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Introduction

Les mysteres de I'expansion accélérée de l'univers, vastg@amme . . Cette thése n’a évidem-
ment pas pour ambition de lever le voile sur ce mystere, naigement d’apporter une modeste
contribution a la compréhension de notre univers dont Hawes scientifique remonte a prés de cent
ans. L'histoire pourrait commencer par une observatiolte ces galaxies. Celles-ci s’éloignent les
unes des autres dans un mouvement qui ne leur est pas prope#et c’est I'espace lui-méme qui
se dilate. Ce fait observationnel di a Hubble est un échopteemel a la théorie de la relativité
générale d’Einstein. Lhomme par qui tout commence, ouquesll a en effet permis de concevoir
différemment notre espace et notre temps sous une formaaiatqouvelle. L'univers n’est plus une
entité absolue, héritage de la pensée grecque, notamnilent’@gistote, mais une quantité dyna-
mique reliée a la quantité de matiére et d’énergie qui latttoles L'univers n’est plus I'apanage des
philosophes, mais devient une composante des sciencesmasd# devient donc une science que
I'on peut soumettre a I'expérience et a I'observation. €Cassi que le modéle standard de la cosmo-
logie a pu se construire : un savant mélange de théorie esefgations. Celles-ci ont d’ailleurs été
d’'une importance capitale afin de "baliser" le chemin vethdarie expliquant I'univers. Ainsi, grace
ala cosmologie moderne et a I'observation du premier piastoque dans le spectre des anisotropies
du rayonnement du fond cosmologique, nous avons acquigtitude que la densité de l'univers
est proche de sa densité critique. De plus, les observabimnsiontré que la plus grande partie de
la matiére nous est invisible : la matiére noire. Mais queiedont I'origine de cette matiere ? Et
comment interagit-elle avec le reste de la matiére ? C’eseldes deux grandes intérogations en cos-
mologie. Un spectre infini de questions et de réponses shiattés parmi les cosmologistes. Mais
il y a peut-étre une intérogation encore plus révolutiormémanant de I'observation de la lumino-
sité de certaines étoiles en fin de vie : les supernovae. Ehadf astres nous conduisent a penser
gue l'univers est en expansion acceélérée. Dans le cadretdethéorie standard de la cosmologie
cela implique que l'univers est dominé par une forme incentiénergie, I'’énergie noire. Cette der-
niére peut se concevoir sous diverses formes dont seuléf@qre permettra de distinguer le bon
du mauvais modele. Ainsi cette thése a, entre autre, poud'étitdier différentes contraintes ob-
servationnelles concernant les modéles d’énergie nogex-Ci sont tres nombreux et leurs origines
peuvent remonter a des ages antérieures au probleme dgyl&neire. En effet, trés tot c’est poseé le
probleme de la quantification de la relativité générale weagonduit au développement de modeles
de gravitation modifiée. De plus d’autres motivations, dansut de modifier la théorie, émaneérent
des travaux de Carl Henry Brans et Robert Henry Dicke afin dérecla théorie compatible avec le
principe de Mach ou le concept d'inertie est revue. Cetteribét ses extensions, comme les théories
scalaire-tenseur, sont devenues des candidats prigldgsthéories alternatives a la gravitation. De
plus de nombreuses théories sont nées dont des modéles dgrsvitation non linéaire, i.e. 'addition
de termes d’ordres supérieuks, R, R", R, ,, k""" dans le lagrangien de la théorie. Ce type de
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termes apparaissent dans le lagrangien effectif des #82de cordes et de Kaluza-Klein lorsque le
mécanisme de réduction dimensionnelle est utilisé. Ontatendonc différentes positions théoriques
mais également des observations telles que celles dessuper des anisotropies du fond diffus cos-
mologique, ainsi que les BAO. Toutes ces conclusions reafur’idée d’'un modele ou la gravitation
pourrait ne pas étre simplement décrite par un lagrangiet ave fonction scalaire de la courbuie
Les observations nous permettront donc de comparer leslesodre d’en éliminer certains.




Premiere partie

Modele standard de la cosmologie







CHAPITRE 1
7 . u V4 V4 V4
Eléments de relativité générale
Sommaire
1.1 Limites delarelativité restreinte . . . . . . . . .. ... . 3
1.2 Principedéquivalence . .. .. ... .. ... e 4
1.3 Equationsdelathéorie . ... ... ... .. . .. . ... .. ... 5
1.4 Applicationalacosmologie . . . ... .. . ... . ... ... 6

L a théorie de la relativité générale est une théorie qui pedeelécrire la gravitation en termes

purement géomeétriques. Ainsi Einstein apporte en 1915 éntable révolution de notre concep-
tion de I'espace et du temps. Tandis que I'espace-tempgpétgiu comme un "fond" avec lequel on
n'interagissait pas, i.e. un cadre absolu, Einstein 'imagomme une "matiere" malléable, qui peut
se déformer selon son contenu. L'espace-temps devierst alochamp comme un autre, avec une
dynamique.

1.1 Limites de la relativité restreinte

La relativité restreinte élaborée par Einstein en 1905 aaur put d’introduire le principe de
relativité :

toutes les lois de la physique sont identiques dans tougfésantiels galiléens
y compris la constance de la vitesse de la lumiere.

Ce principe va se traduire mathématiquement par une imegides equations sous les transfor-
mations de Lorentz, qui nous permettent de déterminer tesvalles de temps et d’espace dans une
transformation passant d’'un référentiel a un autre.

Puisque ces référentiels sont identiques il est imposdiblééceler un mouvement rectiligne et
uniforme d’un systeme par une expérience embarquée qugleoh s’agit du principe de relativité.
Cependant, celui-ci ne s’étend pas aux systéemes accéldisgpip le mouvement de tels systemes
peut étre mis en évidence par une expérience.

On est alors en présence de repére absolu puisque ces maiisewe|érés nous donnent la pos-
sibilité de détecter des mouvements absolus. Cette coorlnose pouvant étre acceptée en relativité
restreinte, Einstein en apportera la solution.




4 1. ELEMENTS DE RELATIVITE GENERALE

1.2 Principe d’équivalence

Tout corps possede une masse dite inertiellec’est-a-dire celle que lui procure une accélération
sous 'action d’une force extérieur et une masse gravitattiem,, qui est la constante de couplage
dans la force gravitationnelle. Elle permet donc de déteemliintensité de cette force.

La chute d’un corps va dépendre du rappeffm,. Pourtant, des les premieres mesures de Galilee
aux plus récentes, en passant par celles de E6tvos (1908 ket (1964), aucune différence ne fut
décelée. Aujourd’hui ce résultat reste vrai a une précidmr)—'2. Einstein va prendre en compte ce
lien entre inertie et gravité et en faire une équivalence.

La chute libre des corps est donc indépendante de ces dereller est universelle. Les corps
chutent simultanément lorsqu’ils sont lachés simultaménties’agit du principe d’équivalence faible.

Il en conclut alors que tout champ de gravitation statiquagbrme est équivalent a un référentiel
accéléré dans le vide. C’est le principe d’équivalencergstgin. Il existe un référentiel dans lequel
le mouvement libre d’un corps sera rectiligne et uniformestoun référentiel localement inertiel. Ce
corps doit étre cependant assez faible pour que les inhamda§é du champ gravitationnel soient
négligeables.

Puisque I'on peut définir un repere dans lequel le mouvemanedarticule test est rectiligne et
uniforme, alors son accélération propre est nulle. Cedieghiit par

d?x*
dr?
Maintenant si I'on se place dans un autre référentiel, lssfaamation générale’”(z”) donne alors

=0 our estle temps propre (1.1

d2x* 9z 9Pzt dxe dxP

=0 1.2
dr2 + Oxt Or*0xP dr dr (1.2)
On définit -
ox’ o°xt
v, = ——— 1.3
of Ox+ dx*0zP (1.3)
L'équation (1.2) se réécrit alors
d2x/+ dx' dx’?
v, ——=0 1.4
dr? Tl dr dr (1.4)
De plus la métrique qui était plate auparavant devient
oz 0z
la\
gﬂy(x ) - 7704683:/“ 83:/1/ (15)

Ces équations ne représentent pas grand-chose pour lesiphysle I'époque, mais un ceil averti
(de mathématicien) reconnait en ces équations une géeatin de la théorie. Une structure géo-
meétrique apparait naturellemeny,, est la metrique d’'une variété differentiable a 4 dimensitifis
féomorphe a un espace de Minkowski etlbast la connexion.

Tout un ensemble de connaissances en mathématiques dsiéakassimilé par Einstein, qui le
fera avec I'aide d’un de ses anciens camarades : Marcel @erss Une lettre d’Einstein rappelle a
cette époque son intérét grandissant pour les mathémsatique

Je m’occupe exclusivement du probleme de la gravitatioe etgis maintenant que je
surmonterai toutes les difficultés avec I'aide d’un ami néatlaticien d’ici. Il y a au moins
une chose certaine, c’est que je n’avais jamais travaillésadur de ma vie et j'ai acquis
un grand respect des mathématiques, dont j'avais jusquéagmt, dans mon innocence,




1.3. EQUATIONS DE LA THEORIE 5

considéré les aspects subtils comme un luxe superflu! A eGté gdrobleme, la premiére
théorie de la relativité est un jeu d’enfaht.

Un long travail aménera a la théorie de la relativité gémer@lest alors le 25 novembre 1915
gu’Einstein publie ses équations du champ de la théoriedlsé par Hilbert sous la forme d’'une
action.

Un an plus tard, Karl Schwarzschild trouve une solution a&tyiesphérique des équations d’Ein-
stein.

En 1919, Arthur Stanley Eddington et Frank Watson Dysorfieéti la déviation des rayons lu-
mineux lors de I'éclipse total du Soleil.

Naissait alors I'une des plus grandes théories de la phgsiqu

1.3 Equations de la théorie

Les équations établies par Einstein peuvent étre étakdiekmérivation de I'action d’Einstein-
Hilbert

C4
vV—gRd* S 1.6
167G / ghd'x + (1.6)
ou g est le déterminant de la métrique de notre espace-teRascourbure scalaire de ce méme
espacesS,, est 'action des champs de matiére:¢d vitesse de la lumiére, celle-ci sera omise par la
suite ¢ = 1).
La variation de cette action donne la fameuse équation agdtwvité générale.

S —

1
R, — éRgW = 87GT,, a.7)

ou R, estle tenseur de Ricci definit a partir de la connexion (lestsyjles de Christoffel) ek la
courbure scalaire

1
Ffw = 5 gpo (augua + 6u gou - (%QW) (18)
R, = 0,I,-09,I9,+I9,I", —T7I (1.9)

R = ¢"R, (1.10)

T,, estle tenseur énergie impulsion deéfinit par

2 08,
Ty = ——2 (1.11)
N L
D’aprés les identités de Bianchi, on en déduit la conseymate ce dernier tenseur
vV, T" =0 (1.12)

L'équation de la relativité générale (1.7) indique aloesrement I'égalité entre I'énergie, par I'in-
termédiaire du tenseur énergie-impulsion et la géométiead espace. Selon I'interprétation clas-
sique, le terme de droite de I'équation, i.e. le contenu deivers apporte une modification de la
métrique soit de la géométrie de I'univers. Mais on pouagsi avoir une interprétation "miroir".
En effet rien ne nous empéche a partir de cette équation deivainivers déformé, i.e. une dyna-
mique de I'espace qui engendrerait le terme de droite, aaitdtiere. On voit bien les difficultés a

1 ettre & A. Sommerfeld du 29 octobre 1912, citée in A. Herm&Bmstein/Sommerfeld Briefwechsel
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interpréter ces équations, mais les solutions de cellssront encore plus difficiles a trouver. On ne
connait que trés peu de solutions exactes de la relativitérgie. Cependant, son formalisme et son
apparente simplicité ont permis d’apporter de tres grargfasnses a la physique.

Malgré cela, cette équation de la relativité générale 'alégit" a Einstein. En effet I'univers n’est
plus statique. Il décide en 1917 de rajouter une constamtel@fpallier ce probléme

1
R, — §RgW + Ag,, = 87GT), (1.13)

Cette constante pourrait s’opposer a la gravitation et défm univers statique. Mais cette so-
lution est trés instable, une |égere perturbation conduimmivers vers une expansion ou bien un
effondrement. De plus Edwin Hubble observe en 1929 un dépiant vers le rouge (redshift) des
longueurs d’onde, ce qu’il interpréte comme un éloignerdestgalaxies, soit une expansion de I'uni-
vers. Ceci mit fin a la vie de la constante cosmologique. Caguan son histoire ne s’arréte pas la,

Yy

elle réapparait plus tard pour expliquer I'expansion agéé de I'univers.

1.4 Application a la cosmologie

1.4.1 Principe cosmologique

En opposition avec la position géocentrique, le principgologique stipule que I’'homme n’oc-
cupe pas une place privilégiée. Ainsi I'univers doit étratgdement homogene et isotrope. Ce qui
conduit a la forme de la métrique de Friedmann-LemaitreeRebn-Walker.

dr?
1 — kr?

ds? — —dt? +a2(t)( +1? (d02+sin20d¢>2)) (1.14)

oua(t) est le facteur d’échelle étle terme de courbure.

1 pour un univers fermeé
k= ¢ —1 pourun univers ouvert (1.15)
0 pour un univers plat

1.4.2 Contenu de l'univers

Le tenseur énergie-impulsion permet de représenter latithpa de masse et d’énergie dans
I'espace-temps. Ainsi sous I'hypotheése d’'un fluide parfattenseur prend la forme suivante

T, = (P+puyu, + Py (1.16)

ou P, p etu sont respectivement la pression, la densité et la vitesse tleide.
Les différents types de fluide seront alors différenciésrskd rapport

= 0 pour des particules non-relativistes
P ) =1/3 pour des particules relativistes (1.17)
w = — .
p < —1/3 pour un fluide qui provoquerait une accélération de l'urgver

= —1 pour une constante cosmologique




1.4. APPLICATION A LA COSMOLOGIE 7

1.4.3 Equations de Friedmann

SiI'on considere les équations de la relativité général) (1la métrique (1.14) ainsi que la forme
du tenseur énergie impulsion (1.16) alors nous avons deuati@ns dites de Friedmann

. 2
a 87CG k
" = (‘) = 3 2. (1.18)
a I7G
. - "3 (pi +3F,) (1.19)

2

ou la somme se fait sur tous les éléments matériels de I'tseté! est la fonction de Hubble.

Cette premiere équation va déterminer la "vitesse" d’esioainde I'univers alors que la seconde
va nous informer si l'univers est en accélération ou en @atbn selon le signe de Pour cela on
considére le parameétre de décélératjon —%

Nous savons depuis 1998, que ce parametre est aujourd'taiifaée. que I'univers acceélére.

1.4.4 Paramétres cosmologiques

On définit la densité critiqug. comme la densité qu’aurait un univers homogeéne et isotrope e
expansion pour que sa courbure spatias®it nulle. Soit

 3H?
Pe = GG

(1.20)

Ainsi on va pouvoir définir des quantités adimensionnéesyeprésentent la proportion (par
rapport a la densité critique) de chaque élément dans Busiv

8¢
QO = —=p 1.21
1 3H2 pl ( )
k32
W = ——m (1.22)

La premiére équation de Friedmann se réécrit
i+ =1 (1.23)

Elle apparait comme une équation de contrainte.
De plus I'équation (1.12) nous donne une équation de coaterv

p+3H (p+ P) =0 (1.24)

En définissant le redshifta partir du rapport de la longueur d’'onde de la lumiére au nmbrie
son émissionX) et de sa réceptiomn).
A
142 =20 _ 720 (1.25)
a A
On trouve alors apres intégration en fonctionzde

z 1+w(z/) dz’

p = pyelo T (1.26)




8 1. ELEMENTS DE RELATIVITE GENERALE

Soit pour I'équation (1.18)

H2
H}

z 14w, (z') dz

h?(z) = = Qrago(1 4 2)* + Quo(1 + 2)% + Qo(1 + 2)* + Z Qz‘,oegfo 142! (1.27)

ou est un fluide quelconque solution de I'équation (1.24) aweoroe équation d’étaP = wp.

Il s’agit de la fonction de Hubble en fonction du redshift.ti&eexpression est trés intéressante
puisqu’elle nous permet de contraindre les parameétres diglmcomme nous le verrons par la suite.
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L 'apparition de nouvelles étoiles "stellae novae" intriggjdéja dans I'antiquité. Les plus anciennes
références se retrouvent en Asie et notamment chez les i€h@iest seulement axv1€ siecle
gue le monde occidental réalise leur existence. Ensuitdiank (1889-1958) est le premier a établir
une classification et permet ainsi de distinguer les "sapgae" dont il propose le nom. Minkowski

(1895-1976) et par la suite Zwicky (1898-1974) rajouteifierentes sous-classes.

Avant de voir cette classification, il est temps de définiragsts.

Il s’agit de I'apparition d’'une "nouvelle" étoile dans leeti C’est ainsi le moment ou celle-ci
éjecte une grande partie de sa matiéere lors d’'une violeqti®on et cesse ainsi d’exister comme
étoile. Cela marque la fin de son existence en tant qu’entité.

2.1 Classification

Leur intérét aujourd’hui en cosmologie est tres importahés sont considérées comme des chan-
delles cosmologiques. Elles permettent ainsi la mesurdidesmces. Elles sont un sujet de recherche
en tant que telles par I'étude des différents processusqusstrés complexes qui se déroulent lors
de la formation de tels cataclysmes. Tous ces processustéesssants sont hors de mon champ
d’investigation pour I'instant. J'introduirai les diffénts types de supernovae et leur classification.

Cette classification est basée sur la spectroscopie lotaduminosité est maximale. On distingue
alors deux classes selon la présence ou I'absence de rajgaljéne au voisinage du maximum de
luminosité. On définit les supernovae de Typen présence d’hydrogene et celle de Ty son
absence. Par la suite une distinction plus riche appaditrales années 80. La présence (ou absence)
de silicium donne les supernovae de typérespectivement de typb oulc). Toutes ces distinctions
peuvent étre résumées dans la figure (2.1).
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Supernovae ‘ Supernovae a effondrement de
thermonucléaire \ coeur

hydrogéne

Non |
\ Oui
|

silicium
\ II
Oui / *
Ib/c
Ia i

\
\
| hélium
: n(iV \fui
| Ic Ib
FiGc. 2.1 — Classification des supernovae

2.1.1 Supernovae a effondrement de coeur

L'effondrement de cceur est le mécanisme (ou plutdt les nm&Tes) conduisant a I'implosion
de I'étoile en soufflant les couches externes de celle-@side destin des étoiles les plus massives
(M > 8M,). Ces "monstres" énergétiques ont une vie beaucoup plutesajue notre soleil et sont
tres lumineuses. Je vais rappeler brievement les diffésedtipes de leur vie.

Formées majoritairement d’hydrogene a leur naissanceéttéles vont briler ce combustible
en hélium. Il y a alors un équilibre entre la pression integh&a gravitation. Lorsque ce carburant
vient a manquer, I'équilibre est rompu et la gravitationregy tous ses droits. L'étoile s’effondre sur
elle-méme, provoquant alors un réchauffement et une nlgugeimbustion, celle de I'hélium. Tout
comme le mythe de Sisyphe, ce processus va se reproduire arfeadifférence que ¢a ne I'est pas
éternellement. En effet apres la formation du fer, notrédedt@ pourra plus le fusionner, cette réaction
serait endothermique puisque le fer est I'élément ayanetge de liaison la plus importante. L'étoile
a alors une structure en pelures d’oignon, i.e. une streemicouches de plus en plus légére a mesure
que 'on s’éloigne du ceeur.

En se synthétisant, le fer va alourdir le cceur. Lorsque a@laura atteint une masse proche de
celle de Chandrasekhar, la pression des électrons dégémapéut plus s’opposer a la gravitation. Le
cceur s’effondre entrainant une augmentation de températadésintégratiofi inverse est favorisée
(e~ +p — n+v). Les neutrinos s’échappent de I'étoile dont le noyau essadrincipalement composé
de neutrons. Les couches externes continuent a s’effoadrem cceur trés dense et incompressible.
Une onde de choc en retour (rebond) se propage alors du neyaliextérieur. Ce qui entraine une
dislocation de l'astre qui laisse derriere lui une étoileeatrons voire un trou noir.

Ces étoiles sont peu utilisées pour l'instant dans la megesealistances cosmologiques. Cepen-
dant, le plateau de décroissance de la luminosité pour lék@@Kmettrait de les utiliser comme
"chandelle cosmologique" [Hamuy 02] quand la physiqueigwgint ce plateau sera mieux connue.

2.1.2 Supernovae de type la

Dans I'étude qui me concerne, i.e. celle de I'énergie nsieejes les SNla sont utilisées comme
chandelles cosmologiques. Le processus conduisant &téexie d’'une SNla peut étre celui d'une
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naine blanche et d’'un compagnon qui peut étre égalementuireeraine blanche.

Tout commence avec une étoile peu massive qui va briler stnoggne. Lorsque ce combustible
devient rare, cette réaction s’éteint et I'étoile se cartr@n se réchauffant. Ainsi lorsque le coeur
de I'étoile atteintl0®K, I'hélium se met a fusionner a son tour en carbone et oxyganeis que
I'enveloppe d’hydrogéne non brilée se dilate et refrotdést une géante rouge. Au final le centre de
I'étoile, formé de carbone et d’oxygene se contracte (samsis atteindre une température suffisante
pour déclencher les autres réactions) jusqu’a ce que laiprege Fermi des électrons dégénérés vient
s’opposer a la gravitation, ce qui donne une naine blancbkg 0Gjets ont une caractéristique étrange,
plus leur masse augmente plus leur rayon diminue. C’est @@haekhar qui calcula alors la masse,
qui porte désormais son nom, que doit atteindre cet astreqaérson rayon soit nul. Il s’agit donc
d’une limite supérieure a la masse des naines blanches.

On se retrouve alors avec un systéeme binaire formé d’au momsaine blanche. Celle-ci absorbe
de la matiere de son compagnon qui va conduire I'astre adteela masse de Chandrasekhar et ainsi
imploser, ne laissant qu’'un nuage de gaz chaud en expatiiaméme processus est a l'origine des
SNIla (absorption de matiére par une naine blanche puis sigridorsque celle-ci atteint la masse
de Chandrasekhar) qui leur confere alors une grande sidgljtd’ou une tres forte ressemblance des
courbes de luminosité.

Celle-ci est générée par les réactions radioactives [Kerchh] successives

56Ni N 5600 N 56F€

La masse de nickel nous servira par la suite afin de modifiexiddion entre la magnitude et la
distance de luminosité dans des théories ou la constantiéagi@nnelle n’est plus constante.

Ainsiles SNla nous permettent de déterminer la distancet#ig lointaine et donc de prolonger
le diagramme de Hubble. Ces indicateurs de distances dagpendant étre standardisés malgré de
tres grandes similitudes. Les Céphéides permettent quedietsace travail. Ces astres qui sont des su-
pergéantes jaunes ont une relation entre leur période datpri et leur luminosité. Ceci fut mesuré
pour la premiére fois en 1912 par H. Leawitt qui a ainsi débeénxes distances interstellaires et par-
fois intergalactiques. Les supernovae ont 'avantage daineedes distances beaucoup plus grandes.
Cependant, malgré des propriétés trés semblables il pewirydes différences de luminosité au sein
des SNIla. Elles ont donc besoin d’étre standardisées. Catteation de la luminosité intrinséque
des SNla a été realisée avec les plus proches d’entre-gliesnt explosées dans des galaxies ou des
Céphéides avaient permis de connaitre les distances.

Aujourd’hui de nombreux projets sont a la recherche de S i SNLS (SuperNova Legacy
Survey) qui a pour but de découvrir plusieurs centaines da &Nes redshifts entfe2 et 1 afin de
contraindrew.

2.2 Consequences cosmologiques

2.2.1 Distance luminosité

Nous savons, d'aprés les équations de la relativité génémak la géométrie de l'univers est
reliée a son contenu énergétique. En connaissant les clistarn peut ainsi contraindre les différents
parameétres cosmologiques. Ce sera le réle de la distanceniledsité. Celle-ci permet un lien entre
la magnitude absolue (M) et la magnitude apparente (m).

En géométrie euclidienne, pour un objet ayant une lumiéasttinsequel., le flux (luminosité
par unité de surface) est alors défini par

L

 4md?

(2.1)
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oud;, est la distance de luminosité qui est égale a la distancsiglesdans un espace Minkows-
kien statique.

Imaginons un objet avec une luminosité intrinséduqui se trouve a une distance comohtle
par rapport a un observateur @n_énergie lumineuse émise par cet objet pendant un teNipsera
notéeAF alors que ces grandeurs vues par I'observateur sgront notéedt, et AF,. Ainsi les
luminosités observées et intrinseques sont définies rigp@ment par

AE AFE
? At,’ At

Or nous savons (1.25) que
Ao v At, AFE

=N =0 = A ~ AR,

Ainsi
L = L,(1+ z)2 (2.2)

De plus pour la métrique de Robertson-Walker I'élément dtasa spatial est défini par

dS® = a(t)*Si(r) (d6* + sin®0dg) (2.3)
ou
sin(x)  univers fermé
Sk(x) = ¢ sinh(x) univers ouvert (2.4)
X univers plat

Soit une surface totale atteinte par la lumiere de cet asjoeiad’hui

S = 4maSi(r) (2.5)
Nous savons que le flux peut étre défini de fagon intrinsequareF = ﬁ mais on peut
L
également le définir par rapport a I'observateur conime % Soit

dr, = apSk(r)(1+ 2)

Alors, dans le cas d’un univers plat (modéle que j'utilispax la suite)

4 dZ/
dr, = (1 2.6
L ( + Z) o H(Z/) ( )
Cette distance de luminosité est reliée a la magnitude par
~m(z) = M = 5logy () 125 2.7)
no= = Jio Mpe .

Cette derniéere relation est incompléete pour des modélesaléation modifiée ou la constante
gravitationnelle varie dans le temps.

En effet le modéle de [Arnett 82] explique que le maximum dmlarbe de luminosité est propor-
tionnelle a la masse de nickel synthétisée qui est elle-npoportionnelle a la masse de Chandrase-
khar. OrMc;, ~ G2 Ainsi I'énergie émise est proportionnelle.”/>. Cet effet aura pour consé-
quence de modifier la luminosité donc la magnitude. Ainssngaurons plus la méme relation entre
la distance de luminosité et le module de distanckes premiers auteurs [Garcia-Berro 99, Amen-
dola 99b] pensaient que cela pourrait expliquer 'appagignement des étoiles par seulement une
modification de(z, mais les calculs montrent que cette modification est trgmmante.G ne peut
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gue tres Iégerement dévier de sa valeur actuelle. Ainsidioa magnitude distance de luminosité
devient

dL 15 Geff
= M+5lo —_— 25+ — 1o —_— 2.8
m(z) + 0100y, (1 Mpc) + 20+ 1 910 (Geﬁ,o (2.8)
oU Gt est la vraie valeur de la "constante" gravitationnelle limtensité gravitationnelle mesu-
rée dans une expérience de type Cavendish.

2.3 Standardisation des SNla

Comme on I'a vu précédemment les supernovae de type la pegiverutilisées comme indica-
teurs de distance puisqu’elles sont considérées commehdesielles cosmologiques. De plus leur
tres forte luminosité permet d’observer de tels objets aekedrandes distances. Ainsi ce sont des
candidats essentiels pour I'analyse de I'énergie noire sadpossible dynamique.

Malgré leur trés grande ressemblance, on observe destiffés. Les différentes équipes d’obser-
vations doivent alors entamer une procédure de standtogisRBour cela [Pskovskii 77] a constaté
une relation dite "brighter-slower" entre la luminositéximaale et la décroissance de cette lumi-
nosité. Plus la supernova est intense au maximum plus l@idéance de sa luminosité sera lente.
Ainsi [Phillips 93] introduisit un parametre caractériséntaux de décroissance de la courbe de lu-
miere. Celui-ci est défini comme la différence entre la magl@ quinze jours apres son maximum et
sa magnitude au maximum de luminosité

A mis = m(tmax + 15 jourS) — m(tmax) (29)

Cette grandeur est fortement corrélée a la magnitude abadon maximum (Fig. 2.2).

Ainsi une correction de la magnitude absolue peut étre teecen suivant cette corrélation basée
sur 'observation.

De plus il y a d'autres parametres d’uniformisation des besr Ainsi, certaines équipes dont le
Supernova Cosmology Projadtilisent un facteur d’étirement, kgretch factor(voir Fig. 2.3). Dans
la bande B, ces deux paramétres sont reliés par I'équatioarga.

ou sz est le stretch factor dans la bande B.

Différentes corrections sont apportées et sont notamrnges aux filtres utilisés, mais également
a l'absorption due aux poussiéres rencontrées qui entriaiingougissement de la lumiére, aux effets
de lentilles gravitationnelles qui peuvent amplifier o@atter la luminosité, etc .

On voit donc que I'observation de nombreuses supernovagedda a permis de définir des cor-
rélations. Celles-ci sont alors utilisées afin de corrigerdourbes de luminosité qui sont altérées par
différents processus décrits plus haut. Les SNla peuverd étre considérées comme de trés bons
estimateurs de distance.

La luminosité est considérée comme maximale pour la bande® observations sont faites en utilisant un filtre
parmi cing bandes spectrales standard nommée U,B,V,Rrlisigfr Bessell [Bessell 90]
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FIG. 2.2 — On voit clairement une corrélation entre la magnitioolue a son maximum et ce para-
metre pour trois bandes spectrales différentes. La cowtiieée de I'article [Hamuy 96]
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FIG. 2.3 — Effet dustretch factorsur les courbes de luminosité. On constate notamment gsdaplu
luminosité maximale de la supernovae est grande plus saidgance est faible. Remarque que nous
avons déja faite et qui permet les corrections. Partantedfagsure ou la dispersion au maximum
est assez importante on arrive a des courbes standardiséesjec une faible dispersion. Tiré de
[PerImutter 99a]
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2.4 Differentes expériences a travers le monde

L'étude des supernovae dans le but de déterminer les paesr@ismologiques est relative-
ment récente. Cette histoire commence dans les années @halesdeux équipes : idigh-z team
(Ries$ [Riess 98] et IsSupernova Cosmology Projg@erimutter)[Perimutter 99b]. Elles vont révo-
lutionner la cosmologie récente par I'observation de Eé@tion de I'univers, ce que I'on appellera
I’énergie noire. Il faut également citer I'équipe Hamuyau Catan-Tololo Survegui a été un "four-
nisseur" de supernovae a faible redshift pour les deux éguipependant, afin de déterminer main-
tenant la possible dynamique de I'énergie noire, il fautirawo plus grand nombre de supernovae et
plus particulierement un plus grand nombre a grand red€idst de cette maniére que sont nées les
expériences de deuxieme génération.

Voici une liste des grands projets de recherche de supegriotravers le monde.

2.4.1 ESSENCE

ESSENCE Equation of State : SupErNovae trace Cosmic Expansaissi appeléthe w pro-
ject’ est un observatoire basé au Chili. Il découle du prdiigh-z teami. Ce projet a pour ambition
de trouver 200 SNla dans un intervalle de reddhift5, 0.75] afin de contraindrey a+0.1 (1 sigma).

2.4.2 SNLS

SNLS (SuperNova Legacy Survey) utilise les données cékecpar le CFHT (Canada France
Hawaii Telescope) & Hawaii. Ce projet est prévu pour un fonoement de cing ans entre 2003 et
2008 pour des redshift compris entre 0.2 et 1, dont le but estétouvrir plusieurs centaines de
supernovae afin de contraindre I'équation d’état de I'éeangire.

24.3 HST

Le HST (Hubble Space Telescope) est un télescope en orhitdrae 600 kilometres d’altitude.
Son lancement date du 24 avril 1990. Cependant, ce télestapant pas pour but la recherche
de supernovae a donc une statistique mauvaise. Il a permimsnaéns de découvrir une dizaine de
supernovae a des redshift supérieuts2aCes données sont utilisées par le prgg8SENCE

244 CSP

CSP (Carnegie Supernova Project) est un projet situé auéthgtévu pour 5 ans (2004-2009).
Son but est de recueillir différentes supernovae dont deéa &hes faibles redshift. Cela permet no-
tamment les normalisations des distances.

2.4.5 SNfactory

SNfactory (The Nearby Supernova Factory) est une expéridant le but est I'étude de 300 su-
pernovae a faible redshift afin de trouver la nature de I@ieenoire. Il s’agit d’'une collaboration
entre les Etats-Unis (Lawrence Berkeley Lab) et la Frard2RPB/CNRS) basé au Mont Palomar (en
Californie) et a Hawaii.
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2.4.6 SDSS

SDSS (Sloan Digital Sky Survey) a une composante recherehgupernovae "SDSS Super-
nova Survey" depuis 2004 dont le but est de connaitre 200 soyee dans un intervalle de redshift
z=101-0.3.

On peut donc constater I'intérét de la recherche de supaenpar le nombre des équipes. Mais
'inconvénient majeur reste la statistique et les systé&uas. Plus on observera de supernovae plus
notre connaissance de I'énergie noire sera précise. Amsiomnbreux projets sont a I'étude. Des
missions spatiales :
— SNAP (SuperNova Acceleration Probe) qui est un projet mai@rtres couteux et dont le lan-
cement, si le projet est retenu, est prévu avant 2020.
— DUNE (Dark UNiverse Explorer) est un projet francais caneat de SNAP (mais moins am-
bitieux) né de I'attente infinie de chercheurs du projet SNAP
Ces missions ont du mal a démarrer notamment par leur cotbieat, c’est pour cela que des
projets au sol sont développés dont le LSST (Large Synoptieey Telescope) basé au Chili et dont
I'ambition est de découvrir plusieurs dizaines de milliéessupernovae.
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3.1 Extraction des parametres cosmologiques

D ans un univers de type Friedmann, la magnitude apparentebjiets astrophysiques peut étre
exprimée en fonction de la distance de luminosité.

m(z) = M —5log, (Ho) 4 25+ 5log, (D) = M + 5log,,(Dy) (3.1)

ol H, est la constante de Hubbl®/ est la magnitude absolue des SN1Apeut étre considéré

comme un facteur de normalisation pour les différentesnosités et);, estla distance de luminosité

indépendante de la constante de Huldje

S ET (J\T/ A ) 62

V%]

ou Sy (x) = sinh(x), z, sin(x) selon que l'univers est ouvert, plat ou ferme.

Comme la courbure spatiale est tres faible, on pourra lage¥giar la suite. D’aprés [Komatsu 08]

—0.0175 < Qo < 0.0085 (3.3)
Ainsi
z dZ/
D, = (1 3.4
L ( +Z)/O h(Z/) ( )
La fonction de Hubble? est définie (1.27) comme suit
H?(z
W(z) = H(g) = Qo1+ 2 + Qago(1+ 2)* + Upi(2) (35)

ou
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z 1+w(z/) dz’

Qpp(z) = Qppge’lo s (3.6)
avec
P 2(1 4 2) @ _ . - .
w(z) = 2E = s(112) ", , Silaradiation est faible (3.7)

PDE 1— (%)2 Qmo(l+ 2)3

ou Ppg etppr sont respectivement la pression et la densité de I'éneggie.n

Afin de contraindre les paramétres du modele, j'utiliseeai données fournies par deux expé-
riences, ESSENCE et SNLS [Riess 06, Wood-Vasey 07]. |l s@gic d’'une liste hybride ou ils ont
normalisés le module de distanecen regardant les supernovae qu’ils avaient en commun [DaVis

Les différents paramétres de notre modele théorique sors ehlculés en minimisant i¢?

N 2
X2(917 0y, ... 7‘9k) _ Z (ﬂth(zi) éuobS(Zi)) (3.8)

T
i=1 g

ou{#;} sont les paramétres de notre modélesst I'erreur sur le module de distance définicomme
suit

pn(zi) = mu(z;) — M = 5log,, <(1 +Zi)/02i h((iz/)) + o (3.9)

ou pp = 25 — 5log,, (Hy) est simplement une constante. Celle-ci est alors considgéme
nuisible puisqu’il faut 'imposer. Il existe deux méthods de marginaliser Ig2, i.e. éliminer cette
constante. On peut se donner la densité de probabilité

P x e X'/? (3.10)

ainsi une intégrale d& par rapport a toutes les valeurs@g(ou bien deH,) permet de redéfinir
une densité de probabilit® indépendante de cette constante.

(110~ 7ig)?
P x / Pe 22 dH, (3.11)

ou H, est la constante de Hubble mesurée par une autre expériemoerdsuppose la distribution
gaussienne.

La deuxieme méthode, utilisé par [Di Pietro 03, Nesserid. 88koz 05], n’est pas une méthode
de marginalisation. Elle consiste a choisir une valeurglanalytiguement. Ces auteurs ont montré
que cette méthode donne les mémes résultats que la masgtiaiiad.1% prés.

Ainsi en définissant = i + p avec

ii = 5logy, <(1+z) /O hc(lj)) (3.12)

on remarque qug? peut se développer sous la forme
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N ~ 2
X2 — Z (p’th(zﬁ) + M;Q MObS(ZZ)) (313)
i=1 t
N ~ 2 N ~ N
i) T 7 7 % 1
DI R D M e RNT) DI S CED)
i=1 i i=1 ' =1
= A+ 2By + COpl (3.15)

avec les définitions évidentes padr B et C.

Il s’agit donc d’un polynéme du second ordre @n Cette fonction est alors simple a minimiser.
Le minimum est atteint pour

B
= —— 3.16
Ho C ( )
Soit pour cette valeur

Vo= A-= (3.17)

2
_ Z ,uth ZZ Mobs(zz))2 _ <ZZ:1 o (3 18)
i=1

N
Z Zzlo-l?

La minimisation de cette équation (3.18) permet de trousemheilleures valeurs pour les diffé-
rents parametres du modégié }.

Pour un modele d’énergie noire aveconstant

h2(2) = Qo1+ 2)% 4 (1 = Qo) (1 + 2)30+w) (3.19)
on trouve & sigma (voir Fig. 3.1)

Qo = 0.31£0.06 w = —1.15%+0.23 (3.20)

Il est aussi intéressant de se poser la question de la regomh de 'équation d’état a partir des
observations [Alam 04a]. Nous connaissons le lien emte¢ H a partir de I'équation (3.7). Ainsi la
connaissance de la fonction de Hubble permet de connatigsmkamique de I'énergie noire.

Pour cela on se donne un ansatz [Alam 04a]

h2(2) = Quo(1+2)° + Ag + A (1 + 2) + Ay(1 + 2)? (3.21)

Cet ansatz est exact pour la constante cosmologigue —1 (A; = A, = 0) ainsi que pour

des modéles d’énergie noire al= —2/3 (A9 = As = 0) etw = —1/3 (4 = A; = 0). ll n’est
pas réellement a considérer comme un développement limaé comme une équation mimant

I'énergie noire a faible et grand redshift. Par la suite ffisde se donner une valeur d&, ,, les

trois paramétresl,, A,, A, sont déterminés par la minimisation g&. Ce qui détermine totalement
la fonction de Hubble et done(z) via I'équation (3.7) (voir Fig. 3.2)

1+ 2 A+ 2451+ 2)
3 Ag+Ai(1+2)+ Ax(1+ 2)?

(3.22)
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01 02 03 04 05
-Qm,O

FIG. 3.1 — Contrainte des supernovae sur un modele d’énergie aa@cw constant et sans courbure.
Le point bleu représente les meilleures valeurs des paraspéts deux contours sont les erreuts a
et2o et les tirets représente le modale’ D M. On voit que I'on peut imaginer des modéles d’énergie
noire avecw < —1. Cependant, on se rend compte des grandes barres d’eresusupernovae ne
peuvent a elles seules apporter des réponses satisfaisanies paramétres du modéle. Il faut avoir
recours a d’autres observations. Celles-ci sont intredwiti chapitre suivant.

Les auteurs ont fait de trés faibles hypothéses, ainsildtadéseste assez robuste. Celui-ci nous in-
dique que I'énergie noire semble avoir une équation d’etaable i.e. que ce n’est pas une constante
cosmologique. De plus, nous voyons que la condition d’éadegpble (WEC) peut étre violéau <

).

Ce dernier résultat fut le fruit du travail de [Caldwell 02]Jigemarqua qu’une valeur importante
de Q.0 (2,0 > 0.2) implique une valeur dev de plus en plus faible et méme inférieure-a. I
I'appela I'énergie fantdme. Ce résultat fat confirmé pargi®3]. Il faut tout de méme indiquer que
dans ces deux cas les auteurs ont fait I'nypothése denstant.

Nous voyons bien que sous certaines conditions la condifi@mergie faible peut étre violée, il
est donc trés intéressant de regarder des modelesstiinférieur &-1. C’est par exemple le cas des
théories dites scalaire-tenseur dont je parlerai par ta.sui

3.2 Anisotropies du CMB

La théorie perturbative de la métrique que je développerahapitre dix, traite des fluctuations
de la température des photons. Nous avons un "transferthéteiation contenue dans la métrique
vers les photons.

Nous avons a I'époque du CMB un univers composé de photongimet électrons dont le
libre parcourt moyen est alors tres faible. A 'époque dwdgtage (qui suit la recombinaison, i.e. la
période pendant laquelle les éléctrons et les noyaux sentgnent) les photons acquiérent un libre
parcours moyen infini. Cette époque devient la surface deeaterdiffusion (des électrons), I'univers
devient transparent. Ce spectre est proche de celui d’ys cmir a la température de725K. Ce-
pendant, ce rayonnement n’est pas tout a fait isotrope peildgnivers n’est pas tout a fait homogene
et isotrope [Sachs 67].
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Qo = 0.2 Qo = 0.3 Qo = 0.4

tiré de [Alam 04a]

FIG. 3.2 —L'évolution dew(z) selon le redshift pour différentes valeurs@g (. Sur chaque graphe la ligne
en pointillée représente le model” DM, le trait plein la fonctionw(z) pour les meilleurs parameétres du
modeéle. Le contour en gris clair représente le niveau deamcial o et le contour foncé l'erreur Ao

Je vais développer tres brievement comment calculer lsptopies en température du CMB.
Soit un gaz de photons atl'abscisse curviligne le long de leur trajectoire, aloggiation sur le
4-vecteur énergie-impulsignt est

d ag
— +15p’p” =0 (3.23)

avec

p'=—(1,n) ou n'n’y; =1, ~,; estlamétrique spatial& I'énergie etn’ la ligne de visée
a
(3.24)
qui se réduit dans un univers de Friedmann a

: 1d N
E+HE =0 avec H= —d—a oun est le temps conforme (3.25)
adan
Apres la recombinaison la fonction de distribution des phst qui suivent la statistique de Bose-
Einstein est

1

expE/T) -1 (3.26)

f(o)(naE) =

Celle-ci évolue suivant I'équation de Boltzmann sans sih (équation de Liouville), i.e. que la
dérivée totale d¢ par rapport a\ est nulle.

dfO B of© E,af(o)

_ - 27
X on o5 = (3.27)

Soit en utilisant (3.25)

af© 5 af©
on oF

(3.28)
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ainsi on peut voir quef® = f©(qE). On en conclue quaprés le découplage I'énergie des
photons est "redshiftée" par I'expansion de I'univers caitnx a~!. Soit une évolution de la tem-
pérature d’aprées I'équation (3.26) comffiex a !

Maintenant que nous avons résolu I'équation pour la padiadygéne et isotrope, regardons la
partie anisotrope, i.e. que nous avons décomposé la fordéiaistribution comme

Les deux parties de la décomposition appartienne a deugespas phases différents (cet aspect
des perturbations sera abordé dans le chapitre dix). I6fau construire une fonction dite invariante
de jauge

On peut montrer [Durrer 94] que sous une certaine transfiomde jaugeg f(!) se transforme
selon

85 f©
OF

ce qui permet de construire une autre fonctibrinvariante de jauge solution de I'équation de
Liouville suivante

5fV = 5fD + BE——— (HT + n'T}) (3.30)

OF  OF . OF . 9F _0fO
Y _ @)t ik
o Tor" —EHG U Dt = B

[n'0;(® + V)] (3.31)

ou Ies<3>1“;l,‘C sont les Christofel de la partie spatiale (qui seront damereas nuls)® et ¥ sont
les potentiels de Bardeen, ils apparaissent sous cette foomme des termes de source pour la per-
turbation de la fonction de distribution.

Pour la suite il est plus intéressant d’intégrer cette @eentquation par rapportfiaafin de définir
la brillance du fluide de photons, i.e. I'énergie par unité d’angle sofidsurée par un observateur a
la positionz*.

I = 190+ 1V, 2", n) = 4x / fOEE + 47 / SfYESAE (3.32)
0 0
Ainsi la densité de photons est simplement le monopéle dellarize
< dQ 0 dQ2
py = / —1 soit p¥) = / — IO (3.33)
o A4m o 4m

La brillance permet alors de définir le contraste de tempggdpuisque la densité d’énergie varie
comme la température a la puissance quatre)

i 0T 11w

L'équation (3.31) s’écrit alors pour le contraste de terapée.

; 0
<n 0, - knj k o

Il s’agit de I'équation de Boltzmann pour des particulestiglstes sans collisions, qui exprime
comment les perturbations gravitationnelles apparaistams les fluctuations de température. Afin

) 0 = —n'0y(®+ ) (3.35)
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d’avoir une équation plus réaliste il faut rajouter difié®termes d’interactions dont notamment la

diffusion Thomson et la polarisation de la radiation.

0+ n'00 +n'0;(® + ¥) = interactions

(3.36)

Cependant, comme le principe reste le méme, je ne vais pasq@hpliquer ces équations.
En supposant que I'espace est ﬁﬁzéif;k = 0, on va pouvoir faire une décomposition en mode de

Fouriet

1 .
9(7707)(07”) = W/dBk 9(n07k7n) elXOk

(3.37)

Chaque mode de Fourier peut étre développé en harmoniqéddpdsur la 2-sphére suivante

[es) l

O(no.k.n) = Y > " @y (K,10)Yim(n)

1=0 m=—1

ou les coefficients,,, (k) sont donnés par

am(K) = /dQne(k,n)Ylm(n)
= 470,(K)Yim (K)
Ce développement peut également se faire dans I'espace réel
A — A’k ayy (K)e™
Al = alm( o) = W alm( )e
Ce qui permet de définir le spectre de puissance angulairévtii C

*
<CleCLl/m/> = 5ll/5mm’Cl

(3.38)

(3.39)
(3.40)

(3.41)

(3.42)

Pour un modele donné on peut calculer les coeffici€htst ainsi les comparer aux observations.
Les anisotropies du fond diffus cosmologique ont été mesupéur la premiere fois par le satellite
COBE (COsmic Background Explorer). A partir de 1998 les elgnées BOOMERanG et MAXIMA
ont permis de mettre en évidence les premiers pics acoestidit enfin depuis 2003 le satellite

WMAP nous apporte des mesures précises jusr'd 000 (voir Fig. 3.3)

Les positions des pics acoustiques dépendent du modéleddsmarametres choisis, ce qui per-
met de fixer des contraintes sur ces derniers. Cependaxisti @ne dégénérescence [Efstathiou 99]
sur ces parametres. Nous devons avoir recourt a d’autregierpes afin de les lever. Ainsi, afin
d’illustrer cette dégénérescence il a été introdupdeameétre de shiflR définit comme la variation
du premier pic acoustique pour un mode adiabatique par reppm modele de référence plat et dont

Q, =1.
l(l)
o lref
= 1M
or pour les modes adiabatiques
da

Ts

1™ = mr

1Si 'espace n’est pas plat, la décomposition est un peu plogplquée [Vilenkin 64, Kodama 84]

(nef) avec du : ladistance angulaire et,r, : I'horizon du son

(3.43)
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FIG. 3.3 — Spectre angulaire des fluctuations de températrgauisite de la NASA

ce qui apres quelques calculs que I'on peut retrouver dastafiou 99]

p Q0
R = - |Qk| Zrec = 1089 (3.44)
Sk <H0|Qk‘f - dz ) m

Z

Cependant on retrouve dans la littérature la définition duine parametre de shift que I'on utili-
sera par la suite

b () e

soit dans un espace plat

Zrec dZ/
R = Q. /0 el (3.46)

Le parametre de shiff a été contraint [Wang 06] par les trois années de données daRVM

R = 1.704+0.03 (3.47)

3.3 BAO

Puisque I'univers a une fraction importante de baryonsdatie prédit que les oscillations acous-
tiques dans le plasma primordial seront également "imm@#héans le spectre de puissance de la
matiére non-relativiste [Peebles 70, Bond 84, HoltzmarH8996, Eisenstein 98]. Il s’agit des BAO
(Baryon Acoustic Oscillations). Leur détection dans lecspede puissance des galaxies au faible red-
shift apporte la possibilité de contraindre I'expansion’dieivers et donc les parametres de I'énergie
noire. En particulier, on peut mesurer la quantité suivante

Do) = ((1+ 9 A<z>)3 (3.48)
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FiG. 3.4 — Les différentes couleurs correspondent aux conémsur le modele a partir des données
des supernovae, des BAO et des anisotropies du CMB (via EngdreR (voir 12.1)), en ayant
supposé un modele d’énergie noire sans courbureawanstantTiré de [Davis 07]

oud, est la distance angulaire.

1 1 2 d7
da(z) = Hol & 2) \/msk <V|Qk|/0 m) (3.49)

soit
1 z z d7 1/3
D,(z) = — 752< Q / )} 3.50
@ = 7 e (VO [ 5 (350
Ce qui permet de définir le parametre A
V)
A(z) = Hy D,(z2)—= (3.51)
z
contraint par [Eisenstein 05]
A(0.35) = 0.4694+0.017 (3.52)

Ainsi les observations des supernovae, des anisotropiEdABiainsi que des BAO permettent de
contraindre I'énergie noire. Pour cela on définit la fonetid qu'il suffit de minimiser.

Xz({ez‘}) = X%Nla+ Xi + X%e (3.53)
avecyiyi, définit en (3.18) ef;} les différents paramétres de notre modele.

(A(z = 0.35,{6;}) — 0.469) ., (R({6;}) —1.7)?
0.0172 R 0.032 (3:54)
Sous I'hypothése de constant, on a un modéle cohérent avec le modél® M (w = —1) (voir
Fig. 3.4). Mais on constate également qu’'une déviation tte éerme d’énergie noire est possible.

Ce résultat est renforcé dans le casuo’est plus constant.

Xa =
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Deuxieme partie

Modification de la relativité genérale -
Energie noire
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L a relativité générale est'une des théories les mieux @ésfiElle a notamment permis de calculer

avec précision I'avance du périhélie de Mercure, la cowbless rayons lumineux dans un champ
de gravitation, une explication élégante du déplacemanstleerouge des raies spectrales, ainsi que
de nombreuses prédictions cosmologiques. On I'a bien dejnfiniment grand, donc 'univers,
est le terrain de jeu de la relativité générale. Cependaatfallu compléter par différents modéles
la cosmologie afin de lever certains paradoxes. Il s’agiamotent de I'inflation, c’est-a-dire une
expansion accélérée de l'univers. De nouveau, il semblenque vivions une phase d’expansion
acceélérée. Ainsi tout comme pour I'inflation, il nous fautquéter notre théorie afin d’étre en accord
avec les faits.

La premiére observation et confirmation de cette expansioélérée fut établie par I'observation
des SNla et donc de leur luminosité par deux équipes, caliéigh-Z SN searclet le SuperNovae
Cosmology ProjedRiess 98, Perimutter 99b]. Ce fait expérimental fut condipar I'observation des
anisotropies du CMB, des BAO. Celui-ci est ainsi devenu wréé& "indiscutable”.

Cependant, jusqu’en 1998 le modéle théorique était celun dhivers en expansion décéléré. La
grande question était de savoir si celle-ci serait ou paadite. Assisterons-nous a &ig-Crunch?

Depuis ces observations notre regard a changé. Le bigftauate "enterré" et il faut aujourd’hui
avoir une théorie qui prédit cette accélération de notra@sp

Différents modeles sont possibles. On peut soit rajoute¥l@ment (énergie du vide, champ sca-
laire ...) dans l'univers ou bien modifier la gravitation gan action a quatre dimensions ou bien par
I'ajout de dimensions supplémentaires. J'exposerai queslgnodéles par la suite.
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E instein introduisit en 1917 une constante cosmologijaians ses équations parce qu’il pensait

trouver ainsi un univers fermeé statique qui serait en acaved le principe de Mach, l'inertie n'a
pas de sens dans un univers vide. Cependant, la découvestdudiens d’un univers en expansion
sans constante cosmologique par Friedmann en 1922 et estfgelvation de la fuite des galaxies
par Hubble en 1929 finissent par achever I'existence d’'unsteate cosmologique. Ce qui en donne
I'un des regrets les plus célébres de I'histoire de la seieibe modeéle d’un univers statique venait de
s’effondrer et la constante cosmologique n’avait donc gdluslité. Elle fut "ranger au placard" pour
un petit moment, avant de renaitre.

Cependant, durant toutes ces années elle ne fut pas totdlenidiée. En effet, pour remédier
au probléme de la singularité primordiale dans la solutierd-dedmann, Lemaitre avait développé
en 1927 un modele d’'un univers d’origine statique dans ldguacteur d’échelle est constant avant
de commencer a croitre. C’est seulement en 1968 que Yakasdah Zel'dovich [Zel'dovich 68]
considéra I'importance de la constante cosmologique esarfiaile lien avec I'énergie du vide. En
effet son calcul a une boucle de la fluctuation du vide apm@rnealisation donne un tenseur énergie-
impulsion de I'énergie du vide sous la méme forme que cella denstante cosmologique.

A
%QW
Ainsi venait de naitre le lien entre la constante cosmologief I'énergie du vide, ce qui va poser
certains problemes dont je parlerai par la suite. PourtBimisconcentrons-nous sur les solutions des
éguations en présence du terrme
L'introduction de la constante cosmologique apporte dasgtuations une modification sous la
forme

< Tw/ >vide = (41)

1
R, — QRQW +Ag, = 8nGT,, (4.2)

1 A
RP«” — §ng/ = 8 (T,LW — %guy) (43)
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Ainsi le terme supplémentaire peut étre vu comme un termemigérique” (partie gauche) donc
une modification de I'action d’Einstein-Hilbert ou bien cora un terme de "source" (partie droite),
i.e. un fluide supplémentaire.

Dans les conditions d’un univers homogene et isotropdaimétrique FLRW, on a

TG A k
02 = i+ = — — 4.4
e A
- = - ; + 3P, — 45
- 3 (pi +3P) + 3 (4.5)

2

Ainsi si I'on définie le paramétre de décélération

aa
q = T2 (4.6)
L'équation (4.5) s’écrit alors
Q,
q = Z ?(1+3wi) (4.7)
ou A
Pi
Q, = Qp = — 4.8
On voit que la présence uniquement de matiére conduit a wensren expansion décélérée
O
qg=— (>0 (4.9

2

Alors que la présence d’'une constante cosmologique pesitiaduit a une accélération de I'uni-
vers
g = —Qy (<0) (4.10)
Dans un univers compose de matiére et d’énergie noire sdasne d’'une constante cosmolo-
gique
Q

¢= 5 (4.12)

On voit alors que la présence d’'une constante cosmologigquegntrainer une accélération de
I'univers.

4.1 Age de l'univers

L’'age de l'univers sera calculé par

to 1 da o0 dz
fo = / ar = / ATT(a) :/o 0+ 2H() (*412)

ou H estdonné par (4.4).
Pour un univers dominé par la matiére et la constante cogiguie, on a

1 /OO dz
tg = — 4.13
0 Ho Jo (14 2)y/Quo(l+2)3 + Qo ( )

avec, o+ Qo=1.
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FiG. 4.1 — En bleue I'age de l'univers en milliards d’années emcfion defl,,, dans le modele

ACDM. Enrouge jai représenté I'age des objets les plus vieukxutév/kers. Cette courbe a été faite

H;
pourh = {5& = 0.701

Ainsi on remarque que l'univers est plus vieuxj,, décroit oyet lorsques2, croit. Si l'on a
plus d’énergie noire I'univers est plus agé.

Par I'observation de certaines étoiles pauvres en métgeondonner une borne inférieure a 'age
de l'univers. En effet certains objets dans la voie lactéenpétent de conclure que l'univers a un age
supérieur a 10 milliards d’années.

Ainsi on déduit de (Fig. 4.1), que pour avoir un univers aume@ussi vieux que les objets qui le
composent, une composante d'énergie ndixg { < 0.8 soit{2, > 0.2) est nécessaire.

4.2 Contraintes sur le modele

Les tests observationnels sur ce modele sont nombreux. gandera les contraintes apportées
par les supernovae, les anisotropies du CMB et les BAO.

Comme nous I'avons vu précédemment, les supernovae penndé contraindre la distance de
luminosité donc les paramétres du modeéle via

d
= m—M = 5log, (Wch) +25 (4.14)

On voit clairement I'influence d’'une constante cosmologigur la distance de luminosité (Fig.
4.2). En effet pour une méme mesure de redshift, plus la antestosmologique est importante et
plus la distance de luminosité croit. Ainsi I'objet est pélisigné.

En utilisant la méme definition dy? (3.53), on trouve

Qmo = 0.27 + 0.04 (4.15)

Soit 73% d’énergie noire. Ainsi toutes les observations conduigdatprésence d’énergie noire, qui
dans ce modéle est sous forme d’'une constante cosmologique.

4.3 Problemes de la constante cosmologique

Nous avons vu que Zel'dovich avait réussi a montrer le lietteenonstante cosmologique et
énergie du vide.
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FIG. 4.2 — Distance de luminosité dans un univers plat pour trmidéles différents.

En mécanique quantique, le spectre d’énefgjepour un oscillateur harmonique de pulsation

est 1
E, = hw(n+ 5) (4.16)

L'état de plus basse énergie n’est pas zéro contrairementréétanique classique. Il s’agit de
I’énergie de point zéro, ce qui peut étre interprétée gragerimcipe d’incertitude, une particule ne
peut jamais étre totalement "arrétée".

Un champ quantique libre est vu comme une série infinie diaseiirs harmoniques libres. Ainsi
la densité d’énergie du vide pour un champ scalaire rec@taamtribution infinie des énergies de
point zéro des différents modes d’excitation.

* d3k 1

<Twswe=<p>= [ ooV (4.17)
o (2m)32

Cette fluctuation du vide apporte dans un premier temps desgdinces eh?

Cependant on peut imaginer que I'échelle de Planck apporteut-off* ultraviolet naturelle

Soit

05

G?h
Alors que la mesure de la densité d’énergie associée a ltatnasosmologique est

< Too >vide = ~ 107 GeV* (4.18)

pr ~ 10747 GeV* (4.19)

Soit une différence de 123 ordres de grandeur! Il s’agit cabléme majeure de la constante
cosmologique. Il n’y a pas pour l'instant de modéles résssisa résoudre ce probleme.

Le second probléme est celui de la coincidence. En effentileapansion de l'univers, la densité
d’énergie de la matiére décroit comme?, la densité d’énergie de la radiation décroit cominé
alors que la densité d’énergie associée a la constante tmgmee reste constante. Ainsi il est trés
étonnant d’avoir les densités de matiére et d’énergie rhirsméme ordre de grandeur a des temps
récents.

Ce second probleme est résolu en considérant une constantelogique variable, soit un champ
scalaire.
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CHAPITRE 5

Quintessence

N ous avons vu que la constante cosmologique était le modpladesimple pour expliquer I'ac-

célération récente de 'univers. C’est-a-dire qu’elleidatla forme de I'énergie noire. Cepen-
dant, ce modeéle posséde deux problémes majeurs. Le prodiiti@e-tuning"”, i.e. comment cette
constante cosmologique (ou plutot sa densité d’énergig}glée étre aussi éloignée de I'échelle na-
turelle, celle de Planck. Le second probléme est celui deitecaence : pourquoi cette accélération
est-elle si récente ? Le facteur d’échelle n’est multiptiée par deux entre le moment ou l'univers
accélere et aujourd’hui. Alors que ce rapport est@é entre I'époque de l'inflation et aujourd’hui.
Ainsi ces problemes semblent indiquer gu’'une dynamiquésetgie noire permettrait de résoudre
les problémes de "fine-tuning" et de coincidence.

En 1998, nous avons les premiers articles [Ratra 88, Weit&8] qui décrivent en détail les
conséquences cosmologiques de la présence d’'un champrdesgence. Il s’agit d’'un seul champ
scalaire, décrit par son terme cinétique et un potentiel.

Pour décrire la quintessence on a recours a un champ saalairealement couplé a la gravita-
tion.

S = / d'xv/—gLy = / d*x/—g (—%aﬂqba%—\/(gb)) (5.1)

ouV est le potentiel du champ.
On peut aussi comme en relativité générale définir un teréseargie-impulsion

2 4S8
T, = — — (5.2)
N
Le champg sera considéré par la suite comme seulement dépendant gs,tdams un univers
homogene et isotrope. Ainsi l'identification du tenseurgigeimpulsion avec celui d’un fluide parfait

permet de définir une densité d’énergie et une pressioniassar ce champ.

pe = %¢32+V(¢) (5.3)
Py = LH V() (5.4)

Ce qui permet de définir

142
vy - P B V0)

29 7 719) (5.5)
P 50+ V()
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On voit que le champ de quintessence ne peut décrire le séatédme i.ew < —1 (siV(¢) >
0). Cependant, il peut trés bien décrire une phase accélérée< —1/3 lorsque

&> < V() (5.6)

Afin d’avoir un champ dont le comportement reste proche d& dalne constante cosmologique
i.e.w = —1, il suffit de se placer dans les conditions ou

#* < V(o) (5.7)

Nous sommes alors en présence d’un potentiel plat. Cecéeudiécrit par des paramétres introduit
dans le contexte de l'inflation

2 2
my, 1dV
_ 1dv 5.8
‘ 167 (V do (5-8)
2 2
_ Ml dV
T Vg (5.9)

Il faut alors que I'on se place dans les conditions de "sloli-r
ek 1, In| <1 (5.10)

De plus ce champ scalaire a une dynamique décrite par unéayda Klein-Gordon

b+3Hd=—-V'(¢) = Al (5.11)
do
Ainsi il évolue vers le minimum d& sans avoir encore atteint cet état, sinon on serait dansle ca
d’une constante cosmologique. Différents modéles ontdistauits afin d’avoir un modéle en accord
avec les observations.
Nous avons notamment un potentiel qui permet d’avoir unetisml avec une équation d’état
constante.

Vi(g) = Mle™™ (5.12)

Cette solution est trés importante, car elle estatiracteur Cela signifie que pour une grande
plage de conditions initiales, le champ finira par avoir umportement avec une équation d’état
constante. Mais cette évolution ne signifie pas que l'onnagas de problemes de "fine-tuning"”.
En effet pour avoir une proportion d’énergie noire prochdalgaleurQpz, ~ 0.7 il faudra un
ajustement fin sur les parametres du potentiel.

De plus ce modéle simple et agréable a manipuler disposepdailléeme majeur, celui de ne pas
engendrer d’énergie fantdme. En effet les observationmeu 08] nous permettent de penser que
w peut étre inférieur a1 [Caldwell 02] comme nous I'avons déja signalé. C’est un domgu’il ne
faut donc pas écarter.
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CHAPITRE 6
Champ scalaire en gravitation
Sommaire
6.1 Origineduchampscalaire . ... ... ... ... ... ......... ... 39
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L a théorie de la relativité générale d’Einstein est une ieégrométrique de I'espace-temps, dont

la notion fondamentale est la métrique. Ce qui lui vaut lacdénation de théorie tensorielle.
Nordstm avait avant Einstein essayé de développer une théoriegiavaation basée sur un champ
scalaire (le potentiel Newtonien) sans succes. Par la artdan sera le premier a réunir ces deux
notions, dans une seule et méme théorie dite "scalairedeh<e modéle sera amélioré par Brans
et Dicke [Brans 61] afin qu'il vérifie le principe d’équivalemfaible (WEP). Le lagrangien proposé
alors est

1 w
_ — ad e A1
£ = v (012 0,00) 61)
En comparant ce modele avec I'action de la relativité gdaékefinit par
L = . vV—9g R (6.2)
= 16nG VY '

On voit quey joue le role d&7 !, w est le seul parameétre constant du modéle ainsi que la peésenc
d’un terme cinétique.

6.1 Origine du champ scalaire

Un champ scalaire peut étre généré par différents mécagisme

Historiquement le premier modéle est celui de Kaluza, gaigima un modeéle de la gravitation a
cing dimensions afin de l'unifier a I'électromagnétismet soe théorie "Einstein-Maxwell". Ainsi il
congoit uné®™edimension compactifi€e en un cercle de trés faible rayorie$me physique de haute
énergie permettrait de "voir" cette extra-dimension. 8nltregarde la théorie a quatre dimensions,
alors l'information sur celle-ci est codée par seulememéjeon de cette dimension supplémentaire,
i.e. un scalaire.
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Dans les théories de cordes, une corde fermée posséde urzérodgli est décrit par un tenseur
symétrique de rang deux, i.e. la métrique. Mais l'inte@ttntre les cordes donne un champ scalaire
gui accompagne le graviton, il s’agit du dilaton.

Et enfin, de ces théories de cordes découlent les modelesitearC’est-a-dire que nous vivons
sur une surface atrois dimensions (ou sont confinés legpliasidu modele standard) dans un univers
plus grand (dans lequel peut se déplacer le graviton). Biff§ modeles sont proposés dont celui
de Randall et Sundrum [Randall 99a, Randall 99b], ou un chseafaire apparait et que I'on peut
interpréter comme la distance entre les branes.

Ainsi, d’un point de vue phénoménologique on peut traviadllquatre dimensions avec un champ
scalaire dont I'origine pourrait étre I'un de ces modéles.

6.2 Modele de Brans-Dicke

Je suivrai en grande partie les notations de [Fujii 03]

Cette théorie née de la réflexion de Robert Henry Dicke et Banry Brans en 1961 a la suite
des travaux de Pascual Jordan, a consisté en l'introdudtionchamp scalaire couplé au graviton.
L'une des conséquences importantes, est la variation dmktante de gravitatiofd.

Ainsi ils proposérent un lagrangien sous la forme

Lon = v <¢R - (007 + Lmaﬁér&w)) 6.3)

Il faut remarquer que le terme de matiére ne dépend pas dyxcheataire) mais uniquement des
champs de matiére, ce qui permet de conserver le principgidadence, i.e. la chute universelle des
corps.

Afin d’avoir un terme cinétique plus conforme a ce que I'onpat avoir I’habitude de voir, on
effectue une transformation

| € &2
o = 55@ = 8—wc1> (6.4)
Soit un lagrangien sous la forme
1 1, 1 )
Lep = 16—71'\/__9 <§§(I) R — 56(6@) + Lmatiére(w)) (6.5)
ou
e = Signdw) (6.6)

Ces définitions imposent & d’étre positif, puisque /w est positif. Ce choix est physiquement
réaliste puisqué&.;; ~ 1/¢, ainsi la constante gravitationnelle demeure positive gravité reste
seulement attractive et non répulsive.

Dans le cas od = +1, nous avons un champ scalaire avec un terme cinétique "figireaune
énergie positive. On peut remarquer que dans la limite dyqpaee platy, ~ 17y = —1, on retrouve
alors I'expression classiquie? /2. Cependant le choix= —1 semble étre inacceptable puisqu'il ap-
porte une énergie négative. Ceci n’est pas une contradictaos c’est simplement lié a 'espace dans
lequel on définit nos variables. |l faut faire une transfaioraconforme vers une autre variété afin de
lever I'ambiguité. Je parlerai de cet aspect au prochaipitrea

De plus on remarque que ce qui pouvait paraitre comme unalantg du champ dans le terme
cinétiquew/¢ disparait si I'on redéfinit le champ. Il ne s’agit que d’unefect da & I'écriture em-
ployée.
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La différence majeure avec les théories de quintessent@a@siplage non-minimal pour la théo-
rie de Brans-Dicke. En effet on parle de couplage minimadae I'on peut construire le lagrangien
a partir de celui-ci définit sur un espace de Minkowski pasldsstitutions suivantes

Nw — G, 0, — V, (6.7)
Ainsi si cette substitution peut se faire pour le terme Giyuet
1 1
—5677“”8”@8”(1) — —Qeg“”(’?M(I)(’?VQD (6.8)
Le couplage n’est alors présent que par le tegfheyg"”. On parle alors de couplage minimal.
Cependant nous ne pouvons pas reconstruire le premier {@jmgar cette méthode. En effet

dans un espace de Minkowski la courbure scalaire est nulle.
Cette substitution (construction) est alors impossible

1

C’est pour cela que I'on parle de couplage non-minimal.

6.2.1 Equations du modéle

Si I'on considere la variation de I'action (6.5) par rapp@ia métrique, on a

20G, = T+ T;}; —2 (QWD - Vuvu) ¢ (6.10)
ouG,, estle tenseur d’Einstein.
1
Guw = Ry — QR!JW (6.11)
Le tenseur énergie-impulsion est définit par
2 5Lmatiére
T, = — (6.12)
8 V=9 89"
Le tenseur énergie-impulsion du champ scalaire est
P 1 2
T, =€ (@L(I)&,q) - §gw,(8<1)) ) (6.13)
et enfinO est I'opérateur d’Alembertien
1
00 = ——0, (V—99"0, (6.14)
\/__g N/( )

la variation de l'action (6.5), par rapport au champ scaldionne une équation de type Klein-
Gordon

0p = =" 7
3+ 2w

On constate donc que le terme de source du champ scalaira gscé du tenseur énergie-
impulsion. De plus cette equation indique bien un couplageanatiere et champ alors que celui-Ci
est absent du lagrangien.

(6.15)
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Ce couplage disparait dans la limite— oo, le champ scalaire n’étant plus couplé, on se retrouve
avec une théorie qui est la relativité générale plus un chamalaire qui pourra jouer le réle de matiére
noire.

Pour finir, nous avons une troisiéme équation, la consenvali tenseur énergie-impulsion.

v, " =0 (6.16)

Cette équation dérive de l'identité de Biandhj,G*” = 0 et elle assure la chute universelle des
corps, c’est-a-dire le principe d’équivalence faible.

6.2.2 Approximation de champ faible

De la méme maniere qu’en relativité générale, I'approxiomatle champ faible se fait en consi-
dérant une perturbation de la physique dans un espace Mah@mv

Guw = Nw + hw/ (617)
¢ = dot+¢ (6.18)

ou ¢, est une constante.
L'équation (6.15) donne dans cette approximation

8w
O¢p = O = —0? 2 = |
6 =00 = -0+ V2 = - (6.19)
dont la solution en temps-retardé est
2 T
- — 33 6.20
¢ 3+2w/ r x ( )

Concernant I'équation (6.10), il faut effectuer différenhangements de variables afin d’arriver a
la solution. Ceux-ci sont les suivants

1
Vo = P — Qnuyh (6.21)
o, = Y (6.22)
1
Yy = Y — %Wuf (623)

Il faut de plus imposer la condition de jauge

9.¢

o, = 6.24
" 624
Ce qui permet de déterminer la solution en temps-retardé
4 [T, 4 14w [T
hy, = — | 22— —n,—>- [ =d? 6.25
g ¢o/ ro ¢o?7“3+2w/7“ : (6.23)

Ainsi si I'on considere une particule ponctuelle de mag&des solutions sont
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2M 1
= — 6.26
¢ %o+ 3+2wr ( )
442w 2M
= -1+ 6.27
Joo o(3 4+ 2w) r ( )
242w 2M
i o= 1+ 6.28
g Bo(3+2w) 7 (6-28)
95 = 0, i#j (6.29)
Ce qui donne une constante gravitationnelle
4+ 2w
= 6.30
ot = 3090 (630)
ou G est la constante qui intervient dans I'action d’Einsteiitbert
L = ! R (6.31)
B I6rnG '

Ainsi dans une expérience de type Cavendish, on mestigrat nonG. On retrouve bien la
limite de la relativité générale en prenant— oo soit Ge — G. De plus on voit que la condition
pour avoir une gravitation attractive est

—-3/2 <w (6.32)

Ce modéle de Brans-Dicke peut étre généralisé en une formggais présenter par la suite.

6.3 Théories scalaire-tenseur

On considére une action sous la forme

1

S = e /d4x\/—_g (F(®)R — Z(9)g" 9,20,® — 2U(®P)) + S [Vm; &0/ (6.33)

ou G* est la constante de gravitation nue, elle ne correspond plasiau couplage mesuré dans
une expérience.

Sm estl'action des champs de matiere, cette fonctionnelleéperd que de la metriqye, et des
autres champs de matiapg,. Cependant, elle ne dépend pas du champ scdlaimuplé au graviton.
Ainsi le principe d’équivalence faible, i.e. la chute uniselle des corps, reste valable.

F(®) est une fonction positive du champ scalaire, ce qui pernafoil’ une énergie du graviton
positive. En effet cette densité d’énergie est

F(®)GY, ol Gj estletenseur d’Einstein (6.34)
Ce qui dans un univers de Friedmann doBR&®) /2, ou H est la fonction de Hubble.

Le lagrangien dépend de trois inconnuésZ et U (le potentiel). Cependant, on peut toujours
redéfinir le champ afin d’avoir deux fonctions. Différentesgmétrisations sont alors possibles dont
deux sont particulierement utilisées.

— Paramétrisation de Brans-Dicke

F®) =0, Z(@)="2" (6.35)

Siw est constant on retrouve le modéle de Brans-Dicke avec @mpelt
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— Paramétrisation simple

F(®) arbitraire Z(P)=1 (6.36)

La variation de cette action par rapport a la metrigpedonne I'équation

1 1
F(®) (RW — 5gWR) = 81G*T,, + Z(®) (6M®8V(I> — §gW(8a<I>)2)
+VH81/F((I)) - gMuDF(q)) - gMuU(q)) (637)

On a une équation de type Klein-Gordon en faisant la vanat®cette méme action par rapport
au champ scalair@

dF dz au
0= ——R— = 2 — .
27(®) 0P dCDR o (0,P) +2d<I> (6.38)
On atoujours la conservation du tenseur énergie-impul§ommes,,, ne dépend pas dk cette

équation reste vraie.

VT =0 (6.39)

Ces équations sont écrites dans la représentation de Jdrd&yit de la représentation dans
lagquelle le principe d’équivalence faible est vraie. ligtade la représentation ou on aura les opé-
rateurs physiques, i.e. les "vraies" grandeurs mesuréesff& dans cette représentation la masse
des fermions sera la méme, puisqu’il N’y a pas ce couplage lavehamp scalair@. Ainsi toutes
les mesures de temps et de distance qui dépendent d’insttsicanstitués de matiére ne seront pas
affectés par la valeur locale du champ scalaire.

Cependant il est parfois plus commode de travailler dangtiia représentations, les calculs sont
alors plus faciles. Pour avoir acces a une autre reprégamtaisuffit d’effectuer une transformation
conforme sur la métrique (Voir Annexe A).

6.3.1 Représentation d’Einstein

Une infinité de représentation sont possibles (Voir Annekavais une seule permet de diagona-
liser le terme cinétique du graviton et celui du champ soalaie. que les degrés de liberté de spin 0
et de spin 2 sont séparés et peuvent étre calculés plusnfecite Cette représentation, permet donc
de simplifier les calculs et I'interprétation de certainsres.

On effectue la transformation suivante

guu = F<(I)>gul/ (640)
L'action (6.33) se réécrit

1

5= 47 G*

_ (R 1_, N
/d4X\/ -8 (Z - §gu a,ugbaud) - V<¢)> + Sm [wnﬁ A2(¢)guu] (641)
ou a été introduit un autre champ scalaire

() -3 2

Le nouveau potentidl” est défini comme suit
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U(®)
Vv = ——~
Dans cette nouvelle représentation les champs de mafig¢resont explicitement couplés au
champ scalairep, via la fonctionA

(6.43)

AQ) = s (6.44)

Les équations précédentes (6.37), (6.38), (6.39) s’atrivaintenant

R,ul/ o §R§,uu = SWG*Tw/ + 28u¢au¢ - gul’<§aﬂﬁa¢aﬁd)) - 2V(¢)§W’ ’ (645)
éd; = —ArG (o) T+ %E;)) , (6.46)
VI = a(6)To,0, (6.47)
ou

do

Les opérateurs surmontes d'un tilde sont definis par ragplarmetrique;,,, .

On remarque clairement pourquoi cette représentation @snméereprésentation d’Einstein
puisqu’on a une séparation du terfReet du champ scalaire dans I'équation (6.45)

En particulier le terme du champ cinétique a un signe négagifjui permet d’avoir une densité
d’énergie positive (signature + ++ soit—§%°d,¢dy¢ — ¢* ). De plus I'équation (6.42) permet de
réellement imposer le caractere positif de I'énergie. Eetefans la représentation d’Einstein, on a
diagonalisé les degrés de spin différents, ainsi si on expdette équation en fonction du temps (ou
duredshif)

§(2)? = 2(1;((;)) +Z(@)% (6.49)

Comme¢ décrit le degré de liberté de la théorie de spin zéro, ce chaanghoit avoir que des
excitations énergeétiques positives, ainsi

¢'(2)> > 0 (6.50)

Cependant, dans la représentation de Jordan, les degrgmd®st mélangés. Cela n’a donc pas
de sens d'imposer ®? > 0. On peut trés bien avoit ®'(z)? < 0 sans avoir de probléme physique
tant quep” > 0.

Onremargue également que lorsque 'on utilise la parasatinin de Brans-Dicke, cette condition

¢2(z) = Z(Z;g))) +Z((I>)§1;(2> (6.51)

1 3\ /9>
= 5 (u)—l— 5) (6) >0 (6-52)

permet de retrouver la condition (6.32),> —3/2.
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6.3.2 Moadification de la constante gravitationnelle

Comme nous I'avons vu pour le modéle de Brans-Dicke (€q)8a0constante” gravitationnelle
qui intervient dans une expérience entre deux corps massssplus une constante. Ainsi de fagon
plus général, nous avons également une variation de laaaesgravitationnelle dans les théories
scalaire-tenseur. Ce qui permet d’apporter des contsagiteles modeles comme nous avons pu le
montrer ave®avid Polarski, André Ranquet et Alexei Starobingksinnouji 06]. Il s’agit principale-
ment de contraintes locales, i.e. dans le systeme solarplu3 nous avons également vu aizavid
Polarski[Polarski 08] que nous avions également une contrainte slmoeléles via la croissance des
perturbations et par I'observation de la luminosité deesupvae.

Ainsi la détermination de cette "vraie" constante graiotaielle est fondamentale. Cela a été
fait [Damour 92] en 1992. |l suffit de faire I'approximatiors dhamp faible afin de pouvoir en déduire
la constante gravitationnelle. Les auteurs I'ont fait eplagant dans la représentation d’Einstein afin
d’avoir un découplage des degrés de liberté de git?.

G*27F + 4 (&)
Geg = G*A* (1 +0?) = — (d¢)2 (6.53)
FozF +3 (%)
Dans cette expression, on peut interpréter le premier téfme comme étant I'échange d’'un
graviton, alors que le secoré A% est I'échange d’un scalaire.
La contrainte la plus importante sur la variation@est [Pitjeva 05b, Pitjeva 053]

Geﬂ",O
Geﬁ,(]
ou 0 correspond a aujourd’hui.

De plus on peut avoir d’autres contraintes du systeme sokapartir des parametres post-newtoniens
définis en théorie scalaire-tenseur [Damour 92] par

= (—0.24+0.5) 107" année’ (6.54)

_ (dF/d)?
PPN = 1—1{7_1_2((“7/(@>2 (6.55)

42F + 3(dF/d®)? d®

= 1+

BrpN (6.56)

7 Yy

Les contraintes dues a la mission Cassini et a I'étude desnéftides des planetes [Bertotti 03,
Pitjeva 05b, Pitjeva 05a, Williams 05] permettent de cdntiee ces parametres

yppy —1 = (21423)-107° (6.57)
Bepn—1 = (0+1)-107* (6.58)

On voit donc des paramétres trés proches de ceux en redajiitérale

Gefi 0
Cependant, une extension de la relativité générale a despshscalaire n’est pas rejetée par les
observations. Dans ce cadre les contraintes (6.54,6.5&rdwent des outils trés intéressants, afin

d’étudier les théories scalaire-tenseur et notammentdaibitité d’avoir de I'énergie fantéme. Ceci
est fait dans I'article suivant.

=0, wen=1, Bepn=1 (6.59)
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We consider the viability of dark energy (DE) models in tlaerfework of the scalar-tensor theory
of gravity, including the possibility to have a phantom DEsatall redshifts: as admitted by super-
nova luminosity-distance data. For smajlthe generic solution for these models is constructed in the
form of a power series in without any approximation. Necessary constraints for DlBéghantom
today and to cross the phantom divide line= —p at smallz are presented. Considering the Solar
System constraints, we find for the post-Newtonian parasigtatypy < 1 andypyo ~ 1 for the
model to be viable, andpy o > 1 (but very close td) if the model has a significantly phantom DE to-
day. However, prospects to establish the phantom behawefddE are much better with cosmological
data than with Solar System experiments. Earlier obtairesailts for aA-dominated universe with
the vanishing scalar field potential are extended to a moreegd DE equation of state confirming
that the cosmological evolution of these models rule thetm\dadels of currently phantom DE which
are viable for smalk can be easily constructed with a constant potential ; howekey generically
become singular at some higherWith a growing potential, viable models exist up to an adry
high redshift.
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7.1 Introduction

A major turning point in cosmology has been reached with dhservationaldiscovery that
our Universe is accelerating now (and has been accelerfimgeveral billion years in the past)
[Riess 98, Perlmutter 99b]. If interpreted in terms of thad&in equations for the evolution of
a Friedmann-Lemaitre-Robertson-Walker (FLRW) cosmaiaigmodels with the (practically) zero
spatial curvature (the latter follows from other argumgrttis means that approximately two thirds
of the total present energy density of matter in our Univéssizie to some gravitationally unclustered
component called Dark Energy (DE).

Observations of high redshift supernova, fluctuationsetibsmic microwave background (CMB)
temperature and other effects tell us that the effectiveggraensityp,  of DE is very close to minus
its effective pressurgpr (see Egs. (7.16,7.17) below for the exact, though conveatjaefinition
of these quantities) and that they are both very weakly dngn@f at all) with time and with the
expansion of the Universe. The physical nature of DE is unknat present, and three main logical
possibilities exist (see [Sahni 00, Peebles 03, Padmand$)&ahni 05, Copeland 06] for reviews).
1. DE is a cosmological constant, as originally suggestdgibgtein, withppp = —ppr = A/87G =
const exactly?

2. Physical DE : DE is the energy density of some new, very Vyaakeracting physical field (e.g., a
quintessence — a scalar fiebdvith some potential’(¢) minimally coupled to gravity).

3. Geometric DE : the Einstein general relativity (GR) egue arenotthe correct ones for gravity,
but we write them in the Einsteinian form by convention, mgttall arising additional terms into the
r.h.s. of the equations and calling them the effective grergmentum tensor of DE.

Of course, this classification is not absolute. In some ¢akedifference between physical and
geometric DE can, in turn, become conventional. E.g., faraminimally coupled scalar field (which
constitutes a specific case of scalar-tensor gravity censitlin this paper), equations of the model
have the same form irrespective of the origin (physical angetric) of this field. Another way of
classifying DE models which is more invariant and, therefanore important from the point of view
of the observational determination of the type of DE is tadivthese models into dynamical, if the
DE description requires a new field degree of freedema(new particle from the quantum point
of view), and non-dynamical in the opposite case. Then alsjgal DE models and many of the
geometric ones belong to the first class, while the cosmoébgionstant itself and some geometric
models fall into the second category, i.e., théR) model with the Palatini variation of its action
whereR is the scalar curvature.

At present, all existing observational data are in agre¢math the simplest, first possibility
(inside~ 20 error bars in the worst case). The case of a cosmologicaktaanis internally self-
consistent and non-contradictive. The extreme smallnedseccosmological constant expressed in
the either Planck, or even atomic units means only that itgrors not related to strong, electro-
magnetic and weak interactions (in particular, to the probbf the energy density of their vacuum
fluctuations) at all. However, in this case we remain with dimeensionless constant only and can not
say anything more (at least, at present). That is why the tiwergossibilities admitting a (slightly)
variable dark energy have been also actively studied angbamed with observational data recently.
Moreover, properties of the present DE are remarkgbblitativelysimilar to those of an "early DE"
that supported an inflationary stage in the early Universe.ilBthe latter case, we are sure that this
early DE was unstable. So, it is natural to conjecture byagyathat the present DE is not stable, too.

On purely phenomenological grounds, one can consider DEelmamith a constant equation
of state parameterpr = ppr/ppre different from—1. However, the latest observational data have

already severely restricted this simplest alternativesipilgy to |1 +wpg| < 0.1 (1o error bars) [Sel-

'h = ¢ = 1is used throughout the paper.
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jak 05, Astier 06, Spergel 07]. Therefore, a viable alteweatio the cosmological constant has to be
looked for among more complicated models with; # const. Such models include quintessence
ones with different potentialg (¢) (see [Sahni 00, Peebles 03, Padmanabhan 03, Sahni 05] fe- num
rous references), models with several minimally coupledesdields (see, e.g., [Blais 04]), those with
direct non-gravitational coupling between DE and dark ergdM) ( [Amendola 00] and following
papers), unified models of DE and DM (the Chaplygin gas modahienshchik 01] and others),
etc. Then, however, it becomes very important to investigfaihere exist models of DE for which
a variablewpr may cross the "phantom divide" linepr = —1 (we call DE "phantom” if it has
wpr(z) < —1 for a givenz and "normal” in the opposite case). Note that the weak erzygglition
(WEC) is violated for phantom DE. This is not possible at atl quintessence models with the stan-
dard kinetic term and hardly possible, i.e., it requires-generic initial conditions, for scalar field
models having a non-standard kinetic terrh-€ssence”) [Vikman 05] (see also [Andrianov 05]).

Indeed, analysis of the recent SNe data with redshifts upsadl .7 (the "Gold dataset" [Riess 04])
using fits containing at least 2 free parameters, e.g., tieatifit (7.78) forwp g in terms of the scale
factor a [Chevallier 01, Linder 03] or the quadratic polynomial fit{9) for ppg in terms of the
redshiftz [Sahni 03a], or with model independent methods, resultsest bts to these data having
a variablewpr that steadily increases for redshifis< z < 1 and crosses the "phantom divide"
somewhere betwedhand0.5 [Alam 04b, Huterer 05, Gong 05, Dicus 04, Hannestad 04, Riap®t
Upadhye 05, Lazkoz 05, Espana-Bonet 05, Xia 06, Zhao 07] (emeever, [Wang 04, Wang 05, Sel-
jak 05, Jassal 06, Dick 06] for a more conservative view — engbnse of returning back to a cos-
mological constant). This statement does not mean that act eesmological constant is excluded
— it is still inside 1 or 20 error bars, as was stated above. Moreover, one should beusuwtith
this result : it may be a consequence of trying to obtain a tw®-@rained graph af ,z(z) from the
luminosity distancel;(z) as has been already emphasized in [Maor 02]. In this respesttlts for
wpp(z) averaged over a range of redshift9).3 (dubbed the {b-probe™ in [Shafieloo 06]) are more
statistically reliable, e.g., the result thap; ~ —1.057507 obtained for the same Gold SNe dataset
in [Alam 04b] for ©2,,, o = 0.3 and the averaging redshift intervdl, 0.414). However, a remarkable
possibility of crossing the phantom divide at recent reftishwhen DE has become the dominant
component of the Universe by its effective energy dendiilyyemains viable. The latest Supernovae
data withz ~ 0.5 [Clocchiatti 06] also admitvp(2) < —1 for z < 0.5, but not for larger redshifts,
as a possible interpretation. Finally, the recent data @ust@ baryon oscillations in the present
matter power spectrum (the Sakharov oscillations) [Eism€5, Cole 05], while strongly restricting
one direction in the plane of parameters for the two-paraméts (7.78,7.79), leave the orthogo-
nal direction practically unconstrained, therefore, pérmng the recent phantom divide crossing (see
Sec. 7.6).

So, if this striking behaviour of DE will be confirmed by futudata, what is the best way to
describe it? One possibility, ghostphantom DE, i.e. a scalar field with the negative sign of its
kinetic term, was first proposed in [Caldwell 02] and trigegba very large wave of publications (see,
e.g., the recent papers [Nojiri 05, Sami 05] for a list of refeces on this topic). However, it has been
long known that theories of this type are plagued by quantistabilities, the most dangerous of those
being the process of creation of two particle+antiparipaés : one of the ghost field and another of
any usual (non-ghost) field (see [Cline 04] for a recent itigason). Moreover, a ghost model of
DE is unsatisfactory even at the classical level : it doeserptain the observed large-scale isotropy
and homogeneity of the Universe ! Just the opposite, e.gthéogiven Hubble constarif, averaged
over angular directions in the sky, we would expect a una&yde very strongly anisotropic with the
anisotropy energy density (i.e., the positive energy dermdilong-wavelength gravitational waves)
being compensated by a large negative energy density ofhibst PE, or of a ghost component of
DE in more complicated multi-component models of this typg( in the two-field realization of
the “quintom” model introduced in [Feng 05, Wei 05]). It issfla classical analogue of the quantum
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instability mentioned above, with the "usual” field being tiravitational one and with the dynamical
quantum instability transformed into the problem of cleakinitial conditions. For this reason, we
are sceptical regarding this approach as a whole.

Fortunately, there is no necessity to introduce a ghostttedckplain possible phantom behaviour
of DE including its phantom divide crossing. As was first emghed in [Boisseau 00], scalar-tensor
theories of gravity allow for this phenomenon. Scalar-temaodels of DE belong to the third class
(geometric DE) according to the classification given abadwes class of models is very rich and in-
teresting. It contains Einstein gravity plus a non-minilpabupled scalar field, as well as the higher-
derivativef(R) gravity, whereR is the scalar curvature, as particular cases, besidesiatidar DE
phantom behaviour and transition to a normal DE. In this pape will concentrate on scalar-tensor
DE models with the latter properties because of tentatieenkational evidence described abéve.
Note that a possible phantom behaviour of DE in scalar-tegisvity has a conventional character.
The reason is that the effective gravitational constéhsandG.g (see Sec. 7.2 below) are generi-
cally time-dependent while the definitions (7.16,7.17}&f DE effective energy density and pressure
assume some constatitwhen writing the left-hand side of equations and splittingit right-hand
side into energy-momentum tensors of non-relativistidengtnainly non-baryonic cold dark matter)
and dark energy. As a result, a part of the Einstein ten§grand the energy-momentum tensor of
dark matter multiplied by a change @y is conventionally attributed to DE. In other words, phan-
tom behaviour of scalar-tensor DE is always ’curvaturaioet!’, in contrast to the ghost DE models
or other models like those considered in [Aref’'eva 05, RulvaB6] where it may occur in the flat
space-time already.

The possibility to get both a phantom DE and the phantom digrdssing in scalar-tensor gravity
is related to the fact that this theory has two arbitrary awtpendent functions(®) andU (®) (see
the Lagrangian (7.1) below). Throughout this work we assspagial flatness though this prior while
well motivated theoretically can be challenged [Polar&}i Bs has been shown in [Boisseau 00], two
different types of observations, e.g., determination efltiminosity distance and the inhomogeneity
growth factor in the non-relativistic component as funeti®f redshift, are necessary and sufficient
for the total reconstruction of the microscopic Lagrandiani) of scalar-tensor gravity. However, as
shown in [Esposito-Farese 01], a partial reconstructiomgushe luminosity distance data only could
yield interesting information, too. In that case some agstion about one of the functions(®) and
U(®) has to be made, so that only one unknown function in the ntois Lagrangian (7.1) remains
to be found. Clearly, many different partial reconstructstrategies are possible and we explore some
of them here with the aim to investigate which DE models inasegnsor gravity are viable.

It has been found in [Esposito-Farese 01] thadominated universes with a vanishing potential
U are ruled out as they lead to singular universes alreadyrgtloe redshiftsz ~ 0.7 (see also
the recent paper [Perivolaropoulos 05]). Of course, cotappleegular but non-accelerating solutions
do exist in this case. Among models with a non-zero potebtjadne concrete example of a model
with the phantom divide crossing was constructed in [Péaiapoulos 05] where the functiodg ®)
andU(®) were given in the parametric form as functionszofip to = ~ 3. More examples for a
non-minimally coupled scalar field{(®) = F;, — £®?) with a non-zero potentidl’ were investigated
in [Luo 05], also forz < 2. In the present paper, we make a next step and extend thedts regwo
directions : first, by constructing a generic solution faalac-tensor DE models far < 1 in the form
of a power series in ; second, by investigating and numerically integrating emhthese solutions
up to largez >> 1. The latter task appears to be necessary since, though DEdsshinant for: > 1
as compared to non-relativistic non-baryonic dark mattet lsaryons, its model itself may become
intrinsically contradictory for large, namely,F or > may become negative for an unfortunate choice

2The third possibility to get a phantom DE including the pleantdivide crossing which is based on braneworld
models [Sahni 03b] (see also the recent paper [ChimentoAdb})ot be discussed here.
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of U(®). Itis also crucial to check that any DE model has the correatgr-law behaviour for large
z [Amendola 07b].

Finally, for the scalar-tensor theory of gravity, it is wielown that the present value gg(z =0)
is severely restricted from Solar System tests of post-Neiah gravity (i.e. by the measured values
of the post-Newtonian parameters). For this reason, there been stated that the present phantom
behaviour in scalar-tensor models of DE requires large ataiufine tuning and, thus, is unnatural
[Torres 02,Carroll 05a]. Therefore, itis important to istigate this problem in more detail to quantify
what amount of fine tuning (and of what kind) is necessary feigaificantly phantom behaviour of
DE, and to determine the relation between this behaviouresults of Solar System tests of gravity.

The paper is organized as follows. In Sec. 7.2 we define ahtifiess related to our scalar-tensor
DE model and present the background evolution equations.

In Sec. 7.3 we derive the general integral solution for thendjty F'(z). In Sec. 7.4 we consider
solutions in which DE scales as some power of the FLRW scaterfa(¢) and show their existence
for DE of the phantom type (the latter requires a non-Zéf®)).

In Sec. 7.5 we consider the smalbehaviour of our model and find conditions for the violation
of the WEC by DE today and for the phantom boundary crossirsgat| =. In Sec. 7.6 the general
reconstruction of a microscopic model is considered andlbiservational constraint from the acoustic
oscillations in the matter power spectrum is discussedem 3.7 we consider the reconstruction for
a constant potential more specifically and show that the iMmt®mes singular at some redshift that
cannot be arbitrarily high once we have chosen a specifictiequaf statewpz. In Sec. 7.8 non-
constant potentials are considered and a model which is@syically stable for large is presented.
Sec. 7.9 contains conclusions and discussion.

7.2 Background evolution

In this section we review the background evolution equatioma spatially flat FLRW universe. We
consider a model where gravity is described by a scalapteéhsory and we start with the following
microscopic Lagrangian density in the Jordan frame

L=- <F(<I>) R~ Z(®) g““&uq)&V@) — U(®) + Lun(g) - (7.1)

SincelL,, is not coupled teb, the Jordan frame is the physical one. In particular, femm@asses are
constant and atomic clocks measure the propertimé. The quantityZ (&) can be set to eithdror
—1 by a redefinition of the field, apart from the exceptional cag€®) = 0 when the scalar-tensor
theory (7.1) reduces to the higher-derivative gravity theg® + f(R). In the following, we will write
all equations and quantities for the cdse-= 1. For our purposed,,, describes non-relativistic dust-
like matter (baryons and cold dark matter) as we are intedest low redshift { < z.,) behaviour
only. Here,z., denotes the equality redshift when the energy densitieswofralativistic matter and
radiation are equal. In such a model, the effective Newt@vitational constant for homogeneous
cosmological models is given by

Gy = (87F)™ % (7.2)

As could be expected7y does not have the same physical meaning as in General Rg|aine
effective gravitational constani.g for the attraction between two test masses is given by
F + 2(dF/d®)?

Gz =G .
TN F 4 3(dF/dd)?

(7.3)

on all scales for which the field is effectively massless [Boisseau 00] afRid> 0. The condition
G.¢ > 0is one of the stability conditions of the scalar-tensor th€@.1), it means that the graviton
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is not a ghost. In fact, even at the purely classical levélag been shown in [Starobinsky 81] that a
generic solution of (7.1) may not smoothly cross the boundar = 0. Instead, a curvature singu-
larity forms at this boundary which generic structure hasnbalso constructed in [Starobinsky 81].
This condition combined with another stability conditi@eé Eq. (7.10) below) results il > 0, so
Gy > 0, too.

We will write all equations in the Jordan frame using (7.Jpe8alizing to a spatially flat FLRW
universe

ds* = —dt* + a*(t) dx*, (7.4)

the background equations are as follows :
P2 :
3FH? = %ﬁ~§+U—3HF, (7.5)
—2FH = pp+®*+F—HF. (7.6)
The evolution equation of the scalar fiebdcan be obtained from the two equations (7.5,7.6). Elimi-

nating the quantityp? by combining these equations, we obtain a master equatichdajuantity?’
which takes the following form when all quantities are exgsel as functions of redshift

4 6 2(Inh)’
FI/ 1 h I F/ _
i [(n ) 1+z} +{(1—1—2)2 142

6u
— mF@ QU,O + 3 (1 + Z) h_2F0 Qm,O s (77)

where a prime denotes the derivative with respect smd we have introduced the quantities=
Hio, Quo = ?)F‘OJ—OHQ andu = U% The index0 denotes the present moment here and below. The
0

(dimensionless) relative energy densfty, , is defined through?,,, = 2~,. Once the master

— 3FgH?"
equation (7.7) is solved faf', we get the algebraic equation fof(z) : ’
(I)IQ F/ F Fou FO (1+Z)
— = — Quo— ————= Qo - 7.8
6 1tz (1422 (xzp2m2 vo 2 0 (7.8)
The second stability condition of the scalar-tensor gyatl) is
For? 3

WBD = N2zl > 50 (7.9)

where®” is found from (7.8). Inequality (7.9) just expresses theitpity of the energy of the (he-
licity zero) scalar partner of the graviton, i.e. the pediyi of the kinetic energy of the scalar field in
the Einstein frame (see e.g. [Esposito-Farese 01] for metagld)

3 F/ 2 (I)/2
¢&z—(—> +—>0 (7.10)

with @ taken from (7.8). With theZ = 1 parametrization, we cannot reconstruct the funcfig®)

When—% < wpp < 0since®”? becomes negative in this case. Indeed, these allowed vegatiies
of wgp correspond to the parametrization choie= —1 in Eq.(7.1). TheZ = 1 parametrization
allows us to consider consistently only cases for whid¢h> 0, or equivalentlywzp > 0. However,
the condition (7.9) withd”? given by (7.8) is the true condition that the theory is welhéesd and
it remains valid even fo’? < 0. This is best understood in the Brans-Dicke parametrinafio=

$, Z = =22, where one can reconstruct the two functidns- 0 andwpp > —g from (7.7), (7.8),
(7.9). For®”? > 0 and F > 0, the inequality (7.9) is satisfied automatically. The isdtun of the
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FiG. 7.1 — Several quantities are displayed for the model withupatrization (7.78) witlhw = 1 +

wog = —0.2andf = w, = 0.4, while F; = 0 and Q&ZU;O = %’ff = 0.97585. The curves shown

represent the following (rescaled) quantities in funcdmedshift : Fﬁo (solid), 10 x ®" (dotted),
10 x ¢ (dashed) and.1 x wpp (dot-dashed). It is seen thag, and®’? become negative at~ 10.
The model remains valid beyond~ 10 until z ~ 18 as long asupp > —32 or equivalentlyy? > 0.
So, we see that the model remains valid for a large intervaredy® < 0. Of course, it is impossible
to reconstructd in this interval using theZ = 1 parametrization. Note that? becomes negative
beforez,, ~ 22 whereF’(z,,) = 0, in accordance with (7.77).
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range—% < wpp < 0is not of purely academic interest and can be important winerconsiders the
reconstruction of DE models far in the past. We illustrate #ith a specific example in Fig. 7.1.

Solar System experiments constrain the post-Newtonianpetersy» y andSpy today(for these
quantities, we drop here the subscript

(dF/d®)?
= 1- 7.11
PN F +2(dF/d®)? "’ (7.11)
1 F(dF/d®) dy
- — 7.12
Ben A2F + 3(dF/d®)? dd (7.12)
as well as the quantitg%. The best present bounds are :
vpy —1 = (2.1£23)-107°
Bpy—1 = (0£1)-107*
Geto _ (—=0.2£05)-1072 y 1. (7.13)
Geff,O

where the first bound was obtained from the Cassini missi@nt{ii 03] and the other two from
high precision ephemerides of planets [Pitjeva 05b, Ritf#a] (the second bound has been recently
confirmed by the Lunar Laser ranging [Williams 05] — theirualspy — 1 = (1.2 £ 1.1) - 1074).
As a consequence of the smallness gf; — 1, the Brans-Dicke parameter; , satisfiedodaythe
inequality
WBD,o > 4% 10%. (714)

The resulting bound oA”(0) is very stringent
£(0) ¢'(0)

NI == ST (7.15)

However, as was discussed in [Boisseau 00], the quantjty need not be so large as (7.14) in the
past, though one can deduce a looser inequality applying ugdshiftz < 1 with fairly reasonable
assumptions. From (7.8, 7.15) we can derive the allowederafignitial valuesF’(0) and we find

1

|[F"(0)] ~ wpp o andQpgo — Que > 0, the result that we will recover in Sec. 7.5 when performing
the smallz expansion of all quantities. The peculiar cd$€0) = 0 together with2pr o — Qo > 0
corresponds to pure General Relativity today f = o00).

As noted above, supernova observations permit DE to be gflthatom type, with the equation
of state parametew,r < —1 at small redshifts. This is a strong motivation for consitgrDE
models in the framework of the scalar-tensor theory of gyaWlore generally, at present there is
much interest in models with modified gravity of which the lac@ensor theory is a well known
representative. In scalar-tensor DE models, a meaningfulition of energy density and pressure of
the DE sector requires some care (see also [Torres 02] foradetkexplanation). Let udefinethe
energy densityz and the pressung,x in the following way :

3Ky H> = pm+ ppE (7.16)

—2FyH = pm+ ppE+PpE - (7.17)

This just corresponds to the (conventional) represemtatithe true equation for scalar-tensor gravity
interacting with matter in th&insteinianform with the constantzy = Gy () :

1
RHV — §R Guv = 87TGO (T,Lva + T,ul/,DE) . (718)
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With these definitions, the usual conservation equatiotiepp

ppe = —3H(ppe + ppE) - (7.19)
If we define the equation of state parameter; through
_ PpE

WpE = — , (7.20)
PDE
the time evolution of the DE sector is given by
z 1 /
pou(2) = €(z) = exp {3/ dz' l@] : (7.21)
PDE.0 0 142

Using (7.16,7.17), one gets
%(1 +Z)dlnH -1

dz
WpE = s (722)
— g—é Qmp(l + 2)3
where
0, =L (7.23)
3H2F,

Then EQ.(7.16) can be rewritten as
h?(2) = Qo (1 +2)° + Qppro €(2) (7.24)

whereQpp o = 1 — (2, ¢ by definition. The condition for DE to be of the phantom type,s < —1,
can be obtained from (7.22). It reads [Sahni 00, Boisseau 00]

dh?

— <30, (1+2)%. 7.25

T <30 (1+2) (7.25)
This inequality is modified in the presence of spatial cuk@fPolarski 05]. As was first emphasized

in [Boisseau 00], the scalar-tensor gravity allow for pleamDE. Indeed, for these models
ppE +ppp = P2+ F — HF +2(F — Fy) H , (7.26)

hence the weak energy condition for DE can be violated (sse[@brres 02]). Moreover, as it will be
shown below, the weak energy condition may be violated ewethe sum of DE and non-relativistic
matter, i.e. for the whole right-hand side of Egs. (7.18diaeg todh/dz < 0. However, such a strong
violation corresponding tayy = wpg(0) < (1 — Q,,0)"' & —1.4 is not supported by the existing
data (though not completely excluded either).

The relation between the Hubble parameter and the lumindisitance in scalar-tensor gravity is
the same as in GR:

hl(z) = <?L+(ZZ)) . di(z) = Hy Dy(2) . (7.27)

However, as discussed in [Amendola 99b, Garcia-Berro 98tadaaga 02, Riazuelo 02], when using
supernova data to obtail; (z), one has to take into account the dependence of the Chakdsaase
mass onG.g, SO that the Snla peak luminosity appears tobéG .o (z)/Ger o)~/ As shown in
[Boisseau 00], the full reconstruction of the functiakis?), U(®) requires two independent types
of observations d;,(z) or another function of that probes the background evolution, and the growth
factor of matter perturbation$,,(z)/p.(z) at some comoving scale much less than the Hubble
scale, too. On the other hand, as emphasized in [Espogsies€-81], one can already obtain powerful
constraints from a partial reconstruction usibg(z) only. Such a partial reconstruction is possible
when some additional condition is imposed on eitheor U. This is the way we adopt in Sec. 7.7 :
we reconstruct the functiof’ for a given Hubble parametédi (=) and a constant potential and
investigate whether the resulting model is viable. Befardbarking on such partial reconstructions,
we derive first an integral form of the general solution of &q7).

Note that the definitions af;,(z) and Dy, (z) are interchanged in [Chevallier 01] and [Polarski 05].
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7.3 The master equation forF’

Let us now consider the master equation (7.7) and preseggritsral solution in an integral form.
This will allow us to understand general properties of sohs, in particular, their dependence on
initial conditions. The first step is to note that one solntdthe homogeneous equation (7.7) (without
source term) is given by

Fo (1+2)%. (7.28)

This suggests us, following [Esposito-Farese 01], to ohiae the functiory defined as follows

F
B) (14227014 2), (7.29)
Fy
in terms of which Eq.(7.7) becomes
" ! p! 6U 3
f + (hl h) f = m QU,O + ﬁ Qm,O y (730)

where we have introduced the variable= 1 + z. Due to the absence of any term proportionafto
in accordance with (7.28,7.29), Eq. (7.30) is easily irdégnl formally, and its general solution has
the integral form

' -1 T / z’ " "
f(x):1+[—2+ (x )] d;L N 6QU,0/ dx / u(z") dz
1 1

£, h(z') 2" h(2")
T Ay z’ dz"
30, — - 7.31
* / h<:c'>/1 @y 3D

A nontrivial dependence on initial conditions is througle tecond term only. We see that for
a given initial valueF’(z = 0), this term is proportional to the dimensionless luminosiistance
d;. Due to Eq. (7.15), we havg/(z = 1) = —2 + L2E=9L ~ _9 indicating that we must start

Fo wBD,0

today, on observational grounds, very close to GR. Heneeséitond term of the general solution
is bound to be negative and it is this term that will possiblgip the quantityf(z) downwards for
increasing:. Finally, the corresponding quantity is trivially obtained using (7.29). If wehoosel/

to be constant, we can implement the reconstruction of tleeascopic Lagrangian. By inspection of
(7.7) for constant/, we find the asymptotic solution

F(z)=Cy 2>+ Cy a2 + Fy (7.32)

in complete agreement with (7.31) setting- 1. We can now proceed with the general reconstruction
scheme [Boisseau 00, Esposito-Farese 01] andifind, and hence(®), by integration of (7.8). This
would finally give usF'(®).

Let us come back to the solution (7.28). It corresponds t@#rametrizatior¥ = —1 with

1 3
F((I)) == —(I)z , WBp — —=, (733)
6 2
where® is defined up to some constant. From (7.33) it is seen thasttigion is unphysical in view
of (7.9), see [Esposito-Farese 01]. It is interesting tAe&3) corresponds to a conformally coupled
scalar field in the Jordan frame satisfying

. . R
b+ 3Hd + 0 =0. (7.34)
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7.4 Scaling solutions

Let us now consider the so-called scaling solutions for WID& scales as some poweraf
ppp < a7, (7.35)

which attracted a lot of interest previougllearly, for these solutions DE has an effective barotropic
(constant) equation of state, viz.
wDE:—1+’y, (736)

and we can readily write formally the general scaling solutyy substituting
h? = Qo (1+2)° + Qpro (14 2)™7, (7.37)

into the integral expression (7.31). We emphasize thatdiviss the general scaling solution irres-
pective of any limiting case and for an arbitrary potentilag only assumption is that of the spatial
flatness. Using (7.31) and (7.37), general analytic exgresdor F'(z) can be obtained only for the
casesy = 1, 4/3 (see Appendix).

In analogy with a minimally coupled scalar field (quintess®na scaling solution satisfies

PDE + PDE
PDE

However, in contrast to the minimally coupled scalar fieldecwith a positive potential, (7.38) does
not imply 0 < ~ < 2, in particulary can be negative which corresponds to phantom DE.

To get insight into the ability of scalar-tensor DE modelptoduce various equation of state
parametersvp g, it is instructive to study first scaling solutions in the abse of dust-like matter
(pm = 0). In this way, a lower limit onwp g for realistic solutions withp,, # 0 can be obtained.
These scaling solutions can also be considered as desgth®nasymptotic future of our universe

when(,, — 0 andQpg — 1. Thena(t) « [t|? with ¢ = % For phantom (or, super-inflationary)
solutions,g < 0 and then the momert= 0 corresponds to the 'Big Rip’ singularity [Caldwell 02,
Starobinsky 00].

It is straightforward to check that such scaling solutioas exist only when = a®? with
o = const. This form of F' corresponds to a constant Brans-Dicke paramesgr= - for Z(®) = 1.
Further on, we assume that> 0 for stability of the theory. The two scaling solutions in tranishing
potential case (the pure Brans-Dicke theory) are [O’ Haildh

1+34/1+ & 1+ = F4/1+ &
D] o ", r=— -, q= >0. (7.39)

9 q -
8(1+ ) 4(1+ %)

Hence it is not possible to get a scaling solution withz < —1 with vanishing (or negligible)
potentiall/ (®). We note that the above solution reduces to (7.28,7.33)rwatdor Z = —1 when we
formally puta = —% in (7.39). Indeed we get = 1, » = —1, henceF « a2 which is exactly the
solution (7.28).

However, scaling solutions supported by both the kinetit thie potential energy ab can exist
in the presence of a polynomial potential®) = Uy|®|™ (we assume that the potential is positive, so
Uy > 0). We have for these solutions

2 _2(n+2+12)
2-n 1T m=2)n—-4)

T =

(7.40)

40ur definition forppx, Eq.(7.16), differs from that used in [Pettorino 05], ani texplains why our results differ
from theirs.
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while the inequalityg® + 2qr > g—i has to be satisfied (this is always the case ik 1 andn =
O(1)). They were first found in [Barrow 90, Amendola 90] (see alse analysis of their stability
in [Amendola 99a, Holden 00]) but they have not been disaligsein connection with phantom DE.
Note that there is no phantom behaviour for usually consiiguadratic and quartic potentials.

So, we see that it is possible to get scaling solutions with 0, wpr < —1if 2 < n < 4. For
these solutions; < 0, too, so thau(t) diverges in the "Big Rip" singularity at some finite moment
of time in future. It is clear that, relaxing the requiremefnscaling behaviour, it is possible to add
some amount of dust-like matter to these solutions whilek&teping the phantom behaviour of DE.
However, the amount of ‘phantomness’ exhibited by themtihe modulus of the minimal possible

value ofwpp + 1 = 2/3q, is very small for small values ef (equivalently largevsp), viz.

wpp + 1> —% , (7.41)

where the equality is achieved far = 3. Thus, the conclusion is that polynomial potentials and
scaling solutions in viable scalar-tensor DE models cath feaiolation of the WEC, however, by the
small amount- w7, only.

7.5 Smallz expansion and Solar System gravity tests

Of course, scaling solutions considered in the previousmeare very specific ones. Let us now
study generic solutions describing DE in the scalar-temggavity. Since, as was explained in the
Introduction, if DE crosses the phantom boundary at allag tone it in a very recent epoch, at small
z, it is natural to study the expansion of a generic solutiopawers of redshift. For each solution
H(z), ®(z), the basic microscopic functiods(®) andU (®) can be expressed as functions:aind
expanded into Taylor series in:

F
]gz):1+F1z+F2z2+...>0, (7.42)
0
Uz
3F0( ]_)102 = QU70U = QU,O + U 2+ us 22 + ... (743)

Note that this expansion produces two parameters in eadr ofd which are independent of ini-
tial conditions and can be expressed through derivativds(éf) and U () with respect tob. The
corresponding expansion féx'(z) is :

(Fo) 2®'(2) = &)+ &) 2+ @, 22+ ...

1
= A + — 6(F1 — FQ + QU,O — 1) — 3(Qm70 -+ Ul)

A
3(Qpo + Q2
+ ( leo 1 U70) (4F1 — 2F2 + 6QU70 + 3Qm70 - 6) C 2 + s (744)

2

with A? =6 (Qpro — Quo — F1). As we will see belowA? > 0. In principle, the expansion (7.44)
can be inverted to get(®). From (7.42,7.43), all other expansions can be derived :

R*(2) = 14+hiz+hy2®+ ..., (7.45)
€2) = 1l+eaz+ez’+..>0, (7.46)
wpp(z) = wo+w z+wy 22+ ..., (7.47)
Ge
H'ZE = Go+ g1 24+ g 22+ ..., (7.48)
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which can be used in order to constrain parameters of our inode

There are two types of observational constraints at snighiéts. The first of them includes those
ones that follow from Solar System and other tests of possibViations of the scalar-tensor gravity
from GR at the present moment & 0) ; in particular,|go| < 1073 at the20 confidence level from
the last of Egs. (7.13). Other constraints follow from cotogial tests and refer to the whole range
of redshifts up to: ~ 1 and higher redshifts, depending on the nature of the tegiaiticular, if
we assume that the present supernova data admit (or evarfaveg(z) < —1 for z < 0.3 as was
argued in the Introduction, thejg =€ +262z+3e 22+ ... <0forz < 0.3. In particular, we
must have:; < 0 that is equivalent to Eq. (7.25) takenzat 0.

It follows from the substitution of these expansions inteHF.7,7.8) that

1
hy, = o (6 — 30 — 6Qu — 4F) + 2F3)
2
3 5 Fg Uy 11
3
+F22 - 3FQQU7O - §FQQm’O + 4F2 + F3 - 5QU,O — Uy — 4Qm,0 + 5 s (749)
T gF1 —2F, —6(Qppo — Qo) + %Fl Qpeo (7.50)
0o = , .
3QDE,O(% —1)
1 L+ 69&2200 Q 0
— L 4F, — 2F, +6Qu — 3Qppo — 3 ) — 9=
w1 3000 % 1 ( 1 2+ 08y DE,0 ) Qoo
6 (5 F1F3 F1U1 11
+ ———— | =F}?—3FF, — + 4P Quo+ —— + —F1Qno — TH
(% —1)2\2 2 4
3
+ F22 — 3FQQU70 — §FQQmO + 4F2 + F3 - 5gZU,O —u + 4gzDE,O + 1)
1 2
— 4F, — 2F5 4+ 6Qy 9 — 302 -3 . 7.51
39%&0(% — 1)2< 1 2 U,0 DE0 ) ( )

The quantitied’, Fs», Qpg o — Qu, satisfy important constraints. Fogp o, we have the expression

6(QLpro — Quo — F1) _ A_Q
F? F?

(7.52)

wWBD,0 =

which should be very large and positive, see (7.14). Theeefwe must havéF;| < 1 andA? ~
6(Qpro — Qo) > 0.> Moreover, since\? < 6Qpg o < 5 for positiveU,

5 1/2
|7 < ( ) <1072, (7.53)
WBD,0
Thus, two cases are possible. In the first case, the furtledfidentsF;, F3, etc. in the expansion
(7.42) are all of the order df, i.e. they satisfy the inequality (7.53), too. In this cake,first deriva-
tive of /" with respect to: or ¢ at the present moment is not atypical compared to otherater@s.

SNote that this condition is not satisfied in the recent paNesgeris 06] that results in unphysical nature of its bést-fi
solution forz < 0.2.




60 7. SCALAR-TENSORMODELS OFNORMAL AND PHANTOM DARK ENERGY

Then, however, a possible amount of phantomness (the tyadefined in the end of the previous
section) is also of the order ¢f |, i.e. less thar1%. Such DE will be practically indistinguishable
from a cosmological constant.

Another possibility which admits 'significant phantomnesamely,min(1 + wpg(z)) < —0.01,
takes place ifF»|, |F3|, (2peo — Quo) and so on are significantly larger thgh|. It is a matter of
taste if one considers the second possibility as 'fine tungith respect to the first one ; observations
should finally tell us if significant phantomness does exisha@t. In any case, it is clear that if we
are interested in any prediction for a significant deviafrmm the cosmological constant variant of
DE, we may negleck; as compared té; and other parameters (but not in those expressions where
it enters as a multiplier).

For |F}| < 1, all the expansions above simplify significantly, and weehan particular,

215 +6(Qpro — Qo)

1 ~ . 7.54
+ wo 3000 ( )

From (7.54), the necessary condition to have phantomdoByreads

d?F F5
—_— = < —1. 7.55
<d‘1’2 ) o 3(Qpeo—Quo) (7.35)

In particular, , < 0, becaus€)pro — Qo > 0 as discussed abo¥eMore specifically, to have
14wy < a,,, < 0 will require

3
Fy, <=3 (Qpgo— Quo) — §\Oém\ QpEo (7.56)

and henceF;| = Qpg for a,,, < —0.6. To summarize, the following conditions must be satisfied to
have a viable model with + wpg o < o, <0

3
‘F1| <1 QDE,O — QU,O — F1 >0 F2 < —§|Oém| QDE',O . (757)

In the same limith; < 0, i.e. the WEC is violated for the total effective energy-nesrtum tensor for
matter + DE (for the whole right-hand side of Eq. (7.18))hé tstronger inequality is fulfilled :

3
F, < —5(1 + QDE,O — 2QU,O) . (758)

The expression fow; becomes in the limitF; | < 1

1 Qm 0 Qm 0
= 1+6 : 2F, + 3+ 3Q — 602 -9 :
Wy 300 [( + QDE,O) (2Fy + 3+ DE,0 U,0) QDE,O:|
2 3
+ |:}72 (FQ — 3QU,O — _Qm,O + 4) — 5QU,O + 4QDE,O + 1 + F3 — ’U,l}
Qpeo 2
1
— —— (2F +3Qpg + 3 — 6Q) (7.59)
3QDED 7 ’
B 9(wo — 1)QQDE70 -8 — 6w8 +9Q,, 0 — 18y + wo (26 — 90 + 18§2U70)
N 2
—6wg + 14900 + 32, 0(—3Qp0 + 2w 2
n ( 0 U0 of U0 0)) I (Fy — ), (7.60)
QpEo QpEo

8n this place our considerations intersect with those oféiwent paper [Martin 06]. The condition (7.55) corresponds
to 5y > 1inthe notation of that paper. The other case mentioned,thgre —1, does not lead to significant phantomness
of DE with our definition of the DE energy-momentum tensor.
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where the last equality (7.60) is obtained using (7.54)c&i andu, are free parameters determined
by a concrete choice df(®) andU(®), it is well possible to haves; > 0 for wy < —1 in order to
realize a smooth phantom divide crossing at smétlr DE in the scalar-tensor gravity.

We obtain further

G 1
QOEHO1 o = Fl{l—(

Gefr 0 B 1) (FE—3F — 30 + 3Qppo) (FE — 4F — 4Qu0 + 4Qpko)

X

F
((Ff - 41?2)(71 —1) = (5F, — 2F, + 6Q0 — 3Qppo — 5)F1)
X(Fl + QU,O - QDE,O) + (4F1 - 2F2 + 6QU70 - 3QDE,O - 3)F12

5 Fiu 3
+(FFy — §F1 + % - §F1QDE,0 —6Qu —ur + 6QDE,O)F1} }(7-61)

Expression (7.61) simplifies considerably féi| < 1 :

Fy d2F
~F(1— =MNl1—-(— . 7.62
o= ( 3(Qppo — QU,0)> ' < <dq>2)0) (7.62)

Note thatg, and F; have the same sign for the case of (significantly) phantomHMially, for the
post-Newtonian parametgpy and~py we have

W F
= 1+ BD — 7.63
ﬁPN 4(2&)31)—1-3)(&)31)—1—2)2 F ( )
1
= 1 - — . 7.64
YPN wnp + 2 ( )

Taking the zeroth order in, we obtain :

WBD,1 1
= 1+ : —. 7.65
BPN,O 4(2&)31)70 n 3)(CUBD7(] + 2>2 F1 ( )
1
= 1 - — . 7.66
YPN,0 WEDo + 5 ( )

For |F)| < 1 and|Fiu; /A% < 1, we have :

1
wppo =~ 6(Qpeo— Qo) I (7.67)
1
Fy
wpp1 =~ 24(Qpeo — Qo) 3 (7.68)
1
which finally yields
P P B (7.69)

—1- =1- '
TPN,0 6(Q2pro— Quo) Peno 72(QpEo — Qp)?

Now we can use (7.50,7.52,7.62,7.69) to extract infornmafiom the Solar System constraints.
First we note that all the Solar System constraints (7.14)3) are satisfied for a sufficiently small
|| (less than the upper bound (7.53)) independently of anyirement concerning the present DE
equation of state, in particular, whether one has today DlBe@phantom type or not. From (7.64), it
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is seen thatypy o ~ 1 andvypy < 1 for any viable scalar-tensor model of DE havingp , positive
and large. For significantly phantom DE, other constraiolieW from (7.69) :

Beno > 1, (7.70)
veno—1 12 (Qpgeo — Quo) 1+ w
: _ : OV 60 —4. 7.71
Bpno— 1 F; PR (7.71)
Therefore, for significantly phantom DE
—1
i< % <0. (7.72)

Itis possible to invert formulas (7.62,7.69) and exptEssF, and{2pg o — Qo through the Solar
System observableg o, Bpno andgy :

B go— 17—_4(16 =y (7.73)
P-4 7

Qppo— Qo = —% o z;(; —E (7.75)
|l twy = L ABZD+y -1 (7.76)

37 Qppoly—1-4(8 - 1)

Thus, in principle, it is possible to tesiy < —1 in the Solar System as was recently discussed
in [Martin 06]. However, this may be very difficult to perforim practice since the small parameter
F; enters quadratically intgpy o — 1 andgpn o — 1 while not appearing (in some limit) ih4wj. So,

a rather significant phantomness of DE is typically accorgzhhy very small deviations of the post-
Newtonian parameters from their GR values. E.g., let us$bke, = 0.7, Quo = 0.6, vpyo— 1 =
—2-107° (the latter being marginally possible at tke level) andw, = —1.2. Then, from Egs.
(7.69,7.54), we getry| = 3.5-1073, F, = —0.51 andf8pno — 1 = 0.85- 107° — an order of
magnitude below the present upper limEurther,w; = 2.9 (F3 — u;) — 0.70. Finally, in this case
lgo] = 0.95 - 1072 that is an order of magnitude larger than theupper limit following from the
last of Egs. (7.13)! So, if this upper bound will be confirméld,| has to be decreased by an order
of magnitude which results iipx o — 1 andypy o — 1 being on the level of0~". For comparison,
in the extreme opposite cask;, = 0 with the same values &2y, vpn,o @andwy, we get|Fy| =
9.2-1073, Fy, = =23, Bpno— 1 = 0.55-107°, wy; = 2.9(F3 — uy) + 1.5 and even larger
lgol = 1.9-1072.

This shows also that the measuremenGQJf,o/Geff,O is the most critical among Solar System
tests of scalar-tensor DE since this quantity is propoaiidn the first power of the small parameter
|Fy| (apart from the exceptional cagd’F/d®?), = 1 which does not lead to the present phan-
tom behaviour of DE). Also, to determing which is necessary in order to consider the possibility
of phantom boundary crossing, the determinatiofdsfin G /dt?), is required, something that is
hardly possible. Thus, testing the phantom behaviour déstansor DE in the Solar System may be
much more difficult than in cosmology.

’Let us emphasize once more that the formulas (7.62,7.69) et®ained under the assumptidi| > |Fy|. For this
reason, they are not applicable, e.g., to the scaling sol§#.40) for whichF, = —F1/2 > 0, vpy = 1 — 4« in the
limit « < 1, andfBpy = 1.
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7.6 General reconstruction ofF'(z)

We consider now the reconstruction Bfz) for given Hubble parametéf (») and potentiall.
As can be seen from (7.24,7.2H( z) is a functional ofw(z). We will consider several cases corres-
ponding to phantom divide crossing at very small redshit&aoured by the latest observations. It
is desirable to derive some general properties of the behawof our system before embarking on the
study of specific models.

It is easy to derive the following general property sharea@ grge class of models : if we require
that¢? > 0 and alsdJ > 0, then the following inequality must be satisfied

F (1422 F F L
7 <TF —(1+ z)) + i > (1+2)°h72(2) Qo - (7.77)

Note that the r.h.s. of (7.77) tends to one in any model forchipz < 0 and it will tend to this
asymptotic value quickly fowpr < —0.5. We can consider several particular cases :

— It is seen from (7.77) that models which at some redshjft> 1 satisfy F’(z,,) = 0 and
0 < F(z,) < 1 sufficiently small, must also havw&?(z,,) < 0, such an example is actually
illustrated in Figure 7.1.

— WhenF — 0 for z — z,, while at the same timé”(z,,) # 0, it follows from the expression
(7.10) for¢ and using (7.8) that”> — oc.

— Finally, an interesting case is provided whefx,,) = F’(z,,) = 0 for somez,,. We see first
from (7.8) that®? — @"(z,,), where®”(z,,) is a (small) negative number. Let us assume
that% is bounded when — z,,. In that case the inequality (7.77) cannot be satisfied,denc
#"*(2,,) < 0 (allways assuming/ > 0) and actually we have? — —oo for z — 2, as can
be checked directly with the definition ¢f>. As a consequence,df*> > 0 asz — z,, then we
must havq%\ — oo andifin additionFT/2 is bounded, thep” — .

Some of these properties are illustrated with Figures 217 3.

Let us consider now the space-time background evolutioodet in the quantity:(z). From
a theoretical point of view, as is seen from (7.24), a givemcfion w(z) implies a corresponding
functional formh(z), and conversely using (7.22). Future data are expected sum@®,(z) =
H;'dp(z), and thereforéy(z) = Hy' H(z), with high precision. In the meantime, we can try some
particular expressions(z), or h(z), parametrized with the help of a limited number of free para-
meters, an attitude which turns out to be very fruitful. Wél wonsider both constant and variable
equation of state parameter. Observations suggest thatcan be varying and we will model this
variation using the following two-dimensional paramedtinn of the equation of state parameter sug-
gested in [Chevallier 01], [Linder 03])

w(z)=(—14a)+ 6 (1 —2)=wy+w;

) 7.78
1+ 2 ( )

wherer = - We will sometimes compare our results with the parameétanauggested in [Sahni 03a]

€(2) =Ag+ A (14+2) + Ay (1 +2)?. (7.79)

By definition,e(0) = 1, henced, + A; + A, = 1. Note that we have for (7.78)

e(z) = (1 + 2)>@Pe =305 | (7.80)

Actually, rather than delimiting some restricted boundedndin in the parameter space, some ob-
servations on small redshifts< 0.35 single out a prefered direction. Variations along this clian
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FIG. 7.2 — The quantity% is displayed for the parametrization (7.78) with= 1 + wy = —0.2

andg = w; = 0.4 andF; = 0. We have the following values fo&% = %lff from bottom to
top : 0.9758, 0.975824492, 0.975826, 0.97587. The second curve has its minimumZ&t= 0 and is
superimposed on the third curve which has its minimurfi at 2.4 x 1073,

are essentially unconstrained while variations normal&oa most efficiently constrained. This is the
case for baryon oscillations data which constrain) and thereforev(z) as follows

z 2/3
Q pes| L[4z : < 0.469 4+ 0.017 7.81
m,0 (2’1) 7 ; h(z) < U. . s ( . )

with z1 = 0.39, Qm,O =0.3.
When we use the parametrization (7.78), eq.(7.81) tragsslato the constraint at thedllevel in
the parameter plane, 3 (equivalentlyw,, w;),

a+01128=1+wpgo+0.112w; =0.23£0.20 . (7.82)

As said in the Introduction, we see that these constrailtw &br aw, close to (and possibly slightly
lower than)—1 if we take a constant equation of state, whilev@significantly lower than-1 is
allowed but it requires a steeply increasiagnearz = 0 in agreement with recent analysis of the
data. It is natural to use the constraint (7.82) when we demghe smalk expansion of our scalar-
tensor model quantities and of our fit (7.78).
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FiIG. 7.3 — The quantity? is shown for the same models as Figure 7.2. The short, rasp, dashed
curve corresponds té% = % = 0.975824492, resp 0.975826.
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FIG.7.4—-The functlorﬁ is shown for several models with vanishing potentiat 0. The solid lines
correspond to the initial conditiong = 0 while the dashed lines correspond to the maximal values
allowed by the solar system constraingp, > 4 x 10*. We have from left to right the following
equation of state parameter: —2, —1.5, polynomial expression (7.83)% 1, —0.5. It is seen that
the limit of regularity of these models corresponds to vemy fredshifts,0.566 < z < 0.663 for

—2 < w < —1. Note that the polynomial expression (7.83) representssang of the phantom
divide.
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7.7 Reconstruction for a constant potential/

SettingU = 0, we consider eithew,r < 0 constant, or else (=) of the form (7.78) or (7.79),
whose variation is parameterized by two parameters. ThHenes the investigations in [Esposito-
Farese 01], where only the casgr = —1 was considered. The interesting result obtained there was
that 7" vanishes, and hence the theory is singular, at very low rtslsh~ 0.66 for £/(0) = 0 and at
only slightly higher redshift ~ 0.68 if one fully exploits the possible initial conditions alled by
the solar system constraints. It is therefore interestniguestigate how this result is affected when
we take different equations of state. In particular we wiloaconsider here equations of state with
wpe < —1. As SNla observations point to a varying equation of statelwls of the phantom type
on very low redshifts < 0.3, this case is considered too. For the polynomial expregsiar), for
definiteness we will use the best fit to the “Gold data set” istimg) of 156 supernova which was
proposed in [Lazkoz 05] (with the priof3,, o = 0.3 andQ; o = 0) :

A =-594+361 Ay =239+147. (7.83)

These values are similar to those earlier obtained in [Aldi] @or the same dataset. As we can see,
(7.83) has large uncertainties. The corresponding equafistate is today of the phantom type but

rapidly increases to a positive valug,z ~ 0.1 atz ~ 0.8 and then decreases to its asymptotic value
WpE = —% but it is still slightly positive at: = 2. We first note from (7.54) thaf;, satisfies

3
F2 = 5 (UJDE@ - 1) QDE,O + 3 QU,O . (784)

ThereforeF, < 0 for U = 0 as long asvpr < 1 while F, decreases with decreasingz . The
results obtained numerically are shown in Figure 7.4. ltesnsthat we keep essentially the same
picture, in particula’ vanishes more rapidly when,,; decreases, hence the problem is even more
severe for phantom DE with constany, . Even the fit (7.83) where ,  varies substantially at low
redshifts yields essentially the same behaviour. The saswdtras for (7.83) is obtained using the
parametrization (7.78) withh = —0.377 and = 2. This is similar to earlier results showing that a
large variation of the equation of state aroung; = —1 on low redshifts can result in essentially the
samed, (z) [Chevallier 01, Maor 02] for. < 1 and one can understand from the general expression
eq.(7.31) why all cases displayed in Figure 7.1. will haveidally the same behaviour regarding the
evolution of F'(z). The initial conditionFj; = F; = 0 and®’(0) # 0 means physically that the theory
corresponds strictly to General Relativity todagg}m = 0. The solar system constraints allow for
a very small nonvanishing;, see eq.(7.15), and the corresponding changs,in is very marginal

as can be seen on Figure 7.4. To summarize, looking onty -at 0 one could think that models
with wppo = —1 andU = 0 are allowed, however we see that the cosmological evolaiauch
models leads to a singularity at very low redshifts geneiradi the results obtained earlier [Esposito-
Farese 01]. It is clear from these results that a scalapteheory of gravity with vanishing potential

U is definitely excluded by the Supernovae data.

7.7.1 Constant nonvanishing potential/

The next natural step is to consider constant (nonvanitpatentialsU. Of course, one does
not expect such a behaviour to be relevant up to very largehitgl, but it is certainly a sensible
approximation to start with on small redshittsS 1.5. We note from (7.84) thak, < 0 for wpgo <
—1. By takingQu o =~ Qpgo one has the smallest possilifefor givenwpg o and these are the cases
which are found to have the largest range of validity. We fimat inany models are allowed which
are perfectly viable on small redshifts < 1.5. Typically, these models become singular at some
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higher redshift well beyond = 2. There are several possibilities : either it is the quanfitthat is
vanishing first or it is the quantity” that vanishes first. As discussed in Section 7.6, whes 0
andF’ # 0, the quantityy”? divergesg? — oo. Models for which both?” and £ vanish together can
be considered as a limiting case which gives the largesilgesgdshift. If we change very slightly
the potential/ so that when/” = 0, F' > 0, one getsy’?> = 0 earlier. These different possibilities
are displayed in Figures 7.2,7.3. We have checked the balraet such models withw,; starting
below —1 as favoured by SNla data and with,r quickly becoming larger than -1. To summarize,
we find that models witlf2;;, — 0.7 andan equation of state wittv,; — —1 will become singular
at arbitrarily high redshifts. We should remember that, = 0.7 together withwpr = —1 gives
back General Relativity{ = 1). In all other cases some maximal redshift is found wherentbdel
becomes singular.

In all our numerical calculations, we neglected radiatiorce its energy density is very small
at redshifts of interest. However, even in principle itsggmece cannot prevent the occurence of the
singularity at the moment whef. ;; changes signi* = 0 in our case) whose generic (anisotropic)
structure is independent of the matter equation of state[fg in this respect).

7.8 Asymptotic stability

The next step is to consider nonconstant potentials. As we slaown very generally in Section
7.5, such models are consistent with DE of the phantom tygaytand phantom divide crossing at
small redshifts. An example of the reconstruction of a madéh phantom DE today and phantom
divide crossing at ~ 0.3 was presented in [Perivolaropoulos 05]. However, in thjsgpahe recons-
truction was implemented only for small redshifts< 2. As was shown in the previous section, one
has to consider the largebehaviour of a model, too, to prove its viability.

In contrast to the case with constant or vanishing potebtidl), a growing potential/ (®) al-
lows for the construction of scalar-tensor DE models whiah\aable for all redshifts and evolves
according to the fit (7.78)

w(z) = const = wy +wy = =1+ (a + §) > —1 2> 1. (7.85)

As a particular example of such a model, let us assume thatctdar-tensor gravity approaches GR
sufficiently fast at the matter-dominated stage and thattE€Ks’ matter :

F — F,=const, |F|< HF,, |F|< H*FL, (7.86)
H* o« (1+2) 1 <2< 2eq (7.87)

wherez,, is the redshift at the matter-radiation equality. In thig/wae recover in the past the usual

behavioura 5. However, the constant valué, < Fy may not be too small compared 4. In
order to satisfy the BBN constraints [Copi 04, Umezu 05],ftilewing inequality is required

which can be easily satisfied. Indeed, as can be seen from)(Wweé have for constant andU >

0, ¢? >0

_PPE__ (7.89)
Pm + PDE

On the other hand, the assumptibh > F,, provides a good matching to the smalkxpansion
derived in Sec. 7.5 witlt, < 0 and a very smalF;. In view of (7.88), this matching should occur at
a sufficiently smalk, too.

Fy—Fyo <
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This scaling behaviour of DE corresponds to the asymptatiction (7.87) withw, = —wy,
equivalentlya + 5 = 1. As is well known, it can be obtained by taking an exponeptdéntiall/ (D)

atd® — oo, i.e. at large redshifts :
3
U o eV o0 ® , (7.90)

where()y o, is the constant asymtotic value Qf; at = > 1 which is a free parameter formally.
However, actually it should be small (less than a few pegettt obtain the correct value of the
growth factor of density perturbations during the total tmatlominated stage. The total DE energy
density in terms of the critical org, H? is
FO - Foo

) ) FO

Note that the termfz>= in (7.91) always has the same equation of state as the makgtoand
matter. Thus, to obtain behaviour different framp = —w, at largez during the matter dominated
stage is possible ify = F, only which requires additional fine tuning and is not natural

7.9 Conclusions

In this work we have considered the viability of scalar-tansodels of Dark Energy. We have
used different types of observations : Solar System canssrevhich constrain the modedday, and
other data like the supernova data which constrain its ctmyiwal evolution, in particular the time
evolution of the DE equation of state parametey:;. We were interested specifically in models which
violate the weak energy condition on small redshifts, 0.3 and in any case today. We have found
the formal general integral solution fd@f(z) when we reconstruct it for giveH/ (z), which can be
obtained from thei; (z) data, and for giverd/(z). This general solution allows immediately for an
integral representation of scaling solutions. We have ttoa®d scaling solutions and shown that
they exist in models with" = a®? with o =constant, in these models the Brans-Dicke parameter
wpp IS constant. Only for nonzero potentials can these modeds sealing solutions with constant
wpp < —1. However, it is shown that for these models,  +1| is very small with 1 +wpg| ~ wzp.

We have further performed systematically the smadkpansion of the theory and used it to extract
various observational constraints. We recover that a lpoggtivewsp o requires|F;| < 1 where
F7 is the first derivative today of% We find that a significantly phantom DE todayy(< —1.01)

implies thatF5, the second derivative today é(f must be negative and not small, thus, significantly
larger thanF; by modulus. However, while necessary this is not a suffiasemidition for phantom
DE today, for example for vanishing potentfdl < 0 wheneverwpg o < 1.

The condition|F;| ~ 1 while the Solar System data requjig | < 1072 (i.e. anomalously small)
is the only 'fine tuning’ required to get a significantly phamt DE at the present time in scalar-
tensor gravity. Note that, since the derivativeééz) are not parameters of the effective microscopic
Lagrangian (1) but depend on initial conditions in the e&ttjverse too, it could be even better to
call this a "cosmic coincidence". Our point of view is thag ttondition| F>| ~ 1 cannot be excluded
by pure thought, only observations will possibly do it : irethbsence of this condition when &l
are of the same order d§, the general prediction is that the amount of possible mimaness in
scalar-tensor DE models is very small, less th#n

As for the solar system constraints, we have shown that teeRewtonian parametets y o must
satisfyypyo — 1 =~ —WE}),O < 0, this is a general requirement for the viability of our modeh
the other hand, a significantly phantom DE today implies, > 1. Combining those results, we
find that the negative quanti%% does not depend of; and can be expressed in functionfof
andl 4+ wpg . This would enable us to finfl, from the Solar System constraints provided we know
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1 4+ wpg, from other cosmological data. Still for phantom DE today,fime thatGeH,O has the same
sign asF;. So, a measurement of the sign(i‘)efg,o would give us the sign of} if we know we have
1 +wppp < 0. On the other hand, a measurement of both quantities witbsfgpsigns would rule
out phantom DE today though measuring the sigh’of

would require to go, for example, to the first order in the egdan ofwzp and hence

can be hard to determine observationally. However, duegtalifeady confirmed smallness 6f,
connection between cosmological and Solar System testar&fahergy is rather one-way since it
requires much greater accuracy from the latter ones for ¢berighination whether DE is phantom at
present or not. While a positive detection@®fy, > 1 is a strong argument for the phantom DE at
present, a negative result (no measurable deviatigipf, from unity) tells us nothing regarding DE
properties. Also, the Solar System tests are clearly urtalppeovidew; in any reasonable future, so
no information about the possibility of the phantom dividessing may be expected from them.

We have also considered numerically the reconstructidn fofr variouswp g, including constant
as well as varying equations of state of the phantom typeefadining results obtained in [Esposito-
Farese 01] for a pure cosmological constant, we find that im@dth a vanishing potential (see Figure
7.3) are ruled out and lead to a singular behaviour:fer 0.66. While it is clearly possible to have
phantom DE today witl/ = 0 without conflicting with the data, the cosmological evatutiof these
models rules them out. For models with constant nonvargspatentials, which can be considered
as a good approximation on small redshifts for more geneoalais with varying potentials, we find
that it is easy to have models in agreement with observatorsnall redshifts < 2. However, it is
interesting that these models generically have a maxindahié where they become singular. So, to
construct a scalar-tensor DE model having a sufficientlg lovatter-dominated stage, a hon-constant
potential U (®) is required, and we have presented an example of such a mbdee MDE tracks
matter at large redshifts.

Therefore, the final conclusion is that the generic scaasar gravity (7.1) with the two functions
F(®) andU(®), derived from some underlying theory (e.g., from brane adsgy) or taken from
observational data, has enough power to provide intermalhsistent cosmological models with a
temporarily phantom DE (at present, in particular) and witiegular phantom divide crossing in the
course of the evolution of the Universe.
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APPENDIX

We summarize in the table below, the integrability of saaBolutions using (31) for several exponents
n = 3. We use the following abbreviations :

a.n.i. : analytically non integrable

Elliptic, log, Hypergeo : solutions expressed in terms afreelliptic, log (orarg tanh) and hyper-
geometric functions

P™(z) : polynomial inx of degreen

n | <0 0 1 2 3 4 5 6 7,8, 9
w | <—1 -1 -2/3 | —1/3 0 1/3 2/3 1 2/3,5/3,2

. .. .. B 9 P (1) .. ..
Ag | a.n.i. | Elliptic | Elliptic | log Toos Yy Elliptic Elliptic Hypergeo

. . - 2 p(2)(z) .. 2 14kad
A | and. log Elliptic | log WA PRy syn Elliptic 3 Vot iiat Hypergeo

3 e 5) (2 .. 23)(— 23
Ay | and. log Elliptic | log -5 \/(12-1——)19 zSIi/Ti—f/m Elliptic %% Hypergeo
[ | and. a.n.i. a.n.i. a.n.i. 3(l+1k>IQ ﬁ — % a.n.i. a.n.i. a.n.i.

: : : : 2 2 256k* : : :
Gy | ani. | amn.i. a.ni. | a.nd. GORS s — ot 3 | and a.n.i. a.n.i.

dx der [* dn dx [* dn
where A, x / —_ Orox [— | —— B x
2" h(x) h(x) J nh(n) h(z) J n*h(n)
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CHAPITRE 8
Théories f(R)
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N ous venons de revoir certaines conséquences de la thé&mia liapport d’'un champ scalaire
couplé au graviton.
Il existe bien d’autres modeles de gravitation modifi€eanmohent I'addition de termes de cour-
bure scalaire? dans I'action.

8.1 Genese du modele

L'idée originale était de savoir comment ces nouvellesriieépouvaient différer de la relativité
générale. Ces modeles ne sont pas récents, déja en 1919Wksl 19] s’y interessait. Pour cela
il faut abandonner I'idée que la gravitation soit décrite pae équation du second ordre, comme
nous le verrons plus loin. Les premiéres préoccupatiortaieid@ évidemment pas celle de I'énergie
noire, mais des problemes de quantification de la relatjét@rale. En effet comme il a été montré
notamment par Utiyama et DeWitt [Utiyama 62] puis par 't HagifVeltman ['t Hooft 74] la relativité
générale apporte différentes divergences dans la temtdéivquantification de cette théorie. Ainsi,
comme toute théorie des champs, I'ajout de contres termasgient éliminer ces divergences. C’est
ce qui a été montré a une boucle par 'utilisation en plus aoson de termes du second ordren
i.e. du quatrieme ordre dans la métrique. Sakharov [Saklt&jpensait notamment que ces théories
pouvaient étre percues comme I'approximation a basse iér#tge théorie plus fondamentale. Ce
sont les mémes idées que I'on retrouve en théories des coudém voit apparaitre des termes du
second ordre a basse énergie [Fradkin 85]. Ainsi de nomlpkysiciens en sont arrivés a regarder
des termes d’ordre supérieurs. Tout d’abord, ce sont leseteid’ordre deux qui ont été les plus
utilisés, cela est d0 aux problémes de renormalisabilité decorie évoquée plus haut. La question
est alors de savoir quels sont tous les scalaires d’ordre m@utriviaux que I'on peut construire sur
une variété riemannienne. La réponse est simple, il s’&gi dourbure scalairg?, de la contraction
par lui-méme du tenseur de RicBi,, ?"” et de la contraction du tenseur de Riemdt)p,, R**7.
Tous les autres scalaires construits a partir de la métgqnedes combinaisons de ces trois termes.
On peut alors écrire la nouvelle équation sous la forme
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1
5= 2K2 / \/__g [R +a R+ 6] RMVRW + RuupaRWPU} d'x + Smat (8.1)

ol «, 3,y sont des constantes du modele.

On retrouve bien dans I'action le premier terme qui corraespl’action de la relativité générale,
ce qui assure la cohérence de la théorie dans la limite Nengone, ainsi que des termes supplé-
mentaires qui peuvent étre vus comme des corrections.

Nous savons de plus que pour un espace-temps a quatre dimetesiterme de Gauss est une
dérivée totale exacte, i.e.

J J
59#” G o 59#”

[R* — 4 Ry R"™ + Ryypo R*™7] =0 (8.2)
Ainsi nous pouvons considérer une nouvelle action qui deanegactement les mémes équations

1
S =5 | VEIIR+a R+ B RuR™]d'x + S (8:3)

Par la suite, en cosmologie un autre probleme est appaui,deel’inflation. Tout naturellement
s’est reposé la question de la modification de la gravitatiz® nouveau on a utilisé cette action
mais encore simplifiée, en effet les hypothéses d’homotgeéd’isotropie de I'univers permettent
d’exprimerR,,, R* commeR?. L'action se simplifiant pour

1
S =— / V=g [R+ Q@ RQ] d*x + Spmat (8.4)
2kK2

Ce modéle a été tres étudié puisqu’il permet une phase dioflaans le recours d’'un champ
extérieur : l'inflaton. On trouvera différents travaux de $tarobinsky [Starobinsky 80] précurseur
dans I'étude de ce modele en cosmologie ainsi qu'une ét@deditaillée sur la réussite de cette
phase d’inflation [Mijic 86].

On voit donc la richesse de ces modeéles qui ont été a de nosdwreaprises utilisés afin de
résoudre les problémes de relativité générale et de cogmolts sont devenus trés fortement a la
mode depuis le probléme de I'énergie noire. En effet une sdlution de l'origine de I'énergie noire
permettrait d’avoir une réponse elégante et sans I'inteéiwe de champs extérieurs dont I'observation
pourrait étre un probléme.

8.2 Equations du modele

On peut alors généraliser a une fonction quelconque de lbemiscalaire, I'action précédente

1
5= o / V=3 F(R) d*x + S (8.5)
Une action sous cette forme peut donc étre considérée
R2
FR) =+ oAy R+ (8.6)
R (6]

et ainsi la relativité générale avec ou sans constante dogigae ne serait que un cas particulier
de tels modéles.

Les équations ont été dérivées pour la premiére fois pardardiBuchdahl 70].

F'(R) Ry — % F(R) g — VoV S (R) + g Of (R) = 12 T (8.7)
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ou 5 5
Tw=———— Sna 8.8
K /_g 59“” t ( )
Il est a remarquer que la contraction de I'’équation (8.7)
f(R)YR—2 f(R)+30f(R)=r>T (8.9)

apporte une relation différentielle entre le tenseur éeargpulsion et la courbure scalaire contraire-
ment a la relation algébrique que I'on avait dans le cadra delativité générale

R=—-x*T (8.10)

Ceci peut donc nous faire penser que ces équations appurtermombre plus important de so-
lutions. Il est & noter également que le théoréme de Birkijoffindique que la solution de Schwarz-
schild est I'unique solution a symétrie sphérique dans devin'est plus vérifiée. En efféf = 0
n'implique plus forcémenk = 0.

Sil'on regarde les solutions maximalement symétriquepioair R constant et dans le vide, on a

f'(R) R =2 f(R) (8.11)

qui est une équation algébrique &n Ainsi la solution de cette équation nous indiquerasi 0
comme en relativité générale, un espace de de Sitter0 ou anti de Sittel? < 0, comme un univers
en présence d’'une constante cosmologique de méme sigrieai@@ment a la relativité générale sans
constante cosmologique, un espace sans matiére ne cohaudt pn espace Ricci plat.

Enfin on peut remarquer que le tenseur énergie-impulsiade @nservé comme en relativité
générale, en effet on a

% f/<R) R;w - %f(R)gw/ - Vuvl/f/(R) + Guv Df/(R) =0 (8-12)

ainsi d’apres I'équation (8.7)
vV, " =0 (8.13)

8.3 Equivalence du modele

Nous avons étudié dans les chapitres précédents les th&cekire-tenseur. Les théorig&R)
peuvent étre vues comme équivalentes a une classe de celesmdaléhéorie de Brans-Dicke. Ceci
a souvent été indiqué dans les articles et est 'oeuvre dss@eglier et Tourrenc [Teyssandier 83].
lls ont montré qu’une théorig(R) peut étre vue comme I'addition d’un champ scalaire couplé au
graviton. Je ferai la démonstration a partir de I'action :

S = 5 [ V7T A+ S ) ©14)

Si on définit I'action suivante

S = 5 [ V79 F(®) R+ V@) a5+ Sy 0) (8.15)

UV (@) = f(@) - © f(P)
La variation de cette action par rapport a la métrique donne
1

F/(®) (R — 5 Rg) ~ 5 00 V(D) = V¥, [1(0) + 0 OF (®) = 5T, (816)
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et la variation par rapport&
f"(®)(R—®)=0 (8.17)

Cette derniére équation nous indique qug’sest différent de zéro, i.e. que I'on n’est pas dans le
cadre de la relativité générale, aldts= ® et I'’équation (8.16) redonne I'équation (8.7)

Ainsi la formulation de la théorie par une action définit ®suént par une action ef est mathé-
matiquement équivalente a une théorie de Brans-Dickegu= 0 et le potentiel est imposé par le
lagrangien.

Cette équivalence n’est pas a voir comme une équivalencaqig; en effet I'interprétation reste
difféerente, mais comme l'existence d’'un champ scalaire f@maine théorie purement géomeétrique.
Ainsi ces modéles ne sont pas rejetés méme si I'on sait queyreuthéorie de Brans-Dicke soit
valable il faut quevsp > 4 x 10* alors qu'on avgp = 0 pour les théorieg (R).

8.4 Contraintes observationnelles

Comme nous I'avons vu plus haut, 'un des modeéles étudiés leéarannées 80 fut celui proposé
par Starobinsky [Starobinsky 80] ou I'on défirfitR) = R+« R2. Celui-ci permet d’avoir une phase
d’accélération dans I'univers primordial, mais le secaerie (v 12?) devient trop petit aujourd’hui,

il est alors négligeable et ne contribue plus. En effet laloote scalaire est en général une fonction
décroissante dans le temps. Aujourd’hui nous avons goRy ~ R, Soit un univers en expansion
décélérée. Ainsi le modeéle ne permet pas de décrire I'émamie.

. < ;. . 2(n+1)
Pour cette raison un nouveau modele a eté étfidi§ = R — “—— avecn > 0. Dans ce cas le

(n+1) ~ . N .
sepond termerRT') croit avec le temps et on p'egtjouer sur le parameta®n que ce terme domine
aujourd’hui, ce qui donnerait une phase acceélérée.

Il a été montré [Capozziello 93] que pour ce modele

2(n+2)

32n+1)(n+1) (8.18)

weff = —1 +

Ainsi pourn > 1 wes < —1/3, on a alors une phase accélérée

On peut également regarder de nombreuses contraintessdumlheis imposées par I'énergie noire.

— Il faut que le modéle puisse reproduire I'évolution de fans, avec une ére d’inflation suivie
d’'une ére de radiation (contraint par la baryogénése et tdéagynthése primordiale), une
phase de matiére (importante pour la formation des stres}@t enfin une accélération récente
(contraint par les anisotropies du CMB, les supernovaeseBAO)

— La limite Newtonienne doit pouvoir apporter également destraintes locales, notamment
celles du systeme solaire

8.4.1 Exemple

Afin d'illustrer I'étude de ce genre de probléme, je vais ¢déer le modele

f(R) = R", ounestunréeladéterminer (8.19)

Sin = 1 on retrouve I'action classique de la relativité généraleors on a une déviation de la
théorie d’Einstein qu’il faut alors regarder. Les diffétes contraintes liées aux observations vont
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nous permettre de voir si une simple modification de I'actans I'ajout d’aucun autre champ exté-
rieur est possible.

Ce modele n’est pas nécessairement pertinent d'un poinue@ysique comme nous allons le
voir. Je l'utiliserai seulement afin d’expliciter les difétes contraintes auxquelles on a recourt.

Vitesse de rotation des galaxies

Dans un premier temps, je vais regarder les contraintesrgsopar I'observation des vitesses
des étoiles dans notre galaxie afin "d’expliquer" la matiéiee.

Ainsi on considere une métrique sous la forme

ds® = —A(r)dt® + B(r)dr? + 1* (d6” + sin*(#)d¢?) (8.20)
Tres classiquement, on choisit
1 20(r)
A = =1 21
") =55y = 1+ e (8.21)

ou ¢ est le potentiel gravitationnel généré par une masse pelletuune distance

On peut écrire ce potentiel comme une déformation du petedéwtonien, soit

O(r) = —C;—T <1+ (;)3 (8.22)

Le casg = 0 permet de retrouver la solution en relativité généraleni-e 1.

Pour les autres solutions, il suffit d’injecter les équati($19,8.20,8.21,8.22) dans les équations
du champ de la théorie (8.7). On a alors [Capozziello O7af pod 1

g - 12n%2 —Tn — 1 — /36n* + 12n3 — 83n2 + 50n + 1 (8.23)
6n? —4n + 2

Nous n’avons pour I'instant considéré aucune contraintgsu

Il suffit d'imposer que le potentiel ne diverge pas a I'infini

lim ®(r) =0 < f<1 (8.24)

r——+00

De plus on peut imposer que cette variation du potentiel gggpart au potentiel Newtonien soit
faible a I'échelle du systéme solaire. Ce qui impose gue0.

Ainsi on peut regarder la vitesse circulaired’une particule test soumise a ce champ gravitation-
nel

9 d® Gm

velr) =gy T o

Te

14+ (1-7) (L)ﬁ] (8.25)

La présence du second terme apporte une déviation par tapfsorelativité générale de la vi-
tesse circulaire d’'une particule test. Ainsi dans cett®mid’observation des vitesses de rotation des
galaxies ne seraient pas la preuve de I'existence de haloatiérsnoire mais simplement d’'une
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modification de la relativité générale. Ce résultat (8.2%)veaie pour le cas d’une masse ponctuelle.
Il fut généralisé [Capozziello 07a] pour une distributiom mhasse quelconque. Ce qui permet de
contraindre alorg et doncn par I'observation des vitesses des galaxies.

Evolution dynamique

Le calcul du potentiel gravitationnel permet de contragrids parametres du problémedans ce
cas) a l'aide des observations locales, notamment cellegsteme solaire.

On peut regarder également les contraintes a grande éahafitence de I'énergie noire ainsi que
I'évolution de l'univers, i.e. sa dynamique.

Cette étude a été faite par [Amendola 07a], je vais développexemple d'étude. Supposons
n =2, soitf(R) = R?.

Soit un espace-temps plat de Friedmann-Lemaitre-Roloewé&dker

ds® = —dt* + a’(t) dx? (8.26)

Ainsi les équations de Friedmann s’écrivent

1 .
6H°R = K (pm + Prad) + 532 —6HR (8.27)
. 4 . ..
—4HR = &? (pm + gprad) —2HR+2R (8.28)

ou  correspond a une dérivation par rapport au temps.
De plus nous avons I'équation de conservation (8.13) quiique
Pm+3Hp, = 0 (8.29)
prad +4Hpag = 0 (8.30)

Il est intéressant de travailler avec de nouvelles varsasdas dimension [Amendola 07a)].

r = —%% (8.31)
Ty = _T};I? (8.32)
vy = KQGZE‘% (8.33)
Ainsi a I'aide de I'équation (8.27) on a
Q, = K26I,32R =1—-x+x2— 73 (8.34)

Nous avons les équations différentielles suivantes pewddablesz,, o, 23}
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dx

d—l\; = —1+x%+2x1x2—$2+$3

dx

d_l\? =  —1129 + 4xo(1l + x9)

dx

N = Glmtdn) (8:35)

avecN =1Ina
Il s’agit d’'un systeme différentiel de trois équations agroconnues. Pour le résoudre, il faut se
placer dans I'espace des phases construit par les coo®hne z,, x3}. On recherche les points

stationnaires de ce systéme, i.e. les points pour lesdueldN = 0. SO|t{:c1 , T O ) } les coor-
données de ces points.

P o (:1c1 ,xz ,x3 ) = (=1,0,0), Qn = 2, wer=1/3 (8.36)
P, (:1c1 ,xQ ,xg ) (1,0,0), Q , We = 1/3 (8.37)
P; (:c1 ,:c2 ,:c3 ) (0,0,1), Q, =0, wer=1/3 (8.38)
P, : (:1c1 ,xQ ,xg ) = (0,—-1,0), @, =0, wer=—1 (8.39)
Py (:1c1 ,xz ,xg ) = (g,—g,O), Q,, = —g, Weft = —3 (8.40)
Ps : (:Cgo),:cgo),:cgo)) = (2,—%,—%), Q. = 0, weﬁ:—% (8.41)

Chacun de ces points représentent un univers dans cet elgspbases. Ainsi le poiiig repré-
sente un univers dominé par de la radiation puisgue: Qg = 1 etwey = 1/3, le point P, est un
univers de de Sitter, etc ...

La solution de notre systeme (8.35) est une courbe danspateslies phases. Cette courbe re-
présente alors les différentes étapes de I'évolution denwtivers. Pour que I'univers ait une phase
de radiation il faut que la trajectoire passe pres du pBinOn peut alors facilement suivre les diffé-
rentes eres de notre univers.

Il nous faut maintenant regarder le comportement au vasirtke ces différents points. En effet
il est important de savoir si ce sont des attracteurs, desis@astables ou des points selles afin de
connaitre I'évolution de notre univers.

Pour cela il suffit de se placer au voisinage de ces points

v = 2+ 2 (8.42)
et de linéariser notre systeme (8.35).

q x(ll) 2x(0) + 2:15(0) 2x§0) —1 1 xgl)
EN 2V | = —z) 4— 2\ 4 8z 0 | a2l (8.43)
:Cgl) go) 4x§0) x§°> + 4:6(20) azgl)

Les calculs ont été fait dans [Amendola 07a], afin de simpliés calculs je vais considérer
'univers aprés I'ére de radiation. Ainsg = (4 €St négligeable. On se situe alors dans le sous-
espacq z, x»} définie parc; = 0. Il ne nous reste plus que quatre points
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-25-2 -15-1-05 0 05 1

FIG. 8.1 — On voit deux directions privilégiées autour Bedans le plan{x,,z>}. En bleue, la
direction instable et en rouge, la direction stable

P @920y = (=1,0),  Qn = 2, wer=1/3 (8.44)
Py (29 20 (1,0), Qe = 0, wei=1/3 (8.45)
P, (x§°>,x§°>) = (0,— ) Q,, = 0, weg=—1 (8.46)
Py @ al?) = G-2) Q= —3, wa=-172 847)

Le systeme (8.43) doit-étre résolu pour chaque p&intA titre d’exemple je vais exposer les
résultats pour le poing; : (x(lo), x(zo)) = (—1,0) (Pour plus d'informations se reporter a I'annexe B)

(1) (1)
T 2 =3 xy
= . 8.48
xgl) ] { 0 5 } [ x(Ql) ] ( )

Deux directions apparaissent naturellement, elles qooregent aux vecteurs propres de notre

systéme.
() ()

Elles sont respectivement associées aux valeurs prejxésceud stable) et5 (nceud instable).
Ainsi le point P; est un col puisqu’il possede une direction stable et une @ngtable. Ceci peut étre
résume par le schéma suivant (voir Fig. 8.1).

Ce travail doit-étre fait pour les autres points (voir Tali.)8

On voit (Fig. 8.2) que selon les conditions initiales de eatnivers, i.e. les valeurs de;, z» },
on est soit attiré vers le poii,, un univers de Sitter, soit le systéme est dans une zone aire p
instable "pousse" la solution vers l'infini, on a alors degedjences. Dans ce cas le systéeme n’est pas
physique.

Ainsi on a

4
dN

Notre espace des phades, z»} peut étre séparé en deux parties (Fig. 8.3). L'une d’ell¢ienn
un attracteur soit une évolution de I'univers vers une plaasélérée (de Sitter), alors que l'autre est
instable. Ce partage est particulierement important prilsgpnditionne le destin a long terme des
trajectoires issues de conditions initiales quelconguegtrapolation de ces trajectoires en régime
non-linéaire, i.e. loin du point fixe, conduit a la définitidavariétés stablestinstables Ces variétés
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| Point | Valeurs propres Vecteurs propres | Genre |
1 -3
" 2 () (7)
Py {+3,+2} ( 1 ) : ( é ) Noeud instable
P, {-3,-3} Toutes directions Etoile stable
Py | {21+ VD), —3(1 — VD)) (17—53\/5) ’<17+53\/zﬁ) Col

TAB. 8.1 — Caractéristiques des différents points dans le spacer; = 0

3 3
LI S S T S T O T R S B R A A LI\ [}
zkllklkllktllll( AR \
LI S S N T T M W N R B B AR AR 4 N
[ S S N Y S N N U VY T B AR AR AN 4 > .
1% S Y N U S S N N YA SRV IR AR 1 Lo J
Y U N Y T T T T W R AR A A P R W \ >
v ¢ 4 ) A A v = = F
ol APy Y YN D0 of s ~
L = o o a8 & A 7 2 4 2 28 o o » o= 4 £ = = “
1-»;;;&\\'PA4<.‘P5"— F == P
e S £ N e T S N
L R L R 2 E W N N Y N Y § - - - - N
) L R GRS A I W N Y S N N ¥ 2L . . . A
T o v v v ¢ 4 & A A Yy N
m o v v v ¢ 4 4 4 A by - = i
N 2 Ty I R S G W VI W W N Y . 7 i
-2 -1 0 1 2 3 -2 -1 0 1 2 3

FiG. 8.2 — Il y a pour ce systéme un nceud instable, deux pointg colesétoile stable. A gauche on
retrouve en rouge les quatre points de notre systeme. Aedjailques solutions du systeme (8.35)
dans le sous-espaeg = 0, les points bleus représentent les conditions initiales.

sont formées des ensembles de trajectoires tangentesumsespaces propres stables (v.p. négatives)
et instables (v.p. positives).

Pour ce systeme, la détermination du bassin d’attractiain téivial, mais le principe reste tou-
jours le méme. On voit clairement que pour un grand nombreodditions initiales (dans le bassin
stable), I'univers va évoluer vers un espace de de SittéruBie phase d’expansion acceélérée avec
w = —1 (C’est le pointPy).

Pour finir on voit que ce systéeme possede un point correspoadane ére de radiatiof;, une
ere d’énergie noiré’, mais il n’y a pas de phase de matiere. Le pdiptawrait pu correspondre a un
univers dominé par de la poussiétg # 0 mais il a une évolution non standar¢t) o ¢t'/2. Il s’agit
de lapMDE [Amendola 07b].

Il s’agit d’'un modéle ou I'univers a une ere de radiation guVune phase dominée pard¢dDE

et enfin une phase d’expansion accélérée. La non-présenaghase de matiére en fait un modeéle
non physique.

Sile modéle avait été viable on pourrait alors encore rejaotutes les contraintes classiques liés
aux supernovae, aux BAO et aux anisotropies du CMB. Ce queferai pas ici puisque I'on connait
la méthode (voir premier chapitre).

Nous avons ainsi développé dans l'article qui suit la métrgehérale afin d’étudier les modeles
f(R) et notamment I'existence ou non d’une phase de matiére.roes a permis de rejeter de trés
nombreux modeles jusque la étudiés par de tres nombreushehes.
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-2 -1 0 1 2 3

FiG. 8.3 — Portrait de phase du systéme. On voit les variétékestabinstables des différents points
fixes. En gris clair, le bassin d’attraction du nceud sta@hlet en gris foncé la variété instable.
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CHAPITRE 9

Conditions for the cosmological viability of f(R)
dark energy models

L. Amendola, R. Gannouiji, D. Polarski, S. Tsujikawa
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We derive the conditions under which dark energy models evhagrangian densitieg are
written in terms of the Ricci scalaRk are cosmologically viable. We show that the cosmological
behavior of f(R) models can be understood by a geometrical approach congisti studying the
m(r) curve on the(r,m) plane, wheren = Rfgr/frandr = —Rfg/f with fr = df/dR.
This allows us to classify th&(R) models into four general classes, depending on the existeha
standard matter epoch and on the final accelerated stageeXiséence of a viable matter dominated
epoch prior to a late-time acceleration requires that theiable m satisfies the conditions.(r) ~
+0 anddm/dr > —1 atr ~ —1. For the existence of a viable late-time acceleration weuneq
instead either (iyn = —r—1, (v3—1)/2 <m < landdm/dr < —1or(i) 0 <m < latr = -2,
These conditions identify two regions in them) space, one for the matter era and the other for the
acceleration. Only models withra(r) curve that connects these regions and satisfy the requiresme
above lead to an acceptable cosmology. The models of theftype= aR " andf = R+ aR™
do not satisfy these conditions for any> 0 andn < —1 and are thus cosmologically unacceptable.
Similar conclusions can be reached for many other exampsesigised in the text. In most cases the
standard matter era is replaced by a cosmic expansion withesiactora o t'/2. We also find that
f(R) models can have a strongly phantom attractor but in this ¢hsee is no acceptable matter era.

Publié dans Phys.Rev. D75 (2007) 083504
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9.1 Introduction

The late-time accelerated expansion of the universe is arrolagllenge to present-day cosmology
(see Refs. [Sahni 00, Carroll 01, Padmanabhan 03, Peeb|&a03i 04, Copeland 06] for review).
A consistent picture, the concordance model, seems to enfermn the bulk of observations pro-
bing the background evolution of the universe as well anit®mogeneities : Supernovae la [Perl-
mutter 99b, Riess 98, Riess 99, Tonry 03, Knop 03], Cosmicrdivave Background anisotropies
(CMB) [Spergel 03, Spergel 07], Large Scale Structure faiongLSS) [Tegmark 04, Seljak 05], ba-
ryon oscillations [Eisenstein 05, Blake 06], weak lensidgih 03], etc. If one assumes today a flat
universe with a cosmological constantind with pressureless matter, observations suggest tbe fol
wing cosmological parametefs, ; ~ 0.7, 0 ~ 0.3 whereQx o = px.0/per,0 fOr any component
X, where the subscriptstands for present-day values andis the critical density of the universe.

A cosmological constant term is the simplest possibilitgxplain the observational data. In fact
the recent data analysis [Seljak 06] combining the SNLS predter 06] with CMB, LSS and the
Lyman- forest shows thagssumingupg, is constant the equation of state parameter of Dark Energy
(DE) is found to bewpg = —1.04 £+ 0.06 and therefore consistent with a cosmological constant.
However a cosmological constant suffers from an extremetéineng problem of its energy scale if it
originates from vacuum energy. For this reason several svaake explored alternative explanations,
i.e., dynamical forms of dark energy. In the absence of anyp=lling dynamical dark energy model,
further insight can be gained by considering general moaglsconstant equation of state or some
fiducial parametrization, see e.g. [Chevallier 01], anchfB&6] for a recent review.

The first alternative possibility to a cosmological constisna minimally coupled scalar field
¢, usually called quintessence [Fujii 82, Ford 87, WetteB88hRatra 88, Fujii 90, Wands 93, Wette-
rich 95, Ferreira 97, Ferreira 98, Caldwell 98, Zlatev 98ji8tardt 99]. In analogy with inflationary
scenarios, this scalar field would be responsible for a sthgecelerated expansion while in contrast
to inflation this stage occurs in the late-time evolutionh® tiniverse. The energy density of the scalar
field should therefore come to dominate over other companarthe universe only recently. This is
the so called cosmic coincidence problem faced by most daekgg models. In order to alleviate
this problem various generalizations have been considikedoupled quintessence models [Amen-
dola 00,Amendola 01,Amendola 03] in which matter and dagtgyscale in the same way with time
during some epochs. It is however still a challenging tas&aiestruct viable scaling models which
give rise to a matter-dominated era followed by an acceddrataling attractor [Amendola 06].

An important limitation of standard quintessence modethas they do not allow for a phantom
regime withwpg < —1. A phantom regime is allowed by observations and even faMoyesome ana-
lysis of the data [Melchiorri 03, Alam 04a, Bassett 04]. Thiaeewpr < —1, the scalar field should
be endowed with a generalized kinetic term, for instancewitie a sign opposite to the canonical
one [Caldwell 02, Caldwell 03, Carroll 03, Singh 03]. Thisriguing possibility is however plagued
by quantum instabilities [Cline 04, Arkani-Hamed 04, P@ag]. A further interesting possibility is
provided by non-minimally coupled scalar fields [Uzan 99 gkidola 99a,Chiba 99] and scalar-tensor
cosmology [Fujii 00, Bartolo 00, Riazuelo 02, Perrotta 0§p&sito-Farese 01]. Scalar-tensor DE mo-
dels can have a consistent phantom regime and a modifiedtgratet of structure [Boisseau 00], see
also [Gannouiji 06] for a systematic study of the low redsstifticture of such theories including a de-
tailed analysis of the possibility to have a phantom regingetae constraints from local gravity tests,
and [Perivolaropoulos 05, Nesseris 07] for some concredgengles of this scenario. In scalar-tensor
DE models gravity is modified by an additional dynamical eéegof freedom, the scalar partner of
the graviton.

Recently there has been a burst of activity dealing withated modified gravity DE models (see
Ref. [Copeland 06] for recent review and references theriithese theories one modifies the laws of
gravity whereby a late-time accelerated expansion is predlwithout recourse to a DE component,
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a fact which renders these models very attractive. In songele@ne can have in addition a phantom
regime, which might constitute an interesting feature.

The simplest family of modified gravity DE models is obtaidgdreplacing the Ricci scaldk in
the usual Hilbert-Einstein Lagrangian density for somefiom f( R). In the first models proposed in
DE literature, where a terrt/ R is added taR [Capozziello 03, Carroll 04], one typically expects that
as the universe expands the inverse curvature term will dai@iand produce the desired late-time
accelerated expansion (see Ref. [Capozziello 93] for aggiong work in the context of inflation).
However it was quickly realized that local gravity consttaiwould make these models non viable
[Chiba 03] (see also Ref. [Dolgov 03]). Indeed, it was shawati f ( R) models are formally equivalent
to scalar-tensor models with a vanishing Brans-Dicke patamgp = 0. Clearly such models do not
pass local gravity (solar system) constraints, in pardictiie post Newtonian parametgs-y satisfies
vppN = 1/2 instead of being very close to 1 as required by observations.

However, the question of whether local gravity constrafote out or notf(R) models does not
seem to be completely settled in the literature [Faraon].(&dveral papers pointed out that local gra-
vity constraints cannot yet rule out all possible formg 6R) theories. For instance, a model contai-
ning a particular combination df/ R and R? terms was suggested [Nojiri 03] and claimed by their
authors to pass successfully the solar system constrdugdp a large (infinite) effective mass needed
to satisfy solar system constraints, aisoto produce a late-time accelerated expansion (though this
latter property does not seem to have been demonstratedtistastory way). Another original ap-
proach with negative and positive power terms was suggesoeatly where the positive power term
would dominate on small scales while the negative power tlyminates on large cosmic scales the-
reby producing the accelerated expansion [Brookfield &g (owever [Navarro 07]). See Refs. [Per-
rotta 02, Nojiri 04, Soussa 04, Allemandi 04, Easson 04,@lla®6b, Carloni 05, Capozziello 05, Co-
gnola 05, Nojiri 05, Nojiri 07, Woodard 07, Das 06, Capozni€l6a, Srivastava 06, Sotiriou 06b, Soti-
riou 07a, Sotiriou 06a, Sotiriou 07b, De Felice 06, Nojiri 86 la Cruz-Dombriz 06, Bludman 06, Car-
roll 06, Huterer 07, Jin 06, Poplawski 06, Poplawski 07, Zakk 06, Faraoni 06a, Chiba 07a, Ka-
hya 07, Fay 07b, Fairbairn 07, Cognola 07, Li 07, Rador 07,i8aw7, Fay 07a, Faraoni 07] for a
list of recent research ifi( R) dark energy models. If (R) models are not ruled out by local gravity
constraints it is important to understand their cosmolalgicoperties.

Recently three of the present authors [Amendola 07b] havesithat the large redshift behavior
of f(R) = R+«R~™ models generically lead to the “wrong” expansion law : irdieke usual matter
era preceding the late-time accelerated stage does notthawesual: o 23 behavior but rather
a o t'/? which would obviously make these models cosmologicallyceaptable. This intriguing
and quite unexpected property of the&§g?) models was overlooked in the literature. The absence
of the standard matter epoch is associated with the factithidte Einstein frame non-relativistic
matter is strongly coupled to gravity except for thg?) theories which have a linear dependence of
R (including theACDM model : f(R) = R — A) [Amendola 07Db].

In the Einstein frame the power-law modgi§R) « R~ (n # —1) correspond to a coupled
guintessence scenario with an exponential potential ofnahycal scalar field. In this case the stan-
dard matter era is replaced by afmatter-dominated epochMDE) in which the scale factor in the
Einstein frame evolves ag; t?jE/5 [Amendola 07b]. Transforming back to the Jordan frame, this
corresponds to a non-standard evolutior ¢'/2. We wish to stress here that cosmological dynamics
obtained in the Jordan frame exhibits no difference fronotihewhich is transformed to the Einstein
frame and transformed back to the original frame. Henceigyghper we shall focus on the analysis
in the Jordan frame without referring to the Einstein frame.

This paper is devoted to explaining in detail our previossilieand, more importantly, to extend it
to all well-behaved (R) Lagrangians. Despite almost thirty years of work on the adegy of f(R)
models, there are in fact no general criteria in literatargauge their validity as alternative cosmolo-
gical models (see Ref. [Barrow 83] for one of the earliesrafit in this direction). We find the general
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conditions for af (R) theory to contain a standard matter era followed by an actele attractor in

a spatially flat, homogeneous and isotropic background.ofihe conditions we assume throughout
this paper, beside obviously a well-behaved functf@o®R) continuous with all its derivatives, is that
df/dR > 0, to maintain a positive effective gravitational constanthe limit of vanishing higher-
order term. In some cases however we consjdét) models which violate this condition in some
range ofR, but not on the actual cosmological trajectories. The mesnlt of this paper is that we are
able to show analytically and numerically that A(IR) models with an accelerated global attractor
belong to one of four classes :

— Class | : Models of this class possess a peculiar scalerfaet@mvior ¢ o ¢'/?) just before the
acceleration.

— Class Il : Models of this class have a matter epoch and ama@syically equivalent to (and
hardly distinguishable from) th&CDM model (g = —1).

— Class Ill : Models of this class can possess an approximateemera but this is a transient
state which is rapidly followed by the final attractor. Tewatly, the eigenvalues of the matter
saddle point diverge and is very difficult to find initial cotons that display the approximated
matter epoch.

— Class IV : Models of this class behave in an acceptable whgy Ppossess an approximate
standard matter epoch followed by a non-phantom accederétis > —1).

We can then summarize our findings by saying tfdt) dark energy models are either wrong (Class
), or asymptotically de-Sitter (Class Il), or strongly pit@am (Class Ill) or, finally, standard DE (Class
IV). The second and fourth classes have some chance to beolaggoally acceptable, but even for
these cases it is not an easy task to identify the basin @ifcéitin of the acceptable trajectories. We
fully specify the conditions under which any givgiiRR) model belongs to one of the classes above
and discuss analytically and numerically several exampésnging to all classes.

An important clarification is here in order. It is clear thgtR) gravity models can be perfectly
viable in different contexts. The most famous example ivioied by Starobinsky's modef,(R) =
R + oR? [Starobinsky 80], which has been the first internally camsisinflationary model. In this
model, theRR? term produces an accelerated stage in the early unipeesedingthe usual radiation
and matter stages. A late-time acceleration in this modwdr(the matter dominated stage) requires
a positive cosmological constant (or some other form of @argy) in which case th&? term is no
longer responsible for the late-time acceleration.

Our paper is organized in the following way. Section 9.2 aord the basic equations in the Jordan
frame and introduces autonomous equations which are apgdito any forms of (R). In Sec. 9.3
we derive fixed points together with their stabilities andgemt the conditions for viablg R) DE
models. In Sec. 9.6 we classifi R) DE models into four classes depending upon the cosmological
evolution which gives the late-time acceleration. In Seb.\We shall analytically show the cosmolo-
gical viability for some of thef(R) models by using the conditions found in Sec. 9.3. Sections9.6
devoted to a numerical analysis for a numbeyf @R) models to confirm the analytical results presen-
ted in the previous section. Finally we summarize our resalSection 9.7. We will always work in
the Jordan frame, in order to show the propertieg (@) models in the most direct way, without the
need to convert back from the Einstein frame.

9.2 f(R)dark energy models

9.2.1 Definitions and equations

In this section we derive all basic equations in the Jordamé& (JF), the frame in which obser-
vations are performed. We will further define all fundaméqtaantities characterizing our system, in
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particular the equation of state of our system. Actuallyvaswill see below this is a subtle issue and
we have tadefinewhat is meant by the Dark Energy (DE) equation of state.

We concentrate on spatially flat Friedman-Lemaitre-RaoerWalker (FLRW) universes with a
time-dependent scale facteft) and a metric

ds® = —dt* + a%(t) dx>. 9.2)
For this metric the Ricci scaldk is given by
R=6 <2H2 + H) , 9.2)

whereH = a/a is the Hubble rate and a dot stands for a derivative with reEgpe.
We start with the following action in the JF

5= / Aoy =g {# (R) + Lrag mm} , 9.3)

wherex? = 87G while G is a bare gravitational constant(R) is some arbitrary function of the
Ricci scalarR, andL,, and.,.q are the Lagrangian densities of dust-like matter and raxiagspec-
tively. Note that’ is typically notNewton’s gravitational constant measured in the attradietween
two test masses in Cavendish-type experiments (see epgHis-Farese 01]). Then the following
equations are obtained [Hwang 91]

1 )
3FH2 = liz(pm+prad)+§(FR_f)_3HF7 (94)
) 4 3} )
—9FH = K’ (pm + gprad) +F—HF, (9.5)
where

df
F=—. 9.6
R (9.6)

In standard Einstein gravityf(= R) one hast" = 1. In what follows we shall consider the positive-
definite forms of F' to avoid a singularity at” = 0. The densities,, and p,.q Satisfy the usual
conservation equations

fm + 3Hpm =0, 9.7)
prad + 4Hprad =0. (98)

We note that Egs. (9.4) and (9.5) are similar to those obdiafoe scalar-tensor gravity [Bois-
seau 00] with a vanishing Brans-Dicke parametgs = 0 and a specific potentidl = (FR— f)/2.
Note that in scalar-tensor gravity we ha¥g® = L so that this term vanishes, while Eqg. (9.5) is
similar except for the fact that a kinematic term of the scéikdd is absent. Hence we can define
the DE equation of state in a way similar to that in scalastertheories of gravity (see e.g., [Gan-
nouji 06, Torres 02]). With a straightforward redefinitiohtbe quantities, we rewrite Egs. (9.4) and
(9.5) as follows

3F’O]—I2 - KQ(PDE + Pm + prad) 5 (99)

. 4
—2RH = K (/)m + gprad + PDE +pDE) . (9.10)
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We then have the following equalities

1 .
w8 pop = S(FR—f)=3HF +3H*(Fy — F), (9.11)

K ppp = F+2HF — %(FR — f) = (2H 4+ 3H?)(Fy — F). (9.12)

The energy densitypr and the pressure densipyr of DE defined in this way satisfy the usual
conservation equation

ppe = —3H (ppE + PpE) - (9.13)
Hence the equation of state parametgf; defined through
_ e _ 2F —2HF — 4H(F, — F)

WDE = —— = —

PDE (FR—f) —6HF + 6H2(Fy — F)

(9.14)

acquires its usual physical meaning, in particular the #wvaution of the DE sector is given by

z 1 /
poe(?) _ o {3 / gz L woe)] (9.15)
PDE,0 0 1+2

wherez = ag/a — 1. Note that the subscript “0” stands for present values. jips, as defined
in Eq. (9.11) which is the quantity extracted from the obagons andwpg the corresponding DE
equation of state parameter for which specific parameioizatare used.

Looking at Egs. (9.9), one could introduce the cosmologieabmeters)y = «2px/(3F,H?)
[Gannouiji 06, Torres 02]. However here it turns out to be numevenient to work with the density
parameters
K px
3FH?’
whereX = m, rad or DE. The quantitywpg can further be obtained directly from the observations

Oy = (9.16)

2/9, _an2 _ 4
P (14 z)dh*/dz — 3h* — Qaq (1l + 2) ’ 9.17)
3[h% — Qmo(1+ 2)3 — Quaao(1 + 2)4]

whereh = H/H,. In the low-redshift region where the contribution of thdiedion is negligible, we
have
(1 + 2)dh?/dz — 3h?

= eq 9 918
B s Y R ) I (9.18)

wherez,, is the redshift at which dust and radiation have equal engegsities. Equation (9.17) can
be extended for spatially non-flat universes [Polarski Q&]e restrict ourselves to spatially flat
universes. We also define the effective equation of state

2H
Weg = -1 - ﬁ . (919)
Note that the following equality holds
. 1 -~
Weg = {dpE WpE + gQrad ) (9.20)

if we defineQyx = x?px /(3F H?).
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9.2.2 Autonomous equations

For a generalf(R) model it will be convenient to introduce the following (dimsonless) va-
riables

F

T, = “HE (9.21)
Ty = _6F7j;[2 , (9.22)
r3 = 6—1};:%4—2, (9.23)
Ty = gjf;i . (9.24)
From Eg. (9.4) we have the algebraic identity
sz%zl—xl—:@—m—m. (9.25)
It is then straightforward to obtain the following equatsasf motion
% = —1—23—3zy+2° —z103 + 24, (9.26)
% = x;;fg — 29223 —4 — 1) , (9.27)
% = T ny(ay - 9), (9.28)
X~ o, (9.29)
whereN stands foin a and
dlogF R
= dlogR — JJ:;:R , (9.30)
dlogf R x
"= _dloggR:_%:x_z’ 931

where fp = df/dR and f g = d?f/dR?. Deriving R as a function ofr;/z, from Eq. (9.31),
one can express: as a function ofr;/x, and obtain the functiom:(r). For the power-law model
with f(R) = aR~" the variablem is a constant/p = —n — 1) with r = n = z3/z,. In this case
the system reduces to a 3-dimensional one with variables, andz,. However for generaf (R)
gravity models the variable: depends upon.

We also make use of these expressions :

1
Weft = —§<2ZC3 - 1)7 (932)

1 — x4y — 223

(9.33)

1
‘e 31—y(l—x — 29— a3)

wherey = F'/ Fy.

9.3 Cosmological dynamics of (R) gravity models

In this section we derive the analytical properties of thagghspace.
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9.3.1 Critical points and stability for a general f(R)

In the absence of radiation{ = 0) the critical points for the system (9.26)-(9.28) for anyr)

are

P ($1,$2,$3) = (07_172)7 Qm =0, we= —17

P (xhx?axii) = (—13070)7 Qm =2, Weg = 1/3a

P3 : ($1,$2,$3) = (1,030)3 Qm = 0’ Weff = 1/3,

Py: ($1,$2,$3) = (_435’0)’ O =0, wegg = 1/3a

3m 1+4m 1+4m m(7+ 10m) m
P : = — Op=1—-— =——
5 ($1,$2,$3) <1+ma 2(1+m)272(1+m)>a m 2(1+m)2 y  Weff 1+m>

21—m) 1—4m (1—4m)(1+m)> 2 — 5m — 6m?

Py : = - = 3m(l+2m)
b (o) <1+2m "m(L+2m)" m(L+2m) 3m(1+2m)

where heré),, = 1 — 21 — 29 — 3.
The pointsP; and P; satisfy the equatioms = —(m(r) + 1)x,, i.€.,

m(r)=—-r—1. (9.34)

Whenm(r) is not a constant, one must solve this equation. For each-yaote gets a point of type

P; or Ps with m = m(r;). For instance, th¢'(R) = R + aR~" model corresponds tou(r) =
—n(1+ r)/r as we will see later, which then gives, = —1,n andm,; » = 0, —1 — n. If we assume
thatm = constant then the conditiom; = —(m+ 1)z, must hold from Egs. (9.30) and (9.31). Hence
for m = constant the pointsP; 5 5 ¢ always exist, while?, andP, are present fom = 1 andm = —1
respectively. The solutions which give the exact equatibstate of a matter erausz = 0, i.e.,

a o< t2/3 or x5 = 1/2) exist only form = 0 (P5) or form = —(5 4+ v/73) /12 (Ps) [Capozziello 06b].
However the latter case correspond$§tp = 0, so this does not give a standard matter era dominated
by a non-relativistic fluid [Amendola 07c].

If m(r) is not constant then there can be any number of distinctisakitalthough only?, and
those originating fromP; s can be accelerated and only and P might give rise to matter eras.
HoweverP; corresponds ta.s = 1/3 and therefore is ruled out as a correct matter era : this esdn f
thea o t'/? behavior discussed in Ref. [Amendola 07b] (and denotetMiBE since it is in fact a
field-matter dominated epoch in the Einstein frame). On twrary, P; resembles a standard matter
era, but only form close to 0. Hence a “good” cosmology would be given by anyttajy passing
near P with m close to 0 and landing on an accelerated attractor. Any didleavior would not be
consistent with observations.

It is important to realize that the surfaeg, z3 for whichm(r) = —r — 1 is a subspace of the
system (9.26-9.29) and therefore it cannot be crossed.CEm$e seen by using the definitionrof
andm to derive the following equation for:

;—]Z :r(1+m+r)%, (9.35)
which shows explicitly thain = —r — 1 impliesdr/dN = 0 as long ask/H R does not diverge.
This means that the evolution of the system alongrilie) line stops at the roots of the equation
m = —r — 1 so that every cosmological trajectory is trapped betweenessive roots.

In what follows we shall consider the properties of each fpeit in turn. We definen; = m(P;)
and will always assume a general= m(r).

— (1) P, : de-Sitter point

Sincew.s = —1 the pointP; corresponds to de-Sitter solutior$ & 0) and has eigenvalues

725 —1
_3, 3. V25 —16/my (9.36)

2 2 ’
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wherem; = m(r = —2). HenceP, is stable wher) < m; < 1 and a saddle point otherwise.
Then the condition for the stability of the de-Sitter pompiven by

0<m(r=-2)<1. (9.37)
(2) , : pMDE

Point P, is characterized by a “kinetic” epoch in which matter andifieb-exist with constant
energy fractions. We denote it agyanatter dominated epockMDE) following Ref. [Amen-
dola 00, Amendola 01, Amendola 03]. The eigenvalues arendiye

/ / 2 /
9, % 7+mi2 —%r(lw)i\/{wrm% —Z—gr(l—FT)} —4{12+mi2 Z%r(3+4r)}:| ,
where a prime represents a derivative with respect téencel; is either a saddle or a stable
node. Ifm(r) is a constant the eigenvalues reduce-t 3,4 + 1/ms, in which caser; is a
saddle point. Note that it is stable on the subspace- rz, for —1/4 < m < 0. However,
from Egs. (9.27) and (9.28), one must ensure that the igyim, vanishes. Then the necessary
and sufficient condition for the existence of the pdihtis expressed simply by

lim 22—, (9.38)
z2,3—0 Moy
which amounts to i
R
: -0, 9.39
2/ (9:39)

for R/H? — 0 and f/frH?* — 0. This applies immediately to several models, like e.g.,
f =1logR,R", R + aR" and in general for any well-behavgdR), i.e., for all the functions
that satisfy the condition of application of de I'HopitaleuThis shows that the “wrong” matter
era is indeed generic to th& R) models.

(3) Ps : Purely kinetic point

This also corresponds to a “kinetic” epoch, but it is diffgrfom the pointP; in the sense that
the energy fraction of the matter vanishes. Pdthtan be regarded as the special case of the
point P; by settingm = 1/4. The eigenvalues are given by

1 1 mj 1 mj 2 5 mh
2, 3 9— —+ —r(l+r) £ 9— —+ —r(l+r)p —420— — + —r(5+4r) | ,

ms mg ms3 msg ms mg

which means thab; is either a saddle or an unstable noden(f-) is a constant the eigenvalues
reduce ta2, 5,4 — 1/ms. In this caseP; is unstable forn; < 0 andms > 1/4 and a saddle
otherwise.

(4) Py

This point has a similar property # because botk,, andw.¢ are the same as those 8. It

is regarded as the special case of the pBiiy settingn = —1. Point P, has eigenvalues

—5, =3, 4(1+1/my) . (9.40)

Hence it is stable for-1 < my4 < 0 and a saddle otherwise. Neither®8f and P, can be used
for the matter-dominated epoch nor for the acceleratedhepoc

(5) Ps : Scaling solutions

Point P; corresponds to scaling solutions which give the constdid £3,,/Qpg. In the limit
ms — 0, it actually represents a standard matter era witk /3 and(2,, = 1. Hence the
necessary condition fafs to exist as an exact standard matter era is given by

m(r=—-1)=0. (9.41)
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The eigenvalues aP; are given by

—3ms £ \/m5(256m3 + 160m2 — 31ms — 16)

3(1 . 9.42
( + m5)7 4m5(m5 + 1) ( )
In the limit |ms5| < 1 the eigenvalues approximately reduce to
S(1 4 my), —o 4 - (9.43)
5/ 4 m5 . .

The models withms = Rf rr/f r < 0 exhibit the divergence of the eigenvaluesias— —0,

in which case the system cannot remain for a long time arol@goint P;. For example the
modelsf(R) = R — a/R™ withn > 0 anda > 0 [Capozziello 03, Carroll 04] fall into this
category. An approximate matter era exists also if insteats negative and non-zero but then
the eigenvalues are large and it is difficult to find initiahdd@ions that remain close to it for
a long time. We shall present such an example in a later sedileerefore generally speaking
models withms; < 0 are not acceptable, except at most for a very narrow rangaitoli
conditions. On the other hand,(f< ms; < 0.327 the latter two eigenvalues in Eq. (9.42) are
complex with negative real parts. Then, provided thgt> —1, the pointP; can be a saddle
point with a damped oscillation. Hence in principle the @nse can evolve toward the poifR
and then leave for the late-time acceleration. Note thapthet P, is also generally a saddle
point except for some specific cases in which it is stable.dWltriajectory £, or P5) is chosen
depends upon initial conditions, so a numerical analysiecessary.

Note that from the relation (9.34) the conditier(r) > 0 is equivalent ta- < —1. Hence the
criterion for the existence of a saddle matter epoch withrapad oscillation is given by

mir<-1)>0, m'(r<-1)>-1. (9.44)

Note that we also require the condition (9.41). In order tdize an accelerated stage after the
matter era, additional conditions are necessary as we isduds below. Finally, we remark that
a special case occursrit = const. This corresponds tg(R) = —A + a«R~". In this case the
system contains a two-dimensional subspace —(m+ 1)z, = nxy and on this subspace the
stability of the latter two eigenvalues in Eq. (9.42) is suéfnt to ensure the stability. Working
with the (z4, x2, z3) phase space the trajectories that start with= nx, which impliesA = 0,
remain on the subspace. Then the point is stable in the targe; < 0.327 . For A # 0, the
trajectories start off the subspace and follow the sameraibf stability as for then s£const.
case. So there exists a standard saddle matter efd fyr= —A + aR'*< with ¢ small and
positive.
(6) Fs : Curvature-dominated point
This corresponds to the curvature-dominated point whdsetefe equation of state depends
upon the valuen. It satisfies the condition for acceleration.g < —1/3) whenmg < —(1 +
V3)/2, —1/2 < mg < 0 andmg > (v/3 — 1)/2. In Fig. 9.1 we show the behavior af¢ as a
function ofm. The eigenvalues are given by

1 2—3mg—8mZ  2(mg—1)(1+myg)

4= - . 9.45
meg m6(1 + 2m6) m6(1 + 2m6) ( )

Hence the stability oF; depends on bothi; andmg. In the limitmg — +oo we haveP; —
(—1,0,2) with a de-Sitter equation of staterft — —1). This point is stable provided that
mg > —1. P is also a de-Sitter point forig = 1, which coincides withP; and is marginally
stable. Since = —2 in this case, this point is characterized by

m(r=-2) — 1. (9.46)
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o I\

—2 Ps

8! n
3 -2 -1 0 1 2 3
m

FiG. 9.1 — The effective equation of states for P; as a function ofm. The point is stable and
accelerated in the grayed regions. In the regionAx —(v/3 + 1)/2 the point is always a non-
phantom (. > —1); in the region (B)-1/2 < m < 0itis strongly a phantom.s < —7.6); in the
region (C)m > 1 itis slightly phantom {1.07 < w.s < —1) and in the region (D) is a non-phantom
(weg > —1). In all the other regionsg’ is either decelerated or unstable. Notice the gap between
Weg = —1.07 and—7.6.

It is instructive to see this property in the Einstein frame, performing a conformal trans-
formation of the system [Amendola 07b]. Then one obtainsaasdield with a potential
V = (FR — f)/|F|* This shows that the condition(r = —2) = 1 corresponds t& = 0,
i.e., the condition for the existence of a potential minimum

The pointF; is both stable and accelerated in four distinct ranges.

(] mg > —1

Whenmy > —1, Ps is stable and accelerated in the following three regions :

- (A) mg < —(1 ++/3)/2: Ps is accelerated but not a phantom, i®.; > —1. One has
weg — —1 inthe limitmg — —oo.

— (B) —1/2 < mg < 0 : Py is strongly phantom withw.g < —7.6.

— (C)mg > 1: Fyis slightly phantom with—1.07 < weg < —1. One hasw.s — —1 in the
limit mg — +oo andmg — 1.

(M} mg < —1

Whenmy < —1, the pointF; is stable and accelerated in the region

— (D) (V3 —1)/2 < mg < 1: herePs is a non-phantomy.g > —1.

Therefore from this we derive the first general conclusiameoningf () models : the asymp-

totic acceleration cannot have an equation of state in thgera7.6 < weg < —1.07.
If one considers radiation in addition tq , 5, then all the points?,_s remain the same (with
x4 = 0) and one obtains two additional points

° (7) Pr:(x1,22,23,24) = (0,0,0,1), Qp =0, wex =1/3,
4m 2m 2m 1 —2m —5m?

P : = — Qm: —
L4 (8) 8 (Il,x2,$3,$4) (1+m7 (1+m)271+m7 (1+m)2 )a 07 Weff

1—3m
3+3m’

We see tha; is a standard radiation point. Whe(r) is a constant the eigenvalues Bf are
given by1, 4,4, —1, which means thab- is a saddle in this case. The poi{is a new radiation era
(we call it “¢ -radiation dominated epoch”) which contains non-zero asudrgy. Since the effective
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equation of state is constrained by nucleosynthesis todse bl /3, P is acceptable as a radiation
epoch only formg close to 0.
The eigenvalues af; are given by

mg — 14 /81m2 + 30mg — 15

In the limit mg — 0 the last two are complex with negative real parts, which tsleows thatPs

is a saddle around the radiation point. Hence the solutivestaally repel away from the radiation
era and are followed by one of the fixed points given aboveikdrthe matter point’; there are
no singularities for the eigenvalues &f in the limit mg — 0. We also note thaPs is on the line
m = —r — 1 as in the case of the matter poi. If the condition for the existence of the matter point
Ps is satisfied (i.e.;m ~ 0 andr ~ —1), there exists a radiation poii} in the same region. Then
a viable cosmological trajectory starts around the raalgpioint P3 with m ~ 0 and then connects
to the matter point?s with m ~ 0. Finally the solutions approach either of the acceleratmdtp
mentioned above.

1, 4(1+m)), (9.47)

9.4 Four classes of Models

For a cosmological model to work, it has to possess a matteirdded epoch followed by an
accelerated expansion. In our scenarios this would be $estabeleration (late-time attractor). We
require that the matter era is long enough to allow for stmectormation and that an effective equation
of state is close ta.z = 0 in order to match the observations of the diameter distaheeaustic
peaks of CMB anisotropies, i.e., it has to expandias t*3. Now we study the conditions under
which these requirements are met.

Let us recall again thal, exists as a saddle or a stable node. TherpMBOE is always present
provided that the condition (9.38) is satisfied and only bia@@e of initial conditions one can escape
it. Hence below we examine the cases in which initial condgiexist such that the standard matter era
P;s for |m| < 1is also a saddle. When this is possible, a numerical anaysiscessary to ascertain
the basin of attraction oP, and Ps. In particular, it is necessary to see whether initial ctods
that allow for a radiation epoch lead f& or P5. Then, if P5 exists and is a saddle, we examine the
conditions for a late-time accelerated attractor.

9.4.1 Transition from the matter point P; to an accelerated pointF; or P,

The only point which allows for a standard matter er&iswhenm(—1) — 0, so this is the
first condition for a theory to be acceptable.nif —1) is non-vanishing the matter epoch can be
characterized by: ~ t>(*™)/3 which is still acceptable ifm| < 1. So from now on when we
write m(—1) — 0 we always meafmn(—1)| < 1. The corresponding poirf; with |m;| < 1 will
be denoted as&(o). In the general case, Eq. (9.34) has several rogfs and thereforen,,, and
correspondingly there will be several poiig, ...y, Psap,.) - Let us call the linen = —r — 1 on the
(r,m) plane thecritical line, since the point®; and P lie on this line. From the matter epoélﬁo)at
(r,m) = (—1,0), the trajectories can reach an acceleration point at efther one of the points
(besidePéO)) or F;, the only points that can be accelerated. The pBins stable and accelerated only
for 0 < m; < 1. The pointP; corresponds to an accelerated solutiorvfgr> 1/2 andm; < —1;
however, it can be shown that it is not stable (saddle or bfestaode) in both regions. Therefore we
only need to study the transition from the matter deé‘P to the accelerated poirit;. Generally
speaking, & (R) model is cosmologically viable if one of the transiti&t” — P; or P\ — P, is
possible.
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The pointPEfo) : (r,m) = (—1,0) can be approached from the positiueside or from the negative
one. In the first case, two eigenvalues are complex whileghlgpart of the eigenvalues remains finite
and negative. Then the trajectory exhibits a damped oBoilaround the matter point, before leaving
for the acceleration. In the second case, the eigenvaleagakand diverge forn — —0. Then the
matter era is very short and it is very difficult to find initiebnditions that lead to a successful
cosmology. The pure power-law modglR) = «R~" is a special case because th‘éfﬂ) is actually
stable form = —1 —n small and positive, so it is not possible to reach the acattar atP; [note that
in this case the system is two-dimensional with the latterévgenvalues in Eq. (9.43)]. For the model
f(R) = —A + aR'* with e small and positive, the transition froﬁéo) to Ps is instead possible and
these models are cosmologically acceptable. This showsath&DM cosmology is recovered for
this model in the limit — +0 but note — —0.

As we have seen in the previous section, the péinis stable and accelerated in four distinct
regions : (Aymg < —(1++/3)/2, (B) —1/2 < mg < 0, (C)mg > 1 (all these are stableif; > —1);
and finally, ifmj; < —1, (D) (v/3 —1)/2 < mg < 1. In the regions (A) and (D) the poiti; leads to a
non-phantom acceleration with.,s > —1, whereas the region (B) corresponds to a strongly phantom
(weg < —7.6) and the region (C) to a slightly phantom .07 < w.s < —1). In what follows we
shall discuss each case separately.

From P; (mf > —1,m > 0) to P, orto Fs (mg > —1) in the regions (A), (B), (C)

In the positivern region the matter poinPéO) is a saddle forn; > —1. We require the condition
mg > —1 for the stability of the point’ in the regions (A), (B) and (C). Let us then assume that
beside the root atn ~ +0 there are three roots which exist in the regions (A), (B),, (@) mg.,
mey, Mee, ESPECtively. A good cosmology goes from a sada,ﬁ@ to a stable acceleration, either
Pso, Pey, Pe. Or P;. Now P5(0) is a saddle ifn, > —1, while F; is stable ifm; > —1. This shows
that the curven(r) must intersect the critical point line = —r — 1 with a derivativem; ¢ > —1. If
the intersection occurs with a derivative, ; < —1, the cosmological model is unacceptable, either
because the matter era is stable or because the accelguatddig not stable.

We can therefore draw on the, m) plane the “forbidden direction regions” around the criti-
cal points, i.e. the direction for a curve(r) intersecting the linen = —r — 1 that must not be
realized (see Fig. 9.2 where we plot several possible) that belongs to four general classes as
detailed below). So, for any given(r) model, one has simply to look at the intersectionsndf)
with m = —r — 1 to decide if that model passes the conditions for a standatterracceleration se-
quence. Generally speaking, if thgr) line connects the standard matter éran) = (—1,0) with
an accelerated poirf; or P; without entering the forbidden direction region, then timatdel is cos-
mologically viable. Otherwise, either because there isgrmection at all or because the connection
has the wrong direction, then the model is to be rejected.

In general, of course, any.(r) line is possible. However, assumitg > 0, one sees that(R)
is a monotonic function, and therefore(r) is single-valued and non-singular (remember we are
assuming a regulaf with all its derivatives). This simple property is what weedeto demonstrate
our claims. In fact, it is then simple to realize by an inspetdf Fig. 9.2 that indeed it is impossible
to connect points nean. = +0 with points in (A), (B) or (C). To do so it would require in fact
either entering the forbidden direction regions or a tweuad ofm(r), i.e. a multi-valued function,
or a singularity ofm at finiter, or finally a crossing of the critical line. This simple argemnt shows
that the matter era with, ~ +0 cannot connect t@s in the region (A), (B) or (C). Hence the only
accelerated point left i& (which is stable only fof) < m(r = —2) < 1). Notice that this argument
applies for any number of roots in (A), (B) or (C).

A connection toF; is however possible at — +oo, with slopem; = —1, i.e. when the curve
m(r) is asymptotically convergent on the = —r — 1 line. Even in this case, the final acceleration
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is de-Sitter, although wittixy, z2, 235) = (—1,0,2) instead ofP, : (z1,292,23) = (0,—1,2). To
complete this demonstration we need also to ensure thaugththen (r) line can have any number
of intersection with the critical line, no cosmologicaljgetory can actually cross it. This property is
indeed guaranteed by Eq. (9.35) : trajectories stop at tieesections ofn(r) with the critical line
and remain trapped between successive roots.

From Ps; (m < 0) to Ps (mg > —1) in the region (B)

There is then a further optionF%(O) in the (B) region, i.ems < 0. Whenm is close to—0, one of
the last two eigenvalues in Eq. (9.43) is positive whereashaan is negative. This shows that in this
case the poinPéO) is a saddle independently of.. Note that the accelerated poiR§ in the region
(B) is stable formg > —1.

Let us first consider the case, > —1. Then the same argument applies for the positivease
discussed above. The(r) curves can not satisfy both the condition§ > —1 andmy > —1
required for the existence of the stable accelerated @gim the regions (A), (B) and (C). However
there is one exception. If the matter roatis small and strictly negative and; > —1, then F;
for the sameroot lies in the (B) region and is a valid acceleration polintother words,Ps and Py
coincide in the(r,m) plane and are both acceptable simeg; > —1. The simplest possibility is
m = const € (—1/2,0). For instance, for the power-law model§R) = aR*? (i.e.m = —0.1),
the transition from an approximately matter epdéﬂ) to an accelerated erg; is possible. However
the matter period is short because of real eigenvalues veinvenge in the limitm — —0, Another
possibility ism = a + br, i.e. a straight line intersecting the critical line at sopoént with abscissa
(a—0)/(1+0b) € (—1/2,0) and a slopé > —1.

Whenm; < —1 itis possible to reach the stable accelerated p#irih either of the regions (A),
(B), (C) with my; > —1. However the matter epoch does not last long in this case hdbeeuse
we have seen an eigenvalue is very large. Moreover, by ecattn there will always be the final
attractor P in the region (B) for the same:, whose effective equation of state corresponds to a
strongly phantomu(.g < —7.6).

Thus if the matter poinPéO) exists in the regiomn < 0, the models are hardly compatible with
observations because the matter era is practically abednb@cause most trajectories will fall in a
unacceptable strongly phantom era.

From P; (mf > —1,m > 0) to F; (mg < —1) in the region (D)

We come to the fourth range, i.e. the region (D). Now the sibuas different for the pointF;,
sincemy, has to bdessthan—1 in order to be stable. Then it is possible to leave the mapIecIePéO)
(which satisfiesn; > —1,m > 0) and to enter the accelerated epd&éh(m; < —1) as we illustrate
in Fig. 9.2 (Class IV panel). Therefore these models are edimle with standard cosmology : they
have a matter era followed by a non-phantom acceleratidmwijt > —1. Note that the saddle matter
epoch needs to be sufficiently long for structure formatemodcur. Later we shall provide an example
of such models.

Finally, we must mention an exception to this general arqunéthe m(r) line has a derivative
exactlym’ = —1 at the critical point, then that point is marginally stabielaur linearized analysis
breaks down. In this case, one has to go to a second-ordstsanat to a numerical study. We will
encounter such a situation for the modgéR) = Rlog(aR)? we study later. The same applies if
m’ — £o0o, i.e. for trajectories that lie on the borders of the fort@ddegions.
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FIG. 9.2 - The(r, m) plane for the four classes ¢f R) models. In all panels, the straight diagonal line
is the critical linem = —r — 1. In the dotted rangeB; is not accelerated or is unstable, if we assume
mg > —1. In the thick ranges labelled by A,B and &; is accelerated and stable, again assuming
mg > —1 (we omit the region D for clarity except for the Class IV pgn&he gray triangles represent
the forbidden directions near the critical points. The @astireen lines are hypotheticalr) curves,
intersecting the critical line in the critical poini§ andPs. The intersection atr, m) = (—1, 0) (light
gray triangles) corresponds to the standard matter eﬁﬁ)&hln Class | models, thex(r) curve does
not interseci{r, m) = (—1,0) and therefore there is no standard matter era. In Class Iefpthe
point (r,m) = (—1,0) is connected to thé’; de-Sitter point (along the segmeht< m < 1 at

r = —2) and therefore represents a viable cosmological solulibe.two additional critical points

in the regions A and C are unstable since the curve enterthalélen triangles and are therefore
not acceptable as final accelerated stages. In Class Il Imtduen(r) line with a slopen’ > —1
intersects the critical line at a negativein the strongly phantom range (B). Note that the curves with
mi < —1 which are attracted by in the region (A), (B), (C) are possible, but such cases ate no
viable because of the absence of a prolonged matter era fof. In Class IV models, the:(r) curve
connects the matter era with, > —1 to the region (D) with a derivative:; < —1 and therefore
represents a viable cosmology with a matter era followed biahle accelerationigz > —1). No
single trajectory can cross the critical lime = —r — 1 : each solution is trapped between two
successive roots on the critical line.
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9.4.2 Classification off (R) models

These discussions show that we can classifyfthie) models into four classes, as anticipated in
Introduction. The classification can be based entirely uppengeometrical properties of the(r)
curve and applies to all the cases in which an acceleratetttt exists (see Fig. 9.2).

— Class | : This class of models covers all cases for which threecn(r) does not connect
the accelerated attractor with the standard matter goint) = (—1,0), either because(r)
does not pass near the matter point,i¢r — —1) # 0, or because the branch of(r) that
accelerates is not connectedtom) = (—1,0). Instead of having a standard matter phase, the
solutions reach theMDE fixed pointP, with a “wrong” evolution of the scale factos (x t'/2)
or bypass it altogether by falling on the final attractor witha matter epoch at all. The final
accelerated fixed points, if they exist, can be in any of theemanges of;.

— Class Il : For these models the(r) curve connects the upper vicinity of the po{ntm) =
(—1,0) (with m > 0 andmf > —1) to the pointP; located on the segmefit< m < 1 at
r = —2, or asymptotically taPs(r — +o0). Since the approach t8; is on the positive side of
m, the trajectory exhibits a damped oscillation around thé#engoint [see Eq. (9.43)], which is
followed by the de-Sitter poin®; or Ps(r — +00). Models of the Class Il are observationally
acceptable and the final acceleration corresponds to att-&Sipansion.

— Class lll : For these models the(r) curve intersects the critical line atl/2 < m < 0 (i.e.
region B). In all these cases the approximated matter eravesyafast transient and only a
narrow range of initial conditions may allow it. Generigalthe matter era is followed by a
strongly phantom acceleration, although one could desigaeats with the other ranges of the
critical line. The closer to a standard matter epoch, theempbiantom the final acceleration is
(weg — —o0 asm — —0). Since the matter era is practically unstable and the Isigféective
equation of state isw.g = 7.6 (Which implieswpg ~ wes 0/2pE,0 €vEN smaller), these models
are generally ruled out by observations (although a moefglamumerical analysis is required).

— Class IV : For these models the(r) curve connects the upper vicinity of the pointm) =
(—1,0) (with mf > —1, m > 0) to the region (D) located on the critical lime = —r — 1 (with
mg < —1). These models are observationally acceptable and theaficaleration corresponds
to a non-phantom effective equation of staigg(> —1).

In Fig. 9.3 we show a gallery of(r) curves for variousf(R) models. The above discussions cla-
rify the conditions for whichf(R) dark energy models are acceptable. Only the Class Il or Qlass
models are in principle cosmologically viable. However veed to keep in mind that what we have
discussed so far corresponds to the behavior only arouticetipoints. One cannot exclude the pos-
sibility that single trajectories with some special initanditions happen to reproduce an acceptable
cosmology. It is therefore necessary to confirm our genealyais with a thorough numerical check ;
by its nature, this check can only be done on a case-by-cas had to this we turn our attention in
the next sections.

9.5 Specific models : analytical results

In this section we shall consider a numberf@?) models in whichm can be explicitly written
in terms of the function of and study the possibility to realize the matter era followga late-time
acceleration. Most of the relevant properties of these fisada be understood by looking at ther)
curves of Fig. 9.3.
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FiG. 9.3 — This figure illustrates several possiblér) curves (thick dashed green line). Only the
f = Rlog R and thef = Rexp(1/R) models show an acceptable connection between the matter

point (r,m) =

(—1,0) and the de-Sitter poin®; along the dashed segmentrat —2. In all other

cases, there is either no intersection of thé") curves with the critical linen = —r — 1 near
(r,m) = (—1,0) or them(r) curve enters the forbidden direction regions (the graygfies). In all
panels we show the forbidden regions for three points in4)B,C) ranges ofF;, even when there
are no critical points in one of those regions. For clarityomat the range (D).
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951 f(R)=aR™

This power-law model gives a constantfrom Eg. (9.30), namely
m=-n-—1, (9.48)

wherer = n. The curvem(r) degenerates therefore to a single point and this case retiiegtwo-
dimensional system in the absence of radiation because otkitionz; = nx,. Hence the condition
m(r = —1) = 0 is satisfied only for. = —1, i.e. Einstein gravity. Since the initial conditions ardun
the end of the radiation era are given for positiRethe positivity of the termf z = —naR™"!
requires thatv < 0 for n > 0 anda > 0 for n < 0. From Eqg. (9.48) one hag > 0 forn < —1
andm < 0 for n > —1. Since the eigenvalues &% for this model are given by the latter two in
Eqg. (9.42) [Amendola 07c], the matter poif is a stable spiral fon < —1 (aroundm — +0). Then
the solutions do not leave the matter era for the late-tincelacation.

On the other hand?; is a saddle point for-1 < n < —0.713 while the¢MDE point P, is stable
in the overlapping range 1 < n < —3/4. However one of the eigenvalues Bf exhibits a positive
divergence in the limitn — —0, which means that the matter point becomes repulsive i very
close to—0. As we anticipated, in the region around = —0 the effective equation of state féi;
corresponds to the strongly phantom types( < —7.6), i.e., to our Class Il models. [Amendola 07c].
The above discussion shows that the saddle p@jms connected to either theMDE point P, or the
strongly phantom poinf%. The more one tries to get a standard matter erafes —1, the more
phantom becomes the final acceleration and the more diviedogeomes the eigenvalues. Moreover
if we take into account radiation, the solutions tend to stagy from the poinf.

So the models of this type are always in Class | except for (i< n < —0.713 (Class Ill) and
for (i) —1.327 < n < —1 (they are asymptotically not accelerated). Similar cosidns were found
in Ref. [Clifton 05].

The pure power-law models correspond to poiats= —n,m = —1 — n) in the (r,m) plane.
We can notice that thaCDM model f = R — A corresponds to the horizontal lime = 0, which
connects the matter era@tm) = (—1, 0) with the de-Sitter acceleratiaf, at(r, m) = (—2,0) and
is therefore a valid Class Il model. A possible generalmadbf ACDM is given by the models

f(R) = (R — A, (9.49)

which generate a tilted straight lime(r) = r(1 — ¢)/c+ b — 1. If the intersectionn = —1 + bc with
the critical line is ath < m < 1 and the slope is given by1 < (1 — ¢)/c < 0, then the matter era is
connected withP; and the model is acceptable (Class I1).

952 f(R)=R+aR™

This model was proposed in Refs. [Capozziello 03, CarrdlkO4ive rise to a late-time accelera-
tion. From Egs. (9.30) and (9.31) we obtain

m(r) = —M. (9.50)

r

Notice thatm(r) is independent ofv. Sincem(r = —1) = 0 the models satisfy the necessary
condition for the existence of the matter poift

Let us analytically study the attractor behavior of the maadmore details. Substituting Eq. (9.34)
for Eq. (9.50), we find the solutions, = 0 or m;, = —(n + 1), which holds for the point#&; and F.
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In this case the pointB; and F; are characterized by

11
Psg : <Oa _53 5) , Qm =1, Weg = 0, (9-51)
1) 4 4 241 1
Py, : _3(n+ )’ n+37 n+3> Qm:_w7 Wog = —1 — —, (9.52)
n 2n2 2n 2n2 n
2 2 4n+5 4n +5 6n’ 4+ —1
Py <_ (n+ )7 n+ ’ n(4n + 5) )’ O =0, wegz_%_ (9.53)
2n+1 "(n+1)2n+1) (n+1)2n+1) 3(n+1)(2n+1)

Note that form, = 0, Ps, goes to infinity. We are interested in the case where a (quesier era is
realized aroundh; ~ 0.
This family of models splits into three cases 7l —1,2) —1 < n < 0, and 3)n > 0. The
intermediate cases= 0, 1 are of course trivial.
— Case 14 < —1).
Sincem’ = n/r* we see thatn’(—1) < —1 and therefore the matter epoch around~ +0
is stable and no acceleration is found asymptoticalyi§ stable as well for-2 < n < 0).
The caser = —2 corresponds to Starobinsky’s inflation model and the acatdd phase exists
in the asymptotic past rather than in the future. This cass dot belong to one of our main
classes since there is no future acceleration.
— Case2{1 <n <0).
Then the condition at = —1 is fulfilled for R — oo, and we see that = n(n+1)aR™"1/(1—
naR~""1) approaches zero from the positive sideri 0. In this case, there are damped os-
cillations around the standard matter era and the finales@diSitter point’, can be reached
(Fs is unstable) : this is the Class Il model. Notice thhak 0 for small R, but ' > 0 along the
cosmologically acceptable trajectory. When- 0, two of the eigenvalues diverge as— —0
and the matter era becomes unstable.

— Case 3% > 0).
In this case the stable accelerated pditexists in the non-phantom region (A) because of
the conditionm = —n — 1 < —1. If @ > 0, m approaches zero from the positive side.

Then there are oscillations around the matter era but thdexated poinf; is unstable (since

my = —n/2 < 0). Sincemi = n > 0, the matter era corresponds to a saddle. How&yevith

my > —1 cannot be connected 1@ in the region (A), as we showed in the previous section.

Hence we do not have a stable accelerated attractor aftenditer epoch. When < 0,

m approaches zero on the negative side and here again the patie becomes effectively

unstable since one of the eigenvalues exhibits a positiergence. Then this case does not

possess a prolonged matter epoch and belongs to the Cldss firdt panel of Fig. 9.3 shows

graphically why models like¢(R) = R + «/ R cannot work as a viable cosmological model :

the accelerated point is disconnected from the matter point
In the next section we shall numerically confirm that the sraphase is in fact absent prior to the
accelerated expansion except for modg&®) = R+ aR " witha < 0and—1 < n < 0. 1In
any case, all these power-law cases are cosmologicallycaptable. These results fully confirm the
conclusions of Ref. [Amendola 07b] reached by studying threst€in frame. The single exception
pointed out above for-1 < n < 0 was not a part of the cases considered in Ref. [Amendola 07b],
sinceF’ < 0 for small R.

9.5.3 f(R)= RPexp(qR)

In this modelm is given by

B
m(r) = —r+ . (9.54)

Notice that for the pure exponential cage=€ 0) we havemn = —r andz3/m — xs — 0 S0 that
P, exists whileP; does not. Otherwise the functien vanishes for — +,/p, which means that the
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condition (9.41) for the existence of the matter era holdg tor p = 1. However, since in this case
m'(r = —1) = =2 < —1, the pointP; is a stable spiral fom > 0. So the entire family of models is
in fact ruled out.

In the limitm — +0, P; can not be used for the late-time acceleration in additicghédact that
Ps is stable. Moreover since:(r = —2) = 3/2 for p = 1, the de-Sitter poinf; is not stable. We
note that Egs. (9.54) and (9.34) are satisfied in the limit> 400 andr — —oo, see Fig. 9.3. Since
the eigenvalues in Eq. (9.45) arel, —4, 0 in this case, the poinks : (1, 2, x3) = (—1,0,2) with
m — —+oo is marginally stable with an effective equation of statg — —1. In fact, whenm > 0,
we have numerically checked that the final attractor is eitheematter poinf; or Py : (1, 22, x3) =
(—1,0,2) (but then without a preceding matter phase), depending inied conditions.

Thus models of this type do not have the sequence of mattea@aderation fop = 1, whereas
the models withp # 1 belong to Class I.

9.54 f(R)= RP(logaR)!
In this model we obtain the relation

2
Ir — r(q —
m(r) = L0 gq rar). (9.55)

Sincem(r = —1) = —(p — 1)*/q, the matter epoch exists only for= 1. Whenp = 1 one has
m(r = —2) = 1 — 1/(2q), which means thaP, is stable forg > 0 whereas it is not foy < 0. The
derivative termm/(r) is given by

)= —14 (9.56)

m(r)=— .
qr?

Sincem’(r = —1) = —1 the pointP; is marginally stable. However we have to caution thatoes

not exactly become zero. In fact when< —1 we havem’(r) > —1 andm(r) > 0 for ¢ > 0, which
means that the quasi matter era with positivés a saddle point. Similarly the accelerated pdtt
in the region (C) is stable fay > 0 whereas it is not foy < 0. Hence bothP, and P; are stable for
positiveq. However one can show that the functierir) given in Eq. (9.55) satisfies(r) < —r — 1
in the regionr < —1 for p = 1 andq > 0. Hence the curve (9.55) does not cross the pgint the
region (C). Then the only possibility is the case in whichftitagectories move from the quasi matter
eraPs to the de-Sitter poinf; . In the next section we shall numerically show that the seqadérom
Ps to P, is in fact realized.

Thus whenp = 1 andq > 0 the above model corresponds to the Class Il, whereas thelsnode
with p # 1 are categorized as the Class I.

9.5.5 f(R)= RPexp(q/R)

This model gives the relation
2
nmﬁz—giifiﬁ, (9.57)

which is independent aof. Here we haven(r = —1) = p — 1, so a matter era exists for= 1. In
this case one has(r) = —(r + 1)?/r > 0 for r < 0. Sincem(r = —2) = 1/2 for p = 1, the point
P, is a stable spiral. The derivative temm (r) is given bym/(r) = —1 + 1/r?, which then implies
m/(r = —1) = 0andm/(r < —1) > —1. This shows thaf’ is a saddle wherea; in the region (C)
is stable. The curve (9.57) satisfies the relatiofr) < —r — 1 in the regionr < —1 for p = 1 and
also has an asymptotic behaviafr) — —r in the limitr — —oc. Then in principle it is possible to
have the sequend® — Ps(r — —o0), but the trajectory from the poirft; is trapped by the stable
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de-Sitter pointP; which exists atr,m) = (—2,1/2). We note that one of the eigenvalues for the
point P is large @(1 + m%) = 3) compared to the mod¢gl(R) = R(log «R)? whose eigenvalue is
close to O (but positive) around. = 0. In such a case the system does not stay around the matter
point P5 for a long time as we will see later.

Thus the model withp = 1 belongs to the Class II, whereas the models with 1 correspond to
the Class I.

9.5.6 f(R)=R+aR>—A

In this case the functiom(r) is given by

—1—7r+ A(r)
= 9.58
) = = (9.58)
where
Ay =/ +7r)2+4ar(2+7), a=aA. (9.59)
Here we assume that A > 0. The equationn(r) = —1 — r, gives three solutions
1+4a+2B
= =2 .
1,2 1144 y T3 ) (9.60)
whereB = \/a(1 + 4a). Then we obtain three poinfg and threePs. For P; we have
60 B(B+8d) 8a+B
P, = — 9.61
bap ¢ (1,2 73) (ziiB’ %BiQ@?%@iQB)’ (9-61)
3 55
Ps.: =|=,—,- ). 9.62
5,c ($1,IE2,$3) (2, 8’4) ( )

The pointP; . is unphysical sincél,, < 0. The pointsF;,, reduce to a matter point in the limit
a < 1. At the lowest order one has.s ~ $4\/§/3. This shows that a standard matter era can
exist either fora — 0, i.e., for theACDM model, or forA — 0, i.e., for the Starobinsky’s model
f(R) = R+ aR?. In the limit& — 0 the only accelerated point is the de-Sitter pdiit Since the
conditionm(—2) = 1 is satisfied for anyy, we see that thig(R) model is always attracted by the
de-Sitter acceleration.

Models of this type belong to Class Il.

95.7 f(R)=R—pui/R+ u;°R?
This model was proposed in Ref. [Nojiri 03]. In this case E34) reads :
zﬁ2tT+Rﬂ1+m+uﬂ1—n:0, (9.63)

1253

where R needs to be real solutions. Since the solutions for thistezguare quite complicated, we
will not write them down here. The necessary condition fa éxistence of the matter phase is as
usualm(—1) = 0. We have here

6
D=3= 22/ p0)¥3

Hence we see that(—1) tends to zero fop;; — 0 but since it stays on the negative side, the matter
era is unstable (one of the eigenvalues exhibits a positwezgence). So we can draw from Eq. (9.64)

m(— (9.64)
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an important conclusion that the matter phase can only keraat for,; = 0, i.e., the Starobinsky’s
(inflation) model previously discussed.
In order to satisfy solar system constraints a particulasive of this model was suggested with
[Nojiri 03]
pe =3%4y, and R=+3ul. (9.65)
In that case, (9.64) yields(—1) =~ 3.40 hence this case does not have a standard matter phase either.
The model has two accelerated attractors :

{ Ps i (w1, 29, 13) = (=2,3/2,3/2), weg = —2/3,

P (1, 29,23) = (0,—1,2), weg = —1. (9.66)

Thus depending upon the initial conditions the trajec®hie in the basin of attraction of either of
these two points.
This model corresponds to Class I.

9.5.8 m(r) = —0.2(1+7)(3.2+ 0.8r +1?)

This model has been designed by hand to meet the conditidind@lass IV. Note that this corres-
ponds to then(r) curve in the Class IV case shown in Fig. 9.2. The correspanfli®) Lagrangians
are the solutions of the differential equation

Rf rr —m (_Rf,R>
fr f)

which can be obtained numerically. This model obeys the itomd m(—1) = 0 andm; > —1
required for a saddle matter efy as well as the condition&/3 — 1)/2 < mg = 0.8 < 1 and
mg < —1 required for a stable accelerated palitin the region (D). The final accelerated attractor
corresponds to the effective equation of statg ~ —0.935.

A model with similar properties but an analytical Lagramgia f(R) = Rﬁ(R + C)ﬁ (C #
0, p # 1) for whichm(r) = —p(r + 1)?/r, whosePs intersection lies in the region (D) f& < p <
3.73 With weg = 1;?{’:;)1’2. Here however the matter era has large eigenvalues so iis fafotery little
duration and hardly realistic. A generalizationtdr) = —p(r + ro)?/r with r, slightly less than 1
works much better but then the Lagrangian is very complitate

(9.67)

9.5.9 Summary

In Table 9.1 we summarize the classification of mpak) dark energy models presented in this
section. No model belongs to the Class IV except for the melyodesigned cases given in the
previous subsection, so we omit the Class IV column. The isosleich are classified in Class Il at
least satisfy the conditions to have a saddle matter erawell by a de-Sitter attractor. This includes
models of the typef = R+ aR™™ (-1 < n < 0,a < 0), f = R(logaR)? (¢ > 0)and f =
R + aR? — A. However this does not necessarily mean that these moaetoamologically viable,
since it can happen that the matter era is too short or tootlmbg compatible with observations. In
the next section we shall numerically study the cosmoldgiedility of the above models.

9.6 Specific cases : Numerical results

We will now use the equations derived in Section 9.2 in ordeetover the cosmic history of given
f(R) DE models and confirm and extend our analytical results. llicasdes, we include radiation
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| f(R) models | m(r) | Class!| | Class Il | Class Il |
aR™" —1—n n > —0.713 — —1<n<-0.713

R+ aR™ —n@ n >0 —1<n<0, a<0 -
Rr(logaR)? | rrrrlerta) [ 4 p=1_¢>0 -
RPexpqR —r+2 p#£1 — _

RP exp(q/R) —w p#1 p=1 _
R+aR?— A Eg. (9.58) - al <1 -
R—u2/R+ R*/13 Eg. (9.63) always - —

TaB. 9.1 — Classification of (R) dark energy models.

and give initial conditions at an epoch deep into the raoiegpoch. As our aim is to check their
cosmological viability, we tune the initial conditions imd@r to produce observationally acceptable
values, namely

Qo ~ 0.3, Qrado = 1071, (9.68)

In some cases we plot a 2-dimensional projection of the 3edsional phase space;, x5, x3) (no
radiation) in Poincaré coordinates, obtained by the tmnsationxgp) = z;/(1 + d) whered =

Vi + xd + 3.

9.6.1 f(R)=aR™

Sincem = —n — 1 in this case, the matter era is possible only whea close to—1. So let us
consider the cosmological evolution aroumd= —1. As we already showed, the matter poiftis
stable forn < —1. Whenn > —1, P; is a saddle and both, and F; are stable. In Fig. 9.4 we show
a 2-dimensional phase space plot for the mede! —0.9 in theabsencef radiation. In fact the final
attractors are either theMDE point P, with w.g = 1/3 or the phantom points with weq = —10.17.
The point P5 with w.s = 1/9 is in fact a saddle point. However, if we start from realigtitial
conditions aroundz,, z2, r3, z4) = (0,0, 0, 1) with the inclusion of radiation, we have numerically
found that the trajectories directly approach final ates{P, or Fs) without reaching the vicinity of
Ps. Moreover as we choose the valuesiofloser to—1, the pointP; becomes repulsive because of
the positive divergence of an eigenvalue. These resulis gt the power-law models with > —1
do not provide a prolonged matter era sandwiched by radiatia accelerated epochs in spite of the
fact that the poin®s can be a saddle.

9.6.2 f(R)=R+aR™"

Whenn > 0 one hasn = —n — 1 < —1 andm/(r) = n/r? > 0 for P5; and P;. In this caseP is
a stable attractor whered3 is a saddle. In the previous section we showed that the nyadtet P;
is disconnected to the accelerated pdipsince P exists in the region (A). According to the results
in Ref. [Amendola 07b] we have only the following two casegher (i) the matter era is replaced by
the pMDE fixed point P, which is followed by the accelerated attracty; or (ii) a rapid transition
from the radiation era to the accelerated attragtawvithout thepMDE. Which trajectories are chosen
depend upon the model parameters and initial conditiordsign9.5 we depict a 2-dimensional phase
space plot for the model = 1. This shows that the final attractor is in fag and that whether the
solutions temporally approach the saddle pdtnbr not depends on initial conditions.

In order to understand the evolution after the radiatiorletras consider the model= 1 without
radiation. From Eqgs. (9.4) and (9.5) we find that the evolutibthe scale factor during theMDE is
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f(R)=aR%®

FIG. 9.4 — Phase space in the plane, z5) in Poincaré coordinates for the mod&lR) = aR%? in
the absence of radiation. Here and in the following plot,dbtted lines correspond to trajectories at
the early stage, the continuous lines to those at the fingésiehe circles represent critical points.
The solutions approach either th®IDE point P, or the phantom poin&s. The pointP; is a saddle,
but the trajectories do not approach this point if we take sxtcount radiation. The poi; is an
unstable node.

f(R)=R+a/R

FiG. 9.5 — Phase space projected on the planez,) in Poincaré coordinates for the mod&IR) =
R+ «/Rin the absence of radiation. For the initial conditians> 0 there are two solutions : either
(i) the solutions directly approach the accelerated atirak; or (ii) they first approach the saddle
¢oMDE point P, and then reach the attractBg. Whenz, < 0 initially, the trajectories moves toward
x9 — —oo. Note that the poinP; is unstable.
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FIG. 9.6 — The cosmic evolution of various quantities is showrtlie modelf (R) = R + a/ R? with
a = —u®, u/Hy = 11.04. The standard matter era is replaced by ¢#MDE which corresponds to
a o< t'?, weg = 1/3 andQ,, = 2. The redshift;, at which acceleration startsis = 0.4 and we have
asymptotically in the futur€pg = 1 andw.g = wpg = —0.82 [see Eq. (9.53)].

given by
a(t) = (t/t:)"* + e(®)(t/t:)"*, (9.69)

where the subscript”represents the value at the beginning of #MDE. At first order ine(t) we
have

()= 1

pr— 2 - .
VAAHE [ o) 1312 — (11 )2

(9.70)

Notice thatu is of orderH, to realize the present acceleration. Sidfie< H; the parametet(t) is
in fact much smaller than unity. The scale factor evolves ast'/? during thepMDE, but this epoch
ends when the second term in Eq. (9.69) gets larger than thelzerder term. Hence the end of the
¢MDE is characterized by
4/7
144H2 | pS) ,
pr o\ 3H? y

~
~

(9.71)

After that the solutions approach the accelerated attrd¢tdEquation (9.71) shows that the duration
of the pMDE depends om together with the initial conditionsﬁ,? and H;. The similar argument can
be applied for any. < —1,n > —3/4 with a correction growing ag/2~/2(*+1) '|n Fig. 9.6 we plot
the evolution of various quantities far= 2. In this case the radiation era is followed by thidDE
saddle point?, with Q,, = 2 andw.s = 1/3. The final attractor is the accelerated poifytwith
Qpe = 1 andw.z = —0.82. As is clearly seen in the right panel of Fig. 9.6 we do not reagéandard
matter era withv.g = 0.

Let us consider the case in whiehis close to—1. Whenn < —1 the pointP; is a stable spiral,
so the matter era is not followed by an accelerated expamsias similar to the power-law models.
If n > —1, the de-Sitter poinf; is stable whereas the phantom paktis not. In Fig. 9.7 we show
the phase space plot in a two-dimensional plane:fer —0.9. Whena > 0, although the poinPs is
a saddle, the solutions approach the attraétowithout staying the region around the pof for a
long time because: is negative. This tendency is more significant ifls chosen to be closer tel,
i.e. m — —0. Hence one can not have a prolonged matter era in these caged|aOn the other
hand, fora < 0, we havemn — +0 and there are oscillations around the matter era followeathaay
the attractor”;. Then this latter case, belonging to Class Il, can be cosgndy viable.
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f(R)=R+aR%®, >0 f(R)=R+aR%°, a<0
X

FIG. 9.7 — Projected phase space in Poincaré coordinates fonddel f(R) = R + aR%? in the
absence of radiation. The final attractor is the de-Sitténtp® : (z;, 22, x3) = (0, —1,2). Note that
both P, and P; are not stable unlike the mod¢(R) = aR%?. In the left panelp > 0 : here Ps
corresponds tan < 0 with a large eigenvalue and therefore is unstable. In tha pgnel,a < 0 :
now the pointPs is a saddle with positiver, so it is possible to have a sequence of an oscillating
matter phase followed by the late-time acceleration. Wegkingle curve for clarity.

9.6.3 f(R) = R(logaR)!

Wheng > 0, we showed that the poirft; is a saddle forn(r < —1) > 0 whereas bottP, and
P are stable. In the previous section we showed that the ordgiitity is the trajectory fronPs to
P;. Hence the solutions starting from the radiation era rebetsaddle matter poirft; first, which is
followed by the de-Sitter poing;.

In order to obtain a prolonged matter period, the variableandr need to be close te-0 and
r = —1, respectively, at the end of radiation era. If we integréie autonomous equations with
initial conditionsr = x3/x5 ~ —1 (and smaller than-1) andz, ~ 1, we find that the matter era is
too long to be compatible with observations. In Fig. 9.8 wat phe example of such cosmological
evolution forq = 1. This shows that a prolonged (quasi) matter era certainigtexrior to the
late-time acceleration. The final attractor is the de-Bptant P, with w.s = —1. However in this
case the beginning of the matter epoch corresponds to tisbifed = 1.1 x 10'7, which is much
larger compared to the standard value- 103. The present value of the radiation energy fraction is
Qraa0 = 2.8 x 1071 and is much smaller than the value given in Eq. (9.68).

This unusually long period of the matter era is associatéid tive fact that the poin®; is a saddle
in the regionr < —1 but it is marginally stable in the limit — —1 (i.e. m — +0). Hence as we
choose the initial values of closer to—1, the duration of the matter period gets longer. In order
to recover the present value 9f .4 given in Eq. (9.68), we have to make the matter period shorter
by appropriately choosing initial conditions at the endloé tadiation era. In Fig. 9.9 we plot the
cosmological evolution in the case where the end of the tiadira corresponds to ~ 10? with
present valueg,, o ~ 0.3 andQ,.q 0 ~ 10~*. The energy fraction of the matter is not large enough to
dominate the universe after the radiation epoch. Hencec#tsis is not compatible with observations
as well.
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FIG. 9.8 — The cosmic evolution of various quantities for the slof{l R) = Rlog a.R with initial
conditionsr; = 107°, 25 = —10719, 23 = 1.01 x 10~'° andx, = 0.999 at the redshift = 1.1 x 10'7,
corresponding to = —1.01. In this case the matter era is too long relative to the stahctzsmology.
In fact the energy fraction of the radiation at the presentBps(,.q4 0 = 2.8 x 107, which is much

smaller than the standard valflg,q o ~ 10.
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FIG. 9.9 — The cosmic evolution of various quantities for the glof{ R) = Rlog aR with initial
conditionsz; = 10719, 25 = —1077, 23 = 1.019x 10~ " andz, = 0.999 at the redshift = 3.15x10°,

corresponding te = —1.019. In this case we hav@,, ; ~ 0.3 and(,.q 0 ~ 10~* at the present epoch,
but the matter era is practically absent.
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FIG. 9.10 — The cosmic evolution of various quantities for thelelg (R) = Rexp(q/R) with initial
conditionsz; = 0, 25 = 2.13 x 107%°, 23 = 5.33 x 10~2' andx, = 0.99 at the redshift = 3 x 10°.
We see that the matter era is absent and is replaced yMBE.
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FIG. 9.11 — The cosmic evolution of various quantities for thedelon(r) = —0.2(1 + r)(3.2 +
0.8r + r2) with initial conditionsz; = 10719, 2, = —1077, 23 = 1.000007 x 10~ andz, = 0.999
at the redshift: = 3.5 x 105. The model has an approximate matter dominated epoch fetldwy a
non-phantom accelerated universe witly ~ —0.935.

9.6.4 f(R)= Rexp(q/R)

In this case the matter poirft; is a saddle, but one of the eigenvalues are 3 rather than close
to 0. Numerically we find that the solutions do not reach thetenadominated epoch unlike the
f(R) = R(logaR)? model withg > 0. In Fig. 9.10 we plot the cosmological evolution for this
model corresponding to the present valilgs, =~ 0.3, Qa0 &~ 107%. In this case the matter epoch
is replaced by theMDE. It is possible to find a situation in which there existshars period of the
matter era, but we find that this case does not satisfy theibomsigiven by (9.68). Thus this model
is not cosmologically viable in spite of the fact that it beds to the Class II.

9.6.5 m(r) = —0.2(147)(3.2+0.8r +1?)

This model belongs to the Class 1V, so the cosmologicaldtajees can be acceptable. In Fig. 9.11
we find that the matter epoch is in fact followed by a stableskration withw.s ~ —0.935. The
transition between the various eras is not very sharp coedgartheACDM model, so it is of interest
to investigate in more detail whether this model can beyeainmpatible with observations. However
this is beyond the scope of this paper.
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9.7 Conclusions

The f(R) dark energy models are interesting and quite popular atsetogexplain the late-time
acceleration. However it was recently found that the papmladel f(R) = R + aR™™ withn > 0
is unable to produce a matter era prior to the acceleratedhefaonendola 07b]. In this paper we
have attempted to clarify the conditions under whjglz) dark energy models are cosmologically
viable. We first derived the autonomous equations (9.2@9hich are applicable to geneydlR)
models. In Sec. 9.3 all fixed points are derived in such anraummus system. By considering linear
perturbations about the fixed points, we have studied theilgies to understand the cosmological
evolution in f(R) dark energy models.

The main result of this paper is that we have identified foassés of (R) models, depending on
the existence of a standard or “wrong” matter es®IDE) and on the final acceleration. In practice,
we have shown that the cosmologyfif) models can be based on a study ofithg-) curves in the
(r,m) plane and on its intersections with the critical lime= —r — 1. This provides an extremely
simple method to investigate the cosmological viabilityo€h models. In particular, we find that the
Class | models correspond to the type of models in which tred &inceleration is preceded by a so-
calledpMDE phase characterized lyx ¢!/ or in which the matter phase does not exist at all prior
to the accelerated epoch. These models are clearly rulec gutby the angular diameter distance
of the CMB acoustic peaks, see Ref. [Amendola 07b]. This ifabyhe largest class and only a few
special cases belong to other three.

The general conditions for a successfuR) model can be summarized as follows :

— A f(R) model has a standard matter dominated epoch only if it ssittfie conditions

m(r)~+0 and m'(r)>-1 at r~-1, (9.72)

where the second condition is required to leave the matéefioethe late-time acceleration.
— The matter epoch is followed by a de-Sitter acceleratiag & —1) only if

0<m(r)<1 at r=-2 or m(r)=-r—1— f+oo (Classll). (9.73)

— The matter epoch is followed by a non-phantom accelerdteattor (g > —1) only if m =
—r —1and
(V3—1)/2<m(r)<1 and m/(r) < -1 (ClassIV). (9.74)

Moreover, the curven(r) must connect with continuity the vicinity of the matter poiy : (r,m) =
(—1,0) with one of the accelerated regions. The Class Il and IV n®det characterized by (r)
curves that satisfy these requirements and lead theref@me &cceptable cosmology.

In the Class Ill models the curve(r) intersects the critical line ab small and negative. In this
case the saddle eigenvalue takes a very large real valudhamdatter era is practically unstable and
therefore generically very short. Moreover, most trajge®will be attracted by the strongly phantom
attractor withw.q < —7.6 which is in contrast with observations.

The cases withn/(r) = —1 or m/(r) — 4oo at the critical points are not covered in our linear
approach and a higher-order or numerical analysis is nege$slso the power-law modef(R) =
R~"is arather special case in a sense that it gives a transitonthe quasi matter era to the strongly
phantom epoch with @nstannegativen.. However we showed that this model is not cosmologically
acceptable because of the absence of the prolonged matigr.affe have also studied analytically
and numerically models lik¢(R) = R+ aR™", RP(log «R)?, R? exp(qR), R? exp(q/R), (R* — A)°
and others and have confirmed the conclusions drawn fromuthe approach. See Table 9.1 for the
summary of the classification of a samplef@f?) dark energy models.

As we have seen, the variable= Rf pr/ f r plays a central role to determine the cosmological
viability of f(R) dark energy models. Th&CDM model, f(R) = R — A, corresponds ten = 0 at
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all times, which thus satisfies the condition for the exiséeaf the matter eran{ ~ 0) followed by
the de-Sitter point at.(r = —2) = 0. The difference from the linge: = 0 characterises the deviation
from the ACDM model. If the devaition fromn = 0 is small, it is expected that such models are
cosmologically viable.

We conclude with a comment concerning a possible signafufé®) cosmology. The standard
matter era can be realized with — +0. As we have seen, in all successful cases we analyzed in this
work, the matter era is realized through damped oscillatieith positivemn. This raises the obvious
guestion of whether such oscillations are observable ardhenthey could be taken as a signature of
modified gravity. This question is left to future work. An atiishal interesting direction to investigate
is the evolution of cosmological perturbationsfiiR) dark energy models in order to confront with
the datasets of CMB and large scale structure along thedirfeefs. [Song 07,Bean 07, Faulkner 07].
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Croissance des perturbations lineaires
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10.1 Origine des perturbations

L a formation des grandes structures est I'une des grandssi@pgecomologiques. Toute inhomo-
géneité entraine dans un univers statique la formatiornrdetste sous I'action de la gravitation.

Cependant, I'expansion de cet espace et la pression ddioadialentissent cette croissance. Il est

alors tres intéressant de se poser la question des mécardentalles fluctuations.

Différents mécanismes ont été proposés afin d’expliqueigitee des fluctuations de la métrique.

J'exposerai deux grandes théories pour expliquer les iogémeités observées.

10.1.1 Les défauts topologiques

Les fluctuations primordiales peuvent étre engendrées mmadistribution de matiere inhomo-
gene qui ne contribue que faiblement a la densité d’éneogiidet de I'univers. Cette origine serait
dd a la formation de défauts topologiques a la suite de tiansile phase dans l'univers primor-
dial [Kibble 80].

Pour en donner une idée, je vais expliciter un exemple simple
Imaginons un champ scalaire reetlont la théorie est invariante sous la syméftidp «— —o).
On utilise souvent un potentiel dit en "chapeau mexicaini dé générer la brisure de symétrie.
Soit
2

A
V(9) = 07 + 5o
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FIG. 10.1 —u? <0 N FIG. 10.2 —? > 0

Ce potentiel posséde deux configurations, selon le signé.dea brisure de symétrie se produit
lorsque I'on passe de I'état® < 0 versp? > 0. L'univers peut avoir une telle transition avec un
parameétreu dépendant de la température. Un refroidissement de I't;ieetraine la transition de
phase. La valeur moyenne de ce champ dans son état fondadeuat alors non nulle.

<Pp>p=0 — <p>g= £\ p?/A (10.1)

Pour des régions de I'espace, suffisamment éloignées, d alycune raison que ce champ choi-
sisse le méme état fondamental. Les régions ou le champrest’état fondamental-/ 12/ )\ sont
nécessairement séparées des zong§:2/\ par une 2-surface o&t ¢ >= 0. Cette surface ou le
champ est dans I'état avant la brisure définit un défaut tapque.

Il s’agit du mécanisme de Kibble, qui s’écrit de fagon plus@@l par la brisure de symétrie d’'un
groupeG en un de ses sous-groupEs

Ce modele tres élégant a cependant de nombreux problémeffeEr’existence de tels murs a
des conséquences cosmologiques qui ne sont pas encoreéasser
Ce processus a une conséquence philosophique forte, #garicosmologique n’est pas viable dans
de tels modeles. En effet ces hypersurfaces déterminenlidesions privilégiées. Afin de "sauver"
ce principe il faut imposer qu’il y ait une faible densité dsenurs. De plus les photons du CMB sont
nécessairement en interactions avec de tels domainesi eetrpine des anisotropies qui ne sont pas
compatibles avec les observations.
Le deuxieme grand probleme est celui des monopéles. Casypastsont inévitablement produites
dans des modéles de brisure de symétrie. Or aucune obsearman fait mention. Il est alors néces-
saire d'imaginer des mécanismes afin d’éliminer ces mormrgpol

Ainsi partant d’'un modéle relativement simple et élégantest confronté a différents problémes
non résolus.

10.1.2 VLinflation

Selon le modéle inflationnaire [Starobinsky 80, Guth 81¢lki82, Albrecht 82, Linde 83, Linde 84,
La 89a, La 89b, Linde 05], les inhomogénéités de la métriqure s conséquences quantiques
[Bunch 78, Hawking 82, Starobinsky 82], [Guth 82, Fischl&} @un champ scalaire : I'inflaton.

Ce champp produit une accélération de I'univers, ce qui permet deugsodifférents problémes
tels que I'horizon, 'homogénéité, la platitude et I'ongides perturbations. Je vais pour cela rappeler
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guelques points de cette théorie vaste et complexe.

On suppose 'existence d’'un champ scalaire dans un potéffig dont I'action est

s = [v=a{-y007 - vie fa (10.2)

Il s’agit d’'une équation déja rencontrée (5.1). Ainsi nousres vu quew peut varier entre-1
et+1. Afin de résoudre différents problemes, il convient de ssppgue le champ est relativement
constant au cours du temps, il s'agit de I'hypothéseslda-roll ou de roulement lent. Nous avons
donc une dynamique proche de celle d’'une constante cosigagoit une expansion accélérée de
l'univers.

Pendant cette phase 'univers est composé principalersatitaimps qui fixent donc la dynamique
de l'univers. A cette époque les fluctuations de ce champdongine quantique, dont 'amplitude
de fluctuation est fixée par la forme du potentiel et la fomctde Hubble. Ensuite nous allons avoir
une transition quantique-classique de ces champs, quemigent alors en fin d’'inflation des champs
stochastiques classiques gaussiens.

Ces champs sont liés a la métrique selon I'équation d’Himste

En effet si I'on écrit le champ comme une composante homopgkisedes perturbations

o(n,x) = o(n) + edp (1, %) + €266 (n,x) + . .. (10.3)

alors de méme, le tenseur énergie-impulsion peut se déaigglon le paramétee

T = T +eTl) + T2 + ... (10.4)

Ce qui entraine une perturbation de la métrique sous la forme

guw(n.x) = g\ (n) +egl) (0. %) + €95 (n,x) + ... (10.5)

olig'Y) (1) est la métrique de Friedmann.

On verra par la suite que cette métrique peut se réécrira Eetlitcomposition dite SVT (scalaire-
vecteur-tenseur)

Je vais décrire brievement la transition quantique-dagssde l'inflaton.

Nous savons que le champ évolue selon I'équation de Kleim@uodans un espace dynamique :

¢ — %&-6% +3H¢ = v (10.6)

ou ° estla dérivation par rapport au temps.
Ainsi sil'on réécrit le champ sous la forme d’une quantitétogene perturbée par une fluctuation
quantique.

d)(tv X) = ¢O(t> + 5¢<t7 X>7 5¢ < ¢0 (107)

On a a l'ordre zéro i.e. la partie homogene, les équationsri@édiann et I'équation de Klein-
Gordon.
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wo— SE (3R Vi) (108)
H = —47Gdy (10.9)
. A
¢o = —3Heo— @(Qf)o) (10.10)
L'équation (10.6) donne au premier ordre
| - d?v

Dans I'approximation dslow-roll le terme de droite, qui est identifié a la masse, est négligeab
Ainsi on est ramené a une théorie libre (sans terme potgqtiel 'on peut décomposer a l'aide des
opérateurs de création et d’annihilation.

3
soit.x) = | % Lacfut)e™ + al fi (e} (10.12)

Ce champ est quantifié par les relations de commutation iégsosuivantes
|:(lk, (l};/} = 53(/{3 - k?l), [ak, (lk/] = 0, [GJ;L, GJ;L,] =0 (1013)
Puisque les modes sont indépendants, I'équation jodonne alors

ey s+ (5) aio = o (101)

Cette équation peut étre résolue dans I'approximation dipace de de Sitter, i.e. que I'on peut
considérer la fonction de Hubblé comme constante. Ainsi le facteur d’échelle varie comme sui

a(t) = age™ (10.15)
Ce qui permet de calculer la solution de cette équation 0.1
fr(t) = A(k)(i + i)ei% + B(k;)(i - z’)e*"% (10.16)
MU aH aH '

Afin de déterminer les conditions initiales, on regarde latsan pour des modes plus petits que
le rayon de Hubblek(>> aH). L'équation (10.14) se réduit a celle d’'un champ scalaineldans un
espace de Minkowski, la courbure devient imperceptible :

) B\ 2
R+ () a0 = 0 (1017)
dont les solutions fixent les conditions sdifk) et B(k).

Ainsi si I'on conserve que les fréquences positives

fu(t) = \/% (z‘+ %) eia (10.18)

On voit que ce champ oscille pour un mode initialement subdfi ¢ > aH) puis il devient
constant (il géle) lorsque sa longueur d’onde devient stipdable ¢ < aH)




10.2. METRIQUE DE FOND ET PERTURBATIONS 119

Partant d’'un champ quantique qui oscille, celui-ci va gptardant 'inflation lorsque sa longueur
d’onde devient super-Hubble. Alors, la fluctuation quamgigu champ prend la forme suivante

iH [Pk e
dp(t,x) = 13 W{akelkx—aze k } (10.19)

ou I'on a supposé que la fonction de Hubble était indéperddunimode:. Ceci est relativement
vraie puisque pendant la phase d’inflatiinvarie peu, il est constant dans un espace purement de
Sitter.

On voit alors que la moyenne de ce champ est nulle :

< 0p(x,t) > =< 0[dp(z,1)|0 >= 0 (10.20)
La fonction de corrélation a deux points

H2
< 0o(z, t)0p(2' 1) > x — (10.21)

472

Et enfin les moments suivants non nuls sont ceux pour lesqnedsun nombre pair de fonctions
d¢. Cette moyenne étant le produit des fonctions de corréatideux points.

<H 5<Z5(37z‘,t)> = Z H < OP(w;, t)0p(xj,t) > (10.22)

(4,5)
2q+1
<H 5¢(xi,t)> = 0 (10.23)
i=1

Ces propriétés sont caractéristiques d’'un champ stogoi@sgiaussien.

Ainsi I'inflation génére de fagon naturelle des fluctuatigog se retrouvent dans les fluctuations
de la métrique. Comme les fluctuations sont faibles on peus aonsidérer notre espace de fond
comme celui de Friedmann que I'on perturbe. La théorie sévaldppée au paragraphe suivant.

Il faut cependant préciser que ce raisonnement n’est pakemoent réaliste, la phase d’inflation
n’est pas exactement de Sitter mais quasi-de-Sitter. Gaperes résultats sont identiques.

10.2 Meétrique de fond et perturbations

Dans cette partie, on suppose que I'espace-temps dévieedpace-temps idéal homogene et
isotrope d’'une quantité infime. Ainsi la métrique peut é&pasée en deux parties, la premiére qui
décrira le background et la seconde I'espace réel. Cetteeppest raisonnable puisque l'univers est
percu comme homogeéne et isotrope a grande échelle.

La métrique de fond peut étre considérée comme celle derRaird-Lemaitre-Robertson-Walker
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2
ds? = gDdxtdx” = —dt®+a’(t) ( ; drk ~ +17(d6” + sm29d¢2)) (10.24)
— KI'
= —dt® +a’(t) 95 dx'dx (10.25)
d 2
= a’(n) (—d?72 + 7 rk S +17(d6? + sin29d<z>2)> (10.26)
— KTI

ou k est la courbure spatial®,le temps conforme ef;; est la partie spatiale de la métrique (si
k=07 = 0i)

Nous devons maintenant rajouter a cette métrique de fonghemerbation afin de décrire I'uni-
vers réel :

Juv = gL()V) + 59;w (1027)

Cette perturbation de la métrique est en général décompogéeais catégories. Les perturbations
seront scalaires, vectorielles ou tensorielles.

— Perturbations scalaires (fluctuations de la densité)
On peut introduire un champpour la composante,, le termeg,, ne peut contenir un champ
scalaire que par une dérivation (pour que ce soit indicg}. Enfin il y a deux maniéres d'in-
troduire un champ scalaire dans la partie spatiale, soit @tpiiant le terme-y,; par, soit
par la dérivation d’'un chaml;V, E. Ainsi la métrique, pour les perturbations scalaires, sera
représentée parchamps scalairgp, v, B, E') qui sont des fonctions de I'espace et du temps.

—2¢ VB
(s) _— 2 3
5gw/ = a (77) <V¢B _2(w%‘j B VZVJE)) (10.28)

— Perturbations vectorielles (vorticité de la matiere)
Celles-ci sont construites par 2 vecteSf®t F; a 3 composantes de divergence nulle.

V8" = V,F' =0 (10.29)

Si ces contraintes n’étaient pas satisfaites, alors leuepburrait se décomposer en un gradient
d’'un champ scalaire et d’'un vecteur de divergence nul. C’asalogue de la décomposition
transverse et normale d’'un vecteur. Ainsi on est ramené aud’ca champ scalaire que I'on
introduit dans les perturbations scalaires et d’un ternctoviel de divergence nulle.

La métrique s’écrit alors sous la forme

0 —S;
(v) _ 2 i
Sg) = a*(n) (—Si ViF, 4V, F) (10.30)

— Perturbations tensorielles (ondes gravitationnelles)
Le tenseur des perturbations est construit a I'aide d’'uselers x 3 symétrique de divergence
nulle et sans trace. Ce tenseur ne contient alors pas destspakires ou vectoriels.

0 O
Ogp = a*(n) (0 hij) (10.31)

On a dix fonctions indépendantes dans la métrique, puisgseune matricel x 4 symetrique.
Ces degrés de liberté se retrouvent dans la métrique péetuEn effet on a 4 champs scalaires, 4
composantes pour les vecteurs et 2 composantes libresgamnseur.
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ds?> = (99 +6g%) +59Y) +6g0)) dxdx”
= a®(n) {~(1+26)dn? +2(V;B — S;) dxidy
+[(1 = 2¢)3i; + 2ViV,E + V,F; + V,F, + hij] dx'dx } (10.32)

10.3 \Variables invariantes de jauge

Afin d’avoir des quantités physiques il faut définir des quéstinvariantes de jauge, i.e. qui ne
dépendent pas de la forme choisie des coordonnées. Poghapper ce probléme, deux approches
sont possibles. La forme passive et la forme active.

Dans I'approche passive on considére une variété M ainsingsystéme de coordonnégs On
définit une sorte de valeur moyenne par la fonctigh! (z), celle-ci n’est pas une quantité géomé-
trique. Ainsi si I'on définit un autre systeme de coordonn&eda forme de la fonction ne changera
pas.

Définissons maintenant, la perturbation@en un poinp de la variété

iQ(p) = Qz*(p)) — QV(*(p)) (10.33)
Dans un autre systeme de coordonngée

0Q(p) = Q" (p)) — Q™ (& (p)) (10.34)
Je rappelle que)®) (i* (p)) = Q) (7*(p))
Ainsi dans le changement de variabfe — z¢, la transformation

3Q(p) — 6Q(p) (10.35)

est appelée une transformation de jauge.
Dans la seconde approche dite active, il faut considérex daétés. Une variétd’ qui corres-
pond a I'espace de fond et une variété qui est I'espace réel (donc une perturbationde On

définit un systeme de coordonnées Suparz%;. Ainsi tout difféomorphisme induit un systeme de
coordonnées suv/ par

D :

=

M (10.36)

R
2% = 2% (10.37)

>0

Si I'on définit une fonction sur M. Alors, on peut définir la perturbation dg associée a un
difffomorphismeD i.e. au systéme de coordonné indlit =%, — z$, par

5Q(p) = Qp) — V(D' (p)) (10.38)

ou D~ est I'application réciproque dB, @ est la fonction évaluée ert;.

Maintenant si I'on définit un autre difféomorphismke
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D : No>M (10.39)
% — 7%, (10.40)

alors cela définit une autre perturbation

3Q(p) = Qp) — QD (p)) (10.41)

ouQ est la fonctior dans les coordonnées,

Ainsi dans cette approche la transformation de jauge egrgempar le changement de diffeomor-
phismeD — D, cela est associé au changement de coordonnéesflans$, — 7%,

Les deux approches sont alors totalement équivalentes.
A la suite d’'un changement de coordonnées

1 = B = g% 4 £ (10.42)

On a une variation de la perturbation

AQ = 0Q —6Q = LQ (10.43)

ou L, est la dérivée de Lie dans la directign

Dans de telles transformations la métrique n’est pas iamég| ainsi si I'on s’intéresse aux pertur-
bations scalaires (éq. 10.28), les quatre fonctighs), B, £} sont transformées. Cependant, la phy-
sique ne doit pas dépendre de la jauge, d’'un choix partiaddi€oordonnées. Nous devons construire
des variables invariantes de jauges, i.e. qui restentiglezd sous une telle transformation (10.42). Il
existe une infinité de jauge et évidemment toute combinaisovariables invariantes de jauge reste
des variables invariantes de jauge. Ce choix est alorsedpetéla "simplicité" des calculs et par l'in-
terprétation physique de ces grandeurs.

Si I'on impose une jauge cela revient dans un espace-tempateeglimensions a définir quatre
contraintes. Ainsi les dix degrés de liberté initiaux netgmuas que siX10 — 4), soit deux scalaires,
un 3-vecteur de divergence nulle et un tenskerur3 symétrique, sans trace et transverse.

L'une des jauges les plus utilisées et que j'utiliserai pasuite, est la jauge longitudinale ou la

métrique s’écrit pour la partie scalaire sous la forme

ds® = d’(n) {—(1+2®)dn* + (1 —20) »; dx'dx }
= —(1429)dt* + a%(t) (1 — 2¥) 75 dx'dx] (10.44)
10.4 Perturbations du tenseur énergie-impulsion

On définit le tenseur énergie-impulsion pour un fluide padaidensite et de pressio® comme
suit

T = (p+ P)uyu, + Py, (10.45)
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De la méme facon il faut définir des variables invariantesadgé. Ce qui permet de définir les
guantités perturbées.

70 = —(po+3p™) (10.46)
) = —(po+ Fo)ov™ (10.47)
) = (Po+6P™)0 (10.48)

Ou les quantités indicées paw sont les nouvelles quantités invariantes de jauge. Paitkaat
indice sera omis. De plus, le terme de vitesse, est un vecteur. |l est donc décompmsahine partie
qui aura une contribution aux perturbations scalaired guigne partie nécessaire aux perturbations
vectorielles. En effet

v = ol +ut, ol Vit=0 (10.49)

Ainsi la composante responsable des perturbations seakia la partie longitudinale.

10.5 Equations des perturbations

Apres avoir défini les différentes quantités perturbéésjuation d’Einstein

G, = 87GT,, (10.50)

donne une équation de fond

GY) = 8rGT\ (10.51)

ainsi que la perturbation de cette équation

G, = 87GOT,, (10.52)

L'équation (10.51) donne les équations de Friedmann

k
-k
3H*+2H+— = —8rGF, (10.54)
a

ou ~ est une dérivation par rapport au tenips

Les perturbations (10.52,voir Annexe C) vont décrire liééeces équations.

% (3H?¢ + 3HY — AY) = —87Gdp (10.55)
%Vi(Hgb +4') = ?(Po + Ry)dv;  (10.56)

L9V, (6 — 6) + 8 (207 + 4HY + Alp— o)

CL2
+2H¢' + 22H + H*)¢)] = 8nGHPS; (10.57)
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ou H est la fonction de Hubble en temps conforme egést une dérivation par rapport au temps
conforme.

L'équation (10.57) apporte une contrainte trés forte sardeux potentielg¢, v), il suffit de
regarder cette équation pois ;.

Vi#j, V'Vi—¢) = 0 (10.58)
Dans une décomposition en mode de Fourief'k;(y) — ¢) = 0 (10.59)

Or pour des raisons de symeétrie (isotrogigy= k; = k, I'équation (10.59) se ramene-&?(¢ —
¢) = 0, soit

v =¢ (10.60)
Les fluctuations de pression dépendent de la densité diéredrde I'entropie, i.e.
dP opP
P=|— — 10.61
= (), 00 () 5 cos

Ainsi dans I'hypothése de perturbations purement adigbati

oP = (5—P) op (10.62)
op ) g
= op (10.63)

ou ¢, est la vitesse du son du fluide dans le milieu
Les équations (10.55,10.57) se réécrivent alors

SH2p + 3HY — Ay = —4nGa*sp (10.64)
" +3HY + 2H +H?)p = 4nGcla*op (10.65)

Ce qui donne
¢" +3H(1+ )¢ — A+ (2H + (1+3)H?) ¢ = 0 (10.66)

10.6 Equations de conservation

L'équation de conservation en relativité générale s’écrit

vV, I" =8,T" + " T7 — T TH =0 (10.67)

po-v o

Ce qui donne deux équations dérivant des parties tempe(®l|g()') et spatiales\,T})

P +3H—-¢)p+P)+0 [(p+P)'] = 0 (10.68)
O, [(p+ P)vi] + 4H(p + P)v; + ;P + (p+ P)di¢p = 0 (10.69)

Ol]p:po+5,0,P:P0+5P
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On trouve a 'ordre zéro pour I'équation (10.68)
po+3H(po+ Py) =0 (10.70)
Sil'on définie
op A
6=—, Odvy;=Vu, et 0=V =Av (10.71)

Po
Les équations au premier ordre donnent alors

0p + 3HIp(1 + ) + po(1 +w) (0 = 3¢) = 0 (10.72)
O [(1 4+ w)v] + Hu; (1 +w)(1 = 3w) + 200 + (1 + w)d;¢ (10.73)

I
o

10.7 Evolution

Ces différentes équations de perturbations sont facileswuables dans des cas simples. Il suffit
de travailler dans I'espace de Fourier. Ainsi chaque moggdesimplement une fonction du temps.
On définit des modes hors du rayon de Hubble, i.e. qui ont degikurs d’onde plus grande que le
temps conformeX > 7). Dans ce cas les fonctions ont principalement une dépesdamtemps. Les
dérivées spatiales sont négligeabl§ms~{< a%) dans le mode super-Hubble.

On a par exemple dans le cas d'un fluide de matigre 0 etw = 0.

Ainsi les équations (10.68,10.69,10.55,10.56,10.57¢é&erivent

V' +3HY + QH + HY)g = 0 (10.74)
3H Y +3HY — Ay =  —4nGd®5p,, (10.75)
ViHy +1) = 4xGapDd; (10.76)

6p' +3Hop+po (0 —3¢) = 0 (10.77)
Ogvi + Ho; + 00 = 0 (10.78)

Soit dans I'espace de Fourier

"+ 3HY + QH +H)Y = 0 (10.79)
SH2 + 3HY + k%) = —4nGa6py, (10.80)

HY 4+ = 4rGapOv (10.81)

6p' +3Hép—po (K*v+3¢) = 0 (10.82)
ov+Hv+y = 0 (10.83)

On définit la perturbation de la densité de matiere invagiaetjauge par

0pm
b = o+ 3Hw (10.84)
Pm

Ainsi d’'aprés (10.82,10.83)
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om = 3B+ k% (10.85)
avecB =y + Hv

soit

Om + Hom + k> = 3(B+HB) ~ 0 (10.86)
De plus, pour des modes sub-Hubbte$ ), 'équation (10.80) donne

Ky = —4nGa®p()om (10.87)
qui n’est rien d’autres que I'équation de Poisson.

Finalement les équations (10.86,10.87) conduisent a

O + Moy = 47Ga®p(0)0rm (10.88)

Cette équation a un mode croissant pendant la phase de engfiex a ~ 7> qui conduit a la
formation de grandes structures.

Pour des théories de gravitation modifiée, cette équatidB®) est différente. En effet on a une
modification de I'équation de Poisson, ce qui entraine aiigaaedéfinition de la constante gravi-
tationnelle. Ainsi en théorie scalaire-tenseur [EspeBacese 01] ont montré que I'équation (10.87)
devient

k2¢ ~ —4nGega®p06,, (10.89)
De méme en théorig( R) une équation du méme type a été trouvée [Tsujikawa 07].
Ainsi la modification de I'équation (10.88) entraine une ifiodtion de la croissance des pertur-

bations et donc de la formation de grandes structures.-Ciedlpporte alors des contraintes forte sur
le modéle.

Nous verrons par la suite que ces perturbations permeteatistinguer une théorie de gravitation
modifiée d’'un modele d’énergie noire en relativité générale
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CHAPITRE 11

On the growth of linear perturbations

David Polarski, Radouane Gannouiji
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We consider the linear growth of matter perturbations iniwas dark energy (DE) models. We
show the existence of a constraint validcat 0 between the background and dark energy parameters
and the matter perturbations growth parameters. B&DM | = Z—Z|O lies in a very narrow interval
—0.0195 < 7 < —0.0157 for 0.2 < Q,,,, < 0.35. Models with a constant equation of state inside
General Relativity (GR) are characterized by a quasi-canst, for €2, = 0.3 for example we
havey, ~ —0.02 while v, can have a nonnegligible variation. A smoothly varying egpraof state
inside GR does not produce eithef,| > 0.02. A measurement of(z) on small redshifts could help
discriminate between various DE models even if thgiis close, a possibility interesting for DE

models outside GR for which a significagjtcan be obtained.

Publié dans Phys. Lett. B 660, 439-443, 2008
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11.1 Introduction

There is growing observational evidence for the late-timeegerated expansion of our universe
[Perimutter 97, Riess 98, Perlmutter 99b, Astier 06, Ri€gdsThis radical departure from conventio-
nal decelerated expansion is certainly a major challengesmology. This non standard expansion
could be due to an exotic non clustered component yet to lmerdeted with a sufficiently negative
pressure called Dark Energy (DE). By analogy all modelstytio explain the accelerated expan-
sion are called DE models but many models go now well beyorsdimple picture. While the
usual Friedmann equations in the presence of a cosmologpcatant term\ seem to be in good
agreement with the data, it is clear that other models witlargalle equation of state are allowed
as well [Sahni 00, Padmanabhan 03, Copeland 06, Sahni 06l Whosmological constant universe
is appealing because of its simplicity it nonetheless ptdsegroblem of the magnitude of the cos-
mological constant\. This is the basic incentive to look for other models wherel2i a variable
equation of state. An additional incentive comes from thesgmlity to have phantom dark energy at
low redshifts as this excludes the quintessence modelseisiagth a minimally coupled scalar field
inside GR [Ratra 88, Wetterich 88]. It might also be that omeusd change the theory of gravity, as
for example in scalar-tensor models [Fujii 00, Bartolo Gf)yBtta 00, Gannouji 06, Boisseau 00], and
a lot of research has focused recently on other modified tyravddels and higher dimensional mo-
dels. Sometimes, the background expansion going back torbaghifts is enough to rule out some
models [Amendola 07b], but typically this is not the case dels of a very different kind will be able
to have a viable background expansion where the low redfskplansion is in accordance with SNla
data.

Depending on the gravity theory one is considering, the graf the perturbations, even at the
linear level, will be affected. Indeed, while distance lasity measurements probe the cosmic ex-
pansion, matter perturbations probe in a independent vesydsy. [Bludman 07]) the gravity theory
responsible for their growth (and of course also for the gogxpansion). The growth rate of matter
perturbations could be probed with three dimensional weakihg surveys (see e.g. [Heavens 07]).
Hence two DE models based on different gravitation thearas give the same late-time accele-
rated expansion and still differ in the matter perturbatitimey produce [Starobinsky 98]. This fact
could provide an additional important way to discriminasdviieen various models (see e.g. [Hute-
rer 07,Di Porto 07,Kiakotou 07,Nesseris 08]) and it is theneimportant to characterize as accurately
as possible the growth of matter perturbations which is timecd the present work.

11.2 Linear growth of perturbations

Let us consider the dynamics of the linear matter pertusbati These perturbations satisfy a
modified equation of the type

Om + 2Hb,, — AT G prm Om =0, (11.1)

The gravitational constar.; depends on the specific model under consideration and theseor
ponding modification of gravity. For example, as was show[Bimisseau 00], for scalar-tensor DE
models we have

F +2(dF/d®)? 1+ 2wzt
F+3(dF/d®)? ~ "V 143w L
An equation similar to (11.1) is also found for example in D@Bdels. The physics behind it is a
modification of Poisson’s equation (see e.g. [Esposit@e$@f1]) according to (we drop the subscript
m)

Geff = GN

(11.2)

k2 k?
¥¢:—47TGp(S—>¥¢:—47TGeffp5. (11.3)
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Of course, more drastic modifications are possible as welpakticular more elaborate DE models
can be considered that could further increase the degeneesveen models inside and outside GR
(see e.g. [Kunz 07]). Itis convenient to introduce the gifiant= 422, Then the linear perturbations

obey the equation
daf 2, 1 dan 3 Gest
11— = - Q. 11.4

dl‘ + f 2 < ) f 2 GN’O " ( )

with z = In a. Equation (11.4) reduces to eq.(B7) given in [Wang 98]—6%% = 1. The quantity is
easily recovered using as follows ’

5(a) = 6; exp [ / f(a:’)da:’] . (11.5)

We see thaf = p whend « a?, in particularf — 1in ACDM for largez andf = 1 in an Einstein-de
Sitter universe.

An important issue is to characterize departures on smaghiéts for different models. It is well
known that for in aA\CDM universe one can write

f=, (11.6)

with v = constant ~ 0.6, an approach pioneered some time ago [Peebles 84] and lisetra
in [Lahav 91]. The characterization of the growth of mattertprbations using a parametrization of
the form (11.6) has attracted a lot of interest in the hopedoroinate between DE models based on
different gravity theories.

Of course it is possible to write in full generality

f= ()" (11.7)
Let us consider the quantity = j—z For many models it turns out that
Y(2) & o + 75 2 0<2<05. (11.8)

As we will see later, this could have interesting observati@onsequences.
We now derive a constraint which is valid in general for aily). It is easy to obtain the following

equation
1 3 Geg(Z)
—(1 2v—1 = - —

wherew.s = wpr Qpg. From (11.9), it is easy to derive the following equation

—(1+2) nQ, v +Q), + Q- (11.9)

1 3 Geﬂ"O

5) weff(]+

76 = [mQl] ™ {—Q?r?,o —3(70 — QLo 1} . (11.10)

2 GNQ m,0 2

Equation (11.10) is further simplified in models for Whi%ﬁ]\% = 1 to very high accuracy. An

example where this is the case is provided by scalar-tenEombdels for which) < % —-1<
1.25 x 10~°. We then obtain

1 3 1
)weﬂfﬁ Q0 ——} . (11.11)

~ gy [_Q;;g,o ~ 300 - 5 :

This does not mean that equation (11.11) cannot differenbiatween different gravitation theories
satlsfylng Geo _ 1 put rather that if it does so it is through the valueygf This value is of course
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affected by the functioliz.¢(z). We will assume belov?— = 1 to very high accuracy. As we see

from (11.11), we have| = (70, Qm.0, WpEo) WhICh |s cIearIy equivalent to a constraint of the
form

(90, %0y Qmyo, wpEo) =0. (11.12)

In this connection one should note that fitting functions @f) proposed in the literature, even though
they give a satisfactory fit fof (z) in models satisfying some assumptions, generically willsadisfy
the constraint (11.12). In contrast the constraint (11ddbs not depend on any assumption about
w(z). For fixed(2,, 0, wpro, there will be a valuey, .. for which v; = 0. However we will have
genericallyy, # vo,.- and thereforey, # 0.

Very generally, in any model for which the paramet@rs, andwp (and hencevpg o) are given,
one can compute numerically the functiofr) from the linear growth of the matter perturbations.
Using (11.12) it is then possible to obtajf. We will do this in the next Section for various models
inside GR.

Before considering specific DE models, it is possible tou#esome general consequences from
the constraint (11.12). Generically will not vanish, it needs not even be small. Let us consiger
in function ofy, for €2,  andwp g fixed.

As we can see from Figure 11.1-a, the constraint (11.12)i@aph excellent approximation a
linear relation as follows

Yo~ c+b (v —0.5) b3, (11.13)

The coefﬁcient& b depend on the background parametets b(wpgo, 2n,0) (femembering that
we take& ﬁ”g’ = 1). The coefficient decreases while increases whef,, , decreases fror.35 to
0.20 (see Figure 11.2-b). In contrastincreases from-0.19 for €2,,, o = 0.3, to —0.17 for €2,,, o = 0.2

For(2,,o = 0.3 we haver = —0.19. We stress that relation (11.13) will hold independentlgioy
particular model and is a consequence of the constraint2).1.

Depending on the specific model under consideration, f@rgbackground parametes, , and
wpg0, 7, Will take the valuey| (o) corresponding to the valug “realized” by the model. Generically
we will have~], # 0.

Omo 0.35
0.3
0.15 0.
0.1 0.05
o 0.0(5)3
> _0.05 Yo 0
-0.1
~0.15 ~0.05| £
0.5 0.520.54 0.56 0.58 0.6 :

Yo o 057

FiG. 11.1 —a) The left panel shows the constraint (11.119gf = 0.3 and various values af p g o.
We have from top to bottomwpro = —1.4, —1.3, —1.2, —1, —0.8. For given(2,,, , andwpg o, the
coupleyy, v, is on the corresponding line for any model whifewill depend on the valus, realized
in a particular model. b) On the right panel the constraifit{1) is shown in function of,,, ;. From
top to bottom we havevppo = —1.2, —1, —0.8. We see that the coefficiehtdefined in (11.13)
increases for increasing,, , and decreasingpg o.
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It is also seen from Figure 11.1-a that a small variatiom,ofor fixedparameterspg o, {2, 0, CaN
induce a non negligible variation gf in accordance with eq.(11.13). In particular the relativarnge
in ~, can be very large. We will show below that foy, z = constant, the, values are restricted to a
very narrow range with{, ~ —0.02. Even when one consider a smoothly varying equation of state
we still have—0.02 < ) < 0.005 (see below) fo0.20 < ©Q,,, < 0.35. In other words a smooth
change in the equation of state of DE is not able to prodice: —0.02 for viable cosmological
parameters. Therefore, a measuremenyjajutside this range could be a characteristic signature of
a DE model where gravity is modified. Moreover, a preciserddtetion of+;, could help to better
discriminate between various modified gravity models.

When(,,, = 0.3 we haveb = 3.13 for wpg o = —1, while b becomes smaller farpg o > —1
and larger forwpr o < —1 (phantom DE today). Hence farpz o < —1, we get a larger variation
A~y for a given variatiom\y,. When(2,, , decreases, so does the coefficiehbwever this decrease
is rather small for relevant cosmological values. It woutdnhost interesting to investigate whether a
precise determination of) is observationally accessible. In view of (11.8) this metias one should
measure precisely(z) on0 < z < 0.5. Another aspect concerns the extraction of one, or both, of
the parameterg,,, o or wpgo. If we assume erroneously thgf = 0, a large error can result in the
determination of2,, , or wpg o from the knowledge ofy,. This is illustrated in Figure 11.2-a.

~0.6 I 0.56
055
, 08 ~ -1 054F=
wi -1 e Pt 053\
3 = 0.52
-2 o 0.51
-1.4, / / 0.5
02 04 06 08 01 02 03 04 05
meo Z

Fic. 11.2 — a) On the left panel, the blue line shows the degeyenaihe 2,,, o, wpr o plane for

70 = 0.555 assumingy,, = 0. The red, resp. green, dashed lines correspong te —0.02 (top) and

7, = 0.02 (bottom), respy, = —0.05 (top) andy;, = 0.05 (bottom). Ignoring the true non vanishing
value of~ increases significantly the uncertainty on the couples, wpgo. b) On the right panel it

is seen that models with very closgcan be discriminated i is measured fob < z < 0.5 assuming

~ is linear on smalk, as often is the case. The lower the valuesgfthe easier it is to discriminate
these models through the difference in their slofpeFor illustration, we have assumed here an error
of 1%.

11.3 Some specific models

We now turn our attention to specific modétside General Relativity where DE has a known
equation of state.

11.3.1 ACDM

Because of its simplicity and of the recent data that seemmpdyi that viable DE models should
not be too far fromACDM (see however [Percival 07]), this model plays a centoég.rWe find
for ACDM 0.554 < 79 < 0.558 (see Figure 11.3-b) and0.0195 < ~; < —0.0157 for 0.2 <
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Q0 < 0.35. Hencey, varies very little in function of2,, o while v is negative with~(| < 0.02. An
observation outside these values, in particular a positikee for~;, or a large negative;, would
signal a departure froldCDM.

11.3.2 Constant equation of state

We consider now a constant equation of state which inclutieswse theACDM model. For the
conservative rangées2 < Q,, < 0.35 and—1.5 < wpgo < —0.5, we find0.542 < v, < 0.583 and
—0.021 < 7, < —0.013. However, as can be seen from Figure 11.3-a, for fixed pasafiet,, the
value ofy, is practically constant with;, ~ —0.02 for different constantv, z despite a non negligible
variation ofv,. To summarize, for constanty g, ; lies in the restricted range0.024 < ~{, < 0.01
while it is practrically constant if2,,, is fixed. However, as emphasized above (see Figure 11.2-
a), even in that case neglecting the true (nonzero) valug ein induce a significant error in the
determination of2,, o or wpg o from . Finally, it is interesting to note that for given,, , all these
models have essentially the sanjavhile the parametey, can vary by about’% (see Figure 11.3-a).

0.06 0.56
0.04
0.02 0.558
2 0 - £0.556
= _0.02 =
-0.04 0.554
—0.06
~0.08
0.540.5450.550.5550.560.5650.57 0.15 0.2 0.25 0.3 0.35 0.4
Yo -Qm,O

FIG. 11.3 —a) The lines in colour on the left panel are the same leigure 11.1. The black line gives
the true value ofy, realised in models witvpr = wpg = constant and,, , = 0.3. It is seen that
all models withwp z = constant shown here have practically the same non vagishing ~ —0.02.
Note thaty, increases whewpy increases. b) On the righty is displayed in function of?,, , for
the ACDM model.

11.3.3 Variable equation of state

Our analysis can be repeated for DE with a variable equatiatate. To be specific, we take a
smoothly varying equation of state of the type [ChevalligrlOnder 03]

(11.14)

wpe(z) = (-1+a)+ (1 —x) =wy+ w; 5

wherezr = - The corresponding evolution of the DE energy density caodmeputed analytically
and yields [Chevallier 01]

ppp(2) = pppo (1+ 2)%@tPe 3 (11.15)
The results are displayed in Figure 11.4 for models with digite 25 for z > 1. For example,
if we fix wy, = —1.2, we can compute the values @f and~ in function of 3 = w; and(,, ,. We

find 0.55 < 70 < 0.56 and—0.022 < ~) < 0.005 for 0.20 < Q,,0 < 0.35and0 < 3 < 1.1 To
summarize, a smoothly varying equation of state does not séxde to generatey)| > 0.02.

INote that slightly lower values foy) can be obtained for less interesting models with substait@ntomness in the
asymptotic past
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Omo
0.2 55

03 0.35

_ob?

-0.02

Fic. 11.4 — The parameters (left) and~, (right) are shown in function of = w, and(,,, for a
model with variable equation of state parameteyz = —1.2 + § ;3. Hence all the points on the
two surfaces havepz o = —1.2. The results fowpr = —1.2 are recovered fof = 0. We note for
the left figure thaty, = 0 is obtained for some particular combinationss2,,, o.

11.4 Summary and conclusions

Considering the linear growth of matter perturbations inows models, we give a constraint at
z = 0, eq.(11.11) valid for all models, including modified grgvi?E models that satisf)%%’g =1.
This constraintimplies that the quantityis completely fixed by the remaining paramet@f’stEp
ands,, o. For the models considered here inside GfR|, < 0.02. Interestingly for models inside GR
with constantupg, 7 is quasi-constant with; ~ —0.02 as the variation ofvp o is compensated
by a simultaneous variation of, (for given(2,, o).

We have generically;, # 0 and we emphasize that a significagtcould help discriminate bet-
ween models, even if thei, values are close. We have illustrated this schematicallyigure 11.2-b.
This potential resolution improves &5, , goes up and/owp 5 o goes down and could be important
when dealing with DE models outside General Relativity. Wi give elsewhere specific models
where this is the case [Gannouji 08]. Generally, this apgrazuld be very fruitful whenevey(z)
is close to linear on small redshifis< z < 0.5 so that the slope is essentially given 4y So we
feel it would be useful to try to measusgz) on small redshifts, and not jusg. Finally it is impor-
tant to realize that neglecting a small but nonvanishifigan induce a large error on the parameters
Q0. wpe o that one could extract from the growth of matter perturbeatio
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We consider asymptotically stable scalar-tensor dark gn€DE) models for which the equa-
tion of state parametew, tends to zero in the past. The viable models are of the phatypen
today, however this phantomness is milder than in GenertatRiy if we take into account the va-
rying gravitational constant when dealing with the SNIaalatve study further the growth of matter
perturbations and we find a scaling behaviour on large refishwhich could provide an important
constraint. In particular the growth of matter perturbati®on large redshifts in our scalar-tensor mo-
dels is close to the standard behavidyr « a, while it is substantially different for the best-fit model
in General Relativity for the same parametrization of thekzaound expansion. As for the growth of
matter perturbations on small redshifts, we show that irs¢éhenodels the parametef = +'(z = 0)
can take absolute values much larger than in models insidetaRelativity. Assuming a constant
wheny is large would lead to a poor fit of the growth functignThis provides another characteristic
discriminative signature for these models.
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12.1 Introduction

The aim of Dark Energy models is to explain the late-time kreged expansion of the universe
[Perimutter 97, Riess 98, Perlmutter 99b, Astier 06]. Likeihflationary models producing an early
stage of accelerated expansion, we have now a wide vari€ ofiodels that can account for the late-
time background evolution [Sahni 00, Padmanabhan 03, @oddd6, Sahni 06, Ruiz-Lapuente 07].
In the same way that inflationary models are constrained byctismological perturbations they
produce, DE models can be constrained by the backgroundtexobnd their effect on the growth of
perturbations. In principle what is basically needed is agtimcomponent with a sufficiently negative
pressure. Among DE modela,CDM, although it contains a cosmological constant which ban
seen as “unnaturally” small, is the simplest model and tlodehis presently in good agreement with
observations on large scales (see however e.g. [PercijjalAother class of appealing models are
quintessence models containing a minimally coupled séalar[Ratra 88, Wetterich 88]. A possible
drawback of these models is their inability to violate theawenergy condition and to account for a
phantom phase. Many more models of ever increasing sogatistn have been proposed [Davis 07].
To make progress, it is important to find ways to select thdasses of DE models that remain
observationnally viable and to find characteristic sigreguhat will enable us to constrain them, or
even rule them out, with more accurate data at our disposheifuture.

In particular, an interesting family of DE models are tho$eeve gravity is no longer described by
General Relativity (GR). Indeed there has been consideratdrest recently in DE models with gra-
vitation modified with respect to General Relativity, a featthat is quite generic in higher dimensio-
nal theories or also in the low energy effective action of @fondamental four-dimensional theories.
Well-motivated models belonging to this class which can x@ared thoroughly are scalar-tensor
dark energy models [Bartolo 00,Perrotta 00, Faraoni 04,G8;jBoisseau 00,Esposito-Farese 01,Gan-
nouji 06, Barenboim 08, Martin 06, Demianski 07, Capozri@lfb]. Like the usual quintessence mo-
dels containing a minimally coupled scalar field, scalaste models have an additional physical
degree of freedom, namely the scalar partner of the grailowever, these models are more com-
plicated as they have two free fundamental functions inrthgrangian, one more function in addition
to the scalar field potential. This additional function reféethe modification of gravity encoded in
the theory. A generic feature of these models, like for essignall alternatives to the cosmological
constant model, is that DE has a time-varying equation o€ sfdne fact that\CDM fits well a large
amount of observations should be an incentive to look foreleodith time-varying equation of state
still able to compete witthCDM.

As for all DE models, scalar-tensor DE models are charasdrby the accelerated expansion
they produce at low redshifts but this background effecbimmon to all DE models. The modifica-
tion of gravity with respect to General Relativity is moreesilic and it expresses itself in particular
in the modified growth of linear cosmological matter peratins. In this way, under quite gene-
ral asumptions, it could be possible to determine from tlwsvgr of matter perturbations combined
with the background expansion whether a DE model lies in€idaeral Relativity or not [Staro-
binsky 98, Bludman 07, Polarski 06, Ishak 06] (see also [K&6xChiba 07b, Zhang 07]). Hence it
IS very important to investigate how this can be extractedifthe observations [Heavens 07, Hute-
rer 07,Linder 07, Tsujikawa 07,Di Porto 07,Acquaviva 0 glkatou 07,Nesseris 08, Wang 07,Hui 08].
Scalar-tensor DE models are certainly good examples teiigae this issue. Aside from deeper
theoretical motivations, an additional incentive to cdesiscalar-tensor models could come from the
observations if these support DE models which have a phapt@se (see also [Feng 05, Wei 05] for
other models that can produce a phantom phase).

We will consider asymptotically stable, internally consrd, scalar-tensor DE models [Gan-
nouji 06]. For such modelg' — F,,,= constant and asymptotic stability is possibledgy; — 0 and
Qn — Qnoo. We can consider varying equations of statgs(z) providedwpr — 0. As we will
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show these models exhibit a characteristic signature igrth@th of matter perturbations on large and
on small redshifts. This could potentially allow us to coast them or even rule them out. In connec-
tion with the growth of matter perturbations on small rettshithese models will illustrate results
derived in an earlier work [Polarski 08], namely the pod#ibio have a parametey, = Z—Z(z =0)
whose absolute value is much larger than in General Relatiien we write the growth factor as
f ~ Q) . Indeed, it was shown in [Gannouji 06] thiaf)| < 0.02 in models with a constant or a
(smoothly) varying equation of state inside GR and hence fais ACDM. On the other hand, on
large redshifts there can also be an important effect on tbeth of perturbations. Interestingly,
as we will see, we can have models for which the growth of mateturbations on large scales is
close to that irACDM and for which the growth of matter perturbations desateost from that in
ACDM on small redshifts. Another interesting aspect of a vay\gravitational constant is its effect
on the interpretation of SNIa data and we will show that léssnpomness is required today by the
observations for our models compared to General Relativitleed as we consider DE models where
wpr — 0 in the past, a large amount of phantomness is required bybereations if we are inside
GR while in our models this is much less the case.

12.2 An asymptotically stable scalar-tensor model

It is important to review here the basic aspects and defistiof our scalar-tensor models. We
consider DE models where gravity is described by the Lagasndensity in the Jordan (physical)
frame

1 v
L3 (F(cb) R— Z(®) g 6@&,@) — U(®) + Lin(g) - (12.1)
The Brans-Dicke parameter is given byp = FFiif where a prime denotes a derivative with respect

to redshiftz, and

Gy = (87F)™". (12.2)

Specializing to a spatially flat universe, the DE energy dgm@sd pressure argefinedas follows
3Fy H> = pm+ ppE (12.3)
—2F0 H = Pm + PDE + PDE - (124)

With these definitions, the usual conservation equatiotepp

ppe = —3H(ppe + ppE) - (12.5)

With the equation of state parametep . defined through

wpp = LRE (12.6)
PDE
the time evolution DE obeys the usual rule
z 1 /
poi(?) €(z) = exp {3/ dz' M] : (12.7)
0

PDE,0

Equations (12.3) can be rewritten as
h?(2) = Qo (1+2)* + Qppo €(2) (12.8)
whereQpro =1 — Q,, o by definition as we assume a spatially flat universe. For thresels

ppe+ ppp = P>+ F — HE +2(F — Fy) H, (12.9)
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hence the weak energy condition for DE can be violated ( [@&aj106], see also [Torres 02]).
We consider viable models satisfying the following reqonests :
1) F — F,, = constant < Fj for z — oo.
2) The DE equation of state evolves accordingtg; — 0 for z — co.
3) Consistency requires? = 2 (%)2 +2 >0
4) We imposevpp > 4 x 10%,
Condition 1) is reminiscent of the models considered in [£].For these models we have that
(fv(j) — %i:’ = constant from some redshift on, and different from one bgva fpercents only.
In order to have accelerated expansion at the present tintea@ some dynamical DE equation of
state. We consider a parametrization [Chevallier 01], dlein03] with a smoothly varying equation of

state where DE tends to a scaling behaviour in the past

wpp(z) =(=14+a)+ B (1 —2) =wo+w 2 (12.10)
wherez = % If we imposewpr — 0 for z — oo, this prameterization reduces to the simple form
wpp(z) = — b (12.11)
142
The corresponding DE evolution reads [Chevallier 01]
€(2) = (14 2)%e 1= (12.12)

For given cosmological parametéis . , and(2,, ; the background evolution is completely fixed by
the parametes. We have in particular

Q -1
oo - vz ) e
Qm,O
Clearly,Q,, — Qn.oo(f)
Q -1
ST SN -
m,0

The quantity2,,(z) is fixed by, , and /. As shown in [Gannouiji 06], the requirement 1) implies
the inequality (independent of the specific formA(fz))

F

— > Qo - 12.15

7 ( )
In particular a large amount of phantomness today imgligs, close to one and hendg,, close to
Fy. We use further the following ansatz

F Fy Fo S 4
705+ () Fe10

This ansatz satisfies exacty = 4 (z = 0) = Owhile F; = £=(z = 0) = —10(1—£=) < 0. For the
ansatz (12.16), we must have in addlt@ﬂ < 1+ <OpE 0(1 ﬁ) which comes from the requirement

¢ > 0 atz = 0. So we impose the functlorts(z) andﬁo( z) from which all other quantities can be
reconstructed and we check the physical consistency fdr emonstructed scalar-tensor model. As
h(z) is imposed, so is the background dynamics. In this way we oampare different DE models
inside and outside General relativity possessing the sarolegbound evolution. Clearly, as the DE
equation of state parametey, p tends to zero asincreases, it must start being phantom today if it is
to pass the observational constraints. This can be seenquartitatively using the constraint on the
shift parameter. We see from Figure 12.1 that the viable ts@de of the phantom type today ¢ 1).
The possibility to have a phantom DE sector today is actwaillgttractive feature of scalar-tensor DE
models and is not excluded by the observations.
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12.3 Some observational constraints

To get some insight into the parameter window for viable ni&ydee constrain them using Su-
pernovae data, BAO (Baryonic acoustic oscillations) dath@VB data. We have to maximize the
probability function

P(Qno, 3) ox 72X (12.17)

wherex? = x2y + x4 + x% for a background evolving according to egs.(12.8),(12.9® use a
sample consisting of 192 Supernovae [Davis 07, Riess 06gdWWasey 07] for which

192

o )2
XN = (b Uf covi)” (12.18)
i=1 i
with . .
“idz 15 o (2
fen; = 9log ((1 + zl)/ —) + po + — log () , (12.19)
0 h 4 Geﬁ,(]
wherepy = 25 + 5 log (Cﬁg: , the distance modulug is the difference between the apparent

magnituden and the absolute magnitudé. The important quantityz.g is defined as

F +2(dF/d®)? 1+ 2wgzp,
G = G =Gy —= 22 12.20
TN F AR ad)? T TN 14 3w,) (12.20)
We have forwgp > 1
1
Get ~ Gy (1+ Zwpp) - (12.21)

2

In particularG.gs o ~ Gy due to the well-known strong solar system gravitationabt@intwvzp o >
4 x 10*. We get rid of the nuisance paramefés using the simple way suggested by [Di Pietro 03,
Nesseris 04, Lazkoz 05], integrating ovéy gives essentially the same result. Note the addition of
the last term in eq.(12.19) which takes into account a vgrgnavitational constant [Garcia-Berro 99,
Amendola 99b, Riazuelo 02]. This term allows to discriméndifferent scalar-tensor models using
SNIla data even for similar background expansion. We will edrack to this point below.

The BAO constraints can be expressed as a constraint on améitud

Az) = YEimo | 2 /Zd’ LY (12.22)
YT )\ Ty | '
with [Eisenstein 05]
A =0.469 £ 0.017 , (12.23)
and )
(2 — (Al =035, 00, 5) — 0.469)° (12.24)

(0.017)2
We have finally a constraint on the shift parameter extracted the CMB data

1089 4,
R = \/Qmp/ — (12.25)
0 h(z)

with [Wang 06]
R=170+0.03, (12.26)
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[Foo/Fo| Qoo | B || Qoo [ C [ »m | [ % 70
0.93 [0.317557 [ 1.097012 1 [0.927005 10.997557 [ 0.99F0% | [0.54700F [ —0.0775:93
0.94 | 0.30%99% | 1.12%312 | | 0.93%59% | 0.98%39% | 0.9913%2 | | 0.5475% | —0.0613:93
0.95 | 0.307093 | 1.157313 | | 0.937091 | 0.98795% | 0.9975:02 | | 0.54F551 | —0.0470%2
0.96 | 0.29799% | 1.18%312 | [ 0.9375:93 | 0.977991 | 0.98%992 | | 0.5575:52 | —0.0375:5°
GR | 0277004 | 1.28*01T | | 0.9570:94 | 0.95+0:04 | 0.97+002 | | 056001 | 0.0170:002

TAB. 12.1 — We summarize in this table the best-fit models forrgpa@rametef,, when all data are
taken into account, witBo errors. The last line corresponds to General Relativityoestant gravita-
tional constant). It is seen that a varying gravitationaistantG.; can have a nonnegligible effect. In
particular, though the quantity,, ., is higher in GR than in the scalar-tensor models, due to theva
of F, C'is closer tol in these models. Hence the growth of matter perturbatioriarge redshifts
for these model9),,, « a”, is closer to the standard one as\i@DM, see egs.(12.37),(12.38),(12.39).

and )
R(Qp0,0) — 1.7
Xh = Sl (8 0?3)2 Iy (12.27)

As we can see from Figure 12.1, the shift parameter constminmodel to be of the phantom type
today,5 > 1. This is expected because in our model the equation of st@& eends to that of dust
in the past. If we remember that a cosmological constaneadgeerly with the data, our model must
compensate by being phantom on small redshifts.

We would like now to look more closely at the effect of a vary{effective) gravitational constant

on the measurement of luminosity distances. Let us writl2dL9) in the following way

puns = [1+ G ()] 5log ((1 v [ %) T o, (12.28)

where we have introduced the quantity

log Geg(2)

Geff()
T (12.29)
log [(1 + 2) 0 dT}

Gg(2) :Z

We can write in full generality
Geff(z)
Geﬁ,(]
In the models studied heré\(z) is positive definite and at most of the order of a few percents,

A < 0.07, while A(z = 0) vanishes by definition. For any viable scalar-tensor modehave on
very small redshifts

=1+ A(2). (12.30)

1 E
A(z=0) ~ 3 (Wsp — Wbo) + <FO — 1) ~0. (12.31)

We can give a more formal expression fd(z) but for our purposes it is not needed here. Whenever
the quantityA is small, we obtain
15 Gt

— 1
4 o8 Geff,O

~1.63 A A<, (12.32)
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FIG. 12.1 — a) On the left, the shift paramefesee eq.(12.25)) is shown in function@for several
values of(2,, (. The interval of viable models all correspond to phantom BE;> 1 which was
expected because,; — 0 in the past. b) On the right, the quantﬁg (with arbitrary normalization,
i.e. 57’“|Z:100 = 1) is shown for various cases : General Relativity (GR) (blug}DM (red) and
scalar-tensor models (green) characterized by the valug.olWe have from top to botton% =
0.9301,0.94, 0.95,0.96,0.97,0.98. The first value corresponds @ ~ 1 and the linear growth on
large redshifts is essentially similar AdCDM. Except forACDM, all the models displayed here have
the same background behaviour with, , = 0.3, and(2,,, .. = 0.93.

and hence also
|G(z =~ 0)] ~0.33

<1. (12.33)
| log 2|
Hence it is seen from (12.28), (12.31), (12.33) that thecefbé a varyingG . for scalar-tensor dark
energy models is negligible on very small redshifts. We hasleed checked it with our models using
SNla data on redshifts < 0.05. Furthermore, it is also clear from (12.32) that this efiemtnot be
very large wheneveh < 1.

Nevertheless, as we can see from Table 12.1, a varying gtiavial constant.¢, characterized
in our models by the parameték,, can have a nonnegligible effect. In particular it is seeat thur
models withF,, < Fj can fit the data with dark energy which is less of the phantgre tpday than
it would have to be in the corresponding DE model inside GRaibackground expansion of the
type (12.8), (12.12).

12.4 Linear growth of perturbations

Let us turn now to the dynamics of the linear matter pertuobat As shown in [Boisseau 00],
these perturbations satisfy a modified equation of the type

O+ 2H6 — AnGegr p 6 = 0 (12.34)

with G.¢ given by eq.(12.20). Equation (12.34) can be seen as a minmaification to the growth
of linear perturbations which comes from the modificatiofPofsson’s equation

k? k?
— = —AnGpd— — ¢p=—4r Geg pJ . (12.35)
a a

This modification reflects the fact that the effective cooglconstant describing the gravitational
interaction of two close test masses is giventhy. This is so on all cosmic scales of interest where
the dilaton field is essentially massless. It should be stikthat the modification in (12.34) is scale-
independent and can appear in many modified gravity modeés€sy. [Neupane 07]), it can even
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appear in DE models inside General Relativity if one is wdlto consider DE with unusual properties
[Kunz 07].

It is convenient to introduce the quantify = , the growth factor of the perturbations. In
function of f, the linear perturbations obey the equatlon

df 1(1 dan) 3 Geg

dln6

s /= 3G,

Q,., . (12.36)
with z = In a. The quantitys is recovered frony, 6(a) = J; exp [ f; f (:U’)dx’} . We see thaf = p
whenj « a?, in particularf — 1 in ACDM for largez while f = 1 in an Einstein-de Sitter universe.
In our model,Geg — Geror 2 — oo, these quantities tend rather quickly to their asymptotic
value forz > 1.

Introducing the quantity’ with

F
Gt oo Qoo = — Qoo < 1, (12.37)

0<C=
CTYN,O ’ Foo

we see that in the asymptotic regit@e; — G 0o = % the perturbations obey a scaling behaviour

§ = DyaP* + DyaP? (12.38)

with
mo= -1+ V1 +24C) (12.39)
po = i(—1 —V1+240). (12.40)

As p; < 1, we see that the growing mode of the perburbations allwags/gslowlier than in a
ACDM universe (or in an Einstein-de Sitter universe) for> 1. Therefore the amplitude of the
linear matter perturbations on small redshifts before firam of structure starts, compared to the
amplitude of perturbations derived from the CMB data, carsigeificantly different, and smaller,
from that inACDM. In patrticular, the perturbations will grow nonlinear lower redshifts, structure
formation starts later. Further, the bi@slerived fromog should be larger in these models than it is
in ACDM. On the other hand, for a model for whic¢his very close to 1 (but still satisfying' < 1),
both linear perturbations modes will evolve essentiakkg in aACDM universe untill low redshifts
where a significant departure can appear. Another impaodaune is to characterize this departure on
small redshifts.

It is well known that for aACDM universe it is possible to writg ~ Q) where is assumed to
be constant, an approach pioneered in the literature soneeejo [Peebles 84, Lahav 91]. There has
been renewed interest lately in this approach as the growittatier perturbations could be a decisive
way to discriminate between models that are either insideitside General Relativity (GR). Clearly
it is possible to write allways

f=k (12.41)

For ACDM we havey, = v(z = 0) ~ 0.55. As was shown in [Polarski 08], fakCDM we have
v = dl\o ~ —0.015. ForQ,,o = 0.3, 7o = 0.555, slightly higher than the constaF?lt = 0.5454
derived in [Wang 98] for a slowly varying DE equation of stat&l(2,, ~ 1. There is very slight

6
difference on small resdshifts < 0.5 between the true functiofiy (z) and Q2 , one could as well
usey = 0.56 and the agreement would be even betterQAs— 1 the differences are important only
on small redshifts. Note also that we find a slightly negasiepe~(, so thaty comes closer t(% as
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Fic. 12.2 —a) On the lefty, is shown in function of the parametéis, , and for the ansatz (12.11)
assumingGeneral Relativity. b) On the right, the correspondiygs displayed and it is seen that
76| < 0.015.

z increases. A definite departure from these values coulabk&gdeparture from ACDM universe.
More importantly as we will see later a large value fgicould be a hint for a DE model outside GR.
This aspect was already emphasized in [Polarski 08]. Wstithte in Figure 12.2 the behaviourgf
and~y in function of 5 and(2,, o insideGR.

As emphasized in [Polarski 08], equation (12.36) yieldsfttiewing identity

. 1 3 1
% =[Ok |-, —3(% - 5) Wero + 5 Qd® = 5| (12.42)

whenevergeTﬁ“g = 1 to very high accuracy, which is certainly the case in sceasor models as we
have seen in Section 12.2. In other words we have a constraint

f(0, %0 Dm0y wpEe) =0 (12.43)
As was shown in [Polarski 08], this constraint takes theof@ihg form
Yo =~ —0.19 +d (7o — 0.5) d=~3. (12.44)

The coefficient/ depends on the background parametets d(wpg o, 2m0). FOr given background
parameters,, o andwpg o, v, Will take the corresponding valug (). The value ofy, realized
will depend on the particular model under consideration @be obtained numerically. Typically
we will have(, # 0. For models inside General Relativity,| < 0.02 was obtained. For example
for constantwpg, 7 is allmost independent abpr = wpg,o, With 7 ~ —0.02 for Q,,, = 0.3,
while at the same time, can have a nonnegligible variation, we havé4s < ~, < 0.565 for
—14 S wproe S —0.8 and(2,, o = 0.3. We can compare scalar-tensor models with different values
of F, but identical background evolution parametrized usingpd@meterg} and(2,, o, according
to egs.(12.8), (12.11), (12.12). These models can be disshed in all observations affected by a
varying gravitational constant but they will be undistiighable with respect to purely background
constraints. In particular, they yield different perturbas growth factorf, or equivalently different
Y.

All models shown in Figure 12.3 have exactly the same backgi@xpansion so that the diffe-
rence in the growth of matter perturbations is solely duehtorhodification of gravity. As we can
see from Figure 12.3, some models can be easily distingliisbe each other using the growth of
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FIG. 12.3 — a) On the left, the functiofi(z) is shown corresponding to the models of the right
panel of figure 12.1. The growth factor is constrained by olag®ns of the galaxy bias factérand

the redshift distortion parametgr[Verde 02, Hawkins 03, Tegmark 06, Ross 06, da Angela 06] via
f = b 3. The data are given here for reference. We see that one regaatredshifts > 0.5 in order

to be able to distinguish between the different models.dtss clear that the present observations are
not discrimative. Though not obvious from the behaviouy ©f), the behaviour on small redshifts is
very different as seen on the right panel. b) On the rightfuhetion~(z) is displayed corresponding
to the same models as on the left panel. But the order of tHardemsor models is reversed here,
we have now from bottom to to@ = 0.9301,0.94,0.95,0.96,0.97,0.98. It is seen thaty(z) has

a quasi-linear behaviour on small redshifts and that Iatgpes can be obtained for scalar-tensor
models whenC' is close tol. Interestingly, this is also when the linear growth of pdsations is
essentially the same as NCDM for z > 1 in the matter dominated stage.
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FIG. 12.4 —In green the growth functigfitz) is shown corresponding to the scalar-tensor model with
F°° = 0.9301 while the background parametrised @y, ., = 0.93 and(2,, o = 0.3. This function is
compared to three fits with@nstanty : 0.4, 0.48, v, = 0.53, where, is the value at = 0 of the
truev(z). Fory, = 0.53, the fit is very good (by definition) on very small redshifts bad on larger
redshifts. Choosing = 0.4 gives a good fit on large redshifts but is bad on small redshitiking

~v = 0.48 yields a fit that is clearly different fronf.
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matter perturbations through the difference in the behawib~(z) on small redshifts. We note also
for the models displayed in Figure 12.3 that the model insiReis easily distinguished from the
scalar-tensor models having a large slofeFor these ST models we have thgtis negative and

it can be large, while it is (slightly) positive for the sama&ckground evolution inside GR. Actually
as we can see from Figure 12y2 > 0 is true inside GR for the interesting range of cosmological
parameterg} and(2,, o, while we have generically| < 0 for the interesting scalar-tensor models.
Also, as already noted in [Polarski 08};| < 0.02 inside GR while we see that it can be substantially
larger outside GR. Obviously, whef,| is large, assuming = constant yields a poor approximation.
Another interesting feature is the quasi-linear behavimfuy(z) on small redshift®) < z < 0.5.
Such a behaviour could be probed observationnally and aldd to discriminate models whose
parametery, are close to each other. The lower the valuegfthe better this potential resolution
which improves as well whew ; ( decreases.

This picture remains essentially the same for the best-fietsoof Table 12.1. It is seen that
the growth of matter perturbations on large redshifts isetdo the standard behaviody, x a
(C = 1) in the best-fit scalar-tensor models of Table 12.1 than fibighe model inside GR with
same parametrization of the background expansion. Foatter inodel, though a very pronounced
phantom behaviour is needed today (see Table 12.1), it isufbtient to make?,, ., higher than
0.95 which has a crucial effect on the growth of matter pertudyation large redshifts.

To summarize, we have shown that our models have a chasdittesignature in the growth of
linear matter perturbations. On large redshifts insidentfagter-dominated stage, we find a scaling
behaviour for the matter perturbations which can substytdiffer from ACDM and also from
General Relativity (GR) with identical background evaduticharacterized, besid€s, o, by €2, «
or 5. On small redshifts we find again a possible significant depafrom ACDM and models in
General Relativity (GR) with same parametrization of thekgaound expansion. Even for those
models in which the growth of matter perturbations on laegshifts is close to that iINCDM, we
find a large (negative) slopg, with |v;| much larger than in GR, wheth&fCDM or GR with an
identical background evolution. For these models assumingnstanty would necessarily lead to
a poor fit of the growth functiorf (see Figure 12.4). Such a behaviour on small redshifts would
constitute a characteristic signature of our DE model beutgide GR. Interestingly, those models
that mimic ACDM on large redshifts are most easily distinguished frt@@DM on small redshifts
through their slope(. Though the results derived here are to some extent modehdept, it is clear
that the growth of matter perturbations, especially whemloed on small and large redshifts, can
efficiently probe the nature of Dark Energy and in partichilp in assessing whether we are dealing
with a modified gravity DE model or not.
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Conclusion et perspectives

Nous avons pu voir dans cette these une partie des modelesrgi@ noire. Nous nous sommes
ainsi d’abord intéressés a la constante cosmologique alefavec une équation d’état variable, puis
aux modeles avec un champ scalaire pouvant ou non violeniditten d’énergie forte, et enfin aux
modelesf(R). Certains de ces modeles permettent d’expliquer I'énergjie et on peut les confron-
ter aux observations, alors que d’autres sont égalemennhddsles de gravitation différents de la
relativité générale. Cela produit de nouveaux tests plessidont les contraintes gravitationnelles
au sein de notre systéme solaire et des galaxies. Ainsi la&taa partie de ma these a permis de
montrer différentes contraintes sur les modéles scatairseur, ainsi que sur les théorigsR). Il est
cependant souvent difficile d’éliminer des modeles. Entgifs contraintes permettent en général de
simplement contraindre les paramétres du modéle. Noussaeependant, développé une méthode
dans les théorieg(R) afin de rejeter de tres nombreux modéles étudiés dans ladliité, et qui
ne possedent pas de phase de matiere. On constate ainsouoelit considérer certains modeles
comme faux puis contraindre les parametres de ceux-ci paulgernovae, les anisotropies du CMB,
ainsi que les BAO.

En revanche, demeure un questionnement fondamentale : @oieomparer deux modeles différents
qui semblent compatibles avec les observations ? Commeitticantre un modele scalaire-tenseur
et un modeélef(R) ? Un début de réponse a été apporté dans la troisiéme partedfe, nous avons
mis en évidence que I'observation de la croissance desrpattons et notamment de la fonction
permet de distinguer un modele d’énergie noire en relétgdinérale et en théorie scalaire-tenseur. Ce
travail peut se faire pour les modélg&R) dans le but de distinguer ceux-ci de la relativité générale
et peut-étre des modeéles scalaire-tenseur. Il s’agit dawail en cours et qui fera je I'espere le sujet
d’un article trés prochainement.

Enfin il demeure un grand type de modeéles que je n’ai pas alolnddét ma these. Je compte bien le
faire par la suite notamment les modeéles de dimension sugpitaire.
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ANNEXE A

Transformations conforme

Si I'on définit une variété M, g,,,) de dimensiom, on peut alors effectuer une modification de la
meétrique

G — guu = ngw/ (Al)
) = Q(z) est une fonction réguliére définie positive (afin de conseveignature de la mé-

trique).
Cette transformation appelée transformation conformelasigxactement une transformation de

Wey!l laisse invariant les angles. Ainsi le cone de lumietarahangé, ce qui préserve la strucure

causale.

Je vais indiquer les différentes formules utiles dans desé&lansformations.

guu - Q2guu (AZ)
o= g (A3)

Les symboles de Christoffel deviennent

I%, =I5 + Q" (05V,Q+ 65VQ — g5, V) (A.5)
Le tenseur de Riemann
Ragy” = Ry’ + 260, VgV, (InQ) — 29°° 9,1,V Vo (In Q) + 2V (o (In )53V, (In ©2)
—2Va(InQ)g5,9° Vo (In Q) — 29,120397" Vo (In Q) V,(In Q) (A.6)

Le tenseur de Ricci

Rog = Rap— (n—2)V,Vs(InQ) — gupg” V,V,(InQ) + (n — 2)V,(In Q) V(In Q)
—(n —2)gap 9" V,(InQ)V,(In ) (A7)

La courbure scalaire

gO‘BVQQVﬁQ

R 02

3PRep = O2|R—2(n—1)0(InQ) — (n—1)(n—2) (A.8)
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Ces transformations sont appelées des transformationsegleptsqu’elles laissent ce tenseur
invariant

P

Copy’ = Cupy’ (A.9)
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ANNEXE B
Systémes dynamique's
Soit I'équation suivante
%X = F(X,1) (B.1)

Lorsque la dépendance temporelgr(est pas explicitement présente, on parle alors de systéem
autonome. L'équation (B.1) se réduit alors a

d
X = F(X) (B.2)

Pour la suite, on s’intéressera uniqguement aux systemes@ues

11X, = R(X,....X,)
: : (B.3)
14X, = F.(X1,...,X,)
L'étude consistera en larecherche d’une trajectoireq@diéire dan$espace des phasds(;, X, }.
Nous verrons que les conditions initiales sont un peu maoip®itantes que des cas classiques d’équa-
tions différentielles. Les trajectoires individuellespgartent peu, seul le régime permanent sera im-
portant. On suppose donc I'extinction ttansitoiresoit I'existence d’'unelissipationentre le régime

transitoire et le régime permanent, i.e. une perte de méndes conditions initiales, ce qui exclue les
systemes consevatifs. Ces derniers obéissent a une égdatomntrainte

VIE =) 0xF(Xy,..., X,) = 0 (B.4)
=1
Ainsi on travaillera avec des systémes autonomes non-o@igs.

Dans un premier temps, il suffit de rechercher les pcﬂtﬁﬁonnaires% = 0, soit la résolution
du systeme suivant

Fx9 o x) =0
P (B.5)
Fo(x9, . x) =0

Voir [Manneville 98]
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L'étude des trajectoires au voisinage de ces points va neusgitre d’avoir I'évolution du sys-
teme. Il suffit donc de linéariser les équations autour degpd’équilibre du champ de vecteur.

Ainsion a
"\ OF,
0 % 0 0
F(Xi,.... X)) = FEX9 ..., x4+ X_(X{),...,Xg)))-(xj—xj())
j=1 =/
= X7 x ) XY
j=1 =
= > My-X" (B.6)
j=1
Alors le systeme (B.3) se réécrit
d
X = M-X (B.7)
avec
el (0) (0) (0) (0)
O nF (XY XY o0 R(XYY, XY
X = 2 et M = : ; (B.8)
) HF(XO . xOY o,F(x?, . x)

Afin de simplifier les calculs, je vais exposer le eas- 2. Les résultats sont évidemment facile-
ment généralisables.

Ainsi les équations (B.7) se récrivent

d

dt‘ql) = M XY+ My X3

d

—thél) = MyuXWY + Mo x{V (B.9)

En recherchant des solutions sous la fodthe Xewt, on obtient

WXl = M11X1 + M12X2
wXy = MyuX;+ MypX, (B.10)
Soit
(M, — w))NQ + M12X2 = 0
Moy X1+ (Myy —w)Xy, = 0 (B.11)

Nous avons donc des solutions non triviales si et seulemenest valeur propre de I'opérateur

linéaire M. Ainsi ces valeurs propres seront soient réelles dissmmieconfondues, soient complexes
conjuguées.
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B.1 Racines réelles distinctes

On se place dans la base propié,, X5}, oul les valeurs propres sofity, w }

d - -

&Xl = (,()1X1

d - -

&XQ = C()QXQ (BlZ)

dont les solutions son;(t) = X;(0) e¥*

_Ainsi on peut trouver I'expression desbitesen €liminant le temps dans la base propre, soit
(Xl/Xl(O))l/wl = (XQ/XQ(O))UWQ et donc

Xy o X/ (B.13)

— Lorsquew; et w, sont de méme signe, il s’agit d’'un point fixe de typesud Si elles sont
toutes les deux négatives le nceud est stable sinon il eablast.a trajectoire est une parabole
s’ouvrant dans la direction de la valeur propre la plus geagrlvaleur absolue.

— Lorsquev; etw, sont de signes opposes, le point fixe estaolnLa trajectoire est une hyperbole
s’approchant du point fixe dans la direction du vecteur gragsocié a la valeur propre négative
puis s'écartant le long de I'autre direction.

B.2 Racine réelle double

On a dans ce cas une seule racine nommeée

Si on est dans le cas trividll;; = My, et M5, = M, = 0 alors I'opérateur linéaird/ est
proportionnel a I'identité. Toutes les directions du plantdirections propres. Le point fixe est alors
stable ou instable selon le signeweCe point est une étoile.

Dans le cas non trivial, on a un vecteur propfe = (M, %(Mm — M;jy)) associé a la valeur
proprew. On peut alors compléter la base par un autre vecktgunon colinéaire. Comme nous ne
sommes plus dans les conditiahg, = My, et M, = M, = 0 on peut choisitX, = (0, 1).

Il suffit de regarder I'action dé/ sur cette base.

M‘XQ = Xl +WX2 (814)

Ainsi le systeme est sous formermale de Jordan

d - _ _

—X; = X X

ET WX+ KXo

d - _

— X, = X B.15

AT Wz (B8.15)
dont les solutions sont

Xl (t) = Xl (O)th + XQ(O)tGWt

Xg(t) == XQ(O)@Wt (816)
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Soit en terme d’orbite

X1 o X <1n()22)+cste) (B.17)

Il s’agit d’'un point fixe ditnoeud impropre

B.3 Racines complexes
Soient les valeurs propres = a + ib etwy = a — ib. Dans ce cas l'opérateur est diagonalisable

dans I'espace complexe.

d - gy O
&Xl = (CL + ’lb)Xl

d - -

X = (a—ibX (B.18)

Ce qui peut se réecrire dans I'espace réel sous la forme

d - . .
&Xl = (le + bXQ
%XQ = —b)Xl + G,XQ (Blg)
Soit une solution sous la forme
Xi(t) = e (Xl(o)cos(bt) + Xz(O)sz’n(bt)>
Xo(t) = et (Xl(O)cos(bt) + XQ(O)sm(bt)) (B.20)

On a alors un point spirale stable ou pas selon le signe de. de la partie réelle de la valeure
propre. Dans le cas particulier de= 0 on a uncentre
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ANNEXE C

Formulaire en theorie des perturbations

Je présenterai dans cette annexe les différents résdtatsatoires de la théorie des perturbations.
Si I'on définit la métrique suivante en temps conforme

ds* = a*(n) {-(1+2¢)dn* +2(ViB—8;) dx'dy

gue I'on peut décomposer comme :

une meétrigue non perturbée

= 2 00 __ 1
goo = —a g = —=
— 02 .
goi = 0 g =0
— 2 S
gi; = a gi = L
et une métrique perturbée
dgoo = —2a%¢ 500 = a%(b
dgoi = 2a*(ViB - 58;) 5g% = E(V'B-5Y)
bgij = o (=23 +2ViV;E+ Vil + V;Fi + hij) 891 = —L (~2yy" + 2VIVIE + ViFI 4 VIFi 4 hid)

Les composantes non nulles du tenseur d’Einstein sont daasId’'un espace a courbure spatiale
nulle

Gow = 3H? (C.2)
Gz‘j = —(H2 + QH/)%‘j (C3)
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2
6GY = > [3H?¢ + 3HY — A + A(2HB — HE)] (C.4)
1 A
6GY = = {wi (Ho+v') + E(FZ—’ + 250} (C.5)
. 1 )
0G; = —[V'V;[E" - 2B+ 2H(E' - 2B) + ¢ — ¢]
+ 0 [-A(E" —2B') — 2HA(E' — 2B) + 20" + 4HY' + A(¢ — ¢) + 2H¢ 4+ 22H + H?)¢)
ZA'N Z'/ 1 .
+ % +Hhy — AR (C.6)

ouH est la fonction de Hubble en temps conforme.







Les mysteres de I'expansion acceélérée de l'univers

Plusieurs étapes furent nécessaires a la construction delenstandard de la cosmologie, de la vision de notre
Univers, de la représentation de l'infiniment grand. Derém 1915 avec I'élaboration de la relativité générale aux
différentes observations de I'Univers, celles-ci ont perdimaginer un univers en expansion décélérée. Cependant
en 1998, deux équipes américaines mirent en lumiére sotéeaiign. Ce fait flt largement confirmé depuis lors.
Ce pose alors une question simple, quelle en est la raison?deta de trés nombreux modéles d'énergie noire
furent élaborés. J'aborde ainsi dans cette thése deuxgraadéles. D’une part les théories scalaire-tenseur ou I'on
a pu construire différentes contraintes sur la viabiliténdodele ; et d’autres part les théories difgs?), ou une
modification de I'action par des termes géométriques ewdrahe accélération de I'univers. La construction dans
ces modéles de la fonction(r) nous a permis par une méthode simple et élégante de rendpecdml’évolution
cosmologique de I'univers décrit par de tels lagrangierigsiAle nombreux modeéles jusqu’alors étudié furent rejeté,
car ils ne possédent pas de phase de matiere. Enfin nous dudiéslé croissance des perturbations. En effet les
perturbations a 'origine des grandes structures vontrerdifféeremment selon les modeles, selon I'Univers cargid
Nous avons ainsi mis en évidence une importante distinetire les modéles d’énergie noire en relativité générale et
les théories scalaire-tenseur. Des observations plugspsdgermettront alors de distinguer les théories de gtait
modifiée et les modéles d’énergie noire en relativité gdaéra

Mots-clefs : cosmologie, énergie noire, gravitation, gravitation ifiéd, théorie scalaire-tenseur, théorig&R),
croissance linéaire des perturbations.

The mysteries of the accelerated expansion of the universe

Several steps were necessary for the construction of thelasih model of cosmology, the vision of our universe,
the representation of the infinity. Since 1915, with Einsgeformulation of general relativity, several observato

of the Universe have led to imagine an expanding deceleraieerse. However, in 1998, two U.S. research teams
pointed out an acceleration. This fact was largely confirsiade then. This raises a simple question : what is the
reason for this recent acceleration of the universe ? Manyetswf dark energy were developed in order to answer
this question. | address in this thesis two major models.fifbiemodel is scalar-tensor theories where a scalar field is
coupled to the graviton. Several constraints were builthendcal viability of this model. Similarly, we have studied
the f(R) theories. The construction of the functien(r) in these models gives us a simple and elegant method to
describe the cosmological evolution of the universe intpliy such lagrangians. Many models previously studied
were rejected because they do not have a matter phase yRireaitudy the growth of matter perturbations. Indeed
the perturbations at the origin of large scale structurdisgnow differently according to the model and the universe
considered. We have thus shown a very important distintt@ween models of dark energy in general relativity and
scalar-tensor theories. More precise observations walbknto distinguish models of dark energy in general ratgtiv
and modified gravity.

Key-words : cosmology, dark energy, gravitation, modified gravityalactensor theoryf(R) theories, growth of
linear perturbations.
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