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Introduction et présentation des
travaux

Cette these traite des inéquations variationnelles stochastiques (IVS) et de leurs applications
aux vibrations de structures mécaniques.

Ce travail a été initié par Alain Bensoussan dans le cadre d’une collaboration avec Laurent
Borsoi et Cyril Feau (Commissariat & I’Energie Atomique et aux Energies Alternatives, CEA).
Ces derniers lui ont présenté le modele de l'oscillateur élastique-parfaitement-plastique (EPP)
excité par un bruit blanc qu’ils utilisent pour traduire les comportements globaux de structures
mécaniques. Depuis quelques décennies, une importante littérature en sciences de 'ingénieur
s’est développée autour de ce sujet. Récemment, Alain Bensoussan et Janos Turi ont découvert
un domaine riche et varié pour l'application des mathématiques mettant en jeu de nouveaux
processus stochastiques, une nouvelle classe d’équations aux dérivées partielles (EDPs) avec des
conditions non-locales, ainsi que de nouvelles méthodes numériques pour leur résolution grace au
contact d’Olivier Pironneau. De plus, la théorie mathématique s’avere concretement applicable a
I’étude de la fatigue des matériaux et a I’étude du risque de défaillance des structures mécaniques.

La collaboration avec le CEA s’est remarquablement bien établie et la matérialisation de nos
résultats en outils pour les ingénieurs s’est progressivement développée tout en dépassant nos
barrieres culturelles respectives. En effet, ’ambition commune d’aboutir aux applications s’est
traduite par une forte volonté de proposer un cadre mathématique bien établi et pertinent aux
yeux de I'ingénieur. Nous avons remarqué que l’on ne pouvait pas simplement utiliser les résul-
tats mathématiques généraux pour traiter les questions d’applications a la fatigue ou a la fiabilité
des structures. Un traitement mathématique intermédiaire s’est alors avéré nécessaire pour re-
lier les résultats mathématiques généraux aux applications. Au contact de Stéphane Menozzi,
Maitre de conférences a 'université Paris 7, et de Hector Jasso-Fuentes, Assistant-professor a
CINVESTAV, Mexico, d’importantes questions sur la nature probabiliste de la modélisation ont
été résolues. Nous nous sommes notamment intéréssés a ’alternance des régimes élastique et
plastique. Nous nous sommes rendus compte que l’abstraction mathématique du bruit blanc
a des conséquences importantes qui peuvent ne pas étre réalistes pour les applications. Pour
rendre compte du phénomene physique, il a fallu alors étudier ces artefacts mathématiques.

La structure du manuscrit se décompose selon plusieurs axes de recherche :



2 Introduction et présentation des travaux

e Le premier chapitre concerne I’étude d’un algorithme numérique déterministe alternatif a
la méthode de Monte-Carlo pour le calcul de la mesure invariante de la vitesse et de la
composante élastique de l'oscillateur EPP excité par un bruit blanc. Dans un chapitre
reporté en annexe a la fin du manuscrit, nous appliquons cet algorithme a I’étude de la
composante élastique dans le cadre d’'une étude empirique. Basé sur l'expérimentation
numérique, nous proposons un critere qui peut étre utile a l'ingénieur pour estimer les
fréquences et les statistiques de la déformation plastique.

e Le second chapitre est consacré a l'analyse des EDPs associées aux séquences qui, dans
la trajectoire, contiennent une seule phase élastique et une seule phase plastique; nous les
appelons cycles courts. Dans ce contexte, nous donnons une nouvelle preuve de ’existence
et de I'unicité d’un état d’équilibre invariant en loi pour la dynamique du processus, vers
lequel le systeme converge en temps grand : la propriété ergodique. De plus, nous pro-
posons une caractérisation analytique de la mesure invariante.

e Ensuite, dans le troisieme chapitre, la notion de cycles longs indépendants est introduite
pour décrire la variance de la déformation totale. Cette derniere est une grandeur im-
portante pour évaluer le risque de défaillance d’une structure mécanique. Par ailleurs,
les ingénieurs ont découvert par des moyens empiriques qu’elle croit linéairement avec le
temps. Notre contribution concerne la preuve de ce résultat et la caractérisation rigoureuse
du coefficient de croissance linéaire.

e Dans le quatrieme chapitre, nous étudions un modele comportant des sauts aux instants de
transition de I’état plastique vers I’état élastique. Dans ce cadre, la séparation temporelle
des deux états est bien établie. Lorsque la taille du saut tend vers 0, nous justifions la
convergence du modele a sauts vers celui sans saut sur un intervalle de temps fini.

e Le cinquieme chapitre élargit nos investigations sur les IVS a la propriété ergodique de
Poscillateur EPP excité par un bruit blanc filtré. Nous montrons la propriéte ergodique
en suivant une démarche analogue au cas ou l’excitation est un bruit blanc standard. Cela
étend la méthode proposée par Bensoussan et Turi au cas de la dimension supérieure. Les
conditions de bord non-locales exprimées sous forme d’équations différentielles en dimen-
sion 1 sont remplacées par des équations elliptiques en dimension 2.

1 Motivations de I'ingénieur : Analyse du risque de défaillance

Les vibrations aléatoires constituent I'un des risques majeurs de défaillance pour des structures
mécaniques telles que des batiments, des ponts ou des centrales nucléaires. Ainsi, par exemple,
le dimensionnement des installations nucléaires est conditionné, entre autres, par la prise en
compte du danger sismique. L’action sismique est un mouvement vibratoire du sol issu de la
propagation d’une perturbation ayant pris naissance a l'intérieur de I’écorce terrestre. A cause
de son caractere imprévisible, il correspond a un phénomene aléatoire. En génie parasismique,
un indicateur pour la prédiction de défaillance est établi par des méthodes issues des sciences
de l'ingénieur provenant de calculs non-linéaires en mécanique probabiliste.

Les méthodes probabilistes en mécanique permettent de déterminer la probabilité de défail-
lance en fonction du temps en caractérisant les statistiques de la réponse d’une structure soumise
a une excitation aléatoire. Dans la plupart des cas, il n’existe pas d’expression explicite et les
méthodes numériques s’imposent pour calculer les grandeurs qui intéressent l'ingénieur. Pour
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les structures composées d'un grand nombre de degrés de libertés (d.d.l.), une telle caractérisa-
tion nécessite la réalisation de calculs dynamiques temporels non-linéaires en nombre important.
Cela rend la méthode cotiiteuse en temps.

Cependant, pour une classe de structures mécaniques répondant principalement sur leur pre-
mier mode de vibration, I’étude peut se porter vers une modélisation élémentaire de type oscil-
lateur a un d.d.l. Dans ce contexte, il s’agit de modeles aussi bien simples que représentatifs
du comportement élastique-plastique. Par exemple, les troncons de tuyauteries font partie des
installations industrielles qui rentrent dans cette classe (voir Figures 1,2).

Figure 1: Vibration d’un troncon de tuyauterie : Illlustration de la vibration d’un trongon
de ligne de tuyauterie sur une table d’expérimentation du CEA (Laboratoire d ‘Etudes de Mé-
canique Slsmique, EMSI). La structure est installée sur un plateau qui simule l'action sismique.
La réponse de la structure a cette sollicitation présente une alternance entre les phases de dé-
formation élastique et les phases de déformation plastique. Ici, la déformation permanente se
manifeste aux coudées basses de la tuyauterie.

En conséquence, une importante littérature en sciences de l'ingénieur s’est développée depuis
quelques décennies sur 1’étude des oscillateurs non-linéaires excités par un bruit blanc et leurs
applications (voir [10, 13, 14, 15, 16, 28, 19, 24, 26, 12, 29, 30, 32, 34, 33, 35]).
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Figure 2: Excitation sismique / déplacement élasto-plastique : Comparaison entre
le test expérimental et la réponse du modéle a une dimension : en haut, un signal
d’excitation sismique et en bas la superposition des deux réponses a ce signal fournies par un
test expérimental (déplacement de la masse située en téte de la tuyauterie, Figure 1) et par la
réponse d’un oscillateur non-linéaire.

1.1 Le modele de loscillateur EPP excité par un bruit blanc

La these est essentiellement consacrée aux IVS et a leurs applications au modele de 'oscillateur
EPP a un degré de liberté sous bruit blanc.

La dynamique de 'oscillateur élasto-plastique a été formulée comme un processus a mémoire.
Cela est dii a l'apparition aléatoire et récurrente de phases non-linéaires (phases plastiques)
pendant lesquelles I'effort subi par la structure dépasse une limite en élasticité provoquant une
déformation permanente (ou déformation plastique).

En notant le déplacement élasto-plastique de l'oscillateur par z(t), on étudie le probleme :

T+ cot +F({z(s),0<s<t}) =w (1)
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avec les conditions initiales de déplacement et de vitesse

Ici, ¢p > 0 est un coefficient d’amortissement, w est un processus de Wiener et F; := F({z(s),0 <
s < t}) est une fonctionnelle non-linéaire qui dépend de toute la trajectoire {z(s),0 < s < t}.
Le processus de déformation plastique noté par A(t) au temps t se déduit du couple (z(t), Fy).
Nous considérons une force de type EPP

EY sioxz(t) =Y + A(t),
F, =< Ek(x(t)—A@®) si z(t)e]-Y +A®1),Y + A@®)], (2)
—kY si xz(t) = =Y + A1),

ot k > 0 est un coefficient de raideur, Y est la limite élasto-plastique et A(t) = fot 1|7, |=kyydz(s).
Typiquement, la force F} alterne entre les phases élastiques (| Fs| < kY') et plastiques (| Fs| = kY).
Ainsi, D. Karnopp et T.D. Scharton [26] avaient naturellement proposé une séparation entre les
états élastique et plastique. Ils ont introduit la variable "fictive” z(t) := z(t) — A(¢) et ont remar-
qué le simple fait qu’entre deux phases plastiques z(t) se comporte comme un oscillateur linéaire.
Ainsi, z(t) se décompose en x(t) = z(t) + A(t), ou on appellera z(t) la composante élastique
et A(t) la composante plastique de z(t). Pendant une phase élastique, A(t) reste constant et
x(t) = 2(t). Ainsi, la variable z(t) satisfait I’équation d’un oscillateur linéaire dont les conditions
intiales sont déterminées par la phase plastique précédente :

Z+coz+ kz =w. (3)

Dans ce cas, la déformation totale x(t) est élastique puisqu’elle est portée par z(t). Pendant une
phase plastique, la variable z(t) reste constante (2(t) =Y ou z(t) = —Y) et #(t) = A(t). Ainsi,
la vitesse de x(t), y(t) := &(t) est un processus d’Ornstein-Uhlenbeck et satisfait I’équation dont
la condition initiale et le coefficient de dérive sont déterminés par la vitesse a la sortie de la
phase élastique précédente :

y+coy kY =w. (4)

Dans ce cas, la déformation totale z(t) est plastique puisqu’elle est portée par A(t). Finalement,
comme les instants de transition de phase ne sont pas connus a ’avance, la résolution temporelle
de I'équation (1)-(2) s’obtient en considérant (3)-(4) dans le cadre de l'alternance des phases
élastique et plastique.

1.2 Le calcul du risque de défaillance et la variance de la déformation totale

Pour calculer le risque de défaillance d’une structure mécanique modélisée par un oscillateur
EPP, les ingénieurs disposent de formules explicites basées sur des tests empiriques. Ces formules
reposent sur la connaissance de la variance o2(z(t)) de la déformation totale. Dans le chapitre
3, nous remarquerons que cette derniere a aussi le méme taux de croissance que la variance
de la déformation plastique puisque z(t) = z(t) + A(t) et que z(t) est borné. Ainsi, beaucoup
de travaux en sciences de l'ingénieur ont été consacrés a 1'étude de o%(z(t)). En particulier, les
ingénieurs ont observé, par des tests numériques et empiriques, que la variance de la déformation
totale croit linéairement avec le temps (en temps grand) [11] :

im ZE0) _ o (5)

t—o0 t
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oll o2 est une constante positive qui dépend de Y. Pour approcher la valeur de o2, les ingénieurs
ont développé des méthodes heuristiques. Ces dernieres sont approximatives, mais en revanche,
elles permettent d’estimer les statistiques de la déformation plastique de maniere satisfaisante.
Dans la these, nous apportons une preuve mathématique de ce que les ingénieurs ont observé et
nous caractérisons le coefficient o.

2 Une IVS modélisant ’'oscillateur élasto-plastique

Les IVS ont déja été introduites par Bensoussan et Lions [2] pour représenter des diffusions
réfléchies dans des domaines convexes et les inéquations variationnelles aux dérivées partielles
ont déja été étudiées par Duvaut et Lions [18] pour les problemes d’élasto-plasticité déterministes.
Il n’est pas surprenant de voir réapparaitre les inéquations dans la modélisation des vibrations
aléatoires. Cet outil mathématique apporte le cadre exact pour étudier notamment la dynamique
de Toscillateur EPP et ses déformations.

2.1 L’avantage de I’inéquation

Les ingénieurs ont observé que l'alternance des phases reste délicate ([19, 20]). En effet, la tran-
sition de I’état plastique vers I’état élastique est affectée par le bruit blanc. En fait, une phase
plastique débute lorsque z(t) touche et est absorbé par Y (resp. —Y') avec une vitesse positive
(resp. négative) y(t) > 0 (resp. y(t) < 0) i.e. sign(y(t))z(t) = Y. Puis, elle s’arréte lorsque
la vitesse change de signe. A ce moment, une phase élastique commence. Mais, la vitesse qui
est affectée par le bruit blanc, change de signe une infinité de fois sur tout intervalle de temps.
Souvent, cela provoque un retour rapide en phase plastique. A cause de ce phénomene, la suite
des instants de transition de phases n’est pas clairement établie.

Alain Bensoussan et Janos Turi ont remarqué que le modele utilisé dans la littérature sur
Poscillateur EPP est équivalent & une IVS. En effet, la relation entre la vitesse y(t) et la com-
posante élastique z(t) est gouvernée par une inéquation variationnelle :

(dz(t) —y(H)dt) (¢ — 2(1)) = 0, V|o| <Y, [:()] <Y

Cette inéquation a pour avantage de clarifier la dynamique sans expliciter I’alternance entre les
phases élastiques et plastiques.

2.2 Signification de la déformation plastique dans le cadre des diffusions
réfléchies

L’équation (1)-(2) peut s’écrire dans le cadre des équations différentielles stochastiques (EDS)
avec un processus de réflexion. Introduisons les notations

D :=(—ow,0) x (=Y,Y), D :=(-0,0) x {-Y}, D" :=(0,00) x {Y}.
Les processus (y(t), z(t)) et A(t) satisfont le probleme suivant :
Probléme 1. Trouver un processus (y(t), z(t)) & valeur dans R? tel que

1. (y(t), 2(t)) adapté et continu,
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2. il existe un processus scalaire A(t) continu, d variation bornée, adapté tel que (y(t), z(t))
vérifie

dy(t) = —(coy(t) + kz(t))dt + dw(t), =z(t) = /Ot y(s)ds — A(t). (6)

3. p.s. (y(t),z(t))e Du DT v D™,
4o pes. [P 1p(y(s), 2(s))dA(s) = 0, Yty <ty
admet une unique solution.

Le processus de la déformation plastique A(t) joue le role du processus de réflexion. Ainsi,
(y(t), z(t)) est 'unique solution de I'inéquation suivante :

dy(t) = —(coy(t) + k=(8))dt + dw(t),
(d=(t) - y()db) (6 — =(1)) = 0, (SVI)
Vol <Y, || <Y

La justification est analogue a la preuve de [2]. Il s’agit d’une découverte importante car elle
clarifie dans un cadre mathématique solide la dynamique réelle de l'oscillateur élasto-plastique.
Le processus A(t) n’apparait pas explicitement dans 'inéquation (SVZ) mais il se déduit de la
solution (y(t), z(t)) de la relation suivante

A(t) = /0 y(s)ds — z(t).

2.3 Propriété ergodique du couple vitesse-composante élastique

A T’aide de la formule d’It6 pour les diffusions réfléchies, on peut calculer le générateur infinitési-
mal A de (y(t), 2(t)). Pour toute fonction ¢ suffisamment réguliere définie sur D, on a

@(y(t),Z(t))—@(9(0%2(0))—/0 LSO(y(S),Z(S))dS—/O Re(y(s), 2(s))dA(s)

t
= [ Vetuo). 2)au(s) (7
ou les opérateurs L (diffusion) et R (réflexion) s’écrivent
1
Lo(y.z) = Spgy — (coy + k2)py +yps et Roly,2) = —Liapy(y, 2)¢:(y, 2)-

Comme A(t) = fg Lisign(y(s))=(s)—y}¥(s)ds, 'égalité (7) devient :
e(y(t), z(t)) — »(y(0), Z(O))—/O {Le(y(5), 2(5)) = Lisign(y(s))=(s)=v ¥ (5)#=(y(s), 2(s)) } ds

- /0 oy ((s), 2(s))dw(s).

Alors par définition du générateur, on a

Ap(yo, 20) := lim %E{w(y(h)72(h)) — #(y(0),2(0))[(y(0), 2(0)) = (%0, 20)}
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satisfait
—Ap(y,z) s (y,2)eD,
Ap={ —Bioly,z) si (y,2)e D7,
—B_p(y,z) si (y,2) e D™
ou
Ap = —Zpyy + (coy + k2)py — Yo,
Bip = _%Spyy + (coy + kY)SOyy
B_¢ := _%Spyy + (coy — kY )y,

Le théoreme suivant concerne le comportement en temps long de (y(t), z(t)) (voir [7]).

Théoréme (Bensoussan-Turi,2007). Le couple (y(t), z(t)) est un processus de Markov ergodique.
En conséquence, il existe une unique mesure invariante v vers laquelle la loi du processus con-
verge. De plus, v admet une densité de probabilité m. On notera v(f) lapplication de la mesure
mvariante sur une fonction f bornée, ainsi

o) = [ faomt iz + [ Y yml i+ [ 5= imi Yy
Par définition, la mesure invariante v du processus (y(t), z(t)) est telle que
v(Ap) =0, Vo réguliere.

Pour m, cela signifie

| Actw oty 2)dudz+ [ BroyIm@ )y + [ Bl =Y yml.~Yydy = 0. (M)
pour toute fonction ¢ réguliere. 11 s’agit de la formulation variationnelle ultra-faible de I’équation
de la mesure invariante m. Le théoreme suivant concerne une caractérisation de la distribution
par dualité. (voir [8])

Théoréme (Bensoussan-Turi,2010). Pour tout A > 0 et pour toute fonction f(y,z) bornée
mesurable, il existe une solution unique uy(y, z) continue et bornée sur D a l’équation suivante

Auy + Auy = f(y,2) dans D,
Auy + Biuy f(y7 Y) dans D+7 (P)\)
Auy + B_uy fly,-Y) dans D~

avec les conditions de bord non-locales

ux(y,Y) et ux(y,=Y) sont continues

telle que
Jurfeo < |f)\|oo et wuy est continue
et
lim Auy = v(f). (8)

A—0
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3 Résultats de la these

Nous présentons maintenant en détail les chapitres de la these, nous résumons les résultats
principaux en les replacant dans leur contexte.

3.1 Synopsis du chapitre 1 : Analyse numérique de la mesure invariante de
P’oscillateur élastique-parfaitement-plastique excité par un bruit blanc

Dans ce chapitre, on considére un algorithme numérique déterministe pour obtenir la solution
numeérique d’un oscillateur elasto-plastique excité par un bruit blanc. Puisque les simulations
Monte-Carlo pour le processus sous-jacent sont trop lentes, une famille de solutions d’EDPs
définissant la mesure invariante par dualité est étudiée comme alternative a la simulation prob-
abiliste. Notre approche est adaptée parce que la régularité de la mesure invariante n’est pas
suffisante pour employer une méthode des éléments finis usuelle. Cette difficulté est résolue a
Uaide d’une méthode des éléments finis ultra-faible qui est développée et mise en oeuvre avec
succes.

Pour les applications, les ingénieurs sont intéressés par m, la mesure invariante du systeme,
parce qu’elle décrit le régime asymptotique de l'oscillateur EPP pour les temps grands. La
simulation numérique du systeme par une méthode de Monte-Carlo est immédiate a mettre en
oeuvre, mais elle est lente. Dans ce chapitre, on étudie un algorithme numérique déterministe
alternatif a la méthode de Monte-Carlo en résolvant une EDP pour m. Par ailleurs, le semi-
groupe P; associé a la solution (y(t), z(t)) de I'inéquation

dy(t) = —(coy(t) + kz(t))dt + dw(t), (dz(t) —y()dt)(¢ —2(t)) 20, Vo[ <Y, [()]<Y

avec la condition initiale (y(0),z(0)) = (n, () satisfait P,(f)(n,¢) = E[f(y(t), 2(t))] pour toute
fonction f suffisamment réguliere. Plus précisement, on a

BL 20 = [ 72l dnds+ [ 500y + [ Fo=Ymtn-1)ay

ou p; est la densité de (y(t),z(t)). Ainsi, la mesure invariante m peut étre obtenue par le
passage a la limite suivant : m = lims_,o p;. Rappelons que cette dernieére est caractérisée par
une formulation variationnelle ultra-faible : pour toute fonction ¢ continue bornée

/ m(y, 2) Ap(y, 2)dydz + / m(y,Y)Bao(y,Y)dy + / mly,~Y)B_gp(y,~Y)dy =0 (9)
D D+

N

ou

1

Ap = 5Py + (coy + k2)@y — yp2,

1
Bigi= 5oy + (coy + kY )y,

1
B_p:= _i‘Pyy + (coy — ky)@y'

L’objectif de ce travail est de résoudre (9) et de comparer les résultats obtenus avec ceux de
la méthode de Monte-Carlo standard. Le point clé est la résolution d’'une EDP stationnaire
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avec des conditions de bord non-locales et avec une fonction f suffisamment réguliere au second
membre :

A+ Au = f(y,=2) dans D,
A+ Byu = f(y,Y) dans DT, (Py)
M+ B_u = f(y,—-Y) dans D—.

avec les conditions de bord non-locales
ux(y,Y) et wux(y,—Y) sont continues.

De [8], on sait qu’il existe une solution unique u)(y, z) au probleme (Py) telle que

et wu) est continue.

ol < 112

Nous justifions que cette formulation est trés importante d’un point de vue numérique puisqu’el-
le permet également d’obtenir limy; o E[ f(y(t), 2(t))] sans résoudre un probleme dépendant du
temps. Nous verrons que le probleme (P)) est compatible avec une méthode des éléments finis
ultra-faible pour résoudre (9). Les méthodes ultra-faibles ont été utilisées théoriquement pour
établir I'existence et 'unicité de solutions a certaines classes d’EDPs mais rarement numérique-
ment, excepté dans [9]. En effet, nous prouvons que

¥(n.Q) e D, lim Xux(n, ) = lim E[f(y(0), ()

et puis que

tim N (€)= [ m(y.2) 10,2}y

w [ om0+ [ ml =Y r =Y

Cette derniere égalité est une caracterisation équivalente de m. Cette limite ne dépend pas de

(1, ).

3.2 Synopsis du chapitre 2 : Une approche analytique pour la théorie er-
godique des inéquations variationnelles stochastiques.

Dans ce chapitre, nous présentons une nouvelle caractérisation de l'unique mesure invariante.
Dans ce contexte, nous montrons une relation liant des problémes non-locauz et des problémes
locauz en introduisant la définition des cycles courts.

Cette caractérisation passe par ’étude des cycles courts définis ci-apres.

Les cycles courts
Considérons vy (y, z) la solution de
Avy+Avy = f dans D, Aun+Byvy=f dans DT, My+B vy=f dans D~ (10)

avec les conditions de bord v)(07,Y) = 0 et vy(07,-Y) = 0. C’est un probleme local. No-
tons que si f est symétrique (resp. antisymétrique) alors vy est aussi symétrique (resp. an-
tisymétrique). Nous utilisons la notation vy(y, z; f). Lorsque A — 0, on obtient que vy — v
ou

Av=f dans D, Byv=/f dans D', B_v= dans D~ (Py)
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avec les conditions de bord locales v(07,Y) = 0 et v(0~,—Y) = 0. Nous utilisons la nota-
tion v(y, z; f) et on appelle v(y, z; f) un cycle court. De plus, afin de présenter notre nouvelle
formulation de la mesure invariante, nous introduisons 7" (y, z) et 7 (y, 2) telles que

ArT =0 dans D, 7t =1 dans D%, 77 =0 dans D~ (11)
et

Ar~ =0 dans D, 7 =0 dans D", 7 =1 dans D . (12)
Nous avons 77 + 7~ = 1, ainsi on déduit I'existence et I'unicité de solutions bornées a (11) et

(12). Une nouvelle formulation de la mesure invariante est donnée par :

Théoréme 1 (Une nouvelle formulation de v). Sous les hypothéses des théorémes précédents,
la mesure invariante vérifie la propriété suivante :

— U(O_,Y;f) + U(O+7 _Y;f)

v(f) 20(0F,Y; 1) '
Définissons vy(f) := ”*(0_’)2/1110)(3})395’7&”, alors lorsque X — 0,
v
=)~ 2D gz, ) - ) (13)
ot u satisfait
Au=f—v(f) dans D, Byu = f-v(f) dans DY, Bu = f-v(f) dans D~

(14)
avec les conditions de bord non-locales

u(y,Y), et uy,—Y) continues.

Enfin, nous obtenons une représentation de u en relation avec les solutions de problémes locauz

o 1) = ol )~ (ol ) + D ST o vy~ oo -y (1)

3.3 Synopsis du chapitre 3 : Comportement de la déformation plastique d’un
oscillateur EPP excité par un bruit blanc

On étudie dans ce chapitre la variance d’un oscillateur EPP excité par un bruit blanc. De nom-
breux travaux en sciences de l’ingénieur, en partie expérimentaux, en partie numériques, ont
montré qu’en temps long, la variance de la déformation totale croit linéairement avec le temps.
Dans notre travail, nous démontrons ce résultat et nous caractérisons rigoureusement le coef-
ficient de dérive. Notre étude repose sur l'inéquation variationnelle stochastique gouvernant la
dynamique entre la vitesse de l'oscillateur et la force de rappel non-linéaire. Dans ce contexte,
nous proposons une formulation simple et innovante de [’évolution du systéme en terme de temps
d’arrét afin d’identifier des séquences indépendantes dans la trajectoire : les cycles longs. Nous
obtenons une formule probabiliste pour le coefficient 0. Malheureusement, cette formule ne
s’exprime pas sous la forme d’une EDP. Pour la calculer, il faut recourir a la simulation proba-
biliste. Les résultats des simulations numériques sont en accord avec notre prédiction théorique
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et avec les études empiriques auparavant réalisées par les ingénieurs.

A travers ce chapitre, nous avons pour objectif de fournir une formulation mathématique
rigoureuse (basée sur l'inéquation (SVZ)) des observations faites par les ingénieurs lors de leurs
expérimentations sur (5). Dans la suite, on introduit les cycles longs qui permettent d’établir
des séquences indépendantes dans la trajectoire.

Les cycles longs

On repere les portions de trajectoires indépendantes de la maniere suivante : notons
1o :=inf{t >0, y(t)=0 et |2(t)|=Y}

et s := sign(z(7p)) qui identifie la premiere frontiere touchée par le processus (y(t), z(t)). Definis-
sons
O :=inf{t > 19, y(t)=0 et z(t)=-sY}.

D’une maniere récurrente, pour n = 0, connaissant 6, on peut définir

Tp+1 = inf{t >0, yt)=0 et 2(t)=sY}
Op+1 = inf{t > 7111, y(t)=0 et 2z(t)=—-sY}

D’apres les définitions précédentes on peut définir le n-ieme cycle long (resp. la premiere
partie du cycle, la seconde partie du cycle) comme étant la portion de trajectoire délimitée par
Uintervalle |7, Th41), (resp. [Tn,On+1) €t [On+1, Tnt1)). En effet, aux instants {r,,n > 1} le
couple (y(t), z(t)) est dans le méme état qu’a l'instant 7y. Par ailleurs, il a deux types de cycles
longs selon le signe de s = +1. L’ensemble des temps d’arrét {7,,,n = 0} représente les temps
d’occurrence des cycles longs.

Comme résultat principal, nous avons obtenu le théoréme suivant :

Théoréme 2 (Caractérisation de la variance de la déformation totale en terme des cycles long).
Dans le contexte précédemment défini, on a montré que

2
lim ZE®) _ E( 7 y(t)dt) :
t—00 t E(Tl — 7_0)

Notre preuve est basée sur la résolution d’une classe d’EDPs reliées aux cycles longs et dont
les conditions de bord sont non-locales. Cette formule peut se simplifier, cela sera expliqué en
détail.

3.4 Synopsis du chapitre 4 : Les inéquations variationnelles stochastiques
comportant des sauts tendant vers 0.

L’IVS modélisant loscillateur EPP a pour avantage de fournir un cadre mathématique solide
a la relation entre la vitesse et la force de rappel non-linéaire. Cependant, elle ne permet pas de
faire la distinction explicite entre les phases €lastiques et les phases plastiques. De plus, en raison
du bruit blanc, la trajectoire présente de petites et nombreuses phases élastiques (voir [19, 21]).
Dans ce chapitre, nous introduisons des sauts aux instants de transition de [’état plastique vers
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l’état élastique. Nous prouvons que la solution converge sur tout intervalle de temps fini vers la
solution du probléme sans saut, lorsque la taille du saut tend vers 0.

En terme de la dynamique de (y(t), z2(t)), une déformation plastique commence lorsque z(t)
atteint et est absorbé par Y (resp. —Y') avec une vitesse positive (resp. négative), y(t) > 0.
(resp. y(t) < 0), c’est a dire lorsque sign(y(t))z(t) = Y. Ensuite, le comportement plastique
se termine lorsque la vitesse change de signe. A ce moment la, le comportement élastique est
réactivé. Cependant, la vitesse qui subit I'effet du bruit blanc, change de signe un nombre infini
de fois sur tout intervalle de temps. Souvent, cela conduit a un retour rapide en comportement
plastique, en un temps tres court. Nous appelons ce phénomene le phasage micro-élastique.
Nous avons observé dans une étude empirique [21] que ce phénomene joue un role important sur
la fréquence et les statistiques de la déformation plastique. En effet, la fréquence d’occurence, les
statistiques (durée ou valeur absolue de la déformation plastique) et la suite des temps d’entrée
(resp. de sortie) en phase plastique ne sont pas bien définis. Dans ce travail, nous introduisons
les IVS soumises a des sauts aux instants de transition entre les phases plastiques {|z(t)| = Y}
et les phases élastiques {|z(t)| < Y}.

Définition du modele a sauts

Pour € > 0, on introduit des sauts de taille € dans la solution de 'IVS (SVZ) apparaissant dans
la seconde composante z(t). Ainsi il est naturel de noter le nouveau processus par (y°(t), z°(t)).
L’évolution du systéme est décrite par la procédure suivante : on commence par définir 7§ := 0
et (y§(t), z5(t)) solution de I'IVS (SVT), avec les conditions initiales :

%(0) =y et z(0) = 2

ensuite, on définit
= inf{t> 0, ) =0 et |zf(t) = Y}

Pour t > 7f, considérons (y§(t), z5(t)) solution de 'TVS (SVZ) avec les conditions initiales:

yi(ri) =0 et z{(rf) = sign(z;(m7)) (Y —€)
similairement, on définit

15 :=inf{t > 77, () =0 et |2{(t)] =Y}
D’une maniére récurrente, connaissant 75, yS(t), et 25 (t), on définit

Topi=1inf{t > 75, y(t) =0 et |z,(t) =Y},
et (y5,11(t), 25,1 (t)) solution de 'IVS (SVZ) avec les conditions initiales :
Yne1(The1) =0 et 2 (7540) = sign(zg(7541)) (Y —¢).

On définit ensuite le processus (y(t), 2°(t)) sur chaque intervalle de temps [7,, 75, ;) de la facon
suivante :

y(t) = =(coy () +kz () +uw(t) 5 (EO)-y @O)(o—z(t) =0 ; V]o|<Y ; [ <Y
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avec les conditions de sauts :

et
y (1) =0, 2%(7;) =sign(z, 1 (T))(Y —e).

Remarque 1. Par construction, le processus (y¢(t), z€(t)) est continu & droite et a une limite a
gauche (cadlag). En particulier, pour chaque temps T > 0 fizé, le nombre de sauts apparaissant
dans Uintervalle (0,T] est fini p.s.

Nous prouvons que la solution (y(t), 2¢(t)) converge vers (y(t), z(t)) sur tout intervalle fini,
lorsque € tend vers 0 au sens du résultat suivant :

Résultat de convergence

Théoréme 3. Supposons k > X.i(cy) := % (—%0 —l—cm/% +4%°>. Pour T > 0, les processus
(y(t), z(t)) et (y<(t), 25(t)), satisfaisant (SVI) et (16) respectivement, vérifient la propriété de
convergence suivante :

1I[E [ sup {|y(t) —y () +k|2(t) — ze(t)|2}] — 0 lorsque €— 0.

€ 0<t<T

3.5 Synopsis du chapitre 5 : Résolution des problemes de Dirichlet dégénérés
associés a la propriété ergodique d’un oscillateur élasto-plastique excité
par un bruit blanc filtré

On définit une IVS pour modéliser un oscillateur élasto-plastique excité par un bruit blanc filtré.
Nous prouvons la propriété ergodique du processus sous-jacent et mous caractérisons sa mesure
invariante. On étend la méthode de A.Bensoussan et J. Turi ([7]) avec une difficulté supplémen-
taire due a l'accroissement de la dimension. Les conditions de bord non-locales exprimées sous
forme d’équations différentielles en dimension 1 sont remplacées par des équations elliptiques en
dimension 2. Dans ce contexte, la méthode de Khasminskii ([27]) conduit a [’étude de problémes
de Dirichlet dégénérés avec des conditions de bord non-locales exprimées sous forme d’EDPs.

Les oscillateurs non-linéaires soumis a des vibrations aléatoires sont des modeles simples et
utiles pour prédire la réponse d’une structure mécanique sollicitée au dela de sa limite en élas-
ticité. Lorsque I'excitation est un bruit blanc, une importante littérature s’est constituée sur ce
sujet (voir [14, 15, 16, 28, 19, 20, 24, 26]). Dans le travail mentionné de A. Bensoussan et J. Turi,
la réponse d’un oscillateur élasto-plastique parfait excité par un bruit blanc peut étre modélisée
par une IVS. Dans ce nouveau contexte mathématique, ils ont prouvé l'existence et 1'unicité
d’un état d’équilibre invariant en loi pour la dynamique du processus, vers lequel le systeme
converge en temps grand : la propriété ergodique. De plus, les résultats dans [7] fournissent un
cadre rigoureux pour accéder aux grandeurs qui intéressent I'ingénieur ([19, 20, 26]). Cependant,
pour les ingénieurs, le choix du bruit blanc n’est pas suffisamment réaliste. Dans ce papier, nous
proposons de considérer une excitation dans un sens qui peut étre plus réaliste. Notre modele
généralise [7] en choisissant un processus d’Ornstein-Uhlenbeck réfléchi. En conséquence, en
comparant notre modele avec 1’oscillateur EPP excité par un bruit blanc, un troisieme processus
apparait dans I'inéquation variationnelle.
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Considérons w(t) and w(t), deux processus de Wiener indépendants et x(¢) un processus
d’Ornstein-Ulhenbeck réfléchi

dz(t) = —ax(t)dt + dw(t) + 1= 1€ (1) — L=y dE3(1).

Ici, le processus & = {(£(t),&%(t)),t = 0} contraint x(t) & prendre ses valeurs dans [—L, L].
Dans ce modele, I'excitation est donnée par

—Bx(t)dt + dw(t). (17)
L’inéquation variationnelle stochastique est constituée par

( dx(t) = —ax(t)dt + dw(t) + 1{x(t)=—L}d§tl - 1{as(t)=L}d§t27

dy(t) = —(Bz(t) + coy(t) + kz(t))dt + dw(t),

{ (dz(t) —y()dt)(¢ — 2(t)) = 0, (18)
<l <Y,
|2(t)] < Y.

Si B # 0, x(t) apparait dans la dynamique de y(t). Dans ce cas nous appellerons ce modele
cas 2d. Sinon = 0, z(t) n’est plus impliqué dans le modele et dans ce cas, le couple (y(t), z(t))
satisfait le probleme de l'oscillateur EPP excité par un bruit blanc de [7], qui sera appelé cas 1d.

Notation 1. Introduisons les opérateurs

1 1
Au = 2y + o las = OTUg — (Bx + coy + kz)uy + yus,
1 1
Biu:= o Uyy + S Uas — QU — (Bx + coy + kY )uy,
1 1
B u:= 25Uy + S Uae — Oz — (Bx + coy — kY )uy,.

Le générateur infinitésimal A de (x(t), y(t), z(t)) est donné par :

' A size|—Y, Y],
A ¢ = {Bi¢> siz ==Y, 4y > 0.

Notation 2.
O := (=L, L)xRx(=Y,Y); O := (=L, L)x(0,+0)x{Y}; O :=(—L,L)x(—00,0)x{-Y}.
Notre résultat principal est le suivant :

Théoréme 4. Il existe une unique mesure de probabilité v sur O U O~ U O satisfaisant
/ Apdv + B_¢dv + / Bigdv =0, V¢ régulicre.
@ (O o+
De plus, v a une densité de probabilité m qui satisfait

/ m(x,y, z)dxdydz—i—/ m(m,y,Y)dxdy—i—/ m(x,y, —Y)dxdy =1,
@ o+

ol
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o {m(x,y,2), (x,y,2z)€ O} est la partie élastique,
o {m(z,y,Y), (x,y)€ O} est la partie plastique positive,
o et {m(z,y,—Y), (x,y)€ O} estla partie plastique négative.

De plus, m satisfait au sens des distributions l’équation suivante :

0 0 om 1*m 1*m
aa—x[xm] + a—y[(ﬁm + coy + kz)m] — Vo, Toae T a7 0, dans O,
et sur les bords
+i[ ]+i[(ﬁ + coy + kY) ]+1—62m+1—a2m =0, dans O
ym o Tm 3 x + coy m 52 Taa2 ~ 0 ans ,
0 0 16%°m  1*m
_ < = — kY T -
ym + oz [xm] + ay[(ﬁx + coy — kY )m] + 2 3.2 + 3 32 0, dans O,

m =0, dans (—L,L) x (—0,0) x {Y} U (=L,L) x (0,00) x {=Y}.

La preuve est basée sur la résolution d’une suite de problemes de Dirichlet intérieurs et ex-
térieurs, qui sont intéressants en eux-mémes. On met en parallele les cas 1d et 2d, afin de faciliter
la lecture. Dans le cas 1d, la variable z disparait (8 = 0), nous garderons la notation A, By, B_
pour les opérateurs définis plus haut sans la variable x.

Par ailleurs, notre étude présente un intérét mathématique car elle généralise la méthode
proposée par le premier auteur et J. Turi [7] au cas de la dimension supérieure. Les condi-
tions de bord non-locales exprimées sous la forme d’équations différentielles en dimension 1
sont remplacées par des EDPs elliptiques en dimension 2. Dans le premier cas, il existe des
solutions semi-explicites, ainsi les conditions de bord non-locales se réduisent a deux nombres
inconnus. Dans le second cas, les solutions des équations elliptiques sur le bord n’admettent

pas d’expression explicite et dépendent respectivement de deux fonctions inconnues définies sur
(—L,L).

Notons que le choix de I'excitation (17) est aussi motivé par deux considérations techniques :

e la premiere est d’imposer (grace aux processus £! et €2) & x(t) d’évoluer dans I’ensemble
compact [—L, L]. Ainsi, dans le cadre de notre preuve, un argument de compacité permet
de montrer la propriété ergodique du triplet (z(t),y(t), 2(t)). Notons que cela n’est pas
génant du point de vue des applications car si I’on choisit L suffissamment grand, alors le
processus z(t) est similaire & un processus d’Ornstein-Ulhenbeck.

e la deuxieme concerne la décorrélation de w(t) et w(t). Dans notre démarche, basée sur les
EDPs associées au triplet (x(t), y(t), z(t)), nous évitons 'apparition de termes de dérivées
croisées dans le générateur infinitésimal A. Il s’agit d’une simplification du cas corrélé qui
est techniquement plus complexe.
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3.6 Synopsis du chapitre-annexe 6 : Une étude empirique de la déformation
plastique

Dans ce chapitre, on s’intéresse aux propriétés statistiques de la déformation plastique de [’oscil-
lateur EPP excité par un bruit blanc. Notre approche repose sur l'inéquation gouvernant I’évolu-
tion de la vitesse et de la force de rappel non-linéaire. Dans ce travail, nous étudions le phasage
élastique au moyen de la mesure invariante de l'oscillateur EPP. D’abord, nous mettons en év-
idence par les simulations probabilistes le phénomeéne de phases micro-élastiques (aussi petites
que nombreuses). La principale difficulté associée aux phases micro-élastiques concerne leur
mmpact sur des grandeurs utiles o l'ingénieur comme la fréquence des déformations plastiques.
En particulier, la fréquence des déformations plastiques ne peut pas étre évaluée. Ensuite, nous
présentons des approximations de la loi marginale de la composante élastique z(t) en régime
invariant et d’une expression analogue a la formule de Rice des franchissements de seuil. Ces
quantités sont solutions d’EDPs. Les résultats numériques expérimentaux sur ces équations
montrent que la composante élastique est fortement distribuée prés du bord plastique. Finale-
ment, un critére empirique qui peut étre utile a l'ingénieur est fourni afin de ne pas prendre
en compte les phases micro-élastiques et ainsi €valuer d’une facon réaliste les statistiques de la
déformation plastique.

Rappelons qu'une déformation plastique commence lorsque z(t) touche et est absorbé par YV
(resp. Y') avec une vitesse positive (resp. négative) y(t) > 0 (resp. y(t) < 0); c’est a dire
sign(y(t))z(t) = Y. Ensuite, le comportement plastique se termine lorsque la vitesse devient
nulle. A ce moment, le comportement élastique est réactivé. Cependant, la vitesse, qui subit
le bruit blanc, change de signe une infinité de fois pendant n’importe quel petit intervalle de
temps. Souvent, cela mene a un rapide retour en phase plastique. On appelle ce phénomene
les phases micro-élastiques. Elles jouent un role important dans la fréquence et les statistiques
de la déformation. A cause de ce phénomene, les fréquences d’occurrence, les statistiques et la
suite des temps d’entrée et de sortie en phase plastique ne sont pas bien définis.

Notre but est d’étudier les propriétés du comportement plastique pendant les intervalles de
temps délimités par les instants d’entrée en phase plastique et les instants de franchissement de
Y — e (resp. —Y + ¢) par z(t) avec une vitesse négative (resp. positive) pour un petit e. Nous
appelerons ces intervalles de temps les phases plastiques élargies.

Notre approche permet de relier rigoureusement le nombre de phases plastiques élargies au
nombre de franchissements de Y — € a vitesse négative et de —Y + € a vitesse positive.

Pour expliquer la procédure, considérons 7" > 0, notons 7§ := 0 et

1 c=inf{t > 75, |2(t)| =Y},
Topopi=inf{t > 05, [2(t)| =Y —¢}, Vn=>1 (19)

On note également N = >, 1(;c<7} le nombre de phases plastiques élargies jusqu’au temps
T. Alors, pour toute fonction f mesurable telle que f(y,z) = 0 si sign(y)z # Y et satisfaisant

/ 1y, —Y)|m(y, ~Y)dy + / £ Y)m(y, Y)dy < oo,
D— D+
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o T € Np o re
7 [, 102005 = 5 x e 3L [, oas (20)

Par ailleurs, on peut définir séparement la fréquence de franchissements des seuils +Y F € avec
une vitesse négative ou positive par z(t) :

NE
o= o

et la “statistique empirique” associée a la phase plastique élargie par

NS €

1 T Tn
Af(Y,e) := lim — f(y(s),z(s))ds
9= Jim e 33 [ 06),549)

Rappelons que le comportement asymptotique a été étudié par Bensoussan et Turi dans [7].
Ils ont montré que (y(t),z(t)) est un processus de Markov ergodique satisfaisant ’inéquation
variationnelle stochastique. Ainsi, il existe une unique mesure invariante, notée m(y, z), et
composée de

1. une composante élastique: {m(y,z), |z] <Y},
2. une composante plastique positive: {m(y,Y), y > 0},
3. une composante plastique négative: {m(y,—Y), y < O0}.

En conséquence, lorsque 7" tend vers l'infini, (20) devient

o0 0
/0 F, Y)m(y, Y)dy + / Fy,~Y)m(y, ~Y)dy = v(Y, )ALV, e). (21)

La relation précédente est essentielle puisqu’elle établit que le produit de v(Y,€) et Ay(Y,€)
reste constant pour toute valeur de e. Cependant, dans nos simulations probabilistes, nous
observons que v(Y, €) tend vers oo et que A¢(Y, €) tend vers 0. Dans ce travail, nous fournissons
un critere empirique qui peut étre utile a I'ingénieur pour calibrer €. Le but est de calculer une
fréquence et les statistiques de la déformation plastique qui ne prennent pas en compte les phases
micro-élastiques. D’un point de vue empirique, nous avons observé une forte concentration de
la distribution de limy o z(t) au voisinage des bords plastiques {z = +Y}. Celle-ci présente
des points de minima qui sont identifiés, on les note +(Y — €*). Notre approche repose sur les
EDPs associées a la seconde marginale de {m(y,z), |z| <Y}, quiests— ffow m(y, s)dy. Par
ailleurs, les fréquences moyennes de franchissements de seuils +(Y — €*) avec une vitesse positive
ou négative sont calculées avec succes a I’aide d’une formule analogue a la formule de Rice [31].
Cette derniere est un outil tres utilisé parmi les ingénieurs. Elle est rigoureusement établie pour
les systemes purement élastiques. Plus précisement, si I’on considere le cas : Y = 400 alors
z(t) = x(t) et le systeme (1) est décrit par le couple (x(t), y(t)) qui est la solution de 'EDS :

dy(t) = —(coy(t) + kx(t))dt + dw(t), dxz(t) = y(t)dt.

Le couple (z(t),y(t)) est un processus de Markov ergodique dont la mesure invariante m est
donnée explicitement par [30] :

. covk
m(z,y) = OW exp(—cokz?) exp(—coy?).
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Dans ce cadre, les fréquences moyennes de franchissements d’un seuil s par z(t) & vitesse positive
y(t) > 0 notée v} ou a vitesse négative y(t) < 0 notée v sont données par la formule de Rice :

+00 0
V;_ :/0 ym(y7 S)dy7 Vs_ = _/ ym(y’ S)dy (22)

—0

Dans le contexte de l'oscillateur EPP (Y < 400), une expression analogue de la formule de
Rice pour le calcul de v(Y, €) conduit a Papproximation suivante :

0 +00
v(Y,e) ~ —/ ym(y,Y —e)dy +/ ym(y, =Y + €)dy. (23)
—00 0
La preuve de la formule de Rice appliquée a la mesure m reste une question ouverte et mal-
heureusement nous n’y répondons pas. Cependant, des tests numériques sur {m(y, z), |z] <Y}
pour le calcul de v(Y,€) ont fourni des résultats satisfaisants qui correspondent & la simulation
probabiliste.
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Chapter 1

Numerical analysis of the invariant
measure for an elasto-plastic
problem with noise

Ce chapitre fait l'objet d’un article publié dans STAM Journal on Numerical Analysis, [3] en
collaboration avec Alain Bensoussan, Olivier Pironneau et Janos Turi.

An efficient method for obtaining numerical solutions of an elasto-plastic
oscillator with noise is considered. Since Monte-Carlo simulations for the
underlying stochastic process are too slow, as an alternative, approximate
solutions of the partial differential equation defining the invariant measure
of the process are studied. The regularity of the solution of that partial
differential equation is not sufficient to employ a ”standard” finite element
method. To overcome the difficulty, an ultra weak finite element method has
been developed and successfully implemented.

1.1 Introduction

Modeling and simulation of elasto-plastic materials under random excitation has been studied
by many authors (see e.g. [20], and the bibliography therein) providing important information
on the resistance of structures to earthquakes and also on fatigue in general. To understand the
problem the simplest is to consider a rod excited at one end by a random force and clamped
at the other end. We are interested by the displacement x(t) of the free end of the rod. The
velocity at this end point is denoted by y(t), and we have @(t) = y(t). Newton’s law implies
y(t) = —(coy(t) + F({z(s),0 < s < t}) + f(t) where —coy(t) is a damping term, —F({z(s),0 <
s < t}) is a nonlinear restoring force and f(¢) is the force applied at the free end of the rod. We
assume that f(¢) is white noise. The conservation of forces written as a stochastic differential
equation (SDE) is

dy(t) = —(coy(t) + F({x(s),0 < s < t}))dt + dw(t) (1.1)
where w(t) is a standard Wiener process.

21
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Beyond a given threshold |F'({z(s),0 < s < t})| = kY for the nonlinear restoring force the
material goes through plastic deformation. Introducing A(t), the total plastic yielding accumu-
lated up to time ¢, we can define a new state variable z(t) as z(t) = xz(t) — A(t). It follows
that in the plastic regime, Z2(¢) = 0, while y(¢) satisfies (1.1) where now the restoring force,
F({z(s),0 < s < t}), is written as F({X(s),0 < s < t}) = kz(t) for some constant k and
|z(t)| < Y. This is the nonlinear single degree of freedom model of [20]; its mechanical analogy
is a system containing a linear mass, dashpot and spring and Coulomb friction-slip joint studied
in [26].

In [7] it is shown that (1.1) is equivalent to a stochastic variational inequality (SVI):

dy(t) = —(coy(t) + kz(t))dt + dw(t),

(dz(t) — y(t)dt)(¢ — 2(t)) = 0, (12)
€] <Y, '
12(t)] < Y-

This system is shown to be well posed for a given probability distribution v of the initial
condition (y(0),2(0)). In [7] existence, uniqueness are proven for a given probability law for
(y(0), 2(0)); ergodicity is also shown. Hence, for the process (y(t), z(t)), there exists a unique
invariant distribution v on D v DT U D~ where D := R x (=YY is the elastic domain,
DT := (0,00) x {Y} is the positive plastic domain and D~ := (—00,0) x {—Y} is the negative
plastic domain. The invariant distribution v has a probability density function (pdf) m composed
of three L' functions

1. an elastic part: m(y, z) on D,
2. a positive plastic part: m(y,Y) on DT,
3. a negative plastic part: m(y,—Y) on D~

where m(ya Z)a m(y7 Y)a m(yv _Y) =0 SatiSfy

/Dm(y,z)dydz + /D+ m(y,Y)dy + / . m(y,—Y)dy = 1.

Moreover, the law of the process (y(t), z(t)) converges to v as t goes to oo : for all bounded
measurable functions f,

fim ELA (), =0)] = [ fon2mly yds+ [ Ym0y [ =Y ymi. =)

t—0

For applications, engineers are interested in m because that describes the asymptotic regime for
large times. The numerical simulation of the system by a Monte-Carlo method is straightforward
to implement but it is slow. The paper provides a deterministic numerical method, by solving a
partial differential equation (PDE) for m. In addition, the semi-group P; related to (y(t), z(t))
satisfies Pi(f)(n,¢) = E[f(y(t), 2(t))] with (y(0),2(0)) = (n,{) for any bounded measurable
function f. More precisely, we have

E[f(y(t), ]—/fy, 2)pe(y, 2 dydz+/ [y, Y)pe(y,Y dy+/ fly, =Y )pe(y, =Y)dy.
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where p; is the pdf of (y(t),z(t)) and the invariant distribution m can be obtained by m =
lim; ,o p¢. The latter is characterized by an ultra-weak variational formulation: for all smooth
functions ¢

/ m(y, 2) Ap(y, 2)dydz + / m(y. Y)Bep(y, Y)dy + / m(y, ~Y)B_gp(y, ~Y)dy = 0 (1.3)
D Dt

where

1

Ap = 5Py + (coy + k2)py — yp2,

1
By = —Spy + (coy + kY )y,

1
B_¢:= _i‘Pyy + (coy — kY )py.
The purpose of the paper is to solve (1.3) and compare the results with a standard Monte-Carlo
simulation. The key point is to solve a nonlocal PDE which does not depend on time with a
function f sufficiently regular at the right hand side:

A+ Au fly, 2) in D,
Au+ Biu = f(yv Y) in D+7 (P/\)
Au+ B_u fly,=Y) in D

with the nonlocal boundary conditions
ux(y,Y) and wuy(y,—Y) continuous.
From [8], we know that there exists a unique u(y, z) solution of (Py) such that

110
A

[uloo < and w) are continuous.

In this work, we justify that this formulation is very relevant from a numerical point of view,
since it allows also to obtain limy_,« E[f(y(t), 2(t))] in a way that does not require to solve a
time dependent problem. We shall see that the problem (P)) is compatible with an ultra weak
finite element method for solving (1.3). Indeed, ergodic theory has been proven in [7] for (1.2)
which implies that

¥(n,Q) e D, lim dua(n,¢) = Jim E[f(y(1), 2(¢))]

and then

ti N (9,€) = [ mly. 7o )y

[ me )@ [ mly=Y) s =Y

which is an equivalent characterization of m. This limit does not depend on (7, (). The paper
is organized as follows:
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First, in Section 1 we provide a formal presentation of the PDE which characterize m. Then,
we argue that we cannot solve this problem by a direct approach since the non-local condition
Jpm(y, z)dydz+ [+ m(y,Y)dy+ [,- m(y, —Y)dy = 1 makes difficult to deal with the boundary
conditions. Consequently, we prefer to treat the dual equation (Py) of the invariant distribution.
Indeed, we show that this class of PDEs allows to recover an equivalent characterization of m
as A goes to 0.

In Section 2, we turn to the numerical solution of (Py) and an ultra-weak finite element method
is derived to compute the invariant distribution m.

Then, in Section 3 we study a Monte-Carlo algorithm based on (1.1) which is reformulated in
a mathematically more practical form with stopping times between elastic and plastic regimes.
Trajectories are simulated using the Box-Muller formula and an explicit Euler time finite differ-
ence scheme. The probability density for (y(T'), 2(T)) € (y,y + dy) x (2, 2+ dz) is computed and
its limit m(y, z) when T is large is the final product of these simulations. A comparison with
the results obtained by the ultra-weak finite element method is provided. As usual in dimension
2, here Monte-Carlo method is slower than finite element method.

In conclusion we remark that the ultra-weak method is certainly harder to program compared
with Monte-Carlo algorithms but it is faster and, most importantly, more precise even though it
is hampered by the necessity to choose several important parameters such as the place at which
the computational domain is truncated.

1.2 An equivalent characterization for the invariant measure

In this section, we give a formal presentation of the equation related to m and we argue that we
cannot solve it by a direct approach. Testing m with (Py), we obtain on D

A /D ur(y, 2)m(y, 2)dydz — /D F(y, 2)ymly, 2)dydz =

1
/ {qu,yy — (coy + kz)uny + yux,z} m(y, z)dydz
D

which means
A / wx(y, 2)mly, 2)dydz — / F(y, 2)ml(y, 2)dydz =
D D

1 0
/ u(y, 2) {2myy + af[(coy + kz)m] — ym} dydz
D Y

ee}

+/OO yUA(y,Y)m(y,Y)dy—/ yux(y, =Y)m(y, —Y)dy.

—0 —o0

Also, we have on D™

A /D (Y )m(y, Y)dy - /D Yyl V)dy =
/D+ ux(y,Y) {;myy + aay[(coy —+ k:Y)m]} dy

1 1
+u)(0,Y) {me(OJr, Y)+ kYm(O*,Y)} - §u>\7y(0+,Y)m(0+, Y)
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and on D~

AtV ymln =ty = [ = yml =Yy -

[ urtn =) { G + 5 ey~ 1ol

+u)(07,-Y) {k:Ym(O_, -Y) — -my (07, —Y)} + Uy (07, =Y)=m(07,-Y)
Finally, collecting terms we obtain
« 0 1
| ) {ym ) + ey + KV )] + G f
0

0
+ [t {mumlon )+ it = 1 oml + Jm

—0

0 e}
" / yus(y, Y)m(y, Y)dy — /0 yus(y, —Y )m(y, —)dy

—Q0

1 0
+/ ux(y, 2) {2myy + a—[(coy + kz)m]| — ym} dydz
D Yy

1 1
+u)(01)Y) {zmy(OJr7 Y) + kYm(0%, Y)} - §u,\7y(0+, Y)m(0*,Y)

+u)(07,—=Y) {;my(()_, -Y) — kYm(0™, —Y)} + %u,\,y(o_, -Y)m(0~,-Y)

A /D ur(y, 2)mly, 2)dydz — /D F(y, 2)ym(y, 2)dyd=
A @ ml = [ m. )
A wn=Yyml )y = [ =Y ymly Y.

Now, using that we also have

V(nv C)v UA(Wa C) — O, )\’LL)\(U, C) - V(f)v u)\,y(0+7 Y) - 07 U)\7y(0_, _Y) - Oa

when A goes to 0, we deduce a formal equation for m which is the following:

—ym, + a—ay[m(coy + kz)] + %myy = 0in D,
shm + & mlcoy + k2)] + gmy, = 0 on {sign(y)z = Y},
) m = 0on {sign(y)z = =Y}, (1.4)
$my (07,Y) + kYm(0T,Y) = 0,
tmy (07, -Y) —kYm(0~,-Y) = 0

with
0

0
m = 0, / m(y, z)dydz —l—/ m(y,Y)dy +/ m(y,—Y)dy = 1.
D 0

—0
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The last condition is essential since it express that m cannot be 0 (as a probability density func-
tion). Moreover, this express a non-local condition which makes difficult to treat the function
on the boundaries. Consequently, we do not know how solve m by a direct approach.

Now, let us recover from the problem (P)) an equivalent characterization for the invariant
distribution as A goes to 0.

Proposition 1. Consider uy the solution of (Py), then for all (n,() € D, we have

ti Nus(1,0) = [ ) £ 2)dyds + [l =Vr Yyt [l V07 )y

D+
(1.5)

Proof. The result is a direct consequence of the ergodic theory for (y(t), z(t)). O

Remark 1. The formulation (1.5) is numerically relevant because we can compute

lim E[f(y(t), 2(t))]

t—o0
i a way which does not require to solve a time dependent problem.

We shall now show how to use (1.5) to compute m.

1.2.1 Computation of m

Assume that m € L?. Next, we consider (¢%);c; a set of independent piecewise continuous
functions in L?(D) u L?(D~) u L*(D*) and we approximate {m(y,z2), (y,z) € D} in L?*(D),
{m(y,Y),y > 0} in L2(D*), {m(y,=Y),y < 0} in L*(D7), by >,c; mig" where {m;,i € I} is a
sequence of real numbers. To each basis function ¢%,i € I, we associate the unique solution u* of
(Py) where ¢’ is at the right hand side. We shall build m by inverting (1.5); this means solving
a linear system with matrix

0 o
g"(y’—Y)gj(y,—Y)der/o 9"y, Y)g (y,Y)dy  (1.6)

Note that (1.5) is also (Am); = (limy_q Au?).

A :/Dgi(y,z)gj(y,z)dzder/

—0

1.3 Numerical result with the equivalent characterization for
the invariant measure
For the computations, we need to truncate D into Dy, and add an artificial condition on y = +L.

We denote

We add a Neumann condition on the boundary y = +L:

A+ Au = g in Dy,
Au+Byu = g4+ in Dz, (1.7)
M+Bu = g in D, '

ophu = 0 on —Y <z<Y,y==L.

We found that the choice of L is critical, it needs to be small to reduce the computing time and
large for precision. Next, the main difficulty was to deal with boundary conditions.
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1.3.1 A superposition method for the boundary conditions

We observed that the conditions at 0 < y < L,z = +Y are 2 autonomous ODE in the y variable
which could be solved separately in order to obtain non homogenous Dirichlet conditions for u.
But, we needed to impose appropriate boundaries conditions at 0 and at +L.

It seemed reasonable to impose homogenous Neumann conditions at (y, z) = (£L, +Y). But,
the values of u — denoted by w1 — at y = 0,z = Y are unknown, so we shall use the linearity
of w with respect to these real numbers and dertermine them later.

Computation of u4

In [8] it is shown that w) is continuous, so continuity at the points (0,Y") and (0, —Y) of u) are
the equations which determine the unknown constants of w4 .
By linearity the solution of (1.7) is also a linear combination of the three following problems:

Aug + Aug = g in D,
Aug+ Biug = g4 in Dz,
Aug+B-ug = g in D,

with ug + = 0,ug— = 0,

Aui +Au; = 0 in D,

My +Biug = 0 in DY,
Auy +B_u; = 0 in D,
with Uy, + = 1,U1 - = 0,

)

Aug + Aus = 0 in D,

Aug + Byug = 0 in Dz,
Aug + B uy = 0 in D,
with ug + = 0,up — = 1.

We must find a and 3 such that u = up + au; + [Sug is continuous in (0, —Y) and (0,Y), i.e.

up(07,Y) + aui (07,Y) + Buz(01,Y) wo(0,Y) + aui(07,Y) + Bua(07,Y)
up(0, =Y) + aur (07, =Y) + Buz(07,-Y) = ug(0,=Y) +auy(0,=Y) + Buz(0,-Y)

Finally, we solve the following linear system.
ur(0T,Y) —u1(07,Y) u2(07,Y) —ua(07,Y) a\ [ w(07,Y) —up(0,Y)
ul(—0+, —Y) — ul(O_, —Y) UQ(0+, —Y) — UQ(O_, —Y) J6] N UO(O_, —Y) — U()(O+, —Y)

Test of Convergence of \uy to a constant value

We have verified numerically that Auy converges, to a constant value. Figure 1.1-1.2 corresponds

to the following choice:

2 2

n
W)
=

1 _

Q‘m

1
20

2
— 1.8
9(y, 2) o, ¢ (1.8)
In figure 1.3-1.4, g is similar but non zero on D*:
R N 4 LR E
9(y, 2) e ? % e (1.9)

20,0y
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where 0, = 0, = 4/1/200. Both plots show that indeed Auy tends to a constant when A tends
to zero.
1.3.2 Computing m by an ultra-weak finite element method

Given a mesh of Dy generated with the software freefem++, we consider a family of gaussian
function centered on each node (y;, z;) of the mesh.

1
6_5( o 2\ oy

9i(y.2) = 5 ; R e

TO .0y
Then we solve the problem (1.7) by a finite element method of degree one, also using freefem++.
Finally we solve the linear system for m. The results are shown on figure 1.5,1.6 and the
comparison with the Monte-Carlo method is given of Figure 1.10. We denote my the solution
given by the ultra weak finite element method where N is the number of basis functions.
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Figure 1.1: From the top to the bottom: Auy for A = 1.0 and A

2

1z 1
1 72,2, 262 Wy
oo, ¢ e and o, = o, = 4/1/200.

107, with g(y,z) =



30 Chapter 1. Numerical analysis of the invariant distribution
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Figure 1.5: my computed by the Ultra Weak Method, from the top to the bottom we consider
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Y =3,4. When 'Y increases the plastic part decreases.
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1.4 Monte-Carlo simulations

1.4.1 Reformulation with stopping times

We recall from [7] the stochastic differential equations governing the process (y(t), z(t)) of (1.1)
corresponding to the elastic and plastic regimes, respectively.

For n = 0,1,.. and starting with 6y = 79 = 0, we define two sets of stopping times in the
following way:

Opi1 = inf{t >m,, [2()|=Y}
{ ot = nf{t > Oper, y(t) = 0) (1.10)
When t € |7, 0p41[, we have |z(t)| <Y and (y(t), 2(t)) satisfies:
dy(t) = —(coy(t) + kz(t))dt + dw(t)
{ dz(t) _ y(t)iiz (1.11)

When t € [041, Tn+1[, we have |z(t)| =Y and (y(t), z(t)) satisfies

{ dy(¢) —(coy(t) + kz(t))dt + dw(t)
dz(t) = 0

(1.12)

Remark 2. (6,,),>1 corresponds to each entry in plastic regime. During plastic regime, when
sign(y(t)) changes the behavior of the oscillator comes back to the elastic regime. Then (Tp)n>1
corresponds to each exit of plastic regime.

1.4.2 Analytic formulae

We will use later the fact that in each elastic and plastic time segments there is an analytic

. \/4]{?703
formula for the solution. Let (y(0), 2(0)) = (y, z) and let w = ¥—5—2. From now on, we assume
4k > c3. Note that the condition 4k > 3 is needed so that (y(t), z(t)) have real valued solutions.
We have

At) = e%“{zcos(wt) Ly + 92)sin (wt)}
+1 fO B S)Sln( (t — s))dw(s), (1.13)
y(t) = -2 (t)—i—e 2{ wzsin (wt) + (y + 9 z) cos (wt)}

—i—f e 3 %) cos (w(t — s))dw(s).

2(t) is a gaussian variable with mean equal to e,(t, z,y) and variance equal to o2(t), where

e 1
e.(t,y,z) = e = {z cos (wt) + —(y + %Oz) sin (wt)},
w
1 t
o(t) = — [ e " sin? (ws)ds.
w=Jo

y(t) is a gaussian variable with mean equal to e,(t,y, z) and variance equal to o7 (t), where

¢ cqt ¢
ey(t,y,z) = —Eoez(t, 2,y) + e 2 {—wzsin (wt) + (y + 502) cos (wt)},
2(t) /t —cos COS2 ( )d 40(2) K —Cos ¢ 2 ( )d €0 —cot S 2 ( t)
o = e ws)ds — —' [ e in® (ws)ds — —e in” (wt).
y 0 W2 J, 202
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The correlation between y(t) and z(t) is given by

1 t

t
oy:(t) % J, e “%sin (2ws)ds — % /0 e 0% sin? (ws)ds.

When the system is in a plastic state there is an analytic solution also. Let (y(0), 2(0)) = (y, £Y)

then
A = £h, 1.14
y(t) _ yefcot T %’(1 _ e*Cot) + i;%w(e%ot N 1)' ( . )

1.4.3 Monte-Carlo method for computing the invariant measure

Based on these analytic solutions, a C code was written to simulate (y(¢), 2(¢)). Let "> 0, N € N,
and (tp)n=0..n a family of time which discretize [0, 7], such that ¢, = ndt where 0t := %

We set ¥ € Mso(R?) such that

o2 (5t) 04.4(0t)
s — (az,y o ) (1.15)

Let (Gnm)n—0..N,m=1,2 be random independent Gaussian N(0, 1) variables. Here, all gaussian
random variables are generated by the Box-Muller formula [23] and the C function rand (). The
finite difference scheme for (1.1) is as follows:

if [2(t,)| < Y,
Gir) = (e (@) o

if |z(tn)| =Y,

(Z(t"+1)> = i P . (1.17)
Y(tns1) Y(tn)e= o0 F KX (1 — gmeoft) 4 gmcodt, [Ny

Figure 1.7 shows a sample of trajectory of the process at T=10. Then, to compute the probability
density function of (y(7T'),2(T")), we define L sufficiently large and the domains

Dy :=(-L,L) x (=Y,Y), D, :=(0,L)x{Y}, D, :=(-L,0)x{=Y}
and the three uniform grids on Dy, DZ and D}
g(Ny7Nz)> g(Ny)> g(Ny)

for given integers Ny, V..
The 4, j-cell on Dy, is
2jL 2(j + 1)L L2y 20i +1)Y
S A — >< —_— S S —

D= (—L+2=2 L
" ( +Ny’ " Ny

and the j-cell on DZL is
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3.5 T T T T

T
‘trajectory.txt’

25 —

15

05 |

-05 |

15

for given 0 < i < N.,0 < j < N,. Let us generate numerically N trajectories up to time 7'
and count the number n; ;, nj and n; of trajectories ending in Di,j,D]’.L and D;. By the law of

ni,j

large numbers we can approximate the probability that ((y(T'), 2(T)) € D; ;) by X’Z]\; = &% and

nt

the probability that ((y(T),2(T)) € D;+) by X ji’N := 5. By the central limit theorem we also
know the error: for instance at 5 % error

_ L.96XN.(1 - XN) _ 196 XN.(1 — XN)
P((y(T),2(T)) e D) € | X7 — b LT XN 4 i b
((W(T),2(T)) € Diy) ( ij N i N
and also
_ 196X 5N (1 - XN 1.96X N (1 - X )
P((y(T),2(T)) € D}) € (Xf’N - ’ L2 XN+ ¢ J
VN ! VN

The invariant measure m of the process is computed as the asymptotic limit for large T of
XZA; and in’N. In figure 1.8-1.9 m is shown for different values of Y, Y = 1,2,3,4, with

L =7,T =10,N = 10". Moreover, for each Y, we can estimate the plastic part denoted by
MC
pY ’

< = P((y(T), 2(T)) € (0, +0)) x {Y} +P((y(T), 2(T)) € (~0,0) x {~Y})

i.e.
oo} 0
¢ =/O m(y,Y)der/ m(y, =Y )dy

—0Q0
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Figure 1.8: Plots of myc computed by the Monte-Carlo Method; from the top to the bot-
tom we consider Y = 1,2. When Y increases the plastic part decreases, indeed p{‘/fc =
84.934.7,85.01 %, P5"C = 9.62[9.61,9.63 %

and the confidence interval for a 5 % error. We denote mj;c the solution given by the Monte-
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Figure 1.9: Plots of myc computed by the Monte-Carlo Method; from the top to the bot-
tom we consider Y = 3,4. When Y increases the plastic part decreases, indeed pé‘/fc =
0047649 04760,0.04768) 70, P3¢ = 0.0 %.

Carlo method.
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basis functions. Bottom: The same plot in log-log scale.

Figure 1.10: Top: L?-Relative error : between the result given by the Monte-Carlo
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1.5 Conclusion

In this work, we compared a deterministic method to a Monte-Carlo computation to compute
the stationnary state of the process (y(t),z(¢)) when ¢t — oo. The Monte-Carlo method is
straightforward but expensive. The probability density of lim;—,« (y(t), z(t)) is also characterized
by a PDE. As we saw, classical methods, on this PDE do not work because m belong to L? but
not to H'. So, an Ultra Weak method has been proposed to compute m. The main idea is to
solve the dual problem of m on each function of a basis of L?. Comparing the result between the
two methods, we found less than 3 % of L? relative difference. This deterministic method is also
expensive but it is more precise than the Monte-Carlo method at equal computing time so it is
faster at comparable precisions. In the future, we shall extend this approach to multidimensional
problems, more relevant to application for earthquake engineering.

1.6 Appendix: A numerical study of elastic phasing

Let us exhibit the phenomenon of micro-elastic phases which are also small as well as numerous.

1.6.1 Direct numerical simulations

Figure 1.11 shows (a) the sojourns in the elastic and plastic phases, (b) the sojourns in micro-
elastic and micro-plastic phases.

1.6.2 Approximation of the second marginal of m

In this subsection, we consider the numerical resolution of problem (P)). Concentration of
micro-elastic phasing must appear in temporal averaging of (y(t), z(t)) on long time period. We
recall that ergodicity implies

T

i [ ) 2e)s = [
+ [ =)0 2y

Y)Y )y + [l Y)Y )y

for all bounded continuous function Vf. Consequently, m has to be affected by this phenomenon.
So, we are interested in computing the second marginal of m in elastic phase that is

40
U:s —>/ m(y, s)dy, se(=Y,Y).
—00

For this purpose, we introduce

e U,(s) to approximate U(s),
+o Y
Uns) = [ [ 2t - s)dzdy.
—w J-=Y
e W,(s) (the derivative of U,(s)) to compute sensibility to the threshold U’(s).

wis)i=n [ [ ’; (. 2)(z — )z — 8)dzdy,
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Figure 1.11: Visualization of Micro-Elastic Phasing Phenomenon: At the top-left we have sample
tragectory of (t, z(t)), at the top-right we have the corresponding trajectory (y(t), z(t)) in the phase
space; we observe regular elastic and plastic phasing. At the bottom in the both cases, a zoom
on plastic phasing reveals an illustrative micro-elastic phasing.

where x,, is an approximation of the Dirac function

n Tll‘Q

o exp(———), n is sufficiently large. (1.18)
7r

Xn(2) = D)

Proposition 2. Vs € (=Y,Y), Uy(s), Wn(s) are converging sequences when n goes to c. Fur-
thermore, they can be expressed by the behavior at zero of the problem (Py) with xn(z — s) and
(z — s)xn(z — s)n respectively at the right hand side. More precisely, consider @ such that

NG = gy + (coy + k2)ly —yi. = f(y.z)  yeR, [z <Y,
Al — %ﬂyy + (Coy + ky)ay = f(yvy) Yy > 0, z= Y>
N — gy + (coy —kY)ay = f(y,~Y) y<0, z=-Y.
Then
o limy o Ai = Up(s), if f(y,z) = xn(z —s) or

o limy0 Au = Wy(s), if f(y,2) = n(z — s)xn(z — 5).
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Proof. As m is assumed sufficiently regular inside D, we deduce convergence of the sequences of
Dirac’s approximation Uy (s) — U(s) and W,,(s) — U'(s) as n — o0. O

Computational results on the invariant distribution

In Figure 1.12, 1.13 and 1.14 (left) computations of pdf of z show up a significant concentration of
limy_,o 2(t) in the neighborhood of plastic boundaries. So, in Figures 1.12,1.13 and 1.14 (right)
points of inflection of U’ are located. For applications, we believe that we located thresholds
sT sufficiently far away from the boundary. Indeed, note that s are near but not on the
boundary, thereby justifying existence of micro-elastic phasing. This phenomenon is also present
in the probabilistic numerical simulation of U,, (not shown here) but it is quantified much more
accurately with the PDEs related to the invariant distribution.

C=1k=1,Y=1n=8e3 C,=1k=1,Y=1n=8e3
0.65 T T T T T T T T T 2 T T T T T T

I I I I I I I I I _ I I I I I I I I I
-1 -08 -06 -04 -0.2 0 02 04 06 08 1 -1 -08 -06 -04 -0.2 0 02 04 06 08 1
S S

Figure 1.12: U, (s), W,(s),s € (=Y,Y) and location of s*,Y = 1.

Co=l,k:l,Y=1.5,n=863 Cozl,k=l,Y=lA5,n=863
0.7 T T T T T 2

o)

-15 -1 -0.5 0 0.5 1 15 “is -1 -0.5 0 0.5 1 15

Figure 1.13: U,(s), Wy(s),s € (—Y,Y) and location of s+, Y = 1.5.



44

Chapter 1. Numerical analysis of the invariant distribution

U s
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Figure 1.14: U, (s), W,(s),s € (=Y,Y) and location of s*,Y = 2.



Chapter 2

An analytic approach to the ergodic
theory of stochastic variational
inequalities

Ce chapitre fait 1’'objet d’une note soumise au Comptes Rendus Acad. Sci. Paris [5] en collabo-
ration avec Alain Bensoussan.

In an earlier work made by the first author with J. Turi (Degenerate Dirich-
let Problems Related to the Invariant Measure of Elasto-Plastic Oscillators,
AMO, 2008), the solution of a stochastic variational inequality modeling an
elasto-perfectly-plastic oscillator has been studied. The existence and unique-
ness of an invariant measure have been proven. Nonlocal problems have been
introduced in this context. In this work, we present a new characterization
of the invariant measure. The key finding is the connection between nonlo-
cal PDEs and local PDEs which can be interpreted with short cycles of the
Markov process solution of the stochastic variational inequality.

Résumé

Une approche analytique de la théorie ergodique des inéquations
variationnelles stochastiques. Dans un travail précédent du premier au-
teur en collaboration avec Janos Turi (Degenerate Dirichlet Problems Related
to the Invariant Measure of Elasto-Plastic Oscillators, AMO, 2008), la solu-
tion d’une inéquation variationnelle stochastique modélisant un oscillateur
élastique-parfaitement-plastique a été étudiée. L’existence et I'unicité d’une
mesure invariante ont été prouvées. Des problemes nonlocaux ont été intro-
duits dans ce contexte. La conclusion importante est la connexion entre des
EDPs nonlocales et des EDPs locales qui peuvent étre interprétées comme les
cycles courts du processus de Markov solution de I'inéquation variationnelle
stochastique.

45
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Version francaise abrégée

La dynamique de l'oscillateur élastique-parfaitement-plastique s’exprime a ’aide d’une équation
a mémoire (voir (2.1)-(2.2)). A. Bensoussan et J. Turi ont montré que la relation entre la vitesse
et la composante élastique de 'oscillateur est un processus de Markov ergodique qui satisfait
une inéquation variationnelle stochastique (voir (2.3)). La solution admet une mesure invariante
caractérisée par dualité a ’aide d’une équation aux dérivées partielles avec des conditions de bord
non-locales (voir (2.4)). Dans ce travail, une nouvelle preuve de la théorie ergodique est présentée
ainsi qu’une nouvelle caractérisation de I'unique distribution invariante. Dans ce contexte, nous
déduisons des nouvelles formules reliant des équations aux dérivées partielles avec des conditions
de bord non-locales & des problemes locaux (voir (2.10)).

2.1 Introduction

In the engineering literature, the dynamics of the elastic-perfectly-plastic (EPP) oscillator has
been formulated as a process x(t) which stands for the displacement of the oscillator, evolving
with hysteresis. The evolution is defined by the problem

Z+cor+F(x(s),0<s<t)=w (2.1)

with initial conditions of displacement and velocity z(0) = x, %(0) = y. Here ¢ > 0 is the
viscous damping coefficient, k& > 0 the stiffness, w is a Wiener process; F(z(s),0 < s < t) is a
nonlinear functional which depends on the entire trajectory {z(s),0 < s < t} up to time t. The
plastic deformation denoted by A(t) at time ¢ can be recovered from the pair (x(t), F(z(s),0 <
s < t)) by the following relationship:

kY if x(t) =Y + A@),
F(2(s),0 < s <t) =4 k(z(t) — A®t)) if z(t)e]—Y +A®),Y + A®)], (2.2)
kY if a(t) =Y + A1),

where Y is an elasto-plastic bound. Such elasto-plastic oscillator is simple and representative of
the elasto-plastic behavior of a class of structure dominated by their first mode of vibration, they
are employed to estimate prediction of failure of mechanical structures. Karnopp & Scharton
[26] proposed a separation between elastic states and plastic states and introduced a fictitious
variable z(t) := x(t) — A(t).

Recently, the right mathematical framework of stochastic variational inequalities (SVI) mod-
eling an EPP oscillator with noise has been introduced by one of the authors in [7]. Although
SVI have been already studied in [2] to represent reflection-diffusion processes in convex sets, no
connection with random vibration had been made so far. The inequality governs the relationship
between the velocity y(¢) and the variable z(t):

dy(t) = —(coy(t) + kz(t))dt + dw(t), (dz(t) —y(t)dt)(¢ —2(t)) 20, V[$|<Y, [2(t)]<Y.
(2.3)
Let us introduce some notations.

Notation 3. D := R x (=Y,4Y), D% := (0,0) x {Y}, D™ := (—00,0) x {=Y}, and the
differential operators A := —%ny—i—(coy—i—kz)gy—ycz, B.(:= —%Q“yy—i—(coy—i—kY)Cy, B_(:=
—%ny + (coy — kY')(y. where € is a regular function on D.
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In [7], it has been shown that the probability distribution of (y(t), z(t)) converges to an asymp-
totic probability measure on D U Dt U D~ namely v. Moreover, v is the unique invariant dis-
tribution of (y(t), z(t)). In addition, from [8] we know also that there exists a unique solution
u) to the following partial differential equation (PDE)

Muy+Auy=f in D, Muy+Biuy=f in DT, duy+B_uy=f in D~ (24)

with the nonlocal boundary conditions given by the fact that uy(y,Y) and uy(y, —Y) are con-
tinuous, where A > 0 and f is a bounded measurable function. The function u) satisfies
[ur]oo < %, uy is continuous and for all (1, () € D, we have limy_,o Aux(n, () = v(f). We use
the notation uy(y, z; f).

Now, we introduce the short cycles to provide a new proof of the ergodic theory for (2.3). In
this context, we derive new formulas linking PDEs with nonlocal boundary conditions to local
problems.

2.1.1 Short cycles

Let A > 0, consider vy(y, z) the solution of
Avy+Avy=f in D, Ay+Bioyn=f in DY, My+B_vy=f in D~ (2.5)

with the local boundary conditions v)(0",Y) = 0 and v)(07,—=Y) = 0. Also, if f is symmet-
ric (resp. antisymmetric) then vy is symmetric (resp. antisymmetric). We use the notation
ua(y, z; f). As A > 0, vy — v with

Av=f in D, Byv=f in DY, Bov=f in D~ (Py)

with the local boundary conditions v(0%,Y) = 0 and v(0~,-Y) =
v(y, z; f). We call v(y, z; f) a short cycle. We detail the solution of (P,
introduce next 7t (y, z) and 7 (y, z) such that

0. We use the notation
) in the next section. We

AT =0 in D, a#t=1 in D7, 77 =0 in D~ (2.6)
and

Ar™ =0 in D, 7~ =0 in D", 70 =1 in D~. (2.7)
We have 77 4+ 7~ = 1, so the existence and uniqueness of a bounded solution to (2.6) and (2.7)

are clear. A new formulation of the invariant distribution is given by the following theorem.

Theorem 2.1.1 (New formulation of the invariant distribution v). Let f be a bounded measur-
able function on D, we have the following analytical characterization of the invariant distribution:

— U(O_,Y;f) + U(O+7 _Y;f)

v(f) 20(0+,Y; 1) '

Denote vy(f) = ”*(0_’};;{%(?1’?;?5’7“”. As XA — 0,

—uly, 2 f),  walf) = v(f) (2.8)

, vA(f)
u)\(yv Z; f) - T
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where u satisfies

Au=f—-v(f) in D, Biu = f—-v(f) in DY, Bu = f—v(f) in D
(2.9)

with the nonlocal boundary conditions given by the fact that
u(y,Y) and u(y,=Y) are continuous.

Then, we obtain also the representation formula

55 0) = o35 0) (Dol )+ T DS 00y - w0, -vi) (210

2.2 Analysis of the short cycles

We describe the solution of (P,). We can write v(y, z; f) = ve(y, z; f) + v (y, z; f) + v~ (y, 2; )
with ve, vt, v satisfying

Ave = f(y,2) in D, v.=0 in D", v.=0 in D, (2.11)
Avt =0 in D, v (y,Y)=¢(y;f) in DT, 7 =0 in D7, (2.12)
and
Av- =0 in D, v =0 in DY v (y,-Y)=¢ (y;f) in D . (2.13)
where T (y; f) and ¢~ (y; f) are defined by
1
—5%u + (oY + Yoy = f(u,Y), y>0, ¢"(07/) =0 (2.14)
and )
_§¢;y + (Coy - kY)(,Dy_ = f(y7 _Y)a y< Oa 90_(0_; f) =0. (215)

We check easily the formula ot (y; f) = 2 fooo dé exp(—(co€? +2kY€)) ff“’ F(GY) exp(—2¢€(¢ —

)¢, if y = 0 and also p_(y: f) = 2 f;” d€ exp(—(co€® — 2kYE)) [, 5, F(G:—Y) exp(~2e0€( —
&)dc, if y < 0.

2.2.1 Solution to Problem (2.11)

The proof will be based on solving a sequence of Interior Exterior Dirichlet problems and a fixed
point argument. Thus, we need to state the two following lemmas as preliminary results. It is
sufficient to consider f = 1, with no loss of generality.

Interior Dirichlet problem

We begin with the interior problem, let Dy := (=91, 71)x(=Y,Y), Dj :=[0,41)x{Y}, Dj :=
(=91,0] x {=Y}. Let us consider the space C; of continuous functions on [~Y, Y] which are 0
on Y and the space C; of continuous functions on [—Y, Y] which are 0 on =Y. Let o™ € C}
and ¢~ € C] . We consider the problem

1 . . . _
50wt (coy +k2)¢y —yC. =1 in D1, ((y,Y)=0 in Dy, ((y,—Y)=0 in D
(2.16)
with ((71,2) = ¢7(2) and ((=71,2) = ¢ (2), if =Y <2 <Y
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Lemma 1. There exists a unique bounded solution to the equation (2.16).

Proof. Tt is sufficient to prove an a priori bound. For that we can assume ¢, ¢~ = 0. Con-
sider A > 0 and the function 6(y, 2) = exp(Aco(y* + k2?)) then —10,, + (coy + kz)0, — yb, =
0 (—Aco + 2Ac3y*(1 — X)). Set next H := —(0 + () then

1
—5Hyy + (coy + k2)Hy —yH. = —1+6 (Aco — 22Xy (1 — N)) . (2.17)

If we pick A > max(1, %) the right hand side of (2.17) is positive. Therefore the minimum of H
can occur only on the boundary y = ¢; and z =Y with y > 0 or z = =Y with y < 0. It follows
that H(y,z) = —exp(Aco(73 + Y?)) and thus also 0 < ¢ < exp(Aeo(72 + Y?)). O
Exterior Dirichlet problems

Now, we proceed by considering two exterior Dirichlet problems. Let 0 < y§ < ¥1, we define

Dyoy ={y>y, -Y<z<Y} D5r<y ={y>y, z=Y}land Dye_y:={y< -y, -Y <
z<Y}, Dy ;:={y<-y, z=-Y} and consider
1 . .
—En;y + (coy + /{:,7:)77y+ —yny =1 in Dyoy, 17 (y,Y)=0 in D;;y (2.18)
with the condition n*(y, z) = ((y,2) if =Y <z <Y, and
I _ _ : _ . _
— 5y + (coy +kz)n, —yn, =1 in Dy<y, 7 (y,—Y)=0 in D__, (2.19)

with the condition n~ (-7, 2) = ((—y, 2), if =Y < z <Y. We use the same notation n(y, z) for
the two problems (2.18),(2.19) for the convenience of the reader. We have

Lemma 2. For any § > 0 there exists a unique bounded solution of (2.18),(2.19).

Y

g_z, fory >y
and (e < 7y, 2) < (o + Y;Z, for y < —y. Consider for instance p(z) = |||l + Y;Z for
y>y,—Y <z <Y then —3py, + pylcoy +k2) —yp. = £ > 1, p(g,2) = [Cr» + 52 > (7, 2),
p(g,z) = |C|l=» > 0. So clearly n(y,z) < p(z). So in all cases we can assert that |n]e <

ICleo + 2X. 0

Proof. Tt is sufficient to prove the bound, we claim that ([l < n(y,2) < (|l +

Solution to Problem (2.11)

Proposition 3. There exists a unique bounded solution to Problem (2.11).

Proof. Uniqueness comes from maximum principle. Setting ® = (¢7(2), 9 (2)) and using the
notation ®(i1,2) = p1(2), @(—71,2) = ¢ (2), we can next define I'®(y1,2) = n(y1, 2z) and
L®(—g1,2) = n(—71,2). We thus have defined a map I from C;, C into itself. If " has a fixed
point, then it is clear that the function

v (y Z) — C(yvz)v _gl <y< gla
o 77(1%2')7 Yy > gv Yy < _g

is a solution of (2.11) since ( =n for y<y<y,z€(-Y,Y) andfor -9y <y<-—-9y,z€
(—=Y,Y) and the required regularity is available at boundary points ¢, 91, —y, —g1. The result
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will follow from the property : I' is a contraction mapping. This property will be an easy
consequence of the following result. Consider the exterior problem

1 .
_gwyy + %(Coy + k‘Z) -y, =0 in Dg<y, @ZJ(y,Y) =0 in D;_<y7 (2'20)

where (7,2) =1 if —Y <z<Y, thensup_y_,.y¥(41,2) <p<1.

Indeed if sup_y .y ¥(y1,2) = 1, then the maximum is attained on the line y = g1, and this
is impossible because it cannot be at z = Y, nor at z = =Y, nor at the interior, by maximum
principle considerations. O

2.2.2 Solution to Problems (2.12) and (2.13)

We now consider the function ¢ and ¢~ solution of (2.14) and (2.15). Note that if y < 0, we
have ¢~ (y;1) = ¢ (—y;1). So it is sufficient to consider (2.14) and we easily see that

0
1) = [ el + 2y LI PEE W e gy
0 coé

, if y > 0. We next want to solve the problem (2.12).
We proceed as follow. We extend ™t for y < 0, by a function which is C? on R and with compact
support on y < 0. It is convenient to call p(y) the C? function on R, with compact support for
y < 0and p(y) = ¢ (y;1) for y > 0. We set wt(y,2) = v*(y,2) — p(y) then we obtain the
problem

and we have o™ (y;1) < = log(coy+ky)

Awt =g in D, w'(y,Y)=0, in DT, w'(y,—-Y)=—p(y), in D~ (2.21)
with g(y,z) = — (_%SOyy + (coy + kz)SOy)'

But, g(y, 2) = Lyy=0; (=1 + k(Y — 2)@y (1)) + Lgy<oy (—(—50yy + (coy + k2)py)) and thus, tak-
ing into account the definition of ¢ when y < 0, we can assert that g(y, z) is a bounded function.
Again, from the definition of p(y) when y < 0, we obtain that on the boundary, w™ is bounded.
It follows from what was done for Problem (2.11) that (2.21) has a unique solution. So we can
state the following proposition.

Proposition 4. There exists a unique solution to (2.12) of the form v*(y,2) = 1 (y)1yy=0y +
07 (y, z) where 07 (y, z) is bounded. Similarly, there exists a unique solution to (2.13) of the form
v (y,2) = ¢~ (Y)Liy<oy + 0 (y,2) where 0~ (y, z) is bounded.

Proof. We just define ¢(y) extension of ¢ (y) for y < 0 as explained before and consider w™ (y,
solution of (2.21). We know that w*(y, z) is bounded and we have v*(y, z) = ¢(y) + w™ (y, 2)
e (Y)Ly=0y + ©(¥)1{y<oy + w* (y, z) which is of the form (2.12) with % (y,2) = ¢(y )1{y<0}

z)
+
wt(y, 2). O
2.2.3 The complete Problem (P,)
Finally, we consider the complete Problem (P,), we can state

Theorem 2.2.1. There exists a unique solution of (Py) of the form v(y, z; f) = ¢ (y; f)1y=0y +
0~ (y; f)1gy<oy + W(y, z) where w(y,2) is a bounded function which can be written as w0 = ve +
wt +w.

Proof. We just collect the results of Propositions 3 and 4. O
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2.3 Ergodic Theorem

Proof of Theorem 2.1.1. We first prove the result when f is symmetric. In that case, we can
write 0. f)
(07, Y, 1
CFY — ) EAA 1 2.22
’U,)\(y,Z,f) U)\(y,Z,f)+ ’U)\(Of,Y; 1) ()\ v)\(y,z, )) ( )
Indeed, we know that uy(y, z; f) and vy (y, z; f) are symmetric. Setting ux(y, z; f) = ua(y, z; f) —
vy, z; f), we obtain

Miy + Aty =0 in D, May+Biiuy=0 in D', Miy+B_iy=0 in D (2.23)

with the boundary conditions @) (07,Y; f) — ax(07,Y; f) = va(07,Y; f) and 4 (0T, =Y f) —
ux(07,=Y; f) = —vy(0", =Y f). This last condition is automatically satisfied, thanks to the
previous one and the symmetry. The function %—v A(y, z; 1) satisfies the three partial differential
equations on D, Dt and D~. So, @) = C (% —ua(y, 2; 1)) and writing the first boundary con-
dition, we have (07, Y; f) —ax(07,Y; f) = —C (vx(0",Y;1) —0,(07,Y;1)) = Cuy(07,Y;1).

Hence, C = % and formula (2.22) has been obtained. Now, we have v\(f) — v(f) =

UEE as A 0. If we define u}(y, 2; ) = un(y, 25 /) — 2 = 0x(y, 21 ) = va(H)oa(, 25 1),
The function u}(y, z; f) = v(y, z; f) —v(f)v(y, z;1) = v(y, z; f —v(f)), A — 0. Also from its
definition the function u}(y,Y; f) and u}(y, =Y f) are continuous. From the choice of v(f) the
function v(y, Y; f —v(f)) is continuous. Now, since f —v(f) is symmetric v(0%, =Y f —v(f)) —
v(0~, =Y f—v(f) =v(0",Y; f—v(f))—v(0,Y; f—v(f)) = 0. So the result is proven when f
is symmetric. We now consider the situation when f is antisymmetric. We know that wuy(y, z; f)
is antisymmetric. Similarly vy (y, z; f) is antisymmetric. Consider 7} and W;\_ defined by

My +Ary =0 in D, My +Bymny =0 in D, 77 =0 in D (2.24)
with the boundary condition 7y (07,Y) = 1 and
Aty +Ary, =0 in D, m, =0 in D7, Ar, +Bym, =0 in D~ (2.25)

with the boundary condition m, (07, ~Y) = 1. We have 7, (y,z) = 7, (—¥y, —2z), we then state

(73 (y,2) =75 (4,2))oa (0, =Y'; f)
1—m (0=, Y)+n} (0F,-Y)

converges as A — (,without substracting a number V*T(f) The function uy(y, z; f) converges

. . T (y,2)—7(y, 0t,-Y; . . .
pointwise to u(y, z; f) = v(y, z; f) — (m* (v:2) ;r_((yoi));)( D So when f is antisymmetric, the

results (2.8)-(2.9) hold with v)(f) = 0 and v(f) = 0. For the general case, we can write f =
Foym + Fasym With faym (y, 2) = w’ Fasym (Y, 2) = w We have v( faym) =
WO Yifoym) and thus V(fsym) = vOZY5D4v07.=Y5f) g ce V(fasym) = 0, we deduce v(f) =

the formula uy(y, z; f) = va(y,2; f) — So we see that wuy(y, z; f)

v(0—,Y;1) 2v0(0+,-Y’;1)
V(foym) = ”(0_’;/5{311)_(31’;}/#). We obtain also the representation formula u(y, z; f) = v(y, z; f)—
v(f)u(y, 2 1) + 2= W2 (4,0~ Y £) — (0, —Y; f)) and the result is obtained. O

4r=(0—,Y)
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Chapter 3

Behavior of the plastic deformation

Ce chapitre fait 'objet d’une note soumise au Comptes Rendus Acad. Sci. Paris, [6] en collab-
oration avec Alain Bensoussan.

Earlier works in engineering, partly experimental, partly computational have
revealed that asymptotically, when the excitation is a white noise, plastic
deformation and total deformation for an elasto-perfectly-plastic oscillator
have a variance which increases linearly with time with the same coefficient.
In this work, we prove this result and we characterize the corresponding drift
coefficient. Our study relies on a stochastic variational inequality governing
the evolution between the velocity of the oscillator and the non-linear restor-
ing force. We then define long cycles behavior of the Markov process solution
of the stochastic variational inequality which is the key concept to obtain the
result. An important question in engineering is to compute this coefficient.
Also, we provide numerical simulations which show successful agreement with
our theoretical prediction and previous empirical studies made by engineers.

Résumé

Le comportement de la déformation plastique pour un oscillateur
élastique-parfaitement-plastique excité par un bruit blanc. Des ré-
sultats expérimentaux en sciences de l'ingénieur ont montré que, pour un
oscillateur élasto-plastique-parfait excité par un bruit blanc, la déformation
plastique et la déformation totale ont une variance, qui asymptotiquement,
croit linéairement avec le temps avec le méme coefficient. Dans ce tra-
vail, nous prouvons ce résultat et nous caractérisons le coefficient de dérive.
Notre étude repose sur une inéquation variationnelle stochastique gouver-
nant ’évolution entre la vitesse de l'oscillateur et la force de rappel non-
linéaire. Nous définissons alors le comportement en cycles longs du processus
de Markov solution de I'inéquation variationnelle stochastique qui est le con-
cept clé pour obtenir le résultat. Une question importante en sciences de
I'ingénieur est de calculer ce coefficient. Les résultats numériques confirment
avec succes notre prédiction théorique et les études empiriques faites par les
ingénieurs.

93
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Version francaise abrégée

Dans cet article, nous étudions la variance de l'oscillateur élastique-parfaitement-plastique (EPP)
excité par un bruit blanc. La dynamique de l'oscillateur s’exprime a 1’aide d’une équation a mé-
moire. (voir (3.1)-(3.2)). A.Bensoussan and J.Turi ont montré que la relation entre la vitesse et
la composante élastique satisfait une inéquation variationnelle stochastique (voir (SVZ)). Dans
ce cadre, nous introduisons les cycles long indépendants (définis plus loin) et nous justifions qu’ils
permettent de caractériser la variance de la déformation totale et de la déformation plastique
(voir (3.4)).

3.1 Introduction

In civil engineering, an elasto-perfectly-plastic (EPP) oscillator with one single degree of freedom
is employed to estimate prediction of failure of mechanical structures under random vibrations.
This elasto-plastic oscillator consists in a one dimensional model simple and representative of
the elasto-plastic behavior of a class of structure dominated by their first mode of vibration.
The main difficulty to study these systems comes from a frequent occurrence of plastic phases
on small intervals of time. A plastic deformation is produced when the stress of the structure
crosses over an elastic limit. The dynamics of the EPP-oscillator has memory, so it has been
formulated in the engineering literature as a process with hysteresis x(t), which stands for the
displacement of the oscillator. We study the problem

i+ coi + Fy = (3.1)

with initial conditions of displacement and velocity x(0) = 0, #(0) = 0. Here ¢g > 0 is the
viscous damping coefficient, k& > 0 the stiffness, w is a Wiener process; F; := F(z(s),0 < s < t)
is a non-linear functional which depends on the entire trajectory {z(s),0 < s <t} up to time ¢.
The plastic deformation denoted by A(t) at time ¢ can be recovered from the pair (z(t), F;) by
the following relationship:

KY if a(t) =Y + A@),
Fy =4 k(z(t)— A®) if z(t)e]—Y +A®),Y +A@)], (3.2)
kY if z(t) = Y + A(%).

where A(t) = fg Y(s)1{F,|-ky}ds and Y is an elasto-plastic bound. Karnopp & Scharton [26]
proposed a separation between elastic states and plastic states. They introduced a fictitious
variable z(t) := x(t) — A(t) and noticed the simple fact that between two plastic phases z(t)
behaves like a linear oscillator. In addition, other works made by engineers [11], partly ex-
perimental, partly computational, have revealed that total deformation has a variance which
increases linearly with time:

lmg%?»zﬁ. (3.3)

t—o0

2 is a positive real number.

where o

Recently, the right mathematical framework of stochastic variational inequalities (SVI) mod-
eling an elasto-plastic oscillator with noise (presented below) has been introduced by the first
author with J. Turi in [7]. The inequality governs the relationship between the velocity y(t) and
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the elastic component z(t):

dy(t) = —(coy(t) + kz(t))dt + dw(t), (dz(t) —y(t)dt)(¢ —2(t)) =0, VIp| <Y, [2()] <Y
(SVI)
The plastic deformation A(t) can be recovered by fg Y(8)1{2(s)|=v}ds.

Throughout the paper, the objective is to prove (3.3) and to provide a exact characterization
of (3.3) based on (SVZ). Now, we introduce long cycles in view to the fact that we are interested
in identifying independent sequences in the trajectory.

3.1.1 Long cycles

which labels the first

Denote 79 :=inf{t >0, y(t) =0 and |2(t)] =Y} and s := sign(z(7p))
=0 and z(t)=-—-sY}.

boundary hit by the process (y(t), z(t)). Define 0y := inf{t > 79, y(t)
In a recurrent manner, for n > 0, knowing 6,, we can define

Tpt1 :=1inf{t > 6,, y(t) =0 and =z(t) =sY},
Op+1 = inf{t > 7,41, y() =0 and =z(t)=—sY}.

Now, according to the previous setting we can define the n-th long cycle (resp. first part of the
cycle, second part of the cycle) as the piece of trajectory delimited by the interval [7,, Tp+1),
(resp. [T, On+1) and [Op41, Tny1)). Indeed, at the instants {7,,,n = 1}, the process (y(t), z(t)) is
in the same state at the instant 9. In addition, there are two types of cycles depending on the
sign of s. The set of stopping times {7,,n = 0} represents the times of occurence of long cycles.

Let us remark that the plastic deformation and the total deformation are the same on a long cy-

cle since f_:(;l y(t)dt = ;(—)1 y(t)l{‘z(s)‘=y}dt + ‘:(-)1 y(t)1{|z(s)‘<y}dt and that f;(;l y(t)l{\z(s)|<Y}dt =
2(71) — 2(79) = 0. As main result, we have obtained the following theorem.

Theorem 3.1.1 (Characterization of the variance related to the plastic/total deformation). In
the previously defined context, we have shown

E( ™ (t)dt>2
. o(z(t) _ E\Un Y
A t  E(n—-m) (3:4)

Our proofs are based on solving nonlocal partial differential equations related to long cycles.
Simpler formula will be given below at equation (3.13).

3.2 The issue of long cycles and plastic deformations

Let us introduce notations.

Notation 4. D := R x (=Y,4Y), D%t := (0,0) x {Y}, D~ := (—00,0) x {=Y}, and the
differential operators A := —%ny+(00y+k‘z)g‘y—y§z, B, (:= —%ny-i—(coy-i—k:Y)Cy, B (:=
—%ny + (coy — kY')(y. where ¢ is a regqular function on D.

Let f be a bounded measurable function, we want to solve

Avt = f(y,z) in D, Byv" =f(y,Y) in D", Bot=f(y,—Y) in D (Puy)
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with the nonlocal boundary conditions v (y,Y") continuous and v*(0~,—Y) = 0, and
Av” = f(y7 Z) in D? B+’Uf = f(y7Y) in D+7 B_v" = f(y7 _Y) in D~ (PU*)

with the nonlocal boundary conditions v~ (07,Y) = 0 and v~ (y, —Y") continuous. The functions
v (y, z; f) and v~ (y, z; f) are called long cycles. In addition, we define 71 (y, z) and 7 (y, 2) by

At =0 in D, 7(y,Y)=1 in D*, 77(y,—-Y)=0 in D~ (Pr+)

and

Ar= =0 in D, 7 (y,Y)=0 in D", 7 (y,-Y)=1 in D~ (Pr-)
Note that 77 (y,2) + 7~ (y, 2) = 1, so the existence and uniqueness of a bounded solution (Py+)
and (P,-) is clear.

Proposition 5. We have the properties 7= (07, =Y) > 0 and 77 (07,Y) > 0.
Proof. We check only the first property. We consider the elastic process (yy(t), 2y (t)):

—cnt t C
2y (t) = eTO{z cos (wt) + i(y + %z) sin (wt)} + jj/ e 209 sin (w(t — s))dw(s),
0
co _cot . Co ! — 20 (t—s)
Yy (t) = —Ezyz(t) + e 2 {—wzsin (wt) + (y + EZ) cos(wt)} + [ e 2 cos (w(t — s))dw(s)
0

where w := 7'4];_0‘2) (we assume 4k > c). Note that the condition 4k > ¢ is needed so that
(yy=(t), 2y=(t)) have real valued solutions. Set 7,, := inf{t > 0, |z,.(¢)| = Y} then we have the
probabilistic interpretation 7 (y, 2) = P(2yz(1y2) = Y), 7 (y,2) = P(2y:(7y.) = —Y). We can
state

™ (y,z) >1 as y— -, ze[-Y,Y] (3.5)

Indeed, Vt with 0 <t < T we have z,.(t) — —00, as y — —o0 a.s. Therefore V¢ with 0 <t < T,
a.s. zy:(t) < =Y for y sufficiently large. Hence, a.s. 7,, <t for y sufficiently large. Therefore
a.s. limsup,_, ., 7y, < t. Since ¢ is arbitrary, necessarily a.s. 7,. — 0, as y — —o0 which
implies (3.5). Moreover the function 77 (y,Y’) cannot have a minimum or a maximum at any
finite y < 0. It is then monotone and since 7~ (—00,Y’) = 1, it is monotone decreasing. It follows
that 7—(07,Y) < 1. It cannot be 0. Otherwise, 7~ (y,Y’) is continuous at y = 0, and (0,Y) is
a point of minimum of 7~ (y, 2). Since for y < 0, 7, (y,Y) < 0 from the equation of 7~ we get
lim sup,,_, 7, (y,Y) < 0 which is not possible since (0,Y’) is a minimum. O

We next define n(y, z) by

1 . . . _
—Qnyy+(60y+k2)ny—ynz=f(y,Z) in D, n(y,Y)=0 in D*, n(y,-Y)=0 in D

()
with the local boundary conditions 7(0%,Y) = 0 and n(0~,—Y) = 0. For f bounded (P,) has a
unique bounded solution [4]. Then define ¢ (y; f) by solving

1
5Py +(coy +kY)pory = f(y,Y), y>0, ¢(0;f)=0. (3.6)
We check easily the formula

E+y

or (i f) =2 /Owdfexp<—<c()g2+2kya>> /5 F(GY ) exp(—2e0t(C — )dC, y>0. (37)
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We consider ¢4 (y, z; f) defined by

_%¢+,yy + (COy + kz)q/”r,y - war,z = 0 in D,
Vi(y,Y) = ¢i(y;f) in DT, (Py,.)
1/}-"- (y7 _Y) = 0 in D7

and similarly ¢_(y; f),¥—(y, z; ) defined by

5wty =KV )p g = f5.Y), ¥ <0, o (0:f)=0. (38)
which leads to
0 —£
o (i f) =2 / A€ exp(—(col? — 2kY€)) / F(G—Y) exp(—2e0€(C — €))dC, g < 0.
0 y—E€

and
_%¢—7yy+(009+kz)¢—,y_?ﬂ/f—,z = 0 in D,
Y (y,Y) 0 in DT, (Py)
V-(y,=Y) = o_(y;f) in D

We can state

Proposition 6. The solution of (P,+) is given by

vy, 2 f) =y, 2 f) + Uy, 2 ) + - (y, 25 f) (3.9)
4 n(0~,Y; f) + w;(o(_ovya}f)) +9(07,Y5 f) 7T+(y, 2).

and the solution of (P,-) is given by

vy, 2 f) =0y, 2 f) F s (v, 2 ) + (v, 25 f) (3.10)
(0+7_Yaf)+¢ (0+3_Y7f)+w*(0+>_yaf) —
+ 1 +7r+(0*,Y) T (y,2).
Proof. Direct checking. O

3.3 Complete cycle

First, let us check that E[z(¢)] = 0 and then o?(x(t)) = E[2%(t)]. Indeed, by symmetry of
the inequality (SVZ) and by the choice of initial conditions y(0) = 0,2(0) = 0, the processes
(y(t), z(t)) and —(y(t), 2(t)) have same law. Then, E[z(t)] = E [f(f y(s)ds] = 0. In addition,
(y(71),2(m1)) is equal to (0,—Y") or (0,Y) with probability 1/2 for both, therefore with no loss
of generality we can suppose that (y(0),2(0)) = (0,-Y") or (0,Y") with probability 1/2 for both.

Let us treat the case y(0) = 0,2(0) =Y. So, 70 = 0and #; = inf{t >0, z(t) ==Y, y(¢t) = 0}.
We can assert that Ef; = v1(0,Y;1) hence 6; < o0 a.s.. Next we define 77 = inf{t > 61, z(¢t) =
Y,y(t) = 0} then Ery = v™(0,Y;1) + v~ (0,-Y;1) = 20%(0,Y;1). At time 7, the state of the
system is again (0,Y). So the sequence {7,,n > 0} is such that 7,, < 7,+1 and in the inter-

val (7, Tnt1) we have a cycle identical to (0,71). Consider the variable [ y(t)dt. We have
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E [t y(t)dt = Ef091 y(t)dt + Efe? y(t)dt = v+(0,Y;y) + v (0,-Y;y). However if f is antisym-
metric f(—y,—z) = —f(y,z) we have v*(0,Y; f) = —v™(0, =Y f), therefore E [J* y(¢)dt = 0.

Hence, E ([;" y(t)dt)2 =E (Z;:& f:j“ y(t)dt)2 =nE (" y(t)dt)Q. Then

E(fy" y()dt)” _E(J5" y(t)dt)

2
Er, Er ’

Let T'> 0 and Ny with v, < T < 7n;,,, Nr =0 if 71 >7T, 79=0and then calculations
lead to the following

- 2
E (foNT“ y(t)dt) CE(fy)ar)®
ETNT+1 N ETl '

Next, we can justify that

1 T 2 1 TNp+1 2
Th_r)réo TE </o y(t)dt> = TIE)I;O TE </0 y(t)dt) (3.11)

and that we have a lower bound and an upper bound for (3.11), that is

E ([T yt)dt)? 1 N1 2 Er\ E ([ y(t)dt)”
—0 7 <R <14+ — —\Jo AR
En T (/0 y(t)dt) ( * T ) En

2 2

T T1
lim %E (/0 y(t)dt) - W (3.12)

T—o

Therefore

Moreover, we can simplify (3.12), indeed we have

E (/0 y(t)dt>2 _E [(/09 y(t)dt) + (/9 y(t)dt>2 + 2/091 y(t)dt /9 y(t)dt]

anf therefore, we can justify that
2

E (/O y(t)dt>2 9 [E (/06 y(t)dt) _ (/091 y(t)dt)2] 9 [E (/00 y(t)dt) (00, Y y))?

Since Em; = 207 (0,Y;1) we obtain

61 2 (vt .
P, %E (/OT y(t)dt)z - (fo y(t)jj)(o,Y;(l) = y))2' (3.13)

2

2

3.4 Numerical evidence in support of our result

In this section, we provide computational results which confirm our theoretical results. A C
code has been written to simulate (y(t), z(t)). See [3] for the numerical scheme considered to
do direct simulation. Let 7' > 0, N € N and {¢, = ndt,0 < n < N} where 0t = % Then,
to compute the left hand side of (3.4), we consider MC € N and we generate M C numerical
solutions of (SVI) {y*(t),0 <t < T,1 < i< MC} up to the time T. By the law of large num-

2 , 2
bers, we can approximate 7K (fOTy(s)ds) by Xuc = %1rg Zf‘if (Zf\il y’(tn)cst) and also
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99

Cy = 1, ki =1

Y || Xume, T =500 iﬁg TMC Relative error %
0.1 || 0.807F0-031 0.834F0069 | g 61011 55
0.2 || 0.64970-026 0.624T0047 [ g 74F0.13 38
0.3 || 0.49370-020 0.464F003% | 1( 45F016 £ s
0.4 0‘361i0.014 0‘355i0.026 12‘12i0,18 1.7
0.5 || 0.2660011 0.25750-019 [ 1380021 33
0.6 || 0.195+0-008 0.198F00T4 | 16155026 5
0.7 || 0.137£0-005 0.149F0-0IT [ 1] 84F0.31 3
0.8 || 0.103%0:001 0.112F0008 [ 92 g F0-39 3
0.9 || 0.07170:003 0.086F0008 | 26 79E047 15

Table 3.1: Monte-Carlo simulations to compare numerical solution of the left and right hand

sides of (3.4

#E (Jo' v ds) by X2,

2
we also know by the central limit theorem that A 7K ( fo ds)

), T =500, 6t = 10~* and MC = 5000.

c [XMC 1. 965}(

B MC (N i 4 ._ 2 2
= 72370 2aic1 |\ 2ien ¥'(tn)0t) . Denote sx := 4/ X35, — (Xnmc)?,

1. 963X]

with 95% of confidence. Similarly, to compute the right hand side of (3.4), we generate M C

numerical long cycles.

For each trajectory {y'(t),t > 0}, we consider N! the required num-

2
ber of time step to obtain a completed cycle. Denote dpc := MCZ (Zn oVt )675) ,
4
— = 1 MC pri — McC o
Shc = wo Lisi (Zn oy (t )&) , TMC = gig Lie1 NeOt, Tipe = WZZ L (NZ&)Z =
s L1 9655
5]2\40 — (6pce)? and s, := 7‘]%40 — (Tmce)?. We also know that —iﬁg el Me ;;”gf; , Me ]

™™MEt e TMOT Jare
with 95% of confidence. In table 3.1, is shown a comparison of the results obtained for X,/¢

and 242 where T = 500 , 6t = 104 and MC = 5000.

Remark 3. From a numerical point of view, the behavior in long cycles is very relevant. Indeed,
computing the left hand side of (3.4) is much more expensive in time compared to the right hand
side (see the Tprc-column of table 3.1).
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Chapter 4

Stochastic variational inequalities
with vanishing jumps

Ce chapitre fait 'objet d’un article soumis & Asymptotic Analysis [1] en collaboration avec Alain
Bensoussan, Hector Jasso-Fuentes et Stéphane Menozzi.

In a previous work by the first author with J. Turi [7], a stochastic vari-
ational inequality has been introduced to model an elasto-plastic oscillator
with noise. A major advantage of the stochastic variational inequality is to
overcome the need to describe the trajectory by phases (elastic or plastic).
This is useful, since the sequence of phases cannot be characterized easily. In
particular, when a change of regime occurs, there are numerous small elastic
phases which may appear as an artefact of the Wiener process. However,
it remains important to have informations on both the elastic and plastic
phases. In order to reconcile these contradictory issues, we introduce an ap-
proximation of stochastic variational inequalities by imposing artificial small
jumps between phases allowing a clear separation of the elastic and plastic
regimes. In this work, we prove that the approximate solution converges on
any finite time interval, when the size of jumps tends to 0.

4.1 Introduction

The elastic-perfectly-plastic (EPP) oscillator under standard white noise excitation is the sim-
plest structural model exhibiting a hysteretic behavior. Moreover, the model is representative
of the behavior of mechanical structures which vibrate mainly on their first deformation mode.
In the context of earthquake engineering, relevant applications to piping systems under ran-
dom vibrations can be accessed this way [19, 20]. The main difficulty to study these systems
comes from a frequent occurrence of nonlinear phases (plastic phases) on small time intervals.
A nonlinear phase corresponds to a permanent deformation, or in other words to a plastic de-
formation. A plastic deformation is produced when the stress of the structure exceeds an elastic
limit. Denoting by x(t) the elasto-plastic displacement, we consider the problem

T+ cox + F(z(s),0 < s < t) = w, (4.1)

61
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with initial conditions of displacement and velocity

Here ¢g > 0 is the viscous damping coefficient, k& > 0 the stiffness, w is a Wiener process
and F({z(s),0 < s < t}) is a nonlinear functional which depends on the entire trajectory
{z(s),0 < s < t} up to time ¢. Denote y(t) := z(t). Equation (4.1) written as a stochastic
differential equation (SDE) reads

dy(t) = —(coy(t) + F({z(s),0 < s < t}))dt + dw(t), dz(t) = y(t)dt. (4.2)

Beyond a given threshold |F({z(s),0 < s < t})| = kY for the nonlinear restoring force, the
material goes through plastic deformation (see e.g. [26]). Introducing A(t), the total plastic
yielding accumulated up to time ¢, we can define a new state variable z(t) as z(t) := x(t)—A(t). It
follows that in the plastic regime, 2(¢) = 0. From now on, we choose to express the restoring force
F{{z(s),0 < s < t}) in (4.2) in terms of the new variable z(¢) as F({z(s),0 < s < t}) := kz(t)
where |z(t)| < Y. In other words we consider a linear restoring force of the variable z(t) (whose
modulus equals Y during the plastic phases). This type of force characterizes the elasto-perfectly-
plastic behavior.

In [7], for the previous choice for F, it is shown that (4.2) is equivalent to a stochastic vari-
ational inequality (SVI). In addition, existence and uniqueness of an invariant measure for the
solution of SVI have also been proven. For a general framework dealing with this class of inequal-
ities we refer the reader to [2] and to [18] for specific deterministic applications to mechanics.
Although SVIs have been already studied in [2] to represent reflection-diffusion processes in
convex sets, no connection with random vibration problems had been made so far. From [7], the
solution (y(t), z(t)) € R? of (4.2) satisfies

y(t) = —(coy(t) + kz(1)) +w(t), (2(t) —y@) (P —2(1)) =0, VIg|<Y, [z(O)]<Y. (43)

In terms of dynamics of the process (y(t), z(t)), a plastic deformation begins when z(t) reaches
and is absorbed by Y (resp. —Y') with positive (resp. negative) slope, y(t) > 0. (resp. y(t) < 0)
i.e. when sign(y(t))z(t) = Y. Then, the plastic behavior ends when the velocity changes
sign. At that time, the elastic behavior is reactivated. However, around 0, the velocity which
is subjected to white noise, changes sign an infinite number of times during any small time
interval. Often, this leads to a return into plastic behavior in a short time duration. This
phenomenon is called micro-elastic phasing and has been studied in [21] using the numerical
method developed in [3] for the SVI (4.3). It plays a crucial role on frequency and statistics
of plastic deformations. Because of this phenomenon, frequency of occurence, statistics (time
duration or absolute plastic deformation) and the sequence of entry in plastic phase (as well
as the sequence of exit) are not well defined. In this paper, we consider an EPP oscillator
under standard white noise excitation subjected to jumps (presented below) to study phase
transitions. It has the advantage of separating phases clearly, while being an approximation.
We prove the convergence of the approximated process towards the solution of the stochastic
variational inequality (4.3).

4.1.1 Model definition and convergence results

In this subsection, we introduce a stochastic variational inequality whose dynamics is “almost”
similar to the one of (4.3) except that the second component is subjected to jumps of magnitude
€ > 0 at some random times corresponding to the various exits of the plastic phases.
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Precisely, we describe the evolution of the new process (y¢(t), z2¢(t)) by the following procedure;
we start by defining 7§ := 0 and by (y§(¢), 25(t)) the solution of (4.3), with initial conditions:

¥o(0) =y and 2(0) =2, (y,2) eR x (=Y,Y):=D.

Then, we define

1 :=1inf{t >0, yi(t) =0 and |25(t)| =Y}
For t = 71, let (y5(t), 2{(t)) be the solution of (4.3) with initial conditions:
yi(r1) =0 and  2i(ri) = sign(z(r1)) (Y —¢),

again, we define
15 :=inf{t > 77, y{(t) =0 and |2{(t)] =Y}

In a recurrent manner, knowing 7, y< (t), and z (t), we define
Toer i=Mf{t > 75, g (0) =0 and |z()] =Y},
and (y5, 1 (t), 25,1 (t)) be the solution of (4.3) with initial conditions:

y761+1(7—7§+1) =0 and 2761+1(7—7§+1) = Sign(zfz(ﬂiﬂ)) (Y —e).

Now, we define the process (y(t), 2°(t)) on each interval of time [75, 75, ;) as follows:

ye(t) = =(coy () +k2° () +w(t), (Z°()—y (D) o—2(1) =20, Vo[ <Y, [5(H)] <Y (44)
with the following jump-conditions:
y (=) =0,  2(1m—) = 2,1 (7)),
and

y(r) =0, 2%(7) = sign(z;, 1(77))(Y —e).

n

Remark 4. By construction, the process (y©(t), z5(t)) is cadlag; hence it is regular. In particular,
for each fized time T > 0, the number of jumps arise in (0,T], is finite a.s.

We will prove that the solution (y(t), z2°(¢)) converges to (y(t), z(t)) on any finite time interval,
when € goes to 0 in the sense described below.

4.2 Main results

Our main result is the following theorem.

Theorem 4.2.1. Fiz T > 0, and consider the processes (y(t),z(t)) and (y*(t),2°(t)) satisfying
(4.3) and (4.4) respectively. Suppose that k > X (co) := %(—%ﬂ +cor/ 5 +4%°>. Then, the
following convergence property holds:

g { sup {Jy(t) — (O + k=(1) - zﬁ(t)|2}] 0 as emsD.

€ 0<t<T

Remark 5. Observe that the above condition relating k and cq is purely technical. It will appear
clearly in the proof of Lemma 4 below.



64 Chapter 4. SVI with vanishing jumps

4.2.1 Preliminary results

For (y,z) € D := R x (=Y, Y), we consider the “elastic” process (yy(t), zy-(t)):

—cot t c
2y (t) =€ 2 {z cos (wt) + é(y + %z) sin (wt)} + i/ e™ 209 sin (w(t — s))dw(s),
0
Co _cot . Co ! — 20 (t—s)
Yy (t) = —Ezyz(t) + e 2 {—wzsin (wt) + (y + Ez) cos(wt)} + [ e 2 cos (w(t — s))dw(s).
0

where, assuming 4k > c%,

\/4]6—63

2

Remark 6. The terminology “elastic” is justified from the observation that (yy.(t),zy-(t)) is
actually the solution of

y(t) = —=(coy(t) + kz(t)) + w(®), 2(t) =y(t), (4y=(0),22(0)) = (v, 2),

that is the explicit solution of (4.3) when the threshold Y = oo (purely elastic case). Note that
the condition 4k > ¢ is needed so that (y(t), 2(t)) have real valued solutions.

w =

Define
0(y, z) :=inf{t >0, |z.(t)] =Y}, (4.5)

where (y,:(0), 24-(0)) = (y, ). Fort € [0,T], we set u(y, z,t) := P[0(y, z) > T'—t]. This function
is regular and satisfies the mixed Cauchy-Dirichlet parabolic PDE
—u+Au =0, in D; u(y,Y,t)=0, y>0; u(y,-Y,t)=0, y<0; wulyzT)=1, (46)

with )

Au = — gy + (coy + kz)uy — yu,.
For t < T, the function u(y, z,t) is locally smooth. On the other hand, in the particular
case when (yy-(0),2,.(0)) := (0,Y — ¢€), we consider the probability density function p¢ of
(Yo, —€(t), 20,y —c(t)). It is also known that p¢ satisfies Chapman-Kolmogorov’s equation

p; + A*pﬁ = 07 pe(y, 2, O) = 5O,Y—e(y; Z)a (47)

where A* represents the adjoint operator of A; that is

1
A*p© = —§p§y — ((coy + kz)p©)y + yps.
Next, observe that the processes zpy_¢(t) and yo y—_e(t) are gaussian processes. The key point
is to express the solution of (4.6) through its variational formulation with p¢ as test function
(see proof of Lemma 3).

The mean, variance and covariance of zgy_c(t) and yoy—c(t) write:

cot ].
(Y —e)e 2 (coswt + c—osinwt), o2(t) == —
2w w

Sm
—~
~
~
|

¢
/ e 0% sin?(ws)ds, (4.8)
0

k _e t
q(t) == —(Y — e)—e*%t sin wt, U;(t) = / e ¥ (cosws — 20—0 sin ws)?ds, (4.9)
w 0 w
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and

oy-(t) = %eﬁotsim2 wt. (4.10)
The density p© then explicitly writes
) _ 1 1 (y—q(1)* | (z—me(t))?
Pt = B — 2 P R [ 20 T 20
~2p()(y — ¢ (1) (z — m (1))
a2} @1

where the correlation coefficient p(t) is defined by o,.(t)/oy(t)o.(t). Observe that for e = 0,
(4.11) reduces to

1 B 1 (y—a"®)* | (z—m(t))
P e = AT T | e
~ 20()(y — " (1) (= — m°(1))
me 12
with
mO(t) := Ye*%t(coswt + 2% sinwt), ¢°(t) :== —Y%e*%t sin wt. (4.13)
From (4.8)-(4.13) we can easily see that
m(t) =m’(t) —ef(t), a(t) = ¢"(t) +eg(t), (4.14)
with ) L t
ft):= e*%(coswt + ;—Zsinwt) and g¢(t) := ae 5 sinwt.

Plugging (4.14) into (4.11), we obtain

p(y, 2, ) = 1 1 [(y 1) + cg)])? |

20 (o (D1 — p2(0) 12 {‘ 2(1 = 2(1)) 10
(z = [m%() — ef(O])* 20}y — [¢°() + cg()]) (= — [mO(t) — ef (D)])
=0 7y ()= (%) |

(4.15)

Now, notice that

(= [0 + ] | G [0 — SO 2000~ [a0) + gD~ [m00) — e/ 0]
=0 20 7,)0-0)

LG POR | a0 20O =) 2[4 S0 20000]
720 7200 73(2)0- (0 720 20 T o, 0)0-0)

[ m O | o0 e

2| Uk D B (= P00 - - 0)g(0)|

Then considering (4.12), we have

¢ - r(t) —(z —m s
R e ety J

(4.17)
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where
L (R0 L PO 20000
Al = T e <a§<t>+o—z<t>+ 2, (1)) )
0 = L% e,
s(t) = W+p<t>g<t>.

We now give a representation of u(0,Y —¢,0) in terms of the densities p¢ and p° of the Gaussian
processes (z0.y—e(t),yo,y—e(t)) and (z0y(t),yo,y(t)) respectively. The proof is postponed to
Section 4.3.

Lemma 3. Let u be a solution of (4.6). Then, it satisfies

u(0,Y —¢,0) = /D [ps(y,z,T) —po(y,z,T)] dydz
+/ Cyu(y,Y, Hp°(y, Y, t) [exp {—;EQA(t) + e(yr(tz — Yh(t) } — 1] dydt

(1= p*(t))oy(t)o-(t)
1 e(yr(t) = YI(t))
- /D; sy =, " =Y [e"p {‘262‘4“) 0= 20)oy -0 } - 1} Ayl
(4.18)
with
Yh(t) = qo(t)r(t) + (Y —mo(t))s(t), h(t) := —g(@)r(t) + (1 = f(t))s(D),
Yi(t) = qo(t)r(t) = (Y +mo(t)s(t),l(t) :== —g(t)r(t) — (1 + f(2))s(t),
D; = (0,T) x (0,00) and Dy, := (0,T) x (—00,0).
Now consider the terms
He = /D [pe(y’ Z’T) - po(yv 2y T)] dydz,
Ic = / Cyu(y,Y, H)p°(y,Y, 1) [exp {—;EZA(t) + a £ (())) Y(}Z)(Z)Z)(t)} — 1] dydt, (4.19)

(r(t) ~ YI(H) |
— 200 oy<t>az(t>} 1] dydt.

Next, we study the behavior of these last integrals, with u satisfying (4.6) so that the previous
lemma holds, when e is sufficiently small. The proof is also postponed to Section 4.3.

1
J¢ = —/ yu(y, —Y,t)p°(y, —Y, 1) [exp {—62A(t) +
D 2 (1
Lemma 4. Let J¢, I¢, and H€ be the integrals of above. Suppose that

Then,
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e liminf._g E = 400,
° hme_)o L= s finite,
e lim,o { is finite.
Therefore,
u(0,Y —¢,0) u(0,-Y +¢,0)

e—0 € =0 €

4.2.2 Proof of Theorem 4.2.1

We shall use the notation of, = sign(z¢(75—)). Recall that, for each n > 1, the stopplng time 75
represents the instant of the n—th jump of the process (y°(t), 2°(t)). Hence, for all 7 <t < 75,
and n = 1, we deduce from (4.3) and (4.4) that

()~ §(0) = ~ [olw(®) — y°(0) + k(=(2) ~ (1), and
G0~y ) (D) — 1) >0,
((0) ~ y(O) (1)~ 2(0) > 0.
By using the notation d/dt of derivatives, we obtain
D0~ 5 0) = —eolu(®) 5 1) ~ k(D) — (1), (4.20)
(0 = =0) = 000 =0 ) (:0) — =) <0, (4:21)

Multiplying by (y(t) — y°(t)) in (4.20) and using the product rule for derivatives, we get from
(4.20) and (4.21)

Sl — O + oyt~ OF < k(=) — =) (D) — (1)
kod .
< =Sl - =0 (4.22)

for all 75, <t < 75, and n > 1. Now, integrating (4.22) on [75, 7, ) and noting that y(7;—) =

y(7r), yE(T6 ) =y(15) =0, 2(15—) = z(7f), for all n > 1, we obtain

n n

[y(ree )= ly(s)] +200/ ) — g OF dtrk]a(rg ) - 2 () |2 — (@I <.
K (4.23)
But
kla(m) =2 (TP = k|(z(rs) = 2(r ) + (13 =) = 2 (7))
= k|2t — 2 (5 )P + k €
+2ke oy, (2(15) — 2°(15,—)) - (4.24)

Plugging (4.24) into (4.23), and rearranging terms, we obtain
2
|y (7541 ‘ — y(r5)? +k|2(rh) = 2 (T — ‘ — k|z(my) — 2(7 )]

+2¢0 / ) =y (O] dt < ke + 2ke(o2(r5) — V).

€
n
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We can drop the term 2ke(o2(75) —Y) < 0 and get

€ 2 € € €( € 2 € €( €
()| = [y + ke |2(ri 1) = 2 (re )] = kl2(7) = 2(r )

Tht1 . 5 9
+2c¢ ly(t) — y“(t)|” dt < ke”. (4.25)

€
n

Observe that, for N € N*, we can iterate (4.25) for 1 < n < N to obtain

€ 2 € € € € 2 € € €
|y(TN+1)| - |?/(7'1)|2 +k |Z(7'N+1) -z (TN+1—)| —k|z(m) — 2 (71—)|2

TN+1 ) )
+ﬂh/ ly(t) — y< ()7 dt < kNé2.
T

Also, recalling that y(7¢) = 0, |z(7f) — 2(7{=)|* = 0, and that fOTf ly(t) —y(t))*dt = 0, we
derive:

€ 2 € €[, € 2 T;V_H € 2 2
(TR )]+ E|2(TR) = 2(TRaa )| + 200 ; ly(t) =y ()" dt < ke"N. (4.26)

Denote the total number of jumps of the process (y¢(t), 2¢(¢)) arising in the time interval (0,7")
by Nf :=maxy {7§ < T'}. Note that 7" < 7n¢ 1. Hence, from (4.26), we deduce

T
sup  Jy(r)P+k sup [z(r) — 2 (7o) +200/ ly(t) =y (1)1 dt < keN§. (4.27)
1<n<NG+1 1<n<NG+1 0

Assume first 2(0) = Y —e. According to the definition of (4.5) set 6 := 6(0,Y — ¢) = inf{t >
0, [2°(¢)] = Y} = inf{t > 0, |20y—c(t)] = Y}. It is clear that 7 > 6 a.s. and then
P(rf > T) > P(6° > T). Now, let us assume z(0) = —Y + e It is easy to verify that
u(—y,—z,t) = u(y, z,t), which gives

PO >T) =u(0,Y —¢,0) =u(0,—Y +¢,0).

P(6<>T)
€

Thus, by Lemma 4 we have — +oo. Therefore, if the initial condition z(0) associated

to (4.4), is a random variable " (law) P10y —¢ + (1 — p1)d_y . independent of the Wiener process
w(t), then again setting 0. := inf{t >0, |20 ()] =Y},

P(65 > T)

€

— 400 as € — 0.

Coming back to equation (4.26) and noting that Nj. = >, X{re<7}, We get

o6} e}
ENf = Y Exgreer) = Exgricry + 2, Exre<ry- (4.28)

n=1 n=2

Observe that for all n > 2 and that 75 — 7,,_; is independent of 7;_;.

EX{re<ry = E [X{T;H<T}X{T;77;1<T7T;71}] < Exgre  <mEX{re e <1} (4.29)

But note that
EX{TfoTfL_lﬁT} < IED(Q6 < T)
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From the last inequality and using (4.29), we deduce

EX(re<r) < Exrecry(1 = u(0,Y —€,0)" .

This yields
(1 —u(0,Y —¢€,0)) - €EX {re <y
uw(0,Y —€,0) eu(0,Y —¢€,0)

EN7 < Ex(re<ry

Hence, from Lemmas 3 and 4

e EN;p — 0 as e—0. (4.31)

Thus, as € goes to 0, (4.27) and (4.31) yield

1 2 T 2 2
- {E[ sup [y(7;)]| ] +200E/0 ly(t) =y (t)] dt+kE[ sup |z(7;) — 2°(m5,—) ]

€ 1<n<N&+1 1<n<N&+1
Since the forced jumps have magnitude e, this implies:

1 2 T 2 2
- {E[ sup [y(7,)]| ] +200E/0 ly(t) — v (t)] dt+k‘E[ sup - |z(7;) — 2°(73)] ] — 0.

€ 1<n<N§+1 1<n<N§+1

Also, by (4.22), we can see that any 7,; <t < 75, satisfies

ly() =y @O = ly() > + k=) — 2 ()7 = k|2(75) = = (7)) * < 0.
This gives

sup {Iy (O + kl2(8) = 2 (O} < [y(m)? + k[2(75) — = (7).

TRSU<TS

Hence,

sup_{Jy(t) =y (O + k() — ()P} < sup { sup {|y<t>—y€<t>|2+k|z<t>—z€<t>|2}}

Tist<T IsnsSNp+1 (T <t<7] 4

< s IR+ kla(r) - ()
1<n<N&+1

Also,

sup {y(t) =y (OF + k|20 - =P} < swp )P + kl2(r0) - ()1}

0<t<T 1<n<N§+1

Therefore, (4.33) gives

g [ sup {|y(t) oy )2+ k|2 () — ze(t)|2}] 50 as es0.

€ 0<t<T



70 Chapter 4. SVI with vanishing jumps

4.3 Proof of the technical lemmas

This section is devoted to the proofs of Lemmas 3 and 4.
Proof of Lemma 3. From (4.6), we have

T
0 = / /(—ut—i-Au)pE dydzdt
0 D

T
1
/ / (—up — o Uyy + (coy + kz)uy — yu,)p® dydzdt

/ (y, 2, T)dydz + u(0,Y — ¢€,0) / / upsdydzdt

/ / upyydydzdt—/ / (coy + kz)p©),dydzdt

—/ yu(y, Y, t)p*(y,Y, t)dydt+/+yU(y, =Y, t)p“(y, —Y, t)dydt

DT
/ / yupsdydzdt. (4.34)

By using (4.7) and rearranging terms, (4.34) becomes

U(OjY—e,0)=/pﬁ(y,z,T)dyder/ yU(va,t)pE(y,Kt)dydt—/ yu(y, =Y, t)p*(y, =Y, t)dydt.
b _

D7 Dy
(4.35)
In addition, p°(y, z,0) := o,y (v, 2), and

0= [ P T)yder [ yulu Yoo Yoodude— [ yuly, <Y, -V, 0dude. (430
D - D

T T

Using (4.17) and substracting (4.36) to (4.35), we can deduce the result (4.18).

Proof of Lemma 4. First note that, on a neighborhood of ¢ = 0, we have the following ex-
pansions:

cot

o f(t) =e 2 (coswt + 2 sinwt) =1 — k% 8 (cd + 2wt + o(t?),
o g(t) = %e_%t sinwt = kt(1 — Lt) + o(t?).

From (4.8)-(4.10), we also have
o g2(t) =t —cot® + o(t?), oy (t) =Vt ((1—2Lt)+o(t)),

o o2(t) =Y —colt +o(th), o.(t) = L (1 - 93t) + o(t)),

. Uzgtg L ((L+ 1) +o(t)),
V3

(1 — %t + o(t)), recalling that p(t) = oy= ()

o p(t) = 7y (o= ()

Equation (4.13) yields
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o ¢°(t) = —=Ykt(1 — 2t) + o(t?),

o mO(t) = Y(1 - k%) + o(t?).
g(t

Recalling that r(t) = )( )( ) 4 p(t)f(t) and s(t) := (?%‘)(t) + p(t)g(t) and using the previous
estimations, we can check that —g(t)r(t) = k*[t + 5‘[cokt2 + o(t?) and (1 — f(t))s(t) =

kT\/gt + % <k2 — 3cok — g‘)) t2 + o(t?). Therefore, h(t) ~ %P(co, k)t? where
Plco, k) = k2 + L — L.
Denote X, (co) = % (—%0 +con/ % +4%0). Since we have assumed that k£ > X (cp), it then

follows that h’(0) = 0 and h”(0) = w > 0. We can thus consider a fixed interval (0, %)

such that h”(t) > 0 on [0,#], hence h(t) > 0 on (0,%). Also, we have r(t) = @(1 — 2t +o(t)).
Hence, there exists a positive constant £ such that r(¢) > 0 on [0,#]. Let to := min{t,¢}. This

implies that h(t) > 0 and r(t) > 0 on (0,tp). Recall that h(0) = 0. Now write, from (4.19)
I =TI+ I,

with
1= [ [ vt rio fow {Sean + LRI -1

o
Il

A 1 clyr(t) ~Yh(t) |
I /tOAT/_ooy“@’Y’“po(y’”) {GXP{ 2€2A(t)+<1—p2<t>>ay<t>az<t>} 1]‘@‘“'

From the definition of to, h(t) = 0 and r(t) > 0 for 0 < ¢t <ty A T. Moreover, y < 0 in I§, so we

have 1 t) — Yh(t
Ly s WO YA@)
2 (1= p*(t))oy(t)o-(t)
Therefore, the integrand in I{ is a positive function. Now, using the basic inequality exp{—x} —
1 < —zexp{—=x}, for z > 0, we can write

(0 0 Loy ur) = Yh)
L], [y . >0)p (y’y’”[2 Al) (1—p2<t>>ay<t>oz<t>]

1 e(yr(t) — Yh(t))
X oxp {‘2€2A“) T 2o, o0 }] dydi.

1L oo [ ]

1 e(yr(t) — Yh(t))
xemp{—28A6)+(1_¢ﬂ@»Uﬂw04ﬂ}]dyﬂ. (4.37)

As the integrand in the right hand side of (4.37) is a positive function, Fatou’s lemma yields the
following inequality,

As A(t) = 0, we get

t0T (yr(t) — V(1)
imig - > [ / yuly, 1, 1) (y’”)[(1—p2<t>>oy<t>az<t>}dydt'

(4.38)
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Note that in (4.38) the right hand side may be +oo0. For IS, since t > tg A T, there is no
singularity at ¢ = 0. Therefore, taking the limit of I§/e, we obtain

S yuy,Yt °(y, Y1) (yr(t) — Yh(t))
g e[ [ O N QX0 R (439

which is finite. Note that

__ [ 1 (8)] . .
= /0 (1= p2(1))o, (t)o(t) [/_Ooy (.Y, t)p"(y, Y, t)dy | dt

is finite. Indeed, from the expansion of h(t) we have that locally in time

is bounded. Moreover from (4.36) above

T 0
—/ / yuly, Y, )p’(y, Y, t)dydt < 0.
0 —00
Collecting results we can assert that

y2r(t y,Y HpY(y, Y, t)dydt
i / / <t>>ay<t>az<t> (4.40)

. Y/o (1- p2<t>>oy<t>az<t> (/Ooo vuly, Y t>p°<mt>dy) dt.

The second integral is finite. Now, let us show that the first integral is +00. We check that

0
lim [ y*u(y,Y,t)p’(y, Y. t)dy > 0.

t—0 J_
The function u(y, z,t) is increasing in t. Indeed, from the probabilistic representation we have

u(y, z,t1) = P[O(y,z) > T —t1] < P[0(y,z) > T —ta] = uly, z,t2), Vi1 <t

Therefore, we have

0 0
fin [ Pl YO Yoy < Jiy [ Pul VR0 Yo0dy ()
—YJ—o0

t—0 J_

Now,
uy(0—,Y,0) < 0.

Indeed, Ve > 0, wu(—c,Y,0) > 0 and u(0,Y,0) = 0. So,
uy(0—,Y,0) <0.

It cannot be equal to 0, otherwise the derivative exists and u,(0,Y,0) = 0. But then by minimum
properties we have u,,(0,Y,0) > 0, that contradicts

1
—Ut(o, Y7 0) - iuyy(()? Y7 0) = 0.
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Therefore for y < 0 close to 0 we have
u(y,Y,0) ~ay, a<D0.

On the interval (—n,0), we can assume u(y, Y, 0) > $y. So,

0
lim [ y*u(y,Y,0)p"(y, Y, t)dy hm/ P (y, Y, t)dy.
—YJ
From (4.40), since fOT (17p2(t;)(§'z,(t)0'z(t) dt = +oo, it is sufficient to check the property
0
lim [ 4°p°(y, Y, t)dy < 0.
t—0 —n
> (Y (1 - F(1)o (1)
i Y (1 — f(t))oy(t
Qo(t) = ao(t) + ° v,
0z (t)
then

0 1 oxc 1Y - f(1)? oxcn [ — (y — qo(t))?
p (%th) 27‘r0y(t) ( )(1 i ( ))% P ( 2 Ug(t) ) P ( 2(1 —p2(t))0'5(t)> .
Hence, denoting
0 " - @)
anmdwu_panpﬂ@m< 2a—p%wwao>d%

we get
0 2 2
| 1Yﬂ—f®))
3,0
Y )dy = ——exp | =i TV 4.42
/nyp(y )dy Taro® p( ) n (4.42)
In addition, by change of variables, we have
L, = “‘”2?’33)2‘”“’(”(~ (1) + (1 = p2(1) 20, (t))? exp(—su) S (4.43)
n —n—3o(t) 0 P v P 2 vV 27T. ‘
(1=p2 () 2oy (1)
Therefore, for ¢ close to 0 we have Go(t) ~ —ﬁ and we can check using formula (4.42) and

(4.43) that

1 1
hm/ 3P (y, Y, t)dy = 271-\8f . u? exp(—§u2)du.

Finally, since % »r(1+ 3%¢ 4 o(t)), the first integral in the right hand side in (4.40) is
+00. We thus have proven

Next, consider from (4.19) the term

R L VRN NS S lyr(t) Vi) |
e“eﬂtﬁy“%’””@’xﬂ[p{z “”*u—ﬁwwwwwﬁ qdwt
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From (4.12) we have

_ 1 1 (y—d'(®)* | (Y +m(t))
P ) = e 2 P {_2(1 a0 [ o) o)

L 2oy = )Y + mo(t))]} |
oy(t)o.(t)
Due to the term exp{— - tmo®)® . .
p{ 2(1,p2(t))03(t)}, we do not have a singularity because of o,(t). Indeed,

Y +m(t) = Y (1 — exp(—%T)), and for ¢ close to 0 we have

1 (Y +mO(1))?
o) P ( 2(1 - p?(t))oz@))

_ V21— 20) Y + mO(t) ( (Y +m°(t))? )
< — — com V) exXp | — 2 2
V(1 —exp(—22)) \ 4/2(1 — p2(t))o-(t) 2(1 = p2(1))oz(t)
(Y +mP(t))? )
4(1 = p*(t))o2(t)

where C > 0 is a constant depending on 7. From the above equation and recalling the asymp-
totics oy (t) ~ 4/t for t close to 0, we deduce that the quantity

I S A T (yr(t) = Y1(1))
o vty Yool o e

< Cexp <—

is well defined. In the same way

HE 1
— =/D (p°(y,2,T) — p°(y,2,T)) dzdy,

€ €
has a well defined limit. Therefore, from (4.18), we deduce

u(0,Y —¢,0)

— +oo  as e—0. (4.44)
€

As before, let us assume that z(0) = —Y +e€. It is easy to see that u(—y, —z,t) = u(y, z,t). This
yields
PO >T) =u(0,Y —¢,t) = u(0,-Y +¢,0),

SO M — 400 as well. This completes the proof.



Chapter 5

Degenerate Dirichlet problems
related to the ergodic theory for an
elasto-plastic oscillator excited by a

filtered white noise

Ce chapitre fait I'objet d’un article soumis & IMA Journal of Applied Mathematics [5] en col-
laboration avec Alain Bensoussan.

A stochastic variational inequality is proposed to model an elasto-plastic oscil-
lator excited by a filtered white noise. We prove the ergodic properties of the
process and characterize the corresponding invariant measure. This extends
Bensoussan-Turi’s method (Degenerate Dirichlet Problems Related to the In-
variant Measure of Elasto-Plastic Oscillators, AMO, 2008) with a significant
additional difficulty of increasing the dimension. Two points boundary value
problem in dimension 1 is replaced by elliptic equations in dimension 2. In
the present context, Khasminskii’s method (Stochastic Stability of Differen-
tial Equations, Sijthoff and Noordhof,1980) leads to the study of degenerate
Dirichlet problems with partial differential equations and nonlocal boundary
conditions.

5.1 Introduction

Nonlinear oscillators subjected to vibrations represent useful models for predicting the response
of mechanical structures when stressed beyond the elastic limit. When the excitation is a white
noise, it has received considerable interest over the past decades. In a previous work [7], the
authors have considered the response of a white noise excited elasto-plastic oscillator using a
stochastic variational inequality formulation. The results in [7] provide a framework to assess
the accuracy of calculations made in the literature (see e.g., [19, 20, 26], and the references
therein). In this paper, instead of considering white noise input signal whose power spectral
density (PSD) is constant, we consider an excitation with a non-constant PSD which could be
a more realistic framework. We consider the excitation as the velocity of a “reflected” Ornstein-
Uhlenbeck process. Therefore, comparing with the elasto plastic oscillator excited by white noise,

75
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a third process occurs in the variational inequality. Consider w(t) and w(t), two independent
Wiener processes and z(¢) an Ornstein-Ulhenbeck reflected process

da(t) = —ax(t)dt + dw(t) + pey-—r;dE — L) &7 (5.1)
We have —L < z(t) < L. In this model, the stochastic excitation is given by
—fz(t)dt + dw(t).

The stochastic variational inequality model is given by:
dz(t) = —ax(t)dt + dw(t) + Lipe)——13dE — Vg —ydé7,
dy(t) = =(Bz(t) + coy(t) + kz(t))dt + dw(t),
{(dz(t) =y (¢ — (1) = 0, (5.2)

<Y,
WEOIERE

—~

N

When 3 # 0, x(t) is involved in the dynamic of y(¢) and then this model will be referred as
the 2d case. Whereas if § = 0, x(t) is not involved in the dynamic of y(¢) and then (y(t), z(¢))
satisfy the elasto-plastic oscillator problem of [7] which will be referred as the 1d case.

Notation 5. Introduce the operators

1 1
Au = 2y + o las = QTUg — (Bx + coy + kz)uy + yus,
1 1
Biu:= 2 Uyy + S Uae — QLU — (Bx + coy + kY )uy,
1 1
B u:= 25Uy + S Uae — Oz — (Bx + coy — kY )uy,.

The infinitesimal generator of the process (z(t),y(t), z(t)), denoted by A is given by:

_ A if z €] - Y, Y,
A g o {Biqs if z=+Y, 4y > 0.

Notation 6.
0:= (_L?L)XRX(_KY); O+ = (_L7L)X(Oa +OO)X{Y}; O™ = (—L,L)X(—O0,0)X{—Y}.
As the main result of the paper we prove the following;:

Theorem 5.1.1. There exists one and only one probability measure v on O U O~ wO* satisfying

/A¢dl/+/ B_¢du+/ Biodv =0, V¢ smooth.
@ - o+

Moreover, v has a probability density function m such that

/ m(x,y, z)dxdydz—i—/ m(z:,y,Y)dmdy—i—/ m(x,y, —Y)dxdy =1,
@ o+

where
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o {m(x,y,2), (x,y,2)€ O} is the elastic component,
o {m(z,y,Y), (x,y)€ Ot} is the positive plastic component,
o and {m(z,y,—Y), (z,y)e€ O} is the negative plastic component.

In addition, m satisfies in the sense of distributions the following equation in O,

0 0 om 1*m  10°m .
Oza—x[acm]—i—(}\—y[(ﬁx—|—coy—i—kz)m]—yg—i—iw—l—i&—y2 =0 O,
and on the boundary

0 0 1°m 1*m s
ym + a—m[xm] + a—y[(ﬂx + coy + kY )m] + 33,2 T X 0, mO

0 0 18°m  10*m

_ K K oy 1 1 _ Al

ym + or [zm] + ay[(ﬂm + coy — kY)m] + 5 922 + 27§y2 0, mO

m=0, in(—L,L)x(—00,0)x{Y}u(—L,L)x (0,0) x {=Y}.

The proof will be based on solving a sequence of interior and exterior Dirichlet problems,
which are interesting in themselves. We will put in parallel the 1d and 2d cases, in order to
facilitate the reader’s work. In the 1d case, the variable x disappears (6 = 0), we will still use
the notation A, B, , B_ for the operators defined above without .

Let us mention that our study presents a mathematical interest because it generalizes the
method proposed by the first author and J. Turi [7] in the case of higher dimension. Non-local
boundary conditions expressed in the form of differential equations in dimension 1 are replaced
by elliptic partial differential equations (PDEs) in dimension 2. In the first case, there are two
semi-explicit solutions. Thus, the non-local boundary conditions are reduced to two unknown
numbers. In the second case, we do not know explicit formulas for solutions of the both elliptic
on the boundary. In this context, these two solutions depend on two unknown functions respec-
tively defined on the set (—L, L).

In addition, the choice of the excitation (5.1) is also motivated by two technical considerations:

e the first is to force x(t) (through the processes &%, £2) to evolve in the compact set [—L, L].
Thus, as part of our proof, a compactness argument allows to show the ergodic property
of the triple (z(t),y(t),2(t)). Note that this is not a problem in terms of applications,
because if we choose L large enough, then the process z(t) is similar to an Ornstein-
Ulhenbeck process.

e the second is the uncorrelation of w(t) and w(t). In our approach, based on PDEs as-
sociated to the triple (z(t),y(t), z(t)), we avoid the appearance of cross-derivative terms
in the infinitesimal generator A. In the case where w(t) and w(t) are correlated, these
cross-derivative terms yield more technical difficulties.

5.2 The interior Dirichlet problem

In this section, we prove existence and uniqueness to the homogeneous interior Dirichlet problem.
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5.2.1 Some background on the interior Dirichlet problem in the 1d case

Let us recall the interior Dirichlet problem from [7]. Let g3 > 0,
Notation 7.
Dy := (g1, 51) x (=Y,Y); Dy :=(0,51) x{Y}; Dy :=(=71,0) x {~V}

and
Di:=(-y1+ey1—¢€) x(=Y,Y),e>0.

Denote 71 := inf{t > 0,|y(t)| = 1} and consider ¢ € L*(-Y,Y). We will use the following
notation E,(-) := E{- |(y(0),2(0)) = p}. It is shown that E(, .)(¢(2(71))) solves a nonlocal
Dirichlet problem: Find n e L®(Dy) n C%(D%), Ve > 0 such that

An=0in Dy, Byn=0inD{, B_n=0in Dy (5.3)

with
77(?3172) = d)(z)a 77(_?31,2) =0, if z € (_K Y)

Since (71, Y) = ¢(Y) and n(—y1,—Y) = 0, there are semi-explicit solutions by solving ordinary
differential equations for n on the boundary at z =Y, and z = —Y respectively,

77(.% Y) = UYI(yaﬂl) + ¢(Y)I(Oa y)a 0< ) < Y13 77(% _Y) = 77—YI(_Z717 y)a —Y1 < y < 07
where 1y and n_y are constants, and

f; exp(coA? + 2kY \)dA

I(a,b) := =2 .
(a,0) I exp(coA? + 2kY X)dA

The nonlocal condition is restricted to the value of these two constants. Based on these semi-
explicit expressions a subset K of H'(D1) is defined for proving existence of the solution to (5.3)
» by

([ ve HY(Dy),

U(_glvz) = ¢(Z)7 U(_glvz) =0,
K:=< v(y,Y)=uvwl(y,jn) + &(Y)I(0,y), 0<y<uy
v(y, =Y)=v yI(=y1,y), —H1<y<0

Y

| vy,v—y are constant with [viy| < [¢]L.

The set K is convex and not empty if ¢(z) € H'(=Y,Y). We take v(y,z) = ¢(2)1(0,y)1(y=0}-

5.2.2 The interior Dirichlet problem in the 2d case

Notation 8.
Ay :=(—L,L) x (=y1,71) x (=Y,Y),

AT = (=L, L) x (0,51) x {Y}, A] :=(=L,L) x (=i1,0) x {=Y}

and
Af:=(=L,L) x (—g1 +€,51 —€) x (=Y, Y), Ve > 0.
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Denote 71 := inf{t > 0,|y(t)] = 91} and consider ¢ € L*((—L,L) x (=Y,Y)). Simi-
larly as before we use the notation E,(-) := E{- |[(2(0),y(0),2(0)) = p}. We want to define
E(z,y,2)(¢(z(71), 2(71))) as the solution of the interior Dirichlet problem stated below.

Statement of the problem 1. Find ne L®(A1) n C°(AY), Ve > 0 such that

An=0in Ay, Bin=0in A}, B_n=0in A7

and
ﬁx(iL,y, Z) =0 in (yvz) € (_glvgl) x (_Y7 Y)v
77(%@1,»2) = (25(.%',25) in ((IZ,Z) € (_L7L) X (_Y7 Y)v
n(z,—y1,z) = 0 in (z,z)e(—L,L) x (=Y)Y).

This is formal. We should consider the case of ¢ smooth first and precise the functional space,
then proceed with the regularization.

As in the 1d-case, this problem is a nonlocal problem but the boundary condition are in two
dimensions. Thus we need to solve partial differential equations for 1 on the boundary at z =Y,
and z = —Y respectively. Here we do not have semi-explicit solution, indeed n(x,y,Y") solves

B+77 =0 on (_LaL) x (ngl) with nx(iLvyvy) = 07 77(337@17}/) = ¢($,Z) (54)
with n(z,0,Y) = ny(z), and n(x,y, —Y") solves
B*T/ =0 on (_L7L) X (_gla O) with nx(iL7y7 _Y) = 07 "7(537 -1, _Y) =0 (55)

with n(z,0,—Y") = n_y (z) where ny (x) and ny (z) are unknown function with |94y ||z < ||¢| 1.
Next, we give a convenient formulation of the boundary condition (5.4)-(5.5).

Boundary conditions

In order to reformulate Problem 1, we consider first the equation (5.4) on the boundary A7 .
Define 3% (x,y) the solution of the mixed Dirichlet-Neuman problem

B.p* = 0, in (=L, L) x (0,51),
ﬁ;(iL,y) = 0, ( Y1 )
4 (5.6)
Bt (z,i1) = é(x,Y), in(—L,L),
B (x,0) = 0, in (=L, L).

Proposition 7. If ¢(x,Y) € H'(—L, L) then there exists a unique solution to the equation (5.6)
Br e H'((=L,L) x (0,51) satisfying |6 |z= < [o]r

Proof. Define Dy := (=L, L) x (0,%) and consider on H!(D5) the bilinear form

(€0 =5 [ (6o +&)dady + [ (oats + o+ kY + fa)6,)xdady.

Y DY

For A sufficiently large by (£, x) + A(&, x) is coercive. Now, define the convex set

KY = {f € HI(D}t)vé(xvgl) = gzﬁ(x,Y) and f(ZL‘,O) = O}
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which is not empty since ¢(z,Y) € H%(—L, L). Take z € Ky with |z||z» < |¢|r», we define &y
to be the unique solution of

by (x, X — &) + A&, X — &) = Az, x — &)), éx€ Ky,Vx € Ky (5.7)
We have defined a map T(z) = &) from Ky — Ky. Let us check that
x> < [@lLe = C. (5.8)

Indeed, in (5.7) we take y = &, — (&, — C)1 € Ky. Hence
—by (£ (62— C)") = A6 (=) ") = Az, (& = O)T)

and

by (6 = )" (& = O)) + A& — O) Tz < —A(z + C, (61 — O) ).

Since z + C > 0 it follows that (£, — C)* = 0, hence &, < C. Similarly, we check that
(=& — C)T =0, hence we have (5.8). Consider then the sequence £ defined by

by (7, x = &) + AT x — &7 = ML x -4 (5.9)
with
& € Ky, [+ < ¢l
We can take £9(z,y) = %d)(x,Y). From (5.8), we have |£}[, () S C and from (5.9), we have
1EX] 7 (Df) S C'. Then, we can consider a subsequence, also denoted by &} such that

& ¢ in H'(Dy) weakly and in L*(D5;) weakly *

also,
&y — & in LQ(D;E) strongly.

From (5.9) we obtain
bY(é-ﬂX_é) 207 €€KY7VXEKY-

We conclude easily that £ is a solution of (5.6) also |£]r» < |¢|r~. Now, in order to prove
uniqueness, we must prove that a solution & € H'(Dy) satisfying

By&=0in (=L, L) x (0,71)
§e(=Lyy) = &(L,y) = 0 (5.10)
§(z,41) = §(x,0) =0

is identically zero.
Consider y := &, then we have

Bix +ax + & =0 in DY,
x(=L,y) = x(L,y) =0,
x(@,91) = x(,0) =0,
hence x € H{(Dy>). This implies
or € LA(DY), &€ L(DY).

From equation (5.10) we deduce &,, € L?*(D5). Hence £ € H*(Dy). In particular, £ is continuous
on D;. We have [€|p= =0, so & = 0. 0
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Now, consider the following convex sets,

Ky = {(xte Hl((—L,L)X(O,yl)) satisfying (5.12); xV(z,91) = 0; |xT|= < M} (5.11)

where

S5 JTHE O e + x5 y) + (amxd + (B + coy + kY )y, )¢ }dady = 0,

vy e HY((—L, L) x (0,71)) with ¢(z,0) = 3(z, 1) = 0. (5.12)

and

Ky :={x" € H'((=L, L) x (=71,0)) satisfying (5.14); x"(z,~51) = 0; |x " |r= < M}
(5.13)

where
S 0 B 0G s + X ) + (aaxg + (B2 + coy — kY )xy )}dady = 0,

Vi € HY((—L,L) x (—=i1,0)) with ¥(x,0) = ¢(z, —71) = 0. (5.14)

These sets are not empty since they contain 0.

Remark 7. e V7r(y) function of y such that w(0) =0 ,

;s € Ky m and ;s e K_vyvu are H' — bounded.
{xm x ; Xm; X :

o If X € Ky,|¢| - denoting w := BT + x, we have
Biw=0 and  max(l(z,0)),lo(z 51)]) < [6l1~,
so a mazimum principle implies |w|r» < |@| - -

Using the sets Ky, 4 and K_y, 4|, the following result gives a convenient formulation of the
boundary conditions in Problem 1.

Proposition 8. The Problem 1 can be reformulated in the following way: find n € L*(A1) n
CO(AS), Ve > 0 such that

An=0in Ay, n(z,y,Y) -5 (z,y) € Ky, n(z,y,=Y) € K_y 4

and
nx(iLuyaZ) = Oa in (y’ Z) € (_ghgl) X (_K Y)’
"7(%2?172) = ¢(xa Z)a in (I‘,Z) € (_L>L) X (_Yv Y)a
77(1:7 _glaz) = 07 in (J:)Z) € (_L7L) x (_}/7 Y)

Proof. First, we can obtain the generic solution of (5.4) by considering any function x™ which
satisfies

X" e HY((=L, L) x (0,1))
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and
Bixt =0, xi(xL,y)=0, x"(x,41)=0. (5.15)

Note that we have not defined the value of x* for y = 0, hence x* is certainly not unique. We
add the condition that x* is bounded by |¢| <. We define in a similar way the function x~
such that

X~ € H' (=L, L) x (=71,0))
and

B_x =0, x,(*L,y)=0, x (z,—-71)=0. (5.16)

Then, interpreting (5.15) as (5.12) and (5.16) as (5.14) repectively, we obtain x* € Ky, and
X~ € K_y,¢|- Hence, the set of solutions of (5.4) and (5.5) can be written as follows

n(z,y,Y) — B (x,y) € Kygp,y > 0; n(z,y,-Y) e K_y 4, y<O.

Approximation (part 1)

We study Problem 1 by a regularization method in the next proposition. Define A := A+ 5 a‘f

Proposition 9. The following problem: find n° € L (A1) n HY(A1) such that |01 < |¢]r=,

Aene =0 in Ay, 776(3%.%5/) - BJr(:E’y) € KY,||¢H7 776(%.% _Y) € K—Y,H(Z)H (517)
and
U%(iL,y, Z) 07 in (yvz) € (_glagl) ( Y Y)
772(3373/7 iY) = 0, in ($, +y) e (_L L) X (0 yl)
776(33@172) = (b(I,Z), in (33‘,2) € (_LaL) x ( Y)Y)v
776( 7_§1>Z) = 0, in (.%‘,Z) € (_LvL) X ( Y7Y)

has a unique solution.

As in the 1d case, we formulate a variational inequality to prove existence of solutions. In the
present context, we consider a convex subset of H'(A1) which is adapted to the two dimensional
boundary condition by

e HY (A, Yo < [,

(33 Y1, 2 ) (25(.1', 2)7 for (.Z',Z) € (_LaL) X (_K Y)7
K=< ¥(x,—th,z)=0, for (z,z)e (—L,L) x (=Y,Y),

(s Y) = BT (2,y) € Ky gy, »

bl -Y)E K Ylolpor

Proposition 10. The set K is a closed non-empty subset of H'(A1).

Proof. The fact that K is closed follows from the continuity of the trace operator. Now, pick
the function,

Vla.2) = L[o(e,2) = 0@ Y) = 50 V)10, + (55 + 8@ Dz (518)

Y
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We have
(.’L‘ W,z ) = ¢(‘T7 Z),
(.f —yl,Z) = 0,
(.’E Y, ) = ﬂ+(x,y), y>07
(.le Y, — ) = 0, y<0.

So, if ¢(z,2) € HY(0A1), ¢(x,Y) € H(—L, L), then the function v defined by (5.16) belongs to
K. 0

Remark 8. Ifue K and w e H' (A1) with w(z, 271, 2) = 0 and w(z,y, £Y) =0, for 0 < +y <
g1 then u +w e K.

Consider the bilinear form

1
a(u,v) = B R {eu,v, + uyvy + uyv, dadydz
1

+/ (Bx + coy + kz)uyvderdydz —/ yu vdrdydz +/ azuzvdrdydz.
A1 A Aq

Equation (5.17) is formulated as follows a(u,v —u) =20, VYve K,ue K.

Proof of Proposition 9. First, existence is proved by variational argument. For A sufficiently
large a(u,v) + A(u,v) is coercive on H'(A;) and for f € L?(A;) we can solve the variational
inequality

a(u,v —u) + AMu,v —u) = (f,v —u), Yve K,ue K.

We define the map u = Th\w where u is the unique solution of
a(u,v —u) + Au,v —u) = AMw,v —u), Yve K,ue K.

The following lemma shows that T} is a contracting map. (see proof in Appendix)
Lemma 5. If [wlie < |6z then [ulpo < |6]or.
Moreover, taking v = ug € K we deduce
a(u,u) + Mul?s < alu,up) + Au,up) + Ay|ug — ul 1.
That implies
lul g1 (ay) < M,

for a constant M which depends only of ), e, H' norm of ug and 7.
Now, we define
R ={we K : [wler < |éloe fwlm < M},

We have T) : L?(A1) — L?(A1) is continuous, maps K into itself and K is a compact subset of
L?. Then Schauder’s theorem implies Ty has a fixed point u € K which satisfies

a(u,v —u) =0, Vv e K.
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Let us check that w is solution of (5.17). As u € K, we have

B.u 0 in At

B_.u = 0 in A~
u(x,gl,z) - ¢($,Z) in (_L7 L) X (_Yv Y)
u(z,—y1,2) = 0 in (—L,L) x (-Y,Y)

Moreover,
VYveH := {U c Hl(Al) such that { Z(xa iylaz) j

we have u + v € K and a(u,v) = 0. Then,
Au = 0 in the sense H’

and integration by parts gives

e (L 0 e L ron
s [ we vy aedy =5 [ [ g Yoty -Y)dedy
2 /L)y 2)-tJo

Y1 Y Y1 Y
+/ / ux(L,y,Z)U(L,y, Z)dydz_/ / ux(—L,y,z)v(—L,y,z)dydz =0.
—j1v-Y —j v =Y

Uniqueness of the solution to problem (5.17) comes from |u||r> < ||¢| 1. O

Approximation (part 2)

When ¢ is smooth, we can exhibit a solution to the problem (5.19) by extracting a converging
subsequence of n°. Let § a smooth fonction such that 8(+7;) = 0. Denote 7(y) := yP0(y)? for
some p, q.

Proposition 11. The following problem: find n € L®(A1) such that nm e H' (A1),

An=0in Ay, n(z,y,Y) = Be(x,y) € Ky g, n(x,y,—Y) € K_y g (5.19)
and
Ux(iLa% Z) =0 imn (y,Z) € (_glagl) X (_Y7Y)7
n(xaglvz) = d)(iE,Z) in (.QT,Z) € (_L’L) X (_Y7Y)7
77(957 _gluz) = 0 mn (1’,2) € (_LaL) X (_Y7 Y)v

has a unique solution.

As in the 1d case, the key ingredient of the proof is to bound uniformly the norm of first
derivative w.r.t. z using the auxiliary function .

Proof. From the previous section, we have || < ||¢|w0, hence n¢ — n in L®*. We also have
a(n®,up —n°) = 0, for some uy € K. So, we deduce estimates in the following lemma: (see proof
in Appendix)

Lemma 6. We have

e/ (n)? dedydz < C; / (nS)*dedydz < C, / (ng)Qdcz:dydz < C.
A1 Al A1
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It is licit to test (5.17) with n<y?P 1024, We have

€ 1 1 _
/A (575 + 5y + 5w + v — @, — (Bz + coy + kz)ng)ny* 6% = 0.
1
So, we obtain

fAl (77§7r)2 <

4 fO ny T, Y, Y))2 + (772(513» Y, Y))Q}y2p_192qd$dy
toa fO f— (5 (z,y, =Y))* + (5 (z,y, =Y ))*}y[*P~16%dady
T2 fAl nins (((2p — 1)y?P 2020 + y?~120'6%9 1) + 2(Bx + coy + kz)y*16%7)dedydz

+ fAl nEns( axy2p492q)dxdydz.

(5.20)
Moreover, Remark 7 allows to bound the two integrals on the boundary that yields the following
estimate:

Imemlre < Cr.

Denoting v := n°r, we have [v¢|g1(a,) < < Cr so we can extract a weakly converging subse-
quence v¢ — v in Hl(A ) and v = nm € H'(A1). We can check that 7 satisfies the boundary
condition of Problem 1. First, let us check that

T(y)An = 0in H' (A1), m(y)ne(£L,y,2) = 0in (H2((—L, L) x (=§1,71)))"-
As v € H*(A1) and 1Ay = 0, we have
—A%° = f(n,n,) in strong sense

with f(n,ny) == —3{7"n° + 21’5} + (coy + kz + ax)w'n°.
We obtain that Yo € H' (A1), ¢(z,y, 1Y) = 0 and ¢(x, +31,2) = 0,

€ 1 1
o [ty [ wionty [ vient [ (amir otk -ndo= [ forape
Aq Aq Ay Ay Aq

Now, when € goes to 0, we have

;/Al vy¢y+;/Al vx¢x+/Al (amvx-i-(ﬂx—i-coy—i-kz)vy—yvz)cz):/Al f(77a77y)¢

We deduce we have in H 1(Ay), firstly —Av = f(n,7,) which is equivalent to 7An = 0 and
secondly that choice of test function implies 77, (+L,y, z) = 0 in (H%((—L, L) x (—y1,71))-
Then, we check that

n(z,y,Y) — B (x,y) € Ky op; n(z,y,-Y) € K_y -
We know that n¢ € H'(A1), its trace is well defined and satisfies

Y )@, y,Y) = xT+ 8% xT e Kyg; vy >0
Y) (@, y, =Y) =x7% X €K yp; y<0
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with

< ol (5.21)
We also have x ¢, x ¢ satisfy respectively (5.22) and (5.23)

Ix*

JE I8 Yo + Xy Py) + (0xxa + (Bz + coy + kY )xy )dzdy =0,
Vi e H1<(—L,L> < (0,71)) with $(z,0) = $(z, 1) = 0. (5-22)
and
S 2 B OG U + x5 y) + (amxa™ + (B + coy — kY )x Yw}dady = 0,
(5.23)

¥ e HY((—L, L) x (—41,0)) with ¢(z,0) = 9(z, —51) = 0.

First, we study convergence of the sequence y*¢ and we deduce the PDEs satisfied by lim,_,o x*
In particular (5.21) implies

XJHE - X+ n Lz((_L7L) X (Oagl)) Weaklya

X ¢ — x~ in L2((=L, L) x (—71,0)) weakly.
And (5.22) and (5.23) imply

Ixtrllgn < C and  xTem — xTm in H' weakly,

Ix 7| <C  and x m— x 7in H' weakly.

Denote £¢ := y¢y2. From (5.22), we obtain B, (7€ = 0in (—L, L) x (=41, 1), in H~1((—=L, L) x
(0,71)). Since the operator By is strictly elliptic then £+€ € H2((—L, L) x (0,71)). We also have
;7e(iLay) =0 in (H%(O,ﬂl))' As £+’E € H2(A1) and 7TB+X+’€ = O’ we obtain

—B £ = g(x" x, ) in astrong sense

with g(x ¢, x5) == —x {1 = 2y(ax +coy + kY)} — 2yx, . We obtain that V) € H*((—L, L) x
(07g1))5w( ) (13,3]1) = 07

L b1 q te te b p e L 71 C
/L/D i(éx’wac"i_é.y’wy)‘i‘(ﬂxgw’ +(ﬁl’+00y+kY)§y7 —y§z’)¢=/L/0 g(X,Xy)’Lb

Now, when € goes to 0, we have

L Y1 1 + 4 i N N L 71
/LA 5(623 djz + gy 1/)y) + (axfz + (ﬁx + CoY + kY)fy - yfz )1/} = /L/O g(X?Xy)w

We deduce that in H='((—L, L) x (0,71)), we firstly have —B, ¢ = g(x™, Qj), which is equiv-
alent to y?B,x" = 0 and secondly that choice of test functions implies y*x;} (+L,y) = 0 in

(H%((O,gjl)))’. To summarize, we have

¢re H'((=L,L) x (0,71))
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and
_B+§+ = g(X+7X;) in (_LaL)X(ngl)a
& (xL,y) = 0 in (0,41),
{(z,q1) = 0 in  (=L,L).
Hence
mxt e H'((=L,L) x (0,51)), Ix" |1 <[4]r=
and
7Bixt = 0 in (=L,L) x(0,%1),
Tz (£L,y) = 0 in  (0,71), (5.24)
x"(@,y1) = 0 in (=L,L).
Similarly, we have
X € H'((=L,L) x (=41,0)), Ix lo= <o)
and
mBix~ = 0 in (—=L,L) x (—y,0),
™, (tL,y) = 0 in (=71,0), (5.25)
7x (x,—y1) = 0 in (-L,L).

First, v(mn¢) — w(x* + 8%) in HY((=L, L) x (0,%)) weakly. Secondly, the weak convergence
of ¢ — 7n in H'(A;) implies the weak convergence of y(mn€) — ~(7n) in H%(é’Al). By
uniqueness of the limit, we deduce y(7n) = w(x™ + 7). Finally, we verify that

n(xvglaz) = ¢($>Z); 77(%371,2) =0.

Using Green formula, we obtain
el @), [ g [wv, = [ ovids
A1 A1 0A
Now, we can let € tend to 0, we obtain

Vi e H'(A), /A b + /A by = /a _ ovily)io

Approximation (part 3)

Now, ¢ € L®(dA1), we introduce a sequence of function {¢*, k > 0} < H'(0A;) such that
¢F — ¢ in L*(0A;). We denote n* the solution of the Problem 5.19 with ¢* as boundary
condition. From the previous section we have n* € L® (A1) satisfies 7(y)n* € H' (A1),

Anf =0in Ay, 92,y Y) = B85 (2, y) € Ky g, 0" (2,9, -Y) € K vy

and

n];(iL,y,z) =0 in (y,z) € (_glagl) x (_Y7Y)7
y #F(x,z) in  (x,2) € (—L,L) x (=Y,Y),
n*(z,—g1,2) = 0 in (z,2)e(—L,L) x (-Y,Y).

3
x
—~~
8
<
=
N
N—
|



88 Chapter 5. Ergodic theory for an elasto-plastic oscillator excited by a filtered white noise

where 3%F(z,y) € H'((—L, L) x (0,71)) solves the problem (5.6) with ¢*(z,Y) as boundary
condition. Moreover |70 < @)oo and 3% < |¢]e. Let us check that the sequence 3* has
a limit.

Proposition 12. We have

Bt (x,y) —> BY in L*((=L, L) x (0,71)) weakly,
73 (2,y) - 73" in H'((—L, L) x (0,31)) weakly

and the limit 3% solves the problem (5.6) with ¢(z,Y) as boundary condition.

Proof. We have Yy € H*((—L, L) x (0,%1)) with ¥(z,0) = ¥(z,91) = 0,

;//(5 Tahy + B Tpy) + // azBy™ + (coy + kY + Br) Bt = 0. (5.26)

In particular, the choice of ¢ = 7(y)3%* with m(0) = 7(71) = 0 gives

// (k)2 nﬂk+ // ﬂk+/6»k++// awﬁk++(coy+kY+ﬂx)5’f+) 2gk _ g

This implies
//(ﬂﬁl;’+)2 <Crp and //(Trﬁz'f’Jr)2 < Cr.

We deduce that we can extract a subsequence such that we have
gt o g% in L? weakly and 7%T — 767 in H! weakly.

Now, denote ’y = 7(y)B3**. We have B y* = —6’“*(%11 — (Bx + coy + kY )7') — ﬁ§’+7r’. Also
vy e H'((-L ) (0,51)) with 9(x,0) = ¥(z,71) = 0,

% // (VEbe + i) // azy) + (coy + kY + Bz)yy )1 (5.27)
— [ G = ot e+ ) - Bl
When k goes to +o0 in (5.27), we obtain
B " =0; B;(+L,y) =0.
Then, from (5.28),
e a8, == [[ e+ [ i) (5.28)
we deduce taking limit when k goes to +0

Vi € H? ~ H}, / By = — //ﬁJ% + /Wyﬁ(ﬂf)da

and we obtain the Dirichlet boundary condition

BH(z,in) = ¢(z,Y), B¥(z,0)=0.
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Theorem 5.2.1. The Problem 1 has a unique solution.

Proof. Testing An* with 162, we obtain

;//(7750)2 + é //(77';0) // 200"y // coy + kz + Bx)(n //a92

—2/ z(n*0)? ()do+2/y92( )27 (z)do.

JJtor <c [[ator

Testing (An*) with n¥y?=1624, we deduce the following lemma

So, we have

Lemma 7. We have
fAl(W];W)Q < 1 fo ny z,y,Y))? + (17];(93,y,Y))Z}y2P—1g2qd$dy
4fo f_ (E(z, y, =Y))? + (i (z,y, =Y)*}y |~ 1629 dxdy
3) [, (50 (nEm)yP 20971 + q [ (nE0) (nEm)y?— 107 26" (5.29)
Ja, (coy + kz + Ba) (g 0) (nkm)y? 109
S, cx(uz0) (nm)yP =" 6%,

+ o+ o+ o+

Moreover, |nfn| 2 < Cx.

Denoting v* := nFr, we have HkaH1(A1) < Cy so we can extract a weakly converging sub-
sequence v*¥ — v in H'(A;) and v = 7 € H'(A;). Similarly as before, we can check that 7
satisfies the boundary condition of Problem 1 which is summarized in the following lemma. (see
proof in Appendix).

Lemma 8. We have w(y)An =0 in H_l(Al), m(y)n.(£L,y,z) =0 in (H2 ((=L,L)x(-71,71))),
77(36;97Y)—5+(=T7y) € KY,||¢H7 77(33;,% _Y) € K*Y,||¢||7 and 77(1'723172) (.T,Z), 77(37717172') =
0.

O]

Local regularity in the interior Dirichlet problem

In this section, we derive local regularity properties of the function v related to the interior
problem. We recall that v := 7€ H'(A;) and we have

1 1

—gUse — 5y + po(x,y, 2)vy + axvy —yv. = npi(z,y, 2) + nyp2(y) (5.30)

where we denote

"
s

pO(xayvz) = ﬁ.%’ + coy + ]{Z, Pl(x»% Z) = 3 - PO(%% Z)ﬂ-/a P2(y) = ﬂ-/(y)'

Let ¥ < 1,
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Notation 9.
A(0) = {(my,2) €A1, |y—wm|>46, |y+u|>0d}
AI((S,’Y) = {(x7y7z)€A1(6)7 |Z_Y| >7}
H1(5) = Hl(_Y7Y7H1(_L, L’ Hl(_g+67g_6)))

Recall that ne Hl (5) means 1, N, Ny, Nz, Neys Nezs Nzys Neyz € Lz(Al(é))
Proposition 13. We have
Vo,v >0, neHi(8); neC’(Ai(8); neH*(A:(S,7)), (5.31)

and
02,5y < Ma; 0l a2ean6,0) < Mo (5.32)

Moreover, the trace of n at y =y, denoted by h(x, z) := n(x,y, z) satisfies
he H((~L,L) x (=Y,Y)) nC°((~L, L) x (-Y,Y)). (5.33)
Proof. The proof relies on the following estimates (see proof in Appendix). We have
Moo € L*(A1);  naym” € L*(A1);  myym” € LP (A1),
ne2y?mt € LQ(Al); nyzy27r3 € L2(A1).
For p and ¢ large enough, we have
Noy=y"17 € L2(A1); myyayPm? € L2(A1); p(2)nuwy?n® € LP(A1);  p(2)ns2yPm? € L2 (Ar).

O]

5.3 The exterior Dirichlet problem

In this section, we prove existence and uniqueness to the homogeneous exterior Dirichlet prob-
lem.

5.3.1 Some background on the exterior Dirichlet problem in the 1d case

Notation 10.
Dd = (—OO, _g) X (_Y7 Y)a Du = (g7 +OO) X (_K Y)7

D:=DyguD,, D":=(j+0)x{Y}, D := (-0, —f) x{-Y}

and
D :=Dn{ly| >y +e},e>0.

Let us recall the exterior Dirichlet problem from [7]. Denote 7 := inf{t > 0, |y(¢)| = g} and
consider hy € L®(=Y,Y). It is shown that E(, .)(h4+(2(7))) solves a Dirichlet problem: Find
¢ e L®(D) n C°(DF), Ve > 0 such that

AC=0in D, Bi(=0, in D* (5.1)
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with
((£y,2) = hi(2), -Y <z<Y.

By solving the ordinary differential equation on the boundary, there is
¢y, £Y) = K exp(coy® £ 2kYy).

As a bounded solution is sought, K must be 0. Hence, ((y,£Y) = hy(£Y") and then problem
5.1 was recast in [7] by

AC=0in D, ((y,+Y)=hi(£Y), in D* (5.2)
with
((£7,2) =hi(2), -Y<z<Y.

5.3.2 The exterior Dirichlet problem in the 2d case
Notation 11.
Ad = (_LaL) X (_007 _g) x (_K Y)7 Au = (_L7L) x (g7 +OO) X (_K Y)

A:i=Agul,, AY:=(-L L) x(y,+0) x{Y}, A :=(-L,L) x (-0, —%) x {-Y}

and
AL =AMy {lyl >y +ehe>0.

Due to the symmetry in the exterior Dirichlet problem, we can consider positive values of
y only. Denote 7 := inf{t > 0,y(t) = y} and consider h € L*((—=L,L) x (=Y,Y)), we define
E(z,y,2)(h(2(T), 2(7))) as the solution of the exterior Dirichlet Problem 2:

Statement of the problem 2. Find ( € L®(A,) n C°(AS), Ve > 0 such that
AC=0inA,, By(=0inA"

and

Cx(iL,y, Z) = 0, in (y7 Z) € (?j, +OO) X (_K Y)’
((x,9,2) = h(x,z), in (x,2)e(—L,L)x (-Y,Y).

Boundary condition

Find ¢t € L®(A™) such that

B¢t =0in AT, (5.3)
and
F(tLy,2) = 0 in - (y,2) € (g, +0) x (=Y, Y),
¢t (x,y,2) = h(z,z) in (x,2)e(-L,L)x(-Y)Y)
Define
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Proposition 14. Assume that there exists H € HY(AT) such that H(z,y) = h(z,Y).

Then there exists one and only one solution to the problem (5.3) with
¢reHy(AY), ¢ e < [h(Y)].

Proof. First, we prove uniqueness. It is sufficient to prove that if we have B, ( = 0, Cx(iL ) 0
and ((z,y) = 0 with ¢ bounded then we obtain ¢ = 0. Set u(z,y) := ((x,y) exp(—Ly?) th

1

1 1
§um + §uyy — axuy, — uy(Bx + kYY) + uco(—%ogf —y(Bzr+kY) + 5) = 0, (z,y9)eAt
uz(£L,y) = 0, y>y,
u(z,y) = 0, xe(-L,L).

We can assume that —Ly? — y(8z + kY) + <0, y =y (y sufficiently large). Let us prove
that u = 0. Indeed if u has a positive maxunum if cannot be at y = co. But then this contradicts
maximum principle from (5.3). Similarily, we cannot have a negative minimum.

Now, we adress existence. Let

u2 + u2 2
LA+ — LA+ — ] Y
W5 (A7) := Sue Hy(A7), |‘UHW21(A+) = fulp- + (/A+ mdfﬁdy <©

We define a bilinear form on H}(AT) x Wi (A1) by

1 Ugp Vg 1 Uy VY
) = = M gy % d 2/ M g
i) = g [ Tty [, e =2 [ e
TULV (Bx + coy + kY )uyv
+ ————dzdy + dzxdy.
“/N (122 /A R

We next define

a(u,v) := alu,v) + 7/A+ mdwdy.
We finally define a bilinear form on H(AT) x Hi(A*) by
(u,v) 1/ Yl dad +1/ WYz 2/ WY dd
a,s(u,v) = = ————dz = — — =
" 2 Jar Wy T2 e Wy T s WY
TUL y—17 ~ Uy v
————dxd kY ) ——=dzd
+a/A+(1+y2)2:J:y+/A+(ﬁ:):+c()1+5y+COy+ )(1+y2)2xy
v
+ dxd
7/A+ (122

If ve Wi (AY),
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If ue W4 (A1), we can compute

1 u2 1 u? Uy UY
_ 1 _ Y dedua = — Y drdy — 2 — = dxd
a5 (U, u) 2/A+ T A 2/A+ T+ /m (+y25 Y
LU (Bx + oy + kY)

+ ——dxdy + dxd
a/A+(1+y2)2$y /A+ (1+y2)2 uyudrdy

@ u2 [ 1 Sly—9)  Aly—1ny ]dxdy
2 Ja+ (1+192)2

1+dy  (1+0y)2  (1+0y)(L+y?)

w2
+ ————dxdy.
’Y/A+ T+ 22
And see that
1 u? 1 u? Uy UY
> = =z Z Yy -9 Yy
a5 (u,u) 2/A+ (1+y2)2dxdy+ 2/A+ (1+y2)2dazdy /A+ (1+y2)3d$dy

TugU (Bzx + coy + kY)
——————dxd dxd
+O‘/A+ T+y22 y+/A+ (T+y2z Y

2

Co u
+(y— = —— dxd
¢ 2)/A+<1+y2>2”

and the right hand does not depend on §. Moreover, we can define a constant 4 depending only
on the constants a, 3, co, ¥, k, Y but not on § such that

ay5(v,v) = aOHUHJQL]Ql(Aﬂa ap > 0. (5.4)

The constant ag depends only on «, 3, co, g, k, Y. If f(x,y) is bounded, we consider the problem

fv—u)
v—u) > SO jedy, VweK, uek 5.5
a%(S(U v u) ’Y/A+ (1+y2)2 ray v u ( )

where

K :={ve HI(AY), v(z,7) = h(z,Y)}

which is not empty from the assumption. Then from the coercivity (5.4) and results of the theory
of Variational Inequalities (5.5) has one and only one solution wu.s(f) (writing u for u.,s(f) to
simplify notation). If w € Hi(A*) satisfies w(z, ) = 0 then u + w € K, hence

_ fw
a%(;(u,w) - 7/A+ (1 +y2)2d$dy

and thus also

1 1 —
— g lar — Uy T AUy + (B + coL—L + cop + kY )uy, + yu

A+
5 110y vf (x,y) e AT,

ur(tL,y) = 0, ye (g +o),
U(I’,g) = h(I’,Y), iBE(—L,—i—L).

Also if
My := max{|h(., Y)]oo, | fllz}
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then
luqys (e < My
Moreover,
J(H —u)
aqys(u, H —u) = " mdfﬁdy
hence I )
—u
< ,H) — —_—
ass(u,u) < arsl H) = [ g dady
and

coly —y)dy uyH
aw;(u,H) = aw(u7H)_A+ 0(1_|_5y) (1fy2)2

Cllul gzany|Hlwza+y + vyCMg[h(, Y)]leo

dxdy

N

where C' depends only on constants «, 3, coy, k, Y. From (5.4), we deduce easily that
luys (P ya+y < C(f)- (5.6)
Letting § — 0, we obtain
Uys — uy(f) in Hy(A") weakly and in  LP(AT) weakly-*, u,(f) e K
We deduce easily from (5.5) that w.(f) satisfies

ay(u,v —u) = ’y/AJr Mda:dy (5.7)

Voe Wy (A7), veK, uwekK, |ulo<My, |ulgyar) < Cy(f)
where again we write u for u,(f). The solution of (5.7) is unique. Indeed, we first claim that
a(u,w) = 7/ fiwd:ndy, Yw e Wi (AY), w(z,j) = 0.
A+ (1+92)?

But then if u!, u? are two solutions

aw(ul,u1 —u?) =7 fﬂdxdy, av(uQ,u1 —u?) = 7/ fuda:dy,
A+t (T+y?)? A+ (1
1

hence a,(u! — u? u! —u?) = 0. However, from (5.4) we also have

ay(v,v) = aoHUH?{%(Aﬂ, Vv e Hy(AT)

Therefore u! — u? = 0. We next consider a sequence (" with (* = |h(.,,Y)|r= given by the
solution of ( oy
n n
Nl ently s ¢"(v—¢ daxd 5.8
a’Y(C 7U C ) '7 A+ (1 + y2)2 X y7 ( )

where

CHeK, VoeWHAY), veK, ¢ pe <max([h(.Y)pe, 1Ce)
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Considering ¢!, we have

Cl-¢h
a+ (L+y?)?
Take v = ¢! — (¢! — ¢9)*, which is admissible, then

a (o= <y | 25 dudy.

0¢r1 _ ~0\+
@ = < [ vy
and 0¢r1 +
0y (¢ = (¢ = ) = ay (¢ = )~y [ ST gy

av (L+y?)?
from the assumptions. Therefore (¢! — ¢%)* = 0 which implies ¢! < ¢° and also
It le < JR(SY) L.

Then by induction if ¢ < ("', [¢"[z= < [A(Y)|z=. We obtain ("*' < (", ("™ <
|h(Y)| L= Also
et =¢mh

n+1 ~1 n+1
ay ("L =) =y NEGESTE dzdy
n (1 n+1
a’y(cn-i-l’cn-i-l) < a’y(cn-&-l’cl)_,}/ A+C Ei—i_ C) )dxdy
ntl A1 ¢t¢ntt ¢"(¢t = ¢t
< O+ [ ety = [ dedy

Hence
16 arycasy < Co (1M harycasy + 1A Yo )

The sequence (" — ¢ is monotone decreasing and (" — ¢ in Hi (A1) weakly, (€ K, |[/{|r» <
(Y]

Hence in the limit,
alCv—C) =0, YwveWi(AM),veK, (eK, |C|r» <|h(,Y)|L= (5.9)

and ( is solution of equation (5.3). O

The Cauchy problem

The exterior Dirichlet Problem 2 is equivalent to

AC = 0, (:U y,z) € (_LvL X (:Uv OO) X (_}/7 Y)7
(x Y,z ) = h(.’E,Z), ( )E( LvL) X (_K Y)7 (5.10)
(.ZL' Y, ) = <+(.’L',y), (Z’,y) € ( L7L) X (gv 00)7
Cm(+L Y,z ) = 0, (y7 Z) E( 700) x (_Y7 Y)
with
B¢t =0, (z,y) € (=L, L) x (),
"z, 9) = h@Y), wxe(-L L),

(L, y)

Il
=
<

M
~
<

8
S



96 Chapter 5. Ergodic theory for an elasto-plastic oscillator excited by a filtered white noise

and
ICH e < 1A (, Y) Lo

This is a Cauchy problem, with z taking place of time and (x,y) as the space variable. We write
it as

+ ; (;ny + %cm — oz — (B + coy + kz)@,) =0 (5.11)

and using the notation

1/1 1
A(z)u(z,y) = —; <2uyy + Qum — azuy, — (Bx + coy + k‘z)uy)

we obtain
‘ _%+A(z)g = 0, (x,y) e AT 2 <Y,
C(CE,y,Y) = <+(‘Tay)7 (a;, )E( )X( OO), (5‘12)
G(+L,y,2) = 0, (y,2) € (g, 0) x (=Y, Y),

(x,y,2) = hl(z,2), (z,2)e(—L,L)x(-Y,Y).

So it is a Cauchy problem with mixed Dirichlet-Neuman boundary conditions. We consider the
space H}(A"), with a new norm

1 w2+ u2 u?
2 x Yy
ul? = Y dgdy + — —  _dxzd
Jul /A+ y T+ Y /m +y22 Y

which is not equivalent to

u u
ot = [
a+ (T+y?

The norm in L3(A™) is defined by

2
o= [ mppedy < [l

We define on Hi(A™) the bilinear continuous form

1 UV + UyUy 1/ uyv(1 + 3y?)
= o W Uy 2 WORTOY g0
Al v) 2/A+ v +922 VT2 e 22 Y

+/ (azug + (Bx + coy + kz)uy) v
A+ y(1 +y2)?

2
u
Cdedy + [ gy dady.
i /A+(1+y2)2 vy

8N
+
\—/@M

dzdy.

Moreover,
1 u? + u? 1 uyu(l + 3y?)
A , = = % Y dedy — / Y Y Jdaed
(z)(u u) 2A+ Yy v 2 A+ y2(1+y2)3 o
+/ (azuy + (B + coy + kz)uy) udmdy
A+ y(1+y?)?

1 9 d Y=y
— = u077d$d
/ ° (y(1+y) Jdady




5.3. The exterior Dirichlet problem 97

and for |z| <Y,

< / Uty g b/ @ ad
<ay | ———5dedy —by | ——55dady
a+ y(1 +y2)? a+ (1+92)?

where the constants ag, by depend only on «, 3, ¢cg, k,y, Y. Therefore also,

2

2 u
The problem (5.12) is equivalent to
(% _ 1A+ ) =
(Ew) 4+ AGCw) =0, Ywe HYAY), w(e.p) = (5.13

and
((x,y,Y) = (z,y) , ((2,9,2) = h(z, 2).

We assume that there exists
H(z)e H'(=Y,Y; HY(A™)) with H(2)(z,7) = h(x,2), Vz,z. (5.14)
Writing C(z,y, 2) = ((z,y, 2) — H(2)(z,y), we deduce

~(Ew) + ARG w) = () (w,y),w) — AR)(H(2),w), VYwe HY(AY), w(z,j) =0.
C(z,9.Y) = (T(ay) —HY)(z,y)
C(z.5,2) = 0
Under this form, we obtain one and only one solution

%

{(z,y,2) € L* (=Y, Y; H3 o (AY)), :

0 z,Y, Z) € L2 (_Y7 Ya H21,0(A+)/)
where Hjo(A*) denotes the subspace of Hy(A") of function which vanish at 7. We now prove
that

IClze < A Y e (5.15)

We will consider
Ab:={-L<axz<L, j<y<R}

for R large. We begin with an approximation of the boundary condition {* with CE solution of
(we delete +)

YChae + Ynyy — 02Cra — (B2 + coy + kY )Cry = O, (.y) € (=L, L)  (3.,Y),
Cra(*Ly) = O, ye (7,%),
Cr(x.5) = h(z,Y), we(-L,L),
Cr(z,R) = 0, xe(—L,L).
(5.16)

We can assume h > 0, otherwise we decompose h = ht — h™. We extend (gr(z,y) by 0 for
y > R. The sequence of functions (g(z,y) is increasing and ||Cr|L> < [|h(.,Y)|ro. Let O(y) =1
ifo<y< % and 0 if y > 1 be a smooth function. We may assume § < g. Letve Wi(At),ve K
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and test (5.16) with % which vanishes at y = 7 and y = R. Setting Or(y) = 0(%), we

obtain,

1 CR,x(UxHR Cr x)d dy + = 1 CRy(UyaR CR,y)
2 /ar, (49?7 2 /a1 +9?)?

1 Cryv0p / 2CR,y(vOr — CR)Y

— dxdy : dzd
TR Jax W42 At (Try2iy Y

MECR(UHR Cr) | (Bzx + coy + kY)
*/N L+ W +/A+ L+ 42

and thus also a(Cgr,v0r — (r) = 0. Recalling that

dzdy (5.17)

CRy(WOR — Cr)dxdy = 0.

2
a{u,u) + 7/A+ (1—}1f7yz)2d$dy > CLQHU|‘?{21(A+),
we get
ao Sl a+y < aCryv0R) + CR(, )|,
from which we deduce easily,
ISR H3a+) < C.
We then consider the limit

(r — ¢ monotone increasing , (g — ¢ in Hi(A") weakly

Hence,
a(¢,v) < a(¢, ¢)

which implies that ¢ is the solution ¢t of (5.3). We next consider the approximation of (5.10)
for y <y < R. We write

ACgr = 0, (z,y) € AR x (=Y,Y)

Cr(z,9.Y) = (hlzy), (z,y) el
Cr(z,9,2) = h(z,2), (x,2)e(-L,L)x(-Y)Y), (5.18)
Cr(z,R,z) = 0, (x,2)e (=L,L) x (=Y)Y),

(ra(L,y,z) = 0, (y,2) € (I, R) x (=Y,Y)

We write (5.18) as a Cauchy problem

KR+ A(z)Cr = 0, in Ap,
Cr(z,y,R) = Cplx,y), (v,y) € Ap,

Cro(£L,y,2) = 0, y,2) € (g, R) x (=Y,Y), (5.19)

(v, 2)
Cr(2,7,2) = h(z,2), (z,2)€(=L,L) x (=Y,Y),
Cr(z,R,z) = 0, (z,2)
and extend (g by 0 for y > R. If we HI(AT),w(z,y) = 0, we can write
—(%2,wlr) + A(z)(Cr, Orw) = 0,

(r(z,9,Y) = (g(z,y), (z,y)€Ag, (5.20)
Cr(z, 7, 2) Mz,z), (z,2)€(=L,L) x (=Y,Y).
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However, from (5.19), we deduce
ISRl < [R(, V)] L (5.21)
We can pass to the limit in (5.21) and check that (g — ¢ solution of (5.13). This proves (5.15).

5.3.3 Local regularity in the exterior Dirichlet problem

In this section, we derive local regularity properties of the solution ¢ to the exterior Dirichlet
problem.
Recall that ¥ < 41,

Notation 12.
Ad((s) = {($7y>Z)EAda y < —g—(S}, Au((s) = {($7y>Z)EAua y>ﬂ+5},
A=(0) = Ag(6) N A, AT(8) := Au(6) N AT,
Ag(6,7) = {(z,y,2) € Ag(9), =Y +v <z}, Auld7):={(z,y,2) € Au(d), 2z<Y —1~},
Hy(d) := H (=Y, Y; H' (~L,L; H (=51 — 8, —ih +9))),
H,(6) = H' (=Y, Y H'(=L, L H' (51 — 6,51 +9)))
and
A((S) = Ad((s) Y Au(5)7 A((Sv 7) = Ad(5> ’7) Y Au(67 7)7 H((S) = Hd((s) N Hu((s)

Again, thanks to the symmetry in the exterior Dirichlet problem, we consider only positive
values of y.

Proposition 15. [Local regularity of the exterior Dirichlet problem] We have
¥,y >0, CeHu(0); (eC(Au(d); e H* (A7), (5.22)

and
<l sy < Mujgps [CIa2AL65) S Majg)- (5.23)

Moreover, the trace of ¢ at y = 91, denoted g(x, z) := ((x,7, 2) satisfies
g€ H'((=L,L) x (=Y,Y)) n (=L, L) x (=Y, Y)).

Proposition 16. [Local regularity of the exterior Dirichlet problem on the boundary z =Y | We

have
V6 >0, (e H*AY(); [Clm2a+o) < Msjg)- (5.24)

Similar results hold for negative values of y. Proofs of Proposition 15 and Proposition 16 rely
on similar estimates related to the local regularity of the interior Dirichlet problem.
5.4 The ergodic operator P

Notation 13.
[T := (=L, L) x {£m} x (-Y,Y); TF:=(-L,L) x {xg} x (-Y,Y)

and
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5.4.1 Construction of the operator P

Consider ¢ := (¢_,¢) € L®(T'1). Following the same procedure of the 1d case, we first solve
the interior Dirichlet problem for n with the boundary condition

L/ qur in fir’
n = ¢_ inl7.
Then
[nlze < max(|g+], o).
Then, we solve the exterior Dirichlet problem for ¢ with the boundary condition
¢ = n inlT,

¢ n inT~.

Then
<L < [nllee < &L=

For p; € I'y, let us define

5.4.2 Probabilistic interpretation of the operator P

Let us recall from Khasminskii [27] the probabilistic interpretation of the operator P. For p e T
and for p; € I'y, we denote by 41 (p;.) the distribution of z(7;) starting from p and by 5(py;.)
the distribution of z(7) starting from p;. We showed

w) = [ etwnan and (@) = [ a)id).
1
Also, using Fubini theorem we can write

Po(p1) = | d(w)y71(p1, du),

IR}
where
71 (p1, du) 2=/f’7(p1;dv)’yl(v;du).

By construction, the operator P is the transition probability associated to the Markov chain

{(@(T1k)s y(T1k)s 2(TLk)) Y h=0

where 7 g = 0 and

Tper = inf{t > 71, |Jy@t)| =7} Tiper i=inf{t > T, |y(t)] = 0}

Note that 711 =T o O;I’k and 7,41 = 71 0 07, where 0; is the shift operator.
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5.4.3 Ergodic property for P

Theorem 5.4.1. The operator P is ergodic.

Proof. A Borel subset of T'; can be written as B := B_ x {y1} u By x {—y1} with B., B_

Borel subsets of (=L, L) x (=Y,Y). We have
B+ = {(.I‘,Z) : (x7g1>z) € B} and B_ = {(w,z) : (96,—131,2) € B}

also
1p,(z,2) = 1p(x,71,2); 1p_(x,2) = 1p(x, =71, 2).
Consider ¢ = 1p, and ¢_ = 1p_ in the interior Dirichlet problem, then
C(xaghz) lfy:gl

P(].B)(xvyVZ) = C(CE’ —,7]172) lfy = _gl-

Let p,p € I'y, define
Ap3(B) == P(1p)(p) — P(15)(H).

We will prove the ergodic property of the operator P in the four following steps.

1. Doob’s criterion from [17].
The operateur P is ergodic if we prove the following Doob’s criterion

supA\p5(B) <1, Vp,pel; and VB.

2. Negation of Doob’s criterion.

are

Suppose Doob’s criterion is not verified. Then, there exists two sequences pi := (zk, Yk, 2k),

Pr := (T, Jr, Z) in 1 and a sequence of Borel subset By such that

Denote n* and ¢* the solution of the interior and exterior Dirichlet problems with ¢, =
1p,, and ¢_ = 1p_,, where B and B_j are deduced from By as previously. We have

Aproiie (Br) = ¢ (@ U 2) — CF(Fhes Gk )
Now, extracting a subsequence of p; and pg, we deduce
pr —p* and Py —p*inT1.
Also,
pr=(a"4,2")  or  (z%, =71, 27)

and

p* = (:E*aglag*) or (i*v_th*)'

From (5.22), we know that

1My < Mg and [ a2a6)) S Maa
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then
¢* e H(8) = C°(A(9)),

¢F—¢* in H(S) weakly,
¢* e CO(A(©9)), (5.1)
and
¢F = ¢ in COA(7)-
From (5.23), we know that
|CF |2 a5y < Maa,
so, we obtain

k¢ in CUAE(©5)). (5.2)

Proposition 17. Under the hypothesis that P is not ergodic, we have (*(p*) = 1.

Proof. We must have limy_, ¢*(pi) = 1.

(a) If |2] <Y or zuys = —Y 71 then (5.1) implies limy e C¥(pr) = C*(ps).

(b) If z,y. = Y1 then (5.2) implies limy_,o ¢¥ (21, 91, £Y) = ¢*(ps). Indeed, as for all
k = 0,¢* is continuous, there exists oy, > k such that [(*(p,,) — (¥(20,, 271, £Y)| <
27F. Also, limg o C¥(po,.) = limp oo C¥ (20, 271, £Y) = ¢*(p*).

3. Contradiction.
Suppose p* = (z*, 41, 2*) and set

[1]

1i=T1n{z==2L}); Z:=T1n{z=Y}

Maximum principle for parabolic operator applied to ¢* implies p* € Z1 U Z5. Then p*
cannot be in = because of the Neuman condition and p* cannot be in =9 because of
the boundary condition z = Y. A similar argument yields a contradiction with p* =

(l’*, _gla Z*)-

4. Conclusion.
From ergodic theory, there exists a unique probability mesure v« = (7, ,7,) on I'; and
K, p > 0 such that

fm¢-[Zﬁﬂﬁ$&hWﬁ)—zziﬂﬁ@¢ﬁﬁﬁ)

Vi >0, < Kol exp(—pn). (5.3)
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5.5 The nonhomogeneous interior Dirichlet problem

Consider f a bounded function on A, we want to define E(m,y,Z)( Oﬁ f(x(s),y(s), z(s))ds) as
the solution of the non-homogeneous interior Dirichlet Problem 3:

Statement of the problem 3. Find y € L®(A1) n CY(AY), Ve > 0 such that

Ax+f = 0 in Ay,

Bix+f = 0 in AT,
x(z,+y1,2) = 0 in (—L,L) x (=Y)Y),
Xo(£L,y,2) = 0 in  (=41,41) x (=YY).

Consider
O(x,y,2) := exp Acokz® + coy®); A= 1.

Theorem 5.5.1. The Problem & has a unique solution. Moreover, we have
Ixl = < exp MeokY? + coi),
where X depends on f.

Proof. The uniqueness of a solution of Problem 3 is argued as the uniqueness for the homoge-
neous Dirichlet interior problem. The existence can be proven by the regularization technique
used previously. Now, we give a L® bound for y. We have

Gz =0; gz =0

by = 2ycord; Py = 2c0\ + (2c0\y)% ¢

¢, = 2zcokAd
and
Y. — axdy — dy(Br + coy + kz) + %gbyy + équ = —2Bcodxyd — 2caAy> b + cor + 2(coNy)?
cop — coA2Bzyd + 2(coy)* AN — 1)¢
coM(1 — 2BLg1)¢ + 2(coy)* (A — 1)¢

= |/l
Uy,

where 71 can be chosen as 277 < 25%, and A > max(1, (=255
Using that ¢(z,y, 1Y) = exp A(cokY?) exp A(c2y?) we obtain for z = Y,0 < y < 4.

\%

1 1
—Qrd, — be(/gx + coy + kY) + %‘byy + i(lsxz = _¢y($7ya Y)(Coy + kY + 537) + §¢yy(x7yv Y)

= Acop(z,y,Y) (1 = 2(kY + Bz)y + 2¢0(\ — 1)y?)
(

> Aeod(z,y,Y) (1 —2(kY + BL)y + 2co(A — 1)y?)
kY + BL)?
> ol = i)

v
=
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it A > maX(Q%, 1+ M) Similar estimates hold for z = =Y, —4; < y < 0. Consider
u:= ¢ — x, then u satisfies the following inequalities

Au=0in Ay; Biu>0in A} (5.1)

and the following boundary conditions
u(z, t91,2) = exp(/\(cokrz2 + coyj%)) in (—L,L) x (-Y,Y),

ug(£L,y,z) = 0 in (=71,71) x (=Y, Y). (5-2)

The maximum of v cannot be attained in A or on the boundaries z = +Y,x = +L. It can only
be attained for y = 1 or y = y;. Hence,

u(z,y, 2) < exp(McokY? + coif?))

which implies
X(,y,2) = —exp(McokY? + cof})).

Now, consider v = —(¢ + x), then v satisfies inequalities (5.3)
Av<0in Ay; Byv <0in A} (5.3)

and the boundary condition (5.4)
v(z, £791,2) = —exp()\(cokzz2 + cogj%)) in (—L,L) x (-Y,Y),

ve(+L,y,2) = 0 in (=g, 51) x (=Y, Y). (5:4)

Again, the minimum of v cannot be attained in A; or on the boundaries z = +Y,x = +L.
Hence
v(@,y,2) = —exp(AcokY? + coift )

which implies
X(2,y, ) < exp(McokY? + coiif)).

Now, let us derive some estimates on derivatives. Let M := exp(A(cokY? + co1?)). Using the
test function mo(z,y,2) = exp(—co(y? + k22)) exp(—ax?) we obtain now a priori estimates on
the partial derivatives of x. We test (3) with mgx

/ X2mo + / Xamo / yx*mo — / yx*mo + 2 / Fxmo — / coBrx*mo
A A 0AL =Y OAL 2=—Y A A

/ yx>mg — / yx’mo+2 [ fx
0A1,z=Y,y>0 0A1,z=—Y,y<0 Aq

< O(M).

N

Hence,

/ Xomo < C(M) / Xamo < C(M).
Al A1

We have then,
/A (*x:)*mo < C(M)  and /A (s xyy)Pmo < C(M).
1 1

The function x is smooth outside a neighborhood of y = 0. O
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5.6 The nonhomogeneous exterior Dirichlet problem

Consider the function
U(y) :=log(y) + K, K such that log(g;) + K >0

and the space of functions
X = {up, ue LA}

We want to define E(w,y,Z)(fg f(z(s),y(s),z(s))ds) as the solution of the nonhomogeneous ex-
terior Dirichlet Problem 4:

Statement of the problem 4. Find ¢ € XP n C°(AS),Ve > 0 such as
A+ f = 0 in Ay,
B.l+f = 0 in AT,
&x,y,2) = 0 in (=L, L) x (=Y,Y),
&(tL,y,2) = 0 in (y,+0) x (=Y, Y).
Theorem 5.6.1. The Problem 4 has a unique solution. Moreover, we have —¢(y) < &(x,y, 2) <
U(y).
Proof. We justify uniqueness of the solution taking f = 0 and setting &
E=wy®, a>1.
We show w = 0. In particular, w satisfies
£ = wy”
& = wed® & =wyd® +waypTh &= w”

oo = Warl®y Eyy = Wyt + 2wyathy T+ wa (Pt + ()% (a - 1))

then

1 1
§wmwa + §{wyywa + waa¢y¢ailwa(wyywail + (%)21#0‘72(04 - 1)}

—(coy + kz + fx){wy ™ + wawywo‘_l} — azw, Y + ywp* = 0.
Collecting terms related to ¥, we obtain

2
lwm + %{wyy + 2wyozﬂ + wa(@ + M(a - 1)}

2 0 (0 P2
+(—coy — kz — Bx){wy, + wai]py} — axwy + yw, =0,

which implies for z € (=Y,Y) and y > 7,

1 1 "
SWae + SWyy + wy{agy

(= 1) (¢y)?
2 (8

wa 1
—(coy + kz + Br)onpy} — axw, + yw, =0
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and for z=Y; y>4,

1 1 1 -1 2
iwxac + iwyy + wy{a% —co— kY — Bz} + %{Ewyy + (a 5 ) (di/y})

— (coy + kY + pr)apy} — azw, + yw, =0

and
w(z,y,z) = 0.

We can find o > 1 with o — 1 small so that

1 (¥y)° co (a—1)y
“ahyy — (coy + kz + Bz) + (a — 1) <=+ 55—t < 0.
27 v ¥ 2 y?(log(y) + K)
Since w — 0 as y — 00, a positive maximum can be attained only for a finite y*. But this is
impossible from the equation. So w is negative,w < 0. But, w is also positive, w = 0. Hence
& = 0 and uniqueness follows.
Now, existence is demonstrated by the following approximation
AR+ f =0, in Ag,
B R+ f=0, in Af,
§(z,9,2) =0, &z, R,2) =0,
éx(iLa Y, Z) =0.

Using uft = €% — 4, we obtain
Auf >0, in Ap,

Biuf >0, in A},
UR(J:vg7 Z) = _w(g)a
ul'(£L,y,2) = 0.

Necessarily, u* < 0. The sequence 7 is monotone increasing and converges towards a solution.
Let us show estimates on u. Suppose f = 0, we will show that 0 < £ < 4. Then,

1 1 1
wy(_cﬂy —kz — ,BCL‘) + §¢yy = ’Y[g(_coy —kz — ﬁx) - 7]

2 2
1 1
< A (—coy —k2) = =
v[y( coy — k=) 2yg]
1 1
< Y-(—coy —kz) — 55
[y 2y2]
2hY
= _,YCO’ lf:lj >
Co

Define v such that T2 > | f|. We then have, setting u = £ — 1),
Au =0, in A
Biu >0, in AT
'LL(CE, gvz) = —¢(§)
ug(£L,y,2) =0
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It follows that u < 0.
We can show similarly that & + ¢ > 0. Hence, we have

—¢ <E< Y

5.7 The operator T and the invariant measure v

5.7.1 Construction of the operator T

Consider f € L*(0), following the same procedure of the 1d case, we first solve the interior non-
homogeneous Dirichlet problem for y with f at the right hand side, then we solve the exterior
non-homogeneous Dirichlet problem for & with f at the right hand side and x as a boundary
condition. Also, for any p; € I'1, we define the operator

This defines a linear operator from L*(I'1) in L®(T).

5.7.2 Probabilistic interpretation of the operator T

For any A a Borel subset of O, consider the two following measures of occupation of A by the
process (z(t),y(t), z(t)) starting at p € O, namely

{Vx(p;A) = By(fy" La((s),y(s), 2(s))ds)
ve(p; A) = E,(f] La(x(s), y(s), 2(s))ds).

We have shown
x(p) = /0 f(@din(pidg)  and  £(p) = /O F(@)dve (5: dq).

For any p; € I'1, we have

T(f) (1) = Ep ( /O " Fa(s), w(s), 2())ds) + /F E,( /O " F((5).5(s), 2(5))ds)dy (py: dg)

T(f) integrates f over a time cycle of the Markov chain stopped on I'y, that is (2(71.x), y(T1.4), 2(T1.k))-

5.7.3 Construction of the invariant measure v

Now, define

_ f—LL ffy Tf(r,51,8)7 (dr,ds) + f—LL ffy Tf(r,—y1,8)7, (dr,ds)

v(f) = IE Y T g1, s)v (dryds) + [5, [ T1(r, =31, 8)7s (dr,ds)

The denominator is well defined and is stricly positive. Now, we want to solve the complete problem.
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Statement of the problem 5. Find u such that uy)~1 is bounded for |y| > |y| and

Au+f = 0, in O
Byu+f = 0, in OF
Bu+f =0, in O
ug(£L,y,z) = 0, in {x==xL}n0O

Considering Problems 1, 2, 3 and 4, in the following result we use a functional analysis method
to prove that v is the unique invariant distribution associated to the solution (x(t),y(t), z(t)) of
the stochastic variational inequality (5.2).

Theorem 5.7.1. The Problem 5 has a unique solution if and only if v(f) = 0.

Proof. Similar arguments as the 1d case are considered. Uniqueness is guaranteed by the ergodic
property of the operator P. Suppose v(f) = 0. We define x the solution of the Interior non-
homogeneous Dirichlet Problem 3 and £ the solution of the Exterior non-homogeneous Dirichlet
Problem 4. We set x? := x and &0 := ¢, and for k > 0, we define x**! by

Al = 0, in Ay,

Byt = 0, in AT,

B_x*¥! = 0, in AT,
XsTH(#Ly,z) = 0, in (=F,71) x (-V.Y)

)

with

k+1

X (56‘727172) :gk(x7g1>z); Xk+1(

T, —Y1, Z) = gk('rv —Y1, Z)'
Afterwards, we define £,.1 by
AL = 0, in A,
B+§k+1 = 0, in A;I,

§§+1(iLaya Z) = O? in (377 +OO) X (_K Y)

with
e (@, 9,2) = X" N@.9.2).
Similarly, we define £¥+1 by
AL = 0, in Ay,
B_¢Hl = 0, in Ap,
&H(*Ly,2) = 0, in (-0,-7) x (-Y,Y)

with
§k+1($7 _g7 Z) = Xk+l(x7 _gv Z)

That means
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Next, we set R
I N T A e T L EE
then )
&, = Tf + P(Tf) + ...+ P*(Tf).

Now, let us remark that ¥* satisfies the following equation:

AXF+f = 0, in Ay,
B.xXk+f = 0, in Af,
B_xX¥+f = 0, in AT, (5.1)
Xl;(ilﬁ:%z) = 07 in (_007 _Zj) X (_Y7 Y)
with 3 )
)Zk(xuglaz) = gkil(xvgluz); )Zk(xa _glvz) = gkil(x) _glvz)
€F satisfies the following equations:
AP+ f = 0, in A,
Bigb+f = 0, in Af, (5.2)
E(£L,y,2) = 0, in  (§+0) x (=Y,Y)
(2,9, 2) = X (2,9, 2)
and .
Ak f = 0, in Ay
B+ék + f = Oa in AJ» (53)
élj(iL,y,Z) = Oa in (—OO,—Z]) x (_Y7Y)

gk($7 _g> Z) = )NCk(l" Y, Z).
The condition v(f) = 0 means

Tf(@)dn(a) = [

[T + / Tf(r, g1, s)dma(r, ) = 0.

Fl 1_‘1
From the estimate (5.3), we obtained
€* converges in L®(T'y).

Now, we notice that — X is a solution of the interior homogeneous Dirichlet problem with
(xX* —X)|p L= 51‘3_1|f1 and £F — ¢ is a solution of the Exterior homogeneous Dirichlet problem
with (€¥ — &)|p = (X* — x)|p. Then, we obtain

1€° = €lz= < IX* = xllze < [€ e < C.
We can extract a subsequence such that

& o
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Moreover, x satisfies equation:

Ax+f = 0, in Ay,
B+)2+f = 0, in Af,
B.x+f = 0, in A, (5-4)
X:C(iLuyaZ) = Oa in (_glagl) x (_Y7 Y)
)2(:67:&172) :g(maglvz); X(‘Ta _glaz) :é(l', _glaz)
and §~ satisfies equations:
AE+f = 0, in Ay,
B+ f = 0, in Af, (5.5)
&(*L,y,2)+f = 0, in (7,+%)x (-Y,Y)
E(2,7,2) = X(2,7.2)
AS+f = 0, in Ay
B+ f = 0, in Ay, (5.6)
éx(iLaya Z) = 0, in (—(X), _y) X (_Y> Y)

Then, we must have

Thus, the function

is the solution of Problem 5.

Now, suppose that Problem 5 has a unique solution u. Considering the same sequences Y*
and ék, we have that u — ¥ is a solution of the interior homogeneous Dirichlet problem with
(u—xX")|p, = (u—£€F1) |p, and u—&¥ is a solution of the exterior homogeneous Dirichlet problem

(u—EF)|p = (u — X*)|p. Hence,
lu =¥ oy < =Pl ey < = ey < lulpemy
and so, ~
1E¥] Loy < C
We have

5’“=(ks+1)/

Iy

k
T f(w)dr(z) + >, PI(T(f - v(f)))
§=0
and since the sum is bounded, we obtain

(k+1) | Tf(x)dn(x) is bounded.
I't
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That leads to
Tf(x)dn(x) =0
T
That implies v(f) = 0. O
Consider now ¢ a smooth function in [—L, L] x R x [-Y, Y] with compact support. If we take
f = _A907
f(l’,y,Y) = _BJrSOv
f(xvyv _Y) = _Bf%
then ¢ is solution of (5) for this f. From Theorem 5.7.1, we have

J o {%@yy + %som — azpy — (Bx + coy + k2)py + yo. pdv(z, y, 2)
+ JL {%sﬂyy + %‘me — azpy — (B + coy + kY )y bdv(z,y,Y)
+ LLL fi)oo {%%y + %Sf’m — azpy — (B + coy — kY )y bdv(z,y, —Y) = 0.
If v has a density m, then we deduce that

0 0 om 1*m 10*m
aa*x[l’m]Jra*[(ﬂerCoerkz) m|— y§+§ﬁ+§é’7y2

in the sense of distributions. If we test (5.7) with ¢ and integrate by parts, we obtain

L +00 L +00
—/L/ ym(x,y,Y)w(x,y,Y)dwder/o / ym(z,y, =Y)e(z,y, —Y)dzdy
_ —0 —00

1
/ / / m(x,y, 2 goyy + 2<Pm axp, — (B + coy + kz)py + ygoz}dxdydz =0

=0 in(0,L)xRx(-Y,Y) (5.7)

and comparing with (5.7)

—+ 00
// ym(z,y,Y)e(z,y,Y d:vdy+// m(z,y, =Y )p(z,y, —Y)dzdy

1
/ / (z,9,Y sﬂyy + 5 Par — ATPs — (B + coy + kY )y + yo tdady

1 1
/ / m(x,y,— {2cpyy + 5¥za — OTPg — (Bx + coy — kY )y — ygp}dxdy =0

we finally deduce

0 0 10%2m 16*m
ym + 761‘ [mm] + 7ay [(Bl’ + coY + kY)m] + iﬁ + 57@/2 = O, on O+
0 0 1*°m 1*m _
—ym + e [zm] + —ay[(ﬁx + coy — kY )m] + 37,2 + 207 0, onO

m=0, on(—L,L)x(—0,0)x{Y}u(=L,L) x (0,00) x {=Y}

The proof of the main result is complete.
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5.8 Appendix: Proofs of lemmas 5,6,7,8
Proof of Lemma 5. Denote v = ||¢||z=. Notice we have
(u—7)T(x,£01,2) = 0 ifxe(-L,L), z€ (-Y)Y)

(u—")"(z,y,+Y) = 0 ifze(-L,L), O0<+y<in

and
(u+~v)" (z,£91,2) = 0 ifzxe(-L,L), ze (=Y)Y)

(u+~v) (z,y,£Y) = 0 ifxze(-L,L), 0<ty <.
Choose v = u — (u —v)* € K and we obtain
—a(u, (u—7)") = Mu, (u—=7)") = =Aw, (u—7)7)
au, (u—7)") + Mu, (u=)") < Mw, (u—)").
Switching the first argument by (u — ) in the previous inequality, we obtain
a((u =" (w=") + A= 7)F7 < Mw =7, (u=7)7)

and w < v implies (u — )t = 0. Taking v = u + (u 4 )~ similar arguments yields (u + )~ =
0. O

Proof of Lemma 6. We have the following expressions,

€ 1 1
) = [ GO0+ GO0+ GO+ (B -+ b+ oo =y + o
1

and

€ € € 1 € 1 € € € €
a(n‘,up) = . glzu0s + 5 lytoy + 5Maos + (B + k2 + coy)uony — yuotl; + azuors.
1

Inequality a(n,n) < a(n®, ug) means

€ 1 1 1
s fomres [wrag [ <s [ ntus g [ g
2/A1 z 2 N T 2 A Y AL z 0z 2 N y VY

1
—/ (Bx + coy + kz)nn, + / (Bz + coy + kz)uon,
A1 2 A1

1

+/ MU0z +/ axnng —/ azTUY;,
2 Ja, A A

+ / ynns — / YuonS
A Ay

We apply Cauchy-Schwartz inequality to the first two terms, then we apply Green formula to

N
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the last one and we get

s oo [onreg [opr<al [ oy who

] [ 002G it lol oo+ ke

N

N

}

¥ /<nx>{ </A1<u0m> >%+a|¢|</A >%+a</ ug)})
Tl / / " dady + ol / yune)) / / ylluoz.,Y)
// ylluo, y,—Y)

with ¢1,c0,c3 and ¢4 are positive constant, we get

Ivenslze + Inf 72 + n5l72 < VeerlVentlpz + callnf 2 + eslngllre + ca

Proof of Lemma 7. We have
/ e iy Te% = — / AT / ment (2p — 1)y 20%1 — / nenky*P12q0'0%
A Al Al A1
1 B
== [ e = o= [ )k
Al A1
~2 [ ek e

=—/ / (1) (2, y, Y )y*P 1% + / / 2wy, =Y )y 0%

—(2p— 1)/ () (nEm)yP—207 " — QQ/ (n0) (nEm)yP 10720,
Al A1
1
/A ko nky? 9% = —/ (()?),y*P 6%
1

=—// (1) (2, y, Y )y*P 1% + // 2wy, =Y )y 1%

and

/A (coy + kz + Bx)ninby® 6% = (coy + kz + Bx)(ny0) (nim)y? 167!
1

/A aziny® 1% = az( )y~ lor.
1
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Testing (An*) with n¥y*~1624 we deduce

/(77'§7T)2 = / / (my)? (2,9, YV )y 6% — / / 2(a,y, =Y )y 6%
/ / .CE y’ 2p 102(1 / / .%' Y, — Y)yQp—IHQq

_Z p—20q—1 P Lo12¢
o 2>/A< ) (k) %0 +q/A1<nye><nz 0%
+/ (coy—l—kz—i-ﬂx)( 0)(nrm)yP ter !

Ay

" /A a(uf)nk )y o

Proof of Lemma 8. 1. With

"
k__t

FOrng) = =" (5 = (coy + bz + am)a’) = 7,

we have V¢ € HY (A1), (z,y, £Y) = 0 and o (z, £71, 2) = 0,

1 1
/ vty + / Vit +/ (aavl + (B + coy + kz)vy — yok ) = / F i
2 Al 2 Al Al A1

Now, when k goes to 400, we get

1 1
2/A1 vywy+2/A1 vmmer/Al (Ozxvx-l-(ﬁerCoerkz)vy—yvz)lﬂZ/Al f(n,my)

We deduce that in H1(A1) we firstly have —Av = f(n,n,) which is equivalent to mAn = 0
and secondly that choice of test function implies 7n,(+L,y,2z) = 0 in (H %((—L,L) X
(=91, 51))"

2. (a) We know that mn* € H' (A1), its trace is well defined and satisfies,

Y(rn®) (@, y,Y) =7(x™F + g51); y>0
Y(rn®) (@, y, —Y) =ax"% y<0

with
<o~ 53)
and xF, xT* satisfy respectively (5.9) and (5.10)

Hxi,k

Ih e e+ xa Fy) + (axxa ™ + (Bz + coy + kY )xg F)}dady = 0,
Vo e H1<<—L, L) x (0,71)) with 9(z,0) = ¢(z,51) = 0
(5.9)
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(b)

and

S 2 06 e + xy ) + (aaxa ™ + (B + coy — kY )y *)v}dady = 0,
¥ € H'((—L, L) x (—71,0)) with ¢(z,0) = ¢ (z, —51) = 0.
(5.10)

First, we study convergence of the sequence y** and we deduce PDEs satisfied by
hmk’—)O Xi7k'
In particular (5.8) implies
X+7k - X+ in Lz((_LaL) X (ngl)) Weak1y>
xF = x~in L2((~L, L) x (—#1,0)) weakly.

and equalities (5.9), (5.10) imply

HXJr’k"T”Hl < C and X+’k7T — X+7T in Hl((—L, L) X (0,@1)) weakly,
Ix *r|gp < C  and  x*m — x"min HY((~L, L) x (—71,0)) weakly.

Denote £5F .= yT*y2 and g(xT*, X;k) = —x PR —2y(ax + coy + kY)} — 2yxy+’k.
From (5.9), we have By £tk = g(X+’k,X;’k) in (=L, L) x (—y1,71), in H (=L, L) x
(0,71)). The operator B, is strictly elliptic then ¢** € H?((—L,L) x (0,7)). We
have & (+L,y) = 0 in (H%(O, 71)). As ¢PF e H2(Ay) and 7B, x ™" = 0, we have

—B &tk = 9(X+’k,xg’k) in a strong sense

We obtain that Vo € H'((=L, L) x (0,71)),¢(x,0) = ¥ (z,71) = 0,

L ro
[ ] S e 60 + (oa ™+ (o + oy + W) — e )

= /LL /Oy1 gOF X

Now, when k goes to 0, we have

L Y1 1 + T n N N L 71
[ |7 s vrgi)+(onts +@rraning -u)o = [ [T atene

We deduce that in H~'((—L, L) x (0,71)) we have —B,£% = g(x*, x;) which is
equivalent to y?B,x* = 0 and that choice of test function implies 32y} (+L,y) = 0
in (H2((0.1)))"

Firstly, v(mn*) — w(x* + %) in H'((=L, L) x (0,%1)) weakly. Secondly, weak con-
vergence of 7wy — mn in H'(A) implies weak convergence of v(mn¥) — (7)) in
H?2(0A1). By uniqueness of the limit, we have v(m) = 7(x* + 8%).

3. Using Green formula

Vi € HY(A) o H(Ay), /A by + /A e, = /M ipydo,
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Now, when k goes to oo, we obtain

Vi € H(%(Al) N HQ(Al)a /A nwyy + /A nywy = /6A ¢¢yd0'.

Lemma 9. We have
NeaT” € L2 (A1);  mayw® € L2(A1); myym” € LP(Ay)

Proof. Denote w := v,. Deriving equation (5.30) with respect to z, we obtain equality (5.11),

1 1
_Ew:m - iwyy + A(.Z‘, Y, Z)wy + axWy — Yw, = _/va — QUg + P17z + (pl)m"? + ,02( )nzpy (5 11)

Testing equality (5.11) with 72, we obtain

1 1
/ (wem)? + / (wy,m)? = —/ wy7r7r'w—/ Az, y, 2)wywr? —/ W w?
2 A1 2 Al Al A1

Ay

+/ yw,wr® — 11wa2 —a/ Vw2 +/ P11 WT?
Al Al A1 Al

+/ (Pl)xUWTQ +/ nxyPQ(y)wﬂ-
Al A1

which means

1 1
/ (wem)? + / (wym)? = / wy T W — / Az, y, 2)wywr? —/ QW w2
2 A1 2 Aq Aq Ay

Aq

—i—/ ym2w?i(z)do — 3 vywﬂ2 — a/ vpwT?
6A1 Al A1
+ / prw’T + / (p1)enwn® + / Nayp2(y)wm
Al 1 A1
[ wmn@e- [ vrmow
Al A1

It is easy to verify that vy, 7, vy, € L2(A1).
Denote @ := v,. Deriving equation (5.30), with respect to x, we obtain equality (5.12),
1 _ 1. - - N - /
— 5 Waw = 5 Wyy+ 0B+ A (2, Y, 2) 0y +awidy =y b = vatprity+(p1)yn+ gy p2(y) +iyp2(y)' (5.12)
Then, we test equality (5.12) with 724, we obtain

1 1
/ (wxw)%/ (w,m)? = —/ wymr'd;—/ C()(’LU7T)2—/ Az, y, z)wym2—/ AT Tz
2 A1q 2 Aq Aq Ar Ay

Ay

+ / v, W + / Y, + / Ny + / n(p1),wm?
Al Al A1 A1

+/ nyypgzbw2+/ ny(pQ)'WQUB
Ay A

1
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which means

1 1
/ (Wem)? + / (w,)? = —/ Wy T W —/ co(wm)? — A(,y, 2)w,om?
2 A1 2 A1 A1 A1 A1

—/ owwmﬁmQ—i-/ vzﬁm2+/ y(ﬁm)2ﬁ(2)da+/ Ny T
Al Al 5A1 A1

+ / n(p1),om? + / (wy — 2nym" + nr")oT + / ny(p2) T
Ay Ay Ay
Again, it is easy to verify that vy, v,,m € L%(Aq). O

Lemma 10. We have
nmy27r4 € L2(A1); nyzy27r3 € Lz(Al).

Proof. We test equality (5.11) with ¢~ 729w, we obtain

1 _ 1 _
_2/wx:v(y2p 172qwz) = 2/ wxwzmyQP 12

= // (z,y, )y’ tn2ldxdy — // (z,y, —Y)y*P tn2dzdy

1
_2/A wyy (Y ) = 5 / wywayy T+ / wyw, ((2p — Dy 7>x* 4y~ 2gm? 1)
1

= // (z,y,Y)yP n2dxdy — // (z,y, —Y)y*P 1n2dzdy

+0=3) [ mr @) v [ o)y )

We have

1
/A (yPriw,)? < = / {wi(z,y,Y) +w)(z,y,Y)y* 'r*dady
1

- / {U) T, Y, — i(ﬂf,y, _Y)}y2p71ﬂ-2qudy
+0=3) [ @ty v [ o) e o)
1 1
+ A(m,y,z)(wyw)(wzypwq)yp17rq1+/ o (wem) (woyPrd)y? et
Al A1
+ R ﬁvy(ypwqwz)yp_lwq—i-/A g (yPrlw, )yP
1 1

—/ P10 (yPmlw, )yP~ ! +/ (p1)an(yPmlw, )y~
Al A1

- / pQ(Umyﬂ' - Uacﬁl)(ypﬂ'qwz)ypilﬂ'qig-
Ay

For p > 2 and ¢ > 3, some calculations give v,.y?m3 € L2(Ay).
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Now, we test equality (5.12) with y?P~ 17240, , we obtain
N 1 - N _
/A (yPr9.)? < 4/ {(w02(z,y,Y) +w§(w,y,Y)}y2p Lr2adady
1
1
1 //{ﬁ)z(mvyu =Y) + o (z, y, —Y) by rdady
1

+o=3) [ @y ) v [ @)@ e )

1

+ / cow(ypﬂqﬁ)z)ypflﬂ'q
Ay

+ Az, y, 2) () (D,yP 70)yP L rd ! +/ o (W) (W, yPnd)yP L w1
Al A1

— / v (yP e, )yP el — / pr(vy — ') (yPro, )y n
A1 Al

_/ (p0)yn(y" iz )y / (p1)an(yP %, )yP .
Aq Ay

- / pa () (P mli, )yP~ w2
Ay
For p > 2 and ¢ > 2, some calculations gives v,,y*m? € L?(A). O

Lemma 11. For p and q large enough, we have

Ney=y'T1 € L*(A1);  myyetPml € L2(A1);  p(2) eyl € L2(A1);  p(2)022yPm? € L (A1).



Appendix A

An empirical study on plastic
deformations of an elasto-plastic
problem with noise

Ce chapitre fait 'objet d’un article soumis & Probabilistic Engineering Mechanics, [21] en col-
laboration avec Cyril Feau.

Statistical properties of the plastic deformation related to an elastic per-
fectly plastic oscillator under standard white noise excitation are studied in
this paper. Our approach relies on a stochastic variational inequality gov-
erning the evolution between the velocity and the non-linear restoring force.
Bensoussan-Turi have shown that the solution is an ergodic Markov pro-
cess. In this work, we investigate elastic phasing by means of the invariant
measure. First, we exhibit by probabilistic simulations the phenomenon of
micro-elastic phases (small as well as numerous). The main difficulty re-
lated to micro-elastic phasing is that they interfere on quantities of interest
such that frequency of plastic deformations which tends to be overestimated.
Therefore, we present approximations of the probability density function limit
of the elastic component and a similar expression to Rice’s formula related to
frequency of threshold crossings. Then, these quantities are solution of partial
differential equations. Numerical experiments on these equations show that
the non-linear restoring force tends to be highly distributed in the neighbor-
hood of plastic thresholds. Finally, an interesting criterion is provided which
could be useful in engineering problems to discard micro-elastic phases and
to evaluate statistics of plastic deformations.

Introduction

In this paper statistics of a deformation problem are investigated in the case of a non-linear
structure excited by a random process. The behavior of an elastic-perfectly-plastic (EPP) oscil-
lator subjected to zero mean Gaussian white noise excitation is considered. This is the simplest
structural model exhibiting a behavior with hysteresis.

119
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Moreover, the model is simple and representative of the behavior of mechanical structures which
vibrate mainly on their first mode of deformation. In the context of earthquake engineering,
relevant applications to piping systems under random vibrations can be accessed in this way
[19, 20].
The main difficulty to study these systems comes from a frequent occurrence of non-linear phases
(plastic phases) on small intervals of time. One non-linear phase corresponds to a permanent
deformation, or in other words a plastic deformation. A plastic deformation is produced when
the stress of the structure crosses over an elastic limit. The dynamics of the EPP-oscillator has
memory, so it has been formulated in the engineering literature as a process with hysteresis.
Denoting z(t) the displacement and y(t) := &(t) the velocity of the oscillator, we study the
problem

v+ coy + F(x(s),0 < s <t) = w, (A.1)

with initial conditions of displacement and velocity

2(0) =z , y(0)=y.

Here ¢g > 0 is the viscous damping coeflicient, k& > 0 the stiffness, w is a Wiener process
and F({z(s),0 < s < t}) is a non-linear functional which depends on the entire trajectory
{z(s),0 < s < t} up to time ¢. The process of plastic deformation is denoted by A(t) at time ¢
and can be deduced from the pair (x(t), F(z(s),0 < s < t)). Throughout this paper, we shall
consider the following EPP-restoring force

KY, if x(t) =Y + A(),
F({z(s),0 < s <t}) = { k(z(t) — A®), if z(t)e]-Y +A®1),Y +A@)], (A.2)
—KY, if z(t) = —Y + A(t),

where Y is the elastic-plastic limit. Karnopp & Scharton [26] proposed to separate elastic and
plastic states by introducing a fictitious variable z(t) := x(¢) — A(t). Indeed, they noticed the
simple fact, that between two plastic phases, z(t) behaves like a linear oscillator. Therefore, x(t)
is splitted into x(t) = z(t) + A(t) where z(t) (respectively A(t)) is the elastic component (respec-
tively plastic) of x(t). So, the process (y(t), z(t)) is relevant for engineers because estimation of
statistics related to the deformations can be obtained.

Basically, one plastic deformation begins when z(t) reaches and is absorbed by Y (resp. —Y')
with positive (resp. negative) slope, y(t) > 0. (resp. y(t) < 0) i.e. when sign(y(t))z(t) =Y.
Then, the plastic behavior ends when the velocity changes sign. At this moment, the elastic
behavior is reactivated. However, the velocity which is subjected to white noise, changes sign
an infinite number of times during any small time interval. Often, this leads to a return into
plastic behavior in a short time duration. We refer this phenomenon as micro-elastic phasing
(unknown so far) which plays a crucial role on frequency and statistics of plastic deformations.
Because of this phenomenon, frequency of occurrence, statistics (time duration or absolute plas-
tic deformation) and the sequence of entry in plastic phase (as well as the sequence of exit) are
not well defined.

In this paper, we introduce enlarged plastic phases because we are interested in properties
of the plastic behavior during intervals of time delimited by entries in plastic phases and by
crossings by z(t) of the threshold Y — e (resp. —Y + ¢€) with a negative (resp. positive) velocity
for a small € > 0.
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This approach allows to rigorously link the number of enlarged plastic phases to the number
of times z(t) crosses the threshold +Y F e with negative or positive slope.

To explain the procedure, consider T' > 0, denote 75 := 0 and

et c=inf{t > 7, |z2(¢)| =Y},
Ty i=inf{t >0, ., [2(t)] =Y —€}, Vn=>1. (A.3)

Also, we set Ni = ano 1(;c<7y the number of enlarged plastic phases up to the time 7.
Then, for any measurable function f such that f(y,z) = 0 if sign(y)z # Y and satisfying

fD+ |f(y7 Y)|m(y7 Y)dy + fD* |f(y7 _Y)|m(ya _Y)dy < o0, we have

1 T NE 1 N Ty
7 e =enas = g 31 [0, 20 (A4)

So we can define separately, the frequency of crossings by z(t) of both thresholds +Y F e with

negative or positive slope by
€

v(Y,e) ;= lim

T—o0

and the “empirical statistics” related to the enlarged plastic phase by

NS €
) 1 T Tn

Af(Y,€) := lim N > (), =) ds.
n=1 n

The asymptotic behavior of the EPP-oscillator has been studied by Bensoussan and Turi in [7].
They have shown that (y(t),z(t)) satisfies a stochastic variational inequality (SVI) and is an
ergodic Markov process. Thus, there exists a unique invariant measure also denoted by m(y, z)
which is composed of

1. an elastic part: {m(y,z), |z| <Y},
2. a positive plastic part: {m(y,Y), y > 0},
3. a negative plastic part: {m(y,-Y), y <O0}.

Therefore, as T' goes to infinity, (A.4) becomes

0 0
/0 S, Y)m(y, Y)dy + / Fy, ~Y)m(y, ~Y)dy = v(Y, YA (Y, e). (A5)

The above relation is essential since that states that the product of (Y, €) and A¢(Y, €) remains
constant for all values of e. However, in our probabilistic simulations, we observe that v(Y¢)
tends to oo and Af(Y,€) tends to 0 as € tends to 0. In this work, we provide an empirical
criterion which could be useful for engineers to calibrate € in order to compute a frequency and
statistics of plastic deformations which does not take into account the micro-elastic phasing.
Indeed, we discovered empirically that a high concentration at the neighborhood of {z = +Y}
can be observed in the distribution of lim; ,4 z(¢t). Thus, the latter admits points of minima
which are identified, namely +(Y — €*). Our approach relies on partial differential equations
(PDESs) related to the second marginal of {m(y, z), |z| <Y}, thatis s — ffow m(y, s)dy.
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In addition, mean frequencies of crossing thresholds +(Y —e*) with negative or positive velocity
are successfully computed by an expression similar to Rice’s formula [31]. This is a technique
widely used among engineers and is rigorously established for purely elastic systems. More
precisely, if Y = 400 there is no plastic deformation, z(t) = z(¢) and (A.1l) reduces to the
dynamics response of a linear oscillator excited by a white noise excitation. It is described by
the pair (x(¢),y(t)) which is solution of the Stochastic Differential Equation (SDE):

dy(t) = —(coy(t) + kx(t))dt + dw(t); dxz(t) = y(t)dt. (A.6)
The couple (x(t),y(t)) is an ergodic Markov process whose invariant measure m is explicitly
given by [30]:

k
0 exp(—cokz?) exp(—coy?). (A.7)

Tﬁ(x,y) =

Consider s, mean frequencies v+ of threshold crossings with positive slope y(t) > 0 or negative
slope y(t) < 0 are given by Rice’s formula [31]:

+o0 0
vF = /0 ym(y, s)dy, vr = / gy, s)dy. (A8)

—0o0
In the context of the EPP-oscillator (Y < o), the analogy of Rice’s formula for the calculation
of v(Y, ¢€) leads to the following approximation

0 Jo0
v(Y e) ~ —/ ym(y,Y —e)dy + / ym(y, =Y + €)dy. (A.9)
0

—0
The proof of “Rice’s formula” for m is still an open problem and unfortunately we do not answer
to this question. But, numerical experiments on {m(y, z), |z| < Y} to compute v(Y,¢€) have
provided satisfactory results in good agreement with the probabilistic algorithm.

Organization of the paper

Section 1 is devoted to setting the governing SVI of the pair (y(t),z(t)). As we are interested
in the long time behavior, we seek the asymptotic law of (y(t), z(t)) which corresponds to its
invariant measure. The latter is solution of a PDE. The numerical method developed in [3] to
solve this PDE is also briefly summarized.

In Section 2, we investigate elastic phasing. We exhibit the phenomenon of micro-elastic phases
which are also small as well as numerous. Micro-elastic phases are observable on numerical
solution of SVI and the frequency of switching regime in (A.3) increases significantly as e tends
to 0. On the other hand, a high concentration at the neighborhood of {z = +Y} can be ob-
served in the probability density function (pdf) of lim; o z(¢). Thus, the latter admits points
of minima which are identified. Therefore, points of inflection of the derivatives of the pdf of
limy_, o, 2(t) are located using approximations of PDEs. To the best of our knowledge, there is
no known numerical probabilistic algorithm that does the same. These points constitute appro-
priate thresholds s* =Y — €* and s~ = —Y + €* related to our procedure. Indeed, ¢* appears
to be an interesting choice to calibrate € in (A.5).

In Section 3, we study applications of “Rice’s formula” to m(y, z). For some values of Y, we ob-
serve that a similar expression to Rice’s formula is empirically valid for thresholds s = s, s* by
using approximations of formula (A.9). Hence, in both cases, the mean frequencies of threshold
crossings are deduced from solutions of PDEs. Of interest to engineering problems, an expression
of this frequency which does not take into account the elastic excursions is given. Moreover in
this context, statistics of plastic displacements are provided such as time duration and expected
absolute deformation.
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A.1 Some Background

In [7], A. Bensoussan and J. Turi showed the dynamics of EPP-oscillator (A.1),(A.2) follows a
stochastic variational inequality:

dy(t) = —(coy(t) + k=(8))dt + dw(t),
(d=(t) — y(DAD(C — (1)) = 0, (A.10)
VI <Y, ()] < Y.

A general framework dealing with this class of inequalities can be found in [2]. For an initial
condition (y(0), z(0)) with a given law of probability, the system is well established. In [7]
existence, uniqueness and ergodicity are proven. Hence, there exists a unique invariant measure
related to the process (y(t), z(t)).

A.1.1 Direct numerical simulations

In Appendix, we recall how a semi analytical solution of (A.10) has been obtained in [3]. Figure
A.1 shows (a) the sojourns in the elastic and plastic phases, (b) the sojourns in micro-elastic
and micro-plastic phases.

A.1.2 Characterization of the invariant measure

Notation 14. Introduce

D:=Rx (=Y,+Y), D%:=(0,0) x {Y}, D™ :=(~mw,0) x {~Y}, (A.11)
and the differential operators
Au = —%uyy + (coy + kz)uy — yu., (A.12)
Biu = —%uyy + (coy + kY )uy,
B_u := —%uyy + (coy — kY )uy,

where u is a reqular function on D.

By definition, the invariant measure of the process (y(t), z(¢)) denoted by v satisfies

0 0
/ Apdu(y, 2) +/ Bipdv(y,Y) +/ B_pdv(y,—Y)=0 , Vo regular.
D 0 —00

The measure v has a pdf denoted by m. Then, m satisfies by nature a PDE in an ultra weak
variational sense:

+00 Y 1
/Y m(y, 2){y0. — (coy + kz)dyp + ianyO}dydz +
w )

i, Y)(~(eay + KY)éyp(0, Y) + 5 oply, Y}y +

0
| =)y — K)ol —Y) + Soneln—Y)dy = 0. (A3

—0
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CO:l,k:l,Yzl
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Figure A.1: Visualization of Micro-FElastic Phasing Phenomenon: At the top-left we have sample
tragectory of (t, z(t)), at the top-right we have the corresponding trajectory (y(t), z(t)) in the phase
space; we observe regular elastic and plastic phasing. At the bottom in the both cases, a zoom
on plastic phasing reveals an illustrative micro-elastic phasing.

In [3], a deterministic method alternative to the Monte Carlo method has been developed for
solving numerically (A.13). The method is compatible with the ultra weak variational formula-
tion. The key point is to solve a stationary PDE with a measurable function f, satisfying

/ 1y, 2)|mly, 2)dydz + / . Y)lm(y, Y)dy + / (. ~Y)lm(y, ~Y)dy < o0, (A.14)
D D+

as right hand side:
A+ Au = f(y,2) in D,
M+ Byu = f(y,Y) in DT, (Py)
M+B_u = f(y,-Y) in D~.

Recall from [3] that this formulation is very significant from a numerical point of view, since it
allows to obtain lim¢ o E[ f(y(t), 2(?))] in a way which does not require to solve a time dependent
problem. Indeed, it can be shown that V(y(0), z(0)) € D,

lim Auy(y(0), 2(0)) = lim E[f(y(t), z(¢))]

A—0 t—o0
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and then

Y +00
tim A0 2(0) = [ [ ) (0, 2) s

[ meyse i [ s =Y (g, Y )dy.

This limit does not depend on (y(0),2(0)). We shall now show how to use m to compute
micro-elastic phasing.

A.2 Phenomenology of micro-elastic phasing

In this section, we provide a description of elastic phasing. Recall that, the process (y(t), z(t))
is in elastic phase when |z(¢)| < Y or in plastic phase when |z(t)| = Y.

A.2.1 Frequency of occurence and statistics of the plastic phases

The main difficulty related to micro-elastic phasing is that it interferes on quantities of interest
such as frequency of plastic deformations, which makes sense for engineers. Plastic phases con-
secutive to micro-elastic phases yield negligible plastic deformations. In addition, they are also
small as well as numerous (see Figure A.1), therefore it becomes delicate to characterize the fre-
quency of plastic deformations. This is a mathematical artifact due to the white noise that has
to be discarded. So, we analyze this phenomenon with a numerical solution {(y(t), z(t)), ¢ > 0}
(see Appendix) and enlarged plastic phases {0}, 7, k = 1} for several values of € > 0.

We are interested in v(Y,€), A1(Y,€), Ay, (Y, €): frequency of occurrence, mean duration and
mean absolute value of the deformation related to enlarged plastic phases for several values of
e and Y. Then, these quantities are computed by numerical experiments and shown in Table A.1.

Let us explain our procedure. For any k > 1, duration and absolute value of the k" plastic
deformation are denoted by

i
BuplVd = G =7 and Ayu(vie) = [ lyllds.

k
We can assume that {Ay (Y, ¢€),k = 0} and {Ay (Y, €),k = 0} are sets of independent iden-
tically distributed (iid) random variables. Thus, we approach A1(Y,¢€) and A, (Y, ¢€) using one
trajectory. Let M € N*, the numerical simulation of (y(¢),z(t)) is considered up to the time
denoted by Th; which is required to obtain M plastic phases. For the convenience of the reader,
let us drop the notation (Y, €) in the context of these settings. We set

14 1 d
EMAyszE]AM;, EMA%ZEZEIAQ,
k=1 k=1

012\/[(A1) = EMA% — (EMA1)2,

and also
1M 1 M
. 2 . 2
Enly = 57 20 Btk By = 57 2 Ay
k=1

U%(A‘m) = EMA|2y| — (EMA|y‘)2



126 Appendix A. An empirical study on plastic deformations
Y =1
e | v | ALY, A (Yse) Tri=10000(CPU)
le-01 || 0.144591 | 0.5764%0-0056 [ ( 3567+0.0033 69160
1e-02 || 0.150465 | 0.5542%0:0043 [ 3427+0.0028 66460
1e-03 || 0.188327 | 0.4440%0-0037 [ 9 2747+0.0025 53099
le-04 || 0.258672 | 0.322410-0031 | (9 1995+0-0021 38659
le-05 | 0.372639 | 0.221810-0023 | (5 1372+0-0015 26835
1e-06 || 0.542886 | 0.1553%0-0018 [0 0960+0-0011 18420

Table A.1: Frequency of occurence, mean duration and mean absolute value of the deformation
and time required to obtain M = 10000 enlarged plastic phases versus e¢.The dependency on e
is clear.

Therefore,
oy (A1) o3 (A1)
A e | EyA —1.962M—2 E A +1.96M> A.15
1 ( WA, ) B e (A.15)
and
a2, (A a2, (A
A€ (EMA|y = 1.96M\;My|),EMAy| + 1.96”%”) (A.16)

with 95% of confidence.

A.2.2 Comments on duration of elastic phases

In this subsection, we argue that elastic phases can have very small duration.

At the beginning of an elastic phase the velocity of the oscillator is equal to zero. Hence, the
exact solution of (A.10) y(¢) has locally the dynamics of the Brownian motion with non zero
mean. Consequently, due to the properties of the Brownian motion, elastic phases may have
very small duration.

Let us prove that the velocity is positive as well as negative on any interval of time for an
elastic phase starting in (0,Y") (resp. (0,-Y)) .

Proposition 18. We have

Vh>0, P (tre?%yu) > 0](5(0), 2(0)) = <0,Y>) -1,

and similarly,

Vh >0, P (trer[lgzi]y(t) < 0|(y(0), 2(0)) = (0, —Y)) =1

Proof. Suppose y(0) = 0,2(0) = Y, if the process goes into elastic regime, then (y(t),z(t))
satisfies (A.24) otherwise (y(t), z(t)) goes into plastic regime and satisfies (A.25). In both cases,
we can write

t t
y(t) = —k / e 0=5) 2 (s)ds + / e~ 0= duy(s). (A.17)
0 0
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Let us introduce an auxiliary process g(t) statisfying the following (SDE):
dy(t) = —(coy(t) + kY)dt + dw(t); 5(0) = y(0).

It easily follows

t t
y(t) = —k / e~ 0=y ds + / e~ 0=3) du(s). (A.18)
0 0

From (A.17) and (A.18), we obtain on the interval [0, ¢[,

t
5(t) — y(t) = —k /0 (¥ — =(s)) exp(—co(t — 5))ds < 0.

Hence,
{y(t) > 0} < {y(t) > 0}

and
P(y(t) > 0) < P(y(t) > 0).

An explicit formula of g(t) is given by

g(t) = m(t) + s(t)G  in law

with
mit) = (e (1) = (e 20 G~ N (O,1),
Co €o
We also obtain
_ _ _m(t)
P(y(t) >0) =P (G > S ) . (A.19)

As for any € > 0, we have

)y 2 frann( @ ftanh(F)
0< s(t)_ky o tanh(2)<C tanh(z) if 0<t<e
1£1><G>—m((f)))>IP>(G>C4 /tanh(c;€)), if 0<t<e (A.20)
S

xQ
e~ 2 dx > 0, we have shown that

we obtain

Finally, denoting ¢, := \/%7 fgootanh(ﬂ)
2

P(y(t) > 0) = ¢

so that, we have
P(y(t) > 0) = ce

and Kolmogorov’s zero-one law [25] implies the result. O
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A.2.3 Approximation of the second marginal of m

In this subsection, we consider the numerical resolution of problem (Py). The main advan-
tage in considering PDEs is to treat the case of numerically unfiltered white noise. Thus, this
method is very competitive in comparison to numerical probabilistic algorithms (see remark 10
in Appendix). Concentration of micro-elastic phasing must appear in temporal averaging of
(y(t), z(t)) on long time period. Let f be a measurable function satisfying (A.14), we recall that
ergodicity implies
T

tim [ 0. #9)ds = [
+ [ w22y,

M=) =Yy + [ ) .Yy,

Consequently, m has to be affected by this phenomenon. So, we are interested in computing the
second marginal of m in elastic phase that is

a0
U:s —>/ m(y,s)dy, se(=Y,Y).
—00

For this purpose, we introduce

e U,(s) to approximate U(s),
400 Y
Un(s) := / / m(y, z)xn(z — s)dzdy.
—0 -Y

o W, (s) (the derivative of U,(s)) to approximate U’(s) which is useful to compute sensibility
to the threshold

4+ Y
Was)i=n [ [ 2z - o)l - s)dad,
—00 -Y
where ¥, is an approximation of the Dirac function

2
Xn(T) 1= 4 /% exp(—%), n is sufficiently large. (A.21)

Proposition 19. Vs € (=Y.Y), U,(s), W,,(s) are converging sequences when n goes to oo.
Furthermore, they can be expressed by the behavior at zero of the problem (Py) with xn(z — s)
and (z — 8)xn(z — s)n respectively at the right hand side. More precisely, consider @ such that

0= gy + oy +k2)iy —yii. = fy,2)  yeR, |2 <Y,
A= Sl + (cy + kY )iy, = f(y,Y) y>0, z=Y,
A0 — Ly + (coy — kY)a, = f(y,—-Y) y<0, z=-Y.
Then
o limy g \u = Uy,(s), if f(y,2) = xn(z —s) or
o limy o A\a = W, (s), if f(y,z) = n(z — s)xn(z —s).

Proof. As m is assumed sufficiently regular inside D, we deduce convergence of the sequences of
Dirac’s approximation Uy, (s) — U(s) and W, (s) — U’(s) as n — co. O
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Computational results on the invariant measure

As we have in mind to calibrate formula (A.5), minima of U are of interest. In Figure A.2, A.3
and A.4 (left) computations of pdf of z show up a significant concentration of limy_,o z(¢) in
the neighborhood of plastic boundaries. So, in Figures A.2,A.3,A.4 (right) and A.5, points of
inflection of U’ are located. For applications, we believe that we located thresholds s* sufficiently
far away from the boundary. Indeed, note that s* are near but not on the boundary, thereby
justifying existence of micro-elastic phasing. This phenomenon is also present in the probabilistic
numerical simulation of U,, (not shown here) but it is quantified much more accurately with the
PDESs related to the invariant measure.

c0=1,k=1,Y=1,n=853 co=1,k=1,Y=1,n=8e3
0.65 T T T T T T T T T 2

) ©) ]
=5 2z
-1 —6.8 —[,‘1.6 —6.4 —6.2 6 O‘.Z 0‘.4 016 O‘.8 1 _—1 —[,‘1.8 —6.5 —6.4 —[,‘1.2 6 0‘.2 O‘.4 O‘.G 0‘.8 1
S S
Figure A.2: U,(s), Wy, (s),s € (=Y,Y) and location of st,Y = 1.
c0=1,k=1,Y=1.5,n=8e3 co=1,k=1,Y=1.5,n=8e3
0.7 T T T T T 2
< O
=5 2"

I I I I I _ I I I I I
-15 -1 -0.5 0 0.5 1 15 -15 -1 -0.5 0 0.5 1 15

Figure A.3: U, (s), W,(s),s € (=Y,Y) and location of s*,Y = 1.5.
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Figure A.4: Uy, (s), Wy(s),s € (=Y,Y) and location of s*,Y = 2.
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Figure A.5: Y vs sT at left; Y vs €*/Y at right.

A.3 Engineering application of the invariant measure to plastic
deformations

In this section, we present an empirical approach to compute frequency and statistics of plastic
deformations.

A.3.1 Approximations of the frequency of threshold crossings
In this subsection, we are interested in computing “Rice’s formula” on m(y, z), so we consider

the numerical resolution of (A.13) in a similar manner as we did for the second marginal of m.
So, we are interested in

+00 0
Vs —>/ ym(y,s)dy, V15— —/ ym(y,s)dy, se(=Y,Y).
0 —00
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Then, we introduce V.= (s) to approximate V*(s),
+oo Y
Vi@ [ um ot - sy
0 -Y

0 Y
Vn_(s) = _/—oo ~/—Y ym(yaz)Xn(Z - S)dydz (A22)

where y,, has been defined in (A.21).

Proposition 20. Vs € (=Y,Y), V.M (s) and V,7(s) are converging sequences when n goes
to oo. Furthermore, they can be expressed by the behavior at zero of the problem (Py) with
[Y|Liy=01Xn(z — 8) and |y|Lyy<oyxn(z — s) respectively at the right hand side. More precisely,
consider 4 such that

X — Sy + (coy + k2)iy —yi. = [f(y,2) yeR, |z| <Y,
Al — iy + (coy + kY )@y, = f(y,Y) y>0, z=Y,
AT — Ly, + (coy — kYA, = fly,—-Y) y<0, z=-Y.

Then
o limy_,oA\u = Vn+(s)’ Zf f(yaz) = |y|1{y>0}Xn(z - S) or

o limy 0 Au =V, (s), if f(y,2) = [y|ly<oyxn(z — ).

Proof. Similar to proof of proposition 19: As (y,z) — ym(y, z) is assumed sufficiently regular
inside D, we deduce convergence of the sequences of Dirac’s approximation V£ (s) — VE(s) as
n — . O

Computational results related to the frequency of deformation

Numerical results based on formulas (A.22) are shown in Figure A.6; they are in good agreement
with the probabilistic simulation. Thus, “Rice’s formula” is empirically valid for threshold s =
s7,sT.

As mentioned in the introduction, the mean frequency of plastic deformations can be estimated
using an appropriate threshold close to the elastic limit +Y (resp. —Y'), a threshold crossed
by z(t) with positive (resp. negative) slope corresponds to only one plastic deformation. The
appropriate thresholds are s* = +(Y — €*) such that the frequency of threshold crossings does
exclude the micro-elastic phasing (cf. figure A.6). The mean frequency of enlarged plastic

deformations v(Y, €*) is given by formula (A.9) which is equal to

[e@]
2/ ym(y, =Y + €")dy, (A.23)
0

because of the symmetry of the problem.

Remark 9. For the non-linear case, it is not correct to apply directly a similar expression to
Rice’s formula (A.8) to s = £Y for the frequency of plastic deformations since m(y,+Y") is
the velocity probability distribution related to the plastic component. Therefore, no informations
concerning threshold crossing of the plastic boundaries by z(t) can be accessed in this way.
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Figure A.6: The frequency of plastic deformations v(Y,€*) versus Y the elasto-plastic bound.
Comparison between the result given by the probabilistic simulation (PS) and the result given
by solving PDEs.

A.3.2 Empirical approach to statistics of plastic deformation

Relying on formula (A.5) and €*, we consider the following estimator of mean statistic of plastic
deformation, for any function f(y, z) satisfying (A.14)

*\ fi)oo f(y7 _Y)m(y7 _Y)dy + fooo f(y7 Y)m(y7 Y)dy
ArlY.e) = I  ym(y, =Y + €e*)dy '

Finally, we consider the following quantities

o Jomy,Y)dy
Al(YaE ) = T®
Jo ym(y, =Y + e*)dy

o8]
. ym(y,Y)dy
and A, (Y,e") = Oofo . Y)
Jo ym(y, =Y + €*)dy

to approximate the mean duration and the mean absolute quantity of plastic deformation.

Computational results related to statistic of plastic deformations

Shown in Figures A.7 and A.8 the curves which could be useful for engineering purpose.

A.4 Conclusion

The invariant measure has been used in this paper to study the statistical properties of the
plastic deformation of an elastic perfectly plastic oscillator under standard white noise excita-
tion, by means of approximation of the second marginal and “Rice’s formula”. From our study
on micro-elastic phasing, we have deduced a useful criterion for engineers to discard this phe-
nomenon and to compute statistics of plastic deformation. This work has a theoretical interest
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Figure A.7: A;(Y,€") versus Y the elasto-plastic bound.
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Figure A.8: A, (Y,€") vs Y the elasto-plastic bound.

and contributes to a further insight into the physics of the problem.

In a future work, we aim to introduce jumps (at the phase transition from plastic state to
elastic state) in the dynamics of (y(t), z(¢)), in order to overcome difficulties related to micro-
elastic phasing. For such a model, €* appears to be a good candidate for the size of the jump.
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A.5 Appendix

A.5.1 Appendix: Probabilistic algorithm of resolution of the SVI

We recall from [3] a discrete approximation of the solution to the SVI. We consider explicit
known formula related to elastic and plastic states. They are applied on random time intervals
which are determined following the trajectory. In elastic state, the process (y(t), z(t)) satisfies:

dy(t) = —(coy(t) + kz(t))dt + dw(?),
{dg(t) = y(t)(ziz, (A.24)

whereas in plastic state we have z(t) = Y and y(t) satisfies

{ iggg i (I(coy(t) + kz(t))dt + dw(t), (A.25)

Al 2
Then, there is an explicit formula to the elastic state. Let (y(0),2(0)) = (y,2) and w := M.
Note that the condition 4k > ¢3 is needed so that (y(t), 2(t)) have real valued solutions. We
have

y(t) = COz(t) + -5 { wzsin (wt) + (y + 9 2) cos (wi)}
—i—f e % =) cos (w(t — s))dw(s), (A.26)
2(t) = e 2 {z cos (wt) Ly + Lz)sin (wt)}
+= fo =2 0=5) gin (w(t — s))dw(s).
y(t) is a gaussian variable of mean e,(t, z,y) and variance o (t), where
ey(t,y,z) = —%Oez(t,y, z) + e_%t{—wz sin (wt) + (y + %Oz) cos (wt)},
2 ! 2 @ [ 2 o t i 2
o,t) = /0 e~ % cos® (ws)ds — 7, e~ % sin” (ws)ds — 27“;26_00 sin” (wt).
2(t) is a gaussian variable of mean e,(t, z,y) and variance o2(t), where
—<o 1 co .\ .
e,(t,y,z) = e 2" {zcos (wt) + —(y + 52) sin (wt)},
w
1 t
o2(t) = — [ e sin? (ws)ds.
w= Jo
The correlation between y(t) and z(t) are given by
oy (t) = 1 t e~ % sin (2ws)ds — 0 te_cos sin? (ws)ds
vz 2w 2w2 0 .
In plastic state, we also have an explicit formula. Let (y(0),2(0)) = (y, £Y) then
y(t) — ye—cot F ﬂ(l _ e—cot) + L‘:Otw(GQCOL‘ _ 1)
o NGz ) (A.27)
z(t) = %Y.

Considering explicit solutions, a C code has been written to simulate (y(t), z(¢)). Let T'> 0, N €
N, and (t,)n—0..n be a family of time which disretize [0, T], such that ¢, = ndt where 6t := +
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We set X € Mso(R?) such that

N

¥y :("5(&) "yZ(&)). (A.28)

oy (0t) o2 (ot)

Let (Gpm)n=0..N,m=12 @ family of independent gaussian variables N'(0,1). Gaussian variables
are generated using Box-Muller formula [23] and the C function random(). Initialize (y3t, 2f) =

(y, z), the finite difference scheme for (A.10) is written in the following manner:

For n =0,1,.. with OSt = gt = 0, we define two sequences of dt-stopping time:

Hgﬁrl = inf{t; > 1 | |ztt| =Y} (4.29)
gil = inf{tx > 9n+1 |ztt| <Y}
e When t;, € [72¢, 0%, [, we have |sz| <Y, we set
Uk+1 €y(5tay(tk),2(tk))) (Gk,l)
- = +X A.30
(Zk+1> <€z(5t, y(tk), 2(tk)) G2 ( )
— If |Zk41] < Y then
yor Uk+1
( 'g';;+1> = (~ * ) (A.31)
ztk+1 Rk+1
— If |Zk41] = Y then
ytk+1) o ( gk‘i‘l ) A 32
() = (o 432

where o1 := sign(Zg41)-
o When t; € [65,,70% [, we have a2 = Y,
- If Ukygf > 0, then we set
_ _ o k)Y _ _ e2¢ 5t
(:ng) _ (y?,f 0Ot FIL(L — ) t e c“‘”m G, 1) (A.33)

Zk+1 oY

* If opgrs1 > 0, then

ot ~
ytkH) — (ka) A34
G) = G 3
* If opgry1 < 0, then
vor 0 A
k1 = .35
() = (av) (45
— Else, we set
gk’-i—l L ey(5t7 Oa UkY) Gk,l A
<§k+1) o (ez (5t7 07 UkY) e Gk,Q ( 36)
« If |Zg41] < Y, then
y! Uk+1
) - &)
trt1 k+1
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ot ~
Z/tkH) — (Z/kﬂ) A 38
G) = (G (439

Remark 10. Simulations do not deal with a true white noise. Indeed, because of the step of
discretization, the noise is filtered. The ideal case would be to take 0t as small as possible, but
our probabilistic algorithm is too slow to get satisfactory results in this way. Thus we cannot
consider 6t below than 1076.

« If |Zg41] = Y, then
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Résumé

Cette these traite des inéquations variationnelles stochastiques et de leurs applications aux vi-
brations de structures mécaniques. On considere d’abord un algorithme numérique déterministe
pour obtenir le régime stationnaire d’une inéquation variationnelle stochastique modélisant un
oscillateur élasto-plastique excité par un bruit blanc. Une famille de solutions d’équations aux
dérivées partielles définissant la mesure invariante par dualité est étudiée comme alternative a la
simulation probabiliste. Puis, nous présentons une nouvelle caractérisation de I’'unique mesure
invariante. Dans ce contexte, nous montrons une relation liant des problemes non-locaux et des
probléemes locaux en introduisant la définition des cycles courts. Dans un cadre orienté vers les
applications, nous démontrons que la variance de la déformation plastique croit linéairement
avec le temps et nous caractérisons rigoureusement le coefficient de dérive en introduisant la
définition des cycles longs. Dans la suite, nous étudions un processus approché de la solution
de I'inéquation comportant des sauts aux instants de transition de 1’état plastique vers 1’état
élastique. Nous prouvons que la solution approchée converge sur tout intervalle de temps fini
vers la solution de 'inéquation, lorsque la taille du saut tend vers 0. Ensuite, nous définissons
une inéquation variationnelle stochastique pour modéliser un oscillateur élasto-plastique excité
par un bruit blanc filtré. Nous prouvons la propriété ergodique du processus sous-jacent et
nous caractérisons sa mesure invariante. Nous étendons la méthode de A.Bensoussan et J.Turi
avec une difficulté supplémentaire due a 'accroissement de la dimension. Finalement, dans un
chapitre orienté vers 'expérimentation numérique, nous mettons en évidence par les simulations
probabilistes le phénomene de phases micro-élastiques. Leur impact concerne des grandeurs
utiles a l'ingénieur comme la fréquence des déformations plastiques. Un critére empirique qui
peut étre utile a 'ingénieur est fourni afin ne pas prendre en compte les phases micro-élastiques
et ainsi évaluer d’une fagon réaliste, a partir de la mesure invariante, les statistiques de la dé-
formation plastique d’un oscillateur elasto-plastique excité par un bruit blanc.

Mots-clés : inéquations variationnelles stochastiques, équations aux dérivées partielles avec
des conditions non-locales, vibrations aléatoires, diffusion ergodique.



Abstract

This work is devoted to stochastic variational inequalities and their applications to random vi-
brations of mechanical structures. First, an efficient method for obtaining numerical solutions of
a stochastic variational inequality modeling an elasto-plastic oscillator with noise is considered.
Since Monte Carlo simulations for the underlying stochastic process are too slow, as an alterna-
tive, approximate solutions of the partial differential equation defining the invariant measure of
the process are studied. Next, we present a new characterization of the invariant measure. The
key finding is the connection between nonlocal partial differential equations and local partial
differential equations which can be interpreted with short cycles of the Markov process solution
of the stochastic variational inequality. For engineering applications, we prove that plastic defor-
mation for an elasto-perfectly-plastic oscillator has a variance which increases linearly with time
and we characterize the corresponding drift coefficient by defining long cycles behavior of the
Markov process solution of the stochastic variational inequality. A major advantage of stochastic
variational inequality is to overcome the need to describe the trajectory by phases (elastic or
plastic). This is useful, since the sequence of phases cannot be characterized easily. However,
it remains important to have informations on these phases. In order to reconcile these contra-
dictory issues, we introduce an approximation of stochastic variational inequalities by imposing
artificial small jumps between phases allowing a clear separation of the phases. We prove that
the approximate solution converges on any finite time interval, when the size of jump tends to
0. Then to study a more general case, a stochastic variational inequality is proposed to model
an elasto-plastic oscillator excited by a filtered white noise. We prove the ergodic property of
the process and characterize the corresponding invariant measure. This extends Bensoussan-
Turi’s method with a significant additional difficulty of increasing the dimension. Finally, in
a last chapter oriented to numerical experiments, we exhibit by probabilistic simulations the
phenomenon of micro-elastic phases. The main difficulty related to micro-elastic phasing is that
they interfere on quantities of interest such that frequency of plastic deformations. An interest-
ing criterion is provided which could be useful in engineering problems to discard micro-elastic
phases and to evaluate statistics of plastic deformations of an elasto-plastic oscillator white noise
excited.

Keywords: stochastic variational inequalities, partial differential equations with nonlocal
conditions, random vibration, ergodic diffusions.



