Then we have to do the same for the weighted norms, i.e. for the £ derivative of I.
We can write

1 FamO8) fon((1 =08\
: ( 026(¢,m0)| Am (1= A)E)n ) =h+DL+ I3+ I+ Is,
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where
L= b L Jam(A) Fon((1 = V)
N\ Jzoenm)) Pdn (T=Nen
Io = 1 )\affa,m(Ag)fﬁ,n((l_A)g)
020(6, )| A&m AL =X
Is = 1 )\2£f~oz,m()‘§) fﬁ,n((l_)‘)g)
1026(&, o) A3 (A=N&n
1L om0 O fon((L = N)E)
[ = 1_)\ )
T J82e(E m)| M (R V38
L Jam) 2 Jan (1= M)
I5 = 1= N ¢———— 2~
J1026(€,m0)] A&m (=A% (L=N8)3
The expression of O¢ (7|82¢1(W) is
% L _ A2 () |
20 m)l ) VEMFAN? +2m +2)
This given, we can write that for every j,
e ety ) 06 Jam(0) O Jon((1 = N)E)
N7 < 7 a; . bjye(cj,d;) ~§ ) £ )
The values of the coefficients are summed up in this array.
gl aj |bj|c|dj] v
111 |N|O]O0]3/4
2(3/2[N|[1]0 |3/4
3|1/2|N| 0| 0]3/2
432[ N[0 |13/
5(3/2|N|0]|0]3/2
This implies, by Proposition [(.3.2]
m?
[i67¥0c] 0 S o el oy Wl oy (5.3.5)

3. Dealing with the weight 22 is very similar: we have to compute

5 ( AZ(AE) >: ABE £ oNE(m + 1)
\VIm T2 +m+1)i)  VImFA(M)? +2m+2)k

This quantity can be bounded as follows:

| o ( A2 (AE) )
V2 2((A)? +m 4 1)3

SAT 4 AL
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When applying J¢ to I; we will get a sum of five terms I;1,...,I;5. We state that
forall1<j<band1<k<5, forall N €N,

Cjkfam()‘g) kaﬁn(( _)‘)5)

€N 5o < ik (AE) % (1 — N)E)bik N(Cinrdin) 2

(AE)m (T=X)&n
with the parameters satisfying the following bounds:
3
a; k 2
bjr =N,
¢+ djp <2,
Y
Yik = 92"
Hence we obtain
N m?
[1e0cr] 2 S —= Wl auy 1ol oy (5.3.6)

Hence gathering (5.3.4]), (5.3.0]) and (5.3.6]) we prove Proposition 5331 W

5.3.3 From the estimate to the theorem

Now we are going to prove Theorem 111 (in the case of a weight equal to (x1)?). More
precisely we are going to prove the following proposition which leads to the theorem by a
contraction argument.

Proposition 5.3.4. Let N > 3, M > 6. Then if fo € HM HN ((21)?), then for all t,

P Ollagas i gony2) S Wfollgome sz (garyzy + VEIF Ol v oy -

Proof :

The proof only consists in summing over m and n the inequality proven in Proposition
B33l We first write

H'ﬁ”iHHN((xlw)
t 1 JamOAG2.6) fo.n((1 = X%5)€) H
S o©n M(m,n,p) S ds
/o m;ez s[026(E,m0)| AmnE)m (1= A55)Em
a,fe{+1}
m#n or a#£—f
m<n
(@)satisﬁed
1 FamAS38) Fan((1 = 2X35)8)
M £ ——
/ 2 M e (e (L= Ne) L2
a,Be{£1} 13
m#nﬁgz#fﬁ

@) satisfied



5.4. VALIDITY OF THE APPROXIMATION 122

Then by Proposition (.3.3]

. t 1 o 1
‘“ﬁiHHN«mV>§LA m%;Z M(m,n,p)Zem? Zmm ol ey 1fnl v ganyz) ds
a,Be{x1}
m#n or aF£—_8

m<n

(@) satisfied

Then, using Hfa,mHHN“xﬁQ) <m M 1123 v ((zy)2) and integrating lead to

pr’ HHN( SV s @y 2™ Y0 M(m,n,p)ym*Mpz =M

mne”
a,fe{+1}
m#n or a#£—f

m<n

@) satisfied

Since M > 6, we are in the framework of the half resummation Theorem [C.I.I}{]): there
exists a sequence (up(t))pen in €2 such that

pM || Fps () S VEIF @5 13 (Gary2) wn (D)-

2l

This proves Proposition £.3.4 B

5.4 Validity of the approximation

Let f be a solution to the initial system with initial data fy. Let g be a solution to
the resonant system with the same initial data. Our aim is to estimate the difference
h:= f — g. We are going to prove the approximation theorem BG.1.2]

5.4.1 Duhamel formula for A

So as to clarify the notations, let us call D; and Dy the two following bilinear forms:

1. the bilinear operator Dy corresponds to the Duhamel formula for the original equa-
tion:

Z Z alBMnmp//e:FZ&bmnpaOém()bﬁm(g_n)dnd&

mn o, f==+1 Mm §—mn

with M(m, n,p) is the interaction term between three Hermite functions (Z1.4]).

2. the bilinear operator Dy corresponds to the resonant equation:

Gam(NG2E) ban((1 — A5
a b / Z Csp a ,a(ﬁm,né) B, (( aﬁm,n)g)d ’
m,ne” t’8%¢(§7 770)‘ <)\rr£,n§>m <(1 - )\rri,n)g>n
o BE{+1}
m#n or a#£—f
satisfied

with Cjp, the constant occuring in the Stationary Phase Lemma (Proposition [A.4.1))

and M35 = (1+ ap, /251
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The Duhamel formula for h can be written as follows:

h=Ff-g
= Dl(f, f) - DQ(g’g)
= Di(g+h,g+h) = Da2(g,9)
= Di(h, h) +2D1(g,h) + (D1 = D2)(9, 9)-
Our aim is to estimate the StM’N norm of A in terms of ¢t and € (the size of gg). So as to

do it, we will first establish a differential inequality and then use Gronwall’s Lemma.

Lemma 5.4.1. Let N'(t) and M(t) be the HM0 L2 and S} norm of h(t). Then

~

¢
N(t) S / (S%JFWJ\/(S)/\/l(S)2 + s_%'wj\/(s)/\/l(s) + s‘i'H"eN(s) + (s)7te? + S_%e?’) ds.
0
Before going through the proof of the lemma, let us prove the approximation theorem:.

Proof of Theorem [5.1.2]: .
First of all, whenever ¢t < Ce 30+2) | we know by Theorems A T.10l and 5.1 that

M(t) < e.

Then the previous inequality can be rewritten as a Gronwall inequality
t
Nt <K (/ sTTYE2N(5) + s TN (5) + 573192 4 s“sie?’ds) ,
0

3(14w)
which can be simplified again, by using ¢ < Ct™ s

™
IN
2
i
®
e

which leads to

t
0
Then, Gronwall’s lemma gives
t t
N(t) < CK In(t)e? +/ CK ln<s>€QCKs*i+“€ exp <CK/ r%‘L“adr) ds
0 s
t
< CKn(t)e? + (CK)2€3/ ln<s>s_%+2“ exp (CKa(t%er — s%'““’)) ds.
0
Whenever t < C’e_S-%w, we have
K
CKn(t)e? < CT In(1+ 026_3%)62 Se%, Va<?2,
exp (CKE(t%J“” — s%“’)) < exp (CK&Q) ,

348w

t
(CK)2€3/ ln<s>s_%+2“ds < (CK)zsgt%H“ < (CK)%3e™ 5w,
0
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This proves that for all o < 2, for all w such that 3 — % >, e w< 3?);—3 there exists

a C(a,w) such that, for £ small enough, for all ¢t < C(a,w)s_i%%w, we have
N(t) <e*.

This proves the theorem. H

Proof of Lemma [5.4.1] :
First of all, it has been proven in Theorem [4.2.5]that the operator D; satisfies the following
inequality:

t 1 1 2
[D1(a, b)| gr.v 5/ s(s) "1 [lal[ g2 (|0l grrv + 5¥(s)2 ||all 2 [|bl[Gaen ds
: 0 : : (5.4.1)

1
+ 45 (Jla()l e 1) gy + llall 2 6] gae)

This allows to bound the terms D;(h,h) and 2D;(g, h) involved in the Duhamel formula
for h. The rest of the proof is devoted to the bounds for the remainder term, i.e.

Dl(g’g) - D2(g’g)

In order to estimate the term Di(g, g) — D2(g, g), we are going to write it according to the
heuristics done in Section we are writing

D1(g,9) — Da(g,9) = S+ p(g9) + NRy p(g) + Oscx p(9),

where

1. SIi ,(g) is the self-interacting term, corresponding to the Hermite modes giving
birth to a non space resonant mode for all £ # 0:

¢ ISP Nam g, m\S —
SLfo) =32 3 afM(mmp) /0 [ v <;7>:7) o ££n>:)dnds.

2. NR4 ,(g) corresponds to the stationary phase remainder:

NRi,p(g) = Z aﬁM(n’m’p)NR?riﬁL(taé)’
m,neN
a,Be{£1}
m#n or a#£—0

with

o, . Fisd% fam(n) fon(€—m)
Ntin(t:8) = /0 U ¢ M & -1 !

| CeFAEm @) T (n0(€)) Fo.n(€ = m0l©))

ds.
t020(&,mo))  (M0(E)m (€= m0(E))n
3. Oscy p(g) corresponds to the modes giving birth to time resonances, i.e.
t . oy £ f —
Oscyp(g) = Z QBM(namup)/ / eFishminp Jam(n) fo.n(& = 1) dnds.
m,n€N 0 JR <n>m <§ - 77>n
a,pe{£1}
m#n or aF#—_

@) satisfied
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The next three sections will be dedicated to bounding those three terms, and more precisely
proving the following inequality

1D1(g,9) — D2(9,9)| 12 S /0 (%52 + %53) ds. (5.4.2)

Then combining (5.41]) and (5.4.2) give Lemma G471

5.4.2 Estimates for the self-interaction remainder
We are going to prove the following lemma:

Lemma 5.4.2. There ezists a sequence (uy(s))pen in the unit ball of £2 such that

2

t
g
PMo S Ie (9]l 12 < / up(s) S ds.
0 <5>

Proof of Lemma [5.4.2] :
We want to estimate the L2 norm of

t ~ ~
Fisgilnp Jasm () Gpm (€ —1) ,
;a%_aam(m’m’p)/o L o (€= 105

We know that in this case the quantity ¢$‘dﬁn7p(£ ,Mo(§)) never vanishes except when & = 0.
This is the reason why we will handle separately the zones around and outside the origin.
Let x be a smooth function, compactly supported, which is equal to 1 on [—%, %] and 0

outside [—1,1]. Then we write

t q q —
> Y apM(m,m,p) / / (Fistilny Jam () Gom(E =) o ap 1 ap
m a=+1, f=—a 0 JR (Mm € =Mm

with S, corresponding to the small values of &

t ~ ~
Sl = M(m,m, Fisdn Ja,m (1) ga,m(§ — 77)d ds,
O 2 asMmm n e i

and SI; corresponding to the large ones. We will use two different strategies for these
integrals : S will be bounded by using the time resonances method, SI; by a stationary
phase.

5.4.2.a Study of SI;.

In the zone |¢| < 1, the phase ¢%?  does not vanish and is easily bounded. In fact, since

m7m7p
6:_047
f‘n’ﬁan,/§2+2p+2+a<\/772—|—2m+2—\/(f—n)2+2m—|—2).
Since €] < 1,
Vi 2m 42— (€ - m)? +2m +2) < |¢]su S B
K 7 - np n? +2m + 2

<1
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Then

ool I >V2p+2—12>1.

Then it is possible to use the time resonances method, applied in page [106 for example.
s ispB
Writing eT#$¢mmp = alﬁ

YPm,m,p

. a,B
O,eTisPmimp we get, by integrating by parts,

SIy = SI!+ SI? + SI3,

with
— SI! is the boundary term

:Flt¢mmp a,m mtg )
. %ﬂ%fﬂ mm”/( ap wm (€ = 0hm
B=—a

- 1 §a7m(07 77) gﬁﬁn(oaf - n))d
B Mm (E—Mm ’

— SI?% and SI? are the two terms involving time derivatives of g:

ZS(bmmp@s am( )g m(£ 77)
SI? .= M(m, i S 1) 95, dnd
e e [ e

f=—a

:FZS(bmmp a,m 0sg m(f—ﬁ)
o M, e g (1) 959, dnds.

f=—a

Estimates for SI!. Remarking that o 5 is a Coifman-Meyer multiplier, we have the

'm,m,p

following bound:

L S m M M(mym,p) Y B (I9am () g 1950 (0] 2

sz
=—p=+1

+[19a,m(0) I 100 1951 (0) 1l 2) »
i.e.

sz

< > m MM (m,m, p)e?
m

Resumming in p is then not a problem since for all v > 1/8 and w < 1/24,

mY m*%

M(m,m,p) < Cx——.
( p) pr oK

Hence

Hsﬂ < e2u,(t), (5.4.3)

L2N

with (u,(t))pez in the unit ball of ¢2.
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Estimates for SI2. Here we take advantage of the fact that 9sga.m is quadratic in g:
more precisely,

. . 2
8sga,m _ eZS<D>m (efzs(D>mga,m) ’

which will lead to, using the dispersion inequality (A.1.T]),

t
H512 2 NZ Z aﬂ/\/l(m,m,p)/ L63771_3]‘/1_1ds. (5.4.4)

=—pB==+1 0 <S>

Resumming is not a problem either. Moreover, the third integral, SI2, can be bounded in
the same way.

5.4.2.b Study of S7;.

If |€] > 1/2 then Bn(ﬁm m,p hever vanishes, so the stationary phase Lemma applies.
For ¢ fixed and nonzero, the minimum of 9,¢(&, n) is reached in n = £/2 and equals

£/2 1

> .
(2/4+2m+2)7  4/2m+2

In order to be able to apply Proposition [A.4.1] we need to localize in 7: let (¢;);ez be a
family of functions such that each 1); is supported in the annulus 27 < |n| < 29*! and such
that 3°;¢; = 1. Let us write SI}"(£) for the following integral:

SEP(E) = (1= x(O) [ [ wymyeriosiing Bon ) BonlE 2 gy

Then Proposition [A.4.1] applies with F}(§,n) := zbj(n)%%:

SH”(€) < / 2 (I3l (€ + 10,15 () s

We want to take the Lg norm of S7T; lj P First we know that if f and g are two functions in
L? such that for all &, n+ f(n)g(¢ —n) is in L?, then

17 )g(€ —=mlizz = Iflle2 llgllze -

Then, remaking that

} L Gam(n) ggm(€ —1) m () Ga,m(€ —1)
1= [y P B B o B RO E D)
implies
A ‘ Jo,m (1) 55,m(77) ‘ Jo,m (1) gﬁ,m(n)
AP PR o Lf‘%(") i P i

Finally, since ‘T/Jj (n)ﬁ‘ < min(1,277), we obtain
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||Fj||L§77 S min(1,277) lgaml 12 98,ml 12
< min(1,277)m M2,
In the same fashion we obtain

[1ouE5 112 ~2M g2

P Smin(1,277)m ™M e?,

which leads to

. t1 .
HSIl]’p‘ </ —2%/mmin(1,27)m2Me2ds.

L~ Jo (s)

. z . N j
Since 22y/mmin(1,277) is summable over Z, we can sum HSIlj’p‘

over Z and obtain

2
L&

> [lsz?]
JEZ

with (up(s))pez in the unit ball of £2.
Finally, Inequalities (5.4.3]), (5.4.4]) and (5.4.5) end the proof of Lemma [

“up(s) 2y
. < /0 s, (5.4.5)

5.4.3 Estimates for the non-stationary remainder

Lemma 5.4.3. THere exists a sequence (uy(S))pen such that

52

PMO HNRi,p(g)”L2 S apt_%v

where (ap)pen is a sequence in the unit ball of ¢%.

The proof of this lemma relies on the stationary phase Proposition [AL4.1]
Proof of Lemma [5.4.3]:

The integral term we want to use Proposition [A.41] on is the one occuring in Duhamel
formula, that is to say:

Y s, Gam (M) G (€ — 1)
‘Dl (ga g) - SI(Q) = / / eqzzs(bm,n,p a,m n d?’]dS
m;EZ 0 JR <77>m <§ —Mn
a,fe{t1}
m#n or aF#—p3
satisfied

= > L.
m,ne”
a,Be{£1}
m#n or a#£—f
satisfied

Here ¢(n) := (ﬁﬁiﬁhp(&n), the critical point is ng = Ap,5,§ and F/(&,n) = ~g—“;]myin) 79*?’5"_(f];nn).

Let x, € C5° equal to zero on B(0, p)°.
In order to apply Proposition [A.4.1] we have to find
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— either an lower bound for [,
[Y(n)l

— or an upper bound for -

Since in some cases (when a8 = —1) " (n) = 3,27q§ can vanish, it is better to try to bound
directly
[ (n)]
')l
or rather
[(n) — ¢(no)| _ 1055p(Em) — mﬁ,p<s, i)l
V)’ (Onopem)’

The denominator vanishes at infinity or at )\%’75715 .
Since m # n,
D0 (6 X508) # 0.
Then % is well-defined at the point )\f‘n’filg and
[WOARRE) — (o)l 1
VORRO? [02mn (€ N

Then, understanding the asymptotic behavior of w

will allow us to bound it (for
sufficiently large values of p).
1. if af =1, then
D5 (&) = D p (& A ~soe 20

and
’8n¢m np(§7 77)’ _>77—>OO 27
hence
|¢m n,p( ) - ?n’ﬂn,p(& Aa’,ﬁnéﬂ - n
n—o00 -
(0,055 0(6m)” ’

2. if af = —1, then
hm |¢m n,p( 77) _gb%ﬁm,p(éa)\%ﬁm )|

= a\/(m,ng) +2m 42+ ﬂ\/((l - Am%)g)z +2n +2

- |A;zfi (X )2+2m+2.

and

2|ln —m|
’8n¢m n,p(§7 77)’ ~n—oo T

Hence

| (&) — 2;527,,(5, Al 774\/ (A?n’,ng)Q +2m +2
(On6nte )’ T 2 m - A

< 774\/52 +2(vVm+1—+/n+1)2
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These bounds being established, it remains now to apply the stationary phase Proposition

A 4Tl with
1. p(n) = o655 (&),

R Ea,m(n) EB,n(f*n)
2. F(n) = 55" "=

3. the critical point is g = )\%75115’

P 3. 2(m+1) 2(n+1)(€=n)
4. M = 2 since 0,¢ = W + aﬁm7

5. the bound m is given by

if af=1,
if af=-1.

o =

{ PV E+2(Vm+T—V/nt1)?

This leads to

CeitoAe)
B2 p (€, Nmn )V

Jam(ANS2.6) Gon((1 — AH5)E)
DmEm (1= Am)E)n

IR (t,€) X(A%5€) + NR&S (t,6),

with NRS‘,L’?”(t, ¢) bounded as follows:

1. if af =1,
i % §a,m(77) gﬁ,n(f - 77) % ga,m(n) gﬁ,n(g - 77)
vis g (o P n for (%5525 =) L)
2. if aff = 1,

z
8

§a,m(77) gﬁ,n (5 - 77)

NR g% <p7 (52 +2(vVm+1—+/n+ 1)2)

ta (Mm (€= Mn L2
3 (¢2 —Jn 2\ Ga,m(1) 98,0 (€ —m)
+0 (€ 42T T-VaF D)’ o, (fm L EEE ) L>

Remark that the bound found in the case af = —1 is bigger than the one in the case
af = 1. Moreover if we define y on an annulus instead of a ball we have

on (BB o) o (B BB E)

k

2
LW

Finally we obtain, in the case af = —1:

3 1 (70 1 12)E ||y 7 e () G5 (€ — 1)
NEE (6 S ((s F2AVm T =V D))" I S S
2 m —vn 2\ 3 Jo,m(n) ga.n(§ — 1)
+ (& +2vVm+1-vVa+1)?)" || 8,7< i > L%>.
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This asymptotical bound is also valid for the case af = 1.
We are focusing on the first term of the sum, the first one being even easiest. We can
wrtie

||(£2+2(\/m+1_\/n+1)2)% nla, <§a,m(n) §an(£—n)>

(Mm (E—n

L2 || 2
nLE

S8+ 2t v e, (S5 BEEESE)

L7 e(®)
+ H (€=m?+2(Vm+1-Vn+ 1)2)% [nl"o, (goé;;r;:?) g[zg(i;:)) 2 &)
n,§

We only focus on the first term, which is the "worst" in terms of cost of derivatives. By
sub-linearity, we are reduced to bound

|7+£ nﬁa,m(ﬁ) gﬁ,n(g - 77)

Hln

(m €= mn N2 (re)
8 ~am g, n -
+H(\/m+1—\/”+1)£|77|7 nYa, (77) 98, (5 77) ‘
(Mm (€ =mn L? (R?)
First,
H|n|7+% 8n§a,m(77) gﬁ,n(é - 77) < H|,’7|8+% 8n§a,m(77) gﬁ,n("?)
(M)m (€ —mn L% (R?) ~ (M)m L2 (M) L2

1 8434 ~ -
S o [ 5 0Gam )], 1580 5

Then, since g is in EIM’N, with N > 9 —1/4,

= em Ma,,(t),

N+3+32
(R .

nga,m(ta 77)‘

with (@m(t))men in the unit ball of £2. There exists also (b, (t))nen in the unit ball of ¢2
such that

5+ OnJam(n) Gon(€ —n)
Mm (€=

H!n S —
L2 (]RQ) v/ 1mn
n,§

The summation Theorem ends the proof of Lemma .43
Similarly, we have

7
- max(m,n)s

~Y
L?]E(R2) v/ mn

m~Mn=Ma, ()b, (t)e?,

m —Jn z 70n9a,m (1) 98,0 (£ — 1)
|V T g e

which also fits in the hypotheses of Theorem [C.1.1] since we assumed M > My + %. This
ends the proof of Lemma £.4.3. W
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5.4.4 Estimates for the oscillating term

The oscillating term is

Osc(9)(€)
_ /t Cap e;iw%p(gm@§a7m<2%s> aa,n«l—;%)s) "
0 mnez t1076(&,m0)] Amin€m (1= Amin)E)n
a,Be{£1}
m#n or a#—f

not satisfied

Lemma 5.4.4. The L? norm of oscillating term can be bounded as follows: there exists
(up(8))pen inthe unit ball of €% such that

t
P 05 )1z 5 [ (o) e + =

We shall not write the full proof of this proposition. We only recall that if (C') is not
satisfied, then it is proven in Appendix [B] that

1
2V F (Vi + 1+ Vm 1)y (A56)? + 2m + 2

D& A =

Then a integration by parts in time is feasible, and leads to Lemma 5.4.41
Lemmas 5.4.2] 5.4.3] and 5.4.4] finally give Lemma [(.4.11
|

Theorem [5.1.2] is then proved.

5.5 Perspective: understanding the dynamics of the reso-
nant system

One problem with the resonant system (G.13]) is that its dynamics seems hard to under-
stand. A possibility would be to study a resonant equation in a simpler case, say for the
wave equation on R x 7 (for Klein-Gordon, since the quadratic system is non-resonant,
it is not relevant). Using Section B.6.2] we recall that for the wave equation (B.6.1]), the
space-time resonances condition writes

a=-1,=-1,(0<m<porp<m<0)
ora=-1,=1(0<p<morm<p<0).

This leads to the following resonant system
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fr(t, &.p) =f£(0,€,p)

[

% [ Z 1 f (S mfﬂm) .]F (87 (p_m)gap_m)
0<m<p V |p - m| + |m| \/_ |p - m|
or p<m<0
BN & (7 m)f+(,(p—m)f—,,p—m)]d
0<p<m V |p - m| + |m| \/_ |p - m| .
or m<p<0

If we make this equation continuous, replacing p by n and m by (, we obtain the following
equations :
— if n >0,

fi (t, 57 77) :fi((), 57 77)

L0

F (o650 F(s-9fn-¢)
[ e ET s "
/ I (s:¢5.0) f (S’(”_O%’”_C)dclds
T <|+|| § =]

— if n <0,

Fet, &.m) =F(0,&,7)

+/J%<1+<s>2>“

F (o650 (s - 9fn—¢)

[ NIERE s —a
1 ff(8,45,4)f+(s,(n—C)%,n—C)d ]
= < 4 -

We remark that in these formulae, two interacting waves (one at frequency (¢ %,C), the

other one at frequency ((n— ¢ )%, n —¢)) give birth to a third wave at frequency (§,7), i.e
on the same straight line. It may be natural to consider, for a given A,

gt @) = fi(t, Ao, ).

In order to establish a Duhamel formula for g, we just recall that if u is real,

u(€,p) = u(=¢, —p).
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Then,with

iy (p,§) = u(p,§) +Z\/7
u—(p,§) =u(p,§) — Z\/i
we can write
i (p,€) = us(—p, —6).
Similarly,
F=(p.€) = Fr(-p, ).
Then if gy + (@) := f(a, Aa), we get
gr-(@) = gr 1 (—0).

Now write gy + = gx. The resonant system writes
eifa>0:

ga(t, ) =ga(0, )

L[ faCodnl—a), [*aldna-o ],
/WHA% ra\Uo ol Vo —al" [ o \a—ard]d’

o if <O

g (t,a) =gA(0, )

1 l/ noplo—a), [ g(-0) gx(a—a)dald&

+ [ 2 -
o Va4 NIVl [Ja VIOl Vie=al " ) Vol Vie—al

The hamiltonian for this equation is

H)y = 1 —_—
NI
- 0 g (=) gala — o) O gx(a) g —)gplo—a), .
XI<_OO/_OOFFW—ad v VIal VIOl Vio—al "
R o) gAlo — ) > gr(a) ga(=0) gala — 0)
L R e - [ R R e et )

This hamiltonian does not seem to present a lot of invariances, except under the transform

ZHQ’

gr(@) = e gy (a),

for any parameter .

Even if its study does not seem straigtforward, understanding this resonant system should
be easier than understanding Equation (5.1.3)): obtaining information on it (conserved
quantities, long-times dynamics, effect of the slope A on the behavior) can help us in the
general understanding of resonant systems for dispersive equations.
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A.1. LINEAR FOURIER MULTIPLIER ESTIMATES 136

In this section we are going to present the main harmonic analysis tools used in this
manuscript. We start by giving some results on linear Fourier multiplier. Then we focus
on the bilinear case. Finally we end with some properties of Hermite functions.

Before studying Fourier multipliers, we state this useful proposition on Sobolev spaces.

Lemma A.0.1. Let f be in H*, such that xf is in H*. Then f is in W*' and

1w < 43/ 1F gz 1162) £l e

Proof :
Let A be a positive real number. By Cauchy-Schwarz inequality,

k = k X X k X X
Aﬂmﬂww—AngHM+/ D" f(x)|d

|z|>A
1
= 1x‘§A\Dkf(x)\dm+ 1|$|2A—\xHDkf(x)]dx
\
z€R z€R ||

kaf‘

2

7l
2

< 24| fllge + 5 1620 f g -

< 24| fll e + ;

Then optimizing over A gives A = lefflllli * . This ends the proof. B
H

A.1 Linear Fourier multiplier estimates

A.1.1 Dispersive estimates

First write down the dispersive estimate for Klein-Gordon equation in dimension 1 which
can be found in [33].

Proposition A.1.1. Let ug be a function in the Sobolev space W3/2’1(R). Then for all t,
e~ MDlyg is in L°(R) and the following inequalities hold for all t > 0.

Heﬂ't(muOHLw S . HUOHWS/QJ(R) . (A.1.1)

RvAG)
This allows us to formulate a dispersive estimate for a more general symbol.

Proposition A.1.2. Let k be a positive real number, ug be a function in the Sobolev space
W3/21(R). Then for all t, e="V D2tk s in L>°(R) and the following inequalities hold
for allt > 0.

NS

k

He—it\/—A-i-k

uOHLoo S HUOHW?’/?J(R) . (A.1.2)

{t)
Proof :

Notice that if u is a solution of

O?u—Au+ku = 0,
u(0, z) uo(z),
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then v: (t,z) — u (ﬁ, %) is a solution of

Pv—Av+v = 0,
v(0,2) = vo(x) =uo ().

Then, using the dispersive inequality (A1) for Klein-Gordon in dimension one, there
exists C' such that

' 1
He_lt\/THUOHLOO < C% llvoll a2 -

This leads to
Jutt, Moo = [oVEEVE|
= Hv(\/Et, -)HLOO , since we take a L° norm.

1
< C——= ||vollyy3/2.1 , by the dispersive estimate.

Then [|vo| = Huo (ﬁ)\ = VE |[uol| 1 Moreover,

/R D202 de = /R ki (1D*2u0) (ﬁ)
= —VE[ 1Dl
ka

dzx

L
Since k is an integer, vk > -, and we get the following estimate.
k4

1

w(t, )| ;0 <C
st M < €y

VE [Juollyys/2.

ki
< C% luollys/2a -

Proposition [A.1.2] is proved. B

Proposition A.1.3. (Global dispersive estimate) Let f in EiV’M for M >5 and N > %
Then for all t, eXtV—A+a3tl ¢ s i L>®(R?) and

6:I:it\ / —A—l—m%—l—l f(t)

ST @) g - (A.1.3)
Lo (R2) t

Proof :
First of all, in dimension 1, H}(R) C H'(R) C L*(R) by Sobolev’s embedding.
This implies in particular that
ezl:it\/—A—f—x%—l—l f(t) S
Lo (R2)

eFitV ~Ateitl g () (A.1.4)

Lgs (Hz,)
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Then, recalling that g,(z1) = (g9(1,.), ¥p) 12, we can rewrite the right-hand side of (A.1.4))

as
1
2\ 2
2
<> p
Lgs (Hi,) p>0 L

1
2
. 2
i (ZP2 !\e*ZVA”1*2p+2fp<t>\!Lw)
p>0 1

eiit\/fAerqulf(t)

<6iit\/mf(t)>

p

By Proposition [A.1.1] and Lemma [4.0.1],

H +ity/— zl+2p+2f

D \/pr it 1@ Ol g

Resumming over p leads to

Sop? ||tV A g ) HW pr”szp s 1@ @),

p>0
(Zp TAGL ) (Z H(@fp(t)\@g)
p>0 p>0

Each factor can be bounded by the norm || f(¢)[[ v (since M > 5):
t

SO A% S D P I lls

p=>0 p=>0

2
< IF@IZwar

N

and

D@ f@I2 g S DM @) 02

p>0 p>0

2
< 1@ v

Hence the quantity

Zp H izt,/—Awl+2p+2f (t )‘

p>0

is bounded, so is HeﬂtV 7A+x%+1f(t)

A GEN

SIS

eiitw/fAJr:v%Jrlf(t)

2
+ —Ag
> p H i I 01 I
L35 (M, ) p>0 =1

This concludes the proof. B
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A.1.2 Other Fourier multiplier estimates.

Given the nature of the Duhamel formula, we will have to deal with multipliers of the

1

form o We are gathering all these multiplier estimates in one proposition.

Proposition A.1.4. The following multiplier estimates hold.
— There exists a constant C' such that the following inequality holds for all a = 0,1,
1 <qg<oo,all fin LY and all positive real number .

f ( 1 1 )
S <O ( =+ = ) 1 i - a
Hm La((@)a) \/X )\% ” HLQ(( ya) (m' )
— There exists a constant C' such that the following inequality holds for all N > 0
and f in HY,

S C|[fllag - (A.L4tb)

HN

f
\V-A+ 2+ 1
— There exists a constant C' such that the following inequalities hold for all f in
LY, 1 < q < o0, and all positive real number \:

<Ol fllza - (ATZkc)

L4

N

— More generally, for alla > 1,1 < g < oo, all f in LY and all positive real number
A, we have the following estimate.

D) )
——_— <C, ) d
[(7p2) 7] < cetsiu EI24)
— For all M, N integers, for all f in HV,
1
[ID1M (1 = 0D ], < 337 1 (W

where Or(&) is localizing in the zone |£| < R.

Proof of Proposition [A.1.4]:

Proof of (A.1.4ka). The Fourier multiplier D12+ < can be rewritten as follows:

HL .:H;1< f(£)> :Hf*f1< 1 )
VDR Ve Ve

Lp

< 1Nl

)

Ll

()

by Young’s inequality.
Then it remains to estimate

(A.1L5)

= ()

Ll
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We define a function ¢ by
1
P(£) = NCESE

such that (A.1.5) can be expressed as follows:

-1 1 _ 1y 1 _ RS -1 )
F < _£2+A> F o VAFH@) (VAr)
By a change of variable,
|7 @ (V) = 75 79l

Since ® and 852‘1> are in L2(R), z +— (1 + 2?)F~1® is in L?(R) which implies that F~!(®)

is in L!. This leads to (ATZEa):

f N
H\/D2+)\ LPSH"CHL” d <\/52+A> o
1
< [F @), 151
C
< Sl

where C := ||F~1(®)||,, is independent of A, p and f.
The weighted case can be treated in the same way, if we write that

()

o)

Noe

Lp

o —fE
L (E5)

IN

)

—1 ( 3£f(§) )
VE + A

and if we bound the L' norm of F~1 (

Lr
5 )
(E+0)32 )

Proof of (A.1.4fh). As in Proposition [A1.3] we can extend the previous proposition

for the operator \/—A + 23 + 1: we will not give more details.

Proof of (A1.4Ecd) and (A.I.4Ed). Let us only prove (ATZEd). We will use the

Marcinkiewicz’ multiplier theorem (as stated in [14]).

Theorem A.1.5. Le m be a bounded real function such that its variation is uniformly
bounded on each dyadic interval in R, i.e. such that

dm
—1|dé < B and /
dg 2

Then m defines a multiplier operator T,, which maps LP to LP, where

T(f)(a) = [ em(@) (€.

R

—9J 27+1

IB,Vj eZ,/

_92j+1

dm
am e < B,
dé’ ¢ <

and its norm depends only on B.
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Here the symbol m is m(§) := (\/%) . Then

d—m:a é_ <§>a1
G EANGES VA

The symbol m is bounded and if j is an integer,

20+1 dm 2j+1 1 ¢ a—1
— | d€ = d
/21 dﬁ‘ : /zj a(§2+ 1)3 <\/§2 ) :
< QQJ;S
(2% +1)%
< a.

Hence m is of bounded variation and by Marcinkiewicz’ theorem [A.T.5] the proposition is
proved for A = 1.
Then write

(=)= eixﬁg%f@)dg

e
_\/_/ z:v\/_n\/n_ F(Van)dn
:\/X( gA)(\/Xx),

;|m

vD? +1

where gx(€) := f(V/A€). By Marcinkiewicz’theorem, we can write

< CHQAHLP-

D
HVD2 + 1g>\ Lr

Moreover, a change of variable allows us to write

D 1 D
— = VI || ———— A.1.6
H\/D2+)\ P H\/D2+1gA b (10
Then, since gx(€) := f(VAE), ga(z) = %f (%), and so
1,1
lgallze = A {11 zs - (A.L.7)

Equations (A.L6]) and (A.LT) get us to the conclusion:

_1
<OV | galle = ClIf I o -

ax
Lr

D
D?+1

D2+/\f

This proves (A.L4Ed]).
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Proof of (A.1.4Ee). First write, since Fourier transform is a L? isometry,

[IDPM (1 - 0r(D)f]

; :/R!S\ZM\(l—03(5))12#‘26&5
= 1 2N _ 2 212
_/R|5|NM €[2N](1 — OR(€))[?|F12de.

By definition of 0, (1 — 0r(§)) # 0 if and only if |{| > R. Then

1 ) 1 ) )
/IRWTM|£|2N|(1 — Or(©)IPIF1*d¢ < oy /R EPNIFPdE < mrg 1l -

This ends the proof of Proposition [A.1.4. W

A.1.3 Combination of dispersion and multiplier estimates

Proposition A.1.6. Let n be an integer, f in B defined in[{.1.§ and s > 0. Then we
have the following inequality.

is(D), (8 11
o L s TG 1T, (A.18)
Proof :
First, by Proposition [A.T.4Fa]
is(Dyn 1 (8) < L | istDyn
T v ] iG] P

Then we can apply the dispersion estimate (A.1.1]):

is(Dyn S
(D)n

Finally, using lemma [A.0.1] leads to

(&

2.1
oo n /S w2

o B < TGy Tl

Since fo(s)HHg < V5| fll,, we have proved the inequality. B

2

A.2 Behavior with dilation operators

Definition A.2.1. Let \ be a real number. We define the Fourier dilation operator of
parameter X, written £y by Exf = F 1 ({ — f()\f))

It is well known that (Exf)(z) = 5f(%). The following lemma generalizes in the case
where there is a Fourier multiplier.

Lemma A.2.2. Let \ be a real number, p an integer and g the symbol of a Fourier
multiplier. Then for all f we have

1EAG(D) )l 1o = A2 [ g(D) Fl o -
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Proof :

F (7 900500) (@) = [ g0 F 00

==§/g6_”§90ﬂ
— 61 ()
|

The result is proven by taking the LP norm of both sides.

f(n)dn

We can also try to understand the behavior of bilinear multipliers with dilations.

Definition A.2.3. Let m(&,n) be a Fourier bilinear multiplier, X be a real number. Define
the following operators, T,, and Tz‘l.

TA(f9) (/m (O M) f )Q(S—n)dn)-

Proposition A.2.4. For all m(&,m), for all f and g in L?, for all A\ € R we have the
following equality.

Tu(f.9) = A1 (Th(ExF.E09))

Then, for all p > 1, we have the LP norm equality.

_1
T (o)l = X7

m(ExS,ENg) Hm

Proof :
First of all, the Fourier transform of T,,,(f, g) is

F(Tm

\

) f(mg(& —n)dn (A.2.1)

Considering the variables ¢ = % and v = ¥, (A.2.1)) can be rewritten as follows:

F(Tulf9)) () = / m(AC, ) FOW)IMC — v)Ady
A (T(Erf.€29)) (O)
F (T &) ().

Then we can conclude that T,,(f,g) = )\5% (T,;\L(&f, 5,\9)).
This leads, thanks to Lemma [A.2.2] to the equality on L? norms and ends the proof.

_1
1T (f 9)ll o = A"

m(g)\fa 5)\9) I

Proposition [A.2.4] is now proved. B
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A.3 Bilinear multiplier estimates

When dealing with the cutoffs defined in[4.2.9] a question arises: how can we keep "Holder-
like" estimates? More precisely, is it possible to have an inequality like

1T (Fs e < CllFllzo gl za s

with p, ¢, r satisfying some conditions (for example the Holder condition % =117
Answering for a general m is a very hard question, but some useful results are already
known and work for the multipliers used in the three kinds of cut-offs.

This theory has been studied in the 60’s by Coifman and Meyer [9], and the now known
as Coifman-Meyer estimates will be very useful in our situation (see [42] for a proof).

Theorem A.3.1. (Coifman-Meyer) Suppose that m € L*™(R?) is smooth away from the
origin and satisfies

C

(1€l + Inhats’

for all o, B < 3 (we say that m is a Coifman-Meyer symbol).
Then A,, is bounded from LP x L9 to L" where 1 = % + %, 1<p,qg<oo,1<r<oo.

T

02 0Pm| < (A.3.1)

Remark A.3.2. Condition (A.3.1) is satisfied if m is C> on a (§,n) sphere and homo-
geneous of degree 0.

For example, the symbol used in the high-low frequencies cut-off satisfies Condition (A.3.1).
Some other symbols with fail to satisfy the smoothness hypothesis of Coifman-Meyer’s

theorem: for example x(&,7) \%‘a where x(&,n) localizes around |€ — n| < 2|n|:

Lemma A.3.3. Let a be a positive real number. Then the symbols

a a

and (1—x(€m)) ]i

x(&n)\g -

0

satisfy Héolder-like estimates.

However the symbols used for the space resonant set cutoff will not fit in the conditions
above. Another estimate, proven by Bernicot and Germain in [3] will be needed. First
define the class ML,

Definition A.3.4. The scalar-valued symbol m. belongs to the class ML if
— T is a smooth curve in R?.
— meg s supported in B(0,1), as well as in a neighborhood of size € of .
— The following inequality holds for sufficiently many indices o and 8 (o, 5 =15).

oo m-(&,m)| S e

Theorem A.3.5. [3] Consider T' a compact and smooth curve. Let p,q,r € [2,+00) be
exponents satisfying % + % + % — 1> 0. Then there exists a constant C = C(p,q,r) such

that for every € > 0 and symbols m. € ML, then

1,141 4
[T (fs ) o < Cev ™ m 21 £ o 9] o -

As a consequence we have the following useful proposition.
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Definition A.3.6. The scalar-valued symbol m. belongs to the class ME,M if
— T is a smooth curve in R2.
— me s supported in B(0,1), as well as in a neighborhood of size Me of T'.
— The following inequality holds for sufficiently many indices o and (3.

g Ogme(€,m)| S e

Proposition A.3.7. Consider I' a compact and smooth curve. Let p,q,r € [2,4+00) be
exponents satisfying %—i— % + % —12>0. Let M be a real number greater than 1. Then there

exists a constant C' = C(p,q,r) such that for every e > 0 and symbols m. € MI];/[,@ then

14141 4
[T (s @)l g < CMer a2 [ 1 1 (|9l o -

Proof :
Consider [M] functions x1, ...X[as] such that >_j Xj = 1 and mcx; is supported in a band of

width < e. Then m.y; belongs to ML. Then it satisfies the Bernicot-Germain inequality
and by the Minkowski inequality we have the proposition. l

In the case of a straight line, this version of the theorem is very useful.

Theorem A.3.8. Let p,w, p be real numbers, I' a straight line and S be a symbol which
satisfies the following properties.

— it is supported on a ball of radius p.

— it is supported in a band of width w, around I'.

— it satisfies the following estimate: for sufficiently many indices a,b,

" p a+b
02008 < (—) .
7
Then we have the following bilinear estimate.

w 141,14
75,0 S e (1,2) ()55 1 Nl

Proof :
First we consider a new multiplier S &mn) =S (%, %), and check that it satisfies Bernicot-
Germain’s theorem’s hypothesis.

— Its support is of size ~ 1.

— Then the width of its support is w/p.

~ a+b
— Moreover there is an estimate of the type \3?825 | < (ﬁ) .

If 4 > w then we are in the framework of the Bernicot-Germain theorem [A.3.5]
Otherwise the symbol S is in ./\/lg w»: we are in the framework of Bernicot-Germain’s

I
theorem’s Corollary [A.3.7l In all cases we have the following estimate:

w l+l+l,1
751,90 < ma (1.2 ) w255 1 -

Then use Lemma[A.2.4] which describes the behavior of a bilinear multiplier with dilations.
Thanks to this lemma we can write the following inequality.

1

ITs(f, g)|l o = p°7 7

T5(E0f &)
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where &, f := F ! (§ — f (A{)). Gather the two previous inequalities to get the following
one:

_1
IT5(F,9) e = 07 ||T5(E0t £09)|

1 w\ 1yl,1 4
g p2 ' max (1, ;) wPJqurT ngfHLp nggHL‘l :

Finally, using Lemma [A.2.2] to estimate ||E,f||,,, we get

1

2-L Wy I4l4log 1 1.
TSl S o ma (1,2) w5720l 4

This leads to the desired inequality. W

A.4 A [’ stationary phase lemma

Proposition A.4.1. Consider p > 0, x € C§° equal to zero on B(0,p)¢, such that |x'| is
bounded by 1/p, and ¢ in C*. Let

I:/eiw(gﬁ)F(m)de. (A.4.1)
R

1. (non-stationary phase) Let m be a positive real number such that for all x € supp(x),
| (z)| > m. Then

D
1< Y2 (170 e+ 172

2. (stationary phase) Let zq be the only point where ¢'(xg) = 0. Let m and M two
positive real numbers, such that for all x in supp(x),
V(@) = m, [ (@) < M,
Y — P(o) 1

< " < ]
or ¢, ~ \/ma |¢ ($)| — M
Then
Ceitt(zo) 1 _z —3 v

the constants being independent of x and .

Before proving Proposition [A.4.1] we state two stationary phase lemmas, the first one
being an idea and a proof of Germain-Pusateri-Rousset, the second being deduced by a
change of variable:

Lemma A.4.2. Consider x € C* such that x =0 on B(0,2)¢ and |x'| < 1, then for all
F such that F and F' are in L?,

ity? _ 1 /
/Re Y EW)x()dy = Zx(0)F(0) +0 (t_i [ HLz) :
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Proof :
We are writing the proof given to the author by Germain, Pusateri and Rousset. Let us
first decompose

/ e’ Fy)x(y)dy = / e (F(y) — F0)x(y)dy + / ¢ F(0)x(y)dy.
R R R

By the standard stationary phase lemma, the second term has the desired behavior: we
now focus on bounding the first one.

Let Z be a cutoff function smooth, equal to 1 on [—1,1] and to 0 outside [—2,2]. Let a be
a parameter. Then

[ € () - PO <

[ 2(%) e w6 - Fonwiy
L (1=2(2)) e (r ) - PO

a

[22) [ ] o
1/2

([ ) (LG ) )

by Cauchy-Schwarz’ inequality. By Hardy’s inequality,

1 (Y 2 9
/(—/ F’(x)dx) dy < 4||F|%
R \Y Jo

_|_

The first term can be written as

[ 2 (%) (P ) - POty -

a

and we get

Y\ g2
[ 2(¥) e (Py) - FOIXw)dy| £ 0 | . (442
R
For the second one, we perform an integration by parts, using that
it = 1 a9, ey’
2ity Y

/R (1 -z <g>> e (Fy) — F0)x(y)dy = I + I + I3 + I,

with

1
12::—/,—<1—Z<Q
R 24ty a

1
13::—/,—(1—Z<g
R 24ty a

1
e ot (-4
R 2ity a
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Now, by Cauchy-Schwarz’ and Hardy’s inequalities,

’[1’ <

S (/ L) (LG reom)a)”

Sz 1Pl

By Cauchy-Schwartz’ inequality,

nisg(f L) 1P 5 A1
Ay (—1,1]\[~2a,2a] ¥* Y 2 tf 2

By Cauchy-Schwarz’ and Hardy’s inequalities and since the support of (1 —Z(y/r)x’(v))is
of constant size (for r small enough),

1 1
1l S 5 1], S e 1E7[|,

if r <1.
Finally, we also obtain

1 1\ 1Y 1/2
|14 < a / —dy (/ (—/ i (x)dx) dy)
[—1,1\[-2a,2a] Y R \Y Jo

S

1 /
a [ F]| 2 -

Thus,

/R (1 -z (%)) e (Fy) - F(O))x(y)dy’ S % ]| - (A.4.3)
By (A.4.2)) and (A.4.3]), we finally obtain

/Re@'w%ﬂy) ~ FO)X Wy S " [P, + 7o ||F’|I27

and we optimize over a to end the proof of Lemma [A. 4.2l W
Actually Lemma [A.4.2] is invariant by dilation.

Lemma A.4.3. Consider r > 0, x € C*™ such that x =0 on B(0,7)¢ and |X'| < 1/r, then
for all F such that F and F' are in L?,

ity? _ c !
/Re’ F(y)x(y)dy = %X(O)F(O) +0 (ti% I3 HLz) :

Proof of Proposition [A.4.1]:
For the non-stationary phase, writing e®¥(*) = m% (eisw(m)) directly leads to the
desired estimate.

Now we have to study the case where the phase is stationary. We can assume 1(zg) = 0.
Thanks to the proposition’s hypothesis, we know that v’ is increasing, vanishes at .
Consequently 1 is decreasing until xg, then increasing. Let us consider the following
change of variable

y = sign(z)/¢(z).
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Then (A.4.1)) becomes

(A.4.4)

with

In order to estimate (A.4.4]), we are going to apply Lemma [A.4.3]
1. Support of ¥. In our case, we know that x has a support of size p. Then, if |y| > r,
Y 1(y?) > plyl, where p = min, d%i/}*l(f). Let us calculate this derivative:

d o9y 2y  2sign(x) /()
w VST T T v (A-45)

Then (A.4H]) can be estimated thanks to the following lemma:

Lemma A.4.4. For all x € supp(x),

Proof :
The proof is rather elementary. Let us prove the inequality for = positive. Since 1)’ is
increasing and vanishes at 0, we get ¢ (z) < x maxo<y<z ¥'(y) < z9'(x). Hence

VIR _
V@) =V

Then ¢/ (z) > rming<y<, ¢ () > ma, from which we deduce

)
@) S

30~

|
From this we deduce that if |y| > r, then

PN y?) >

3

For R > @, we get ¥ (y?) > p so x(¢¥~(y?)) = 0. Hence

X has a support of size ~ /rp.
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2. Estimates on the derivative of Y. Differentiating Y gives

d (v~ M) ¥ (v )

V) =4

2sign(z)/v(x) , /7, _
= g;/()x) ) (v7').

Then,
2sign(z) V(@) _

Thus X'(y) < 1/(y/mp): X satisfies the hypothesis of Lemma [A.4.3]

3. Use of Lemma [A.4.3l Applying Lemma [A. 4.3 to I gives
L2> '

c_ 1~
1= ZXOFO +0 <t— F
First of all,
X(0) = x(zo), (A.4.6)
(A4.7)

F(xo)

and
PO = oy

. in terms of ||F||;2 and ||F'||;>. In order to compute it,

Finally it remains to write Hﬁ’ !
we write g(y) := 11 (32), so F’ can be written as follows:
F' = A+ B, (A.4.8)
with
Yog

R A '
A‘_gFog’(bIOg,

1
b= g,Fogw—og

The L? norm of A is quite straigtforward to estimate:

(¥ o0g)?—2pogxyog
(¥ 0 g)? '

RN R 2 Y(9(y)
A2, = /R 0 F (o(0)? 55 4
¢(m) dzx.

o [ @) P P

2y and g~ ! (z) = sign(z) /Y (),

Since §'(y) = F=tmy
3

A2, = | F'(2)? Mm)) d

4l = [ P'a) (Wn "
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hence ,
2. < —5 |F'|13, - (A.4.9)
m?2

Applying the same method for B leads to:

N s 1 (V(9)? — 20(g)" (9w) \
1BI2, = /R d )2 F(g(y) ¢<g<y>>< ) dy,

i.e.

> 2 ('(@))* —
|Bll72 = /RF(.%') e dx. (A.4.10)

We now focus on bounding

First of all,

Moreover, for all z,

|20 ()" ()| < 2M 9]

< 201! (@) .
This leads to
(@) — 20" @) 5 [Pl , e
2w @@ - epye@ - @R

Finally, ¢(x) > m"”2—2 and [/ (x)| > max, hence

Finally, (A.4.10) becomes

IBI3> < m™2M2||F]|, . (AA4.11)

~

Because of (A.4.9) and (A.4.11)), (A.4.8]) becomes

Gathering (A.4.6), (A.4.7), and (A.4.12]), Proposition [A.4.1] is proven.
|

Fl  <Sm iM||F| . +m 7 ||F,.. (A.4.12)

L2
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A.5 Interaction between Hermite functions

The integral

memzéwmmmmwmm@

can be computed explicitly but the exact formula is not really helpful to get estimates.

Proposition A.5.1. Let v >1/8 and 0 < < 1/24, ¢ >0 and 0 < 0 < 1. Then for all
m < n < p and K integers, there exists Cx, C. and C. g i three positive constants such
that

K
mY mn

Mm.n,p)| < O [ ™) A5l

e A == (A5)

[M(m,n,p)| < Cemax(m,n,p) =5+, (A5.2)

m vmn 1,0

M(m,n,p)| < C. —ititoe A5.3

| (mnp)|_ 6,97Kp95 (W—i—p—n) p 44 ( )
Proof :
Inequality (A.5.0)) is a result proven by Grébert, Imekraz and Paturel in [29] (Proposition
3.3).

We now prove ([A.5.2). Suppose that m < n < p. The result comes from Holder’s
inequality and the following lemma that can be found in [6].

Lemma A.5.2. [6] There exists C > 0 such that for all m,n € N

[ntbntpll 2 < Cmax(n, p)”T/log(min(n,p) + 1).

Then write

‘/mewnwpdx < meHL2 HwnprLz

< Cmax(n,p)fi\/log(min(n,l)) +1).

Then the sequence C max(n,p)~¢y/log(min(n,p) + 1) is bounded, say by C.. This con-
cludes the proof of.

Interpolating between (A.5.1)) and (A.5.2)) gives (A.5.3]). W
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For the reader who does not want to go through the details, we are going to start by
stating the main results of this Appendix, and then go through the proofs.

B.1 Main results

B.1.1 Statements

From now on, fix m, n, p and consider the phase

H(Em) = /& + 20+ 24+ ay /1P + 2m+ 2+ By /(€ — )2 +2n +2.

We define o(m, j,n) by
2

: n
o(m, j,n) == m’ (B.1.1)

First of all the resonant sets are described in the following theorem:

Theorem ({LZ3). Let o and 8 be two elements of {—1,1}. Consider the phase

6=+ 2+ 2+ a2 +2m + 24 By/(€ —m)2 +2n+ 2,

Then the space resonant set is

B 6 | 2n+ 2
(=)

1. In the case (o, B) = (1,1), there are no time resonances: T = ().
2. Otherwise,
(a) If afp + Bm < 0 or afp + Bn < 0, there are no time resonances.

(b) Otherwise, there are space-time resonances if and only if the following condition
1s satisfied.

afp + Bm+ an > 0, (Cap)
m? +n?+p? —2mn —2pm — 2pn — 2m — 2n — 2p — 3 = 0. of

In that case, the space coresonant set is equal to the space resonant set: S=38.
Then the behavior of the phase is described in the following Lemma:

Lemma B.1.1. The following asymptotics for the phase ¢ occur for all m,n,j,n.
1. (low-frequency asymptotics)

(a) the equation of the level line d,¢ = 277 can be rewritten as

[n+1 1 4 27720 +2

where r(j,m,n,n) < ﬁ(l — 27 2.

(b) the equation of the level line Og¢p = 27 can be rewritten as

o, n+1 1 277y/2n +2
n= (1 DT (1_2_2j)%>£(1+r2)+7m , (B.1.3)

where (€, p, j) < (1 —27Y)E.
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(c) in the asymptotic zone |n| << /m, the width of the band —277 < 9,¢ <
—2-U+Y) s bounded by '
C277 min(y/m,v/n), (B.1.4)
where C' is a constant independent of j, n and m.
2. (high-frequency asymptotics with o small — rho defined in[B.1.1))

(a) the level line 8,¢ :== —277 can be rewritten as
n+1 n+1\/272_j772 n L me
= — 2 2 242 2
SENTN ! etV A 2 T VI A
(B.1.5)
where r < o?.
(b) if In| = v/m and o < gy for oo < 1 well-chosen, the width of the zone
{_2*j < 877¢ < _2*(j+1), 2l<: < |,'7| < 2k+1}’
written wy<<1(m,n, j,k) is bounded as follows.
< 22 B
] . .1.6
wg<<1(m’na.], ) ~ 2m+2 ( )
3. (high-frequency asymptotics with o large)
(a) the equation for the level line Oy¢ = —27 can be rewritten
2n + 2 .
= —(1-277 B.1.
g=n+ 22 (127 4, (B.17)

2T-7 227 52 ~ 2-27 9"
(b) under the hypothesis o > 0o, 0o being chosen in (B1.8), the width of the band
277 < Opo < —2-U+D s bounded by

Remark B.1.2. Lemma[B.11 can be understood as follows:
— in the the asmptotical regime |n| << \/m, the level lines are almost straight lines.
— the two other asymptotical regimes correspond to different order of magnitude of

the asymptotic parameter
2

o(m, j,m) = 51—
2Im
— when this parameter is small, we can calculate the deviation with respect to the
straight line of slope Ay, .
— when the parameter is large, level lines are like straight lines of slope 1.

When there are space-time resonances, we can compare the derivatives of the phase in
both directions £ and 7:

Lemma B.1.3. In the case where there are space-time resonances, for all £&,n real num-
bers, we have

00| < [Ong] .-

In the case where there are no space-time resonances we have the following lemma:
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Lemma B.1.4. Let R > 0. There exists a constant ¢ such that for all (§,n) satisfying

VIEP +Inl* < R,

dist((€,7), S) < ‘ !

(Vn+l+yvm+12R

then the modulus of the phase |¢| is bounded from below (up to a constant independent of
R, m and n) by

1 1
(Vn+il+vVm+12R

In the case where there are no time resonances, this lemma will also be useful:

Lemma B.1.5. In the case where there are no time resonances (i.e. n > p or m > p)
then we have the following lower bound on phi.

! 1
(Vn+14+vVm+12R

9l 2

B.1.2 Organization of the proofs

Here we detail in which sections the different results are proven:
— Theorem 23] is proven in Section [B.2.1]
— Lemma [B.1.1]is proven in Section [B.2.2k
— (BI2) is proven in Lemma[B.2.7] (B.13) in Lemma[B.:2.3land (B.1.4) in Lemma
B2.2
— (B13) is proven in Lemma [B:2.4] and (B.1.6) in Lemma [B.2.5]
— (B.11) is proven in Lemma [B.2.6l and (B.1.8) in Lemma [B.2.8]
— Lemma [B.1.3lis proven in Section [B.2.3],
— Lemma [B.1.4lis proven in Section [B.2.4],
— Lemma is proven in Section

B.2 Proof of the main results

The aim of this section is to get a fine understanding of the behaviour of the phase:

— what are the resonant sets? (section [B.2.])

— what do the level lines of 0,¢ and J¢¢ look like, and what is the witdh of the band
Op¢ =277 (section [B:2.2)

— how does J¢¢ compare to J,¢? (section [B.2.3)

— in the case where the space-time resonant set is empty, what is the distance between
the space resonant set and the time resonant one? (section [B.2.4])

— how does ¢ behave asymptotically? (section [B.2.5))

B.2.1 Resonant sets

We are going to prove Theorem 231 We recall that we wrote [C] for the following condi-
tion.
m? +n?+p* —2mn —2pm — 2pn — 2m — 2n — 2p — 3 = 0. (©)

Proof of Theorem [4.2.3]:
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Space resonances. The cancellation condition d,¢ = 0 writes

1 _B §—n
P2m+2 o[-+ +2

The set of £, n satisfying this equation happens to be a straight line, more precisely the

set
6 | 2n+ 2
= 1+ = R;.

So as to get easier-to-read formulas, write \ := g and A;\mn =1+ % / %Jrll

Space-time resonances. Replace £ by (1 + A/ 22;‘;22) 7 in the time resonant condition
¢(&n) = 0.

2 2p + 2 2n + 2
A 2 = 2 2 —
(Amm) n? + + an/n —|—2m—|—2+[3\/2m+2n +2n+2=0,

(420)°

i.e.

\Ajmn\ n? + p+2 +04Ail’n‘\/?72+2m+2 = 0.

Co-space resonant set. An analogous proof shows that the zero set of J¢¢ is the

straight line
2n + 2

=1 .
+ﬁ2p+2

n

§
Thus, § = { (¢, (1+8,/25 ) ¢) € € R}.
Analysis of the different cases.

1. In the case a = 8 =1, ¢ is always strictly positive so there are no time resonances.

2. Case where o = = —1. Remark that the space-time resonances condition reads

then
2 2
772—|—L2—\/772+2m—|—2:0.
(85r)

We are going to prove that there are time resonances if, and only if J¢¢ vanishes
with 9, ¢, if and only if p > m,n.

(a) Case p < m. We are going to prove that ¢(&,n) is negative for all £, 7. Fix
& € R.
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— since p < m, (ii+2)2 <2m+2, ie [n*+ (ET-Q) n?+2m+2 < 0 for

all . So we have the inequality

¢ (505 770) < Oa
where ng = £
07 N

_ - _ n £-n

Then recall that 9,¢ = a2 + G and

82¢ _ 2m + 2 2n+2
2p = — _

M +2m+2)7% (€ —n)?+2n+2)7

Hence ) — 0,¢(&o, n) is decreasing and vanishes at n = £/ Af{%n. This proves
that n — ¢(&y,n) increases until 79 and then decreases.
This means that for £ fixed, ¢(&,n) < ¢(§,m0) < 0 for all n. So ¢(&,m) < 0 for
all £, n, i.e. there are no time resonances.

In the case p < n, proceed the same way. Fix 19 € R. Writing

§ §—n
Ve +2p+r2 JE—nZ+2n+2

we can study asymptotically the derivatives:

§ sgn(¢)
\/§2+2p+2 \/1_|_2P+2

p+1 1
o0 (-5 e (2)
and, similarly,

§—n n+1 1 \?2
N e A 77)( (5—77)2”5‘”**“((@) ))

Then since we assumed p < n

0:p(&,m0) =

dep(§,m0) < 0 for § — —o0,
e d(&,m0) > 0 for & — +o0.

Since § — 0¢(&£,m0) has only one zero, name it &y, we deduce that ¢ is nonneg-
ative on [£y, +00) and negative elsewhere.

So & — ¢(&,mo) is decreasing (—oo, &p] and increasing on [£y, +00).

We assumed p < n: this implies that

#(&,mp) < 0 for £ large enough.
Given the variation of ¢, we conclude that

VEER, o(&m0) <0

Since 7 has been chosen arbitrarly, this proves that ¢ is negative on R2. This
proves that there are no time resonances.
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(c¢) In the case p > m,n.
— Study of the space-time resonant set. Recall the space-time resonance

condition
2 2
772+L2—\/772+2m+220.
(An)

Studying this condition is equivalent to the analysis of
2+ 2 — (2m +2) (Aﬁw)Q ~ 0.
This implies the following equality
2p+2—(2m+2) —4V/n+1Vm+1—(2n+2) =0,
i.e
p—-m-—n—1=2Vn+1Vm+1.

In the case p > m + n (the only case which makes the equality possible), it
is equivalent (by squaring) to the following equation.

p2+m2+n2—2pm—2pn+2mn—2p+2m+2n+1
=4(n+1)(m+1) =4mn + 4n + 4m + 4.

Finally we get the following conditions: p > m + n and
m2—|—n2+p2—2mn—2pm—2pn—2m—2n—2p—3:0.

This is exactly the condition (Cyg))-
— Study of the space co-resonant set. Here the space co-resonant set is

the straight line n = (1 —/(n+1)/(p + 1))§. We will prove that under the
condition it is exactly the space resonant set. This is equivalent to

proving that
1 1\
14 n+ (1 n+ ’
m+1 p+1
1 1
14 n—+ 1 n—+ 1
m+1 p+1

This can be written 1 + ,/%ﬁl — ZT‘F% — szﬂ/m =1,ie.

i.e.

Vp+l=vm+1+vn+1.
(here comes again the necessary condition p > m+n). This is equivalent to

p+l=m4+1+2Vm+1vn+14+n+1,ieep—m—-n—-—1=2vVm+1v/n+1.

This is exactly the same calculation as the one to determine the space-time
resonant set.
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3. Case where (o, 8) = (—,+). Then the space resonant set is & = (1 — ”—“) n.

m+1

Then the space-time resonance condition writes

(a)

2p + 2 A
n? + Pt _ =0+ 2m + 2.

CORE

We immediately see that if A, ,, <0, i.e. if m < n, then there are no space-time
resonances. Be more precise and prove that there are no time resonances at all.
First, remark that if A, ,, < 0, then it implies that for all n, ¢((1—A;, ,)n,1) >
0, or, equivalently, for all &, ¢(¢,£/(1 — A, ,,)) > 0).

Fix & € R and study n — ¢(&o,n). For n =n := ﬁo,—, #(&0,m0) > 0. Then

remark that 7 — 0,¢(£o,n) cancels at one point only which is 79. Then the
same asymptotics as in the case (o, 3) = (—1,—1) can be done:

n _ _ 2m + 2 i
/7772 T om 2 = Sgn(n) (1 ,'72 + 0|n\%+oo (772)) s
- 2n + 2 1 \2
N Oy e e AU <1 o Ep o <(ﬁ) )) |

Then 0,¢(&,n) < 0 (resp. > 0) when n goes to +oo (resp. —o0). So 1 —
(&0, m) is increasing until 7y then decreasing. Then ¢(&y,n) > 0 for |n| large
enough, which proves that ¢(£y,n) > 0 for all n. Since & is chosen arbitrarly,
¢ > 0 on R?, so there are no time resonances.

Now prove that there are no time resonances when m < p. The proof is roughly
the same as before: consider 79 € R and the function & — ¢(&,n0). It is positive
at §o := A, ,mo, and its derivative is negative for £ < £y and positive for £ > &o.

Then the remaining case is m > p,n.
— The space-time resonance condition is still

2p+2
(Amn)?
This implies 2p+2— (2m+2)(1—+v/n + 1/v/m + 1)? = 0, which is equivalent

to the following equation.

2p4+2—-2m—2—-2n—-2+4vn+1vm+1,

=2m + 2.

i.e.
m+n—p+1=2vn+1vm+41.
From this equality, we have that m has to be greater than p+n. in fact, if we

had p < n+p, we would have m+n—p+1<2n+1,ie. 2¢yn+1ym+1<
2n + 1. Taking the square and dividing by 4(n + 1)? would lead to

1 2 1)2
m+ S(n—l—) “1,
n+1 = 4(n+1)2

which is impossible because m > n. With this condition, the equality
m+n—p+1=2y/n+1y/m+ 1 is equivalent to

m? 4+ n?+p + 2mn — 2mp — 2pn + 2m + 2n — 2p + 1 = 4dmn + 4m + 4n + 4.

This is the condition (C)).
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— Now the space coresonant set is the straight line n = (1 + %5)5 =

it suffices

A;,rmg. So as to prove that is is the same line as S =& = A

to prove that
1 1
1_ n—+ 1+ n—+ 1
m+ 1 p+1

This leads to the equation

m,nh

Vm 1 -Vt D)(Vp+1+vVnt+1) =vm+1y/p 1,

i.e. to the following one.

Vm+1yp+l+vm+1lvn+l—vVn+1yp+1l—n+1=vVm+1yp+1,

ie. to vVm+1—+/p+1—+/n+1=0 whiche is equivalent to
4. The case (o, 8) = (4, —) is similar to the previous one, it will be skipped.
|

For now on, we assume that o = = —1, the other cases being dealt with similarly.

B.2.2 Asymptotics for J,¢ and 0:¢

Thanks to the central symmetry, let us focus only on the level lines under the space-time
resonant set. This corresponds to negative values of 9,¢ and positive ones of J¢¢.

First notice that we have an explicit expression for level lines. The level line 0,¢ := —27/
is
(2n +2) .
=n4+ _ —277),

where [n], := ——=—. Similarly, the explicit expression for the level line J¢¢ = 277 is

vV 1n2+2m+2

e 2n+1 o
n=¢ Vl_([ﬂp_gj)us}p 279).

B.2.2.a Low-frequency asymptotics

Here we are studying the asymptotics for "low" frequencies: we write a formula for the
level line with a remainder term small if and only if |n| << \/m.

Lemma B.2.1. The equation of the level line 0,¢ = 279 can be rewritten as

n+1 1 ‘ 273\/2n + 2
=1+ 1+ri(j,m,n, -,
3 < Vst a _2—2j)%> n(1+m0 M)~ g

where r1(j, m,n,n) < \/—%(1 — 272,
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B.2.

Proof :
Taylor-Lagrange inequalitites give, for all z in R
1
- 1‘ < |£C|,

)

vi+zx
L 1‘ L
Vi+z 2 - 27
Hence we can write
1
Wl =7 (7 +2m +2)
0 2\ F
T V2mt2 < 2m—|—2>
n
S —]
where |r| < Q—TZ%
_ ; n* ;
So [n]m = T T R(n,m) with |R(n,m)| < s This allows us to write
1 B 1
\/1_([77]1%_27]')2 \/1 (\/ﬁ‘FR 277)?
1 1
- —9-2j -5 ] I-ip _
VI=27%0 142 s + 21 TR - 2R s
= # 1-27 M +R|,
V1—2-2 (1—-2729)/2m + 2
with R’ < % Hence

([nlm —277)
Ui

\/ 2n + 2
L= ([n)m —279)?
, 1 ,
=vV2n+2(njm —277)— (1 -2 A R
n + 2([n] )m( (1—2-2)) 2m+2+ )
n _j 1 _j n /
=vVon+2(———+R 27— (1-277 : R
" ( Imyg ) )\/1_2%( 1_2%)amr2 )
_j )
\/2n+‘2+ \/2n—i—2‘ L 1 4R
V1=2"21 \\/2m+2 (1—-272%)y/2m+2

2
o V1-27%
\/2n +2 n+1 LR
m+1(1—92- 2] % ’
Hence Lemma [B.2.1]is proved. B

T Vi %u

: Vn 2
with R" S 350 ——
Lemma B.2.2. In the asymptotic zone |n| << \/m, the width of the band
9271 < Onp < —2 (3+1)
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is bounded by ‘
C277 min(yv/m, /n)

where C' is a constant independent of j, n and m.

Proof :
Let us determlne the width of the band 9,¢ ~ —27 J. Take 7 in the ball of radius 1/m+1,

0 [N]m < ﬁ' The vertical width at a point n is given by

. 2n + 2
Uw(n’m’jan) =n+ \/1 — ([n(]m _+2—)(j+1))2 ([n]m

o (2n—|—2)  o—j
1= T i 27

[7m — 2~ G+ [ — 277
V2on +2 — .
V1= [l = 27679 1= ([ — 279)?

Since 9]y, < LQ, 1 — [n]?, > 3. Thanks to this lower bound, the following asyptotic can

— 2~ (H)

be done:
(L= ([l — 279272 = (1 = [, + 279 )y, — 27%) 72

_ 1+7r

sqrtl — )2,
with

277 ] 272
Ir(j,m,n)| < +
L=z 1-[M3

<9277,

Then

[vw(n,m, j,n)|

2n + 2 <w(1 +7a(] + 17m777)) - [77]”17_2;](1 +T(j7m777))>

1— %, 1= [nl%,
gt |l = 270FY] [[7)m — 27|
2n + 2 (\/7 T r(]+1,m,n)+1_7[n]m(]7m ,1)
<279V/2n + 2,

Since the slope of the level line in this asymptotic is, at first order, A, ,, the width of the
level zone Op¢p ~ =277 is

279\/2n + 2 ‘
VAT 2 <o min(ym, /).
J1+ A%L,n

This ends the proof of Lemma [B.2.2l W

We can also get the same result for d¢¢.
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Lemma B.2.3. The equation of the level line Oz = 27 can be rewritten as

n+1 1 279\/2n + 2
n= 1- 3 §(1+T2)+ =y
p+1(1_2—23)5 Vv1—2-2

where ro < %(1 — 27,
This can be rewritten as

1 (8:0)? n+1 1 .
%0 = s <77_<1—\/p+1(1—(a§¢)2)%>5(1+r)>'

B.2.2.b Asymptotics for ¢ small

Lemma B.2.4. The level line 0,¢ := —277 can be rewritten as

n+1 ﬁﬁ n+1
= 2 2 242 2r
: "Jr\/ VI I S e VT 2 2

where ' < 2.

Proof :
First write

L= ([l —277)% =1 = [l + 2.[0)m.- 277 — 27

2m + 2 . .
= = 4 2pn2 —27Y
772+2m+2+ [lm
2m, + 2 1 9?4 2m+2
=———(1-277 Vi 42m 24278 T T
772+2m+2< (VI Eme 2 om + 2

It allows us to write

2m+-2

[n?+2m + 2
\/1_ m—277)? 2m 2 \/1+2 I/ 2m 2 - 27 T2

Since we are not in the zone 7 2 /m, we have

277 \/ 2 2< ——
m+177 77 +2m + S 5im

Then we have

[un

1 in?4+2m 42\ ?
14277 ViR +2m 4242l
<+ my VI Em ARy 2m + 2
_1_2_j77«/772—|—2m—|—2_2_2j_1772—|—2m—|—2+r
- 2m + 2 2m + 2 ’
2\ 2
WhererrS(é]%) . In the zone
nl 2 vm,
we have o
g < 127

~V2m+2

)
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Hence,
5 1
;1 9" +2m+2)\ ? nvn? +2m + 2
14277 2+ 2 oy Hl =" 1 7 =1-277
<+ VI Am 2 om + 2 ) om + 2 L

2 ,
where 71 < (%) . Multiplying by [n],, — 277 gives

2 2
[ o o a_2iN F2m+2 _;
n 772+2m+2+2 2]7727nﬁ> X ([U]m—Q '])

2
n _ 9 n ”

e S/ S— +
VN2 +2m+2 2m 42

"< (212 ) Finally,

(2n+2)
\/1 27]')2([77] -2 J)
1 P
nt V2 +2m+2 S S
m+1 n? +2m+2 2m + 2
n+1 n+1 n+1
= 2 2 2 2r
\/ \/ \/77 + 2m + o +2 +4/ +1\/77 + 2m + 2.

m+1

-

.1
14277
m+1

where r

This calculation concludes the proof. l

Lemma B.2.5. If [n| =2 /m and o < gg for oo < 1 well-chosen, the width of the zone

{-277 <9y < —270*D, 2k <y < 2HH1Y

written wy<<1(m,n, j, k) is bounded as follows.

231627]'
k) < .

wg<<1(m7n7]7 ) ~ 2m+2

Proof :
First, n being chosen, the vertical witdth of the band —277 < O < =2 (G+1) is given by

+1\/7 G+1)y, n+1\/7
—/ 2m + 2 2m + 2
mp Vi em 2m+2 SV A Sin
”n—k 2+ 2m +22 +2 2 +1‘/77 +2m + 2r
27 G+ 2-ip? />

—r.

Y Kk By P S

m+ 1 m om 2 +2 it g g
1 r. —r,.

nt S aom22 (140 ")

m+1 2 0

vw(m,n, j,n)
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Given the hypothesis of the lemma, we bound y/n? + 2m + 2 by |n| and Lg_rj by o, i.e. by
c < 1if gg is correctly chosen. If we are in the zone {—Q*J‘ < Oy < —27UHD 2k <jp| < 2k+1},

vw m,n
<<l REEALARS m—|—12m—|—27

hence the width of this zone:

) 23]4:27]'
‘w9<<1(m7n7]777)’ S 2m + 2
|
B.2.2.c Asymptotics for g large
Lemma B.2.6. The equation for the level line 0,¢ = —2J can be rewritten
Van + 2 .
=42 (1 -2
. 1 1
with r < cm”%—t
Proof : )
First write that [n], =1 — mn—ng + R where R < (272—;2) :
Then
1= ([m —279)2 =1~ [l5 + 2" [l — 27%
:1_< m+1 ) +21j( m+1 ) _9j
n? n?
1 1 1 .
- (mg ) —R2+2m§ +or T op o1
n n n?
1
s LUy oo
n?
: : 2219 m+1 1 2m + 2\ 2
—(91=7 _9—=2j _
_(2 2 ) <1 + 2l—j _ 9-2j 772 91—j _ 9-2j ( 772 )
2 — 2177 1 m+ 1 1 5
Co9l—j _ 272jR + 91—j _ 9—2j 2R 72 C9l—j _9-2j )
(@7 - 27%)(1 4 ),
where R < C' 51— ”?7‘51 Hence we write
1 1 1 1
- (1+R"),

\/1 = ([nlm — 2*3')2 T VAT —2 %1+ R o —2 %

with R” < C”

m 77 . This finally leads to

V2 2 ,
E=n+ 21—;1——’_2—2](1 — 9279 4 R"),
with R" < C'”/i21 =7 mil

Adapting Lemma [B.1.7 gives the following one for ¢ ¢:
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Lemma B.2.7. The equation for the level line O¢¢p = 27 can be rewritten

N, ,
N (-2 ),

S=nt Aoy

. / 1 p+1
with r < Cmg—g

Now the width of a level zone —277 < §,¢ < —2-0U+1) is given by the following lemma:

Lemma B.2.8. Under the hypothesis 0 > 0o, 0o being chosen in lemma [B. L6, the width
of the band —277 < 9,¢ < —27U+Y) s bounded by

[T

Wy (m,n,j) S 253 ¥ 2.

Proof :
Take |n| > v/m. The vertical width vw of the band —277 < 9,¢ < —270+V is

j+1 . J .
2 1 —92-0+D) . 2%5(1 — 97 ,
vwg>>1:\/2n—|—2( ” i) - d 75) )

92— 9—(+1) 2—277

c 1
2—27 g
first order), we can directly bound the width of the zone —277 < 9,¢ < —9—(+1).

where 7; < Hence, since the slope of the level line in this zone is equal to 1 (at

\V)

wyer (mym, §) S 28720 +

Hence Lemma [B.2.8] is proved. B

B.2.3 Comparison between 0,¢ and 0:¢

Proof of Lemma [B.1.3:

We prove the inequality in the zone £ < (1 + /L

m+1
set). In this zone, 0,¢ is negative and 0¢¢ is positive, which means that |0¢¢| = <f>— — ﬁ:

p

) n (i.e. below the space-time resonant

and |0y¢| = ﬁ - (55—_777;”' Then the inequality to prove is
£ 1

< .
VE+2p+2 7 /024 2m+2

Since £ — S S increasing, in the zone £ < (1 + ,/%Jrll) 7 we have

e (yEd)
VE 2 \/(1+ ,%11)2772+2p+2
0

< .
- 2 2
oW

2p+2

(rry/m8)

But thanks to the relation between m, n and p, 7 = 2m + 2 and the inequality

is proved. W
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B.2.4 Distance between S and T

Proof of Lemma [B.1.4]:

Here we are in the case where p < n+m or p>4+m?+n?—2pm—2mn—2pn—2p—2m—2n—3 #
0. The first step will be to evaluate ¢(Ay, ,n,7n) (which is no longer equal to 0) and then to
find the width of a neighborhood of the straight line £ — A, ,7 where ¢ remains different
from O.

So as to prove Proposition [B.1.4] we will estimate ¢ on S and on a neigborhood of this
set.

B.2.4.a Estimates for ¢ on S

1. Suppose that p < m + n. Then
p—m—nm—1<0<2vVn+1vVm+ 1.

Then write a the negative integer such that

2p+2—-2n+1) —4vn+1vVm+1—-(2m+2) =a,

ie 2p+2=2m+2)(Amn)® +a.

This means that

2p+2
n% + P+ U 2mt2= 24 2m 2+ 5 — \/1° +2m+2
Am,n (Am7n)
=2 +om+2| J1+ a 1
(n? +2m + 2) (A, )? '

Then we can write

a
1+ —1
\/ (% 4+ 2m + 2)(Ap.n)?

since a < (7 + 2m + 2)(Aymn)?. At the end of the day we have the following lower

bound for ¢.
2 2
e+ ZEZ e pom 42
Am,n
lal

T AV +2m 42
1
>

T ApnVn? +2m + 2

2. Suppose now that p?> + m? +n? —2pm —2mn —2pn —2p —2m —2n —3 = b # 0
(and that p > n+ m). Then |b| > 1. This implies that

|¢(Am,n77a = Am,n
>

(p—n—m—12=4(m+1)(n+1) +b.

Thus,

p—n—m—1:2\/m+1\/n+1\/1+4(

m+1)(n+1)



169 APPENDIX B. STUDY OF THE PHASE

This means that p—n—m —1=2ym+ 1vn+ 1+ r with r > W Now
we can do as in[Il and write the followmg lower bound.

|b]
2vVm~+1v/n+1

Amn 9 2

Hence
1
2vn+1(Vn+1l+vm+ 1)V +2m+2

[N, )| > (B.2.1)

B.2.4.b Behavior of ¢ around §

In this section, we will consider a straight line at a distance p of S and estimate ¢ on this
straight line. The aim will be to find a pg > 0 such that for all £, 1 at a distance less than

Ko from 87 ¢(§777) 7é 0.
Let 1 > 0 and consider the straight line £ = Ay, 1 + p.

2
n+1
¢(Am,nn+ﬂ777):\/(Am7n77+/1')2+2p+2_\/772+2m+2_$<\/ +1n+u> +2n+2
2A 77/H‘M
=/ (Apun)?n? +2p+24/1 il —\/n?2+2 2

mm)

1 2\/ B8+ p?
_\/n—{— n”2?+2n+2, |1+ mtl

3

+1 2iln? + 20 + 2

n+1

where

mnmyw 2/ 2L ]|l
N\/ )22 + 2p + 2 \/;j;lln +2n 42
Avn|nl|p2]
TP 4 2n 42

< [mA1 Apalnllul

n+1/n2+2m+2’

since p > n. Then, given [B.2.1] there exists a universal constant ¢ such that if

Il <c n+1 1 1
NV m+1Ananl 2vn+ I(Va+ 1+ vVm + DV + 2m + 2
1

TV L+ m )

1 1
then ¢(Am,n77 +p,m) 2 (Vn+l+v/m+1)2 R*

The problem is that this bound is not uniform in 7. However, if 5 is bounded it is possible
to find a uniform estimate, and even to determine the width of a zone where ¢ does not
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vanish.

First of all, if a, b are two real numbers, the distance between the straight line y = ax and
. . - . b

‘;?e straight line y = ax + b is equal to NEsE

1
Km,n =
\/(Apmn)?+1

then for |2 + £ < R (ie. n? < K,nR), there is a band of non-cancellation of ¢ of
width of order
Ko 1 1 1

(Vntl+Vm+12Kn,R (Vantl+vm+ti2R

This proves Lemma [B.1.40

B.2.5 Asymptotics for ¢

Now we study the asymptotics for ¢: our goal is to prove Lemma [B.1.5l

Proof of Lemma [B.1.5]:

So as to study this phase, try to understand it along a given direction. Let v be a real
number.

¢(yn,m) =\/72n2 +2p+2— \/772 +2m 42 — \/('y —1)22 + 2m + 2

2p + 2 2m + 2
=lly/n* + p2 P E2m 42— |y =1 [+ —5.
¥ (v—1)

From this formula comes the following alternative: if v < 1 then ¢(yn,n) goes to —oo
when 7 goes to £oo ; if v > 1 then ¢(yn,n) goes to 0 when 7 goes to +00. Hence the
asymptotics have to be done in that zone. In the proof of Theorem 4. 2.3 we proved that
|¢| was minimal on the space resonant set.

Since we are in the case p < m or p < n we have p < n +m + 1 and the previous lower
bound can be used.

1

2vn+1(vn+ 1+ vVm+1)vn? +2m +2

> : .
2V F 1V + T+ m 1)/ (K n R)2 + 2m + 2

9l 2
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C.1 Statement of the theorem

In this section we are going to prove the following theorem.

Theorem C.1.1. Leta >0, v > 0, (am),en and (bp),en two sequences in (2, M > a+2.
Then there exists and a constant C- and a sequence (up)pen in the unit ball of €2 such
that for all integer p,

1.
pMZM(m,w)M

bt vmn
This inequality has two consequences:

2. (bounded sums theorem) for all R > 0,

_ _ _3
m Ma,,n Mp, < Cyp? 1y,

MY M(m,n,p)w

m,n<R Vi

_ _ _3
m Ma,,n"Mb, < C,R" 1V,

3. (half sums theorem) for all My > 2,

1 3
pM Z M(m,n,p)n®"2m Mg, n=Mp, < Cp*~ 1y,

m<n

C.2 Proof

We are going to deal with three different cases, corresponding to different orders of mag-
nitude of the input frequencies m, n and the output p and use Proposition [A.5.1]

1. Section If p > Cm and p > Cm, C large enough chosen later, we will use the
fact that the interaction term M (m,n,p) becomes very small.

2. Section If p < Cn and p < Cm, we will simply use that m® < p® if a < 0.
However three cases will have to be dealt with

(a) the case p < m < n.
(b) the case m <p < n.
(c) the case m <n < p.
3. Section If Cm < p < Cn (the case Cn < p < C'm being dealt with similarly

given the symmetry of the situation), then we will try to use the interaction term as
a convolution one.

C.2.1 Ifp>>mandp>>n.

Let C be a constant greater than 1, and consider the following "low-low->high" term Sy,

max{(m,n _ _
Sllh(m7n7p) = pM Z M(m7nap)¥m Mamn Mbna

Jmn

A
m<n<g

the term
a

- max(m,n)® _ _
Sup = pM Z M(m,n,p)(i)m Mo Mb,,,

Jmn

D
n<m<g
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being dealt with similarly. First, by Proposition [A.5.1] if K € N, v > 1/8 and § < 1/24,

we can write X
mY vmn
AMW%MSCW7<—————J .
p vymn—+p—n

Vv mn Vv mn .
Tmntp=n by =5z and write

Then, since p > Cn, we can bound

v K
M(m,n,p) < CK?:—ﬁm%ng (%) p K.

Then collect the terms in m, n and p in the original sum to get

K
Sun(p) < Ck (%) pM K5 (Z mu+§—%—Mam> (Z na+§—§—Mbn> _

If
K
M > ) + max(v,a),
i.e.
(mqu%f%fM)

then both series in m and n converge. Moreover, if M < K — %, (Sllh(p))peN is in £2.

K_1_ .
and (na+ 272 M) are in ¢,
me neN

C.22 Ifp<Cmandp<Cn.

The zone p < Cm and p < Cn corresponds to a "low-low—low", "high-high—high" or a
"high-high—low" interaction. We will deal with the term S; defined by

max(m,n)* _y
Sy (p) := pM Z M(m,n,p)———=——m" Y aypn " by,
2 Smen vmn
the term
] M max(m,n)® -M
S1:=p M(m,n,p)————m" " ayun " by,

being dealt with similarly.
Here, we do not need to find a fine bound for the interaction term M(m,n,p), we will
simply bound it by a constant M. Hence, collecting the terms in m, n and p we get

S oM [ 0w | Y e

Lm fn
Then, Holder’s inequality and a comparison series-integral give

2

.Y/ _ _ _ _
ZmMQQm,S ZmQMl ,SCMPM
= E<m

1
2

M1 _ _ _ _
Z n® M ang n2a 2M—1 gca Mpa M.
L<n E<n

Finally we get
Si(p) S "M,
which is in ¢? for M large enough.



C.2. PROOF 174

C.23 Ifp>Cmandp<Cnorp>Cnandp<Cm.
C.2.3.a Classical paraproduct [Theorem [C.1.1} ()]

First assume that Cm < p < Cn, the case Cn < p < Cm being symmetric. Denote bu
Sinh the term

Slhh = pM Z M(m n p)wmiMamniMbn.

) b
Cm<p<n vinmn

Then assume that Cm < p < n: the case Cm < n < p < Cn is dealt with similarly,
simply by multiplying by powers of C.

Let 6,6 > 0, v > 1/8, 0 < § < 1/24 and K integer, there exists a constant C; g x and a
sequence (up),cy in 2 such that

oy 0K
m J/m 0
M(m,n,p) < Ceox i p p Tt g0, 10
n ymp+n—p

v 0K
< m ( Vmp ) -y ta+oe,1-0

>~ Ce,@,K ngﬁ 1+n —p

Then, when gathering the terms in m, n and p we obtain

Sinn < Ceo,xup p M+55° > am mv+i —M—3 > <71 >€Kb no—M—3—08—+5+0
c 1+n—p " '

Cm<p p<n

Then the sum o
1
Z mivts —M—3
Cm<p
is finite whenever M is large enough.

In order to bound
1 oK 1 1,0
()i,
<n 14+n—p

1

first we bound n~! by p~! and write

0K 0K
Z ( 1 ) bnna—M—%—Gﬁ—%—i—%-i-Ga Spa—M—%—Gﬂ—%ﬁ-%ﬁ-Ga Z ( 1 ) b,
p<n 1+n_p n>p 1+n_p

Then b, is in £ and so is (ﬁ) N’ whenever 2K60 =1+ 4§, § > 0. Finally the following
n
bound holds for Sy,

Sinn(p) S upp M+055 pa=M—5 =083+ §+0e
S u]12 pMta +_p“ M—4—-0B8—5+5+06¢
S ul OpeatEti-Ats,
Fhe remaining problem s that (u 0) is not in #2. However, remark that for all a > 0,

( Op 2(1+0‘)) . is in £2: it can be checked by writing
P

2—-0

3 220 20004e) < (Z( 2 ze)ﬁ) 2 (Z (p_gg(lm)))e,

p p p
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which is finite. Finally, writing v, := u}f‘gp_g(“'“), the following bound holds:

Sinn(p) S Uppa_%ﬂ,

with (vp),ey € 2 and v = 0(5& +e+ 51— 8) + 4.

C.2.3.b Case of a bounded sum [Theorem [C.1.1}(2])]

In this case, we are summing over all m and n less than or equal to R. Since we are in
the situation "p > Cm and p < Cnor p > Cn and p < Cm" , p can be bounded by R and
the bounded resummation theorem follows.

Theorem [C.1.IFH@]) is skipped: this ends the proof.
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