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Chapitre 1

Introduction

La VRAISEMBLANCE EMPIRIQUE est une méthode d’estimation inspirée de la méthode
du maximum de vraisemblance usuelle, mais s’affranchissant du choix d’une famille pa-
ramétrique de lois. La méthode de vraisemblance empirique a été principalement introduite
par ( , , ), bien qu’on puisse la considérer comme une extension des
méthodes de calage utilisées depuis de nombreuses années en sondage (voir

, , , ). Cette méthode de type non-paramétrique consiste a maxi-
miser la vraisemblance d'une loi ne chargeant que les données, sous des contraintes satisfaites
par le modele. Owen a montré que ’on pouvait obtenir une version non-paramétrique du
théoreme de Wilks. Ce théoreme établit la convergence du rapport de vraisemblance vers
une loi du x2, permettant ainsi de réaliser des tests ou de construire des régions de confiance.
Cette méthode a été généralisée a de nombreux modeles, lorsque le parametre d’intérét est
défini a partir de contraintes de moments ( , , , ). Les
propriétés de la vraisemblance empirique en font une alternative a la méthode des moments
généralisés.

Le chapitre introductif rappellera les principaux concepts de la vraisemblance empirique
ainsi que ces propriétés les plus importantes puis nous présenterons les résultats obtenus au
cours de cette these. Le corps de cette these se présente en deux parties. Dans la premiere
partie, nous étudierons les propriétés théoriques de la vraisemblance empirique et de ses
généralisations. Nous montrerons en effet au chapitre 2 que 'on peut replacer la méthode
de vraisemblance empirique dans un cadre plus général, celui des divergences empiriques.
Ce chapitre fait I'objet d’un article a paraitre aux Annales d "Economie et de Statistique, en
collaboration avec Patrice Bertail et Denis Ravaille. Le chapitre 3 présentera des résultats
non asymptotiques originaux pour les divergences empiriques. L’article correspondant, rédigé
avec Patrice Bertail et Emmanuelle Gautherat, est soumis. Nous proposerons au chapitre 4
une méthode pour traiter des données non indépendantes, lorsqu’elles sont décrites par
une chaine de Markov. Ce travail est en révision pour le numéro spécial de Econometric
Theory consacré a la vraisemblance empirique. Dans la deuxieme partie, nous applique-
rons ces méthodes a des problemes issus de ’analyse de la consommation alimentaire. Nous
décrirons au chapitre 5 'estimation d’un indice de risque d’exposition au méthylmercure
par consommation des produits de la mer. Cette étude, menée en collaboration avec Amélie
Crépet et Jessica Tressou, est soumise. Une deuxieme application, exposée au chapitre 6,
étudie l'effet des normes sociales sur le sur-poids et I'obésité en France. Ce travail, entreprit
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12 CHAPITRE 1. INTRODUCTION
avec Fabrice Etilé, est en révision en vue d’une publication dans Health Economics.

1.1 La vraisemblance empirique

Dans cette section, nous présentons une revue de la littérature traitant de la vraisem-
blance empirique. Une grande partie des résultats énoncés se trouvent dans le livre d’
( ) Empirical Likelihood.

1.1.1 Le cas de ’espérance
Définition de la vraisemblance empirique

Soit une suite de vecteurs aléatoires X, X, -, X,, définis sur (2, A) et a valeur dans
(RP, B(RP)), indépendants et identiquement distribués de loi de probabilité Py. On pose
Pr = P5™. On cherche & construire des régions de confiance pour I'espérance po de X . Nous
commencerons par proposer la présentation classique de la vraisemblance empirique, avant
d’en donner une interprétation plus probabiliste.

L’idée d’ ( ), dont nous reprenons ici la présentation originale, est de construire
une vraisemblance en se donnant comme modele I’ensemble des multinomiales ne chargeant
que l’échantillon. On affecte ainsi un poids ¢; > 0 a chacune des observations, la somme
des poids étant fixée & 1. On définit ainsi une mesure de probabilité Q = > 7  ¢dy,. La
vraisemblance L(Q) du modele multinomial s’écrit alors

n

L(Q) = H qi-

i=1

Remarquons que sous la contrainte » ", ¢; = 1, L est maximale en P,, = > L5y, la

i=1n
probabilité empirique. On peut alors définir le rapport de vraisemblance

R(Q) = LL((]S )> = anz--

'R

Puisque plusieurs multinomiales peuvent avoir la méme espérance, pour définir le rapport
de vraisemblance en une valeur p du parametre, ( ) propose de déterminer la
multinomiale maximisant le rapport de vraisemblance sous la contrainte » ", ¢:X; = p. Ce
probleme peut alors s’écrire

R(p) = sup {anz

41, »4n

Na=1 Y aXi=u Vielnll.¢> 0} -
i=1 =1

On peut utiliser la méthode du multiplicateur de Lagrange pour résoudre notre probleme.
Pour ce faire, on considere le log du produit des ng;, ce qui linéarise 'optimisation et permet
d’omettre la contrainte de positivité des ¢;. Posons

Ly, = 2108“(”%‘) - n)\zl%(Xz‘ —p) —ny <Z1 ¢ — 1) :
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Annulons la dérivée de £, par rapport a g; :
g —n\X; — pu) —ny =0. (1.1)
En multipliant (1.1) par ¢; et en sommant sur ¢, on obtient : Y | (1—nAg;(X;—p)—nvyg;) = 0.

En utilisant les contraintes, on a n = ny et donc v = 1. On obtient alors ’expression de g;
grace a (1.1) :

1
b R+ A — )

ou A est donné par la contrainte Eg[X — po] = 0, c’est-a-dire :
n

Xi—p _
2 A A )

=1

Le rapport de vraisemblance empirique permet de construire des régions de confiance
asymptotiques pour pg. Pour ce faire, on définit une région de confiance C, ,, par inversion
du test de rapport de vraisemblance :

Con = {1 '—mog (R <10

ol 1 est un parametre permettant de régler le niveau de confiance que 1’on veut atteindre.
On note §,(u) la statistique pivotale :

Bn(p) = —2log (R(p)) .

Théoreme de convergence

( , ) a établi le théoréme suivant :

Théoreme 1.1 (Owen) Si Xy, -, X, sont des vecteurs aléatoires de R?, indépendants et
identiquement distribués, d’espérance jiy et de variance X de rang q, alors, ¥V 0 <n <1, C,,,
est convexe et

PY(MO € Cn,n) = Pr(ﬂn(ﬂo) < 77) — Fx% (77)7

n—oo

ot Fxé(') est la fonction de répartition d’une distribution du XZ.

( ) propose d’illustrer ce résultat en construisant des régions de confiance pour
Iespérance par la méthode de vraisemblance empirique. On dispose d’un échantillon de onze
données X7, -+, X;; € R?, concernant une population de canards dont on observe le compor-

tement et le plumage. On construit des régions de confiance par la méthode de vraisemblance
classique, en supposant les données gaussiennes, et par la méthode de vraisemblance empi-
rique. On obtient alors les Figures 1.1-(a) et 1.1-(b).
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(a) Vraisemblance paramétrique (b) Vraisemblance empirique
Régions a 50%, 90%, 95% et 99%.

F1G. 1.1 — Régions de confiance pour l'espérance de 1’échantillon, extrait de ( )

L’hypothese gaussienne resurgit sur la forme (elliptique) des régions de confiance pa-
ramétriques, sans qu’il soit possible de justifier cette hypothese. Cet exemple illustre une
propriété intéressante de la vraisemblance empirique : la forme des régions de confiance
s’adapte a la géométrie des données. On observe également que les régions sont plus petites
que pour la vraisemblance paramétrique. Cette différence de taille est générale et I'on peut
facilement démontrer que la région de confiance a 100% pour la vraisemblance empirique est
I'enveloppe convexe des points, alors qu’avec la méthode paramétrique on obtiendrait R2.
Cependant, on verra dans le chapitre 3 qu’en fait les régions de confiance d’Owen sont trop
petites au regard du taux de couverture et que le niveau de confiance est surestimé pour les
petites valeurs de n.

Correction de Bartlett

( ) montre que la vraisemblance empirique est corrigeable au sens de
Bartlett. Ceci signifie que 'on peut corriger la statistique [3,,(u) d'un facteur qui permet de
faire disparaitre le biais au premier ordre. Ceci assure un meilleur comportement a distance
finie, puisque la différence avec le comportement asymptotique est réduit de O(n=1) a O(n=2).
On peut énoncer ce résultat sous la forme suivante :

Théoreme 1.2 (Correction de Bartlett) Soient Xy, Xs, ... des vecteurs aléatoires de RP,
indépendants et identiquement distribués, d’espérance o et de variance X de rang q. Si, de
plus, on a E[|| X1]|®] < co et

lim sup |E[exp(it' X1)]| < oo,

[[¢]]—o00

alors, en posant E, = E[G,(uo)]/q, on a

pr (200 <) = Fyln) + O,
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L’idée consiste a corriger G, (po) afin que son espérance soit égale a celle de la distribution
du X?p c’est-a-dire ¢, ce qui annule le terme en n~!. Le développement d’Edgeworth de
Pr (5, (po) < 1) pour p = g = 1 permet de comprendre le fonctionnement de la correction de
Bartlett. En effet, on a

ay/me"?
P (Bu(pn) < ) = Fygln) + L1 + O(n ™).

Or, le terme correctif E,, peut se développer en E, =1 —a/n+ O(n~?) et

Fy (77(1 — a/n)> = Fa(n) — 2 /\/:% 6\/;2_: dt + O(n™?)

= Falo—2vi(1-1-4) =+ o

Finalement,

Pr (ﬁ"é‘:‘)) < 77) = Fea (77(1 — a/n)) + ayme " +0(n?) = Fa(n) + O(n™?).

Dans le cas p = ¢ = 1, en posant m; = Ep, || X — |’ et 7; = —5%3, on peut montrer que
my

my m3 1 1,
OG=—5— —%5 = — — =73,
2m%  3m3 2 373
que l'on estime naturellement par sa contrepartie empirique : @ = 2%*% — %
( ) montrent que I'ordre de I'approximation n’est pas perturbé lorsque 1'on remplace E,
par son estimateur :
Bn(pto) -2
({20890 <) = gl + O

L’efficacité concrete de la correction de Bartlett peut étre illustrée par simulation : on
estime le taux de couverture a distance finie de la région de confiance que I'on compare au
niveau de confiance visé (1 — ). La Figure 1.2 est obtenue en simulant des échantillons d'un
mélange d’échelle (le produit d’une uniforme sur [0; 1] et d’'une gaussienne centrée réduite sur
R%). Pour chaque échantillon, on construit une région de confiance a 90% pour 'espérance
suivant la méthode de la vraisemblance empirique, avec et sans correction de Bartlett. Grace
a la méthode de Monte-Carlo, on constate alors que le taux de couverture est amélioré par la
correction de Bartlett : on se rapproche de 1 —a = 0.9 . Malheureusement, cette amélioration
est loin d’étre suffisante pour les petites valeurs de n.
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F1G. 1.2 — Taux de couverture a distance finie

Borne inférieure de ’erreur de premiere espéece

Ces considérations sur le comportement a distance finie soulignent les limites des résultats
asymptotiques établis par le Théoreme 1.1. On est alors amené a chercher des bornes a
distance finie pour le niveau de confiance Pr(f,(uo) < n). Malheureusement, on ne peut
construire une borne inférieure pour le taux de couverture des régions de confiance de la
méthode de vraisemblance empirique (voir le chapitre 3).

En revanche, on peut obtenir une borne supérieure pour ce taux de couverture. En ef-
fet, comme le remarque ( ), les poids affectés aux données par la vraisemblance
empirique étant toujours positifs et de somme égale a 1, les régions de confiance sont
nécessairement incluses dans ’enveloppe convexe de 1’échantillon, notée H(X1, ..., X,,) C RP:

Cyn C H(X1, ..., X,0).

On peut donc majorer le taux de couverture par la probabilité que 1’espérance appartienne
a cette enveloppe convexe :

Vn >0, Pr (ﬁn(,uo) < 77) = Pr(po € Cyn) < Pr (uo € H(Xq, ...,Xn))

( ) donne un majorant explicite pour cette borne pour p < 2 :
n
Pr (MQ S H(Xl, ,Xn)) <1- on—1
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et conjecture que ce majorant se généralise pour p quelconque en

1
Pr (,UO S H(X17 7XTL)) < L— on—1 Z Ck*

0<k<p

Ces résultats corroborent notre commentaire de la Figure 1.2 : la vraisemblance empirique
sous-évalue 'erreur de premiere espece. En particulier, lorsque g/n n’est pas tres petit, le
taux de couverture des régions de confiance pour « petit est nécessairement inférieur au
niveau nominal. Ceci motive la recherche d’alternatives a la vraisemblance empirique. Nous
proposerons au chapitre 2 une généralisation de la vraisemblance empirique, les divergences
empiriques, et nous montrerons que les régions de confiance construites avec certaines di-
vergences empiriques peuvent s’étendre au-dela de 'enveloppe H. On obtient ainsi des taux
de couverture qui dépassent la borne supérieure de ( ). Pour certaines divergences
empiriques, nous établirons au chapitre 3 des bornes inférieures pour le taux de couverture.

Vraisemblance empirique et divergence de Kullback

Dans l'optique de généraliser la méthode de vraisemblance empirique, il est utile d’in-
troduire une seconde écriture de 3, faisant intervenir la divergence de Kullback. Soit M
'ensemble des mesures de probabilités sur (€2, .A). Pour P, P’ appartenant a M, on note :

K(P,P) = {— Jlog () AP si P <P,

+o0 sinon.

La statistique pivotale [3,, intervenant dans le Théoreme 1.1 peut s’écrire :

Ba(p) = —210g< sup {anz Zqz i=p Y gi=1,Vie[Ln]q >0}>
L dn i=1
=1

= —2n Sup { Zlog ng;)
< P, E@[X—,u]:0}

1, dn

dQ
= —2nsu lo dP
Qe& { / s (dP )

= 2%2&{“@%) Eq[X — p] = 0}-

Cette écriture de la vraisemblance empirique peut se comparer a la définition du maxi-
mum de vraisemblance paramétrique comme un minimum de contraste basé sur la divergence
de Kullback. En effet, dans le cadre paramétrique, lorsque ’on se donne un ensemble de me-
sures Py équivalentes a une mesure dominante v, on peut définir

(617 92) = K(]P)917P92)‘

Définissons U, (0) = —1 37 log £2. En posant Py = Py,, on a d’aprés la loi des grands
nombres :

- dPy 1 — dP dP, dP
Un(‘gl) Z lOg —0 - Z 1Og d—yel p_> IE:']P’o 1Og d—o - IE:']P’o 1Og o
=1

n n—00 v dv
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On remarque alors que

dP dPy, dP
EIF’O lOg d—l/o - EIF’O lOg ’ = EIF’O lOg d]P)go

= K(]P)917P0> = 7(617 90)

Un(01) — U, (6y) converge donc vers v(61, 6y) presque strement. L’estimateur du minimum de
contraste est alors donné par

arg iglf{Un(Ql) —U,(6p)} = arg iglf Un(60y).
1 1

On peut alors interpréter la vraisemblance empirique comme une méthode de contraste
pour le modele des multinomiales dominées par P, (qui dépend cette fois-ci de n), en
définissant :

EglX — p] = O} = inf OK(Q,]P’H)

Eq[X—u]=

1 & dQ
Un(p) = — inf 4 =3 log 22
(1) @1<r<l]P’n { n ; 08 dP,,
qui n’est autre que 5,(u)/2n.

1.1.2 Equation de moments
Définitions

Afin de généraliser la méthode de vraisemblance empirique a ’estimation d’un parametre
6y de RP, on utilise communément une équation de moments (ou équation d’estimation). On
suppose alors que 6y peut étre défini par :

Ep, [m(X,6p)] =0

ou m est une fonction réguliere de XxR? — R". On estime alors naturellement 6, grace
au pendant empirique de 'équation de moments : Ep_ [m(X,#)] = 0. Cette équation n’a pas
toujours de solution . Ceci est en particulier possible en cas de sur-identification, c’est-
a-dire lorsque p < r. Ce cas, développé par la suite, permet de prendre en compte des
contraintes portant sur I’échantillon, et d’ajouter ainsi de I'information aux données, issue
d’autres échantillons ou de considérations théoriques. S’il existe une solution, on estime 6
par la valeur  du parametre la plus vraisemblable, ¢’est-a-dire celle qui vérifie I’équation de
moments pour la mesure Q la plus proche possible de IP,,, au sens de la distance de Kullback.
On mesure ainsi la vraisemblance d'un 6 quelconque en adaptant 3, :

Bn(0) = 2n inf {K(Q,]P)n)

QeM

Eqlm(X,6)] = o} ,

et
B,(6) = inf {B,(0)} =2n inf {K(Q,Pn)

OcRP (6,Q)€RP xM
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On a alors pour rapport de vraisemblance

B,(0) — B (0) = —2nlog

Q)eRPxM

Jup { I«

et 'on peut construire la région de confiance
Con = {0|6(6) = B.0) <}

Théoreme de convergence pour la vraisemblance empirique

Comme dans le cas de 'espérance, on obtient un théoreme de convergence, di a

Théoreme 1.3 (Qin & Lawless) Soient X, X1, ..., X, une suite de vecteurs aléatoires,
indépendants et identiquement distribués a valeurs dans X. Soit 0y appartenant a RP tel
que Ep,[m(X,00)] = 0, que Ep,[m(X,00)m(X,0y)] soit définie positive et que le rang de
E[om(X, 0y)/00] soit p. Supposons qu’il existe un voisinage V' de 0y sur lequel m(z,.) est
C?. Supposons de plus que ||m(.,0)|, ||Om(.,0)/00]| et ||0*m(.,8)/D000'|| sont majorés sur
V' par une fonction intégrable. Alors, pour tout n > 0,

Pr(f € Cpn) = Pr(Ba(6) — Ba(0) < 1) —— Fia(n).

Corollaire 1.4 Soit 0) = (010, 6020) € R? x R, et 52 = arginfg,epe Bn(010,62). Sous les
hypotheses du Théoreme 1.3,

Bu(01,0,02) — B (0 ) = qu
n—oo
On peut donc construire une région de confiance de la méme fagon que précédemment pour
une partie seulement du parametre. Cette version de la vraisemblance empirique permet de
rechercher un parametre d’intérét 6; en présence d’un parametre de nuisance 6s.

Pour illustrer ce théoreme, on reprend ’exemple utilisé par ( ). En plus des onze
données bivariées X1, --- , Xq1, on dispose de I’age A; des canards observés et de ’espérance
Ap de I’age au sein de 'espece (estimé par des experts ou issu d’une enquéte plus large). On
peut alors redresser 1’échantillon pour le contraindre a étre représentatif en se qui concerne
I’age. L’équation de moments s’écrit

Er, (X — 10, A — Ao)] = (0,0).

On dispose donc de 3 contraintes pour estimer un parametre bivarié pg. Si U'espérance Ay
est supérieure a la moyenne des ages A; des canards observés, les pondérations données par
la vraisemblance empirique, c’est-a-dire les ¢;, chargerons d’avantages les canards agés. Les
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zones de confiance sont modifiées en conséquence, voir la Figure 1.3(b), et leur surface est
réduite puisque 'on dispose de plus d’information.

161 1B
g 8 & B
14} 14
12 12
e} &
10 o) (! 10 2] &)
8 8
(6] (o]
5] b
o Q
4 o At o
[e] (o]
2 ; 2
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(a) Non Contraint (b) Contraint

Régions a 50%, 90%, 95% et 99%.

Fia. 1.3 — Régions de confiance pour la moyenne de I’échantillon

Normalité asymptotique

Contrairement au cas de I'espérance pour lequel 0= X, la normalité asymptotique de
I'estimateur 6 n’est plus aussi triviale. ( ) ont établi le résultat suivant :

Théoreme 1.5 Sous les hypothéses du Théoreme 1.3, en posant

D=E {W} et M =E[m(.,0)m(., 0],

on a la normalité asymptotique de 0 :

V(0 = 6o) === N(0,V) avec V = (D'MD)™".

n—o0

Soit \ le multiplicateur de Lagrange associé a la contrainte m(X, 5) = 0, il est également
asymptotiquement gaussien :

VA —5— N(0,U) avec U = M (I, — DV.D'M).

n—o0

De plus, 0 et X ne sont pas corrélés asymptotiquement.

1.1.3 Equation de moments conditionnels

Soit (X;, Z;) des variables aléatoires définies sur X = RP x RP' de distribution jointe
Py € M. Dans la section précédente, on a toujours supposé que 1’équation d’estimation était
de la forme

Ep, [m(X,6y)] = 0.
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Dans de nombreuses applications, en particulier en Econométrie, on dispose d’équation de
moments conditionnels, de la forme :

Eg, [m (X, 60)|Z] = 0,

pour Z une variable aléatoire liée a X. Cette contrainte est bien plus forte que la précédente.
On peut bien str se ramener a la forme précédente en intégrant par rapport a Z, mais on
perd alors beaucoup d’information. A Dinverse, on peut considérer que 'on a une équation
d’estimation par valeur de Z, ce qui donne, en général, une infinité d’équations. La notion
d’instrument sert a traiter ce probleme classique, puisque ’on peut remarquer que pour toute
fonction f,

Ep,[m(X, 60) - f(Z)] = 0,

et 'on est ramené a une équation d’estimation simple. La difficulté réside alors dans le choix
de l'instrument f(Z). ( ) introduisent la méthode « Smooth Empirical Li-
kelihood (SEL) », qui est une modification (un lissage en un certain sens) de la vraisemblance
empirique qui permet d’utiliser de fagon efficiente des équations d’estimation présentées sous
la forme de contraintes de moments conditionnels.

La méthode SEL consiste a affecter des pondérations w;; pour lisser la contrainte condi-
tionnelle en estimant par une méthode a noyau la densité de Z :

_ K ((Z: - Z;)/n)
> K((Zi=Zy)/h)

wl-j

ou K est le noyau et h la fenétre. On résout alors a 7 fixé le programme d’optimisation
suivant :

Li(0) = sup { wijlog(iy)| > a4y =1, Y aim(X;,0) = 0}

(i) j=1 j=1 j=1
qui utilise la contrainte Ep [m(X,6y)|Z;] = 0 en pondérant les observations X; par les w;;.
On prend ainsi plus en compte les X; pour lesquels Z; est proche de la valeur de Z;. Il reste

ensuite a optimiser en 6 la « vraisemblance » globale L(#) = """, L;(6).

Si 'on pose Q; = Z?Zl ¢ij0x;, on peut réécrire la contrainte Z?Zl ¢;;m(X;,0) = 0 plus
élégamment : Eg,m(X,0) = 0. Posons également W; = >7 , w;;dx;. On remarque alors
que pour chaque i, le programme de la méthode SEL peut s’écrire sous la forme d’une
optimisation similaire a celle de la vraisemblance empirique classique, ou I’on aurait remplacé

la probabilité empirique usuelle P, = % Z?Zl dx;, par une version locale lissée W;. Soit

dQ;
—2n inf {— [1 A
" qiw; { / o8 (dWi) AW

EQi_Wi [m(X7 0)] = _]E'Wi [m(X’ ‘9)]} :
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En utilisant la méthode de Lagrange, on obtient le probleme dual :

Bin(0) =2 sup {— i w;jlog(1 + Njm/(X;, 9))}
=1

A ERT

n wl
=2 sz'j IOg(wZJ —2 Zw” log (1 + A ](Xia 0)) .

J=1

On reconnait alors dans le second terme le programme d’optimisation de la méthode SEL :

ﬁzn - QZU}Z] lOg ww -2 sup {wa log QZ] qu 17 ZQZ]m(X_]70) = O}
j=1

(‘hy)]

j=1

Comme 7, w;;log(wi;) est le supremum en 6 de L;(0), 5;,(0) s'interprete comme le
log d’un rapport de vraisemblance. On pose

= Gin) =2 wilog(wy) =23 Li(0)

On obtient alors, sous des hypotheses techniques sur le noyau K et la fenétre h, le résultat
attendu :

Bn(6o) £, X2, ot ¢ est le rang de —— om 6o).

n—o0 00 A

1.1.4 Echantillons multiples

Au chapitre 5, pour estimer le parametre dlnteret on dispose de deux échantillons
indépendants 'un de l'autre, X(l),Xl(l),~-- an de loi Py et X®, X( ), e ,X,(é) de loi
Py. Chaque échantillon est i.i.d., et I'on suppose que les deux echantlllons ont la méme
espérance Ep, (XM) = Ep,(X®) = po € R. On cherche & utiliser I'information provenant
des deux échantillons pour estimer po. Pour ce faire, il est possible d’adapter la méthode de
vraisemblance empirique.

Une premieéere méthode

Une méthode générale a été brievement étudié dans ( ), page 223. Owen pro-
pose de maximiser la vraisemblance de deux mesures de probabilité Q; = > ¢, )5)(“)

2 : : . ) :
et Qy = Zyil q](- )5 X sous une contrainte faisant intervenir les deux jeux de poids simul-

tanément :

ni no
R(#) = max { Hnqul)Hngq]@)

i=1 j=1

EQ1®Q2h(X(1)7X(2)’0) - } )

ou h: (RPY,RP2,RY) — R Owen énonce alors le théoréme suivant :
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Théoreme 1.6 (Owen) Supposons que Ep,gp,[h(XY, X® 00)] =0, que min{n,,ny} tend
vers linfini et que la variance de h(X™, X®) 0y) est finie et strictement positive. Si de plus

E [E[R(XM, X® 1) XD1?] >0 ou E [E[R(XY, X, 1) X@?] > 0,

alors
—2log R(6y) N X3

Pour appliquer ce théoreme a notre probleme, il faut trouver une fonction A telle que nos
deux contraintes Ep, (X)) = pg et Ep,(X?) = p sous la forme Ep, gp, h( XD, X 115) = 0.
Malheureusement, on ne peut poser

R(XW, X ) = (XY —p) - (XP — ).

En effet, dans ce cas les variances des deux espérances conditionnelles de A sont nulles. On
peut par contre tester 1’égalité des espérances, en posant h(X™M, X@ 9) = X — x@) g
mais cette formulation ne permet pas d’estimer .

Une méthode adaptée
ni ng
On considere également la vraisemblance : Hnlqlgl)Hngqﬁ-Q
i=1 j=1
vraisemblance sous les deux contraintes données par notre modele :

chr={ () () lreqan Sx = W_q |
09 = {0, (5, [ € 020 30X = 350 0,

)

. L’'idée est de maximiser la

ni n2
Ly ma (1) = sup § [ gt ] mag)”
Clw) Uizt j=1

peut s’écrire comme le produit de 2 programmes indépendants : Ly, (1) = L, (1) L, (1)
avec pour v = 1,2, L, (n) = Sup(qm) {H?:Tl nrqi(r)}, chaque jeu de poids vérifiant ses

contraintes respectives. En construisant le Lagrangien pour chaque optimisation séparément,

on obtient .
b () = ~log L, ()] = sup {Z log [ 1+ X (X7 = )] }

T

oll A\, € R? est le multiplicateur de Lagrange associé & la contrainte Zqi(r)Xi(r) = u. Le
i=1

programme de vraisemblance empirique est finalement équivalent a :

buyins (1) = =108 [Lisy oy ()] = sUD {Z log |1+ X (X — )] + S log 1+ (X = )] } .
i=1 j=1

A1,A2

On peut définir le rapport de vraisemblance, 7y, n, (1) = 2 [lny 0o (1) — lnyns (10)], 01 1 est
Pestimateur de p donnée par I'argsup,, ln, n, (11)-
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Théoreme 5.1
Soit (Xf”) ~ Py iid. et (X@)

1<i<ny J >1§j§n2
méme espérance jiy € Re. Supposons, pour r = 1,2, que la matrice de variance-covariance de
X — 1y est inversible et que de plus E [| XM — |3} < 00 sur un voisinage de fiy. Supposons

enfin que min(ny, ny) tend vers Uinfini et que loglogmax(ny, no) = o (min(ny,n)"/?), alors

~ Py 1.1.d., deux échantillons indépendants de

L
T'nyno (MO) —_— X?l
n—o0

Une région de confiance pour p est alors donnée par {,u ’Tmm(ﬂ) < Fe(l-a) } Ce

résultat nous permet d’obtenir une méthode prenant en compte les différents échantillons de
données de consommations disponibles dans le cadre d’une étude de risque alimentaire au
chapitre 5.

1.2 Les divergences empiriques : une généralisation de
la vraisemblance empirique

Comme nous l'avons souligné ci-dessus, la vraisemblance empirique peut s’interpréter
comme une méthode de contraste basée sur la divergence de Kullback. Des méthodes simi-
laires basées sur d’autres divergences ont été proposé dans la littérature. Parmi les diver-
gences utilisées, on peut citer I'entropie relative ( , ) et la divergence
du x? ( : ). ( ) ont montré que l'idée peut étre généralisée
et que la méthode est valide pour toute divergence issue de la famille des Cressie-Read, qui
contient l’entropie relative et les divergences de Kullback et du x?. Dans le chapitre 3, nous
démontrerons que les résultats restent valides pour une classe bien plus large de divergences.
Dans cette optique, nous introduisons un ensemble d’outils liés a la dualité convexe.

1.2.1 Divergences et dualité convexe

Afin de généraliser la méthode de vraisemblance empirique, on rappelle quelques notions

sur les ¢-divergences introduites par ( ). On pourra se référer a ( )
, ) et ( ) pour plus de précisions et un historique de ces métriques.
( ) utilisent également ces notions dans un cadre paramétrique.

On considere un espace probabilisé (X, A, M) ot M est un espace de mesures signées
et pour simplifier, X un espace de dimension finie muni de la tribu des boréliens. Soit f
une fonction mesurable définie de X dans RP et R une mesure appartenant a M, on note
Rf = [ f(z)R(dz).

On utilise dans toute la suite la notation ¢ pour des fonctions convexes. On note

d(p) = {z € Rlp(r) < oo}

le domaine de ¢ et respectivement inf d(p) et sup d(¢) les points terminaux de ce domaine.
Pour toute fonction ¢ convexe, on introduit sa conjuguée convexe ¢* ou transformée de
Fenchel-Legendre

VzeR, o (z) =sup{zy — p(y)}.
yeR
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Nous ferons les hypotheses suivantes sur la fonction .

Hypotheses 1.1
(1) ¢ est strictement conveze et d(p) = {z € R, ¢(x) < oo} contient un voisinage de 0,
(ii) ¢ est deux fois différentiable sur un voisinage de 0,

) =0 et p(0) =0,

(0) > 0, ce qui implique que @ admet un unique minimum en 0,

)
(iii)
(iv) ¢
(v) L
Les hypotheses sur la valeur de ¢ en 0 correspondent essentiellement a une renormalisation
(cf. Rao & Ren, 1991). L’hypothese (v) est moins générale et nous servira pour établir notre
principal résultat, le Théoreme 2.3 . Elle est vérifiée en particulier lorsque ¢! est elle-méme
convexe (entrainant o (z) croissante donc ¢ (x) > ¢ (0) > 0 pour x dans R¥), ce qui
est le cas pour toutes les divergences couramment rencontrées. Elle n’est pas nécessaire pour
la définition suivante.

La p-divergence associée a p, appliquée a Q et P, ott Q et P sont des mesures respecti-
vement signée et positive, est définie par :

I,-(Q,P) = {fﬂgo( )dIP’ siQ <« P

sinon.

(0
@)

a dérivée seconde de ¢ est minorée par ¢ > 0 sur d(¢) NRT(# 0).

Ces pseudo-métriques introduites par Rockafellar (1968 et 1970) sont en fait des cas particu-
liers de « distances » convexes (Liese-Vajda, 1987). En particulier, I'intérét des p-divergences
réside dans le théoreme suivant (rééerit sous une forme simplifiée) di a Borwein & Lewis
(1991) (voir également Léonard, 2001).

Théoreme 1.7 (Minimisation et Conjugaison) Soit ¢ une fonction convezxe partout fi-
nie et différentiable telle que ¢* > 0 et ©*(0) = 0. Soit P une mesure de probabilité discréte.
Alors il vient

inf L.(QP)\ = /\’b—/ N dIP’}.
@eM,(gl—P)mbo{ (@ )} Asélﬂg’{ ¢ Q(p( ™

Si de plus, on a les contraintes de qualifications suivante : il existe R € M telle que Rm = by

et
dR dR
infd(y") < 1n P =P < supd(p”),

alors il existe Q° et \° réalisant respectivement I’ inf et le sup et tels que
Q° = (L + M (X 'm))P.

Ce théoreme nous servira d’équivalent a la méthode de Lagrange utilisée pour 'optimi-
sation dans le cas de la vraisemblance empirique. Il permet de passer d’une optimisation
portant sur la mesure QQ a une optimisation bien plus simple, portant sur le vecteur A, qui
joue le role du multiplicateur de Lagrange.
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1.2.2 Extension de la méthode de vraisemblance empirique aux
p-divergences.

L’objectif du chapitre 2 est d’étendre la méthode de vraisemblance empirique et de mon-
trer en quoi les résultats obtenus par ( ) et tous ceux récemment obtenus dans
la littérature économétrique sont essentiellement liés aux propriétés de convexité de la fonc-
tionnelle I,-. Nous nous plagons ici dans le cadre introduit dans la section 1.1.2. On dispose
alors d’'une suite de vecteurs aléatoires X, Xy, ---,X,, de RP, n > 1, indépendants et iden-
tiquement distribués de loi de probabilité Py dans un espace de probabilité P. On note Pr
la probabilité sous la loi jointe P§" de (X1, ..., X,,). On cherche & estimer un parametre 6
défini par d’'une équation de moments de la forme :

Ep, [m(X,6)] =0

ou m est une fonction réguliere de X x RP dans R" avec r > p.

Minimisation empirique des p-divergences

Comme nous l'avons remarqué, la vraisemblance empirique peut s’interpréter comme une
méthode de contraste, dont la fonction de contraste est basée sur la divergence de Kullback.
Nous démontrerons au chapitre 2 que 'on peut remplacer la divergence de Kullback par
une large classe de p-divergences et obtenir ainsi une généralisation de la vraisemblance
empirique. Pour une fonction ¢ donnée, nous proposons de définir désormais la statistique
pivotale $¢(#) comme le minimum de la ¢-divergence empirique associée, sous la contrainte
de I’équation d’estimation :

520 =2n ot {1-(@.F)

Eqlm(X,6)] = o} ,

ou M,, est I'ensemble des mesures signées dominées par IP,,. La région de confiance C,,, -
correspondante s’écrit

o = {050 <1} = {052 € M, Balm(x.0] =0, 201, @P) <0

Pour Q dans M,,, on peut réécrire les contraintes de minimisation sous la forme
E(g-p,)[m(X,0)] = —7,(6), ott ,(6) = Ep, [m(X, 6)].

Le Théoreme 1.7 permet d’écrire

oy o
Br(0) =2n inf

n

{1-@r)

Eg[m(X,6)] = 0}

= 2n inf {Iw*(Q,IP’n)

QeMy,

E(o_p,)[m(X,0)] = —mnw)}

= 2n sup {—an(e) - /Q p(Nm(X, 9))d]P>n}.

AERP



1.3. QUASI-VRAISEMBLANCE EMPIRIQUE 27

On en déduit I'expression duale de §¢(#) qui permet de généraliser les propriétés usuelles de
la vraisemblance empirique :

B2(0) = 2 sup {— i)\’m(){i,e Z(p m(X;, 0) } (Dual)

AERP
L’écriture duale permet d’établir le théoreme suivant :

Théoreme 2.3 Soient Xy, -+, X, des vecteurs aléatoires de RP, i.i.d. de loi Py absolument
continue par rapport a la mesure de Lebesque sur RP. Soit 0y tel que Ep,[m(X,00)] = 0 et
que Ep,[m(X, 00)m (X, 0y)] soit de rang q. Si ¢ vérifie les hypothéses 1.1 alors, quelque soit
n >0, C,, . est conveze et

Pr(0 € Cyner) = Pr(G7(0) <n) —— Fy (@(%(0)) '

Divergences Empiriques couramment utilisées

Dans le cas particulier ou ¢*(x) = x —log(1 + z), on obtient la vraisemblance empirique.
D’autres fonctions ¢ sont couramment utilisées en Statistique et en Econométrie, comme
alternatives a la vraisemblance empirique. Le Théoreme 2.3 permet de donner un cadre
commun a toutes ces méthodes, et d’en introduire de nouvelles.

Les divergences les plus utilisées (Kullback, entropie relative, x? et Hellinger) se re-
groupent dans la famille des Cressie-Read (voir , , , ).

(1+§22:(f;v—1’ pulz) = [(a—l)x—l—lo][ﬁ—oac—l

= [ (8o () o(8-) o

La vraisemblance empirique a été généralisé a 'aide de cette famille de divergence par

( ) sous le nom de « Generalized Empirical Likelihood ». On notera que

dans le cas particulier du x?, c’est-a-dire ¢ (z) = 132—2, on peut calculer la valeur explicite du

multiplicateur de Lagrange et donc la valeur de la vraisemblance en un point 8. D un point de

vue algorithmique, c¢’est donc la plus simple. Pour I’étude de l'estimateur basé sur le x2, tres

lié aux GMM (Generalized Method of Moments), on se référera a Bonnal & Renault (2004)

ainsi qu’a Newey & Smith (2004). L’entropie relative (¢;) conduit au KLIC (Kullback-Leibler

Information Criterion) qui est différent du maximum de vraisemblance empirique et a été
étudié sous ce nom par Kitamura & Stutzer (1997).

po(z) =

1.3 Quasi-vraisemblance empirique

1.3.1 Motivation

On s’intéresse dans les chapitres 2 et 3 a I’étude d’une famille particuliere de fonctions, les
Quasi-Kullback, qui permettent de construire des p-divergences aux propriétés intéressantes.
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La famille des Quasi-Kullback est constituée des barycentres des divergences de Kullback et
du x? :

Ve € [0;1], Va €] —o0; 1], K. (z) = 5%2 + (1 —¢)(—x —log(1 — x)).

On obtient alors la statistique pivotale G ¢ (0), plus simplement notée (35(6) :

G (0) = sup {—n)\'mn(e) = i K. (N'm(X;, 9))}

A€R?
1Q2 n
= sup {—ns [A'mn(e) + M] +(1—¢) Z log (1 — Nm(X;, 6’)> } :
ARY 2 —

ot S2(0) = Ep, [m(X,0)m(X,0)].

La famille des Quasi-Kullback vérifie nos hypotheses 1.1 et 1’on obtient la convergence en
loi de (32 (6p) vers un x? grace au Théoreme 2.3 . On peut expliciter K*, qui est finie quelque
soit x € R pour € > 0 :

Ki(z) = _% L Remam 1),/1 +x(jg+ 2 —42) + (z + 1)?

2e —x—1++/1+z(x+2—4e)
2e

— (e —1)log

P *(2 —r—
de dérivée seconde K )(ZL‘) =+ Ze—wl :
€ 2ey/1422(1-2¢) a2

L’idée est de concilier les avantages de la divergence de Kullback (I’aspect adaptatif des
régions de confiance et la correction de Bartlett) et de la divergence du x? (la robustesse et la
simplicité algorithmique). Pour motiver 1'étude de cette famille, nous donnons ici certaines
propriétés intéressantes des Quasi-Kullback, démontrées aux chapitres 2 et 3.

— Conformément aux attentes, la forme des régions s’adapte d’autant plus aux données

que € est proche de 0, la valeur correspondant a la divergence de Kullback (Figure 1.5).

— On obtient la correction de Bartlett, pour € petit (Théoreme 2.4).

— Des que € > 0, les régions de confiance peuvent dépasser de I'enveloppe convexe des
données, ce qui augmente fortement la robustesse de la méthode.

— On obtient de plus un controle a distance fini du niveau de la région de confiance, grace
a une inégalité exponentielle explicite (Théoremes 3.4 et 3.5).

— Enfin, contrairement a la divergence de Kullback, la conjuguée convexe de K. est
définie sur R et est relativement lisse, ce qui simplifie 'implémentation du probleme
d’optimisation.

Les différentes propriétés ci-dessus influencent de fagon contradictoire le choix de e, qu’il
faut donc adapter a chaque probleme précis.

1.3.2 Régions de confiance asymptotique et Quasi-Kullback

Les propriétés remarquables des Quasi-Kullback décrites ci-dessus appellent une étude
plus complete, en particulier du point de vue du comportement non-asymptotique, peu traité
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dans la littérature sur la vraisemblance empirique. On peut se demander comment le choix de
¢ influence le comportement a distance finie des régions de confiance, en particulier du point
de vue du taux de couverture. Ce questionnement devient particulierement critique pour
des données multidimensionnelles dont la loi est éloignée de la gaussienne. Pour motiver et
illustrer cette affirmation, on simule des données de mélange d’échelle, c’est-a-dire le produit
d’une uniforme sur [0; 1] et d’une gaussienne standard sur RS.
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Fi1Gc. 1.4 — Taux de couverture pour différentes divergences

La Figure 1.4 présente les taux de couverture obtenus pour des régions de confiance a
90% par simulation de Monte-Carlo (100 000 répétitions), avec des divergences communément
utilisées et une Quasi-Kullback (pour € = 0.5). Asymptotiquement, toutes ces divergences
sont équivalentes d’apres le Théoreme 2.3 . Pourtant, ces simulations montrent clairement
que les comportements a distance finie sont tres différents. La vraisemblance empirique, qui
correspond a la divergence de Kullback, est loin du taux asymptotique lorsque 1’échantillon
est petit, méme lorsqu’elle a été corrigée au sens de Bartlett. C’est le cout de 'adaptation
de la forme des régions de confiance aux données, également payé par 'entropie relative.
La divergence du x? s’avere a l'inverse trop conservative, et procure des taux de couverture
supérieurs au niveau de confiance visé. On observe que l'utilisation de la Quasi-Kullback
permet de se placer « entre » la divergence de Kullback et le x?. La Figure 1.5 illustre ce
comportement intermédiaire pour les régions de confiance, en reprenant I’échantillon d’Owen.
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Quasi-Kullback 0 (Kullback) Quasi-Kullback 0.05

Quasi-Kullback 0.1 Quasi-Kullback 1 (x?)

F1G. 1.5 — Régions de confiance pour les onze canards d’Owen, en fonction de ¢

Par ailleurs, la fonction K étant définie sur R, les pondérations ¢; peuvent prendre
des valeurs négatives ou nulles sans faire exploser la divergence. On s’affranchie alors de la
limitation a I'enveloppe convexe des données, dont les effets ont été soulignés par ( )
et que nous avons abordé au paragraphe 1.1.1, tout en conservant la possibilité de pratiquer
une correction de Bartlett.

Correction de Bartlett

Puisque, pour ¢ suffisamment petit, les Quasi-Kullback se comportent comme la vrai-
semblance empirique, on peut espérer obtenir une correction de Bartlett. Nous montrerons
dans le chapitre 2 le théoreme suivant :

Théoreme 2.4 Si on choisit pour € une suite ¢, = O(n">?log(n)™'), les Quasi-Kullback
sont corrigeables au sens de Bartlett, jusqu’a l'ordre O(n=3/?).

On arrive, grace a la correction de Bartlett pour les Quasi-Kullback, a améliorer notre
taux de couverture des régions de confiance, comme l'illustre la Figure 1.6 .
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FiG. 1.6 — Taux de couverture et Quasi-Kullback

Sur nos simulations, il apparait que I'introduction des Quasi-Kullback apporte un début
de solution au probleme de comportement a distance finie, puisque le courbe des taux de
couverture obtenues se glisse entre celle du x? et celle de la divergence de Kullback, et se
trouve améliorée par la correction établie au Théoreme 2.4.

Quasi-Kullback adaptative

Les simulations ci-dessus montrent que le choix de € permet d’améliorer le taux de cou-
verture des régions de confiance. En particulier, pour n petit, il semble peu raisonnable de
choisir ¢ trop petit. A Dinverse, la théorie asymptotique, a travers la correction de Bartlett,
nous incite a choisir des ¢ petits et diminuant avec n. L’idéal serait de choisir € en fonction
de n, de la dimension et du comportement des données.

Nous proposons au chapitre 3 une méthode de validation croisée pour calibrer . Bien
str, cette méthode demande un temps de calcul important, mais il s’agit de la mettre en
pratique dans des cas ou n est relativement petit, lorsque les résultats asymptotiques sont
trop approximatifs. Pour n grand, on est théoriquement incité a utiliser la divergence de
Kullback avec correction de Bartlett, mais toutes les régions de confiance sont asymptoti-
quement équivalentes, et le temps de calcul est bien plus faible dans le cas de la divergence
du x2
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1.3.3 Bornes multidimensionnelles explicites

Dans la section précédente, on s’est intéressé a l'influence du choix de ¢ sur les taux de
couverture obtenus pour des régions de confiance asymptotiques. On a vu qu’en choisissant
¢ de facon adaptative, on peut corriger la différence entre le niveau asymptotique et le niveau
a distance finie. Une autre approche, plus théorique, est de chercher a controler directement
un niveau a distance finie. On cherche alors a obtenir des bornes pour 'erreur de premiere
espece. Evidemment, plus la borne est générale, plus elle est grossiere. Nous démonterons au
chapitre 3 le théoreme suivant qui permettra d’obtenir ce type de bornes via des bornes sur
les sommes autonormalisées :

Théoreme 3.6 St X1, -, X, sont des vecteurs aléatoires de X, i.i.d. de loi Py. Soit m de
X X RP dans RY telle que E[m(X1,60y)] = 0. Si de plus E[m(Xy, 0p)m/ (X1, 0y)] est de rang q,
alors quelque soit n > q fixé, c’est-a-dire non asymptotiquement,

Pr(0y & Cynrcx) = Pr(8,(60) = n)
< Pr (gm;(eo)sf(eo)mn(eo) > ng)

ot M, (0) et S*(0y) sont les moyennes empiriques des m(X;, 0y) et des m(X;, 0y)m’(X;, 6p).

Sommes autonormalisées

Des bornes exponentielles ont été établies pour ce type de statistiques, dans le cas uni-
dimensionnel. On peut les établir a partir de bornes de Berry-Esséen non-uniformes ou a
partir de bornes de Cramer ( , , , , , ,

, ). Néanmoins, a notre connaissance, on ne dispose de bornes exponentielles
dont les constantes sont explicites que dans le cas d'une distribution symétrique, c’est-a-dire
telle que Z et —Z aient méme loi. Nous rappelons ces résultats dont 1’étude remonte aux
résultats de ( ) et ( ) avant d’étre complétée par ( ).

Théoreme 1.8 (Hoeffding) Soit Zy,- -+, Z, un échantillon i.i.d. de vecteurs de R? de loi
centrée et symétrique. Posons Z, = %Z?:l Z; et S? = %Z?:l Z;Z!. Alors, sans aucune
hypothéese de moments,

Pr (nZ,S,°Z, > u) < 2qexp(—u/2q).

Cette borne a l'avantage d’étre explicite, de formulation exponentielle et simple, ce qui
permet de la réutiliser pour obtenir des bornes dans des cas plus généraux, comme c’est
le cas au paragraphe suivant. On peut obtenir une meilleure borne, grace a un résultat de

(1994) -

Théoreme 1.9 (Pinelis) Sous les hypothéses du Théoréme 1.8,
S — 23
Pr (nZ,S,°Z, > u) < ?Fxg(u),

N - o . . ) 2
ot Fyz =1—F,2 est la Jonction de survie d'un ;.
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En dehors du cas symétrique, on sait depuis ( ), quil est im-
possible d’obtenir des bornes exponentielles indépendantes de moments v, d’ordre élevé,
avec v, = E[|ST1Z1|F] et S = E[Z,Z}]'/? (voir également : ).

( ) donnent par exemple une borne dans le cas unidimensionnel non symétrique.
Supposons 7yig/3 < 00, alors il existe A € R et a €0, 1] tels que

_2 _ J— _ _
Pr (nZnSn2 > u) < Fla(u) + Aviopsn 1/2¢g-au (1.2)
Malheureusement, les constantes A et a ne sont pas explicites et la borne ne peut donc pas
etre utilisée en pratique. Pour établir des bornes explicites au chapitre 3, nous utiliserons
une méthode de symétrisation due a ( ), ainsi que des éléments de preuves

de ( ).

Théoreme 3.4 Soit (Z;)i=1.... n un échantillon i.i.d. de RY de loi P. Supposons S? inversible
et v4 < 00. On a alors les inégalités suivantes, pour n > q fini et pour tout a > 1 :

' (n ”5772 nZ u) < {QQGI_W + C(q) n3q74_qe_m(1—%) }
n 2
< {QQQI_WUJ’“) + C(q) n?’ae_m(l_%) }

\ o~ -1 2em)?d (g+1 2em)?(g+1
o q = g? et Clq) = 22(/(q+)1)(51q_1))3z7 <! (q)—l()q3‘7 :

< 18. De plus, si ng < u,
Pr (n?nS;QZH > u) =0,

L’idée est de se ramener au cas symétrique grace au lemme de symétrisation de
( ). Dans le cas multidimensionnel, ceci nécessite de controler la plus petite valeur propre
de S2. C’est ce controle qui introduit la seconde exponentielle dans la borne et le moment
V4.

On peut également généraliser la borne obtenue au Théoreme 1.9 au cas non symétrique,
en utilisant les mémes méthodes de symétrisations. On obtient alors le théoreme suivant :

Théoreme 3.5 Sous les hypothéses du Théoreme 3.4, pour n > q fini, pour tout a > 1 et
pour u tel que 2q(1 + a) < u < ng,

4 (1+a) g _n(-8)

J— — 2 u—q a — a
Pr(nZ,5;"Zy > w) < gtgem (“gp) € A0 +C() (%) e
n(l—%)2

q
2¢3 u—q(1+a) \ 2 ,ilir“) 35 —
< 9F(ge+1) < 3(1+a) e 20+ 4 (C(q) nle alatD

De plus, si ng < u,
Pr (nZnSgQZ1 > u) =0,

On a alors le choix entre 2 bornes. Pour utiliser ces bornes, on va prendre l'inf en a, a
u fixé, la borne la plus fine étant celle dont I'inf est le plus petit. La Figure 1.7 montre que
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pour ¢ = 1, c’est la borne du Théoreme 3.4 qui est la plus précise, en plus d’étre la plus
simple. Par contre, pour ¢ > 2, c’est le Théoreme 3.5 qu’il convient utiliser.

bornes pour g=1 et pour kurtosis=3, n=100, en eta=30 bornes pour q=2 et pour kurtosis=8, n=500, en eta=90

5, /
o
0.1 v

.
10" a 10' 10" a 10'

Dimension 1 Dimension 2

________ Théoreme 3.4
—_— Théoreme 3.5
Niveau 90%

Fic. 1.7 — Comportement des bornes non asymptotiques en fonction de a

Bornes exponentielles explicites pour les Quasi-Kullback

On utilise ces bornes, intéressantes par elles-mémes dans le cadre des sommes autonor-
malisées, pour minorer le taux de couverture des régions de confiance construites a l'aide
des Quasi-Kullback, grace au Théoreme 3.6 . Dans le cas symétrique, la borne obtenue par

( ) est la meilleure, pour pratiquement tout niveau u et quelque soit la dimension

q. On applique donc le Théoreme 1.9, plutot que le Théoreme 1.8, pour majorer notre erreur

de premiere espece. Dans le cas général, on utilise la borne du Théoreme 3.4 pour ¢ =1 et
celle du Théoreme 3.5 pour ¢ > 2.

( ) étudient la convergence de la méthode de vraisemblance empirique

lorsque ¢ croit avec n. Ils montrent en particulier que le Théoreme de Wilks (la loi limite

en Xg) reste valide tant que ¢ = O(n%) Nos bornes montrent que 1'on peut aller jusqu’a

lordre ¢ = O <W> Il est intéressant de remarquer dans ce contexte que la constante C'(q)

reste bornée lorsque ¢ diverge (voir le chapitre 3). On peut enfin remarquer que nos bornes
ne sont pas valides pour € = 0, c’est-a-dire dans le cas de la vraisemblance empirique. Ceci
entrerait en contradiction avec les résultats de ( ), cités plus haut, qui donne une
borne minorant le niveau d’erreur.

1.4 Généralisation aux chaines de Markov

Dans le chapitre 4, nous cherchons a étendre la méthode de vraisemblance empirique a
un cadre non i.i.d. . ( ) a proposé une méthode inspirée du Bootstrap pour
appliquer la vraisemblance empirique a des données faiblement dépendantes. Nous nous
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inspirons d’un résultat plus récent sur le Bootstrap, de ( ), qui
améliore la vitesse de convergence de l'estimateur obtenu et qui s’applique a des données
dont la dépendance est décrite par une chaine de Markov. L’idée est d’utiliser la structure
markovienne des données pour découper ’échantillon en blocs indépendants, auxquels nous
pourrons appliquer la méthode de vraisemblance empirique.

1.4.1 Notations et définitions relatives aux chaines de Markov

Le résultat de ( ) est valable pour les chaines de Markov
possédant un atome ou pour les chaines que I’'on peut artificiellement étendre pour les rendre
atomiques. Nous rappelons ici quelques notions relatives aux chaines de Markov.

Une chaine sur un espace £ (R? ou Z¢ pour simplifier) est ¢-irréductible lorsque, quelque
soit 'état initial x, si ¢)(A) > 0 alors la chaine visite A avec probabilité 1. On se donne une
chaine de Markov X = (X,,), .y apériodique, 1/-irréductible, de probabilité de transition II,
et de distribution initiale v. Pour tout ensemble B € £ et pour tout n € N, on a donc

Xo~vet P(X,41 € Bl Xo,..., X)) =II(X,, B) presque strement.

Posons P, et P, (pour z dans F) les lois de X lorsque Xy ~ v et Xy = = respectivement.
E,[-] est I'espérance sous P, et E,[-] celle sous P,. Enfin, pour tout ensemble B € £, on
définit Pespérance Eg[-] = E[-| X, € B].

On suppose également qu’il existe une mesure de probabilité p sur E invariante pour X,
c’est-a-dire telle que pIl = i, ot ull(dy) = [, _, pu(dx)II (z, dy) (@ est alors unique).

Considérons une fonction mesurable m : E' x RP? — RP et un parametre d’intérét satis-
faisant 1’équation de moment

E,[m(X,6,)] =0

1.4.2 Vraisemblance empirique et chaine de Markov

Pour un atome A de la chaine X, on définit 74 = 74(1) = inf {k > 1, X} € A} le temps
d’atteinte de A et 74(j) = inf {k > 74(j — 1), X} € A} les temps de retour successifs en A.

Pour estimer 6, plutot que d’utiliser directement m(X;, 6y) comme dans le cas i.i.d., nous
construisons des blocs de données

Bi = (XTA(i)+17 L3 XTA(H—I))-

Ces blocs permettent d’observer la structure de la chaine avec sa mémoire. Nous appliquerons
la méthode de vraisemblance empirique aux blocs plutot qu’a la chaine elle-méme. Posons

TA(’H—l)
M(Bi,0)= > m(Xy0).

kZTA(i)+1

Certaines hypotheses sur la mémoire de la chaine sont nécessaires. Soit £ > 0 et v une
mesure sur F, on définit les hypotheses suivantes sur le temps de retour au petit ensemble :

HO(k) : E4r}] < o0,
HO(k, v): E,[1}] < oo,
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Soit également les conditions d’intégrabilité par « bloc » :

(g

(Zum (X 0) ||) ]

Nous proposons alors un algorithme pour appliquer la méthode de ¢-divergence empirique
aux blocs.

H1(k, m)

H1(k, v, m):

1. Compter le nombre de visites a Patome [, +1 =" | Ix,ca.

2. Diviser la chaine X™ = (X, ....,; X,,) en [,, + 2 blocs correspondant au parcours de la
chaine entre deux visites a 'atome A,

BO = (Xla ) XTA(l))7 By = (XTA(1)+17 ) X734(2))7 )
Bl = (XTA(ln)"l‘l? X X’T‘A(ln+1)>7 Bl(n_)yl = (XTA(ln+1)+17 X Xn)7

avec la convention Bz +1 = 0 lorsque 74(l, +1) = n.

(n)

3. On ne prend en compte ni le premier bloc By ni le dernier Bz i

si TA(l, +1) =n).

4. La log-vraisemblance f3,(6) s’écrit :

In
Bn(0) = 2sup {log [H lnqj]

(éventuellement vide

(a5);

In ln
>0 =0, 30 -1 .
j=1 j=1

On ’évalue plus facilement en utilisant la forme duale

ln
Bn(0) = 2 sup {Zlog +/\M(Bj,0)]}.

AERP

5. La région de confiance
Comn ={01 Bn(0) <}
est alors de niveau « si 'on prend 1 = x3(1 — «).

Nous établirons au chapitre 4 le théoreme suivant, assurant la validité de notre algo-
rithme :

Théoreme 4.2 Sous les hypothéses HO(1,v), HO(2) et H1(2,m), si EA[M (B, 0y)M (B, 6)']
est inversible alors E
Bn(00) — X

et donc
P, (‘90 € On,n) — 1 —a.

n—oo
Cette méthode peut-étre étendue aux chaines de Markov non atomiques, grace a une
méthode de construction d’'un atome par extension de la chaine introduite par
( ). Nous étudions cette généralisation au chapitre 4. Nos résultats s’adaptent au cadre
des divergences empiriques, sans difficulté supplémentaire.
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1.5 Applications a I’étude de la consommation alimen-
taire

1.5.1 Risque alimentaire : contamination au mercure

Nous nous intéresserons au chapitre 5 a 'un des principaux problemes en gestion du

risque : la diversité des sources de données. En effet, il existe en France plusieurs jeux de
données de consommation, mais ceci présentent des types différents (enquéte de budget
des ménage, carnet de consommation individuelle, rappel de 24 heures, questionnaire de
fréquence) et utilisent différentes méthodologie statistiques (stratification, tirage aléatoire,
méthode des quotas). A ces jeux de données de consommation viennent s’ajouter les données
de contamination, qui donnent des taux de présence de contaminant dans les aliments. Il est
donc essentiel de mettre au point des méthodes permettant de prendre en compte l'infor-
mation contenue dans ces différents jeux de données en prenant en compte les différences de
constitution.

On s’intéresse dans cette partie a ’estimation d’un indice de risque et a la construction
d’un intervalle de confiance pour celui-ci. L’indice de risque 6; mesure la probabilité que
I'exposition a un contaminant, le méthylmercure dans notre application, dépasse la dose
tolérable quotidienne d. La vraisemblance empirique, grace au Théoreme 5.1, permet de
combiner plusieurs jeux de données de consommation et de contamination.

L’intéret de l'utilisation de la vraisemblance empirique et qu’elle permet de recalculer
des pondérations pour les données et donc de s’affranchir des effets des méthodes employées
et de objectifs de chaque enquéte. On obtient comme estimateur de 'indice de risque 3.27%
avec comme intervalle de confiance & 95% [3.08%; 3.47%).

Notations

Nous présentons ici notre méthode dans le cas d’un contaminant présent dans P produits.
Pour k =1, ..., P, on note (ql[ ]> I’échantillon des données de contamination pour le
l_17 »Lk:

produit k, supposé i.i.d. de distribution Q*. La probabilité empirique de la contamination
du produit £ est donc

1 &
k]
QLk = Lk ; (5ql[k]

On dispose de deux échantillons multidimensionnels pour les consommations, identifiés

par r = 1,2. Ainsi, <c§r)) est ’échantillon P-dimensionnel des consommations de
i=1,...,np

-----

Ienquéte r, ii.d. de distribution C). La probabilité empirique de la consommation pour
I’enqueéte r est donc
1
cr) — — 5o
Ny n, Zzl CE )

Pour l’encguete r, la probablhte que l'exposition d’un individu dépasse la dose tolérable
d est donc 6 ) >d), ot DW= (qlt), .. glFT) . e,
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Vraisemblance empirique

On se donne les multinomiales @(ﬁ) = Zfrlpy)é (), pour 1 = 1,2, correspondant aux 2

enqueéetes de consommation et é[ Zz LW M Jn» pour k=1,...,P, correspondant aux P

échantillons de contamlnatlon Elles vérifient ZZ 1 pET) =1let Zl 1 wl = 1. On définit les

lois jointes D, =11, ®CY .
Le parametre d’mteret, Iindice de risque, est définit pour chacune des enquétes de
consommation sous la forme d’une contrainte

Ej {ﬂzk L ed} (1.3)

pour r = 1, 2. Ces contraintes font intervenir des produits pg )wl On simplifie ces contraintes

a l'aide de résultats sur les U-statistiques généralisées, en les linéarisant par décomposition
de Hoeffding ( , ). On pose alors pour ¢ = (¢q, -+ ,cp) fixé,

Uo (C) Hk . Z POy 14111C lep>d — 0, (1.4)

Ly 1<, <Ly
1<k<P
et, pourm=1---Petr=12,a q,, fixé,
U (Gm) = ——7— Z 1, el (1) s g — Od- (1.5)
+
T X Hk:#m kst 1<t <Ly Bt By o>
k#m

On obtient alors une forme approchée des contraintes (1.3) ne faisant plus intervenir les

produits pgr)wl[k} :

roLy -

ni P
>or0 (¢) + 30| Yo whlu (d) [ =0
i=1 k=1 L l=1 J
P [ Lg T
2) k 2 k
ij o(67) + 20 | o wilu® ()| =0 (16)
k=1 | ;=1 i

Une fois les contraintes linéarisées, on peut établir la convergence asymptotique du rap-
port de vraisemblance empirique.

L
Théoreme 5.2 Soit P échantillons de contamination indépendants <ql[f]> ' i.9.d., o k
=1

varie de 1 a P et deux échantillons de consommations, indépendants et P-dimensionnels,
ni n2

<c(1)) i.i.d. et <c(-2)> i.i.d. d’indice de risque commun (9((11) = 9&2) = 040 € [0;1].
j=1

Y= J
r)

Supposons que, pour r = 1,2, la variance de Uy <c§ est finie et que pour k = 1,..., P,

/
la matrice de variance-covariance de <U(1) (ql[k]> , UIE2) <ql[f])) est finie et inversible. Si de
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. . .
plus ny, ny et (Lk>1§k§P tendent vers l'infini et que leurs rapports restent bornés alors le
programme de vraisemblance empirique s’écrit sous sa forme duale :

lnl,nz,Ll,--' ,Lp (9d> =

Zlog{%“ Uo (<! >}+Zlog{72—l—/\2Uo< )

sup . (L7)
A 7)\ ST R
e |+ o () + ()}

k=1 l,=1
L’estimateur associé est 0, = arg Supy, lnyms.Ly . Lp(0a). De plus, si l'on pose

Tni,na,Ly,+,Lp (ed) = 21”1,"27L17“'7LP <9d> - 21”17”27L17"'7LP (0d>7

alors

L 2
Tni,no,L1,,Lp (Qd,O) X1+
n—oo

Ce théoreme permet de construire un intervalle de confiance asymptotique de niveau o pour

f

Vraisemblance euclidienne

Qd,O .

Tnl,n%L((gd) < FX%(l - a) } .

Comme dans le reste de cette these, on peut rechercher des alternatives a la divergence
de Kullback et a la vraisemblance empirique. Comme il s’agit ici de plusieurs grands jeux
de données, le temps de calcul est un aspect important et 1’on se tourne tout naturellement
vers la divergence du x?. On remplace alors le programme de la vraisemblance empirique

P L
sup }(Zlogpl +Zlogp] +ZZlogwl>
k=1,.,P

{51>,p<2> [k] k=1 l=1

par I’équivalent pour la divergence du y?

lnl,ng,Ll,...,Lp (ed) =

iy LS (1) 55 (1) 0 k-]

W @ [k 2
{ p; 7p] ) [klvk_177p} =1 7j=1

(1.8)

sous les contraintes (1.6) et les contraintes sur la somme de chaque jeux de poids.
Nous établissons le théoreme suivant :

Théoreme 5.4 Sous les hypothéses du Théoreme 5.2, la statistique pivotale
rn1,n27L1 ..... Lp (Qd,O) - 21n1,n2,L1,...,LP (ed,O) -2 1%f lnl,n27L1 ..... Lp(e)

est asymptotiquement X3 :

L 2
Ynyno Li,....Lp (ed,O) > X1+
n—oo
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Estimation de l’indice de risque pour le méthylmercure

On s’intéresse au risque d’exposition au méthylmercure dont la dose tolérable quotidienne
est fixée a 1, 6pg. On dispose de 2 enquétes de consommation. L’enquéte INCA sur n; = 3003
individus pendant une semaine. Le panel est composé de 1985 adultes de plus de 15 ans et
de 1018 enfants de 3 & 14 ans. Les enfants étant sur-représentés (34% au lieu de 15% pour
le recensement) nous ajoutons au modele une contrainte :

Een | Tyepcra] = 015,
ou ZZQ) est 'age de l'individu 7 de 'enquéte r = 1 (INCA).

La seconde enquéte sur la consommation, SECODIP, est composée de 3211 ménages
enquétés sur un an. En divisant les ménages pour obtenir des consommations individuelles,
on obtient ny = 9588 consommations individuelles. Le contaminant étudié, le méthylmercure,
est présent dans 2 produits : le poisson et les fruits de mer. On dispose de L; = 1541 observa-
tion pour le niveau de contamination pour le poisson et de Lo = 1291 observations pour les
fruits de mer. Méme linéarisées, les contraintes restent tres lourdes : U fz)(q[Q]) est une somme
de ny X L1 = 9588 x 1541 termes. On est donc obligé d’avoir recours a des U-statistiques in-
completes (voir chapitre 5). On obtient finalement comme intervalle de confiance pour I'indice
de risque d’exposition au méthylmercure [5.20%: 5.64%] et comme estimateur 6; = 5.43%.
Ce résultat appelle une prise en compte de ce risque.

1.5.2 Econométrie : estimation sous contrainte de moment condi-
tionnel

Au chapitre 6, suite a une étude socio-économique des déterminants de I'obésité, nous
proposerons un modele pour I'Indice de Masse Corporelle (IMC) idéal et nous chercherons
a estimer en particulier le role de la norme sociale. On dispose des données de |’ Enquéte
sur les Conditions de Vie des Ménages. Cette enquéte porte sur pres de 10 000 personnes
réparties en 5000 ménages. Le questionnaire de 'année que nous utiliserons (2001) recueille
des informations sur le poids et la taille des individus, ainsi qu’une mesure du poids idéal.
Les données nécessaires a notre étude sont renseignées pour pres de 4000 individus. Pour
chaque individu, on obtient alors 'TMC réel et I'IMC idéal en divisant le poids réel et le
poids idéal par la taille au carrée.

Pour étudier le role de la norme sociale, nous regroupons les individus en groupes sociaux
et nous proposons un modele explicatif pour 'IMC idéal W* :

W* =aDW* + W +6H +1n

ou DW* est la moyenne des IMC idéaux des autres individus du groupe, W est 'IMC réel et
H regroupe les variables socio-démographiques ne servant pas a définir le groupe (revenu, lieu
de résidence, état civil, ...). Le résidu 7 est supposé d’espérance nulle conditionnellement aux
instruments, c’est-a-dire conditionnellement aux variables contenues dans H et a I’éducation
Ed:

E [ —aDW*+BW+5H’H, Ed] —0 (1.9)



1.5. APPLICATIONS A L’ETUDE DE LA CONSOMMATION ALIMENTAIRE 41

On est donc amené a utiliser la méthode de vraisemblance empirique valable dans le cadre
d’une équation d’estimation conditionnelle introduite par ( ) et rappelée
au paragraphe 1.1.3. Cette méthode est en fait mal adaptée a des jeux de données de taille
importante, puisqu’elle fait intervenir n optimisations.

Un changement de divergence peut permettre de résoudre ce probleme de temps de calcul.
En effet, la méthode de ( ), reste valable pour d’autres divergences. En
reprenant les notations du paragraphe 1.1.3, on pose :

Bin(0) =2n _inf {Lp*(@i’wi)

Eq.[m(X,0)] = o} ,

QigW;
et
n
Ba(0) = Bin(0).
i=1
La convergence de [3,() vers un x? reste encore a démontrer dans ce cas général, mais
a été démontrée par ( ) pour les divergences I, de la famille des Cressie-Read.

( ) ont étudié plus spécifiquement le cas de la divergence du x?,
. 2 .
correspondant a la fonction ¢,(x) = @3(x) = %-. L’avantage de cette divergence est que le
multiplicateur de Lagrange A; est donné sous forme explicite. La valeur de 3;,(0) est par
conséquent calculable sans procédure d’optimisation, cotiteuse en temps de calcul, en tout
point §. On a en effet pour chaque programme d’optimisation, \; = Sgi(ﬁ)giyw((?) avec

Gia(0) = Byw,m(z;,0) =Y wim(z;,0),
=1

St (0) = Ew,m(z5,0)m(2;,0) =Y wiym(z;, 0)m(z;,0)
j=1

et donc, d’apres le Théoreme 3.1, 'optimum est atteint en Qf = Z?Zl qij0x; avec

a5 = wij (14 g;,,(0)S; 2 (0)m(X;,0))

et
Bin(0) = 2015 (QF, W;) = ng} ,(0)S; 2(6)giw(0)-

En utilisant cette divergence pour estimer les parametres de notre modele (1.9), on trouve
alors que l'effet de la norme sociale est bien supérieur a celui de I'IMC réel : o = 0.90 alors que
B = 0.19. Ces deux coefficients sont significatifs & 99%. Le chapitre 6 présente les motivations
économétriques du modele étudié et discute ces résultats, en particulier en les comparant
a ce qui serait obtenu avec les méthodes usuelles (moindres carrés, méthode des moments
généralisée).
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2.1 Introduction

La méthode de vraisemblance empirique a été principalement introduite par Owen (1988,
1990, 2001), bien qu’on puisse la voir comme une extension des méthodes de calage (voir
Deville & Sérndal, 1992) utilisées depuis de nombreuses années en sondage notamment sous
la forme (« model based likelihood ») introduite par Hartley & Rao (1968). Cette méthode de
type non-paramétrique consiste a maximiser la vraisemblance d’une loi ne chargeant que les
données, sous des contraintes satisfaites par le modele (des contraintes de marges en sondage).
Owen (1988, 1990) et de nombreux auteurs (voir Owen 2001 pour de nombreuses références)
ont montré que 1'on pouvait en effet obtenir dans ce cadre une version non-paramétrique
du théoreme de Wilks, a savoir la convergence du rapport de vraisemblance, correctement
renormalisé, vers une loi du x?, permettant ainsi de réaliser des tests ou de construire des
régions de confiance non-paramétriques pour certains parametres du modele. Cette méthode
a été généralisée a de nombreux modeles économétriques, lorsque le parametre d’intérét est
défini a partir de contraintes de moments (Qin & Lawless 1994, Newey & Smith 2004) et de
maniere générale est asymptotiquement valide pour tout parametre multidimensionnel Hada-
mard différentiable (Bertail, 2004, 2006). Elle se présente désormais comme une alternative
a la méthode des moments généralisés.

Une interprétation possible de la méthode est de considérer celle-ci comme le résultat
de la minimisation de la distance de Kullback entre la probabilité empirique des données
IP,, et une mesure (ou probabilité) Q@ dominée par P, (ne chargeant donc que les points de
I’échantillon), satisfaisant les contraintes, linéaires ou non, imposées par le modele. L’utili-
sation de métriques différentes de la divergence de Kullback a été suggérée par Owen (1990)
et de nombreux autres auteurs : parmi les métriques utilisées, on peut citer I’entropie rela-
tive étudiée par DiCiccio & Romano (1990) et Jing & Wood (1995) (qui a donné lieu a des
développements en économétrie sous le nom de « Entropy econometrics », voir Golan et al.
1996) ou la distance du x? et les divergences de type Cressie-Read (Baggerly 1998, Corcoran
1998, Bonnal & Renault 2001, Newey & Smith 2004, Bertail 2006) qui a donné lieu a des
extensions économétriques sous le nom de « vraisemblances empiriques généralisées », bien
que le caractere « vraisemblance » de la méthode soit perdue.

L’utilisation de métriques différentes de la divergence de Kullback pose a la fois des
questions de généralisation et de choix des métriques en question. En particulier, on peut se
demander :

1. Quels types de métriques permettent de conserver des propriétés similaires a la méthode
originale de Owen (1988) 7

2. Il y a-t-il un avantage particulier a choisir une métrique plutot qu'un autre, d’'un point
de vue théorique ou algorithmique ?

3. Quelles sont les propriétés a distance finie de ces méthodes ?

L’objectif de ce travail est de répondre d’abord a la question 1 et de montrer que I'on
peut obtenir par des arguments tres simples des résultats généraux en remplacant la distance
de Kullback par une distance du type (-divergence, pour toute fonction ¢* convexe satisfai-
sant certaines propriétés de régularité. Ces résultats ne sont pas spécifiques aux divergences
de type Cressie-Read (invalidant ainsi une conjecture de Newey et Smith, 2004, voir la re-
marque 2.1 ci-dessous) et vont dans le sens des travaux obtenus indépendamment par Bronia-
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towski & Kéziou (2003) pour des problemes de tests paramétriques ou semi-paramétriques.
Nous montrons en particulier que les résultats obtenus sur les vraisemblances empiriques
généralisées sont fortement liés, sous certaines conditions sur les fonctions ¢* considérées,
aux propriétés de dualité convexe de ces métriques (cf. Rockafeller, 1970 et 1971), telles
qu’elles sont étudiées par exemple par Borwein & Lewis (1991).

Nous discutons brievement de la question 2 du point de vue de la théorie asympto-
tique, en nous appuyant tout particulierement sur les travaux de Mykland (1994), Baggerly
(1998), Corcoran (1998) et Bertail (2004). D un point de vue théorique, une des propriétés
remarquables de la log-vraisemblance empirique est d’étre, comme le log du rapport de vrai-
semblance dans les modeles paramétriques, corrigeable au sens de Bartlett, i.e. une correction
explicite consistant a normaliser le log du rapport de vraisemblance par son espérance conduit
a des régions de confiance possédant des propriétés au troisieme ordre. On entend par la que
'erreur commise en utilisant la région de confiance asymptotique (i.e. ici la loi du x?) sur
le niveau est de l'ordre de O(n~2) . Cette propriété est en fait 1a encore essentiellement
due aux propriétés de dualité convexe. Une lecture attentive de Corcoran (1998) montre
que, parmi les divergences de type Cressie-Read, seule la vraisemblance empirique possede
cette propriété mais que d’autres p-divergences la possedent également. Nous introduisons
en particulier une famille de ¢-divergences, barycentres de la distance de Kullback et du
X2, qui sont Bartlett corrigeables (voir page 58). Une comparaison fine de ces p-divergences
nécessitent une analyse & l'ordre 5 i.e. jusqu’a 'ordre O(n=3) qui dépasse largement le cadre
de cet article et dont on peut légitimement discuter 'intéreét.

Nous apportons quelques éléments de réponse a la question 3, en montrant que le com-
portement de ces statistiques est li¢ a celui des sommes autonormalisées dans le cadre des
quasi-Kullback et par méthode de Monte-Carlo pour plusieurs divergences. Nous concluons
ce travail par une étude par simulations des zones de confiance (multidimensionnelles, p = 2)
obtenues pour différentes divergences.

2.2 p-Divergences et dualité convexe

Afin de généraliser la méthode de vraisemblance empirique, on rappelle quelques notions
sur les p-divergences (Csiszar, 1967), dont nous donnerons quelques exemples (voir également
Rockafeller, 1970, ou Broniatowski & Kéziou, 2003). Nous rappelons en annexe 2.6 quelques
éléments de calcul convexe qui simplifient considérablement l’approche et les preuves. On
pourra se référer a Rockafeller (1968, 1970 et 1971) et Liese & Vajda (1987) pour plus de
précisions et un historique de ces métriques.

2.2.1 Cadre général

On considere un espace probabilisé (X, A, M) out M est un espace de mesures signées
et pour simplifier, X un espace de dimension finie muni de la tribu des boréliens. Le fait de
travailler avec des mesures signées est fondamental comme nous le verrons dans les applica-
tions. Soit f une fonction mesurable définie de X dans RP. Pour toute mesure yu € M, on

note uf = E,[f] = [ f(x)u(de).
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On utilise dans toute la suite la notation ¢ pour des fonctions convexes. On note

d(p) ={z €R, ¢(x) < oo}

le domaine de ¢ et respectivement inf d(p) et sup d(¢) les points terminaux de ce domaine.
Pour toute fonction ¢ convexe, on introduit sa conjuguée convexe ¢* ou transformée de
Fenchel-Legendre

" (x) = sup{zy —o(y)} V z € R.
yeR
Nous ferons les hypotheses suivantes sur la fonction (. Les hypotheses sur la valeur de ¢ en
0 correspondent essentiellement & une renormalisation (cf. Rao & Ren, 1991).

Hypotheses 2.1

(i) ¢ est strictement convexe et d(p) = {x € R, p(r) < oo} contient un voisinage de 0.

(ii) ¢ est deuz fois différentiable sur un voisinage de 0.

(iii) (0) =0 et D (0) = 0,

(iv) ©@(0) >0, ce qui implique que @ admet un unique minimum en zéro.
On a alors les propriétés classiques

Théoreme 2.1
(a) Par définition, ©* est convexe et semi-continue inférieurement et de domaine de
définition d(p*) non vide si d(p) est non vide.
(b) Sous les hypothéses 2.1, la dérivée de ¢ est inversible et :

o () = 2.0 “Hz) — p(p™ “H(z)).

On en déduit (¢*)D = M) = et (*)@(0) = (p(i%(o)'

Soit ¢ vérifiant les hypotheses 2.1. La ¢-divergence associée a ¢, appliquée a Q et P, ot
Q (respectivement P) est une mesure signée (respectivement une mesure signée positive), est
définie par :
“(L-1)dP siQ<P

sinon.

[,(Q,P) = { igoi

Ces pseudo-métriques introduites par Rockafellar (1968 et 1970) sont en fait des cas particu-
liers de « distances » convexes (Liese-Vajda, 1987). En tant que fonctionnelles sur des espaces
de probabilité, elles sont également convexes et, vues comme des fonctionnelles sur des es-
paces de Orlicz (cf. Rao et Ren, 1991), elles satisfont des propriétés de dualités convexes
(Rockafellar, 1971, Léonard, 2001). En particulier, l'intérét des @-divergences réside pour
nous dans le théoreme suivant (réécrit sous une forme simplifiée) di a Borwein & Lewis
(1991) (voir également Léonard, 2001) qui résulte des propriétés des intégrales de fonction-
nelles convexes.
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Théoreme 2.2 (Minimisation et Conjugaison) Soit ¢ une fonction conveze partout fi-
nie et différentiable telle que ¢* > 0 et p*(0) = 0. Soit P une mesure de probabilité discréte.
Alors il vient

inf 1,-(Q,P) % = Xb—/ N dP}.
@eM,(l(r@l—P)fbo{ ~(@ >} fgﬂgp{ ’ QQP( h

St de plus, on a les contraintes de qualifications suivante :
il existe R € M telle que Rf = by et

infd(¢*) < igf% < sgp% < supd(¢*),

alors il existe Q° et \° réalisant respectivement I’ inf et le sup et tels que

Q= (1+¢V(X ) P.

2.2.2 Exemples

Nous donnons ici quelques exemples de -divergences qui sont utilisés pour généraliser
la méthode de vraisemblance empirique.

Cressie-Read

Les distances les plus utilisées (Kullback, entropie relative, x? et Hellinger) se regroupent
dans la famille des Cressie-Read (voir Csiszar 1967 et Cressie & Read 1984). Le tableau 2.1
donne les fonctions ¢ et ¢* classiques, ainsi que leur domaine.

Divergences o Do ©h

val®) [ dlpo) va(z) | dlen)
entropie relative | 1 et —1—x R (x+1Dlog(x+1)—z |]—1,+0]
Kullback 0 || —log(l—2)—a|]—o00,1] x —log(1l + x) ] —1,4o00]
Hellinger 0.5 % | —00,2[| 2(/(z+1)—1)2 |]—1,400]
X2 2 z R z R

TAB. 2.1 — Les principales Cressie-Read
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Dans le cas général, les Cressie-Read s’écrivent
vy (I+2)*—ar—1 _[(a—l)m—l—l]ﬁ—ax—l
(pa(l‘) - a(a B 1) ) ()Oa(l‘) - a

m (8 ) g () (5 ) o

Si on suppose que Q est dominée par P, et que Q(2) = P(Q2), on peut simplifier I'écriture de
intégrale I,- (Q,P) = m fQ [(%)a — 1} dP. On notera que cette forme simplifiée oblige
a tenir compte de la contrainte supplémentaire sur la masse de QQ, ce qui n’est pas nécessaire
si on travail avec la forme initiale.

2.3 Extension de la méthode de vraisemblance empi-
rique aux p-divergences

L’objectif de ce chapitre est d’étendre la méthode de vraisemblance empirique a des -
divergences autres que celle de Kullback ou les Cressie-Read, et de montrer en quoi les
résultats obtenus par Owen (1990) et tous ceux récemment obtenus dans la littérature
économétrique sont essentiellement liés aux propriétés de convexité de la fonctionnelle I .
Nous nous restreignons ici au cas de la moyenne multivariée pour simplifier 1’exposition et
les preuves, mais les résultats sont également valides pour des contraintes de moments plus
générales en nombres finis, de la forme :

Ep[m(X,0)] =0

ou m est une fonction réguliere de X x R? dans R" avec > p. Nos résultats ne couvrent pas
directement le cas de contraintes de moments conditionnels ni le cas d'un parametre défini par
une infinité de moments (comme c’est souvent le cas dans les modeles semiparamétriques).
Pour des résultats dans cette direction pour des divergences particulieres, on se référera a
Bonnal & Renault (2001) et Kitamura (2004).

2.3.1 Vraisemblance empirique

On considere une suite de vecteurs aléatoires X, Xy, -+, X,, de RP, n > 1, indépendants
et identiquement distribués de loi de probabilité P dans un espace de probabilité P. On
note Pr la probabilité sous la loi jointe P®" de (Xi,...,X,). On cherche alors a obtenir
une région de confiance pour g = EpX = [ XdP sous 'hypothese que Vp(X) est une
matrice définie positive. Pour cela dans 'optique traditionnelle de Von Mises, on construit la
probabilité empirique P, = + 37" | 0x, avec 6,(y) = Ly—sy, qui est Pestimateur du maximum
de vraisemblance non-paramétrique de P, dans le sens ou elle maximise, parmi les lois de
probabilités, la fonctionnelle L(Q) = [, Q({z;}) ou Vi € {1,...,n}, {x;} représente le
singleton z; = X;(w), pour w €  fixé. On ne s’intéresse donc ici qu’a 'ensemble P, des
probabilités Q dominées par IP,,, ¢’est-a-dire de la forme, Q = "7 | ¢;0x,, ¢ >0, > ¢ = 1.
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On définit une région de confiance pour la moyenne g, selon le principe de la vraisem-
blance empirique, comme suit

Cypn = {N

ol 7 est déterminé par la confiance 1 — a que 'on veut atteindre : Pr(py € Cy,,) =1 — a.
L’intérét de la définition de C,),, vient de I'observation suivante de Owen (1988) :

Eg[X — 4] = 0,Q € Po, Ru(@) = 2@ < n}

- ?: q;
i=1 i=1n

Y € R?, Pr(p € Cyn) = Pr(na(p) = n)

avec 1, () = sup R,(Q) = {QePn Eqgl z] } ’
Q€EPn,Eg[X —u]=0 SUPQep, (@)

qui s’interprete clairement comme un rapport de vraisemblance. Un estimateur de pq est
alors donné en minimisant le critere 7, (u)

fin = axg min(i (1)

Owen (1988, 1991 et 2001) a montré que 23, (u) := —2log(n,(n)) converge vers une loi
du x?(p). Ceci permet d’obtenir des intervalles de confiance asymptotiques. En effet, il vient

Pr(po € Cy ) = Pr(Ba(po) < —log(n)).

On en déduit que pour n = exp(— Xl ==2) (), est asymptotiquement de niveau 1 — av.

La statistique pivotale de la Vralsemblance empirique, [,(u), peut s’interpréter direc-
tement comme la minimisation d’une divergence de Kullback, sous certaines contraintes
empiriques sur les moments . En effet, on a

Bn(pt) = —log(na(p) = inf —log R,(Q)

QEPn Eq[X —p]=0

En utilisant [ (% — ) dP, = 0, on obtient

. dQ dQ
— f 1) —tog (14 52 1) | ap
Balt) ”@em,ﬁ&x_u]o/ Kd]?n ) Og( TP, )} aPn

=n inf K(Q,P,).

QEPn, Eq[X —u]=0

Cette présentation suggere la généralisation suivante.
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2.3.2 Minimisation empirique des ¢-divergences

On définit désormais pour une fonction ¢ donnée, 5¢(u) comme le minimum de la ¢-
divergence empirique associée, contrainte par la valeur p de la fonctionnelle et la région de
confiance C,,, .+ correspondante soit

P(n)=mn inf I1,-(Q,P,
Bn (/‘L) {Q<<Pn7]EQ[X}:H}{ ®w (Q )}
Chner = {1 3Q, Eg[X — p] =0, Q < P, et nl,+(Q,P,) < n}.

Nous expliquerons plus loin, pourquoi on n’impose pas que QQ soit une probabilité mais
plutdt une mesure signée dans M, = {Q, Q <« P,}. Ceci s’explique en partie par le
Théoreme 2.2, qui donne des conditions d’existence de solutions seulement pour des mesures
signées. Le fait de ne pas imposer que la mesure soit de masse 1 facilite I'optimisation, mais
demande de prendre des précautions avec la contrainte sur le parametre recherché. En effet,
en imposant Eg[X — p] = 0, on définit p comme une moyenne renormalisée : p = E&[fj].

Intuitivement, pour généraliser de la méthode de vraisemblance empirique, on considere
la valeur empirique de la fonctionnelle définie par

MR, p) = o n ity e (@B
pour R € P, i.e. la minimisation d'un contraste sous les contraintes imposées par le modele.
Si le modele est vrai, i.e. Ep[X — p] = 0 pour la probabilité P sous-jacente, alors on a
clairement M (P, ) = 0. Un estimateur de M(P,pu) a p fixé est simplement donné par
I'estimateur plugin M (P,, i), qui n’est rien d’autre que 5¢(u)/n. Cet estimateur peut donc
permettre de tester M (P, ) = 0 ou dans une approche duale de construire une région de
confiance pour p.
On suppose que ¢ satisfait les hypotheses suivantes :

Hypotheéses 2.2 (i) ¢ vérifie les hypotheses 2.1,
(i1) La dérivée seconde de ¢ est minorée par m > 0 sur d(¢) NRT (£ 0).
Il est simple de vérifier que les fonctions et divergences données dans la partie précédente
vérifient cette hypothese supplémentaire. L’hypothese (ii) est vérifiée en particulier lorsque
™M) est elle-méme convexe (entrainant ¢ () croissante donc > ©®(0) > 0 sur RT), ce qui

est le cas pour toutes les divergences étudiées ici. Pour le cas de la moyenne et pour Q dans
M., on peut réécrire les contraintes de minimisation sous la forme

Eq-p)[X —pl = p—f, ot i = Ep, [X].

11 vient

Bl =n bl (@)}
=n inf {I<(QP,) | Egen[X —pl =p—p}
— o sup {w _ - / SN (X — u>>dPn} |

AERP



2.3. EXTENSION DE LA VRAISEMBLANCE EMPIRIQUE AUX p-DIVERGENCES 53

On en déduit I'expression duale de 5¢(u) qui permet de généraliser les propriétés usuelles de
la vraisemblance empirique a notre cadre plus large :

By () = sup {Z N(p—Xi) =) p(N(X; —u))}' (2.1)
S i=1

Note 2.1 L’égalité (2.1) invalide une conjecture formulée dans une version préliminaire de
Newey & Smith (2004), qui stipule qu’une telle relation de dualité n’est valable et explicite que
pour la famille des Cressie-Read. On obtient ici que 'opération consistant a minimiser toute
p-divergence équivaut a la recherche d’un pseudo maximum de vraisemblance (Generalized
Empirical Likelihood, GEL, dans la terminologie de Newey & Smith). On introduit ci-dessous,
dans le paragraphe 2.5.6, une famille de p-divergences qui ne sont pas des Cressie-Read, pour
lesquelles le programme (2.1) est équivalent a un GEL, avec une forme explicite pour .

L’écriture (2.1) permet d’établir le

Théoreme 2.3 St X1, -, X, sont des vecteurs aléatoires de RP, i.i.d. de loi P absolument
continue par rapport a la mesure de Lebesque sur RP, de moyenne p et de variance Vp(X)
de rang q et si p vérifie les hypotheses 2.2 alors,

202(0)82(110) < \*(q)

n—oo

Xi_o(@)
2¢(2)(0)”

lim Pr(p & Cyner) = lim Pr(57(n) = n)
=Pr(Z > 20P(0)n) = 1 — o, ou Z ~ x*(q).

etV 0<a<l, etpourn=

Cyyn o+ €st convexe et

Note 2.2 Supposons que nous voulions mener le méme raisonnement en y intégrant les
contraintes Q(1) =1 et Q > 0, for¢ant la mesure a étre une probabilité. Alors les contraintes
de qualification peuvent ne jamais étre vérifiées et le probleme dual peut ne pas avoir de
solutions. Par exemple, en prenant la divergence du x?, c’est-a-dire p(x) = %2, la contrainte
supplémentaire conduit au probleme de minimisation

Z%‘Xi:,u, Z%‘: 1,4 ZO}.
i=1 i=1

Le calcul du Lagrangien correspondant montre facilement qu’il n’existe de solution qu’en
W= %Z?:l X; = [i, la « vraisemblance » vaut alors 400 partout ailleurs et les régions de
confiance dégénerent.

{a:}eRP

min {X2(Q, P,)

2.3.3 Vraisemblance empirique : la divergence de Kullback

Dans le cas particulier, ou ¢*(z) = = — log(1 + z), on obtient automatiquement une
probabilité : la présence du log dans l'expression de ¢* entraine ¢; > 0, et la contrainte
Y w1 ¢i(X; — p) = 0 entraine étonnement que » ", ¢; = 1.



54 CHAPITRE 2. DIVERGENCE EMPIRIQUE

Par ailleurs, la forme duale donnée par 1’équation (2.1) peut se réécrire

Bn(p) = sup {Zlog(l + N (X; — u))} :

AERP

Comme le remarque Bertail (2004, 2006), cette quantité est elle-méme un rapport de log-
vraisemblance paramétrique indexée par le parametre A (pour tester A = 0), qui peut
également étre vue comme une vraisemblance duale au sens de Mykland (1995). II est donc
immédiat d’obtenir dans ce cas, que le rapport de vraisemblance est asymptotiquement
x%(p) pourvu que la variance de (u — X;) soit définie positive. En tant que vraisemblance pa-
ramétrique, elle est aussi Bartlett corrigeable, un point souligné a ’origine par Hall, DiCiccio
et Romano (1991). Dans la représentation duale, la preuve de la correction au sens de Bart-
lett devient triviale. De maniere générale pour une divergence quelconque, la forme duale
n’est pas une vraisemblance. Néanmoins nous proposons plus loin une famille de divergences,
les Quasi-Kullback, qui peuvent étre Bartlett corrigeables car proche d’une vraisemblance
dans leur forme duale.

2.3.4 Les Cressie-Read

Les résultats établis pour les Cressie-Read (voir Newey & Smith, 2004), dont on rappelle
ici la forme ¢} (z) = %7:%36_1, s’obtiennent facilement en appliquant le Théoreme 2.3. Les
hypotheses du Théoreme 2.2 sont vérifiées pour calculer la valeur de 5%~ en un point p des

qu'’il existe une famille de poids {g;}1., avec (au pire) Vi, ¢; > —1, telle que

i=1

Ceci traduit qu’il existe une solution au problemes primal et dual au moins pour tous les
points 1 de I'enveloppe convexe des X;. On peut alors appliquer le Théoreme 2.2 a ¢, et
I’on obtient

1 n
inf I« P, =— )\/ X WV (X; —
QeMm%E%[XW]:O{ o (Q,Py)} sup {Z (1 — Zzlw (A( M))}

N \eRp

c’est-a-dire, en explicitant I . et @,

oo h(#) o (1) -]
_ -1y {[1+(a—1)x>'(xi—u)]ﬁ—1}.

no <
=1

Q° est donné par

quax —Z 14 (@ = DA (X — )] 7 7 o,

=1
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d’ou l'on déduit la valeur du minimum de la divergence du rapport de « vraisemblance »
généralisée
n

[ (@ P =3 Spning —1) =Y

i=1 i=1

(ngd)™ —angd +a —1

na(a — 1)

On regroupe les valeurs des poids et des divergences pour les exemples usuels (a = 0,1/2, 1, 2)
dans le tableau 2.2.

Divergences poids optimaux ¢ | minimum de la divergence

entropie relative | +exp(X°/(X; — ) Yogtlog(ng) +1—>" ¢

1
Kullback 1= S Loe(ng? 0
ullbac D= X (X = 1)) > o log(ng?) + > g

. 4 1)’
Hellinger @ ) 2> (\/% - \/%)

(ngy — 1)

% L1+ X (X — ) »

TAB. 2.2 — Poids et rapports de vraisemblances pour les divergences usuelles

Comme mentionné par un rapporteur, entropie relative (¢;) conduit en économétrie
au critere KLIC (Kullback-Leibler Information Criterion) qui est différent du maximum de
vraisemblance empirique. Il est été étudié sous ce nom par Kitamura & Stutzer (1997).

On notera que dans le cas particulier du x2, on peut calculer le multiplicateur de Lagrange
et donc la valeur de la vraisemblance en un point . D’un point de vue algorithmique, c¢’est
donc la plus simple. On obtient en effet par un calcul direct A, = S, (u)(n — 1) avec

Su(p) = 2570 (Xi — p).(X; — ) dont ¢ = £(1+ (u— i)' S; (1) (Xi — ) et

L@ B =3 T sy (e ).

i=1

qui s’interprete directement comme une somme vectorielle autonormalisée. Pour 1’étude de
'estimateur basé sur le x?2, tres 1ié aux GMM (Generalized Method of Moments), on se
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référera a Bonnal & Renault (2004) ainsi qu’a Newey & Smith (2004). L’essentiel de la
différence entre les GMM et la p-divergence du x? tient au fait qu'ici, la matrice S, () est
recalculée a chaque valeur du parametre u, alors que pour les GMM on estime dans un
premier temps S, (1o), par exemple par S, (). On obtient alors

1 _ _
Lo, (Q°, ) = 5 (1 — )/ Sy (1) (e = 1)
1 a1 _
GMM (1) = 5(p = p)'S," (1) (1 — ).
Dans le cas de la moyenne et en dimension 1, on a S, (1) + (1 — j1)> = S, (11) et 'on obtient
alors :

. (1 — )’ (1 — )’
Ll @) =g ) = 5 + =
By = o /S 2GMM ()
2 (QPo) = T = s (1)~ T 2GMM(p)

2.3.5 Les Polylogarithmes

La famille des Cressie-Read ne contient pas toutes les ¢-divergences dont la forme duale
peut s’écrire explicitement. Considérons par exemple la suivante famille basée sur les Poly-
logarithmes. Les Polylogarithmes, définis par :

Li,(z Z —

k>1

sont liés aux fonctions Gamma I" et zeta de Riemann C . Si, Yo € [—1; +0o0], on pose

ho(2) = 20" Y (Lig(2) — ) = — alz—

k>3

on obtient une famille de fonctions, définies sur |—1, 1[, qui vérifient toutes nos hypotheses 2.2.

ha(2) = —log(L - ) — & = 7o)

x
On a en particulier pour x €] — 1,1] ho(x) = ﬁ’
-

. 2ds
et ho(x) = fo fo mdt. On peut expliciter la conjuguée convexe de hg, qui correspond

a la distance de Hellinger & une similitude pres hj(z) = (v/1+ 2 — 1)% On peut également
souligner que

2 2

x
e = jﬂwel—l,l[ et donc hi,(z) = Eﬂxe]—m[ +sign(z)(z — 1/2) g1

2.3.6 Quasi-Kullback

Nous introduisons maintenant une famille de divergences qui possedent des propriétés de
type Lipschitz intéressantes :

Ve € [0;1], Vo €] — o005 1], K. (z) = 5%2 + (1 —¢)(—x —log(1 — x)).
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L’idée est de concilier les avantages de la divergence de Kullback (I’aspect adaptatif des
régions de confiance et la correction de Bartlett) et de la divergence du x? (la robustesse et
la simplicité algorithmique). Nous réservons ’étude détaillée de cette famille & des travaux
ultérieurs mais nous donnons ici certaines propriétés intéressantes des Quasi-Kullback :

— Conformément aux attentes, la forme des régions s’adaptent d’autant plus aux données

que ¢ est proche de 0, la valeur correspondant a la divergence de Kullback.

— On obtient la correction de Bartlett, pour e petit.

— Deés que ¢ > 0, les régions de confiance peuvent étre plus grandes que ’enveloppe
convexe des données, ce qui augmente fortement la robustesse.

— On peut obtenir de plus un controle a distance fini du niveau de la région de confiance,
grace a des inégalités exponentielles explicites. Ce controle est d’autant plus fin que ¢
est proche de 1.

— Enfin, contrairement a la divergence de Kullback, la conjuguée convexe de K. est
définie sur R et est relativement lisse, ce qui simplifie 'implémentation du probleme
d’optimisation.

Malheureusement les différentes propriétés ci-dessus influencent de facon contradictoire le
choix de ¢, qu’il faut donc adapter a chaque probleme précis. Une procédure basée sur
la validation croisée pourrait s’avérer intéressante comme le montre une étude récente par
simulation.

La famille des Quasi-Kullback vérifie nos hypotheses 2.2 et 1'on obtient la convergence
vers un Xfl grace au Théoreme 2.3. On peut expliciter K}, qui est finie quelque soit z € R
pour € >0 :

K (z) = _% L Remam 1),/1 +x(jg+ 2 —4g) + (z+ 1)

2e —x—1++/1+z(x+2—4e)
2e

— (e —1)log

fon 2 *(2 —r—
de dérivée seconde K:¢ )(x) =L+ 2] .
€ 2e/1420(1-2¢) a2

Ces expressions permettent de démontrer tres facilement que K @ (r) >cet0 < KZ @ < é
Algorithmiquement, on est alors assuré d’une meilleure convergence. On peut par ailleurs
obtenir aisément le résultat suivant.

Théoreme 2.4 Sous les hypothéses du Théoréme 2.3, on a :
(a) ¥n >0 fixé, c’est-a-dire non asymptotiquement,

Pr(po ¢ Conic:) = Pr(B5<(1o) = 1)
< Pr (5 (no— 1)'S; (1o — 1) = )

(b) Si, o € R et X;— g est de loi symétrique, alors sans aucune hypothése de moments,
d’apres l'inégalité de Hoeffding,

Pr(u ¢ C, ,n,K;) < 2exp(—ne).
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(¢) De maniére générale, si X; — o est de loi symétrique (au sens ou —(X; — po) a méme
loi que X; — o), d’apreés les inégalités de Pinélis (1994), on a le controle

Pr(uo ¢ Cpnrex) < 2¢*/9Pr(x*(q) > 2n¢)

(d) Par ailleurs, si on choisit € = &, avec £, = O(n~*?log(n)™"), les Quasi-Kullback
sont corrigeables au sens de Bartlett, jusqu’a 'ordre O(n=%/?).

Note 2.3 La premiere partie (a) du théoreme implique que pour toute la classe des Quasi-
Kullback, le comportement de la divergence empirique se ramene a l’étude d’une somme
autonormalisée. L’études de cette quantité fait actuellement 'objet de nombreux travaux :
voir Gétze € Chistyakov (2003) et Jing & Wang (1999). L’inégalité exponentielle (b) dans
le cas symétrique est classique en dimension 1 et remonte a des travaur de Efron (1969).
Les inégalités de Pinélis (1994) permettent d’améliorer ce résultat et impliquent (c) a savoir
que, dans le cas symétrique, ’erreur de premiere espéce des régions de confiance associées
auz quasi-Kullback peut toujours étre contrélée a distance finie par la loi d'un x*(q). La
borne est optimale pour € = 1 i.e. pour le choiz de la distance du x?. Par contre en terme de
correction de Bartlett (asymptotique), (d) signifie qu’un choiz de e petit s’impose. Le choix
de € permettant la correction au sens de Bartletlt n’est sans doute pas optimale mais permet
de simplifier considérablement les preuves. Une lecture attentive des travauxr de Corcoran
(2001) qui donnent des conditions nécessaires de corrigeabilité au sens de Bartlett (pour
des divergences ne dépendant pas de n, ce qui n'est pas le cas ici), permettent également
de montrer que si € est petit, alors la statistique est corrigeable au sens de Bartlett mais
ne permettent pas précisément de calibrer €. Nous conjecturons qu’une vitesse en o(n™!) est
suffisante.

D’un point de vue pratique, lorsque la taille de [’échantillon n est grande, on aura plutot
tendance a choisir € petit quitte a appliquer une correction de type Bartlett, alors que si n
est petit, le choiz du x* et un contréle exact sont plus appropriés. Un étude par simulation
en cours montre qu’il peut étre intéressant de déterminer € par des techniques de validation
croisée meéme si dans ce cas les propriétés théoriques sont moins claires. Nous établirons au
chapitre 3 des bornes valable dans le cas non-symétrique. Nous proposerons également une
méthode pour déterminer la valeur optimale de €.

2.4 Simulations et comparaisons

Cette partie présente quelques résultats de simulations dans le cas multivarié, pour
différentes métriques. Nous comparons les zones de confiance obtenues. Les simulations et
les graphiques ont été réalisés a l'aide du logiciel Matlab : les algorithmes sont disponibles
aupres des auteurs.

2.4.1 Exemple introductif : données uniformes

Les données sont ici des v.a. uniformes sur le carré [0, 1]%. On a choisi de représenter les
zones de confiance & 90%, 95% et 99% pour les divergences de Kullback, d’Hellinger, du x?
et de l'entropie relative (Figure 2.1).



2.4. SIMULATIONS ET COMPARAISONS

Zones a 90%, 85% et 99% pour 25 uniformes
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F1G. 2.1 — Zones de confiance pour 4 divergences avec les mémes données

Naturellement, les zones grandissent avec la confiance et sont convexes. On remarque
tous de suite que la figure obtenue pour le x? se distingue : les zones sont circulaires et
particulierement grandes. Il s’agit en fait d’un cas particulier a bien des égards. La divergence
du x2, point fixe de la conjugaison convexe, donne toujours des régions en ellipses, ici tres
proche de cercles car nos données sont réparties indépendamment et de la méme facon suivant
des deux axes. On peut aussi remarquer que ces zones sortent de I’enveloppe convexe des
observations pour le x?, et méme du support de la loi, le carré [0,1]%. C’est le cas pour
des valeurs de o proche de 1 ou des données en petit nombre, comme pour la Figure 2.3.
Ceci tient au fait que certains poids sont négatifs. En effet, avec cette divergence, si I'on
impose a la mesure Q d’étre une probabilité, il n’existe pas de solution a la minimisation.
Pour certaines valeurs de pu, pourtant hors de ’enveloppe convexe des données, on peut alors
trouver des mesures Q telles que la divergence reste acceptable.

Il peut étre judicieux de faire varier le nombre de données, pour observer la variation des
surfaces en fonction de ce nombre.
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Zones a 90%, 95% et 99% pour 100 uniformes
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Fi1G. 2.2 — Zones de confiance pour 100 données uniformes
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Zones a 90%, 95% et 99% pour 10 uniformes
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Fi1G. 2.3 — Zones de confiance pour 10 données uniformes

Pour les données en faible quantité, on note que les zones s’adaptent bien au données,
comme c’est classique pour la vraisemblance empirique. Il y a bien str une particularité pour
le x2, qui ne peut qu’adapter les axes de l'ellipse, et explose si les données sont en trés faible
quantité (dans la Figure 2.3, la ligne de niveau correspondant a 99% est hors du cadre, et
est donc invisible).

2.4.2 Sur le choix de la divergence

On peut étudier des données de tous types avec nos 4 divergences, pour essayer de mieux
saisir leurs différences. Il apparait sur nos simulations, ce qui est conforme a la théorie
(comportement asymptotique), que dés que le nombre de données est important (supérieur
a 25), les surfaces sont fortement similaires. On a représenté dans la Figure 2.4 les zones de
confiance pour 50 données suivant une loi de Marshall-Olkin (ce copule a une dépendance
entre les 2 coordonnées qui fait apparaitre une courbe exponentielle) :
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Zones a 90%, 95% et 99% pour 50 Marshall-Olkin
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F1G. 2.4 — Zones de confiance pour un copule

Note 2.4 Nos simulations de copules de Marshall-Olkin sont réalisées a partir de Embrechts,
Lindskog € McNeil (2001), ot l'on trouve une bonne introduction auzx copules en général,
celles concernant les t-copules utilisent le programme MATLAB de Peter Perkins, matlabcode
for copulas.

Comme I’on dispose d’une formule de calcul directe de la vraisemblance pour le x?, on
gagne beaucoup en vitesse de calcul en utilisant cette divergence pour effectuer des tests ou
construire des régions de confiance.

On a représenté dans la Figure 2.5 ’évolution en fonction de n des niveaux de confiance
estimé par une méthode de type Monte-Carlo (10000 répétitions des expériences) pour 5
distances (Kullback, x?, Hellinger, Entropie relative et PolyLog0) et 3 types de données (de
mélange, exponentielles et uniformes). Les données que nous appelons « de mélange » ou
« hétéroscédastiques » consistent en un produit d'une gaussienne centrée réduite sur R? et
d’une uniforme sur [0, 2]. Le graphique donne un exemple de zones de confiance.
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Les taux de couverture sont bien meilleurs pour le y?, mais avec une surface significati-
vement plus grande. On notera cependant que c’est cette méthode qui est la plus robuste,
ce qui s’explique par le caractere autonormalisé de la somme dans sa version duale et par les

résultats du Théoreme 2.4.

2.5 Conclusion

Ce travail généralise la validité des raisonnements sur la vraisemblance empirique menés
par Owen (1990) aux @-divergences. On gagne un choix étendu de métriques pour une
méthode qui ne suppose que peu de choses sur le modele sous-jacent aux données. Ce travail
propose des pistes pour choisir la divergence en fonction du nombre de données et pour éviter
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les problemes d’implémentation, en particulier en introduisant la famille des Quasi-Kullback.

2.6 Annexe : Calcul convexe

Le lemme suivant simplifie la recherche des fonctions convexes dont on connait la conjuguée
(voir Borwein & Lewis 1991) :

Lemme 2.1 (Involutivité de la conjugaison) Pour toute fonction ¢ conveze, les asser-
tions suivantes sont équivalentes :

(1) ¢ = ("),
(ii) ¢ est fermée, c’est-a-dire que son graphe G = {(x, p(x)), © € R} est fermé,

(1ii) @ est semi-continue inférieurement.

Grace a ces méthodes, il est assez simple d’obtenir les tableaux 2.3 et 2.4 qui permettent
de calculer les conjuguées convexes utilisées dans ce travail.

Fonction h f(x) flazx) | f(x+0b) | af(x)

Fonction h* | g(x) = f*(x) | ¢ (f) g(x) —bx | ag (%)

validité Va # 0 vb Ya > 0

TAB. 2.3 — Propriétés élémentaires
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f=9 9=1"
Fonction | d(f) Fonction | d(g)
0 [—1,1] | ] R
0 [0, 1] ot R
|| P || 4 141 _
?Vp>1 R o bour - 4o =1 R
2P —z) 4 *
~yp elo, 1| Ry — ~R%,
T+ | R /e —1,1]
—log(z) RY —1 —log(—y) —R%
log(cos(x)) | |-5.5 ) 3 log(1 + 2?) R
1 -1 siz>0
" R {x og(z) s% x R,
0 siz=0
1 1—2x)log(l — i 0,1
ogiae) | | {TloR@FG—olei—a) seepal |
0 six €{0,1}
1 — (1 log(1 iz >0
logi-en) |y | qolsl T {ralelive s R,
0 siz=0

TAB. 2.4 — Tableau des principales conjuguées convexes
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2.7 Annexe : Preuves

2.7.1 Preuve du Théoreme 2.3

La preuve suit les grandes lignes de Owen (1990). Tout d’abord, si ¢ < p, on peut, par une
nouvelle paramétrisation, se ramener a des données de taille ¢, ce qui permet de démontrer
le résultat si on le prouve pour ¢ = p. Ceci revient a supposer que la matrice de variance-
covariance (notée X) des X; est inversible. La convexité de C,,, .~ découle immédiatement
de celle de p* et de la linéarité de l'intégrale. Comme on a supposé les X; de loi continue,
les X; sont distincts avec probabilité 1.

Pour démontrer le Théoreme 2.3, il nous faut nous assurer de l'existence de 7, (¢) et de
B¢ (1), au moins pour certains p. D’aprés Owen (2001), chap. 11, p. 217 pour S la sphere
des vecteurs unités de RP,

érelg Pr[(X — p)'6 > 0] > 0.

On pose alors € = infyes Pr[(X — u)'6 > 0] et on remarque que Glivenko-Cantelli nous donne

sup[Pr —P,][(X — u)'0 > 0] s

0eS n—oo
d’ott I'on déduit infyes Pp[(X — p)'0 > 0] > 5 pour n assez grand. Ceci signifie qu’en prenant
n assez grand, tout u appartenant a l’enveloppe convexe des points formés par 1’échantillon
est admissible.

On rappelle également le lemme suivant : voir Owen (2001),

Lemme 2.2 Soit (Y;)!, une suite de variables aléatoires indépendantes et identiquement
distribuées etV n € N, Z,, = max;—1_,|Yi|. SiE[Y}!] < oo, alors, en probabilité, Z,, = o(n'/?)
et + 30, [Yi|* = o(n'/?).

Rappelons que le programme d’optimisation dual d’apres (2.2) vaut

3¢ (p) = sup {Z N(p—Xi) =Y eV (X; —u))}' (2.1)
S i=1
La condition au premier ordre impliquée par (2.1) nous permet d’affirmer que la dérivée
par rapport & M de la partie droite est nulle, pour j € {1,...,p}. Il vient les conditions
suivantes

n

Vie{l.p} 0 = > (X = )1+ WN(X;—p)]

i=1
n

donc 0 = g(\) = % Z (Xi—p) [1+ (P(l)()‘/(Xz’ — )]

i=1

On pose Y; = X; — i, Y; est alors centrée et de méme matrice de variance-covariance que
X;, ¥. On note A, le A réalisant le sup dans (2.1), on a donc g(\,) = 0. On pose A, = p,0,
avec pp, > 0 et ||0,]]2 = 1,

0 = 6,9(\)

-0,V = 13760 Yi- DY)
i=1
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Un développement de Taylor de ¢ au voisinage de 0 donne

P (pu8,Ys) = pablYi - 0@ (puts),
avec t; entre 0 et #Y;. On a alors sous 'hypothese (ii) de 2.2

_6’:1? = pn%Z(el ) ()(pntz>
i=1
> poy Y (0.Y) 0P (paty)
01V, >0
> mp,t Y (0,)%
1:07,Y; >0

Or, % Z (0:136)2 est minorée. En effet, en raisonnant par ’absurde, et en remarquant

§:01,Y;>0
que 6, prend ses valeurs dans un compact, on peut extraire une sous-suite telle que
1 n
— g (0 Y;)? —— 0 et 6, — 0.
n
n n— o0 n— o0
i:61,Y;>0

On a alors Ep[(6,Y;)*1gyy;>0] = 0, ce qui contredit que ¥ est inversible.
Le Théoréme centrale limite implique que —0Y = Op(n~'/2). Par suite, il vient

Xalls = pn = Op(n™"72).

On définit alors A, = A, + 2 ( 30) 4 En effectuant un développement de Taylor de ¢ en 0

dans 'expression de g(\,,), il Vlent

0)SuAn + = Z )i

ou, uniformément en 1,

levinll < BIX(X; = )] < Bl Al Zn = 0p(1),
car Z, = max;—1,_, || X; — pl = op(n'/?) d’apres le Lemme 2.2. Finalement, comme S,, est
minorée et que fi — pu = Op(n~1/2), on a X, = = op(n1/2).

De méme, en effectuant un développement limité de ¢ autour de 0 dans I'expression de
B2 (), il vient

Be(p) = —nM(i—p) — S0 o (N (X — )
n / - 2 -
= N ) = S (BEER(0) + i)
— (i — ) — 2O (N S N) = T
— —n/\(’>(ﬂ p) — Zz1am 1
2 0 _ P ,S; =
i () ( <XS)\ (2)0))‘%(“_/0"’_%)

= so0) (u — ) Syt = ) = D0 G
@ 0) ) S (=)
—2 )‘/S /\ — ol g¢(2)( )M a

_ n )S H(a—p) ()0)
= == 57(2)(o)u il )‘/S A — > Qi
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ou ||&;nll < B|X.(X; — p)|3, pour B > 0, en probabilité, ce qui donne :

IIZamll < B’ A’ ZII W = Op(n™?) -1 0p(n'/?) = 0p(1)

De plus, comme on sait que A, = Op(n='2), Ay = 0p(n=12), S, = Op(1), i — p = Op(n~'?)

et (i — p)'S; (1 = ) <= x3(p), il vient

®(0)32 (1) =% 2 (p).

n—~oo

2.7.2 Preuve du Théoreme 2.4
Inégalité exponentielle

Pour alléger les notations, on note 35 = 3X<. D’apres 1'égalité (2.1) donnant (5 (u) et en
développant K. au voisinage de 0 on a

n

B35 (1) = sup {M’(u — ) - % > V(X — )’ KP (ti,n>}

AERY i=1

B, (1) < sup {M’(u — )= % > N(Xs - u))Qé‘} ,

ACRP i=1

car K€(2) > e. Sil'on pose | =€),

n

sup {M’(u — 1) — % > N(Xi - u))2€} =

AERP P
1 / _ 1 177/
— sup nl(u—ﬂ)—§§ (Xi = @)W (X — ) o

€ lerp —1
Or ce sup est le méme que dans le cas du x?. Il est atteint en \, = S, (u — ji) avec
S = 3 2ot (Xi — p).(Xi — )" et vaut §(u — i)'S, (1 — i) d'ot
Ba(m) < (= 1)y (1 = )

2e
Pr(u ¢ Cyiz) < Pr (G0 — 0)'S; (0= 1) 2 me).

L’inégalité exponentielle est une conséquence directe de l'inégalité de Hoeffding, cf. Efron
(1969).
Correction de Bartlett

Montrons maintenant la propriété de correction au sens de Bartlett. 35 () est défini
comme n fois le sup dans le programme dual écrit pour K.. 3°(u) correspond alors A la



2.7. ANNEXE : PREUVES 69

vraisemblance empirique (p = Ky) et 8 (n) au x* (¢ = K;). Soit E, un estimateur de
E[B%(11)]/p, on peut écrire
26, (1)

2
CZ—‘E = — = —
" E, E,

>’UJ

{Zx p—X;) — K.(N(X; — u))}
= Ein f;l]é)p {5; X(u — XZ) - Kl()\/(Xz’ - N))
+(1—¢) Z N(p— Xi) — Ko(N(Xi — u))}

2
< g {eBu) + (1= e)Ba(w)}
1s <104 [0 - 7Y,
d’ou ) )
Fre(n) < Froger—ro(n).
D’apres les résultats de DiCiccio, Hall & Romano (1991),

Fro =Pr (% > ) =Fe2+0(Mn7?)

et donc,

Froyemri—ro)(n) = Pr{T0 + e [Ty = T%] > n, Ty — T < e 'n~3/?}
+Pr{T) +e [T} T >n, Tt — TP > e 'n %2}
Pr{T% +n =32 >n} + Pr{T} - T? > e 'n~%%)
ro(n —n~%%) + Pr{T} — T? > e~'n~*?} (Bartlett pour T°)
e(n—n"?) +0(mn™?) + Pr{T1 —T0 > e In732)
() +O(n™2) + Pr{T) = T,) > e'n "/},

IA IA IN A
"ijl "ijl "ij\

Si on prend € de I'ordre de n=%/21log(n) ™!, le reste est de I'ordre de O(n=3/?) (puisque T est
bornée en probabilité et que T est déja corrigé au sens de Bartlett). La divergence est donc
corrigeable au sens de Bartlett (au moins jusqu’a I'ordre n=%/2).



70

CHAPITRE 2. DIVERGENCE EMPIRIQUE



Chapitre 3

Empirical ¢-discrepancies and
quasi-empirical likelihood : exact
exponential bounds

71



72 CHAPITRE 3. BORNES EXPONENTIELLES

3.1 Introduction

Empirical likelihood is now a useful and classical method for testing or constructing
confidence regions for the value of some parameters in non-parametric or semi-parametric
models. It has been introduced and studied by ( : ), see ( ) for a
complete overview and exhaustive references. The now well-known idea of empirical like-
lihood consists in maximizing a profile likelihood supported by the data, under some mo-
del constraints. It can be seen as an extension of “model based likelihood” used in survey
sampling when some marginal constraints are available (see ( , :

, )). Owen and many followers have shown that one can get a useful and
automatic non-parametric version of Wilks’ theorem (stating the convergence of the log-
likelihood ratio to a x? distribution). Generalizations of empirical likelihood methods are
available for many statistical and econometric models as soon as the parameter of interest
is defined by some moment constraints (see ( , , , ).
It can now be considered as an alternative to the generalized method of moments (GMM,
see ( , )). Moreover just like in the parametric case, this log-likelihood ratio is
Bartlett-correctable. This means that an explicit correction leads to confidence regions with
third order properties. The asymptotic error on the level is then of order O(n2) instead of
O(n~') under some regularity assumptions (see ( : : : ).

A possible interpretation of empirical log-likelihood ratio is to see it as the minimization
of the Kullback divergence, say K, between the empirical distribution of the data P, and a
measure (or a probability measure) Q dominated by IP,,, under linear or non-linear constraints
imposed on Q by the model (see ( : )). The use of other pseudo-metrics instead
of the Kullback divergence K has been suggested by ( ) and many other authors.
For example, the choice of relative entropy has been investigated by
( ), ( ), ( ) and led to “Entropy econometrics”
in the econometric field (see ( : )). Related results may be found in the
probabilistic literature about divergence or the method of entropy in mean (see ( ,
) Y ) Y Y Y Y )
)). More recently, some generalizations of the empirical likelihood method have also been
obtained by using Cressie-Read discrepancies ( , , , ) and led to
some econometric extensions known as “generalized empirical likelihood” ( ,
), even if the “likelihood” properties and in particular the Bartlett-correctability in these
cases are lost ( , ). ( ) have shown that Owen’s original
method in the case of the mean can be extended to any regular convex statistical divergence or
p-discrepancy (where ¢* is a regular convex function) under weak assumptions. We call this
method “empirical energy minimizers” by reference to the theoretical probabilistic literature
on the subject (see ( , )) and references therein).

However, the previous results (including Bartlett-correction) are all asymptotic results.
A natural statistical issue is how the choice of ¢* influences the corresponding confidence
regions and their coverage probability, for finite sample size n, in a multivariate setting.
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Fi1G. 3.1 — Coverage probability for different discrepancies

To illustrate this fact, we use different discrepancies to build confidence intervals for the
mean of the product of a uniform r.v. with an independent standard gaussian r.v. (a scale
mixture) on RS The Figure (3.1) represents the coverage probability obtained by Monte-
Carlo simulations (100 000 repetitions) for different divergences and different sample sizes
n. Asymptotically, all these empirical energy minimizers are theoretically equivalent in the
case of the mean ( , ). However, this simulation clearly stresses their distinct
behavior for small sample sizes. Empirical likelihood corresponding to K performs very badly
for small sample size, even with a Bartlett-correction. However, the x? divergence (leading
to GMM type of estimators) tends to be too conservative. These problems tend to increase
with the dimension of the parameter of interest. For very small sample size, ( )
obtained an exact upper bounds for the coverage probability of empirical likelihood for ¢,
the parameter size, less than 2, which confirms our simulation results. It also sheds some
doubt on the relevance of empirical likelihood when n is small compared to q.

One goal of this paper is to introduce and study a family of discrepancies for which
we have a non-asymptotic control of the level of the confidence regions -a lower bound for
the coverage probability- for any parameter size. The basic idea is to consider a family of
barycenters of the Kullback divergence and the x? divergence, called quasi-Kullback, defined
by (1 —e)K + ex? for € € [0,1] and to minimize the dual expression of this divergence
on the constraints. It can be seen as a quasi-empirical likelihood or a penalized empirical
likelihood. The domain of the corresponding divergence is the whole real line making the
algorithmic aspects of the problem much more tractable than for empirical likelihood when
the number of constraints is large. Moreover, this approach allows us to keep the interesting
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properties of both discrepancies. On the one hand, from an asymptotic point of view, we
show that this method is still Bartlett-correctable for an adequate choice of e, typically
depending on n. Regions are still automatically shaped by the sample, as in the empirical
likelihood case without the limitation stressed by ( ). On the other hand, for any
fixed value of €, it is possible to use the self-normalizing properties of the x? divergence to
obtain non-asymptotic exponential bounds for the error of the confidence intervals.

Exponential bounds for self-normalized sums have been obtained by several authors in
the unidimensional case or can be derived from non-uniform Berry-Esséen or Cramer type
bounds ( , , , , , , , ).
However, to our knowledge, non-asymptotic exponential bounds with explicit constants
are only available for symmetric distribution ( , , , , , ).
In this paper, we obtain a generalization of this kind of bounds by using the symmetrization
method developed by ( ) as well as arguments taken from the literature on self-
normalized process (see ( : )). Our bounds hold for any value of the parameter
size q : one technical difficulty in this case is to obtain an explicit exponential bound for the
smallest eigenvalue of the empirical variance. For this, we use chaining arguments from

( ). These bounds are of interest in our quasi-empirical likelihood framework
but also for self-normalized sums. A consequence of these results is that quasi-empirical
likelihood allows to build asymptotic confidence intervals even if the number of constraints
q grows as o(n/log(n)).

The layout of this paper is the following. In Part 2, we first recall some basic facts about
convex integral functionals and their dual representation. As a consequence, we briefly state
the asymptotic validity of the corresponding “empirical energy minimizers” in the case of
M-estimators. We then focus in part 3 on a specific family of discrepancies, that we call
quasi-Kullback divergences. These pseudo-distances enjoy several interesting convex duality
and Lipschitz properties. This makes them an alternative method to empirical likelihood,
easier to handle in practical situations. Moreover, for adequate choices of the weight ¢, the
corresponding empirical energy minimizers are shown to be Bartlett-correctable. In part 4,
our main result claims that, for these discrepancies, it is possible to obtain exact asymptotic
exponential bounds in a multivariate framework. A data-driven method for choosing the
weight € is also proposed. Part 5 gives some small sample simulation results and compares
the confidence regions and their level for different discrepancies. The proofs of the main
theorems are postponed. There, some lemmas are also of interest for self-normalized sums.
Some additional details, discussions and simulations may be found in ( ).

3.2 Empirical ¢p-discrepancy minimizers

3.2.1 Notations : ¢p-discrepancies and convex duality

We consider a measured space (X, .A, M) where M is a space of signed measures. It will
be essential for applications to work with signed measures. Let f be a measurable function
defined from X to R”, r > 1. For any measure u € M, we write pf = [ fdp and if p is a
density of probability, uf = E,(f(X)). In the following, we consider ¢, a convex function
whose support d(p), defined as {x € R, ¢(x) < oo}, is assumed to be non-void (¢ is said to
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be proper). We denote respectively inf d(¢) and sup d(g), the extremes of this support. For
every convex function ¢, its convex dual or Fenchel-Legendre transform is given by

©*(y) = Sug{xy —p(z)}, Yy eR.
S

Recall that ¢* is then a semi-continuous inferiorly (s.c.i.) convex function. We define by ¢
the derivative of order ¢ of ¢ when it exists. From now on, we will assume the following
assumptions for the function ¢.

H1 ¢ is strictly convex and d(p) contains a neighborhood of 0;

H2 ¢ is twice differentiable on a neighborhood of 0;

H3 (renormalization) ¢(0) = 0 and ¢ (0) = 0, ®(0) > 0, which implies that ¢ has an
unique minimum at zero;

H4 ¢ is differentiable on d(¢p), that is to say differentiable on int{d(p)}, with right and left
limits on the respective endpoints of the support of d(p), where int{.} is the topological
interior.

H5 ¢ is twice differentiable on d(¢) "R and, on this domain, the second order derivative
of ¢ is bounded from below by m > 0.

Let ¢ satisfies the hypotheses H1, H2, H3. Then, the Fenchel dual transform ¢* of ¢
also satisfies these hypotheses. The (-discrepancy I+ between Q and IP, where Q is a signed
measure and P a positive measure, is defined as follows :

e (R —-1)dP Q<P
Io+(@P) = { +00 else. (3.1)
For details on (p-discrepancies or divergences Csiszar ( , ) and some historical com-
ments, see ( , , ), ( ), ( ). It is easy
to check that Cressie-Read discrepancies ( , ) fulfill these assumptions.

Indeed, a Cressie-Read discrepancy can be seen as a p-discrepancy, with ¢* given by :

(1+2)"— ke —1 [(k—1)z+1]7T —kz — 1

k(K —1)  nle) = K

() =

for some x € R. This family contains all the usual discrepancies, such as Relative Entropy

(k — 1), Hellinger distance (k = 1/2), the x? (k = 2) and the Kullback distance (x — 0).
For us, the main interest of ¢-discrepancies lies on the following duality representation,

which follows from results of ( ) on convex functional integrals (see also

( , , » 2004)).

Theorem 3.1 LetP € M be a probability measure with a finite support and f be a measurable
function on (X, A, M). Let ¢ be a convex function satisfying assumptions H1-H3. If the
following qualification constraint holds,

dJT e M, Tf =by and
infd(¢*) < infy L < supy & < supd(p*) P—a.s.,

Qual(P) : {
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then, we have the dual equality :

nf (1@ ) @ B)f =t} = sup ¥~ [ pxpjap}. (32)
Qem AER" X

If ¢ satisfies H4, then the supremum on the right hand side of (3.2) is achieved at a point
A" and the infimum on the left hand side at Q* is given by

Q = (1+ D f)P.

3.2.2 Empirical optimization of p-discrepancies

Let X7, ...X,, beii.d. r.v.’s defined on X =RP with common probability measure P € M.
Consider the empirical probability measure P,, = £ 3" | 0x,, where dy, is the Dirac measure
at X;. We will here consider that the parameter of interest 6 € R? is the solution of some M-
estimation problem Epf(X,0) = 0, where f is now on a regular differentiable function from
X xR? — R". For simplicity, we now assume that f takes its value in R?, that is r = ¢ and
that there is no over-identification problem. The over-identified case can be treated similarly
by first reducing the problem to the strictly identified case (see ( : ).

For a given ¢, we define, by analogy to ( , ), the quantity

Bn(e) =n inf {Lp* (Q> ]P)n>}

{Q<P,, o f(X,0)=0}
We define the corresponding random confidence region
Cn(n) ={0 € R? |3Q <« P, with E¢f(X,6) =0 and nl(Q,P,) <n},
where 17 = n(«) is a quantity such that
Pr(0 € ¢,(n) =1—a+o(1).

Denote M,, = {Q eM with Q < P,} ={Q =>"", ¢ dx,, (¢;)1<i<n € R"}. Considering
this set of measures, instead of a set of probabilities, can be partially explained by Theo-
rem 3.1. It establishes the existence of the solution of the dual problem for general signed
measures, but in general not for probability measures.

The underlying idea of empirical likelihood and its extensions is actually a plug-in rule.
Consider the functional defined by

M(P,6) = inf I,(Q,P
(P.0) = et 0L riramny 1o (@ F)

that is, the minimization of a contrast under the constraints imposed by the model. This
can be seen as a projection of P on the model of interest for the given pseudo-metric I «.
If the model is true at P, that is, if Epf(X,0) = 0 at the true underlying probability P,
then clearly M(P,0) = 0. A natural estimator of M (PP, 6) for fixed 6 is given by the plug-in
estimator M (P, #), which is 3,(0)/n. This estimator can then be used to test M(P,0) =0
or, in a dual approach, to build confidence region for # by inverting the test.
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For @Q in M,,, the constraints can be rewritten as (Q — P,)f(.,0) = =P, f(.,8). Using
Theorem 3.1, we get the dual representation

Bn(e) = nQiEI}\En{Lp* (Q7 Pn)v (Q - Pn)f('v 0) = _Pnf('v ‘9)}
=nsup P, (—Xf(.,&) —(p()\'f(.,ﬁ))) : (3.3)

AeRY

Notice that —x — @(z) is a strictly concave function and that the function A — M\ f is
also concave. The parameter A can be simply interpreted as the Kuhn & Tucker coefficient
associated to the original optimization problem. From this representation of (3,(0), we can
now derive the usual properties of the empirical likelihood and its generalization. In the
following, we will also use the notations

fol,e fol,e (X;,0) and S;% = (S2)7!

The following theorem states that generalized empirical likelihood essentially behaves
asymptotically like a self-normalized sum. Links to self-normalized sum for finite n will be
investigated in paragraph 3.4.

Theorem 3.2 Let X, Xy,..., X,, be in RP, i.i.d. with probability P and 6 € R? such that
Epf(X,0) = 0. Assume that S* = Epf(X,0)f(X,0) is of rank q and that ¢ satisfies the
hypotheses H1-HY4. Assume that the qualification constraints Qual(P,) hold. For any « in

@ —a , N , :
10,1, setn = %, where x2(.) is the x* distribution quantile. Then €, (n) is a convex

asymptotic confidence region with

lim Pr(0 ¢ €,(n)) = lim Pr(5,(0) > n)

= lim Pr (nf; xf Xq(l — oz))

=1-a.

The proof of this theorem starts from the convex dual-representation and follows the
main arguments of ( ) and ( ) for the case of the mean. It is left
to the reader.

Note 3.1 If  is finite everywhere then the qualification constraints are not needed (this is
for instance the case for the x* divergence). However, in the case of empirical likelihood or
the generalized empirical method introduced below, this actually simply puts some restriction
on the 6 which are of interest as noticed in the following examples.

3.2.3 Two basic examples

Empirical likelihood and the Kullback discrepancy In the particular case

wo(z) = —x —log(l — x) and ¢j(x) =  — log(1 + x)
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corresponding to the Kullback divergence K (Q,P) = — [ log( d—Q )dP, the dual program ob-
tained in (3.3) becomes, for the admissible 6,

Pn(6) = sup <Zlog +Af(Xu9))>

AERY

As a parametric likelihood indexed by A, it is easy to show that 23, (6) is asymptotically x?(q)
when n — o0, if the variance of f(X,0) is definite. It is also Bartlett-correctable (

, ). Using a duality point of view, the proof of the Bartlett-correctability is almost
immediate, see ( ) and ( , ). For a general discrepancy, the dual
form is not a likelihood and may not be Bartlett-correctable, see ( ) and

(1996).

Moreover, we necessarily have the ¢js > 0 and > ¢ = 1, so that the qualification
constraint essentially means that 0 belongs to the convex hull of the f(X;,6). Only the
0’s which satisfy this constraint are of interest to us; asymptotically, this is by no mean a
restriction, unless we have some very specific configuration of the data.

GMM and y? dlscrepancy The particular case of the x? discrepancy corresponds to

©a(x) = 5(x) = L. B,(0) can be explicitly calculated. Indeed, we get easily that A = S, %f,
so that, by Theorem 3.1, the minimum is attained at Q* = >"" | ¢;0x, with
1

¢ = 5(1 + oS3 F(X,0))
and

- nln_12 ]_—/ _9—
I@E(Q*’Pn) = ZM = afnsn2fn>

, 2n
=1

which is exactly the square of a self-normalized sum which typically appears in the Genera-
lized Method of Moments (GMM).

Notice that, in opposition to the Kullback discrepancy, we may charge positively some
region outside of the convex hull of the points, yielding bigger (that is too conservative) confi-
dence region. However, as noticed in the introduction, the results of ( ) shows that
taking the convex hull of the points (the largest confidence region for empirical likelihood)
may yield too narrow confidence regions, when n is small compared to q.

Note 3.2 If S? is of rank | < q, write S? = R’ < AO" 8 >R, where A, is invertible of

rank I, R :< Z‘Z > is an orthogonal matriz with R, € MMy ,(R) and R, € M, ,(R). By

straightforward arguments, the duality relationship still holds and becomes

ﬁn(‘g) = n sup {_/\,Ra?n - 1)‘/An)‘} = 1(}%a?n),Agl(}%afn)‘
AER! 2 2

Notice that (R.f,)(Raf,) = A,. This means that if S? has rank | < q we can always reduce

the problem to the study of a self-normalized sum in R! and that, from an algorithmic point

of view this reduction is carried out internally by the optimization program. From now on,

we will assume that S? is of rank | = q.
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3.3 Quasi-Kullback and Bartlett-correctability

The main underlying idea of this section is that we want to keep the good properties of the
Kullback discrepancy and to avoid some algorithmic problems linked with the behavior of the
log of the Kullback discrepancy in the neighborhood of 0. For this, we will introduce family
of divergences, the quasi-Kullback. This kind of discrepancies is actually currently used in
the convex optimization literature (see for instance ( : )) because the
resulting optimization algorithm leads to efficient tractable interior point solutions when the
number of constraint is large.

For ¢ €]0; 1] and = €] — oo; 1] let,

K.(z) =ec2?/2+ (1 —¢)(—z — log(1 — z)).

We call the corresponding K?-discrepancy, the quasi-Kullback discrepancy. The parameter
e > 0 may be interpreted as a regularization parameter (proximal in term of convex optimi-
zation). This family fulfills our hypotheses H1-H5. Its Fenchel-Legendre transform K7 has
the following explicit expression, for all x in R :

K (z) = _% Lo 1)y/1 —|—x(4x€—|— 2 4e) + (x+1)

2e —x—1 1 2-4
— (e —1)log i +\/2—|—x(a7—|— 8).
£

Note that the second order derivative of K. is bounded from below : K* (x) > e. Moreover,
the second order derivative of K* is bounded both from below and above : 0 < KZ @ (2) <1/e.
These controls ensure a quick and regular convergence of the algorithms based on such dis-
crepancies. The corresponding “quasi-empirical likelihood” may be seen as a “regularized”
empirical likelihood.

The following theorem establishes sufficient conditions on the regularization parameter
to obtain the Bartlett-correctability of quasi-empirical likelihood.

Theorem 3.3 Under the assumptions of Theorem 5.2, assume that f(X,0) satisfies the
Cramer condition : 1imjy—oo|Ep exp(it’ f(X,0))| < 1, as well as the moment condition
Ep||f(X,0)|]° < o0, for s > 8.

Ife =&, =0 (n3?/log(n)) then the quasi-empirical likelihood is Bartlett-correctable up to
O(n=3/?).

This choice of € is probably not optimal but considerably simplifies the proof. An atten-
tive reading of ( ) shows that, if € is small enough, the statistic is Bartlett-
correctable. Unfortunately, as our discrepancy depend on n, Corcoran’s result cannot be
applied directly and does not allow ¢ to be precisely calibrated. We conjecture that, at the
cost of tedious calculations, the rate of €, in o(n™!) is enough, at least to get Bartlett-
correctability up to o(n™!).



80 CHAPITRE 3. BORNES EXPONENTIELLES

s
1

B,
% D"D'E-g.
A \h__ E"'E"B'D'D"E"-D'-D-D'-FI-'E--I-—I-H
R i e e o o i L
Fog e
08 O e, g .
e
== L4
=07 B s
2 W
g L
2 0P e
g i ;’ Kullback
z 05¢ ; — + — Bartlett-Kullback
= i & - Relative Entropy
04t i —F Ky
z —— Bartlett-l,
03F ...D...Iz
asked confidence
Dz 1 1 1 1 1
0 20 40 B0 80 100

Fia. 3.2 — Coverage probabilities and Quasi-Kullback

Figure 3.2 illustrates the improvements coming from the use of Quasi-Kullback. It pre-
sents the coverage probabilities of the usual discrepancies given in the introduction, as well
as the ones for Quasi-Kullback discrepancy (for a given value of € = 0.5) on the same data.
As expected, the Quasi-Kullback discrepancy leads to a confidence region with a coverage
probability much closer to the targeted one, especially with a Bartlett adjustment even for
an € which is not close to 0.

3.4 Exponential bounds for self-normalized sums and
quasi-empirical likelihood

Another interesting feature of quasi-Kullback discrepancies is that the control of the
second order derivatives allows the behavior of 3,(6) to be linked to that of self-normalized
sums. We thus can get exponential bounds for the quantities of interest. Some of the bounds
that we propose here for self-normalized sums are new and of interest by themselves. These
bounds may be quite easily obtained in the symmetric case (that is for random variables
having a symmetric distribution) and are well-known in the unidimensional case.

Self-normalized sums have recently given rise to an important literature : see for instance

( ), ( ) or ( ) for self-normalized
processes. Unfortunately, except in the symmetric case, these bounds are not universal and
depend on higher order moments, v3 = E[S™! f(X;, 6)|? or even an higher moment condition :
Y1os3 = E|ST1f(Xi, 0)]'%/3. Actually, uniform bounds in [P are impossible to obtain, otherwise
this would contradict ( )’s result on the non-existence of uniform
confidence region over large class of probabilities, see ( ) for related
results. For symmetric random variables, related inequalities for self-normalized sums have
been obtained by ( ), following ( ).
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In the general non-symmetric case, for ¢ = 1, if v,9/3 < 0o, for some A € R and some
a €]0, 1], the result of ( ) leads to

n—2 — —ae
Pr <§fn/52 > 577) = xi(en) + Avissn 1/2—aen (3.4)

However the constants A and a are not explicit and the bound is of no practical use. In the
non-symmetric case our bounds are worse than (3.4) as far as the control of the approximation
by a x? distribution are concerned, but entirely explicit.

Iheorem 3.4 Let (Z;)iz1,..n be an i.i.d. sample in R? with probability P. Let’s define
Zy =150 7, S2 =150 7,7 and S* = EpZy Z}. Suppose that S? is of rank q. Then

T on

the following inequalities hold, for finite n > q and for u < ng,

a) if Z1 has a symmetric distribution, without any moment assumption,
Pr (n?%Sf?n > u) < 2qe” 2a; (3.5)
b) for general distribution of Z1 with kurtosis 4 < 0o, for any a > 1,

Pr (n?%Sf?n > u) < 2¢e' " m0FD + C(q) n3c~’74_§e_m(1_5) (3.6)

1

u -~ n 2
< 2qel_2q(1+a) + C’(q> n3q€*m(1*g)

. ~ — _ em 2q em 2
with § =124, 3y = Bp(||S7' Zu[|§) and C(g) = ;Hr el < Gl < g

Moreover for ng < u, we have
Pr (n?nS;QZH > u) =0.

The proof is postponed to the Section 3.6.3 . Part a) in the symmetric multidimensional
case follows by an easy but crude extension of ( ) (or ( , ,

, )). The exponential inequality (3.5) is classical in the unidimensional case.
Other type of inequalities with suboptimal rate in the exponential have also been obtained
by (2004).

In the general multidimensional framework, the main difficulty is actually to keep the
self-normalized structure when symmetrizing the original sum. Another difficulty is to have
a precise control of the behavior of the smallest eigenvalue of the normalizing empirical
variance. The second term in the right hand side of inequality (3.6) is essentially due to this
control. The crude bound obtained in part a) allows us to use a multidimensional extension

of a symmetrization lemma by ( ). However for ¢ > 1, the bound of part
a) is clearly not optimal. A better bound, which has not exactly an exponential form, has
been obtained by ( ). It essentially says that in the symmetric case the tail of

the self-normalized sum can essentially be bounded by the tail of a x? distribution (up to
a constant equal to 2€®/9). This bounds gives the right behavior of the tail (in q) when n
grows, which is not the case for a). However, in the unidimensional case a) still gives a better
approximation than ( ). It still can be used in the multidimensional case to get
crude but exponential bounds.
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For these reason, we will extend the results of Theorem 3.4 when using a x? type of control.

This essentially consists in extending lemma 1 of ( ) to non exponential bound.
In the following, we denote f, the density function of a Xg law, which is given by
1

fo(@) = mx"””e’? with [(p) = [,"* #P~'e~*dx. We denote F, the survival func-
q

. - +oo
tion, Fy(z) = [ fo(y)dy.
Theorem 3.5 We use the same notations as in the Theorem 53./. Then the following in-
equalities hold, for finite n > q and for u < ngq,
a) (Pinelis 1994) if Z1 has a symmetric distribution, without any moment assumption,

_ _ 23
Pr (nZ;S;QZn > u) < %Fq(u), (3.7)

b) for general distribution of Zy with kurtosis v, < oo, for any a > 1 and for 2q(14+a) < u,

2
n(l—l

Pr (nZ;SgQZL > u) < 2 <“‘q<1+“)>5 e~ 20 4 C(q) (n3>qe—an (3.8)

or(Z+1) \ 2(1+a) Y
2
q n(l—%
268 (u—q(i+a)\? —U5aLE 3G, Salarl)
< oT(4+1) < 2(1+a) e 2+ C(q) n¥e alED

Moreover, for ng <u, Pr (nZ;&??n > u) =0.

Note 3.3 In the best case, past studies give some bounds for n sufficiently large, without an
exact value for “sufficiently large”. Here, the bounds are valid for any n. All the constants
are also explicit. This bound may also be used to give some ideas on the sample size needed
to reach a given confidence level (as a function of q and 7).

The following corollary implies that, for the whole class of quasi-Kullback discrepancies,
the finite sample behavior of the corresponding empirical energy minimizers can be reduced
to the study of a self-normalized sum.

Corollary 3.6 Under the hypotheses of Theorem 3.2, the following inequalities hold, for
finite n > q, for any n > 0, for any n > 257”,

Pr(6 ¢ €,(n) = Pr(B,(0) > n) < Pr (n],,;°F, > 221). (3.9)

FElse if n > 257177 Pr(0 ¢ ¢,.(n)) = 0.
Then, for n > 2q, bounds (3.5-3.8) may be used with u = 2en and Z; = f(X;,0).

Note 3.4 In ( ), convergence of empirical likelihood is investigated when q is
allowed to increase with n. They show that convergence to a x? distribution still holds when
q= O(n%) as n tends to infinity.

Our bounds shows that even if ¢ = o(n/log(n)), it is still possible to get asymptotically
valid confidence intervals with our bounds. Notice that the constant C(q) does not increase
with q as can be seen on Figure 5.5.
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Fia. 3.3 — Value of C(q) as a function of q

A close examination of the bounds shows that essentially ¢4 has to be small compared
to n for practical use of these bounds. Of course practically 74 is not known, however one
may use an estimator or an upper bound for this quantity to get some insight on a given
estimation problem.

Notice that the bounds are non-informative when € — 0, which corresponds to empirical
likelihood. Actually, it is not possible to establish an exponential bound for this case. If we
were able to do so, for a sufficiently large 1, we could control the confidence region built
with empirical likelihood for any level 1 — . This would contradict the statements of
( ), which gives a lower bound for the attainable levels.

3.5 Discussion and simulation results

3.5.1 Non-asymptotic comparisons

Some previous simulations (see ( , )) show that, for small values of n,
the values of 7 are quite high, leading to confidence regions that may be too conservative
but that are very robust. In the following

— “Symmetric bound” corresponds to 1 obtained by inverting the Pinelis inequality in

the symmetric case, that is the quantile of a 2.

— “NS”, for “Non-symmetric”, corresponds the n obtained by inverting the general ex-

ponential bounds, from Theorems 3.4b) or 3.5b).
Simulations show that the profile quasi-likelihood gets wider as € increases. As a consequence,
the asymptotic confidence intervals become wider. With the non-asymptotic bounds, the be-
havior of the corresponding confidence interval as ¢ increases is more delicate to understand.
The profile likelihood gets wider but the n’s corresponding to the symmetric bound and NS
bounds decrease like 1/e. These two behaviors have contradictory effects on the confidence in-
tervals %, (n). It seems that the effect of the decrease of 7 dominates : the confidence intervals
get smaller when ¢ increases. In higher dimension or for a smaller a, the two contradictory
effects could be balanced.

In Figure 3.4, we build confidence regions for the mean of multi-dimensional (¢ = 2)
data, for two sizes (n = 500 and 2000) and two distributions :

1) a couple of independent gaussian scale mixtures (that is realizations of U * N, where
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U and N are respectively independent uniform r.v.’s on [0,1] and standard gaussian
r.v.’s) and
2) the distribution ﬁ - 0(10,10) + 0% Z O(a,ary + Oéﬂ (5(%10) + 5(107(1)), that will be
a,a’==+1 a==+1
referred as discrete distribution d;.

We give in Figure 3.4 the corresponding 90% confidence regions, using respectively the
asymptotic approximation from Theorem 3.2, the symmetric bound from Theorem 3.5a)
and the general bounds (NS) from Theorems 3.4b) and 3.5b) with the true kurtosis.

I I I | L L I | ! L L I I I I |
-2 -15 -1 -0.5 0 05 1 15 2 -1 -0.5 0 05 1 15 2 25 3

scale mixture : n = 500 data ® {rue mean distribution d; : n = 500 data
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Fia. 3.4 — Confidence regions, for 2 distributions and 2 data sizes

For small sample size, as expected, the confidence regions obtained with NS bounds are
quite large (for our discrete data and n = 500, the regions are too large to be represented on
the figure) with a coverage probability close to 1. On the contrary, the asymptotic confidence
regions are small but when the distribution has a large 74, the coverage probability can be
significantly smaller than the targeted level 1 — a. Thus the use of NS bounds are essentially
justified to protect oneself against exotic distributions.
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3.5.2 Adaptative asymptotic confidence regions

Corollary 3.6 does not allow for a precise calibration of ¢ for finite sample size. Indeed,
the finite exponential bounds essentially say that the bigger ¢ is (close to 1), the better the
bound. This clearly advocates that, in term of our bound sizes, the y? discrepancy leads
to the best results. This is partially true in the sense that the x? leads immediately to a
self-normalized sum which has quite robust properties. However, it can be argued that, for
regular enough distributions, the y? discrepancy leads to confidence regions that are too
conservative. The result on Bartlett-correctability suggests that the bias of the empirical
minimizer for quasi-Kullback is smaller for very small values of £ (see also Newey and Smith
( , ) for argument in that direction). Choosing adequately ¢ could result
in a better equilibrium and a compromise between coverage probability and the adaptation
to the data.

From a practical point of view, several choices are possible for calibrating €. A simple
solution is simply to use cross-validation (either bootstrap, leave one-out or K-fold methods).
Of course, this is very computationally-expensive but the use of a quasi-Kullback distance
eases the convergence of the algorithms. It is not clear how the use of cross-validation and
thus the use of an € depending on the data will deteriorate the finite sample bounds.

The Figure 3.5 allows us to compare the asymptotic confidence regions built with the
Kullback discrepancy (Kj), the x? (K;) and the Quasi-Kullback (K.) with & chosen by
cross-validation, for a parameter in R?. The algorithm leads to € ~ 0.7 for the scale mixture
example and € ~ 0.6 for a standard exponential distribution .
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Fic. 3.5 — Asymptotic confidence regions for data driven K..

Figure 3.6 represents the coverage probability obtained by Monte-Carlo (25 000 repeti-
tions) simulations of scale-mixture distribution with ¢ = 6 for K. with data driven ¢ and
some specific choice of ¢, for different sample sizes n.
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Fi1G. 3.6 — Coverage probability for different data sizes n for data-driven €.

In multidimensional case (¢ > 1), with n finite, the volume of the confidence region for
the quasi-Kullback divergence remains closed to the volume of the ellipsoid corresponding
to the x? divergence with a better coverage probability.

The adaptative value of ¢ decreases with n : over our 25 000 Monte-Carlo repetitions,
the mean value of € is 1 for n = 15 and n = 20. It decreases to 0.7 for n = 100.

For smooth distributions like our scale mixture, the coverage probability of the confidence
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region constructed with the calibrated K. is close to the targeted one. Moreover, the region
is small and adapts to the data. Note that when, for all values of ¢, the cross-validation
estimate of the coverage probability is smaller than the targeted confidence, the distribution
may be “exotic”. In such a case, the NS bound should be considered.

The simulations and graphics have been computed with Matlab : algorithms are available
from the authors on request. The Monte-Carlo simulations of Figure 3.6 have been carried
out on 18 computers with 2.5 GHz processors and took 18%200 hours of computation time.

3.6 Proofs of the main results

3.6.1 Proof of theorem 3.3

Write 5 () for the the value of n times the sup in the dual program (3.3) when ¢ = K.
B2(6) corresponds to the log likelihood ratio for Kullback discrepancy ¢ = Ky and (3}(6)
corresponds to the minimization of the y?-divergence ¢ = K. Let E, be either the true
value of E[3°(9)]/q or an estimator of this quantity such that empirical likelihood is Bartlett-
correctable when standardized by this quantity. We denote

26,(9)
7e = 2
n En
Then, using ( ) (see also ( : )), under the Cramer condition and
assuming Ep||f(X,0)||® < oo, the Bartlett-correctability of T implies that

Py (QﬁT(“) > ) — Fe(x) + O(n™),

where we denote Fz(.) = [ " dP(z), when Z ~ P. This equality implies in particular that
Fro(n —n"2) = Fpgy(n) + O(n2). (3.10)
Now, we can write

T: _ 2 sup {Z)\ f(X;,0) — ZKE(Xf(Xi,e))}

E AERY

2
< {e6:00) + (1 -9)820)}.

In other words

T: <T)+¢el[T) —T7].
This implies ~ ~

Fre(n) < Froy.mm—7o(n).
We also have with (3.10)
> )+ Pr(|T) — T2 > e7'n72)

(n—n~2)+Pr(|T} — T2 > e~ 'n"2)

= Fa(n) + O(n~2) + Pr(|T) — T > e7'n"2).

Froyerry—mo)(n) < Pr(T, +n~
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If we take € of order n=3/2log(n)~', the last term in the right hand side of this inequality
is of order O(n~%/2). This can be shown by using for example the moderate deviation in-
equality (3.4) for T)! and the fact that T is already Bartlett-correctable. It follows that the
corresponding discrepancy is still Bartlett-correctable, at least up to the order O(n=%/2).

3.6.2 Some bounds for self-normalized sums

Lemma 3.1 (Extension of Panchenko, 2003 Corollary 1) Let I' be the unit circle of
R%, T'={X € R |[A||ag = 1}. Let (Z;)1<i<n and (Y;)1<i<n be i.i.d. centered random vectors
in RY with (Z;)1<i<n independent of (Y;)1<i<n. We denote S2 = 15" Z,Z!, S* = E(Z,Z)
and, for all random vector W : S3 y, = LS TWW.

If there exists D > 0 and d > 0 such that, for all u > 0,

N(Z,-Y
Pr | sup VN (Zy ) > /u | < De™ ™,

AeT )\/572%(24))\

then, for all u >0,

\/ﬁ)‘IZn 1—d
Pr | su > vu | < De ™, 3.11
<KE¢X%A+XWA_Vh - S

Proof : This proof is an extension of ( ) )’s Lemma 1 of Panchenko to the
mutidimensional case. Denote

An(Z) = supsup {Ey [4b(X(Z, —Y,) —bN'S2 ,_yN)|Z]}

Ael’ b>0

Co(Z,Y) = supsup {4b(N(Z, = Y,) = bN'SZ ,_y N}

Ael’ >0

By Jensen inequality, we have Pr-almost surely
A(Z2) < Ey[CL(Z,Y)|Z]
and, for any convex function ®, by Jensen inequality, we also get
D(A,(2)) < By [0(Co(2,Y))]2].

We obtain
E/(B(4,(2))) < E(@(Co(Z.Y))). (3.12)

Now remark that

A,(Z) = supsup {4b (N'Z,, — bN'SEA — bN'S?N) }
AET b>0

N7,
= Su
Al \/NSIX - VSN
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and g _
7 -V
C(Z,Y) = sup 22 =)

At \/ )‘/Sg,Z—Y/\'

AZn_ > () and apply the same arguments as Corollary 1’s proof of

N SZA
( ) applied to inequality (3.12) to obtain the result. m

Now, notice that sup,cr

Lemma 3.2 (Extension of Panchenko, 2003 Lemma 1) Letv and &, 2 r.v., such that,
E(v) <E(&) and, fort >0, _
Pr(v > t) < CF,(t)

then for t > 2q we have

(t—q)

(—g\}
>0 =0 (Y52) o

Proof : We follow the lines of the proof of Panchenko’s Lemma, with function ® given by
®(z) = max(z — t + ¢;0). Remark that $(0) = 0 and ®(¢) = ¢, then we have

Pr(e>1) < ﬁ (@(0) + /0 " ) Pr(y > x)d:c)

1 [T
< = / F,(z)dz.
t

By integration by parts, we have

/t N Fo(a)de = /t h v fo(x)dz — (t — q) :oo foz)dz.

—q —q t—

It follows by straightforward calculations (using I'(p) = (p — 1)['(p — 1)) that for ¢ > 2g,

Pric>1) < » /qu(x)d:c:FHz(t—q)—t‘Tqu(t—q)

< Fan(t—q) = Fy(t—q) = ((t—q))W eq“;) |

The last equality follows from using the recurrence relation 26.4.8 of
( , page 941). m

We now extend a result of ( ), which controls the behavior of the
smallest eigenvalue of the empirical variance. In the following, for a given symmetric matrix
A, we denote puq(A) its smallest eigenvalue.

Lemma 3.3 Let (Z;)i=1.., be i.i.d. random vectors in R? with common mean 0. Denote
S? = B(Z12}) and S} = L3701, Z:Z], 0 < my = E(| Z1[|3) < +oo and § = 5. Then, for
any 1 < qg<n and 0 < u < py(S?),

(577 sttt

Pr (,ul(Si) < u) < C(q) myatD A1,

a
my
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with
Clq) = (g + 1)e¥(q — 1) 737227 (3.13)
< An*(q+1)e*(q —1)7% (3.14)
Proof : This proof is adapted from the proof of ( ) and makes use of
some idea of ( ). In the following, we denote by S,_; the northern hemisphere

of the sphere.

We first have by a truncation argument and applying Markov’s inequality on the last
term in the inequality (see the proof of ( , ) Lemma 4), for every M > 0,
is less than

Pr (m (Z ZZ-ZZ‘) < t) <
i=1

. . my
P f 7)<t Zilla < M — (3.15
r(yglgql i:1('v st sw IZill < M|+ (3.19)
We call I the first term on the right hand side of this inequality.

Notice that by symmetry of the sphere, we can always work with the northern hemisphere

of the sphere rather than the sphere. Notice first, that, if sup,_; ,, || Z;||2 < M, then for u,v
in §,_1, we have

.....

S Wz = (WZ)

i=1 i=1

Thus if u and v are apart of tn/(2nM?) then | 7 (v'Z;)* — Y0 (W' Z;)*] < nt. Now let

N(S,-1,¢) be the smallest number of caps of radius ¢ centered at some points on S, (for

the ||.||2 norm) needed to cover S,_; (the half sphere). Following the same arguments as
( ), we have, for any n > 0,

< 2nl|u — v||M?.

tn - 7 \2
I<N (Sql, W) urélsaqicl Pr (Z(u Zi) <1+ 77)15) )

i=1

The proof is now divided in three steps, i) control of N (S,_1, 514 ii) control of the maximum
over S, of the last expression in [, iii) optimization over all the free parameters.
i) On the one hand, we have

N(S, 1,¢) <b(q)e” @ Vv, (3.16)

with, for instance, b(¢) < 797!. Indeed, following ( ), the northern hemis-
phere can be parameterized in polar coordinates, realizing a diffeomorphism with S7~2x [0, 7|.
Now proceed by induction, notice that for ¢ = 2, §,_1, the half circle can be covered by
[m/2e] V141 <2([r/2c] V1) < m/eV1 caps of diameter 2¢, that is, we can choose the caps
with their center on a e—grid on the circle. Now, by induction we can cover the cylinder
S92 % [0, 7] with [r/2e (m)92/e?2]V1+1 < 77! /e?! intersecting cylinders which in turn
can be mapped to region belonging to caps of radius ¢, covering the whole sphere (this is
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still a covering because the mapping from the cylinder to the sphere is contractive).
ii) On the other hand, for all ¢ > 0, we have by exponentiation and Markov’s inequality, and
independence of (Z;), for any A > 0

= ! ! n

max Pr E u’ZZZ;u <t| <eM max (E [e*)‘“ ZIZ1u])

UESq—l 1 uesq—l
1=

Now, using the classical inequalities, log(z) <z —1and e™® — 1 < —x + 2?/2, both valid for
x > 0, we have

max <E [e"WZlZi“D < max expn (E [e"\ulzlzi“ — 1})

uESy—1 T ueS 1

)\2
< max expn (—)\u’SQU + 7m4)

T ueSy—1

2
= exp (%nm; - )\n,ul(52)) : (3.17)

iii) From (3.17) and (3.16), we deduce that, for any ¢ > 0,A > 0, n > 0,

2\ ¢—1
P at) (L) s o
< n
Optimizing the expression exp(—(q — 1)log(n) + Ant) in n > 0, yields immediately, for any
t>0,any M >0, any A > 0
23\ ¢-1
1 <) (XY s
< —1

The infimum in A in the exponential term is attained at A = %, provided that
0 < ¢ < nui(S?). Therefore, for these ¢ and all M > 0, we get Pr(u (>, Z:Z]) < t)

is less than
2en M2, (S%)\ 7! n A my
b(g) (W) Rl Y (’“(S )~ E) T

We now optimize in M? > 0 and the optimum is attained at

- () (2 5y (o)

yielding the bound

Pr iZZf <t) < Olg) nP (83 55 my T ex n(m(s?) - &)’
/‘Ll p 1 — — q /‘Ll 4 p m4(q_'_1> )

with

~ 2(g—1) -1 2q—4
q+1

Clg) = bla) T (q + 1)e 0 (g — 1) > 2T
Using b(q) < 797! we obtained C(q), which is bounded by the simpler bound (for large q

this bound will be sufficient) 472(q + 1)e*(q — 1)73%, using the fact that my > 1.
The result of the Lemma follows by applying this inequality on inequality 3.15 with ¢ = nu.
]
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3.6.3 Proof of Theorem 3.4

Notice that we have always Z/S-2Z, < q. Indeed, there exists an orthogonal transfor-
mation O,, and a diagonal matrix A2 := diag|fi;]1<j<, With fi; > 0 being the eigenvalues
of S2, such that S2 = O, A20,,. Now put Vi, := [V nJicj<cq = OnZ;. It is easy to see that
by construction the empirical variance of the Y; ,, is

1 & 1< /
= VY, ==Y 0.2,2/0, = 0,520, = A2
" i=1 7 n i=1

It also follows from this equality that, for all j =1,--- ¢, - LN~ ” » = f;, and

q n 2

- - _ _ 1
2182 Z, = Y\?Y, = — J 1; < q.
n~n n n-n n Z nZ)/z,],n /M]Sq

7=1 i=1
by Cauchy-Schwartz. So, for all u > gn
Pr (Z;S,;?Zn > 3) ~0.
n

a) In the symmetric and unidimensional framework (¢ = 1), this bound follows from Hoeff-
ding inequality (see ( : : : )). Consider now the symmetric multidimen-
sional framework (¢ > 1). Let 0,1 < i < n be Rademacher random variables, independent

from (Z;)1<i<n, P(0; = —1) = P(0; = 1) = 1/2. We denote 0,(Z) = <ﬁ Yoy O'Z'ZZ'> and

remark that S? = %Z?:l 0:2;Z0;. Since the Z;’s have a symmetric distribution, meaning
that —Z; has the same distribution as Z;, we can make a first symmetrization step :

Pr <n7;5’;2?n > u) = Pr(0,(2) S;%0,(Z) > u).
Now, we have

0n(2) 87200(Z) = 00 (V) A 20, (V)

q n
-y (ZY) DyEH
j=1

It follows that

Pr(0,(2) S;%0,(Z) > u) ZPr [ Xy i ”"|>\/7

\/Zz 1}/2]71

<22EP1" Zzlal}j]n >\/7 )J1<i<n
\/ =1 "1,7,n

Apply now Hoeffding inequality to each unidimensional self-normalized term in this sum to
conclude.
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b) The Z;’s are not anymore symmetric. Our first step is to control Pr(nZ.S,%Z, > t).

Define
NZ NS2)
B, = sup ———_ % and D,, = sup 1+ ]
IXl2,0=1 { VASIA } A lz.4=1 { NSEA }
NZn>0 NZ. >0

n_ n

First of all, remark that the following events are equivalent

— — t
{nZ;S,?Zn > t} - {Bn > \/i} .
n
and notice that

Pr (Bn > \/%) < inf {Pr (BnDnl > /ﬁ) +Pr(D, > V1 —|—a)}.

The control of the first term on the right side is obtained by applying part a) of Theorem 3.2

to n'/? su A0 i Then, by application of Lemma 3.1 and the previous remark,
pIIAﬂ;éqF—l N s Y app p

we get
\/ﬁBanl < nt/? SUP||Allg,q=1

NZn
Ve, VNS2AHN S
n_

t t
Pr (Bnpgl > \/j> < 2ge' 2,
n

The control of the second term is trivial and useless for a < 0. Whereas, for all a > 0, and
all t > 0 we have

=

we have for all ¢t > 0,

NSZ\
{Dnzva+1}: sup 1+ e >1+4a
A 2,0=1 A'SEA

\ NZ,>0
(

1 1
_ . ro—102 go-1 < -\ _ —12—1<_'
||A|1|3qf=1 (V575,58 A)_a {MI(S % )_a}
\,\/Enzo

We now use Lemma 3.3 applied to the r.v.’s (S’lZi)i:L...,n. Note that here we have

1
my = B[S Z1||3 =y, B(S™'Z))? = Id,, p1(Id,) =1, and u = -

For all 1 < a, we have,

3\ ¢ n _ 152
Pr(D, > V1+a) < C(q) (n_) T

Va4

Since inf,. ; < inf,~1, we conclude that, for any ¢ > n,

t ot 3\ —_n(_1p
Pr| B, >4/~ | < inf §2ge e 2079 4 C(q) (—) e (D @0 %
n a>1 Ya
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3.6.4 Proof of Theorem 3.5

Part a) is proved in ( ). Now, the proof of part b) follows the same lines as
the Theorem 3.4 combining Lemmas 3.1, 3.2 and 3.3.

3.6.5 Proof of corollary 3.6

Following the arguments of the remark of Theorem 3.2, we use the dual form and expand
K. near 0. Then we get

5u(0) = sup {—Mn TG @,n)}

AR i=1

< sup {—nA'?n — % pevieea 9))25} . (3.18)

A€R? Py

Indeed, by construction of the quasi-Kullback, we have KE(Z) > e. If we write [ = —e), the
right hand side of inequality (3.18) becomes
1 _ _
=sup 1T, = SUSA G = 2T, 5, F
2 2¢

€ leRa

Thus we immediately get

Pr(6 & €u(n) < Pr (57,5,%F, = ne).
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4.1 Introduction

4.1.1 Empirical likelihood for atomic Markov chains

Empirical Likelihood (EL), introduced by ( ), is a powerful semi-parametric
method. It can be used in a very general setting and leads to effective estimation, tests
and confidence intervals. This method shares many good properties with the conventional
parametric log-likelihood ratio : both statistics have x? limiting distribution and are Bartlett
correctable, meaning that the error can be reduced from O(n™') to O(n~2) by a simple
adjustment.

Owen’s framework has been intensively studied in the 90’s (see , , for an over-
view), leading to many generalizations and applications, but mainly for an i.i.d. setting. The
case of weakly dependent processes has been studied in ( ) under the name of

Block Empirical Likelihood (BEL). This work is inspired by similitudes with the bootstrap
methodology. Kitamura proposed to apply the empirical likelihood framework not directly
on the data but on blocks of consecutive data, to catch the dependence structure. This idea,
known as Block Bootstrap (BB) or blocking technique (in the probabilistic literature, see

, , for references) goes back to ( ) in the bootstrap
literature and has been intensively exploited in this fields (see , , for a survey). Ho-
wever, the BB performances have been questioned, see ( ) and

( ). Indeed it is known that the blocking technique distorts the dependence structure of
the data generating process and its performance strongly relies on the choice of the block
size. From a theoretical point of view, the assumptions used to prove the validity of the BB
and of Kitamura’s BEL are generally strong : one generally assumes that the time series is
stationary and satisfies some strong-mixing properties. In addition, to have a precise control
of the coverage probability of the confidence intervals, one has to assume that the strong
mixing coefficients are exponentially decreasing (see , , , ). Moreover
the choice of the tuning parameter (the block size) may be quite difficult from a practical
point of view.

In this paper, we focus on generalizing empirical likelihood to Markov chains. Ques-
tioning the restriction implied by the markovian setting is a natural issue. It should be
mentioned that homogeneous Markov chain models cover a huge number of time-series
models. In particular, a Markov chain can always be written in a non parametric way :
X = h(X;—1,-- -, Xip,&;), where (g;);>0 is i.i.d. with density f and e; is independent of
(Xk)o<k<i, see ( ). Note that both h and f are unknown functions. Such re-
presentation explains why, provided that p is large enough, any time series of length n can be
generated by a Markov chain, see ( ). Note also that a Markov chain may not be
necessarily strong-mixing, so that our method also covers cases for which BB and BEL may
fail. For instance, the simple linear model X; = $(X;_ +¢;) with P(g; = 1) = P(g; = 0) = 5
is not strong-mixing (see , , for results on dependence in Econo-
metrics).

Our approach is also inspired by some recent developments in the bootstrap literature
on Markov chains : instead of choosing blocks of constant length, we use the Markov chain
structure to choose some adequate cutting times and then we obtain blocks of various lengths.
This construction, introduced in ( ), catches better the structure
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of the dependence. It is originally based on the existence of an atom for the chain i.e. an
accessible set on which the transition kernel is constant (see , ). The
existence of an atom allows to cut the chain into regeneration blocks, separated from each
other by a visit to the atom. These blocks (of random lengths) are independent by the
strong Markov property. Once these blocks are obtained, the Regenerative Block-Bootstrap
(RBB) consists in resampling the data blocks to build new regenerative processes. The rate
obtained by resampling these blocks (O(n~17¢)) is better than the one obtained for the
Block Bootstrap (O(n=3/*)) and is close to the classical rate O(n~') obtained in the i.i.d.
case, see ( ) and ( ).
These improvements suggest that a version of the empirical likelihood (EL) method
based on such blocks could yield improved results in comparison to the method presented in
( ). Indeed it is known that EL enjoys somehow the same properties in term of
accuracy as the bootstrap but without any Monte-Carlo step. The main idea is to consider the
renewal blocks as independent observations and to follow the empirical likelihood method.
Such program is made possible by transforming the original problem based on moments
under the stationary distribution into an equivalent problem under the distribution of the
observable blocks (via Kac’s Theorem). The advantages of the method proposed in this paper
are at least twofold : first the construction of the blocks is automatic and entirely determined
by the data : it leads to a unique version of the empirical likelihood program. Second there is
not need to ensure stationarity nor any strong mixing condition to obtain a better coverage
probability for the corresponding confidence regions.

4.1.2 Empirical discrepancies for Harris chains

Assuming that the chain is atomic is a strong restriction to this method. This hypothesis
essentially holds for discrete Markov chains and queuing (or storage) systems returning to a
stable state (for instance the empty queue) : see chapter 2.4 of ( ). Howe-
ver this method can be extended to the more general case of Harris chains. Indeed any chain
having some recurrent properties can be extended to a chain possessing an atom which then
enjoys some regenerative properties. Nummelin gives an explicit construction of such exten-
sion that we recall in section 4.4 (see , , , ). In

( ) an extension of the RBB procedure to general Harris chains based on the
Nummelin’ splitting technique is proposed (the Approximate Regenerative Block-Bootstrap,
ARBB). One purpose of this paper is to prove that these approximatively regenerative blocks
can also be used in the framework of empirical likelihood and lead to consistent results.

Empirical likelihood can be seen as a contrast method based on the Kullback discrepancy.
To replace the Kullback discrepancy by some other discrepancy is an interesting problem
which has led to some recent works in the i.i.d. case. ( ) generalized
empirical likelihood to the family of Cressie-Read discrepancies (see also

, ). The resulting methodology, Generalized Empirical Likelihood, is included in

the empirical @-discrepancy method introduced by ( ) (see also
, , , ). It should be noticed that the constant length blocks procedure
has been studied in the case of empirical euclidean likelihood by ( ). Our

proposal is straightforwardly compatible with these generalizations, but we will not pursue
this approach here.
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4.1.3 Outline

The outline of the paper is the following. In section 4.2, notations are set out and key
concepts of the Markov atomic chain theory are recalled. In section 4.3, we present how
to construct regenerative data blocks and confidence regions based on these blocks. In sec-
tion 4.4 the Nummelin splitting technique is shortly recalled and a framework to adapt the
regenerative empirical likelihood method to general Harris chains is proposed. We essentially
obtain consistent results but also briefly discuss higher order properties. In section 4.5, we
propose some moderate sample size simulations.

4.2 Preliminary statement

4.2.1 Notation and definitions

For simplicity’s sake we will keep essentially the same notations as

( ). For further details and traditional properties of Markov chains, we refer to

( ) or ( ). We consider a space E (to simplify R?, Z9, or a subset
of these spaces) endowed with a o-algebra €. Recall first that a chain is ¥-irreducible if for
any starting state x in £, the chain visits A with probability 1, as soon as ¢(A) > 0. This
means that the chain visits all sets of positive ¥-measure. 1) may be seen as a dominating
measure. To prevent one from unusual behavior of the chain, we consider in the following a
chain X = (X;),.y which is aperiodic (it will not be cyclic) and ¥-irreducible. Let II be the
transition probability, and v the initial probability distribution. For a set B € £ and i € N,
we thus denote

X() ~ v and ]P)(XZ €eB | AXV()7 ceny Xi—l) = H(Xz‘_l, B) a.s. .

In what follows, P, and P, (for z in E') denote the probability measure on the underlying
probability space such that Xy ~ v and X, = = respectively. E,(+) is the P,-expectation,
E.(-) the P -expectation, 14 denotes the indicator function of the event A4 and E 4(-) is the
expectation conditionally on X, € A.

A measurable set B is recurrent if, as soon as the chain hits the set B, the chain returns
infinitely often to B. The chain is said Harris recurrent if it is t-irreducible and every
measurable set with positive ¥-measure is recurrent. A probability measure p on F is said
invariant for the chain when plIl = p, where

uIl(dy) = / o) o dy).

An irreducible chain is said positive recurrent when it admits an invariant probability (it is
then unique).

Notice that as defined, a Markov chain is generally non-stationary ( if v # p) and may
not be strong-mixing. The fully non-stationary case corresponding to the null recurrent case
(including processes with unit roots) could actually be treated by using the arguments of

( ), but would considerably complicate the exposition and the notations.
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4.2.2 Markov chains with an atom

Assume that the chain is y-irreducible and possesses an accessible atom, that is to say a
set A, with ¢(A) > 0 such that the transition probability is constant on A (II(z,.) = I(y, .)
for all z,y in A). The class of atomic Markov chains contains not only chains defined on a
countable state space but also many specific Markov models used to study queuing systems
and stock models (see , , for models involved in queuing theory). In the discrete
case, any recurrent state is an accessible atom : the choice of the atom is thus left to the
statistician which can for instance use the mostly visited point. In many other situations the
atom is determined by the structure of the model (for a random walk on R™, with continuous
increment, 0 is the only possible atom).

Denote by 74 = 74(1) = inf {k > 1, X € A} the hitting time of the atom A (the first
visit) and, for j > 2, denote by 74(j) = inf {k > 74(j — 1), X} € A} the successive return
times to A. The sequence (74(j));>, defines the successive times at which the chain forgets
its past, called regeneration times. Indeed, the transition probability being constant on the
atom, X,, 1 only depends on the information that X, is in A and not any more on the
actual value of X, itself.

For any initial distribution v, the sample path of the chain may be divided into blocks
of random length corresponding to consecutive visits to A :

B] - (XTA(]')+1, ceey XTA(j+1)).

The sequence of blocks (B;)i<j<c is then i.i.d. by the strong Markov property (see
, ). Notice that the block By = (X7, ..., X;,) is independent of the other blocks,
but not with the same distribution, because its distribution strongly depends on the initial
distribution v.
Let m : ExRP — R" be a measurable function and 6 be the true value of some parameter
6 € RP of the chain, given by an estimating equation on the invariant measure p :

E,[m(X, 6)] = 0. (4.1)

For example, the parameter of interest can be a moment or the mean (in this case 6y = E, [X]
and m(X,0) = X —0).

In this framework, Kac’s Theorem, stated below (see Theorem 10.2.2 in

, ) allows to write functionals of the stationary distribution p as functionals of the
distribution of a regenerative block.

Theorem 4.1 The chain X is positive recurrent iff Ea(14) < o0o. The (unique) invariant
probability distribution p is then the Pitman’s occupation measure given by

TA
E ]lXiEF

i=1

w(F)=E,4 JEalTal, forall F € E.

In the following we denote

Ta(j+1)

M(B;,0) = Z m(X;,0)

i=74(j)+1
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so that we can rewrite the estimating equation (4.1) as :
EA[M(B;,6,)] = 0. (12)

The power of Kac’s Theorem and of the regenerative ideas is that the decomposition into
independent blocks can be automatically used to obtain limit theorems for atomic chains.

One may refer for example to ( ) for the Law of Large Numbers (LLN),
Central Limit Theorem (CLT), Law of Iterated Logarithm, ( ) for the Berry-
Esseen Theorem, ( ) for Edgeworth expansions. These results are

established under some hypotheses related to the distribution of the B;’s. Let x > 0 and v be
a probability distribution on (F, ). The following assumptions shall be involved throughout
this article :

Return time conditions :

HO(k) : E4l7h] < o0,

HO(k, v): E,[7}] < occ.
When the chain is stationary and strong mixing, these hypotheses can be related to the rate
of decay of a-mixing coefficients a(p), see ( ). In particular, the hypotheses

are satisfied if )., j"a(j) < oco.
Block-moment conditions :

Hl(k, m): Ex

(Zumwi,eo)u) ] <o,
<Z||m(Xz‘,90)||> ] < oo.

Equivalence of these assumptions with easily checkable drift conditions may be found in

(1996).

Hi(k, v, m): E,

4.3 The regenerative case

4.3.1 Regenerative Block Empirical Likelihood algorithm

Let X, ---, X, be an observation of the chain X. If we assume that we know an atom
A for the chain, the construction of the regenerative blocks is then trivial. Consider the
empirical distribution of the blocks :

!
1 n
P, = E;éB]W

where [,, is the number of complete regenerative blocks, and the multinomial distributions

In
Q= quéBj, with 0 < q; < 1,

J=1
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dominated by P; . To obtain a confidence region, we will apply ( )’s method to the
blocks B; using the likelihood associated to Q, that is we are going to minimize the Kullback
distance between Q and P;, under the condition (4.2). More precisely, the Regenerative Block
Empirical Likelthood is defined in the next 4 steps :

Algorithm 4.1 (ReBEL - Regenerative Block Empirical Likelihood construction)

1. Count the number of visits I, +1 =>"""  Lx,ea to A up to time n.
2. Divide the observed trajectory X™ = (X1, ...., X,,) into l,, + 2 blocks corresponding to

the pieces of the sample path between consecutive visits to the atom A,
BO = (Xla ERS) XTA(I))a Bl = (XTA(1)+17 EERE) XTA(Z))v EERE)
Bln = (XTA(ln)-l-l) ceey XTA(ln+1))7 Bl(:J)rl - (XTA(ln+1)+17 ceny Xn),

with the convention Bl(:jrl = () when 14(l,, + 1) = n.

3. Drop the first block By and the last one Bz(:}rl (eventually empty when T4(l, +1) =n).

4. Ewaluate the empirical log-likelihood ratio r,(6) (practically on a grid of the set of
interest) :

In
rn(0) = sup {log [H lnqj]
) j=1

(g1, a1,

In In
=1 j=1

Using Lagrange arguments or convex duality, this can be more easily calculated as

ln
rn(0) = sup {Zlog 1+ /\'M(Bj,Q)]} :
AERP =1

Note 4.1 (Small samples) FEventually, if the chain does not visit A, l,, = —1. Of course
the algorithm cannot be implemented and no confidence interval can be built. Actually, even
when l,, > 0, the algorithm can be meaningless and at least a reasonable number of blocks
are needed to build a confidence interval. In the positive recurrent case, it is known that
ln ~ n/Eal[Ta] a.s. and the length of each block has expectation EA[Ta]. Many regenerations
of the chain should then be observed as soon as m is significantly larger than Es[Ta]. Of
course, the next results are asymptotic, for finite sample consideration on empirical likelithood
methods (in the i.i.d. setting), refer to (2005).

The next theorem states the asymptotic validity of ReBEL in the case » = p (just-
identified case). For this, we introduce the ReBEL confidence region defined as follows :

2
P

Cra={0eR

2wamgp;u—aﬁ,

where F)z is the distribution function of a x? distribution with p degrees of freedom.
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Theorem 4.2 Let p be the invariant measure of the chain, let 8y € RP be the parameter
of interest, satisfying E,[m(X,0)] = 0. Assume that Eo[M (B, 6y)M (B, 0,)'] is of full-rank.
Assume HO(1,v), HO(2) and H1(2,m), then

n—o0

2r,(6y) — Xp

and therefore
P, (6 € Cpo) — 1 — .

The proof relies on the same arguments as the one for empirical likelihood based on i.i.d.
data. This can be easily understood : our data, the regenerative blocks, are i.i.d. (see ,
, ). The only difference with the classical use of empirical likelihood is that the
length of the data (i.e. the number of blocks) is a random value [,,. However, we have that
n/l, — Es(7a) a.s. (see : ). The proof is given in the appendix.

Note 4.2 Let’s make some very brief discussion on the rate of convergence of this method.
( ) shows that the Edgeworth expansion of the mean standardized

by the empirical variance holds up to Op,(n™Y) (in opposition to what is expected when

considering a variance built on fized length blocks). It follows from their result that

P, (2 -7r.(00) <u)= Fxg(u) + Op, (n7 1Y)

This is already (without Bartlett correction) better than the Bartlett corrected empirical li-
kelihood when one use fized length blocks (see , ). Actually, we ezpect, in this
atomic framework, that a Bartlett correction would lead to the same result as in the i.i.d.
case : O(n=%). However, to prove this conjecture, one should establish an Edgeworth expan-
sion for the likelihood ratio (which can be derived from expansion for self normalized sums)
up to order O(n~2) which is a very technical task. This is left for further works.

4.3.2 Estimation and the over-identified case

The properties of empirical likelihood proved by ( ) can be extended to
our markovian setting. In order to state the corresponding results respectively on estimation,
confidence region under over-identification (r > p) and hypotheses testing, we introduce the
following additional assumptions. Assume that there exists a neighborhood V of 6, and a
function N with E, [N(X)] < oo, such that :

H2(a) Om(x,0)/06 is continuous in # and bounded in norm by N(x) for 6 in V.

H2(b) E,[0m(X,6,)/06] is of full rank.

H2(c) 0*m(x,0)/0000" is continuous in # and its norm can be bounded by N(z), for 6

in V.

H2(d) |jm(z,0)]|* is bounded by N(z) on V.

Notice that H2(d) implies in particular the block moment condition H1(3,m) since by
Kac’s Theorem

E, [Im(X,0)]*] = Ea E%jgjf o Ol < [ZEZ[TZ( o) <E, [N(X)] < .
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Empirical likelihood provides a natural way to estimate 6y in the i.i.d. case (see
, ). This can be straightforwardly extended to Markov chains. The estimator is
the maximum empirical likelihood estimator defined by

0, = arg inf {r,(0)}.

n = arg nf {r,,(6)}

The next theorem shows that, under natural assumptions on m and p, 6, is an asymptotically
gaussian estimator of 6.

Theorem 4.3 Assume that the hypotheses of Theorem j.2 holds. Under the additional as-
sumptions H2(a), H2(b) and H2(d), 0,, is a consistent estimator of 0y. If in addition H2(c)
holds, then 0, is asymptotically gaussian :

V(0 — ) —— N(0,%)

n—oo

with

OM(B,,0)

(5 oM (B, 9)” -

},EA[M(Bl,G)M’(Bh@)]_lEAl 0

5 = Eafra [EA {

Notice that all the terms involved in the expression of ¥ can be easily estimated by repla-
cing them by empirical sums over blocks. The corresponding estimator is straightforwardly
asymptotically convergent by the LLN for Markov chains.

The case of over-identification (r > p) is an important feature, specially for econometric
applications. In such a case, the statistic 2rn(§n) may be considered to test the moment
equation (4.1) :

Theorem 4.4 Under the assumptions of Theorem /.3, if the moment equation (4.1) holds,
then we have

2Tn(§n) _£, Xffp.

We now turn to a theorem equivalent to the Theorem 2 in the over-identified case. Then,
the likelihood ratio statistic used to test 8 = 6, must be corrected. We now define

Win(0) =2r,(0) — 2rn(§n).

The ReBEL confidence region of nominal level 1 — « in the over-identified case is now given
by
Cla={rer ]me) <Fg(l-a)}.

Theorem 4.5 Under the assumptions of Theorem 4.3, the likelihood ratio statistic for 6 = 6,
is asymptotically X :

Win(f) —— x>

n—oo

and C} _ is then an asymptotic confidence region of nominal level 1 — «.

n,x
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To test a sub-vector of the parameter, one can also build the corresponding empirical
likelihood ratio (see , , , , , ,
: ). Let 0/ = (01, 65)" be in R? x RP~9, where ¢, € R? is the parameter of
interest and 0 € RP™? is a nuisance parameter. Assume that the true value of the parameter
of interest is #19. The empirical likelihood ratio statistic in this case becomes

Won(bh) =2 - (iglf o ((61,62)") — iI@lf Tn(0)> =2. (iglf T ((01,62)") — Tn(én)> :
and the empirical likelihood confidence region is given by

2, = {0 emre )Wz,n(el) <Fg(l-a)}.

Theorem 4.6 Under the assumptions of Theorem /.3,

c
Wa.n(610) — Xz

and C? _ is then an asymptotic confidence region of nominal level 1 — c.

n,o

4.4 The case of general Harris chains

4.4.1 Algorithm

As explained in the introduction, the splitting technique introduced in ( )
allows to extend our algorithm to general Harris recurrent chains. The idea is to extend
the original chain to a “virtual” chain with an atom. The splitting technique relies on the
crucial notion of small set. Recall that, for a Markov chain valued in a state space (E, &)
with transition probability II, a set S € £ is said to be small if there exist ¢ € N*, § > 0 and
a probability measure ® supported by S such that, for allz € S, A € &,

I(z, A) > §B(A), (4.3)

I17 being the ¢-th iterate of II. For simplicity, we assume that ¢ = 1 (we can always rewrite
the chain as a chain based on (X, -, X;44-1)" for ¢ > 1) and that ® has a density ¢ with
respect to some reference measure A(-). Note that an accessible small set always exists for
y-irreducible chains : any set A € & such that ¥(A) > 0 actually contains such a set (see
, ). For a discussion on the practical choice of the small set, see
(2006D).
The idea to construct the split chain X = (X, W) is the following :
— if X; ¢ S, generate (conditionally to X;) W; as a Bernoulli random value, with proba-
bility 4.
— if X; € 9, generate (conditionally to X;) W; as a Bernoulli random value, with proba-

-1 0p(Xiy1)
bility p(Xz‘,X—:ﬂ’
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where p is the transition density of the chain X. This construction essentially relies on the

fact that under the minorization condition (4.3), II(x, A) may be written on S as a mixture :

I(z, A) = (1 §)M + 0®(A), which is constant (independent of the starting point

x) when one picks the second component (see , ,
, for details).

When constructed this way, the split chain is an atomic Markov chain, with marginal
distribution equal to the original distribution of X (see , ). The atom
is then A = S x {1}. In practice, we will only need to know when the split chain hits the
atom, i.e. we only need to simulate W; when X; € S.

The return time conditions are now defined as uniform moment condition over the small
set :

I

HO(k) : supE,[7¢] < oo,
zeS

HO(k, v): E,[1§] < occ.

(St ) | <o
<Z ||m(Xi,90)||> ] < o0

Unfortunately, the Nummelin technique involves the transition density of the chain, which
is of course unknown in a non parametric framework. An approximation p,, of this density
can however be computed easily by using standard kernel methods. This leads us to the
following version of the empirical likelihood program.

The Block-moment conditions become :

H1(k, m): supE,
xeS

Hi(k, v, m): E

Algorithm 4.2 (Approximate regenerative block EL construction)

1. Find an estimator p, of the transition density (for instance a Nadaraya- Watson esti-
mator).

2. Choose a small set S and a density ¢ on S and evaluate 6 = ming yeg {I%Z)y)}

3. When X hits S, generate W, as a Bernoulli with probability 0O(Xiv1)/pn(Xiy Xigr). If
W = 1, the approzimate split chain (X, VVZ) X; hits the atom A = S x {1} and i
s an approximate regenerative time. These times define the approximate return times

74(j)-
4. Count the number of visits of A say [, +1= Yoy Ig cq up to time n.

5. Divide the observed trajectory X ™ = (X1, ...., X,)) into L, + 2 blocks corresponding to
the pieces of the sample path between approximate return times to the atom A,

EO - (Xl, ceey X?— (1)) El - (XA ( )+1,..., X?'A(Q))?“‘?

B; = (X, . X. B™

Falln)+10 Za(ln +1)) [o+1 (X?A(ZnJrl)Jrl’ EES) Xn)a

with the convention B + =0 when Ta(l, +1) =
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6. Drop the first block B\O, and the last one LA?;”J)FI (eventually empty when ?A(Zn+ 1)=n).
7. Define

R Ta(j+1)
M(B;,0)= > m(X.,0).
i=Ta(j)+1
FEvaluate the empirical log-likelihood ratio r,(6) (practically on a grid of the set of
interest) :

in In In
() = sup log Hlnqj qu -M(B,,0) =0, qu =1
j=1 j=1 j=1

(a1,+.93,)

Using Lagrange arguments or convex duality, this can be more easily calculated as

In

() = sup Zlog [1 + XM(EJ-,@)}
J=1

AERP

4.4.2 Main theorem

The practical use of this algorithm crucially relies on the preliminary computation of a
consistent estimate of the transition kernel. We thus consider some conditions on the uniform
consistency of the density estimator p,,. These assumptions are satisfied for the usual kernel
or wavelets estimators of the transition density.

H3 For a sequence of nonnegative real numbers (o, ),en converging to 0 as n — oo, p(x,y)
is estimated by p,(x,y) at the rate o, for the mean square error when error is measured
by the L loss over S x S :

E, | sup |pu(z,2") —p(x,2)]*| = O,(a,), as n — oo.

(z,y)€SXS

H4 The minorizing probability ® is such that inf,cg ¢(z) > 0.
H5 The densities p and p,, are bounded over S? and inf, ycs pa(z,y)/o(y) > 0.

Since the choice of ® is left to the statistician, one can use for instance the uniform
distribution overs S, even if it may not be optimal to do so. in that case, H4 is automatically
satisfied. Similarly, it is not difficult to construct an estimator p,, satisfying the constraints
of H5.

Results of the previous section can then be extended to Harris chains :

Theorem 4.7 Let o be the invariant measure of the chain, and 6, € RP be the parameter
of interest, satisfying E,[m(X,0y)] = 0. Consider A = S x {1} an atom of the split chain,
Ta the hitting time of A and B = (X4, -+, X,,). Assume hypotheses H3, H5 and H5 and
suppose that Eo[M (B, 00)M (B, 0y)'] is of full rank.



4.5. SOME SIMULATION RESULTS 107

(a) Assume HO(4,v) and HO(2) as well as H1(4,v,m) and H1(2,m), then we have in
the just-identified case (r =p) :

n—o0

and therefore

én,a = {0 € R?

2 7,(0) < Fpa(1 — a)} .

18 an asymptotic confidence region of level 1 — «.

(b) Under the additional assumptions H2(a), H2(b) and H2(d),
0 = arg inf {7,,(0)}

is a consistent estimator of Oy. If in addition H2(c) holds, then \/n(f — 6) is asymp-
totically normal.

(¢) In the case of over-identification (r > p), we have :

Win(6) = 270 (8p) — 27,(0) —=— \2

n—oo

and

Cl, = {0 €R?

Win(0) < Fyg(1—a) |

is an asymptotic confidence region of level 1 — oo. The moment equation (/.1) can be
tested by using the following convergence in law :

~ oA\ under (4.1) o
27,(0) — " Xip

(d) Let 0 = (01,0,), where 0; € R? and 0 € RP~2. Under the hypotheses 61 = 0y,

A~

Woan(810) = 21t 7 (10, 02)') = 27 (8) —— X

n—oo q

and then R .
C2o= {00 R |Wp(0) < Fg(1-a) },

15 an asymptotic confidence region of level 1 — «v for the parameter of interest 6.

4.5 Some simulation results

4.5.1 Linear model with markovian residuals

To illustrate our methodology, and to compare with Block Empirical Likelihood (BEL
, ), we consider a dynamic model :

Y =607 + ¢, with E[¢e] =0,
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where Z and ¢ are independent Markov chains defined by :
Zo=0and Z; = (0‘3 + 0.671121_2_?0,3) Zioy+0.3(u; — 1), (4.4)
the u; being i.i.d. with exponential distribution of parameter 1 and
o= 0and & = (0.9711537?10_4) e 1+ 0.030;, (4.5)

the v; being i.i.d. with distribution N'(0,1). X = (Y, Z) is then a Markov chain. Let u be its
invariant probability measure. The moment equation corresponding to the linear model is

E,[m(X, 00)] = B, [(Y — 0u2)Z] = 0,

where m (Y, Z),0) = (Y — 0Z)Z.

The chain Z has two types of behaviors : while it is smaller than 0.3, it behaves like an
A.R. (with exponential innovations) with coefficient 0.3 ; if it gets bigger than 0.3, it behaves
like an A.R. with coefficient 0.97. The chain ¢ is i.i.d. normal while it is smaller than 0.03
and is an A.R. with coefficient 0.97 otherwise. This leads to many small excursions and some
large excursions, which are interesting for our method based on blocks of random lengths.

We suppose now that we observe X = (Y, Z) and that we want to find a confidence
interval for 6. Note here that the only assumption on Z and ¢ is that they are markovian of
order 1. In practice, the laws of u and v are unknown, as well as the model of the dependence
between Z; and Z;_; on one hand, and ¢; and &;_; on the other hand. Adjusting a markovian
model to the Z; may be possible but difficult without some previous knowledge. It is much
more difficult to adjust a model to the ¢; since they are in practice unobserved, so that a
parametric approach is unadapted here.

Figure 4.1, composed of 3 graphics, illustrates our methodology. The first graphic re-
presents 300 realizations the 2 Markov chains, Z and e¢. The second graphic represents
Y = 0,Z + ¢ with 6, = 1 and marks the estimated renewal times. As the chain X is 2-
dimensional, the small set .S is a product of 2 set : S = Sy ® Sz. The 2 sets have been chosen
empirically to maximize the number of blocks. X is in S when both Y € Sy and Z € 5.
On the graphics, this is realized when the trajectories of Y and Z are in between the 2 plain
black lines. For ¢ such that X; hits on S, we generate a Bernoulli B;, and if B; = 1, ¢ is
a renewal time. The last graphic gives the confidence intervals built with ReBEL and BEL
respectively, and the 95% confidence level. On this example, we can see that 6y is in the
ReBEL confidence interval but not in the BEL’s one.
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F1a. 4.1 — Trajectories and likelihoods, with 95% confidence level (6y = 1)

We now turn to a simulation with a parameter in R?. Let Z; = (Z},Z2) be a 2-
dimensional chain, where Z! and Z? follow independently the dynamic (4.4). The residual
e remains 1-dimensional and follows the dynamic (4.5). The model we want to estimate
is Y = 6,Z + ¢, and we choose 0y = (1,1)". Figure 4.2 gives the trajectory of Y and the
confidence regions built with ReBEL and BEL respectively.
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F1a. 4.2 — A trajectory for 6y = (1; 1) and 95% confidence regions for ReBEL and BEL

These simulation studies show that BEL may be too optimistic and can lead to too
narrow confidence intervals. To support this point, in the next paragraph, we evaluate by
Monte-Carlo simulations the coverage probability and the power of these regions against

local alternatives.

4.5.2 Coverage probability and power

To study the small sample behavior of our method, we make a Monte-Carlo experiment
(1500 repetition) and compare the coverage probabilities achieved by ReBEL and BEL al-

gorithms. The BEL blocks are of lengths n'/3, as suggested by

(1995).
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F1a. 4.3 — Coverage probabilities for ReBEL and BEL algorithms
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As expected, ReBEL performs better in this framework, for small samples at least. Ne-
vertheless, this is at the price of some loss on the power function. We give in Table 4.1 the
false positive rate of the two procedures, i.e. the proportion of Monte-Carlo experiments for
which 6y(1 +n~'/2) is in the 95% confidence interval. The false positive rate of ReBEL is

twice worse than BEL’s.

n ReBEL | BEL
1 000 0.17 0.09
5 000 0.29 0.12
10 000 | 0.27 0.14
15000 | 0.28 0.14

TaB. 4.1 — ReBEL and BEL false positive rates against 6y(1 4+ n~/2) alternatives.
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4.6 Proofs

4.6.1 Lemmas for the atomic case

Denote Y; = M(B;,6,), Y = 1/1, Zé.":l Y; and define

ln ln
St =1/l Y M(B;,60)M(B;,60) = 1/1, > | Y;Y] and 5,7 = (S7.)7".
j=1 j=1

To demonstrate the Theorem 4.2, we need 2 technical lemmas.

Lemma 4.1 Assume that Eo[M(B,0y)M(B,0y)] exists and is full-rank, with eigenvalues
p > - >01 >0. Then, assuming HO(1,v) and HO(1), we have

o
St, =, Ea[M(B,80)M(B,6,)'].
Therefore, for all u € RP with ||ul| = 1,

o1+ 0,(1) <u'SEu<o,+0,(1).

Proof : The convergence of S? is a LLN for the sum of a random numbers of random
variables, and is a straightforward corollary of the Theorem 6 of ( )
(chapter 5.2, page 131).

Lemma 4.2 Assuming HO(1,v), HO(2) and H1(2,m), we have

1 = o, (n/2
max [[Yj]| = o,(n").

Proof : By H1(2,m),
T1 2
| (S | <o
i=1

and then,
2

Eall[V1]]°] = Ea < o0.

T1
Z m(XZ, 00)
i=1

By Lemma A.1 of ( ), the maximum of n i.i.d. real-valued random

variables with finite variance is o(n'/?). Let Z,, be the maximum of n independent copies of

1Y1||, Z, is then such as Z,, = 0,(n'/?). As [, is smaller than n, max |Y;]| is bounded by
SJSUin

Z, and therefore, max; <<, ||Y;|| = 0,(n'/?).
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4.6.2 Proof of Theorem 4.2
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The likelihood ratio statistic r,,(6p) is the supremum over A € R? of Z;”Zl log(1 4+ \'Yj).

The first order condition at the supremum A, is then :

!
1/1, — =0 4.6
/ Z 1+ AY; (4.6)
7j=1
Multiplying by A,and using 1/(1 +x) =1 —z/(1 + x), we have
! !
. VY YA,
1/, NY)(1——22—) =0, and then \Y =1/, y ———.
/ Z()( ) <0, and hen D
Now we may bound the denominators 1 + AY; by 1+ ||\,|| max; ||Y}|| and then
I
ALY YA, N SE N,
SR s e
LE Y, = (0 [l [mas, [
Multiply both sides by the denominator, A,Y (1 + [|A,|| max; ||Y;]|) > A, SE A, or
ALY > N SEN, — [ ||max||Y||X
Dividing by ||A,|| and setting u = A, /|| \,]|, we have
WY > ||| |w/SEu — max ||Y;]|u'Y ]| . (4.7)
j
Now we control the terms in the [ ]. First, by Lemma 4.1, «'S? u is bounded between

o1 + 0,(1) and o), + 0,(1). Second, by Lemma 4.2, max; ||Yj|| = o,,( 1/2). Third, the CLT

applied to the Y;’s gives Y = O, (n Y 2). Then, mequahty (4.7) gives :
O, (n™12) > (|| [W'SEu = 0, ()0, (n712)] = || A (/ S, u + 0,(1)),

and ||\,|| is then O, (n~'/?). Coming back to the first order condition 4.6 and using the

equality +— + =1—x+ =, we get :

o

! !
- M Y:)? — " YN Y2
O:l/lng Y]-<1_)\;1Y]._|_M)Iy_sl2n)\n+1/ln§:133_7;\/332'.
j=1 n=J

‘= 1+ ALY
The last term is o, (n~"/?) by Lemma A.2 of ( ) and then
Ao =S7Y + 0,(n1?).

Now, developing the log up to the second order,

ln ln
2r(00) =2 log(1+ X,Y)) = 2L, A, Y — LX,SE A +2> 1,

J=1 J=1
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where the 7; are such that, for some finite B > 0 and with probability tending to 1,
In;| < BIX,Y;[®. Since, by Lemma 4.2, max; ||Y}|| = o, (n'/?),

l l
n 1 n
> 11Y;1° < nmax ||| (l— > ||Yj||2> = no,(n'?)0,(1) = 0,(n*?)
J n -
J=1

J=1

from which we find
In In
23 "0y < BIMIE S IV = 0, (n72)0,(n%?) = 0,(1).
j=1 j=1

Finally,
21 (00) = 21\ Y — 1 ALSE N + 0, (1) = 1,Y S, Y + 0,(1) - .

This concludes the proof of Theorem 4.2.

4.6.3 Proof of Theorem 4.3

In order to prove Theorem 4.3, we use a result established by ( ).

Lemma 4.3 (Qin & Lawless, 1994) Let Z,Zy,--- ,Z, ~ F be i.i.d. observations in R?
and a function g : R? x R? — R" such that Ep[g(Z,0,)] = 0. Suppose that the following
hypotheses hold :

(1) Erlg(Z,00)9'(Z,60)] is positive definite,

(2) 0g(z,0)/00 is continuous and bounded in norm by an integrable function G(z) in a
netghborhood V' of 0y,

(3) llg(z,0)|]® is bounded by G(z) on V,

(4) the rank of Er [0g(Z,0y)/00] is p,

D%*g(z,0
(5) % is continuous and bounded by G(z) on V.

Then, the mazimum empirical likelthood estimator 6, is a consistent estimator of 0y and
Vn(0, — 6y) is asymptotically normal with mean zero.

Let’s set
Z =By = (Xry)+1, s Xra2) € U R™
neN

and ¢(Z,0) = M(B,0). Expectation under F is then replaced by E,. Theorem 4.3 is a
straightforward application of the Lemma 4.3 as soon as the assumptions hold.

By assumption, Eo[M (B, 0y)M (B, 0)'] is of full rank. This implies (1).

By H2(a), there is a neighborhood V' of 6, and a function N such that, for all i bet-
ween 74 + 1 and 74(2), Om(X;,0)/00 is continuous on V' and bounded in norm by N(X;).
OM (B1,0)/00 is then continuous as a sum of continuous functions and is bounded for 6 in
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V by L(B;) = Zzg)(l)ﬂ N(X;). Since N is such that E, [N(X)] < oo, we have by Kac’s
Theorem,
T4(2)
Ea| Y N(X)|/Balra] = E4[L(B1)]/Ealra] < o0.

1=7a(1)+1

The bounding function L(By) is then integrable. This gives assumption (2). Assumption (5)
is derived from H2(c) by the same arguments.

By H2(d), ||m(X;,0)|* is bounded by N(X;) for 6 in V, and then

TA(2) TA(2)
IMBLO)P < > (Im(Xn0)° < > N(Xi) = L(B).
i=74(1)+1 i=74(1)+1

Thus, |M(B;,0)|]? is also bounded by L(Bj) for 6 in V', and hypotheses (3) follows.
By Kac’s Theorem,

Eu[ra] "EA[OM By, 0,)/06] = E,[0m(X;, 6y)/06)],

which is supposed to be of full rank by H2(b). Thus E4[0M (B, 0y)/06] is of full rank and
this gives assumption (4).

Under the same hypotheses, Theorem 2 and Corollaries 4 and 5 of ( )
hold. They give respectively our Theorems 4.5, 4.4 and 4.6.

4.6.4 Proof of Theorem 4.7

Let suppose that we know the real transition density p. The chain can then be split with
the Nummelin technic as above. We get an atomic chain X. Let’s denote by B; the blocks
obtained from this chain. The Theorem (4.2) can then be applied to Y; = M (B;, 6y).

Unfortunately, we do not know p, and then we can not use the Y;. Instead, we have the vec-

tors }A/] =M (§j, 6p), built on approximatively regenerative blocks. To prove the Theorem 4.7,
we essentially need to control the difference between the two statistics Y = i Z;”Zl Y; and
Y = in Z;":l }A/] This can be done by using Lemmas (5.2) and (5.3) in

( ) : under HO(4, v),

[
o= onler?) (18)
and under H1(4, v, m) and H1(2,m),
e 1 | & | &
S VAN v | R | Pl N || = —1o1/2
oY - oY -2 Y nZYJ Op, (n"tal/?). (4.9)
J=1 J=1
With some straightforward calculus,
DT U | [ PS | E =
|7 -7 <+ |27 = 27| + | = 1] 7). (4.10)
L || T n ln
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Since

a.s.
% O
n—00

Y

ln — n/EA[TA]

with equation (4.8) and some calculus, we have

lAﬁ - lﬁ (1 + %l n l”) = Op, (Ea[ra]) (1 + Op, (Ea[ra])Op, (0X/?)) " = O, (Ealra))
and

= —1|=
L

By this and equation (4.10), we have :
|7 = 7| < O (Balra) Or, (11 1/2) + Or, (0 )0%, (n72) = O, (020, (4.11)

Therefore

= Op, (Ea[74])Op, (a/?) = Op, (al/?).

l ’_ﬁin L
l

n

WT Y 4 (V2 7)< Y 4 O (alf)

Using this and the CLT for the Y;, we show that n'/ 2y is asymptotically gaussian.
The same kind of arguments give a control on the difference between empirical variances.
Consider

Sp = V¥ and S7° = (7)™

j=1
By Lemma (5.3) of ( ) we have, under H1(4, v, m) and H1(2, m),
%gfn — G2l = Op, (), and then
L L L
| —st zﬁ et R 1’ ISE|| = Or, () + O, (/) = 05,(1). (4.12)

The proof of the Theorem (4.2) is then also valid for the approximated blocks Ej and
reduce to the study of the square of a self-normalized sum based on the pseudo-blocks. We

have 7,,(6y) = SUpcpe {2?:1 log [1 + )\’1/}]-] } Let A, = —:9\{2)/}—1—0&(71_1/2) be the optimum
value of \, we have :
In
27, (00) = =20, \,Y = > (XY))? + op, (1) = 0Y'S?Y + op, (1),
j=1

Using the controls given by equations (4.11) and (4.12), we get

270 (60) = [ln+Op, (nal/?)]- {?’ + Op, (@)] S, 2 +op,(1)]- {? + Op, (@)] +op,(1).

Developing this product, the main term is ln?Slf? ~p, 2r,(0y) and all other terms are

op, (1) : o
27271 00 = ln?S_2Y + op, 1) — X2,
ln L P

Results (b), (¢) and (d) can be derived from the atomic case by using the same arguments.
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Introduction

Empirical likelihood introduced by Owen ( , , ) is a nonparametric inference
method based on a data driven likelihood ratio function. The empirical likelihood techniques
have been widely developed these last years. Refer to ( ) book and the references

therein for a complete bibliography on the topic. Like the bootstrap and the jackknife,
empirical likelihood inference does not require the specification of a family of distributions
for the data. Empirical likelihood can be thought as a bootstrap without resampling or as a
likelihood without parametric assumptions. Likelihood methods are very effective. They can
be used to find efficient estimators, and to build tests that have good power. Likelihood is also
flexible : when data are incompletely observed, distorted or sampled with bias, likelihood
methods can be used to offset or even correct these problems ( , ). Knowledge
arising from other data can be incorporated via constraints under the form of estimating
equations. Other methods can be applied to incorporate side information, like in survey
sampling, ( ), by weighting, ( ) or by data
combination, ( ). This issue can also be linked to an early paper by

( ). Empirical likelihood has the advantage to combine the reliability
of the nonparametric methods with the flexibility and the effectiveness of the likelihood
approach.

A fundamental problem in risk assessment and particularly in food risk assessment is the
diversity of data sources. We often have consumption data coming from different surveys
(household budget panels, food dietary records, 24 hours recall and food frequency ques-
tionnaires) using different methodologies (stratified sampling, random sampling or quota
methods) and analytical contamination data coming from different laboratories. An accu-
rate estimation of a food risk index and its uncertainty are essential since the resulting
confidence intervals for the risk index may serve as arguments for nutritional recommenda-
tions or new standards about the contamination of the food. The aim of this paper is to
show how empirical likelihood can be used to combine different sources of data in order to
estimate a food risk index.

In the first section, we recall that the flexibility of empirical likelihood allows to combine
several independent sources of data. Owen generalizes Wilks’ result, stating that likelihood
ratio in parametric models are asymptotically x?, to nonparametric or semi-parametric mo-
dels. This result allows to build confidence region for simple parameters. We extend this result
to the problem of combining data. We focus on building confidence region for the common
mean of two independent samples. Similar problems have been studied by ( ), see
also chapters 3, 6 and 11 of ( ), pages 51, 130 and 223-225.

In the second section, our aim is to build confidence regions for a parameter of interest
which is a food risk index, using the generalization of empirical likelihood to combine dif-
ferent sources of data. This risk index is defined as the probability that the exposure to a
contaminant exceeds a safe dose d. Exposure to a contaminant that concerns P food products
is calculated as the cross product between the P—dimensional vector of consumptions and
the P contamination values. The safe dose d is called Provisional Tolerable Weekly Intake
(PTWI) when consumption is expressed on a week and body weight basis. For our estimation
problem, we have P+2 samples corresponding to the contaminations of the P products and 2
complementary consumption surveys. The optimization program of the empirical likelihood
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is at first glance difficult to solve in this case, due to the high nonlinearity of the parameter
of interest. Following ( ), a solution is to linearize the constraints defining the
parameter of interest. The linearization consists in decomposing the nonlinear functional
into a sum of independent influence functions using Hadamard differentiability arguments.
Since our parameter of interest is also a generalized U-statistics ( , )
this linearization can be viewed as an Hoeffding decomposition. On the other hand, the high
multidimensionality of the problem requires the use of incomplete U-statistics in the case of
P > 1 (Lee, ). The asymptotic convergence to a x? of the likelihood ratio calculated
with this linearization and incomplete U-statistics is checked and the ideas of the proof are
given in appendix 5.5.3.

In the third section, we apply our results to assess the risk due to the presence of methyl-
mercury (MeHg) in fish and sea products. Indeed, at high concentrations, methylmercury,
a well-known environmental toxic found in the aquatic environment, can cause lesions of
the nervous system and serious mental deficiencies in infants whose mothers were exposed
during pregnancy ( , ). There is also some concerns that methylmercury may give
rise to retarded development or other neurological effects at lower levels of exposure, which
are consistent with standard patterns of fish consumption ( , ,

). The latest epidemiological results compiled by the Joint Expert Committee on Food
Additives and Contaminants ( : ) yields a Provisional Tolerable Weekly In-
take (PTWI) for methylmercury of 1.6 ug per week per kg of body weight. Methylmercury
is mainly found in fish and fishery products. Other food products are therefore excluded to
estimate human exposure in this paper.

The main result of this paper is to show how to improve the estimation of the probability
that the French exposure exceeds the PTWI by combining the two consumption surveys
available in France and the contamination data by empirical likelihood techniques. The
resulting estimator of the probability of exceeding the methylmercury PTWI when eating
sea products is 5.43%. A 95% confidence interval is given by [5.20%; 5.64%].

5.1 Empirical likelihood as a tool for combining data

Suppose that we have two independent samples <X 2

)

and <X 2) which

) 1<i<m ! ) 1<j<ns
are respectively independent and identically distributed (i.i.d.) with distributions P; and P,
with the same mean Ep, (X)) = Ep,(X®) = i € R The empirical likelihood for these two

samples is given by

n1 no
[Trp! T [rep?
i=1 j=1
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where P = {( 5”) , <p§2)) } is the set of weights related to <XZ-(1)> and
1<i<ng 1<j<ns 1<i<ng

; ) , with constraints
1<j<na

ni n2
0<p <1 0<pP <1 Y pl =1, Y =

i=1 j=1

The constraints on the positivity of the weights are forced as soon as log-likelihoods are
considered. The weights being positives and summing to 1, none can be bigger than 1.
Therefore, we only keep the constraints on the sums.

The idea now is to maximize this empirical likelihood product under the constraints
provided by the model :

na ni na
PR i S 35 1, 3 .
j=1 i=1 j=1

This constraints set C'(u) can be augmented by some estimating equations that would
allow to incorporate some knowledge arising from other data or from the model under consi-
deration. For example, the national census provides the margin distribution of the population
according to different criteria (age, sex, region, profession) and could be integrated via esti-
mating equations of the form

ni
S 020 = 2, zp@ 20 =2, 6.
=1

where Z ) and Z; @) are vectors describing the belonging to specified sociodemographic ca-
tegories in surveys 1 and 2 and zq is the vector of the corresponding percentages of these
categories based on the national census. The convergence results will not be affected by the
introduction of such sociodemographic criteria, see ( ) and ( ),
chapter 3, page 51.

At any fixed pu,

Ly no(pt) = sup {Hmpz anpj }

PeC (1)

can be seen as the product of two independent likelihoods : Ly, n,(¢t) = L, (1t) Ly, (1) with

Ly, (1) = sup {Hnrp(”}

(pgr)> 1<i<ny

for r = 1, 2, each set of weights verifying its constraints. Using Kiihn and Tiicker’s arguments
on each optimization separately ( , ), we can write the log-likelihood

bur (1) = = 1og L, ()] = sup {i log [1 A, <XZ‘(T) - ")] }
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where A, € R? is the Kiithn and Tiicker’s vector associated to the constraint ZTpET)XZ-(T) = L.
i=1
Finally the empirical likelihood program is equivalent to

ni n2
lnyny (1) = —log [Lm,nz (1)) = fuf {Z log [1 + A1 (Xz'(l) - M)} + Z log [1 + A (XJ@) o M)] } :
LA2 =1 Jj=1
The likelihood ratio test statistic can be written 7, (1) = 2 [lny ny(Fn) = luy ma (1))
where Ji,, is the estimator : ji,, = argsup,, ly, n, (1t).

Theorem 5.1 (Convergence to a x?)
Let (ngl)) ~ P ii.d. and <Xj(»2)) ~ Py i.i.d. be two independent samples

1<i<ny 1<j<ns
with common mean py € R%. For r = 1,2, assume that the variance-covariance matriz
of X" — pg is invertible and that E [|| X — p]|3] < oo on a neighborhood of pg. If, in

addition, min(ny,ny) goes to +0o and that loglog max(ny, ny) = o(min(ny, ng)'/?), then

T'ni,no (MO) w} X2 (d) :

ni—o0

A confidence interval for pq is thus given by {u }Tmm(u) < x3_,(d)}, where x}_,(d)
is the (1 — )" percentile of the x? distribution with d degree of freedom. The proof of
this theorem is postponed to the appendix, see 5.5.1. The existence of a third moment is
needed to follow the main arguments of ( ). The control max(ny, ng) by a
function of min(n,, ns) is required for the control of [, ,,(0). Other assumptions are classical
in empirical likelihood literature.

5.2 Generalization to the construction of confidence
intervals for a food risk index

In this section, we want to estimate 64, the probability that exposure to a contaminant
exceeds a tolerable dose d, when P products (or groups of products) are assumed to be
contaminated taking into account different data sources. For this purpose, P + 2 data sets
are available : two data sets coming from two complementary consumption surveys and
the P sets of contamination values. In the first section, we have 2 samples and a linear
model constraint. In this section, we want to combine P + 2 samples under 2 nonlinear
model constraints. We assume that the 2 consumption surveys concern the same population.
Therefore the probabilities that exposure to a contaminant exceeds a dose d, estimated with
each consumption samples, are equal, and their common value is 4. Our aim is to estimate
0y and to give a confidence interval.

5.2.1 Framework and notations

For k = 1,..., P, Q¥ denotes the random variable for the contamination of product F,
with distribution Q¥!. <ql[k}> is a Lp—sample i.i.d. from Q. Its empirical distribution

=1,..., L
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is
w1
Qr, = I > 0015

where § (q)=1ifq= ql[k] and 0 else.
1

C") denotes the P-dimensional random variable for the relative consumption vector in
survey r = 1,2, with distribution C("). Consumptions are “relative” consumptions in the sense

that they are expressed in terms of individual body weight. <c§r2 e cgz) = (cgr))
’ 7/ 1<i<n, I<i<n,

is a n,—i.i.d. sample from C) for survey r = 1,2. Their empirical distributions for survey

r=1,2 are
1 &
C(T):_ 5r.
Ny nrizlcg)

The probability that the exposure of one individual exceeds a dose d is 96(;) =Pr (D(T) > d),
P
with D) = Y QWC’IET) when using the survey r.
k=1

5.2.2 Empirical likelihood program

n n L
We define the sets of weights P = {(pgl)) 1 , (p§-2)> i ,{(wl[f}) ' Jk=1,.. .,P}}

i=1 j=1 le=1
associated to the 2 samples of consumption and the P samples of contamination. The empi-
rical likelihood is given by

ni no P Ly
(1) ©)) (K]
Hpi Hpj H H Wy,
i=1 =1 k=1l=1
Ny
with 2 constraints on consumption weights : for r = 1,2, Z pgr) =1 and P constraints on
i=1

Ly,
contamination weights : V1 < k < P, Zwl[f] =1.
=1

Ly
Let Q[Lki denote a discrete probability measure dominated by Q[Lki, that is Q[Lki = Zwl[k](Sql[k]
=1

Ly,
with wl[k} > 0 and sz[k] =1for k=1,...,P. In the same way, Cr(zll) and Cg) are discrete
=1

probability measures dominated by C\) and C, i.e. C{) = Zpgr)écgr) with ngr) > 0 and
i=1 '

Zpgr) =1,7=1,2. E5 denotes the expectation under the joint discrete probability distri-
i=1

—~ P ~
bution D, = [] Q[Lki X CS;), which is the reweighted joint discrete probability distribution of
k=1
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the P contamination samples and the 7 consumption survey sample.
The model constraints can now be written, for r = 1,2,

»
Es {11 {ZQWC,S") > d} - ed} =0, (5.2)
k=1

Theses model constraints on 6, have an explicit (but unpleasant) expression :

Ny L P
forr=1,2: 0;= Q(T) ZZ Z ZPpZ(T) (H w}jj) {qu cgz } .
j=1

1= 1l1 1 lk 1 lpil

5.2.3 Linearization and approximated empirical likelihood

The preceding empirical likelihood program is difficult to solve, both from theoretical
and practical points of view, because of the highly nonlinear form of the model constraints.
The same problem already appears when studying the asymptotic behavior of the plug-in
estimator of #; with only one consumption survey. One solution is to see 4 as a generalized
U-statistic and to linearize it using Hoeffding decomposition (Lee, , ,

). More generally, a method is to linearize the constraints to solve the optimization
problem. This linearization is asymptotically valid as soon as the parameter of interest
is Hadamard differentiable, see ( ) for details. Linearization is made easier by

considering the influence function of ¥Vp=Ep []l { Zle Q[k]CliT) > d} — Qd], where D is the
joint distribution of contaminations and consumptions. The influence function of Wp at point
(qL . .,qp,c(r)) is, for r =1,2:

1

- ed‘ o = c}

P

Z e 11 of) [ﬂzk ey > _ed)Q[m] _q’"] ‘
k#m

1))

This functional of D can be estimated by its empirical counterpart \I/%

1)

the empirical version of D. \If(ﬁ

, Where D denotes

can be written explicitly :

U g1, qp.d = Uo () + U (@) + -+ U (g) + -+ UL (gp), (5.3)
where
1
Uo (C) = P ]lzkpflq[k]ck>d — Qd, (54)
] L sb<te —F
1<k<P
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and, form=1---Pandr =1,2,

Ur(nr) (qm) =

Lm—1 Lmy1

ZZ Z Z Zﬂ qcherquk Yk)>d —04. (5.5)
k;ém

anHLk11lll lm—1=11lpm41=1 lp=1

k;;ém

are generalized U-statistics with kernel ﬂzkpilq[k]ck>d

P

Up (") and the <Ur(,:)(q[m])>
m=1
and degree (1,...,1) € R” see ( ). For simplicity, the dependence in n,., Ly, ..., Lp is

not explicited in the notations.
An approximate version of the model constraints (5.2) can now be written :

for r=1,2: Ej, [\pg) (QW,. ..., ct™] =o,
that is
b, -
szl)U ( 1)>_|_Z Zwlk]U(l < k) _0.
k=1 zk 1 |
n2 P T
S o () 3 [ St ()] <o
=1 k=1 L =1 |

The following theorem establishes the asymptotic convergence of the approximate version
of the empirical likelihood when P = 1.

Theorem 5.2 Assume that we have a contamination data (q;),<,; i.i.d. and 2 independent

consumption samples <c§1)> 1.0.d. and <c§2)> 1.1.d. with common risk index :
1<i<ng 1<j<ns

o) =P =6, e R.

/
Assume that for r = 1,2, Uy (c({)> have finite variances and that <U1(1)(q1), U1(2)(q1)> has
a finite invertible variance-covariance matriz. Assume also that ny, ny and L go to infinity

and that their ratios are bounded, then the empirical likelihood program consists in solving
the dual program

by s, (0a) =
S (1) S @)
> log {71 + MUy <cl- )} + > log {72 + XUy (cl- )}
i=1 =1
sup L X ) . (5.6)
i b s + 3 log {7+ MU (@) + 2UP (@) |
=1

Define the maximum likelihood estimator associated to this quantity = arg supy, lny iy, (0a)-
Define the log-likelihood ratio vy, n,1(84) = 2 [lmm’L <§d) — lm,nZL(@d)} , then

Tn17n27L(9d> - Xz(l)
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The proof of these results is given in appendix 5.5.2. This theorem yields an (1 — )™

confidence interval for 6, such that

{ed : rnl,ng,L(ed) < Xﬁfa(]')} :

From a practical point of view, the linearization of the constraints allows for a good
convergence of the optimization algorithm (for instance by using a gradient descent method
such as Newton-Raphson). The algorithmic aspects of empirical likelihood are discussed in
chapter 12 from ( ).

5.2.4 Extension to the case of several products by incomplete U-
statistics

For P > 1, the computation of the different U-statistics defined in (5.4) and (5.5) becomes

too heavy when the data sets are large (if Ly and/or n, are large). Indeed, one needs to
P

compute at least n, [ Lx terms. To solve this problem, we proceed to an approximation by
k=1

replacing the complete U-statistics by incomplete U-statistics. The properties of incomplete

U-statistics are well described in ( ) or ( ).
Let us define the incomplete U-statistics associated to equations (5.4) and (5.5). Forr =1
or 2, the incomplete version of (5.4) is given by

oy 1 "
Uy s () = B0 >, 1 {; ap ey > d} — 04, (5.7)

O (h..ip)eB”

where the set B((]r) of size B((]r) is a set of indexes ([y,...,[p), randomly chosen with replace-

ment from ® {1,..., Ly

For m = E, ..., P, the incomplete version of (5.5) is given by
r 1 k] (r
TORORE N {z R SN } )
" el Lt el p i) EBY k=m+1
(5.8)
where the set B of size B is a set of indexes Iy, b1, g1, - -, Lp, 1) that are
P
randomly chosen with replacement from ® {1,..., Ly} x{1...n.}.
k=1
k#m

In the following, we will use B = B(()T) = B,(f{), form=1,...,P and r = 1,2. As soon as
B is chosen such as ny +ns + kazl Ly, = o(B), the difference between the complete and the
incomplete versions is of order o( B~/2).

The approximate influence function is now given by

Uy (a1, 4 €)= Uy o () + U Sy (1) + 4 U (@) -+ U

(ap).

pag



128 CHAPITRE 5. RISQUE ALIMENTAIRE

The model constraints becomes then

Zp 0,55 (Cz‘ )) T
na
2 2
Zpg- )UO,B((JQ) (Cg )> +
j=1

Corollary 5.3 Assume that ny, ny and (Lk)lgkgp go to infinity and that their ratios are

bounded. Take B such as ni + ng + kazl Ly = o(B). Then, under the hypothesis of Theo-
rem 5.2, the likelihood ratio for P products, T'n, n, 1,,..0p(04), is asymptotically x*(1) :

k [k
Z wi Ul (@) | =o. (5.9)

_kf .

kY|
Zw k3(2>< )-O.

1 Li=1

117

b
Il

rn1,n27L1 ..... LP(Qd) - X2(]‘)

See the appendix 5.5.3 for the proof. Note in particular that the cardinal B of the in-
complete index set must go to infinity quicker than max{ni,ns, L1, ..., Lp}. As before, this
yields an (1 — a)™ confidence interval for 6, such that

{ed “Tnymg L,..., Lp(ed) < X%*a(l)} :

5.2.5 A faster alternative : Euclidean likelihood

The empirical likelihood program as written in this paper consists in minimizing the
Kullback-Leibler distance between a multinomial on the sample (D; x D) and the observed
data (D; x Ds). Following the ideas of ( ), we replace the Kullback-Leibler
distance by the Euclidean distance (also called the x? distance). When using the Euclidean
distance, the objective function becomes

1
by 1.5 (0) = (2)m1[l£Jl }5 [Z <n1pz ) * Z (nzpj a 1)
k=1,

{pil)vp] =1
P Ly

22 <Lszk - 1) ] . (5.10)

k=1 =1

under the approximated model constraints 5.9 and the constraint that each set of weights
sum to 1. We get a result equivalent to corollary 5.3 :

Corollary 5.4 Under the assumptions of Corollary 5.5, the statistic
Tnine Li,...,.Lp (Qd) - lnl,m,Ll ----- (‘gd) Helf lm,m,Ll ----- LP(Q)

is asymptotically x*(1).

The proof of this result is given in appendix 5.5.4.

The choice of this distance is closely related to the Generalized Method of Moments
(GMM), see ( ), ( ) for precisions on the links bet-
ween empirical likelihood and GMM. Instead of logarithms, the optimization program (5.10)
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only involves quadratic terms and is then much easier to solve, as shown in appendix 5.5.4.
This considerably decreases the computation time, making exploration easier and allowing
to test different constraints and models.

A specificity of Euclidean distance is that the weights pgl), p§2) and wl[f} cannot be forced
to be positives. Under this constraint, automatically realized for Kullback-Leibler distance,

Y01 o Lo, Lp(0a) is not defined for almost all §; € R.

The gain in computation time is counter-balanced by a lost in adaptability to the data
and to the constraints. Numerical results will be given in the applications for both the
Kullback-Leibler and the Euclidean distances. Practical use of these methods shows that
Euclidean distance can be used for initial exploration (looking for the most useful constraints
for example) and to give first-step estimators. Empirical likelihood can then be used on the
final stage, to get precise confidence regions and estimators. The first-step estimators given by
Euclidean likelihood can be used as starting values for the empirical likelihood optimization.
The following example, using large data sets and a complicated model, illustrates the interest
of this strategy.

5.3 Application : Risk assessment for fish and sea pro-
duct consumption

in this section, our previous theoretical results are used to assess the risk due to the
presence of methylmercury (MeHg) in fish and sea products. The risk is characterized by
the probability that the exposure to MeHg exceeds the safe dose of 1.6 ug of MeHg per
week per kg of body weight, defined by toxicologists over the lifetime. Chronic exposure
must be assessed and require reliable estimates of long-term food consumption. Nevertheless,
for technical reasons, collecting individual food consumption on a long term is difficult. In
France, two main data sets are available. The SECODIP panel collecting long-term household
purchases (from 1989 to nowadays) allows the estimation of the chronic probability to be
over the PTWI. Unfortunately data only record households’ purchase. A first approximation
consists in extrapolating household consumptions to individual ones by dividing households’
purchase by the family size. The second source of data is the national INCA survey based on
short-term consumptions (one-week), which allows to calculate the individual probability to
exceed the PTWI on one week. Such a survey does not permit to evaluate precisely chronic
exposure but only to extrapolate a one-week consumption for the life time consumption.

Some unpublished preliminary studies show that the use of INCA or SECODIP survey
for the exposure estimation to methylmercury gives very different results. Those results are
consistent with the literature showing that survey durations influence the percentage of
consumers (due to infrequency of purchase) and the level of food intakes among consumers

only ( , ). Numerous methods have been proposed to extrapolate from short-
term to long-term intake based on repeated short-term measures in the field of nutrition
(see , , ). Another idea developed here, is to combine

information from short and long-term consumption surveys using empirical likelihood. The
variability of food contamination is also taken into account in our model.
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5.3.1 Data description and specific features
Food consumption data

The French “INCA” survey (r = 1), carried out by ( )
records n; = 3003 individual consumptions during one week. The survey is composed 2
samples : 1985 adults aged 15 years or over and 1018 children aged between 3 to 14 years.
The data were obtained during an 11-month period from consumption logs completed by the
participants for a period of 7 consecutive days. National representativeness of each subsample
(adults,children) was ensured by stratified sampling (region of residence, town size) and
by the application of quotas (age, sex, individual professional/cultural category, household
size). From this survey, 92 food items were selected with respect to fish or fishery products.
This includes fish, fish farming, shellfish, mollusks, mixed dishes, soups and miscellaneous
fishery products. Since body weight of all individuals is available, “relative” consumptions
are computed by dividing the amount consumed during the week by the body weight.

The proportion of children (34%) in this survey is high compared to the national census
( , ) (15%) : it is usually recommended to work on adults and children samples
separately. In order to use the two subsamples, we correct this selection bias by adding a
margin constraint on the proportion of children (aged between 3 and 14 years) as proposed
in (5.1. The additional constraint is

Bz [113 0 SM] ~0.15,

where Zi(l) is the age of individual ¢ in the survey » =1 (INCA).
This modifies the form of the dual log-likelihood (5.6) in the part concerning the first
survey. It becomes

ni
Y log {71 + U <c§1>) + Auge (113 Vs~ 0.15) } ,
=1

where A,ge is the Kiithn and Tiicker coefficient associated to the “age” constraint.

The SECODIP panel for fish, from TNS SECODIP (http ://www.secodip.fr), is composed
of 3211 households surveyed over one year (the 1999 year). In this panel, 24 food groups
containing fish or sea products are retained. Individual consumption is created by inputting to
each individual the household’s purchase divided by the number of persons in the household.
We also divide this result by 52 (number of weeks in a year) and 60 (mean body weight).
This results into ny = 9588 individual relative week consumptions.

The differences between the two surveys have many explanations :

— the SECODIP panel is an Household Budget Survey. However

( ) found that, in general, results from Household Budget Surveys in Canada and
Europe agree well with individual dietary data;

— the SECODIP panel does not account for outside consumptions : members of the panel

do not record purchases for outdoor consumptions;

— the INCA survey is realized in a public health perspective. People could modify their

consumption behavior during the survey week in favor of foods they assume to be
“healthy” as fish.
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All these arguments explain the higher fish consumption in INCA survey. We choose to
introduce a coefficient « to scale the SECODIP consumption to account for all these facts
introducing an additional model constraint

E(CW) = aE(C?).

The coefficient « is estimated together with the risk index 6,, leading to confidence regions
for (04, ) calibrated by a x?(2) distribution, i.e. 7y, 5, 1, (04, @) — x*(2). We then optimize
on « for each 6, to get a profiled likelihood on 6.

Contamination data

Food contamination data concerning fish and fishery products available on the French
market were generated by accredited laboratories from official national surveys performed
between 1994 and 2003 by the French Ministry of Agriculture and Fisheries (

) and the French Research Institute for Exploitation of the Sea ( , ).
These L = 2832 analytical data are expressed in terms of total mercury in mg/kg of fresh
weight. Part of the mercury present in the sea can be transform by microbial activity in its
organic form, methylmercury (MeHg), which is the dangerous form to human health. MeHg
is present in sea-foods, the highest levels being found in predatory fishes, particularly those
at the top of the aquatic food chain. According to ( ), ( ),
methylmercury levels in fish and fishery products can be extrapolated from the mercury
content. For this reason, conversion factors have been applied to the analytical data in order
to obtain the corresponding methylmercury (MeHg) concentration in the different foods
considered : 0.84 for fish, 0.43 for mollusk and 0.36 for shellfish.

Contamination data are frequently left censored because of the quantification limits of
analytical methods. In our sample, we find 7% of censored data for which the levels of
mercury were below some detection or quantification limit. We adhere to international re-
commendations ( ) ) and replace the censored values with half the
detection or quantification limit. We refer to ( ) ( ) for
further discussion on the impact of left censored level.

5.3.2 Results when considering one global sea product

We first merge all the products of interest into a single group, “sea products”. Any conta-
mination data is attributed to the total individual consumption of sea products. Calculations
can therefore be performed using the complete U-statistics of degree (1,1).

Figure 5.1(a) shows the two 95% confidence regions for the couple of parameters (6,6, «).
We compare the results obtained with and without the constraint on the proportion of
children. The unconstrained confidence region for (¢, a) is marked by a dotted line, the
solid line corresponding to the constrained confidence region. We can see that the constraint
make the 2 surveys closer (« is smaller, the confidence region is translated to the bottom)
and decrease the risk (6, ¢ is smaller, the confidence region is translated to the left). Children
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(a) Empirical likelihood confidence region (b) Empirical likelihood ratio profile

horizontal axis is 0 g, vertical axis is « horizontal axis is #; g, vertical axis is T'ni e,y

F1G. 5.1 — Empirical likelihood for one product (solid, with age constraint ; dot, without age
constraint)

are known to be a more sensitive group to food exposure because of their higher relative

consumptions : they eat more compared to their body weight than adults. When adding the
1

%

age constraint, the discrete probability measure related to the INCA survey, the (p ) ,
1<i<ny

are modified so that children become less influent, which explains the risk reduction and the
decrease of a.

Figure 5.1 (b) shows the profiles of the empirical likelihood ratios (7, n,.1,(61.6)). We get
2 profiles, the dotted line corresponds to the unconstrained case. The horizontal line gives
the 95% level of the chi-square distribution (x3s, (1)), limiting the confidence interval for
the risk index. The 95% confidence interval for 6, ¢ constraining INCA children proportion is
[3.08% ; 3.47%)] and the risk index estimator is 07 ; = 3.27%. The optimal scaling parameter
is a* = 1.31. This is an estimation of the factor to convert individual food purchases of sea
products into individual consumptions of sea products.

When the constraint on age is ignored, the estimator of 6, ¢ is the arithmetic mean of
INCA survey and a—scaled SECODIP data (marked by the vertical dotted black line).
Indeed, the best correction « is when both means are equal and then the maximum of the
likelihood for 6 g is this common value. The SECODIP data has then no effect on the value
of the estimator but has an effect on the confidence interval : uncertainty is reduced thanks
to the large sample of consumption values provided by the SECODIP data.

Euclidean likelihood : The Euclidean distance is not as sharp as the Kullback dis-
crepancy, which is used in the empirical likelihood case. Moreover, the constraint on age
being linear and only on the smaller consumption sample INCA, the associated term in the
Euclidean likelihood is small in front of the risk index term, which is nonlinear and concerns
both consumption samples INCA and SECODIP. The effect of the constraint is thus highly
reduced : confidence regions as shown in Figure 5.2 (a) as well as profiles as shown in Fi-
gure 5.2 (b) are almost identical. They give results quite close to what is obtained with the
constrained empirical likelihood.
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L 1 L L L L L L
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(a) Euclidean likelihood confidence region (b) Euclidean likelihood ratio profile

horizontal axis is 0 g, vertical axis is « horizontal axis is #; g, vertical axis is T'ni e,y

F1G. 5.2 — Euclidean likelihood for one product (solid, with age constraint ; dot, without age
constraint)

5.3.3 Results when considering two products

Products are now grouped into two types of sea products, the first one is fish and the
second one is mollusk and shellfish. We have L; = 1541 values of contamination for the fish
group and Lo = 1291 values for the second.Calculation are done using incomplete U-statistics
defined in equations (5.7) and (5.8) with a size B = 10000. « is here 2-dimensional.

The confidence interval for the risk index is [5.20% ; 5.64%)] and the estimator is given
by 67 = 5.43%. The correction factors on SECODIP data are af = 1.8 and o = 1.65.
Figure (5.3) shows the profile of the empirical likelihood ratio. The probability calculated
when products are considered as a single group is smaller than when products are gathered
into two groups (see also , ). Consequently in order to improve this risk
assessment, it would be interesting to go deeper in the food nomenclature of both surveys to
create more groups but it is not possible with the available SECODIP food nomenclature.

5.4 Conclusion

This paper shows how empirical likelihood method can be generalized to combine different
sources of data. We apply our theoretical results to assess the risk due to the presence of
methylmercury in fish and sea products. We combine the two different main French consump-
tion surveys and some French contamination data in order to estimate a food risk index.
Results show that empirical likelihood is a powerful method to build confidence intervals for
this risk index using all the available information.
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F1G. 5.3 — Empirical likelihood ratio profile for two products with age constraint (horizontal
axis is 0.6 and vertical axis iS 7y, ny 11,10
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A technical improvement would consist in using a statistical method to disaggregate
household purchases into individual “at home” consumptions and correct for the difference
between “at home” and total food consumption. ( ) proposes such a method
for the decomposition of household nutritional intakes into individual intakes accounting for
outside consumptions. In an empirical likelihood program, this method would require the
estimation of a great number of parameters which may cause optimization problems. This
kind of methodology could however avoid the use of an ad hoc scaling parameter « between
SECODIP and INCA panels. We plan to explore this issue in further works.

From an applied point of view, we obtain with different methods combining the available
information that the probability to exceed the PTWI is of the order of 5%. This can be
considered as an important risk at a population scale. It also motivates some further works
to characterize the at-risk population.

Acknowledgments : We thank Christine Boizot (INRA-CORELA) for the support she
has provided in handling the SECODIP data as well as Jean-Charles Leblanc (AFSSA) for
the contamination data. Many thanks also to Patrice Bertail (CREST-LS) for his careful
reading of the manuscript. All errors remain ours.

5.5 Proofs

5.5.1 Proof of Theorem 5.1

When i € R, the theorem can be linked to a special case of Chapter 11.4 of ( ),
with (XM, X® 1) = (XD — p)(X® — p).

From now on, we suppose, without lost of generality, that the true value of 1 is 0. Write
P = P, ® P, and n = min(ny,n2). o and O are all taken in probability. The Lagrangian of
our optimization program can be written :

n1 n9 n1
o (T Tms? ) ot 3558
i=1 j=1 i=1
no ni
S = (S =1 ) e (71
j=1 i=1

The values of the Lagrange Multipliers depend on u. To emphasize this dependence for the
most important multiplier, we will denote A,.(u). We note j1 the point where the maximum

of log <HZ L 1D; M) [152, n2p§2)) is realized.

The proof follows the main arguments of ( ) @ we first check that p
goes to zero at least at a slow rate (n~'/%). Then we use this result to control \,(71). This
gives us a better approximation of i that is sufficient to obtain the asymptotic convergence.

A first control of i. As pointed previously, at any fixed pu, l,,, n, (1) can be studied as
the sum of two independent suprema : [y, », (1) = Iy, (1) + 1y, (1) From the proof of Lemma
1 of ( ), we have that :
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(i) there exists ¢, > 0 such as, if ||| > nr"/® then I, (1) > ¢,

(i) Iy, (0) = O(loglogn.),
o -1/3 1/3
(ili) if ||p]| < me "7 then A () = O(n, 7).
Using (i), if ||p]] > n™Y3, we get that I, ,.,(1) > en'/?, where ¢ = min(cy, ¢;). Using
the equation (ii), l,,0,(0) = O(loglogn; + loglogns). Then, under the assumption that
log log max(ny,ny) = o(n'/3) and for n large enough, ,,, ,,,(0) < cn'/3. Then the optimum of

In, ., is reached at a point i such as ||z]| < n=Y3.
Control of A\, (fi). Following ( ) Chapter 11.2, we have :
A (0) = 5.%(0)(X, — 0) + o(n, 12), (5.11)

J— /
with X, = 2 57 X and §2() = 230 (X}’") - u) (X}’") . u) r=1,2.
T rz:l

We need a similar expression for \,.(71). As ||z1]| < n~'/3, we already know by (iii) that
Ae(f1) = O(n=1/3). This allows us to expand the constraint > .", pgr)Xi(r) = [ to obtain
equations similar to (11.1) and (11.5) in ( ),

1 X" —q -y -
0=— . =X, —fi— S2(MA\(0) + R (5.12)
i 14 MNA(1) <X(T) _ﬂ)

with [|RJ| < L 50 11X = AP @I |1 - 2@ (X0 7))
Following the lines of the proof of Lemma (11.2) of ( ), since E| |XZ~(T) —1]? < o,
we have max; ||XZ-(T) —nll = o(ni/g) and therefore \.(11) <XZ-(T) — ZZ) = 0(1). Then

-1

I1R|| = O(1)O(n;**)O(1) = O(n;*?*) = o(n;'/?).
By (5.12), we have then,
A1) = 872 (X5 — 1) + o(n, 12, (5.13)

A closer control of i. To find i, we take the derivative of the Lagrangian with respect
to u, we get

A1 () + naA, (1) = 0. (5.14)
Replacing the expression of A,.(j1) given by (5.13) into (5.14), we get
Sy (1) (X1 — 1) + 128y *(0) (X — i) = op(n'/?),
and
7i = (mST2(0) 4+ 1255 2(1) " (ST X0 + n2Sy (1) X2) + op(n™172). (5.15)
To simplify the statement, we now write S2 = S-2(0). Since we have ||z1|| < n~'/3, we get
S, (1) = 8, +op(1) (5.16)

and finally we have the expression

o= (n151_2 + 71252_2)71 (71151_271 + 77/252_272) + Op(n_l/Q) _ OP(TL_l/Q),
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Asymptotic behavior of r,, ,,. By chapter 11.2 of ( ), we have :
21, (0) = n,X.5-2X, + op(1).
As i = Op(n~1/?), a similar expression is also valid for 21, (17)
2, () = 1 (X, — Y72 — 7) + 0p(1)
and then by (5.16), we obtain

20, (1) = (X, —0)'S74(X, — 1) + op(1)
= 20,.(0) — 2n, XS 20 + n, V'S 21 + op(1)

Finally, it follows

Tning (0) = 2 [lm n2( ) - nl RQ(O)] + OP(l)
= 2l (1) = 10, (0)] 4 2 [l (72) — 1, (0)] + 0p(1)
|:2 <TL1X S + TLQXQ S ) — ,IZ’ (71151_2 + 71252_2)] //L\ + OP(l)

Using the expression (5.15) of 1, we get
~ —2 —2 e ot o _ _ay- _ _
,u/ (77/151 + 77/252 ) = (an/lsl 2+n2X/252 2)(71151 2+n25’2 2) l(nlsl 2+n25’2 2)+op(n1/2)

= (n17/151_2 + n27/252_2> + 0p(n1/2),
yielding

Ty (0) = [2 <n17'15;2 + n27'25;2> - (mY;S;Q + nQY;S;Qﬂ i+ op(1)
= (n151_271 + n252_272)/ (71151_2 + 71252_2)71 (71151_271 + TLQSQ_QYQ) + OP(l).

The Lindeberg-Feller Central Limit Theorem gives the convergence of 7, »,(0) to a x?(1).
The only condition to check is that, for all € > 0, as ny,n, — 00,

Buy s ZEP[ vyt ]1|Y<1>|>5]+ZE YOI ] —0 (Ga7)

7j=1

—-1/2

with ¥,") = (0,572 4+ 1555 2) "7 572X, The ¥; and Y} being i.i.d., we have

)

Buin, = Ep [nlYi(l)/Y(l)]lm(l)|> ] +Ep [ngy v 21 Y(2)|>E] .

V") is of order Op(n="/?) and therefor 1

f tends to zero in probability, whereas

|Yi(1>|>€
n, YY" is asymptotically y2(1). By Slutsky’s Lemma, the product tends to 0 and then

)

B, n, — 0. This ends the proof.
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5.5.2 Proof of Theorem 5.2

First, we consider the empirical likelihood optimization program for two consumption
surveys and one food product. Recall that Uy (¢) and Ul(r)(q) are dependent of 0 :

U() Z ]l{qlc >d} — Qd and U (T) Z 1 (r) Qd, for r = 17 2.

The program is to maximize

ni ng L
IR IS I (5.18)
=1  j=1 1=1

under the constraints

n1 ng L
Zpﬁl) =1, Zp§2) =1, szzl,
pr)U (c 1))+szU1 (@) = 0, pr)U (c 2))+ZwU1 @)

To carry out this optimization, we take the log of (5.18). This forces the weights to be positive.
The difference between these constraints and the nonlinear ones defined in equation (5.2) is

0 <Nf1/2> where N, =n, + L.

First approximation of the weights We need an approximation of the weights to control
the order of the Lagrange Multipliers. In order to obtain such an approximation, we consider

an easier program. As the expectation of U <c§1)> , Up <c§2)) and Ul(r) (qi) are zero, we consider
the likelihood ™, " 152, ]3? [T/, @ under the additional constraints :

ni L
> i (V) =0, Z Up () =0, S @t (@) =0,r=12 (519
i=1 I=1

The constraints are thus splitted in two, each contraint concerning only one set of weights.
The optimization program is therefor divided in 3 independent sub-programs, the 2 first on
the p A{ s being the classical empirical likelihood for the mean and the last one on the w;’s
havmg 2 constraints. As done in ( ), Theorem 1, we have a control on the
order of the optimal weights of each sub-program :

1 1
= — with t, = O(n;/?)
" 0y ()
- 1 1
W = — with 7, = O(L™/?).

L1+, my (00 (@), U (@)
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The optimum of this new program, which is given by the optimum on each of the 3 sub-
programs, is smaller than (5.18), because we added constraints :

n n L n n L
[ T2 T < T T1 T
1=1 j=1 =1 1=1 j=1 =1

This means that weights in (5.18), the pgl)’s, p(-2)’s, and w;’s, are closer to 1/ny, 1/ny and
1/L than the f)f-l)’s, ]3§2)’s, and w;’s. Notice that

Nr

2.

i=1

n

() = 5L ()

1+ 4,0, (eﬁ)

a1
s L

T

< |t nii ‘UO (4”))2 +olt,) = O (n;12). (5.20)
Ti=1

Then, coming back to the original program (5.18), we have :

ZPET)UO (CE )) < niz UO <C§r)> + Zpir)UO (ér)) . Z niUO (ér))
i=1 T =1 i=1 i=1 "
1% <r>) oo 1 < <r>)’
S n Zzl UO <Ci —+ Zzl D; n, UO C;
RS O\ N~ | L ")
< n_TZZlUb(CZ ) ‘f‘zzl D; —n—r Uo(Ci ))
=0 (n,"?),

by standard CLT arguments on Uy (cgr)) and (5.20).

By similar arguments on w;, we have

ni n2
S0 () =0 (), S0 (&) =0 (),
=1

L
and ZwlUl(T)(ql) =0 (L7'?). (5.21)
=1

Lagrangian The optimization program (5.18) can be rewritten

()
m(&)X H <w17 Ya sP; 5 Vry )‘1"
Wy, Ya 7pir s Yy Ar
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with :
H <wl7 Ya> pz y Vro )

L R R R

=1

A [;pg”Uo () + ZwlUl ql] ~ [Zpl 'y () +ZwlU1 ql)].

(1T) — % — AUy <C§T)> = (0 and the similar expression for glves that

, 1 1
pz( ) = and w; = . (5.22)

Y 4+ AU <C§T)> Yo+ MU (@) + XU (@)

Note that we also have

(7“) (r)
Z P (7«) — =\ Zp Us (V) =0 (5.23)
=1
and using the constraints, we get that

. mH S 9 0H
0= Zpi op) + Zpi e

i=1 7 =1 )

OH
a—=n1+n2+L—%—’m—%- (5.24)
Wy

The problem (5.18) can be rewritten using (5.22) and (5.24) in the dual form

ni n2
> log {71 + MUy <c§1))} + > log {’72 + XUy <c§2)>}
i=1 =1

sup

L
1 2
A A 32 1og {0+ MU (@) + 201 ()}

Furthermore, combining (5.23) with
A
i=1

gives that ~, = n, + v,, where v, is given by A, - O(nr_lﬂ) and then

r 1 1

p; = = and w; = @) @ .
n, + v, + AUy <CZ-T> L —v — vy + MUy (@) + AUy 7 (1)
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Let us consider the case of the w;. Adapting Owen’s proof, equation (5.21) for r = 1
combined with (5.22) yields for the (w;), constraint

O (L’l/Q) _ iw i U1(1)(QI)
i=1 i1 L—u _712+)‘1U1 (QI) +)\2U1(2)(QI)
o= v+ MU (@) + 20 @)] - U (@)

— VU — U+ )\1U (Ql) + )\2U( (@)

—_

)

=1 =

A 2 A U1+ Uy &
= Ul(l) - fl sz [Ul(l)((n)} - f ZwlUl(l)(QZ)U1(2)(Ql) + % ZwlUl(l)(ql),
‘ i=1 i=1

—_

where U1(1) =L Zle Ul(l)(ql). The last term is equivalent to (v; + vo)O(L™3/2) and then
can be included in O (L~*/2)

07 =3 [ ]+ 3wt @+ 0 ()

Using Owen’s arguments, we get

—5 MT 0], A T @], A
vl +0 (L2) = 2ol + Ful0P, v v o (172) = o]+ oo,

5 -
where [Ul ] =L! ZZ 1 [ (ql)] and Ul(l)Ul(Z) =L Zle Ul(l)(ql)Ul(Q)(ql)z. This can be
rewritten :

-1

_ o

SR vl o 0y +0(L717) (5.35)
= — W B .

: R L I A Gy

As the empirical variance-covariance matrix convergences to the non-degenerated variance-
/ _ [
covariance matrix Ep [(Ul(l) U1(2)> <U1(1) U1(2)>] and as Ul(l) and U1(2) are of order O(LA/Q),

it follows that A; and A, are of order O(L'/?).

(r)

When considering p; ’ instead of w;, the calculus are easier and we get in a similar fashion

L
oo () ot

— 2
o T 31 2,0 (47) T =52 o ()]

Now that we control the size of A, at the optlmum for both n, and L with (5.26) and
(5.25), the arguments of ( ) chapter 11.4 and the proof of ( )

give the expected convergence of 7, . 1.(04) = 2 ( Ly ny..(62) — lnl,nQ,L(é\d) to a X%l).
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5.5.3 Proof of Corollary 5.3

The preceding arguments may be generalized to the case of P products. We give here a
proof for P = 2. The incomplete U-statistics related to the contamination of the 2 products
are denoted U, érl)g and UZE,%' The difference between the incomplete and the complete statistics

are of order O(B~'/2), and then does not affect the asymptotic results. The program consists

in maximizing
Hp ICRIC ‘”wa
i=1 =1

under the constraints :

n n La .
legl) - 17 ZQp’EQ) - 17 Zwla} = ]" wal[b} - 17
3 (4) + ot (o) + ol () =0
350 () + Lol () + L () =

with for r = 1,2 and k = a, b, we can check with similar arguments that

ZPZ 0,8(" <Ci )> =0 (nr_lﬂ), ZwlU 50 [ q } =0 (L;ﬂ).

We get as before for r = 1,2 and k = a,b
. 1 1
pz( ) = = and wl[k] = MY
e+ 0+ AUy oo (cl- ) Ly + vy + MU i <ql ) 4 U@ O <q )

with v; + vy + v, + v, = 0 and the proof follows the same lines as for 1 product.

5.5.4 Proof of Corollary 5.4

The objective function of the program is now

TR TR0 ) 91 CETCREV I 3 ol (T 1 ¥

Q{szvk]klvvp}r1z1 k=1 lp=1

We get then simpler expressions, which allow to reach explicit solutions for the weights.
For the sake of simplicity, we present the results for two consumptions surveys and one
food product (P = 1), the optimization program can be rewritten

ni ng L
% min Z (nlpgl) — 1)2 + Z <n2p§2) — 1) + Z (Lw; — 1
{pl ,p§2>7m} i=1 i=1 =1
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under the constraints :

ni n2 L
S =1 S =1 Yt
=1 =1 =1
ni L "2 =
> 000 (V) + > wtPa) =0, 3P0 () + 3wt (@) =0

Define

ni

H(.) = %Z (nlpgl) 1)2 + % (ngpl ) + - i Lw;, — 1
=1 =1 =1
1 [ipgl)Uo< ) +isz1 (@) ] — A2 ZP ( o’ ) ZwlUl (q) ]
im1

=1
Zpﬁl) - 1] — 7 [sz@ 1| =7 [Zwl - 1] .
i=1 =1 i=1

Then the first order condition of the optimization program leads to

n2

8H/8p§r) = nr(nrpgr) - 1) —v -\ <c§r)> =0

,77’ + )\T’UO <CZ(T')>
so that we get p( N = 4

5 . As the weights sum to 1, we have
n, n?

S -+ MUY —
1=3 0 — 1 AT o - AU,

i=1 M
and finally
m_ 1 Yo <C§r)) o 0 @) - v U ) - Uy
D - — + A o2 and w; = T + M\ 72 + A2 12

The constraints can be rewritten
— = [V () v ()] - cou (v u?)
U’ +U7" + )\ - + 7 + A2 7 =0,
v <Ué2)) % (U{”) 1 Co (U{”, Uf”)
UP +UP + )\ 7 + N 7 =0,

where V and Cov denote the empirical variance operator, V(X) = (X?2) — (7)2, and the
covariance operator, Cov(X,Y) = (X -Y) — X - Y. These terms do not depend on 6.



144 CHAPITRE 5. RISQUE ALIMENTAIRE

Note that Uér) = Ul(T) by definition of these U-statistics and write it U("). The optimum
is then reached at

X () ) em(ee®) 17w

=2 Py @\ 7 (@ —

A cov(v{U{?) v(ui) +V(U1 ) U
L no L

Thus the optimal value can be computed explicitly. Finally, replacing the values of the
weights and the \’s in the optimization program, we get :

ey [T\ [ ) et 1 (7
(n17n27 >—§ m Cov(Ul(l),Ul(g)> V(Uég)> +V(U1(2)> m
I3 na L
Case P>1:

We also use this framework for the 2 surveys 2 products context. The form of the Eucli-

dean likelihood is almost the same, with U := UO(T) = Ul(r) = UQ(T) and we easily get by
straightforward calculous

l(n17n27 Lla LQ) =

m / V(UéD) V(Uf”) i V<U2(1>> Cov(U1(1>,U1(2)> n COU(U51)7U2(2>> -1 m

g ni 1 Lo L 5
2| 7w Cov(Ul(”,U{Q)) COU(U2(1),U2(2>> V(Ué2>> V(U1(2>> V(U2(2>> 7o |’
L1 + L2 no _'_ L1 + L2

and the result follows.
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6.1 Introduction

Trends in obesity have become a major health concern in France as well as in many
developed and developing countries. According to the WHO health standards, individuals
are overweight when their Body Mass Index (BMI), which equals their weight in kilograms
divided by their height in meters squared, is over 25. In 1990, 29.7% of French adults aged
over 15 were overweight against 37.5% in 2002 (OECD Health Data 2005). Overweight and
obesity are associated with a number of comorbidities, such as heart diseases and diabetes,
which represent an increasing financial burden. Although overweight and obesity are less
prevalent in France than in the UK, the US or Greece, the medical cost of obesity was
already 1 billion euros in 1991 (Detournay et al., 2000). This suggests an obvious arena for
policy intervention through taxes, subsidies and information (Boizot-Szantai and Etilé, 2005).
However, calibrating public intervention requires that social interactions in the consumer’s
weight control problem be identified, because they induce social multiplier effects (Clark and
Oswald, 1998). In this perspective, this paper investigates social interactions through social
norms.

We use the French survey “Enqueéte sur les Conditions de Vie des Ménages”. This general
survey covers roughly 10 000 people in 5000 households. In 2001, it included a detailed health
interview of one person in each household with information on actual body weight and height,
as well as a measure of ideal body weight. Using the latter, we ask whether ideal BMI predicts
attitudes towards food, and whether social norms influence ideal BMI.

The economic setting is a microeconomic model, in which the individual utility has two
arguments : (i) a private return function, which depends on food consumption and a nu-
meraire good; (ii) a loss function, which increases in the differences between actual BMI
and various reference points. We consider three types of reference points : social norms sus-
tained by preference interactions (Manski, 2000); habitual weight, which induces costs of
adjustment ; an idiosyncratic bliss point.

We assume that the loss function represents satisfaction with weight, and we expect
individuals to focus on this argument of their utility function when asked to declare their
desired weight. Hence, a first key assumption is that ideal body weight maximises weight
satisfaction. A second assumption is that costs of adjustment may be convex or concave,
with a discontinuous first derivative around habitual weight (see Suranovic et al., 1999, for
a similar assumption regarding smoking cessation). Last, the loss function is the sum of the
costs of deviation from the reference points. The model has two predictions : first, individuals
with high marginal adjustment costs around habitual weight are more likely to declare their
habitual weight as their ideal ; second, for individuals with low marginal adjustment costs
around habitual weight, ideal weight is a weighted average of the latter, their social norm,
and their idiosyncratic bliss point.

Investigating the role of social norms requires that groups of ‘significant’ others be appro-
priately defined, and that a measure of social norms in these groups be constructed. Using
findings from social psychology, we argue that averaging ideal BMI in groups of ‘significant’
others yields a proxy measure of social norms on body shape. Gender, age and occupation are
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used to define these groups, although education and occupation are found to be interchan-
geable. Individuals are ‘significant’ to each other if they have the same sex and occupation,
and their age difference is lower than 5 years. A spatial weight matrix is then constructed to
compute a proxy measure of social norms.

We are not able to propose a structural test of the model because marginal adjustment
costs can not be identified. We just observe that, for about 40% of the sample, actual and ideal
BMI are equals, so that actual BMI is a good proxy for habitual BMI. Those individuals who
would like to gain weight (10% of the sample) are likely to have specific health conditions.
For the remaining 50% - those individuals who want to slim -,we estimate an equation that
specifies ideal BMI as a function of social norms, actual BMI (our proxy for habitual BMI)
and individual characteristics (following the model’s second prediction). We identify this
equation by instrumenting actual BMI and our measure of social norms. We use the estimator
Continuously updated GMM (CUP-GMM) proposed by ( ), which is
linked with the Smoothed Empirical Likelihood (SEL) estimator of Kitamura et al. (2004).
It exploits optimally the moment conditions implied by the exclusion restrictions. The CUP-
GMM estimator is easier to implement than the SEL estimator, because it is based on the
x? divergence, instead of the Kullback-Leibler divergence. We find that it is generally more
efficient than the GMM when instruments are not weak.

There are two important results. First, simple regressions of attitudes toward foods on
ideal BMI and social norm reveal that social norm has no effect per se while ideal BMI does,
actual BMI being held constant. Second, the elasticity of individual ideal BMI to the social
norm is lower than 0.9.

The paper is organized as follows. Section 2 discusses the main findings from the lite-
rature. Section 3 presents the data and explains why ideal body weight may be used to
measure social norms. Section 4 develops the theoretical model. Section 5 develops the empi-
rical specification and outlines the identification issues. Section 6 presents the new estimator.
Estimation results follow in Section 7. Section 8 concludes.

6.2 Obesity and social norms

6.2.1 Key findings from the economic literature

Economic explanations of the obesity epidemic focuses essentially on the role of two fac-
tors : food prices, i.e. the price of calorie intakes, and sedentariness, .e. the price of calorie
expenditures. The full price of a meal has fallen since forty years, because the costs of pri-
mary food products have declined, as well as those of food preparation (see inter alia Cutler
et al., 2003). Using American micro data, Lakdawalla and Philipson (2002) find that reduc-
tions in food prices may account for 40% of the obesity epidemic in the U.S. While time
spent on preparing meals and eating at home has not reduced in France, long-period time
series show a decrease in the prices of energy-dense food relatively to the price of fruits and
vegetables (Combris et al., 2006, Warde et al., 2006). Hence, the cost of an healthy diet is
now much higher than that of a fat- and sugar-rich diet, which clearly contributes to the
epidemic (Darmon et al., 2004 ; Drewnowski et Darmon, 2004). Furthermore, as emphasized
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by Philipson and Posner (1999), while most individuals were paid to exercise in the agricul-
tural and industrial societies, this is no more the case in post-industrial societies with public
welfare. Hence, the price of calorie expenditure has risen.! Yet, considering Lakdawalla and
Philipson’s results, a large part of the individual variance has still to be explained, and so-
cial norms are candidate variables for this. In this perspective, Burke and Heiland (2005)
propose a dynamic model in which social norms on BMI for period ¢ depend on the actual
BMI distribution at time ¢ — 1. Social norms act as a social multiplier : a price decrease has a
direct positive effect on calorie intakes, which moves the BMI distribution towards the right ;
the social multiplier effect is produced by the subsequent increase in the social norm, which
reduces the cost of over-eating for the individual. Using simulation methods, the authors
find that the social multiplier effect increases the skewness of the BMI distribution, which
is consistent with time trends observed in American data. Hence, studying the role of social
norms is of particular importance.

Until the beginning of the nineties, norms were considered by mainstream economics as
preference variables, and nuisance parameters for the empirical analysis of public policies.
Yet, a number of norms are backed by explicit interactions on the labour and marriage
markets. This is shown by a number of empirical papers, which define the medical threshold
for overweight and obesity as the social norm. For instance, Averett and Korenman (1996)
and Cawley (2004) find significant differences in economic status (income and hourly pay)
for white obese women in America. Averett and Korenman show that this differential is
essentially accounted for by differences in marriage probabilities and spouse’s earnings. Using
French data, Paraponaris et al. (2005) suggest that time spent in an unemployment spell
is positively correlated with the body mass index.? Various sociological experiments have
shown that overweight is considered by recruiters and supervisors as a signal for unobservable
predispositions, such as laziness, lack of self-control (gluttony), an higher probability of illness
etc. As long as these defaults are believed to be negatively correlated with productivity (the
so-called ‘halo’ effect), an informational discrimination can arise, especially in the race for
job positions that require self-control, dynamism, and leadership.? This may explain why the
obesity wage penalty is more important in high income occupations than in low ones (Carr
and Friedman, 2005).*

While overweight is penalized, thinness yields a number of benefits. New markets have
developed upon the ideal of thinness, which has largely diffused in the western middle and

1Using aggregate American data, Cutler et al. (2003) cast some doubt on this explanation by showing that
the share of the population in energy-demanding jobs is quite stable since twenty years. To our knowledge,
accurate data on trends in energy expenditures are not available for France.

2However, this study fails to control for unobserved heterogeneity, and the presence of a “third factor”
accounts for the negative weight-labour correlations in some social groups (Cawley, 2004)

3Veblen (1899) noted that “those members of respectable society who advocate athletic games commonly
justify their attitude on this head to themselves and to their neighbours on the ground that these games
serve as an invaluable means of development. They not only improve the contestant’s physique, but it is
commonly added that they also foster a manly spirit, both in the participants and in the spectators.” Since
the end of the nineteenth century, sport and many activities of body control are associated with positive
spiritual values.

4An alternative explanation emphasizes that high income positions are generally proposed with employer-
sponsored insurance. The obesity wage penalty would simply represent the employer’s risk premium (Bhat-
tacharya and Bundorf, 2005).
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upper classes after World War I1.° The high division of labour in the sector of entertainment
renders possible for individuals from lower social classes to succeed, even if they have no
other capital than their body. This is sometimes an incentive to deviate from the norms
of one’s own social background. Last, the medicalisation of obesity has also led individuals
to consider their weight as a risk factor for health. One standard prediction of the health
demand model, is that individuals with higher lifecycle wage profiles have higher incentives
to remain healthy : sticking to the medical standards of thinness is an health investment.

6.2.2 Why social norms may produce endogenous effects ?

From our point of view, the empirical literature has not paid enough attention to the fol-
lowing subtle distinction between social norms on body weight. First, norms may arise from
expectations interactions. A standard example is the statistical discrimination on the job
market, whereby obese individuals are expected to be less productive because data available
to human resources services show correlations between obesity and productivity (Manski,
2000). More generally, facing the same constraints, either in terms of body characteristics
demanded on the labour market, or in terms of returns to health investments, individuals
with similar occupations are likely to have similar perceptions of ideal body weight. Follo-
wing Manski (1993), this is a correlated effect, which in a sociological perspective produces
standards of behaviours rather than social norms.

For sociologists, norms emerge from preference interactions with ‘significant’ others, be
they individuals with the same social status and from the same social class or not.® They
consider that, in the long run, external constraints are internalized by the social group, in the
sense that they induce institutionalized role expectations that are sustained by reactions of
group’s members.” For instance, while Bourdieu (1979) recognizes that social norms on body
weight are generated by market mechanisms, because the body is a component of human
capital,® he also emphasizes that they are internalized by individuals in social schemes of
perceptions.” Following this view, social norms produce endogenous effects and not only

°Kersh and Morone (2002) state that thinness became a prevalent standard around 1890 in the U.S.,
before its medicalisation, and in close connection with Christian moral concern. But the 60s were probably
the key moment (standards the 60s were certainly the moment of history, where controlling one’s body
(through birth control inter alia) became the norms : thinness was a symbol of freedom for middle and
upper-classes women.

6To our knowledge, the notion of ‘significant others’ dates back to Festinger (1954), who proposed the
hypothesis that individuals make permanent comparisons to the behaviours and the expectations of members
of a reference group, which determine feelings of satisfaction.

"See Horne (2001) for sociological perspectives on norms and on the process of internalization (behavioural
regularities becoming role expectations and ultimately values/preferences).

8 “The interest the different classes have in self-presentation, the attention they devote to it, their aware-
ness of the profits it gives and the investment of time, effort, sacrifice and car which they actually put into
it are proportionate to the chances of material or symbolic profit they can reasonably expect from it. More
precisely, they depend on the existence of a labour market in which physical appearance may be valorized
in the performance of the job itself or in professional relations; and on the differential chances of access
to this market and the sectors of this market in which beauty and deportment most strongly contribute to
occupational value.” (p. 202)

9 “Tastes in food also depend on the idea each class has of the body and of the effects of food on the
body, that is on its strength, health and beauty [...] whereas the working class are more attentive to the
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correlated effects. The latter do not generate a social multiplier, while the former do, which
is important in a public policy perspective.

A key question is how to measure social norms. One solution is to rely on observations
of norm-related sanctions. But regarding body shape, norms are generally enforced via the
emotions triggered by other’s or one’s own view on oneself, and there are no formal enforce-
ment mechanisms in the group (Amadieu, 2002). As in Stutzer and Lalive (2004), we rather
use a proxy measure of “individual’s beliefs about how one ought to behave”.

6.3 Constructing a proxy measure of social norms

6.3.1 Ideal and actual BMIs in the data

This paper uses data from the survey “Enquéte Permanente sur les Conditions de Vie des
Ménages” EPCV2001), which was carried out by the INSEE (the French National Statistical
Agency) in 2001. It contains information at both the household and the individual levels, and
one randomly-drawn individual in each household answered a detailed health questionnaire.
The starting sample consists of 5194 individuals in the same number of households. Given
the presence of missing values, 3972 individuals are kept for the analysis. All variables are
presented with descriptive statistics in Table A.1., Appendix A.

All measures of height and actual and ideal body weights are self-declared. We are not
able to correct for declaration biases.!” Throughout the paper, we use the BMI as a measure
of body shape. BMI is a good predictor of overweight- and obesity-related morbidity. It
also adjusts body weight for differences in height, which gives a more precise picture of
individual’s body shape than body weight alone. It thus takes into consideration both medical
and aesthetic concerns with body weight. Our measure of ideal BMI is based on the following
question “What is the weight you would like to reach or keep ?”. The distributions of actual
and ideal BMIs are shown in Figures A.1. and A.2. of Appendix A.

Figure A.3. in Appendix A reports the distributions of the difference and the contrast
between actual and ideal BMIs in the left and the right frames respectively. For 40% of the
sample, actual and ideal body weights are equal. Only 6% of the sample wants to gain weight.
They have peculiar characteristics. For instance, they are more prone to mental disorders
and negative affects : 19% of them take a psychiatric treatment against 14% in the whole
sample, 25% feel lonely (vs. 15%), etc. Third, more than 50% of the sample would like to
loose weight. In the sample, the average ideal BMI is about 0.95 time the average actual
BMI. For those who want to slim, this coefficient is about 0.9, which is the ratio factor that

strength of the (male) body than its shape, and tend to go for products that are both cheap and nutritious, the
professions prefer products that are tasty, health-giving, light and not fattening.[...] It follows that the body
is the most indisputable materialization of class taste, which it manifests in several ways. It does this first in
the seemingly most natural features of the body, the dimensions (volume, height, weight) and shapes (round
or square, stiff or supple, straight or curved), which express in countless ways a whole relation to the body,
i.e., a way of treating it, caring for it, feeding it, maintaining it, which reveals the deepest dispositions of the
habitus.” (p. 190).

10Data with both self-reported and measured weights are not yet available for France. See Chou et al.
(2001), Lakdawalla and Philipson (2002) and Cawley (2004) for correction procedures in US data.
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is typically found for the whole population in American data (Burke and Heiland, 2005).
Hence, there is probably less discrepancy between actual and ideal BMIs in France than in
the US.

6.3.2 Using ideal BMI to measure social norms

The economics of social interaction often posits that norms operate through individual
expectations of average behaviour. However, as noted by Elster (1989), social norms are
“sustained by the feelings of embarrassment, anxiety, guilt and shame that a person suffers
at the prospect of violating them.[...]. Social norms have a grip on the mind that is due
to the strong emotion they can trigger”. Some psychological studies have found that these
feelings are associated with the discrepancies between the representations of attributes indi-
viduals actually possess and the attributes they would like to possess or ‘significant’ others
believe they ought to possess (see for instance Tangney et al., 1998). Hence, ideal BMI is
a measure of both individual aspirations and what ought to be. Sociologists define norms as
‘ought’ statement that are based on shared representations of ideal attributes (Horne, 2001).
Following these arguments, this paper constructs a measure of social norms on body shape
by averaging the perceptions of ideal BMI in the group of ‘significant’ others.

For this view to be consistent, there are three conditions. First, the individual-specific
social norm (i.e. the mean reference-group ideal BMI) should affect individual perceptions of
ideal BMI. Second, the latter should have a causal effect on actual BMI. Third, conditionally
on ideal and actual BMIs, norms must have no effect on food choices. Our data set does not
allow us to test the second and third conditions, so that we essentially focus on the first one.
However, Section 7 reports some results on the correlations between ideal BMI and attitudes
towards food.

6.3.3 Defining appropriate groups of ‘significant’ others

As noted by Manski (1993), it is worth having some a priori knowledge of who are the
‘significant’ others. French sociologists supposes a prior: that occupation and gender are the
main variables that explain social differentiation in actual and ideal body shapes (Bourdieu,
1979, Regnier, 2006). Differences in food habits and foodways by occupation groups and
cohorts have also been extensively described (Grignon and Grignon, 1999). Qualitative ob-
servations suggest that the lower social classes face a dissonance between the norms of eating
and the standards of healthy eating, which partly explains their risk excess for overweight
and obesity (see for instance Lhuissier, 2006). However, although gender and occupation are
important, other sociodemographic characteristics such as age, education or localization may
play some role.

A necessary condition for a social norm to exist in a social group is that its members’
perceptions of ideal body weight are correlated. Individuals belong to the same social group if
they are close in the social space spanned by the attributes that define the groups. These at-
tributes {Q!, .., Q", ..., Q%} are necessarily discrete, because a social group exists only insofar
as they are entrance hurdles (Goblot, 1925). As a consequence, the Q"s are not commen-
surable. We have to work separately on each )", and to estimate auto-correlation in ideal
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BMI for each Q" distance metric. Let W* denote the ideal BMI, and take the normalization
w* = W;;W*, an interesting statistics is the auto-covariance at distance 0 for the whole
W*

sample :

. ) 1 T = Tf,i ] w;“w*f
F0,Q") = 2124 112 — f.j} 7 (6.1)
> Zj HQ; = gt #J}
Auto-correlation at distance 0 tells us whether individuals with similar characteristics Q"
tend to have similar ideal BMI. Hence, the higher is (0, Q"), the more likely it is that social

norms matter.

We first compute F (0,Q") by gender for age, education and type of residential area
separately. F (0, Q") is the highest for the age distance metric. Borrowing a procedure from
Conley and Topa (2002), we then regress ideal BMI by gender on polynomials of age. Then,
we examine the auto-correlation at distance 0 in the residuals. The results are reported in
Figures B1 and B2 for men and women respectively. The black squares represent average
point estimates. The upper and lower bounds of the 95% confidence regions are the 5 and
95 percentiles of bootstrap estimates (with 250 bootstrap replications). Auto-correlation
at distance 0 is significantly positive for the education distance metric, both for men and
for women (the first vertical line). It is not the case for men, when one considers occupation
(the second vertical line in Figure B2).!! However, we can repeat the procedure, and regress
ideal BMI on age and occupation dummies, then take the residuals and examine their auto-
correlation. There is no more auto-correlation for the education distance metric. At every
stages, autocorrelation for the localization distance metric is not significant. Hence, using
gender, age and occupation is sufficient to capture social clustering in individual perceptions
of ideal body shape, although education and occupation are interchangeable. We thus stay
in line with existing literature in sociology . Individuals are connected in the social space if :
(1) they are of same sex; (ii) they have no more than 5 years of age difference; (iii) they have
the same occupation.'? Section 4 uses this definition to construct a spatial weight matrix.

Section 3 now proposes an economic setting to guide the empirical analysis.

6.4 An economic model of ideal body shape

This section connects the previous perspectives on ideal body shape and social norms
with the economic literature on social interactions and adjustment costs. It relies on the
conjecture that the structure of the questionnaire induces a framing effect : as ideal body
weight is asked just after actual weight has been recalled, the discrepancy between actual
and ideal BMIs is interpreted as a measure of satisfaction with weight or body shape.

More precisely, we consider an agent whose action set at time ¢ is summarized by the
consumptions of food F; and non-food goods C;. They affect the BMI W, through a weight

1 As this is a two-step method, we should have bootstrapped the whole procedure. This is left for a future
version of the paper.

12The age criterion is somewhat arbitrary. Ideally, the age “window” should vary by gender and cohort.
This is left for a future version of the paper.
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production equation :
W, = w(thla Ci—1, Wtfl)- (6-2)

We assume that the utility function U(.) is separable into weight satisfaction W.S(W;) on
the one hand, and satisfaction from other commodities (including food) C'S(F;, Cy) on the
other hand. Weight satisfaction is a function of actual BMI and various reference points. The
distinction between one’s own view and others’ view on ideal body shape is represented by a
partition of weight satisfaction into the private and social losses produced by the deviation
from the various reference points. There are three types of reference points : social norms,
habitual weight which produces adjustment costs, and idiosyncratic bliss points.

6.4.1 Social norms

Weight satisfaction is the sum of private and social returns. The latter are captured by
v(Wy; W) where W is the social norm. Following Lakdawalla and Philipson (2002) and
Burke and Heiland (2005), social returns are functions of W, only, are concave, and peaks at
a reference weight W7 : the closer is W, from W/, the higher is individual’s well-being. A key
assumption is that W; and W/ are complementary in the sub-utility function v(.), so that
utility is comparison-concave, and its concavity depends on the marginal cost of deviating
from the reference point (Clark and Oswald, 1998). As in Akerlof (1997), we consider a
quadratic loss function :

1
oW W) = =577 (W = WY)°, (6.3)

where 77 is positive and might be specific to the social group g the individual belongs to.

6.4.2 Habitual weight and adjustment costs

Loosing weight is not easy mainly because body weight is produced by a set of consump-
tion habits (foodways, exercise, smoking and drinking behaviours essentially), which induce
adjustment costs. For instance, adopting healthy foodways requires a number of knowledge
such as how to buy healthy food products, how to cook them properly etc. There is a selection
effect, whereby many individuals are unable to change their habits on the long-term. There
are also specific cognitive adjustment costs when one follows hypo-caloric slimming diets.
During moments of high-awareness, dieters generally avoid answering to their basic caloric
needs (as signalled by the sensations of hunger and satiety). In this case, the body interprets
calorie restrictions as a threat, protects its fat reserves, and send signals that induce losses
of control especially during moments of low awareness (Heatherton et al., 1993, Basdevant,
1998).13

We thus introduce the adjustment cost function I'(.) to take these specific private returns
into consideration. I'(.) is quadratic :

IBLaboratory experiments that present food to dieters and non-dieters generally observe that tempting food
alone does not defeat dieters’ motivations, but it does so when it is associated with other external factors such
as emotional arousal (Herman and Polivy, 2003). Lack of self-control may reinforce in individuals negative
feelings about themselves, making a success in the future more unlikely.
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73_(VVt - Wth)2 + VT_WVt - Wth)] >
Wy — W2+ A3t (W, — Wth)] if Wy > W,
h

1_h— oY) 1(717)2 : h

_ 5/}/2 Wt_ Wt_’yg__ —573_ Zf WtSWt,
R\ 2 A+ 2

—[%vé” (m—(wﬁ-%)) —g(%)} if W,>W

The main characteristics of adjustment costs is that their right and left first derivatives
may not be continuous at the habitual weight level W/ : 4"+ > 0 > 4"~ For most individual,
slimming only induces adjustment costs so that 44" = " = 0, and 47~ < 0. Individuals
with chronic illnesses such as cancer or AIDS have problems for gaining weight : for them,
i+ > 0. Adjustment costs are asymmetric and may be convex, as in the problem of smoking
quits (Suranovic et al. 1999). Convex adjustment costs are observed when a small decrease
in calorie intakes - or equivalently in actual BMI - yields a dramatic loss of utility. Hence,
the sign of v is not fixed a priori.

6.4.3 Idiosyncratic reference points

A concave loss function u(.) which peaks at an individual reference point W}, captures
the remaining idiosyncratic variations in ideal BMI :

1
w(Wi WY) = a(Fy, Cr) = 577 (Wh = W)™, (6.5)

Note that 4P is positive.

6.4.4 A mesurement equation for ideal BMI

Given a static income constraint mpF; + C; = I;, where I; is income, the consumer’s
utility at time ¢ is :

V(Fy) = UI[CS(F, I —mpF); WS(Wy)] (6.6)
1 1
with WS(W) = =297 (We = W) = 297 (W = WI)? + T (W, W),
with respect to F;. The following equivalence can be noted :
1
WS(Wy) = =55 (Wi — W2,
with
* 1 — -
Wi = g YWY+ WY + 1{thwth} (’Yg Wth - ’Y? ) + 1{Wt>Wth} (’YngWth - ’Y{LJF)} , (6.7)
S = ’yp + ’79 + 1{Wt§Wth}'yg_ + ].{Wt>Wth}’yg+,

where 1y, cypny equals 1if Wy < W/ and 0 otherwise.
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The key conjecture underlying the paper is that having to declare one’s actual body
weight just before one’s ideal weight induces a framing effect : individuals focuses on weight
satisfaction, which is —3S (W, — W;)? in the individual utility function, and the private
returns from actions are separable in the pleasure of food consumption and the utility of
body shape. Food consumption enters in C'S(.), while body shape enters in W S(.). As such,
when asked to declare their ideal body weight, individuals focus on weight satisfaction : ideal
BMI maximises weight satisfaction, and equation (6.7) can be considered as a measurement
equation that links the ideal BMI to the main preference parameters.

There are four situations (the first and second cases are illustrated by the Figures C.1.

and C.2. in Appendix C.). Let W/ = fovg WP+ Wfﬂ/g Wi .

~ W < WP and — (42 +~9) (WP — W) < 4"~ then the marginal cost of slimming
at W[ is lower than its marginal benefit in terms of conformity to the reference weight.
Ideal BMI is then

* 1 — —
Wi = g [’Ythp + 'Ythg + 73 Wth - 'Y{L } ) (6-8>

S = P+ 4+

S I W < W and 0 > — (47 4+ 49) (W — W) > 4%~ then the marginal cost of
slimming is greater than the marginal benefit of conformity so that ideal BMI is simply
habitual BMI.

— Symmetrically, when W/ > W}/ and — (% +~9) (W} — W) > 4% then :

. 1
Wi = g [’Ythp + 'Ythg + 'YngWth - 'Y{Lﬂ ) (6-9>

S = P+ +nt

— When W/ > W} and A0 > —(42 + 49) (W — W) > 0 then ideal and habitual
BMIs are equal.

Since actual weight is the best measure for habitual weight at time ¢, the shape of
adjustment costs around habitual weight explains why ideal and actual BMIs are equal
for many individuals.'* Before estimating (6.8) in Section 7, Sections 5 and 6 present the
econometric methods.

6.5 Econometric specification

6.5.1 Model specification

The theoretical model suggests a two-steps strategy for the empirical analysis : in the first
step, model the inequality conditions that lead to equations (6.8) and (6.9) ; in a second step,
estimate these linear equations with a correction for the selection bias. Unfortunately, it is

14 Another obvious reason is that there are measurement errors (‘heaping’ effects for instance) in answers
about ideal body weight.
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well-known that the first-step selection equation is identified only if there are some variables
that determine selection but do not enter equations (6.8) and (6.9). The selection conditions
derived from the model do not provide such variables. Moreover, absent a good measure
of WP, the structural model can not be estimated. In the current version of the paper, we
focus on the sub-sample of individuals who want to slim. We start from the following linear
specification for ideal BMI, which is the structural equation for the sub-sample :

Wi = a9W7 + BIW + (1 —a? = B9)YWP — 417, (6.10)

h
7! gt
od = g _ 2

P = 6.11
VP + 9 AT VP + 9 AT (6.1

Let @ be the variables that define group membership (age, gender and occupation), and
U(Q) the interaction dummy that defines social group membership. E(W}|¥(Q) = g) is our
measure of ;. Dropping the time index (we only have cross-section data), a measurement
equation is therefore :

W =B EW*U(Q) =g) + ko + 1", (6.12)

where 1*9 is a random measurement error term with mean zero, and k; and ko are parameters
for the structural measurement errors. While equation (6.10) will be estimated on the sub-
sample of individuals who want to slim, the expectation E(W*|¥(Q) = g) is taken over the
whole sample.
The best predictor of W" for the econometrician is actual weight W, so that a measure-
ment equation for W" is :
Wh = ksW + ky + 0", (6.13)

where n*" is a measurement error with mean zero.

The idiosyncratic reference point WP is a function of observable and unobservable indi-
vidual characteristics. Let H represents individual variables that could affect perceptions of
ideal body shape (such as income, area of residence, marital status etc.); E(H|¥(Q)) are
contextual effects, whereby individuals have similar perceptions due to the average within-
group observable characteristics'®. We assume that :

WP =0E(H|¥(Q)) + 6H + n*.

The measurement biases ks + 7*" and ky + n*9 are specified as linear functions of obser-
vable or unobservable individual or group-level characteristics, so that a general econometric
counterpart of equation (6.10) is for individual 7 :

G G
Wy =Y a'l{i € gt EW*[U(Q) = g) + > 571{i € gtksW; + SE(H;|W(Q,)) + 6 H, + i,

g=1 g=1

where 7; is an error-term with mean zero. It captures the effect of unobservable individual
characteristics. When it is correlated with @ (E(n;/Q;) # 0), there are correlated effects,

3 Imagine for instance that there is some segregation by social class on the marriage market. Then, ideal
body weight in this social class may depend on the average rate of singles, which determines somewhat how
competitive is the class-specific marriage market.
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whereby agents in the same group behave similarly because they have “similar unobserved
characteristics or face similar institutional environments” (Manski, 1993). Obviously, the
impact of market-based social norms depicted in Section 2 may be interpreted in terms
of correlated effects when they only represent external economic constraints that are not
internalized by individuals as preference parameters.

We have defined the social norm W*9 as the mean reference-group ideal BMI. For each
individual 7, it will be estimated by averaging W* over the other group’s members.'® Using
results from Section 3, we construct a N x N spatial weights matrix D, which specifies for
each observation 7 the set of her neighbours. Basically, this is a matrix of 0 and 1, and
d;; = 1if i and j are members of the same social group (and d; = 0 by convention). We
standardize the elements of this matrix by Zj d;j. Then, a N x 1 vector W containing in

row ¢ a first-stage estimates of W*9 for individual ¢ is constructed as : W* = DW*. Note
that even if the estimation sub-sample will not include individuals whose ideal and actual
BMIs are equal, these observations will be used to construct D. Equation (6.10) becomes in
matrix notation :

W* =aDW* + W + 6E(H|¥(Q)) + 6H +n, (6.14)
where DW* equals E(W*|¥(Q)), @ = ki, B = k3.

6.5.2 Identification issues

The specification raises several identification issues (cf. the discussion in Manski, 1993).
First, the o are not identified, because by definition W*9 takes only one value for group
g, so that there is no within group variation of social interaction effects. Hence, we have to
impose the restriction that Vg, a9 = o and as a consequence Vg, 39 = [.

Second, taking expectations of (6.14) with respect to (@) reveals that DWW* is a function
of E(H|¥(Q)) (and E(n|¥(Q)) if there are correlated effects). The collinearity between these
variables implies that the effect of E(W*|¥(Q)) is not identified without further assumptions.
As it is often the case in models of social interactions, we will assume that there are no
contextual effects : 6 = 0. The model becomes :

W* =aDW* + W + §H + 1. (6.15)

Third, following Manski, the model is identified if E(n|¥(Q)) = 0 (no correlated effects).
As this is unlikely to be the case (at least because contextual effects are omitted), we have
to instrument DW* = E(W*|¥(Q)). Actual weight might also be endogenous (E(n|WV) # 0),
because unobservable individual characteristics such as tendencies to cognitive restrictions
have simultaneously a negative effect on ideal body weight and a positive effect on actual
weight. Actual weight will be instrumented by the education levels, assuming that conditio-
nally to actual weight education has no direct effect on individual’s ideal body weight. We

164 is excluded to avoid an obvious source of endogeneity.
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will use the same set of instruments for the social norm. Since there are four education levels
for two variables, the model is formally over-identified.

To estimate (6.15), two methods are implemented. As a baseline estimator, we use a
Generalized Method of Moments (GMM) that exploits orthogonality conditions between the
set of instruments and the residuals. We also propose a method from the empirical likelihood
literature, that constructs from the instruments an optimal set of moment conditions : the
Continuously updated GMM (CUP-GMM) method proposed by ( ).
This method has two key advantages : estimations are more precise and asymptotic normality
has not to be used for computing p-values. Section 6 below presents the empirical likelihood
method.

6.6 Econometric method

6.6.1 Empirical likelihood estimators

Suppose we have an i.i.d. data set Yy, --- Y, whose p.d.f. fp.(y) depends on parameters
0 and 7. The latter is a nuisance parameter and 6 is the parameter of interest. To find 6,
a parametric likelihood method can be applied, if one is willing to assume that the p.d.f
belongs to a specified parametric distribution family. The likelihood of the data reads :

v(0,7) = ][ fo- (V0. (6.16)

The estimator of (6,7) is (A, 7) = argmax{logv(d,7)}. One key problem here is that the
econometrician has to impose strong restrictions on the distribution of the data. For instance,
to estimate linear equations such as Z = X6 + ¢ , one can take fp.(y) = ¢ (y_Tw) where
y = (z,2), ¢ is the standard normal p.d.f. and o is a nuisance parameter. For the sake of
simplicity, we suppose that X is nonrandom.

Empirical likelihood has been designed as a means of relaxing these restrictions when 6
has to satisfy the following moment condition : E[m(Y, )] = 0. Actually, the more general
choice for fy,(y) is the multinomial density, because it has as many degrees of freedom as
there are observations :

(y) = 6.17
for(y) {O otherwise. ( )
with 0 < ¢; < 1 and )" ¢ = 1, the corresponding probability is @ = > | ¢;0y,, where 0y
is the Dirac measure at Y. Here, we have 7 = (¢1, @2, ..., ¢») and the dependence of fy - (y)
in @ appears through the moment equation(s). This lead to the Empirical Likelihood V' (9),
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which is defined as a function of 6 only (Owen, 2001) :
V(@) = max{V(0,7) | E[m(Y,0)] =0}, (6.18)

= max 0.-(Yi
i1 for (Yom(Yi,0)=0 7 H four(

= max ;-
1 aim(Y5,0)= H e
The estimator is then given by 8 = argmax{log V(6)}.
To test the moment condition, one can build a parametric likelihood ratio :

max, {U(H,T) ’ S m(Y,00) foo(y) = O}
max, - {v(f,7)}

r(fo) = (6.19)

which is asymptotically x%, where d is the dimension of m. The equivalent for empirical

likelihood is

max, {V(0,7) > i, ¢gm(Y:, 6p) =0}

R(6o) = maxg, {V (6, 7)} ’

(6.20)

Again this ratio is asymptotically x3. If the parametric likelihood ratio is to be used as a test
of the moment condition under the specification of the p.d.f., the empirical likelihood ratio
yields a confidence region for 6y under the moment condition. # is then in the confidence
region with level 1 — « if R(6) is smaller than the 1 — a-quantile of a y%. The urge difference
is that no parametric assumption has to be done on the p.d.f. fy .. Furthermore, additional
moment conditions can be easily handled in this framework. Estimators, confidence intervals
or tests can be efficiently achieved by using empirical likelihood.

The main technical difficulty, evaluating the empirical likelihood V() at any given 0, is
resolved by a Lagrangian program :

logV(0) = max {logV'(0,7) | E[m(Y,0)] =0}, (6.21)
= max {log (H %‘) } ,
Z?:1 Qim(Yiae):O =1
Z?:l q¢i—a=0

= H;ixiglog(qi) —nA ;Qi m(Y;, 0) — (Z g — 1)

which lead to g where \* is the optimal multiplier and depends on 6. To

_ 1
- n(Arm(Ye,0)+1)
find 6, one has then to maximize over 6

log V(0 Z log ( ; T 1)> (6.22)
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At this point, it is interesting to note that

~

log(R(#)) = nlog(n) + log V(0), (6.23)
= nlog(n) + log (H qj‘) , (6.24)
= K(Q", F,)

where K is the Kullback-Leibler discrepancy, P, is the empirical probability measure on the
data set (3.1, 2dy,) and Q* = Y"1 | ¢7dy,. is the multinomial probability measure obtained
after the optimization of (6.21). Bertail et al. (2006b) show that the asymptotic convergence

~

property of 2 <n log(n) + log V(Q)) to a x3, i.e. of 2K(Q*, P,), is conserved if we change the

discrepancy. Bertail et al. (2006a) propose to use a penalized version of the Kullback-Leibler
discrepancy, the Quasi-Kullback :

n

K@ P) = (1-2) <mog<n> +log <H qz) + (g - 1>> +5 3 (g~ 17, (6.25)

i=1

where € is set by bootstrap, to improve the confidence level of the region. Notice that choosing
e = 1leads to K1(Q*, P,) = 2 >, (ng; — 1)?, which is almost equivalent to the Generalized
Method of Moments, see Bertail et al. (2006a) or Bonnal and Renault (2001).

6.6.2 Estimating conditional moment by smooth empirical likeli-
hood

This paper is interested in the estimation of linear equations, which can be rewritten
as conditional moment equations. Consider the equation y = X6 + ¢, where ¢ is an error
term. Suppose that some of the r.h.s. variables are endogenous, and that we have a set of
instruments Z for these variables. Then, the set of exclusion restrictions that identifies 6 is :

Ely — X6|Z] = 0. (6.26)

Note that one use more often the less stringent condition E[(y — X0)Z] = 0, which is a
necessary but not sufficient condition for (6.26) to hold. A number of econometric articles
are devoted to the search for an optimal moment condition derived from (6.26) : what is
the best function A(.) such that the condition E[(y — X0)h(Z)] = 0 gives the most efficient
estimates of 67

Kitamura et al. (2004) introduced the Smooth Empirical Likelihood (SEL), modifying

(smoothing in some sense) the empirical likelihood program to use efficiently conditional mo-
ments conditions. Suppose that the data is composed of observations (y;, X;, Z;) and that the
previous moment condition E[m(Y, 0)] = 0 is replaced by a conditional moment condition, ta-
king the more general form E[m(y, X, 0)|Z], where 6 € RY is the parameter of interest and m
is some regular differentiable function from X' xR? — R". The problem is that the empirical
counterpart of the conditional moment condition is : Vi, E[m(y, X, 6)|Z;] = 0. Unfortuna-
tely, conditionally to Z; one observes only one couple (y, X) so that E[m(y, X, 0)|Z;] has no
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direct empirical counterpart. Kitamura et al. propose to use the observations j that are close
to ¢ for a metric distance on Z, which smoothes the conditional equation in some sense. For
using observations j in the neighbourhood of ¢, one may compute weights w;; on the couples

(Z;, Z;) using a kernel @ :
Zi—7,
* (%)

- —Zj ; (¥> (6.27)

wl-j

where h is an appropriate bandwith.
In a second step, one has to solve for each i the optimization program :

Z%’ =1, Zqijm(yjan79> = 0} (6.28)
J=1 j=1

and then to optimize L(#) = Y ., L;(f) with respect to 6.
We remark that, for each i, Kitamura’s program is equivalent to the following opti-

L;(0) = sup {szj log(gi;)
j=1

(gi5)j

mization where W, = % Z?Zl w;;0,, x, replace the usual empirical probability measure
% Z;L=1 Oy;.X; -
B0 = inf (K(@.W) (629
inf W;(1) — Q;(1) /1 QN (6.30)
=n in (1) —Qi(1) — [ lo i :
@;m(y,X,0)=0 & dWl
= sup {—)\/ Z wijm(yj, Xj, 9) — Z W5 lOg (1 + )\'m(yj, Xj, 9))} s (631)
Aer , :
Jj=1 7=1
= Z w;; log(w;;) — sup {Z (i log(ql-j)} , (6.32)
Jj=1 > dii=1 j=1
i aiym(y;,X;,0)=0
j=1

As D75 wy;log(wiy) is the supremum over 6 of L;(6), 5;,(0) is actually the likelihood ratio.
SEL is then re-interpreted as the minimization of the Kullback discrepancy between the
probability (Q;) of (y, X)|Z; and a first step kernel estimator (W;).

Here again, SELL method can be modified as for Empirical Likelihood, by replacing K
with the y? discrepancy :

Bin(0) =n inf {K(Q,W,)} = inf ZM (6.34)

m(Z,0)=
@,m(Z6)=0 X1 @i =1 j=1

> j=1 ai;m(Z;,0)=0

See ( ) for a complete study.
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6.7 Results

Central to this paper is the idea that social norms do not affect behaviours directly, but
through individual perceptions of ideal body weight. Hence, before estimating our model of
ideal body weight, we show that ideal BMI predicts some attitudes towards food.

6.7.1 Ideal body weight as a predictor of attitudes towards food

Economists are often reluctant to use subjective variables, because they are not revealed
by observable actions : what are the incentives for telling the truth about one’s own ‘ideal’
BMI? One way to answer this question is to examine whether the discrepancy between
actual and ideal BMI, i.e. weight satisfaction, predicts attitudes towards food. Since we only
have cross-section data, we are not able to produce a causal analysis, as for instance Clark
and Georgellis (2004), who show that past job satisfaction predicts current job quits. Here,
prediction means correlation.

The data contains information on some of the consumer’s behaviours and attitudes. The
interesting variables are : the subjective health (coded in 4 levels), the perception of the diet
quality (4 levels), the frequency of consumption of low fat or sugar products, the restrictions
on food products that are motivated by concerns with their fat or sugar content, the last
day consumptions of carbohydrated drinks and alcohol (see Table A.1. in Appendix A).
Our intuition is that, if ideal BMI matters, then individuals who feel overweight should eat
healthier products (with less fat and sugar for instance). When asked to evaluate the quality
of their diet, they should perceive it as rather unbalanced. Last, we should observe negative
correlations between the deviation from ideal BMI and subjective health.

Controlling for a number of variables (income, education, etc.), we have estimated pro-
bit and ordered probit models of the attitude variables, with 5 key explanatory variables :
DIFFNEG, DIFF0, DIFFPOS, the logarithm of the BMI and the logarithm of height. De-
note actual and ideal BMIs respectively by W and W*, then we define DIFFNEG, DIFFO,
DIFFPOS as :

DIFFNEG — { ~WW/We) if W <W?, (6.35)
0 otherwise.
(1 if We=wr
DIFFQ = { 0 otherwise. (6.36)
pIrFpos — { MW/WH) if W, (6.37)
0 otherwise.

These three variables intend to capture asymmetric effects of deviations from ideal body
shape.

Table D.1. in Appendix D reports the results for the 5 key explanatory variables.'”
The regression results are clear : given actual BMI, those individuals who feel overweight
(an actual BMI greater than their ideal BMI) also feel in worse subjective health (see the

ITFull results available upon request from the authors.
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coefficient on DIFFPOS). They perceive their diet as being less healthy. They are also more
likely to declare restrictions on unhealthy food. They declare consuming more often sugar-
free products. Their last day consumption of sodas and alcohol is lower. The picture is also
fairly consistent for those who feel underweight. They also feel in worse subjective health,
tend to perceive their diet as less healthy, are less likely to declare restrictions or to declare
consuming light products. However, their last-day consumptions of alcohol or sodas tend to
be lower.

The discrepancy between actual and ideal body weights is correlated with a number
of behaviours and attitudes. Ideal body weight captures information about individual prefe-
rences that are not captured by actual weight. Moreover, given weight satisfaction and actual
weight, the correlations with our measure of social norm are always insignificant. These are
suggestive evidence that, if social norms affect behaviours, this is through individual percep-
tions and not directly.

6.7.2 The effect of social norms on ideal body weight

Tables D2 in Appendix D reports the main results. The econometric method is indicated
in the first row. QK-SEL means that we use the SEL estimator with a x? divergence. For
each regression, the point-estimates of the coefficients are reported, as well as their p-values.
All BMI variables are in logarithm.

The first column (OLS / 1) produces OLS results from a specification, which controls
only for the H and the education variables. Men have an higher ideal BMI than women
(+11%), as expected, and the age effect is increasing concave. The occupation dummies are
often not significant, but workers, farmers and some fractions of office workers and associate
professionals seems to have an higher ideal BMI than executives. Hence, the social gradient
is not so clear as found by Regnier (2006) with the same data set but different estimation
sample and methods.

Last, those individuals in the lowest education groups have an higher ideal BMI (+2,6%).
This effect disappears when actual BMI is introduced as an explanative variable, as is shown
by the OLS results in the second column (OLS / 2). Here, the gender effects is divided
by half, the age effect is no more significant, and the social gradient is somewhat reversed
(an exception being the farmers). These results emphasize that choosing education as an
instrument may be interesting, because it is known to be correlated with the actual BMI,
and conditionnally to the latter it is not correlated with the ideal BMI.

The age trend and the sex and occupation dummies are dropped in the third specification
(OLS / 3). They are replaced by the social norm (E(W*|¥(Q)) where W* is in logarithm).
With an OLS estimator the ‘elasticity’ of the ideal BMI to the social norm is 0.365.'* Specifi-
cation 3 is re-estimated with a GMM estimator in column 4, using three education dummies
to instrument actual and ideal BMIs (GMM / 3). As shown by the partial R? and the F-test
for the significance of the excluded instruments in OLS regressions of the endogenous va-
riables, the instruments are significantly correlated with the endogenous variables (especially

18Note that the social norm is an average of the logarithms of ideal BMIs. Hence, we do not have a true
elasticity, unless we define the social norm as as the geometric mean of the ideal BMIs.
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the actual BMI), and the p-value of the Hansen’s over-identification test is correct. The re-
sults in column 5 are produced with the QK-SEL estimator (QK-SEL / 3). It is clearly more
efficient than the standard GMM for the key variables of the model : it produces a confidence
region that is smaller for the social norm and the actual BMI. Note that the p-values are
not smaller for all variables (see for instance SINGFAM). Column 5’s results show that the
social norm has a strong and very significant effect on individual perceptions of ideal BMI.
Individual perceptions are a weighted average of the social norm and the actual BMI, with
respective coefficients of 0.9 and 0.2.

Individual characteristics play a minor role here, because actual BMI captures most of
their influence. However, we find a significant positive income effect, and negative effect
of single-parenthood. Assumin that there are no measurement errors or contextual effects,
the coefficients of the H variables in Table D2 represents within-group variations in the
idiosyncratic reference point (W? in equation (6.10)). In this case our results imply that,
in any given social group, single-parents have a lower ideal body weight. One appealing
explanation is in terms of value on the re-marriage market : thinness may compensate for
the presence of children. Conversely, an higher income may compensate for overweight.

6.7.3 Discussion

This subsection briefly discusses the results.

First, we have found a remarkably high elasticity of ideal BMI to the social norm (about
0.9). But this is clearly an upper bound for the true elasticity in the whole population,
because the sub-sample of individuals for which, according to the model, social norms matter,
was selected. Indeed, the structural model implies that the elasticity is 0 for those with high
marginal adjustment costs, whose weight satisfaction is actually maximised. This is consistent
with the estimation results displayed in Table D1, which show that their food attitudes are
not clearly oriented (see the coefficients on DIFFO0) : they consume less carbohydrated
drinks and alcohol, but they are also less likely to adopt restrictions and to eat light or
sugar-free products.

Second, the magnitude of the estimates are unlikely to be due to a weakness of the
instrument set. Actually, it is well-known that poor instruments leads to the same bias as
the OLS estimates. Here, the instrumental variable estimate of the elasticity is much higher
than its OLS counterpart.

Third, the specification assumes that the contextual variables DH do not impact the ideal
BMI. They may also be an instrument for DW*, but only if they are uncorrelated with the
omitted group-specific unobservable factors E(n|W(Q)). To test this assumption, specification
3 is estimated in Table D2’s Column 6 using education and DH as the excluded instruments
(GMM / 4). The over-identification restrictions are clearly rejected. Hence, some contextual
effects are present, and their omission biases the estimates for the H variables.

Fourth, is it possible to identify the impact of the variables () 7 Actually, this could be
done only by relying on non-linearities between some control function f(Q) for the effects of

@, and E(W*|¥(Q)). We consider the following specification :

W* =aDW* + W +6H +pf(Q) + e (6.38)
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where f(Q) is a vector of variables including gender, occupation, age and age squared as in
specifications 1 and 2. The estimation results for this fourth specification are presented in
Table D3. Whatever the method, the social norm elasticity is lower. However, the partial
R? in the first-step regressions are very low, when one uses only education to instrument
actual and ideal BMIs (Columns 2 and 3’s results in Table D3). This is also the case, but
for actual BMI only, when one uses the contextual variables for the instrumentation (see the
Columns 4 and 5’s results in Table D3). The regression results show that, when there are not
many instruments, the QK-SEL estimator is much more efficient than the GMM, as it was
observed previously for specification 3. Using only education to instrument the social norm,
the elasticity estimated by the GMM is insignificant (Column 3), while the point estimates is
almost the same (about 0.38) but is significant for the QK-SEL estimator. The gain of using
the QK-SEL estimator disappears when the contextual effects are also used as instruments.
Moreover, in this case, the over-identifcation restrictions are not rejected, which means that
the introduction of the f(Q) variables is sufficient to control for the omitted contextual
variables. That the instruments are weak is reflected in the coefficient of actual BMI, which
is almost the same as in the OLS estimates of Specifications 2 and 3. This explains why the
elasticity of ideal BMI to the social norm differs from the estimate in Table D2, and is biased
towards the OLS estimates of specification 3.
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