N
N

N

HAL

open science

Modélisation multi-échelle des structures composites,
comportement en compression et lien avec les procédés

Sylvain Drapier

» To cite this version:

Sylvain Drapier. Modélisation multi-échelle des structures composites, comportement en compression
et lien avec les procédés. Mécanique [physics.med-ph]. Université Jean Monnet - Saint-Etienne, 2002.

tel-00562396

HAL Id: tel-00562396
https://theses.hal.science/tel-00562396
Submitted on 3 Feb 2011

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://theses.hal.science/tel-00562396
https://hal.archives-ouvertes.fr

@ NIVERSITE JEAN MONNET

Tt it

C.‘l' {97 o

Dossier présenté pour I'obtention de
I'Habilitation & Diriger les Recherches de I'Université Jean Monnet
Spécialité : Sciences pour I'lngénieur - Mécanique
par
Sylvain Drapier

Docteur de I'Université de Metz
Maitre Assistant & I'Ecole Nationale Supérieure des Mines de Saint-Etienne

Modélisation multi-échelle des structures composites,
comportement en compression et lien avec les procédes

Soutenue le 17 octobre 2002 & Saint-Etienne, devant le jury composé de :

O.Allix Ecole Normale Supérieure de Cachan (Rapporteur)
J.-M. Bergheau Ecole Nationale d’Ingénieurs de Saint-Etienne (Rapporteur)
R. De Borst TU Delft - The Netherlands

D. Marquis Institut Francais de Mécanique Avancée - Clermont-Ferrand
M. Potier-Ferry Université de Metz

M. Touratier Ecole Nationale Supérieure des Arts et Métiers - Paris (Rapporteur)

A. Vautrin Ecole Nationale Supérieure des Mines de Saint-Etienne

Département Mécanique et Matériaux
Centre Science des Matériaux et des Structures
Ecole Nationale Supérieure des Mines de Saint-Etienne






A Joséphine
A Valentin






Remerciements

Ce manuscrit est une synthese de mes activités de recherche menées depuis le début de ma thes
de doctorat en 1993 a l'université de Metz, et poursuivies en 1996 a I'université de Bristol, et enfin
depuis 1997 a I'Ecole Nationale Supérieure des Mines de Saint-Etienne. C’est essentiellement
au département Mécanique et Matériaux de 'TENSM.SE que j'ai pu mettre progressivement en
place mes propres activités de recherche a travers le co-encadrement de theses, en collaboration
avec le professeur Alain Vautrin, directeur de ce département. Je tiens a adresser a Laurent Dufort
et Lionel Léotoing mes remerciements amicaux pour avoir contribué, par leur travail de thése,
au développement de ces activités de recherche. J'associe a ces remerciements Alexandre Pago
et Bénédicte Régis, étudiants de DEA, et enfin Othmane Elbouazzaoui, Issam Gaied et Marco
Gigliotti dont je co-encadre actuellement les theses.

Ces (co-)encadrements n’ont été possibles que grace a la confiance que m’a accordée le pro-
fesseur Alain Vautrin. Je Ilui adresse donc mes plus vifs remerciemens, pour m’avoir donné les
moyens matériels et humains de mettre en ceuvre mes idées, mais aussi pour m'avoir apporté de
précieux conseils tout au long de ces cinq derniéres années. C’est a ses cOtés que j'ai pu m'initier
a I'encadrement et a la formation de chercheurs. Pour tout ceci je lui exprime ma plus profonde
reconnaissance.

Le professeur René De Borst de la T.U. de Delft, aux Pays-Bas, a bien voulu accepter de prési-
der le jury de cette Habilitation a Diriger les Recherches. Je lui en suis extrémement reconnaissant.
Les professeurs Olivier Allix de TENS de Cachan, Jean-Michel Bergheau de 'ENISE, et Maurice
Touratier de TENSAM de Paris ont accepté d’apporter leur jugement sur ce travail. Je les remercie
d’avoir bien voulu prendre en charge cette lourde tache de rapporteur. Le professeur Didier Mar-
quis a accepté spontanément, malgré ses occupations liées a sa fonction de directeur de 'lFMA,
de faire partie de ce jury. Je tiens a lui exprimer ici mes plus vifs remerciements.

Enfin, le professeur Michel Potier-Ferry, mon directeur de these au LPMM a l'université de
Metz, m’'a fait le plaisir de participer a ce jury et je I'en remercie chaleureusement. J'associe a
ces remerciements le professeur Jean-Claude Grandidier, maintenant a I'université de Poitier, mon
co-directeur de these, et qui me fait la joie de partager mon amitié. La vie professionnelle qui est la
mienne aujourd’hui résulte en grande partie de ma rencontre avec ces deux enseignants-chercheurs
exceptionnels de compétences et de qualités humaines, dont I'enthousiasme communicatif n’a pu
que renforcer mon souhait de m’orienter vers la recherche.

De fagon plus générale, je tiens a remercier I'ensemble des personnes que j'ai cotoye depuis
1993. En premier lieu, je pense au professeur Michael R. Wisnom qui m’a fait confiance en me
proposant de collaborer avec lui pendant un an, a l'université de Bristol. Ensuite, je souhaite re-
mercier 'ensemble des membres du département Mécanique et Matériaux et plus généralement
du centre SMS. Je tiens particuliérement a exprimer au professeur Roland Fortunier toute mon
amitié et ma reconnaissance pour ses conseils avisés. Enfin, ceux que je n’ai pu citer en particulier
se retrouveront dans ces derniers remerciements adressés a tous ceux qui ont contribué a rendre
possible mes activités de recherche et d’enseignement a lTENSM.SE.

D’un point de vu plus personnel, je tiens a exprimer ici toute ma gratitude a mes parents.
J'adresse enfin un grand merci a mon épouse Joséphine pour m’avoir soutenu durant toutes ces an-
nées. Il est évident que Joséphine et notre petit Valentin ont largement contribué a ce que je puisse
mener sereinement ces activités d’enseignant-chercheur. Qu'ils regoivent ici toute mon affection.






Préface

Ce document est une synthése des activités de recherche que jai menées depuis maintenant
neuf ans. C’est d'abord de 1993 a 1996 pour ma thése de doctorat de l'université de Metz, puis
pendant mon séjour post-doctoral a I'université de Bristol en 1996/1997 que j'ai mené une partie
de ces recherches. Depuis octobre 1997, je suis maitre assistant & 'Ecole Nationale Supérieure des
Mines de Saint-Etienne, au département Mécanique et Matériaux du centre Science des Matériaux
et des Structures, et j'ai pu a ce titre co-encadrer des doctorants et des étudiants de DEA.

Ce document se divise en trois parties distinctes. La premiére partie est, a proprement parler,
une synthése de ces activités de recherche qui traite de deux thématiques relativement indépen-
dantes pour l'instant et que je souhaite rapprochemddélisation multi-échelle des comporte-
ments instables dans les compositest lesprocédés d’élaboration des compositeses seconde
et troisieme partie du document sont des annexes a cette synthése, ce sont respectivement une no
tice individuelle et une compilation d’articles issus de ces activités de recherche.
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Introduction

Les matériaux composites a fibres longues et les structures sandwichs sont généralement utili-
sés dans une optique de réduction de masse des éléments de structure, notamment dans le domain
des transports. Actuellement, plus que les freins technico-économiques que peuvent encore ren-
contrer ces matériaux nouveaux, c’'est le manqoetils de conception et d’optimisation adaptés,
de nature numérique et expérimentajej nuit a l'utilisation plus large des solutions composites
et a leur pénétration dans de nouveaux secteurs industriels.

Le développement d’outils de conception, et donc d’analyse, propres aux composites est indis-
pensable mais ne peut se faire par simple transposition des approches maitrisées pour les matériaux
homogéenes macroscopiquement. En effet, les matériaux composites a fibres longues et les struc-
tures sandwichs résultent, a divers échelles d’observationageeimblage modulabtie consti-
tuants de nature trés différente tant en termes de combinaisons de renforts et de liants, que d’orien-
tations des renforts, ou encore de formats des semi-produits (plis UniDirectionnels pré-imprégnés,
tissus, renforts multiaxiaux, ...). Le choix de ces constituants et de leur combinaison introduit, par
rapport aux matériaux plus standards, des degrés de liberté supplémentaires dans le processus de
conception. Si bien que le matériau composite peut@ingu spécifiguemepbur chaque applica-
tion. De plus, le matériau n’existe dans sa configuration définitive (solide) que lorsque la structure
est réaliséelLe matériau n’est donc pas dissociable de la structure qu’il constians ce cas,
la notion méme de matériau tend a disparaitre au profit d’'une définitistrutgture multi-échelle
dans laquelle les propriétés mécaniques macroscopiques de la structure dépendent intimement, et
de facon souvent complexe, des propriétés mésoscopiques anisotropes, a I'échelle des plis, elles-
mémes conditionnées par les propriétés microscopiques anisotropes, a I'échelle des constituants
de base.

Ces dépendances inter-échelles sont particulierement exacerbées dans le cas de certains com:
portements ditsritiquesou la réponse des structures composites et sandwichs devient instable. Ces
comportements sont caractérisés par des propriétés ultimes approchées, associées a des coefficient
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2 Introduction

de sécurité conséquents, reflétant I'impossibilité d’appréhender correctement ces comportements
aussi bien par despproches matériaux (localegue par deapproches structures (globalet)a
compression dans le plan par exemple, propriété dimensionnante par excellence dans le domaine
des transports, pose de nombreux problemes tant au niveau de la prévision que de la mesure de la
résistance. Sous ce chargement, seule une appsticivturelleest en mesure d’expliciter la ruine

de la structure, résultant du comportement instable piloté paedaction de mécanismes a plu-

sieurs échellesCes mécanismes clefs sont contrélés notamment par le couplageedections
géomeétriqueet descomportements matériaux locawgue ces imperfections soient générées pen-

dant I'élaboration, ou liées au choix des renforts.

En effet, I'architecture (géométrie, distribution des propriétés mécaniques) aux différentes
échelles d’observation, dont dépendent fortement les comportements critiques, est de fait condi-
tionnée par les spécificites des procédés de fabrication employés, et donc par la qualité qui en
découle. Cette dépendance peut étre directe, c’est le cas lorsque les imperfections sont générées
pendant I'élaboration, ou indirecte dans le cas de renforts choisis, au moins en partie, en fonction
du procédé utilisé. La conséquence directe de cette dépendance est la nécessité de maitriser, en
vue de les optimiser, les parametres d’élaboration qui contrélent I'architecture finale. La compré-
hension fine des phénomenes couplés thermo-mécaniques et physico-chimiques, mis en jeu lors de
I'élaboration, est donc essentielle et passe nécessairementpadddisation des procéddsfaut
de plus noter qu’aujourd’hui, I'optimisation des procédés répond également a un souci croissant
visant a réduire, pour des raisons eéconomiques, les phases de mise au point des cycles et méthodes
de fabrication. Dans ce cadre, la caractérisation des propriétés matériaux contrélant la qualité de
I'élaboration est également un élément clef.

Finalement, laconception des structures composiss intrinsequememhulti-échelleet doit,
de plus, intégrer trés en amont les contraintes liéeglaldbration de la structurel’ utilisation
rationnelledes matériaux composites repose donc sundéts d’aide a la conception et a I'op-
timisation s’appuyant d’'une part sur des modélisations mécaniques décrivant de maniere conve-
nable lescomportements critiquest d’autre part sur desodélisations du procédd plus long
terme, le couplage de ces deux approches, aujourd’hui distinctes, devrait condojrtnaigation
simultanée des conditions d’élaboration et des matériaspa-vis notamment des comportements
critiqgues. Soulignons que le terme modélisation s’entend ici commappreche complémentaire
simulations / identificationgoint clef de la compréhension fine des mécanismes mis en jeu.

Le premier volet de I'approche globale présentée ci-dessus, c’est-a-dire la prévision des com-
portements critiques, est développé dans la premiére partie de ce mémoire. Cette premiere partie est
consacrée auxstabilités couplées aux effets d’échefdus précisément, a ce jour la plus grande
partie de mes recherches s’est concentrée sur I'étudeod@sortements critiques en compression
dans les structures composites et sandwiclsnportements qui ne peuvent étre représentés par
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une approche continue classique mais doivent s'appuyer sur des représentationsniliéidyge
a longueur interneCes travaux de recherche ont permis d’apporter des réponses quantitatives a
la prévision de la résistance en compression, d’abord dans les composites stratifiés, puis dans les
semi-produits ditdNCFs, et enfin dans les sandwichs. Le couplage de ces approches mises en
place a I'échelle des plis et a I'échelle des sandwichs devrait permettre, a moyen terme, de propo-
ser une approche de dimensionnement multi-échelle des structures sandwichs a peaux composites
vis-a-vis du comportement en compression a I'échelle des constituants, des plis, et de la structure.

Pour mettre en place cette approche multi-échelle, il reste actuellement a quantifier les gran-
deurs géométriques initiales a I'échelle des constituants qui contrdlent en grande partie le com-
portement en compression. Dans le cadre spécifique des semi-pridiis ou la géométrie
mésoscopique dépend essentiellement du choix des constituants de base et de leur assemblage
un premier lien avec les comportements critiques a pu étre proposé. Mais le choix de ces assem-
blages étant par ailleurs dicté, au moins partiellement, par des contraintes liees aux technologies
d’élaboration elles-mémes, la compréhension fine des procédés est tout de méme nécessaire.

L'étude de ces procédés est développée dans la seconde partie de ce mémoire qui porte sur ce
theme émergentiébuté récemment a travers deux projets de recherche complémentaires de la thé-
matiqueprocédésD’une part, des simulations de type physico-chimique et thermo-mécanique sont
mises en ceuvre, indépendamment pour le moment, dans le cadrmdddhsation de I'élabora-
tion par voie liquidede composites a base de nouveaux renforts multiaxiaux. Ce projet s’appuie
egalement sur la caractérisation et le suivi in-situ de 'imprégnation et de la consolidation des preé-
formes. D’autre part, la prévision des champs de pression générés pgacossélastomériques
en grandes déformationgcessite de mettre en ceuvre des simulations s’apparentant enbe la
en forme car faisant intervenir des grandes déformations couplées a des problemes de contact. Ici
encore, la caractérisation est essentielle car le comportement hyperélastique de ces matériaux par-
ticuliers doit étre identifié au préalable, en recourant notamment a des méthodes d’identification
sans contact.

Enfin, je conclurai cette synthése de mes travaux de recherche en exposant les perspectives,
a moyen et long terme, de cette démarche qui vigeahlir des liens forts entre élaboration et
propriétés dimensionnantes
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Instabilités et effets d’échelle dans les
composites et les sandwichs

Dans I'objectif de mener des calculs de structures par exemple, le comportement des matériaux
composites et des structures sandwich, ou plus généralement des matériaux hétérogenes, est sou
vent décrit a partir d'une approche de type 'milieu homogéne équivalent’. Pour construire ce type
de modele, il est aujourd’hui classique de recourir aux techniques d’homogénéisation permettant
de construire le comportement macroscopique des matériaux, en petites déformations, en partant
de leur méso ou microstructure. Dans ce cadre linéaire géométrique, ces techniques s’appliquent
assez bien aux matériaux composites et aux sandwichs, et peuvent fréquemment, en premiere ap-
proximation, se résumer a des lois de mélanges pour les propriétés courantes. On observe cepen-
dant que, sous des chargements déstabilisants tels que la compression ou encore le cisaillement
interlaminaire, les techniques d’homogénéisation classiques ne semblent plus en mesure de re-
présenter correctement le comportement réel des composites et des sandwichs. En effet, sous ces
chargements la caractérisation des propriétés ultimes est trés problématique, tant du point de vue
de la modélisation que de la mesure expérimentale. Dans le domaine des transports, les difficultés
a caractériser les propriétés ultimes en compression viennent se superposer aux contraintes de di-
mensionnement déja tres fortes liées a cette sollicitation intrinsequement critique. Actuellement,
la résistance en compression est sans conegti®priété dimensionnantges structures compo-
sites. La compréhension de cette propriété, qui en fait masque des comportements complexes ou
interagissent les parametres a diverses echelles, passe par la mise en place de modeles englobar
plusieurs échelles d’observation dans ces matériaux.

En effet, comme nous I'avons décrit en introduction, intrinséquement les matériaux compo-
sites et sandwichs sont des 'structures multi-échelles’ : association de renforts et de liant dans le
cas des composites, et des peaux trés fines et rigides associées a une ame épaisse et peu rigide dar
le cas des sandwichs. Dans ces matériaux, I'hétérogénéité géométrique et mécanique des consti-
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6 Instabilités et effets d’échelle dans les composites et les sandwichs

tuants de base est telle que sous ces chargements déstabilisants les renforts (les 'phases’ les plus
rigides) développent un comportement instable géométriquement tandis que les constituants les
plus souples peuvent subir un écoulement plastique. C’est le développement de ces instabilités a
I'échelle des constituants qui conduit finalement a la ruine de I'ensemble de la structure. Linter-
action forte qui existe entre le comportement macroscopique et les instabilités locales, c’est-a-dire
leseffets d’échelleest un élément primordial conditionnant la réponse en compression de ces ma-
tériaux. D’un point de vue empirique, on peut par exemple tenter d’approcher ces comportements
complexes en identifiant le comportement macroscopique, pondéreé par des coefficients dépendant
de maniére plus ou moins complexe des micro ou meésostructures étudiées. Toutefois, si de telles
approches semblent satisfaisantes dans un premier temps, elles ne peuvent en aucun cas conduire
a la compréhension fine du comportement, étape préliminaire pourtant indispensable. En consé-
guence, l'utilisation optimale des composites et des sandwichs est freinée en partie par le manque
de compréhension des phénomenes contrdlant les comportements instables aux diverses échelles.
Ceci essentiellement du fait de I'absence de modeles ’inter-échelles’ capables de rendre compte de
I'interaction de ces mécanismes.

La difficulté de ces approches ’inter-échelles’, dans le cas des comportements instables, est
de développer des outils prédictifs complets basés sur des formulations spécifiques induisant des
codts de calculs numeériques ou analytiques tres faibles, mais permettant de rendre compte de I'ap-
parition d’instabilités a diverses échelles d’observation. Typiquement, de tels modéles sont basés
sur des représentations de type milieu continu, pour les comportements 'matériaux’ (locaux), as-
sociées a des approches de type mécanique des structures capables de rendre compte du caractére
instable du point de vue géométrique des constituants les plus rigides. Dans le cadre de mes acti-
vités de recherche, ce type d’approche a d’abord été développé lors de ma thése de doctorat dans
le cas des composites a fibres longues dont le comportement mésoscopique dépend a la fois des
parameétres a I'échelle des constituants, mais également de paramétres a I'échelle des plis, voire du
stratifie. Ensuite, pendant mon post-doctorat le comportement en compression et en cisaillement
interlaminaire de renforts multiaxiaux pour composites structuraux, caractérisés par une échelle
d’observation supplémentaire, a été décrit par des modeles numériques établis a I'échelle des mul-
tiaxiaux, basés sur l'utilisation de cellules représentatives. Enfin, pour les poutres sandwich une
approche originale analytique, puis numeérique, a été développée dans la thése de Lionel Léotoing,
elle a permis de rendre compte de I'apparition d’'instabilités a deux échelles différentes dans ces
structures particulieres, et de leur intéraction.

C’est principalement du point de vue de la modélisation que ces effets d’échelle couplés aux
instabilités ont été abordés. Cependant, la confrontation prévisions théoriques / résultats expé-
rimentaux est indispensable a la mise au point de modeéles et d’expériences bien fondés. Ainsi,
depuis deux ans la problématique de la résistance en compression des composites a fibres longues
est dans une moindre mesure abordée expérimentalement. Elle devrait étre rapidement étendue aux
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sandwichs.

2.1 Approche structurelle du microflambage plastique

La résistance en compression dans le sens des fibres des composites a fibres longues a, depui:
le milieu des années soixankedsen, 196} sans cesse soulevé de nombreuses interrogations. En
effet, alors que 'augmentation de la résistance en traction des fibres conduisait a des résistances
en traction des stratifiés améliorées, la résistance en compression stagnait dans le meilleur des
cas. Ainsi, cette résistance est devenue un critére dimensionnant, dont la mesure pose de nom-
breux problémes. En tentant de répondre a ce souci de caractérisation, on a montré au début des
années 90 (brandidier et al., 1992[Grandsire-Vincon, 1993[Wisnom, 199]) que la résistance
en compression des composites a fibres longues dépendait non seulement des constituants, mais
également de parametres structuraux a I'échelle du stratifiéeftéeétde structureest lié au gra-
dient de chargement a travers I'épaisseur (Figlfiea), et a la position des plis UDs dans les
séquences d’empilement testées (Figlfieh).

3 1,7 4

1,6
1,5
1,5
1,3
12
11
0,9
) J
0,7 : : :

Déformation maximale

1 Délaminage traversant

S

A

Déformation a rupture (-%)
Déformations a rupture (-%)

MICROFLAMBAGE Délaminages multiples
0 superficiel [016] [0,90]2s [ 02,452]2s [0,90]4s
Flexion pure  +—— — Compression Pure Séquence d'empilement du stratifié

(a) (b)

FiG. 2.1: Déformation a rupture en compression pour des UDs : (a) en fonction du gradient de
chargement dans I'épaisseur pour des UDs verre EfQidndidier et al., 1992et de la séquence
d’empilement pour des stratifies T400/63& §ndsire-Vincon, 1993

Par ailleurs, du point de vue de la modélisation de la résistance en compression, de nombreux
travaux ont été menés a I'échelle des constituants depuis Réserij, 196} Les approches de
ce type les plus récentes proposent de relier la rupture en compression a I'apparition d’une insta-
bilité géométrique a I'échelle des fibres, appatéeroflambagequi dépend essentiellement de la
présence d’'un défaut d’alignement initial des fibres et du comportement plastique de la matrice.
Il faut noter que ces non-linéarités locales ont été introduites notamment pour tenter de rappro-
cher les prévisions et les résistances expérimentales, identifiées avec de grosses difficultés a I'aide
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d’essais de compression directe. Toutefois, ces approches permettent de proposer un scénario des
mécanismes conduisant a la rupture en compression, dont le faciés typique eskeppleddnd:
un chargement de compression est appliqué sur les fibres possédant un défaut d’ondulation initial,
ce qui conduit a une flexion coopérative d’'un ensemble de fibres, il en résulte un écoulement plas-
tique en cisaillement de la matrice présente entre ces fibres.Une instabilité plastique se développe,
qui finalement conduit a une courbure des fibres élevée limitée par la rupture en traction des fibres,
formantin fineune bande de pliage.

Mais ces modéles restent intrinsequement limités a des études locales. Les études de nature
analytique [Budiansky, 198Bsont limitées de par I'échelle d’observation considérée, tandis que
les études numérique&yriakides et al., 199bne peuvent étre étendues, elles nécessitent pour
quelgues dizaines de fibres la résolution de problémes de I'ordre de 30 a 400306n non-
linéaire géométrique et non-linéaire matériau. Finalement, ces modélisation ne peuvent en aucun
cas rendre compte de I'effet de structure qui est pourtant essentiel puisque les résistances peuvent
varier du simple au double selon le chargement par exemple (Figited. Il faut doncmettre en
place une approche capable de prendre en compte les effets d’'un défaut d’alignement initial et du
caractere plastique de la matrice, tout en conservant des temps de calculs suffisamment faibles
pour représenter les effets des parameétres structuraux

2.1.1 Modélisation de I'effet de structure

Afin de rendre compte de I'effet de structure, Grandidier, Gardin et Potier-Ferry (voir par
exemple Grandidier et al., 1992 [Gardin and Potier-Ferry, 19)2ont proposé un modéle bidi-
mensionnel a I'échelle mésoscopique, dans I'épaisseur des plis UDd.a. @fjentés dans la
direction du chargementf Figure2.2). Ce modéle de milieu homogéene équivaleviHE), de
type Cosseratest capable de représenter I'apparition d’instabilités élastiques au niveau des fibres.
La cinématique a la base de ce modeéle a été établie a I'aide d'une analyse asymptotique d’'un
empilement bidimensionnel de couches raides et souples, basée sur la méthode des échelles mul-
tiples [Gardin and Potier-Ferry, 19pZette cinématique a été également validée par I'étude des
champs de déplacement obtenus lors du calcul des modes de flambage élastiques d’empilements
discrétisés a I'échelle des constituarisapier et al., 1996 1 - Annexe 2.1%). Dans ce modéle de
MHE, la matrice posséde un comportement de milieu bidimensionnel, tandis que les fibres ont
un comportement de poutre de Bernoulli. Pour construire le modéle, on recourt aux conditions de
continuité des contraintes entre fibre et matrice, et pour la fibre, la partie membrane et la partie
flexion peuvent étre séparées, la part de flexion étant répartie sur le domaine entier. La partie qua-
dratique de I'énergie potentielle associée a ce modele homogénéisé, suffisante pour I'étude de la

1(xX) : références a des publications dont je suis (co-)autéurroduction scientifique, chapitréF de ’Annexe
1 - Notice individuelle, page/7
2Annexe 2.x : article contenu dansAnnexe 2 - articles représentatifs
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stabilité d’'un domaine bidimensionnel tel que représenté sur la Fygire’écrit :

0%v(x)
ox2

2
1 1
P(u) — E/Q<fs> Lhomog ) < & > dQ+§AfEfréf< ) Q (2.1

_)\/Q< st (%) > % (av(x))z dQ

aX]_

ou le premier terme représente I'énergie de déformation de membrane de I'ensemble fibre-matrice,
le second terme est I'énergie de flexion des fibres seules répartie sur le domaine, et le troisieme
terme est le chargement imposé sur le domaine entier dans le cadre d’un pré-flambage linéaire. La
notation< - > désigne une moyenne par rapport a la hauteur d’'un assemblage élémentaire fibre-
matrice,e est la partie linéaire du tenseur des déformations de Green-Lagrange Iegﬁch(xz)

est le tenseur de rigiditée dMHE (Eq.2.2), f est la fraction volumique de fibreEs désigne le
module d’Young des fibresg¢ est le rayon de gyration des fibres défini par le rapport de l'inertie
ala surfacelféf = '§f v(X) est la composante du déplacement s&gm est le facteur de propor-
tionnalité du chargement extérieur,€8{; > est la seule composante non nulle du second tenseur
de Piola-Kirchhoff des contraintes extérieures appliqué sur le domaine. Le tenseur de rigidité de
membrane dMHE, constitué de matériaux isotropes, est anisotrope, il est donné en contraintes

planes dans la base;(ey) par :

[ fEf_|_(1_f)i2 Em_v”; 0 |
<S> £y 1-vh 1EVm < €11 >
<Sp> p= AL T~ 0 <en> (2.2)
1-—vg (1—-f)(1-vg)
<S> 0 0 Gm < E10>
L 1—-f |

ou Em, vm et Gy, désignent respectivement le module dYoung, le coefficient de Poisson et le
module de cisaillement de la matrice.

En utilisant ce modele, la position du pli a travers I'épaisseur du stratifié, c’est-a-dire la sé-
qguence d’empilement, est prise en compte via les conditions aux limites cinématiques imposées
sur les bords du pli : déplacements libres pour un pli situé en surface d’un stratifi€, ou déplacements
nuls prenant en compte la présence de plis croisés voisins pour un pli situé dans le stratifié. Les
modes de microflambage élastiques calculés par éléments finis a partir de ce modéle sont validés
par les calculs menés sur les mémes stratifiés mais discrétisés a I'échelle des consitagiats (
etal., 1996 - Annexe 2.1).

Cette approche apporte des résultats tout a fait probants quant a I'effet du chargement et des
séquences d’empilement sur les contraintes critiques et les longueurs d’onde associées. Toutefois,
dans I'objectif de proposer des comparaisqoantitatives notamment avec des résultats expéri-
mentaux, cette approche doit étre enrichie afin de prendre en compte les non-linéarités au niveau
des constituants. Le travail de recherche débuté dans le cadre de ma thése au LPMM a l'université
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FiG. 2.2: Représentation schématique de la formulation locale (mésoscopique) du probleme de
microflambage dans un stratifié en flexion.

de Metz, et poursuivi dans une moindre mesure jusqu’a recemment, a consisté a quantifier I'effet
des parametres structuraux a I'échelle du stratifig)( sur la résistance en compression des plis
pilotée par I'apparition de microflambage plastiquel.

2.1.2 Formulation mésoscopique du probleme de microflambage plastique

Le microflambage plastique

Afin de prendre en compte les éléments essentiels a I'échelle des constituants que sont le défaut
initial d’ondulation des fibres, et le comportement non-linéaire matériau de la matrice, le probléme
de microflambage a I'échelle des plis doit étre reformiéngier, 1996, Drapier et al., 1997 -

Annexe 2.2, Drapier et al., 1998). A partir de I'équatiori2.1, on peut écrire de fagcon générale
I'équilibre de ce milieu bidimensionnel (Figufe?), en utilisant le PPV par exemple :

—/ {fEfrgfv” 5 +S(7).6~y}dQ+ <F,5u>=0, VYau (2.3)
Q

avec les dérivations par rapportxa notées(’), v le tenseur de Green-Lagrange complete
vecteur de chargement extérieurdeix) le champ de déplacement virtuel quelconque. La loi de
comportement non-linéaire dHE (S(+) = L () - ) reste a préciser.

Dans ce probleme de microflambage, les chargements sont principalement uniaxiaux. Si de
plus nous représentons le défaut d’ondulation initial des fibres par un 'champ de défaut’ d’on-
dulationsvp(x), apres quelques simplifications dues aux ordres de grandeurs des déformations
et des courbures (voiDrapier et al., 1999 - Annexe 2.2), le tenseur des déformations s’écrit :
~(u) = 3 (Ou+t0Ou) + <% VEERY, v5> e @e.

L'équilibre d’'un milieu bidimensionnel dans lequel est susceptible de se développer du micro-
flambage plastique est formulé. Partant de cette formulation, la résolution est possible, par exemple
en discrétisant par éléments finis cette équatiGnToutefois, une telle discrétisation n’est pas di-
recte, essentiellement a cause de la présence du terme de flexion des fibres. En effet, la longueur
d’onde de microflambage élastique, évaluée dans les études précédentes, est de I'ordre de quelques
centaines de microns, ce qui est cohérent avec les largeurs de bande mesurées de I'ordre de 100
a 250um pour des composites carbone/époxyde courafisdkides et al., 199b Du point de
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vue de la discrétisation, ceci implique un maillage raffiné pour représenter correctement ce terme
essentiel de flexion des fibres. Ce qui, dans un cadre non-linéaire géométrique et matériau, conduit
rapidement a des calculs conséquents. Pour pallier a ces difficultés, nous recourrons a la formula-
tion locale de ce probléme de microflambage plastique.

Approche mésoscopique

Pour formuler le probléme local, nous employons un cinématique a double échelle qui se jus-
tifie par le caractere local du microflambage, comme le montrent par exemple les expériences de
[Grandidier, 199]lou du flambage surperficiel peut étre observé. La solution du probleme de mi-
croflambage est cherchée sous la forme d’'un champ de déplacement évoluant a I'échelle de la
structure (notéig), modulé trés localememar un champ de déplacement évoluant a I'échelle du
pli (notéuy ). Apres quelques simplifications déduites des variations lentes et rapides respective-
ment pour le champ de déplacement global et le champ local, le tenseur des déformations se sim-
plifie et se découple en deux termes indépendants pour chaque éepelle= vc(ug) +~L(uL)

(voir Drapier et al., 1999 - Annexe 2.2).

L'équilibre de la structure peut alors s’écrire en injectant ces grandeurs dans I'éqRi&tion
Mais, ce qui présente un intérét pour nous ici est la détermination de I'apparition du microflambage
des fibres, phénomene purement local, donc caractérisé par un équilibre local. On peut voir cet
equilibre comme la différence entre I'équilibre de la structure dans laquelle le microflambage se
développe, et I'équilibre de la structure 'saine’. Finalement, en supposant I'équilibre global réalisé,
soitug(x) donné, le microflambage est caractérisé par I'’équatiddont le champ de déplacement
localu (x) est solution :

| { g +5 (v, 1) 3n + Su(re) (M vo) B fd =0, Wau.  (24)

avec la contrainte locale définie comme la différence des contraintes dues au champ de déplace-
ment total et celles dues au champ glob8| (ys,y.) = S(yc +Y.) — S(Ys). Cet équilibre local
correspond a la réponse locale sous un chargement global donné a travers la contrainte macrosco-
piqueS(yg). Dans les cas qui nous intéressent, cette contrainte macroscopique sera principalement
uniaxiale, et compte tenu des raideurs des composites courants, ne dépendra principalement que
de la déformation uniaxiatﬁ‘l(xz) qui peut par conséquent représenter le chargement extérieur de
flexion-compression dans ce probléme local.

Mise en ceuvre de la formulation

Le probléme mésoscopique incluant un défaut est clairement formulé, il reste a préciser la loi
de comportement utilisée pour la matrice, et I'approximation numérique du probléme continu (Eq.
2.4). Ceci est décrit plus en détails deDspier et al., 1999 - Annexe 2.2.
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Dans cette nouvelle formulation, nous choisissons de considérer la non-linéarité matériau uni-
guement pour la matrice, ce qui permet une étude fine du mécanisme de microflambage, mais
implique par contre de connaitre les déformations locales dans la matrice seule, et de recons-
truire le comportement non-linéaire anisotropeMHE a partir du comportement non-linéaire
isotrope de la matrice. Mais la localisation des déformations s’exprimant analytiquement par des
considérations micro-mécaniques, et ’'homogénéisation des propriétés étant définie explicitement
en fonction des caractéristiques de la matrice, par une expression proche de déHeEdpré-
sentée precédemment (E&2), au final toutes les opérations de localisation-homogénéisation
sont analytiques, ce qui réduit considérablement le traitement de cette loi locale. Nous choisis-
sons de représenter ce comportement de la matrice sous la forme d’un loi élastique non-linéaire
dite J, deformationqui donne, dans le cas de chargements strictement croissantans deé-
charge élastique, des résultats comparables a des lois plastiques plus complexes a mettre en ceuvre
[Hutchinson, 197§ Dans notre cas, cette loi de comportement sera représentée soit par une loi
continue de type Ramberg-Osgood, soit par une loi expérimentale donnée sous forme discrete.

Finalement, le probleme est entierement posé, il reste a choisir une approximation numérique
du champ de déplacement. Dans le cadre des instabilités cellulaires, cette approximation est choisie
comme le produit d’'amplitudes a travers I'épaisseur du stratifié avec quelques fonctions d’'une
base de Ritz. Les fonctions de la base de Ritz sont choisies telles que les modes de microflambage
élastique obtenus dabsapier et al 1996 - Annexe 2.1 puissent étre reproduits, et qu’une contrainte
de flambage constante puisse étre obtenue. Les amplitudes du champ de déplacement sont quant
a elles discrétisées avec des éléments finis quadratiques de type Lagrange. Limpev§éxtion
est représentée de la méme maniére que la compogantdl n’y a ainsi aucune limitation aux
répartitions de déformations et de défauts a travers I'épaisseur du stratifié, ce point est essentiel
pour rendre compte de I'influence des paramétres structuraux sur I'apparition du microflambage
plastique.

Cette hypothese d’instabilités cellulaires permet également une réduction du domaine d’étude
bidimensionnel & une seule longueur d’onde dans la direction des fibres, ce qui réduit considé-
rablement les temps de calculs. Par contre, la répartition de I'écoulement plastique de la matrice
sera hétérogene, et une répartition bidimensionnelle de points de Gauss est utilisée afin de rendre
compte de ces hétérogenéités. Enfin, le probléme est résolu classiquement en utilisant une linéa-
risation de Newton associée a une méthode incrémentale, pilotée avec une méthode a longueur
d’arc choisie pour sa robustesse et pour sa capacité a passer les points de rebroussements. Le tout
est implémenté dans un code de calcul spécifiquement développé. Au final le calcul de la réponse
compléte non-linéaire géométrique et matériau d’un stratifié est de I'ordre de quelques minutes,
la taille du probléme a résoudre étant typiquement de I'ordre d’une centaohé!sipour environ
250 points de Gauss.
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2.1.3 Résultats

Mécanisme de microflambage plastique

Grace aux temps de calculs trés réduits, des études paramétriques completes ont permis dans un
premier temps de décrire tres finement le mécanisme de microflambage plastique dans des compo-
sites UDs choisis suffisamment épais pour minimiser l'influence des conditions cinématiques aux
limites du pli. La réponse typique d’'un pli T300/914 contenant 60% de fibres est représentée sur la
Figure2.3 par exemple. On voit que cette réponse est fortement sous-critique des lors qu’une loi
de comportement non-linéaire est considérée. L'apparition de l'instabilité correspond, d’'un point
de vue expérimental, & la ruine du composite car ni un contréle en déplacement, ni un contréle
en force ne permettent d’atteindre un équilibre aprés ce point de rebroussement. En conséquence,
la contrainte et la déformation associées a I'apparition de cette instabilité sont les contrainte et
déformation a rupture.

Il ressort de I'étude locale du microflambage plastigoeagier et al., 2001 - Annexe 2.3) que
le mécanisme de rupture en compression est caractérisé par deux régimes différents selon que le
défaut est faible ou plus important (Figuze). Mais dans les deux cas I'équilibre entre la rigidité
de flexion des fibres et la rigidité de la matrice est a la base de I'apparition du microflambage
plastique, c’est la facon dont la matrice atteint sa phase plastique qui différe. Pour les défauts
faibles, I'apparition de la plasticité est due en grande partie a la contrainte de compression, alors
gue pour les défauts plus importants, elle a pour origine le cisaillement induit par I'ondulation
progressive des fibres.

g >0t Hlastique, vp; =1 pm
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\t,’ Hastique, v, =5 pm
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FIG. 2.3: Réponse élastique et plastique d’'un pli UD T300/914 dendd’'épaisseur affecté de

deux défauts harmoniques d’amplitude constante lpeh 8t de longueur d’'onde 0,68m

Le défaut initial des fibres est un parameétre clef de la rupture par microflambage plastique. Il
peut étre caractérisé par I'angle de désalignement maxigyimesuré entre la fibre et son axe
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théorique, ou se produit la localisation des déformations plastiques qui conduit a la rupture du pli.
Toutefois, cette simplification du défaut n’est valable que dans une plage de longueurs d’onde pour
lesquelles les déformations a rupture sont minimales et restent quasiment constantes pour un angle
du défaut initial donné. On vérifie de plus qu’une répartition constante dans I'épaisseur du défaut
pris sur le mode élastique conduit aux résistances les plus faibles. Linfluence de la flexion des
fibres quant a elle justifie la résistance accrue lorsque la longueur d’onde du défaut initial devient
petite.

L'étude paramétrique des constituants valide I'approche de nombreux auteurs pour lesquels le
couplage du défaut des fibres avec la plasticité de la matrice est un paramétre central de la rupture
par microflambage plastique (Figuzed). L'utilisation de la loi de Ramberg-Osgood nous permet
par contre de remettre en cause le role central de la limite élastique proposé par de nombreux au-
teurs. En effet, l'instabilité est principalement influencée par I'évolution de la rigidité tangente, qui
est fonction des caractéristigues mécaniques de la matrice, mais également de I'état tridimension-
nel des contraintes qui regne lors de I'apparition de la plasticité et qui différe pour les petits et les
grands défauts. Ceci est explicité en détails daapier et al., 2001 - Annexe 2.3. La rigidité du pli
est quant a elle directement liée au module des fibres qui agit également, mais dans une moindre
mesure, sur la résistance a rupture.

Effet de structure

L'étude locale du microflambage plastique est étendue ici aux parameétres structreguied (
et al., 1998, Drapier et al., 1999 - Annexe 2.2, Drapier et al., 2001 - Annexe 2.3). Pour ces simu-
lations, une loi de comportement identifiee expérimentalem@rstfom, 199 est utilisée afin de
pouvoir comparer quantitativement nos prévisions et les mesures expérimentales.

La position du pli dans la séquence d’empilement est schématisée par les conditions aux limites
cinématiques imposées sur ses faces. L'observation de la répartition des contraintes pres des bords
montre qu’au voisinage d’une face bloquée les contraintes sont faibles et homogénes4dFigure
b). La contrainte la plus élevée au voisinage du bord est dans ce cas la contrainte tréhsderse
au déplacement transverse d’une partie des fibres vers le bord bloqué. En revanche prés d’un bord
libre (Figure2.4-a), une couche limite est visible, comme le laissaient prévoir les calculs des modes
élastiques d®rapier et al., 1996 - Annexe 2.1, et le microflambage se développe dans cette zone
ou les déformations plastiques se localisent. Ceci entraine une chute conséquente de la résistance.
Finalement, ces deux types de conditions cinématiques pilotent la répartition des déformations et
des contraintes dans tout le pli (Figuté).

Le chargement quant a lui a pour effet de solliciter tout le pli ou une partie seulement. Il apparait
clairement sur la Figur@.4-b que seule la moitié supérieure du pli est sollicitée, réduisant ainsi la
zone de développement du microflambage plastique, avec comme conséquence une augmentation
de la résistance. Finalement, on montre clairement ce qui est observé expérimentalement, les plis
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FIG. 2.4: Distribution des contraintes de von-Mises dans la matrice pour un pli demg¢bepais-

seur (a) en compression bloqué-libre et (b) en flexion bloqué-bloqué. Le défaut est de 1°, sa lon-
gueur d’'onde 0,63 mm, et le chargement correspond a la déformation a ryptudéforméesx

10.

a l'intérieur des stratifiés possédent une résistance plus élevée que les plis en surface des stratifiés.
L'effet de la position du pli étant encore accentué sous des chargements de flexion.

Un effet supplémentaire, mais qui en fait se combine avec I'effet du chargement, est I'influence
de I'épaisseur du pli testé. Plus le pli est fin, plus sa résistance est élevée. Les simulations ont été
réalisées ici sur des plis complets, c’est-a-dire avec des conditions aux limites libre-libre (Figure
2.5). On vérifie également sur cette figure que les résistances mesuréggparh, 199] pour
différentes épaisseurs sont bien représentées par nos simulations. En résumé, la clef de 'augmen-
tation de la résistance en compression repose en fait, du point de vue des paramétres structuraux,
sur la capacité a limiter les déplacements transverses, et donc le développement du microflambage
dans I'épaisseur des plis.

Comparaison avec des résultats expérimentaux

Nous avons indiqué en introduction de ce travail, qu’en plus de la position du pli dans la
séquence d’empilement, le gradient de déformation dans I'épaisseur était I'autre parametre de
structure important. Le gradient de chargement peut idéalement étre modulé expérimentalement
en utilisant un montage de flambage rotulé équipé d’un blocage en rotation des tétes qui permet de
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FIG. 2.5: Résistance a rupture en compression, simulée et meSuigemn, 199], pour des plis
UDs XAS/913 en fonction du chargement et de I'épaisseur.

modifier le rapport de compression et flexion dans le chargement appliqué au composite. Les ré-
sultats expérimentaux obtenus avec ce montage sont venus récemment conforter quantitativement
et qualitativement les résistances prévues pour des composites modélisés dans toute leur épaisseur,
avec des conditions de bord libre sur les deux faces. On voit par exemple sur laZyue pour
des défauts d’alignement initiaux de I'ordre de ceux mesurés sur des compaditesyp< 1,5°),
les prévisions pour des UDs T300/DA5208 encadrent parfaitement les mesures expérimentales réa-
lisées avec un montage de flambage rotulé. On notera également dans ces résultats, le niveau de
déformations atteint, de I'ordre de 2 a 2,5%, tandis qu’on attribue généralement une résistance en
compression de 'ordre de 1% aux composites de ce type.

L'effet de la séquence d’empilement est quant a lui représenté sur la Zigutees modélisa-
tions ont été meneées sur les séquences d’empilement completes, en approchant le comportement
des plis transverses par leur rigidité de membrane équivalente. Dans le cas de plis croisés, la vali-
dité de cette approche a été établie en comparant la résistance [@eqtljs libre-libre et de plis
[0] bloqué-libre. On peut, ici aussi, noter le niveau de déformation élevé mesuré avec un montage
de flambage rotulé pafhthoine-Rahier, 1993

2.1.4 Conclusions et perspectives

L'approche présentée ici, est a ce jour la seule, a notre connaissance, capable de prédire quan-
titativement la résistance en compression des composites a fibres longues. Le point clef de cette
approche originale est d’avoir pu prendre en compte, dans un modéle unique, les paramétres a
I'échelle du stratifié et I'instabilité plastique a I'échelle des constituants, leurs effets respectifs sur
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FIG. 2.6: Résistance a rupture en compression, simulée et mesurée avec un montage de flambage
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FiG. 2.7: Comparaison des prévisions de notre modéle et de mesures experimentales de
[Anthoine-Rahier, 1998sur des stratifiés T300/DA508 en utilisant un montage de flambage ro-
tulé.

la résistance étant cumulatifs et d’égale importance. On peut noter, de plus, que seule une for-

mulation spécifique telle que celle adoptée ici garantit des temps de calcul suffisamment faibles,
permettant de mener des études complétes a ces deux échelles.

L'étude paramétrique du mécanisme de microflambage plastique a confirmé l'influence ma-
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jeure de la combinaison défauts des fibres et plasticité de la matrice sur le développement local de
I'instabilité. De plus, nous avons apporté une connaissance plus fine de ce mécanisme, en montrant
gue le défaut des fibres ne peut pas systématiquement étre représenté seulement par un angle de
désalignement, et que le caractere plastique de l'instabilité doit étre attribué a la rigidité tangente
de la matrice. De fagcon plus essentielle, nous avons montré clairement que I'effet de structure
s’explique assez simplement par I'influence des paramétres structuraux susceptibles de modifier la
distribution des déplacements transverses dans I'épaisseur du pli, et par conséquent la distribution
des déformations plastiques qui sont a I'origine de I'apparition du microflambage. Ces paramétres
essentiels sont le gradient de chargement et la position du pli dans la séquence d’empilement. Les
prévisions de résistance ont été, de plus, confirmées par les essais, notamment en recourant a un
montage de flambage rotulé.

Il faut noter que dans nos essais de flambage rotulé, les déformations ultimes mesurées sont
jusqu’a trois fois plus élevées que celles identifiées habituellement avec des essais de compres-
sion directe. Ces essais nécessitant, de plus, une mise en ceuvre méticuleuse sous peine d’obtenir
des dispersions importantes et des ruptures prématikéédsojne-Rahier et al., 19930n com-
prend mieux alors I'intérét de développer en paralléle des modéles spécifiques, capables de décrire
finement 'effet des parameétres aux deux échelles, et des systémes de mesure adaptés. On peut
d’ailleurs rappeler que la résistance en compression des composites a fibres longues a pendant
tres longtemps soulevé de nombreuses interrogations quant aux différences importantes observées
entre les prévisions fournies par des modeles a I'échelle des constituants et les mesures effectuées a
I'aide d’essais de compression directe, peu fiables jusqu’a trés récemment. Le corollaire du travail
de recherche présenté ici est que l'utilisation rationnelle des composites passe par des approches
globales de ce type, intégrant des modeles complets mais également des essais bien fondés. Les
essais pouvant révéler des effets nouveaux, et les modéles étant utilisés aussi pour la conception
de ces outils de caractérisation.

Dans ce travail de recherche, les simulations sur les stratifiés complets ont permis de dégager
les premiers résultats. Cette approche doit étre généralisée au 3D pour étre incluse dans une ap-
proche multi-échelle globale, développée plus longuement dans les perspectives de la thématique
'Instabilités et effets d’échelle’ exposées ci-aprés (pizi)e Cette extension au 3D est envisagée,
mais il est nécessaire de mettre en balance ce raffinement du modeéle par rapport, notamment, a
I'approximation du défaut, dont I'influence sur la résistance a rupture est trés forte, et pour lequel
nous ne disposons que de peu de données. L'apparition des ondulations de fibres au cours de I'éla-
boration du composite a été abordée a I'échelle localeJuenhjum, 199P([Jochum et al., 1999
€galement présenté dabsapier et al., 2000). Les résultats obtenus sur des éprouvettes mono-
filamentaire sont concluants, les mesures expérimentales recoupent les prévisions d’un modéle
d'instabilité géométrique établi a I'échelle d’une fibre soumise a un chargement compressif induit
par la contraction volumique de la résine qui I'entoure. Mais actuellement, le manque de moyens
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de caractérisation couplant microscopie et reconstruction tridimensionnelle est un frein pour les
mesures a ces échelles lorsqu’'un nombre important de fibres est considéré. De plus, on peut, au vu
des résultats présentés ici, s'interroger quant a l'influence de la position des plis dans le stratifié et
de leur épaisseur sur la répartition des ondulations des fibres. L'adaptation, au cas du microflam-
bage d'origine thermo-mécanique, du modéle présenté ici peut constituer un élément de réponse a
I'effet des parametres structuraux sur la répartition des défauts.

Ce dernier point rejoint la problématique centrale que j'essaie de mettre en place sur le long
terme dans mes travaux de recherche, c’est-a-dire I'influence de I'élaboration des composites sur
leur comportement critique. Comme nous avons pu le voir a travers ce travail, c’est essentiellement
au niveau des imperfections que cette relation s’établit. En conséquence, un premier lien entre éla-
boration et propriétés critiques peut étre proposé dans le cas des renforts multiaxiaux pour com-
posite structuraux, dans lesquels les imperfections géometriques mésoscopiques sont plus liées a
'assemblage des renforts secs qu’a I'élaboration du composite elle-méme. Ce travail de recherche
est présenté dans la partie suivante du mémaoire.

2.2 Modélisation du comportement en compression et en ci-
saillement interlaminaire desNCFs

Aujourd’hui, I'élaboration de structures composites a partir de plis UniDirectionnels pré--
imprégnés (UDs pre-pregs) reste la référence en terme de qualité d’élaboration et donc de pro-
priétés finales, sauf peut-étre en terme de résistances transverses particulierement critiques dans
les composites épais. Ce procédé d’élaboration colteux a pendant tres longtemps été le seul re-
connu pour les applications hautes performances, notamment dans le domaine de I'aéronautique.
Or, les structures aéronautiques deviennent de plus en plus épatssesn(r), et les colts ma-
tiere/fabrication sont maintenant des éléments de sélection, au méme titre que les propriétés mé-
caniques finales. Depuis quelques années, la réduction des codlts d’élaboration a donné lieu au
développement de procédés diar voie liquidedans lesquels les renforts peuvent étre mis en
forme, puis imprégnés de résine avant de subir un cycle de pression-température destiné a ame-
ner la résine dans son état solide. L'utilisation de renforts multiaxiaux, associés a des procedeés
de ce type, apporte désormais des réponses pertinentes a la réduction des colts, notamment grac
a l'utilisation de nappes multiaxiales de fort grammage (donc épaisses), mais permet également
d’améliorer les résistances transverses par l'introduction de coutures (Eigur8ur ce dernier
point, des études expérimentales ont montré que la bonne résistance apres impact des semi-produits
dits Non Gimped _Fabrics NCF) est liée a I'hétérogénéité de leur mésostructure, dans laquelle le
délaminage ne peut progresser qu’en contournant les meches de fibres, augmentant ainsi la sur-
face de fracture§ackhouse, 1998En contrepartie, certaines autres propriétés mécaniques de ces
multiaxiaux sont moins bonnes que celles d’'UDs pre-pregs. C’est notamment le cas des compor-
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tements critiques en compression et cisaillement interlaminaire, trés sensibles aux hétérogéneéités
de la micro et/ou mésostructure comme nous I'avons vérifié également dans le cas des composites
a fibres longues.

Polyester Stitching
Yarn.

Couches
de résine

z =l _ Ondulation de
meéche

Multilayered
Fabric.
| | Poches d
o +45° Tows. orcé s;s;e e
==
i
p——
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FiG. 2.8: (a) Elaboration d’'ulNCF a partir de méches de fibres (tiré @afkhouse, 199Bet (b)
mésostructure d’uNCF biaxial (extrait de Miller, 199€]).

L'objectif étant d’utiliser encore plus largement ces nouvelles solutions composites, il est donc
essentiel de pouvoir comprendre quels sont les parameétres susceptibles de modifier les propriétés
mécaniques finales de ces multiaxiaux, et plus particulierement les propriétés critiques. Dans ce
travail mené lors de mon séjour post-doctoral d’'un an a 'université de Bristol (GB) au département
d’Aerospace Engineeringn 1996-97, j'ai développé des modéles numériques du comportement
de NCFs. Ces recherches entraient dans le cadre d’'un projet national intitnt&dhve FRabrics
for Aircraft Composite &uctures [NFACS regroupant des partenaires universitaires et industriels
(British Aerospace / Airbus, Hexcel Composites, Tech Textiles, University of Bristol, Imperial
College, Queen Mary and Westfield College, Cranfield University, ...), pendant lequel ces semi-
produits ont été développés et testés, en premier lieu a I'université de Cranfield en association avec
British Aerospace fackhouse, 1998[Miller, 199€]). CesNCFs sont élaborés par un procédé
breveté par Liba (Figurg.g) : les renforts multiaxiaux sont obtenus par un empilement de nappes
UDs, elles-mémes reconstituées en placant céte a céte des méches (ou torons) contenant de 3 a
64 000 fibres, 'ensemble étant cousu a travers I'épaisseur (Figine).

Dans ce programme nous étions plus particulierement concernés par l'activité inBuilée
delines for Preform/Fabric Structurd.a modélisation mise en place avait donc pour objectif de
comprendre en détail le lien entre les caractéristiques géométriques et mécanigNEsslasix
diverses échelles d’observation, et les comportements mécaniques critiques en compression et ci-
saillement interlaminaire des structures utilisant ces renforts multiaxiaux. Le but final étant d’op-
timiser les choix des matériaux de base (méches) et leur assemblage (coutures) Neks lgar
rapport aux propriétés mecaniques finales visées, en tenant compte des contraintes de fabrication.
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FIG. 2.9: Modélisation a I'échelle mésoscopique dNEF biaxial [0,90] en compression : (a)
idéalisation dunesting et (b) cellule de base avec défauts d’alignement pour les méches a 0°.

2.2.1 Modélisation a I'’échelle des nappes

La mise en place de la modélisation de ces matériaux spécifiques, caractérisés par quatre
echelles d’observation, passe d’abord par la détermination des parametres géométriques et ma-
tériaux pertinents. Ces matériaux ont été tres peu étudiés du point de vue de la modélisation, mais
on sait par contre, d'un point de vue généiaignsfield et al., 1994 que I'effet de la couture in-
troduite principalement pour améliorer la maniabilité des semi-produits et augmenter les propriétés
mécaniques dans la direction transverse, est souvent source de perturbation dans la mésostructure
De plus, le rapprochement des mesures morphologiqueN@Es et des résistances en compres-
sion [Miller, 199€] montrent une relation forte entre I'ondulation des méches de fibres orientées
dans la direction du chargement et la résistance en compression. Ces ondulations des méches sont
en fait reliées directement a I'architecture du semi-produit (Figut@). Sous I'action de la pres-
sion imposée pendant I'élaboration, les meches flechissent dans les espaces libérés entre les meche
transversesnesting au moment de la formation des nappes (Figufza/-b). Suivant la taille des
torons utilisés, du type de couture utilisé et de la tension du fil de couture, ces défauts varient. On
note en effet, que lorsque les fils de couture sont retirés avant I'imprégnation, les ondulations ne
sont plus visibles dans le stratifié finéijler, 199€].
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Cellule de base

Finalement, compte-tenu de I'effet prépondérant des parameétres a cette échelle mésoscopique,
un modele a été mis en place a I'échelle des meches, pour des nappes biaxiales [0,90] dans les-
guelles les mécanismes seront les plus clairement identifiés. L'idée ici est assez similaire a celle
proposée dans les recherches sur les composites a fibres longues, a savoir se placer a une échelle
intermédiaire. Mais il n’est pas question, dans cette premiere approche, de prendre en compte les
effets de structure tel que présenté précedemment.

Afin de réduire les temps de calcul des simulations par éléments finis, et compte-tenu de la
faible variation des propriétés dans la direction transverse, une modélisation bidimensionnelle en
déformations planes généralisées a été mise en place dans la hauteur et la longueur de la nappe (Fi-
gure2.9). Leffet du fil de couture sur le comportement mécanique est négligé, son effet principal
sera dans notre cas pris en compte par la modification de la section des meches avec la tension de
la couture. Les temps de calcul sont encore réduits en définissant une cellule représentative, basée
sur le phénomeéne de nesting (Figi#ré-a), qui permet de représenter, avec des conditions aux
limites adéquates, le comportement d’un empilement de dimension filNkC#g (Figure2.S-b).

Dans l'objectif de conduire une étude parameétrique, nous choisissons de représenter dans cette
cellule deux méches a 0 “afin de vérifier I'effet de défauts d’alignement antagonistes ou en phase.
Le chargement imposé est un effort réparti sur une des faces de la cellule.

Modélisation des meéches

Nous avons choisi de nous placer a I'échelle des nappes, par conséguent les méches sont vues
comme des milieux homogenes. Pourtant, suite aux travaux meneés sur le mécanisme de micro-
flambage plastique, il est clair que le comportement des méches ize0dans la direction du
chargement, doit étre finement représenté dans notre modeéle. En effet, sous un chargement de
compression, on peut retrouver ici un mécanisme proche du microflambage, dans lequel la résine
subit un écoulement plastique suite au désaxement coopératif de paquets de fibres par rapport a la
direction de chargement.

Comme dans les recherches sur le microflambage, nous devons représenter un comportement
homogene équivalent dans lequel I'instabilité plastique peut se développer. On pourrait modifier le
modele développé au LPMM a Metz mais la durée trés limitée de la collaboration nous a poussé
a reconstituer ce comportement a l'aide d’éléments finis standards. Nous connectons, en défi-
nissant les degrés de liberté de membrane communs, des éléments de poutre de type Hermite a
chaque élément plan bi-quadratique du maillageshom, 199R La loi de comportement homo-
géne orthotrope non-linéaire est ensuite reconstituée dans une subroutine utiliSEt&TY qu
code ABAQUS utilisé pour les simulationBrapier & Wisnom, 1999 a - Annexe 2.4). Afin de ré-
duire encore les temps de calculs, la loi de comportement non-linéaire en cisaillement de I'élément
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FIG. 2.10: Réponse en compression dNRF biaxial T300/914 pour différents défauts de la
meche 2 (-4°, -6°, -8°) et distribution des contraintes de cisaillement avant et apres le point de
bifurcation - déformées 10.

plan est reconstituée par de simples relations analytiques en partant du comportement de la résine,
et la loi de comportement non-linéaire des plis a 90°est également reconstituée analytiquement, via
des considérations micromécaniques similaires a celles ayant permis d’établir le moklid¢d=de

de microflambage.

2.2.2 Reéponses deNCFs et premiers liens avec I'élaboration

Utilisant ces modeles numériques, les comportements en comprebsapiel( & Wisnom,
1999 a - Annexe 2.4) et en cisaillement interlaminair®fapier & Wisnom, 1999 b - Annexe 2.5)
desNCFs ont été étudiés. Dans ces simulations, les dimensions des méeches et la longueur d’onde
du défaut correspondent aux mesureshdg¢r, 1996].

Comportement en compression

On peut voir sur la Figur2.10 la réponse en compression d’'une nappe biaxiale T300/914
contenant 55% de fibres. Comme on pouvait I'attendre, plus les défauts sont importants, plus la
bifurcation sous-critique, et donc la rupture, apparait pour un chargement faible. La répartition des
contraintes de cisaillement montre que ce sont bien les méches a 0°qui contrélent I'apparition de
cemésoflambagele désaxement des renforts par rapport au chargement induit des déformations
de cisaillement plastique, d’abord dans la méche a 0°possédant le défaut de plus grande amplitude,
puis dans les méches a 90°, et enfin dans 'autre meche a 0°, ce qui conduit finalement a I'apparition
de l'instabilité globale. Aprés le point de bifurcation, ces contraintes se localisent au centre de la
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cellule, ce qui induit la perte de rigidité observée. Le mésoflambage est bien le mécanisme qui
contrle la résistance en compression. En conséquence, les parametres qui ont une influence sur
cette instabilité sont, dans I'ordre d’'importand@dpier & Wisnom, 1999 a - Annexe 2.4) : le
désalignement des méches a 0°, le comportement en cisaillement de la résine, et la taille des méches
a 90°qui seules s’opposent au mésoflambage. La rigidité globale est quant a elle directement liée a
la rigidité des fibres.

Finalement, 'amélioration de la résistance en compression passe par la diminution des imper-
fections et [Epanouissememites méches a 90°qui se traduira par I'augmentation du recouvrement
des méches a 0°. Laugmentation des propriétés de la résine en cisaillement est également une né-
cessité pour améliorer cette résistance. En résumé, en ce qui concerne la résistance en compression,
la mésostructure doit tendre vers celle des stratifiés classiques (géométrie et fraction volumique de
fibres), et une résine haut module doit étre utilisée. Du point de vue des parameétres d’élaboration,
le changement de résine peut étre considéré rapidement. Quant a la géométrie, 'augmentation de la
tension des méches lors de la réalisation des nappes, et I'utilisation d’'une tension de couture faible,
devraient contribuer a limiter le nesting, et permettre également aux meches de s’épanouir et ainsi
de mieux supporter le mésoflambage des meches a 0 °. Cette derniére indication concernant la ten-
sion de couture est confirmée par des études expérimentales confideritietielsquse, 199&yui
montrent que la résistance en compression augmente quand la tension des fils est élevée.

Comportement en cisaillement interlaminaire

Pour cette étude du cisaillement interlaminaire, la cellule de base est doublée en taille afin de
représenter ce phénomene antisymeétrique par rapport au centre de la cellule. Le chargement est un
déplacement homogene imposé sur son contonaipler & Wisnom, 1999 b - Annexe 2.5).

La réponse en cisaillement interlaminaire tracée sur la Figur&montre clairement que le
comportement dINCF est contrdlé par le cisaillement de la résine (module et limite élastique),
plus précisément par la résine dans les méches a 0°puisque la répdw€& @it trés proche de
celle d’'un pli UD de méme type. Sur cette méme figure on observe que les déformations de cisaille-
ment se localisent dans les poches de résine, et plus particulierement dans les zones a fort gradient
de propriétés mécaniques ou, par continuité des contraintes, les déformations varient en consé-
guence. Pour des raisons de limite de temps, nous ne pouvons proposer une approche maitrisée de
la résistance, par contre la présence des déformations maximales correspond tres probablement aux
endroits ou la rupture sera initiée. Plus globalement, lorsque les déformations de cisaillement sont
élevées, la cellule se comporte comme un empilement de couches raides (meches 0°) et souples
(résine+meéches 90°).

Comme pour la compression, en cisaillement les méches a 90 “offrent un support aux méches a
0°. Par contre, a l'inverse de la compression, ici les défauts d’alignement des méches a 0°n’altérent
de facon significative ni la réponse globale ni la répartition des déformations. Une augmentation de



Instabilités et effets d’échelle dans les composites et les sandwichs 25

80 - Limite élastique de la résine

173007914

60 -

40

Résine 914
20

Contrainte de cisaillement (MPa)

Déformation de cisaillement imposee (%)

FIG. 2.11: Réponse en cisaillement interlaminaire de la cellule de base (+2 °/-6 °) et répartition des
déformations de cisaillement pour un chargement de 50 MPa - déformée

la fraction volumique de fibres permettra par contre d’homogénéiser la distribution des déforma-
tions, tout comme ['utilisation d’'une résine possédant une rigidité et une limite élastique accrues
qui permettra de limiter la localisation des déformations dans les poches. Un dernier paramétre
essentiel dans I'étude du cisaillement interlaminaire est la présence de couches résiduelles de ré-
sine, comme on peut les observer par exemple sur la Figéie C’est a travers ces couches que

le chargement de cisaillement est transmis entre les méches a 0 “et 90 °. Leur présence élimine
presque totalement I'amélioration qui résulte de I'utilisation d’'une résine a plus haut module. Les
prévisions de nos simulations sont en accord avec les mesures expériméntiédesi09€ qui
montrent que la résistance en cisaillement interlaminaire est directement proportionnelle a I'épais-
seur de ces couches de résine.

Nous avons montré que la résine joue un role essentiel par la présence de poches de résine, et
par ses propriétés mécaniques. La forme des méches a 90 “ainsi que la présence de couches de ré
sine entre les méches contribuent également a diminuer la résistance au cisaillement interlaminaire.
Au final, 'amélioration des propriétés en cisaillement passe donc par la réduction de déformations
de cisaillement élevées. Ceci peut étre traité lors de I'élaboration en utilisant une résine possédant
une limite élastique et un module élevés, et en limitant la tension des coutures pour permettre un
bon épanouissement des meches. Le point essentiel gu'il reste a lever concerne la réduction, lors
de I'élaboration, des couches de résine entre les nappes.



26 Instabilités et effets d’échelle dans les composites et les sandwichs

2.2.3 Conclusions

Nous avons vu dans ces simulations du comportemem@&s que la modélisation a I'échelle
mésoscopique permet de décrire finement les mécanismes mis en jeu sous des chargements de
compression et de cisaillement interlaminaire, et d’en déduire les premiers liens avec I'élaboration.
C’est en effet la géométrie mésoscopique qui contrdle ces réponses, notamment la taille des méches
utilisées et la tension des coutures conditionne fortement I'amplitude et la longueur caractéristique
des défauts géomeétriques dont I'effet sur la réponse en compression est critique EFidure
Par conséquent le choix de la taille des meches utilisées a un effet direct sur la résistance en
compression deCFs. Un autre parametre essentiel est la présence de poches de résine, corollaire
de la présence de défauts de fortes amplitudes. C’est en effet dans ces poches que se produit la
localisation des déformations plastiques de la résine qui contréle la rigidité, et trés probablement
la résistance, en cisaillement interlaminaire. En résumeé, 'amélioration des propriétés mécaniques
desNCFs sera effective lorsque la mésostructure sera la plus homogene possible, réduisant la
localisation des déformations.

Enfin, le dernier parametre qui pénalise fortement le comportement en cisaillement est la pré-
sence de couches de résine résiduelles. Il parait Iégitime de penser que le comportement en com-
pression doit également étre pénalisé par ces couches de résine, puisque le mésoflambage conduira
a la localisation des déformations en cisaillement dans ces couches (Ei@(reDu point de
vue de I'élaboration, ces couches de résine proviennent d’'une hétérogénéité d'imprégnation des
nappes dans le procédé par voie liquide. Parmi tous les paramétres dont I'influence a été démon-
trée, I'élimination, ou pour étre plus réaliste la réduction, de I'épaisseur de ces couches de résine
est le point essentiel qui ne peut étre maitrisé directement. Dans ce contexte, I'apport de la mo-
délisation du procédé RFlI, voire plus simplement du mécanisme d’imprégnation transverse des
NCFs, est un élément clef de compréhension, et donc d’optimisation, des paramétres du procédé
en vue de la réduction de ces couches résiduelles. Le lien entre I'élaboration et les comportements
critiques prend ici tout son sens. Une modélisation de ce procédé débute, dans le cadre de renforts
multiaxiaux Iégérement différents. Ce projet de recherche est présenté dans le éhapitme
émergent - Procédés et problemes connexgmge4 3 de ce mémoire.

Nous avons montré que les résistances en compression prévues par ces simulations recoupent
assez bien les résultats expérimentaux obtenus avec des montages de compression directe. Il faut
rappeler ici la difficulté de mener des tels essais. L'utilisation de montages de flambage rotulé per-
mettrait de lever certaines difficultés, et I'étude présentée ici sur la simulation du comportement des
NCFs peut s’étendre assez simplement a la réponse sous des chargements de flexion-compression.
Finalement, compte-tenu des temps de calcul réduits, des séquences d’empilement complétes pour-
raient étre modélisées, et, comme dans le cas des composites a fibres longues, une extension de ce
modele au 3D est envisageable. Qui plus est, a I'inverse des composites a fibres longues, la mesure
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du défaut mésoscopique semble moins problématique daN<IEs.

Dans les structures composites courantes, notamment dans le domaine des transports, les com-
posites a fibres longues et IBKCFs sont souvent utilisés en matériaux de peaux dans des sand-
wichs. Le comportement de ces structures particulieres pourrait idéalement étre étudié par des
approches multi-échelles, telles que celle proposée dans les perspectives de la thématique ’Insta-
bilités et effets d’échelle’ (pag&9). Les recherches présentées jusqu’ici ont permis d’établir des
modeles capables de décrire les comportements critiques a I'échelle des stratifiés, que ce soit pour
les composites a fibres longues, ou bien poulN&d=s. Il reste donc, avant de mettre en place
une approche multi-échelle, & comprendre séparément le comportement en compression des sand-
wichs a peaux isotropes dans lesquels des instabilités geomeétriques peuvent se développer a deux
échelles différentes. Ceci fait I'objet de la partie suivante de ce mémaoire.

2.3 Instabilités et effets d’échelle dans les poutres sandwichs

Depuis plus d’'un demi-siecléNilliams et al., 194}, les sandwichs ont été largement utilisés
pour réaliser des structures secondaires, notamment dans le domaine des transports ou leur rigi-
dité spécifique de flexion élevée induit des gains de masse directement convertibles en charges
payantesi.e. en passagers supplémentaires transportés. Depuis une vingtaine d’années, on assiste
a l'utilisation croissante des sandwichs dans les structures primaires. Le dimensionnement de ces
nouvelles applications structurelles, soumises a des sollicitations alternées, exige donc une parfaite
connaissance du comportement mécanique des sandwichs, qui sont des assemblages hétérogene
constitués de deux peaux fines et rigides connectées par une ame épaisse et légere. Le dimen-
sionnement des sandwichs en flexion, cisaillement, ou tension est généralement correctement ap-
préhendé par des approches basées sur les concepts élémentaires de la mécanique des structure
Par contre, le comportement en compression est aujourd’hui un comportement critique qui pose
de nombreux probléemes au concepteur, tant du point de vue de la prévision que de la mesure
[Teti and Caprino, 19¢9En effet, les instabilités dans ces structures peuvent apparaitre aussi bien
a I'échelle du sandwich (Figui2.12-a) qu'a I'échelle locale des constituants (Figdréz-b/-c),
et interagir. Comme dans les composites a fibres longues, I'hétérogénéité geomeétrique et mate-
rielle des constituants, qui permet d’atteindre des propriétés spécifiques élevées, est également a
I'origine, sous un chargement déstabilisant, d’instabilités a deux échelles différentes.

Si les instabilités dans les sandwichs ont été étudiées depuis I'introduction de ces matériaux
[Williams et al., 194], le comportement en compression plane reste mal cerné. On rejoint ici la
problématique générale introduite dans le cas des composites a fibres longues, ou par manque
d’outils de description adaptés et de moyens expérimentaux adéquats, la résistance en compression
devient une propriété dimensionnante. On constate par exemple que I'approche proposée par Allen
en 1969 Allen, 1969 est toujours largement utilisée, associée a des coefficients de sécurité variant
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FiG. 2.12: Formes de flambage des structures sandwichs : (a) flambage globhégbrrimping
et (c)wrinkling symétrique et antisymétrique.

dusimple au doubl@our les charges d’apparition des instabilités locales, ditaxling, établies
avec des modéles de poutre sur fondation élastique :

Aclass= thprs/ EpEaGa (2.5)

avecb la largeur de la poutréy, I'épaisseur des peaug un coefficient variant de 0,4 a 0,9 selon

les auteurs, le module d’Young des peauk, le module d'Young de I'ame, &6, son module

de cisaillement. On notera que cette expression2E5).ne dépend que de parametres matériaux.

Par ailleurs, le flambage global est traité avec un modéle d’Euler pour une poutre macroscopique
possédant une rigidité de cisaillement. La simplicité de cette approche explique certainement son
utilisation car il est peu aisé de vérifier expérimentalement ses prévisions, les essais de compression
directe étant encore plus délicats a mettre en ceuvre que dans le cas des composites monolithiques.
Bien gu’elle ait été améliorée depuis sa parution, cette approche reste intrinsequement une ap-
proche découplée ou les instabilités globale et locales sont traitées a travers des modéles distincts
dont les limites de validité ne sont pas clairement définies. De plus, un probléme essentiel de ces
approches découplées a trait a 'impossibilité de représenter I'interaction possible entre les modes
se développant aux deux échelllaribage interact)f phénoméne pourtant observeé dés le début

de l'utilisation structurelle des sandwich#&/flliams et al., 194].

Il semble pourtant qu’un modéle mécanique bien posé devrait étre en mesure de représenter
I'apparition des instabilités a ces deux échelles, en prenant en compte I'ensemble des parametres
pertinents pour chacune des formes. Un tel modele est un préalable a I'optimisation des sandwichs
vis-a-vis de la résistance en compression. Quelques modeles complets existent qui tentent d’abor-
der ce probleme a deux échelles a travers une approtfiée malheureusement ils sont peu aisés
a mettre en ceuvrédunt et al., 1988 incomplets Frostig and Baruch, 199®u sources de singu-
larités dans les simulations numériqué&sdrlinger, 199D L'objectif final du travail de recherche
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présente ici, développé dans la thése de Lionel Léotoing soutenue en novembre 2001, était de pro-
poser des outils simples, de nature analytique et numérique, de dimensionnement en compression
des structures sandwich par rapport aux instabilités globales et locales, mais également par rapport
au flambage interactif.

2.3.1 Modéle unifié de poutre sandwich

Afin de fonder cette approche sur des bases bien maitrisées, un modeéle analytique de poutre a
été mis en place_€otoing et al., 2002 a - Annexe 2.6). Pour construire ce modéle, nous considérons
une poutre sandwich symétrique de hauteat le longueuL, telle que représentée schématique-
ment sur la Figur@.12, constituée de matériaux élastiques isotropes, et dont les peaux du bas et
du haut seront indicées 'b’ et 'h’ respectivement dans les relations suivantes, et 'ame sera indicée

a.

Cinématique

Pour simplifier I'approche, nous choisissons de formuler le probleme en déplacements, a I'échelle
des peaux et de I'ame. La cinématique choisie pour ce modele doit étre suffisamment riche pour re-
présenter toutes les formes d’instabilité, mais aussi suffisamment simple pour permettre d’extraire
des solutions analytiques. La cinématique dans les peaux est de type Bernoulli, incluant le terme
de rotation modérée pour pouvoir rendre compte de I'apparition des instabilités géométriques lo-
cales. La cinématique dans I'ame est quant a elle primordiale car elle contrdle la réponse locale du
sandwich.

[Lo et al., 197Tont montré que pour une poutre homogéne, lorsque la longueur caractéristique
de variation du chargement est de I'ordre de grandeur de I'épaisseur de la poutre, une cinéma-
tique d’ordre supérieur doit étre utilisée. Il est également établi, dans les modeles de plaques ou
coques sandwich par exemple, qu’une théorie d’ordre supérieur est nécessaire pour décrire le gau-
chissement des sections, c’est-a-dire la variation parabolique du cisaillement a travers I'épaisseur
qui est observée expérimentalement. Dans la thése de Laurent Dufort soutenue en janvier 2000,
nous avons également établi, analytiquement, par éléments finis, et expérimentalement, la néces-
sité d’'une théorie d’ordre supérieur dans le cas de poutres composites épaisses en flexion trois
points ufort et al., 2001 - Annexe 2.9). Ces solutions analytiques permettent de décrire, méme
sous des conditions séveres de faible élancement et pour des rapport d’orthotropie élevés, les pro-
fils identifies expérimentalement, tout en supprimant la singularité de distribution du cisaillement
sous le point d’application de I'effort. Finalement, pour notre poutre sandwich dans laquelle les in-
stabilités locales sont caractérisées par la flexion des composants sur des longueurs d’onde faibles,
se rapprochant d’une flexion de poutre de faible élancement, il est raisonnable de choisir une ciné-
matique d’ordre supérieur dans I'ame.
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Equilibre

La cinématique de la poutre compléte est définie a I'aide de onze inconnues cinématiques,
fonctions uniquement de la position dans la longueur de la poutre. Pour simplifier 'approche, la
continuité des contraintes est vérifiee aux interfaces peaux-ames, et la contrainte de cisaillement
est prise, en premiére approximation, linéaire dans I'épaisseur de I'ame afin de réduire la taille du
probléme. On montre d'ailleurs que tous les modes ne seraient pas décrits avec une contrainte de
cisaillement constante dans I'épaisseur du sandwigbtging et al., 2002 a - Annexe 2.6). Ensuite,
les puissances virtuelles sont explicitées, en limitant les contributions a la contrainte normale dans
les peaux$” = Sfje1 @ e; aveca = b, h) et aux cisaillement transverse et contrainte normale trans-
verse dans I'ames? = Sie1 @ & + Sfher ® €). Le PPV est complétement défini, et les équations
d’équilibre s’en déduisent. On aboutit finalement a cinq équations d’équilibre non-linéaires pour
la poutre sandwich. Ces cing équations correspondent aux cing inconnues cinématiques restantes
(voir détails dand éotoing et al., 2002 a - Annexe 2.6) qui sontu®(x;) = u®(xz)e1 + V¥ (x1)ex
les deux composantes du déplacement dans les deux peayx; )etin gradient de rotation dans
'ame.

Charges critiques

Avec I'objectif de proposer des expressions analytiques des charges de flambage, la solution
de ce systeme fortement non-linéaire ne peut étre recherchée simplement. Par contre ces charges
critiques peuvent étre calculées a I'aide du probleme linéarisé, obtenu a partir des équations d’équi-
libre en considérant un état de pré-flambage linéaire, et en négligeant les termes de rotations mo-
dérées dans les résultantes de membrane et de courbure.

Pour résoudre ce probleme linéaris€, nous proposons de rechercher les déplacements solutions
sous formes de série d’harmoniques qui vérifient les conditions aux limites cinématiques. Finale-
ment un probléme aux valeurs propres est formulé. Sa résolution conduit a I'expression de deux
valeurs propres strictement positives fonctions du nombre d’andssociées a un mode syme-
trique Q¥ (n)) et & un mode antisymétrique¥” (n)). Classiquement, pour expliciter les valeurs
critiqgues de ces charges, on effectue une minimisation par rapport au nombre d’ondes qui déter-
mine le nombre d’ondes critiques et donc la charge correspondante. Considérons le sandwich dont
les propriétés sont définies dans le Tablgdiia suivant et tracons les courbes de stabilité neutre
pour deux épaisseurs de I'arhgde 30 et 6nm(Figure2.13).

On constate que pour la charge symétrique (Figutéa), le nombre d’ondes critique est élevé
pour les deux épaisseurs considérées. Le mode critique posséde donc une longueur d’onde faible,
il s’agit d’'un mode de wrinkling symétrique. Par contre, pour la charge antisymétrique (Figure
2.13b), le nombre d’onde critique varie et vaut 1 pbygr30 mm, ce qui correspond a un mode de
flambage global, et environ 34 pollg=60 mm, ce qui correspond a un mode de wrinkling antisy-
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Ep(MPa) | 50000 hp(mm) | 1 Ep(MPa) | 70000 || ha(mm) | 50
Ea(MPa) | 70 L(mm) | 600| | Ea(MPa) | 175 | L(mm) | 470
Ga(MPa) | 25 b(mm) | 40 Ga(MPa) | 67,3 | b(mm) | 60

(@) (b)

TAB. 2.1: Caractéristiques du sandwich utilisé (a) pour tracer les courbes de stabilité neutre dans
la Figure2.13et (b) pour les calcul non-linéaires283.2.

1,E+05

8,E+04 1
h, =30 mm

6,E+04 4
h, =60 mm

MU3 N)

h, =30 mm

9
< 4,E+04 A
2,E+04 4

2,E+04 LE+04

0,E+00 T T T T T T T T T 0,E+00 T T T T T T T T T
1 6 11 16 21 26 31 36 41 46 1 6 11 16 21 26 31 36 41 46

n (nombre d'ondes) n (nombre d'ondes)

(a) (b)

FiG. 2.13: Courbes de stabilité neutre en fonction de I'épaisseur de 'age B0 mm hy =
60 mm) associées a (A et ())ANY pour la configuration donnée dans le Tabl@all

métrique. Notre modéle est donc bien en mesure de représenter, sans hypotheses supplémentaire:
gue celles posées initialement, les trois principaux modes d’instabilité. La condition d’existence du
wrinkling antisymétrique peut s’écrire explicitement, par contre pour la charge critique associée
une expression approchée est proposéedE)y.La comparaison de ces résultats avec les charges
données par des modeles spécifiques de wrinkling, plus lourds ou au contraire trop simplistes
[Allen, 1969, montrent que les expressions tirées de notre approche contiennent tous les effets
nécessaires pour prévoir I'apparition des deux modes locaux. Les détails de ces comparaisons sont
donnés dankéotoing et al., 2002 a - Annexe 2.6.

A partir des expressions des charges, des calculs de sensibilité peuvent étre menés, dans le but
notamment de cerner l'influence des parametres et de leur combinaison sur I'apparition des trois
modes [(éotoing et al., 2002 c - Annexe 2.8). Il ressort de cette analyse que les modes de wrinkling
dépendent tous deux des mémes parametres, I'épaisseur des peaux et les modules de I'ame, ce
qui confirme que I'approximation de ces phénoménes par des modeles de poutre sur fondation
est valide lorsque I'épaisseur des peaux apparait dans I'expression des charges, contrairement a la
charge utilisée habituellement (E2a5). Le mode global lui est principalement relié a I'élancement
de la poutre, ce qui est pleinement justifié par I'aspect macroscopique de cette instabilité. Afin
de cerner plus globalement I'évolution des charges en fonction des nombreuses combinaisons de
parameétres géométriques et matériaux, nous introduisons quatre coefficients adimensionnés qui
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suffisent a exprimer les trois charges :

L . hp
p. = —— (élancement) Ph = . P (rapport des épaisseurs)
a a
_ k& (rapport des modules) _ G 1 (rapport des modules de I'ame)
PE = E, pp Pv = En  2(1+Va) PP

(2.6)

En utilisant ces coefficients, les expressions des charges critiques se simplifient et s’écrivent :

6 1

Y =B Sh +| o phpE ; (ph +ph+2) (2.7)

L —+1—2p2+2PEP|_
MU —Bl12( /2 — 42| —= si <1 2.8
A [ ( e <ph > pv>] GaZha?(ha -+ 2hp) (28

2
AMU _ [4\/— PE | PEZPv} 2.9)

Pn ph

Le coefficientB commun aux trois expressions précédentes (Eas2.8 et'2.9) est défini par
B = bphEphp/6, son signe est donc toujours positif.

Diagramme de sélection

En comparant les charges deux a deux, nous pouvons facilement dégager des « zones de pré-
dominance » dans lesquelles chacune des instabilités apparaitra pour la charge appliquée la plus
faible. Ceci peut se mettre sous la forme d’outils graphiques de sélection des configurations de
sandwichs vis-a-vis des instabilités locales ou globaléstging et al., 2002 ¢ - Annexe 2.8).

Parmi les quatres parametres adimensionnés, le rapport des modules de I'ame peut étre fixé, on
montre que son influence est négligeable sur I'évolution des charges, et le rapport d’aspect peut
également étre fixé dans un premier temps. La différence des charges ne dépend plus que de deux
parametres libres, elle peut étre tracée facilement a partir des expressions analytiqués/,(Eqgs.

2.8 et2.9) sur des graphiqugs: — pn.

On montre que la charge de wrinkling symétrique est systématiquement plus faible que la
charge de wrinkling antisymétrique. Un seul diagramme est donc utile pour isoler les configura-
tions dans lesquelles sont susceptibles de se développer le flambage global ou le wrinkling qui
est antisymeétrique (Figui2.14). Pour un élancememt. donné, trois zones peuvent étre isolées,
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elles sont représentées sur la FigdréZ La premiére zone,OCAL, correspond aux configu-
rations sandwich pour lesquelles le phénomene de wrinkling antisymétrique va apparaitre pour
des charges inférieures a la charge critique de flambage global de la poutre. En revanche, dans la
deuxieme zoneGLOBAL , le mode de flambage global sera prépondérant devant le mode local.
Une troisieme zone est matérialisée sur ce diagramm_% B), elle correspond a la validité de la
condition d’apparition du wrinkling antisymétrique (E&18), phénomeéne qui n’est de toute fagon

pas critique a cet endroit. Grace a ce diagramme, on vérifie bien que lorsque I'élancement aug-
mente, les instabilités globales sont susceptibles d’apparaitre pour les charges les plus faibles, ce
gui confirme bien les résultats énoncés avec les calculs de sensibilité. Sans aucune considération
d’'ordre matériel, on peut affirmer que lorsgoe > 8, la poutre sandwich soumise a des efforts

de compression plane se comportera comme sa représentation homogene équieakmntene

forme d’instabilité locale ne sera susceptible d’apparaitre.
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FIG. 2.14: Zones de prédominance pour la charge de wrinkling antisymét)rjz(,‘tﬂjeet la charge
globaleAX¥, en fonction de la valeur de I'élancememt

Bilan des développements analytiques

L'intérét de cette approche analytiqgue est donc manifeste. Les charges critiques ainsi détermi-
nées constituent des outils simples en terme d’évaluation du type d’instabilité susceptible de se
développer pour une configuration de poutre sandwich donnée. L'introduction de rapports adimen-
sionnés permet de simplifier I'écriture des charges critiques et de représenter graphiquement les
zones de prédominance de chacune de ces instabilités. Ces diagrammes de conception sont trés
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simples d’utilisation, en calculant seulement I'élancement de la poutre et les rapports des épais-
seurs et des modules, on est capable de prédire rapidement si le sandwich sera instable localement
ou globalement. On note également qu’autour des lignes C3¢, la différence des charges est

faible INTERACTIF). Pour ces configurations, les charges locales et globale sont trés proches, et on
vérifie par ailleurs qu’elles sont maximalé£§toing et al. 2002 a - Annexe 2.6). Ce sont donc des
configurations optimales vis-a-vis du flambage, et classiquerBgskpv and Hutchinson, 19]7

le flambage interactif se développera préférentiellement dans ces sandwichs.

Nous allons maintenant étendre cette étude de la résistance en compression des sandwichs a
des approches plus complétes incluant des non-linéarités géometriques et matériaux. Pour mettre
en place ces modeles, nous pourrons utiliser les résultats analytigues comme référence afin de
construire un modele numérique bien fondé, induisant des temps de calcul suffisamment faibles
dans la perspective des calculs non-linéaires.

2.3.2 Stabilité et résistance en compression

Par souci d’efficacité, nous souhaitons utiliser un code de calcul commercial, en I'occurrence
ABAQUS. Se pose alors le probléme de la continuité des contraintes aux interfaces peaux/ame qui
ne peut étre assurée systématiquement par des éléments formulés en déplacement. Cette approxi-
mation doit donc étre évaluée soigneusement. Il faut, de plus tenir compte des contraintes de taille
des problémes a traiter. Le détail de la mise en place de ces modeles éléments finis se trouve dans
Léotoing et al., 2002 b - Annexe 2.7 etLéotoing et al., 2002 ¢ - Annexe 2.8.

Pour mettre en place ces modéles, le premier point a traiter est I'introduction de charges et la
prise en compte des conditions aux limites, qui du point de vue numérique, comme du point de vue
expérimental d’ailleurs, peuvent induire des effets locaux dans ces zones critiques. Pour lever cette
difficulté, nous avons reproduit une solution technologique qui consiste a rigidifier ces bords, ce
qui se traduit dans nos calculs par une contrainte cinématitytrC|) sur tous les noceuds du bord
qui doivent rester alignés. Cette ligne pouvant se dilater et tourner autour d’'un nceud de référence
est utilisée pour appliquer les conditions aux limites cinématiques et statiques (Eifjt+es.

Pour la discrétisation, nous avons d’abord considéré une discrétisation bidimensionnelle de la
poutre sandwich avec des éléments bilinéaires en contraintes planes. Des études de convergence
ont montré que les charges critiques se stabilisent pour environ trois éléments dans I'épaisseur des
peaux, ce qui correspond a des maillages allant de 40 000 a 2G0d®8u total pour le modele.

Cette taille de maillage n’est pas acceptable pour conduire des calculs non-linéaires géométriques
et matériaux. Nous avons donc recouru a une approche similaire a la superposition d’éléments

utilisée avec leNCFs (Drapier & Wisnom, 1999 a et b - Annexes 2.4 et 2.5), qui consiste ici

a discrétiser les peaux avec des éléments de poutre linéaires de Timoshenko et 'ame avec des
éléments bilinéaires en contraintes planes. Ces éléments utilisant les mémes degrés de libertés,
guelques précautions doivent étre prises afin qu'un élément de poutre ne puisse pas flamber sur
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I'élément 2D car les rotations sont libres dans la poutre. Cette condition fixe la taille maximale
des éléments de poutre, la taille minimale est quant a elle imposée par la nécessité de représenter
correctement les modes locaux, en imposant par exemple au minimum 4 éléments de poutre par
onde. Connaissant les longueurs d’onde établies analytiquehéemniig et al., 2002 a - Annexe
2.6), le maillage final est construit, sa taille comprise entre 2 000 et 1@80Dest réduite par 20
par rapport a la discrétisation complete.

Les calculs de valeurs propres (FigiZré5 menés sur plusieurs configurations de sandwichs
ont montré que les résultats fournis par les deux modéles éléments finis étaient en bon accord avec
les résultats analytiques, tant du point de vue des charges que des longueurs lcéotuiley (et
al., 2002 ¢ - Annexe 2.8). De plus, des comparaisons énergétiques ont permis de montrer claire-
ment que le maillage simplifi€ non-conforme posséde un état de contraintes trés proche de celui
du modéle complet, ce qui est une assurance pour de futurs calculs incluant la plasticité. La prin-
cipale différence entre les calculs numériques et analytiques peut étre attribuée a la distribution
des contraintes de cisaillement qui est linéaire dans I'épaisseur pour le modele analytique, tandis
gue cette répartition est parabolique dans le calcul par éléments finis complet. Ceci confirme notre
précédente remarque sur la nécessité d’'une cinématique d’ordre supérieur dans I'ame.

*MPC
<

(a)

FIG. 2.15: Modes propres établis avec le modele par éléments finis simplifié : (a) flambage global,
(b) wrinkling symétrique des peaux, (c) et wrinkling antisymétrique des peaux.

Post-flambage élastique

Le modéle numérique étant validé sur des calculs de valeurs propres, nous pouvons mener des
simulations plus complétes incluant les non-linéarités géométriques et maté&riging et al.,

2002 b - Annexe 2.7). Pour traiter ces problemes par éléments finis, nous utilisons un pilotage a
longueur d’arc permettant de passer les points de rebroussement et les points limites.

En premier lieu, nous pouvons, grace au diagramme de sélection (IAdif)e choisir des
configurations types telles que les instabilités locales, globale et le flambage interactif puissent
étre caractérisés. Pour cela, partant de la configuration dont les caractéristiques sont données dans
le Tableal?.1-b, nous considérons une épaisseur des peaux de 1, 1,5etP¢onformément a la
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représentation schématique de la Figtifie’. Avant de déterminer la réponse de ces configurations,

il reste a préciser le type d’'imperfection géométrique que nous introduisons. Ces imperfections
nous permettent d’'abord de régulariser le probleme de flambage, mais surtout, leur role sur la
stabilité est primordial.

Pour de trés faibles amplitudes des imperfections prises sur le mode critique (< 0,2% de I'épais-
seur totale), les configuration®CAL et GLOBAL présentent des réponses sur-critiques en fonction
du chargement, caractérisées par une premiére partie linéaire liée a I'état fondamental, suivie par
un point de bifurcation correspondant a une amplification du mode avec la charge. Notons que
ces modes obtenus pour des imperfections de faibles amplitudes correspondent bien aux modes
attendus, ce qui confirme la validité du diagramme de sélection proposé. Lorsque I'amplitude de
'imperfection initiale est augmentée, la charge de flambage diminue, et la réponse post-flambée
reste stable. Par contre, la réponse post-bifurquée est instable si la longueur d’'onde du défaut n’est
pas du méme ordre de grandeur que la longueur d’onde du mode critgqua,défaut global dans
la configurationLOCAL et inversement.

Au contraire des réponses précédentes, pour la configuldli@RACTIF optimale vis-a-vis
du flambage, on observe comme attendu une réponse plus complexe qui se décompose en trois par-
ties (Figure2.16). Pour un défaut trés faible, le début de la réponse est classique pour une poutre
homogene par exemple, avec un état fondamental suivi d’'un premier point de bifurcation corres-
pondant a 'amplification du mode global. Ensuite, quasiment a charge constante, une bifurcation
secondaire caractérise I'apparition d’'un mode local dans l'intrados de la courbure induite par la
premiere instabilité globale. La seconde branche est sous-critique, et on assiste au développement
de localisations géométriques. Ce phénomeéne de flambage interactif est évidemment influencé par
'amplitude de l'imperfection initiale prise sur le mode global. Dans ce cas, la réponse tend a
s’éloigner de la réponse fondamentale, et la bifurcation secondaire apparait a I'intersection entre
la branche primaire et la branche secondaire qui reste inchangée (Ei@if)re

En fait, 'apparition de la seconde bifurcation est presque indépendante de la premiere, elle cor-
respond a I'apparition de wrinkling lorsque la contrainte normale induite dans l'intrados dépasse
la charge limite de wrinkling. Ce type de réponse peut donc étre attendu dans les poutres courbes,
sans toutefois I'effet de la précontrainte dont l'intensité est €gale a la charge critique globale qu’il
est nécessaire de dépasser ici pour obtenir la courbure. Dao®|ng, 200}, nous avons pro-
posé un modele analytique capable de rendre compte du flambage interactif, en présence d'un
défaut global. Ce modéle s’appuie sur I'analyse, a I'aide de notre modéle unifié, de la redistribu-
tion des efforts dans les deux peaux du sandwich pendant le post-flambage global. La stabilité de
la seconde branche est recherchée par une méthode de perturbation appliquée a une poutre sur fon-
dation caractérisant la peau dans I'intrados de la courbure globale, la raideur de la fondation étant
€galement issue de notre modélédtoing et al., 2002 a - Annexe 2.6). Les résultats analytiques
et numériques sont en excellent accord.
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FIG. 2.16: Evolution du chargement en fonction de la fleche au centre de la poutre sandwich
possédant un défaut initial sur le mode global : flambage interactif .

De maniére générale, on constate que la perte de rigidité de la poutre sandwich est trés souvent
associée a I'apparition d’'une forme de flambage interactif. La stabilité est liée principalement a
la 'symétrie’ que la déformée peut conserver. Quand les modes se développent de la méme fagon
sur les deux peaux, le comportement est sur-critique. En revanche, I'apparition de localisations
géométriques entraine une dissymétrie qui conduit rapidement a un comportement sous-critique.
Compte-tenu du caractére prépondérant de ces localisations géométriques, il est Iégitime d’intro-
duire dans ces calculs un comportement non-linéaire matériau pour 'ame qui supporte les locali-
sations géomeétriques dans les peaux.

Post-flambage plastique

Pour représenter le comportement non-linéaire matériau de I'ame, nous choisissons de la mo-
déliser comme une mousse Divinicell H130 dont les propriétés sont disponibles dans la littérature.
Le comportement est approché par une loi élastique parfaitement plastique. Les réponses élas-
toplastiques montrent que pour nos sandwichs on observe le résultat classique de I'introduction
d’'une loi de comportement non-linéaire dans un probleme instable géométriquernEigfu¢e
2.39). Les réponses deviennent systématiquement sous-critiques, indépendamment de I'amplitude
et de la forme des imperfections dont I'effet vient se superposer a la réduction de charge limite
induite par I'apparition de I'instabilité plastique. Comme on peut le voir sur la Figure I'appa-
rition de cette bifurcation plastique fortement sous-critique correspond a la résistance du sandwich
mesurable expérimentalement.

Il estintéressant de noter que le phénomene observeé sur cette Eifitirerrespond a un mode
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FiG. 2.17: Charge appliquée en fonction du raccourcissement global avec une loi élastoplastique
dans I'ame : configuratioBLOBAL et défaut sur le mode critique.

de rupture tres répandu appshéear crimping Figure2.12-b), soit rupture par cisaillement-pliage

de I'ame. On vérifie grace a nos calculs que ce mode de rupture n’est en fait que la conséquence
observable de la rupture survenant apres I'apparition de la bifurcation plastique dans un sandwich
élancé possédant un défaut géométrique initial a I'échelle de la structure. Cette rupture survient a la
suite de la localisation des déformations plastiques comme on peut le vérifier sur cett@Higure
Pourtant, le critere de dimensionnement correspondant a ce mode de rupture est habituellement
formulé a partir de données purement 'locales’, c’est en fait la rigidité de cisaillement de la poutre,
qui ne peut donc pas tenir compte de la réponse du matériau non-linéaire, ni de I'influence des
défauts.

2.3.3 Conclusions et perspectives

Nous avons développé un modeéle analytique unifié capable de rendre compte de I'apparition
des instabilités aux échelles globales et locales dans les poutres sandwichs. Les charges critiques
ont été établies rigoureusement, sans hypotheses supplémentaires, et leur limites de validité sont
parfaitement maitrisées. La richesse de ces solutions nous a permis dans un premier temps de
mettre en place des diagrammes de sélection des configurations de sandwich par rapport aux insta-
bilités globales et locales, mais aussi interactif. Ensuite, un modeéle éléments finis simplifié a été
mis en place et validé par comparaisons des modes et charges critiques avec les résultats analy-
tiques, et les calculs d’un autre modele éléments finis plus raffiné.

Les colts de calculs trés réduits nous ont permis de caractériser les réponses de post-flambage
élastiques des diverses configurations de sandwichs affectées par des défauts géométriques de dif-
férente nature. Le flambage interactif a également été observé, il est caractérisé par un compor-
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FiG. 2.18: Diminution de la charge limite par rapport a la charge critique de la poutre sandwich
INTERACTIF, suivant le type et la taille du défaut (représenté par I'angle maximum par rapport a
I'axe de la poutre) pour une ame élastique et élastoplastique.

tement post-bifurqué dont le caractére sous-critique provient du développement de localisations
géométriques. Enfin, l'introduction d’'une loi de comportement non-linéaire nous a permis de vé-
rifier que I'apparition d’une instabilité géométrique s’accompagnait de la localisation de déforma-
tions plastiques, résultant en une réponse post-bifurquée fortement sous-critique, caractérisant par
conséquent la résistance du sandwich. Une extension de ces calculs aux panneaux et aux poutres
sandwich a peaux composites équilibrées a été brievement introduite dansifig, 200].

Pour conclure, nous pouvons évaluer, pour la configuraldERACTIF, les diminutions de
charge limite dues a la non-linéarité matériau et a la présence de défauts (Eiglhr©n constate
gue les pertes de charge sont tres comparables pour les trois types de défaut, mais qu’en moyenne,
cette perte de charge est deux fois plus grande lorsque la loi de comportement élastoplastique par-
faite est considérée dans I'ame. Enfin, on notera la somme importante de calculs nécessaires pour
évaluer ces pertes de charges. Les temps de calcul mis en jeux justifient a eux seuls I'utilisation
des diagrammes de sélection pour extraire les configurations optimisées en premiére approxima-
tion. Ensuite, les calculs de résistance des poutres peuvent étre menés avec le modéle éléments
finis simplifié. A moyen terme, l'introduction de peaux en composites dans cette approche étendue
aux panneaux sandwichs devrait ouvrir la voie a une perspective élargie de dimensionnement puis
d’optimisation multi-échelle des structures sandwichs. Ces perspectives sont décrites ci-dessous.
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2.4 Perspectives du theme ’Instabilités et effets d’échelle dans
les composites et les sandwichs’

La problématique de la résistance en compression des sandwichs que nous venons d’aborder re-
joint sous de nombreux aspects la résistance en compression des composites a fibres longues. Outre
les aspects techniques de mise en ceuvre de modéles raffinés permettant de prendre en compte des
parameétres a plusieurs échelles, la facon dont ont été traités ces comportements révéele des pro-
blemes plus fondamentaux. En effet, ce qui était pendant longtemps considéré comme des pro-
priétés matériaux se révele étre le résultat de I'interaction de mécanismes complexes a plusieurs
échelles d’observation. C’est seulement la mise au point, en parallele, de modéles et de moyens de
caractérisation appropriés qui a permis de mieux cerner ces phénomenes, et donc de favoriser une
utilisation plus rationnelle de ces matériaux.

On comprend bien qu’aborder la résistance en compression de ces structures hétérogenes
comme elle peut I'étre pour des matériaux macroscopiquement homogéenes revét un intérét pra-
tique certain. Lors de la conception, il est en effet plus commode de disposer de criteres simples
de dimensionnement, au risque de devoir sous-estimer les résistances réelles par des coefficients
de sécurité élevés, intégrant le manque de connaissance des mécanismes mais aussi les incerti-
tudes liées a l'identification. Le risque de surdimensionner les structures est indéniable, mais cela
peut étre encore plus pénalisant, voire constituer un point de blocage, par exemple pour des struc-
tures congues en vue de subir de grandes déformations élastiques dans leur fonctionnement. Il faut
donc mettre en place des approches spécifiques d’'une part pour la conception, et d’autre part pour
I'identification des résistances en compression.

Avec I'évolution des puissances de calcul actuelles, on peut envisager de mettre en place a
moyen terme une approche multi-echelle qui permettra, partant des parametres matériels et géome-
triques a I'échelle des constituants fibre/matrice, d’optimiser les structures sandwichs avec peaux
composites sur la base de critéres en résistance autant qu’en rigidité (Eitfir€es simulations
ne peuvent étre réalisées a n'importe quel co(t, elles doivent donc étre basées sur des formulations
spécifiques du type de celles mises en place ici. Il faut prévoir d’abord de combiner les modéles de
microflambage plastique et de sandwich présentés dans ce mémoire. Cette approche peut-étre réa-
lisée en premier lieu dans un cadre trés simple de poutres sandwichs a peaux composites a base de
plis croisés. A plus long terme, cette approche devrait étre étendue aux panneaux, dont les premiers
calculs avec le modéle EF simplifié confirment la faisabilité. En paralléle, 'approche structurelle
du microflambage plastique devra étre étendue au 3D, certainement en recourant a une approche
non-conforme a base d’éléments finis standards de type solides et poutres. Dans ce cas la carac-
térisation tridimensionnelle du défaut sera un des parametres essentiels de I'approche. Lorsque ce
modéle de microflambage plastique 3D sera mis en place et couplé avec les modéles de panneaux
sandwichs, il faudra ensuite penser aux coques, format de structure particulierement répandu pour
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FIG. 2.19: Représentation schématique de la modélisation multi-eéchelle dans les sandwichs a
peaux composites.

les sandwichs. Il semble probable que pour les coques, les calculs devenant trop lourds a mettre en
ceuvre dans le cadre de la conception, on recourt a des simulations en deux temps ou les résistances
de séquences d’empilement données sont calculées en fonction du gradient de chargement, et sont
ensuite utilisées comme ’critere’ de résistance locale dans les calculs non-linéaires géometriques
et matériaux des structures sandwichs.

Bien évidemment, cette approche doit étre réalisée en parallele avec des essais adaptés. No-
tamment, I'utilisation d’essais de flambage rotulé est essentielle pour caractériser la résistance en
fonction des parametres structuraux. Il faut en premier lieu mettre en ceure des essais sur sand-
wichs a peaux isotropes, d’abord pour des poutres puis pour des panneaux. Pour cela, les modéles
numérigues non-conformes de sandwich pourront étre utilisés pour dimensionner les essais, et no-
tamment pour étudier les conditions de frontiere. Ces zones ou sont introduites les charges et ou
les conditions aux limite sont imposées sont excessivement sensibles dans les sandwichs. Ensuite,
des sandwichs a peaux composites seront considérés, tandis que les composites seront égalemer
caractérisés séparément. Dans ces essais, I'apport des méthodes de mesure de champ cinématigu
pourrait étre riche, en nous permettant de cerner plus précisément les phénomenes locaux, rencon-
trés notamment aux points d’application des efforts et des conditions aux limites, mais aussi au
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niveau des interfaces peaux-ame par exemple.

Au final, on peut penser que dans cette approche globale, seule pourrait subsister la caractéri-
sation du défaut d’alignement des fibres dans les plis UDs. Ce probléme pourrait toutefois devenir
moins essentiel, puisque les semi-produits tels qué{@Bs utilisés de plus en plus largement,
sont surtout sensibles aux défaut a I'échelle des nappes. Toutefois cette utilisation croissante ne
peut étre soutenue que si les procédés accompagnant ces semi-produits sont parfaitement maitri-
sés, et donc optimisés. Je débute actuellement la modélisation d’'un de ces procédés de mise en
ceuvre. Ce projet de recherche est présenté dans la partie suivante de ce mémoire ou sont exposées
mes activités de recherche les plus récentes, liées aux procédés en général.



_3-

Theme émergent - Procedeés et problemes
connexes

Cette seconde partie du mémoire aborde le theme des procédés a travers deux projets de re-
cherche, qui traitent pour une part de la simulation d’un procédé d’élaboration par voie liquide
de composites organiques, et d'autre part de I'étude de tricots élastomériques utilisés en grandes
déformations pour générer des pressions de contention dans le domaine du bio-médical. Dans la
thématique des procédés, ces projets sont complémentaires en ce sens que la modélisation ther-
mique et physico-chimique est abordée dans le premier, tandis que dans le second le traitement
des grandes déformations et des problémes de contact est nécessaire. Ces projets de recherch
recoivent un soutien fort d’industriels de la région Rhéne-Alpes, et deux theses ont débuté res-
pectivement en octobre 2000 et en octobre 2001 dans le cadre de ces projets. Il n'y a donc a ce
jour que trés peu de communications sur les premiers résultats des recherches. En conséquence,
une attention particuliere est portée dans ce document a la mise en lumiére des problématiques et
aux programmes de recherches mis en place. Comme dans I'ensemble des travaux de recherche
présentés précédemment, la complémentarité simulation / caractérisation est ici un point clef.

Comme il a été rappelé a travers ce document, la modélisation des procédeés d’élaboration ré-
pond au besoin de mieux comprendre les phénoménes mis en jeu lors de la fabrication. Dans le
cas des procédés par voie liquide, I'un des objectifs est de mieux mesurer l'influence des divers
parametres d’élaboration sur I'imprégnation, dont dépendent les propriétés mécaniques du maté-
riau final, mais qui conditionne également les temps des cycles. La spécificité de la modélisation
des procédés pour les composites organiques est la nécessité de mettre en ceuvre des connaissanc
de domaines aussi variés que la mécanique des fluides et des solides, la thermique, et la physico-
chimie des polyméres. Dans le procédé qui nous intéresse, @pPpEléa modélisation compléte
nécessite de traiter de maniere couplée des problemes thermo-mécaniques et physico-chimiques

43
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dans un domaine a frontiere mobile, frontiére évoluant pendant I'imprégnation des nappes seches.
Avant de mettre en place cette modélisation, il nous a fallu caractériser la perméabilité transverse
qui conditionne trés fortement la qualité et les temps d’'imprégnation.

Pour le second projet de recherche, la modélisation des tricots élastomériques en grandes dé-
formations, la problématique differe. Ces tricots élastomériques sont utilisés pour la contention
du systéme veino-lymphatique chez 'homme. L'étude que nous mettons en place actuellement a
pour but de prévoir les distributions de pressions générées par les articles de contention, a par-
tir de profils de membre et connaissant la réponse des tricots. Ceci pour palier aux problemes de
mesurein-vivo des faibles pressions induites par ces articles. Cette étude nous donne I'opportu-
nité d’appliquer des outils de la mécanique des milieux déformables a ces matériaux du monde
bio-médical, ou tant du c6té des concepteurs que des prescripteurs 'empirisme pré-domine. Dans
le cadre de ces recherches coopératives, I'apport de la modélisation promet de soutenir des avan-
cées considérables en terme de développement et d'utilisation de ces produits. Actuellement, les
tricots en général sont étudiés essentiellement dans les renforts pour composites, mais trés peu de
travaux de recherche ont porté sur I'étude de ces tricots élastomériques dont I'utilisation entraine
des élongations de 80 a 130 %. Un programme de recherche spécifique a donc été mis en place,
d’abord pour identifier la réponse des tricots en grandes déformations puis pour prendre en compte
ce comportement dans des simulations par éléments finis.

3.1 Modélisation des procédés d’élaboration par voie liquide
des composites organiques

Comme nous l'avons indiqué dans la patiié de ce mémoire, les procédeés par voie liquide,
plus particulierement abordés ici, peuvent permettre de réaliser a moindre codt des structures com-
posites épaisses tout en assurant de bonnes qualités de fabrication qui sont le gage de propriétés
mécaniques optimales. Dans ces procédés, sous l'action d’une pression extérieure et du tirage du
vide, la résine impregne des préformes fibreuses séches placées dans un moule rigide ou semi-
rigide. Ensuite un cycle de température et de pression spécifique est appliqué a la structure pour
amener la résine dans son état réticulé. Le plus répandu de ces procédésessh [&dhsfer
Molding (RT M) dans lequel la résine est injectée a travers des orifices d’injection dans un moule
fermé rigide. De nombreux travaux ont été, et sont encore, consacrés a I'étude de ce procédé,
notamment concernant I'optimisation du placement des trous d’injection et des évents dans les
moules. Plus récemment, le procédé disiR Him I nfusion a été développé pour palier a ces pro-
blemes d’injection. En effet dans le RFI I'imprégnation, ou plutdt I'infusion, des préformes est
réalisée sur une large surface sous I'effet de la faible pression induite par le déplacement d’'une
partie mobile du moule. Cette particularité assure de trés bonnes propriétés mécaniques finales
résultant de I'excellente homogénéité de I'imprégnation réalisée. Par contre cette technologie en-
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traine également que I'épaisseur finale de la piéce a réaliser, et donc la fraction volumique de
fibres dont dépendent tres fortement les propriétés mécaniques finales, sont fonctions du jeu de
parametres pression-température appliqué. L'objectif de cette modélisation est donc de décrire,
pour ensuite optimiser, ces conditions de fabrication en vue de maitriser les propriétés mécaniques
finales.

Nous avons débuté récemment, en collaboration étroite avec la société Hexcel Fabrics, la simu-
lation du procédd&RF| utilisé pour de nouveaux renforts multiaxiaux pour composites structuraux
appelédNC2 (Non Gimp New GConcept NC2). LesNC2 different dedNCFs par une trés bonne
homogénéité de leur mésostructure obtenue en utilisant des nappes homogenes au lieu de méches
placées cbte-a-cote (Figured page20). Cette collaboration entre dans le cadre d’un programme
régional thématique prioritaire 2000-2002 intitu@gtimisation du procédé de transformation de
nouveaux renforts multiaxiaux pour composites structurdoxt je suis co-responsable avec A.
Vautrin. Des laboratoires universitaires de I'université Claude Bernard de Lyon (L2M) et de I'uni-
versité Jean Monnet de Saint-Etienne (LTSI) sont également nos partenaires dans ce projet. Outre
les échanges scientifiques avec nos partenaires, le cadre de ce programme nous permet d’accé-
der aux nombreuses données matériaux (thermiques, mécaniques, physico-chimigues) nécessaire:
pour les simulations, caractérisant a la fois la résine, les renforts, et les multiaxiaux. Dans le pro-
cédéRFI, il faut en plus de ces parametres caractériser la perméabilité transverse, parametre es-
sentiel qui contréle I'imprégnation de la résine dans les préformes et donc les propriétés finales et
les temps de cycles.

3.1.1 Mesure de la perméabilité transverse

Les parameétres matériaux nécessaires a la modélisatiBfr taont identifiés par Hexcel Fa-
brics, partenaire industriel de ce projet régional : viscosité en fonction de la température et du
degré de réticulation, taux de réticulation en fonction de la température et du temps, coefficients de
conductivité thermique des constituants. Par contre, la caractérisation de la perméabilité transverse
a été menée au département Mécanique et Matériaux, d’abord dans le DEA d’Alexandre Pagot en
1999/2000 Drapier et al., 2002 - Annexe 2.10). Dans ce travail, un montage de mesure spécifique
a été déeveloppé. Grace a ce montage, on mesure la perte de charge induite lors du passage d’'un
fluide a travers I'épaisseur des matériaux, et on en déduit la perméabilité transverse par la relation
de Darcy en 1D. Une des difficultés de ces mesures est que nous n'avons pas d’idée précise sur
les vitesses que le fluide atteint dans le procédé réel puisque tout se passe sous presse. Nous avon
donc pris le parti de tester une gamme assez large de vitesses.

Ce montage a permis de montrer, sur NER biaxiaux, que ni la séquence d’empilement, ni
le type de couture n’ont d’influence notable sur cette perméabilité. Des simulations par éléments
finis ont permis de confirmer que c’est essentiellement la densité des points de couture qui a une
influence significative sur la perméabilité transverse. Plus précisément, c’est la surface libérée par
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les trous de couture qui permet au fluide de s’écouler. Ces trous agissent comme des porosités
ouvertes dans le sens de I'écoulement. On peut également noter que la perméabilité des nappes
seules, dont I'hnomogénéité assure d’excellentes propriétés mécaniques finales, est de l'ordre de
1014 m? pour les nappes de carbone, soit environ 100 fois inférieures aux perméabilités longi-
tudinales de plis UDs plus classiques. Au final les coutures transverses, qui sont essentiellement
introduites pour utiliser des nappes de grammage élevé, ou pour une amélioration des propriétés
mécaniques transverses, permettent d’atteindre des perméabilités de I'ordrétied @lus pro-

pices a réaliser une imprégnation de bonne qualité et a réduire les temps deDeygiler €t al.,

2002 - Annexe 2.10).

Depuis octobre 2000, la thése d’Othmane Elbouazaoui a débuté sur le théme de la caractéri-
sation de la perméabilité transverse et de la modélisatioRFlu Dans ce travail, des mesures
de perméabilité supplémentaires ont été realisées pour divers typESadea difficulté de I'ap-
proche concerne la variabilité des mesures effectuées sur trois grandes familles de matériaux qui se
différencient par le type de fibres, les séquences d’empilement, et la couture utilisés. Il ne semble
pas possible de déterminer, pour ces matériaux, un rapport direct entre la surface libérée par les
trous de couture, estimée a l'aide d’appareils de microscopie par transmission, et la perméabilité
transverse. Ces matériaux possedent en effet des permeéabilités différentes, bien que les surfaces de
trous, avant et aprés la mesure de perméabilité, soient voisines. De plus, on a mis en évidence que
la résistance a I'écoulement, et donc la perméabilité, dtgen’est pas la méme selon la face su-
bissant la traversée du fluide (Figit2(). Nous menons actuellement des essais complémentaires
pour tenter d’apporter une explication satisfaisante a ce phénomene.

On note que la densité de couture apparait ici comme un nouveau parameétre de contréle dans
le procédé d’élaboration. Il ne faut toutefois pas négliger ses répercussions sur la modification de
la mésostructure, et donc, comme nous I'avons vu dans le cdsCles, sur les comportements
critiques.

3.1.2 Simulation

La difficulté de la simulation du procédé est I'aspect multi-physique du probléme. Géné-
ralement, un des aspects seulement des procédés est abordé, par des spécialistes du domaine
concerné. Comme dans les autres procédés en général, la pressioP]mbtégempérature (no-
téeT) sont a la fois les paramétres physiques de contrdle mais également les grandeurs physiques
(variables d’état) dont va dépendre la simulation. A ces deux grandeurs, on peut associer deux
types de modélisation, qui dans un premier temps peuvent étre considérées séparément : modele
thermo-mécanique de remplissage et modéle thermo-physico-chimique de réticulation. Quelques
exemples existent dans la littérature pour chacun de ces modeéles. Par exemple pour le remplissage,
une premiére solution a été proposée réecemmentJuesh| et al., 1999 Et pour la réticulation
[Blest et al., 199Pont proposé une approche unidimensionnelle raffinée des phénomenes thermo-
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physico-chimiques. Le lien entre ces deux modéles, pour des vitesses du fluide supposées faibles,
provient de I'évolution de la viscosité de la résine, fonction du taux de réticulation atteint et de la
température.

Récemment, O. Elbouazzaoui a mis en place une simulation par différences finies en 1D de
la partie thermo-physico-chimique de la réaction de réticulation. L'équation de la chaleur pour
le composite est modifiée pour intégrer le terme source prenant en compte I'exothermie de la
réticulation de la résine. Elle s’écrit en 1D, dans la direcion

2
aa—-{ = Kh(;T-lz-—F(l— f)g—?%—?

ou Ky, est la diffusivité thermique du compositég est la chaleur de réaction de la résineCigest
la capacité de chaleur spécifique du composite. L'évolution du degré de réticulation de la résine,
notéa, est une fonction de la réticulation atteinte et de la température, qui s’écrit pour la résine
Hercules 3501-6 considéréglgst et al., 199p:

o0 (a1+a20a)(1—0a)(0,47—a), sia<0,3

i _ (3.12)

az(l—a), sia>0,3

(3.10)

ou les différents coefficientg (i = 1,...,3) sont dépendants de la température et s’expriment de

la fagcon suivante :
AE;

a(T)=A exp(—R—T)
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o

avec lesA; des termes pré-exponnentieds; I'énergie d’activation eR la constante des gaz par-
faits.

La résolution simultanée de ces deux équations conduit & un probleme non-linéaire couplé par
la réticulation de la résine. Ce systeme est discrétisé par différences finies centrées en temps et en
espace, et le probleme linéarisé est résolu avec un schéma itératif de Newton qui permet d’obtenir
une convergence rapide de la solution. Afin de valider cette approche, nous avons repris les don-
nées matériaux utilisées pdilgst et al., 199P Nous simulons la réticulation dans un composite
de 80nmd’épaisseur, représentant les applications visées [RF leLes conditions aux limites
du composite sont en température imposée, égale a celle de I'autoclave fixée par le cycle de cuis-
son, soit une chauffe a 5K/min en partant de 300K jusqu’a atteindre 450K (soit pendant 1800s)
et ensuite maintient de la température a 450K. La température initiale est homogene dans toute
I'épaisseur du matériau et le taux de réticulation initial vaut 0. Les résultats obtenus pour la dis-
tribution de température (Figufe21-a) et le taux de conversion (Figuse?1-b) pendant le cycle,
sur des matériaux témoins extraits de la littérature, valident cette approche.

Cette modélisation a également été abordée dans le DEA de Bénédicte Régis en 2000/2001 qui
s’est déroulé chez Bristish Aerospace (Filton, GB) et a porté pour la plus grande partie sur les tolé-
rances dimensionnelles des assemblages de structures primaires et secondaires en composite. Les
résultats sont confidentiels, mais on peut indiquer que le point délicat de ces assemblages concerne
les pieces élaborées pRFFI. Ceci ne fait que renforcer notre souhait de mieux comprendre ce
procédé, dans lequel rappelons-le, les dimensions finales dépendent étroitement des parametres
d’élaboration. Notamment, I'application de la température et de la pression jouent un grand role
puisque la viscosité évolue fortement dans les premiers temps du cycle. Si la viscosité est trop
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FIG. 3.22: Représentation schématique du probleme de remplissage et équations 1D associéees.

faible la résine sera chassée en exces, tandis que si la viscosité de la résine est trop €levee, I'im-
prégnation ne pourra se réaliser de fagon homogéne et des bulles d’air pourront étre emprisonnées.
La conséquence directe est un changement de 'architecture mésoscopique, qui se traduit par une
modification du comportement mécanique.

3.1.3 Perspectives

La modeélisation de la réticulation unidimensionnelle est validée, il faut maintenant mettre en
place le modele de remplissage qui fait intervenir le couplage de modéles de milieux solides,
milieux poreux saturés, et fluide (FiguBe22). Pour ces modeles, les réponses en compression
des nappes seches et saturées ont d’ores et déja été établies. Nous travaillons actuellement sur le
traitement de I'imprégnation des nappes par le fluide. Compte-tenu des faibles perméabilités des
ces renforts € 1% de surface ouverte pour I'écoulement), les approches classiques rencontrées
dans les milieux poreux ne sont plus en mesure de représenter ces écoulements. Les simulations
numeériques de type fluide-structure notamment doivent &tre mises en place a I'’échelle des trous de
couture.

La spécificité de I'approche proposée est donc le couplage, a terme, de la modélisation thermo-
mécanique du remplissage avec la modélisation du probléme thermo-physico-chimique de la ré-
action de réticulation. Ce type d’approche est a ce jour totalement absent de la littérature, et né-
cessitera certainement la mise en commun des compétences transverses a ces deux domaines pot
mener & bien la modélisation compléte. A travers ce théme, nous collaborons avec les universités
Fédérico Il de Naples et la Seoul National University en Corée.

Enfin, il faut noter que la caractérisation de ces procédés est un élément clef. Un travail de
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recherche est actuellement en cours au département Mécanique et Matériaux sous la direction d’A.
Vautrin, toujours dans le cadre du projet thématique prioritaire régional. Des capteurs a fibres op-
tiques sont développés pour permettre d’une part de suivre le remplissage des préformes seches par
la résine, et d'autre part d’évaluer en temps réel la réticulation de la résine. Les premiéres infor-
mations attendues concernent les vitesses d'imprégnation que nous ne connaissons pas a I'’heure
actuelle et qui nous serviront pour évaluer les limites du modéle de remplissage (Fifiir€es

capteurs pourraient également étre utilisés pour évaluer I'état de contrainte interne du matériau.

3.2 Modélisation des distributions de pression genérées par des
tissus élastomériques en grandes déformations

Pour ce second projet de recherche, la modélisation des tricots élastomériques en grandes dé-
formations est abordée. Plus particulierement, ces matériaux sont utilisés daas leBdicaux
de Gntention BMC), une des composantes thérapeutiques de soin et/ou de prévention des défi-
ciences veino-lymphatiques qui, en créant une contention le long de la jambe du patient, facilitent
le reflux sanguin vers le coeur.

Dans I'objectif de traiter au mieux les déficiences du systeme veino-lymphatique, la conten-
tion doit étre distribuée de facon calibrée et précise, en fonction des pathologies rencontrées. Les
produits de contention doivent donc étre utilisés de maniére optimale, et de nouveaux produits
sur-mesure devraient également étre développés a terme. C’est a ce niveau qu’intervient I'apport
des outils de modeélisation et d’identification du champ de la mécanique, mis en ceuvre dans ces
matériaux tres spécifiquesigidités faibles grandes déformationsnultimatériaux En effet, les
propriétés mécaniques d&d/C sont décrites a travers des modeles qui datent des années 70.
Le comportement de ces matériaux n'a jamais été abordé dans des approches scientifiques ri-
goureuses. On peut mettre en lumiere deux raisons essentielles qui expliquent cet empirisme. En
premier lieu, l'utilisation de8MC se base essentiellement sur les connaissances acquises par les
prescripteurs au cours des décennies, le besoin de connaitre plus en détail les mécanismes de la
contention étant réel mais pergcu comme inextricable avec les outils classiques utilisés dans le
monde médical. Pourtant de telles approches sont largement répandues dans I'étude des tricots et
tissus de renforts pour compositésang et al., 200J0 essentiellement d’ailleurs pour la mise en
forme des préformegiasser et al., 1999En second lieu, les pressions induites par la contention
sont de l'ordre de quelques hectoPascals, ce qui représente une difficulté majeure pour quanti-
fier rationnellement les effets de contention de ces matériaux trés spécifiques. Une modélisation
du phénomene de contention représenterait une avancée de tout premier plan, permettant ainsi de
guantifier son effet, et donc d’utiliser de maniére adéquate les moyens de contention en fonction
des pathologies rencontrées. L'idée originale de ce progestsdcier les outils de la mécanigae
les connaissances semi-empiriques des productdeBMC doit permettre cette avancée signifi-



Théme émergent - Procédés et problemes connexes 51

trame

chaine

sens circonférentiel

() (b)
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cative.

En préalable au démarrage de la these d’lssam Gaied en octobre 2001, j’ai abordé la mécanique
de ces tricots, dont 'utilisation donne lieu couramment a des déformations de 'ordre de 80 & 130
%. Des essais de traction uniaxiale ont été mis en ceuvre a la fois sur les fils de Lycra, chez Dupont-
de Nemours, et sur les tricots eux-mémes. En parallele, des simulations EF de type cellule de base
ont été menées au niveau d'une demi-maille (Fighie&), en utilisant la loi de comportement
identifiée pour le Lycra seul. Les fils sont représentés par des éléments de type Hermite, et les
conditions de périodicité aux limites de cette cellule sont réduites du fait du nombre restreint
deddls (Figure3.25b). Dans ce cas tres simplifié, les contacts sont fixes, et le fil de Lycra est
représenté seul, alors qu’il est en réalité 'guipé’ par un fil de polyamide, c’est-a-dire contraint par
un fil torsadé sur sa circonférence. Les résultats ont permis de proposer une premiére estimation
quantitative de la réponse du tricot, et de montrer la difficulté de maitriser les conditions initiales
d’essais sur ces matériaux de trés faible rigidité (Figig). Notamment, d’'un point de vue
expérimental la viscoélasticité est problématique.

L'objectif de la thése d’'lssam Gaied est plus large et doit permettre dans un premier temps
de comprendre en profondeur les mécanismes mis en jeu dans le phénoméne de contention, pour
ensuite proposer desodeles prédictifsles pressions induites par la contention sur les membres
humains. Le programme de recherche mis en place pour atteindre cet objectif se décompose en
deux phases distinctes relativement indépendantes.

La premiere phase consiste a prévoir, par une modélisation et des essais adéquats, le comporte-
ment non-linéaire orthotrope bidimensionnel du tissu constitutif des articles de contention. En col-
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laboration avec Ganzoni France SA la caractérisation du comportement des tricots élastomériques
a débuté, utilisant des méthodes de mesure sans contact disponibles au département Mécanique
et Matériaux. Ces mesures de champ de déplacement reposent sur le traitement informatique de
séquences d’'images. La 'granularité’ naturelle des tricots fait ici office de traceur. Actuellement,

le montage de caractérisation a été concu en s’appuyant sur des simulations par éléments finis
utilisant la loi de comportement élastique non-linéaire identifiée lors de I'étude préliminaire (Fi-
gure3.24). Les premiers essais de mesures des déformations par corrélation d’images nous laissent
entrevoir d’excellentes perspectives. La loi de comportement a identifier est également a I'étude,
notamment afin de pouvoir déterminer les temps de relaxation de ce matériau typiqguement visco-
élastique. De plus, le recours a des méthodes d’optimisation est nécessaire pour I'identification de
cette loi a partir de mesures de champ. Sur ce point les compétences internes au laboratoire seront
mises a contributions, notamment dans le domaine de I'optimisation.

La seconde phase aura pour but de fournir la répartition des pressions sur une jambe modéle, en
s’appuyant sur des simulations par EF incluant des grandes déformations et du contact-frottement
entre surfaces. Pour cette partie, des études préliminaires ont également été menées. Il faut noter
que la formulation de la loi de comportement bidimensionnelle (phase 1) conditionne tres forte-
ment la précision et le réalisme des résultats qui seront issus de la simulation de la contention sur
une jambe (phase 2).
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Conclusion générale et perspectives

L'utilisation rationnelle des composites et des sandwichs repose sur des outils d’aide a la
conception et & I'optimisation spécifiques. A travers la synthése de mes travaux de recherche, jai
voulu faire apparaitre le préalable incontournable a la mise en place de ces ufilebléma-
tique du développement et de la connexion des modélisations de plus en plus fines des composites
Notamment, nous avons vu que ces outils spécifiques doivent s’appuyer d’'une partraoddéss
meécaniqueslécrivant de maniére convenable tesnportements critiquest d’autre part sur des
modélisations du procédé permettant de prendre en compte |'effgadasétres d’élaboration
sur lescaractéristiques initialesles matériaux.

Compte-tenu de I'état actuel des recherches que j'ai menées ou encadrées, les perspectives a
moyen et long terme devront permettre de coupler les différents modeles mécaniques entre eux,
puis avec la modélisation des procédés d’élaboration. Le premier point pourrait aboutir a moyen
terme, lorsque les calculs de microflambage plastique seront étendus au 3D en s’appuyant cette
fois sur des éléments finis standards disponibles dans un code d’accueil. L'approche expérimentale
de ces effets d’échelle est également un probléeme a traiter a moyen terme, a mener en paralléle
avec le mise en place de I'approche numérique multi-échelle. La conception des essais pourra
idéalement s’appuyer sur les modeles qui ont été présentés. A plus long terme, I'approche proposée
devrait permettre d’améliorer de fagon consistante la compréhension du comportement instable des
panneaux et coques sandwichs a peaux composites. Il ne faut toutefois pas perdre de vue que les
applications industrielles sont visées, un effort devra donc étre fourni pour proposer des outils
adaptés aux contraintes industrielles.

Concernant les procédés d’élaboration et la mise en forme, cette activité débute a travers deux
projets de recherche et recoit le soutien de la région Rhéne-Alpes et d’industriels. A moyen terme,
la modélisation duRFI devrait étre complétée en couplant les modeles thermo-mécaniques et
physico-chimiques, aboutissant & un modeéle capable de prévoir I'évolution du matériau au cours
du remplissage et de la cuisson. La distribution et la qualité de I'imprégnation doivent étre simulées
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compte-tenu de l'influence de ce parametre sur les propriétés mécaniques, notamment sous des
chargements déstabilisants. La modélisation des tricots élastomériques en grandes déformations
quant & elle, abordée d’'un point de vu expérimental et numérique, doit apporter a court terme
les premiers éléments de réponses. La difficulté rencontrée dans ces deux approches porte sur les
spécificités des phénomenes étudiés. Dans le cas de la modélisatifl,da modélisation de

la phase de remplissage est critique car les frontieres sont mobiles, et la viscosité de la résine
évolue fortement pendant cette opération. Pour I'étude des tricots élastomériques, le frottement
intra-maille, et entre le tricot et la peau de membres humains, peut étre a I'origine de variations de
comportement, et excessivement complexe a évaluer.

En résumé, I'objectif a plus long terme est de prévoir I'influence des parametres de fabrication
sur I'état initial du matériau, et donc sur les caractéristiques géométrigues et mécaniques initiales
qui pilotent le comportement aux différentes échelles, de fagon encore plus notoire sous des solli-
citations déstabilisantes souvent dimensionnantes. Nous avons mis en place des modeles de com-
portement incluant plusieurs échelles d’observation qui peuvent étre couplés a moyen terme, et des
essais doivent étre mis en place pour appuyer cette démarche multi-échelle. La simulation des pro-
cédés d’élaboration quant a elle débute, mais est confrontée a la méme problématique de mise en
ceuvre simultanée de simulations et d’identifications. D’ores et déja, la connexion des instabilités
et des procédés d’élaboration peut se faire dans le cas particulier des multiaxiaux, semi-produits
utilisés de plus en plus largement, dans lesquels I'architecture mésoscopique ne dépend pas direc-
tement de la simulation des procédés mais peut étre identifiée a partir de 'assemblage des renforts
sélectionnés.
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62 Curriculum Vitee

Etat civil / Coordonnées

Sylvain Drapier
né le 29 juillet 1968, marie, 1 enfant

Coordonnées Professionnelles Coordonnées Personnelles
CentreSMS dépt.Mécanique et Matériaux
Ecole Nationale Supérieure des Mines de Saint-Etienne

158, Cours Fauriel 23 A, Impasse de la Vivaraize
42023 Saint-Etienne cedex 02 42100 Saint-Etienne

Tél : 04-77-42-00-79 Tél : 04-77-47-94-26

Fax : 04-77-42-02-49 Portable : 06-18-41-35-68

mél : drapier@emse.fr meél : sylvain.drapier@wanadoo.fr

Parcours professionnel
Octobre 97 — actuellementMaitre Assistan& 'TENSM.SE, dépt. Mécanique et Matériaux :

— Enseignement : mécanique des matériaux, des solides et des structut@ssi@2"ecycle :
Licence/Maitrise de Mécanique, cursus des Ingénieurs Civils des Mines, DEA Génie Méca-
nique et Génie Civil.

— Thématiques de recherche : (co)-auteur de 13 publications et 25 communications

— instabilités et effets d’échelle dans les matériaux composites a fibres longues et les
sandwichs,

— modélisation de systémes fortement couplibemes émergents
— procédés de mise en oeuvre par voie humide de nouveaux composites organiques

— pressions de contact générées par des tricots élastomériques en grandes déforma-
tions,

— modélisation des contraintes internes de service dans les plaques stratifiées de di-
mensions finies.

— Relations industrielles/universitaires : participant/porteur de projets régionaux (1 en cours, 1
fini) en relation avec des partenaires industriels et universitaires, collaborations industrielles
contractuelles, suivis de DEA/TFE et théses en relation et dans des industries.

Post-Doctorat (Octobre 96— Septembre 97). "Research associate" au département "Aerospace
Engineering" de I'Université de Bristol (Prof. M.R. Wisnom) : modélisation des instabilités dans
les nouveaux renforts NCF pour composites structuraux - collaboration avec Airbus/BAe.

Theése de Doctorat (Octobre 93— Septembre 96)en Sciences pour I'lngénieur, soutenue le
20/09/1996, Univ. de Metz - LPMM / Groupe Calcul de Structures, co-direction des profs. M.
Potier-Ferry et J.-C Grandidier : "Prévision de la résistance en compression des composites a fibres
longues : approche structurelle du microflambage plastiGué% honorable avec félicitations du

jury.

Formation

— 1992 - 93 : D.E.A. Mécanique - Matériaux - Structure, Université de Mdention Bien.

— 1990 - 92 : M.S.T. Conception et Fabrication Mécaniques Assistées par Ordinateurs, Uni-
versité de Metzlention Bien, major de promotion les 2 annges

— 1988 - 90 : DEUG Science et Structure de la Matiére, Université de Metz.



B -

Activités d’enseignement

Les enseignements que j'ai été amené a effectuer, d’abord a l'université de Metz de 1993
a 1996 en tant que moniteur d’enseignement supérieur, puis a 'Ecole Nationale Supérieure de
Mines de Saint-Etienne depuis février 1998 en tant que Maitre-Assistant, portent sur la mécaniqu:
en général et la mécanique des solides et des structures en particulier. Laugmentation graduel
du volume d’enseignement depuis mon arrivée a 'ENSM.SE correspond a la création et la mise
en place d’enseignements divers ( Dynamique, Homogénéisation, Mise en ceuvre des composite
RdM, Mécanique des Structures, ...). Pour la rentrée 2002, je suis chargé de mettre en giace un
scientifique Mécaniquee 120h en ‘2™ année du cursus desgénieurs @ils des Mines (ICM).

L'encadrement de projets d’étudiants et de stages d’étudiants en entreprise est également ul
composante importante de mon implication dans I'enseignement. En paralléle & ces enseignemer
en formation initiale, j'ai également pu aborder par deux fois la formation continue.

B.1 Enseignement dispensé en formation initiale

B.1.1 Synthese des enseignements

Le Tableall.Z sur la page suivante synthétise les enseignements assurés de 1993 a ce jour €
formation initiale, indiquant les intitulés et le volume horaire correspondant, en heure équivalent
TD (h Eq. TD)Y. Le contenu de ces enseignements est détaillé dans le syllabus suivaiiSpage

Dans ces enseignements, les publics visés sont de niveau licence/maitrise (30 a 40 étudiants,
ponctuellement 100 a 120 étudiants), et année 2 et 3 du cycle des ICM (20 et 40 éléves ingénieul
en 2A, et 15 a 30 éleves ingénieurs en 3A). Pour les cours les plus denses (Dynamique, RdV
Homogénéisation), des supports dactylographiés ont été mis en place.

'Heures Eq. TD: 1 hde coues 1,5 h Eq. TD, 1 hde TR> 0,75 h Eq. TD
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64 Activités d’enseignement
Année | Etablis. | Matiére enseignée Niveau | Vol. Ret
syllabus
1093..1998 Univ. Metz Calcul des Structures(93/94 et 94/95)| Maitrise | 64 | [CdS]
Résistance des Matériaux1995/96 Licence | 64 | [RdM1]
début 1998| ENSM.SE gtoensception des Structures CompoT 51/ peA | 27 | [CSC]
Conception des Struct. Composites | 3A/DEA | 27 | [CSC]
1998/1999 ENSM.SE| |nitiation & la CAO 2A 13 | [CAO]
APPEX 1A 3 [APPEX]
Conception des Struct. Composites | 3A/DEA | 18 | [CSC]
Dynamique des Solides&Structures | 3A/DEA | 27 | [DSS]
1999/2000 ENSM.SE Initiation a la CAO 2A 4,5 | [CAQ]
Mise en (Euvre des Composites 2A 13,5/ [MOC]
Eléments Finis et Structures 2A 9 [EF]
APPEX 1A 3 | [APPEX]
Dynamique des Solides&Structures| 3A/DEA | 27 | [DSS]
200012001 ENSM.SE In.sjtak.)ilités des Structures 3A/DEA | 45
Initiation a la CAO 3A/DEA | 2,5 | [CAQ]
Relationspstructure - Propriétés 2A 2,5
Mise en Euvre des Composites 2A 9 [MOC]
Résistance des Matériaux 2A 18 | [RdAMZ2]
APPEX 1A 3 | [APPEX]
Dynamique des Solides&Structures | 3A/DEA | 27 | [DSS]
Homog. et Changement d’Echelles | 3A/ DEA | 22,5/ [HMCE]
Instabilités des Structures 3A/DEA | 45
2001/2002 ENSM.SE Relationsustructure - Propriétés 2A 2,5
Mise en (Euvre des Composites 2A 9 [MOC]
Résistance des Matériaux 2A 18 | [RdMZ2]
APPEX 1A 3 [APPEX]

TAB. 2.2: Synthése des activités d’enseignement par année et par type, et volume horaire cor-
respondant en h Eq. TD. Les enseignements en gras indiquent la création et la mise en place du
module.
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B.1.2 Syllabus des enseignements

[CdS]

[RAM1]

[CSC]

[CAO]

[APPEX]

[EF]

[DSS]

[MOC]

[HMCE]

Calcul des structures, cours/TD/TP, 64 h Eq. TD, niveau maitrise

Objectif : donner aux étudiants les outils et méthodes nécessaires pour étre critiques pa
rapport aux résultats de simulations par €léments finis. Des rappels de calculs variationnel:
(21 h) précédent les cours et TD de RdM qui permettent de formuler des éléments finis
simples (21 h), utilisés ensuite dans des applications mises en place lors de TPs (Abaqus
sur station de travail (22 h).

Résistance des Matériaux, TP/TD, 64 h Eq. TD, niveau licence
Objectif : formuler en TD (30 h) les probléemes de RdM classiques utilisés dans les structure
simples, et les mettre en oeuvre dans des expériences simples (TP, 34 h).

Conception des structures composites, cours/TD/TP, 27 h Eqg. TD, niveau ICM 3A / DEA
Objectif : dimensionnement de structures composite simples (poutres, cylindres) a I'aide
d’outils de RdM et logiciels dédiés puis caractérisation expérimentale, pour ensuite mener
une confrontation prédictions / résultats expérimentaux.

Initiation & la CAO, cours/TD/TP, 14 h Eq. TD, niveau ICM 2A

Objectif : apporter une connaissance élémentaire de I'apport de la CAO dans le métier d’in-
génieur. Présentation des grandes lignes de la CAO, puis utilisation d’'un systeme de CAC
de type parameétrique (Pro-Engineer), couplage avec un code de calcul (ANSYS) pour de
I'optimisation de forme.

Activité Personnelle en Physique Expérimentale, 3 h Eq. TD, niveau ICM 1A

Objectif : amener les éleves ingénieurs, par trinbmes, a construire une réflexion leur permet:
tant de caractériser rigoureusement des phénomenes physiques qui peuvent paraitre alé
toiresa priori. Application au cas du flambage des poutres sur¥h.

Eléments finis en mécanique des structures, cours, 9 h Eq. TD, niveau ICM 2A
Objectif : faire le lien entre la mécanique des poutres et la formulation d’éléments finis.
Rappels, approximations cinématiques, formulation d’élément de type Lagrange et Hermite.

Dynamique des solides et des structures, cours, 27 h Eq. TD, niveau ICM 3A / DEA
Objectif : a I'issue de ce cours les étudiants doivent étre capables de réaliser la mise er
éguation d’'un probleme de dynamique, de le résoudre de fagcon analytique ou nhumérique, €
d’analyser et d’interpréter les résultats obtenus.

Mise en ceuvre des composites, cours/TD/TP, 9 h Eqg. TD, niveau ICM 2A

Objectif : présentation a travers des cours et des TPs, en 15h, des moyens de fabricatio
les plus courants qui peuvent étre mis en oeuvre pour les composites organiques; illustre
I'intéraction entre fabrication et conception dans le cas des composites a fibres longues.

Homogénéisation et méthodes de changement d’échelle, cours/TD, 22,5 h Eq. TD, niveat
ICM 3A/DEA

Objectif : introduire les techniques courantes permettant de relier le comportement d’'un
milieu, & une échelle d’observation donnée, aux propriétés de ses constituants connues a ur
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échelle d’observation inférieure ; propriétés linéaires des milieux périodiques, présentation
des estimations d’ordre 1 et 2.

[RAM2] Résistance des Matériaux, cours/TD, 18 h Eq. TD, niveau ICM 2A
Obijectif : donner les outils de base pour la formulation des problémes de poutres en traction,
flexion, torsion, flambage.

[Proj] Projets "industriels”, de 30 a 50 h pour ICM 2A et de 40 & 120h pour ICM 3A
Objectif : ce travail en binbme permet aux étudiants de traiter un probléeme, de nature ge-
néralement appliqué, dans le cadre d'un des axes d’enseignement. Le réle de I'encadrant
consiste a proposer des sujets renouvelés et a suivre I'évolution du travail, et si nécessaire le
recadrer. Ces projets sont sanctionnés par une soutenance orale

[stage2A] Stage industriel, de 16 semaines minimum ICM 2A
Objectif : ce stage dit d’application technique permet aux €léves ingénieurs de mettre en
ceuvre les concepts scientifiques et techniques introduits durant leur cursus. Le réle du tuteur
consiste trés souvent a conseiller I'étudiant sur son choix de stage, et/ou proposer des stages.
Ces stages sont sanctionnés par une soutenance orale préparée avec I'encadrant. Générale-
ment, dans les domaines techniques, I'encadrant se déplace sur le lieu du stage pour faire
des bilans réguliers de I'avancement du travail.

[TFE] Stage industriel, de 16 semaines minimum ICM 3A
Objectif : ce stage permet aux éléves ingénieurs une immersion dans un environnement pro-
fessionnel. Le role du tuteur consiste a encadrer et/ou proposer des stages, puis a suivre
I’évolution du travail dans un cadre professionnel. Ces stages sont sanctionnés par une sou-
tenance orale préparée avec I'encadrant. Ce type de stage permet également au tuteur de
nouer et/ou pérenniser des relations avec les acteurs du monde économique.

B.2 Activités d’encadrement

Les activités d’encadrement sont intégrées a la scolarit€¢tfée3*m année ICM et peuvent
se décomposer en 3 catégories distinctes : encadrement de fRapgtsencadrement de stage en
entreprise[TFE], [stage-2A), et accueil et envoi d’étudiants en scolarité a I'étranfed-étr],
[Scol-étr]). Ci-dessous le Tabledti3 synthétise ces activités d’encadrement par type et présente
une estimation en h Eq. TD basée sur les mesures horaires en vigueur & 'ENSM.SE. Ces estima-
tions horaires attribuent forfaitairement a I'encadrant 20 % du volume horaire du projet pour des
projets standards (50h) soit environ 10 h Eq. TD, 10 % du projet pour les projets longs (120h) soit
12 h Eq. TD, 4 h Eq. TD pour les TFE, et enfin 2 h Eq. TD pour les stages 2A. .

Les projets et stages encadrés portent sur la mécanique au sens large, appliguée tant aux maté-
riaux et structures homogénes qu’aux composites. La mécanique des fluides est également traitée,
dans les problemes liés aux procédeés d’élaboration notamment. L'aspect modélisation est prépon-
dérant, mais le recours a I'expérimentation est trés fréquent.
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1998/99| 1999/00| 2000/01| 2001/02

Travail de Fin d’Etudes (34T FE] 2 4 1
Stage de DEA + TFE (3A) 1 1
Stage de 2" annégstage-2A] 2 1 1 1
Pré - Travail de Fin d’Etudes (3A - 120[Proj] 2 1 3
Projet 2A et 3A (50h)[Proj] 2 3 2 1
Scolarité d'ICM 3A a I'étrangefScol-étr] 2 3 1 1
Etudiant étranger a 'TENSM.SRcc-étr] 1 1 1 2

hEq.TD | 102 118 167 57

TAB. 2.3: Synthése des activités d’encadrements par année et par type, et estimation des h Eq. T

B.3 Enseignement dispensé en formation continue

— En 1998, formation continue d’un ingénieur de la société Hexcel Composites : Mécanique
des Structures (30 h),

— en 2000/2001¢réation et enseignemedtun 1/2 module CNAM (30h) - Multimatériaux et
Composites Hautes Performances :

— Présentation générale des composites et des multimatériaux (4h),

— Mécanique des composites HP (8h),

— Dimensionnement de base avec les composites - théorie des poutres stratifiées (14h),
— Moyens d’élaboration (4h).

B.4 Synthese

L'ensemble des activités d’enseignement présentées dans cetteEpastisynthétisé dans le
Tableau'.4) ci-dessous en termes de volume horaire par année et par type.
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—1996 | déb.98 | 1998/99| 1999/00| 2000/01| 2001/02
Cours/TD/TP| 64/an 27 43 75 89 86
Formation
initiale Encadrements - - 102 118 167 57
Total 64/an 27 145 193 256 143
Format. continue* 30 30

TAB. 2.4: Synthése des activités d’enseignement par année et par type en h Eq. TD (sauf *,cours)
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Activites scientifiques

Dans cette partie du dossier, les activités de recherche sont présentées derfiagmseed a
liste compléte des publications est quant a elle donnée dans le Cliapége/ / de cette annexe,
mais dans le but de faciliter la lecture du dossier, un tableau synthétique des publications produite
et soumises est proposé ci-dessous (Talileaupage?0).

C.1 Meémoires et diplomes dirigés

Dés mon arrivée au département Mécanique et Matériaux en février 1998, j'ai été impliqué dans
le (co)-encadrement de travaux scientifiques. Aprés avoir participé a I'encadrement d’une thés
soutenue en janvier 2000 (L.Dufort), j'ai co-dirigé une thése qui a été soutenue en novembre 200:
(L.Léotoing). J'assure actuellement la co-direction de trois autres theses. J'ai également encadt
deux DEAs pendant cette période :

— Théses de doctorat soutenues :

— L.Dufort, thése soutenue en janvier 200Btude expérimentale et théorique du gau-
chissement des sections dans les poutres compags#eiipation a I'encadrement
30 % (M. Grédiac),

— L.Léotoing, these soutenue en novembre 20@bdélisation du flambage global, local
et interactif dans les structures sandwich en compressorencadrement: 80 %
(A.Vautrin).

— Theéses en cours, co-encadrement avec A.Vautrin :

— 0.Elbouazzaoui, début octobre 200@odélisation thermo-mécanique et physique du
process de fabrication ddC2 par infusion- lien avec le programme thématique prio-
ritaire NC2 (cf/C.3 Implication / Responsabilités dans des projets de recherche), co-
encadrement 90 %,
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— |. Gaied, début octobre 200Modélisation et prévision des distributions de pressions
générées par les articles de contention sur les membres humains inféaauwslla-
boration avec Ganzonc{E Relations industrielles), co-encadremen®0 %,

— M. Gigliotti, début en octobre 2001Modélisation des contraintes internes de service
dans les plaques stratifiées de dimensions fimiesncadrement 20 %.
— DEAs, encadrement a 100 % :
— A.Pagot, soutenance en septembre 2088ude de I'influence des points de couture
sur la perméabilité de nouveaux renforts multiaxiaux pour composites structuraux

— B.Régis, soutenance en septembre 20Blaboration de composites structuraux par
le procédé RFI : effet de la qualité de fabrication sur les tolérances et les propriétés
mécaniques finales

C.2 Synthese des publications

Ci-dessous est donnée, dans le Tabga&lla synthese des publications et communications
issues des activités de recherche. La liste compléte se trouve au Chaggtoette Annexe 1.

—1996 | 1997 | 1998 | 1999 | 2000 | 2001 | 2002 Total
Revues int. avec CL 1 1 1 3 2 3(+1) || 11 (+ 1 révisé)
Contrib. ouvrage 1 1
Congrés. intinvités 1 2 1 1 1 6
Congrés int. avec actes 2 2 1 2 7
Congrés int. résumes 1 3 4
Actes congrés nat. 6 1 7
Lettre d’'information 1 1
Rapports techn./sci. 3 1 1 2 7

TAB. 3.5: Nombre de communications par année et par type.

C.3 Implication/Responsabilités dans des projets de recherche

— Implication dans un programme 1998/200@s5istance technique a I'étude du dimension-
nement de produits et structures compositegres de la société Hexcel Composites,

— Co-responsable avec le professeur A.Vautrin d’un projet de form&i@/Conceptique
sur 1999/2000 visant faciliter la pénétration des composites dans les PME/PMI en s’ap-
puyant sur les outils informatiquesnené en partenariat avec I'association Mécapodle de
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Saint-Etienne (association locale des industries de la mécanique). Budget global du proje
de 1040 kF, soutien a hauteur de 765 kF du FEDER/FSE sur 1999/2000,

— Co-responsable avec le professeur A.Vautrin d’un programme régional 'Thématique Priori-
taire 2000/2002’ intituléptimisation du procédé de transformation de nouveaux renforts
multiaxiaux pour composites structurauxe département MeM est porteur de ce projet
mené en collaboration avec le L2M de I'Université Claude Bernard - Lyon, le LTSI de I'Uni-
versité Jean Monnet - Saint-Etienne, et la société Hexcel Fabrics située aux Aveniéres (38)
Budget global du projet de 3260 kF, aide de la région de 900 kF.

C.4 Reviewing

Reviewer pour la revulmternational Journal of Fracture 2 articles.

C.5 Organisation / Participation

— Chairman d’'une sessidBomposite Materialsiu 4°™ Euromech Solid Mechanics Confe-
rence, Metz-France 26-30 juin 2000,

— Participation a des jurys de these au département MeM :

— L. Dufort, le 12 janvier 2000Etude expérimentale et théorique du gauchissement des
sections dans les poutres compositésiversité Blaise Pascal - Clermont-Ferrand,

— L. Léotoing, le 26 novembre 20084odélisation du flambage global, local et interactif
dans les structures sandwich en compresskecole Nationale Supérieure des Mines
de Sain-Etienne et Université Jean Monnet.

— Participation a des jurys de DEA au département MeM :

— S. Auvril, le 28 septembre 199@ontribution a la conception d’'une structure de siége
ferroviaire en matériaux compositd3EA Matériaux, Structures, Fiabilité,

— A. Pagot le 21 septembre 2000, et B. Régis le 18 septembre 2001, DEA Matériaux,
Structures, Fiabilité (en 1999/2000, puis Génie Mécanique et Geénie Civil a partir de
2000/2001) - étudiants sous ma direction a 100c%6(1 Mémoires et diplomes diri-
ges),

— J.-C. Minni, le 18 septembre 200&tude de la stabilité dimensionnelle des tissus uti-
lisés dans les circuits imprimés multicouchB&A Génie Mécanique et Génie Civil.

C.6 Sociétés savantes

— Membre de 'AUM (devenue GTT 'Universitaires et Chercheurs’ de I'Association Frangaise
de Mécanique (AFM)) depuis 1997,
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— Membre de I'’Association Francaise pour les Matériaux Composites (AMAC) depuis 1998,
— Membre de I'Association Calcul de Structures et Modélisation (CSMA) en 1995,
— Membre de la European Society of Composite Materials (ESCM) en 1996 et 2002.



-D-

Activites d’administration / Responsabilités

D.1 Responsabilités en enseignement

— Responsable pour le DEA Génie Mécanique et Geénie Civil de 3 cours, communs avec la
3emeannée du cycle ICM

— en 1998/99 et 1999/2000 responsable pour le site de 'TENSM.SE de 'Conception des
Structures CompositefCSCJ,

— depuis 1999 responsable pour le site de 'TENSM.SE de 'Dynamique des solides et des
structures]DSS],

— depuis 2000 responsable pour le DEA de '"Homogénéisation et méthodes de change
ment d’échelle[HMCE].

— Responsable a partir de 2002 d’'axe scientifiqueMécanique pour la 2™ année du cycle
ICM : création et mise en place de cet axe de 120h,

— Responsable pour I&2¢année du cycle ICM de 3 UPs (Unités Pédagogiques)
— en 1998/99 et 1999/2000, Introduction a la CKTAO],
— depuis 1999, Mise en oeuvre des compogitSC],
— a partir de septembre 2002 Mécanique des StrucfiMes].

— Responsable des échanges SOCRATES avec des universités étrangeres - gestion administ
tive, suivi pédagogique et encadrement des stages longs au département MeM :

— depuis 1998, Bristol (GB), Bath (GB),
— depuis 1999, Moscow (Idaho, USA),
— depuis 2000, Naples (Italie).
— Responsable scientifique de la formation d’'un ingénieur de la société Hexcel Composites,
en 1998 (Mécanique des structures / Mécanique des composites - 140 h),

— Membre d’un groupe de travail formé en 1999/2000 pour refondre les enseigneméefit§ de 3
année du centre SMS. Nouvelle option CIME mise en place a la rentrée 2000.

Lvoir Syllabus des enseignements, péée
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D.2 Responsabilités dans le département Mécanique et Mate-
riaux /centre SMS

— Recrutements, en 1999, 2000 et 2001, avec le directeur de MeM (A.Vautrin) des doctorants,

— Animateur en 1999/2000 d’'un groupe de travail de 7 personnes (GT calculs) - choix des
moyens de calculs scientifiques du centre SMS pour les 5 ans a venir.

D.3 Organisation

— Co-organisateur, avec le professeur A.Vautrin, des Journées gigolchation Wiversitaire
de Mécanique (AUM) 98, 8-9 septembre a 'TENSM.SE. Thdmeransfert technologique
entre I'enseignement supérieur et les entreprises de la mécani§uearticipants dont 25
industriels,

— pour décembre 2003 organisation d’un congrés Euromech 4Bernal stresses in poly-
mer composite processing and service, léa collaboration avec l'université Federico Il de
Naples (1).

D.4 Responsabilités collectives

— Représentant élu, en 1995 et 1996, des doctorants au conseil de laboratoire du LPMM, Uni-
versité de Metz,

— Membre élu, 2002-2004, des personnels scientifique€amité de la Recherchale 'TENSM.SE.
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— Prestations pour des PME-PMI lorraines en collaboration avec le CRITT Apollor - Nancy
(40 kF - 94-96),

— Prestations pour un bureau d’étude en génie civil (35 kF - 94-95),

— Adwest OCI - La Tallaudiére (42)
en juin 1999, rapport d’étude "Commande de boite de vitesse : modélisation du contact dan:
les cables de commande et modélisation d’un actionneur électromagnétique”,

— Alstom - Le Creusot (71)

— en 1999, encadrement d'un TFE chez Alstom - "conception d’une transmission courte
en composites”,

— en 1998/1999/2000, représentant de I'Ecole Nationale Supérieure des Mines de Saint
Etienne awCercle Technique Bogi@lIstom / partenaires universitaires).

— Hexcel Composites - Dagneux (01)
— en 1998/1999, assistance technique au développement de produits en composites,
— en 1998, responsable scientifique de la formation d’un ingénieur Hexcel a la conception
de structures composites (Mécanique des structures / Mécanique des composites - 14
h).
— Mécapdle (42) - association d’entreprises de la mécanique du bassin stéphanois
— implication de Mecapdle dans le déroulement des Journées AUM98 dont j'étais I'orga-
nisateur,

— de 1999 a 2000, porteur d'un projet de formation continue 'CAO/Conceptique’ pour
les PME/PMI. Soutien sur 1999-2000 du FEDER et du FSE.

— Ganzoni France SA - Andrézieux (42)

— en 2000, encadrement d’'un TFE sur la modélisation et la caractérisation des tissus
élastomériques en grandes déformations,
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— en 2001, signature d’'un accord cadre de collaboration. Projet de modélisation des dis-
tributions des pressions générées par les produits de contention - soutien de 300 KF
sur 2 ans. Début en octobre 2001 de la these d’l.Gaied en co-encadrement (A.Vautrin /
S.Drapier) sur ce sujet.

— Hexcel Fabrics - Les Aveniéres (38)

— en 2000, encadrement d’'un TFE / DEA (A.Pagot) sur la caractérisation et la modélisa-
tion de la perméabilité de nouveaux renforts cousus (NC2),

— en octobre 2000, début de la thése d’O.Elboazzaoui début en octobre 2000 en co-
encadrement (A.Vautrin / S.Drapier) dans le cadre d’'un programme régional 'Théma-
tique prioritaireNC2 sur 2000-2002.

— British Aerospace (GB) : 2 TFE en 1999/2000 et 2000/2001.
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11. L. Léotoing, S. Drapier, & A. Vautrin. Using new close form solutions to setup design
diagrams and numerical models for the global and local buckling of sandwich béaofs,
Sand. Struct. and Mat2002. Acceptéa paraitre
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teurs,Book of abstracts of the IUTAM symposium Material Instabilities and the Effect of
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A. Vautrin, éditeursProceedings of ICCM12 - Paris 5-9 July 199%age 300 - ref 418 Cd-
Rom, 1999.

S. Drapier and M.R. Wisnom. Investigation of the non-crimped fabrics compressive and
interlaminar shear behaviours. Dans T. Massard & A. Vautrin, édit®ms;eedings of
ICCM12 - Paris 5-9 July 199%age 799 - ref 389 Cd-Rom, 1999.

L. Léotoing, S. Drapier, & A. Vautrin. Closed-form solution for local, global buckling in
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meécanismes de 'endommagement des composites, ENSAM PARIS 30-31 mao|La9s
1995/4.

S. Drapier, C. Gardin, J.-C. Grandidier, & M. Potier-Ferry. Approche numérique non-linéaire
du microflambage dans les composites. Dans L.Zilliox, éditeur, publication Adtds du
12éme Congrés Francais de Mécanique AUM, Strasbourg 4-8 septembrevbd®se 1,
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F.5 Synthese

—1996 | 1997 | 1998 | 1999 | 2000 | 2001 | 2002 Total
Revues int. avec CL 1 1 1 3 2 3(+1) || 11 (+ 1 révisé)
Contrib. ouvrage 1 1
Congrés. intinvités 1 2 1 1 1 6
Congrés int. avec actes 2 2 1 2 7
Congrés int. résumes 1 3 4
Actes congrés nat. 6 1 7
Lettre d’information 1 1
Rapports techn./sci. 3 1 1 2 7

TAB. 6.6: Nombre de communications par année et par type.
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STRUCTURE EFFECT AND MICROBUCKLING
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Abstract

At the present time, it is clearly established that the
compressive failure in the direction of fibers of a
unidirectional ply is not intrinsic to the material but
depends on the structure (stacking sequence, thickness
of the ply and loading). This dependence can be
explained by the appearance of fiber microbuckling.
The purpose of this work is the ‘exact’ calculation of
the microbuckling modes which may appear in the
laminate. Unlike the local models from the literature,
the complete microstructure of a laminate is represented
and the modes are sought in the form of harmonics in
the direction of fibers. The following parametric study
clearly shows the effect of the ply thickness, the
boundary ~ conditions, the loading, the stacking
sequence and the presence of damage, on the mode and
on the critical strain of microbuckling. Moreover, these
results lead to a very reliable homogenized model
which gives the possibility of taking into account the
effect of fiber alignment defects and the appearance of
plasticity inside the matrix. © 1996 Elsevier Science
Limited

Keywords: failure, compression, microbuckling, struc-
ture effect, 2-D models

1 PRESENTATION OF THE PROBLEM

Thirty years of intensive research has permitted us to
understand and model the behaviour of composites,
especially the behaviour of long-fiber laminates.
However, some doubts still remain about the
compressive behaviour and strength in the direction of
fibers in the case of carbon/epoxy composites. The
unidirectional ply presents both stiffness and strength
losses in compression by comparison with traction. At
the present time, there remain problems in experi-
ments, modelling and understanding of phenomena.

1.1 The problem seen from the experimental side

From the experimental point of view, it seems difficult
to measure the failure stress precisely with available
compression devices; moreover it is not reasonable to

*To whom correspondence should be addressed.
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dissociate the measured strengths from the tests used.
On the other hand, the results of bending or
bending—compression tests are less scattered and the
devices used in different laboratories lead to similar
values.' From these studies, it appears that the
compressive failure strain of unidirectional ply
composites depends on the stacking sequence of the
specimen and on the loading, since the failure data are
generally greater in bending or bending—compression
than in pure compression. In brief, the failure data of
unidirectional composites are not intrinsic to the
material but depend on the structure (stacking
sequence of the laminate and applied loading).

1.2 The problem seen from the modelling side
Initially, authors have tried to model the loss of
strength that was observed in pure compression tests.
The first model was proposed by Rosen:* in his
opinion, this phenomenon is due to the appearance of
a local instability process: fiber microbuckling. Using a
model constituted by a superimposition of stiff and
soft layers, he showed that when instability occurs, the
stress is approximately equal to the effective shear
modulus, G, in the plane of fibers. The comparison
with the experimental data is not satisfying because
the critical strains are markedly greater than the
experimental failure strains. Following Rosen, authors
have tried to decrease the critical load by taking into
account initial fiber misalignments, physical matrix
non-linearity and/or damage at the interface.>”’
Unlike Rosen, Budiansky® considered that the yield
stress corresponds to the arising of a plastic instability
in the matrix, which appears in the form of a shear
band. This approach is based on the existence of an
initial alignment defect which produces a shear stress
inside the matrix. Some authors improved on this
model by adding an elasto-plastic law® and fiber
bending. The correlation between the predictions
given by these models and the experimental failure
stresses is good. However, some questions remain,
because these models are local and cannot account for
the structural effect that is established by the
experiments (in particular, it is not possible to
estimate the microbuckling wavelength). Conse-
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quently, previous results cannot be used as local
failure criteria for laminates submitted, for example,
to mixed compression-bending.

Thus, it is essential to integrate the influence of the
mesoscopic scale into the model. The basic idea is that
the instability (mode and critical load) which appears
in a ply is influenced not only by the presence and the
stiffness of neighbouring plies,>'® but also by the stress
distribution. Different models®®'* express naturally
the critical microbuckling stress and the wavelength in
the direction of fibers as explicit functions of the
boundary conditions imposed at the mesoscopic scale.
In these studies, the shape of the mode through-ply
thickness is given a priori. In order to fill this gap, we
have developed a numerical model where the
complete microstructure of the laminate is discretized.
Our objective is first to characterize correctly the
microbuckling modes, and secondly to propose a
homogenized model with the idea of introducing the

****** —effect of initial defects and matrix plasticity on the

instability.

2 A MODEL TO COMPUTE THE EXACT
MICROBUCKLING MODES OF THE
COMPLETE MICROSTRUCTURE

2.1 A classical model of the microstructure

Because it is not possible to perform a parametric
study by using classical tridimensional finite elements,
the modes are sought in the (x,x,) plane, where x; is
the principal direction of loading (0°) and x, is the
transverse direction through-the-thickness. The 0°
plies are represented by a 2-D superimposition of stiff
and soft layers (fiber/matrix), and their thickness is
chosen according to the real microstructure. More
precisely, the thickness of stiff layers is equal to the
diameter of fibers, and the thickness of soft layers is
chosen in order to obtain a laminate whose volume
fraction of fibers, f, is the same as in the real ply. As
for the 90° or 45° plies, they are represented by an
equivalent homogeneous material, whose characteris-
tics are calculated by use of the mixture rule. The
constitutive laws of each material in this laminate are
supposed linear, elastic and orthotropic (Fig. 1). The
limit of stability of an equilibrium state is reached
when the quadratic part of the potential energy, P,
changes sign, that is to say when 8P, =0. In the
framework of linear buckling, the quadratic part of
the potential energy reduces to:

Pz = - /\J’ '}'L(xz)’}’pre-bucklingds
2-D

+ % LDSL(xZ)edS 1)

where 2¢=‘Vu-+Vu and 2y ='Vu-Vu (u being the
increment of displacement towards the equilibrium
position). The term Ypre-vucking 1S the strain tensor at
equilibrium and A is the load parameter. Two different
pre-loadings are considered in this study (Fig. 1): a
pure compression state (constant strain through the
thickness) and a bending loading (linear strain in the
compression zone).

In the case of long-fiber laminates, the length of the
specimen in the x, direction of fibers is much greater
than the thickness in the x, direction. It is then
possible to work within the context of cellular
instabilities and search harmonic modes in the x;
direction:

{u(xl,xz) = U(xy)coskx; @
v(xl,xz) = V(xz)sinkx1 )
where k denotes the wavenumber and U(xz), V(x2)
the amplitudes of the displacement field. The
bifurcation criterion leads to a unidimensional
eigenvalue problem, where each layer of the material
represented in Fig. 1 is discretized onmly in its
thickness. For each prescribed value of the wavenum-
ber, the first eigenvalue, A, is computed. The
minimum of the neutral stability curve, A.(k),
corresponds to the critical load and the critical
wavenumber of microbuckling.

2.2 Structure effect and microbuckling

2.2.1 Effect of the loading and the boundary conditions
The amplitudes U(x,) and V' (xz) of the microbuckling
mode are plotted in Fig. 2 in the case of a
unidirectional ply whose characteristics are given in
Table 1.

In Fig. 2(a), the stack is submitted to compression,
and only the bottom face is clamped. A boundary
layer is observed near the top face, concerning
principally the amplitude U. Inside the ply, U is nearly
periodic in x,, and V is nearly linear in x,. U is
distinctly lower than V.

In Fig. 2(b), the top face is clamped too, which
changes the shape of the mode. More precisely, the
amplitude V(x,) is similar to the function
sin (7mx,/thickness). This result is in good agreement
with the shape of the mode proposed by Grandidier.®
But in the case where only the bottom face is
clamped, Grandidier supposed the mode of the shape
of sin (mr,/2 X thickness), which is partly false.
Indeed, the characteristic length in the clamped-iree
case is much greater than twice the thickness (see Fig.
2(a)).

A bending loading has also been considered and the
corresponding microbuckling mode is represented in
Fig. 2(c) (only the bottom face is clamped). This is a
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Table 1. Mechanical characteristics of the unidirectional
ply

Isotropic matrix  Anisotropic fiber

Ey=45GPa E;=240 GPa, Volume fraction,
Es=15GPa f=0-625
Gy =16 GPa G;=92 GPa Diameter of fibres,
df =10 Mm
v =04 V=03 Ply thickness,
h =1600 um

new result which, to our knowledge, has never been
presented in the literature.

To each of these modes correspond a critical strain
and a critical wavelength. These values are given in
Table 2, which shows the effect of the boundary
conditions and the loading. The critical strain of
microbuckling is greater and the wavelength lower
under bending than under pure compression.

2.2.2 Effect of the thickness

A whole series of computations has been performed
on the same unidirectional composite (UD) with
different thicknesses. It is evident from Fig. 3 that the
critical strain and wavelength are strongly dependent
on the ply thickness in both cases of boundary
conditions. For any thickness, the critical strains are
higher in the clamped-clamped case than in the
clamped-free case.

It is clear that the boundary conditions have a great
influence on the critical strain level when the ply
thickness is small. But when the ply thickness is
greater than 500 um, the strains tend to the value
given by Rosen’s model* (€uit rosen = 2:8%). Indeed,
Rosen considers an infinite and perfectly periodic
medium, and clearly shows that, sufficiently far from
the faces and for large thicknesses, the displacement
field is periodic (see Fig. 2). On the other hand, when
the thickness decreases, the boundary conditions
provide sizeable boundary layers, and the result is an
increase in the critical strain. More precisely, the
transverse strain, &,, in the matrix plays a more and
more important part when the thickness decreases.
That is the reason why the critical strains increase and
become different from the strain obtained by Rosen,
who neglects the effect of the ey strain on the
microbuckling. We note that this effect of the
transverse strain on the microbuckling is taken into
account in some models.>'*!

2.2.3 Effect of the stacking sequence

Three different stacking sequences are considered:
[UDJs, [904,04] and [90,0]4 of T300/914. These three
laminates have the same thickness and the same
boundary conditions (free top face and clamped
bottom face). The modal amplitudes are plotted in
Fig. 4. It is noted that the 90° layers behave like elastic
supports in the x, direction. According to this feature,
microbuckling appears unexpectedly in plies within
the laminate. On the other hand, these 90° plies make
the axial displacement u(x,,x,) concentrated in the 0°
neighbouring plies. Also the critical strain is closely
related to the thickness of the 0° ply nearest the free
face. The critical strains are always greater under
bending than under compression. From a qualitative
point of view, this agrees with the experiment.

2.2.4 Effect of the mechanical characteristics of the
matrix

A set of computations was performed with different
mechanical characteristics of the matrix. It turns out
that the critical strains decrease as the matrix stiffness
(Eyy and Gyy) decreases as well. However, the
variations of the critical strain and wavelength as a
function of the ply thickness are similar in all cases of
matrix characteristics. In the case of thick plies, all the
critical strains tend to the value obtained by Rosen,*
which decreases when Gy decreases as well,

The influence of an initial localized damage in the
matrix was also studied. It turns out that the mode is
very disturbed, and that in some particular situations
such as superficial damages, the presence of damages
can inhibit the effect of the stacking sequence. The
critical strains depend not only on the number of
localized damages but especially on their position. In
the case of superficial damage, the critical strain can
reach a value less than 1%. This result explains the
external microbuckling that we observed on
glass/epoxy specimens badly polymerized on their
faces.

2.3 Discussion

A 2-D heterogeneous numerical simulation of linear
buckling has permitted us to derive original
microbuckling modes and to study the influence of
many parameters (geometry, boundary conditions,
stacking sequence and defects) on the instability. But

Table 2. Critical strain and wavelength of the unidirectional ply

Compression, Compression, Bending, clamped
clamped bottom clamped bottom bottom face
face and top faces
Critical strain 0-028 0-030 0-033
Wavelength (um) 654 427 390
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Fig. 3. Critical values versus thickness of the UD under compressive loading: (a) critical strains and (b) critical wavelengths.

the efficient prediction of the compressive failure of a
real composite will only be possible by including the
effect of fiber initial misalignment and the effect of the
matrix non-linear behaviour (plasticity) in the
microbuckling mechanism. As it is not reasonable to
keep a complete description of the microstructure in
the modelling of a real laminate, we propose a 2-D
homogenized model developed from the previous
analysis. It allows us to understand properly the
structural effects and can easily be developed with the
aim of integrating the effects of defects and plasticity.

3 A HOMOGENIZED MICROBUCKLING

MODEL
3.1 Presentation of the homogenized model

After careful examination of the modal strains
computed by complete discretization, we suppose, as a
first approximation, the following:

* In the fiber, &, and S, are quasi-linear in x,,
and the shear stress, Sj,, is neglected in
comparison with the main stress, S;;. Thus, the
fiber is submitted to a bending-compression

state and its displacement field is of the
Bernoulli type. Consequently, it is classical to
split up the strain energy into a bending energy
plus a membrane energy.

* The strains are supposed constant in x, in the
matrix and in the fiber (only for the membrane
part) as well. So as a first approximation, the
following identities are assumed:

el = 8“‘*‘““—(810—6?1 3
a3 =0 (a=12) 4
()= €5 (U= f); (end="m  (5)
and
(er) = (: uz aii)

The pre-load tensor is calculated by use of the
mixture rule, but as the fiber stiffness is much greater
than the matrix one, the pre-buckling stresses are
neglected in the matrix. Accounting for all these

1000 .
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=]
ol
=
200+ -1
0 I T T T 1 | —
(a) ®)

Fig. 4. Modal displacements for 1000 wm thick laminates under compressive loading: (a) [UD]s, (b) [90,, 0,] and (c) [90,0]..
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results, the quadratic part of the homogenized
potential energy is written as follows:

p=1 f (e)LEomSS(e)ls — - j \Eqed (¢ )(iz-‘ifds
2—2 D equiv 2 2.D1 fEII\A2, ale

2.\ 2
o[ fEn()as ©

2)p ax
_ \/E
gf S;

where

7

and ngg{ﬁé’g is the stiffness tensor of the homogeneous
material equivalent to the UD ply. The term (e)
represents the mean microscopic strain tensor in the
matrix, and the mean membrane strain tensor in the
fiber. The bending energy developed by all the fibers
is distributed in the 2-D domain.

3.2 Resolution of the stability equations in the case
of a constant load through the thickness applied on
a unidirectional ply

In the case of a UD ply submitted to pure
compression, an analytical solution of the stability
equations was obtained by divicing the problem into
three parts: two problems in the boundary layers near
the top and bottom faces, and the third inside the ply.
The critical stress and the corresponding wavenumber
are expressed as:

Eu n
Ko = 6/(1 T = NE; \/;T @

O'ﬁb-er = GM + EMEf 15_
TOfa-f) NA-vfU-HH

It is important to remark that the thickness, H, is a
direct function of the boundary conditions imposed on
the two faces of the ply. We have already introduced
this characteristic length,® but now H can be derived

and

@ry) (8

__analytically.

4 RESULTS AND COMPARISON BETWEEN
THE TWO MODELS OF MICROBUCKLING

The results of the homogenizec model are systemati-
cally in very good agreement with the results of the
complete discretization, for any thickness and
boundary conditions. As for the mode, the mean
distribution of the displacement through the thickness
is well represented by the homogenized model. The
homogenized model describes correctly the distribu-
tion of the displacement in the boundary layer near
the top face, although the thickness of the boundary
layer is small in comparison with the heterogeneity

size. The critical strains obtained by complete
discretization and by the homogenized model are very
close together for thick plies, while a slight difference
is observed for thin plies (<200 wm). This is due to
the presence of the boundary layer. The comparison
between the wavelengths obtained by both models is
excellent.

5 CONCLUSION

The results confirm the ideas that we have been
defending for several years®'? and throw new light on
the concept of microbuckling, which had not very
much advanced since the work of Rosen* and
Budiansky.®? It is clear that microbuckling is a
structural instability which strongly depends on the
geometry of the laminate and on the loading
through-the-thickness. With that kind of structural
model, it becomes evident that the failure mechanism
depends on the stacking sequence, on the thickness of
the specimen or on the loading. This means that the
idea of failure strain ‘intrinsic to the material’ must be
given up, since on the one hand it is established that
the failure yield depends on structural data, and on
the other hand that the fiber strength estimated by
Grandsire-Vingon® is very high (failure strain from 3
to 4%), thus much greater than the strength of
to 4%), thus much greater than the strength of
laminates (about 1% in compression, a little more
than 2% in bending).
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Abstract — The compressive failure of long fibre composites is tackled as a structural instability that is initiated by plastic microbuckling. A
homogenised model is proposed to take into account the fibre initial waviness, the non-linear matrix behaviour and some structural effects. The
problem is formulated at the ply scale by using a two-scale displacement field and a specific finite element is developed to reduce the extent of
computations. This numerical tool permits us to rapidly determine the failure of various unidirectional ply configurations by use of a maximum
load criterion. The results establish the influence of some structural parameters on the compressive failure strains, as has been observed in related
experiments. They also explain the high compressive strength achieved under flexural loading. © Elsevier, Paris

long fibre composite / numerical model / compressive strength / structural instability / compressive failure

1. Introduction

The compressive strength of long fibre composites has given rise to numerous articles. It is now well
established that failure in the fibre direction is initiated by fibre microbuckling, which leads in a catastrophic
way to the emergence of a kink band. The main parameters influencing this mechanism are the matrix non-linear
behaviour and the fibre initial waviness. The models proposed in the literature correctly take into account these
two phenomena. Yet this local instability seems to be also strongly influenced by some structural parameters
such as the stacking sequence, the gradient of longitudinal loading across the thickness and the ply thickness,

1.1. Microbuckling model

The first approach, presented by Rosen in 1964, showed that in an elastic framework the microbuckling
stress is approximately equal to the composite shear modulus. Since this value is much greater than those
experimentally observed, it became necessary to take into account the presence of fibre initial curvature and
the matrix non-linear behaviour. Argon (1972) and later Budiansky (1983) estimated the load leading to the
catastrophic emergence of a kink band in a fibre bundle having an initial inclination angle ¢y with respect to
the 0° loading axis. In this way, they established a failure criterion including the effects of both the imperfection

* Correspondence and reprints
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and the matrix plasticity. In Budiansky’s article (1983) the matrix is supposed to be elastic perfectly plastic,
which results in the failure stress expression

G (1)

o =
142
Ty

where v, is the composite shear yield strain and G its shear modulus.

Later, Budiansky and Fleck (1993) improved this expression by introducing a strain hardening law, and Fleck
et al. (1995) added the fibre bending stiffness in the mode]. Recently, some micro-heterogeneous numerical
modelling approaches have confirmed the influence of the fibre imperfection coupled with the matrix non-linear
behaviour (Effendi, 1993; Fleck and Shu, 1995; Kyriakides et al., 1995) on the compressive strength.

1.2. Comparison with experiments

By adjusting some parameters such as the initial imperfection magnitude and the matrix constitutive law,
the models discussed above yield strength values comparable to those measured with various pure compression
devices. Nevertheless, failure values observed experimentally indicate that failure may also be influenced by the
parameters at the component scale. For instance, Grandsire-Vingon (1993) clearly showed that for UD plies the
compressive strength depends at the same time on the type of loading prescribed and on the laminate stacking
sequence (figure 1). The failure values are greater in bending than those measured under compression. In fact,
this can be assigned to the gradient of longitudinal strain across the ply thickness (Grandidier et al., 1992;
Wisnom, 1992, 1997). Moreover, Wisnom (1991) experimentally established that the strength under compression
also depends on the ply thickness. These results bring to the fore the effects of the stacking sequence, the
type of loading and the ply thickness on the compressive strength. The influence of these parameters will be
grouped under the generic term effect of the structure, or similarly ‘structural effects’. 1t is one of the key
elements of compressive failure, yet none of the models to date is able to properly account for this effect.
Indeed, micromechanical models are basically only local ones whereas micro-heterogeneous models would
induce prohibitive computation amounts.
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Figure 1. Ultimate compressive strain of an outer UD ply in a laminate versus stacking sequence and experimental device. The material
is a carbon/epoxy T400/6376 (from Grandsire-Vingon, 1993); —O— buckling device; —a~— bending device; —[}— pure compression.
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1.3. Models with structural effects

Following the previous remarks, the microbuckling approach must be carried out at the scale of the ply
thickness, also referred to as the mesoscopic scale. Recent works (Grandidier and Potier-Ferry 1990; Grandidier
et al. 1992; Gardin and Potier-Ferry 1992; Drapier et al. 1997) have shown that provided the mode is variable
across the ply thickness and the fibre bending stiffness is taken into account, the structural effects appear
naturally. The wavelength in the fibre direction and the critical compressive stress are then explicit functions
of both the conditions on the ply boundaries and the ply thickness. Schaffers (1977) was the first to propose
a model including both transverse shear effect and fibre bending by studying a fibre bundle. Swanson (1992)
proposed a similar model, including fibre initial curvature. The solution obtained by the Rayleigh—-Ritz method
provided results which described pure compression test results quite well (Swanson and Colvin, 1993).

It is clear that in these structural models the characteristic transverse length plays a major role. Up to now, it
was introduced in the solution which was sought as an analytical function that also depended on the ply thickness.
Yet this evolution of the solution across the thicknes, which actually depends on structural parameters, was
given a priori. This restriction has been removed by Drapier et al. (1996), who clearly established the influence
of the ply thickness, the stacking sequence and the loading on elastic microbuckling. The present paper can be
considered as an extension of that analysis in the plastic range in the presence of initial geometrical imperfections.

In the study conducted by Kyriakides et al. (1995), the entire microstructure is also discretised. By doing
so, the influence of the material parameters and the effect of the structural parameters could be taken into
account. However, the computation times required to solve these non-linear problems are very large because
of the vast number of degrees of freedom. We shall establish that similar predictions of failure strains can be
addressed with the help of a homogenised model.

In the present paper is introduced a numerical model able to predict the occurrence of fibre microbuckling,
and thus provide the failure loads of long fibre composites with low computational cost. It provides a means
of accounting for both fibre waviness and matrix non-linear behaviour. By comparison with the most complete
models (Kyriakides et al., 1995) three kinds of simplification are made. First, the basic equations are those of a
homogeneous continuous medium; but when introducing the fibre bending stiffness, the resulting equations look
like those of a Cosserat medium (Cosserat and Cosserat, 1909). Secondly, the local character of the instability
is taken into account by introducing kinematics with two scales. This finally enables us to apply a Ritz method
in the fibre direction coupled with a finite element discretisation across the composite thickness. In the present
article the numerical applications are limited to instabilities appearing in single plies. These first results explain
qualitatively why the failure strain is not the same under bending as under compression, and how the latter also
depends on the ply thickness. To complete this work, an extensive quantitative comparison with both existing
models and experimental results will be presented.

2. Local formulation of the microbuckling problem

In this section, we introduce a non-linear microbuckling model wherein the effects of the initial waviness
imperfection, of the matrix non-linearity and of the structure are taken into account. A formulation of the
problem at the mesoscopic scale is established. Its advantage is to allow a simulation of the non-linear evolution
of microbuckling at the ply scale with limited computational effort.

2.1. Formulation of the problem including imperfection and non-linear constitutive law

It is assumed that the microstructural behaviour can be represented by an equivalent homogeneous medium
upon which is distributed the fibre bending energy. This modelling approach of the heterogeneous medium is



72 S. Drapier et al.

similar in idea to that proposed by Fleck and Shu (1995). These authors have used a Cosserat medium to predict
the bidimensional development of a kink-band. Various justifications of this representation have been presented
within a linear buckling analysis, (see Gardin and Potier-Ferry, 1992; Drapier et al., 1996).

As we aim to examine the effect of some structural parameters on plastic microbuckling only up to the
onset of instability, it is assumed that the rotations in the medium remain moderate. On the other hand, many
authors have established that the longitudinal loading gradient across the thickness and the ply thickness itself
are two parameters which greatly influence the mechanism. Consequently, for this study we place ourselves in
the general framework of a bidimensional problem expressed for plane stress in Lagrangian configuration.

In the following, the fibre direction is denoted e;, the transverse direction ez, and the corresponding
displacement components are « and v. Stresses are represented with the aid of the second Piola-Kirchhoff
tensor identified by S. As far as strains are concerned, the Green-Lagrange tensor denoted by ~, corresponding
to moderate rotations, is used. The medium equilibrium is satisfied via the principle of virtual works. The
virtual displacement field is denoted by &u, and the virtual strain tensor by §y(u). As has been mentioned,
the microstructural behaviour is represented by an equivalent homogeneous medium upon which is distributed
the fibre bending. In this framework, the virtual work of the internal efforts (P, (6u)) is expressed in the
following manner

2
Pine(bu) = —/ {fmfé,—az—v +S- 57}d9 )
0 oy '

The first term, where f is the fibre volume fraction, represents the virtual work developed by the internal
efforts due to the fibre bending moment (my) that was previously distributed on the whole domain. The second
term corresponds to the work developed by the in-plane internal efforts. It is assumed that the virtual work
of the external efforts is a linear form, denoted by < >, of the virtual displacement field. Its expression is
that of a classical medium

Pext(au) - <F7 éu) (3)

where vector F represents the set of efforts applied to the medium. Concerning the strain tensor, we have
chosen to reduce the non-linear part to the only component in the fibre direction, for the other terms induce
computation amounts that are too large in comparison with the limited additional accuracy they bring about

ou 1( Ou + Oy ) 1/ 8 \2
_ NL _ | On 2\ dzy ' Oz _(_”> 0
2\ 0xy O 372
In what follows, derivatives with respect to the fibre direction are denoted
0 92
r_ Y " _
()= o and () Py

In the presence of a geometric imperfection, represented by function vo(x) defining the 2-D distribution of
initial fibre position, the Green-Lagrange strain tensor is expressed in the following manner

ou 1 ( Ju ov

T s\t 35— 1/ 0v\? v oy
NL O, 2\ 01y = Ox ) == 2270
y(u) = e(u) + ()™ = |, <8u 81}) 2 BWTI + (2 <aw1) * 927 9y 0) (5)
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where v is now the fibre transverse displacement taken from the initial position defined by wvy. Using the
symbol ® for the tensorial product, the strain tensor is written

Y(u) = e(u) +y(w)i)er @ ey ©)
and the corresponding virtual strains are given by
by(u) = de(u) + (v + v))dv'e; ® e @)

The constitutive behaviour is modelled by a non-linear relation between homogenised stresses and strains.
We use the following general expression

S(7) =L(y) -7 (8)
This relation is built by homogenising the matrix and fibre mechanical characteristics. Details of this operation
are presented in Section 3.4 [see (45)]. To build this homogenised law we have chosen to represent the matrix
behaviour by a non-linear isotropic law of ‘deformation theory’ type. This simplistic law does not account
for some potential unloadings, but it was checked subsequently that the loading continuously increases in the
matrix whereas unloadings take place only in the fibres. Moreover, this law is known to be more reliable for
describing pure bifurcations in the plastic range (Hutchinson, 1974). So the constitutive modelling seems to be
the best possible approach in the small imperfection case. According to the current practice in structural stability
analysis, a flow theory could have been applied in the large imperfection case. As for the fibres, they are
supposed to have an elastic linear behaviour, as it has been shown that taking into account the fibre non-linear
behaviour would not affect the failure mechanism (Kyriakides et al., 1995). Consequently the bending moment
distribution my is related to the curvatures by the following classical relation

mg = Efr;fv” )]
where Ey is the Young’s fibre modulus and 7 its gyration radius (Gardin and Potier-Ferry, 1992).
Finally, the equilibrium in presence of fibre imperfection and for non-linear matrix behaviour is expressed as

- / {f Esr2po” 80" + 8(7) - 8 + S11(7)6% L 12 + (F, u) = 0, ¥ bu (10)
2

On the basis of this first formulation of the problem, it is possible to characterise the non-linear microbuckling
development. However, this instability is a short wavelength phenomenon when compared to the macroscopic
dimensions, and the discretisation of the problem as it is presented above would require too many degrees of
freedom to enable a parametric study to be made. Consequently, it was chosen to formulate the microbuckling
problem at the mesoscopic scale by introducing kinematics with two scales

2.2. Two scale kinematics

The solution of the microbuckling problem is sought under the form of a displacement evolving on the
structural scale (denoted ug), very locally modulated by a displacement evolving at the ply scale (denoted

uy) (figure 2)
u(x) = ug(x) + ur(x) (11)
When introducing the displacement field (11) in the strain tensor (6), we get a new form of the strain tensor
v(u) = e(ug) +=(ug) + y(ug + uL)ll\IlLel ® ey (12)

and the virtual strains from (7) are presented by

dy(u) = be(u) + (v + v + vh)dv'e; ® e (13)
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u(x) = ug(x) + u (x)

Figure 2. Scheme showing microbuckling in a ply under bending and associated displacement field.

Then the structure equilibrium is written as
/Q{fEfr;fvg;év” + fEffrgf’UZ(Sv” + S(7) - be + S11(7) (vl + v + v))ov' }dQ
—(F,6u) =0, Yéu

(14)

2.3. Mesoscopic formulation of the microbuckling problem

As has been experimentally shown by Paluch (1994), the fibre imperfection wavelength has the order of
magnitude of the ply thickness. The structure being assumed perfect at the global scale, the only imperfections
in this problem are the fibre curvatures which influence only the evolution of the local field. From this remark,
we define the global equilibrium as the response of the structure without any imperfection where the local
instability is disregarded. Hence the global field ug is a solution of

/ {fEfTZfUIC’;&U" + S(v(ug)) - e + Su(v(ug))vgév' }dQ — (F,u) = 0, V fu (15)
2

The first term of this expression represents the virtual work of the fibre bending moments induced by a
displacement field evolving at the global scale. In classical laminate theory, this effect is neglected and the
global field can be computed by a classical finite element code.

Simultaneously, the equilibrium related to the overall displacement field (10) and the equilibrium related to
the global displacement field (15) must be verified. Consequently the local displacement field is a solution
of the following problem

/{;{fEfr;va(sv" +[S(7) = S(vg)] - e + [S11(7) (vg + v + vp) — S11(v6)vE]6v' YR =0, Véu  (16)

obtained by making the difference (14)-(15) and where v stands for v(ug).

We define the stress associated with the local microbuckling problem (denoted S;) as the difference between
the total stress (S(7)) and the stress corresponding to the solution of the global equilibrium problem (S(va))

St(v) =8(7) = S(e) amn
Then the local equilibrium (16) is expressed in the following manner

/Q{fEfv"ﬁfvéiév” +8.(7) - e + [Su(ve)(vp + vp) + Spi1 (V) (vg + v + vp))6v' }dQ =0, Véu  (18)
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2.4. Assumptions

It is assumed that even if the structure is extensively deformed (bent), the global curvature remains much lower
than that induced by the fibre microbuckling which was observed to be a very short wavelength phenomenon
(see figure 2)

’ /
s
Then the local longitudinal stress term is approximated by
Stu(Y)(vg + v +v5) = Seu(y)(vy, + vp) (20)
Thanks to these assumptions, we can also express a new form of the strain tensor
() = etue) + etu) + [ () + (% +soh) Jer s @
which can be rewritten as follows
v(u) = e(ug) +16(ue)™ +e(ur) +yz(ur) (22)
or
v(u) = ya(ug) +vr(ur) (23)

In what follows, the virtual displacement field is taken as the local displacement field variation (du(x) is
noted éuy (x)). When introducing these notations in the local equilibrium (18), and putting together the local
stress terms, the problem to be solved is finally written under the form

/ {fEfrzfv’L'(Swg +Sz(va,7L) - 67 + S (ve ) (v + vp)év; }dQ = 0, V duy 24)
Q

The constitutive law associated with this local problem is given by
S(v) =L(7) .7 }

25
Sr(ve:vr) = 8(va + 1) — S(va) 2

We notice that in this formulation the external loading does not appear any more, and that it is sufficient
to know the global displacement field ug for the ply scale problem to be solvable. In what follows, the
macroscopic displacement field corresponds to compression or bending—compression states. Moreover, when
placed within the framework of cellular instabilities, as previously suggested in Drapier et al. (1996) the local
problem can be solved in a reduced domain corresponding to a multiple of the wavelength because the effect of
the boundary conditions in the fibre direction does not influence very much the local response of the medium.
In order to solve the problem on the local scale, we use a numerical method of finite element type a description
of which is presented in the following section.

3. Numerical description

In this part we describe the non-linear numerical features implemented to solve the local problem associated
with microbuckling. First the incremental problem is formulated in displacement, and then a specific finite
element is presented. The discretised problem is solved in a classical manner with an ‘arc-length’ method to
deal with the limit points both in load and in displacement.
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3.1. Prescribed loading

To simplify our approach, we assume that the global problem is solved and that the global strain tensor is
restricted to only the longitudinal component, which is sufficient to represent bending and compression states

Y6 = YG11€1 ® el (26)
The global stress tensor is related to the global strain tensor by the constitutive relation (8). It can also be
assumed uniaxial since the transverse stiffness is very small when compared to the axial stiffness

S(vg11) = e1 ® etLini(veu)ven 27

3.2. Literal formulation in displacement

To solve the non-linear geometrical and material problem, a classical iterative method associated with a
Newton type linearisation is used. The loading is successively incremented and the solution of the corresponding
equilibrium is sought from the linearised problem. The incrementation is introduced by a load parameter A
applied on the global strain prescribed in the fibre direction

16 = ve11(z2)er ® e1 = My (z2)e1 ® e (28)

The local problem to be solved, also called residual, is expressed in the form

U(ug, M dur) = / {fEsr2pvidv] +Sc(vg, L) - 6y0}dQ+ /Q {S11(7a) (v + vp)bu }Q (29)

With a Newton linearisation, we shift from a steady state A defined by (uz(A), A4), to a neighbouring steady
state (uz(B),Ap) by the following relation

B‘If(u,; A; OuL)
dur,

Blll(uL, A;dur)
oA

We respectively note the stiffness matrix and the right-hand side term of the incremental problem in the form

oV(ur, A; éu
__%___L_) |AAUL = kf('llL (A), )\47 6uL7 AUL)
\ (G

¥ (ur, A;éu
—(—%/\——-—QIA = fa(ur(A);éur)

In our case, since the global displacement is fixed, only the local displacement can vary, i.e. Ayg = 0. The
stiffness matrix and the right-hand side term are put in the form

V(ur(B),Ap;éur) = ¥(ur(A4), As;6ur) + |4 Aug + [AAA+ ... (30)

ky (uL,/\'é'uL,AuL)

= [ A7 B Ao + A1, )] 071 + 8206, 7) - Aloe) + Sna(r6)Avk v aa - (32)

oS , X s .
MHlup;dur) = /Q{—L(gf'%) by + —ugzcu) (vp + vp)bvr } dQ (33)

If LT (v) stands for the tangent constitutive law deduced from L(+) the constitutive law of the equivalent
homogeneous medium, the local stress increment and the right-hand side term are obtained by using (25)

98(vye + 1)

9 Ay =L (g + 1) - Ay (34)

A[Sr(ve,vL)] = AlS(vg +1) — S(ve)] =
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98.(va,71) _ OL(v) 00y (z2)er @ e1 +v1)  IL(vg) A(ME (22)er ® e1)
oA Oy A g O 35)

=1 (@)L (vg + 1) - L (vg)].e1 @ e

S (vg)  8S1(ve1y) OME ®
1) (1917((710111) CLEeLEE) _ o) ey 17 (1011). 01 & ervfy (o) (36)

When introducing the intermediary calculations (34)—(36) and the constitutive law (25), the residual, the
tangent stiffness and the right-hand side term are written

¥(ug, A; fur) :/Q{fEfrgfvgévZ + 75 -L{va + ). 6y }dQ

+ /\</52{’yill (xg)[L(’yG + 'YL) Lo — L(’yg) . §6L] e1® e]}dﬂ

ki(ur, A;éur, Aup) = / {fEffrngv'L'ﬁv}f + Ay LT (yg +7L) SvL 4L L(ve +71) . €1 ®e1 Avy bvh }dQ
Q

+)\/ {7 (z2)e1 ® eq L(ve + 1) . e1 ® e Avy 60 }d 37
Q

falur;dup)AX = A/\/Q{'yfl (z2)[LT (vg + L) . 671 — LT (ya). ber]. e1 ® e}dQ

3.3. Displacement approximation

The incremental problem being described, the displacement approximation used in the finite element solution
remains to be decided. If a classical bidimensional discretisation were chosen several problems would be raised.
The internal virtual work (2) is made up of two terms. The first represents the virtual work of the bending
moments present in the fibres, and its approximation requires a Hermite type interpolation along the longitudinal
direction. On the other hand, the second term representing the virtual work developed by the in-plane internal
stresses can be approximated by a Lagrangian type interpolation. Therefore, the discretisation of (37) would
require a non-classical Hermite-Lagrange finite element. That is why, by situating this in a cellular instability
framework, it is proposed to combine a Ritz method in the fibre direction with a unidimensional finite element
discretisation across the thickness. Therefore the displacement field approximation is chosen as the product
of amplitudes in the ply thickness and Ritz basis functions in the fibre direction. This hypothesis of cellular
instability also allows the mesoscopic domain € to be restrained to a wavelength in the fibre direction (figure 3).
This reduces significantly the amount of computation required. The choice of the Ritz basis functions used in
the displacement approximation is conditioned by the two following criteria. On the one hand, the displacement
field must be able to reproduce the elastic microbuckling modes previously obtained with a basis made up
of simple harmonics (Drapier et al., 1996). On the other hand, the latter must be completed to take into
account the geometrical non-linearity. The new functions are sought as complementary harmonics that enable a
quasi-constant buckling stress to be obtained in the fibres. Indeed, it is known that the post-buckling stress is
nearly constant for slender structures. Finally, the displacement approximation suggested is

Ui(xy) cos (kx1) + Uz(z3) sin (2k$1)
u(x) = {

Vi(ze)sin (k1) + Va(zz) sin (3kxy1) (38)
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Figure 3. Reduced domain and displacement approximation.

where k is the wavenumber and U;(z32), V;(x3) are the displacement field amplitudes which are discretized with
a classical interpolation. The interpolation functions of the element are Lagrangian in type; thus one element is
made up of three nodes, that is to say twelve nodal amplitudes. Displacements are written as

{Ui(l"z) = Ni(z2)q1i + N2(22)qsi + N3(x2)gs
Vi(x2) = Ni(z2)q2i + Na(22)qsi + N3(x2)qoi
with N;(z2) expressing the quadratic displacement interpolation functions and ¢;; the nodal amplitudes.

It is assumed that the imperfection possesses a form similar to that of the displacement with a magnitude
which can vary across the thickness. This choice can be justified by experimental measures achieved by Paluch
(1994) on unidirectional composites. The latter author established that the imperfections measured can be
assimilated to a simple sine wave for a percentage of fibres ranging from 42 to 85 % depending on their type.
Moreover, it was determined that all the fibres were subject to a harmonic imperfection, but a single harmonic
is not always sufficient to model it. In our case it will be taken as the combination of two sine waves, the
wave numbers of which are &k and 3k respectively

(39)

vp(x) = Vo1(z2) sin (kz1) + Vo2 (z2) sin (3kz1) (40)
In short, the imperfection is characterised by the wavenumber k£ and the magnitudes Vy; and Vjpo.

The computation of the various integrals making up the tangent stiffness matrix, the residual and the right-hand
side term is carried out by a Gauss integration technique. The displacement approximation is unidimensional,
but as the constitutive law of the material is non-linear it is necessary to define a bidimensional distribution of
Gauss points 1o account for the matrix plastic flow heterogeneities in the 2-D domain. In the fibre direction the
number of divisions is chosen so as to correctly approximate the Ritz basis harmonic functions. This network of
Gauss points can be built up by defining a bidimensional pseudo-mesh and pseudo-nodes, as shown in figure 4.

3.4. Taking the matrix plasticity into account

The last step in our approach consists of introducing the influence of the matrix plasticity and its coupling
with the initial imperfection in the homogenised model. The non-linear behaviour can be introduced at two
different levels, i.e. that of the ply or that of the microstructure. The first solution involves the homogenised
values, and the constitutive law must be established for a unidirectional orthotropic ply. This requires significant
experimental characterisation work. On the contrary, the second solution permits the change in the equivalent
homogeneous medium to be taken into account by assuming an isotropic constitutive law only for the matrix.
In counterpart, a further localisation/homogenisation process is required to relate the local and mesoscopic
characteristics. First, in order to apply the local law the matrix strains must be deduced by localisation from the
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Figure 4. Microbuckling finite element.
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Figure 5. Resin 914 stress—strain law (from Wisnom, 1991).

mesoscopic strains. Second, the equivalent homogeneous medium behaviour must be updated by homogenisation
to account for the change in the matrix mechanical characteristics. This second solution is chosen and the matrix
behaviour is represented with a classical non-linear elastic constitutive law of ‘.Jo deformation theory’ type.
The matrix behaviour is assumed to be isotropic, and using the indicial notation the secant law is presented
under the form (see for instance Hutchinson, 1974)

Um h2(-]2) oM

14wy, :
o LV g Vg s 41
Vi) E,, Y En L Ey Y @b

with E,, and v, which are respectively the Young's modulus and the Poisson’s ratio of the matrix. The matrix
stress tensor is S™, 4™ is the matrix strain tensor, s” is the matrix stress deviator and .J; its second invariant.

The strain-hardening function A3 is classically related to the matrix secant modulus E,,, which can be
obtained from a unixial tension test (figure 5)

ha(J2) = §(—E—T— - 1) (42)

2 Elnh‘
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To apply this constitutive law, it is necessary first to establish the matrix strains by localisation. We assume
that at the microscopic scale the axial strain is the same in the two constituents, whereas both transverse
and shear strains are mainly undergone by the matrix. These assumptions have been justified within a linear
microbuckling framework by Drapier et al. (1996). On the grounds of these hypotheses, microscopic strains
are related to macroscopic strains which are the sum of both global and local strains (23). Finally, the matrix
strains, denoted by ", can be written versus the loading and the local strains

m

My (z2) + 11

M1 =
mo_ YL22

V22 1—f (43)
m _ YL12

Y12 = 1— f

When the matrix strains are known, the corresponding J3 is solution of a scalar non-linear equation relating
the strain deviator to the stress deviator via their second invariants

1+ v + ha(R)\? 1/ 1 1
- (P} 0 where 1= 5 (- ot ) (0 - okies)
\ m

This scalar equation is solved with a predictor—corrector scheme. From Jy corresponding to the strain state,
the new secant and tangent constitutive laws in plane stress case are then derived from (41). Using the rule
of mixtures we deduce the secant and tangent laws of the equivalent homogeneous medium. The expression
of the secant law is (45)

Ems(J?.) Em.s'(JQ)Vm

Ey 1- - 0
qm f d * ( f) - ’/1211 - VIZII ,ym
~11 11
v o (J2)vm E,.(J: )
sy b = s(J2)Vn nilf2) o |- (45)
Si‘é l—ym (1_1)(1"’/171) fyi’é
0 0 Gms(J‘Z)
1-f

The tangent constitutive law includes the stress deviator tensor derivative and its expression is rather intricate.
Hence we have chosen to establish it with a formal calculation code.

The shear behaviour of the equivalent homogeneous medium is essential in predicting the compressive
strength. To accurately represent this non-linear shear behaviour, a 3-D homogenisation calculation should be
carried out on a repeating cell at the constituent level. That is to say, a complementary F'E calculation should
be required at every Gauss point for each update of the constitutive law. However, as everything so far has
been done to address the maximum efficiency of our numerical approach, we cannot include such a prohibitive
additional calculation therein.

Therefore we will use the simple law derived from the homogenisation of the elastic characteristics (45). In
figure 6 the pure shear response of the equivalent homogeneous medium can be compared with an experimental
response for a T300/914 UD ply with the same fibre volume fraction (60 %). The authors realise that the
response obtained from (45) underestimates the shear stiffness for shear strains < 2.3%, and overestimates
it for strains > 2.3 %. But the relative discrepancy in terms of stresses ranges from —7 % up to 22% for a
4% shear strain. Therefore this representation is thought to be accurate enough for carrying out the qualitative
comparison which is the target of this paper.
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Figure 6. Pure shear stress~strain laws for a T300/914 UD ply: (—) experimental
approach from Ditcher (1981) and (- - -) solution used in the present paper.

4. Results

With this numerical approach the response of a unidirectional carbon epoxy ply has been studied. We wish to
demonstrate the ability of the model to explain the structural effects. The imperfection has a fixed wavelength
equal to 200 7um, its magnitude is constant through the thickness and is equal to 1 ym when not specified.
The mechanical properties employed correspond to a T300/914 composite (table I), and the non-linear matrix
constitutive law is given in Wisnom (1991) (figure 5). As introduced in Grandidier and Potier-Ferry (1990)
and Swanson (1992), the position of the ply across the laminate thickness is taken into account with boundary
conditions prescribed on its faces which represent, if necessary, the displacement prevented by adjacent plies.

Table 1. Mechanical characteristics for a UD carbon-epoxy T300/914.

Isotropic matrix Anisotropic fibre

Ev =45 GPa Eif = 240 GPa, Fy; = 15 GPa Fibre volume fraction: f = 0.625
Gm = 1.6 GPa Gy =92 GPa Fibre diameter: d; = 10 pm

vy = 04 vr = 0.3

The mesh consists of a regular subdivision of the domain independent of the constituent size, for the
formulation is a homogenised one. For the set of results presented in this section, the choice of a regular mesh
across the thickness might be debatable when the ply is located near the face of the laminate. In this case, near
the free face a limit layer appears which would require a more refined mesh. But many tests have shown that
both the limit strain and stress are correctly approximated when the domain is subdivided into twelve divisions
in the fibre direction and twenty elements in the ply thickness (figure 7). This mesh represents in total 273
pseudo-nodes for 164 degrees of freedom. The computation times are in the order of a few minutes to establish
the complete response of a ply, and < 1 minute to predict its failure strain.

4.1. Effect of plasticity and imperfection

The first computations concern a relatively thick layer (1.6 mm) under pure compression loading, in which
case structural effects are limited. The goal is to validate the simplified model that has been developed. In a linear
elastic framework the responses of unidirectional plies with different waviness amplitudes were computed. With
a sufficiently small amplitude of the initial geometrical imperfection, we were able to find the modes as well
as the critical strains and wavelengths which were established in Drapier et al. (1996). When the imperfection
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Figure 7. Mesh of 12 subdivisions in the fibre direction and 20 elements across the ply thickness.
Initial imperfection 1 gm x 100 to be visible on this 1.6 mm-thick ply.

magnitude increased, a drop in ply stiffness could be observed, as seen in figure 8. These results validate the
assumptions on the geometrical non-linearities and on the displacement field.

Next this imperfection was coupled with the non-linear behaviour of the matrix. This led to the occurrence
of a sharp limit point especially for small imperfections (figure 9). This limit point is determined by the sign
change of one of the stiffness matrix pivots and can be associated with the catastrophic character of the failure
observed experimentally for these materials (Effendi, 1993). The responses presented in figure 9 are similar to
the calculations made by Kyriakides et al. (1995), who proposed a complete micro-heterogeneous modelling.

On the other hand, we have determined that the matrix plastic flow is mainly due to the shear induced by
the fibre bending. In figure 10, one can observe the strong connection between the bending which is large at
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Figure 8. Prescribed strain versus a point displacement of the ply for an imperfection ranging from 0.1-5 um.
Elastic matrix behaviour; compression loading, clamped—clamped faces.

the waviness maximum curvature location (pseudo-node 251), and the shear induced at the waviness maximum
slope location (pseudo-node 254). In this figure it is clear that when increasing the load, the matrix plastic flow
develops in 254; meanwhile, the fibre bending increases in 251. When approaching the limit load (1.176 %),
a sharp increase in the equivalent stress in the matrix takes place which is accompanied by a decrease in
fibre bending. This shows that fibre instability occurs due to the sharp decrease in the matrix shear modulus
induced by the occurrence of plastic flow. This stage corresponds to the lower slope in the response prior to
the limit load occurrence (figure 9). This mechanism keeps on developing and results in such a low overall
stiffness that a decrease in both stress and loading (strain) is required in order to reach a new equilibrium.
It corresponds to the cusp-like shape of the response in figure 9 exhibited for the smallest imperfections. For
larger waviness amplitudes, the mechanism leads to a more gradual decrease in the overall stiffness induced
by a balance developing between the fibre bending and the change in matrix properties, as can be seen in
the responses in figure 9.

Our model does not allow an accurate description of the stages following the occurrence of fibre microbuckling
which correspond to the development of kink-bands. Some studies have been devoted to this specific stage
of kink-band development (Fleck et al. 1995; Kyriakides et al., 1995). As for our model, the hypotheses of
moderate rotations along with the Jo deformation theory do not permit any localisation/rotation to be accounted
for which is necessary to the kink-band formation modelling. But this is consistent with the present approach
which mainly aims at predicting the limit load and hence failure with the lowest computational effort in order
to analyse the effect of some structural parameters on the compressive strength.
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Figure 9. Mean stress in the fibre direction versus loading. The imperfection magnitude vo; ranges from 0.1-3.5 pm.
Plastic matrix behaviour; compression loading, clamped—clamped faces.
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Figure 10. Bending, shear and von Mises matrix stresses and fibre bending
stress versus loading up to the limit point for pseudo-nodes 251 and 254.
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4.2. Structural effects

In this part, the influence of the ply structure on the development of plastic microbuckling and on the critical
load has been discussed. A ply with a fixed thickness of 1.6 mm is discretised across its thickness and the
interaction of neighbouring plies is represented by the boundary conditions prescribed on its faces (as proposed
by Grandidier and Potier-Ferry (1990) and Swanson (1992)). Two cases are investigated. In the first, the ply is
located inside the laminate and the displacements on its faces can be assumed to be restrained by the transverse
contiguous plies. In the second case the ply is located on the laminate surface and only one face must verify
some null displacements conditions, whereas the other face is free.

4.2.1. Boundary conditions

Whatever the boundary conditions, the basic mechanism is similar to that presented in the previous Section.
The strong connection between fibre bending and matrix shear can still be observed, but the process development
is heterogeneous across the thickness and it largely depends on the boundary conditions. In the case of a ply
located on the laminate surface, a stress gradient appears close the free face (figure 11) and within the ply the
stress field decreases progressively when coming near the clamped face. These results confirm those of Drapier
et al. (1997) and the limit layer is similar to that obtained in the microbuckling modes detailed in Drapier et
al. (1996). This region is strongly loaded (see also Drapier et al., 1997) and it tends to prematurely weaken the
whole ply strength. We can associate these results with the experimental observations of fibre bundles in which
microbuckling leads to superficial debonding (Grandidier et al., 1992).

When the ply is within a laminate, the microbuckling evolves in the middle of the ply (figure 12). Stresses
are maximum in this region and decrease near the clamped faces. The stress distribution in the ply is very
different from the previous case, and the support provided by the neighbouring plies stiffens the structure and
delays the development of plasticity. Consequently the maximum stress withstood depends on the boundary
conditions prescribed and for the reasons given above, this value is greater in the case where both faces are
clamped. This new result explains the high failure stresses observed experimentally when the unidirectional
ply is enclosed between cross-plies (Sigety, 1996) and also the influence of the stacking sequence observed by
Grandsire-Vingon (1993) and Colvin and Swanson (1993).

4.2.2. Type of loading

A bending-compression load was also considered which represents half a UD under pure bending. This
loading is characterised by a linear load distribution across the thickness that is zero on the bottom face. Many
simulations show that whatever the boundary conditions considered, microbuckling evolves in a domain that
is more reduced than in the compression load case. The bottom part is almost not loaded, and can provide an
effective support to the top part which is strongly loaded (figure 13). Therefore the ply strength is increased. This
result provides a plausible explanation for the high strength observed during bending experiments carried out
by Grandidier et al. (1993), Wisnom (1992) and Grandsire-Vingon (1993) for instance. The boundary conditions
effect is also more pronounced. Indeed, if the top face is clamped the support of the neighbouring ply prevents
microbuckling, though this region is highly loaded. On the contrary, if the top face is free the limit layer effect
is increased by the bending loading. Consequently the difference in strength between the clamped—clamped and
clamped—free cases is more important under a bending loading.

4.2.3. Thickness

Some plies with different thicknesses were also analysed. It was established that the ply strength is greater
when its thickness decreases, and the effect of the boundary conditions and of the loading type is as much
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Figure 11. Von Mises matrix stress distribution (MPa) at maximum strain (-1.18 %).
Pure compression loading, clamped-free boundary conditions. Deformed shape*10.

pronounced (figure 14). The stress distributions in the ply are very different in the case of a thick and a thin
ply. For instance, for a 1.6 mm thick ply with both faces clamped, the maximum stresses are localised in
the mid-zone (figure 12). On the contrary, for a similar ply 0.4 mm thick, the maximum stresses are located
near the clamped faces (figure 15). It is the same for the limit layer present in a free-face case: when the
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Figure 12. Von Mises matrix stress distribution (MPa) at maximum strain (—1.29 %).
Pure compression loading, clamped-clamped boundary conditions. Deformed shape*10.

ply becomes thin, this limit layer tends to fill up the whole domain (figure 716 and figure 17). It results in an
increase in strength when the thickness decreases, but this is less pronounced for the clamped-free case than
for the clamped—clamped case.



88 S. Drapier et al.

In the case of the bending loading, the thickness also defines the load gradient across the thickness and
therefore the stress gradient and the thickness of the strongly loaded zone. For thin plies (figure 17) the

108. 4
96.42
84.39
72.36
6€0.34
48.31
36.2¢8
24.25
lz.z22

.1968

Figure 13. Von Mises matrix stress distribution (MPa) at maximum strain (-2.04 %).
Bending-compression loading, clamped—clamped boundary conditions. Deformed shape*10.
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microbuckling evolves over a very small height and the strength is consequently very high. When the ply
becomes thick, the stress gradient across the thickness decreases and the strength tends towards failure values
achieved under compression. The same influence of thickness on failure strain has been experimentally observed
by Wisnom (1991) under bending load and by Colvin and Swanson (1993). Grandidier et al. (1992) and most
recently Wisnom (1997) have clearly established the effect of stress gradient by using particular devices, and it
appears that the experimental strength evolves in accordance with our predictions.
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Figure 14. Maximum prescribed strain on top face versus the UD ply thickness. Imperfection amplitude 1 pm for several boundary conditions
and loading combinations: —{_J— compression, clamped-free; —ll— compression, clamped—clamped; —O-— bending, clamped-free; —@—
bending, clamped—clamped.
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Figure 15. Von Mises matrix stress distribution (MPa) at maximum strain (-2.37 %).
Pure compression loading, clamped-clamped boundary conditions. Deformed shape*10.
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4.2.4. Influence of the local mechanism compared to structural effects

The previous results establish that the ply strength strongly depends on the boundary conditions, applied
loading and ply thickness. For a fixed thickness of 1.6 mm, several imperfection amplitudes in a range of
0.1-3.5 pm have been considered. In figure 18, it is observed that the influence of structural parameters on the

maximum strain is comparable to the effect of fibre wavinzss.

This is reinforced by the fact that the maximum von Mises matrix stress reached in figure 10-13 and 15-17
is around 106-110 MPa. This indicates that the same local mechanism leads to the overall ply instability.
Therefore the change in the stress field topography at instability can only be related to the structural parameters.
Consequently it is clearly established that the structural parameters, together with local parameters, define the
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Figure 16. Von Mises matrix stress distribution (MPa) at maximum strain (~1.65 %).
Pure compression loading, clamped—free boundary conditions. Deformed shape* 10,

Figure 17. Von Mises matrix stress distribution (MPa) at maximum strain (-2.35 %).
Pure compression loading, clamped-free boundary conditions. Deformed shape*10.
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Figure 18. Maximum strain on top face versus fibre imperfection ranging from 0.1-3.5 gm for a UD ply 1.6 mm thick with several boundary
conditions and loading combinations: —ll— compression, clamped-clamped; —[— compression, clamped—free; —@— bending, clamped-free;
—O— bending, clamped-free.

compressive strength. This final result shows that it is of the utmost importance to consider the structural
parameters in the modelling of the microbuckling mechanism.

Let us notice that with 2 gm amplitude imperfections, the strengths predicted are ~1 % under compression
and, depending on the ply position across the laminate thickness, between 1.2-1.7 %. under bending. These
values are comparable to experimental results (Wisnom, 1991; Grandidier et al., 1992; Grandsire Vingon, 1993).

5. Conclusions

In this paper a numerical tool was built to predict the failure of composites under compressive loading
applied in the fibre direction. The mechanism of microbuckling was simulated by using a homogenised medium
including the fibre bending stiffness. The modelling was established on the scale of a unidirectional ply which
allows us to take into account not only the influence of matrix plasticity and of initial fibre waviness, but also the
effect of the ply meso-structure (ply thickness, boundary conditicns and loading type) on the microbuckling. In
a framework of cellular instabilities, we have proposed an original finite element which enables computationally
efficient analyses to be achieved.

The responses of plies with different imperfections and including plasticity in the matrix are similar to those
reported in the literature. The matrix plastic flow is mainly due to the shear induced by fibre bending. We
have shown that the development of microbuckling is heterogeneous across the thickness and depends on the
boundary conditions prescribed on the two faces of the ply, on the loading and on the thickness. Those effects can
qualitatively explain why the strength is very high in bending and depends on the stress gradient, the thickness
and the stacking sequence. Further applications of the present model will be reported in subsequent papers.
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Abstract

The aim of this paper is to compare some predictions obtained from a structural plastic microbuckling model
presented in detail by Drapier et al. (1999), with theoretical and experimental results from the literature. After a short
presentation of this model, it is established that with our approach it is possible to find the elastic modes determined by
Drapier et al. (1996) on the composite microstructure. The plastic instability mechanism is then investigated and its
understanding is refined. Some simulations are carried out varying the fibre initial imperfection, and the results are
detailed and compared with predictions from a kink-band model (Budiansky and Fleck, 1993). Compared to the
present knowledge, the understanding of the influence of the imperfection shape and of its distribution across the ply
thickness is improved and new results are exposed. Validation of the present approach is completed by comparing the
influence of both matrix and fibre behaviours as predicted by Budiansky and Fleck (1993) with the ones obtained from
our numerical tool. Results demonstrate the influence of the change in the matrix tangent stiffness.

Secondly, we have quantified the effects of the applied loading, thickness and stacking sequence on the compressive
strength of laminates. Numerical predictions provide new results that yield a proper justification of the very high
compressive strength measured with bending tests. These predictions also fit well experimental measurements from the
literature showing the effects of the thickness (Wisnom, 1992) and of the stacking sequence (Grandsire-Vingon, 1993) on
the compressive strength. For the first time, the effect of the gradient of loading across the laminate thickness is pre-
dicted. Results are shown to correlate well with experimental results from Wisnom et al. (1997). © 2001 Elsevier Science
Ltd. All rights reserved.
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1. Introduction

Characterising and predicting the compressive strength of long-fibre composites originated lots of pa-
pers. It is now well established that failure is initiated by a fibre instability called microbuckling (Rosen,
1964) that leads to the catastrophic formation of a kink-band (Argon, 1972; Budiansky, 1983). The main
parameters that influence this mechanism are the matrix physical non-linearity and the presence of fibre
initial wavy imperfections. The most comprehensive models proposed in the literature very well account for
these effects. For instance, Budiansky and Fleck (1993) starting from a kink-band model gave a simple
expression of the compressive stress at failure corresponding to an increase in the kink-band rotation:

G

7e\ (n=1)/n?
1+n(%)1/ﬂ<¢/,y)

n—1

(1)

0. =

where G is the elastic shear modulus of the composite and ¢ is the initial inclination angle of the kink band.
In this work, the non-linear response of the matrix is modelled through a constitutive law of Ramberg—
Osgood’s type whose strain hardening coefficient is denoted by » and yield strain in shear is yj. These
authors compared some predictions given by expression (1) with some experimental results measured in
various pure compressive tests. It is clear that amplitudes of the initial wavy imperfection and mechanical
characteristics of the matrix that lead to a good correlation with the experimental results have both realistic
values.

Despite their efficiency, the kink-band models cannot provide any explanation to the high strength of
unidirectional plies measured with bending devices. As an example, under a bending loading T300/914
unidirectional plies can withstand compressive strains greater than 2%, whereas under a pure compression
loading, this strength is lower than 1.2% (t'Hart et al., 1991). This observation can lead to hypothesis that
pure compression tests yield a very poor estimation of the compressive strength, as suggested by the results
from t’Hart et al. (1991). Recently, Anthoine et al. (1998) demonstrated, thanks to a numerical simulation,
that even from a theoretical point of view, it is really difficult to set up pure compression tests on thin
laminates. Then, the comparison with experimental results presented in many papers must be examined
cautiously. Without questioning the dispersive character of pure compression tests observed experimen-
tally, one can postulate that the local plastic microbuckling instability is influenced by the structure at the
ply scale. This hypothesis is verified experimentally by several experimental works (Wisnom, 1991, 1992;
Grandidier et al., 1992; Colvin and Swanson, 1993; Grandsire-Vingon, 1993; Wisnom et al., 1997), which
demonstrate the effect of the stacking sequence, loading and ply thickness on the resulting compressive
strength.

The influence of these structural parameters on failure can be tackled by discretising the whole micro-
structure of the ply. For instance, Drapier et al. (1996) have clearly established by this way the influence of
the ply thickness, loading and stacking sequence on the elastic microbuckling modes. On the basis of a
heterogeneous bidimensional representation, Kyriakides et al. (1995) described the complete process of the
microbuckling occurrence followed by a kink-band formation. However, the large number of degrees of
freedom that is required in a discretisation of the whole ply does not allow us to account for the influence of
the structural parameters on the failure. Conversely, this can be avoided if the microstructural behaviour is
represented through an homogeneous equivalent medium (HEM) that efficiently accounts for the fibre
bending, as shown by Grandidier et al. (1992) and Fleck et al. (1995a).

Thanks to homogeneous models of plies several authors (Schaffers, 1977; Swanson, 1992; Grandidier
and Potier-Ferry, 1990; Grandidier et al., 1992) investigated the instability at the scale of unidirectional
plies. The microbuckling amplitude is sought as a function of both the fibre position across the thickness
and the boundary conditions prescribed on the two faces of the ply in which the instability takes place.
These structural models establish clearly the major role of the transverse characteristic length along with
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the fibre bending. In most of these works, the change of the solution across the thickness, which depends on
structural data, is given a priori. More recently, Drapier et al. (1999) proposed a homogenised model in-
cluding the fibre bending and was able to represent the effect of both fibre initial imperfection and matrix
non-linear behaviour. The strongly non-linear development of the instability across the whole ply thickness
is simulated numerically thanks to a specific finite element whose interest is to reduce largely the compu-
tation efforts. This model and the numerical resolution associated with are detailed in Drapier et al. (1999),
where many simulations showed that the structural parameters must be taken into account, in the same
manner as the imperfection and the matrix plasticity are. These computations permitted for the first time to
demonstrate the influence on plastic microbuckling, of the loading (bending or compression), of the ply
thickness, and the location of the ply in the laminate (on the edge or between cross-plies). A qualitative
comparison with experimental results of the literature has been proposed and the high strength obtained
under bending has been explained.

However, with the aim of making this work complete, we want to compare quantitatively the predictions
obtained from this model with bending and compression test results carried out on unidirectional (UD)
plies and laminates. Moreover, it is necessary to validate this method by comparing the predictions from
our approach with others from the literature.

After a short presentation of our model, its ability to grasp the elastic modes is established by comparing
them with the modes determined by Drapier et al. (1997). Then the role of the initial imperfection and the
influence of the mechanical characteristics on the microbuckling mechanism is then detailed. The very low
computation requirements enable one to demonstrate the effect of the initial imperfection shape along with
its spatial distribution. The influence of both the fibre initial imperfection and the matrix non-linearity is
presented and compared with the trends provided by the kink-band model of Budiansky and Fleck (1993).
Eventually, a comparison with the experimental results demonstrate the ability of the present model to
capture the effect of the structural parameters on the compressive strength of laminates observed experi-
mentally. The various results confirm the necessity to account for these structural parameters in predicting
the compressive strength of laminates. They also improve the understanding of the plastic microbuckling
phenomenon.

2. A structural plastic microbuckling model

The equations of the problem and the numerical model are presented in Drapier et al. (1999) which the
reader should refer to for technical details. The idea underlying this model is to have the stress and strain at
failure (when microbuckling occurs) with very small amounts of computations while taking into account
precisely all the parameters governing the phenomenon: size and shape of the initial imperfection, stiffness
drop associated with the matrix plastic behaviour, and structural data across the plate thickness (thickness,
bending or compression loading, stacking sequence). For further computation reductions, this model is
limited to the moderate rotation framework and therefore, aims only at determining the response of
laminates up to the occurrence of plastic microbuckling.

2.1. Formulation of the mesoscopic problem

In this model, only compression and bending loadings are considered. A bidimensional representation of
a laminate is used (Fig. 1), where e, is the 0° direction corresponding to the loading direction. In what
follows, derivatives with respect to the fibre direction are denoted as X’ = 8X /dx; and X" = 90X /0x].

Displacement along e, is u(x) and displacement along e, is v(x). Stresses (second Piola—Kirchhoff tensor)
are denoted as S and Green—Lagrange’s strain tensor is y. Based on the works of Grandidier et al. (1992), a
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Fig. 1. Bidimensional domain studied.

formulation of the plastic microbuckling problem can be proposed where the virtual works developed in
any virtual displacement field du(x) is given as follows (2):

- / { JE DS +S - SY}dQ +(F,5u) =0 Vou, 2)
Q

where f is the fibre volume fraction, Ep, the fibre Young modulus and r,, the fibre gyration radius. F
represents the external loading, and the corresponding virtual work is assumed to depend linearly on the
virtual displacement field through the scalar product noted (, ).

The constitutive law (3) is of anisotropic type, the secant modulus tensor L being obtained from explicit
homogenisation formulas based upon the constituents behaviour (Gardin and Potier-Ferry, 1992). Plas-
ticity is defined at the microscopic scale to describe simply the anisotropy induced by fibre microbuckling.
Then, only the matrix material is non-linear and follows an isotropic law of J2 deformation type that yields
good predictions of plastic buckling (Hutchinson, 1974):

S(v) = L(y) - 1. (3)

This medium is not classical due to the first term of Eq. (2) which represents the fibre bending energy. This
is essential in predicting the effect of the structural data (Gardin and Potier-Ferry, 1992; Drapier et al.,
1999) and also to predict the microbuckling wavelength (Grandidier et al., 1992). The micropolar medium
was also presented by Fleck and Shu (1995b) and differs mainly by the constitutive law and choice of
moderate rotations. The presence of this bending term has been justified by a homogenisation study using
the multi-scale method (Gardin and Potier-Ferry, 1992) and also by comparing modes and buckling loads
from this approach with micro-heterogeneous modelling results (Drapier et al., 1996). In the case of a
laminate, this effect of the fibre bending will be taken into account only in 0° plies. In the other plies, the
equivalent behaviour will be calculated from a classical rule of mixtures.
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Considering mainly uniaxial loadings, non-linear terms in the strain tensor are reduced to the terms in
the loading direction. The fibre initial misalignment is represented through a ‘deflection field’ vy(x) defining
the fibre initial position in the domain Q. Then, the strain tensor is given as follows (Eq. 4):

y(u) = &(u) + y(u)}" e @ e

du 1( Ou v

. ary 2 (@"’_E) e L/ ov\? v ov 4)
th = d == = — -

wi £(u) e N and y(u)) 3\ 3 + % o

2\ Oxp + xp Gl

2.2. Mesoscopic formulation of the microbuckling problem

Usually a numerical approach can be deduced from the continuous formulation through an adequate
discretisation. In the present case, a further refinement is introduced which leads to a tractable model.
Indeed, the microbuckling and imperfection wavelengths are of the order of some hundreds of micrometers,
which is comparable to the ply thickness but much smaller than the size of composite structures. Then, a
double-scale kinematics is introduced to represent at the ply scale this local short-wavelength phenomenon.
The solution of the microbuckling problem is sought under the form of a displacement field (5) evolving at
the scale of the structure (denoted ug), very locally modulated by a displacement field evolving at the ply
scale (denoted uyp),

u(x) = ug(x) +uL(x). (5)
With the hypothesis of quick variations of uy and slow variations of ug, the strain tensor can be simplified
(Eq. 6) as:

Y(u) = y5(ug) + vp.(ur),

Yo(ug) = &ug) + (4 Je @ e
with ( ) (6)

D/Z
Yo () = s(ug) + (%+ ) ®e.

With these approximations (4) and (6) and assuming that the displacement ug is a known solution of the
equilibrium equations (2) and (3), one gets the variational equation describing the mesoscopic equilibrium,
the solution of which is u (x) (Eq. (7)):

J BT+ Sutr0,m) B+ Sulva) 0] + 1) JA@ =0 Vo, (7)
Q

where Si.(v6,v1) = S(vg +71) — S(¥6)-
One may notice that in this mesoscopic formulation (7), the external loading no longer appears and is

replaced by the global field through the global strain tensor y5(ug) (Eq. (6). In order to simplify the
problem, the global strain tensor is limited to its axial component (8), corresponding to a global dis-
placement induced by compression or bending-compression states:

Y6(¥2) = vg11(x2)er @ ey. (8)
2.3. Displacement approximation

As we aim at the greatest efficiency, the number of degrees of freedom has to be minimum. In
the framework of cellular instabilities, the displacement field approximation is chosen as a product of
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amplitude across the ply thickness with few Ritz basis functions in the fibre direction. This hypothesis also
allows for a reduction of the bidimensional mesoscopic domain  studied to a single wavelength in the fibre
direction (Fig. 1), greatly reducing the amount of computations.

Ritz basis functions are selected so that microbuckling elastic modes obtained by Drapier et al. (1996)
can be reproduced, and that a quasi-constant buckling stress can be obtained. Let us notice that the hy-
pothesis of buckling with a constant stress is classical for slender structures. Eventually, the displacement
approximation is (9):

o UI(X2) (]O(fl) + Uz(Xz) i (2]0(,'1),
u(x) = { Vl(x2>§?§<m + I/g(xz)s?iln(Skxl), ®)

where k is the wavenumber and functions U;(x;), V;(x,) are the magnitudes of the displacement field which
are discretised by a three-noded finite element of Lagrange type (Fig. 1). The imperfection is assumed to
have a similar form. Here it is considered as a combination of two sinusoids with a variable amplitude
(Vo1 (x2), Voa(x2)) across the thickness and with wavelengths of k and 3k respectively (10):

Uo(X) = V()l()Q) Sin(kxl) + V()z(Xz)Sil’l (3/0(1) (10)

There is thus no limitation in describing the change in the displacement fields and the imperfection across
the laminate thickness. This is important in order to account for the influence of the structural parameters.
Conversely, the Ritz approximation in the axial direction is more restrictive and this is what limits a proper
representation of the localisation of the instability. Representing both localisation in the fibre direction and
structure effect across the thickness would require a too large model. Consequently, the model focuses on
the response up to the maximum load corresponding to the instability occurrence.

2.4. Elastic modes

In order to validate our approach of microbuckling, elastic computations have been carried out on UD
plies. The mechanical characteristics are similar to the ones used by Drapier et al. (1996) and correspond to
a T300/914 material (Table 1). The imperfection is chosen as constant across the thickness and its wave-
length is 0.63 mm (k = 0.01). In Fig. 2 are represented, versus the prescribed strain, the change in the
transverse displacement of a fibre located at the three fourth of the 1.6 mm ply thickness. The various lines
correspond to plies whose amplitude ¥y, varies from 0.1 to 7 um, whereas Vy, is null. One can notice that
the smaller the amplitude, the closer the response from the fundamental microbuckling path. In Fig. 3, one
can observe that for these small amplitude values the displacement field distribution across the thickness is
similar to the one obtained by Drapier et al. (1996) who characterised the elastic microbuckling mode by
discretising the whole microstructure of the ply. The boundary layer observed close to a free face (top face
here) is properly represented by our homogenised model. These results demonstrate the ability of our model

Table 1

Characteristics of T300/914 material and data used by default for the microbuckling mechanism study (Section 3)
Fibre T300 (isotropic) Matrix 914 (isotropic) Composite T300/914 Imperfection
E; =230 GPa E, = 4500 MPa E =139,800 MPa Ao =200 Tpm
rp=23.5 um G, = 1600 MPa G = 3817 MPa Vor =1 pum
f=06 vm = 0.4 Voo =0

$po=1°

Strain hardening (isotropic)

n=3 n=4.5
ey = 2% %= 2.4%
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Fig. 2. Elastic response of a UD 1.6 mm thick ply under compression loading.
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Fig. 3. Displacements for a UD under compression loading; thickness, 1.6 mm, bottom face clamped, top face free (a) modes from the
complete discretisation (Drapier et al., 1996), (b) displacements from the present homogenised model — V5 = 0.01 pm.
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to represent later the plasticity development across the thickness and more precisely in the boundary layer.
This precaution is essential since it was demonstrated by Drapier et al. (1997) that the plasticity distribution
is influenced by the presence of a free edge. For larger imperfection amplitudes, the solution deviates from
the fundamental path and the ply stiffness drops drastically for amplitudes greater than 1 um. Several
thicknesses and boundary conditions prescribed on both faces have been investigated and it is found that
systematically both the elastic modes and critical loads established by Drapier et al. (1996) can be deter-
mined.

In short, our approach permits to characterise properly the elastic microbuckling modes at the ply scale
and emphasizes the influence of the imperfection on the elastic response of the ply. These results confirm the
validity of the homogenised model proposed here and validates the splitting of the displacement field used
to solve the problem at the ply scale.

3. Influence of the material mechanical characteristics

In the present part, the plastic microbuckling mechanism is thoroughly investigated. First, the mecha-
nism is described in detail for a set of given mechanical and geometrical parameters. Afterwards, the in-
fluence of the imperfection parameters, i.e. amplitude, shape and distribution across the thickness, are
presented and compared with some results obtained through the kink-band model proposed by Budiansky
and Fleck (1993). Then, the role of the matrix and fibre mechanical characteristics is described and com-
pared with the trends given by the kink-band model. On the basis of the results from Drapier et al. (1997,
1999), a very thick UD ply (5 mm) is studied whose top and bottom faces are clamped. With this geom-
etry, the effects of the ply structure and boundary layer developing close to any free-edge are prevented.
Moreover, a compression loading is considered to avoid any gradient effect induced by the loading. The
material studied is of T300/914 carbon—epoxy type, whose matrix behaviour is modelled through a
Ramberg-Osgood’s type law. The characteristics taken by default are reported in Table 1 and the 914 resin
stress—strain curve is plotted in Fig. 4.

3.1. The plastic microbuckling mechanism

In order to focus on the basic mechanism only, a UD ply is studied in which the imperfection wavelength
is equal to 0.63 mm and has a constant amplitude across the thickness. The amplitude component Vy;

180 ~
160 -
140 - 6376 resin

120 4
914 resin
100 -

80 -

Stress (MPa)

60 -
40 -
20 -

0 T T T T T T 1
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14

Strain

Fig. 4. Stress—strain curves used for resins 914 and resin 6376.
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Fig. 5. Plastic response for a UD ply. The imperfection magnitude Vy, ranges from 0.5 to 5 pm.

ranges from 0.5 to 5 pm, whereas Vy, is zero. The observations reported in this particular configuration
apply equally to the whole set of simulations that follows.

Responses under compression are plotted in Fig. 5 and are identical to the ones obtained by Kyriakides
et al. (1995) who performed some finite element computations on a fully discretised region of a UD ply. One
can clearly distinguish the stable and unstable responses towards the prescribed strain. Indeed, whereas the
solution always exhibits a limit point in load, the limit point in strain is visible only for imperfection
amplitudes lower than 3 pm. This value holds only for the present example.

It is assumed that experimentally, the occurrence of the plastic instability leads to the composite failure,
since after the limit point neither a load control nor a displacement control can permit to drive the be-
haviour at the ply scale. By extension, the maximum stress point will be associated with the composite
failure and then will be used to define both stress and strain at failure. It must be pointed out that in
composites based on high stiffness fibres (GY70 for instance), the fibre failure might trigger the instability
occurrence. In the present approach, the fibre fracture is not accounted for due to two main reasons. First,
no evidence of such fracture appeared when taking this phenomenon into account in the present model, and
second, one faces a lack of data relative to the fibre strength especially in compression.

After Tvergaard (1980), the type of behaviour reported in Fig. 5 is representative of structures that after
the limit point exhibit a development of the localisation of plastic deformations. As stated previously, our
model cannot represent this localisation, since the solution is sought in a restricted space defined by the
displacement field approximation (9). But up to the instability, i.e. at failure, the present model is able to
predict quantitatively the ply behaviour.

For fixed mechanical characteristics, the different behaviours for small or large imperfection amplitudes
lie mainly on the stress ratios and distributions that lead the unreinforced material in its plastic state. In the
next paragraphs are detailed the stress distributions in the mid-ply for both 1 and 4 um imperfection
amplitudes. Only the central part of the ply is studied for plastic microbuckling spreads all over this region.
In Figs. 6-9, both developments and distributions are plotted versus both loading and locations along the
fibre direction, for the two imperfection amplitudes considered. In those plots, a;; is the HEM longitudinal
stress, o1,, the HEM shear stress, 5,, the HEM transverse stress, omises, the von-Mises stress in the matrix
and openg, the pure bending stress in the fibre.
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Fig. 6. Stresses versus loading up to the limit point at (a) the point of largest curvature and (b) the point of largest slope. The im-
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Fig. 7. Stresses versus loading up to the limit point at (a) the point of largest curvature and (b) the point of largest slope. The im-
perfection magnitude vy, is 4 pm.

3.1.1. Failure induced by the ply instability

In Fig. 6 (a) and (b), it can be seen that for small imperfections the fibre bending yields very little matrix
shear at the beginning of loading. The direct compressive stress induced by the loading is predominant and
leads the matrix in its plastic state for a prescribed strain of —1.37%. Indeed, over a large region of the
studied zone, the plastic limit (ay, &) is exceeded for the von-Mises stress and nearly reached for the direct
compression stress. After this limit the resin stiffness drops quickly which induces a continuous increase of
the bending stress at the largest curvature point (Fig. 6(a)). Meanwhile, the shear stress becomes more and
more preponderant at the largest slope point (Fig. 6(b)). Just before the instability occurs, a sudden un-
loading takes place in the fibres (Fig. 6(a)). It is due to the geometrical instability that appears suddenly,
inducing a very sharp response of the ply that is mainly controlled by the axial stiffness. This result confirms
clearly that it is actually the connection between the fibre bending and the matrix non-linear shear response
that originates the instability. After the limit point, the longitudinal compression stress slightly drops at the
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Fig. 9. Strain at failure versus the wavelength 4, for several imperfection angles ¢.

largest slope point and the von-Mises stress is continuously increasing all over the domain. This increase is
explained by the initiation of plastic shear strain localisation that takes place out of the longitudinal and
transverse strains. The maximum load point corresponds to a change in the plastic flow path, which justifies
the use of J2 deformation theory type that is efficient enough in characterising such plastic instabilities
(Hutchinson, 1974).

3.1.2. Failure induced by a limit load

For a large initial imperfection, the fibre bending (Fig. 7(a))-matrix shear (Fig. 7(b)) connection is the
basis of the microbuckling development. Compared to the small imperfection case, the resin is less com-
pressed but it is more heavily loaded in shear as can be seen when observing Figs. 6 and 7. The yield stress is
reached in particular locations of the domain for an applied strain of —0.69%. More precisely, the plastic
strains localize at the point of maximum slope (Fig. 7(b)). At the beginning of loading, there is a gradual
increase of the transverse displacement induced by the growth of fibre bending (Fig. 7(a)) up to the
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maximum load. This bending induces high shear strains in the resin (Fig. 7(b)) that give rise to the de-
velopment of plastic zones, where the mechanical properties quickly drop. This weakening of the matrix
induces a larger displacement of the fibres, similar to the occurrence of a geometrical instability of low
amplitude. With a 4 pm imperfection, the instability occurs very gradually, since the yield stress is exceeded
only at the largest slope points, mainly driven by shear.

After the limit point, the fibre deflection increases gradually and the initiation of plastic strain local-
ization comes along with locally a progressive decrease in the fibre bending stresses. The von-Mises stress is
also subjected to a very slight decrease, but only where the plastic limit is not exceeded. Therefore, our
hypothesis of no unloading, that justifies the use of a non-linear elastic law to simulate a plastic behaviour,
is perfectly well founded.

3.1.3. Synthesis

The mechanism of plastic microbuckling depends essentially on the ratio of the fibre bending stiffness
and its elasto-plastic support. Two regimes can be distinguished depending on the initial imperfection
amplitude. When the imperfection is low, the matrix plasticity spreads homogeneously all over the domain
under the action of the compression stress. This induces the sudden occurrence of the instability. For large
imperfections, plasticity develops heterogeneously from the beginning of loading due to the shear induced
by the increase of the initial waviness. Then, the fibre deflection increases gradually and a limit point in load
is reached. It can be noticed that for large imperfections, it is the yield stress in compression that controls
the plastic flow, whereas for small imperfections it is the yield stress in shear.

3.2. Influence of the initial imperfection

3.2.1. Influence of the imperfection wavelength

Previously, it has been demonstrated that the point of maximum slope corresponds to the region with the
more pronounced plastic flow. This result on its own justifies why numerous authors assumed that the key
parameter in the microbuckling mechanism is the angle made by the fibres with respect to the loading
direction. In order to assess this assumption, the effect of both the amplitude, ¢,, and wavelength, A, of the
imperfection are investigated.

In Fig. 8, failure strains are reported versus the imperfection angle for three different wavelengths. In this
figure are also reported the predictions calculated through relation (1) proposed by Budiansky and Fleck
(1993) with identical mechanical properties. One can notice that for increasing imperfections, the failure
strain decreases whatever be the wavelength predicted by Argon (1972) and Budiansky (1983) and as
calculated from relation (1). However, our calculations show that the failure strain is also influenced by the
imperfection wavelength. More precisely, it appears a ‘critical’ wavelength (0.5 mm) for which failure
strains are the lowest (dotted lines in Fig. 9). In a range around this ‘critical’ value (0.3-0.6 mm), the failure
strain in first approximation depends only on the angle of imperfection, which defines a domain where the
kink-band models are valid. But for large (>3 mm) or small (<0.2 mm) wavelengths, failure strains increase
significantly, especially for large wavelength imperfections. Consequently, out of the ‘critical’ range, both
parameters (angle and wavelength) must be considered to be of equal importance in defining the imper-
fection. In the numerous computations carried out on this ‘test’ ply, the transition between failures char-
acterised by limit points and limit loads always occurs for an imperfection angle of 1.75°, whatever be the
wavelength considered.

As shown in Fig. §, the failure strains calculated from our model are comparable to the predictions from
the kink-band model. Let us notice that for fixed wavelengths, the effect of the imperfection angle is not as
much pronounced in our model as in Budiansky and Fleck’s model (1993). But on the other hand, the
‘critical’ range of wavelengths (0.3-0.6 mm) lies above the measurements made by Paluch (1994) in a T300/
914 material. The wavelengths measured in that study vary from 0.6 to 1.16 mm. Therefore, in order to
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yield proper predictions of failure one must take into account both angle and wavelength of the imper-
fection.

3.2.2. Influence of the imperfection shape

Previous results showed that both wavelength and magnitude of the imperfection affect the micro-
buckling development. Mainly, these characteristics affect the stress field distribution in the matrix and thus
the distribution of matrix plasticity. One can, therefore, expect the distribution of imperfection across the
thickness to affect the microbuckling mechanism too. However, at the moment, very little is known about
the imperfection distribution in composites. Hardly a couple of studies have been devoted to the mea-
surements of imperfection amplitudes and wavelengths of few tens of fibres. Paluch (1994) has shown that
the imperfections do not have a perfect configuration in the fibre direction. However, one can attempt to
evaluate the effect of the spatial distribution of the imperfection on the compressive strength of UD plies.

Fibre waviness is first modelled with a single harmonic (wave number k). All the fibres are affected by the
same imperfection which can vary in three manners across the thickness. First, the distribution is constant,
second, the distribution follows the elastic mode shape and third, the distribution is opposite to that mode.
The structure studied is a UD ply, 1.6 mm thick, with two sets of boundary conditions that represent the
position of this ply in a laminate stacking sequence. First, both top and bottom faces are clamped and
second, only the bottom face is clamped. The imperfection angle is 1° or 2.5° and its wave length is 0.63
mm. These choices must permit to split up in the development of plastic microbuckling, the contribution of
the initial imperfection distribution (and therefore, the matrix plastic flow heterogeneity) from the con-
tribution of the elastic buckling mode (purely geometrical non-linearity).

In Fig. 10 are reported the failure strains for both sets of boundary conditions and both imperfection
angles. It is clear that the lowest strength is obtained from the constant distribution across the thickness
which yields the largest zone affected by the highest matrix plastic flow. This result confirms that the role of
the imperfection distribution is essential in setting the spatial distribution of the zones wherein plasticity
develops. Comparison of the strains at failure calculated with modal and anti-modal distributions show
that the plastic microbuckling development results from a combined effect of the distribution of geometrical
instability and material non-linearity, as suggested by Drapier et al. (1997). These remarks hold for both
sets of boundary conditions and imperfection angles. This suggests that it is a systematic character of these
results.
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Fig. 10. Effect on the failure strain of the imperfection distribution across the thickness.
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In this second part, four distributions along the fibre direction are chosen and are plotted in Fig. 11,
where they are referred to as (a)-(d). The complete description of the imperfection over the domain is
obtained by repeating periodically each of the four patterns in transverse and axial directions. The structure
studied is a 1.6 mm thick ply whose faces are clamped and the imperfection wave number is here £ = 0.01.
Whatever be the distribution considered, the ply response remains identical, only the strains at failure vary
significantly. The lowest failure strains are obtained with imperfections (a) and (c) (1.69% and 1.63%, re-
spectively). Let us notice that the in-phase imperfection (a) does not yield the smallest failure strain as could
be expected. Conversely, the phase-opposition imperfection (b) yields the highest strength (2.14%) and (d)
distribution leads to an intermediate value of 1.93%. In these results appear again the major role of the
bending-induced shear on the instability development. Indeed, configurations (a) and (c) that correspond to
the lowest strength induce high matrix shear that facilitates the plastic flow. The other distributions induce
a more complex strain state in the matrix that delays the plasticity development. The discrepancy on failure
strains between configurations (a) and (c) is far from negligible (0.51%). We think that the large difference
between the in-phase and phase-opposition distributions is mainly due to the contribution of the elastic
mode, i.e. the geometrical non-linearity on its own (Drapier et al., 1997).

These results confirm the central role played by the imperfection. Thanks to the various capabilities of
the present model, we establish not only the effect of the imperfection angle and imperfection wavelength
but also the spatial distribution of this imperfection (both across the thickness and in the fibre direction). As
far as the authors know, these are new results.

3.3. Influence of the constituents mechanical characteristics

As numerous authors pointed out, the microbuckling mechanism is strongly influenced by the matrix
plastic behaviour. For instance, in the kink-band model considered here for comparison, an analytical
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expression of the failure stress (1) was proposed as a function of the composite yield stress and the com-
posite shear strain hardening. Predictions from this model are in good agreement with some experimental
results and in the present paragraph, they are compared with the ones obtained from the present numerical
tool.

In order to minimise the effects of the structural parameters, the various computations are carried out on
a 5 mm thick UD ply, whose both faces are clamped. The influence of each material parameter is studied
independently from the others.

3.3.1. Matrix

In Budiansky and Fleck (1993), the composite behaviour is modelled through a law of Ramberg—
Osgood’s type. The composite shear strain y is related to the composite shear stress 7 by the following
constitutive law (11):

n—1
T 3 T
—_[14+= 11
4 G +7<Gy§> ’ (11)

where G is the composite elastic shear modulus, 7 is the strain hardening coefficient and y{ is comparable to
a yield strain in perfect plasticity for the composite. With the form of the non-linear law (11), the authors
proposed an analytical expression of the stress at failure. But with this expression, the response non-lin-
earity is a complex function of both parameters n and y¢. Indeed, this can be seen in Fig. 12(a), where the
shear stress is plotted versus the shear strain for various values of n. It can be noticed that below the limit 77,
the loss of stiffness is less important for large n, whereas above y{, the stiffness change versus 7 is inverted. In
order to avoid this drawback, a law with a threshold is chosen (Fig. 12(b)) for the unreinforced material.
Then, in our approach, the drop in stiffness depends only on a strain hardening coefficient, denoted by m,
and it takes place when the equivalent strain exceeds the matrix yield strain ey'. This particular choice (Fig.
12(b)) permits to evaluate separately the influence of each parameter (yield strain, elastic stiffness, strain
hardening change, etc.).

It is important to notice that a couple in the present approach (m, &) corresponds to a couple in the
kink-band model (7, 7{). In the results presented in the next paragraph, parameters (n, y7) are chosen such
that the matrix constitutive law in shear is similar for both models of the plastic behaviour. In such a
framework, the predictions yielded by the kink-band model and by our model can be compared quanti-
tatively. Since in our numerical tool, the development of microbuckling is tackled through an incremental
scheme driven by the prescribed macroscopical strain, the latter is used to compare our results to those
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Fig. 12. Constitutive laws used: (a) in Budiansky and Fleck (1993) and (b) in the present approach.
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from the kink-band model. From the expression of the failure stress (1) the (macroscopical) failure strain is
easily derived with the following relationship:

G 1

7 e\ (n=1)/
&)

n—1

(12)

where E is the composite Young’s modulus.

3.3.1.1. Strain hardening coefficient. First, the matrix yield strain &' is set to 2%, and elastic (initial) stiff-
nesses of both constituents are fixed, whereas the matrix strain hardening coefficient () varies from 2 to 20.
Two imperfection angles of 1° and 2.5° are considered, their distribution is constant across the thickness
and their wavelength is 0.2 mm.

In Fig. 13, are reported failure strains calculated from both models. It can be noticed that our predic-
tions are always larger than the ones from kink-band model. This discrepancy is natural since when the
fibre bending stiffness is accounted for in the process of kink band formation, predictions (1) and (12) must
be raised from 5 to 10% as stated in Fleck et al. (1995a). This is justified by the results presented here and in
Section 3. For both imperfection amplitudes, the contribution of the fibre bending in the microbuckling
process is essential (Figs. 6 and 7), but more markedly for large imperfections. This latter effect is not taken
into account in the kink-band theories and justifies the discrepancies observed in Fig. 13.

Second, for strain hardening coefficients larger than 8, failure strains hardly vary and are quite close for
both models. They tend towards a finite value that corresponds to the composite strength, whose matrix
would be ruled by a perfectly plastic law. Conversely, for strain hardening coefficients lower than 8§ pre-
dictions from both models diverge. The maximum discrepancy between predictions from both models is
observed for a large imperfection and small strain hardening coefficients. It seems that plies affected by a
2.5° imperfection angle are slightly more sensitive to the changes in the non-linear response of the matrix.
As has been demonstrated previously, for large imperfections, the instability is induced by the drop in shear
mechanical characteristics and therefore, the behaviour depends strongly on the matrix response. Whereas
for small imperfections, the instability arises from the coupling of the stiffness drop with the geometrical
non-linearity induced by fibre bending. Thus, changes in the matrix response are not fully passed on to the
composite behaviour for small imperfections.
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Fig. 13. Failure strain versus the strain hardening coefficient of the matrix m.
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Fig. 14. Failure strain versus the matrix yield strain &J'.

It is important to point out that the influence of the strain hardening coefficient presented here is a new
result. Indeed, when relation (12) is used with several strain hardening coefficients n (Fig. 13), only a very
feeble difference can be observed (Budiansky and Fleck, 1993). This is based on the expression of the
constitutive law whose elastic threshold depends on the combination of both strain hardening and yield
strain, as explained previously in this section.

3.3.1.2. Yield strain. These results demonstrate that the central role of the elastic threshold proposed by
many authors is to be reconsidered. To validate this, the influence of the yield strain on the strength is
quantified (Fig. 14). The matrix strain hardening coefficient is set to 3. Comparing the changes in strength
when the yield strain varies (Fig. 14) with those presented previously (Fig. 13), one can notice that both
effects are of the same order of magnitude. When the yield strain increases, the stress necessary to increase
the plastic flow also increases. It results in an improvement of the ply strength whatever be the imperfection
angle. If failure strains predicted by our model are larger than those from the kink-band model, the changes
are similar.

Previous results demonstrate the central role of the change in tangential stiffness. This idea is reinforced
by the curves plotted in Fig. 15, where an improvement of the strength can be seen when the matrix elastic
stiffness increases. In that case, the tangential stiffness drop is delayed as a direct consequence of the yield
stress increase since both yield strain and strain hardening coefficients are fixed to 2% and 3, respectively.
Failure strain changes that are predicted here are similar to the ones from the kink-band model for both
imperfection angles considered. Again, the discrepancy between the predictions from both models (Figs. 14
and 15) can be attributed to the fibre bending stiffness since the largest difference is systematically observed
for large imperfections.

To summarise, the relative variation of failure strains versus the various parameters demonstrates that
the matrix plays actually a central role. But unlike the statements made by several authors, it appears that
the instability is mainly influenced by the change in the tangential stiffness. This latter effect is a direct
function of the matrix mechanical characteristics, but depends also on the tridimensional stress state when
plasticity occurs which differs for small and large imperfections.

3.3.2. Fibres
The intrinsic fibre characteristics come into play twice in the compressive failure. As seen previously, the
fibre bending has a destabilising effect and hence participates in the failure mechanism. But it has to be
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Fig. 15. Failure strain versus the matrix Young’s modulus E,,.

noticed that the ply response before the instability strongly depends on the fibre modulus. Three fibre
stiffnesses are considered here (230, 290 and 350 GPa) and the 5 mm thick ply response is established for
two imperfections (1° and 2.5°). Observation of stresses and strains taken at the failure of the ply show that
the ratio of fibre bending to matrix plasticity is fairly constant. Also, it can be noticed that the fibre bending
stresses at the limit point are constant for the three moduli considered. It results in a very low dependence
(variation lower than 4%) of the failure stresses to the fibre Young’s modulus (Fig. 16). Conversely, since
the ply elastic stiffness is based on the fibre elastic stiffness, the failure strain strongly decreases for in-
creasing fibre moduli. This clearly appears in Fig. 16 where it can also be seen that predictions from the
kink-band model lead to similar changes in failure strains for both imperfections considered.

15 &) =1° — ¢y = 1° 'Kink-band'
' —h— o =2.5° _a_do =2.5° 'Kink-band’

1.25

Failure strain (-%)

230 290 350
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Fig. 16. Failure strain versus the fibre Young’s modulus E.
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3.4. Synthesis

The mechanism of compressive failure is characterised by two different regimes depending on whether
the imperfection is small or large. But in both cases the equilibrium between the fibre bending and the
matrix stiffness is the basis of plastic microbuckling occurrence. The difference is due to the way in which
the matrix reaches its plastic state. For small imperfections, it is mainly the compression stress that orig-
inates plasticity whereas for larger imperfections, it is the shear induced by the fibre waviness increase that
initiates it.

The fibre initial imperfection is a key element of the plastic microbuckling mechanism. It can be char-
acterised by the maximum angle measured between the fibre and its theoretical (straight) axis, i.e. the point,
where the localisation of plastic strains develops, which leads to the ply failure. However, this simplification
of the imperfection is valid only in a range of wavelengths for which failure strains are minimum and
remain almost constant for the given imperfection angles. For small and large wavelengths, such as the ones
measured experimentally, both parameters (angle and wavelength) are necessary to represent the effect of
the imperfection on the plastic microbuckling mechanism.

The influence of the mechanical characteristics that we predict is in perfect accordance with the litera-
ture. Choosing a threshold function permits to split up the role of the strain hardening from the role of the
yield strain (stress). It appears that the change in tangential stiffness is the main parameter that affects the
instability mechanism. If the fibre bending influences the failure stress little, it is opposite for the failure
strain that increases largely for increasing fibre moduli.

4. Influence of the structural parameters and comparison with experimental results

In the work by Drapier et al. (1999), the influence of the loading, ply thickness and boundary conditions
prescribed on bottom and top faces have been extensively described. A complementary part is developed
here, where the microbuckling is studied in a complete laminate. The whole thickness of the composite is
discretised and free faces conditions are prescribed on both faces. Characteristics of the fibre initial im-
perfection are very rare and therefore a range of imperfection angles is considered. The other characteristics
of the imperfection are not very well known either, or not known at all. Consequently, first, several im-
perfection angles are considered to grasp at the best the actual compressive strength of the material.
Second, because no experimental information can be found that describe the imperfection distribution
across the ply thickness, a parabolic distribution is chosen with the largest waviness amplitude located at
mid-height.

As has been demonstrated that the imperfection plays a great role in triggering microbuckling, the
distribution across the thickness is essential in predicting structural plastic microbuckling development.
Then, the imperfection distribution that is chosen is driven by the understanding gained in the field of the
imperfection birth and growth (Jochum et al., 1999). More precisely, fibre waviness seems to result from the
occurrence of fibre microbuckling induced by the resin shrinkage during the reticulation stage. If this
chemical reaction is exothermal and thermo-stimulated, then the shrinkage is larger for fast reactions. This
is confirmed by experiments carried out on single-fibre specimens. Consequently, a relationship does exist
between the resin shrinkage, fibre initial waviness, and temperature distribution across the ply thickness
during cure. Studying thermal exchanges during the curing process shows first that temperature is maxi-
mum at mid-thickness and second that the distribution is parabolic in first approximation. Hence one can
postulate that the resulting fibre imperfection will be parabolic with the largest amplitude at mid-thickness.
This distribution will be used throughout the present section.

In the present framework, the influence of the loading, thickness and stacking sequence on the com-
pressive strength is studied. Since the whole ply is discretised, no hypothesis on the interaction between plies
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Table 2
Data for T400 fibres and 6376 resin
Fibre T400 (isotropic) Matrix 6376 (isotropic)
Er =250 GPa E, =4.5 GPa
re = 3.5 um Gn =291 GPa
f=06 vm = 0.33
Strain hardening (isotropic)
n==6.5
1:3‘ =1.8%

is necessary unlike in Drapier et al. (1999). Moreover, the constitutive laws used are based on realistic
characteristics of the components such that comparisons can be made between results from our compu-
tations and experimental results from the literature. Fibre and resin characteristics are detailed in Tables 1
and 2 and experimental stress—strain curves used for both 914 and 6376 resins are plotted in Fig. 4.

4.1. Loading

Experimental bending tests have demonstrated that a T300/914 composite can locally withstand more
than 2% of compression. Conversely, if the same material is tested under pure compression, its strength is
about 1.2% (t'Hart et al., 1991). In order to explain this difference, two configurations are investigated here
for a 3.2 mm thick UD ply. In the first case, the loading is constant across the thickness (pure compression),
whereas in the second case the loading varies linearly through the thickness and vanishes at mid-thickness
(pure bending). The imperfection angles range from 0.1° to 2° and the wavelength remains equal to 0.9 mm
according to Paluch’s measurements (1994) ranging from 0.6 to 1.16 mm.

In Fig. 17 are reported strain at failure for several computations carried out on a T300/914 like material.
One can notice that with both loadings the larger the imperfection, the lower the laminate compressive
strength. Also, the strength is systematically higher under pure bending loading. With imperfection angles
close to 0.5°, our prediction of the compressive strength correlates very well with experimental measure-
ments (t'Hart et al., 1991) for both compression (1.2%) and bending (1.95%). Predictions obtained through
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Fig. 17. Failure strain versus the imperfection angle ¢, for compression and pure bending loadings.
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the kink-band model are close to the ones obtained under pure compression (Fig. 17), which supports the
validity of relation (1) under simple conditions.

The influence of the imperfection angle on the compressive strength is similar for both compression and
bending loadings. This result clearly demonstrates that the scattering of results that pure compression
devices exhibit (t'Hart et al., 1991) must be essentially attributed to the compression rigs themselves rather
than to the fibre misalignment imperfection. Indeed, if fibre initial imperfections can initiate scatterings in
measurements, from the simulation, this discrepancy should be observed for the bending devices too, but
this is not the case. This conclusion is confirmed by results from the simulation of pure compression devices
carried out by Anthoine-Rahier and Grandidier (1996). These authors have shown that testing devices are
very sensitive to any manufacturing and positioning imperfection. These imperfections induce tridimen-
sional stress states in the grips that lead to the premature failure of the material in these places.

In Fig. 17, it can also be noticed that the difference in strength obtained from the two loading config-
urations is rather constant whatever the angular imperfection. This result is justified by the displacement
and stress distributions across the ply thickness which are proper to each loading and are independent of
the imperfection. Under pure compression loading, both strain and stress distributions are fixed by the
imperfection distribution across the thickness. Indeed, matrix plasticity develops in the central zone of the
UD ply but does not localize in the boundary layer close to the free face, as could be expected. The maximal
von-Mises stress is reached in the centre at the largest slope points (Fig. 18). Conversely, under bending this
zone in which plasticity develops is reduced to a third of the ply thickness, and it is situated in the part
undergoing compression (Fig. 19). More precisely, a boundary layer appears according to the presence of
the free edge. It seems that the loading counterbalances the effect of the imperfection distribution which is
no longer predominant in setting the microbuckling distribution. The characteristic transverse length, i.e.
the dimension of the zone in which microbuckling will develop and thus control the laminate response, is
fixed by the gradient of loading.

To summarise, in the presence of imperfection distributions, under pure compression loading, plastic
microbuckling will develop accordingly to the maximal misalignment amplitude. Conversely, under bending
loading, the gradient of loading is predominant in setting the plastic microbuckling development. Therefore,
the imperfection distribution will play only a minor role regarding the spatial distribution of microbuckling.

4.2. Thickness

In order to evaluate the influence of the thickness on the characteristic transverse dimension, compu-
tations have been carried out for UD plies whose thickness ranges from 0.25 to 12.8 mm. Angular im-
perfections considered are 0.5° and 1.5° with the same wavelength of 0.9 mm. Results from the simulations
are compared with measurements from bending experiments achieved by Wisnom (1991) on XAS/913
material. Data for this type of fibre and resin are quite close to the ones from T300/914 material and
consequently these latter data will be used for the present comparison.

It can be observed in Fig. 20 that under pure compression the thickness has very little influence on the
laminate strength. This result can be justified first by the homogeneous strain and stress distributions, and
second because the influence of the boundary layers close to the free faces is limited by their small size. Only
for very thin composites, the region in which plasticity develops is of the same size as boundary layers, and
this induces a slight decrease in the compressive strength. Therefore, except the influence of the boundary
layers for very thin laminates, there is no structural effect under compression since there is no characteristic
transverse length prescribed: both faces are free and the loading is constant across the thickness. From
there, only a distribution of imperfection across the thickness can induce a structural effect as it was
demonstrated in Section 3.2.2.

Conversely, under a bending loading, a decrease in thickness yields an increase in failure strain for both
imperfections angles considered. This strength increase is induced by the decrease of the zone undergoing
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Fig. 18. Von-Mises stress distribution (MPa) in the resin at failure load. Case of compression loading for a 3.2 mm thick ply. Deformed
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compression when the thickness decreases. In other words, when the gradient of loading increases beyond
3.2 mm, the influence of the thickness becomes small which confirms the results from Drapier et al. (1999).
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Wisnom (1991) tested UD carbon—epoxy XAS/913 with 60% volume fraction of fibres. Specimens were
manufactured with pre-impregnated material 0.125 mm thick and 25, 50 and 100 layers which lead to



3900 S. Drapier et al. | International Journal of Solids and Structures 38 (2001) 3877-3904

—L3— Pure bending, ¢y =0.5°
3. 7 —O— Pure bending, ¢ = 1.5°
—H— Compression, ¢ = 0.5°
—@— Compression, ¢ = 1.5°

— 2.5 A ---O-- Experimental results (Wisnom, 1991)

0

-

a 4

& 2.

+ S~a D
@ NG, T

e .l TO—_ TO---___

3 159 0T O ;:';o
= -

= g _Ia

05 T T T T T T
0. 2. 4. 6. 8. 10. 12.

Thickness (mm)

Fig. 20. Failure strain versus the UD thickness.

measured thicknesses of 3.175, 6.35 and 12.38 mm respectively. Failure strains were measured in tension
and compression with a pin-ended-buckling test and a four-points bending rig. For this comparison, only
failure which occurred on the compressed face were considered. In Fig. 20, it clearly appears that our
predictions can correlate the experimental results at least for the two thinner plies for which the gradient is
the most pronounced. For thick specimens, a drop in measured strength is observed that is related either to
manufacturing defects or to the presence of larger waviness amplitudes as suggested by our computations.
Also, as pointed out by the author (Wisnom, 1991), the cure process used for the thicker specimen is
different from the process used for the thinner ones. Eventually, it is worthwhile pointing out that the
imperfections considered here are restrictive and that further information is required to improve the
comparison between theory and experiments. Especially if one realises that fibre initial imperfections are
controlled by both geometrical and processing parameters.

4.3. Gradient of loading

It was demonstrated previously that both the loading and thickness of UD plies has a great influence on
the compressive strength. The combination of these two parameters results in setting the gradient of loading
across the thickness. This confirms the work of Grandidier et al. (1992) who established through a com-
bination of experiments and computations on glass/epoxy material that high gradients of loading yield
higher strength. In an elastic framework, a model was proposed which led to qualitative prediction of this
phenomenon.

Variation of this parameter can result from the combination of a varying thickness with constant
maximum load applied, but also from a bending state that is no longer pure bending. In this part are
compared predictions from our model with experimental results of Wisnom et al. (1997) who tested with
pin-ended buckling rigs some T800/924 material. In this work, specimens of various dimensions were tested,
especially the thickness and length varied which led to gradients of loading across the thickness ranging
from 0.325% to 3.83% mm™!.

Characteristics considered here for the computations are similar to those for a T300/914 material (Table
1). In Fig. 21, it can be seen that our predictions correlate well with the experimental results of Wisnom et al.
(1997) which in first approximation relates linearly the compressive strength to the gradient of loading. The
small discrepancy that exists between predictions and experiments may be related to imperfections that are
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Fig. 21. Failure strains versus the gradient of loading for UD plies, for experimental results (Wisnom et al., 1997) and predictions from
the present model.

not in reality as homogeneous as considered in the model. From the effect of the loading and thickness, it is
clear that the effect of the gradient of loading is to set the characteristic length upon which microbuckling
develops. This role of the gradient of loading is in agreement with the work of Drapier et al. (1996), who
studied the elastic microbuckling mode at ply scale, but also with the work of Drapier et al. (1997) who
reached the same conclusion on single UD plies.

This comparison demonstrates first, the ability of our model to account for the effect of structural pa-
rameters. Second, with reasonable imperfection angles a quantitative prediction of the effect of the gradient
of loading is proposed. This effect is the very one that affects the compressive strength, although its in-
fluence can appear either through varying thickness or loading. This explains why demonstrating its in-
fluence is not straightforward and very sparsely considered in the literature. And as far as the authors
know, the effect of the gradient of loading on the compressive strength of composites has never been
predicted either qualitatively or quantitatively.

4.4. Stacking sequence

In this part, the influence on the instability of the stacking sequence and of the cross plies (90° and 45°)
stiffness is investigated. Six laminates are considered which are made up of 16 plies: [01¢], [03,90]5s, [02,45,]5s,
[02,905]zs, [0,903]5s and [0,90]4s. Among these sequences, four families can be distinguished, which are
characterised by a similar number of neighbouring 0° plies (16 plies, 3 plies, 2 plies and one ply).

It is evident that whatever the loading considered the thicker the consecutive neighbouring 0° plies, the
lower the compressive strength (Fig. 22). The presence of transverse plies at 90° or 45° set the characteristic
transverse length by clamping the fibre transverse displacement close to the interface between the 0° ply and
the transverse ply. Let us notice that regarding the instability, the support provided by transverse plies is
similar since the compressive strength of [0,,45,],s and [0,,90,],s laminates are identical. On the contrary,
the transverse plies thickness does play a role, since in [0,90]ss laminate microbuckling develops in both
internal and external 0° plies. This yields a slight drop in strength when compared to [0,90;],s laminate for
which microbuckling occurs in the external plies only.

The difference in strength between compression and bending is maximum for the [0¢] stacking. This is
due to the fact that the difference in size of the zone where plasticity develops is larger between the two
loadings for UD plies. In the case of laminates, the dimension of the plastic zone is essentially influenced by
the thickness of the 0° consecutive plies. When this latter becomes small, the loading no more influences the
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strength. It must be pointed out that contrary to the previous section, there appears a structure effect under
compression loading which is induced by the thickness of consecutive 0° plies.

The comparison attempted here with experimental data is partial, since very few works can be found in
the literature which deal with this problem. The present approach considered from Grandsire-Vingon
(1993) was carried out on T400/6376 material whose behaviour is represented through the data given in
Table 2 and in Fig. 4. Laminates were tested using pure compression and pin-ended buckling experiments.
Results from experimental measurements are reported in Fig. 22. It appears that our predictions are in
good agreement with the experimental tendencies, but these new results must be validated by a consistent
experimental work that is in progress at the moment.

5. Conclusion

In this article, the compressive strength of composite laminates has been investigated, thanks to a specific
finite element. The model underlying this numerical tool permits for the first time to capture the devel-
opment of the plastic microbuckling mechanism in laminates while taking into account the effect of
structural parameters.

In terms of response, systematically two characteristic responses of the ply can be observed. For small
fibre imperfections, the matrix plasticity appears homogeneously in the material under the action of the
compressive stress. This leads quickly to the sudden occurrence of the geometrical instability characterised
by a limit point both in loading and displacement. For larger imperfections, plasticity appears heteroge-
neously from the start of the loading under the action of shear induced by the initial waviness. Then, fibre
waviness increases progressively and a limit point in load is reached.

Those results confirm that the fibre initial wavy imperfection is one of the key parameters for failure
induced by plastic microbuckling. It can be characterised by the maximum angle that exists between the
fibre and its theoretical direction (loading direction). However, as it has been demonstrated, this simpli-
fication of the imperfection holds only for a narrow range of wavelengths, for which failure strains are
minimum and depend only on the angle. This range of wavelengths has proved to differ from measurements
of imperfections made on actual composites. Then, both parameters (wavelength and amplitude) are
necessary in order to get realistic predictions of the compressive strength limited by the plastic micro-
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buckling mechanism. Our approach also permitted us to quantify the influence of the spatial distribution of
the imperfection. Simulations led to the conclusion that the lowest failure strains correspond to a constant
imperfection across the thickness. But the comparison of failure strains obtained when considering a modal
and anti-modal imperfection distribution demonstrates that the elastic (geometrical) mode participates too
in the development of plastic microbuckling. The form of the imperfection in the loading direction influ-
ences significantly the strength. This is a result that calls for a better understanding of the fibre initial
imperfection.

A parametric study was carried out on the constituent mechanical characteristics which validates our
model and completes the results from kink-band theories. Clearly, the combination of fibre imperfection
with matrix plasticity is a central element of failure induced by plastic microbuckling. The constitutive law
with a threshold that was used for the matrix has permitted to grasp the influence better, of the yield strain
(and stress), strain hardening, and elastic stiffness on the compressive strength. The results show that the
central role that many authors assign to the threshold must be reconsidered since a tangent stiffness cri-
terion seems more appropriate in predicting the compressive failure. Comparison with the kink-band
theory demonstrates that our approach, which does not aim at describing in deep details the plastic mi-
crobuckling mechanism, permits to tackle very properly this instability.

Then, our structural model, including also the effect of the local parameters, was used to demonstrate
and explain the effect of both thickness and loading. Computations carried out on UDs provided a rigorous
explanation of the high strength of composites achieved under bending loading. Combination of the
loading along with the laminate thickness results in setting the dimension of the zone in which micro-
buckling develops and consequently sets the strength of the whole ply. More precisely, for a UD ply under
bending loading, the thinner the ply the larger its strength. Beyond 3 mm, the effect of the thickness is no
longer significant. Under pure compression, no structure effect can be observed on the UD ply since no
transverse characteristic length is prescribed. In accordance with some experimental evidences, the com-
pressive strength was shown to depend in first approximation linearly on the loading across the UD
thickness. For the first time, the effect of the gradient of loading on the compressive strength of composites
was demonstrated from a theoretical point of view.

In laminates made up with transverse plies, the key parameter is the combination of the number of
consecutive 0° plies (thickness) with the gradient of loading across the laminate thickness. More precisely, it
is the gradient of loading across the thickness of these contiguous plies that sets the transverse characteristic
length of the phenomenon and therefore, it influences the mechanism under both pure compression and
pure bending.

These results provide some clear explanations of the influence of the structure on the compressive
strength. In order to draw definitive conclusions, further experimental investigations must be carried out,
especially bending experiments on laminates are being achieved. Also, it would be interesting to predict
both distribution and amplitudes of the fibre initial imperfection, the only parameter which is still not
sufficiently known but was shown to control strongly the local plastic microbuckling mechanism. A
comparison with experimental measurements must rely on such information that is hard to quantify today.
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Abstract

The compressive strength of composites based on non-crimped fabric (NCF) under axial loading has been investigated. The
objectives are firstly to give insight into the mechanisms leading to failure, !and secondly to provide guidelines for the fabric struc-
ture to optimise the NCF properties. The modelling approach is at the blanket scale where the main microstructural parameters can
be accounted for based on experimental characterisation of the NCF composites (A.J. Miller, School of Industrial and Manu-
facturing Science, 1996). Using a two-dimensional repeating finite-element model through the thickness of a biaxial fabric, we relate
the NCF compressive properties to the geometrical and mechanical characteristics of the constituents. It is established that meso-
buckling of the 0°-oriented tows leads to an overall shear instability of the model that can be associated with the experimental
occurrence of failure. The coupling of tow crimp and material properties, especially the resin mechanical characteristics, is shown to
very much modify the NCF compressive strength. The 90° tow shape is also relevant as it defines the support provided against the
0° tow plastic mesobulckling. Finally, it is seen that in order to improve the NCF compressive strength, the stitching tension during
the manufacturing stage should be kept low so that the tows can spread. Thus, mesobuckling is delayed owing to the improvement
in 90° tow support and the reduction in 0° tow crimp. These guidelines are consistent with compressive strength measurements
carried out on NCF made during manufacturing trials (R. Backhouse, Eng D. Thesis, 1998). Improvement of the resin character-
istics is also shown to bring about substantial improvement in predicted NCF compressive strength. © 1999 Elsevier Science Ltd.
All rights reserved.

Keywords: Non-crimp fabric composites; Structure-property relation; Finite element model; Compression; Plastic buckling; Parametric study

1. Introduction

In an attempt to improve the damage resistance of
carbon-fibre-reinforced plastics (CFRP) whilst reducing
manufacturing costs and weights, new types of compo-
site are being del!veloped. The so-called non-crimp fab-
ric (NCF) materials respond to this demand. These
composites are obtained by stacking blankets which are
typically made up from two to four layers of fibre stit-
ched together through their thickness. This process is
represented in Fig. 1 where it can be seen that the layers,
which can be oriented in several directions, are made up
of tows of fibres placed side by side. In terms of cost
reduction, the improvement comes both from the easier
handling/lay-up process and from the use of cheaper
tows containing up to 64,000 fibres.

* Corresponding author. Tel.: 0033 0 4-77420079; fax: 0033 0
477420000; e-mail: Drapier@emse.fr

The other main issue to be addressed with stitching is
the improvement in resistance against delamination.
NCF composites show definite improvements in
damage tolerance [6] which surprisingly are not neces-
sarily attributed through the thickness reinforcement
provided by the stitching. Indeed, Backhouse et al.
(1995) established that the heterogenecous character of
the fibre! distribution could be responsible for this
improvement, as experiments showed irregular fracture
paths with cracks propagating around the tows, leading
to an enhanced area of fracture.

On the other hand the introduction of stitching has
strong drawbacks as it induces heterogeneity at the scale
of the tows. Imperfections are introduced such as resin
pockets forming between tows or fibre breakage induced
by the penetration of needles into the tows [6]. In Miller
[21], various other geometrical imperfections such as tow
crimp (Fig. 2) are also observed in the final composite. In
this study devoted to the NCF characterisation, a very

0266-3538/99/$ - see front matter © 1999 Elsevier Science Ltd. All rights reserved.
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Fig. 1. Schematic of a NCF manufacturing.

strong correlation was observed between the compres-
sive strength and some of the parameters measured at
the scale of the blanket, especially the tow crimp level
and the size of resin-rich pocket!s.

In the literature NCFs are mostly studied from an
experimental point of view [16,2], although some
research on modelling other kinds of through-the-
thickness reinforced composites has been carried out [4]
[10]. Extensive studies have been devoted to the exam-
ination of multiaxial warp-knit (MWK) materials which
are very similar to NCF in terms of the manufacturing
process. The mechanical properties of these materials
have been characterised experimentally [18], but most of
the work has been devoted to studying the feasibility of
MWK [9,17,19] in terms of packing. One study has been
reported relating the mechanical properties of the
MWK to those of the yarns as a function of their
orientation [17].

The behaviour of these new composites is not that
well understood, and no established modelling
approach exists to relate the NCF properties to the
constituents’ characteristics. The use of these new
materials requires a better understanding, especlially of
their behaviour under axial compression loading which
is usually a major design driver for composites. Conse-
quently an investigation of NCF compressive strength is
presented here. Finite element modelling has been car-

Vertical Displacement (|
© -
>

Horizontal Displacement (mm)

Fi

g. 2. 0° tow crimp measured in a biaxial NCF based composite [21].

ried out at the blanket scale based on the knowledge
gained in the field of compressive behaviour of homo-
geneous composites [23,7]. In the present study every
medium making up the NCF composites is assumed to
be homogeneous. A representative bidimensional unit
cell is defined at the blanket scale, taking into account
the main geometrical and material parameters at this
level likely to affect the overall instability responsible for
failure.

2. Mesoscopic approach of biaxial NCF

From the measurements and experimental results of
Miller [21], a relationship was found to exist between
the tow crimp and the parameters of the surrounding
layers of tows. Based on this assumption of ‘nesting’ of
the tows in gaps in the compllementary direction
(detailed below in Section 2.1, see Fig. 3) a unit cell was
defined which includes the main imperfections: the tow
crimp level and the resin pockets. It was decided to
focus on the simplest NCF, i.e. biaxial 0°/90°, in order
to investigate the basic mechanisms. Connection of dis-
placements on the cell edges permits simulation of the
deformation in a finite medium. The finite element
approach involves a combination of beam and con-
tinuum elements in order to properly account for the
change in behaviour of the 0° tows under compression.
The 0° tows, 90° tows and resin are all assumed homo-
geneous, and non-linear properties were deduced from a
single stress—strain curve of the resin. Generalised plane-
strain theory was used to represent the three-dimen-
sional medium with a two-dimensional finite-element
analysis of a slice of wunit thickness.2./. NCF
mesostructure

From measureme!nts at the blanket scale [21], it
appears that the crimp level of the tows in the so called
non-crimped fabrics can be very large, some way
between unidirectional and woven composites. The
measurement of this crimp is defined by its wavelength
(1) and its amplitude which is represented by the stan-
dard deviation of the orientation (SDO) with respect to
the theoretical direction. As a statistical tool, the SDO
was checked to be relevant and it can be shown to be
simply related Eq. (1) to the maximum angle of mis-
orientation (¢y.x) if the crimp is sinusoidal

b""= f(gap width, tow size)

A= tow spacing

Fig. 3. Schematic of NESTING defining tow crimp.
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Pmax = :l:\/_é SDO. (1)

From the measurements it is clear that the tow crimp
depends essentially on the arrangement of the tows in
the complementary direction. This is most obvious in
the case of the biaxial blankets. Due to the inherent
disposition of tows placed side by side during manu-
facturing, gaps remai!n between them which are filled by
resin. Under the pressure applied during the cure, tows
in one direction (e.g. 0°) tend to nest into the gaps left in
the complementary direction (resp. 90°). This nesting
phenomenon is schematically represented in Fig. 3. This
is very clear when comparing crimp angles and wave-
lengths [21]. The crimp wavelength is set by the spacing
of tows in the complementary direction, whereas the
misalignment angle depends on the width of the gaps
left in this complementary direction (Fig. 3). These gaps
are directly related to the number of fibres in the tow,
since for a given overall fibre content bigger tows will
leave ‘deeper’ gaps. Finally, the larger the 90° spacing,
the larger the 0° crimp wavelength, and the wider the
90° gap (larger tow size), the greater the 0° tow mis-
alignment angle.

Manufacturing trials [3] showed that very tight
stitching could induce well developed resin channels in
NCFs. This suggests that the stitching tension might
modify tlhe final geometry of the NCF. Also when the
stitching was removed before curing, the tows could
spread and the crimp level was halved. Moreover, a
strong correlation was found between the mean resin-
rich area size (resin pockets) and the crimp level, which
tends to reinforce the assumption of nesting: the more
the material is ‘gappy’, the larger the crimp and the
resin-rich areas.

It was also established [3] that changes in the stitching
tension would not modify significantly the compressive
strength measured. However, a relatively loose stitching
is recommended as far as compressive performance is
concerned. It seems that the stitching can carry part of
the load when delamination occurs, but under com-
pressive loading the stitching is not directly involved.
For the present study it was assumed that the stitching
could be ignored when modelling NCF compressive
strength, as it primarily changes the crimp level (which
is for us an input data from measurements) but does
nolt participate in terms of stiffness.

2.2. Mesoscopic bidimensional repeating cell

From these studies [3,21], it can also be noticed that
the variation of 0° tow cross-section (area and shape) in
the fibre direction due to the stitching is sufficiently low
(for normal stitching) for the 0° tow mechanical char-
acteristics not to vary significantly along the loading
direction. Moreover, the variation of the parameters in

the 90° direction is assumed low and can be simplified
by taking into account only the effect of a direct strain
in that direction. Lastly, the stitching has no direct effect
on the compressive behaviour. Consequently, a 2D
model defined through the thickness and along the 0°
tow direction was sufficient and neither the stitching
thread nor its stiffness was taken into account (Fig. 4).
Following the previous remarks, the nesting phe-
nomenon defines the mode!l frame where, by symmetry,
only half of the crimp wavelength needs to be studied.
In order to represent a wide range of cases, the unit cell
is defined with two 0° tows. The resin rich areas are
directly defined by the room left between the 90° tows
and the 0° tows. In this model the tows are represented
in the 0° direction by an homogeneous band across the
width. Tows along the 90° direction are represented by
an ellipse of equivalent cross-sectional area depending
on the tow size used (3 k, 6 k, 12 k, 24 k). Tow crimp is
assumed sinusoidal and the maximum angle with respect
to the theoretical 0° direction defines the crimp level
(Fig. 4). This crimp is constant across the NCF width but
different for both 0° tows. Voids are neglected and
therefore every medium is assumed to be continuous.
Boundary conditions are prescribed in order to simu-
late a repeating cell in the loading and thickness direc-
tions, located in a medium of finite dimensions: !the
sides transverse to the loading direction stay straight (u,
the displacement in direction e; is the same along ver-

displacement u
identical
=

€,

- 77>e‘ v0=0 Q\_YVE‘\) \j_T

VONN

Fig. 4. Bidimensional repeating cell: geometry, parameters and
boundary conditions.
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tical and horizontal sides), and displacements v across
the thickness on both horizontal sides are coupled
together but accounting for the Poisson’s ratio effect
displacement (Fig. 4).

2.3. Tow modelling

For reasons of simplicity of the model, we decided to
assume homogenous media. As far as the 0° tows are
concerned, it is well known that compression gives rise
to stability problems with which only very few homo-
geneous models are able to deal. These few modelling
approaches assume that the equivalent behaviour of
UD plies under compression is split into two super-
imposed parts: fibre bending and an equivalent homo-
geneous medium. This behaviour can be mathematically
demonstrated [7,13,14] or treated from a mechanical
point of view [12,23,24].

Among these three solutions, our approach [23,24] is
the most directly suitable for FE analysis with existing
elements. Its principle is to rebuild an homogeneous
equivalent medium from standard finite elements pro-
vided in ABAQUS® [1]: beams without shear flexibility
which withstand the compressive load and provide
bending stiffness, superimposed on planar elements
which bear shear and transverse loads (Fig. 5). Beam
displacements along e; and e,, respectively # and v, are
constrained to be identical to those of the plate. On the
contrary, the rotation 0 is left free. A specific con-
stitutive law has to be introduced to rebuild the equiva-
lent behaviour from the two media properties, which is
addressed in a UMAT subroutine.

The equivalent constitutive law of the 0° tows is
determined from the resin stressstrain curve and the
fibre content based on a simple layered model. The
behaviour is assumed non-linear in shear, but linear in
the fibre and transverse directions (see Appendix A).
For the 90° tows, the fully non-linear planar con-
stitutive law is also deduced from the same resin curve
(see Appendix B) taking account of the fibre volume
fraction, and assuming a Von—Mises equivalent plastic
principle. The same equivalent plastic behaviour is used
for the regions of unreinforced resin.

2 noded mébic beams

8 noded quadratic element e,

Load Load T
_> <

u €

v

o 00 )

u

v

6

Fig. 5. Pseudo-element used by Wisnom [23] [24].

2.4. Meshes/computations

The cell size depends on the 0° tow crimp, the tow
thicknesses and the crimp wavelength. Moreover the
areas occupied respectively by the 3 media (resin, 0°
tow, 90° tow) must match the volume fractions pre-
scribed. With the geometry we chose we cannot control
the resin rich area volume fraction independently and
therefore we allowed it to be free, depending on the area
occupied in the mesh. But for the tows, we can imagine
several ways to obtain at the same time the correct
dimensions and volu!me fractions.

As a parametric study is to be carried out, we chose a
simple solution: keeping the thicknesses of the 0° and
90° tows constant. In NCF manufacturing the fibre
volume fraction can be relatively easily controlled, thus
the condition to be met by the mesh is that the overall
fibre content matches the measurement. Since the beha-
viour of laminates under compression is dependent on
the fibre content, the volume fraction in the 0° tows
(direction of loading) is more important than the 90°
tow volume fraction. Therefore we keep it constant, and
the 90° tow fibre volume fraction is allowed to vary so
as to meet the requirement of the given overall fibre
volume fraction. Consequently, for every new geometry
of the cell, the areas occupied by the three media have to
be estimated and the 90° tow fibre volume fraction cal-
culated to match the correct overall fibre content.

The 2D mesh (Fig. 6) was generated with FEMGEN®
[11], a commercial mesh generator. In order to best
represent a 3D medium with a 2D model, quadratic
planar elements with generalised plane strain theory
were used. This allows a direct strain in the 90° direction
(out of the plane of the model) to be taken into account,
which could play a role in the plastic behaviour of the
media. An ‘arc-length’ path-following method was used
to cope with the limit points expected to appear, as
classical laminates exhibit sharp snap-back responses
under compression. Data used for the computations are
those for a T300/914 composite, with an estimated fibre
volume fraction of 0.55. The fibres and matrix were
both assumed to be isotropic (Table 1).

3. Parametric study

A baseline case was used (Fig. 6(a)), corresponding to
a composite made up of biaxial NCF. Angular imper-
fections were +2° for tow 1 (top of cell) and —6° for
tow 2 (bottom of cell). Dimensions of the tows were
deduced from their volume fraction in the composite,
their content in fibres (3 k) and the measurement of
their width [21]. The 0° tow thickness was calculated to
be 0.298 mm and the 90° tows were 0.244 mm thick and
1.1 mm wide. The crimp wavelength was the one mea-
sured in [21] for this case, i.e. 1.4 mm, and !the overall
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fibre fraction was 0.44. The fibre volume fraction in the
0° tows for the baseline mesh was 0.547, and the value
in the 90° tows was 0.41 for that configuration of crimp.
The corresponding resin-rich region volume fraction
was 0.12.

When compressive loading is applied to the baseline
cell, the response is to a first approximation linear up to
the point where an instability occurs (Fig. 7). From an
experimental point of view, neither load control nor
displacement control would permit this point to be pas-
sed, which then represents failure and defines the critical
load that the NCF can be expected to withstand.

Occurrence of this instability corresponds to an over-
all shear of the cell (Fig. 8(a)). T'his is clearly related to
the development of shear stresses across the thickness.

Table 1
Mechanical characteristics used for computations. !Indices ‘f* and ‘m’
refer, respectively, to fibres and matrix, and ‘c’ stands for composite

Constituents Composite (Vy=0.55)
F'=230 GPa E$, =129 Gpa
17=0.25 E5,=9.77 Gpa
E"=4.5GPa 1§, =0.32

=04 05, =0.45

0.244

0.298

0.122

0.298

0.122

1291
_ 0.55 )'
A 1
,L a -
A
+20 vy
v =
- 3
T .
L
t
]
¥
&
R
=]
NN
P 0.7 >
(b)

= +2°, 3" = £6°. For tow thicknesses given, the cell height depends on the crimp level.

From equilibrium, the shear stress distribution must be
continuous when going across the thickness from one
medium to another. It is verified here and the slight
discontinuity observed can be related to the small
amount of shear that is carried by the beams of the 0°
tows at an angle. This distribution is more hetero-
geneous in the fibre direction where stresses go from
zero on the vertical free edges (which are planes of
symmetry) to a maximum value in the centre. Moreover

0.4

0.27

Load Applied (-Gpa)

00 ' 4 6 8 10

Displacement Ul (um)

Fig. 7. Displacement of node 1 for the baseline case versus the load
applied.
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the resin pockets are very favourable to heterogeneous
development of shear as 3 media with very different
mechanical characteristics are neighbouring in those
locations. Also, close to the tip of this triangular part of
the pockets the highest shear stresses in the 0° tows arise.

After the instability (Fig. 8(b)), localisation of very
high shear stresses develops in the centre of the cell. It
can be noticed that clonsistent with the shear behaviour
of the media, the resin shear yield stress is not exceeded.
However, shear strains must be very high as shown by
the zone which tends to shrink in the centre of the 0°
tows, especially in the most crimped tow. From this
stress distribution, it is clear that at the scale of the
tows, high shear stresses develop which are related to
both the 0° tow maximum misalignment angle and the
0° tow non-linear shear behaviour. Consequently, by
analogy with fibre microbuckling, we call this phenom-
enon leading to the overall instability 0° tow plastic
mesobuckling, and it is shown to control the predicted
overall response of the NCF.

From these observations, we can describe the meso-
buckling mechanism leading to the occurrence of overall
shear instability. When the load is applied, high shear
stresses are induced by the geometry of the crimped 0°
tows, which tends to weaken first the part of the cell
with the largest imperfection angle (here the bottom
part). Afterwards the rest of the clell is more and more
highly loaded, particularly the second 0° tow where

MPa

-78.8
67.5
-56.2
-44.8
335
222
-10.9

+4.2

©)

Fig. 8. Shear stress distribution on deformed shap{\text e}*10; for the baseline case (a) at instability, (b) after instability.

bending increases too. Then shear stresses spread
between the 0° tow mesobuckling zones across the resin
pockets and 90° tows. Finally shear develops in the
centre all over the cell, and leads to a plastic overall
shear instability. At this point high shear stresses
(Fig. 8) are also observed in the narrow region of resin
between the 0° tows and 90° tows. After the instability,
the highest stresses localise in the mid region over the
thickness of the cell (Fig. 8(b)) and form a kind of
kink-band, especially in the 0° tow with the largest
imperfection.

3.1. Effect of angular imperfections

It can be noticed that the deformed shape of the cell
in Fig. 8 follows the orientation of the largest imperfec-
tion (—6° for the 0° tow in the bottom of the cell). If we
observe the effect on the NCF response of the imper-
fection in the second 0° tow, it is cllear that the larger it
is, the lower the critical load of the NCF (Fig. 9). This is
consistent with unidirectional laminate imperfection
sensitivity (see for instance [23]) as mesobuckling which
controls the NCF strength is also a geometrical
instability occurring in the fibre direction and accom-
panied by resin shear plastic flow.

For the case with +2°/+6° angular imperfections
(mesh in Fig. 6(b)), the deformed shape is opposite to
the baseline case, and therefore shear stresses are
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Fig. 9. NCF response for three imperfections of tow 2
(pfy™ = —4°, —6°, —8°.) in the baseline case; tow 1 angular imperfec-
tion is +2°.

opposite in sign (Fig. 10). The critical load is als!o
lower: —0.65 instead of —0.99 GPa for the baseline case.
This is due to the sign of the initial imperfections, as in
the present case both 0° tow misalignments are positive,
and under a compressive loading these angles increase
and lead to an overall shear of the cell. Conversely, in
the baseline case 0° tow plastic mesobuckling first
occurs for the larger absolute imperfection (—6°), but
the other 0° tow whose imperfection is +2° provides
support against it. This results in a higher critical load
when imperfections have opposite signs. In the case
where the two angles are identical in amplitude but
opposite in sign, the strength is maximum as the tows
are providing symmetrical support one to the other.

MPa

-0.16
9.9

19.9
20.0
40.0

50.1

60.1

70.0

Fig. 10. Shear stress distribution on deformed shape *10 at instability.
The maximum angular imperfections are +2° for tow 1 and +6° for
tow 2.

Other pairs of angles have been considered. Follow-
ing Miller [21] who measured a mean maximum angle of
3° for a 12° range, angles considered range here from
—8°to +8°. In Fig. 11 a series of results for these angles
is reported. For instance, let us follow the results for
H5* = +2°. When ¢jy* = —2°, the strength is max-
imum and if |¢§y*| increases the strength drops. There-
fore, not only do the misalignment angles modify the
NCF compression strength, but also the larger the dif-
ference between the imperfection angles of the 0° tows,
the lower the strength.

3.2. Tow width effect

Due to the way NCFs are manufactured, the 90° tow
shape can be changed, for instance by altering the 90°
tow size or the stitching tension (which produces tow
bunching). The 90° tow width is most relevant in our
model as it defines the resin pocket size, and therefolre it
is the only parameter that is modified here. Following
our procedure of keeping the overall fibre content fixed,
the fibre content of the 90° tow has to be updated when
changing the tow width, as resin is assumed to flow into
or out from the resin pockets. In the baseline case, if the
90° tow width is halved, the 90° tow fibre content goes
from 0.41 to 0.76 so as to keep the 0° tow fibre fraction
at 0.547 for an overall fibre content of 0.44.

When the 90° tow width is halved, the critical load
drops from —0.99 to —0.83 GPa. The corresponding
shear stress distribution (Fig. 12) clearly shows that
similarly to the baseline case, an overall shear of the cell
leads to instability. However, we !can notice that the
highest shear stresses reached in the 0° tows are not as
spread out. Not only are the 90° tows reduced in size,
but also the resin pockets are too weak compared with
the 90° tows to prevent 0° tow mesobuckling. Thus the
overall shear instability which depends mainly on this
mesobuckling occurs at lower loads. If the 90° tows do

5
3
S
3 5 4 2 0 2 4 5
Angular Irperfection Tow 2 ()
Fig. 11. Critical load versus imperfections of tow 2 ranging from —8°

to +8°- My = +2.
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Fig. 12. Shear stress distribution at instability for smallest 90° tow
width (deformed shape “10). The maximum angular imperfections are
+2° for tow 1 and —6° for tow 2.

not cover the centre part of the cell, the strength is
lower, even though the 90° tow fibre content is higher.

3.3. Effect of the fibre content

The fibre content in the NCF can be modified in the
manufacturing process, for instance by adding extra
resin layers before curing. In order to test the influence
of this change on the strength, firstly the fibre volume
fraction of only the 0° tows was modified, since it is the
0° tow plastic mesobuckling that was shown to control
the NCF compressive strength. Secondly, the overall
fibre content was also modified. Miller’s measurements
[21] have led us to fibre volume fractions in the tows of
about 0.!55. We chose to consider a range of fibre con-
tent in the 0° tows from 0.5 to 0.65 applied to the base-
line case. Following our procedure of keeping the
overall fibre volume fraction constant, for the first series
of analyses the corresponding 90° tow fibre contents
range from 0.5 to 0.2.

Responses for these first four cases
(Vo [0.5,0.65] — Voo [0.5,0.2]) (Fig. 13) verify that by
increasing the 0° tow fibre content, the axial NCF stiff-
ness is increased. This is the expected result for perfectly
aligned laminates, but here the large 0° tow imperfec-
tions do not allow direct application of the rule of mix-
tures. However, this increase of the axial stiffness does
not change thle critical load because there is a corre-
sponding decrease in the stiffness of the 90° tows, which
reduces the support against mesobuckling of the 0°
tows. This is confirmed by the results of a case with

1.0 A
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=
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Fig. 13. NCF baseline case response for various fibre volume fraction
in 0° tows.

Vio=0.65, but keeping a value of Vigo=0.5 instead of
0.2 as previously. This corresponds to an increase of the
overall fibre content from 0.44 to 0.55. We can see that
this response is quite different from the others obtained
previously (Fig. 13). Even if the overall stiffness varies
very little compared with the ‘normal’ case (Vyo=0.65
and Vigo=0.2), the support provided by the stiff 90°
tows improves the NCF strength. This means that if the
fibre content is increased in every tow, the global NCF
characteristics will be improved, due to the increase in
stiffness firstly in the fibre direction and secondly in the
transverse direction.

The increase of the overall fibre content in our case is
from 0.44 to 0.55, and yields an improvement !in
strength from 0.99 to 1.12 Gpa. This increase is relevant
for our biaxial NCF whose fibre content is initially quite
low (0.44), but for other composites whose fibre content
is higher (0.5-0.55), the improvement in strength might
be limited by the resin. As the mesobuckling stress
increases with increasing overall fibre content, the 0°
tows will undergo higher shear stresses and thus the
resin could be unable to resist such high loads.

In summary, an increase in fibre volume fraction in
the 0° tows improves the NCF stiffness but not the cri-
tical load. But if the fibre content is also increased in the
90° tows, NCF strength is improved in terms of critical
strain as well as critical stress. Yet for sufficiently high
fibre content this improvement could be limited by the
resin strength.

3.4. Resin effect

The resin is an important factor in any composite
under compressive loading, especially in those con-
trolled by microbuckling. By analogy with those! lami-
nates, we know that if plastic mesobuckling triggers
failure, the resin must play a very important role.

We investigate resin whose modulus is 0.5 and 1.5
times the resin elastic modulus used in the baseline case
(E™=4.5 GPa). The behaviour of the 90° and 0° tows is
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also modified as it directly depends on the resin (See
Appendix B). The yield stress remains the same
although it is thought also to play a role, but probably
less important compared to the modulus.

Critical loads are presented for three cases of imper-
fection couples (+2°/+6°, +2°/0°, +2°/—6°), and we
can check that the change in strength is very similar
whatever the imperfections considered (Fig. 14). !The
results also confirm that the effect of the resin is most
important for the 0° tow shear behaviour. Indeed, an
increase of 50% of the resin modulus in the 0° tow shear
leads to a strength improvement of about 20%. If the
resin change is taken into account in the resin pockets
and 90° tows too, the improvement is about 25%.
Hence 80% of the improvement is brought about by the
change of resin in the 0° tows’ shear behaviour.

These results show that any change in the resin,
especially in the 0° tow shear behaviour, is passed on to
the NCF compressive strength. This sensitivity to resin
changes in the 0° tow shear behaviour indicates that the
0° tows undergo mainly shear, which reinforces the idea
that NCF compressive behaviour is controlled by 0° tow
mesobuckling.

4. Conclusion

In this parametric study, we have tested the effect on
the NCF compressive strength of the parameters defin-
ing the 2D mesoscopic model. The main result !is that
the NCF compressive behaviour is controlled by 0° tow
geometrical instability arising at the mesoscopic scale
and accompanied by resin shear plastic flow. By analogy
with fibre microbuckling, we call this instability meso-
buckling, and we have clearly established that it leads to
the overall shear of the model cell, which can be asso-
ciated with failure.

We have demonstrated that as in any imperfection
sensitive medium, the coupling of the imperfection with
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Fig. 14. Critical load versus angular imperfection of tow 2 for 3 resins
moduli (FEm=2.25, 4.5, 6.75 GPa). ¢™**y = +2°, ¢™**p=-6°, 0°,
+6°.

the 0° tow non-linear shear behaviour (hence resin
behaviour) is the most important feature to be con-
sidered. The 90° tow shape has a smaller effect although
these tows provide support against 0° tow plastic meso-
buckling if they cover the centre of the cell where high
shear stresses are located. NCF stiffness has been shown
to depend on the fibres, whereas NCF strength is mainly
dependent on parameters which control 0° tow plastic
mesobuckling.

In order to improve the NCF compressive strength,
the coupling of the geometrical imperfections with the
non-linlear resin behaviour has to be avoided. More-
over, if the fibre volume fraction can be increased in the
tows and if the 90° tows can provide better support to
the 0° tows against mesobuckling, NCF strength can be
increased provided the resin characteristics are high
enough. Consequently, the NCF compressive strength
will be improved when the crimp level is limited, the
resin has high mechanical characteristics (especially a
high modulus), tows are spread and the overall fibre
content is increased.

In short, as far as compression is concerned, the NCF
should tend towards a classical laminate (geometry and
fibre content), and a high modulus resin should be used.
From a manufacturing point of view, the resin could be
replaced by one with a higher modulus, and the fibre
content could also be slightly increased. As for the geo-
metry, simple changes could improve strength. By
increasing the 0° tow tension during the lay-up, the gaps
should be limited and the resulting NCF sholuld have
lower tow crimp levels. More certainly by using a low
stitching tension, tows would not bunch, and hence the
crimp level would be lower (by limiting nesting) and
the 90° tows would spread and thus provide full sup-
port against 0° tow mesobuckling. This indication for
the stitching tension is confirmed by experimental
results [3] which show that in order to improve the
NCF compressive strength, the stitch tension should be
kept low.
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Appendix A. 0° tows’ non linear shear constitutive law

The medium standing for the 0° tow is assumed iso-
tropic transversely to the fibre direction and 2-3 is its
plane of isotropy. As we work using a generalised plane
strain theory, for the constitutive law of the planar ele-
ment we have to use a full 3D expression but with only
the in-plane shear. In the case of transverse isotropy the
material is defined with four coefficients: Ej;: the
Young’s modulus in fibre direction; E: the Young’s
modulus in isotropy plane (= E>> = E33); vi,: the Pois-
son’s ratio in 1-2 plane (=v;3); v: the Poisson’s ratio in
isotropy plane (= v,3 =1v3).

€
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In this configuration the constitutive law of the
transverse isotropic medium is:
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The composite axial modulus is taken into account in
beams, therefore the sum of the planar element stiffness
and of the beam stiffness must produce the correct
overall material stiffness. That is to say the first com-
ponent of the constitutive law above must be modified
and gives

11—V — E\E%
L[1,1]= FoF .

This constitutive law is implemented in UMAT, and
the composite shear modulus is deduced from a close
form of a 914 resin shear stress—strain curve given in
Ref. [22]. This law was derived from uniaxial compres-
sion tests on small blocks of resin and then curve fitted.
The expression of the shear secant modulus of the resin
(suffix m) versus the shear strain (in Pa) is

Gm 7 09 °
= — - +1 . 1— Y =

for 0<|y™ <0.038

12
1 [y — 0.1405\ >
m __ _ - =
G i 113.5+182.5{1 ( 01553 )

for 0.038<|y™ <0.13.

The non-linear shear stress—strain curve of the 0°
tows is deduced from this expression by assuming that
the shear strain is proportional to the shear strain in the
resin with respect to the fibre volume fraction (V7).
Moreover, it is well known that for a fibre volume frac-
tion given a 2D approach underestimates the lactual
shear stiffness [20] since distances between fibres are
larger in 2D than in 3D. Finally the shear modulus of
the 0° tows is equal to the matrix shear modulus
expressed with respect to the shear strain in the matrix
corrected for taking in account the 3D fibre distribution

o m 1.5y
Giowo(y) =G (m)

It leads to the following shear stress—strain response of
the OCI’O%O_W
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Comparison of shear behaviours for: T300/914
experimental (from [5]), T300/914 rebuilt from 914 resin
shear, and 914 resin shear behaviour (from [22]).

Appendix B. 90° tows’ non-linear constitutive laws

The 90° tows are assumed to be transversely isotropic
with 1-2 (as referred to so far) being their plane of iso-
tropy. With a simple rule of mixtures applied to a 2D
stacking i!n plane 1-2 representing the composite, and
with an hypothesis on fibre and resin stiffnesses [7], the
expression of the moduli of the 90° tows can be deduced
from the resin moduli.

Hypothesis. Fibre stiffness > Resin stiffness: Thus, the
mean strains in the composite are mainly concentrated
in the matrix, and with a simple rule of mixtures, they
write
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y2 = yn(l = Vp)and yas = y3(1 = Vy),

where (x) stands for the mean of x on the fibre-matrix
stacking or similarly it stands for the mesoscopic value
of x. But due to the stress interface continuity in the
layered model, the corresponding stresses are the same
in both constituents (‘f* corresponds to fibres and ‘c’! to
composite)

f f
on =05 =0y and o3 = 033 = 0.

Therefore we can deduce both transverse and transverse
shear moduli for the composite. For instance, the com-
posite transverse Young’s modulus E,,° is found by
considering a pure transverse tension

o0 = ESyn = ELyn(l = Vi)

D
and UzzzoﬁzE%V%iE?z:ﬁ-

With the same demonstration, we can get the composite
transverse shear modulus. By comparing the elastic
moduli obtained with this simple approach with others
got from different manners (Hahn formulas, Léné
homogenisation [20]), it turns out that a simple correc-
tion with a constant gives a proper approximation.
Finally:

EC = EEnz = EIn c
27081 -y 08(1—1Vp) %
m Gm

23

T08(1—Vp) 0801 -1y

This correction is then extended to the non-linear
Iresponse of the 90° tows.
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Abstract

In this paper the interlaminar shear behaviour of non-crimped-fabric-based composites is investigated by using a finite-element
approach. It is intended to provide an understanding of the basic mechanisms which control the NCF behaviour, together with
manufacturing guidelines for the fabric structure to optimise the NCF properties. The present approach is based on a bi-dimen-
sional mesoscopic model of a biaxial blanket developed in a previous study devoted to the compressive strength of NCF (Drapier,
S, Winsom MR. Finite element investigation of the compressive strength of non-crimp fabric based composites. Composites Science
and Technology, 1999;59:1287-97). This through-thickness repeating cell is completed with the proper boundary conditions
representative of interlaminar shear loading. It is established that the NCF ILS behaviour is controlled by the development of high
shear-strain concentrations induced by the combination of mechanical and mesoscopic geometrical characteristics. These shear-
strain concentrations are very likely to lead to local damage that could affect the NCF load-bearing capacity. It is mainly the resin
shear behaviour, and to a lesser extent the tow size, which are shown to control the ILS behaviour. Also, the presence of resin layers
which can form between the tows during the manufacturing process increases these strain concentrations. From a manufacturing
point of view, it comes out from this study that the resin should have high shear stiffness and yield stress, and that tow bunching
should be prevented by limiting both the stitching tension and the size of the tows used. Finally, the formation of resin layers should
be limited as far as possible. © 1999 Elsevier Science Ltd. All rights reserved.

Keywords: Non-crimp-fabric composites; Structure/property relation; Finite-element model; Interlaminar shear strength; Shear-strain concentra-
tions; Parametric study

1. Introduction

A quick survey of the recent literature makes it clear that
non-crimp-fabric (NCF) materials (Figs. 1 and 2) are
becoming popular as they bring an improvement in
damage tolerance [1], particularly against delamination [2—
4], as well as substantial cost reductions. These improve-
ments are obtained by introducing a stitching yarn through
the thickness of a blanket made up of a stack of two to four
layers of tows (Fig. 1). These layers are obtained from tows
of fibres placed side by side. The blankets are then used as
classical plies, stacked to give thicker composites and cured
in a resin film infusion process.

* Corresponding author. Tel.: +33-04-7742-0079; fax: +33-04-
7742-0000.

E-mail address: drapier@emse.fr (S. Drapier), m.wisnom@bris.ac.uk
(M.R. Wisnom).

Unfortunately, the improvements brought about by
the NCF process in terms of damage tolerance come
along with strong drawbacks. These are either inherent
to the stitching, such as fibre breakage induced by nee-
dle penetrations, or they are caused by the heterogeneity
of the constituents put together that lead to the forma-
tion of mesoscopic defects (Fig. 2) such as resin pockets
and tow crimping. This last phenomenon can be rather
important, and it was shown to control the compressive
strength of the NCF both from a theoretical [5] and
experimental point of view [2]. The presence of resin
pockets is also thought to facilitate the development of
strain concentrations.

So far, most of the studies devoted to the NCF com-
posites have been either dedicated to their experimental
characterisation [2,6], or to the investigation of their
resistance to delamination [3,4]. Studies have been car-
ried out on modelling other kinds of through-thickness

0266-3538/99/$ - see front matter © 1999 Elsevier Science Ltd. All rights reserved.
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reinforced composites [7,8]. Multiaxial-warp-knit mate-
rials, which are very close to NCF in terms of manu-
facturing, have been extensively studied from an
experimental point of view [9], and from a theoretical
point of view in terms of packing [10—12] and tow mis-
alignment/ MWK property relationships [10].

The numerous studies devoted to both NCF char-
acterisation and fabrication demonstrate an increasing
interest in these materials. As NCF composites are not
yet well understood from a theoretical point of view, we
aim to give an insight into the underlying mechanisms
which control their behaviour. As far as the compressive
behaviour is concerned, we proposed an approach [5] at
the mesoscopic scale that gave good correlation with
experimental investigations [13]. Now the ILS beha-
viour of NCF is to be dealt with, on the basis of the
same mesoscopic bi-dimensional FE model developed
for the NCF compression. A parametric study is carried
out to show the parameters which are most likely to
influence the ILS behaviour of NCFs.

2. Mesoscopic modelling approach for biaxial NCF

In order to test the influence on the NCF ILS beha-
viour of the most relevant characteristics a model was

Polyester Stitching
Yarn.

Fig. 1. Schematic of a NCF manufacturing.

resin layer

developed. It is a mesoscopic FE model of NCF wherein
geometry (tow crimp, tow width, resin layers) along
with constituent properties (fibre-volume fraction and
resin characteristics) can be represented.
Comprehensive justifications of the choices which led
to the mesoscopic model upon which the present devel-
opment is based are given in Drapier and Wisnom [5].
The key point is that this model was established at the
mesoscopic scale. Of the four scales of observations of
NCF (constituents scale, tow scale, blanket scale, com-
posite scale), it is at the ‘blanket scale’ (or mesoscopic)
that most of the parameters were measured [13,14] and
were shown to be relevant as far as the basic mechan-
isms are concerned. This scale of observation could not
have been considered without the use of equivalent
homogeneous media to model the tows made up from
3000 to 24,000 fibres. This last issue was addressed
thanks to the knowledge gained in the field of the
representation of the behaviour of equivalent homo-
geneous media in non-uniform states of stress [15,16].

2.1. Nesting

From measurements at the blanket scale [14], it
appears that the crimp level of the tows in the so called
non-crimped fabrics can be very large, some way
between unidirectional and woven composites. The
measurement of this crimp can be assumed sinusoidally
shaped and is defined by its wavelength (1) and its
amplitude, which is related to the maximum misalign-
ment angle with respect to the theoretical direction
(¢™*). When comparing crimp angles and wavelengths
[14], it is seen that the tow crimp depends essentially on
the arrangement of the tows in neighbouring layers.
This is most obvious in the case of biaxial blankets.
Under the pressure applied during the cure, tows in one
direction (e.g. 0°) tend to ‘nest’ into the gaps left in the
complementary direction (resp. 90°). In this nesting
phenomenon schematically represented at the top of
Fig. 3, the crimp wavelength is set by the spacing of
tows in the complementary direction and depends on

tow crimp

resin pocket

Fig. 2. Mescoscopic photograph of a biaxial NCF slice through thickness (from Miller [14]).
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A= 90°tow spacing

P=
f(gap width, tow size)

Resin

&
A
| »e

Fig. 3. Bi-dimensional model used for the interlaminar shear study of
a biaxial NCF.

the tow size, whereas the misalignment angle (resp.
amplitude) depends on the width of the gaps left in this
complementary direction (depending on both the 90°
tows spacing and size).

2.2. Stitching

Manufacturing trials [13] showed that very tight
stitching could induce well-developed resin channels
running parallel to the tows. Also, when the stitching
was removed before curing, the tows could spread and
the crimp level was halved. This suggests that the
stitching tension might modify the final geometry of the
NCF. Moreover, a strong correlation was found
between the mean resin rich area size (resin pockets) and
the crimp level, which tends to reinforce the assumption
of nesting: the more the material is ‘gappy’, the larger
the crimp and the resin-rich areas.

It has been shown that stitching plays a role when
delamination propagates. The improvement of fracture
toughness with stitching is up to 15 times for mode I [3],
but ‘only’ 4 times for mode II [4]. Therefore, as far as
mode II is concerned, i.e. interlaminar shear fracture,
the contribution of the stitching is not as marked as for
mode I. Moreover, one can think that the stitching
stiffness will participate only if large deformations are
experienced following the appearance of damage. For
the present study which aims at understanding the
mechanisms controlling initiation of damage in the
NCF, it was assumed that the stitching could be
ignored, as it primarily changes the crimp level (which is
for us an input data from measurements) but does not
participate markedly in terms of stiffness as long as the
integrity of the meso-structure is conserved.

2.3. Mesoscopic bidimensional repeating cell

From the studies by Miller [14] and Backhouse [13], it
emerges that most of the parameters likely to influence
the NCF behaviour are measured at the mesoscopic
scale, i.e. the scale at which the tows are seen as homo-
geneous media (Fig. 2). Therefore, the model was set up
at this scale of observation for the simplest case of
NCEF, that is to say a biaxial one (0°/90°). In Miller [14]
and Backhouse [13], the measured variation of 0° tow
cross-section (area and shape) in the fibre direction is
sufficiently low for us to consider that it does not affect
significantly the 0° tow mechanical characteristics along
this direction. Moreover, the variation of the para-
meters in the 90° direction is also assumed low and can
be simplified by taking into account only the effect of a
direct strain in that direction. Finally, as the stitching
effect is not considered, a 2-D repeating cell defined
through the thickness and along the 0° tow direction
was sufficient and neither the stitching thread nor its
stiffness was taken into account (Fig. 3).

Following the previous remarks, the model was based
on the nesting phenomenon (Drapier and Wisnom [5]),
i.e. the cell dimensions are set by the 0° tow-crimp
wavelength and the tow thicknesses. The unit cell was
defined with two 0° tows, and the resin pockets are
directly defined by the room left between the 90° tows
and the 0° tows. In this model tows are represented in
the 0° direction by an homogeneous band across the
width. Tows along the 90° direction are represented by
an ellipse of equivalent cross-sectional area depending
on the tow size used (3, 6, 12, 24 k). Tow crimp is
assumed sinusoidal and the maximum angle with
respect to the theoretical 0° direction defines the crimp
level (Fig. 3). This crimp is assumed constant across the
NCF width but different for both 0° tows. Voids were
neglected and therefore every medium was assumed to
be continuous.

2.4. Tow modelling — material representation

Tows were assumed to be homogeneous, and for the
0° tows the approach used to model their compressive
behaviour was retained. Its principle is to rebuild an
homogeneous equivalent medium from standard finite
elements provided in ABAQUS® [17]: beams without
shear flexibility which withstand the fibre direction load
and provide bending stiffness, superimposed on planar
elements which bear shear and transverse loads (Fig. 4).
Displacements along e; and e,, respectively # and v, are
constrained to be identical for the beam and the plate,
and the beam rotation 6 is left free. A constitutive law
has to be introduced to rebuild the equivalent behaviour
from the properties of the two media, which was
addressed in a UMAT subroutine (for details see
Appendix 1 in [5]).
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As previously [5], the non-linear behaviour of the
three media (0° tows, 90° tows and resin pockets) was
based upon the same non-linear experimental stress/
strain curve for the resin (Fig. 5). The 0° tows were
assumed to be non-linear in shear but linear in the fibre
and transverse directions. Their shear behaviour was
derived from the resin shear constitutive law using a
simple layered model based on the fibre-volume fraction
(Fig. 5). For the 90° tows, the fully non-linear planar
constitutive law was also deduced from the same resin
curve (for details see Appendix 2 in [5]) taking account
of the fibre-volume fraction, and assuming a Von Mises
equivalent plastic principle. The same plastic con-
stitutive law was used for the regions of unreinforced
resin. Hence, any change in the resin used in manu-
facturing can be reflected directly in the three media
(resin, 0° tows, 90° tows) by changing only the resin
shear response.

2.5. Boundary conditions
The study of the shear behaviour requires the bound-
ary conditions used for the compression investigation [5]

to be modified. First, we must represent a repeating cell
in the fibre and through-thickness directions; this

2 noded cubic beams
00

8 noded quadratic element €,
Load Load
- > <«
u €
v

<e
o
o
(o]

Fig. 4. Pseudo-element similar to that used by Wisnom [15,19].
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Fig. 5. Comparison of shear behaviours for: T300/914 experimental
(from [20]), T300/914 rebuilt from 914 resin shear, and 914 resin shear
behaviour (from [21]).

implies that the displacements perpendicular to the
boundaries on opposite edges must be equal (Fig. 6a).
Second, the boundary conditions must represent the
anti-symmetry of the shear. That is to say, the displace-
ments inducing shear must be equal and opposite with
respect to the centre of the cell. Moreover, we choose to
prescribe this displacement to be equal for all the points
on the same edge in order to represent an even shear
strain applied along the edges (Fig. 6b). Finally, it
remains to prevent any rigid-body rotation, which is
achieved by constraining, at a single point, the dis-
placements « and v to be equal (Fig. 6¢).

2.6. Meshes

The cell size depends on the 0° tow crimp, the tow
thicknesses and the crimp wavelength. Moreover, the
areas occupied respectively by the three media (resin, 0°
tow, 90° tow) must match the volume fractions pre-
scribed. With the geometry we chose, the volume frac-
tion of unreinforced material is not controlled for it
depends on the area occupied by the resin pockets in the
mesh. But for the tows, we can imagine several ways to
obtain at the same time both the correct dimensions and
volume fractions, and so certain parameters must be
fixed. As a parametric study is to be conducted, we
chose a simple solution, similar to that adopted in the
NCF compressive behaviour investigation [5]: the
thicknesses of the 0° and 90° tows is kept constant. The
0° tow volume fraction (Vyy) is also initially held con-
stant according to the measurements, and these para-
meters are calculated from both the number of fibres in
the tows and the tow geometry. Then, depending on the
area occupied by the media in the mesh, the volume
fraction of the 90° tows (Vo) is evaluated so as to meet
the given overall fibre content of the cell. In the previous
study, the fibre-volume fraction of the tows in the load-
ing direction was critical in modelling compression, but
here the choice of fixing Vi is justified only by the need
to have a single parameter to control.

The 2D mesh (Fig. 7) was generated with FEMGEN®
[18], a commercial mesh generator. The geometry of the
90° tows was slightly simplified in order to avoid some
problems with narrow elements which could form
between the 0° and 90° tows. For a perfect case, i.e.
without 0° tow crimp, this choice for the 90° tows fits
with the assumption of Du and Ko [12] who assumed
the 90° tows to have a ‘race-track’-like cross-section (see
also Fig. 2).

2.7. Computations

In order to best represent a 3-D medium with a 2-D
model, quadratic planar elements with a generalised
plane-strain theory were used. This allows a direct strain
in the 90° direction (out of the plane of the model) to be
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(a)

-
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Fig. 6. Schematic of the boundary conditions for pure shear: (a) displacements coupled, (b) opposite displacements on opposite nodes, (c) rigid body

motion prevented.

taken into account, which could play a role in the plas-
tic behaviour of the media.

An ‘arc-length’ path-following method was used to
cope with non-linear response of the NCF. Unlike the
compression study, we did not expect the effect of large
strains to be very significant, therefore a linear geome-
trical approach was sufficient.

The loading was applied via a force prescribed on a
vertex, and because of the specific boundary conditions
it corresponds to a distributed loading applied on the
cell perimeter. Therefore, the corresponding stress can
easily be calculated from the cell perimeter, and the
overall shear strain is calculated from the displacement
of the vertices with respect to the cell dimensions.

3. Baseline case

A baseline case was used (Fig. 7), corresponding to a
biaxial NCF. Data used for the computations are those
for T300/914, with an estimated fibre-volume fraction of
0.55. The fibres and matrix were both assumed to be
isotropic (Table 1).

Angular imperfections were +2° for tow 1 (top of
cell) and —6° for tow 2 (bottom of cell) (Fig. 7a). The
dimensions of the tows were deduced from their volume
fraction in the composite, their content in fibres (3 k)

Tgy/2

Ty

(2)

Fig. 7. Mesh with imperfections of +2° for towl and —6° for tow 2:
(a) Baseline case, (b) with one resin layer, (c) with two resin layers.

and the measurement of their width [14]. The 0° tow
thickness was calculated to be 0.298 mm and the 90°
tows were 0.244 mm thick and 1.1 mm wide. The crimp
wavelength was 1.4 mm, as measured in Miller [14], and
the overall fibre fraction was 0.44. The fibre content in
the 0° tows for the baseline mesh was 0.55, and the
value in the 90° tows was 0.41 for that configuration of
crimp. The corresponding resin rich region volume
fraction was 0.12.

3.1. NCF response

In Fig. 8 it can be seen that the overall shear response
of the cell is fully non-linear. In this figure are also
plotted responses of both the resin and the 0° tow on
their own, respectively the softest and stiffest media in
the cell. It is clear that the NCF overall shear stiffness
depends on the contribution of the three media shear

Table 1

Mechanical characteristics used for computations®

Constituents Composite (Vy=0.55)
Ef=230 Gpa E5, =129 Gpa
=0.25 E5,=9.77 Gpa
Em=4.5 Gpa ¥§,=0.32

=04 v53=0.45

@ Indices ‘f” and ‘m’ refer respectively to fibres and matrix, and ‘c’
stands for composite.
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Fig. 8. Response for the baseline case (mesh Fig. 7a), resin 0° tows:
shear strain versus shear stress.
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stiffness. It is also especially relevant that the resin yield
stress limits the overall shear response (~72 MPa in our
experimental curve), since it is the same for the three media
whose response reaches a plateau at this level of stress.
This reinforces our idea that the resin should limit the tow
behaviour, as is usually observed for other loadings.
Observation of the stress and strain distributions per-
mits us to check first that, as we can expect from a
medium loaded in pure shear, the fibre-direction (g1;)
and transverse-to-fibre strains (e,,) are small when
compared to the shear component (g,) and vary very
little across the cell. £1; and &5, both remain relatively
small (< 1%) even for the prescribed load of 50 MPa
(circled dot in Fig. 8) which is rather high for a shear
loading. Therefore, these direct strains will no longer be
considered in this study of the NCF ILS behaviour.
Second, the shear-stress distribution (Fig. 9) exhibits a
quite gradual variation across the cell thickness and to a
first approximation stresses are continuous across the
interface between the different materials (see, for
instance, the middle part of the cell). However, it can be
observed that the largest gradient occurs through a
narrow triangular region (between the tip of the 90°
tows and the 0° tows), as a result of both the change in
material characteristics and the small length over which
this change takes place. As shear stresses are approxi-
mately continuous across the thickness, conversely
strains are not. It is clear in Fig. 10, especially in the
resin pockets, that there are some large drops in strain
when going from the resin to the tows (from soft to stiff
material). The variation in the fibre direction is less
pronounced for both stresses and strains as the change
in material is present only in the ‘resin triangle’. Only a
slight change of the shear stresses in the same medium is
visible in the 0° tows which might be imputed to the
misalignment of the corresponding elements in the mesh.
As shown in the deformed shape in Figs. 9 and 10,
when loaded under shear the NCF behaves to a first
approximation as a stack of soft (resin+90° tows) and
stiff (0° tows) layers. This becomes even clearer as the
load is increased since, because of the non-linear shear

o), (MPa)
31.2

36.2
— 413
464
515
56.6
61.7

Fig. 9. Shear-stress distribution in the baseline case (+2°/—6°) for a
prescribed stress of 50 MPa. Deformed shapex 10.

behaviour of the resin, very high strains spread in the
resin +90° tow ‘layer’, emphasising the gradient of the
strain distribution plotted in Fig. 10. Strains increase
until finally the shear stress all over the cell has reached
the same value, i.e. the yield stress of the resin. From
now, we will focus only on results corresponding to
loads of 50 MPa, high enough to get results close to the
real situation at failure (the typical ILS strength mea-
sured in Miller [14] is about 50 MPa) but avoiding
unrealistic shear strains, especially in the resin.

3.2. Strain localisation

When approaching the yield stress which limits the
NCEF shear response, shear strains are very high, with
the highest shear strains developing in the tip of the very
small ‘triangle-like’ region of the resin pockets between
the tows. It can be noticed that by using a failure criterion,
for instance a maximum shear strain criterion, the overall
interlaminar shear stress could be predicted. However, a
fracture analysis of this type would require experimental
data which were not available at the time of this study
and would represent a study on its own. This is far from
the scope of the present study which aims mainly at
understanding the basic mechanisms that finally lead to
a drop of stiffness prior to failure. But the present
approach allows a description of the shear-strain local-
isations that are representative of potential damage
initiations.

In Fig. 11 the shear-strain distribution is plotted for
the baseline case for strains greater or equal to 4%, the
order of the failure strain typically measured for epoxy
resins. This permits us to check quickly the locations
where the highest strains develop which might lead to
damage initiation. A close-up of the ‘resin triangle’ (Fig.
11) reveals sharp gradients of shear strains where the
actual values are very likely to be mesh-dependent.
These strain localisations which cannot be avoided are
usually dealt with by considering strains and stresses at
a distance away from the peak, e.g. in the centre of the
elements (pointed by arrows in Fig. 11). It does not

Fig. 10. Shear-strain distribution in the baseline case (+2°/—6°) for a
prescribed stress of 50 MPa. Deformed shapex 10.
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eliminate the problem but it limits its influence on the
interpretation of the results. In our case, the centroidal
shear strains of the main elements in the ‘resin triangle’
reach 5.75%, whereas the maximum nodal value extra-
polated from the Gauss points given in ABAQUS
POST™ [17] is 7.76%.

For the results following, the maximum centroidal
shear strain will also be quoted in order to give a better
indication of the shear strain reached excluding the
highly localised peak values. This is already accounted
for in Fig. 10 where the shear-strain distribution is
plotted for strains lower or equal to 6.5% (instead of
7.76%), in order to have a relevant range of shear
strains which can also be compared with other shear-
strain distributions in the following. Indeed, as the
changes in strains are larger than the changes in stresses
which approach a constant value near the yield stress
level, we will focus henceforth only on shear strains.

4. Parametric study

In this parametric study is investigated the influence
of the most sensitive geometrical and material char-
acteristics that can be changed by modifying either
constituent properties or manufacturing parameters.
The geometry of the resulting NCF can be changed
through the stitching tension, therefore the influence of
both 0° tows imperfection and 90° tow width was
investigated. Then, fibre-volume fractions and resin
characteristics were considered. Finally, the presence of
resin layers was investigated, alone and also when
accompanied by changes in the resin modulus.

4.1. Effect of the geometrical parameters

4.1.1. Angular imperfection
Recall that when the 0° tow crimp changes, the 90°
tow fibre-volume fraction is updated in order to get the
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Fig. 11. Shear-strain distribution in the baseline case for a prescribed
load of 50 MPa. Close up of the 90° tip in the centre part, only shear
strains > 4% are plotted. Centroidal shear strain values of elements
are pointed by the arrows.

— 4.70 % — 45%

same overall fibre content of 0.44. Here four pairs of
imperfections were investigated (towl°/tow2°) : +2/—6,
+8/0, —8/0 and +2/+6. This corresponds to fibre-
volume fractions in the 90° tows of 0.405, 0.404, 0.495 and
0.483, respectively, and volume fraction of unreinforced
material of 0.119, 0.118, 0.166 and 0.16, respectively.

In the compression study [5], it has been demon-
strated that the crimp level and the combination of the
crimp of the two tows plays a major role: the larger the
crimp, the lower the compressive strength. If we observe
the effect of the crimp on the response of the cell (Fig.
12), there is no significant difference when the crimp
changes. Neither are the strain distributions of these
cases worth showing since there is very little change.
Similarly, the maximum shear strains remain almost
identical through the four cases investigated.

4.1.2. Tow width

By changing either the size of the tows used or the
stitching tension, the 90° tow shape can change. The
length of 0° tow covered with the 90° tows (called ‘con-
tact length’) has proved to play a major role in the NCF
compressive strength [5]. We assume that when the
contact length increases, the resin comes from the
pockets into the 90° tows whose fibre-volume fraction is
decreased such that the overall fibre content is matched.
Moreover, when this dimension changes, the 90° tow
width varies proportionally.

Let us consider a change in the ‘contact length’ in the
baseline case in the range [Ao, 240/3, A0/2, 40/4] which
corresponds to a change in the 90° tow fibre content of
[0.209, 0.337, 0.405, 0.757] and a change in the unrein-
forced material content of [0, 0.059, 0.119, 0.257]. The
corresponding responses are very similar, except for the
case with the narrowest 90° tows whose response exhibit
a slight softening. If we observe the shear-strain dis-
tribution for the case where the contact length is the
smallest (Fig. 13a), it reveals that some higher strains
can develop in the 0° tows, at the location where the
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Fig. 12. Shear response for cells with different crimp imperfections
combination.
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misalignment angle is maximum. As the resin cannot
provide as good a support to this region as the 90° tows
in the baseline case, an advanced strain state results in
an overall softening of the cell. Moreover, this explains
why in the baseline case (Fig. 13b) some very high shear
strains can be observed in the resin ‘triangle’. In fact,
these high shear strains in the resin come from both this
0° tow misalignment and the vicinity of the three media,
i.e. the change in mechanical characteristics over short
distances.

It could be thought that the effect of the misalignment
might become more important in the case where the
support provided by the 90° tows is not sufficient. But
the main loading being shear, this effect is still small as
differences in response occur only after about 50 MPa,
when local shear strains are already relatively high.

It is interesting to compare the strain state for the
baseline case and the case quoted above (Fig. 13b and
13a). The maximum centroidal shear strains are very
close (5.75% for the baseline case and 5.92% in the
present case) but the shear distribution is more dis-
turbed when the 90° tows are shorter. Conversely, for
the case where the 90° tows entirely cover the 0° tows
(contact length=4¢), i.e. the resin pockets are com-
pletely merged into the 90° tows, for the same overall
stiffness as the baseline case the shear strain distribution
is more even over the cell. This could give some inter-
esting characteristics because of the homogeneous strain
state as it avoids any high strain concentration which
could initiate failure: the more spread the 90° tows, the
more uniform the shear state.

4.2. Mechanical characteristics

4.2.1. Fibre-volume fraction

When changing the fibre-volume fraction in the 0°
tows, the fibre-volume fraction of the 90° tows has to be
changed in order to keep the correct overall fibre content.
In our case, we increase the 0° tow fibre-volume fraction

£ (%)
0.5
LA

25
35
45
55
6.5

(a) (b}

Fig. 13. Shear-stress distributions plotted on the initial shape for a
prescribed load of 50 MPa: (a) contact length=1/4 crimp wavelength,
(b) baseline case.

(Vo) from 0.55 to 0.65 which corresponds to a decrease
in the 90° tow fibre-volume fraction (Vy9o) to 0.2. If
Voo remains unchanged with respect to the baseline
case value (0.41), the present increase in Vi is equiva-
lent to an increase of the overall fibre content from 0.44
to 0.5.

It is clearly seen in the responses for these three cases
(Fig. 14), that an increase of fibre content in the 0° tow
by redistributing fibres from the 90° tows does not
change at all the overall stiffness. Conversely, if the
overall fibre content is increased, the overall stiffness is
also increased. This could be predicted with a simple
rule of mixtures. The result also shows that local
mechanisms are not brought into play by this increase
in fibre-volume fraction because only an increase in the
entire cell has an effect on the overall response. This is
confirmed by the shear-strain state which is virtually
identical to that of the baseline case.

4.2.2. Resin characteristics

The resin is known to play a major role in the strength
of composites under all loading conditions other than
fibre-direction tension. We investigate in detail here the
influence on the NCF behaviour of a change in the resin
elastic modulus and in the resin yield stress. Increasing
and decreasing the resin elastic modulus by 50%, i.e.
with £™ in the range [2.25, 4.5, 6.75] GPa, once more we
can see from the response of the cell (Fig. 15) that this
change is passed directly on to the overall shear stiff-
ness. That can be expected from the analysis of the
shear-strain distribution in the baseline case (Fig. 10):
the resin pockets are strongly shear loaded, and thus an
increase in stiffness will strengthen these regions, as it
will in the meantime also increase the tow stiffness. A
slight difference can be observed between the change in
the responses for a 50% increase and a 50% decrease of
the modulus; the lowering of the overall stiffness is not
as pronounced as the increase. This could be caused by
some local mechanisms where the combination of geo-
metrical and mechanical parameters emphasises more or
less these changes of the resin elastic modulus. Secondly,
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Fig. 14. Shear response for different fibre-volume fractions in the
baseline case.
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as could be expected, any change in the resin yield stress
brings a similar change in the NCF ILS overall beha-
viour (Figs. 8 and 15) which is definitely controlled by
the resin response.

In Fig. 16 one can see that the shear-strain distribu-
tion corresponding to a 6.75 GPa resin elastic shear
modulus (Fig. 16a) is very close to the one for the
baseline case with a 4.5 GPa resin (Fig. 16b). In fact, it
looks as if only the range of representation of the strains
has changed, with a general decrease of about 0.7%,
although a bit more for the highest values located in the
‘resin triangle’ because of the non-linear behaviour.
Strains extrapolated from the Gauss points go here
from 0.77 to 6.2% instead of 1.43 to 7.76% for the
baseline case and maximum centroidal values are 4.92%
compared with 5.75%. The lowest strains are in the 0°
tows, and the highest ones are in the resin pockets, with
a very similar distribution for these regions when com-
pared to the baseline case.

Even though we must interpret the highest values
carefully, if we also consider the change in response
brought about by the increase in the resin modulus (Fig.
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Fig. 15. Shear response for the cell with a 50% increase, genuine and
halved resin elastic modulus, and for a response of the resin halved.
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Fig. 16. Shear-strain distribution plotted on the initial shape for a
prescribed load of 50 MPa. For the baseline case with (a) E™=6.75
GPa and (b) the genuine resin modulus of 4.5 GPa.

15), we can reckon that the localisations in the ‘resin
triangle’ are limited by the higher resin stiffness combined
with a better load bearing of the surrounding tows.
Conversely, this worsens when the modulus is decreased
as the resin mechanical characteristics are already low
and hence allow the localisation to occur for lower
loads.

To conclude, the comparison of the strain distribu-
tions for the baseline case with 4.5 and 6.75 GPa shows
an overall uniform decrease of the strains (Fig. 16) when
the resin modulus is increased. Also, the overall stiffness
increases with an increasing resin modulus. In short, the
stiffer the resin, the stiffer the NCF shear response and
the more even the shear state.

4.3. Presence of resin layers

4.3.1. Resin layers in the baseline case

Miller [14] has clearly shown that, after curing, resin
layers tend to form parallel to the stacking plane. A
linear correlation was found between decreasing ILS
strength measurements and increasing thickness of these
resin layers (Fig. 17). The mean resin layer thickness
was measured by Miller [14] in biaxial NCFs to be 42
um.

Here we aim to investigate the presence of such resin
layers between the 0° and 90° tows, by replacing in the
existing mesh of the baseline case one or two rows of
elements on the 90° tows boundary with resin properties
(see Figs. 7b and c). This corresponds to resin layer
thicknesses of 30 and 60 pm. As previously, this is
achieved by assuming implicitly that the resin filling
these layers comes out from the 90° tows, leading to 90°
tow fibre volume fraction of 0.58 and 0.83, respectively,
for one and two rows of resin elements.

Overall responses for these three cases do not show a
great difference, an increase in the thickness of the resin
layer corresponding to a small drop in the overall shear
stiffness. Therefore, it seems that the large change in the
90° tow fibre content (from 0.41 to 0.58 and 0.83) does
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Fig. 17. Interlaminar shear strength versus resin layer thickness
(Miller [14]).
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not greatly affect the overall stiffness, which conse-
quently depends primarily on the overall fibre content.
Fig. 18 shows the response of the 60 um resin layer case
for 90° tow fibre-volume fractions both changed to 0.83
and kept at 0.41. The latter corresponds to an overall
fibre content of 0.37. A further small reduction in stiff-
ness is seen, confirming that the effects of the overall
fibre-content modification and the presence of resin
layer are cumulative as far as the overall stiffness is
concerned. Therefore when the resin-layer thickness is
increased alone, without any change in the overall fibre
content, the observed drop of the overall stiffness can
only be attributed to some local mechanisms induced by
the presence of the resin layers.

These local effects of the resin layers are clearly visible
in Fig. 19 where the shear-strain distributions for strains
greater or equal to 4% are plotted for the two cases of
resin-layer thickness. It is clear from Fig. 19a that high
strains are reached in the cell, as the strains range now
from 0.48 to 8.28% (7.03% for the centroidal value),
instead of 1.43 to 7.76% (5.75% for the centroidal
value) for the baseline case. Similarly to the baseline
case, some high shear-strain gradients arise, but this
time from the 90° tow edges, and therefore they can
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Fig. 18. Shear response for the cell with two layers of resin, with
Vf‘90:0.41 and Vft90:0.83.
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Fig. 19. Shear strain >4% distribution plotted on the initial shape for
a prescribed load of 50 MPa. For the baseline case with (a) two resin
layers and (a) one resin layer.

widely develop across the resin- layer thickness. From
the response (Fig. 18) and the strain-distribution analy-
sis (Fig. 19a) it is seen that the presence of the resin
layer induces shear-strain gradients, large enough to
both affect the overall stiffness and locally play a role in
inducing failure.

When increasing the resin-layer thickness from 30 to
60 um, strains close to 4% (Fig. 19b and a, respectively)
are more spread, but the largest difference between the
two cases is in the resin layer itself. It can be seen in
both cases that in the resin layer there is a strain con-
centration arising at the tip of the 90° tows, but it is
more developed in the thicker resin layer. In fact, the
resin layer acts like an intermediate medium through
which the load is transferred from the 0° tows to the 90°
tows. It is highly sheared and when the layer thickness is
large enough some local stress concentrations occur at
the particular points where the load transfer is most
intense, inducing the largest strains in the cell. The idea
that the NCF behaves under shear loading as a uniform
stack of soft and stiff layers is no longer valid when the
resin layers become large compared with the 90° tows,
as stress concentrations grow with increasing resin-layer
thickness.

The development of strain concentrations with the
increasing layer thickness is confirmed by the increase of
the maximum centroidal shear strain from 5.75% for
the baseline case to 6.91% for a 30 um resin layer and
7.03% for a 60 pm resin layer. This shows that failure is
likely to take place at a lower load when the resin-layer
thickness increases, which fits with the experimental
observations reported in Fig. 17 [14]. Quantitative
comparisons are more difficult because of the very
localised nature of these strains, but the experimental
trend is well captured by the analysis.

4.3.2. Resin layers and change in the resin modulus

So far, the parameters which were shown to be the
most influential are the resin modulus, the fibre-volume
fraction, and the presence of resin layers. This latter is a
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Fig. 20. Shear responses of: the baseline case with genuine and 50%
increased resin modulus, the baseline case with resin layer with genu-
ine and 50% increased resin modulus.
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Fig. 21. Shear strain >4% distribution plotted on the initial shape for
a prescribed load of 50 MPa. For (a) the baseline case with two resin
layers and E™=6.75 GPa and (b) the baseline case.

mesoscopic scale effect that cannot easily be controlled
during the manufacturing. The effect of the resin mod-
ulus and the fibre-volume fraction is mainly on the
overall stiffness. It is, however, worth looking at the
effect which could arise from the combination of resin
layers and a change in the resin modulus, as an attempt
to limit the problems brought about by the resin layer
presence could perhaps be made by using a stiffer resin.

From the responses in Fig. 20, it is clearly seen that
the presence of the resin layer limits the improvement
which can be brought about by increasing the resin
modulus. It can also be noticed that the resin layer
induces a drop in stiffness which is proportionally larger
for a higher resin modulus. Indeed, for the case where
the resin modulus is 4.5 GPa, the introduction of the
resin layer does not change very much the overall stiff-
ness, since it is already low as a result of the presence of
strain localisations whereas, for the same load when the
resin modulus is 6.75 GPa, strain localisations are lim-
ited by the higher mechanical characteristics of the resin
and 90° tow. The NCF in this case is therefore intrinsi-
cally more sensitive to the introduction of the resin layer
which facilitates the occurrence of strain localisations
resulting in a drop of the overall stiffness.

These developments of high strains ‘spoil” both the
improvement of stiffness which comes with an increase
of the resin modulus and, to a lesser extent, the homo-
geneity of the distribution of strains, as wider zones are
available for high shear strains to develop. If we com-
pare the baseline case (Fig. 21b) with the case where the
resin modulus is increased to 6.75 GPa but with two
resin layers (Fig. 21a), we clearly see that the maximum
strains are very similar (maximum centroidal shear
strains are 5.75 and 5.65%, respectively), but in the
second case they are spread out over a larger area.

In short, the presence of resin layers almost eliminates the
improvement brought about by the resin modulus increase.
It is even worse as far as the strain distribution is concerned,
since the highest strains develop over wider zones.

5. Conclusions

Using a bi-dimensional FE model of a bi-axial NCF,
we have investigated the effect on the NCF pure shear
behaviour of some mesoscopic mechanical and geome-
trical parameters. It has been verified first that under a
pure shear loading the overall response is largely con-
trolled by the resin response (non-linearity and yield
stress) and second that the highest strains develop in the
resin pockets which form between the tows. The analy-
sis explains the mechanisms leading to strain localisa-
tions and the results for maximum shear strains indicate
the points where failure is most likely to initiate.

It was demonstrated that heterogeneity of the meso-
structure was the main parameter which affects sig-
nificantly the NCF ILS behaviour. When changing the
90° tows shape or when including the presence of resin
layers in the model, it was clearly demonstrated that the
shear loading is transferred from tows to tows through
regions of strongly varying mechanical characteristics.
In these regions, high strain gradients can develop
which may correspond to failure-initiation locations.
Then the resin behaviour is the key parameter as the
highest shear strains develop in unreinforced regions
and also tows’ behaviour depends mainly on it. Thus, it
comes out that by improving the resin elastic modulus
and the resin yield stress, the global response is
improved in the same range, whereas increasing the
fibre volume fraction improves the ILS stiffness only.

Consequently, the key parameters which can influence
significantly the NCF ILS behaviour are the resin (resin
pockets and resin yield stress), the 90° tow shape and
the presence of resin layers which can form between
plies. Therefore, in order to improve the NCF shear
behaviour from a manufacturing point of view the
development of high shear strains has to be limited. This
can be addressed by suppressing the resin layers (or at
least reducing their thickness), by using a resin with a
high yield stress and a high modulus, and by limiting the
stitching tension such that tows can spread in order to
obtain a homogeneous meso-structure and therefore
avoid shear localisations.
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Abstract

Due to the intrinsic heterogeneity of sandwich structures, phenomena at various scales can co-exist in these layered-like
assembly of thick-soft and thin-stiff materials. Especially under in-plane compression loadings, geometrical instabilities can
occur at both global (structure) and local (skins) scales. Therefore, the in-plane compressive reflspamdeioh structures
is of major concern in designing structural applications. In the present paper, the first applications dfimifiecemodel for
sandwiches are presented, with closed-form solutions for both global and local buckling. For the peidaatestanalytical
critical loads are extracted for a simply supported beam, through the calculation of twoatiggsnkeading to three buckling
modes: it appears that the eigenvalue associated with the antisymmetrical mode can correspond to the occuittearce of e
global or local (wrinkling) buckling. These global and local loads from the present unified model ane ghoampare very
well with the predictions given by the most complete specific models from the literatureoMa, it is shown that conversely
to the classical models, our approach yields critical loads that depend only on rigorous well-founded mechanical hypotheses.
The simple but general analytical expressions from the unified model permit to select quickly comfigueaainst local and
global buckling. In this simplified framework, conclusions can be drawn from this unified model eagadbperly predicting
the phenomena at both scales. This simplified study is essential in getting an insight irethtayeld by each geometrical
and material parameter, the combination of which is of importance for subsequent non-linear intpoestttveckling analyses
(Léotoing et al., 2001)1 2002 Editions scientifiques et médicales Elsevier SAS. All rights reserved.

Keywords:Sandwich structure; Stability; Scale effects; Analytical model; Closed-form eigenvalues

1. Introduction

Since the early 40s, sandwich structures have been very widely used in buigditgeight structures, especially in the
fields of transportations where their high specific flexural stiffness leads to consistght seiings. Classically, these layered-
like materials are ideally employed as lagging or floor elements in applisawhich belong to aeronautics and astronautics
where gainingpay-loadsis a major driver in designing. Therefore sandwich structures have been historically assodiated w
leading edge applications, and the use of these materials in other fields of engineering has receii@u @itgriince the
mid 80s. This renewal of interest can be related to a better understanding in the sanelagiobr, to new manufacturing
processes which permit nowadays to build some integral parts out of sandwiches for structural unis, tiouthal integration
of new materials such as composites. Classical loadings like tension, shear or bending are easily integrated in fneaissig

* Correspondence and reprints.
E-mail addressdrapier@emse.fr (S. Drapier).

0997-7538/02/$ — see front mattér 2002 Editions scientifiques et médicales Elsevier SAS. All rights reserved.
PIl: S0997-7538(02)01229-9
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Nomenclature

(e1, e, e3) reference basis
(u1,u2,u3) components of the displacement fieid

(), uby, ul) displacements of the sandwich lower skin

(uf,uy,u3) displacements of the sandwich upper skin
(x1,x2,x3) point coordinates

o = b (bottom face) or (top face)

b sandwich column width

D equivalent flexural stiffness of the sandwich column

E. core Young's modulus

Eg skin Young's modulus

Nab =lifa=band-lifa=t

y(X) Green-Lagrange strain

Ge transverse shear modulus of the core

k; shear transverse rigidity of a two-parameter foundation
kg normal transverse rigidity of a two-parameter foundation
L sandwich column length

A external applied load

MG critical load of the global buckling mode

M critical load of the antisymmetrical wrinkling mode

AT critical load of the symmetrical wrinkling mode

AEHB  critical load of the equivalent homogeneous sandwich column
Aclass  classical wrinkling load

Ve core Poisson’s coefficient

o kinematical functionsi(=1, ..., 5)

on amplitude of the kinematical functian

0 multiplicative coefficient fotk¢jass

S(x) 2nd Piola—Kirchhoff stress tensor

S transverse shear stiffness of the sandwich column
te core thickness

ts skin thickness

ur amplitude of modal displacements

& dimensionless factoe (1/2 + ¢ /1.)

of sandwich-based structures, but other loading configurations such as éneplapression still present some difficulties for
designers. Such destabilizing loadings necessitate conservative criteria for designing imperfectiove-pamgts and shells,
to ensure a sufficient safety margin able to take into account the presence of potential ingrexfect

The difficulties in studying sandwich structures lie in their intrinsic heterogeneity, both material and geometrical. Indeed,
these materials are made up of three different components, two thin stiff skins separatibickyneaker core. The nature of
this assembly is responsible for the (co-)existence of phenomena at several distinct scales: at the glalfehecassembly,
at the local scale of components, and also at the fibre and ply scales when skins are made up of compesi@splEX
behaviour is mostly enhanced under destabilizing loadings such as in-plane compression, where configurations at those various
scales can interact, even if the occurrence of mechanisms at the ply or fibre scales are usuathypded iwhen studying
composite skin-based sandwiches.

1.1. Sandwich response under in-plane compression

Since their first introduction during the World War Il (Williams et al., 1941), one of the major concerns for structural
engineers has been to prevent sandwich structures from buckling. Since then, a large number of theeestigations of the
geometrical instabilities in sandwich columns, panels and shells have been conducted (see for instance (Benson and Mayers,
1967; Allen, 1969; Librescu, 1970; Hunt et al., 1988; Vinson, 1989; Teti and Caprino, 1989; Starlinger and Rammerstorfer
1992). The very few studies devoted to the measurements of buckling loads ((Teti and CaprinopdB&®rice), along with



L. Léotoing et al. / European Journal of Mechanics A/Solids 21 (2002) 683701 685

©

Fig. 1. Sandwich buckling at two scales: (a) global buckling (Euler’s type), (b) symmetrical wrinkling of the skins, (c) antisymmetrical wrinkling
of the skins.

the diversity of the numerous theoretical approaches perfectly demonstrates the difficulty of graspinckting phenomena
in this type of layered materials.

In sandwich structures, buckling modes can appear at two different scales: global buckling pigirh{lar to Euler’'s
buckling for columns, and some local forms of buckling of the skins calNedkling. For this local instability, generally
two distinct forms are considered which are the symmetrical mode (Fig. 1(b)) and the antisyminmetde (Fig. 1(c)). The
classical approach of buckling in sandwiches is an uncoupled one (Williams et al., 1941; Hoff and Mautner, 1945; Allen, 1969;
Zenkert, 1995) where two different models are proposed in order to describe the instability at each scale. From there, the designer
has, for each case of instability, to cope with several conservative formulae. If these criteria yield rather good predictions for
global buckling, not only are predictions for the wrinkling phenomenon very scattered, but asgrangtrical wrinkling is
very rarely described. This led some authors to attempt a more unified approach, focusingoméielynteractive buckling of
sandwich structures (Hunt et al., 1988; Starlinger, 1990; Frostig and Baruch, 1993).

1.2. Global buckling

The global buckling mode of a sandwich column is generally studied thanks to an equivalent homogeneous column in
which the transverse shear effect is taken into account (Allen, 1969). The equivalent flexurahanerga shear stiffnesses are
calculated from ‘strength of materials’ considerations where shear effects are included. The Euler critisaheadorrected
by taking into account the shear effect, through the shear stiffness thereafter denstetihaycritical load of the equivalent
homogeneous columep is then given by

ISR @
AEHB AE As
where\g is the classical Euler’s critical load andg; is the critical load when only shear is considered:

rAE= , As=S. 2

L2
For a simply supported column, the Euler load is given by Eq. (2) and the shear buckling leqdaisto the equivalent
transverse shear stiffneSsFor a symmetrical sandwich, the most common expressions for the equivalent flexural sfiffness
and forS, are:

D= Esbtg (tzc + ts)z, §— Gcb(t;’ + ts)z, ©)
c

whereE; is the skin Young’s modulug, is the column width¢s andz. are respectively the skin and core thicknesses,@nd
is the transverse shear modulus of the core.

1.3. Local buckling — wrinkling

The local buckling of faces is usually dealt with through a different model where one of theiskiossidered as a beam
resting on an elastic foundation standing for the core (Fig. 2). Therefore thediffidnlty of these local approaches lies in
the ability of the assumed equivalent behaviour of the core to properly reproduce the actual core mechanical behaviour which
partly controls the local buckling mechanisms.

In the simplest model of this type the core is treated as a set of linear, uniformijpdlistt springs: this is the so-called one
parameter foundation. This model can be improved by introducing a second parameter able to account faesheamis
between the loaded skin and the core (Thomsen, 1992; Hassinen and Martikainen, 1995) (Fig. 2). Another apprstscim consi
representing cores, including honeycomb cores, as elastic isotropic continuous media characterized hynaiigh (Allen,
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Fig. 2. Buckling of a beam resting on a two-parameters elastic foundatjois the foundation response in shear drfds the foundation
response in extension. '

1969; Niu and Talreja, 1999). The main difficulty of these approaches is to postulate the Airy®iflundtich must be
sufficiently complete to consider all the interactions between the components, and usable for a possildalateytinination
of simple critical criteria. From those models, the classical formula for the wrinklingeogkins is given by

ocr= OVEsE.Ge, 4)

whereE. is the transverse normal modulus of the core @nhi$ a constant. The value @ varies from 04 to 09, depending
on the authors and on the studied case (wrinkling of one face, symmetrical wrinkling or antisymmetricahgyiriually,
a value of 05 is taken forQ, for all the wrinkling cases, in order to obtain a conservative formula for designers (Vinson, 1992;
Zenkert, 1995).

Although this formula has merit due to its simplicity, there are numerous limits for flbeaé models of the wrinkling
phenomena. Indeed, experimental investigations have shown that correlations between Eq. (4) and expetthentifficult
(Teti and Caprino, 1989) and according to these results, the val@ecah not be considered as constant. Second, this kind of
approach should be employed only either for symmetrical wrinkling where the mean line of the sareiwains flat, or for
thick cores and thin skins where the core thickness can be assumed to be infinite with respeskio thickness, i.e. when
the deformation of the mean line does not interact with the skin displacements.

1.4. Interactive buckling

An attempt has been made in the last few years to develop some more complex models, in order to actbant for
effect of interactions between the configuration at both scales onto the elastic buckling ofctesdwdne can mention the
analytical and semi-analytical approaches of Hunt (Hunt et al., 1988) and Frostig (Frostig and Baruch, 1993) or the numerical
approach of (Starlinger, 1990). For Hunt and co-authors (Hunt et al., 1988), the interaction betweekinsathnsidered
through a superposition of a global and two local modes (symmetrical and antisymmetrical). The main drawback of Frostig’s
model (Frostig and Baruch, 1993) is the absence of antisymmetrical wrinkling. Starlinger (1990), in a sandwilbrekeat,
considers the local degradation due to the appearance of local phenomena and then modifies the globalthigidityatiure to
reach a new equilibrium. This is implemented in an efficient tool to compute structures, brealisent yields severe problems
of convergence after the drastic reduction induced by local buckling. Moreover, there is no geometrical charaatefitti
local instability. One concludes that very few models actually deal propétlythe interaction between the two scales of the
sandwich materials and that all of them present some limits.

There is still a need for a unified approach able to deal with the interdmtigiding in sandwich structures. Our final aim
is to propose a simple tool which will permit to make efficient calculations for the design of suckuses. The first step of
this approach is to set up a unified model for a perfect structure. This unified model is detaiedt is used to predict the
linear buckling of sandwich columns at both scales, yielding tractable closed-form solutions for thelogtisalThese simple
design formulae are then compared, on a working example, with the classical expressions (Egs. (1)fanglebal and
local (symmetrical and antisymmetrical) instabilities. A more refined local model from (Niu and Talreja, 1999) is also used for
comparison.

2. Presentation of the unified model

In this part a unified model is presented. First the displacement fields are chosen to represent the displacement of skins
and core. Then, through the Principle of Virtual Work (PVW), the governing equatiordesixed. For the sake of simplicity,
a symmetrical sandwich column is considered in which both faces and core are made up of homogeneous isotropic linear elastic
materials.
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Fig. 3. Notation for a simply supported sandwich column.

Let us consider a bidimensional model as represented in Fig. 3 in whichshi®spamf any point is given by = x1e1 +x3e3
in the domains2 = [0, L] x [0, ¢]. The column height is designated by 2¢; + z.. Components of the displacement) are
respectively1 (x) alonge; andu3(x) alonges. Stresses are represented by the second Piola—Kirchhoff tensor, den&@dl, by
and strains are represented by the Green—Lagrange teasplimited to the moderate rotation terms as far as the non-linear
strains are concerned. The linear elastic constitutive law is reduced to the Young's mddylte ¢he skins, and to the elastic
moduli for the isotropic coreK,, G.), according to the notations used so far.

2.1. Displacement fields

For the sake of simplicity, a model formulated in displacements is established. The only diffadsés by this formulation
is to choose kinematics sufficiently rich to observe all the potential forms of instability, but simple enough to get analytical
and tractable design criteria. Lo et al. (1977) have shown that the use of higher-order theories ésl fequtiie problems
where the external loads can vary over characteristic dimensions of the order ofuh@dbickness. As far as sandwiches
are concerned, face wrinkling has a wavelength on the order of the sandwich thickness. Therefore it can bethasamed
higher-order theory must be used for the displacement fields of the core which was shown to lgevecaltresponse of the
sandwich. This assertion is confirmed by Finite Element computations in which the change in the longitugiaaédient
field across the column thickness is cubic-shaped for an antisymmetrical mode with short wavelengihdl 2601). Higher-
order theories have already been used by several authors, for example, (Benson and Mayers, 1967; Kinmgan@a8s;
Frostig and Baruch, 1993).

Classically, the displacements of any point of a column are represented through combinations of the displacements and
rotations measured on the column mean line. In the present model, other kinematical components are choserttsich that
expressions of the displacements remain simple enough:

l b d"g
0<xg <ty wup(xy, x3) =up(x1) — xsa(n),
uh(x1, x3) = u§(x1);
fy <x3 <fe+1s: u§(x1,x3) = ul (x1) — (x3 — 15)1(x1) — (x3 — £5) 22 (x1) — (x3 — 15)3¢3(x1),

u§(r1, x3) = ulf (x1) — (x3 — 5)pa(x1) — (¥3 — 15) %5 (x1);

dut.
tetts <xz <t uf(x1xz)=uj(xy) — (x3— t)ﬁ(m,
uf(x1, x3) = uj(x1), (%)

where sufficed and’ stand respectively for the data concerning the bottom and top of the column and can be thereafter replaced
by suffixa (« = b, r) to reduce the expressions including these data. According to the previous remarks, a higher-onger theor
is chosen for the core, as presented in Eg. (5), following the notations in Fig. 3. As for the skinsptheadiieents are chosen

linear in x3 for the e;-direction and constant im3 for the e3-direction (Eq. (5)). It can be noticed that the shear effects in

the skins are not taken into account. This can be postulated because the influence of the shear effedigaitirtg loads

of a beam resting on a two-parameter elastic foundation (see Fig. 2) does not exceed Sssioglcisotropic sandwiches.

This hypothesis will permit to keep the resolution simple enough to remain analytical. The splecdment field is described
thanks to seven unknown functionsof which are to be determined’ (x1), u3' (x1) which will be shown to correspond to

the displacements of the lower skin/core interface, gnfl = 1 to 5) some additional unknowns.
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2.2. Reduction of the number of unknowns

The reduction of the number of unknown functions leads to a simplification of the resolution fablem but also to a
better characterization of the mechanical behaviour of the sandwich column thanks to a good estimateesttiesstbution
across the thickness. Further relationships between the displacement fields components can be postulatedhatrtheded
remain physically acceptable. Itis inferred that the two interfaces between the skins and the peréest, thus the continuity
of the displacement fields is verified on either side of the interfaces:

WO tg) =u§(enat), uhOonte ) =u§(enste +15),  ub(xn, 1) = u§(xn, 1),
M%(Xl,tc +15) =u§(xl,tc +15)- (6)

From these continuity equations, four relationships can be written between the unknowns. Let us consider fulh¢tipns
¢1(x1) andgy4(x1) which are to be eliminated from the complete displacement fields (Eq. (5)):

duf(x1) S(x1) — uf(x1)
ul (x1) = uf(x), ul! (xq) = uh (x1) — 1 ug’xfl , Pa(x1) = R R — teps(x1),
b t b t
_ug(x) —uy(xn) gy (dug(xy) | dug(xn) 2
P1(x1) = T — Z (Tl dvy > —tepp(x1) — tZp3(x1). 7

In other approaches of unified theories (Benson and Mayers, 1967; Kim and Hong, 1988; Frostig and Baruch, 1993), the
displacement fields are derived by integrating the static equilibrium equations in the core, and thgtgaetationships at
the interfaces are used to determine the integration constants. However, the diffichlig@fipproaches lies in the existence
of four continuity relationships for three constants only. For those authors the problem is circumveritgcbdiycing an
additional equation in the set of the governing equations of the problem (Frostig and Baruch, 1893herintroduction
of Lagrange multipliers (Benson and Mayers, 1967; Kim and Hong, 1988). Our approach is rather different: the governing
equations are derived, through the Principle of Virtual Work (PVW), from the displacements fiwstulated such that local
as well as global phenomena can be properly modeled.

In order to further reduce the number of unknown functions and to refine our theory, the shear strestiatisacboss the
thickness can be postulated. Let us consider the first (along tdeection) static equilibrium equation prevailing in the core.
Using the following notation for the derivative&y /ox; = x ;, we write:

851100 + 855300 =0. ®)

Commonly (Allen, 1969), the first term of Eq. (8) is neglected, this corresponds to a quasi-comstgiuidinal stress state in
the core at the onset of buckling, where compression prevails. When one considers this hypothesissBim(8ified and
leads to the classical hypothesis that the transverse shear stress is constant across the core thickness.

For an antisymmetrical shape, this constant shear stress distribution would provide a sufficiently accurat@agipmoin
the contrary, for a symmetrical mode of deformation of the sandwich, the hypoﬂ’i%’sgsx) =0 is no longer valid. Indeed,

c L
S75 written in displacement

$§300) = G (u§ 500 +u§ 1 () ©)

shows that this stress follows and odd distribution with respegg tsince from a geometrical point of view it arises from the
sum of two odd functions with respect tg: ul 5 (the longitudinal displacements at the two interfaces are |dent|caI)¢§ d
(the transverse displacements at the two inferfaces are opposite). In this case, a constant sheatrifirgigmdivould lead

to a null S5, whereas a FE evaluation of the energetic contributiosifgfand S5, clearly shows that these stresses are of the
same order for a symmetrical shape. Then, in order to take into account the energetic contribSfiom@oss the column
thickness, it is inferred that a linear distribution with respect4awill give a good approximation of its actual distribution
for both antisymmetrical and symmetrical modes. Then, the assumed linear variafifpleads to two further relationships
which permit to eliminate two additional unknowns in the displacement:

1 ¢
¢3(x1) = —§¢5,1(X1), $2(x1) = %¢5,1(X1)- (10)

Finally the displacement fields can be rewritten thanks to the four unknown displacements of th&*skinsand to the
gradient of rotation in the corgs(x1), noted¢ (x1) thereafter:

O<xgz<ty: ull(xl, x3) = uf(xl) — x3ug’l(x1),

uh(x1, x3) = u§(x1);
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Is < X3 <lfc+Is: ui(xl»x3) ( : 1) t( )+< @)M?_(Xl)-i—ls(@)ug’l(xl)

— I 1
4 (1 - S8 o) + G2 = 0+~ Dl = 16,1050

u§(x1, x3) = - (5= 1) ug(x )+< @)ug(n)-k(m—ts)(—m-kts+tc)¢(X1);

fe+ts <x3<t: u'j{_(xl, x3) = ul(xl) —(x3— t)ug’l(xl),

ug(xl, x3) = ug(xl). (11)
2.3. Governing equations

The governing equations of the problem are derived from the Principle of Virtual Work (PVW) foedufatisplacement
thanks to the new displacement fields proposed above (Eq. (11)). The equilibrium of the sandwich column can be expressed
as the sum, which must be null, of the virtual works done in the virtual displacementsfigid: 5 Win¢(u) in £ and
3 Wext(u) on the edge) 2 where the external loading is applied. Let the virtual field be the actual displacement field variation.
Therefore boundary conditions are verified and prescribed displacements candelkx)éas said Kinematically Admissible
and henceforth noted.A. The internal virtual work can be calculated straightforwardly from the streSsesl the virtual
strain tensor, denoted By (u). It is assumed that the virtual work of the external efforts, denoteg) big a linear form of the
virtual displacement field. Finally, the general equilibrium of sandwich columns load&atdss and moments writes:

SWint(w) —5Wext(u)=b//8:5y(u) d2 — (F,8u) =0, Véu(x) K.A. (12)

The expression of the internal virtual work in the core and in the skins can be simplifieebbscting stresses whose energetic
contributions are low. Therefore, in the skins only the longitudinal stress is consid®reds{;e; ® e;. In the core both the
transverse normal stres§, and the transverse shear stré$g are taken into accoung® = S55€3 ® €3 + 57561 ® €3. The
corresponding Green—Lagrange strains in the skins are then expressed in the framework of smedindéss and moderate
rotations whereas in the core both displacements and rotations are small:

1 1
P00 = u 100+ 5 (s 100)% 100 =uf 100 + 5 (5 100)
V§3(X) = M§’3(X)v Vf3(x) = ui,g(x) + Mél(x) (13)

Then, these strains (Eq. (13)) can be written as functions of the five unknowns of the problem:

1 2 -7
)’f]_(x) = M(])f’l(xl) + 5(’4%’1()51)) - ( ob t)”%’ll(xl),

uh(x1) — ub(x1)

Y33(%) = — (2(x3 —t5) — 1c) P (x1),
. wh(x) —uf(x1)  x3 , —2\ 12
ris0 = i 4 P )+ (1 = )u&l(xl) + L1, (14)

wheren,, =1 if « =b and—1 if « = ¢. The two different materials used for the sandwich column are assumed to be elastic
linear and isotropic. Thus the internal virtual work is simply given by

swin/p= [ [ stovierden+ [ [ (s5prsw+ Siprizw)da. (15)

the integral over? being splitted into the three distinct zones of the sandwigh 2., £2; respectively the bottom skin, the
core, and the top skiniZ = 2, U £2;). The external virtual work can be explicitly written from Eq. (12) using the unknown
displacements® (x1). For the case shown in Fig. 3, the external virtual work is given by

x
SWext(u)=—§< uh(L) - 5u31(L)> <8u1(L)+ 8u31(L)> (16)

Now, after a sufficient number of integrations by parts, the governing equations imlimarcand at its edges can be
determined. In order to simplify the expression of the set of equations, the internal ressaftdre skinsV® (x1) and M (x1),
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respectively the membrane and bending generalized stresses, can be introduced. They are given hwitigeeigtiessions:

Iy
Nb(x)) =b / sb,ds2,
0 o 1 o 2
1 = Esbtg| (uq 1+ 431" ) ~ b 2143 1 (17a)
N'(x1)=b / S7,d92;
tS+tC
Iy

Mb(x)) =b / x38,de2,
n 1 ts
0, — ] " (1 550°) - S (17b)
M'(x1)=b / (x3—1)87,d82;
tS+tC

Since we have five kinematical unknowns, five equilibrium equations are determined which characterize the inner
equilibrium of the sandwich column (suffixstands fo andr). The dimensionless coefficieht= (1/2+15/1t.) is introduced:

uh —ub 12
"abN,“lerGc( L el +ug) + gm) =0, (18a)

bE,
(N¥ug 1) 1+ M1 — Nab tc(us_“g)

t 2 z t
~0Geg |~y + (g (14 7)o
cé[ 1173\ 33 ) | ) )3t

te 2 ts ts
+E<3(3—nab> +Z<1+rc>>“3“+ ¢“] (185)

Ge t
tcEcp — 7‘ (utll - ”}i,l + 1€ (“g,ll + ”g,ll) + %(ﬁ,n) =0. (18c)

C

The system (Egs. (18)) is non-linear since the resultants (Egs. (17)) which appear intt{ieqfifd8a)) and second pair
(Eg. (18b)) of equilibrium equations depend on both displacement comparfptg) andug (x1). The aim is now to evaluate
the first point of bifurcation of the system, i.e. find the critical loads whichrattarize the transition from the flat unbuckled
fundamental state to a buckled state. Since the buckling loads of both linearized and non-linesn pretthe same (Léger et
al., 1998), a linearized form of Egs. (18) is sufficient to determine those loads.

2.4. Linear eigenvalue analysis

In order to solve analytically the system of equations (Egs. (18)), it is necessary to line#nizeigh some hypotheses.
A classical assumption consists in postulating that at the occurrence of the firsttgeafrinstability, the linear relationship
between the applied load and the internal resultants still holds, i.eefiection is observed and only the membrane terms
exist. This is the so-called linear pre-buckling state assumption which permits oneaidzZinmany bifurcations problems. In
our case, it leads to a constant compressive resulm‘qtzé 0) over the column length, which is directly identified from the
governing equation on the edgeat= L: N (L) +A/2 = 0. Therefore, in the buckling state the resulta¥tyx;) are constant
in Eq. (18b), this permits us to linearize this equation. Eq. (18a) is simply linedrizadglecting the moderate rotations in the
expressions of the derivatives of the internal resultants which are supposed to depend on the lineangtra

o
Is 2 1110 ¢
o _ o o o s o
1= Ebtg (ul,ll — Nab §M3’111>7 M,ll_ Egbt; (nah 2 - 5’43’111])- (19)

Then, the system (Egs. (18)) can be rewritten by considering the linear pkkrgustate taken up. It is expressed versus the
five unknown displacements only and no longer presents any coupling:

t b

bEgt2 - 12
sts 1 +g(u’3’l+u’§’1) + %¢,1> =0,

M
nabESbtsu(ill 2 u% 111+ ch(
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Ao Esbts? Esht3 bEL b
243117 b5 uy111+ —3 “s1111 eb (“3—“3)

—bcs[u’ —ub +2<#+5<1+5>>u’ -I-E(#-l-ti(l-i-E))uh
CLH T e 3G nap) e\ 1)) BT E 3B —nap) 1\ 1))

+t“’3¢ =0
6 A1 =Y

c

G 13
tL'EC¢ — 7 (Mil — Mlil + ICS (ug’ll + ”g,ll) + é¢,ll> =0. (20)

Therefore, the system (Egs. (20)) is linear and the critical loads are the eigesadline corresponding eigenproblem. The
displacements can be sought under the form of trigonometric series whidh. arei.e. which satisfy the restrictions on the
kinematical boundary conditions. For a simply supported sandwich column, these displacements can be expressed with sine
and cosine series:

ug (x1) = 1, ug (x1) = ZU sin xl, parp =Y @"si "”Lxl. 1)

Feeding these trigonometric approximations into the system (Egs. (20)), we can formulégergrablem in which the
scalar parameter is the external load

(A1 - ALBI){Y} = {0}. (22)

The defined problem (Eq. (22)) is valid for everytherefore the obtained eigenvalues will be expressed with respect to the
wavenumber. MatriXA] is symmetrical and its coefficients are given in Appendix A, with the notatioasir/L. Matrix [ B]
and vector{Y} are expressed as follows:

n
00 0 o0 Uy
00 0O 0 O ubn
B=|0 0 30> 0 0| v= Uyt (23)
00 0 30?0 ybn
3
00 0 0 O
¢ﬂ

The determination of the eigenvalues consists in finding the roots of the characteristic polynamih results from
det([A] — A[B]) = 0, the condition for not to have a trivial solutidiy} = {0}. The formal resolution leads to two strictly
positive eigenvalues'y” (n) and 2™ (n) corresponding respectively to an antisymmetrical eigenmode and to a symmetrical
one:

um szSlsb 2 T2GcEc(tc +ts)2
alm y (24a)
6 WAEgGetstd + 1202 Eg Ectgte + 24E -G
25 .3
Est2b  4E.b Geteb
pgm = P T | TR Ted (240)

6 w?t, 3

The corresponding stability curves are plotted for a sandwich column whose characteristics are given in Table 1 and for
two different thicknesses (Fig. 4). As it can be seen in Fig. 4, the critical wavenumitiee ahtisymmetrical mode, i.e. the
wavenumber for which the eigenvalue is minimum, depends on the thickness of the core, but obviouslyted sitter material
and geometrical parameters. This very simple numerical application showly eleamportant capability of our model which
highlights the existence of two distinct antisymmetrical modes characterized by very differesriumayers. Depending on
both geometrical and material parameters combinations, the critical mode can be either the globakrodea local mode
with a large wavenumber. Fgr = 30 mm the global mode:(= 1) will occur first (lower load), whereas for a core of thickness
t. = 60 mm the wrinkling moden(= 34) is predominant.

One must point out that for kinematics with linear displacement fields in the ggre- 0, i = 2,3,5 in Eq. (5)) this
minimum does not exist. As for the symmetrical case, there is only one possible critical load whiespoads to a local

Table 1

Sandwich characteristics of the plotted eigenvalues in Figs. 4 and 10-11
Eg (MPa) 50000 ts (mm) 1

E. (MPa) 70 L (mm) 600

G. (MPa) 25 b (mm) 40
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(a)

1.E+05

BE+04 —
P

6.E+04

2™ (N)

4.E+04 -

2.E+04 -

0.E+00 T T T T T T : T
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n (wavenumber)

(b)

1.E+05

8.E+04

6.E+04 -

As™™ (N)

4.E+04

2.E+04 A

0.E+00 T T T
1 6 11 16 21 26 31 36 41 46

n (wavenumber)

Fig. 4. Plots oty (a), andr™ (b), for two different thicknesses of the core {. = 30 mm,z. = 60 mm).

mode ¢ > 1). To summarize, this example demonstrates that depending on the sandwich configuration threéodistirudt
instability can appear, a global one and two local ones. The aim of the follquértgs to give simple analytical formulae for
the critical loads and to compare them with other approaches from the literature.

3. Analysis of the critical buckling loads

In this section, the proposed solutions for the three modes of instabilities are analysed in details. First, these expressions
permit to illustrate the contributions and effects of the various geometrical aatdrial parameters in the instabilities
occurrence. Then the predictions yielded by the present approacmpared with other dedicated models from the literature.
Eventually, design indications are extracted from the presented analytical forms.

The various plots used in this section correspond to the default sandwich configuration repdatele 2. When necessary,
the skin thicknessr{) and core Young’s modulustg) vary to represent respectively a range of thickness and modulus ratios.
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Table 2
Sandwich characteristics used by default for simu-
lations plotted in Figs. 7-15 if not stated

Eg (MPa) 70000 te (mm) 50
E. (MPa) 100 L (mm) 470
G, (MPa) 357 b (mm) 60

When necessary and E. are varied accordingly
to corresponding ratios.

3.1. Analytical expressions

3.1.1. Global buckling
The critical load corresponding to the global buckling mode is obtained from Eq. (24a) by takirlg disregarding any
other critical wavenumber for whicki" (n) may be minimum:

um JTZEsl‘Sb <t2 7ZGCECL4(tC +tS)2 > (25)

AGT 612 " " gAEGetst3 + 1202 EgEctsto L2 + 24E,G L
3.1.2. Symmetrical wrinkling
The critical load corresponding to the local symmetrical mode is given by Eq. (24b) thanks to ¢hmidation of the
minimum with respect ta. The formal calculation permits to find an explicit formulation of this critical value ¢ig) which
can be introduced in Eq. (24b) to get the sought analytical expression of the critical symmetrical wrinkling load:

Jum _ 2J6b E Egty3 N Geteb
SL™ 3 e 3

The corresponding critical wavelengthAns) is given by

L Egtots3
L g Y EslelsT (27)
ng 24E,

These expressions were presented by Hoff and Mautner (1945) and Frostig et al. (1992), without thershefaE ¢er(26)

for the latter. Observing the symmetrical wrinkling phenomenon (Fig. 1(b)), one can reckarotke shear will play a role in
controlling the occurrence of symmetrical mode. Shear must consequentlgrappke expression of the critical load. This

can be verified in Fig. 5 where are plotted, versus the thickness ratio, thelcsyimmetrical loads of the default sandwich
configuration calculated using the present approach both including and neglecting the core shear stiffness. It can be seen that

(26)

1.8E+05

—A— )\,s|_um

A- stum (no shear effects)

1.5E+05 A

1.2E+05

9.0E+04

Critical loads (N)

o
=)
m
+
o
=
"

30E+04 | ...

0.0E+00 T T T T T
0.015 0.02 0.025 0.03 0.035 0.04 0.045
ts/tc

Fig. 5. Symmetrical wrinkling load versus thickness ratit.: effect of the core shear stiffness.
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the effect of shear is constant and tends to ‘stiffen’ the sandwich agaimdtsgmmetrical instabilities. This contribution of
shear can thus represent up to 60% for the lowest loads corresponding to sandwiches with low thidkise@gs/ ra), very
sensitive to local phenomena. As a first explanation, this trend can be related to the change in thg meazkd of a beam
resting on an elastic foundation, which will increase if the foundation can sustain sheafcdiinéction’ being constant, its
effect will be especially visible for the sandwiches with the lowest loads.

3.1.3. Antisymmetrical wrinkling

The corresponding load of the antisymmetrical local mode is derived through the same proceduimization as for the
symmetrical wrinkling. In this case, the difficulty lies in the complexity of the eigenvadseaated with the antisymmetrical
mode (Eq. (24a)). Indeed, a formal calculation is possible but requires the resolutionightindegree polynomial in order
to find the critical value ofi. The resolution has been carried out with the software Maple V, but the analytical expression is
untractable and cannot be considered as a simple design criterion. Therefore it is essent@lffoEsim(24a) and under the
following assumptions:

e\ ? 15\ ( Eq 1
(‘) >1 (a)<a>>>z (28)

which are completely satisfied for classical sandwich columns in whjolh > 10 andE/E. > 50, a very simple analytical
expression for the critical load is determined

2bts 2 E.E,
AL = ttA (\/ 25 EsEc(tc + 2t5) — IA—#> (29)

c te Gc
The corresponding critical wavelength is given by

L 1 Ec [t 2E.
= = 6 — [2=¢( < +2) - . 30
ng T[/ (tstc Ey (ts * > tczcc> G0

The evaluation of this critical load for different sandwich configurations shbassfor some combinations of geometrical
and material parameters, the antisymmetrical wrinkling does not exist. Hence, a relationship between thepdiffemesters
can be determined, the validity of which corresponds to the possible existence of this local form of instability. The extraction
of this relation thanks to the exact solution is impossible due to the complexity ekfiression (Eq. (24a)), but it is possible
from the approximate load (Eq. (29)). Then a relation is isolated and corresponds mathemiatifiatling real roots in the
minimization procedure

24 3E E,
—— <
G212 (te + 2t5)

This relationship shows that antisymmetrical wrinkling is notably favored in samdeaginfigurations with a thick core and thin
skins, since in first approximation it depends on the thickness mpiq.)3. The simplified expression of the antisymmetrical
wrinkling given by Eq. (29) is rather simple to use and manipulate, however it is integestestimate the relative discrepancy
of the predictions yielded by this expression and the exact solution. Fig. 6 shows thafehendi# between the two loads for
different geometrical and material ratios is very lowQ(1%). Some curves in Fig. 6 start for largér, ratios because for the
chosen sets of parameters Eq. (31) must be satisfied for the antisymmetrical wrinklingrto occu

If one observes the contribution of the core shear stiffness in the critical load associated with the antisymmmetkioad
(Fig. 7), it can be verified that it is non-linear and varies from less than 10% up to 50% of the critical load depending on the
thickness ratio. But more importantly, the effect of shear tends here to ‘soften’ the sarmbltionn, conversely to the effect of
shear in the symmetrical mode.

(31)

3.2. Comparison with existing models

In this section, the formulae given by the unified model are compared with the clasgicessions of the critical loads for
global buckling and (symmetrical) wrinkling presented in the introduction of this paper (BEcggnd (4)).

3.2.1. Global instability
The critical load of the equivalent homogeneous sandwich column mod#ié global buckling (Eg. (1)) can be rewritten
by feeding in the expressions of the equivalent stiffnegsandS (Eqg. (3)). This leads to the following equation:
772Estsb(ts + tc)ZGc
212G + m2Egtcts

AEHB = (32)
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0.1

—— Es/Ec=50
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—* Es/Ec=5000
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Discrepancy (%)
o

-0.04 1 ¢

-0.06

-0.08

-0.1

t/ts ratio

Fig. 6. Discrepancy between approximate (Eq. (29)) and exact antisymmetrical wrinkling load (Eg. (24a)) for the sandwich configuration in
Table 1.

2.5E+05

2.0E+05 1
1.5E+05 - L

1.0E+05 A

Critical loads (N)

5.0E+04 | ..o

0.0E+00 T T T
0.015 0.02 0.025 0.03 0.035 0.04 0.045
ts/tc

Fig. 7. Antisymmetrical wrinkling load versus thickness ratigr. : effect of the core shear stiffness.

At first sight, it seems difficult to find a correlation between Egs. (25) and (32). But when one estingate® ttritical
loads for multiple sandwich configurations, it appears that the relative difference betweeio tepressions does not exceed
1%, and is not therefore worth being shown here. So, the unified model is able to modelyptimpetbbal buckling behaviour
of sandwich columns. Also it can be noticed that the equivalent homogeneous column model, with thssstfftefined in
Eq. (3), yields a good approximation of the global critical load.

3.2.2. Local modes

As stated below, the presented approach yields critical loads relying on well-founded hypotheses regactinglst
mechanics. Conversely, we have quoted in the introductory part of this paper that the classical approadahdecaf th
phenomena usually rely on local models of beams resting on elastic foundations, the parameters of the fdeidgtibe
keys in these models; see, for instance, (Thomsen, 1992; Hassinen and Martikainen, 1995; Allen, 1969; Nigjanti9a9)
for cores represented as elastic isotropic continuous media characterized by Airy’s functions.

In Figs. 8 and 9 are plotted respectively the symmetrical (Eq. (26)) and antisymmetrical (Eq. {863 arinkling
loads calculated with our approach and with the classical approach (Eq. (4)), for the defaultcbacmivfiguration reported
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30E+04 | . fo
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Fig. 8. Symmetrical wrinkling load versus thickness ratit.: effect of the core shear stiffness and comparison with classical wrinkling loads
(0.4< 0 <09inEq. (4)).
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Fig. 9. Antisymmetrical wrinkling load versus thickness ratigr.: effect of the core shear and comparison with classical wrinkling loads
(04< Q <0.9in Eq. (4).

in Table 2. The critical load\.¢|ass Stands for the classical wrinkling load, deduced from Eq. i4)ass= 2btsocr With

Q €[0.4,0.9]. It clearly appears that the dependence of the loads towards the core shear is of major concern. As seen before
the effect of the core shear on the instabilities is inverted for the symmieirideantisymmetrical wrinkling. This may justify

the use in the classical load (Eq. (4)) of correction coefficients that vary sufficiently (frbto 0.9) to cover the discrepancies
between loads predicted by models with and without shear, especially for low thickness ratio sandwidresymmetrical
wrinkling. Moreover, it has to be noticed that conversely to the classical approach, the unifiedappaelch yields critical

loads (Egs. (26) and (29)) which depend on both core and skin thicknesses, this is crucial even fqslelomalenon.
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3.2.3. Comments on the symmetrical wrinkling load

As mentioned the symmetrical wrinkling of both skins can be represented through dedicated models provideuitish
parameters are properly determined. From the expression of the symmetrical wrinkling (Eq.wW@6an propose the
foundation parameters which must be used in such models to properly characterize the symmetrical wrinkling. Indeed, this
expression (Eq. (26)) can be deduced thanks to a two-parameter foundation with the parameters defined by

4bE,

ke = — (33)
c
Getch
. Lstc . (34)

3.3. Competition between local and global instabilities

3.3.1. Critical instabilities

The plots of the critical loads, versus parameterand E; are respectively given by Figs. 10 and 11, for the sandwich
configuration given in Table 1 with a 30 mm core thickness. In these plots, the localdmadsrmalized over the global load,
this permits to isolate easily the configurations for which global bucklingeal louckling will prevail. For the antisymmetrical
wrinkling, the comparison is carried out with the recent ‘beam-elastic foundation’ model of (Niu arejaTdl®99) ineT
in figures), one of the very few model to represent properly antisymmetrical wrinkling. For the classical apprgaghtlie
correction coefficient is intermediat@ (= 0.5). Through these two representations, we can confirm the very conservative nature
of Eq. (4) for the two local modes. Moreover, one can notice that the classical formula can be an adnipsitdenation of
the symmetrical and antisymmetrical wrinkling only for thick cores, hesér{ > 50) in Fig. 10. For the antisymmetrical
wrinkling, in Figs. 10 and 11, the tendencies\gfgT andA’7 are very close. But contrary to our approach the main drawback
of the critical loadingT is the impossibility of isolating an analytical expression for a general sandwiclyooatiion, due to
the complex formulation of the stress function on which the model is built. It is isti@geto notice that similarly to our model,
although it is not mentioned by the authors, a condition exists for the existence of the antisymmetrical wrinkling and Fig. 10
shows a good correlation with our condition (Eg. (31)).

3.3.2. Design indications: sensitivity towards mechanical and geometrical parameters

If the symmetrical and global modes are properly represented through dedicated models, it is not the case for th
antisymmetrical mode which is poorly addressed as it was explained previously. This can be cruciflesamtesymmetrical
wrinkling seems to yield lower loads than for the symmetrical wrinkling (Figs. 10 andTtign in order to compare the

6
—O— ™
5 - —— Actass
A "
AN&T

I

N
L

=N

Critical loads / Global buckling load (3/xac"™)
w

10 15 20 25 30 35 40 45 50 55 60

tc (mm)

Fig. 10. Plot of the local critical loads (predicted by the present unified model and both classical approach and model from (Niu and Talreja,
1999)) versus the core thickness
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Fig. 11. Plot of the local critical loads (predicted by the present unified model and both classical approach and model from (Niu and Talreja,
1999)) versus the skin Young’s modul#s.
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Fig. 12. Plot of the three presented critical loads vers|rs.

three instabilities, the loads deduced from the unified model will be used toatenguantitatively the three loads when
varying thickness and modulus ratios. In Figs. 12 and 13, the three loads are plotteel d@fahlt sandwich configuration.

One can notice that for sandwiches with low thickness ratios, local loads are quite close to each other arithiower t

load for the global instability. When the skin thickness increases (Fig. Bi@)global instability quickly prevails. As for the
increase of the skin modulus (Fig. 13), local and global antisymmetrical instabilities would occur for very close load levels,
with a predominance of local phenomena for rather medium skin moduli. The symmetrical wrinkling loatdstfahanges
(thickness and modulus ratios) systematically larger than the load for antisymmetrical wrinklisgcarhibe established
analytically from this unified model (Léotoing, 2001). The same conclusion was given by Niu arjaTd!®99) for their
specific model.
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Fig. 14. Critical load of the sandwich column versus thickness ratip : comparison between the presented approach and the classical one.

Finally, the expressions proposed for the prediction of buckling loads can be used to select sandwich configagainst
compressive instabilities at both scales. It is proposed in Figs. 14 and 15 to visualize the zones where thickness and modulus
ratios can be selected such that instabilities are avoided, for some given admissible load levels. It can la¢ aeeording
to the classical approach many configurations would be dismissed, depending only on the choice of a weightirentgeffici
Conversely the proposed approach allows to isolate safely configurations which would be doagbipally stable. Further
developments permit to express a general analytical condition for the selection of those configurations (Léotoing, 2001).
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Fig. 15. Critical load of the sandwich column versus modulus rBfipE: comparison between the presented approach and the classical one.

4. Conclusions

A unified model was presented which for a perfect linear structure derated its ability to grasp both local and global
geometrical instabilities. The critical loads extracted from this model through an eigenvalue calculation were compared, on
given sandwich configurations, with the formulae usually employed for designing sandwichretsuctu

The global load was shown to agree with the approach of an equivalent homogeneous column. Then, theenptagerbl
by the core shear stiffness was underlined for both local forms. For the antisymmetrical instability, the predictions of the present
approach were shown to perfectly fit the predictions obtained using the rigorous but compiedafofrom (Niu and Talreja,

1999), exhibiting the same condition of existence. As for the symmetrical instability, the lack of accuracy of the classical
approach was assessed.

Our unified model has been validated for a perfect linear structure. However, the existesacelwich configurations has
been shown for which critical loads associated with global and local instabilitieseayelose. This raises the need to extend
the application of the model to the non-linear problem of post-buckling where interactionadfdnd global buckling should
yield realistic unstable behaviours (Léotoing et al., 2001). Moreover, this unified model sandessfully used to characterize
analytically the occurrence and the stability of an interactive buckling form (Léotoing, 2001).

Appendix A

The coefficients of the symmetrical matfix] defined in Eq. (22) are given by
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Abstract

The first part of this paper is dedicated to the analytical and numerical characterization of local and global sandwich
beam instabilities in a perfect linear framework. Analytical loads are extracted from an original unified model and used
to understand in depth, through a parametric study, the role played by each geometrical and material parameter in the
development of global as well as local instabilities. Also, the effects of the combinations of these characteristics is used
to draw precious design indications. A low CPU time-consuming simplified model is then built and assessed. Critical
loads and wavelengths computed from this model are shown to correlate very well with analytical predictions. It is
established that this first approach is essential in order to lead to more detailed investigations in a numerical nonlinear
framework which is the aim of the second part. The first geometrical nonlinear investigations in which linear elastic
materials are considered permit to isolate sandwich configurations developing super- or sub-critical post-buckling
behaviours. As a general trend, unstable behaviours are rather related to the occurrence of geometrical localizations
along the beam. This is illustrated by the drastic effects of the so-called interactive buckling onto the whole stiffness of
the sandwich beam. Moreover, it is shown that sandwiches are very sensitive towards imperfection sizes and forms.
Eventually, an elastoplastic constitutive law is introduced for the core. It is demonstrated that plastic flow and strain
localization in the core, combined with the occurrence of instabilities, are associated with a drastic drop in the global
beam stiffness and with a strong decrease of the maximum limit load for some cases. The phenomenon of shear
crimping is also observed which can be assimilated to a post-bifurcated development of the global buckling
mode. © 2002 Elsevier Science Ltd. All rights reserved.

Keywords: Sandwich structure; Linear buckling loads; Scale effects; Post-buckling stability; Elastoplasticity; Imperfection sensitivity

1. Introduction

Sandwich structures have been widely used in aeronautics and astronautics since the early 1940s. The
first theoretical works dedicated to the mechanical study of these materials are contemporary of their first
applications (Williams et al., 1941). In the 1960s, the sandwich behaviour began to be studied in more detail
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such as in the book by Allen (1969), which sets the basis of the mechanics of sandwich structures. But it is
actually from the mid 1980s that the use of sandwich structures has moved from classical applications
(sandwich are ideally employed as lagging or floor elements) towards structural components, and thus
spread in other fields of engineering. The key point in using sandwich structures is the possibility of largely
reducing weights while keeping the same equivalent stiffnesses. Then, it is mostly in transportations that
their use leads to substantial weight savings straightfully translated into pay loads. This on-going spreading
relies first on a better understanding of the mechanisms driving the response of such structures, and second
on new manufacturing processes and materials which permit to build some integral parts out of structural
units with sandwiches.

Unfortunately, since structural applications undergo multiaxial loadings, the design of sandwich
structures must take into account various loadings such as bending, tension, compression, etc. Usually,
classical layered material theories are sufficient for describing some of these mechanical sandwich behav-
iours. However, the heavy material and geometrical heterogeneity of the sandwich structures can be re-
sponsible for the existence of scale effects. More particularly the complex response under in-plane
compressive loadings still presents some difficulties for designers. Indeed, under such a destabilising
loading, the assembly of very different compounds involves the (co-)existence of buckling at two distinct
scales: at the global scale of the assembly and at the local scale of the skins and core. For the global scale,
the geometrical instability is similar to Euler’s buckling for homogeneous beams (Fig. 1a). For the local
scale, two forms are generally considered, which are the symmetrical mode (Fig. 1b) and the antisym-
metrical mode (Fig. 1c), both corresponding to the local buckling of skins commonly referred to as
wrinkling.

Then the complete understanding and characterization of buckling in such materials require to take into
consideration geometrical instabilities at the two scales of observation. Since the mid of the last century,
numerous theoretical studies have been conducted on buckling in sandwich beams, panels and shells
(Williams et al., 1941; Allen, 1969; Vinson, 1989). The classical approach developed so far is to propose two
distinct models associated, respectively, with the study of global and local buckling in an uncoupled way.
The global mode of a sandwich beam is studied, thanks to an equivalent homogeneous beam in which the
transverse shear effects must be considered. For the local forms, a beam (skin) resting on an elastic
foundation (core), able to model the transverse normal and shear stiffnesses of the core, is generally used.
The classical formula for the two local forms is given by Eq. (1), where E., G. and E; are material pa-
rameters standing, respectively, for the core transverse normal modulus, the core transverse shear modulus
and the skin Young’s modulus

Oclass — Q \3/ EchEs~ (1)

Fig. 1. Sandwich buckling at two scales: (a) global buckling (Euler’s type), (b) symmetrical wrinkling of the skins, (c) antisymmetrical
wrinkling of the skins.
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The value of constant Q varies from 0.4 to 0.9 depending on the authors and the wrinkling case studied
(Allen, 1969). The very simplified form of Eq. (1) and the considerable uncertainty concerning the value
of Q both demonstrate the difficulty in characterizing instabilities in such structures. These approaches
are often intuitive and only appropriate for special cases. Trying to clarify these approaches with experi-
mental results would be of little use since experiments on buckling are by nature unstable and usually
only the resulting failure can be observed. In the literature, very few studies are dedicated to the ex-
perimental characterization of wrinkling, and correlation can hardly be attempted with the theoretical
approaches, unless assigning a variable character to the constant Q as suggested by Teti and Caprino
(1989).

Then there is a need for more comprehensive modelling approaches able to first describe the different
mechanisms prevailing at each scale, and second to account for a potential interaction of these instabilities
at the two scales. Indeed, an optimization of sandwich structures against buckling at the two scales will lead
to configurations where these buckling modes will appear at almost the same critical load (Byskov and
Hutchinson, 1977). Such configurations will present an unstable post-buckling behaviour resulting of the
combination of a global and a local mode (Hunt et al., 1988; Byskov and Hutchinson, 1977). Also these
optimum configurations will tend to be very imperfection-sensitive. Some recent studies deal with the
notion of interactive buckling but they remain very seldom and all present important limitations. They can
be classified into two distinct classes, the analytical and semi-analytical approaches (Hunt et al., 1988;
Sokolinsky and Frostig, 1999) and the numerical ones (Starlinger, 1990).

Eventually, it clearly appears that there is a real need for simple but reliable and rich design tools en-
abling to make rapid calculations for the use of sandwich materials in structural units. Our first aim is to
develop a unified sandwich beam model able to grasp both local and global instabilities in a perfect
framework. These analytical results are essential for the mechanical understanding of local and global
phenomena, by getting an insight into the role played by the combinations of geometrical and material
parameters at both scales. Through the analytical expressions associated with the three main forms of
instability (Fig. 1), simple design diagrams can be established and sandwich configurations can be quickly
selected against local and global buckling. Even if rich conclusions can be drawn in this very simple but
mechanically rigorous framework, it is not sufficient for a complete description of the sandwich buckling
behaviour. The second step is therefore to build a coherent finite element model in order to conduct rapid
numerical investigations including geometrical and material nonlinearities, in other words in a more re-
alistic framework. Finally, this well-founded numerical tool can be reliably used and nonlinear geometrical
analyses with linear elastic materials are first led. They permit to identify the different post-buckling paths
and isolate the buckling modes susceptible to develop super- or sub-critical regimes. The notion of inter-
active buckling is also described and it is shown, in agreement with Byskov and Hutchinson (1977), that the
interaction between a global curvature and local wrinkling of the compressive skin induces a drop in the
global stiffness of the beam. In the last part, more realistic calculations with a crushable core material
(foam) show that the imperfection sensitivity of sandwich structures is still emphasized when plastic strains
can develop, which lead to very sub-critical responses.

2. Linear buckling loads: analytical and numerical investigations

In this section, an analytical model is presented whose unified formulation and well-founded mechanical
assumptions permit to establish reliable design criteria for the three main forms of instability. The accuracy
of the corresponding predictions is assessed by FE evaluations. It is shown that these analytical expressions
represent precious guides for the configuration selection of sandwich and for the use of an accurate nu-
merical tool with low CPU time-consumption.
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2.1. Analytical eigenvalues and design rules

2.1.1. Unified model

The following unified model is described in more detail in Léotoing et al. (2001a). For the sake of
simplicity, a symmetrical sandwich beam of length L and width b is considered. Both skins and core are
made up of homogeneous isotropic linear elastic materials, defined, respectively, by their Young’s modulus
E; and E., and its shear modulus G, for the core. Other notations used subsequently correspond to those
introduced in Fig. 2. The model is formulated in displacements, consequently the main difficulty lies in the
choice of proper kinematics, which must be rich enough to observe both global and local instabilities but
simple enough to yield tractable closed form solutions. A higher-order theory is required in the core since it
was shown to represent well the mechanical behaviour of short wavelength phenomena (Lo et al., 1977).
For the skins, a simple Euler—Bernoulli beam model is used. By considering perfect skin/core interfaces and
a linear transverse shear stress distribution across the beam thickness, the core displacement field
(u®(x) = u§(x)e; + u5(x)es) can be written, thanks to the unknown displacements of the top (u'(x;)) and
bottom (u®(x;)) of the sandwich beam and to a gradient of rotation (¢(x;)) in the core (Eq. (2))

WS (x1,%3) = (x3t_ts)ut1(x1) n (1 —()627:%)>u11’(x1) + t5<x3t_ts>u;1(x1)

C C

_ ts<1 _ (%))m b (2= )+ = ) — 1), () (2)

) = S 4 (1= O ) 4 1 ) 4 )

C C

Then, using this displacement field, the corresponding stresses can be associated with through the linear
constitutive laws. Stresses are represented by the second Piola—Kirchhoff tensor and strains by the Green—
Lagrange tensor limited to the moderate rotation terms. Eventually, for a simply supported sandwich
beam, a non-linear system of five differential governing equations is derived from the Principle of Virtual
Works. Since the buckling loads of both the linearized and nonlinear problem coincide (Leger et al., 1998),
a linearized form of the previous system is sufficient to determine those loads. The linearization is achieved
by postulating a linear pre-buckling state which still holds at the occurrence of the first geometrical in-
stability. Consequently, membrane and moment resultants depend on membrane strains only, and the
whole governing equations become linear. The critical loads of this problem are the eigenvalues of the
corresponding eigenproblem.
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Fig. 2. Notations for a simply supported sandwich beam.
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2.1.2. Analytical expressions

The formal resolution of the eigenproblem leads to two strictly positive eigenvalues corresponding,
respectively, to an antisymmetrical eigenmode and to a symmetrical one. Through this calculation, three
buckling modes and the corresponding loads (4}") can be isolated. Indeed, the eigenvalue associated with
the antisymmetrical mode can correspond to the occurrence of either global (critical wavenumber is 1) (Eq.
(3)) or local (high critical wavenumber—wrinkling) buckling (Eq. (4)), depending on the sandwich con-
figuration. Moreover, for some combinations of geometrical and material parameters, the antisymmetrical
wrinkling does not exist. A relationship (Eq. (4)) between the different parameters can be determined, the
validity of which corresponds to the possible existence of this local form of instability. For the symmetrical
case, there is only one possible critical load which corresponds to a local mode (Eq. (5)):

um _pt 6/1 1

i — g —+( : ><—+p +2)], 3)

16 =Bt \Godoy + (1200 + 20 )\, T (
[ 1 P 2p3

am = pl12( . ]2p (+2)—’ s 4

| ( “\p, Py ppg(1+2p,) @
i 2

i = B|4v6 @Jr—pip‘l, (5)
i p P2

where the dimensionless ratios introduced are some independent combinations of the geometrical and
material parameters (p, = L/(nt.), pg = E./Es, p, = t;/t. and p, = G./E.). Factor B common to the three
previous equations is expressed as B = bp,FEt;/6 and has consequently a positive value.

The plots of the stability curves (E; = 50,000 MPa, E. = 70 MPa, G. =25 MPa, ¢, = 1 mm, L = 600
mm, b = 40 mm) for two different core thicknesses (#.) clearly illustrates the shift between a global and a
local antisymmetrical mode (Fig. 3). One must point out that for kinematics with some linear displacement
fields in the core, the minimum is always reached for n = 1 (Fig. 3), i.e. no antisymmetrical wrinkling can be
represented. Fig. 4 represents the change in the critical load of the sandwich beam (min(4;, A5}, A5'))
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6.E+04 1

28" (N)

4.E+04 1

2.E+04 1

0.E+00 " " " " " " " " "
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n (wavenumber)

Fig. 3. Neutral stability curves for the critical antisymmetrical load (4}") for two different thicknesses 7. of the core (. = 30 mm, 7, = 60
mm), and for the analytical model based on a linear core displacement.
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Fig. 4. Change in the critical load of the sandwich beam (min (A}, 2}, Ag')) versus the thickness ratios 1/p, and for different modulus
ratios pg.

versus the thickness ratios 1/p, and for different modulus ratios p, (E; = 70,000 MPa, ¢, = 1 mm, L = 1000
mm, b = 50 mm). One can notice that there exist very different configurations for which global or local
instabilities will develop at the lowest loads. It clearly appears that the predominance zone of global or local
buckling is strongly dependent on the sandwich configuration. Besides, for a fixed modulus ratio, the
transition point between the two forms of instability corresponds to an optimized sandwich configuration
against buckling. This observation fits a well-known result that the optimum design leads to configurations
for which at least two buckling modes will appear at almost the same critical load (Byskov and Hutchinson,
1977). Following these authors, such configurations will present an unstable post-buckling behaviour re-
sulting of the combination of a global and a local mode, and will tend to be very imperfection-sensitive.
These configurations will receive a particular attention in the second part of the present contribution.
An alternative consequence of the existence of these instabilities at two scales is the need for designers to
identify more systematically the configurations globally or locally unstable. This is achieved by under-
standing first the role played by each geometrical and material parameter, and second the weight of their
combinations. Using the previous analytical expressions of the critical loads offers such a versatility.

2.1.3. Design rules

A sensitivity study was led in Léotoing et al. (2001b). The classical result of the high sensitivity of slender
homogeneous beams towards global buckling was clearly demonstrated for sandwich beams. The calcu-
lation of the sensitivities for the two local forms are very comparable and their local nature is clearly
confirmed by their independence towards the beam length. For the two forms, the key parameter is the
thickness of the skins due to its cubic contribution in their flexural stiffness. Thus, ¢ is rather associated
with the local behaviour of the sandwich beam whereas z. can be classified as a global parameter. The
sensitivities towards the core moduli (E, G.) are rather comparable for the two local modes and confirm the
role played by both the transverse normal and shear stiffnesses on the occurrence of local phenomena.

Moreover, graphic tools were proposed (Léotoing et al., 2001b) to localize without any ambiguity the
different zones of prevalence, i.e. when global buckling may appear rather than local buckling, and con-
versely. The three critical loads Az, 4y’ and 1))} can be compared by pairs, thus defining some zones of
predominance for each and every phenomenon by evaluating the sign of the differences. For a given
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Fig. 5. Change in the predominance zones between antisymmetrical wrinkling and global buckling with p, = L/nz, varying from 3 to 8.

Poisson’s ratio, the parameter p, is constant and then the zones can be easily plotted on a p,—p, graph, for
different values of p,. For the two local forms, the analysis of the inequality shows that the antisymmetrical
wrinkling will unconditionally occur at lower loads than the symmetrical wrinkling, for ordinary engi-
neering materials used in sandwich construction (2 x 107 < p; < 2 x 1072 and 1072 < p, < 107!). Then,
predominance zones can be plotted for A’ and A%, the two loads of interest. The corresponding graphic is
given in Fig. 5, for the configuration previously used for Fig. 4. In Fig. 5 one can observe the change in the
frontier between the two zones as a function of the slenderness (p,). An additional zone (zone ® in Fig. 5) is
reported that bounds the configurations for which the condition of existence of the antisymmetrical
wrinkling (Eq. (4)) is not valid.

Fig. 5 shows that the local forms are predominant in sandwich beam made up of weak and thick core
(zone ®—low values of p, and p,). Moreover, one can observe that local instabilities disappear for slender
sandwich beams. For a ratio p, > 10, without any material consideration, it can be asserted that the
sandwich beam will behave in compression as its equivalent homogeneous representation. These diagrams
can be useful for a first dimensioning of sandwich beams under in-plane compression and can give some
precious information on their buckling behaviour when a material or geometrical configuration is pre-
scribed regarding other loading conditions.

2.2. Numerical eigenvalue buckling predictions

2.2.1. Finite Element sandwich beam model

In the literature, very few F.E. models are dedicated to sandwich modelling, and very rarely justified
rigorously. This lack of reference model constrains us to try and use F.E. displacement-based models which
intrinsically cannot ensure any stress continuity at the interfaces. Therefore, it is necessary to assess the
quality and accuracy of such models. The first point in setting these models is to eliminate the local effects at
the edges which induce complex and unrealistic linear buckling modes. Using a multi-point constraint,
either edge is constrained to behave as a solid medium, i.e. the nodes are prescribed to move along a straight
line connecting the two extreme nodes located on the top and bottom skins (Fig. 6). The line can stretch
linearly and rotate around a central node, the degrees of freedom (d.o.f.) of which are used to apply the
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Fig. 6. Simplified F.E. model of the sandwich beam (1200 elements and approximately 2000 d.o.f.).

boundary conditions and loadings. This edge modelling is also suggested by the observation of real con-
figurations of sandwich in which the edges are stiffened by close-outs in order to apply connections or
loadings (HEXCEL, 1989).

The first way of modelling the sandwich beam can consist in a two-dimensional model for the whole
beam. The skins and the core can be meshed with 4-noded bilinear plane stress solid elements. Various cases
tested did not show any significant discrepancy for the eigenbuckling loads calculated with plane strain or
plane stress elements. The point in this mesh is rather that in order to have some aspect ratios of the order
of the unity, the small elements of the skins induce a large number of elements in the beam length. Then,
this model is very heavy and will be CPU time-consuming for future nonlinear analyses. This model can be
simplified by replacing the two-dimensional elements of the skins with linear and shear deformable beam
elements, which reduces significantly the number of d.o.f. (Fig. 6). The slight loss in the global equivalent
flexural stiffness due to the position of the skins that is closer than in the actual sandwich beam is corrected
by modifying the beam width.

In this simplified model, the size of the beam elements is no longer controlled by the thickness of the
skins, but the number of beam elements must be sufficient to observe the local instabilities. A convergence
study has been carried out which showed that the local critical loads are strongly dependent on the length of
the beam elements used. For example, Fig. 7 represents the eigenbuckling loads for the sandwich config-
uration from Table 1 versus the number of beam elements. The local critical loads can be overestimated if
too few elements represent the skins, and the global mode becomes ‘artificially’ critical. Then, in practice,
the beam number is selected by prescribing at least 8-10 elements over one wavelength, the expression of
which is known analytically.
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Fig. 7. Change in the three critical eigenbuckling loads versus the number of beam elements along the skins for the simplified model
(t;, = 1.25 mm).
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Table 1

Sandwich characteristics for the comparison between analytical and numerical eigenvalue buckling predictions
E; (MPa) 70,000 t. (mm) 50
E. (MPa) 100 L (mm) 470
G. (MPa) 35.7 b (mm) 60

A comparison can be made between the two F.E. models. In Table 2 the critical loads associated with the
three buckling modes are reported for the simplified model and for two different mesh sizes of the complete
model. Also, the total CPU time needed to extract 25 eigenvalues on 450 MHz/2 Gb RAM USparc II Sun
workstations is reported. In this comparison, the parameters n; and #n, stand, respectively, for the number of
elements in the length and in the thickness of skins, the sandwich configuration considered is given in Table
1 with ¢, = 1.5 mm. In Table 2, the global critical load does not vary significantly for the three F.E. models
presented, whereas for the local forms the results of the complete model converge towards the critical loads
of the simplified model for a large number of elements in the skins. The gain in CPU time for the simplified
model is then clearly demonstrated (factor of ~60). Moreover, an evaluation of the energetic contributions
of every stress component for the two previous F.E. models have shown very similar behaviours. Conse-
quently it can be assumed that the mechanical behaviour of the sandwich beam is well represented by this
low CPU time-consuming simplified model (Léotoing et al., 2001b).

2.2.2. Comparison between analytical and numerical results

The three analytical buckling modes can be found using the previous F.E. model, thanks to an eigen-
value buckling analysis (Fig. 8). Numerical and theoretical critical loads for the antisymmetrical (global and
local) and symmetrical (local) mode are plotted versus the thickness ratio, respectively, in Figs. 9 and 10, for
the sandwich configuration given in Table 1. In Fig. 9, it can first be noticed the good correlation between
analytical and F.E. predictions for the global load and for the antisymmetrical wrinkling mode. The

Table 2
Comparison between the eigenvalue buckling predictions for the two F.E. models
Simplified model (n;, = 100) Complete model (7, =400 and  Complete model (n;, = 1500 and
n=3) n,=28)
d.o.f. 2000 22,000 110,000
CPU time (s) 64 560 3700
Jac (kN) 83.3 83.8 83.5
Zar (kN) 79.8 85.6 78.7
st (KN) 81.3 87.7 79.8

Wi
Jaggzzzas]

(b)

Fig. 8. F.E. beam sandwich buckling modes: (a) global buckling, (b) symmetrical wrinkling of the skins, (c) antisymmetrical wrinkling
of the skins.
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Fig. 10. Change in the analytical and numerical symmetrical critical loads versus the thickness ratio.

discrepancy between the two models does not exceed 22% for the configuration tested. For the symmetrical
form (Fig. 10), the agreement is very good (discrepancy lower than 15%) and perfect for high thickness
ratios. Anyway, the predictions for both local instabilities correlate rather well when observing the plot of
the classical load for a classical and usual value of Q = 0.5 (Eq. (1)), the predictions of which are very
conservative. The discrepancy between analytical and numerical results can be partly explained by the
simplistic analytical shear stress distribution postulated which does not estimate accurately the actual
energetic contribution of the shear stress (Léotoing et al., 2001b).

It is also essential to compare the analytical and numerical critical wavelengths. Indeed, if a good cor-
relation is found, a time-optimum mesh will be used by controlling the number of beam elements along the
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Fig. 11. Comparison between analytical and numerical critical wavelengths.

skins, based on the knowledge of the analytical wavelengths for symmetrical (Ls = L/ns) and antisym-
metrical (Ly = L/na) wrinkling (Egs. (6) and (7))

4
nS:pL4 pEa (6)
Py
| 1 2
na=pAl6l =42 —+2)—— . 7
A= <p, pE(pt pv> )

Fig. 11 illustrates the comparison between the two analytical wavelengths (Egs. (6) and (7)) and the nu-
merical ones, for the sandwich configuration given in Table 1. One can notice the good agreement between
theoretical and F.E. predictions for the two wrinkling loads and the similar behaviour of Lg and L, for
small thickness ratios. Moreover, in Léotoing et al. (2001b), it was shown that the wavelength of the local
phenomena is independent of the boundary conditions and that the minimum of the two theoretical
wavelengths leads to a correct magnitude of the element size in the simplified mesh.

The results of the F.E. and analytical models are coherent. The presented F.E. model permits to find out
the three main buckling modes, thanks to a special attention in the modelling of the boundary conditions
and loadings. The aim of the following part is to study the post-buckling regime for several configurations.

3. Numerical nonlinear analyses of the post-buckling regime

In this section, first the complete response of elastic sandwich beams is studied. This approach permits to
classify the type of response as super- or sub-critical depending on the sandwich configuration. The so-
called interactive buckling also receives a special attention since it affects the whole beam stability. Then
different geometrical imperfections are introduced on a given configuration and their effects on the beam
stability is studied. In the second part, an elastoplastic constitutive law is introduced for the core. This
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approach is required when observing geometrical localizations in elastic cores which may turn out to be
emphasized when nonlinear materials are considered.

3.1. Linear elastic materials

3.1.1. Sandwich configurations

The existence of a bifurcation point is related to a non-uniqueness of the solution which numerically
cannot be simply dealt with. In order to solve numerically the post-buckling problem, it is necessary to turn
it in such a way that a continuous response exists. This is possible, thanks to the introduction of a very
small geometrical imperfection. For the following investigations, the geometrical imperfections are the
linear buckling modes derived from the eigenvalue buckling predictions. Since eigenvectors are defined with
an arbitrary magnitude, the maximum displacement component is chosen as the mode amplitude. As a
result, the smaller the imperfection, the more ‘exact’ the post-buckling regime. The geometrical nonlinear
analyses are led with ABAQUS ™ and the use of a Riks algorithm permits to investigate the post-buckling
problems both with stable and unstable behaviours. Indeed, this method considers the applied load as an
additional unknown, the problem is then solved simultaneously for loads and displacements.

The construction of the design diagrams has permitted to isolate the configurations in which global
buckling is predominant with respect to the local phenomena (configuration 3 in Fig. 12) and conversely
(configuration 1 in Fig. 12). But a third zone can be defined in which the three buckling loads are very close.
This optimum configuration, denoted configuration 2 in Fig. 12, is also prone to exhibit some interactions
between the instabilities at the two scales of the material, as verified for instance by Byskov and Hutchinson
(1977). Then, thanks to the design diagram presented in Fig. 12, built for the configuration 7, = 50 mm,
E, = 70,000 MPa, E. = 175 MPa and L = 470 mm, the variation of the thickness ratio allows the selection
of three configurations with very different buckling behaviours. The aim of the following paragraph is to
identify the bifurcated branches for the three presented configurations by introducing a very small geo-
metrical imperfection corresponding to the first eigenmode.

2.0E-02 1
1.5E-02 1
"
w
)
'-I'IJ 1.0E-02 1
w
(o8
5.2E-03
2.0E-04 T T T T T T T T 1
0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
pt = tsltc

Fig. 12. Three geometrical and material sandwich configurations with different buckling behaviours.
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3.1.2. Identification of the bifurcation branches

The numerical critical loads for the three configurations of Fig. 12 (¢, only varies) are given in Table 3.
For the next plots, the change in the applied load (1) is represented as a function of the global end
shortening defined as the longitudinal displacement of the node where the load is applied in Fig. 6 nor-
malized by the beam length (u(L,¢/2)/L), or the global deflection defined as the transverse displacement of
the node at mid-length and mid-thickness of the core normalized by the core thickness (u3(L/2,¢/2)/t.). For
the three configurations, the amplitude of the imperfection is 0.001 mm (0.0019% of the whole beam
thickness).

Configuration 1 of Fig. 12 (£, = 1 mm) is first considered. The lowest eigenvalue is associated with the
antisymmetrical wrinkling mode for both analytical and numerical predictions (Table 3). A geometrical
imperfection is then introduced on this local mode. Fig. 13 shows the corresponding load-end shortening
response which exhibits two distinct regimes. The first part consists in a linear increase of the applied load
versus the end shortening, up to the bifurcation point corresponding to the linear wrinkling load. After the
bifurcation point, the post-buckling regime corresponds to an amplification of the antisymmetrical mode
and the branch is super-critical (plate-like), i.e. the post-buckling regime of the sandwich beam is stable.

For configuration 2 in Fig. 12 (¢, = 1.5 mm), an imperfection associated with the critical global mode is
introduced. The change in the applied load versus the global deflection is given in Fig. 14 which shows that
the complete response can be divided into three parts. The first part corresponds to the fundamental “flat’
state of the beam undergoing only compressive deformations. The second part is associated with the post-

Table 3
Numerical linear buckling loads for the sandwich configurations presented in Fig. 12
Jac (KN) Zar (KN) s (kKN)
Configuration 1 (4, = 1 mm) 115.1 96.8 96.9
Configuration 2 (¢, = 1.5 mm) 138.0 145.4 147.5
Configuration 3 (¢, = 2.5 mm) 167.5 219.7 262.4
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Fig. 13. Change in the applied load versus the global end shortening of the sandwich beam (configuration 1 of Fig. 12) for a geometrical
imperfection of 10~* mm on the antisymmetrical wrinkling mode.



3730 L. Léotoing et al. | International Journal of Solids and Structures 39 (2002) 3717-3739

12

(») "eLosaL

Q
<
<06 \:::’
—
<

disp. magnification = 5

0.4 | (2) GLOBAL +LOCAL

disp. magnification = 10

[ T T T T
V] 4 8 12 16 20

ws(L/2,t/2)
a (%)

Fig. 14. Change in the applied load versus the global deflection of the sandwich beam (configuration 2 of Fig. 12) for a geometrical
imperfection of 107> mm on the global mode.

buckling path of the equivalent homogeneous beam. This bifurcated branch is super-critical and the total
applied load remains constant. The change in the deformed shape corresponds to the amplification of the
global mode. But as the global deflection increases, and as it may be expected for this optimum configu-
ration (Byskov and Hutchinson, 1977), a second bifurcation point is reached and the behaviour turns out to
be strongly sub-critical (shell-like). The deformed shape of the sandwich beam is then made up of the
previous global curvature onto which is superimposed a local wrinkling of the skin undergoing a com-
pressive loading. The phenomenon of interactive buckling is here plainly illustrated. The interaction be-
tween the global mode and the wrinkling of one skin causes a geometrical localization responsible for a
significant stiffness loss in the whole sandwich beam.

Finally, for the third configuration (¢, = 2.5 mm) a global imperfection is introduced, the corresponding
load—deflection path is given in Fig. 15. Unlike the previous configuration, the amplitude of the global
mode is amplified and no geometrical localization appears on the skins. This stable post-buckling behaviour
is similar to that of the equivalent homogeneous sandwich beam.

3.1.3. Localization and stability

These first post-buckling investigations raise some interesting discussion points. To begin with, buckling
modes and post-buckling regimes of a sandwich beam undergoing compressive loading are strongly de-
pendent on its configuration. For configurations 1 and 3, in which, respectively, local and global buckling is
predominant, the post-buckling behaviour is stable and only one bifurcation point is found. It must be
noticed that the same geometrical imperfection can lead to two very different responses (global imperfection
for configurations 2 and 3). This may, however, be due to the specificity of configuration 2, for which global
and local critical loads are very close. In that case a form of interactive buckling is clearly observed and its
harmful effects on the whole stability of the sandwich beam are demonstrated. Further investigations of this
high imperfection-sensitive configuration are presented subsequently.

From this first approach, one can suggest that stability will depend on two main factors. The first one
concerns the difference between the skin behaviours, i.e. when one skin is globally deformed while in the
other one local phenomena develop. In this case, the sandwich beam is ‘unbalanced’, i.e. there is a breaking
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Fig. 15. Change in the applied load versus the global deflection of the sandwich beam for a global geometrical imperfection of 107> mm
on sandwich configuration 3 of Fig. 12.

of the symmetry (Hunt et al., 1988), and unstable regimes are likely to develop. Second, the amplitude
modulation (localization) along the deformed shape seems to play an important role, as it will be confirmed
in the following part. About this localization of elastic deformations, a sensible analogy can be made with
the post-buckling response of long one-dimensional beams resting on an elastic foundation (Wadee and
Bassom, 2000). Indeed, the authors have shown that the periodicity of the deflected profile is characterized
by a stable post-buckling behaviour. However, if periodicity is limited to a small region of the structure
(sinusoidal bound by an exponentially decaying envelope, for example), the response will be sub-critical.
One can expect this trend to be still emphasized when plasticity is considered (Tvergaard and Needleman,
1980).

3.1.4. Imperfection sensitivity

For the study of the imperfection sensitivity, various possibilities exist in the introduction of geometrical
imperfections (form, size, combinations, etc.). The aim of this part is not to cover all the different cases, but
simply to illustrate the main effects which can follow the introduction of a geometrical imperfection. Since
interactive buckling may reveal most of the problems encountered separately in other configurations,
sandwich configuration 2 in Fig. 12 is chosen and the three geometrical imperfections based on the three
elastic buckling modes are, respectively, introduced. For the three cases, the amplitude of the imperfections
are varied from 0.001 to 1 mm, that is to say from 0.0019% to 1.9% of the sandwich thickness. However, it
is important to notice that the effects of a global geometrical imperfection with a given amplitude value are
not directly comparable with the same local one. Indeed, for the global mode, an amplitude of 1 mm
corresponds to a skin section rotation of 0.4° while for the symmetrical wrinkling, it becomes 8.4°. In this
last case, the rotation magnitude is proportional to the wavenumber.

In Fig. 16, one can observe the variation of the applied load versus the global deflection of the sandwich
beam for different values of the global imperfection amplitude. The first noteworthy point is that the ex-
istence of the two bifurcation points is still valid whatever the value of the geometrical amplitude. For the
different imperfection values, the second branch remains unchanged and then a limit point in load is always
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Fig. 16. Change in the applied load versus the global deflection of the sandwich beam for different global geometrical imperfection
amplitudes in sandwich configuration 2.

reached. Therefore, by evaluating the first part of the post-buckling regime which corresponds to the be-
haviour of the equivalent homogeneous beam with a global imperfection, it is possible to find graphically
the intersection between the two branches and to isolate the value of the maximum limit load. When in-
creasing the imperfection, the value of the limit load decreases whereas the second bifurcation point de-
flection becomes larger. In Table 4, it can be seen that the drop in the limit load can be significant since for a
rather low imperfection amplitude of 1 mm (1.9% of the total thickness), it exceeds 13%. Whereas the
deflection associated with the second bifurcation point is multiplied by more than four for the same im-
perfection.

For the symmetrical imperfection (Fig. 17), the deformed shape is independent of the amplitude and still
corresponds to an amplification of the symmetrical mode. Accordingly to the previous conclusions, as long
as symmetry of the skins’ behaviour is maintained and amplitude modulation is not significant, the global
stability is ensured (by analogy with the antisymmetrical imperfection in configuration 1—Fig. 13).
However, the effects of the symmetrical imperfection amplitude are particularly perceptible for low end
shortenings (Fig. 17). For instance, increasing the imperfection amplitude from 0.001 to 1 mm induces a
reduction by 2 of the load that can be withstood for an end shortening of 5 mm (1% of the beam length).

For the antisymmetrical imperfection case, the imperfection size effects are really noteworthy. Indeed, in
addition to a drop in the limit load, the increase of the geometrical imperfection amplitude leads to some

Table 4
Change in the limit load and corresponding deflection for different values of the global imperfection amplitude in sandwich config-
uration 2

Global imperfection amplitude (mm) 0.001 0.01 0.05 0.1 1
Amplitudeltotal thickness (%) 0.0019 0.019 0.096 0.19 1.9
Limit load (kN) 140.2 139.2 136.6 134.6 121.4
Second bifurcation point deflection (mm) 1.25 1.58 2.00 2.48 5.39
Load decrease (%) 0 -0.7 -2.6 —4 —13

Deflection increase (%) 0 26 60 98 330
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Fig. 17. Change in the applied load versus the global deflection of the sandwich beam for different amplitudes of the local symmetrical
geometrical imperfection in sandwich configuration 2.
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Fig. 18. Change in the applied load versus the global deflection of the sandwich beam for different local antisymmetrical geometrical
imperfection amplitudes in sandwich configuration 2.

changes in the post-buckling response and then in the whole stability (Fig. 18). For a low amplitude of
0.001 mm, after a short plateau corresponding to stability, the post-buckling behaviour is slightly sub-
critical and one can notice the existence of geometrical localizations on the two skins. Similarly to the same
configuration but with global imperfection (Fig. 16), geometrical localization is associated with a drop in
sandwich beam stiffness. But the presence of localizations on the two skins reduces here this drop, and the
beam seems to be more ‘balanced’, i.e. the tendency of the beam is to remain straight and not to bend under
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unbalanced localizations. This sub-critical behaviour is replaced by a super-critical regime for the imper-
fections of 0.01 and 0.1 mm in which the amplitudes are more comparable and the geometrical localization
is less severe. For larger imperfection amplitudes (0.2 and 1 mm) again the interactive buckling revealed in
Fig. 14 occurs, resulting in the superimposition of a global curvature and a local wrinkling of the skin under
compression. In this last case, a limit point in load is reached and corresponds to only half of the eigen-
buckling load.

In Fig. 18, one can observe the deformed shape for (an imperfection) amplitude of 0.01 mm. It is a form
very close to the one with a 0.001 mm amplitude, but the beam seems to be more balanced and the stable
post-buckling behaviour can be related to a lack of real localization, since the amplitude is almost constant.
As a conclusion, when geometrical localizations develop, a sub-critical response of the sandwich beam is
observed. Conversely, as long as the wave amplitude is not modulated, stability is maintained. The effect of
geometrical localization is especially emphasized in cases where they do not appear in both skins, the more
the localizations produce an unbalanced deformed shape, the sharper the sub-critical response.

Thanks to the different forms and sizes of the introduced geometrical imperfections, a sharp imperfec-
tion-sensitivity was noticed. This is first observed through the significant decrease of the maximum loads for
sub-critical behaviours, but also by the possible change from a slightly super-critical regime to a severe sub-
critical one for a very small increase in the antisymmetrical wrinkling size imperfection. These first analyses
led with linear elastic materials have clearly emphasized the existence of stable and unstable post-buckling
regimes. Unstable behaviours are related to the appearance of geometrical localizations along the beam.
Since plastic deformation localization is known to be also responsible for sub-critical behaviours, especially
in softening materials (Tvergaard and Needleman, 1980), it is essential to incorporate a nonlinear con-
stitutive law in cores for which the hardening may be large.

3.2. Elastoplastic core and linear elastic skins

3.2.1. Constitutive model for the core

A rigid closed-celled PVC foam is considered here, chosen for the availability of its properties in the
literature (Branner, 1995). The difficulty in modelling the foam constitutive laws lies in the existence of
different deformation mechanisms in compression and in tension. In uniaxial compression, a stress—strain
curve can be divided into three parts, a linear response is first observed, followed by a long plateau cor-
responding to the cell wall buckling and a last part associated with the densification of the foam in which
cell walls interact and increase the global foam stiffness. Meanwhile the tensile stress—strain curves show a
brittle behaviour for which the yield stress is greater than the compressive one.

A crushable foam model is implemented in ABAQUS™ (Aba, 1997; Martikainen and Rammerstorfer,
1999) which could meet our modelling needs. The yield surface can be built with different properties in
tension and compression and the foam can deform volumetrically in compression which justifies the de-
pendence of the yield function towards the hydrostatic stress in addition to the deviatoric ones. However,
this model is rather delicate to calibrate and numerous convergence problems exist in the case of the foams
which are of interest to us and which exhibit a tensile strength higher than the compressive strength.
Consequently, in a first approach, a perfect elastoplasticity model is used with a von Mises yield function.
The constitutive law is calibrated from uniaxial test in compression which is the most restricting behaviour
for the foam. The densification part is not taken into account since it appears for very large strains (>40%)
which were verified subsequently not to be reached in our computations.

3.2.2. Effects of the elastoplastic core behaviour on the post-buckling regimes

We can first consider sandwich configuration 2, studied in the previous section, in order to well underline
the effects of the introduction of the core elastoplastic law. The chosen foam for the core is a Divinycell®
H130 with a compressive and tensile modulus of 175 MPa and a compressive yield stress gy = 2.6 MPa



L. Léotoing et al. | International Journal of Solids and Structures 39 (2002) 3717-3739 3735

1.2

--------- elastic
elastoplastic

A ae

0 4 8 12 16 20

2,t/2,
WLBY

Fig. 19. Comparison of the change in the applied load versus the global deflection of the sandwich beam with a global imperfection, for
elastic and elastoplastic constitutive law of the core.

(DIAB, 2001). The three previous geometrical imperfections are introduced and the effects of the core
elastoplasticity are respectively discussed below. It must be noticed that due to the simplified F.E. for-
mulation used, the complete elastoplastic post-buckling response of the 2000 d.o.f. sandwich beams is
computed in about 20 min on the workstations described previously.

For a global geometrical imperfection, the evolution of the applied load versus the global deflection for
different amplitudes is given in Fig. 19. The first noteworthy point is that the occurrence of a plastic flow is
immediately followed by a drastic drop in the global stiffness of the sandwich beam. However, the value of
the limit load is not really affected by this drop as it can be verified in Table 5. Concerning the deformed
shape, after the bifurcation point, a strong localization of plastic deformations develop in the center of the
sandwich beam (Fig. 20). The geometrical localization observed with an elastic core (Fig. 14) is here em-
phasized by the localization of plastic deformations.

The effects of the core elastoplasticity on the post-buckling behaviour of the sandwich beam with local
symmetrical and antisymmetrical geometrical imperfections are, respectively, visible in Figs. 21 and 22. For
the two cases, whatever the imperfection amplitude, the introduction of an elastoplastic constitutive law
leads to a collapse of the sandwich beam. Experimentally, for the three forms of geometrical imperfection,
the occurrence of the bifurcation point will be associated with the in-plane compressive strength of the
beam, since neither a load control nor a displacement control will permit to reach an equilibrium without
damaging the structure.

Table 5
Buckling load decrease between elastic and elastoplastic core for different values of the global imperfection amplitude in sandwich
configuration 2

Global imperfection amplitude (mm) 0.01 0.1 1
Amplitudeltotal thickness (%) 0.019 0.19 1.9
Elastic limit load (kN) 133.4 128.2 121.8
Elastoplastic limit load (kN) 133.0 125.0 117.0

Load decrease (%) —0.3 -2.5 -39
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Fig. 20. Deformed shape and von Mises stress distribution in the sandwich beam (configuration 2) with elastoplastic core and global
imperfection of 0.01 mm (deflection = 8 mm).
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Fig. 21. Comparison of the change in the applied load versus the global deflection of the sandwich beam with sym-local imperfection,
for elastic and elastoplastic core constitutive law.
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For the two last cases (Figs. 21 and 22), the first important point is that the greater the imperfection
amplitude, the larger the decrease of the observed critical load. Indeed, by increasing the imperfection
amplitude from 0.01 to 0.1 mm, the limit load in comparison with the one for an elastic core has decreased
from about 10% to 30% in both antisymmetrical and symmetrical cases. Furthermore, the post-bifurcated
branch associated with the plastic flow is independent towards the imperfection size, and for the anti-
symmetrical case (Fig. 22), the elastic super and sub-critical behaviours observed in Fig. 18 are both re-
placed by the same bifurcated branch. For the deformed shape, a strain localization appears in the center of
the beam. The initial symmetrical configuration maintains its symmetry while for the antisymmetrical form
a global curvature appears due to the localization of deformations. A last point is that the distribution of
the core von Mises stresses in Fig. 21 clearly demonstrates the predominance of shear in the plastic flow.

Eventually, for any imperfection, the response is highly sub-critical associated with strong plastic de-
formation localizations: responses which are stable with an elastic core are prone to undergo plastic de-
formation localization, while sub-critical responses caused by geometrical localization are further
aggravated when the core plasticity is accounted for. One can assimilate this behaviour to shells’ plastic
buckling, the response of which is sub-critical and highly imperfection sensitive.

3.2.3. Shear crimping: a special case of global buckling

The previous numerical investigations have been made for sandwich configuration 2 of Fig. 12. In the
present section, a global imperfection is introduced in a sandwich beam in which global buckling is prone to
appear first (configuration 3 in Fig. 12). Calculations with a linear elastic constitutive law in the core have
shown that whichever the size of the imperfection, the post-buckling regime is stable and corresponds to an
amplification of the global buckling mode (Figs. 15 and 23). In this case, the post-buckling behaviour is that
of the equivalent homogeneous beam without any local effect from the skins. The introduction of the el-
astoplastic law in the core affects this post-buckling behaviour and the occurrence of plastic flow gives rise
to a strong drop in the global stiffness of the beam (Fig. 23). The corresponding deformed sandwich beam
(Fig. 23) clearly exhibits a localization of the shear deformations in the beam, this is the so-called shear
crimping. Shear failure will presumably appear in this region of weakness where the transverse shear stresses
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Fig. 23. Comparison of the change in the applied load versus the global deflection of the sandwich beam with global imperfection, for
elastic and elastoplastic core constitutive law (sandwich configuration 3 of Fig. 12).
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are maximum. This region is localized between the quarter of the beam length and its extremity, which are
the zones of maximum shear stress, respectively, for a beam with clamped ends and for a simply supported
beam. This last observation is in agreement with the F.E. model used in which edges are slightly stiffened by
the chosen boundary conditions. In literature (Allen, 1969), the shear crimping is associated with a critical
load which in fact corresponds to the equivalent transverse shear stiffness of the sandwich beam:

Geb(to + ;)
ts ’

;hshear = (8)

In Fig. 23, one can observe that a limit load is reached when the shear crimping appears. This load is
very sensitive to the size of the initial imperfection since for an imperfection of 1 mm, the decrease is 17% in
comparison with a 0.1 mm imperfection amplitude. The value of Ay, for the chosen geometrical and
material parameters is 2.2 x 10° N. The limit loads computed for the two tested imperfection amplitudes
(0.1 and 1 mm) correspond, respectively, to 70% and 60% of this too large value of the shear crimping load.

Eventually, due to the high numerical sensitivity of shear crimping towards the imperfection size and
because of the large overestimation of Age., Eq. (8) cannot be used as a design criterion against this
phenomenon. Indeed, shear crimping is strongly dependent on the elastoplastic nature of the core material
and cannot be accurately predicted by a simple combination of geometrical and material parameters. All
the numerical investigations carried out have shown that shear crimping is in fact a consequence of the
shear deformation localization following the occurrence of a global mode. This may explain why this
phenomenon is very often considered as a special case of global buckling. Besides, the large influence of the
imperfection amplitude on the value of the limit load justifies the problems met in the experimental
characterization of shear crimping.

4. Conclusion

This study has been divided into two parts. The first part was dedicated to the characterization of
sandwich beam instabilities in a perfect linear framework. It was shown that this simplified framework
permits to identify, from a specific unified model, analytical criteria associated with both local and global
instabilities. Thanks to these expressions, very rich conclusions can be drawn regarding the buckling modes
at the two scales of a sandwich. Design diagrams were built and clearly demonstrated that local phenomena
are predominant in sandwich beam made up of weak and thick cores, whereas global buckling prevails in
slender beams. In order to lead more complex and realistic numerical analyses, a low CPU time-consuming
simplified model was assessed. The numerical eigenvalue buckling predictions were shown to correlate very
well the analytical results.

The second essential step was to characterize the post-buckling response of sandwich beams in order to
identify the main bifurcation branches and then to isolate the configurations developing super- or sub-
critical post-buckling behaviours. The geometrical nonlinear investigations, in which linear elastic materials
are considered, have actually revealed the existence of stable and unstable post-buckling regimes. Unstable
behaviours are related to the occurrence of geometrical localizations along the beam. This is still empha-
sized when localizations do not develop symmetrically on both skins, inducing a breaking of the symmetry
that leads to a drastic drop of the load carrying capacities. A special case of ‘unbalanced’ buckling is the so-
called interactive buckling, occurring in optimum configurations for which the critical loads are close.
Interactive buckling yields a post-buckling behaviour highly sub-critical whereas it results from the in-
teraction of global and local modes inherently stable. Besides, a very high sensitivity towards the imper-
fection sizes and forms was observed. The introduction of an elastoplastic constitutive law in the core
emphasizes the sub-critical response observed in many cases with elastic materials. Plastic flows appear at
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the onset of the instability occurrence, leading to very sub-critical regimes, followed by the development of
plastic strain localization. Moreover, for some configurations, the value of the limit load from the elas-
toplastic analysis is strongly lower, up to 30%, than for linear elastic materials. The consideration of core
elastoplasticity is then critical for these cases, as well as in the cases prone to exhibit interactive buckling.

Through these analyses, a very high sensitivity towards imperfections was demonstrated which cor-
roborates the strong difficulties in obtaining reproducible experimental results. This is especially true for the
characterization of shear crimping which was shown to be a post-bifurcated phenomenon that will appear
in configurations in which global buckling is predominant.

Following the conclusions of Tvergaard and Needleman (1980) for inherently super-critical structures
made up of elastoplastic materials, local imperfections will not affect significantly the load carrying capacity
of the sandwich beam. Hence studying the maximum support load in the case of periodic modes and
imperfections is still valid. Consequently, the complete analytical characterization of the elastic interactive
buckling in sandwich is under achievement with the presented unified model.
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Abstract

This paper is dedicated to the study of global (at the sandwich scale) and local (at the component scale) buckling in
sandwich structures. This approach relies on the basis of an analytical model able to capture both local and globa
instabilities [7]. Results from this model are used to provide simple design rules by assessing the combinations of
geometrical and material parameters which control theses instabilities. From there, design diagrams are extracte
which permit very quickly to select sandwich configurations more susceptible to develop local or global phenomena.
Then, two distinct FE models are presented and compared. The ability of a reduced size FE model, to capture local a
well as global instabilities is demonstrated. Eventually, the predicted loads and wavelengths from both FE simplified
model and analytical model are shown to correlate very well. Thus, analytical wavelengths constitute a precious guide
to evaluate the mesh element size for a low time-consuming but accurate FE model which can be easily extended ti
fully non-linear computations of sandwich panels.

Key words: sandwich structure, stability, scale effects, sensitivities, design diagrams, FE models

1 INTRODUCTION

Sandwich materials result from the assembly of very different compounds, providing to the re-
sulting layered-like structure a very high specific flexural stiffness, that in turn can translate into
significant weight savings. The use of these structures in many fields of engineering like transporta-
tions, aeronautics and aerospace where weight savings can be ideally converted into pay-loads, h
been extended since the mid 80’s. This renewal has been triggered mainly by the arising of new
manufacturing techniques which permit nowadays to build some integral parts out of sandwiches
for structural units. In turn, the use of sandwich in structural applications implies the need of a
deeper knowledge of their mechanical behaviour, and more particularly the response under in-plan
compressive loadings which still present some difficulties for designers. Under such destabilizing

1to whom correspondence should be addressed
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loadings, the material and geometrical heterogeneity of these materials is responsible for the (co
)existence of buckling at several distinct scales : at the global scale of the assembly and at the
local scale of the skins and core. These geometrical instabilities are namely the global buckling
(Fig. 1-a) similar to Euler’'s buckling for beams, and some local forms of buckling of the skins
calledwrinkling. For this local instability, generally two distinct forms are considered which are
the symmetrical mode (Fig. 1-b) and the antisymmetrical mode (Fig. 1-c).

(b) ©)

Figure 1: Sandwich buckling at two scales : (a) global buckling (Euler’s type), (b) symmetrical
wrinkling of the skins, (c) antisymmetrical wrinkling of the skins.

Since the early 40’s, many theoretical studies have been dedicated to the occurrence of insta
bilities in sandwich structures (see for instance ([14], [1], [13]). In these classical approaches, two
different models are proposed in order to characterize the instabilities at each scale. These mode
are respectively the equivalent homogeneous beam model for the global buckling and models o
beams resting on an elastic foundation for the wrinkling of the skins. As a deeper knowledge is
gained about these instabilities, the complete description of buckling and post-buckling in sand-
wich materials requires the development of more complex approaches accounting for the possible
interactions between the two scales, defining the so-called interactive buckling.

Few studies deal with this notion of interactive buckling and can be divided into two distinct
categories. One can isolate the analytical and semi-analytical approaches ([4], [10]) and the nu
merical ones ([11]). In spite of the limits induced by their formulation, the basic idea remains to
study the influence of the occurrence of one type of instability onto the occurrence of other ones,
and the resulting change in the whole beam stability. For Hunt [4] the global buckling appears first
and can be followed by the appearance of a combination of global and local modes inauspicious
for the stability of the sandwich beam. Starlinger ([11]) considers local degradations due to the
appearance of local phenomena and then modifies the global rigidity of the structure to reach &
new equilibrium. But for the former, the analytical approach gives only a partial view and cannot
be easily extended to any sandwich beam. Whereas, for the latter, the numerical treatment of th
local degradation yields severe problems of convergence and no geometrical characterization ¢
the local instability is possible. So it clearly appears that there is a need for easy-to-use tools,
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enabling to make rapid calculations for designing sandwich structures against instabilities under
in-plane compression.

Our very aim is to develop such a simple numerical approach, in order first to select sandwich
configurations against local as well as global buckling, and second to understand the effect of the
possible interactions between these modes onto the sandwich stability. This approach will rely
on the bases of an analytical sandwich beam model, briefly presented below, able to grasp botl
local and global instabilities in a perfect framework. This model will be used to assess the effect
and combinations of the various geometrical and material parameters of the sandwich onto the
instabilities.

1.1 A single model for local and global instabilities

The model briefly presented in this section is used to extract local as well as global buckling loads
for the subsequent parametric study. This model has been more extensively detailed in [6] anc
[7]. For the sake of simplicity, a symmetrical sandwich beam is considered in which both faces
and core are made up of homogeneous isotropic linear elastic materials (Fig. 2). The model is
formulated in displacements and the first difficulty is to choose kinematics rich enough to describe
all the potential forms of instability, but simple enough to get usable analytical design criteria. A
higher-order theory is adopted for the coué(k)) which was shown to govern the local response

of the sandwich. The use of such a theory is required for wrinkling wavelength magnitudes of the
order of the beam thickness [8], which is the case for the local buckling of skins. For the upper
(u¥(x)) and lower (' (x)) skins, the displacements in teg-direction are chosen linear ia, while

the displacements along tleg-direction are taken constantig (Eq. 1). Subsequently, suffics

and! stand respectively for the data concerning the bottom and top of the sandwich beam and cat
be thereafter replaced by suffix(a = b,t). Displacements in the core are then expressed thanks to
five additional functionsd, i = 1..5) to be identified. Eventually, following the notations reported

in Fig. 2, the complete displacement field writes :
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Figure 2: Notations for a simply supported sandwich beam.

The number of unknown functions can then be reduced by considering perfect interfaces anc
a linear transverse shear stress distribution across the beam thickness. This last assertion was cc
firmed by Finite Element computations. Finally the displacement fields can be written thanks to
the four unknown displacements of the skins and to a gradient of rotation in the core.

Then, for a simply-supported sandwich beam (Fig. 2), the governing equations of the problem
are derived from the Principle of Virtual Works. Stresses are represented by the second Piola:
Kirchhoff tensor, denoted bg(x), and strains are represented by the Green-Lagrange tgugor
limited to the moderate rotation terms for the non-linear strain part. The expression of the internal
virtual work in the whole beam is simplified by retaining stresses whose energetic contributions are
predominant (the longitudinal stress in the skins, and the transverse normal stress and transvers
shear stress in the core). A non-linear system of five differential equations is then determined
which characterizes the inner equilibrium of the sandwich beam. Since the buckling loads of
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both the linearized and non-linear problem coincide [5], a linearized form of the previous system
is sufficient to determine those loads. The linearization is achieved by postulating that at the
occurrence of the first geometrical instability, the linear relationship of proportionality between the
applied load and the internal resultants still holds. Then the system can be rewritten by considering
this linear pre-buckling state (Egs. 2), in whiggpy =1 ifa=band-1if a=t, and¢ =
(1/2+ts/tc).

bEts?
/U7 © NabEsbtsu] ;5 — Tsug,lll

up —uf { b t
+bGe " +&(Ugq t+Uzq) + 601 = 0
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GCE( 11 11 E. 3(3+r]0(b) te , te 311

tc 2 ts( ts)) b tC
2 am——+ (142 ) Jud1+—~@11) =0
g (3(3_nab) . . 3117 7§ ®11)

G ts
/0¢:  tcEcp— 70 (Ua,l — UD€ (U gq + U§1q) + %(P,ll> =0

Therefore, the system (Eqgs. 2) is linear and the critical loads are the eigenvalues of the cor-
responding eigenproblem. ParametessE. andG. stand respectively for the Young modulus of
the skins and the normal and shear transverse core moduli. The displacements can be sought unc
the form of trigonometric series. The formal resolution leads to two strictly positive eigenvalues
corresponding respectively to an antisymmetrical eigenmode and to a symmetrical one. Througk
this calculation, three buckling modes can be isolated thanks to the eigenvalue associated with th
antisymmetrical mode which can correspond to the occurrence of either global (critical wavenum-
ber is 1) (Eq. 3) or local (high critical wavenumber - wrinkling) buckling (Eq. 4), depending on
the sandwich configuration. Moreover, for some combinations of geometrical and material pa-
rameters, the antisymmetrical wrinkling doesn’t exist and then a relationship (Eqg. 4) between the
different parameters can be determined, the validity of which corresponds to the possible existenc
of this local form of instability. For the symmetrical case, there is only one possible critical load
which corresponds to a local mode (Eq. 5).

Aum _ TPE&b [ N 72GoEcL* (te +ts)? 3)
ACT B2\ ° T TAESGtt3 + 12PEsEctstc L2 + 24E.GcL?
2bt, ts? ESE. 2t°EE
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= 2 \/2tEcEq(te + 2ts) — — if 4
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In [7], the global load was shown to correlate perfectly with the predictions of an equivalent

um __
)‘SL -

homogeneous beam approach in which shear is accounted for. For the antisymmetrical instabil
ity, the predictions of the presented approach were shown to perfectly fit with the dedicated but
untractable approach from [9]. Moreover, in this previous paper, the lack of accuracy of the clas-
sical wrinkling critical load (Eq. 6) was demonstrated. Also the very conservative nature of this

approach was underlined which is still emphasized by the value of the costaat varies from

0.4 to 0.9 depending on the authors in the literature.

Oclass= Q\s/ EcGcEs (6)

1.2 Presentinvestigation

The first part of the present study permits to show that from these analytical elastic buckling loads,
rich conclusions can be drawn for the characterization of the instabilities at the two scales and
for the description of the interactive buckling concept. It is also shown that the sensitivity of
the buckling loads towards both geometrical and material parameters yield precious guides for
designing sandwich structures. Thereafter, the critical loads are expressed versus three independe
dimensionless ratios only, and design diagrams are proposed which for wide ranges of material
and geometries permit to select configurations more likely to be unstable at either the global or
the local scale. The second step is to build an accurate and coherent F.E. model with boundar
conditions corresponding to realistic close-outs. It is shown that a good agreement can be founc
between predictions of a simplified model and the previous analytical results. The knowledge of
the analytical local wrinkling wavelengths permits to estimate the maximum allowable length of
the elements for a good representation of the local phenomena. From there, it is then possible t
find the best compromise between the computation time and accuracy of the results. Adopting ¢
reliable numerical tool is essential in order to carry out future efficient non-linear analyses.

2 PARAMETRIC STUDY OF THE ANALYTICAL CRITI-
CAL LOADS

2.1 Sensitivities evaluation

The expressions of the presented buckling loads (Eqgs. 3, 4 and 5) exhibit some complex combi
nations of mechanical and geometrical data, in a wide range of admissible values, which makes i
tricky to get a general view of the influence of every parameter on the critical loads. The main idea
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of this parametric study is to define, for a given sandwich configuration, an indicator able to pro-
vide aweightfor each parameter. A dimensionless function is chosen, this so-saltesitivitycan

be defined for all the parameters and permits a comparison between the influence of the differen
parameters. For any paramefethe dimensionless sensitivity is defined for a given geometrical
and material configuratio; (Eq. 7).

OA
%= 5% O ™

This numerical evaluation allows to identify the predominant parameters for each form of in-
stability and to classify some of them as local or global, depending on which load they influence
the more. The main drawback of this approach is the dependence of the calculated sensitivitie:
towards the chosen sandwich beam configuration. The sandwich characteristics used are those
Table 1 with a 40nmcore thickness for which the values of the three critical loads are of the same
order and then the sensitivities are more comparable. The diagram given in Fig. 3 presents the
values of each sensitivity for the three considered critical loads.

Es(MPa) | 50000| ts(mm) | 1
E«(MPa) | 70 L(mm) | 600
Gc(MPa) | 25 b(mm) | 40

Table 1. Sandwich characteristics of the sensitivity study

First, for the global critical load it is not surprising to notice that the preponderant parameter
is the core thickness directly related to the global flexural stiffness of the beam, which increases
in a quadratic way with the spacing between the skins. The length of the beam has also a larg
influence on the value of the global critical load. In fact, these two parameters can be associatec
with the slenderness of the beam and it is found again the classical result of the high sensitivity of
slender beams towards global buckling.

The sensitivities for the two local forms are very comparable, this confirms the close nature of
these two instabilities. First of all, their local nature is confirmed by their independence towards
the length of the beam. For the two forms, the key parameter is the thickness of the skins due to it:
cubic influence in the skins flexural stiffness. Thigss rather associated with the local behaviour
of the sandwich beam whereagsan be classified as a global parameter. The sensitivities towards
the core modulif, G¢) are rather comparable for the two local modes and confirm the role played
by both the transverse normal and shear stiffnesses on the occurrence of local phenomena.

Thanks to these sensitivities, conclusions have been drawn for each form of instability but now
a comparison between the three critical expressions is necessary in order to isolate sandwich cor
figurations more susceptible to develop local or global buckling. Indeed, two different sandwich
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Figure 3: Sensitivities calculated for the three critical load expressions.

beams with the same equivalent flexural and shear stiffnesses can behave very differently under ir
plane compression. A significant example is presented in Table 2. The critical loads calculated for
these two configurations show that for the first one, global buckling will appear first contrary to the
second configuration for which local instabilities are more susceptible to appear first. This numer-
ical example underlines the need to study the local behaviour of sandwich beams and shows the
the evaluation of the equivalent stiffnesses does not represent a safe design criterion for preventin
such structures from buckling.

The sensitivity calculation or the plot of the critical loads versus one parameter give only a
partial view of the predominant areas for each form of instability. The aim of the following sec-
tion is to propose a graphic tool through which one is able to localize without any ambiguity the
different zones of prevalenceg. when global buckling may appear rather than local buckling and
conversely.

2.2 Graphic selection for the design of sandwich against buckling : Design
diagrams

In order to propose a general view of the comparison between the critical loads, it is essential to
reduce the number of parameters. Indeed, buckling loads depend upon the complex combination
of 6 parametersl( ts, tc, Es, E¢c, Gc). Therefore we introduce new parameters which are some in-

dependent combinations of the previous ones. The following dimensionless ratios are introducec
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example 1 example 2
Skins Aluminium Thermoplastic
Core Polyvinyl chloride| Polystyrene
Es (MPa) 70000 6488
Ec. (MPa) 70 25.9
G¢ (MPa) 25 9.25
ts (mm) 1 2
te (mm) 30 70
b (mm) 40 40
L (mm) 600 600
D (N.mn¥) 1.35 160 1.35 160
S(N) 9.6 1¢ 9.6 1¢
AAg (N) 17150 15695
Al (N) 29801 13748
AL (N) 36399 17685

Table 2: Two different sandwich configurations with the same equivalent flexural and shear stiff-
nesses (respectively andS), but with different critical loads

(Eq. 8) which permit to isolate easily the variation towards the 6 geometrical and material param-
eters. They are the slenderness of the bpgnthe moduli ratiopg, the thicknesses ratip, and
the core moduli ratigp, wherev, is the core Poisson’s ratio.

oL = —
L —
E
PE = EC
S
. ®)
Pt = &
Pv = Se_ 1
V' B 2(14v)
Then, Egs. (3, 4 and 5) can be rewritten and yield Egs. (9, 10 and 11).
um __ Pt 6pe 1
Mg =B F"— o o . <a+pt+2) (9)
L —+ 2 +2p PL
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FactorB common to the three previous equations is express&l-abp;Ests/6 and has conse-

guently a positive value. Then, the interest of this formulation is to compare the three critical
loadsAx®, AL and AR by pairs, thus defining some zones of predominance for each and every
phenomenon. The first studied difference is that of the two local forms and leads to the following
relation (Eq. 12):

66 21 9
AN A s pEAi;’Zer <?\/2(1+pt)—36—a> ppt >0 (12)

A

Then, for a given Poisson’s ratio, the parametgis constant and condition Eq. (12) can be easily
plotted on api-pe graph, calledesign diagramBut the resolution of this second degree polyno-
mial shows that Eq. (12) is always valid for < 1/6. Then for ordinary engineering materials used
in sandwich construction (0002< pg < 0.02 and 001 < p; < 0.1), the antisymmetrical wrinkling
load is always lower than the symmetrical one, according to our theory the antisymmetrical
wrinkling will occur before the local symmetrical instability.

The same procedure is followed to study the difference betWgEglobal) and\d[" (symmet-
rical wrinkling), but unlike the previous case, an additional paranmgtexists in the comparison
between the two critical loads. Besides, the Poisson’s ratio of classical isotropic cores (foams)
doesn't vary a lot, therefore this parameter is chosen constant and equélfto the next plots.
The difficulty of this comparison lies in the complexity of the condition resulting from inequality
Mg < A" (Appendix I). Then the limit of the predominance zones is found numerically thanks
to MapleV through the resolution of the inequality. The condition presented in Appendix | is a
function of three parameters, consequently for a given slendeppesso zones can be isolated
(Fig. 4). The firstone, 1 , corresponds to sandwich configurations where symmetrical wrinkling

is more likely to develop, whereas in sandwich configurations of zone 2 global buckling will
prevail. In Fig. 5, one can observe the evolution of the frontier of the two zones of predominance
of Fig. 4, for changes in the slenderness.

A similar condition can be isolated fai@ (global) and\3[" (antisymmetrical wrinkling) (Ap-
pendix I). Fig. 6 represents the frontier between these two critical loads. It is important to notice
that an additional zone (zone 3 in Fig. 6) is reported due to the validity of the condition of
existence for the antisymmetrical wrinkling (Egs. 4 and 13) as reported in [7]. Therefore only the
global buckling exists in this zone. Fig. 7 shows the changes in these zones with the papameter
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Figure 6: Design diagram : predominance zones between antisymmetrical wrinkling and global
buckling forp. = 3.

: zone 3 remains unchanged.
2p°

- <1
PSPE (1+2p1)
Figs. 4 to 7 show that the local forms are predominant in reduced regions of sandwich con-

(13)

figurations. Their localization clearly demonstrate that local phenomena are more susceptible tc
appear in "bulky" sandwich beam made up of weak and thick core (low valygsasidp;). More-
over thanks to Figs. 5 and 7, one can observe that local instabilities disappear for slender sandwic
beams in which global buckling will occur first, for lower loads. For a rgtie= L /Tt > 8, without
any material consideration, it can be asserted that the sandwich beam will behave in compressio
as its equivalent homogeneous representation. Figs. 4 to 7 have been plotted with a constant Poi
son’s ratio of 04, but it is easily proved that a drop of this parameter very slightly increases the
surface of predominance of local forms. This is represented for symmetrical wrinkling in Fig. 8.
These diagrams can be useful for a first design of sandwich beams under in-plane compressio
and can yield precious information on the buckling behaviour when a material or geometrical
configuration is imposed. The general view given by the dimensionless ratios clearly shows the
sandwich configurations which will develop local or global instabilities. This emphasizes the limits
of one-parameter variation studies which give only a partial view.

The last curves (Figs. 4 to 7) highlight the existence of narrow domains in which the global
critical load and the local ones are very close. This is represented in Fig. 9 where for a given
thicknesses ratip;, a range of moduli ratipe exists for which local and global buckling loads
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are very close. The difficulty in studying the in-plane compressive behaviour of sandwich beams
is then emphasized for these material and geometrical configurations. It raises the problem o
interaction between the different modes since two bifurcation points exist close enough for a slight
load increase to induce a shifting between local and global modes. Or more generally any mode
combination can occur which then can no longer be qualified of either local or global and must
receive special attention for it may be highly critical.

3 NUMERICAL INVESTIGATIONS

In this section, a numerical approach is led relying on two different beam models. A special

attention is paid to the proper account of the boundary conditions. Besides a classical FE model, :
simplified model is presented which yields large computation times reduction. Through this study,
loads and wavelengths for both local and global instabilities are correlated with analytical results
presented previously.
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Figure 10: Two types of close-outs : incorporated into the beam (a) or attached to it (b).

3.1 Choosing a Finite Element model
3.1.1 Boundary conditions

The numerical investigations are led wABAQU SM. Our first aim is to try to identify numeri-

cally the analytical buckling modes by eliminating the very local effects at the edges which induce
very complex and unrealistic linear buckling modes. Consequently, the difficulty in setting the

F.E. model is to represent the edges. This difficulty is naturally overcome when observing real
configurations of sandwich, the edges of which are stiffened by close-outs in order to apply con-
nections or loadings [3]. In Fig. 10, are sketched two different types of close-outs which can be
incorporated into the sandwich structure (Fig. 10-a) or attached to it (Fig. 10-b). These stiffened-
edges are represented in the F.E. model through kinematical restrictions on the displacements
Using a multi-point constraint, either edges are constrained to behave as a rigid mieglithe

nodes are prescribed to move along a straight line connecting the two extreme nodes located o
top and bottom skins. This straight line can stretch linearly and rotate around a central node, the
degrees of freedom (DOFs) of which are used to apply the boundary conditions and loadings (Fig.
11). Thus, perfect simply supported conditions are introduced, without any stresses concentration
which would involve very local buckling modes at the edges. The modeled part of the edges are
encircled in Fig. 10.

3.1.2 The use of a simplified model

Due to the lack of F.E. reference model in the literature, F.E. displacement-based models are use
which intrinsically cannot ensure any stress continuity at the skin/core interfaces. Therefore it is
necessary to build a coherent model and assess its quality. The first way of modeling the sandwicl
beam can consist in discretising the skins and the core with bidimensional elements along the bear
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Figure 11: Complete F.E. model of the sandwich beam, approximately 22000 DOFs.
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Figure 12: Change in the three critical loads versus the number of elements across the thickness «
the skins for the two-dimensional mod&) £ 1.25 mm).

length and across its thickness. 4-noded bilinear plane stress solid elements are used and in ord
to have aspect ratios of the order of the unity, the small elements of the skins induce a large numbe
of elements on the whole beam (Fig. 11). In [12], only one element is used in the thickness of the
skins, but it can be shown that critical loads corresponding to local phenomena are very sensitive tc
the number of elements in the two skins. In Fig. 12, the three critical loads are evaluated through
eigenvalues calculations for this complete model with the sandwich configuration reported in Tab.
3. One can notice that the global critical load is independent on the number of element wherea:
a number of three elements in the thickness of the skins is necessary for a good accuracy of loce
wrinkling loads. This leads eventually to approximately 22000 DOFs for the entire model.
However, this model is very heavy and will be CPU time-consuming in subsequent fully non-

linear analysis. Hence it is necessary to simplify it and ideally the number of degrees of freedom
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Es(MPa) | 70000 | t;(mm) | 50
Ec(MPa) | 100 L(mm) | 470
G¢(MPa) | 35.7 | b(mm) | 60

Table 3: Sandwich characteristics for the F.E. evaluations

Figure 13: Simplified F.E. model of the sandwich beam, approximately 2000 DOFs.

can be reduced by replacing the two-dimensional elements of the skins by linear beam element
(Fig. 13). The use of linear elements ensures that they cannot buckle over the 2D-elements an
then the beam rotation is not restricted. The principle is to connect these beam elements of the skin
to the plane elements of the core, simply by using the same nodes. The main but slight drawbacl
of this kind of model is that the centre line of the two skins are placed at a distance corresponding
to the core thickness. This induces a loss in the global equivalent flexural stiffness since the skins
are closer one to each other than in the actual sandwich beam. Heder [2] overcomes the probler
by introducing a core thicker than the actual one. For a sandwich beam, one can also modify
the width, and the determination of the same equivalent flexural stiffness leads to the following
corrected widtho’ (Eg. 14). Due to the characteristic values of the sandwidi(@ p; < 0.1), the

effect of this change on the value of the critical loads is rather neglidibte b).

b =b(1+pi (2+p1)) (14)

The longitudinal size of the elements is no longer controlled by the thickness of the skins. So, the
beam element length can be adjusted such that enough elements are present to observe the lo
phenomena. By controlling the number of elements a time-optimum mesh will be used. In Fig. 14,
the evolution of the three critical loads is plotted versus the number of beam elements in the lengtr
of the skins (sandwich configuration from Tab. 3). One can notice that the value of the local critical
loads are strongly dependent on this length. Any increase in the beam size elements results in
significant increase of the wrinkling loads. Consequently, for a small number of elements in the
skins, the local critical loads can be overestimated (Fig. 14) and the global mode is then critical.
In the simplified model, the whole number of degrees of freedom has significantly decreased anc
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Figure 14: Change in the three critical loads versus the number of beam elements along the skin
for the simplified modelt§ = 1.25 mm).

reaches approximately 2000 DOFs for a number of 100 elements in the length (Fig. 13). Besides
due to the high wavenumber on the beam length for local phenomena, transverse shear effects |
the beam elements must be taken into account. Comparisons between the energetic contributior
of each stress component and stress distribution for the two previous F.E. models have shown ver
similar behaviours. Critical loads computed with these two F.E. models are compared in the next
section.

3.1.3 Comparison between "complete” and "simplified" models results

The first important point is that the three analytical buckling modes can be found through a F.E.
eigenbuckling analysis (Fig. 15). The geometrical and material parameters used for the F.E. eval
uations are given in Tab. 3. The numerical critical loads from the "complete” and "simplified"
FE models for the antisymmetrical (global and local) and symmetrical model, plotted versus the
thickness ratio, are given respectively in Fig. 16 and Fig. 17. For the global mode (Fig. 16), the
agreement is perfect. For the antisymmetrical (Fig. 16) and symmetrical (Fig. 17) wrinkling, the
discrepancy between the two models never exceeds 20% for this configuration and a very good cot
relation is found for high thickness ratios. These figures clearly show a good correlation between
the results of the two models. Consequently it can be assumed that the mechanical behaviour c
the sandwich beam is well represented by this low CPU time-consuming simplified model, used
thereafter.
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Figure 15: F.E. beam sandwich buckling modes for the simplified model : (a) global buckling, (b)
antisymmetrical wrinkling of the skins, (c) symmetrical wrinkling of the skins.
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Further comparisons are carried out in the following section where the analytical critical loads
and wavelengths are compared with the numerical ones of the simplified model.

3.2 Comparison between analytical and numerical results

3.2.1 Critical buckling loads

Numerical and theoretical critical loads for the antisymmetrical (global and local) and symmetrical
(local) mode are plotted versus the thickness ratio, respectively in Fig. 18 and Fig. 19. These plots
permit to make a comparison between the configurations more susceptible to be unstable locally o
globally. In Fig. 18, it can first be noticed the very good correlation for the global load (the largest
difference is less than 2%). For the antisymmetrical wrinkling mode, the discrepancy between the
numerical and the theoretical loads is rather constant and never exceeds 22% for this configuratior
However, the comparison for this load is rather good when observing the plot of the classical load
predictions (Eq. 6 witlQ) = 0.5) which is very conservative and presents a linear variation towards
the thickness of the skins. For the symmetrical form (Fig. 19), the agreement is good (less thar
15% of difference) and perfect for high thickness ratios. One can notice again the conservative
nature of the classical wrinkling load unable to properly characterize the local phenomena.

An attempt can be made to explain the difference between the numerical and theoretical local
loads by plotting the change in the transverse shear stress of the core for a given section where tf
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Figure 18: Change in the analytical and numerical antisymmetrical critical loads for the global
mode and the local one, versus the thickness ratio.
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Figure 20: Comparison of the change in the analytical and numerical transverse shear stress acro
the core thickness for the antisymmetrical case.

shear effect is pronounced. The analytical model was built by approaching, as much as possible
the actual shear stress behaviour. For the antisymmetrical mode, the actual (F.E.) even distributio
is modeled by a constant distribution and for the symmetrical mode, the actual odd distribution is
approached with a linear change in the shear stress. This can be verified in Fig. 20 and Fig. 21 fo
respectively the antisymmetrical and the symmetrical wrinkling. In Fig. 20, it is easy to observe,
by evaluating the surface under the curves, that the energetic contribution of the analytical shea
stress is lower than the numerical orelb6%). Conversely, for the normal transverse stress, the
contributions for the two models are closer. Thus we can infer that the lower analytical critical
load for the antisymmetrical mode (Fig. 18) is related to a too simplistic distribution of the shear
stress across the core thickness. The same observations can be made for the symmetrical mo
(Fig. 21), but in this case the energetic contribution of the analytical shear stress is larger than the
numerical one £30%) which can then justify the over-estimation of the analytical symmetrical
load (Fig. 19).

The results of the F.E. model are coherent with those of the analytical one, they show that
a correct evaluation of the transverse shear stress is required to well represent the mechanic:
behaviour of short wavelength phenomena. One can notice that the value of the analytical critical
loads might be improved by introducing correction factors deduced from energetic considerations.
Finally, the results of the numerical model and those of the analytical one are very close and they
confirm that the analytical critical loads can be used as reliable design criteria.
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3.2.2 Critical wavelengths

The comparison of the analytical and numerical critical wavelengths is very important. Indeed,

a good correlation of the two models would mean that the optimum mesh element size can be
properly determined by the analytical wavelengths alone and by choosing a sufficient number of
elements per wave. The analytical wavelengths of the symmetrical and antisymmetrical wrinkling

are respectively.s = L/ns (Eq. 15) and_ao = L/na (EQ. 16).

R (15)
Pt

1 1 2
na=pia 6| =i /20e (2 42) - = 16
AT PL <pt pE(pt ) pv> (16)

Through the previous simplified model, the difference between analytical and numerical critical

wavelengths can be evaluated. The values of the geometrical and material parameters used for th
comparison are given in Tab. 3. Fig. 22 illustrates this comparison for the two wavelengths (Egs.
15 and 16). First, one can notice the good agreement between theoretical and F.E. predictions fc
the two wrinkling modes. One can moreover underline the similar behavidugrafdL A for small
thickness ratios. In order to validate completely the use of the theoretical wavelengths to fix the
element size, it is interesting to observe the evolution of the numerical wavelengths for different
boundary conditions. Fig. 23 shows the comparison between the theoretical (Eqs. 15 and 16
and numerical wavelengths for a clamped sandwich beam. Then, one can see that the waveleng
of the local phenomena is independent on the boundary conditions and the minimum of the two
theoretical wavelengths gives a correct magnitude of the mesh element size. As an example, fo
the studied sandwich configuration, the analytical wavenumbers are respectively 22 and 20 for the
symmetrical and antisymmetrical case. Therefore by fixing a number of 5 elements for a wave,
the optimum number of elements for the whole length of the beam must be 110, which is coherent
with the results of Fig. 14 where the sensitivity of the critical load towards the beam element size
is assessed.

3.2.3 Design indications

The expressions proposed for the prediction of buckling loads (presented model, classical and F.E.
can be used to select sandwich configurations against compressive instabilities at both scales.
is proposed in Fig. 24 to visualize the zones where thickness ratios can be selected such the
instabilities are avoided, for some given admissible load levels. It can be seen that according to the
classical approach many configurations would be dismissed, depending only on the choice of the
weighting coefficienQ (Eq. 6). In Fig. 24, the commonly used value db @or Q is chosen. The
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Figure 23: Comparison between analytical and numerical critical wavelengths for a clamped sand-
wich beam.

proposed approach and the numerical calculations allow to isolate nearly the same configurations
It is demonstrated that analytical expressions are reliable for isolating safely configurations which
would be locally or globally stable.

4 CONCLUSION

A unified model has been built which in a perfect linear framework permits to grasp both local
and global instabilities. Then, a parametric study was carried out in which the sensitivity of our
formulae towards the geometrical and material parameters was assessed. Although the sensitivitie
might depend on the whole sandwich configuration, global buckling was shown to depend mainly
on the core thickness, whereas wrinkling should be influenced mainly by the skin thickness. The
design diagrams resulting from the introduction of dimensionless ratios clearly demonstrated that
local phenomena are more susceptible to appear in "bulky" sandwich beams made up of weak an
thick core, whereas global buckling prevails in slender beams.

The second step was to present a coherent Finite Element model with realistic boundary con:
ditions and low CPU time-consumption, the final aim being to use this numerical model in a fully
nonlinear framework. The correlation between the analytical and numerical critical loads asso-
ciated with the main instability modes is actually good and the very conservative nature of the
classical wrinkling load was underlined. It was shown that the key parameter for a low CPU



To appear 26

1.4E+05

1.2E+05

1.0E+05

8.0E+04 1

6.0E+04 -

Critical loads (N)

4.0E+04 3

4

2.0E+04 1

0.0E+00
0.015 0.025 0.035 0.045 0.055 0.065 0.075
pt = ts/tc

Figure 24: Critical load of the sandwich beam versus thickness ﬁgattmmparison between the
presented approach, the classical and the numerical one.

time-consuming model is the length of the beam elements in the skins. But the good agreemen
between numerical and analytical wavelengths permits to postulate that the mesh element size ce
be evaluated from the analytical wavelengths.

Thus, the knowledge of the critical loads and their associated wavelengths constitutes an esser
tial step in the complete characterization of the buckling behaviours of sandwich structures. Their
analytical form permits to establish simple design rules for the choice of sandwich configurations
more susceptible to develop local or global instabilities and to validate the use of an efficient
numerical tool for future complex investigations of sandwich panels, including geometrical and
material nonlinearities. Indeed, it is of prime importance to extend the application of the model
to the non-linear problem of post-buckling where interaction of local and global buckling should
yield very realistic unstable behaviours.
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5 Appendix |

Comparison between the global critical load and the wrinkling loads.

um um

3
4p2 pup? + 2pE (Copy — 4pE — 3C1p?) + 4/ 6pept (C2 + 2pep?) — %Cz <0
L

um um

PE32C; + pZ(32C1Cy — C3) — pedC,rCy — 4CH < 0

with L
Ci=—+2
Pt
Pt Pt
C=—
27 oy 127

C3=4C+Ci+pt
Cy4 =4C, —Cp+py

27



To appear 28

References

[1]

[2]

[3]

[4]

H.G. Allen. Analysis and design of structural sandwich pan&sbert Maxwell, M.C., M.P.,
1969.

M. Heder. Buckling of sandwich panels with different boundary conditions, a comparison
between FE-analysis and analytical solutio@emposites structure49(4):313-332, 1991.

HEXCEL. Mechanical properties of hexcel honeycomb materials. Technical Report TSB120,
1989.

G.W. Hunt, L.S. Da Silva, and M.E. Manzocchi. Interactive buckling in sandwich structures.
Proceedings of the royal society of Londdi7A:155-177, 1988.

[5] A. Léger, A. Combescure, and M. Potier-Ferry. Bifurcation, flambage, stabilité en mécanique

[6]

[7]

[8]

[9]

des structures. Technical report, IPSI, 1998.

L. Léotoing, S. Drapier, and A. Vautrin. Closed-form solution for local, global buckling in
sandwich stuctures. In H.R. Meyer-Pienning and D. Zenkert, ed®roseedings of Sand-
wich Construction 5 - Zurich 5-7 september 2000lume 1, pages 25-36. E-mas publishing,
2000.

L Léotoing, S. Drapier, and A. Vautrin. A novel unified model for sandwich : closed-form
solutions for global and local buckling of bean&siropean Journal of Mechanics A/SOLIDS
2001. submitted.

K.H. Lo, R.M. Christensen, and E.M. Wu. A high-order theory of plate deformation, part 1 :
homogeneous platedournal of Applied Mechani¢pages 663—668, december 1977.

K. Niu and R. Talreja. Modeling of wrinkling in sandwich panels under compressmurnal
of Engineering Mechani¢4.25(8):875-883, august 1999.

[10] V. Sokolinsky and Y. Frostig. Boundary condition effects in buckling of "soft" core sandwich

panels.Journal of Engineering Mechanic$25(8):865-874, august 1999.

[11] A. Starlinger. Development of efficient finite shell elements for the analysis of sandwich

structures under large deformations and global as well as local instabilitiéeD thesis,
Vienna University of Technology, 1990.

[12] M.A. Stiftinger and F.G. Rammerstorfer. Face layer wrinkling in sandwich shells-theoretical

and experimental investigationshin-Walled Structure29:113-127, 1997.



To appear 29

[13] J.R. Vinson. Comparison of optimized sandwich panels of various constructions subjected
to in-plane loads. In K.A. Olsson and R.P. Reichard, edit®rsceedings of Sandwich Con-
structions 1 pages 23-52. Engineering Materials Advisory Services Ltd., 1989.

[14] D. Williams, D.M.A. Leggett, and H.G. Hopkins. Flat sandwich panels under compressive
end loads. Technical Report 1987, R.A.E., 1941.






_0-

Annexe 2. 9

L. Dufort, S. Drapier, & M. Grédiac.

Closed-form solution for the cross-section warping in short
beams under three-point bending.

Compos. Struct.52(2) :233-246, 2001.

105



106 Articles représentatifs




, COMPOSITE
il STRUCTURES

ELSEVIER Composite Structures 52 (2001) 233-246

www.elsevier.com/locate/compstruct

Closed-form solution for the cross-section warping in short beams
under three-point bending

L. Dufort 2, S. Drapier ?, M. Grédiac ®*

a Ecole Nationale Supérieure des Mines de Saint-Etienne, SMS division, Mechanical and Materials Engineering Department, 158, Cours Fauriel,
42023 Saint-Etienne Cedex 2, France
Y L aboratoire d’Etudes et de Recherches en Meécanique des Structures, Université Blaise Pascal, 24, Avenue des Landais, 63174 Aubiére Cedex, France

Abstract

The transverse shear behavior of composite beams can be critical and therefore must be properly represented by the various
models of structures usually employed either to predict their behavior or to identify experimentally their properties. In this work, a
simple analytical approach based on higher-order theories is proposed that accounts for the cross-section warping in beams. Then
the solution of a beam under three-point bending is solved and the accuracy of both displacement and strain distribution predictions
is shown through comparisons with the FE analysis results. In this formulation, the cross-section locking at mid-span is ensured
owing to the dependence of the transverse shear strain upon the position along the beam axis. Eventually, comparisons with ex-
perimental measurements demonstrate the ability of these simple analytical solutions to grasp the main phenomena which control
the response of composite beams under three-point bending loading, i.e. the arising of transverse shear. © 2001 Elsevier Science

Ltd. All rights reserved.
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1. Introduction

The interlaminar shear is an important phenomenon
in many problems of composite beams and plates under
bending. This is mainly due to the relatively low value of
both the transverse shear modulus and strength com-
pared with the corresponding longitudinal values mea-
sured along the fibers. Determination of the transverse
shear stress developed in beams and plates under
bending is usually carried out under some well-known
assumptions based on the displacement field across their
thickness. Timoshenko’s beam theory [1,2] assumes that
plane cross-sections of the bent beam remain plane after
loading. This so-called first-order theory was extended
to elastic plates by Reissner [3] and Mindlin [4]. Higher-
order theories including a warping of the cross section
have then been proposed. These theories are more re-
alistic, since they verify zero transverse shear stress
conditions on the top and bottom boundaries of the
structure, contrary to the Timoshenko and Reissner/
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Mindlin theories. In such higher-order theories, dis-
placement along the axes of structures is usually as-
sumed to be cubic, giving rise to a warping of the cross-
section as well as to parabolic shear strain and stress
distributions across the thickness. More recently,
Touratier has showed that this cubic displacement could
be refined with a sine [5,6].

There is an extensive literature on the use of the
above theories in finite element formulations for beam
and plate bending problems (see for instance [5,7,8]).
When analytical solutions are addressed however, first-
order theories are especially used. Considering for in-
stance the classical problem of beams under three-point
bending, the solution is usually found under the Timo-
shenko assumption if the influence of transverse shear is
included. Two problems arise however with this classical
solution. First, the shear stress is not zero at the top and
bottom boundaries of the beam. The constant shear
stress is therefore corrected a posteriori with a so-called
‘correction’ or ‘shear factor’ such that a parabolic shear
distribution is quantitatively substituted to the linear
distribution. Second, because of the symmetry of the
displacement field, warping of the sections cannot occur
at the center of the beam. It is therefore expected that

0263-8223/01/$ - see front matter © 2001 Elsevier Science Ltd. All rights reserved.
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the stress field and deflection are disturbed in the case of
short beams because the Saint—Venant effect no more
completely holds.

To the knowledge of the authors, it seems that this
problem of properly representing the cross-section
locking at mid-span has not been addressed and quan-
tified in the literature through simple analytical resolu-
tions. It must be emphasized that such short beam
configurations are of prime importance for composite
materials since the transverse shear strength of unidi-
rectional fiber reinforced composites is often measured
in the three-point short beam shear test [9]. The inter-
pretation of such a test remains however problematic for
the reasons described above or because of the non-lin-
earity of the constitutive material (see for instance [10]).
Hence, any improvement in the classical analytical so-
lution is useful for a better interpretation of the standard
ASTM test which in turn will contribute to a better
characterization of composite materials. Moreover, an
analytical solution yields an invaluable richness which
cannot be easily met when using FE analyses (optimi-
zation, parametric study, etc.).

The aim of this paper is to propose a solution to the
well-known problem of a beam under three-point
bending including both a warping of the cross-section
far away from the center, and a locking of this warping
at the center of the beam. First, the equilibrium equa-
tions and the boundary conditions are obtained using a

K

variational approach where three variables are used: the
deflection, the rotation of cross-sections and its warping
modeled through a warping function. The solution
found in terms of deflection and through-thickness dis-
placement is the usual one completed with an additional
term that takes into account the warping of sections.
Since symmetry of the displacement field is verified, the
solution found is used to quantify the locking effect of
warping at the center of the beam, both on the deflection
and on the longitudinal displacement field in short
composite beams. In the second part of the paper, one of
the two equilibrium equations is used to find the trans-
verse normal stress field due to the locking of warping.
Eventually, a comparison between the experimental
measurements shows that an analytical solution must
account for the cross-section warping to properly rep-
resent the behavior of composite beams under three-
point bending loading.

2. General governing equations associated with higher-
order theories for beams

Let us consider a straight beam with a symmetrical
cross-section made up of a homogeneous material. This
beam has a plane of symmetry (O,e;,e;), both in ge-
ometry and loading (Fig. 1). The present study is carried
out within the framework of small perturbations. The

i

f(x;)=0 f(x3)= X3

f(x3)= higher order theories

Fig. 1. Beam displacements and u; profile across the thickness vs. the form of f(x3).
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constitutive material is assumed to be linear elastic and
orthotropic.

2.1. Kinematics accounting for section warping

Usually, for this type of structural component, the
corresponding displacement field relates the displace-
ment u(M) of any point M (x;,x;) of the bidimensional
domain to the displacement u’(M,) of the corresponding
point My(x;,0) on the neutral axis (see Fig. 1). Dis-
placement components are, respectively, u; (M) along e,
and u;(M) along e;. In-plane component u; (M) can be
splitted up into three parts (see Eq. (1)): first, the in-
plane displacement, second, the displacement due to
section rotation as defined in Euler—Bernoulli’s classical
beam theory that does not account for transverse shear,
and third, a further refinement due to the distribution of
shear strain through the thickness. This refinement leads
to theories usually referred to as higher-order. Finally,
the displacement field of any point in the beam writes:

u(M) = { wy (1, x3) = 0} (rr) — x3u3y (1) + f (63)973 (1),

us(x1,x3) = ug(x1),
(1)

where u9(x;) and u}(x;) are the displacement compo-
nents of a point M, located on the neutral axis (see Fig.
1) which moves to M. u3,(x;) is the section rotation
about e, induced by bending. X; with i = 1,2 or 3 stands
for the first derivative of any function X with respect to
x;, and similarly X;; is the corresponding second deriv-
ative. f(x3) is an odd function of x; only which is to be
defined, and y);(x;) is the transverse shear strain mea-
sured on the mean-line (Eq. (2)).

M) =3, (1) = ¢ (x1), (2)

where ¢°(x;) is the total section rotation measured on
the mean-line (Fig. 1).

2.2. Strain and stress tensors

Within the framework of small perturbations, the
linear Green—Lagrange strain tensor writes:

e (x1,%3) = “(1),1(x1) _x3”(3),11 +f(x3)“/(1)3,17
3(x1) = L3l 0). (3)

According to classical beam theories, &33 is neglected as a
first approximation. Then the two strain components
(Eq. (3)) are related to their corresponding stress com-
ponents through the basic constitutive law:

on = Enen,

(4)

o13 = G373,

where Ej; is the Young’s modulus of the constitutive
material of the beam and G is the shear modulus.

2.3. Equilibrium equations and boundary conditions

A very systematic and safe way to establish governing
and boundary equations of a model is to use the Prin-
ciple of Virtual Work (PVW). Let us consider the gen-
eral case of a medium & submitted to external loadings
f” and f°, respectively, body forces acting on Z and
surface forces acting on its external surface 0%,. Then,
the static equilibrium is achieved provided the sum of
the internal (0W,,) and the external (6, virtual work
developed in any virtual displacement field ou(M) is null
(Eq. (5)). Let this virtual field be the actual displacement
field variation (Eq. (8)), then kinematic boundary con-
ditions are verified and prescribed displacements cancel.
Such a displacement field is said to be Kinematically
Admissible and henceforth noted K.A.

Wi (OU) + 0W(Su) =0, Vou K.A. (5)
with
Wy (0u) = —/ o: dedV, (6)
g
Wi (Su) = / 7 sudv + / f* suds, (7)
Jg a(j/

where Je is the virtual strain tensor defined in Eq. (9)
associated with du(M).

2.3.1. Virtual fields

From its definition (Eq. (1)) and feeding in the shear
strain (Eq. (2)), the virtual displacement field du(M)
writes in the basis (e, e;,e3):

Suy (M) = ol (x;) — x35ug,l(x1)

1) [0y (x1) = 6¢"(n)]
Sus(M) = ud(xy). (8)
Similarly, the virtual strain components are:
oen (M) = 5u?71(x1) —x35u(3)71] (x1)

/) |00, () = 965 ()|
O3 (M) = f3(663) [ 08, (x1) = 00 (x1)]

= £3(63)075(x1) )

2.3.2. Internal and external virtual work

Within the framework of classical beam theories,
loads prescribed on the beam can be of different types as
recalled in Fig. 2: distributed loads, concentrated forces
and moments. Assuming that the external loads are
applied at x; = ¢, the virtual work done on the beam of
length ¢ writes:
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Fig. 2. Loads applied on the beam.
4
Mes(ou,09) = [ poulan + Fy(00u3(0)
0
+ FR(0)0u(0) + Mx(0)58°(0).  (10)

Feeding the definitions of stresses (Eq. (4)) and virtual
strain components (Eq. (9)) into Eq. (6) leads to the
internal virtual work:

5Mnt(6u>5¢)
¢
— _/ {/011(&:?’1()61) —X35u2,“(x1)
o LJs
+ /)00y, () dS

+/013f3(X3)5y?3(X1)dS:| dx1
N

¢
= —/0 |:N(xl)5u(1)y1 + M(xl)éué’,“(xl)
+ B(x1)5“/(1)3,1(x1) + H(x1)5"/?3(x1)} dx;. (11)

N(x;) and M (x;) are the usual normal effort and bending
moment, respectively:

N(xl) :/GlldS:EllA, (12)
N

where A is the cross-sectional area of the beam.
M()C])

= —/X3O'11dS
S
=—E |:u(1)71(x1)/x3ds - ug,ll(xl)
S
X /x%dS‘Fy(])}?](xl)/x3f(‘x3)dS:|
s N

= C1ug711(x1) _C2"/(1)3,1(x1) (13)

with the following constants ¢; and ¢, defined as:

c :Eu/xgdS:EnIzzv (14)
s

c=Ey /x3f(x3)dS7 (15)
s

¢1 depends on I, the second moment of the section with
respect to e,. Extra resultants B(x,) (Eq. (16)) and H(x,)

(Eq. (18)) are the non-usual terms induced by f(x3) in
the displacement field. B(x;) is of the dimension of a
moment and H(x;) of the dimension of a force.

B(x1)
= /Sf(JC3)611 dS

= a0 [ 7G5 =8 )
X /stf(xz)dS—Ir“/?341(x1)/sf2(x3)d5}

= —cousy (¥1) + 537’?3,1(351) (16)
with

C3 :Ell/SfZ(X3)dS (17)

H(x) = /Sf.,s(xs)ffn(xl)ds
= {GB /S fé(xg)dS} Py(x1) = ey (x1) (18)

with
Cq4 = G]g,/f%()@)dS (19)
N

Constants ¢, ¢3, ¢4 are explicitly given in Table 1 in the
case of a beam with a constant rectangular cross-section
of width b and thickness 4.

2.3.3. Governing equations

Governing equations of the present problem can be
established by using expressions of the internal (Eq.
(11)) and external (Eq. (10)) virtual work. The equilib-
rium expression can be rearranged, and once integrated
by parts it writes:

_ /Oé (N,15u(1) + (((M‘FB)‘] —H), - P)éug

+ (B — H)o9") dxi + [ = Now) + (M + B), — H)

‘
x 0ul — (M + B)ous, + Bog| .
+ F5(0)0u (£) + Fy ()ou ()
+ My (0)5¢°(£) =0 V(oul, 0ul, 5¢") KA. (20)
This equation holds for any virtual field K.A. defined by
oul, oud and 5¢°.

Consequently, the governing equations are easily
derived:

Nl :07
By—H=0, (21)
~((M+B),~H),+p=0.

On the boundaries of the beam, i.e. at x; = 0 and x; = ¥,
restriction can be set either on displacements or forces.
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Table 1
Expression of the various coefficients vs. the form of function f'(x3)
Euler-Bernoulli Timoshenko Cubic (C) I Sine (S)
f(x) =0 fr) =x; Slxs) =xs(1-57) £(x) = Esin (57)
C 0 E]lb% E]]b% El]b%
(5] 0 E”b% Ellb% E“b%]
C3 O E]lb% E]]b% Ellb%
C4 O G13bh G[}b% wa%
/G [Giz =
w 0 00 % E—l‘f840 i o
h)2E 2 E 2 E
5 - 1o (3?2 ()? L,

152

k= % for a rectangular homogeneous section.

Essential (Neumann) and natural (Dirichlet) boundary
conditions then write, for instance at x; = ¢ where con-
centrated loads are applied:

) =0o0r —N+F =0,

0¢" =0 or B+ M, =0,

ou; =0 or M+B=0,

ouf =0or (M+B), —H+F=0. (22)

Complete formulation of a displacement field account-
ing for section warping is set. Its relevance is shown
below in the simple case of a three-point bending test.

3. Solution associated with the three-point bending
configuration

In this case, as sketched in Fig. 3, only a half of the
beam is considered for the sake of symmetry, then the
present problem is equivalent to the one used above
simply by substituting ¢ for % (see Fig. 2). In the
framework of small perturbations and under this load-
ing, only bending takes place. Consequently, one can use
the above approach but where the in-plane terms N(x,)
and u(x;) are ignored. Then the problem to solve re-
duces to the two last equations of Eq. (21) along with

the three last boundary conditions in Eq. (22).

3.1. Boundary conditions

At x; = 0, the displacement is prevented along e;. At
x; = L/2 the section rotation is zero for the sake of
symmetry:

u3(0) =0,
$°(L/2) = 0. (23)

Complementary natural conditions are derived from Eq.
(22):

() o5 (2) -4(2) -5

B(0) + M(0) =0,
B(0) = 0. (24)

3.2. Equation of equilibrium

3.2.1. Equilibrium in terms of displacement

The problem is completely defined with the boundary
conditions in Egs. (23) and (24) and with the equilibrium
equations in Eq. (21). In order to be solved as a differ-
ential equation, it is rewritten as a function of the
displacement field sought. Introducing definitions pre-
viously established for generalized forces and moments

L2

(b)

Fig. 3. Schematical three-point bending (a) half-model used for solving (b).
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(Egs. (13), (16) and (18)), the system built up with the
two last equations in Eq. (21) becomes:
- C4V(1)3,1 =0,

(e1 = ‘72)”(3),1111 — (e — 03)7’(1)3,111

- 02”(3)4111 + C3Vg,11 - 043’(1)3 =0, (25)
where the ¢;’s are constant terms defined in Egs. (14),
(15), (17) and (19).

Associated boundary conditions which deduce from
Eq. (24) lead to:

(1 — c2)u§ 11(0) — (2 — ¢3)715,(0) =0
— Colly, 11(0> + 037’131(0) =0

(c1 — ‘32)“3,111(L/2) — (e C3>V(1)3,11(L/2)

(L)) + 2 =0 (26)

Integrating the first equation of system (25) and com-
bining it with the second one leads to the following
system:
_ 0 0 _A
Ciuty gy + Y3y = A1, 27)
- 02”3111 + 037’(1)3711 = 04“/(1)3’
where 4; is an integration constant. Through a simple
combination of these two equations, one obtains a dif-
ferential equation where 7Y, is unknown:

C1C4 C
P N PR S

C1C3 — (3 C1C3 — €3

3.2.2. Solution of the differential equation

Solving the above differential equation requires to
seek, first, one particular solution 77, (x1) of the whole
equation and second, a general solutlon 795, (x1) of the
associated homogeneous equation, i.e. Eq. (28) without
the right-hand side term:
0 C1C4 0

- =0. 29

Y1311 ey — C§V13h (29)
The particular solution y?3p (x1) is constant and writes:
c

=4, (30)

0
X
V13p< 1) 1

Hence the total solution writes:

2
V(l)3(x1) :V(l)3p+?’(1)3h :HAI +V(1)3h~ (31)
It clearly appears in Eq. (29) that the solution of this
second equation depends on the sign of the term 1216462‘
This sign can easily be determined by considering the
definitions of these constants introduced in Egs. (14),

(15), (17), (19):

b /f2 dSE, /x3dS >0, (32a)
Gis

= forow) ([
X ( /S f2(x3)ds) <0. (32b)

As f(x3) is an odd function positive defined, the nu-
merator is the product of two positive integrals (Eq.
(32a)) and therefore is always positive defined. The de-
nominator (Eq. (32b)) shows that since the integral is a
valid scalar product in the space of continuous func-
tions, this inequality is of the Cauchy-Schwarz type.
Since f(x;) is an odd function, the Cauchy-Schwarz
property holds when elevated at the square and there-
fore the denominator is strictly positive. Eventually, the
associated homogeneous equation (Eq. (29)) to be
solved can be written as:

V(l)ah,n - w?”??}h =0, (33)
where ), is a scalar that depends on f(x3):

C1C4
=, — 34
@r cic3 — c% ( )
Then the solution of the differential equation of Eq. (27)
writes:

y?3(x1) = CC—ZAI + asinh(wsx;) + fcosh(w/xy), (35)
1C4

where a, ff, A; are the three constants to be determined
from the boundary conditions. At this stage, the sought
displacement field must be expressed vs. the above form
of the shear strain such that boundary conditions (Egs.
(23) and (24)) can be used to solve the problem. The
third derivative of u; is obtained by introducing the
complete solution (Eq. (35)) in the equilibrium equa-
tions written in terms of displacements (Eq. (27)). It is
then integrated to obtain 3. The section rotation ¢°(x)
is finally obtained by using the relationship between the
shear strain and section rotations of Eq. (2). Eventually,
the solution writes:

1) = 2 L jacosh(wp) + Bsinh(ayn )]

C) Wy
A, x3 2
—c—l glJrAz + A3x) + Aa,
1
c .
P(x) = — <1 - c?) [eesinh(w;x;) + fcosh(wx;)]
A
—?IE+A2X1+A3 Al%, (36)
1 1C4

where A4,, A3, A4, are the three additional constants to be
determined. The six constants «, f§, 4,4 are obtained
from the boundary conditions written both in terms of
displacements (Eq. (23)) and forces (Eq. (24)). They lead
to the following six expressions:
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Al = %7 A4 - 05
A2 :0, 2 OC:(), (37)
A3:2FTs{’Ci}’ p=- fZ? / L)"

Lleres 154 cosh (w,i)

After some calculations, the solution finally writes:

F3 X2 c? L?

M) = — _ 2

ul( ) x326‘1 |: 2+(c4cl+ 8
G cosh(wfx])]

~ cscr cosh (k)

B oo
201 Cy

+f(x3) 5

cosh(wyx)
cosh (w/%)

F; x; g I
M)=—|—— 2 4
u}( ) 201 |: 6 + <C4C1 + 8 o

¢; 1 sinh(wsx)

-2 —] (38)

cscr @y cosh (wyk)

with
0 F3 Cy Cy COSh(COf)C]) Cy4 x%
= - — — _ 1 _ _
¢ (xl) 26‘1 Cy C1 cosh (a)fé) + C) 2
Cy Cy L2
S e | 39
C1 C 8 + ( )

3.3. Displacements and strains

These equations can be rewritten in a clearer fashion.
Let us first introduce a term obtained from the classical
theory of beams which represents the contribution of
bending only. This term varies from 0 to L for x| ranging
from 0 to &

O(x1) = —x, (4(%)2—3). (40)

Second, the part of this displacement field induced when
taking shear into account depends on a dimensionless
constant term which can be expressed vs. the ¢; con-
stants. Let this term be denoted by S, and have the
following form:

12
Sy =2 41
f 12 cica ( )
Finally a function gathering the terms appearing when
shear is accounted for is introduced. Let ¥,(x;) be this
function that depends on f(x;) through w, defined in
Eq. (34):

1 sinh(wfxl)

qu(xl) =X = (42)

o, cosh (/)
Feeding equations (40), (42), and (41) and notation
(equation (14)) in the displacement field (Eq. (38)) leads
to:

FL?
[Z31 (M) = — X3 m [@ﬁ] (X]) + 2S/"P/')] (.X'] )]
F
+f )5 125f'f’f1(x1)
B FL?
(M) = 2 [On) + 25,7, ). @

In the above expression of displacement, the first term of
u; describes the solution of a simple bending case within
the framework of Euler—Bernoulli’s theory. The second
and third terms both account for shear and cancel each
other in the case of Timoshenko’s theory. According to
Eq. (3), by simple derivations of Eq. (43), one gets the
strain components that write:

RL?
M)= —x3-——— 28, Y,
en (M) x348E11[22 [@,11(x1)+ Sy f,n(xl)]
. FL
+f(x3)24 quIfH(xl)
FL?
M3(M) = 35551 Pran). (44)

A general solution has been proposed for a beam under
three-point bending loading. This solution holds for any
odd function f(x;) and we shall use it to compare the
solution obtained through different beam theories.

4. Assessment of the three-point bending solution for
various warping functions

Here four different theories, namely the theories
proposed by Euler—Bernoulli, Timoshenko [2], and two
different higher-order theories are considered. These
latter correspond, respectively, to cubic (denoted by C
henceforth) and sine (S) warping function f(x3), they
derive from plate theories described in [7] and [5]. Thus
the main difference between these theories lies in the
form of the function f(x3), i.e. the accuracy of the ac-
count of shear deformation in the sections (Egs. (45a)—
(45d)):

f(xs) =0, (45a)
fx3) = x3, (45b)
f(x:z,) = X3 (1 —%), (45C)
fx) = % sin (55, (45d)

where /i is the beam thickness.

Henceforth, the beam is assumed to have a section of
width b =30 mm. First, let us consider a range over
which the material and geometrical parameters can vary.
The ratio of the Young’s and shear moduli ﬂ will be-
long to [2.6,40], i.e. materials represented W111 Vary from
steel to 60% carbon fiber unidirectional plies [11]. £ lies



between 5 and 20 to study the influence of the aspect
ratio. The most common ratios used in the following are
g” = 40 with Ej; = 140 MPa, and £ = 5 with L =20. A
load F; = 5000 N applied at mid- span will be consid-
ered.

4.1. Displacement fields

4.1.1. Deflection u;
From Table 1 the deflection (Eq. (43)) becomes for
the different theories:

us(M) = 4;;222@(@), (462)
us(M) = 48FE3ﬁ2[22 O(r) + 25%], (46b)
(M) = g 00) + 25 el (460
us(M) = 48FE31L12[22 O(r)) + 2555 (x1)], (46d)

where index , is now either ¢ or g and denotes ‘associ-
ated with” a cubic (like in Reddy’s work) or a sine (like
in Touratier’s) warping function f(x3;). Sc and S5 are
defined from Eq. (41) and P¢(x;) and Ps(x;) from Eq.
(42).

One can check that depending on the considered
theory, both the classical and the higher-order results
can be found. First, the Euler—Bernoulli’s theory leads
to the very well-known expression for simple bending
without shear (Eq. (46a)). For Timoshenko’s theory, the
dimensionless shear coefficient S is introduced that al-
lows for the shear to be taken into account (Eq. (46b)).
It can be noticed that S is classically weighted by a
constant % (see Table 1) established usually from a shear
energy equivalence between constant and parabolic
shear distributions across the thickness [1,3]. k is equal
to % for a rectangular homogeneous section. Finally for
higher-order theories (Eqs. (46¢) and (46d)), it appears
that the function f(x;) which is initially introduced to
verify stress-free conditions on the top and bottom
surfaces of the beam leads to a further dependence of the
deflection upon the coordinate x; through ¥,(x,). This
non-linear dependence tends to smoothen the slope of
the deflected shape when compared to Euler-Bernoulli’s
and Timoshenko’s theories (Fig. 4). This comes from the
function ¥,(x;) which is not constant but varies grad-
ually (Fig. 5) to reach a finite value at x; = L/2.

It can be noticed that deflections obtained for higher-
order theory formulations are very close. This is due
simply to the form of function f(x;) which in the case of
a cubic warping function corresponds to a development
in series up to the order 3 of function sin(x;) used in [5].
Development of this function to higher order would
probably not bring further accuracy to the results. Order
3 kept for a cubic function is sufficient to verify the slope

L2

-0,02
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& Timoshenko; k=1

—— cubic warping
0,06 1 cubic warping

u '3 (mm)

~°~ sine warping
™ F-E
-0,08 e " Timoshenko; k=5/6

0

-0,1 1

-0,12 -

X1 (mm)

continuity at mid-span contrary to Timoshenko’s theory
(Fig. 4).

One can check in Fig. 4 that higher-order theories
provide a solution that is very close to FE analyses
carried out with the ANSYS 5.5 software. A parametric
numerical model of a half-beam has been defined, the
convergence of which is ensured by a sufficiently refined
mesh made up of about 1300 eight-noded PLANES2
elements.

4.1.2. Longitudinal displacement u;

From the general solution (Eq. (43)), expression of
the longitudinal component u; (M) of the displacement
field can be established (Egs. (48a)—(481)) for the four
considered theories. In Fig. 6 where the corresponding
displacement u; (M) are represented, the effect of section
warping clearly appears. Higher-order theories lead to a
profile which is made up of a cubic distribution super-
imposed onto the classical linear distribution of Euler—
Bernoulli (identical to Timoshenko’s in Fig. 6) through
the thickness of the beam.

More precisely, displacement u;(M) can be repre-
sented as the sum of several terms. Indeed, from the
initial expression of displacements (Eq. (1)) the longi-
tudinal component depends on both deflection (Egs.
(47a) and (47b)) and warping (Eq. (47c)), respectively,
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Fig. 6. Profile of displacement u, (M) at x; = for (E;—“: =40and £=5.

the second and third terms of Eq. (1) . The deflection
(Eqgs. (46a)—(46d)) also depends on a part of bending
alone (@(x;)) yielding Eq. (47a), and on a shear con-
tribution (S;¥,(x;)) yielding Eq. (47b). Eventually, the
longitudinal displacement u; (M) writes without in-plane
displacement:

u (M) = —xw%l@(xl), (47a)
— 33, Sy Wy (x), (47b)
+f (x3)73 (1) (47¢)

In the framework of each of the four theories con-
sidered and following Egs. (47a)—(47c), expressions of
displacement u; (M) become:

EBL?
ur(M) = *xam@‘l()ﬁ) (482)
RI?
u(M)= —x; m [0 1(x1) (48b)
+ 28] (48¢)
FL?
LT (48d)
EBL?
ur(M) = —x3 m [©.1(x1) (48¢)
+2Sc¥ci(x)] (48f)
432\ BL* 5
+ X3 (1 —3—};) 242“122 ZSCIPC,I(XI) (48g)
FI?
u(M) = —x; m [©,(x1) (48h)
+285 W51 (x1)] (481)
h . X3 F3L2 7T3 :
+ _sin (7) 45 I ﬁSSWS‘l(xl)- (48))

As can be seen in Fig. 7(a) Euler—Bernoulli’s solution
(Eq. (48a)) appears alone when shear is not considered.
In Timoshenko’s solution (Fig. 7(b)), contributions of
shear both in deflection (Eq. (48c)) and warping (Eq.
(48d)) cancel each other. This finally leads to the same
displacement u; (M) as in Euler-Bernoulli’s theory (Eq.
(48a)) but for different deflections. In all these theories,

\4/ u, Euler-Bernoulli

x;=h/2

ug Euler-Bernoulli

R ._ ‘ "u, Timoshenko, k=1
X3:0 - o 1
e

u Timoshenko, k=1

ud higher order

Fig. 7. Contribution of the various terms to the longitudinal dis-
placement u; (M) on the top face of the beam for the different theories:
(a) Euler—Bernoulli; (b)Timoshenko (k = 1); (c) higher-order.

the second part of the displacement u; (M) correspond-
ing to Eq. (47b) linearly depends on a rotation induced
by the contribution of shear in the deflection. This term
is the rotation of the section required to get a deformed
section perpendicular to the mean-line (Egs. (48c), (48f)
and (481)).

The last part of displacement u; (M) (Eq. (47¢c)) cor-
responds to the contribution of warping which yields an
opposite displacement that varies through the thickness
(Fig. 7(c)) following the form of f(x;) (Eq. (48g) and
(48j)). This corresponds to the evidence of section
warping.

Owing to the dependence of displacement u; (M) up-
on x;, especially through ¥,(x;), warping of the section
varies along the mean-line. According to Fig. 8, the
section warping amplitude is defined as the difference
between the total displacement profile and a straight line
connecting the displacements at the top and bottom
skins.
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Fig. 8. Definition of the section warping amplitude.

The maximum warping amplitude, even if it is small,
represents 16% of the total displacement u;(M) calcu-
lated at x3 =% As can be seen in Fig. 9, the warping
amplitude is constant along the mean-line as long as x; is
smaller than £, and then it quickly tends towards 0 when
this limit is reached. This change is directly related to
¥,1(x1) (Fig. 5), upon which u; (M) depends, which is
different from zero only for higher-order theories and
vanishes close to £. It lies between 1 and 0 for x| ranging
from 0 to .

4.1.3. Shear strain components

7,3(M) is obtained from Table 1 and from the general
expression of transverse shear strain (Eq. (44)). One gets
for the various forms of f(x3) (Eqs. (45a)—(45d)):

_ B
')}13(M) - 2G13bh7 (493)
4x3 F 3
o) = (1= 38 ) 22 Sy, (490)

warping amplitude (mm)

thickness (mm)

[ 0,002-0,003

O 0,001-0,002

@ 0-0,001

W .0,001-0

W .0,002--0,001

W -0,003--0,002
E

Fig. 9. Warping amplitude vs. x; for & = 40 and £ = 5.

1
Gi3

mw; F; 48
Tia(M) = cos == 5 e o eata).

(49c¢)

It is no surprise that for Timoshenko’s theory (Eq.
(49a)), the shear strain is constant through the beam
thickness all over the span. Conversely, cubic (Eq. (49b))
and sine (Eq. (49¢)) theories lead to parabolic or cosine
distributions of strain across the thickness (Fig. 10)
which satisfy stress-free conditions on both skins.

The amplitude of this distribution vanishes very
gradually (Fig. 11) at x; =% owing to the term ¥, (x;)
(Fig. 5). This smooth variation permits to avoid the
shear strain discontinuity that appears classically at mid-
span in Timoshenko’s theory. This appears clearly in
Fig. 11 where the accuracy of such theories can be di-
rectly compared with the FE analysis results.

A good correlation is observed between the higher-
order theory solutions and the FE results. The variation
of shear strains along the mean-line and the distribution
through the beam are well represented, except the in-
fluence of the support at x; = 0 that was not accounted
for in the present work.

4.2. Influence of material and geometrical characteristics
on the solution

Various coefficients have been previously defined that
depend on both geometry and constitutive material of
the considered beam. Here the variations of the solution
when these characteristics vary are investigated. Espe-
cially the different theories vary from one to another
through the two terms S, and ¥, (x;) which, respec-
tively, represent the account of shear and the correction
to shear brought by higher-order theories. Conversely

h/2

-10000 8000 -6000 -4000 -2000

Thickness (mm)
g

-h/2

& Timoshenko, k=5/6

= cubic warping function

6
v13 (10 )

~°~ sine warping function
— F_E

Fig. 10. Transverse shear strain across the beam thickness at x; = £ for
L =40and f=5.
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Fig. 11. Transverse shear strain on the mean-line for %i =40 and
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h :

©(x1) (Eq. (40)) that represents the bending contribu-
tion only depends on the beam span and not at all on the
considered material.

4.2.1. Deflection

Let us recall that @(x,) varies from 0 to L when x;
ranges from 0 to £ The contribution of simple bending
in the deflection (Eqs. (46a)-(46d)) through O(x) is
therefore constant whatever the material and lengths
considered. Conversely, when the shear is introduced
there is a variation of S, (Fig. 12 for Timoshenko’s
theory) when geometry and materials vary, i.e. the
contribution of shear in the deflection changes.

In Timoshenko’s solution (Eq. (46b)) this change in-
creases the resulting deflection either for short beams or
high moduli ratios, accordingly to classical results from

1,67

5/6)

S (Timoshenko, k:

M 1,67-2,00
M 1,33-1,67
M 1,00-1,33
0 0,67-1,00
0 0,33-0,67
[10,00-0,33

En

Fig. 12. Shear coefficient S vs. £l

and £
d

strength of materials. This appears clearly when S var-
ies: S greater than one in Eq. (46b), ie. 255> 6(%),
means that the deflection induced by bending only be-
comes smaller than the deflection induced by shear.

As for higher-order theories (Eq. (46c) and (46d)), S,
is similar to S (see Table 1):

Sc=S§,
Sg~S. (50)

One can notice that S, is equal to S in which a ratio of 2
is already included according to classical beam theories
for a homogeneous rectangular cross-section. This re-
inforces the idea that a parabolic distribution appears
naturally from the stress-free face assumption originat-
ing higher-order theories which therefore do not require
any shear correction factor fictitiously introduced.

Let us compare the expressions of deflection obtained
for Timoshenko (Eq. (46b)) and higher-order theories
(Eqgs. (46¢c) and (46d)). The largest deflection is at mid-
span where the contribution of shear is equal to 2S% for
Timoshenko whereas it is 2S,¥ (%) for higher-order
theories. For ranges of aspect ratios and moduli that fit
in beam theories, higher-order theories lead to deflec-
tions always lower than for Timoshenko’s. For instance,
using a cubic warping section, Eq. (50) and results
plotted in Fig. 13 lead to the following inequality for
both deflections due to shear:

p (L (L
28 > 28 CL(z) with CL(z) c [2,1]. (51)
2 2

The improvement brought about by using higher-order
theories is shown in Fig. 14, where the ratio of the de-

o

23282 5 4

~E e g% %3

E,/Gyps T omon g
] 0,98-1,00
[ 0,96-0,98
[ 0,94-0,96
W 0,92-0,94
M 0,90-0,92
M 0,838-0,90

Fig. 13. 28328 vs. £ and &
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Fig. 14. Ratio of deflections obtained with a cubic warping function
and Timoshenko’s theory at x; = £ vs. ‘é—‘ll and &

flections obtained with a cubic warping function and
Timoshenko’s theory are plotted. For high moduli ratios
and small aspect ratios, i.e. when shear must be ac-
counted for, a maximum difference of about 6% ap-
pears. We can see that the main improvement of these
theories at this stage does not really come from a more
accurate deflection prediction but from the continuity of
strains at mid-span (Fig. 11).

4.2.2. Longitudinal displacement and transverse shear
strains

Both longitudinal displacement u; (M) and transverse
shear strain depend on ¥ (x;). This term modulates the
shear part of the in-plane displacement and it can be
seen in Fig. 15 that it depends on both geometry and
material. Consequently, the way in which strain and
displacement components vanish at mid-span varies
with material and geometrical characteristics. This is
clear when comparing Figs. 11 and 16 where only these
characteristics are different. It can be seen that the part
of the beam affected by the locking of warping increases
as the ratio g—lllz increases or % decreases, that is to say
when taking shear into account is no longer negligible
compared to the bending contribution alone.

4.3. Conclusion

The results presented here clearly demonstrate that
higher-order theories lead to more accurate predictions.
They yield a better understanding of the section be-
havior and the results compare very well with the FE
analyses. The most significant improvement is in terms
of shear since the account of section warping is very
rigorously established. The shear distribution across the
thickness as well as the variation of amplitude along the
mean-axis are properly represented. The main conse-
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[09,98E-01-9,99E-01
09,97E-01-9,98E-01
M 9,96E-01-9,97E-01
W 9.95E-01-9,96E-01
W 9.94E-01-9,95E-01

Fig. 15. ¥c,(x1) vs. f—il and £ x =L,
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Fig. 16. Transverse shear strain on the mean-line for é—‘li =2.6 and
L =20. '

=

quence of this dependence of the section warping upon
the position on the mean-line is to avoid the singularity
at mid-span of the beam which appears in Timoshenko’
type theories. Also, it has been established that the
precision of these predictions holds for a wide range of
geometries and material data.

5. Comparison with experimental measurements

The validity of the proposed solution has been as-
sessed through comparisons with experimental mea-
surements presented in detail in [13]. Only the results
which are relevant to illustrate this analytical approach
are reported in the present section. Hence, configura-
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Table 2
Characteristics of carbon/epoxy beams used to compare analytical
predictions with experimental measurements and FE results

Case 1 Case 2
Thickness /2 (mm) 20.27 mm 20.27 mm
Span L (mm) 125 mm 200 mm
Aspect ratio £ 6.16 9.86
Loading for u3(%) = —1.75 mm 22 kN 11.5 kN
s . 1014 L=125 mm
< 5,07 +
g
g
5-100 60 20 20 60 100
S
5,07 1
-10,14 - =
u; (10”° mm)

o cubic warping — Experimental x F—E‘

Fig. 17. Longitudinal displacement in x; =3 for the 125-mm beam
(see Table 2): analytical, FE and experimental measurements.

tions where the effect of transverse shear strains on the
beam response prevails were selected. They correspond
to small aspect ratio beams made up with a carbon/ep-
oxy composite material which exhibits a high degree of
anisotropy, i.e. an important g—ll; ratio.

Experimentally, whole-field measurements of the
displacement were performed onto the lateral surface of
the bent specimens with a suitable optical method de-
veloped by Surrel and co-workers [12]. Experimental
aspects of the method are not given here, full details can
be found in [13].

For the present comparisons, a beam under three-
point bending with two possible spans was considered.
It is loaded in such a way that deflection at the center of
the beam is —1.75 mm in both cases. The testing con-
figurations and the loading magnitudes are both re-
ported in Table 2. The beam moduli are E£;; = 115 GPa
and G3 = 3 GPa, leading to a high ratio 5—1‘3 = 38.3.

In Fig. 17, a typical longitudinal displacement across
the beam thickness is plotted for the 125-mm span. It
can be verified that the analytical, FE and experimental
results perfectly correlate. It must be pointed out that
this refined scale of observation can only be reached
experimentally thanks to an optical method.

In Fig. 18, for the two considered spans, the trans-
verse shear strains of the mean-line in a window [—23
mm; 0] adjacent to the central loaded zone are plotted.
The size of this window is directly controlled by the
resolution of the CCD camera used to capture the grid
positions. The strain is computed by differentiating nu-

0

T
23 18 -13 8 3 °
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L =200 mm o P [ -3000
o o 4 ° 5 F-000
o o s <
o
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‘ 2
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,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, . -7000
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Fig. 18. Analytical and measured transverse shear strain on the mean-
line for both 125 and 200 mm beams (see Table 2).

merically the displacement field with a suitable algo-
rithm [14].

In this figure, it can be verified that the locking of the
cross section warping is well represented by the simple
analytical solution. Let us recall that the introduction of
a warping function originates this dependence of the
shear strain upon the position on the mean-line. Again,
the measurements also perfectly correlate the analytical
predictions. FE results are not plotted in this figure to
keep it clear, but it was shown previously that analytical
predictions fitted FE results (Figs. 11 and 16) well.
Moreover, a similar perfect correlation was established
by [13] for the transverse shear strain distributions
through the thickness of the beam (as plotted in Fig. 10).

6. Conclusion

The results presented here clearly demonstrate the
ability of higher-order theories to enhance predictions
provided by classical beam theories. Comparisons of
higher-order theories results with both FE analyses
predictions and experimental measurements show a very
good quantitative and qualitative correlation for ho-
mogeneous beams in terms of deflection as well as for
shear strain distributions.

The most significant improvement is in terms of shear
distribution since the account of section warping is very
rigorously established. The shear distribution through
the thickness as well as the variation of amplitude along
the mean-axis are properly represented. Consequence of
this dependence upon the position on the mean-line is to
avoid the singularity at mid-span of the beam which
appears in Timoshenko’ type theories. Also, it has been
established analytically that the precision of these pre-
dictions holds for a wide range of geometries and ma-
terial data. Comparisons with the experimental
measurements carried out on the most severe cases
validated the accuracy of the analytical predictions.
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Eventually these theories yield a realistic description
of beam-like structures, even under severe loadings such
as in three-point bending configurations where classical
beam theories lack accuracy, for example in the case of
short composite beams. Now, in order to assess all the
effects which can appear in this type of severe loadings,
refinements should be proposed to represent very local
effects like indentation through enhanced beam models.
This would finally lead to a beam theory able to capture
the main phenomena which control the experimental
identification of composite materials.
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Abstract

New manufacturing processes arise for polymer-based composites which involve resin infusion through dry pre-forms. Modelling
approaches of these processes require to assess new physical characteristics of the materials. In this paper, the transverse perme-
ability of new multiaxial stitched materials, referred to as NC2, is investigated. First, in the framework of Darcy’s flows, this per-
meability is assessed for various biaxial NC2 using a specific device. Through this approach it is shown that the transverse
permeability depends strongly on the stitching density. Then, the results from a simplified FE study carried out at the blanket scale
are shown to correlate quite well the experimental measurements and evidences established in the first part.

© 2002 Published by Elsevier Science Ltd.

Keywords: Multiaxial reinforcements

1. Introduction

Till the early 1990s, high performance organic com-
posite structures were mainly manufactured from pre-
impregnated unidirectional plies. Since then, processes
involving the resin impregnation in dry pre-forms have
become very popular due to their versatility along with
the cost reductions that they usually induce. Indeed,
valuable cost cuts originate from the handling and sto-
rage cost reductions, since only the resin has to be cold-
stored. But moreover in these processes thick/heavy
multilayered preforms can be easily employed, this in
turn induces material costs reductions.

In these manufacturing processes the impregnation
stage is a key parameter [2,15]. Originally, liquid resins

* Corresponding author. Tel.: +33-04-77-42-00-79; fax: +33-04-
77-42-49-02. (S. Drapier), Tel.: + 33-04-74-33-88-60; fax: + 33-04-74-
33-99-02 (P. Henrat).

E-mail addresses: drapier@emse.fr (S. Drapier), vautrin@emse.fr
(A. Vautrin), alexandre.pagot@ifp.fr (A. Pagot), patrick.henrat@
hexcel-fabrics.fr (P. Henrat).

! Now at Institut Frangais du Pétrole, 1 et 4, avenue de Bois-Préau,
92852 Rueil-Malmaison Cedex, France.

were injected through injection gates in molds containing
the dry preforms. The most popular of these manu-
facturing processes, widely used, is the resin transfer
molding (RTM). Modelling efforts, still continued, have
permitted to optimise for the RTM the injection gates
and events placements in the molds [12,14], in order for
the mold to be completely filled and free of any air
bubble which may be entrapped [15]. This injection
takes place mainly in the preform plane and hence
involves principally the longitudinal permeabilities prop-
erties of the preforms [3,19,22]. Other processes, involving
rather resin infusion than resin injection and referred to as
liquid composite molding (LCM), have been developed in
the last few years. LCM processes permit us to overtake
these problems of injection heterogeneities by impregnat-
ing the dry preforms over wide surfaces [11]. In this sense,
lower pressures are involved, and the transverse perme-
ability properties of the preforms become one of the key
parameters to optimize the manufacturing cycles.

One of these processes is the resin film infusion (RFI)
process in which films of neat resin are stacked, with dry
preforms, in a mold. The use of a movable rigid perfo-
rated plate, or molds for more complex shapes, placed

0266-3538/02/$ - see front matter © 2002 Published by Elsevier Science Ltd.
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Fig. 1. Schematic of the resin film infusion process tooling.

on top of the stacking permits to ensure well-finished
final surfaces. The whole stacking is then vacuum-bag-
ged and usually placed in an autoclave to undergo a
temperature-pressure cycle (Fig. 1). It is clear that the
filling time and resin heterogeneity distributions in this
process will depend mainly on the preform through-
thickness permeability. This parameter is very seldom
studied, since conversely to the longitudinal perme-
abilities, the length over which it can be measured is
very small, of the order of 1 mm for single standard
multiaxial reinforcements.

The present paper is dedicated to the study of the
transverse permeability in long-fibre composites, more
precisely in new multiaxial semi-products developed by
Hexcel Fabrics. These non-crimped new concepts (NC2)
multiaxial reinforcements are made up from very
homogeneous planes of fibres stitched together through
their thickness (see Fig. 2). The very high resulting
homogeneity, essential to achieve high final mechanical
properties, leads to very low permeabilities, much lower
than the very few ones measured on other more classical
materials. Then, in order to optimize the pressure-tem-
perature cycles, the transverse permeability of single
NC2 multiaxial fabrics must be input in some modelings
of the impregnation process at the fabric scale.

In the present study, first, based on a quick survey of
permeability measurements and fluid propagation in

LEEDEPETEE ERT T e

(2)

porous media, a specific set-up is designed to measure
properly this permeability. This set-up is then used to
assess the through-thickness permeability of biaxial
NC2. These basic multiaxial fabrics are considered here
to isolate the phenomena controlling the permeability.
Then some simulations are presented at the blanket
scale which focus on the effect of the stitching density
onto the permeability. A good correlation is found
between experimental measurements and predicted per-
meabilities regarding the stitching density influence.

2. The permeability phenomenon in composites

The transverse permeability phenomenon across
composite multiaxial fabrics is introduced here, this
permits to set up the basis of the principle of measure-
ments. Then, longitudinal and transverse permeability
measurements are presented.This yields some ideas for
the set-up to be designed for the transverse permeability
characterization. Finally, since a modelling approach is
proposed in the second part of this paper, some repre-
sentative models are presented which set the basis for
the simulations.

2.1. Flow through porous media

The multiaxial fabrics studied here are intrinsically
porous media, the pore size of which may be at the fibre
level as well as at the stitching level (Fig. 2). The basics
of flows through porous media can be found for
instance in [13]. In these flows, the interconnected por-
osity is involved which restrains, at the microscopic
scale, the fluid progression through ‘channel-like’ cavities.
Hence, at this scale the classical laws of fluid mechanics
will rule the flow. The two main laws commonly used are

(b)

Fig. 2. Picture of a quadriaxial NC2 ([—45,0,45,90]) made up of dry carbon UD fabrics (Tenax HTS 5131/24 k tows 150 g/m 2 ), stitching pitch 5

mm x 5 mm: (a) —45° face and (b) 90° face.
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the mass conservation equation and the Navier—Stokes
equation, provided the fluid can be assumed as new-
tonian. When compared to a classical mass conservation
equation, the volume fraction of any phase must be
accounted for. Let us notice that in a wet fabric, the
phases are either fluid for the resin in motion, or solid
for the composite which can undergo deformation
under the pressure generated by the flow. For this latter,
the mechanical response must be determined too.

These two laws permit on their own to describe the
fluid flow through the porous medium, where pressure
and velocity are the parameters to determine in both
phases. However, beyond the modelling efforts required
for seeking the solution, the complexity of the porosity
architecture does not allow in our case this system to be
solved easily. Even numerically, the various porosity
shapes which exist at the different scales cannot be easily
represented without turning to more refined descrip-
tions such those adopted in [7] or [10] for example. In
the present approach, these equations will be solved
through fluid mechanics finite element (FE) analysis in a
simplified framework, following the experimental evi-
dences demonstrated in the measurements.

2.2. Assessing permeabilities from flows in composites

In porous media, such as the fabrics of interest in
composites, more convenient approaches can be led at
the mesoscopic scale, i.e. the scale where the porous
medium is seen as homogeneous. Several approaches
exist which are used in the literature to model or to
identify the permeability. The most popular approach
relies on the Darcy’s law, empirically established, which
permits to relate in three dimensional cases the flow
velocity to the gradient of pressure undergone by the
fluid in the porous medium:

~

v:—EVP (1)
n

where v is the flow rate vector, K is the second order
permeability tensor of the porous medium that usually
depends on the fluid flowing through it represented here
by its viscosity n, and VP is the pressure gradient.
However, it must be pointed out that this empirical law
has been established in a well defined frame. Indeed, the
Darcy’s law holds only for stationary regimes, and
Reynolds (Re) numbers calculated for porous media
must be lower than 1. Beyond this limit, the flow is
inertial (1 <Re <150), and further (300 < Re) turbulent.
This Reynolds number maybe somehow hard to evalu-
ate in porous media since it depends on a characteristic
length of the medium [13], which in turn depends on the
scale of observation considered.

For the experimental measurements the simplistic
Darcy’s approach is conveniently considered, either for

longitudinal [1,10], transverse [3,22], or 3D permeability
characterization [5]. Along with this flow rule, a usual
restriction is made to the second order permeability
tensor that is taken to be orthotropic. Moreover, it is
assumed that no coupling exists between the perme-
abilities in the three principal directions. Finally, as a
first approximation only three independent constants
define the permeability tensor: two in-plane (long-
itudinal) permeabilities and one (through-thickness)
transverse permeability. For uniaxial flows, a simplified
form is deduced from Eq. (1) which relates the mean
uniaxial velocity of the fluid to the pressure gradient
undergone in the flow direction (for instance e;). The
pressure gradient is here assumed to be linear, since it is
deduced from the discrete measurements of the pressure
loss along the flow. Moreover, it is assumed that the
transverse direction is, in first approximation, a princi-
pal direction. Then, for an orthotropic medium, the
uniaxial expression writes for a transverse flow :

K33 A AP
n e

D =
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where D is the flux, K3; is the transverse permeability, A4
is the cross-sectional area of the flow, AP is the pressure
variation, 5 is the fluid viscosity, and e is the flow length.
All these quantities refer to the flow direction. In our case
this approach will be used provided the permeability
properties can depend on multiaxial architecture.

As for the NC2 material investigated here, it must be
noticed that scientific papers devoted to permeability
measurements of multiaxial composites mainly focus on
woven or random reinforcements [3,6,10,16]. However, in
some points multiaxial NC2 and woven fabrics have a
close meso-structure, especially both exhibit an alternance
of fibre tows and gaps. This meso-structure is important
in setting the channels through which the resin will flow,
either in injection or infusion. But this is mostly relevant in
longitudinal permeability measurements. For the trans-
verse permeability in NC2 materials, macropores are pre-
sent due to the stitching. Consequently, the fluid will
certainly flow through these channel-like connections and
then continue either in the fabric planes or in the closest
stitching upstream. This will be assessed in the second
part dedicated to the transverse permeability modelling.

2.3. Longitudinal and transverse measurements

Permeability measurements can be carried out for
either in-plane (for instance [3,17-19,22], transverse
[3,22] or 3D flows [5]), in unsteady or steady regimes.
The principle of measurement is common for both
longitudinal and transverse measurements and is rather
simple. A specific device is fed in with fluid under con-
stant flux or pressure. Meanwhile pressure or velocity
measurements are made in the dry (downstream) and
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Fig. 3. Schematic of (a) longitudinal, and (b) transverse permeability
measurements.

wet (upstream) regions, on either side of the flow front
(Fig. 3a), or specimen location (Fig. 3b) in saturated
regime. Permeability is then identified, using the Darcy’s
law [Eq. (1) or (2)] or more complex relationships in
bidirectional or 3D cases, from the variations of velocity
or pressure induced by the displacement of the fluid
through the sample tested. For longitudinal measure-
ments, rectangular or circular specimens are cut,
respectively for unidirectional and bidirectional mea-
surements, and fitted into a rigid mold.

For transverse measurements there is no such restric-
tions on the specimen shape, but usually circular
cylindrical specimens are more conveniently used. This
transverse measurement is very seldom studied [3,5,22]
but tends to be more and more common due to the use
of thicker fabrics. The very key point is in this case to
realize the fluid injection while maintaining the speci-
men to be impregnated, but without disturbing the fluid
flow. In [3] specimens are maintained on their edges, but
this does not allow to control the specimen thickness.
Therefore the fibre volume fraction, defined as the ratio
of the fibre volume over the tested volume, could vary
since the apparent fabric thickness may change. It must
be pointed out that in the transverse permeability
measurement, the fibre volume fraction is of great
importance since it will influence the fabric permeability,
i.e. will change the porosity configuration. In [22], the
thickness can be controlled by compacting the specimen
between 2 porous rigid plates allowing for the injection.
The counterpart of this technological solution is that the
pressure loss induced by the plate porosity may be higher
than the one induced by the specimen itself, due to the
reduced thickness involved. In either case, the measure-
ment takes place in saturated regime since it is not possible
to visualise the flow front over such a small length.

2.4. Through-thickness permeability predictions

As stated previously, commonly, permeability phe-
nomena in composites rely on the treatment of their com-
plex meso/micro-structure. Then idealized geometries are
widely used, either to predict permeabilities in basic

cases [13], or in an attempt to relate experimental per-
meabilities to micro, meso and macro scales [19]. In
more refined approaches, such as the lattice Boltzmann
model proposed by [20], phenomena can be represented
at the mesoscopical scale whilst dealing with void for-
mation in the tows. Results of transverse flows simula-
tions over circular porous tows are proposed which
describe the void entrapment in higher permeability
regions for unsaturated flows. In our composite materi-
als, saturated flow will be simulated, and consequently
any entrapment will be ignored.

This qualitative analysis [20] applies also to more
realistic pore architecture, the complexity of which has
to be addressed if quantitative predictions are to be
proposed. In the case of composites [10,21], starting
from micrographs the identification of pores at micro
and meso scales is deduced from the probabilistic treat-
ment that a segment of length / fits in a pore in a given
direction. For soils [7], the pore network is recon-
structed from 3D image analyses, after skeletization and
creation of a spatialized local pore size distribution.
Then the ‘conductivity’ of the network is evaluated,
especially fluid invasion is shown to be controlled by the
connectivity between the largest pores. In our materials,
where at least two pore scales exist, such a result rein-
forces our choice of modelling the flow at the mesosco-
pical scale where the largest pores are seen.

Eventually, homogenization methods exist which are
the most relevant regarding the permeability of media
with a regular micro/meso-structure [4,23]. These meth-
ods rely on the behaviour of a representative volume
element on which are prescribed boundary conditions
ensuring its periodicity. In our case, NC2 fabrics cannot
be easily represented through a succession of elementary
cells at the microscopical level. However, the idea of
using a representative volume element can be adapted to
the simulation of transverse permeability at the mesos-
copical scale. Eventually, finite element approaches are
in our case the most easily suitable for the predictions of
transverse permeability using a representative mesosco-
pical cell, and will be subsequently used.

3. Assessment of the NC2 transverse permeability

Using the knowledge gained in the previous survey,
an apparatus has been designed to measure the trans-
verse permeability of fabrics. This experimental device is
presented and then used to assess the NC2 transverse
permeability, and further to demonstrate how this per-
meability varies with the stitching density.

3.1. Experimental apparatus

The principle of measuring the pressure loss induced
by the flow of the fluid through the specimen is the basis
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of the permeability measurement. The specific appara-
tus developed here is based on this principle (Figs. 4 and
5). Following [22], aluminium honeycombs are selected
to maintain the specimen in the apparatus. Indeed, after
some FE simulations, the channels formed naturally by
the honeycomb structure were shown to make the flow
become steady even for high fluid velocities. Hence, the
use of honeycombs will allow for the thickness of the
tested volume to be controlled while smoothing the
flow. The second key point of the apparatus is the pres-
sure measurement which is realized with two pressure
probes. Let us notice that the location of the probes
along the flow is optimized such that pressures are
measured in steady flow regions before and after the
honeycombs (Fig. 4b).

Another very important point, as explained pre-
viously, is the porosity volume fraction of the tested
medium that will depend on the compression required
to maintain the specimen. Conversely to the processes
involving resin injection, the reinforcement deformation
during impregnation appears very rarely in infusion
processes [24]. In our case, the specimen thickness will
be controlled during the measurements with integrated
verniers, and the porosity will be deduced from the spe-
cimen surfacic mass. Furthermore, the paper of [17],
dedicated to the repeatability measurements for long-
itudinal permeability, states that some discrepancies of
the order of 15% may result from heterogeneities in the
material as well as from the material deformability. The
deformability of the specimen will especially take place
during the cutting. Following this evidence, the speci-
men cutting is integrated to our apparatus such that
specimens will not be handled at all [Figs. 4(a) and 5(b)].

This insitu cutting implies that the airtightness,
required both to prevent the fluid from leaking and to
isolate the chambers, has to be mobile. This is achieved
in the presented apparatus as shown in Figs. 4(b) and
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chambre 2 specimen
""" ﬁ""""""""l‘i} flow length >+""""“"Jg—IT
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| | | | |
inlet
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Fig. 4. Schematic of the through-thickness permeability measurement
device, in the 2 main stages of the protocol: (a) cutting stage, and
(b) measurement stage.

5(a). For further simplifications, the specimens tested
were chosen circular, 100 mm in diameter. The specimen
diameter was fixed such that for the lowest stitching
density (10x10 mm), statistically at least 96% of the
stitching points would be submitted to the flow for any
random placement of the specimen.

Eventually, for the impregnating fluid a lubrication
oill NEUTRAL was selected, the behaviour of which is
newtonian. The oil was chosen such that its viscosity
was as close as possible to the resin viscosity encoun-
tered in the RFI process, taking into account that the
gear-pump used for the feeding [Fig. 4(b)] would not
stand fluid viscosities larger than 10 Pa s. The oil visc-
osity is perfectly known as a function of temperature,
and is given in the Appendix. The fluid temperature is
evaluated through a thermo-couple placed between the
pump and the fluid inlet, and any apparent thickness
variation is assessed using an LVDT displacement sensor.
An interface-card is used for data acquisition on a PC, for
pressures, temperature, displacement, and flow rate.

3.2. Protocol

Measurements are carried out with the presented
apparatus (Fig. 5). The flow length related to the fibre

upper (closing)
actuator

virating system

mobile upper part for cutting

lower aluminium cutting blade

honeycomb
vernier

mobile tightness
system

¢ utting bl
fabric H g blade

Fig. 5. Apparatus designed for transverse permeability measurements:
(a) description, (b) cutting stage prior to measurements.
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volume fraction of the specimen is set by the verniers,
close to commonly used values. As for the velocity
range, it is rather hard to know exactly the velocities
encountered in the manufacturing processes. Hence, in
order to cover the wider velocity range, it was chosen to
stop to increase the fluid velocity (flux) when the upper
actuator used to maintain the upper chamber was no
longer able to sustain the pressure induced by the flow
across the fabric. The pressure applied for maintaining
the system closed is 7.5 bars, similar to the pressure
which is used in the industrial RFI process.

The following protocol was used for the measure-
ments. A multiaxial fabric is placed on the lower hon-
eycomb and the upper mobile part comes down in
contact with the verniers. The vibrating cutting system
is turned on and maintained until the blade has com-
pleted the cut [Figs. 4(a) and 5(b)]. The airtightness
mobile system can then move upward to ensure both the
absence of air in the fluid flow and leaks out of the
chambers [Fig. 4(b)]. In the first times of the cycle, a low
fluid velocity is prescribed to the servo-gear pump which
feeds in the apparatus with fluid. In this stage the lower
chamber is filled, and then the fabric is impregnated.
Once the second pressure probe can measure the fluid
flow, the servo-gear pump is stopped, and then a com-
plete test cycle can be started in which the fluid velocity
is increased step by step. Every step is continued until
pressures stability is reached.

3.3. Assessment of the transverse permeability

3.3.1. Permeability measurement

A typical measurement is presented in Fig. 6 for a
biaxial NC2 made up from 2 x Tenax HTS5131 267 g/
m? carbon fabrics stitched 10 mm x 10 mm. In this fig-
ure the resistance provided by the fabrics against the
flow, i.e. the pressure gradient deduced from the pres-
sure loss and flow length ¢(4£) over the fluid viscosity 7,
is plotted as a function of the fluid velocity (v). It is
verified that the largest Reynolds number of the flow
encountered is lower than 1:

oy
n

Re™> = =1.75-102<<l (3)

with p the volumic mass of the oil (p = 877kg m~?),
ymX o the maximum fluid velocity encountered
("™ <310 ms™"). d is the largest characteristic
length of the NC2 taken as the largest stitching hole
diameter measured from micrographs (d <0.4 mm) and
n=0.06 Pa.s is the fluid viscosity at room temperature.
Darcy’s approach is then valid for these measurements.
Then, simply by using the Darcy’s law for uniaxial flows
[Eq. (2)], the transverse permeability (K33) can be
identified from these data.

One will notice that this resistance of the fabric does
not depend linearly on the fluid velocity as one would
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Fig. 6. Resistance of fabrics to the fluid flow versus the fluid velocity for fabrics 2 x 267 g/m?: [0], unstitched, [0,90] unstitched, and [0,90] stitched 10 mm

x 10 mm.
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expect. Conversely, in other more ‘rigid’ materials tes-
ted, such as woven fabrics and metallic lattices, a linear
relationship is observed between the resistance and the
fluid velocity. Therefore, this non-linearity seems to
reflect some intrinsic properties of the NC2 materials.
Further studies are currently under progress to clarify
this point. However, one wishes to make a productive use
of the data given by this first approach of the NC2
transverse permeability. Consequently, the nominal
transverse permeability is assessed as the permeability
prevailing at the onset of flowing in the NC2 (Fig. 6). At
that stage the fibre volume fraction is perfectly controlled
and the meso-structure is not disturbed. Eventually, for
the present study, the nominal apparent permeability will
be identified as the inverse of the initial slope (Fig. 6).

3.3.2. Measurement repeatability

The assessment of measure repeatability has been
achieved for 2 types of biaxial NC2, made up of iden-
tical UD Tenax fabrics 267 g/m? (HTS 5131/24 k tows),
but with different stitching pattern. The first biaxial was
stitched with a 10 mm x 10 mm pattern and the other
one with a 5 mm x 5 mm pattern, both were stitched
with PA 6.6 78 tex stitching yarn. The largest dis-
crepancies are for the 10 mm x 10 mm stitching pattern.
The secant apparent permeability, deduced from the
current slope of a given point on the resistance curve,
reaches about 20% of variation (Fig. 7) for the fluid
velocity tested. However, one must point out that the

5,

4.5 -

0.5 -

work of [17], dedicated to the repeatability measure-
ments for longitudinal permeability reports some dis-
crepancies of the order of 15%, but for longitudinal
flows over several hundreds of millimeters (300 mm). In
our case, transverse measurements are made over some
lengths of the order of one millimeter or less. Moreover,
transverse permeabilities are of the order of 10713 m?,
whereas longitudinal permeabilities are at least one
decade higher, of the order of 107! m?,

3.4. Influence of the stitching density

The transverse permeability of NC2 is assessed with
the presented dedicated apparatus, using the protocol
introduced. Essentially, biaxial materials are tested, all
of them made up from the same Tenax HTS 5131 UD
dry fabrics. The stitching, when reported, is realized
with a PA 6.6 78 tex stitching yarn. This kind of biaxial
material permit to reveal many specificities of NC2
multiaxial fabrics without involving too much complex-
ity related to tricky stacking sequences or architectures.

Assessing the influence of the stitching onto the
transverse permeability is the main issue of the present
work. To achieve this, 6 types of biaxial fabrics were
tested. First [0], and [0,90] fabrics, both unstitched, were
tested. Then, biaxial [0,90] NC2, made up of the same
fabrics were manufactured but with 3 different balanced
stitching patterns of 10 mm x mm, 5 mm x 5 mm, and
2.5mm x 2.5 mm, corresponding respectively to stitching
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Fig. 7. Secant permeability measurements (Kg'}) versus the fluid velocity (v) for a biaxial [0,90] NC2 2 x 267 g/m? stitching pitch 10 mm x 10 mm.
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densities of 10%, 4.10% and 16.10* stitches per m?>.
Eventually, biaxial [ +45,—45] NC2 with a 5 mm x 10
mm stitching pattern were tested. Since the same UD
blankets are used, the fibre volume fraction is set to 0.65
for all the materials tested.

First, permeabilities for the [0], and [0,90] unstitched
biaxial are very close (Fig. 6). Unfortunately, the very
low permeability (of the order of 2 - 10~'% m?) of these
UD fabrics may, under a 7.5 bars closure pressure,
cause leaks in the apparatus even for a moderate flux.
Therefore, only few flow rates can be tested but which are
sufficient to draw some clear trends about these measure-
ments. The curves obtained for both unstitched materials
tend to coincide. The similarity between these material
responses demonstrates that the resulting transverse per-
meability does not depend at all on the stacking sequence.
At the opposite, the introduction of stitching (10 mm x 10
mm) seems to increase greatly the permeability which
jumps from 0.24-10~3 m? to 1.1-10~ 13 m>.

This strong influence is confirmed by the curves for
the other material tested (Fig. 8) which clearly show
that the permeability largely depends upon the stitching.
But first, it must be pointed out that the differences
between theses experimental results are much higher
than the repeatability of the measures themselves.
Therefore, these variations can be interpreted as intrin-
sically related to the material tested. More precisely, this
permeability can even be related directly to the stitching
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Table 1

Transverse permeability measurements for the 6 materials tested

Material 0L [0,90] [0,90] [0.90] [0.91]  [£45]
unst. unst. 10x10 5x5 2.5x2.5 5x10

Stitching density (10* pts m~2) — - 1 4 16 2

K33 ;measured (10713 m?) 021 024 1.1 6.37 15.1 2.47

density only since actually the independence of the
transverse permeability upon the stacking sequence is
again confirmed by the [+45,—45] NC2 measurement
(Table 1). Indeed, in that material stitched 5 mm x 10
mm, only the stitch density seems to control the perme-
ability comprised between the permeabilities for the biax-
ials [0,90] stitched 10 mm x 10 mm and 5 mm x5 mm.
The stitching density seems to control the transverse
permeability, this is clearly illustrated in Fig. 9 where the
permeability is shown to vary, linearly in first approxima-
tion, with the stitching density. In fact, mesoscopical
measurements of the fabric geometry reveal that only the
holes left around the stitching pitches are open pores, the
size of which are quite comparable for the various fabrics
tested (~0.4 mm). In first approximation this suggests
that mainly these spaces will allow for the fluid to pass
through. It can be easily reckoned that permeability
depends on the amount of surface spaces for the fluid to
flow, directly related to the stitching density. One will
notice that, although the gap geometry is not exactly the
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Fig. 8. Resistance to the fluid flow versus the fluid velocity for fabrics 2 x 267 g/m?: [0], unstitched, biaxial [0,90] unstitched and stitched 10 mm x

10 mm, 5 mm x 5 mm, and 2.5 mm x 2.5 mm.
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Fig. 9. Permeability of the materials tested vs their stitching density.

same for the [+45,—45] biaxial NC2 as for [0,90] [see in
Fig. 2(a) and (b)], the effective (open pores) surface spaces
may depend essentially on the stitching yarn itself.

From these results, it can be concluded that the
stitching density is of prime importance regarding the
transverse permeability of NC2. Although this stitching
is introduced mainly to improve the handability and the
mechanical properties of the resulting structural com-
ponent, it appears to be also very helpful in increasing
the permeability. Indeed, with a stitching density of 10*
pts m~2, the transverse permeability is increased by a
factor of 5 with respect to the same unstitched biaxial.
By increasing further the stitching density by 16 (from
10 mm x 10 mm to 2.5 mm x 2.5 mm), a similar
increase is reached for the permeability. Regarding the
very low permeability of unstitched materials, this
increase of the permeability is essential in achieving
proper manufacturings. There is obviously a limit in
increasing the stitching density since the mechanical
counterpart is that a decrease in the material properties
is expected due to the geometrical imperfections result-
ing from the introduction of stitches, as it can be
observed at larger amplitudes in NCF materials [8, 9].

4. Permeability predictions

The aim of this simulation is to model the influence of
the stitching density onto the transverse permeability.

The Ansys FE package is used to model the perme-
ability response at the mesoscopical level, on a repre-
sentative volume element of the biaxial [0,90] fabric
tested previously.

4.1. Representative volume element

FE simulations are carried out on the biaxial NC2
characterized experimentally. In order to avoid very
demanding computations, we use the principle of
homogenization techniques based on repeating repre-
sentative volume elements (RVE). It is assumed that the
response of this volume element is representative of the
response of the entire medium, provided proper bound-
ary conditions are prescribed on its edges to represent
neighbouring volume elements. For the modelling, the
scale of observation has to be chosen first. The choice of
this scale must permit to grasp the main features which
may influence the permeability. For this choice, first one
can notice that there is the formation of inter-tow
spaces (gaps) (Fig. 2), independently on the direction of
the stitching with respect to the fibre orientation. These
gaps are similar to the ones developing in NCF manu-
factured with the Liba process for instance, but with a
minor amplitude. Secondly, the other main features
which may influence the transverse permeability are the
stitches that were shown to strongly control the perme-
ability (Fig. 9). Lastly, as saturated flow simulations are
considered here, any air entrapment in the tows can be
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Fig. 10. Representative volume element for the biaxial NC2 perme-
ability simulation.

neglected. Consequently, it seems natural to set up the
model at the mesoscopical scale where gaps and stitches
can be accounted for, and where tows are seen as
homogeneous porous media. Therefore, in our biaxial
material a RVE is easily extracted, the planar dimen-
sions of which are equal to the stitching pattern used
(Fig. 10) and its thickness corresponds to the fabric
thickness. By applying proper boundary conditions,
detailed below, the permeability of the equivalent infi-
nite fabric can be computed.

4.2. Computations

For the sake of simplicity, the chosen RVE has been
idealized. By symmetry, only a quarter of this RVE
must be represented. Also, gaps between the tows
induced by the stitching yarns (see Fig. 2) are repre-
sented as parallelepipeds [Fig. 11(a)], resulting from the
space left between the planes standing for the 0 and 90°
tows [Fig. 11(b)]. For the stitching, a space is considered
as the union of the space left by the circular cylindrical
stitching and the gap between the tows [Fig. 11(a)].
Stitching densities are represented by varying the cell
dimensions (pl,p2) corresponding to the stitching pitch
respectively along e; and e, directions.

The inter-tow gaps and the stitch hole are modeled
with fluidic elements in which the Navier-Stokes equa-
tion prevail. For modelling tows, i.e. the porous med-
ium, the Darcy’s law is employed instead of the previous
laws. Both media are meshed with quadratic isopara-
metric finite elements. Let us notice that in every article
where permeability is simulated for a reinforcement,
tows are supposed not to be permeable. However, due to
the fabric homogeneity, in our case macropores are much
less numerous. It is then possible that flow takes place
through the tows as it can be observed in the RTM pro-
cess [3]. Tow permeability is defined through a diagonal
tensor. This is what prevented us from computing the

€3 tows

R
B o
AR

N

stitching
hole

Fig. 11. RVE mesh used for FE simulations: (a) mesh of the gaps with
fluidic elements, (b) mesh of the tows with solid porous elements, and
(c) complete mesh of the RVE.

[+45,—45] biaxial NC2 permeability. The transverse
permeability of the tows is the one assessed for a UD
fabric (2.25 x 10~'* m?), and in the fibre direction it is
taken equal to 10712 m? following the estimations from
[17]. As for the fluid viscosity, it is equal to the viscosity
of the lubrication oil used for experiments measured at
room temperature (n=0.06 Pa s) .

As can be seen in Fig. 11 the stitch hole is not repre-
sented, it is instead modeled with zero normal flux con-
ditions, i.e. no fluid can penetrate the stitching yarn but
the flow along this yarn is allowed. Indeed, implicitly it
is assumed that the stitching yarn induces a hole, the
diameter of which (0.3 mm) corresponds exactly to the
yarn diameter deduced from its linear mass and its
density. The other boundary conditions are zero normal
flux conditions on the lateral faces of the cell. To repre-
sent the pressure drop induced by the flow through the
fabric, a 1 bar pressure is applied on the upper face of
the RVE while on the lower face pressure is null. Per-
meability is calculated through the Darcy’s law [Eq. (2)]
from both the pressure differential prescribed and
the mean fluid velocity deduced from the massic flux
computed.

4.3. Results—comparison with experiments

Permeabilities are computed for [0,90] fabrics con-
sidering the 3 stitching densities tested. The results
reported in Table 2 are also plotted in Fig. 12 where can
be seen the good correlation between the predicted per-
meabilities and the ones measured. The maximum dis-
crepancy of about 25% is reached for the highest
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Table 2
Transverse permeability predicted and measured for the 4 stitched
biaxial materials tested

Material [0,90] [+45] [0,90] [0,90]
10x10 5x10 5x5 2.5%2.5

Stitching density (10* pts m~?) 1 2 4 16

K33 computed (10-13 m?) 1.19 - 4.75 19.1

Predictions/measurements —8% - —25% 27%

K33 analytical [Eq. ()] (103 m?) 1.19 238 476  19.1

stitching densities (4 and 16.10* pts m~2), whereas for
the lowest density it is 8% (1-10* pts m—2).

The most important effect confirmed by these com-
putations is the effect of the stitching density on the
permeability. The simulations reveal that the fluid flows
through the fabric (Fig. 13) only across the stitching
holes. Indeed, whatever the stitching density simulated,
the flow rate of fluid across the tows remains low. The
tows are so little permeable that the fluid cannot flow
across and passes almost in totality through the stitch-
ing holes. This is illustrated by the distribution of the
transverse fluid velocity plotted in Fig. 13. Transverse
velocities in the tows are 2 decades lower than the
transverse velocities in the stitching hole. More particu-
larly the fluid circulate in the narrow region between the
gaps and the stitching yarn.
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Fig. 13. Distribution of the transverse fluid velocity (¥3) in m s~! for
the [0,90] NC2 5 mm x 5 mm stitching pitch.

Assuming that the stitching pitches remain large
enough, the interaction between flows in the stitching
cylinders is negligible. Then, one can propose a very
simple relationship that would relate the transverse
permeability for a given stitching density d; (K$§}) to the
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Fig. 12. Permeability predicted and measured, for the materials tested, vs their stitching density.
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permeability of the same fabric but with a stitching
density d>(K$3) [Eq. (4)]. Predictions with this very basic
relationship compare well with the FE results (Table 2).

d
K =K5 “)

As a conclusion, both experimentally and theoreti-
cally, it is established that the fluid flows almost exclu-
sively through the stitching holes. Some discrepancies
exist between predicted and measured permeabilities,
however regarding the very low permeabilities identified
these moderate differences are acceptable for current
industrial applications. Then, as a rule of thumb,
assuming that the stitching hole geometry and the gap
size will not depend on the stitching density, a linear
relationship exists between the transverse permeability
and the stitching density. For industrial applications,
stitching densities are at least 10,000 pts m~2 but will
usually not exceed 40,000 pts m—2 . This ensures that
flow across the tows may be negligible, and that in turn
this linear approximation will hold.

5. Conclusion

The first study of the influence of the stitching density
on the transverse permeability of NC2 was carried out.
The main mechanisms which control the flow of a fluid
across NC2 were assessed. Eventually, predictions were
shown to compare well with experimental results. First,
a specific apparatus was designed to measure the trans-
verse permeability in multiaxial fabrics. The key point
of this system is to maintain properly the specimen,
using aluminium honeycombs, while ensuring the fibre
volume fraction control. Also, the specimen cutting is
integrated to the apparatus which ensures that the fab-
ric deformability will not yield any meso-structure var-
iation. This apparatus allows to evaluate the transverse
permeability through the uniaxial Darcy’s law, knowing
both pressure loss induced by the specimen resistance to
the fluid flow, and fluid velocity.

Experiments were carried out on 6 different fabrics,
both unstitched and stitched, and with several stacking
sequences and stitching patterns. Experimentally it was
demonstrated that neither the stacking sequence nor
the stitching pattern would influence the transverse
permeability. Conversely, the stitching density was
shown to control greatly the permeability. Indeed,
changing the stitching pitch from 10 mm x 10 mm to
2.5 mm x 2.5 mm, i.e. increasing by 16 the stitching
density, permits to increase the permeability by about
the same amount, from 1.1 x 10~'3 to 15.1 x 10~13
m?. From a manufacturing point of view, this
improvement of the transverse permeability ensures a

good fibre impregnation, and consequently optimum
final mechanical characteristics.

This main result was found also by the FE simula-
tions carried out at the mesoscopical scale on a repre-
sentative volume element of [0,90] biaxial fabrics.
Permeabilities were assessed by measuring the flux as a
response to a differential of pressure applied to the fluid
crossing the porous media standing for the tows. It was
established that mainly the fluid flowed along the
stitching yarn, in the stitching holes. Then, in first
approximation, it is the surfacic ratio of spaces left by
the stitching points which controls the permeability.
This provides a clear explanation to the experimental
dependence of the transverse permeability upon the
stitching density. Eventually, as a first approximation,
the permeability for any admissible stitching density can
be extrapolated linearly from a single permeability
known for a given stitching density.

Based on the knowledge gained here, this perme-
ability study should be extended to tri and quadri-axial
NC2. For the measurements, these materials will be
tested with the apparatus developed here. As for the
simulations, some problem may arise due to the non-
diagonal terms of the permeability tensor which will
appear for non cross-plies.
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Apendix. Fluid viscosity

The fluid used, a lubrication oil (NEUTRAL),
appeared to vary in viscosity with the ambient tem-
perature. The characterization of this viscosity over a
wide range of temperatures yields the following results
(Table Al and Fig. Al).

This viscosity can be fitted by the following fourth
degree polynomial [Eq. (5)] leading to at most 1.1% of
discrepancy, and 0.44% in the range 15-25 °C of inter-
est here (Fig. Al):

n(T)(107°Pa s) = 9.6955E°T* — 1.4803E°T"

(5)
+0.88167T2 — 25.782T + 3.4761
Table Al
Oil viscosity vs. temperature
Temperature (T in °C) 5 15 18 20 22 25 30 40 50

Viscosity (nin 1073 Pa's) 239 113.7 93.2 82 72.5 60.7 46 28 183
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Fig. Al. Variation of the oil viscosity vs. temperature.
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