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Résumé

Nous étudions les solutions d’un systéme en boucle fermée avec un contréleur linéaire adap-
tatif.

D’une part, nous définissons une classe de systémes tels que toutes les solutions soient
bornées. Pour cela, nous observons que les effets non modélisés par un modgle linéaire peu-
vent sous des hypothéses réalistes étre majorées par une norme des signaux entrées-sorties.
Cette motive la di i des lois d’ad. i Ainsi, les etres adaptés,
leur vitesse, et l'erreur d’ad i des iétés telles que les perturbations qui
leur sont associées dans le systéme boucle puissent étre analysées par les méthodes de sta-
bilité totale. Ces résultats techniques nous donnent une description qualitative des systemu
auxquels on peut appli d d

une linéaire adaptative liée & une p ex-
plicite pour obtenir I bornitude de toutes les solutions. Enfin, des résultats plus quantitatifs
sont obtenus dans le cas d’'une paramétrisation implicite.

D’autre part, nous proposons une méthode pour analyser le portrait de phase des systé-
mes linéaires adaptatifs. Nous remarquons que lorsque les signaux exogénes ont une énergie
faible ou lorsque la vitesse d’adaptation est réduite, un systéme linéaire en boucle fermée
avec un controleur linéaire adaptatif exhibe, au moins localement, un comportement & deux
échelles de temps. Le sous-systéme lent étant arrété, le sous-systeme rapide est assimilable
& une famille paramétrée de systémes linéaires et une description exhaustive de ses solu-
tions borndes et de leur stabilité peut étre obtenue. La méthode de Poincaré nous permet

de préciser celles qui se prol en ériodiques du systéme réel. Par ailleurs,
tirant profit de la stabilité structurelle des ensembles intégraux hyperboliques, nous mon-
trons l'exi d’ensembles intégraux dont Pattractivité ou la répulsivité nous permettent

dexpliquer plus ou moins localement le portrait de phase. Enfin, la méthode de moyen-
nisation peut étre appliquée pour étudier le comportement & Iintérieur de ces ensembles
intégraux.
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Préface

Commander un systéme, c'est agir sur ses entrées fonctionnelles pour lui imposer un com-
portement dynamique. Ce comportement est général défini en décomposant le systeme
en une partie certaine: le modéle et une partie incertaine: les perturbations. La commande
classique suppose le modele connu et s'intéresse aux réactions face aux perturbations. La
commande adaptative suppose existence d’un modéle paramétré, les paramétres étant in-
connus. Pour la commande linéaire adaptative, ce modele est typiquement un modéle linéaire
rationnel stationnaire. Pour un tel modéle, on sait (Kailath [5]) quune loi de commande
elle s linéaire rationnelle et ire permet de satisfaire la plupart des objectifs de

1 de poles, de optimale en horizon infini, modéle de référence

.. Dans le cas ott les paramétres du modéle sont connus (cas classique), la commande peut

étre obtenue, par exemple, par la technique de 'observateur-contrdleur. Dans le cas on
les paramétres du modéle sont inconnus, il se pose en plus le probléme d’identification et
de réalisation. On peut formaliser ceci en écrivant le systéme avec un état “augmenté”

(F,G,H,J,X)

F(k+1) F(k)
Gk+1) = G(k)
H(k+1) = H(k)
J(k+1) = J(k)
X(k+1) = F(HX(E) + G(k)u(k)
y(k) = H(k)X(K) + J(k)u(k)

ol la suite u représente les entrées du modeéle et la suite y représente les sorties. On mesure
alors la difficulté du probleme:

1. la représentation (F', G, H, J), méme minimale, n’est pas unique. Ceci se traduit
par lo fait que Iétat “augmenté” west pas observable. Ce probléme est résolu en
le nombre de en choisi une ion approprice, la

plus courrante étant la i lynomial

A(g™)y(k) = B(g™)u(k~1)

ou:



o

Alg)a(k) = u(k—1), y(k) = Blg™")a(k)

olt A(q™") et B(g™!) sont des (matrices) polynémiales en opérateur de retard g~!

. le systéme est non linéaire en l'état “augmenté” On contourne cette difficulté en

espérant qu'un principe de séparation s'applique: on de le systéme selon les

hniques de de linéaire classi & chaque instant les parametres
estimés (i ionnaires et inexacts) constants et exacts. Les étres quant & eux
sont mis & jour selon plusieurs tecl possibles — minimisation d'un critére de
performance, décroissance d’une fonction de Lyapunov, estimation .. Le livre de

Goodwin et Sin [3] décrit un grand nombre de lois de commande linéaire adaptative
obtenues de cette fagon.

Exemple: Considérons le modéle d’un systéme du premier ordre ayant le péle pour
paramétre 6:

y(k) = Oy(k=1) + u(k—1)

(&), y(i—1) et u(i—1),1 < i < k, étant connus & P'instant &, § cst solution du systeme
linéaire:

y(@) —u(i-1) = ye-16 1 <i <k

Lalgorithme de Kaczmarz par exemple (Householder [4, Section 4.2)), utilisé en Ana-
lyse Numérique, nous donne une méthode itérative pour obtenir 6:

y(k = 1) (y(k) — u(k) —y(k — DBk —1)) (1)
Try(k— 17

G(k) = 8(k—1) +
Supposons maintenant que 'objectif de commande soit:
y(k +1) = r(k)

7 étant une suite de sorties désirées. La loi de commande:
u(k) = —0y(k) + r(k)

permer de réaliser parfaitement cet objectif. Ne connaissant pas 8, nous prenons:

u(k) = —B(k)y(k) + r(k) @)
(1) et (2) i les équations d’un Sleur linéaire ad; if, connu sous le
nom de “ dleur réponse pile ad if” (Goodwin et Sin [3]).




Les algorithmes de e linéaire adaptative étant ainsi définis, il s'agit d'étudier
les propriétés quils conferent aux signaux du systéme auxquels ils sont appliqués. Goodwin
t Sin [3] ont regroupé de nombreux résultats connus lorsque le systéme & commander peut
étre é par le modéle ¢tré. Egardt [2] donne aussi unc extension

au cas des systémes perturbés par un signal exogéne borné.

le: Si le systéme & est:
y(k) = ay(k—1) + u(k—1)
le contréleur réponse pile adaptatif donne les propriétés sui (Goodwin et Sin [3,

Theorem 6.3.1]):
o les suites @, u et y sont bornées pour toutes conditions initiales,
o les suites O(k + 1) — (k) et y(k + 1) — r(k) sont de carrés sommables.

L’objectif de ce memou-e est d’étudier les propriétés obtenucs lorsque le modele parame-
tré ne peut pas le systéme a der. Cette étude est divisée en
deux parties indépendantes:

o Bornitude de toutes les solutions des systemes linéaires adaptatifs

o Etude qualitative des solutions des systémes linéaires adaptatifs

fenti 6] et [1] qui contiennent une premiére synthése de nos travaux sur, respective-

ment, chacun de ces sujets.

il
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Chapitre 1

Bornitude de toutes les solutions des
systémes linéaires adaptatifs

1.1 Introduction

L'objectif de ce chapitre cst de définir une classe de systémes tels que, leur appliquant un
contréleur linéaire adaptatif, on obtienne toutes les solutions bornées. On cherche plus
précisément & établir que cette propriété est “robuste”, c'est & dire qulelle est préservée en
présence de certains types de perturbations & définir. Nous nous contenterons cependant de
résultats qualitatifs, notre motivation étant plus de montrer les outils et leur manipulation
que d’énoncer des résultats précis liés & des algorithmes particuliers.

Un contrdleur linéaire adaptatif est non linéaire et, pour prouver la bornitude de toutes
les solutions, il faut utiliser des propriétés trés spéciales du systeme. Nous intéressant a
un contréleur linéaire adaptatif basé sur une adaptation paramétrique, nous le regardons
comme un oleur linéaire etré i é avec un esti . Pour exploiter
techniquement cette structure, il a été proposé (Egardt [2], de Larminat [12] et bien d’autres)
de regarder le systéme en boucle fermée comme deux sous-systémes interconnectés:

X(k+1) = F(8(k).K) X(k) + G ((k), k) r(k) + n(k) ()]
6(k) = B(k —1) + K(k)e(k) + U(k) (1.2)

Le sous-systéme (1.1) est linéaire en X et, supposant la partie linéaire du contréleur adaptatif
bien “congue”, il serait exponentiellement stable avec entrées bornées si les paramétres
adaptés étaient constants et les effets non modelisés étaient bornées. Dans son équation:

o X représente une partie de I'état du systéme telle que si X est borné, ’état du systeme
complet, mis & part le vecteur des parametres adaptés, est borné,

o r représente des signaux bornés tels les signaux de consignes,

o8 é le vecteur des dtres adaptés,

1



o les fonctions F' et G sont réguliéres, uniformé en k et pour @ restant dans un
ensemble Q,

o 1l existe deux constantes positives f et C, ¢ strictement inférieur & 1 et pour simplifier
f est supérieur & 1, telles que pour tout 8 dans €, on ait, pour tous j et k (Fuchs [3,
Theorem 5]):

atk
|| TI F,al < f¢* (1.3)
=341

o 7 est ce qu'il faut ajouter & FX + Gr pour obtenir Iégalité. Ce vecteur représente
donc les effets qui ne peuvent étre modelisés en particulier & cause des contraintes sur
F et r. Lerreur d’adaptation est parmi ces composantes.

Le sous-systéme (1.2) est la loi d’adaptation des paramétres. Son role est de “minimiser”
une erreur d’adaptation tout en gardant des paramétres aussi constants que possible. Dans
son équation:

o K est une suite de gains d’adaptation dépendant de X,

o c est lerreur d’adaptation définissant, plus ou moins explicitement, une erreur d’esti
mation,

o U est une commande de la loi d’adaptation, utilisée pour controler le vecteur des
paramitres adaptés et en particulier pour introduire la connaissance qu'on peut en
avoir a priori.

le: Considérons le contréleur réponse pile adaptatif (Goodwin et Sin [7]):

u(k) = —8(k)y(k) + r(k)

oi1 y est la sortie du systéme, u est Uentrée et r est la consigne. Dans ce cas Perreur
d’adaptation est:

e(k) = y(k) — u(k—1) = 8(k - Dy(k 1) (15)
Reécrivant cette equation sous la forme:

y(k) — 8k —)y(k—1) = u(k—1) + e(k) (1.6)

lvnémial

on obtient une observable instationnaire d’'un systéme du
premier ordre ot € est ce qu'il faut ajouter pour obtenir effectivement une égalité, clest
& dire les effets non modélisés. On voit alors qu'on peut éerire un systéme du type

(L)



00 1 0 1 (k)
¢ = X(k k .
He+1) (o 0 ()+(—§(k))e()+(1 é(k))(r(k—l)) wn

avec:

X(k+1) = ”E:;) (1.8)
u

(1:3) est vérifiée et Pétat du systime complet sera borné lorsque b,u ct y le sont et,

par exemple, le systéme & der est linéaire uni le (Anderson
et Moore [1]).
Pour obtenir des conditions pour lesquelles toutes les solutions de (1.1)-(1.2) sont bornées.

nous nous inspirons de la méthode proposée, pour un probléme plus général, par Persidskii ot
Dychman [14, pages 122-133]. 1l ’agit de regarder les deux sous-systémes indépendamment
un de 'autre, en considérant les termes de couplage comme des perturbations, et de
démontrer que leurs solutions sont bornées en présence des pires perturbations que I'autre
sous-systéme peut créer. Ainsi, pour le sous-systéme (1.1), les termes de perturbations,
introduits par (1.2), sont Pamplitude du vecteur 8(k), sa vitesse d’évolution 8(k) — 8(k — 1)
et les effets non modélisés (k). Pour le sous-systéme (1.2), les termes de perturbations, in-
troduits par (1.1), sont lincertitude sur 'amplitude et Uorientation du vecteur K(k). Nous
cherchons donc & établir que, pour toutes les solutions du sous-systéme (1.1), le vecteur des
paramétres adaptés, donné par (1.2),

1. reste dans un compact “admissible” Y.
2. donne une erreur d’adaptation “petite”,
3. varie “lentement” au cours du temps.

Pour préciser ces notions “admissible”, “petite”, relatives au
(12). il nous sufft de savoir sous quelles conditions le sous-systéme (1.1) aura toutes scs
solutions bornées, malgré la présence des effets perturbateurs. Ainsi:

o “Vadmissibilité” sera reliée a 'ensemble ot les fonctions F et G restent réguliéres
uniformément en k.

o “la lenteur” pourra étre caractérisée grice au résultat classique disant que la stabilité
des solutions d’un systéme linéaire lentement variable peut se déduire de celle du
systéme "gelé” De fagon plus précise, on a:

Lemme 1.1 ( ion de L ko [15]) Supp que (1.8) soit satisfaite et que
la fonction F(- k) soit Lipschitzienne en 6, uniformément en k, c’est d dire:

3



Vi, V6,0, €T : ||F(6i,k) = F(62, k)| < fi[l6: - 6ol (1.9)

Soient a, B des constantes positives et p une constante plus grande ou égale & 1 Si, pour
un couple d’entiers (j, k), la suite 6 vérifie:

Sk
S 66 —6G -1 < B+ o’k ,  6G) € T, Vie€[+1.5+k (1.10)
S

pour tout p strictement supérieur i C, il eziste une suite bornée f telle que:

14k
11T row.an < g ()

(559 (22

e enfin, pour la “petitesse”, si G est uniformément bornée sur T x N et puisque r est
bornée, on voit, avec (1.1) et (1.11), qu'il existe des constantes positives ¢;, ¢, et 7
telles que:

k=1
IX(E)? < e X + e2 + 7 3 NG (1.13)

Pour pouvoir en conclure que X est borné, il faut savoir comment les effets non
modlisés, 7, sont reliés & la partie de létat, X, que nous avons considéréc. Théori

nt, de sur cette relation sont connues. Ainsi,
une conséquence directe du Lemme de Gronwall est que la suite X est bornée si il
existe des constantes, cy et ¢, et une suite de réels positifs, 71, telles que la relation
7-X vérifie:

5
ln(B)I* < es + (k) 3o r2 =X G| (1.14)
avec, pour une constante ¢ strictement positive et tous j, k [23]:

a2
Z i) < lq I Gl Gtk O B Pz (1.15)
eyt P

Dans ce qui suit, nous allons tout d’abord énoncer des conditions dans lesquelles une
inégalité de “petitesse” telle (1.14) est vérifiée par lerreur de modélisation donnée par un
modéle linéaire. Ensuite, nous verrons sous Phypothése dexistence d’un modéle
linéaire donnant ce type derreur de modzlisation, on peut obtenir des parametres adaptés
vérifiant une propriété de “lenteur” du type (1.10) et donnant des effets non mod?lisés 7 dans

4



(1.1) satisfaisant aussi une inégalité de “petitesse” du type (1.14). D’aprés ce qui précéde,
ceci nous suffira pour établir, sous des hypothéses “réalistes”, que la commande linaire
adaptative permet de garantir la bornitude de toutes les solutions du systéme bouclé. Dans
le but de simplifier les ions, nous ne trai que des systémes “une entrée-une sortic”
Les résultats présentés ont été étendus au cas multivariable et méme au cas de la commande
décentralisée ([21], [30], Samson [31], Wiemer et Unbehauen [35]).

1.2 Erreur de modelisation dans le cas linéaire
Considérons un systéme linéaire stationnaire de dimension finie. On peut le représenter par:
A(g (k) = Blg™u(k —1) + d(k) (1.16)
ot u est lentrée, y la sortie et d une perturbation exogéne bornée et A et B sont des
polynémes en Iopérateur de retard ¢}, A étant unitaire (i.e. A(0) = 1). Nous choisissons
dapproximer la paire systéme (A, B) par une paire modele (A, B,,). Pour chaque u et d,
y, obtenue de (1.16), et ce modele donnent une erreur de modelisation:

dn(k) = An(g™Yy(k) = Bun(qDu(k~1) (1.17)

A partir des équations (1.16) et (1.17), nous voyons que, pour tous polynémes P, et P, on
a la relation suivante:

P (B = (PAn—Pud , ¢ (PuB = PBL) (47) ( y‘(g ] + Pulg i) (118)
u

dui 18

Pour exploiter cette égalité, nous i les
Définition 1.1 Soit 7 une constante strictement inférieure ¢ 1,

o On appelle norme b,(r) d’une suite u, la suite définie par:

llellrse = (1.19)
On remarque:
Y —k
= ks (k+1) (1.20)
ke




ot s, est obtenue récursivement:
so(k)? = s (k= 1) + [u(k =D + Jy(k=DF , s,(0)=0 (1.21)

Notons que 7~*s,(k) est une suite croissante.

On dit qu'une suite B est T-czponentiellement décroissante si la suite 7*B(k) est
magorée par une suite ezponentiellement décroissante.

o On dit qu'une suite 8 est T-bornée si la suite 7-*B(k) est bornée.

On dit qu’un polynéme C(k) a coéfficients dépendant du temps est T-ezponentiellement
stable si il eziste deus constantes positives ¢ et A, X étant strictement inférieure d T,
telles que, pour toute suite u, les solutions de:

Clk, g™ )y(k) = ulk) (1.22)

soient bien définies et vérifient:

&

lw(B) < e N lu(@)] + 8(k) (1.23)
=

& étant une suite T iell décroi ne dépendant que des conditi

initiales de y.
Remarquons qu'un polynéme P tel que P(z"1) ait tous ses zéros dans le disque ouvert de
rayon 7 est -exponentiellement stable. Soit alors S(r), lalgébre des fractions rationnelles

I telles que P(z71) ait tous ses zéros dans le disque ouvert de rayon 7 Le Théoréme de

Parseval, l'inégalité de Schwarz et la liberté de choix de Py, et P dans (1.18) nous permettent
dénoncer:

Propriété 1.1 Soit d,, la suite des effets non modélisés par un modéle linéaire stationnaire
de dimension finie (Am, Bn) (1.17), pour un systéme linéaire stationnaire de dimension finie

(A, B) (1.16). Pour tout T dans |0, 1[, tout ?"‘ dans S(t) et tout entier k, on a:

1 7 dmller < Boolk) + Yoo so(k) (1.24)

o1, avec § une suite T-bornée, ne dépendant que de P et des conditions initiales de u et y,

L Pul) . L Paleh) . .

v = ‘3“3{ A B = A+ 1B B~ Bt )|=} (1.25)
o o (PG e

Boulk) = \:3{‘\ e } [l + 8(8) (126)




2- |dn(K)| < Bak) + y25:(k) (1.27)

lévend

ot, avec § une suite T-ezp i i ) ne que de P et des condi-

tions initiales de u ot y,

dz
» _ (-
2 7\{,\“ (7’ < 5y (128)
Ba(k) = (1.29)
On remarque que (1.24) implique (1.27), puisque:
ldm(B) < T*{|dmllre (1.30)

Cette inégalité n’a pas d’équivalent en temps continu. Par contre, on démontre aisément
le résultat technique suivant, montrant que (1.24) implique aussi (1.27) en moyenne sur les
intervalles de temps ot la suite o est grande, domine la suite s et ne croit pas plus vite
qu'exponenticllement:

Lemme 1.2 Soient d, 8 et s des suites telles que, pour tout k, on ait:
Holldnllus < B(R) + vs(k) (1.31)

ot i est une constante positive. Soit o une suite de réels strictement positifs telle que la
suite p~*o(k) soit croissante. Pour chaque intervalle de temps [k+1,k+1] , on a:

B 1) N ok+) | . (s(3) + 3B()*
.;%[v(z)] =7 [Hl"g([#'ﬂvm‘l)J ) i (-32)

Avec la Propriété 1.1, nous avons établi qu'une hypothése, qualitativement peu restric-
tive, sur Ierreur de modélisation, donnée par (1.17), est (1.24) ou (1.27), ot la suite s, est
obtenue récursivement par (1.21). En particulier, tous les effets pouvant étre introduits par
un systéme linéaire stationnaire de dimension finie sont pris en compte. Ce systéme peut
méme étre de dimension infinie, comporter certaines non linéarités ou étre instationnaire
25].




Si Pétat X du systéme (1.1) est observable & partir des suites u et y, Uinégalité (1.24)
est du type (1.14). On s'attend done & pouvoir démontrer la bornitude des solutions si v,
011 a0 st suffisament petit. De ce fait, on dé que la bornitude des sol est une
propriété robuste vis & vis des topologies induites par les bases de voisinages obtenues &
partir des expressions (1.25) et (1.28) ([25], [24], Vidyasagar [34]). D’aprés Iinégalité (1.15)
de la Section 1.1, on voit que les hypothéses peuvent méme &tre relachées en remplagant les
constantes 7; ou 7., par des suites dont seule la moyenne est suffisament “petite” [21].

En pratique, pour réduire les 72 01 7o, dans (1.24) ou (1.27), on ne travaille pas

directement avec les entrées-sorties du systéme, mais avec des entrées-sorties conditionnées

nous dirons mesurées & la complexité réduite du modéle. Précisément, si u, et y, sont les
entrées et sorties du systéme & commander, u et y sont données par:

(Uy(q*'w(k) ) _ ( ©a™) = V(g™ T(a )] —q"wy(q"mq-')) (yp(k)—w(k))

Uulg™")u(k) Vg™ Wa(e™)T(g™") up(k)
(1.33)

o Uy, Vi, Wa, Uy, Vy, W,y et T sont des polynomes, (U, — V,T) Wi + ¢~ VW, Uy et U,
ayant tous leurs zéros dans le disque ouvert de rayon u. Ceci introduit implicitement
4t comme paramétre supplémentaire du “systéme de mesure”

o yu est une suite de consigne.

o La présence du polynéme T résulte de Iapplication du “principe du modéle interne”
Ce polynéme étant sensé annihiler les signaux d et y, il a typiquement ses zéros sur
le cercle unité. Ceci permet de rendre les signaux mesurés “insensibles” aux signaux
exogenes d et ys. Cependant, dans ce cas, le modele doit étre pris sous la forme
(A4S, B,y) ot S est le plus grand diviseur commun de T et V, (voir [25]).

En définissant s,, de fagon analogue & s,,, mais & partir des signaux réels et non des signaux
mesurés:

spu(k)? = Wrspuk =% + lup(k =D + [yp(k = DI, 5,,(0)=0 (1.34)

Propriété 1.2 ([25]) 1- Si le polynéme T est choisi tel que:

k %
\JZ;L"*"’IM,G)I’ < Bt \‘ 2010y (D + 1T(g up(D)[?) (1.35)
= =

il eiste des constantes v, v, B et B, telles que, pour tout k:

spulk) S By 1mu(R) L sulR) < 0+ (k) (1.36)
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et si s, tend vers zéro, y, — ya tend vers zéro.
2- Siw, ety, sont les entrées-sorties d’un systéme linéaire:

Aq (k) = Byl Yup(k = 1) + d(k) (137)

avee d bornée, Verreur de modélisation d,,, donnée par un modéle (A,,S , B,,) appliqué auz
signauz mesurés, vérifie:

P ld g < Boo(k) + Yoo sulk) (1.38)
[dn(K)| < Pa(k) + 728u(k) (1.39)
oi les suites fuo ct By sont bornées, ne dépendant que de i, de lo suite d et de fagon
p-bornée et p-cap te des conditions initiales de u et

y et les constantes v €t 7y sont données par (1.25) et (1.28) en remplagant A, par AnS
et en posant:

A=U,(AW.T+¢'BV.) , B=UJl-AW,T+B,U,— B,V,T) (1.40)
De plus, si le polynome T est choisi tel que:
T(q ya(k)=0 ,  T(g7)d(k)=0 (1.41)

dans (1.98) et (1.89), la suite B, est p-exponentiellement décroissante ct la suite fu est
p-bornée.

Remarques

© o0 €t 7, nauront la possibilité d'étre “petits” que si le module des valeurs propres
associées & des modes presque non observables du systéme et que nous choisissons de
ne pas prendre en compte dans le modéle (4,5, By) est plus petit que u (facteur
presque commun & A et B divisé par P dans (1.25) ou (1.28)) [25]. Le choix implicite
de yt fait par le systéme de mesure fixe done cette borne supérieure.

Les égalités (1.40) par dépl des poles et des zéros, le
systéme de mesure peut permettre de réduire la complexité et rendre le systéme mieux
représentable par le modéle.

Dans le cas ot (1.37) est satisfaite, (1.35) est vérifiée si les polynémes T et B, sont
premiers entre eux.

Nous avons établi que, sous des hypothéses réalistes, Iinégalité de “petitesse” du type
(1.14) est verifiée dans le cas linéaire et que la satisfaction de la condition (1.15) peut étre
facilitée par un choix judicicux du systéme de mesure. Notre prochaine tache est 'étude de
Vadaptation des paramétres (1.2).



1.3 Adaptation des paramétres

1l Sagit de montrer Vexistence de lois d’adaptation du type (1.2) telles que, si il existe un
modéle (inconnu) vérifiant linégalité de “petitesse” du type (1.14)-(1.15), les parametres
adaptés vérifient Uinégalité de “lenteur” du type (1.10) et lerreur de modelisation qui leur
est associée, vérifie aussi une inégalité de “petitesse” du type (1.14)-(1.15).

1.3.1 Parameétrisation

Soient u et y les signaux d’entrées-sorties mesurés donnés par (1.33), nous cherchons &
adapter en ligne un modéle du systéme mesuré déerit par:

An(a™)S(¢™ (k) = Bu(g ™ u(k = 1) (1.42)

ol les degrés n, et np sont fixés, A, est unitaire et S, également unitaire, est obtenu
4 partir du systéme de mesure comme le “p.g.c.d” de T et V,. Nous adoptons une
approche paramétrique pour cette adaptation. La paramétrisation la plus évidente, dite
parameétrisation triviale, consiste & définir un vecteur 6 dans R***#~" dont les composantes
sont les coefficients de A, et B,,. Ce choix n’est cependant pas le seul possible. Pour obtenir
d’autres paramétrisations, nous considérons les suites z et Z définies par:

( y(k) )
u(k—1) (i

2(k) = V(g™ a(k)
2(k) = W(g™)z(k)

U(g™) x(k)

oit U est une matrice polynémiale 2 x 2 unitaire dont les zéros sont dans le disque ouvert
de rayon p (le méme que pour le systeme de mesure), W est un vecteur polynomial ligne &
2 composantes et V est une matrice polynomiale p x 2. Les matrices (V! W) et U sont
premiéres & droite.

Définition 1.2 ([26]) Le triplet (U.V, W) est dit définir une paramétrisation dans R® de
la famille de modéle si pour tous polyndmes A, et B,, de degré ny etnp, A, étant unitaire,
il eziste un vecteur § de RP et un polynéme N premier avec det{U}, tels que:

det{U} (W —6'V) = N(4,S , —Bn)U (1.44)

La paramétrisation triviale est donnée par:

Ulg™) =1
meso o o
Vl(q")‘:( q7'S(q 4" S(g ¢ )

0 0 1 g
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Une paramérisation est dite eaplicite si il eviste une matrice P et un vecteur ligne Q tels
que:

det{U}V = NPV,U ,  det{U}W = N(W,-QV)U (1.46)
oi le polyndme N a tous ses zéros sont dans le disque owvert de rayon pi.

Remarques

« Nous cherchons & adapter les parametres d’un modéle supposé a priori stationnaire.
Dans le cas ot ce modéle est instationnaire et donc Iinstationnarité est connue, les
matrices U, V et W doivent étre prises dépendantes du temps (voir Tsakalis et Toannou
32] et [33)).

La présence de la matrice P et du vecteur Q, dans (1.46), permettent d’exprimer A,,§
et B, fractions rationnelles en ¢ dans une base différente de celle des ¢™*

Exemple: Soit le modéle & adapter:
y(k) = ay(k—1) + u(k—1) (1.47)

Choisissons un réel ¢ et posons:

L
U(q-’)=(; l:) V(q")=(q0 q) Wi

(1+eg™™, ~1) (1.48)

Ce triplet définit une étrisation dans R? L’application qui 4 la paramétrisation
triviale associe le vecteur 6 est non linéaire:
ala+c
a-— 8= ( ) (1.49)
a+c

Notons qu'une parameétrisation explicite est obtenue pour:
-1 10 -1 -1 —1
U(g™") = 01 , o V@) =(" 0, W' =00 -1) (150

Clest cette paramétrisation qui est utilisée pour le contrdleur réponse pile adaptatif
(1.4).



Lintérét des paramétrisations de la Définition 1.2 est que, si il existe (4,5, B,,), un
modele, tel que les suites u et y satisfont (1.42), il existe 6 dans R? donnant une suite
(k) — Z(k)'8 p-exponentiellement décroissante. De plus, & un modéle donnant une erreur
de modlisation d,, il correspond un vecteur § vérifiant Péquation d’observation perturbée
suivante:

2(k) = Z(k)'0 + wo(k) (151)
avec:
det{U(q™)} wo(k) = N(g™")du(k) (1.52)

Une paramétrisation non triviale implique done un filtrage du terme perturbant I'équation
d’observation des paramétres. De plus, det{U} ayant tous ses zéros dans le disque ouvert de
rayon 1, la propriété de “petitesse” du type (1.14), établie, & la Propriété 1.2, pour lerreur
de modélisation sur les signaux mesurés, s'étend aux effets non modélisés par le vecteur de
paramétres 6

Propriété 1.3 ([26]) Supposons Uezistence d’un modéle instationnaire, i coefficients bor-
1és, (Am(k)S, Bu(k)) donnant une erreur de modélisation dy,:

dn(k) = An(k,a™)S(qy(k) — Bu(k g™ u(k —1) (1.53)
vérifiant, avec o et B des suites bornées et s, donnée par (1.21):

soit:

Holldm ke < Boo(k) + Yoo su(k) (1.54)
soit:

ldm(E)| < Ba(k) + 725u(k) (1.53)

D’une part, les suites z et Z vérifient le méme type d’inégalité. D’autre parl, soient 0 et N
des suites associées au modéle (An(k)S, Bn(K)) avec une erreur A(k,g1) dans:

A(k) (qi’ 0) = det{U} o (W — 8(K)'V) — N(k)o (An(k)S = Bu(k))U (1.56)
01

L’erreur de modélisation wy, associde d la suite 6:

wok) = 2(k) — Z(K)'6(k —1) (1.57)



vérifie:

soit:
Elwollue € (1pBoo(k) + 8ea(k)) + (70 +78) 5u(k) (1.58)
soit:
k.
a0 < (3 )+ 6500) + p70) 08 (159)
=
01 6,,, suite p-bornde, et by, suite p-exponentiellement dé , ne dépendant que de U

et des conditions initiales de wq et

2 5[yl ) }}

7 < ;ﬂ[ e } (1.60)
k. i 2

i - sgp{g["hiﬁ)”] }} (Le1)

hy et ha étant les réponses implusionnelles de det{U) "o N et det{U} o A

1.3.2 Adaptation par observateur

La paramétrisation linéaire du modéle que nous venons de définir nous permet de poser le
probleme d’adaptation du modele comme un probléme d'observation du vecteur d’état @ du
systéme linéaire instationnaire suivant:

6(k) = T(k)6(k—1) + V(k)

_ (1.62)
(k) = Z(ky6(k-1) + w(k)

ot

e la notation * signifie division par o, la suite o reste & choisir mais est telle que la suite

7 est bornée. Rappelons que, d’apres la Propriété 1.3, si (1.55) est vérifice, les suites
Z z .

———— et ——— sont bornées.
Sup{m 1) sup{em 1)

o la présence de la suite W est nécessaire pour traiter le cas de modélisation imparfaite.
Gréce & la Propriété 1.3 on peut espérer qu’avec un choix judicieux de o, W soit bornée
Notons que ceci est, en général, impossible dans le cas de la commande décentralisée

30].

Cherchant & adapter un modéle supposé stationnaire, le vecteur des paramétres re-
cherché est a priori constant. Aussi devrait-on prendre IT égale a I'identité et V nulle.

Ce d dans ce cas, la condition de dé bilité uniforme s’écrit:
Il eziste un enticr g et une constante strictement positive o tels que pour tout k, on
ait:



k+q
S Z0)Z6) > ol (1.63)
i=k+1

Malheureusement, on ne sait pas aujourd’hui établir en général cette propriété dite de
“balayage persistent” (voir cependant Toannou et Tao [10] et Giri et al. [5]). Par contre,
suivant Anderson et Moore [1], la détectabilité uniforme est garantie si les solutions 8
de (1.62) sont exponentiellement stables. C'est le cas si TI(k) est une contraction stricte
uniforme. Cette matrice est done introduite dans le seul but de régulasisation. Notons
aussi que (1.62) est un modele d’évolution des stres d’un systéme instati

Pour distinguer ces deux roles, nous introduisons la décomposition suivante:

=, I, , V = Va+ 1LV, (1.64)

ott 'indice -, réfere & “modéle d'instationnarité”, l'indice -, & “régularisation”

Un observateur linéaire pour le systéme (1.62) est donné par:

O, (k—1) = B(k—1) + K(k)[2(k) = Z(k)'8(k —1)] (1.65)

k) = (k) I, (8) By (K = 1) + V(R + Vi) (1.66)

Une analyse par le méthode de Lyapunov montre qu'un choix approprié pour le gain d'ob-
servation K est [26]:

M(k—1)Z(k)

K() = o) g1 705 (167)
M(k=1) > [-WOKWZRIMGE-1) . M, > M(k=1) > M (168)
wet) > = ane-n 0L > M) > M, (1.69)
ou:
o et bsont des suites de réels positifs telles que:
a(k) + b(k) < 2 (1.70)
® , est une suite de réels positifs telle que:
Tn(K)? 2 Amax {Tn(K)' T ()} (17

Amax étant le maximum des modules des valeurs propres.

o M, et M, sont des matrices symétriques positives définics.

Pour réduire le biais introduit dans l'estimation, II,, devra étre proche de I'identité et
Vi de 0.



o De méme pour éviter des problemes de biais, on choisit I, (k) strictement contractante
pour [|8,(k — 1)|| “grand”, mais proche de Videntité pour (|6 (k — 1)[| “petit” Ainsi,
on prend en général TI, et V; telles que (k) soit dans le compact (k) tel la boule
fermée de centre f(k) et de rayon R(k) oit o est une suite destimation a priori du
vecteur de paramétres adapté. Cette projection sur un convexe est aussi utile pour
Sassurer que le vecteur 8 reste dans le domaine €2, mentionné dans I'Introduction, ot
une loi de commande réguliére peut étre obtenue ([21], Goodwin et Sin [7], Middleton
et al. [17)).

Notons que (1.65)-(1.66) est bien du type (1.2) annoncé, avec une commande U de la loi
d’adaptation du type feedback:

Uk) = (T(K) = DB(k) + V(k) (1.72)

Exemple: Soit le systéme:

y(k) = ay(k=1) + u(k—1) + d(k) (1.73)
pour lequel, on cherche a adapter le modele:

y(k) = Oy(k—1) + u(k—1) (1.74)
Nous choisissons la paramétrisation triviale donnée par (1.50), soit:

2(k) = y(b)—u(k=1) ,  Z(k) = y(k-1) (1.75)

Nous spécifions I'algorithme (1.65) en prenant:

o) = % . o= yTHyGo 1y )
Vi(k) = Vin(k) =0, b(k) = M(k) = M(k — 1) = (k) = m(k) = L (k) = 1 (1.77)

Ceci nous donne la loi d’adaptation du contréleur réponse pile adaptatif (1.4).

Lalgorithme obtenu, sans modéle d’instationnarité ni régularisation (IL, et I, sont
égales & 1), w'est pas satisfaisant. En effet, avec la loi de commande de (1.4):

u(k) = —8(k)y(k) (1.78)
si la condition initiale y(1) est égale & 1 et si la perturbation d est:
1T 1
d(k) = \/_ (B(1)—a) - §7 I (1.79)
on obtient:
1 5 - 1

k) = — < - —

y(k) = £, 8k < 6 ﬁlog(k] (1.80)

Ainsi bien que y et d tendent vers 0, la suite § est non bornée.
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1.3.3 Propriétés de I’adaptation

Pour étudier les propriétés des solutions 8 du systéme linéaire instationnaire (1.65)-(1.66),
nous considérons une suite quelconque 8 de R?, dite suite de comparaison, et nous posons:

wo(k) = (k) — Z(K)O(k~1) (1.81)
Lo(k) = [BCK) = 60K)) M() (ACk) - 6(k)] (152)
Lon(k) = [Buk) = O(K)) My (k)™ [ () — 6(K)] (183)

k) = 009 + Uk 4 DM B8 00 + T4 1)) o
(7.8 — B0 M (5) ™ Bu(F) = BCF)] '
Wy(k) = 6(k) — Iu(k)6(k—1) — Viu(k) (1.85)

m(k+1)? =

wy Perreur de modelisation, W 'erreur de modele d’instationarité et m, est la contraction

de régularisation. Par ailleurs, 'erreur d’adaptation est:

e(k) = z(k) — Z(k)'6(k—1) (1.86)

et la commande de régularistion est:

Uy(k) = [I(k) = 18 (k = 1) + Vi(k) (1.87)
On peut obtenir les inégalités suivantes:

Lemme 1.3 ([26]) I- (1.65) et (1.68) impliquent:

1 a(k)
ZR) Mk — DZ(k) 1= a(k)b(E)
x [(k)@o(k)? + 2[1 = b(k)]| [(k)] [e(k)]| - (2 - a(k) — b(k))?(k)’]

Lep(k—1) < Lo(k-1) + (1.88)

a(k)?

1Bsk = 1) = 8k = DI < gy

Ama{ M, } 2(k)* (1.89)
2- (1.66) et (1.69) impliquent:

IWe(B)I_ _ [Wa(k)*

Lo(k) < mm (k)7 (k)* Loy (k — 1) + 2‘/L5(k)m— Yo L] (1.90)
180k) = 8k = DI < 0B + [Tn(k) =TI 8k = 1) + Un(R)| + [[Va(R)] (1.91)
et, si pour a(k) plus grand que 1, on a:

U, (k)M (k — 1)1 [2(8, (k — 1) — 6(k — 1)) + a(k)U,(k)] < 0 (1.92)

alors:



Amax { M.}

AR < o

(1=, (k)") Loy (k = 1) (1.93)

Ce résultat technique nous permet de comprendre les choix faits en pratique spécifiant
Palgorithme d’adaptation pour garantir que les solutions 8 de (1.65)-(1.66) soient bornées.
Ainsi:

oi aux suites de ison de vérifier le modéle d’instationarité, i.e. Wy est
nulle, et supposant que o peut étre choisie de sorte que [w;| soit inférieure & une borne
choisie, on détermine la suite @ pour que le terme entre crochets de (1.88) soit négatif.
On peut alors prendre U, nulle et 7, égale & 1. C'est la technique de la “zone morte”
([20], Egards (2], Samson [31)).

o Wy pouvant étre non nulle, mais @ étant bornée, on prend 7 (k)m.(k) tendant vers
une valeur strictement inférieure a 1 si 8 (k—1) tend vers Uinfini. C'est la technique de
la “contraction” (Egardt (2], loannou et Tsakalis [11], de Larminat et Raynaud [13)).

o W; pouvant étre non nulle et W non bornée, on choisit 7 et 7, telles que m, 7,8, soit
bornée. Clest ce que fait la projection sur un convexe compact ([21], Egardt [2]).

Précisément, on obtient, par exemple, le résultat suivant & partir du Lemme 1.3 (voir de
Larminat ct Raynaud [13] et Middleton et al. [17) pour d’autres exemples):

Propriété 1.4 ([26]) Considérons le systéme (1.65)-(1.66) avec (1.67)-(1.69) oi, avec c,
T, et T, des constantes positives, les suites a, b, M, Ty, T, Vi, paramétres de la loi
@adaptation, sont choisies pour que:

a(k)?
ZyICk - DE® (159
1 — a(k)b(k) + [1 — b(k)|\/1 = a(k)b(k) (169)

(2 = a(k) = b(k)) (1 — a(k)b(k)) =
p, ZMG =070 2 — a(k) — b(k)
a(k)

= " 1= a(k)b(k) + |1~ b(k)|\/1 = a(k)b(k)

malk) =1, Iy =1 , Va(k)=0 (1.96)

De plus, T1, et V, sont choisies telles que 0(5) soit la projection de 9+ (k—=1), selon la distance
induite par My(k —1)7!, sur un compact conveze X(k), la suite X restant dans un compact
T

D’une part toutes les solutions 8 de (1.65)-(1.66) restent dans les compacts Y(k). D’autre
part, il existe des constantes positives Ty et Ty, ne dépendant que de ¢, T, Amin{M.} et
Amax{M,}, telles que, pour toute suite 6 restant dans les compacts X(k), il eziste une suite
positive Lg, bornée indépendament de 6, vérifiant:
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o pour Uécart entre et 8:

18(k) = 6() P < Aanax{ M.} Lo(k) (1.97)
o pour Uerreur d’adaptation:

a(k)" < [Lo(k* 1) = Lo(k) + Tw [[Wa(k)[[] + Tawo(k)* (1.98)
o ot pour la vitesse du vecteur des paramétres adapté:

1B(k) = 8(k = 1)||* < Te [Lo(k — 1) — Lo(k) + Tw |[We(k)||] + T, Towp(k)* (1.99)

ou e est Uerreur d’adaptation, wy Uerreur de modélisation, Wy Uerreur de modéle d’insta-
tionarité:

e(k) = 2(k) = Z(k)'9(k—1) (1.100)
we(k) = 2(k) — Z(k)'0(k—1) (1.101)
Wy(k) = 6(k) — 6(k—1) (1.102)

Cette Propriété nous donne les propriétés “admissible”, “petite” et “lentement” dont
nous avons parlé en Introduction. En effet, avec les Propriétés 1.2 et 1.3 et le Lemme 1.2,
supposons I'existence d’une suite de comparaison 8 telle que:

o 8(k) appartienne au compact Y(k),
o Perreur de modzle d’instationnarité W, satisfasse:

Ellwm)u L. (1.108)

e erreur de modelisation wy satisfasse:
22 o(k+1) (3u(8) + Bu(0))
2
- wa(i)? <72 |1+ = loy (— su T 1.104
.% el <. [ (R VEr )] EoR (1.104)
alors:
o d(k) appartenant au compact Y(k), “ladmissibilté” sera vérifice si ce compact est
contenu dans le domaine de régularité . Cependant, ceci restreint le domaine ol
T'on peut prendre la suite de comparaison 6. Une méthode, moins contraignante mais

plus complexe que la projection, a été proposée par de Larminat et Raynaud [13] pour
satisfaire la contrainte §(k) € Q.

o La suite L; étant bomée, (1.98) nous donne pour tout k et I

LS e < By —me + (1.105)

[
27 a(k+1) (34(8) + 2B (2))?
I [1 s (u“‘d(kﬂ))] B { oGP
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Done, pour les intervalles de temps ot o est grand mais ne croit pas plus vite qu'ex-
ponentiellement:

o(k+1) < co(k) (1.106)

la moyenne de & est proportionnelle & celle de lerreur de modele d’instationnarité

iy plus cellc de Perreur de modélisation 73(1+ 2¢*log (£)) , les facteurs de propor-

épendant que des ttres de la loi d ion. La propriété de

“petitesse” sera donc vérifiée en moyenne [20], [21], [22], si il existe un modéle linéaire
peu instationnaire qui la satisfait (voir la Propriété 1.3).

o De la méme fagon et dans les mémes conditions, la propriété “lentement” (1.10) résulte

de (1.99):
Z 18G) -8 - DI* < = + Talwaiy + (1.107)
22 o(k+1) (i) + 30Bu(0)?
#rint [14 5 s (rm)] A {(—>

Un autre renseignement important, donné par (1.98), est que, non seulement en moyenne
mais aussi “périodiquement”, Perreur @ doit étre proportionnelle & [|Ws|| et  [30]. En effet,
si pour une constante strictement positive § et tout i dans [k+ 1,k + K] . Ly vérifie:

La(i—1) = Le(i) > 6 (1.108)

en sommant en i et en notant Ag la borne supérieure de Ly, on obtient une majoration de
K:

Ao > Lo(k) = Li(k+ K) > K§ (1.109)

Done, pour au moins un entier i dans tout intervalle [k +1, k + 4] , on a:
ei) < LA (6+1"w IWa()) + T3 o (i) (1.110)

On en conclut que, si il existe une suite de comparaison telle que les suites [|Wj|| et [wg|
sont “petites”, € est “périodiquement” “petite”. De 14, nous pressentons que toute solution
qui, bien que bornée, présente de grandes ampli est llatoire. Cette
conjecture est démontrée dans un cas simple pour le contréleur réponse pile adaptatif dans
[15] (voir aussi le deuxitme chapitre de ce mémoire).

Exemple: La Propriété 1.4 nous donne une solution pour remédier au probleme
observé pour le controleur réponse pile adaptatif. Sa version robustifié est (le pol
S est choisi égal & 1):




y(k) (w(k + 1) — u(k) - 9(k)y(k))

6(k) = B(k) + o(k+1)7 + y(k)?

7 = i R 8, (k) — 1111
G(k+1) = 6 + mm{l, ifh(k)—ﬂo\} (By(k) — 6) (1.111)
u(k) = —8(k)y(k) + r(k)
Dans ce cas, on obtient:
o2
< 1+Sgp{%} ., L1, Ty<2 (1.112)

1.3.4 Application & une paramétrisation explicite

Dans le cas d’une paramétrisation explicite, un modéle instationnaire est obtenu:
(An(K)S , =Bn(k)) = Wi = (B(K)P + Q) Vi (1.113)
avec 6, la suite donnée par I'adaptation, P, Q, W, et V; donnés par les équations (1.45)

et (1.46) de la parametrisation explicite. Notant dy, lerreur de modélisation qui lui est
associée:

dn(k) = An(k,q™)S(q™ (k) = Bk g™ u(k - 1) (1.114)
on a:

N(g™") dn(k) = det{U(q™)} e(k) + 8(k) (1.115)
8(k) = (k) [det{U(g™)} Z(K)] — det{U(g™)} Bk = 1)'Z (k)] + (1.116)

+ N BR)Y (k)] — 8(k) N (™) Y(R)]
en posant:

y(k)

5 = PVi(g~!
Y(k) = PVl )(u(k—l)

) . det{U(g)}Z(K) = N(g™)Y(k) (1)

On vérifie facilement qu’il existe un entier d et une constante I'y, ne dépendant que de U et
N, tels que:
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d N d
[6(k)] < Ty Eo 1180k = ) = 6k =i = DIl ZUY (k= Il + 12k = )] (1.118)
i= =i

Nous remarquons que, U et N ayant tous leurs zéros dans le disque ouvert de rayon y, il
existe deux constantes Ty et Ty ne dépendant que de U et N et deux suites u-borndes fy
et By ne dépendant que de U, N et des conditions initiales de Y et Z telles que:

Ty f* Y lluge = Bok) < w1 Z Nlue < TwibIY flux + Bu(k) (1.119)

Dc plus, Y'(k) n'étant qu’une combinaison linéaire de

= 1), plk = nau(k =), u(k — ng), il existe une constante T ne dépendant que
dc 14, 1B, 1y P, N et U et une suite p décroi B, ne dépendant que
de s, np, 1, Py N, U et des conditions initiales de ¥ et Z, telles que:

< Tsu(k) + B(k) (1.120)
On peut done simplifier (1.118) en:
4 ~
[8(k)] < Ty ON16(k =) = 8(k —i = D)]| su(k — ) + By(k) ‘(1121)
=

ol maintenant, Iy e dépend que de na, n, i P, N et U et la suite fy est p-exponenticlle
ment décroi dant en plus des conditions initiales de Y ct Z et de sup,{[|8(k)][}.

1l nous reste & préciser o. Rappelons les contraintes:

1. On veut que la suite Z/o soit bornée.

2. Pour pouvoir utiliser les Propriétés 1.2 et 1.3 dans les inégalités (1.98) et (1.99), il faut
que la suite s,/0 soit bornée.

3. Pour pouvoir utiliser le Lemme 1.2, il faut que la suite 1~ (k) soit croissante.

Un exemple de suite o satisfaisant ces conditions est donné par:

a(k)* = sup{l,s(k)} (1.122)
avec:
(k) = su(k)? (1.123)

On peut aussi prendre soit:
(k) = pho(k=1) + Y(K)Y(k) , 5(0)=0 (1.124)
soit
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(k) = Wk —1) + Z()2H) , SO

0 (1.125)
dans le cas ol la matrice P de la paramétrisation explicite est telle que:

su(k) < T b Y flun (1.126)
Tp ne dépendant que de g, n4, np et P. Ces choix déterminent définitivement la valeur
de 1 jusqu'ici borne supérieure des poles des filtres impliqués dans le systéme de mesure et
dans la paramatrisation. Par aileurs, on a:

su(k) < Tpo(k) (1.127)

T, ne dépendant que de N, U, i, na, ng et P

Exemple: Pour le contréleur réponse pile adaptatif robustifié, nous prenons:

s(k) = wrs(k—1) + m(u(k—1)* +y(k—1)%) (1.128)
o(k)* = sup{l,¢(k)} (1.129)

Avec (1.112), on obtient alors:

1+m

rz =
¢ 7

r,=1, Ijp=2 (1.130)

1.4 Commande liée & une paramétrisation explicite

1.4.1 Remarques sur la synthése du contréleur

En cas de & explicite, I'adaptation nous fournit un modéle instationnaire du
systeme:
An(k.g™)S(@Yy(k) = Bu(k,g " ulk—1) + dn(k) (1.131)

Le terme de perturbation dy, vérifie (1.115) ol e satisfait (1.98) et § satisfait (1.121). Par
ailleurs, nous savons que, si il existe une suite de comparaison ayant des erreurs de modéle
d'instationnarité et de modélisation “petites”, linstationnarité de A, et B, est petite en
moyenne (Propriété 1.4). 1l s'en suit que, mis & part la commande quadratique traitée par
Samson [31], les lois de ées pour le systéme (1.131), sont
obtenues en considérant & chaque instant le systéme comme gelé. On trouvera dans [21],
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Samson [31] et Goodwin et Sin [7] la description non reproduite ici de divers algorithmes
obtenus selon cette approche. Par s.i]leurs, nous observons que la théorie des systémes
linéaires instationnaires est trés avancée et Tsakalis et Ioannou [32] et [33] ont montré
I'intérét de son application dans le contexte ad if. Ainsi, considérons une

détat de (1.131):

X(k+1) = FR)X(K) + Gi(k)u(k) + Ga(k)w(k)

(1.132)
y(k) = Ha(k)X(k) + Ha(k)o(k)

oit les suites @ et w sont déduites de di.

Lemme 1.4
(Extension de Ikeda et al. [8, Theéoréme 3] et Tichman et al. [9, Théoreme 6.4])

1- Supposons les suites F et Gy bornées. Si pour un entier I et I suites R, bornées données,
il egiste 1+ 1 suites bornées Y, vérifiant:

o .

SUIL Fk+DGR+0)Yi(k) = Ri(k)) = [[F(k+i) R =0 (1.133)
ferirt} ]
il esiste des matrices polyndmiales instationnaires C(k) et D(k), de degré au plus I, & coef-
ficients bornés, satisfaisant:

.
[I=q " F(k)] o Ck,q™") + q7'Gu(k)o D(k,q™") = I + Y q'Ria(k) (1.134)

En particulier, on peut prendre:

I=iz1

Z ' Hf(k+n> 0g ' Gi(k)o g (k) (1.135)

I U
Clk,q™") = ;)q-'w‘(k) -

1=0
'
D(k.g™) = a7 Vi(k) (1.136)
=
avec:
Voa(k) = F(k+i) k) + R(k) ¥ =1 (1.137)

2- Supposons les suites F, Gy et F~1 bornées. Les propriétés suivantes sont équivalentes:

1 la paire [F,Gy] est uniformé Ié bilisable, i.c., pour tout réel
strictement positif ), il eviste une suite C bornée et une constant positive a telles que
pour tous les entiers k et j:

k+3
I I:Ik[f(i)*gx(i)c(i)] I < an (1.138)
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2. Il egiste un entier | et un réel strictement positif v tels que, pour tout k:
K+l kel k4l
YU FOGOI T FO @ = v1 (1.139)
=k =il )=kl

De plus, lorsque (1.189) est verifiée, une suite C satisfaisant (1.138) est donnée par:

(k) = n(k) Ga(k)P(k + 1) F (k) (1140)
avee:

(k) [2 — (k)G (Y P(k+ 1) Gu(R)] > m (1.141)
et:

P(k) = 3o 2P T FG) GO FG) ™ GO (L142)

Ce résultat n’est qu'un exemple de ce que I'on peut trouver dans la littérature. Ainsi
Poolla et Khargonekar [19, Théoréme 4.4 ] donnent I’équivalent du point 1 et Anderson et
Moore [1, Corollaires 3.4 et 5.4] Péquivalent du point 2 pour le cas moins restrictif de la
stabilisabilité uniforme.

Discutons l'intérét de ce Lemme en I'appliquant & une représentation d’état de (1.131)
parmi les plus usitées:

—ay(k) 10 . 0
—ap(k+1) 001 .0 Hy(k) = (10 . 0)
F(k) = HIS : (1.143)
—ana(k+n—2) 0 . 01 Hy(k) = 1
—Gn(k+n—-1) 0 . 0
Bo(k) —ay (k)
Bu(k+1) ~ap(k + 1)
Gi(k) = : Go(k) = : (1.144)
Buos(k+n—2) —dn-a(k+n—2)
baa(k+n—1) —an(k+n—1)
ot
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n = sup{nys, ng +1} (1.145)

et:
1 0 -1
—ag(k + 1) ik +1)g! 0
X(k) = : y(k)+ : u(k)+| ¢ | w(k)(1.146)
—Gna(k+n—2)g7" Buoa(k +n —2)g~! :
~Gn(k+n—1)g" Baa(k4n—1)g" 0

D’aprés Poolla et Khargonekar [18, Théoréme 3.9], cette représentation, étant équivalente &
(1.131), est observable et a les mémes propriétés de stabilisabilté. Son écriture a I'instant
k requiert la connaissance des suites @ et b & l'instant k +n — 1. De plus les conditions du
Lemme 1.4 requiérent la connaissance des suites F et G [ pas en avance olt [ est au moins
la dimension de Iétat. Pour ces raisons, nous prenons pour a,(k) et b,(k) les coefficients de

An(k—i—141)et By(k—i—1+1). Dans ce cas, les suites F et G sont bornées (Propriété
1.4) et:

N(g M w(k) = det{U(qg™")}e(k) + 8(k) w=w (1.147)

ot § satisfait (1.121) avec I'; et §; dépendant en plus de I. Ce choix d’utiliser des valeurs
passées du vecteur des parametres est cohérent avec 1] hypot.hese d'un vecteur [ constum pour
le modele. Sile modele & adapter était supposé i , on utili a

de P'instationnarité pour prédire (Tsakalis et Ioannou [33]).

Si (1.133) est satisfaite avec par exemple toutes les matrices R, nulles, on peut stabiliser
le systeme (1.132) par le fecdback dynamique suivant, avec C(k) et D(k) données par (1.135)
et (1.136):

Clk,g™)ER) = X(k) (1.148)

u(k) = —D(k,q™)E(k) + ualk)

oi1 g est la commande du systéme bouclé, introduite en supplément de la sortie désirée y,
qui fait partie du systéme de mesure (1.33). Elle peut par cxemple contenir un terme de feed
forward puisque la perturbation agissant sur le systéme (1.131) est fournie par I'adaptation
([21], Samson [31], Giri et al. [5]). D’aprés Poolla et Khargonekar [19. Théoréme 4.4, il
existe aussi un feedback d’état stabilisant (1.132) dans ce cas.

Pour satisfaire (1.133), il suffit que (1.139) soit vérifiée et dans ce cas les suites R,
peuvent étre choisie arbitrairement. Cette contrainte nous donne un critére de choix en
ligne des paramétres de adaptation a, b, .., pour assurer que le modéle fourni puisse éire

isable. Par exemple dans le cas n = 2 et choisissant { = 2
(choix le plus contraignant), (1.139) sera verifiée si:
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[BaCk 4+ 2)BuCk + 1) = @k + Dbk + 2)bo(k) + aa(k + 2)bo(k + Dbo(k)|* > 2 (1.149)

Clest une forme quadratique en @y(k +2) et by(k + 2) i.e. en les coefficients de f(k). On
peut chercher les paramétres de 'adaptation pour maximiser cette forme. Ce critére est
beaucoup plus simple que celui obtenu en évaluant, dans (1.149), toutes les suites  I'instant
k +2 comme 'imposerait la commandabilité & chaque instant de la paire [F(k), Gy(k)]

invoquée par exemple par de Larminat et Raynaud [13]. Il a par contre I'inconvénient détre
instationnaire ce qui rend la méthode, proposée par ces auteurs, difficile 4 étendre 4 ce cas.

Si en plus de (1.139), la suite [a,| (le déterminant de F) est minorée par unc valeur
strictement positive, (1.140) nous donne un feedback d’état assurant la compléte stabilis-
abilité uniforme de (1.132). Dans ce cas, une loi de commande est obtenue soit par le feedback
dynamique (1.148) avec X' donné par un observateur, soit par un observateur-controleur:

X(k+1) = FOXE) + Gikyulk) + K(k)y(k) = Ha (k)X (k)]

N (1.150)
u(k) = —C(k)X(k) + T(k)ua(k)
oit:
o la suite K est choisie bornée et telle que (ce qui est toujours possible):
sk .
Il TI [(F&) = KOOI < aX (1.151)
i

o la suite C est, par exemple, donnée par (1.140). Nous pouvons vérifier en ligne si son
choix est bon puisque:

Lemme 1.5 (Anderson et Moore [1, Theéoréme 4.3]) Les suites F ct G étant bor-

nées, il eziste des constantes positives a et \ avec X strictement plus petite que 1 telles que,
pour tout k et j:

Kty
I TI[FG) = GG < a¥ (1.152)
=k

si et seulement si la suite P définie récursivement ci-dessous est bornée:

P(k+1) = [F(k) = Gu(k)C(K)] P(k) [F(k) = Gi(K)C(R)] + 1 (1.153)



1.4.2 Solutions bornées

Pour établir la bornitude des soluti du systéme a der en boucle fermée avec
un contréleur linéaire adaptatif obtenu d’une paramétrisation explicite, nous écrivons une
représentation d'état du systéme (1.131), de son controleur (1.148) ou (1.150), par exemple,
et de son modele de perturbation (1.147) (voir des exemples dans [21] et [30]):

X(k+1) = F(K)X(k) + G(k)r(k) + n(k) (1.154)
( y(k)) = H(k)X(k+1) (1.155)
u(k)

Clest le systéme (1.1) avec:

o 7 une suite bornée, calculée a partir d’une suite de consignes,

o 7 provenant de la perturbation agissant sur le systéme (1.131) et d’un possible feed-
forward dans le contrdleur.

Pour ce systéme, supposons:

1- il eziste deus constantes positives f et \, X stri b

1, telles que, pour tous k et j:
ks

| IT F@I < £¥ (1.156)
[t

2- les suites H et Gr sont bornées:

H(k) < h , GE)r(k) <g (1.157)

§- il eziste une constante I, et un entier d tels que:
k ~ ~
(8 < Ty 35 [le@] + 18G) = 6G = Dl su(i)] + Bu(k) (1.158)
]

otk B, est une suite bornée,
4- enfin, il existe des constantes positives:

By B, Ew, Bu, Tr, Tw, T, Bi, Ty, Ty

u étant strictement inférieure & 1, et une suite bornée vy, de limite supérieure T telles que:

k) < B (1.159)
A < B 1)~ L) + B W + B2 2 (11o0)
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180k) — Bk = DI < Ty (L(k = 1)~ ()] + T W) + 72 ‘j(‘f)) (L161)

0< L(k) < A (1.162)

sup{l, no(k)) < o(k+1) < po(k) + TLIXGE+ D] + 1 (1.163)
b+ 17 = s, + WBF + WP, s(0)=0  (L161)

suk) < Tpa(k) (1.165)

IX(k+ DI < 72(k)o(k) (1.166)

Lemme 1.6

(Extension de [21, Théoréme 7] et Transposition de [24, Théoréme 2])
Avec les quatres hypotéses précédentes,

o Si il eaiste des constantes By, Yw, Yu, € et une suite bornée B, vérifiant:

1 T,
(Bw +TTw) yw + Tp(Bu+TpT0)y /14 26 log ’ Yo < (1.167)

A =p)p=mp =27

<
P21+ dp)T,T,

et telles que, pour tous k et I:

k4l

S WO < Bw + il (1.168)
et}

S w(k)? ok+0) 1 suli)? + 20

< 2|1+ ellog | | su) e 1.169

2w < A\ reriasy| ] s o (1169)
la suite X est bornée et plus précisément il eziste une z, dépendant des limsup
de B, et B, telle que, pour toutes conditions initiales:
limsup [ X(b)]| < = (1.170)
k=00

o Si la constante g est nulle, la suite B, est p-czponenticllement décroissante, la suite W
est sommable, \ est sirictement inférieure & p et il cziste une suite B, p-bornée et une
constante v, vérifiant:

1=d f27 h(d + 1) /2(E,? + T2 T.°
w4 h(d 4+ 1) y/2( » )W <1 (11m)

(n=2)?

et telles que:
P llle < Bulk) + yusu(k) (1.172)

la suite X est de carrés sommables.
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Ce résultat technique constitue la clef de voiite de notre étude. 1l n'est cependant que
qualitatif. La contrainte (1.167) est trés restrictive et la particularisation des lois, aussi bien
ion que de de, pourrait dobtenir une condition plus précise.

Suivant 1’ ébauchée en Introduction, ce Lemme nous permet, avec les
différents éléments que nous avons établis, d’énoncer des conditions trés générales pour

lesquelles la bornitude de toutes les solutions peut étre établie. Etudions donc ses hypotheses:

o D’apres le Lemme 1.4  par exemple (1.156) est satisfaite si le modele adapté vérifie une

de stabili pléte uniforme. La fagon de satisfaire cette condition a
été Iobjet de nombreuses études:

~ de Larminat et Raynaud [13] proposent deux estimateurs en paralléle, 1'un non
modifié, Iautre, lié au premier, fournissant le modele et pouvant subir des sauts
pour s'éloigner d'une non stabilisabilité.

—~ Middleton et al. [17) proposent plusieurs estimateurs en parallele, chacun des
vecteurs § correspondant étant contraint & rester dans un convexe ot la condition
est satisfaite.

— Giri et al. [5] ajoutent & la commande un terme proportionnel & o et géle le
contréleur sur un intervalle de temps. Ceci assure une détectabilité uniforme de
(1.62) et permet la convergence du vecteur des paramétres adapté vers ceux d’un
modele supposé stabilisable.

o (1.158) résulte par exemple de (1.121) et (1.147).

o (1.159) & (1.162) sont données par la Propriété 1.4.

o (1.163) vient de (1.155) et de la définition de o (1.122).

o (1.164) est la définition de s,..

o (1.165) nlest rien d’autre que (1.127).

o Daprés le Lemme 1.2 et le point 2 de la Propriété 1.3, (1.168) et (1.169) seront
satisfaites si il existe une suite de comparaison 6, restant dans la suite de compacts T
de la Propriété 1.4, & la quelle est associée un modele:

(An(k)S, =Bn(k)) = We = (0(k)'P+ Q) V.U (1.173)

pour lequel Perreur de modélisation:

dn(k) = Ap(k,¢7)S(q (k) = Bu(k g™ )u(k = 1) (1.174)
vérifie

soit:

Holldmllug < Boo(k) + oo 5u(K) (1.175)
soit:



ldn(K)] < Ba(k) + 725.(k) (1.176)

(1.167) impose alors que la vitesse 6(k) —6(k —1) de la suite de comparaison soit petite
en moyenne et que soit la constante 7, soit la constante 7, soit petite.

o D’aprés les des Propriétés 1.2 et 1.3, (1.171) et (1.172) sont satisfaites si la suite r est
nulle, la suite de comparaison, mentionnée ci-dessus, est convergente au sens I; et si
un modéle interne peut étre choisi dans le systéme de mesure pour annihiler tous les
signaux exogénes.

Pour en finir, il nous reste (1.157) et (1.166). (1.166) est la condition d’observabilité de
la norme de X & partir de u et y que nous avons mentionnée pour établir la propriété
de “petitesse” (1.14) & partir de la propriété (1.24). Considérons Pexemple du contréleur
(1.150). Avec (1.132) et (1.147), X dans (1.154) est donné par:

X(k)
X(k) - X(k)
w(k—1)
X(k) = : (1.177)
w(k —ny)
u(k 1)
y(k—1)

ny étant le degré du polynéme N La suite H est donc trivialement bornée. Par ailleurs,
avec 0 la suite de comparaison introduite au dessus et (An(K)S, Bn(k)) le modéle associé,
X vérifie (1.146) avec:

y(k) = [(1— An(k,q™)S(q)aly(k = 1) + Bu(k,g™" ) u(k = 1) + dn(k) (1.178)
De plus, w verifie (1.147) et on a:

X(k+1)=X(k+1) = (F(&)=K(kYHa(k)) (X (k)= (k) + (K(k)Ha(k))+Ga(k)) w(k)(1.179)
e(k) = wa(k) + (B(k~1) = B(k ~ 1))'Z(k) (1.180)

Les suites § et § étant bornées, avec le point 2 de la Propriété 1.3, on peut établir:
si:
o la suite K est choisic pour que A soit strictement inférieure & u dans (1.151) (toujours
possible),

o d,, verific (1.176) (v; non nécessairement petit)
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il existe une constante v telle que:
XK < B(k) + vsu(k) (1.181)

ol B est une suite bornée dépendant des conditions initiales de y et u, mais de fagon -
exponentiellement décroissante s'il en est de méme de B, pour dy, (voir Propriétés 1.1 et
1.2). L'inégalité (1.166) résulte alors de (1.154) avec (1.157), (1.158) et (1.165).

L’application du Lemme 1.6 nous donne par exemple la réponse suivante & la question
de robustesse posée en Introduction:

Propriété 1.5 Il eviste des contrileurs linéaires adaptatifs donnant des solutions bornées
lorsqu’on les place en boucle fermée avec un systéme dont les entrées-sorties mesurées sa-
tisfont, avec d une suite bornée:

Alg™)y(k) = Blg™)u(k—1) + d(k) (1.182)

. ) Pa
A et B étant des polyndmes tels qu'on puisse trowver = dans S(u) et A, et By, des
polynimes de degré ny et ng dont les coefficients sont arbitraires dans la préimage par la
paramétrisation d’un compact Y, pour satisfaire
soit:

Pz - yPu(zh) 2
o {#’IA(Z )P(z ) An(z P+ BB P Bn(z7") } <7k (1.183)

soit:
# (e B e 86 ) b S < sy

le compact T, les entiers s et np, le nombre réel positif u, strictement plus petit que 1, et
les deus constantes positives 7 et Yoo étant calculés  partir des paramétres du contrileur.

De plus, si la suite d est nulle et le signal de consigne est annihilé par un modéle interne,
Perreur de poursuite est de carrés sommables.

(1.183) et (1.184) caractérisent le type de perturbations autorisées sans perdre la borni
tude des solutions. D’apres la Section 1.2, cette propriété est donc robuste a tous les effets
non modélisés qui peuvent étre introduits par un systéme linéaire sauf des presque non ob-
servabilités qui seraient associées a des valeurs propres de module supérieure a ji. Bien que
non écrit dans cette Propriété, le Lemme 1.6 permet aussi d’établir la robustesse vis & vis
dinstationnarités et de certaines non linéarités.

le: Pour notre contrleur réponse pile é, on a daprés (1.112)
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1+
E.’H=T'th.3:2,F»= =V (1.185)

Et, avec (1.7), on remarque que tous les termes 6(i) — (i — 1) de (1.158) ne sont pas
présents dans ce cas et:

A=0,T,=R+l6l,d=0,f=1 (1.186)
Le Lemme 1.6 nous indique donc que notre controleur donnera des solutions bornées
si on Putilise avec un systéme dont les entrées-sorties mesurées satisfont, avec d une
suite bornée:

Alg™)y(k) = Bg™)ulk ~1) + d(k) (1.187)
les polynomes A et B vérifiant:

$, (e B D o me B - ap)

< (1188)

<

l—u’] n
4(R+160)) 1+m

avec 6 dans [fo— R, R +60] et %"‘ dans S(u)

1.5 Commande liée & une parameétrisation implicite

Considérons I'exemple d’une commande par

1.5.1 Modele de référence pour systéme a modele inverse instable

Choisissons B, J, L, M et R des polynomes, parametres du controleur adaptatif, tels que:

o R z"'BL soit divisible par S (donné par le systéme de mesure).
e R et M soient unitaires.

o M(27") ait tous ses zéros dans le disque ouvert de rayon .

Choisissons aussi deux entiers ng et np et posons:
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0
Y, = 0 , Y. = L VY(k+1) = Y(¢ )y(k) + Yulg)u(k) (1.189)
0 e
Suivant [28] et Gawthrop (4], nous définissons une paramétrisation implicite en prenant le
triplet (U, V, W) tel que:
w M R—g¢'BL —JB
Ut = 1190
(V) Tt (0} ( ~BY,  BY. (1190)

Pour o, nous prenons simplement la suite (voir [24] pour un autre choix):
a(k) = sup{l,s.(k)} (1.191)

Avec 8 la suite donnée par la loi d’adaptation étudiée a la Propriété 1.4, la commande est
obtenue en résolvant en u(k), pour chaque k, l'équation suivante:

AR)Y (k+1) + Lig™)y(k) + J(g™)u(k) = r(k) = Blk,q™)w(k) (1.192)

o 7 est la commande du systéme (mesuré) bouclé,

E(k) est un polynéme & coefficients bornés indépend des
exemple en minimisant sous cette contrainte un critére sur

11— ¢'B(g™") 0 E(k,q )] w(k) (voir plus loin),

w(k) = R(g™)y(k) = ¢7Bla™) [Bk)'Y (k+ 1)+ L(g™) y(k) + J(a™") u(k)] (1.193)

obtenu par

Enfin, les compacts convexes Y(k) sont choisis de sorte que, pour chaque k et chaque 8 dans
Y(k), les polynomes 8'Y, + J et z~'B soient uniformément strictement premiers entre eux.

Indépendamment du systéme auquel il est appliqué, ce controleur a les propriétés suiv-
antes:

o Lerreur w est reliée & l'erreur d’adaptation par:

M(gMw(k) = det{U(g7")} e(k) + &(k) (1.194)
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avec:

b(k) = det{U(g )} Bk = 1)'Z(K)] = M(g™)B(q™") [k — 1)'Y (k)] (1.195)
= det{U(q™)} [B(k = 1)'2(k)] — B(k — 1)"[det{U(¢™")} Z(k)] + (1.196)

+6(k = 1) [M(g7)B(a )Y (k)] — M(¢™)B(q™) (B(k — 1)'Y (k)]

De plus, utilisant les définitions de ¥ et Z, comme en (1.121), il existe une constante

T, un entier d et une suite 6y, ne dépendant que de nc, np, , S, M, B et U, la

suite gy étant p- et dant en plus des condmons

initiales de ¥ et Z et de sup,{||6(k)||}, tels que:

6k < Ty zuv(k—z)— (k=i = Dlls,(k =) + B(k) (1.197)
o La sortie vérifie:
R(g™)y(k) = [1=¢7'B(a™) 0 E(k,g™)] w(k) + ¢~'Blg™)r(k) (1.198)

ceci expliquant le choix de E(k).

1.5.2 Solutions bornées: résultat qualitatif
Soit d,, I'erreur de modélisation donnée par un modéle instationnaire (A, (k) , Byu(k)B):
dn(k) = An(k,g™")y(k) = Bul(k,¢™)B(g™")u(k — 1) (1.199)

ot le polynéme By,(k) est l-exponenticllement stable. Par construction du contrdleur, les
polynémes ( (k)'Y,+J et B étant uniformément stnctement premiers entre eux, il existe des

polynomes a(k) et B(k) & coéfficients bornés indé des solutions tels que:
a(k) (B(k)'Yu+ ) + B(k)g'B =1 (1.200)
Cette équation nous permet d’écrire le systéme (mesuré) bouclé sous la forme:
M 0 0 w(k)
¢ BoE(k)—1 R 0 y(k)
a(k) o B(k)o B(k) a(k)o Bu(k)o (8(k)'Y, + L) — B(k) o Ap By(k) u(k)
0
_ B (k) + (1.201)

a(k,q7") 0 Bu(k,q™")
(k) + det{U(g™")} e(k)
0
[B(k)Bu(k) = B(k) o Bm(K)lg™'B +

~ N u(k) — B(k,q7") dn(k)
+ a(k)Bu()B(K)Y, — a(k) 0 Bu(k) 0 6()'Y,
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Ecrivant une représentation d’état de ce systéme avec:

wik—1)
X(k) = y(kjl) (1.202)

u(k —1)

on obtient 'équation (1.154) ol la matice F(k), bloc triangulaire inférieure, vérifie (1.156)
d’apres nos choix de R, M, des compacts X(k) et notre hypothese sur B, (k). Les autres
hypothéses du Lemme 1.6 sont satisfaites si 'erreur d,, vérifie

soit:
ek < Boolk) + Yoo su(k) (1.203)
soit:

ldn(K)| < Ba(k) + 725u(k) (1.204)

la constante 7., ou 7, étant suffisament petite et, avec le point 2 de la Propriété 1.3, A, (k)
ct. By,(k) variant suffisament lentement et restant dans une suite de compacts liée & T par
la fon. Sous ces conditions les suites u et y sont done bornées et sont méme de
carrés sommables si la suite 7 est nulle, A,, et By, sont constants et (1.203) est vérifiée avec
Bo, une suite p-bornée (voir Propriété 1.2).

Comme pour la commande adaptative & partir d'une paramétrisation explicite, nous
avons donc établi que la bornitude de toutes les solutions donnée par cette commande par
modéle de référence pour systéme & modéle inverse instable est préservée en présence de
faibles instationnarités, de certaines non linéarités et est robuste au sens des topologies
induites par les inégalités (1.203) ou (1.204) [24].

1.5.3 Solutions bornées: résultat plus quantitatif

L'une des raisons pour lesquelles I'application du Lemme 1.6 demande des conditions quan-
titativement trop restrictives est que, par construction, ce résultat cherche & exploiter la
caractérisation des effets non modélisés donnée par la Propriété 1.1 Cette caractérisation
est du type “boucle ouverte”, ne prenant pas en compte la “déformation” des effetes non
modelisés par le feedback. Dans le cas d’une commande & partir d’une paramétrisation im

plicite ot les paramétres sont en fait ceux du contréleur, il est possible de prendre en compte
(un peu de) cette “déformation”

Supposons que les signaux d’entrées-sorties mesurés sont tels que:
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Al y(k) = Blg™)u(k—1) + d(k) (1.205)
oit la suite d, prenant en compte tous les effets non modelisés par les polynémes A et B
(de degrés arbitraires mais supposés constants pour simplifier les énoncés), est supposée
satisfaire:

pHldllus < Balk) + vasu(k) (1.206)

Pour étudier le systéme (mesuré) bouclé avec cette hypothése, nous divisons le polynéme
RB par B:

B = A + B,B (1.207)

Pour fixer les idées, dans la suite, A sera considéré comme “petit” et B, u-exponentiellement
stable. Posons aussi:

@ =Y, 'B + YA (1.208)

Pour tout vecteur 6 (constant) dans le compact convexe T (constant), Verreur de modélisa-
tion

w(k) = z(k) — Z(k)'6 (1.209)

vérifie, en prenant E constant pour simplifier:

det{U(q™")}Bum(q ") wo(k) = (1.210)
= Fy(q7") [det{U(¢™)} e(k) + 6(k)] + Golg™)r(k) +
+ATM (g [6'Y (k) + T(gT u(k = D]+ M(q7) (6Yala™") + T(q7") d(k)

avec:
Fy = [Bn—q'BL—(6'®+JA)(1-q 'BE) (1.211)
Gy = [Bm—q 'BL—(6'®+ JA)M (1.212)

Mis & part les perturbations A et d et la suite bornée r, (1.210) exprime w; en fonction de
et 6. Mais, avec (1.98) et (1.99) données par la loi d’adaptation et (1.197), nous avons
inversement une expression de ¢ et § en fonction de wy. On a donc une caractérisation
boucle fermée des effets non modelisés. Cependant pour mener & bien cette approche,
nous sommes amenés & utiliser (1.98) et (1.99) d’une fagon différente de celle du Lemme
1.6. Présisément, nous les multiplions par y*o(k)? et nous sommons, en remarquant que
le terme i [Lo(k — 1) — Lo(k)] p~*o(k)* peut étre négligé. En effet, on démontre le
résultat technique suivant:

Lemme 1.7 ([24]) Soit u une constante positive strictement inférieure d 1. Considérons
la suite a définie par:
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20) = S8l 1) - L] 2 (1213)

ot Ly est une suite positive bornée et o est une suite positive telle que la suite p~**o(k)?
soit croissante et, avec c une constante positive:

o(k) < colk—1) (1.214)

1l egiste une T, dépendant uni de p, ¢ et sup,{Ly}, telle que, pour toute
constante € positive:

a(k) 2 & Vk€|Ko, K| (1.215)
implique:
o(k)? < TV p?t "D o(Ko) Yk €] Ko, Ki (1.216)

Ainsi, sur les intervalles de temps ot le terme discuté n’est pas négligeable au sens de (1.215),
la suite o est mojorée par une suite exponentiellement décroissante.

On démontre alors:
Propriété 1.6 ([24]) Le polynime R étant choisi p-czponentiellement stable, il existe des
tantes ¢; i cr, dépendant des paramétres du contrileur et de v{A} et v{B}, telles que le
controleur par modéle de référence pour systéme i modéle inverse instable, en boucle fermée

avec un systéme mesuré, vérifiant (1.205) et (1.206), oi la suite By est bornée, a toutes ses
solutions bornées si il existe un vecteur 6 dans le compact convese X vérifiant:

[17 {Fi} Fa+«,\/r—r,)] [1’7{3 ( { }Cz+7{3 }‘14:3)] - (1.217)
— {8} [7{%}&,4—7{8;‘}%%] [CH..,{ - RBE}C’] <o

la notation v {A) signifiant:

{4} = sup {[4G7]} (1218)

Ce résultat est étendu pour p égal a1 dans [29]. Da.ns ce cas, <urre:pondant 4 une adaptation
A gain tendant vers zéro, la p est g aussi robuste que la
commande linéaire.

L’inégalité (1.217) met bien en évidence le role des paramétres du controleur. Ainsi, le
polynéme E doit étre choisi selon le critére:

mp{ e (R )

37



les constantes Ty et T, doivent étre le plus petit possible (cas d’un systéme stationnaire). ..
De plus, (1.217) est moins restrictive que I'inégalité (1.167) ct donne une caractérisation
assez précise des systémes mesurés auxquels on peut appliquer notre controleur pour avoir
la bornitude de toutes les solutions.

1 £ rob A

E: le: Le oleur réponse pile ifié est le par modéle

de référence pour systéme & modéle inverse instable obtenu cn prenant:
§=L=E=Y,=0 , R=B=M=J=U=n;=1 (1.219)
et, daprés (1.130), on a:

Y 1
r=4n (1.220)
"N

Appliquons-le au systéme mesuré vérifiant:
(14 ag™" +axg ™) y(k) = u(k —1) (1.221)
Dans ce cas, on obtient:

F,
a=A=v=0 , B.=1, B—":—(ua,)q-'—a,q-’ (1.222)

et si |ay + 6| est plus petit que R, on peut choisir § dans le compact convexe
[6o— R, 6o+ R] , tel que:

Fa} _ el
7{Bm =2 (1.223)

D’aprés inégalité (1.217), toutes les solutions seront bornées si:

laz|
Vo

1- >0 (1.224)

11 est intéressant de comparer cette inégalité avce celle obtenue pour le contréleur
réponse pile linéaire:

u(k) = —foy(k) + r(k) (1.225)

Dans ce cas les solutions sont bornées et exponentiellement stables pour toute suite 7
si et seulement si:

lar + 60| < 14+a2 , a <1 (1.226)
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Le controleur adaptatif est done presque aussi robuste que le contrdleur linéaire permet-
tant la plus grande incertitude sur a, mais demandant alors la connaissance parfaite
de a;. Cependant le contréleur linéaire donne bornitude et stabilité alors que nous
n'avons établi que la bornitude pour le controleur adaptatif.

1.6 Conclusion

Les divers résultats énoncés au cours de ce prcmu.r chapltre nous assurent l'existence de
dleurs linéaires adaptatifs implé la bornitude de toutes les solu-
tions lorsqu on les applique a des systémes dont un modele linéaire rationnel stationnaire

peut étre obtenu en négligeant:

1. des poles et des zéros stables suffisament rapides,
2. des zéros instables suffisament rapides,

3. des presque non-observabilités si elles sont associées & des modes suffisament rapides,
4. des instationnarités suffisament lentes en moyenne ou petites en amplitude,
5

. des nonlinéarités, dont la distance & une fonction linéaire est bornée.

Comparée & la commande linéaire, la commande linéaire adaptative est plus robuste en
ce qui concerne les incertitudes etriques ct les instationnarités, mais lle n'est pas
robuste aux non observabilités associées & des modes trop lents. Rappelons aussi que notre
intérét s'est porté sur la bornitude mais que “solutions bornées” est loin d’étre suffisant pour
garantir un comportement satisfaisant en pratique. Dcrru.re le mot “borné” peut se cacher
des comportements dy et inacceptabl En  particulier,
nous avons prédit, & la Section 1.3, un comportement oscillatoire, prédicti

confirmé pour certains exemples ([15], Mareels et Bitmead [16], Golden et Ydst:e 6]). Dans
ce contexte, le deuxitme résultat de la Propriété 1.5 est important puisque non seulement
les solutions sont bornées mais leur comportement est asymptotiquement satisfaisant. Ce
résultat est obtenu grice  Putilisation d'un modele interne. Ceci met en évidence I'avantage
de cette tech dans le cas adaptatif et c’est & Middleton et al. [17] que revient la primeur
cette remarque. Dans la deuxieme partie de ce mémoire, nous établirons une version locale
de ce résultat dans un contexte beaucoup plus général.
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Chapitre 2

Etude qualitative des solutions des
systémes linéaires adaptatifs

2.1 Introduction

Liobjectif de ce chapitre est de montrer des techniques permettant I'étude du comportement
transitoire et du comportement asymptotique des solutions des systémes linéaires adaptatifs
que I'on sait étre bornées d’aprés le chapitre précédent. Les méthodes utilisées pour établir
la bornitude des solutions, reposant sur la robustesse de cette propriété pour les systémes
linéaires exponentiellement stables, se révélent trop imprécises pour cette étude. Ceci tient
au fait que, considérant les couplages entre systéme & commander et contréleur adapté, d’une
part, et loi d’adaptation, d’autre part, comme des perturbations peu structurées, elles ne
rendent pas suffisament compte de leurs effets. D’un autre coté, analyse du systeme bouclé
dans son ensemble se révéle trés difficile dans le cas général et des dynamiques trés complexes
ont été mise en évidence méme pour des cas trés simplifiés (Mareels et Bitmead [12], Golden
et Ydstie [5]). Pour venir & bout du probléme, nous allons tirer profit de la propriété qu'ont
les sytémes linéaires adaptatifs en présence de termes de forgage petits en amplitude. En
efft, dans ce cas, un phénoméne & deu: écheles de temps apparait localement et les sy émes

se comportent comme de petites perturbations de és par une famille de
systémes linéaires. Grilce & cela, nous metrons en cv:dence des ensembles limites et des
é et nous étudi leur ivité ou répulsivité en appli des

techniques de pertubations - méthode de Poincaré (Lefschetz [10]), stabilité structurellc
des ensembles intégraux hyperboliques (Shub [21], Hirsch, Pugh et Shub [7]), méthode de
moyennisation (Sanders et Verhulst [20]).

Précisé si le systéme & der est linéaire, il est possible dans la plupart des

cas d’écrire, au moins localement, le systeme en boucle fermée sous la forme:

Y(E+1) = ARDY(R) + Blo(k)u(d) } o

w(k+1) = @(k) + C(Y(k),p(k), v(k),7(k))

v représente les termes de forgage, signaux exogénes entrant dans le systéme. Y, dans R",
est 'état du systeme & commander, du contrdleur et des filtres. v représente les paramétres
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de réglage de la loi d’adaptation dont I’état est ¢ dans R?
Par ailleurs, une propriété importante vérifiée dans la plupart des cas par la fonction C est:

Y
C(Y,p,v,7) = €C (;&.36’7) (2.2)
Posant:
Y v
X=Z.u=7 (2.3)

cette égalité nous permet de reécrire (2.1) sous la forme:

X(k+1) = Ale(k)X (k) + B(p(k))u(k) (2.4)
k+1) = @(k) + & C(X(k),(k), u(k),ev(k))

Cest un systeme & deux échelles de temps lorsque ¢ est petit (et ... A(p) est non critique,

et la constante de Lipschitz de C en ¢ est bornée, et. .. ).

Pour éviter tous problémes, nous supposerons dans ce mémoire que les fonctions A, B
et C sont de classe C?

le: Considé le dleur réponse pile adaptatif “robustifié” avec modéle

interne:

s(k+1)7 = pi(k) + m(udk) +y(k)")

A = i+ M [k + 1) = wi(k) = B(k)we(K)]
() =

maz{1,¢(k + 1)} + yyu(k)? (2.5)
Bk+1) = 9u+min{1, W:;_m}(@,(k)—eg)
u(k) = —=B(k)u(k) + (welk +1) = y(k + 1)) + p(k)

ou:
o L'indice ; pour une suite u signifie:
w(k) = T(a™ (k) (2.6)
avec T, un polynéme en lopérateur de retard ¢=*, supposé annihiler les signaux
exogenes agissant sur le systéme commandé. Puisque l'ordre du systéme en boucle
fermée est augmenté du degré de T, pour rester simple, nous prenons:

T(¢)=1 - tg”* @7

T devant annihiler des suites bornées sur ] o0, -+00], ce choix n’a de sens pratique
que pour ¢ =0 ou +1.



o p est une suite calculée & partir d’une suite de sorties désirées y;. Par exemple:
p(k) = [1=T(q7") +8(k)g " T(q™ ")) yalk + 1) (2.8)

© 41, M, 72, R sont des constantes strictement positives.

o 6o est une estimation & priori du péle du systéme & commander.

Nous a le comportement des solutions du systéme obtenu en
bouclant ce contréleur avec le systéme:

y(k+1) = ay(k) + u(k) + 8(k) (2.9)

o1 § est une perturbation exogéne. Ce systéme s'écrit (avee ¢ = 8 — a):

y(k+1) = —p(k)y(k) + 8(k) — t6(k = 1) + p(k)
vk +1) = —p(k)y(k) = ty(k) + 6(k) — té(k — 1) + p(k)
s(k+1)2 = @2e(k)* + [(((e(k) + a)ye(k) + ty(k) + p(k))?) + y(k)?] (2.10)

_ W IB(R) — 150k — 1) = p()uu(k)]
8 = P ek + 1P} + 7R

ek +1) = 6o—a+min{l, e} (4 (k) +a — 6)

Par rapport au premier chapitre nous avons donc changé nos notations de la fagon
suivante:

1°T chapitre 218Me chapitre
v — Y
u — u

w=Tuy — u
Sy — w

Introduisons la suite de domaines D(k) définis par:

20 = {wce)|c <1 lpra-pen 0 <} o
Restreint & D(k), le systéme (2.10) s'écrit:
yk+1) = —p(k)y(k) + 6(k) —t6(k —1) + p(k)
w(k+1) = —p(k)y(k) — ty(k) + 8(k) —té(k —1) + p(k) (2.12)
e(k) [8(k) — té(k — 1) — @(k)ye(k)]

plet1) = elB)+ TH b
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Nous avons omis I'équation en ¢ car elle n’influence pas le reste du systéme restreint
& D(k) et ses solutions se déduisent facilement de celles de (2.12). Ce systéme est du
type (2.1) et nous permet d’expliquer complétement la dynamique de (2.10) restreint
& D(k). Dans la suite, nous supposerons R et (1— u)/y suffisament grands et [a — |
suffisament petit pour que D(k) soit non vide et les solutions auxquelles nous nous
intéresserons soient dans cette suite d’ensembles.

Par ailleurs, on vérifie:

SR -tstk=1)  w

v (k) —t6(k =D =gyl _ o= < € (213)
z 3 .
1+ 7y 14 (5272) Z_z
Posons:
Sk ok
d(k) = % s (k) = 7) (2.14)
et pour simplifier les notations, prenons:
7 =1 (2.15)
On obtient alors un systéme du type (2.4):
a(k+1) = —p(k)z(k) + d(k)—td(k—1) + r(k)
ak+1) = —p(k)z(k) — ta(k) + d(k)—td(k —1) + r(k) (2.16)
_ (k) [d(k) — td(k — 1) — p(k)z.(k)]
pk+1) = o(k)+e T+ eah)?
Notons enfin que s'il 0’y a pas de modéle interne, i. e. ¢ = 0, le systéme se simplifie
en:
a(k+1) = —p(k)a(k) + d(k) + r(k)
k) [d(k) — p(k)e(k 217
ok41) = g +e )[1(_#)“(5‘;()2)1( ) (217)

Pour étudier le comportement asymptotique des solutions de (2.4), nous allons exhiber
des soluti iculiéres - points d’équil périodiques. Puis, pour comprendre
plus globalement le comportement, nous mettrons en évidence des ensembles intégraux de
structure plus complexe qui, dans certains cas, sont des sous-variétés intégrales de la variété
(in)stable de ces solutions. Ce dernier aspect nous permettra d’étudier la stabilité de ces
solutions et d’obtenir une idée de leur bassin d’attraction. Pour mieux comprendre cette
approche, nous considérons en premier lieu le cas ot  est nul.
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2.2 Le systéme “gelé”

Pour € = 0, le syteme (2.4) est dit gelé.

X(k+1) = A(Q)X(k) + B(e)u(k) (215
e(k+1) = o(k) = '
Cest une famille de systémes linéaires indexée en ¢ et pour laquelle on sait:
o exhiber les solutions bornées sur | — 0o, +o0o[ pour chaque ¢ tel que A(p) n’est pas

“critique” pour la suite u ( pas de résonnance, voir Propriété 2.1),
o éudier la stabilité de ces solutions.
Ainsi, prenons le cas ot la suite u est stationnaire ou, plus précisément, solution réelle

bornée sur | — 0o, +00[ d’une équation aux différences finies, linéaire et a coefficients con-
stants, soit:

u(k) = iu,zf (2.19)
=

ot les 7, sont des nombres complexes de module égal & 1 et les u, sont des vecteurs non mils
2 coeffi Les propriétés des systémes linéaires nous donnent:

Propriété 2.1 (Extension de LaSalle [9, Section 13]) Le systéme gelé, avec u donné
par (2.19), @ une solution bornée pour k €] — co, +oo| admettant ¢ comme composante si
et seulement si , pour chaque z,, composante fréquentielle de u, qui serait valeur propre de
Alp), le vecteur B(p)u, correspondant est dans Uimage de 21 — A(yp).

Si cette solution eziste, elle s’écrit:

X(kp) = S X0) 2 + 30, A V() (2.20)
=1 =1

o les X,(p) sont solutions de:
(21 = A(9)) Xi(p) = B(¢)w (2.21)

o les V() sont les vecteurs propres unitaires de A(ip) associés aus valeurs propres sur
le cercle unité, s'il en eviste, sinon les Vy(ip) sont nuls,

o les a, sont des nombres complezes quelconques.
Cette solution est, selon sa composante X :
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o globalement ezponentiellement stable si A(p) a toutes ses valeurs propres dans le disque
unité ouvert,

o globalement stable si A(¢) a toutes ses valeurs propres dans le disque unité fermé et
les valeurs propres qui seraient sur le cercle unité ont un bloc de Jordan d’ordre 1,

o instable sinon.

L'équation (2.21) définit une famille de multiapplications X;(y). Cependant, si, pour ¢*,
aucun des z n'est valeur propre de A(¢"), ces multiapplications sont, comme A et B, des
fonctions de classe C? localement autour de ¢* Dans ce cas, les fonctions définies par:

k) = 3o Xile) (222)

sont toutes de classe C? localement autour de ¢* et uniformément en k.

Exemple: Supposons que, pour le systéme (2.16), on ait:
d(k) = R{dz5} | r(k) = R{rzF} , Jaal = |zl = 1 (2.23)

alors il y a une solution bornée pour k €] — 0o, +00[ si et seulement si z, et z, ne sont
pas racines de:

2 4 gz — tp=0 (2.24)

Elle s’écrit:

FOREE d(1—1tz) o , =
(0] el Joemmis( 2 )
oY
R A@) 2.25)
Hw) ’ ] (

ot A(p) est racine de (2.24) et a est un nombre complexe non nul si et seulement si
(lorsque cela a un sens):

1

w=1+_, ou ¢ = ou site]—i.%[. o = (2.26)
Cette solution est unique si et seulement si a est nul. Elle est:
o exponentiellement stable si:
tp €11, 1-¢|[ (2.27)
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(2.98)

o exponentiellement instable sinon.

2.3 Solutions périodiques

Ce qui nous rend ces solutions périodiques si précieuses, c’est qu'elles sont, pour
ainsi dire, la seule bréche par o nous puissions essayer de pénétrer dans une
place jusqu’ici réputée inabordable. Henri Poincaré

Les bles limites i ce vers quoi les solutions peuvent converger
(ou diverger) et expli donc les i Par ordre de complexité,
ce sont: point d’équilibre, solution périodique, ..La continuité des fonctions A, B et C'
implique:

Propriété 2.2 ([16, Théoréme 2.1]) Si le systéme (2.4) a une solution de période M
dont la condition initiale a un point d'accumulation (X*,¢%) pour ¢ tendant vers 0, alors
(X*,¢") est la condition initiale d’une solution de période M du systéme gelé en ", notée
(X*(k),"). De plus, Veapression:

Mo
> C(X7(k), 9", u(k),0)
k=0
est nulle.
Supposons la suite v périodique de période M et, commme dans la Section 2.2, que:
u(k) = YuzF (2.29)
=

mais, maintenant, les z, sont des racines MI®Me de Punité. Soit (X*(k),¢") une solution de
période M du systéme gelé. Avec la définition (2.22), la Propriété 2.1 ct la périodicité, on
a nécessairement:

X*(k) = S(k,e") + Zi:a;A(w')"V]‘ (2:30)
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oit les V; sont les vecteurs propres associés aux valeurs propres de A(g*), racines Mi¢me
de Punité s'il en existe, sinon les a} sont nuls. Sous ces hypothéses, la Propriété 2.2 nous
indique que, si le systéme (2.4) a une solution de période M, restant bornée pour ¢ tendant
vers 0, il existe (a5, ") annulant I'expression:

M-1 n
E(ay,¢) = 3. C (E(k,w) + Y ARV e, ulk), 0) (2.31)
k=0 =1

Exemple: Supposons:

Moo Moo (232)

Dans ce cas, le systéme gelé, obtenu de (2.16), n’a que des solutions de période multiple
de M La condition nécessaire dexistence de solution périodique est alors que I'on
puisse trouver ¢* et a* tels que, ave j, un nombre entier:

=

M1 i
3 @(k) (d(k) = td(k = 1) = g"23(k)) = kz (k) (e*(k+1)—r(k)) = 0(2.33)
k=0 =0

22+t —tp" # 0 (2.34)
EAE R s (2.35)
olt @* et &} sont donnés par (2.25) avec ¢ = ¢* et a = a”. Remarquant que (2.33)
n'est rien d’autre qu'un produit scalaire dans 1,[0,7M — 1], le Théoréme de Parseval
nous indique que le calcul peut étre fait dans le domaine fréquenticl. Avec Iexpression
(2.25) de 2, si z4, 2 et A(") sont différents I'un de I'autre et non réels, nous obtenons:

M [|dR{za(1 —tza)} _  |rPlz —t)* .
PR R A N C R T o

(2:36)

et si 24, 2, ou A(¢") est réel, |d|?, |r|? ou |a|? est & multiplier par 2 dans cette expression.
Rappelons aussi que a” est non nul que si:

2oz -t =0 (2.37)
a une racine sur le cercle unité. Par des considérations de degré, on voit que:

o si |||z, — ¢] est non nul, (2.36) a une solution telle que a* est nul, ¢* est du signe
de R{z4(1 - tz4)} et le terme de droite de (2.36) a une pente en ¢ négative en ce
point.

o si |r| est suffisament petit, (2.36) a une solution telle que |a*| est non nul, ¢* est
donné par (2.26) et de méme signe que R{z4(1—tz4)}. Notons que seul le module
et non Vargument de a* est défini.
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En particulier, si ¢ est nul (cas sans modéle interne), en posant:

o = signe(R{z}) (2.38)
o pour:
I o oR{za}(1+ oR{=})
P e T 59

(2.36) n’a qu'une solution vérifiant:
A" =0 ,0< 00" <1 (2.40)
o dans le cas contraire, (2.36) a trois solutions:
o |JdPoR{za} PP . _ .
(a = o] " TreRE] ¥ m0) @ (@7 =00e > 4D

Dans les deux cas la solution ayant a* nul vérifie:

Z—f(o, @) <0 (2.42)

D'aprés le Proposition 2.2, l'exi de solutions périodiques pour le systeme (2.4) est
lie & Vexistence de zéros de Pexpression (2.31). L'étude de I'existence de ces zéros est donc
importante. Nous avons vu que, pour notre exemple, celle-ci peut se faire par une étude de
degré. Dans [13], nous avons montré que ceci s'étend au cas général d’'une commande de
type modéle de référence.

s 16 Torbnd

de non
o

e des h
Avee des hyp
une conditi Ainsi, une

donne:

(2.31) égale & zéro devient
du Théoréme des Fonctions Implicites nous

Propriété 2.3 ([16, Extension du Théoréme 2.2]) Soit (a,¢") annulant (2.91) et tel
que aucun des z; n'est valeur propre de A(¢"). Posons (avec les définitions rappelées ci-
dessus):

(2.43)

Si le déterminant suivant est non nul,

9AM
Al WM -1 a—(so') v
o
M-l g¢r (2.44)
> 5%

=0

X" DO A Fo(ae)
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il existe o et une unique application:
(X,9) : Ix]=eo,+e] — R'xR’,
de classe C* en'e, telle que:
o (X(k,€),0(k,e)) est solution de période M du systéme (2.4).
o pour tous k:
X(k,0) = X*(K) ,  @(k,0) = ¢ (245)
o enfin, cette solution est:
— eaponentiellement stable si toutes les valeurs propres de A(¢") sont dans le disque
unité ouvert et toutes les valeurs propres de 32(aj,¢") sont & partie réelle stricte-

ment négative,

— instable si U'une des valeurs propres de A(p*) est & Ueztérieur du disque unité

fermé ou Uune des valeurs propres de 4E(a3, ") a sa partie réelle strictement

positive.
Tl est important de noter que, si un des a est non nul, (X*(k), ¢*), la solution périodique

correspondante du systéme gelé, est elliptique. Son prolongement en une solution périodique
du systéme adaptatif peut cependant étre hyperbolique.

Exemple: Appliquons cette propriété au cas ¢ nul et posons:
o = signe(R{zd}) (2.46)

Soit (a*, ¢*) une solution de (2.36),

o sia”=0ct ¢ # o, le déterminant (2.44) s'écrit:

—pM -1 0
(=" (2.47)
* <0
esiorm b EEEE et — g on
0 M(—orM-lae
(=¢") (248)
—2My*a* *

On en déduit que, pour ¢ assez petit, le systéme a, pour ¢ nul, une solution de période
M exponentiellement stable si:
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oR{z}(1 +oR{z})

[dE ~ ~ 1+oR(z} (249)
instable si:

2
[P _ R+ oRie)) 250)

| d? 1+ oR{z4}

et que, de plus, dans ce dernier cas, il existe une atre solution de période paire. Toutcs
ces ions peuvent étre i par:

d r
(k) = 92{szrxo' "+zr+¢‘zr
p(k) = ¢* + O(e)

zf+a‘(—¢‘)‘“} + O(e)
(2.51)

Pour le cas t non nul, sans faire de calculs, nous pouvons dire:

o si " n'est pas l'une des valeurs (2.26), le déterminant (2.44) est du type (2.47).
11 existe done une solution périodique de période M Elle est exponentiellement
stable si:

te" € -1, 1-|¢"l[ (2:52)
o1 1 i .
o si " est égal & I V* étant non nul et la matrice A(¢™)M — I étant

+1 t
de rang 1, on peut encore espérer avoir le déterminant (2.44) non nul.

. P | . 5 . .
o si " est égal & —, la matrice A(¢*)™ — I étant nulle, le déterminant (2.44) est
nul. On ne peut conclure & Iexistence d’une solution périodique dans ce cas.

2.4 Ensembles intégraux

A la section précédente, nous avons mis en évidence des solutions périodiques qui sont des
ensembles intégraux de structure trés simple. Pour obtenir plus dinformations sur le com-
portement des solutions du systéme, nous cherch des bles i

de structure plus complexe et une famille de sol On exploite pour cela la
propriété des deux échelles de temps:

4 évoluant trés lentement, X se rapproche (ou s’éloigne) beaucoup de son “régime” asymp-
totique (qui dépend de () avant que ¢ ait bougé de facon significative.

On s'attend donc & trouver des solutions de (2.4) telles que X (k) s'écrivent en fonction de
(k). Tl est important de noter & ce point que si cette propriété est vraie, elle n'a rien & voir
avee une propriété de stationnarité de la suite u. Aussi, dans toute cette Section, u mest
supposée que définie et bornée sur ] — o0, co[-

Soit:
= {01 MA®) <17} (253)
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Le systéme gelé (2.18) a pour chaque ¢ de § une et une seule solution bornée pour k dans
] — 00, +0o]. Elle est globalement exponentiellement stable et s'écrit:

Mo(p, k) = 3 Alp)"Blo)uli = 1) (2.54)
Posons alors:

M} (¢, k) = Mo (k)

“ e-iOMo P
> Ale) W(%t'(“l)C(MD(LP(Z)J)V‘P(’)v“(")vg) (2.55)

Pour le sytéme (2.4), on obtient par application de la méthode de la transformée de graphe
(Shub [21]):

Propriété 2.4 ([14, Théorémes 1 et 2]) Pour tout ¢ suffisament petit, il eviste une
Jonction de classe C'-Lipschitz,

M.:SxZ — R (2.56)
telle que:
1

X(k) = M.(p(k),k) (25
pk+1) = @(k) + & C(M.(p(k), k), p(k), u(k),e(k)) .

est une solution de (2.4) tant que: o(k) € S.

2- Pour tout & strictement positif, il eziste 7(x) tel que, si ¢ est suffisament petit, 7(z) est
strictement plus petit que 1 et pour toute solution (X(k), p(k)) de (2.4) on a:

X(k) se rapproche esponenticllement
IXF) < o et p(k) € S = (k) se repp 7 ent e (2.58)
un tauz au moins 7(z) de M. (¢(k), k)

$- Btudier le systéme (2.4), restreint d (|| X(k) [| < =, ¢(k) € ) est équivalent (au sens
équivalence topologique orbitale avec phase asymptotique) @ étudier le systéme triangulaire:

X(k+1) = AW@MENX(R) + BleM(k)u(k) (259)
PMk+1) = Mk)+e C (MM k), E) , M(E) , u(k), ex(k))
4- On peut approzimer M, car, pour & suffi petit,
é[ME(q:,k] — Mo, k)] et %[M,(‘p,k) - M‘;(gp,k)] sont bornés sur S x 7 (2.60)

54



L’idée d’utiliser des variétés inté, pour expliquer le des solutions du
systéme nous est venue lors d’un travail en collaboration avec Petar Kokotovic et Brade
Riedle. On trouvera d’ailleurs une autre démonstration de l'existence d’une fonction Lips-
chitzienne vérifiant les points 1, 2 et 4 dans la thése de Riedle [18, Théoreme 3.3].

Exemple: D’aprés cette Propriété, pour tout ¢ suffisament petit, on peut trouver
deux fonctions x(¢, k,€) et (¢, k,€) telles que:
o Pour |¢| inférieur & 1— 7, on ait:

Xeke) | o) da-tz) ) r =)
X, kye) Aveu=ie st ) FE et i )7
+0(e) (2.61)

o Le transitoire de toute solution (z,z,¢) est expliqué par 'existence de constantes
positives a et 7, 7 <1 telles que, si |p(k + j)| est inférieur & 1 pour tout j dans [0, g],
on a, pour tout i dans [0,q]:

le(k + i) — 2(p(k + i),k +1d,¢)| |z(k) = z(o(k), k. €)|
+ < ar + (2.62)
ek + 1) — 2k + i),k +1,¢)| lz(k) = zi(p(k), k,¢)|

o Enfin, les solutions de (2.16) peuvent étre approximées (avec une erreur tendant
exponentiellement vers zéro), tant que leur composante ¢ reste dans [—(1—7), 1 7],
par celles de:

a(k+1) = —@(k)z(k) + d(k) —td(k - 1) + r(k)

k1) = —p()a(k) — ta(k) + d(k) — td(k— 1) + r(b) 2.63)
e o) ke ) — td(k — 1) = p(E)xelp(h), By )]

etD) = el +e e

Liimportance de la Propriété 2.4, illustrée par le point 3, est d’exhiber un ensemble
intégral, graphe de la fonction M., qui étant attractif, nous permet de comprendre le com-
portement des solutions tant que leur composante ¢ reste dans S. Ainsi, d’aprés le point 2,
les solutions limites que nous avons exhibées & la Section précédente sont dans cet ensemble
si ¢ est dans S. Elles sont donc aussi solutions de (2.59). Par ailleurs, gréce & la forme
triangulaire de (2.59) (et le fait que ¢(k) bouge lentement), on peut mettre en évidence deux
régimes:
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o un rapide
solution vers Pensemble intégral,

é par une convergence exponentielle de la

e un lent i érisé par un dépl:

semble.

le long de cet en-

Exemple: Prenons le cas plus simple ot
d(k) = constante , (k) = 0 (2.64)
Alors, pour toute solution (z,¢), tant que || reste inférieur 4 1 — 5,

* o) = T ~ 0 :

o I'évolution de ¢ peut étre approximée par:

décroit exponenticllement,

d 2
k+1) = p(k) + e | ——m= | + O’ 2.
wkr ) = o) + < () + 0 (269)
et donc, la composante ¢ de la solution est strictement croissante.
On en conclut que, sous la condition (2.64), aucune solution de (2.17) ne peut satisfaire
indéfiniment |(k)] < 1 — 1 (voir [4,15] pour une démonstration plus rigoureuse).

Une conséquence directe et importante en pratique de la Propriété 2.4 est:

Propriété 2.5 Si la suite u est nulle et la fonction C vérifie (voir (2.2)):

g7 = &

,g’y) (2.66)

alors, pour tout z, si & est suffisament petit, les solutions telles que pour un instant ko, on
ait:

|| X(ko) || < @ et p(ko) € S (2.67)

vérifient:

o X(k) tends vers zéro ezponentiellement,

o (k) converge vers un point de S.
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Exemple: Supposons que le modéle interne puisse étre choisi tel que:
d(k) —td(k—1) = 0, r(k)—tr(k—1) = 0 (2.68)

Dans ce cas (2.16) devient:

Ek+1) = —p(k)z(k)
z(k+1) = —p(k)a(k) — t&(k) (2.69)
(k) [d(k) = td(k = 1) = (k)a(k

b)) = k) +e R lti(jz,(llc;2 (k) (k)
avec:
&k +1) = a(k+1)-r(k) (2.70)
la Propriété 2.5 implique :
Si a instant ko, on a:
le(ko)l < 1=n (2.71)

et ¢ est suffisament petit (fonction de £(ko), z:(ko) et 1), alors la solution correspon-
dante vérifie:
2(k + 1) — r(k) et z,(k) tendent exponentiellemnt vers zéro et ¢ (k) converge.

La Propriété 2.5 met en évidence l'intérét d'utiliser un modele interne, remarque déja

faite avec le Lemme 1.6. Les conditi sont simpl que laloi d’adaptation
vérifie (2.2) et quil existe un ensemble non vide de 8 donnant un controleur linéaire sta-
tionnaire stabilisant le systéme & der. Par contre le résultat n'est que local en et
€.

Les Propriétés 2.4 et 2.5 ne s'appliquent que localement en ¢ puisque les valeurs propres
de A(¢) doivent étre de module strictement inférieur & 1. Pour des valeurs propres de module
supérieur & 1, s'il existe un ensemble intégral, graphe d'une fonction de g, on peut s'attendre
a ce qu’il soit répulsif. Les solutions auraient donc tendance a s’éloigner de cet ensemble. I
pourrait donc sembler inintéressant de I'exhiber pour obtenir des informations “non locales”
sur ces solutions. L’exemple ci-dessous montre que cet a priori n’est pas toujours exact:

Exemple: Prenons le cas plus simple ou:

d(k) = constante , (k) =0, t =0 (2.72)
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Dans [4,15], nous avons établi 'exi d'une i positive 7 telle
que, pour || > 1417, on peut trouver une fonction M,, bornée, Lipschitzienne dont
le graphe est invariant et satisfait:

w1 [M,( ) - %] est bornd sur {jg] > 147} (273)

2- pour ¢ suffisament petit, il existe 7 < 1 tel que pour toute solution (z(k), (k)
vérifiant [o(k)| > 14 7, on ait:

[k 41) = M(o(k+1) >+ [a(k) — M. (p(k)| (2.74)

On en déduit que, si (k) est différent de M, ((k), le rapport signal sur bruit )l
augmente. En conséquence [4,15]:

Pour toute solution vérifiant & un instant ko:

p(ko)|l > 1+n et a(ko) # M. (p(ko)) (2.75)
il existe un instant ky tel que:

p(k1)|l < 1+7 (2.76)

On en conclut que, sous la condition (2.72), aucune solution de (2.17) ne peut satisfaire
indéfiniment [p(k)| > 141

Bien que ceci n'ait pas éié fai, In & jon de lexi et des propriétés d’hyper-
bolicité d’ensembles inté lement sur des domai ot A(ip) a un nombre
constant de valeurs propres de module sirictement inférieur & 1 et aucune de module égale &
1, ne d pas poser de problé iques. En effet, un tel résultat appartient & la
famille des Théorémes connus sur la persistance sous de petites perturbations des ensembles
invariants local normal hyperboliques (Hirsch, Pugh et Shub [7], Shub [21]).

Techniquement, il pourait étre obtenu en les méthodes de formée de graphe
(Shub [21]) et de diagonalisation par blocs résultant de la dichotomie exponentielle (Coppel
[3]). L'exploitation de la propriété de point selle de cet ensemble intégral pour en tirer des
informations “non locales” sur les solutions est donc a priori le “point dur” et son intérét
pourrait justifier de nouvelles recherches.

2.5 Moyennisation

Nous avons vu, au paragraphe précédent, importance du systéme (2.59). C'est un systéme
triangulaire inférieur:
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o Le sous-systéme en X est couplé mais il peut étre considéré comme un systéme linéaire
lentement variable, Son étude ne pose pas de difficultés théoriques (voir Coppel [3,
Proposition 1.5]).

o Le sous-systéme en ¢

@k +1) = @(k)+eD(p(k), k,e) (2.77)
D(p,k,e) = C(Mp,k), ¢, u(k), ev(k)) (2.78)

est non couplé. Par contre il est non linéaire et non autonome.
Pour étudier (2.77), nous allons encore tirer proﬁt de la preience du petit parametre €.

Nous avons en effet le résultat suivant, facil é par 1é et reposant sur
les itérations de Picard:

Lemme 2.1 Soit f(p, k) une fonction de R® x Zx dans R, bornée par S, de constante de
Lipschitz en ¢ Ly et de constante de Lipschitz en ¢ de sa différentielle en ¢ Ly. Le produit
de composition des I +ef(., k) véri

M _ ¥ (L+eL)™ — MeL, —
” 8 (I+ef(,k) (I+5§f(.,k)) 2——(5L B SL (2.79)
M k-1
” O (r+eft.i)- [HsZ (b + e n S 00) (2:50)

o (2+¢eL)(1+eLy)™ — (1 + MeL,)* — (1 +¢Ly)
2(cL,)?

S(L}+ S Ly)

On peut “localiser” ce résultat en multipliant la fonction f par une fonction caractéristique
régularisée (Lemme d'Urysohn).

Pour exploiter cette Propriété, introduisons un changement d’échelle de temps défini par
une suite d'entiers M, vérifiant:

My < M, My > Opourk >0, M < Opourk <0 (2.81)

et par Papplication:

X

K — kg =Y M, (2.82)
=

Posons:
kxg1=1

E(¢",K) = Y D(¢'k,0) (2.83)
w=kg
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Nous définissons alors le systéme:
@ (K+1) = ¢*(K) + eE(¢"(K),K) (2.84)

La Propriété 2.6 et la régularité en ¢ de la fonction D nous permettent de tirer deux con-
clusions:

o Si (k) est solution de (2.77), (kx) est une O(e?)-pseudo solution (voir Shub [21]) de
(2.84), i.e:

llp(krs1) = ¢(kx) = eE(p(kx), K)|| < O(e*) (2.85)

Notons que pour obtenir une approximation en O(&?), il suffit d’utiliser un développe-
ment au premier ordre en ¢ de la fonction C, de remplacer M, par M donnée en
(2.55) et d’utiliser Papproximation (2.80).

Si (2.84) a une solution hyperbolique restant dans S, il en est de méme de (2.77). Ceci
résulte encore une fois de la propriété de persistance, sous de petites perturbations,
des ensembles invariants hyperboliques (Shub [21, Théorémee 8.3], Hirsch, Pugh et
Shub [7], Lefschetz [10, Theorem VL7.3, Theorem VIL8.4], [1, Theorem 1.1.4])

Tllustrons la propriété de pseudo solution:

Exemple: Considérons le cas ot d et r vérifient (2.23), avec z4 et z, satisfaisant (2.32)
(il suffit en fait pour ce qui suit que (2.32) soit vérifié & un O(e) prés). Comme, avec
(2.36), le systéme (2.84) s'écrit dans ce cas:

e (K +1) = ¢"(K) + (2.86)
PR —tz) Pl e
T o (Kt (O 2+ K —torp * &)

Les solutions de ce systéme sont croissantes dans le domaine:

PR =)y Pl
CF et T Een -t
(ki) étant une O(¢?)-pseudo solution, elle est croissante dans le domaine:

e

JdPR{za(1 — tza)} Iz — 8
[+ @'z —tp* |2+ ¢tz —tp 2"

> 1oge) |

Pour établir une propriété d’hyperbolicité pour les solutions de (2.84), il suffit d’étudier
le linéarisé de ce systeme le long de ces solutions. Pour cela, la dichotomie exponentielle des
systémes linéaires lentement variables (Coppel [3]) est trés utile. Le résultat suivant en est
une application:
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Propriété 2.6 ([14, Théoréme 3]) Soit L, la constante de Lipschitz en ¢* de la différen-
tielle en ¢* de la fonction E. Considérons Uensemble P(e, a):

9 |5 9 o, K+1)——(¢',K)H+5L7 IB(e", K| < <6 < ca?

Ple,a) = (9" o mu{m{va[.pmp (gf_ )}} - (2.87)

Sie est suffisament petit, tant qu'une solution de (2.77) reste dans P(c, o), elle est localement
exponentiellement attractive.

Remarquons que le point i de (2.87) signifie que le systéme (2.84) est lentement vari-
able (premier terme du membre de gauche) et que la solution elle-méme évolue lentement
(deuxiéme terme). La premiére condition est réalisée si les suites u et v sont M-périodiques
(E ne dépend pas de K). La deuxiéme l'est au voisinage d’un point d’équilibre de (2.84).
Point d’équilibre de (2.84) et cas périodique étaient exactement lobjet de la Propriété 2.3.
Ainsi, dans le cas périodique, la fonction E définie par (2.83) coincide avec la restriction &
S de celle donnée par (2.31). Et, si ¢* est dans S et vérifie:

s~

(2.84) a un point fixe dans P(e,a) et donc (2.77) a une solution M-périodique exponen-
ticllement stable.

E(p*K) = 0, max {}R {val.prop. (gf

L'étude de conditions sous lles 1" Pe, @) est non vide a suscité de nom-

breuses publications [17,8,19]. Elles sont pour la plupart reprises dans [1]. En particulier,
supposant que les suites u et ¥ sont telles qu'il existe * dans S vérifiant le point i de (2.87),
la réalisabilté du point i est liée aux propriétés suivantes:

bl

o la famille (avec (2.78) et (2.83)):

{ (M 107,002, 1)+ SZ 0t 0,7 (1,0, k€ D, M—u}

engendre Pespace. Cette propriété est appelée “balayage persistent” dans certains cas.
Typiquement, elle résulte d’une “excitation persistente” du signal u ([1, Théoréme
2.7)).

en plus d’une propriété de “balayage”, on a besoin d’une propriété de signe. Dans
le cas ot la composante ¢ de la solution & laquelle on s'intéresse est constante, cette
propriété de signe résulte, en général, d'une iété itivité d'un opé
linéaire, dite “condition de positivité dépendant des signaux” (voir [1, sections 4.5,
3.4, 3.5)).
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En fait tous les résultats que nous venons de présenter sont du type de ceux donnés par
la méthode de “moyennisation” En effet, étant donné M, définissons la suite:

1 k+M-1
7k = 37 ; (i) (2.89)

Si ¢ est solution de (2.77), (k) — B(k)| est un O(c). Alors la Propriété 2.6 nous permet de
dire que @ est O(e?)-pseudo solution:

k+M-1
"¢(k+ 1) - B(k) - 5-1‘17 J; D(w(k),i,o)" ) (2.90)

Clest & dire que I'évolution de la moyenne de la solution de (2.77) est donnée, & un O(c?)
prés, par la moyenne en temps de son second membre.

La méthode de moyennisation a été trés étudiée sous de nombreuses variantes et dans
différents contextes. Sanders et Verhulst [20] ou Hale [6], pour me citer qu’eux, font une
bonne synthése de cette méthode appliquée aux systémes dynamiques déterministes.

Pour les systémes adaptatifs, la justification de cette méthode dans le contexte stochas-
tique est 'un des objectifs du livre de Benveniste, Metivier et Priouret [2]. Son application
est & lorigine des résultats regroupés dans [1], Ljung et Soderstrom [11] et Benveniste,
Mtivier et Priouret [2], Remarquons cependant que ces auteurs 'écrivent pas (2.77) ex-

mais son imation obtenue en y 1 M. par M. On
peut donc Lécrire sans avoir recours aux résultats de la Section 2.4, sa justification s'obtenant
en r que X(k) se h d’un tube de rayon

0O(c) autour de My puisque:

(X (k1) = Mook + 1),k + 1) = A(o(k)) [X() — Mo(ip(k), B)] + A(K) (291)

A(k) = [A(p(k + 1)) = A(p(k)] Mo(p(k), k) + [Ble(k + 1) = B(e(k))] u(k) +  (2.92)
+ Alp(k + 1)) [Mo(p(k + 1), k +1) = Mo(p(k), k)]

ot grice 4 la régularité des fonctions, A est d'ordre ¢. Llinconvénient est que, n'ayant
comme point de départ qu'une approximation, les résultats de stabilité de solutions du
systéme réel ne sont obtenus que si des solutions du systéme approximant ont des propriétés
d’hyperbolicité. En particulier, la Propriété 2.5 n’a pas été obtenue de cette fagon.

2.6 Conclusion

Dans ce deuxiéme chapitre, nous avons regroupé un certain nombre d’outils, introduits par
les mathématiciens pour étudier les systémes dynamiques en général. Leur particularisation
au cas des systémes linéaires adaptatifs nous a permis de proposer une méthode d’analyse
du comportement des solutions, appliquable lorsque les signaux exogénes ont une petite
arnphtude ou lorsque 'adeptation est forcée & étre lente, et pour des signaux exogénes
périodiques (ou plus géné au sens l;). Cette méthode se décompose
en:




. étude du systeme gelé: recherche des solutions périodiques et analyse de leur stabilité,

L4

mise en évidence de solutions périodiques du systéme réel, approximées par des solu-
tions du systéme gelé,

Lod

mise en évidence d’ensembles intégraux sous forme de graphe, Pétat étant fonction des
paramétres,

Lo

exploitation de Vinformation donnée par la forme, la localisation et la répulsivité ou
attractivité de ces ensembles intégraux,

bles inté

Le

étude du dans ces
nisation.

en utilisant une méthode de moyen-

Lapplication de cette méthode & notre exemple dlémentaire de controlou réponse pile adnp-
tatif, nous a permis de le intervenant dans un com-
portement oscillatoire se tmdmsam par des bouffées intermittentes des signaux [15,4].
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Annexe A

Compléments techniques sur le
chapitre 1






A.1 Une norme instationnaire adaptée

Soit F(-, k) une suite de matrices telle que, pour tout k, [ et § (qui peut étre un nombre
entier):

K+l ) "

II IF@.DI < f¢ (A1)
ety
oit f et ¢ sont des constantes positives et || - || est la norme euclidienne. Soit p une constante

strictement supérieure & C, pour chaque k et 6, nous définissons une norme vectorielle | - o,x
par:

«° .
IXhox = 20~
=

ki
‘ 11 F(ﬂ,j)X“ (A2)
=K1

Propriété A.1 Pour tout entier k et tout 6, on a les inégalités suivantes:

1X] < IXTex € f#IIXH (A3)

2 WF@k+1) Xlont < (p—”;—c) 1Xes (a4)

3. Si pour tout k, on a:

IFG,8) — Flg, DIl < 4110 -l s
alors:
Xl < (14 Lo o) 1x1 (A6)
Preuve:
1= whe < 5 () 1 < 2 e
2- Posons:
Y = F6k+1)X (a8

On obtient:

>
Wlewsr = 20~
=

kig1
1T F(M)YH (A.9)
42
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R T
=3, ' I F(a,j)X” (A.10)
=0 y=k+1
o k4t
=ryrrt|1II F(ﬂ,j)X‘ (A11)
=R e
0. k+l
= | Xt I FOHX| - llz\’ll} (A12)
=R N
< p (1*%) 1 Mo (A13)
3- Les séries étant absol Vinégalité triangulaire nous donne:
% ki o | ki
Yot | I FONX) < Yo | II Fle) X| + (A.14)
1=0 )=k+1 =0 |7=k+1
oo Kt ki
+ 0| 1T F6.5) - 1 F(w)} X}.
i=0 =k+1 1=k+1
Par ailleurs, on établit par récurrence:
kti ki
[H Fe,5)- II F(«p,j)] x| = (A.15)
et ok

-1 ki
> ﬁ F(6,5) [F(0,k+1+41) = F(p,k+1+1)] kﬁ’ F(%j)x“
J=k+1

120 j=k+1+2

-1 k4
< Sl | TT F(s’.j)X"
=0 )=kt

La conclusion vient alors de I'inégalité:

co || ke ks
ot [H Fo,5)- 11 F(wj)] x| < (A.16)
= Pty J=kt
o0 7 K+l . 1 & c 1=l-1
6 — ! F = s
< Sonlo-ele | 1 (%J)XNP":\;‘(”)
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A.2 Démonstration du Lemme 1.1

Commengons par remarquer que, grace a I’hypothése du Lemme et & la convexité de la

fonction =¥ pour p > 1, nous avons:

k Z [l6(i) =6 ~1) || < ( _,,a)i

(A.17)

et, par ailleurs, comme on peut le vérifier en dérivant en £, pour tout k supérieur ou égal &

1:

Y 18,
|4 < 1z
( Sher) <ot tla
Maintenant, posons pour i dans [1,k]:
() = F6G+i),5+d0@-1) ,  I(0) =
Utilisons la norme (A.2) pour définir:
z(1) = I lo4s)a4
Avec les hypotheses du Lemme, la Propriété A.1 nous donne:
fe
2(0) = I < 12
©0) = Mls) P
et, par récurrence:
[T(E)|| < =(k) < 2(0) H‘r(l)

avec:

i = (14 Lo+ o +i-n) (- 255)

On obtient alors, en utilisant la concavité de la fonction Logarithme:

< 22 (3 200

8 L(pig)k (1+ ZIH(JM)—H(JH,I)")

p—C

< (-2 )(”f_m

en notant la bornitude de la suite f définie par:
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(A.18)

(A.19)

(A.20)

(A.21)

(A.22)

(A.23)

(A.24)

(A.25)

(A.26)



1 1_Bffialp=¢) \*
i = =2 (1 + 1 Blhale-Q ) (A.27)

= k (p—C+ ffra)pa?



A.3 Démonstration de (1.15)

Choisissons p inférieur & 1, supérieur & et strictement plus grand que A. Posons:
£ 21

S(k) = X IXOI (A.28)
=

(1.13) nous donne:

2 +1)
ap cap”* 2
Sk < IXOIF 5 + *1 + vzp 4 ZA’ = I (A.20)
-
1 p’ 2 P —2(k+1) v _ .
< ||X(0)H2 el pe il vl ’Xﬂ:’ﬂ G (A.30)

Avece (1.14) et puisque p?*~9) est plus grand que 72*=), on obtient:

1 cpp 2k cayp [
S(k) < IXOI 7055 + S + e + () SG)(AST
PR e (e R U Ry PO EGIEE )

Le Lemme de Gronwall nous donne alors deux constantes d, et d; telles que:

= (1+_‘;7_x(11) 'Y‘Yx(])
p;

ok
S(k) < X +dp™ + 3 1T L (X O + dap)(A.32)

J0isin B NEESY
Tirant profit de la ité de la fonction Logarithme, nous avons:
k-1 ; k-1 o\ ket
(i) ) ( 1 (i) )

1+ <1+ —— Y 2 (A.33)
-Hﬂ( =X k-rlxgnﬂ’—
Alors, puisque:
PHIXR)P < S(k) (A.34)

on voit que la suite X est bornée si pour tous j et k:

1 &)
_r <1- 35
(1+’~ J—l‘—,znﬂ -x) =T (a5




A.4 Démonstration de la Propriété 1.1

Soit h le 2-vecteur réponse impulsionnelle dont la fonction de transfert est:

- (Am(z") i;"((zz_l])),«;(f‘) , 2t

- B,,,(z“)D (A.36)

De méme, associons g a:

N A G
= e (A.37)
L'équation (1.18) et la nullité de h(0) nous donnent:
&l N O] u o
dn(k) = 3 h(k=J) ( ( )] + 2 g(k=5)dG) + 8(k) (A.38)
= u(j =0

ot P(2") ayant tous ses zéros dans le disque ouvert de rayon 4, 6§ est une suite p-exponen-
tiellement décroissante vérifiant:

P(gh)é(k) = 0 (A.39)

A toute suite u et pour tout instant k, associons la suite uy, définie par:

w(j) = u(j) s k<j } )

0 si k>j

On remarque:
S [Sag - YO ’ < |32 e [ w6 =D ’ (A41)
,Ao =1 d u(l) = =g w(i - 1) ’

.
Lasuite | ” | étant & support fini et la suite u=' h(l) étant sommable, on peut appliquer

Uk
le Théoréme de Parseval pour obtenir:

2
XJ:ET (y»(J.—’)H _ (A42)

= w(i—1)
/ ECXP( 119)2 hU) e yk(G —1)
i w(j = 1)

>

=

do
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™ & h [

- %[ 5 i exp(— ue)ze""(—”)(”(’)) &

uk(j)

1o exp (=i8) | | & exp (=ij6) [ w(s)
SZWLH( " ) Jg w (uk(j)) @
2

. - 1 & exp(=ijf) [ w(i)
<grlmel) [0

Appliquant & nouveau le Théoréme de Parseval, on en déduit le point 1.

Pour le point 2, I'inégalité de Schwarz nous donne:

= v ’ k= y(j) ’
Sak-j) | Y < Su
Ln ’ (u(j))} a = = (u(j))

Le résultat est alors obtenu avec le Théoréme de Parseval:

-1 d:
e

h(k 1)

2| rk -
¥ k- 9|*

=1

h(k

%

(A.43)

(A.44)

(A.45)

(A.46)

(A.47)



A.5 Lemme A.l1

Lemme A.1 Soit u, v, w et h des suites de récls positifs telles que h soit décroissante et,

pour tout k, on ait:

k k
Suli) < (k) + (i)
= =

Pour tout k, on a aussi:

k £ k

S h(i)u(@) < Zoh(i) o(i) + D h(i)w(i)
= = =

Preuve: Posons (de méme pour w):
.
Uk) = Su@@) , U(=1) =0
On a:
. .
Soh(i)u() = YhG) () =6 - 1)

= h(k)U(K) + EU(i) [R(i) = k(i + 1)]
=0

IA

(k) [o(k) + W(R)] + X::‘ [v(@) + W) [A(i) - h(i +1)]

IA

k k
;,h(i)u(i) + gh(i)w(i)
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A.6 A propos des inégalités (1.24)-(1.27)

Lemme A.2 1- Pour tout y plus grand que 7,

(| dmllrp S Boo(k) + Yoo 5:(k) vk (A.55)
implique pour tout & positif:

s < (143) #lBlls + (148 Ersi(h) Vi (4.56)

2- Soient C(k) un pol tionnaire stable et D(k) un polynéme
instationnaire & coéfficients bornés. Il eviste des constantes ¢, d, \, A étant strictement
inféricure & T, telles que, pour toute suite w définie par:

C(k,g™")w(k) = D(k,g™") dn(k) (A.57)

on ait les implications suivantes:

£ P ldllr S Buolh) + o0 52(F) (A59)
implique
cdr cdr
ol < (P A/A.Q<Ic>+.s‘,\,<k)) P (A.59)
2 1] < ) + 7ms(h) (A60)
implique
LA cdr
lw(k)] < {ed X NBy(i) + &(K) | + ——xm25:(K) (A.61)
ot 6ao, suite T-bornée, et 8, suite T-ezponentiell décroissante, ne dépendent que des

conditions initiales de w.

Preuve: 1- On applique le Lemme A.1 en notant que:
o pour tout § positif, (A.55) implique, pour tout k:

k
St < (145) T8 + S5 e TN [ui- 0 i~ 1] (a2)

=
o la suite 726 p~2* est décroissante si y est plus grand que 7

2 Daprés (1.23) et (A.57), on a pour tout k:

7



k np
[wk)] < e 35N 30Dy ()dli = 3)| + &(k) (A.63)
= =0

ol A est strictement plus petit que 7, & est 7-exponentiellemnt décroissante, np est le degré
(uniforme) de D et D, est la suite de son j*™ coéfficient. De I'inégalité:

5 o :
SIS D) d(i = )| < mp sup {ID; ()]} 30N ()] (A.64)
on déduit Iexistence d’une constante d telle que:

. k-
fw(k)| < ed >N ldn(@)] + 8(k) (A.65)
On obtient alors:

5
lwllrg < ed | N " dn(i)llri + 18]Ik (A.66)
=1

Appliquant linégalité de Schwarz, (A.59) résulte de:

i

r"’\zj:)\”‘dﬂ,(i)l1 < - : X zk:‘r"’ i(ﬁ\)”‘dm(i)’ (A.67)
= = =0

=

> "’d,,.(i)zzk: HN (A.68)

=

< (A.69)
et du fait que si & est -exponentiellement décroissante, 7%|5||, s est -bornée.
On établit (A.61)  partir de (A.69) en remarquant:
k AT,
S = [ e (a0
=0
S ek (A1)

—k

la suite 7%, (k) étant croissante.
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A.7 Démonstration du Lemme 1.2

Posons:
k 2

S(k) = lldnllfs = 3™ dn(i)? (A.72)
=0

Utilisant la croissance de p~*o(k) et la positivité de S, on obtient:

kel 12 ol
o {'im(il)) - ,:m% (A.73)
o oy _ o(i
‘::“S(?Ti&’l) (A.74)
< m + ":22‘5(1) [‘ri,;a(m - m} (A75)
lerten) {wifffi)z} [l * k:: wm:ﬁ’z(i:,},)(i;T)—f”(i)z} (A.76)
= xe[:r&m {/Fi(ni()i)l} [1 + log (:::((::;;ZE::?;)} (ATT)
La lusion résulte alors di de (1.31).
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A.8 Démonstration de la Propriété 1.2

s, en fonction de s,,:
De la définition de sy, on déduit:

K| Yo~ Ya

W < spuk+1) + 4 Jlyallx (A.78)

e

Up

A v,
Par ailleurs, la matrice polynomiale | est p-exponentiellement stable par hy-
pothése. Avec la bornitude de la suite ys, Le Lemme A.2 nous garantie l'existence de

constantes y et 3 telles que:

e |l Y
sulk+1) = < B+ vsuk+1) (A.79)
ik
Sy en fonction de s,:
De méme, puisque:
su(k+1) = p* (A.80)
ik

et la matrice:

U,-V,T -¢'W,
V. W,

est p-exponentiellement stable, il existe y et une suite 6, p-bornée telles que:

Yo~ Vi
T,

k

W < bu(k) + you(k+1) (A81)

ke

Donc, si s, tend vers zéro, il en est de méme de y, — ya et Tu,. Enfin, notre conclusion est
une conséquence directe de ’hypothése (1.35) puisqu’elle permet d’écrire:

Yp Yp —Ya

wspu(k+1) = < pTBe+ (L)

ik

+ llyall,, . (A.82)

ke
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Point 2:
Avec les expressions de A et B données en (1.40), on obtient:

Al y(k) = Bla™ulk—1) = A(eT(q™) [d(k) = A(q™") yulh)]
ol

A=U, - VT + ¢'VW,

Le résultat énoncé est donc une conséquence directe de la Propriété 1.1.
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A.9 Démonstration de la Propriété 1.3

Notons tout d’abord que d’aprés (1.53), Am(k) et S étant unitaires, y(k) — dy,(k) est une
combinaison linéaire (finie) de u(k — i), y(k i), i > 1. Done, y(k) et, par ailleurs, u(k —1)
vérifient aussi une inégalité du type (1. 54) ou (1.55). 1l en est de méme de z et Z d’aprés le
Lemme A.2, det{U} étant p-exponentiellement stable.

Par ailleurs, d’aprés (1.56), (1.57) et (1.53), on a:

y(i—
walk) = Zh»(k (i) + Zlm(k ,)( ( 1)] + (k) (As5)
ot 6 vérifie:
det{U(q" ")} (k) = 0 (A.86)
La propriété de det{U} implique Iexi dune positive ), stric plus
petite que p1, telle que les suites:
- [fte 0] B N NCRTI
TN =0

soient bornées.

Si (1.54) est vérifiée, on a:
W el <\ 0 g2 LZ’» i5)da(i)| + (A.87)

+ Z#"‘ g [Zlu(w)( v 3)

7
k
+ | 2 pts(a)
\I.:o
Liinégalité de Schwarz et la définition (1.60) nous donnent:

x RN R (i.1) .
PO [zh,o,ndm(;)] < e[S (D)’ EA"*'wnﬂ (as8)

=0 =0

k & 2= 1) ?
< D () [E (*) > (%) ] (A.89)
=0 =\ =\ A
<7 Xh:u"”'”dm(j)’ (A.90)
=0

De la méme fagon, on obtient:

2
z,ﬁ(* ) [Z ha(i,) ( : 3 ” < o 3 pD [uG -1 +uG -7 (a0
=
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On en déduit (1.58) avec la défintion de s, et (1.54).

Maintenant, si (1.55) est vérifiée, on obtient:

k. k
[ws(k)| < Z;lhp(kri)lﬁ2(i) + n Z;\h»(’c-t)l«n(i) +

k i —
UDIINCET] Rl B

Avec I'inégalité de Schwarz et la définition de s, on déduit:

1A

£ 2 k[ hy(k,7) 2k -1
[2 Ih,(k,ms,(i)] > A—] SN BT 2D ()2 4y ()2

< vpsu(k)?

On a aussi, s, étant majorée par s,:

y(i-1)
u(i —1)

IA

2
] 5 ["hiﬁ’i”"r P

< 7Asu(k)?

;
; iRaCk, DIl

(1.59) en résulte.
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A.10 Démonstration du Lemme 1.3

Quelques identités pour commencer:

1- De la définition (1.67), on obtient:

M(k—1)" K(k) = #ﬁ% (A.97)
Z(k)K(k) = a(k) (A.98)
K(k)'M(k=1)"K(k) = W)jlﬁ(ﬂ (A.99)
2- Les définitions (1.81) et (1.86), nous donnent aussi:

Z(kY[6(k — 1) = 8(k = 1)] = Wa(k) — (k) (A.100)
Z(k)16.(k = 1) = 6k = 1)] = @e(k) — (1 - a(k))e(k) (A.101)

Utilisant la notation (1.82), on obtient alors de (1.65):
[By(k = 1) = 6(k — 1)) M(k — 1) [, (k — 1) - 6(k = 1)] = (A.102)

2a(k)e(k) (wo(k) — 2(k a(k)*2(k)?
= Lk —1) + (7()k)(‘13!((k & 1))7(15) D+ 7(lc)m(/1()k—£ 3)7(}@

Maintenant, on remarque que (1.68) implique, en utilisant le Lemme d’Tnversion Matricielle
et (1.67):
My(k—=1)7" < M(k—1)" [T = b(k)K(R)Z(R)] (A.103)

a(k)b(k) Z(k) Z(k)'
T= a(k)N(k) Z(kYM(k — 1)Z (k)
Avec la notation (1.83), nous avons établi:
1Bk = 1) = 6(k = 1)) M(k = 1) (B (k= 1) - 6(k — 1)] 2 (A.105)
aBU(E) (Z(k)'[6, (k ~ 1) — 6k = 1)])?

11— a(k)b(k)] [Z(k):M(k — DZ(k)]

< ME-1)7 +

(A.104)

2 Ly(k-1) -
On a done:

Loy(k—=1) < Lo(k—1) + (A.106)

a(k
ZR Mk -DZF)

. [2C (k) — 20 + a7 + TS ) = (1= BB
(1.88) en résulte en regroupant les termes.

Pour établir (1.89), nous observons que (1.65) nous donne directement:
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a(k)? Z(k)' M (k — 1)7Z(k)

G (k—1)— (k- 1|?
[16;(k = 1) = 6(k = D|I* < 2wz

e(k)* (A.107)

Le résultat vient alors de la majoration de M donnée par (1.69).

2- Remarquons l'inégalité suivante:
[6(k) = 8(k) + Wo(k)]* M(k)™ (B(k) =~ 6(k) + Wo()] =
= Lo(k) + 2Wy(k)'M(k)™" [6(k) — 6(K)] + We(k)'M(k)"'Wy(k)  (A.108)
.
> Lo(k) — 2y/Lee) IWe®I_ W) (A.108)

Vi M} F N 0L

Posons:
b (k—1) = IL(k)B(k = 1)+ V() (A.110)
D’aprés (1.66) et (1.85), nous avons:

B(k) — (k) + Wi(k) = Tn(k) (B (k —1) = 6(k = 1)] (A111)
Pour continuer, nous remarquons que (1.69) implique au sens des formes quadratiques:
(k) M (k)7 (k) < mm(K)* My(k=1)7" (A.112)

On en déduit:
[B(k) - 6(k) + Wa(k)] M(K)™ [B(k) — 6(k) + Wa(k)] < (A.113)
< (k) [l = 1) = 60k = 1] Mk = 1) B (k — 1)~ 6(k — 1)

La conclusion vient de la définition (1.84).

(1.91) s’obtient facil D’aprés nos définiti nous avons les égalités suivantes:
B(k) = By (k=1) = Tu(k) [IL(R)A(k = 1)+ Vi(K)] + Vi(k) = Bi(k=1) (A114)
= Tu(k) Bk = 1)+ U (k)] + Via(k) = Bk —1) (A.115)
= U(k) + [Tn(k) = 1) [BuCk = 1)+ U(R)] + Viu(h) (A.116)

Enfin, notons que:

U, (k) M, (k = 1)7 (208, (k — 1) — 8(k — 1)) + a(B)U, ()] < 0 (A117)
implique:
la(k) = 1 U (k) My (k = 1) Up (k) <
< =Up(k)'My(k—1)7" [2(5,(k = 1) = 6(k — 1)) + U.(k)] (A.118)
< —lme(k)? = 1) Loy (k = 1) (A.119)

On obtient la derniére inégalité du Lemme en utilisant Ihypothése sur a et les propriétés
de la matrice M,.

85



A.11 Démonstration de la Propriété 1.4

Cette Propriété peut étre établie & partir du Lemme 1.3 par une suite de remarques:

1- Posons:
1—ab+[1-bV1-ab
A ;(2‘_0—7”))— (A.120)
_ _(2-a-H@-ap (12

T—abt+1-bVI—ab
Si a et b sont positifs et leur somme est strictement plus petite que 2, pour tout réel z, on a:
(A=b)a? + 2]1-blz + (2—a-b-B) <0 (A.122)

le rapport A/B étant le plus petit vérifiant cette inégalité. On en déduit:

BR) Tk + 2[1 = bR )] E(R)] — (2~ a(k) — b(k) 2(k)? < (A123)
< A()ma(k)* ~ B(k)2(k)?

Par ailleurs, (1.95) implique pour tout k:

1 a(k)
TR 17708 1= o ) < T (a2
et:
B(k) 1
o) > w (A.125)

2- Ly est bornée: Les suites @ et 8 étant dans le compact T et la suite M~ vérifiant (1.69),
il existe une constante A, ne dépendant que de Y et Awin{M;}, telle que pour tout k:

JIo(b) < A (A.126)

3 Avec (1.96) et ces deux premiéres remarques, on déduit du Lemme 1.3:
A

Lo(k) < Lo(k=1) + T, w(k)* + 2m\

~ 1w kY] (k= 1) ~ TaE(Ry?

|Wa(k)I| — (A127)

4- 7, est inféricur @ 1: Par définition, 6(k + 1) cst la projection de 8, (k), selon la distance
induite par M, (k)~!, sur le compact convexe Y(k + 1). De (1.84) et (1.87), il suit que =,
vérifie:
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[6(k + 1) — 6k M (k) [0k + 1) — 6(k)]
64 (k) — 6(k)]* My (k)= 64 (k) — 6(k)]

m(k+1)? = (A.128)

m,(k+1) est donc tnvlalemem, égalal, 51 3+(lc) nppa:tlenl aX(k+1). Dans le cas contraire

les propriétés de la ité et de la que, pour tout § dans X(k+1),
on ait:

[6(k + 1) = 6] M (k)™ [B(k +1) — 8] < (By(k) — 6] My(k)™" (B (k) - 6) (A.129)
et:

60k +1) = B (B)] My (k) [0 = 8k + 1)) > 0 (A.130)
Dot la conclusion, la suite de ison 6 étant prise dans T(k + 1).

5- Nous avons établi (1.98), avec:

A

Tw < 2T{M) (A.131)
6- Puisque:
U.(k) = 6(k) —8u(k—1) (A.132)

daprés (1.92) dans le Lemme 1.3, définissons a par:

808 Atk — D] Myt~ 1) k- 1) — 0k~ 1)

(k) = A.133
“ 6k - H+(ch1)] My (k= 1)1 [f(k) = By (k — 1)] ( )
On voit alors que inégalité (A.130) implique:

a(k) = 2 (A.134)
On obtient ainsi de (193):
16(k) = 8:(k = DI* < Amacd M} (1 = mo(k)?) Lo (k — 1) (A.135)
Enfin, Vinégalité:
[60) =6k =DI* < 2Ama{ M} x (A.136)
[16Ck) — 6y(k ~ 1)H’ 02 T |8 (k — 1) = B(k — 1)”’J
Amax { M, } Ty P2 Amax { M}
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nous permet d’obtenir, avec (A.127), (1.94) et (1.89):

A Ol (A137)

P01}
1 Py .
" BT sup {1, oy ) k= I

Lo(k) < Lo(k—=1) + T, (k)" + 2

Dot (1.99), avec:

-
Ty < 2Ama{M,} sup{l, “F“} (A.138)

7- Enfin (1.97) résulte trivialement de la défintion de Ly.
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A.12 A propos du Lemme 1.4

Démontronstration de (1.134):
Avec ¥; défini en (1.137), on calcule:

1 !

[I=q¢'F(k))o [Zq"'ll.(k)] = Y (k) - iq"‘“’f(kﬂ)w,(k) (A.139)

= = =

I} I
= X;q"'lf.(k) = g W (k) - Ri(K)) (A.140)

= =
= I - ¢tk + iq"’*"&(k) (A.141)

=

Par ailleurs, de ’égalité pour tout i:

=g FR)o {2 i n)] = IO [[Fk+n) (A142)
=0 n=0 n=0

on obtient:

0g7'Gi(k) o g~ Vi(k) = (A.143)

(F- 7)o [ " T Ak 4w
; aZ0

=]
i
= ¢7'Gi(k)o g Vi(k) — ¢~ MY T Flk+n) Gk + i) Vi(k)
=it

quons que (1.137) impli

1 1 1
Via(k) = [T F(k+n) + > I Flk+35)R(k) (A.144)
=) perferrit

et donc, avec (1.133):

l ]
> I1 Fle+m)Gi(k+0) Vilk) = Tua(k) + Ri(k) (A.145)
=t
Dloi:
| frest oo
[[= g F(B)] o3> | 32 a7 TI F(k +n)| 0g7'Gu(k) 0 g~ Vih) = (A.146)
Sl=

'
= 207 Gik) o g7 Vilk) = ¢ T (k) — ¢~ Ry(k)
=

Soustrayant (A.146) de (A.139), utilisant 'équation (1.135) de C(k) et la nullité de Rj, nous
obtenons enfin:
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-1 l
[I—g"F(W)]oClh,q™") = T + g @I Ri(k) = ¢7'Gi(k) 0 3 g~ Vi(k) (A.147)
= =
Dot le choix de D(k).
Démonstration de (1.138) & partir de (1.140):
Posons:
k4l kel K+l
ok = LI FOGWIL T FO) GO (A.148)
=k g=i41 a=kL

Avec hypothese (1.139) et la définition (1.142) de P, nous obtenons:

K k4l ¢
T(k) > L .F(j)] P(k) [/1'[ ]-'(j)] > MT(k) > vA*T (A.149)
gird =k
Les suites F, Gy et F~! étant bornées par hypotheses, on en déduit que P~' est une suite
bornée de matrices définies positives. La suite C dans (1.140) est donc bien définie. De plus,
la suite P vérifie:

Plh+1) = [F(k)P(k)F(k;—Qltk)g:(k)‘l n (A.150)
K1 o
ML FO T Gk+1+ D[ [T FG) Gk +1+1))
=441 I=k+l41
donc:
Fk) [P(k+1)+w]i F(k) < A P(k)™ (A.151)

Par ailleurs, Pexpression (1.140) nous permet d'écrire:
[F(k) = GBI P(k + )7 [F() = Gu(RIC(R)] = F(k)P(k + 1) F(F) — (A.152)
= F(E) [1(k) (2= n(k)G(R)' Pk +1)7Gu(k)) (P(k +1)7 Gu(R)G(R) Pk + 1)7)] F(k)
Utilisant (1.141) puis le Lemme d’Inversion Matricielle, on déduit:
[F(k) = GRCR)] P(k + D)7 [F(k) = GR)C(R)] <
P(k+1)7'Gy(k k) P(k+1)!
< oy - R e,
g.(k)g.(k)*]“
=

] F(k)  (A153)

IA

oy [+ + Fh) (A154)
Avec (A.151), nous concluons enfin, pour tout k:
[F(R) = GURCORI POk + 1) [F(R) = G(RC(R)] < A PR (A.159)

(1.138) en résulte en itérant cette inégalité et tirant profit des bornes supérieure et inférieure
de la suite P
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A.13 Démonstration du Lemme 1.6: Bornitude

Remarquons tout d’abord que (1.163), (1.166) et la bornitude de v, impliquent I’existence
d’une constante ¢ telle que:

a(k+1) < co(k) (A.156)

On en déduit qu'il n’y a pas d’explosion en temps fini. On peut donc supposer, avec § une
constante aussi petite que 'on veut que:

Vkzk , (k) ST:+6 (A.157)
On a alors:
c=1+p+ T,(T.+8) (A.158)

Pour n'avoir une dépendance que en fonction des lim sup des suites f, et §,,, nous imposons
aussi & ko de vérifier:

Vk2ko o By(k) < 2limsupB,(i) = B, , Bu(k) < 2limsupB,(i) = B, (A.159)

Ii d

les ions nous ko comme origine des temps

Dans la suite, pour si

Maintenant, avec la norme norme instationnaire (A.2) adaptée a F ot p est choisi stricte-
ment plus grand que p et A, posons:

z(k) = JX (k)= (A.160)

Avec les propriétés de cette norme, partant de (1.156) et de (1.164), on obtient de (1.154),
(1.157), (1.158) et (1.165):

wk41) S e +an [Ty Y o)+ Ty 160) - 06— D] oli) +9+
i=k—d

(A.161)
o(k+1) < Ta(k+1)+po(k) + 1
I b} - e
y=0 7 @ =273 (A.162)
Une repré; ion d’état de ces inégalités est:
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z(k+1) v (k) ek—1) . e(k—d)

o(k+1) Tyy p+Tee(k) Tee(k—1) . Te(k—d)
< 0 1 0 . 0
o(k—d+1) 0 . 0 1 0
ai(g+B,)
14 D9+ 5,)
+ 0
0
avec:

e(k) = anT, (a(k) + T, lI8(k) - 6(k — D)]I)
Pour étudier ce systéme, nous posons:
d
V(k) = z(k) + Y a,0(k—1i)
=
ou:

[Ae
T

a = o =ap—p), an =pa
On obtient:
L pe(k—i) ) —
Vik+1) = (p+Y-=——=|V(k) + a0 + Za1(9+5,)
=2 5
Par ailleurs, avec (1.163) et (1.166), on a:
d.
apo(k) = V(k) — a(k) — Y a,o(k—1)
=

< V(k) - {n,(r,w)pwf;a,w) (k)
=

(k)
o(k)

o(k - d)

(A.163)

(A.164)

(A.165)

(A.166)

(A.167)

(A.168)

(A.169)

On en déduit que o(k) est grand lorsque V() est grand. Pour toute constante & strictement

positive, on peut donc choisir une constante Vp telle que:
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VKot V() 2 Vo — ’jz}c’)“j <

Soit donc un intervalle |Ko, K[, K; pouvant étre infini, tel que:

V(Ko) < Vi V(K) < Vo, V(k) > Vo Vk € |Ko, Ki[
oit on pose:

Vi Ko # 0
V= o o #

sup {Vo, V(0)} sinon

Pour tout k dans |Ko, K;[, on obtient:

V(k+1) < pFFo ﬁ (1+§;5(j

=Ko =

v
x ; 0
_ e(i-1
+ (ao+ ﬁa:(y+E)) > L (HZQ)
v J=Kotl =it = Yu
La concavité de la fonction Logarithme nous donne:

1 (545 < (oo £ 5e0)”

=41 =0 Yu —J isti=0 YW

A

1 ¢ <1\
< (14— ()Y —
( k=g ‘=§,4 g ra

ra+d o1&\
(l M= P i ,E-f“))

IA

Etudions donc la somme des e. De part leur définition, on a pour tout j et k:

k

k. -~ -
S e(i) = aly Y [e6@)+ T, 1186) - 86 - ]

< alyfk—j N i E(z‘)wr,J > 166 -6 -
S S0

"

(A.170)

(A.171)

(A.172)

(A173)

(A.174)

(A.175)

(A.176)

(A.177)

(A.178)

Or (1.160), (1.162), (1.169), (A.156) et (A.171) impliquent pour tout j dans [Ko, K; — 1]

et k dans |Ko, K, :

x
3 i) < Eifi + By Bw +
1

=5+

+ [Eﬁvyﬁv + E2 (1+252]og£) (ﬁr,’,w’)] (k—3)

(A.179)

Une expression identique peut étre obtenue pour la somme des [|8(i) —8(i —1)|| 4 partir de
(1.161). Notons aussi que la suite W étant bornée d’aprés (1.168) et la suite £ étant bornée

Qaprés (1.169) et (1.165), il existe des constantes E et © telles que, pour tout 4:
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k PO
% <E ,  |6k)-6k-1)| <0 (A.180)

On en conclut que pour tout j dans [Kol.1K; — 1[ et k dans Ko, K[ :
&
> i) € aiT,d(E+T,0) + (A.181)

=+1-d

+an Ty k=5 (VBB + By + Tp/T— 18— 1+ Toh | +

+ o Ty (k—j) [(Ew +TpTw)vw + (B + TpT0)(Tpvw + 6), [1 4 262 log 3]
V "

Comme pour tout a et § positifs, on a:

1 5

2(k—j < 8(k=3) + 5,  log(a+?) < log(a) + = (A.182)
il existe des constantes S et T telles que, pour & strictement plus petit que 1:

k

> i) < S+ r(k-j) (A.183)
i=i-d
ot utilisant (A.158):
T=+4lé+ (A.184)

+arl, [(Ew +TTw ) + (B + TyTu) (T + 8) /14 262 log 1 ;“ L.Ty

Nous avons donc établi:

5(1 1) [ S _n(a+d) Ty(1+d) T]H
:1,1,;[ = a s k=3 (p=7)(p—n) + (p=7)p—n) (a-189)
N(+d b

=¢ [l+ (o =0~ 1) ] (a.150)

en notant C la borne supérieure de:
1 ST,(1+d) k=
(1 R R P e +l1)) (A.187)
Posant alors:
_ T.(1+d) )

e=v (” G--n (a188)

nous pouvons enfin exprimer V(k + 1) en fonction de Vj sous la forme:
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K P= P — ) oo —1
Vi < © [g ot (71.' +;a1(9+ﬁn)) g‘—l] (A1s9)

Mais, d’aprés (1.167), § peut étre choisi tel que o soit strictement plus petit que 1, d

V(k+1) £ C [9"""“ Vi + (’77;1.‘7 + ?/cn (y+3;>) ﬁ] (A.190)
Comme, par définition, si k 'est pas nul ou dans un intervalle du type Ko, Ky[ , on a:
V() < W (A.101)
Nous avons établi:

1. si V(0) est inférieur & Vp, nous avons pour tout k:

vk < © [vn + (%+§a. (y+E)) li—J (A.102)

b

si V(0) est supérieur & Vp, le probléme se pose si on ne peut trouver K (fini) tel que:
V() < Vo (A.193)
Dans cette circonstance, nous avons pour tout k:

V) < C [gk or (%Jrfa, (9 +57)) 1—1—] (A.104)

1l existe donc k; tel que, pour tout:

VE>k o, V(k)sZC(A;, +£ a|g+_)) - (A.195)
En conclusion, avec ko un entier défini en (A.157), nous avons montré Iexistence dune
z, indé des conditions initiales, telle que pour tout k supérieur & ko, nous
avons:
|X(B)] < (k) < V(K) < = (4.196)
Remarques

Le Lemme 1.6 s%tend facilement au cas ot (1.154) est modifié en:



X(k+1) = F(8(k), k) X(k) + G(k)r(k) + n(k) (A.197)

1 il egiste deus constantes positives f ¢t X, X strictement inféricure a1 et f supérieure
i1, telles que, pour tout 8 dans le compact T et tous k et j:

Il hﬂ FO,)| < fx (A.198)
i=k+1
2. il existe une constante fy telle que pour tous 8y et 6, dans le compact Y et tout k:
|61, k) = F(62, b)|| < f11161 = 62| (A.199)
3. pour tout k, (k) appartient au compact T
En effet, il suffit dans ce cas de prendre:
2(k) = |X () M5emnyn (A-200)
Utilisant les propriétés de la norme instationnaire adaptée et (1.166), nous obtenons:

sk+1) < 7(1+ Sh

L) = - 01 ) 206) + (A201)
+ay [rn l;é [e() + T, 18G) — 86 — D] o)+ + E}
< ) + 2ILACE D gy oy -1y + (A202)
. [Fki, [e)+ T 1) — 86 - 1] o(i) + y+ﬂ7]

La suite de la démonstration est identique.



A.14 Démonstration du Lemme 1.6: Convergence

Nous utilisons les mémes notations que pour la Section A.13. En particulier ici, A étant
strictement inférieur & p, nous choisissons p égal & y pour définir la norme instationnaire
adaptée. Ceci implique que 7 est aussi inférieur & u.

Partons de l'mega.hte (A161) ol nous que nos hypothises impli a
nullité de la g. la formule de variations des nous ob
s s
2(j) < 7 a(0) + 17w + ar L ATITB() (A.203)
= =
en posant:
L3 ~ ~
w(k) = T, 3 [ei)+ T, [18() — 8 — 1)) o(i) (A.204)
s

On en déduit:

k.
lz,ruz(j)z < I(U)J (A.205)
=
On remarque que pour toute suite u, si y est inférieur & x, on a pour tout k:
k -1 2 1 k-1
Su [Ty < = Lau)? (4.206)
=0 = (-1 =

Par ailleurs, d’aprés (1.172), (1.164), (1.157), (1.155) et les propriétés e la norme instation-
naire adaptée, on a:

k
[l < #7*Bu(k) + yuh |3 p=2(j)? (A.207)
\i=

La suite 3, étant p-bornée et la suite 3, étant p-exponentiellement décroissante, nous avons
établi I'existence d’une constante C telle que:

wh
L el LS (A.208)

La suite =20 (k)? étant croissante, le Lemme A.1 nous montre que pour toutes suites u
et v, on a Vimplication suivante:
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[lullw b < C + Jlollp,k ¥k (A.209)

implique pour toute constante § strictement positive:

b oo 2 k()2
Z:u(]) (+%),,(CT)Z+(1+6)Z () (A210)

Ceci nous permet d’écrire:

k()2 c? L2
s o (1+1) Sy T Ao Zaij%’ (A.211)

=00)? (# 7)’

Evaluons donc la somme des 0(’_) D’aprés la définition de v et utilisant la croissance de

4~%0(j)?, nous obtenons:

-n|* (A.212)

v(G)? 212 2 s N2 L TG ) A
L < 2(d+1)ai Ty p™ YoE( — i) + T3 16G — i) — 6
a(j) =

La sommabilité de W, (1.160), (1.161) et (1.162) nous donnent alors I'existence d’une con-
stante C; telle que:

- .
SUP o, 4 aary adre (B4 im) 3 VU2 (A213)

=108 =%{0%

Avec (A.211), § pouvant &tre arbitrairement petit, ceci montre que la suite = est de carrés
7

sommables si:

Yol o g1 1) 2T 2 (B2 4 272 1
= )22( +1)? el T2 (B2 4+ T0T2) < (A.214)
Avec la valeur de y donnée par la norme instationnaire adaptée, cette inégalité est la con-
dition (1.171).

Maintenant, la suite o étant minorée par 1, la suite 1~ *0(5)? tend de fagon monotone
vers Vinfini, le Lemme de Kronecker (Goodwin et Sin [1, Lemma D.5.5]) nous donne:

B
S uPu()?
=L ____ _

Jim e = 0 (A.215)

Mais, d’aprés (1.163), (A.205) et (A.206), il existe une constante Cs telle que:

(k+1) T
2 A.216
ey e (A216)

pro(k) < Cy +

aR



On en déduit que la suite o est bornée et donc que la suite v est de carrés sommables. Le
résultat de la Propriété en résulte en écrivant les inégalités (A.205) et (A.206) avee u égal &
1.

Remarques

Voir la Remarque 4 la fin de la section A.13.

Bibliographie

[1] Goodwin G.C., Sin K.S.: Adaptive filtering, prediction and control. Prentice-Hall. 1984.
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A.15 Démonstration de (1.181)
D'aprés (1.177) et la définition de s,, on a:
- N
[XEI < IXEN + XK = KB+ Y kol =) + su(k) (A.217)
-
K, M, et G, étant bornée dans (1.179), avec (1.151), il existe une constante a; telle que:
_ _ k-1
X (k) = X(B)[| < a X [X(0) = X(O)| + @ 30N~ e(i)] (A.218)
=
Avec (1.146), la bornitude de 8 et la définition de s,, il existe une constante a; telle que:
IXE) < Tu(R)] + lw(R)] + azsu(k) (A.219)
La bornitude de 8, (1.178) et (1.176) nous donnent:
[y(k)| < assu(k) + Ba(k) (A.220)
Nous avons donc établi Iexistence de constantes by & by telles que:

. k
X0 < busa(k) + b2 X[ X(0) = F(O)I| + by 3oNf(@)] + Ba(k) (A.221)
=

Pour majorer w, uitlisons (1.147), (1.180), la bornitude de 6 — § et (1.121). Nous obtenons,
avec la propriété de croissance de p~*s,(k), Pexistence de constantes ci, ¢, et p, p étant
strictement comprise entre \ et 1, telles que:

RO < 320 [ecsai) + s )] + () (A222)

ot fy est p jell lécroi et dépend des conditions initiales. p étant stricte-
ment inférieure & 4, (1.59) de la Propriété 1.3 et la croissance de s, (j) nous assurent
Pexistence de constantes cs et ¢y telles que:

[w@)] < essui) + Bo(i) + e io“’i\hy(j,l)\ﬂa(l) (A.223)
=0 =0

ot By est u-exponentiellement décroissante et dépend des conditions initiales. On en déduit
Pexistence de constantes d & dy telles que:

. k
XIS dysulk) + da A X(0) = KO + ds 30 p*7*8a6) + Bulk) (A.224)

100



ou By est p-exponentiellement décroissante et nous avons utilisé le fait que les zéros de det {U'}
étant dans le disque ouvert de rayon p, les constantes A et p peuvent aussi étre choisies telles
que hy(j,))\'? soit bornée. On a donc établi (1.181) avec, p étant strictement inférieure
o

k.
B(k) = dy M [|X(0) = X(O)|| + ds 3 p " Bali) + Ba(k) (A.225)
=
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A.16 Démonstration de la Propriété 1.5

Pour établir cette Propriété, nous proposons le “placeur de pdles” adaptatif obtenu de la
fagon suivante:

1. Nous choisissons un systéme de mesure tel que (1.35) soit vérifiée.
2. Nous défini: une dtrisation explicite en choisi: na, g, P, Q, N et U
3. Nous choisissons un compact T tel que, pour tout 8 dans T, les polynémes A,,S et
B,, soit strictement premiers entre eux, avec:
(4nS, ~By) = W, = (P +Q)V, (A.226)
4. Nous ch une loi d’ad. i tisfaisant les hypotheses de la Propriété 1.4 et
nous prenons:
o(k) = sup{L,s,(k)} (A.227)
5. Nous choisissons un polynéme R(k) tel que la matrice compagnon de R(k)N vérifie le
Lemme 1.5.
6. Pour chaque k, nous résolvons en C(k) et D(k) I'équation polynomiale:
N ‘
(C(k), D(k)) (We = B(R) P+ Q) V)" = R(k) (A.228)
C’est un systéme linéaire. En fait quelques itérations d’une méthode itérative sont
suffisantes [1].
7 La commande est donnée par:
C(k,q)u(k) + D(k,q™)y(k) = (A.229)
- N - y(k) -
= B(k,q™) [Wi(a™) = @(k)'P + Q) Vila™)] + F(k,q™)r(k)
u(k—1)
r, suite supposée bornée, sera la commande du systeme bouclé. Les polynomes E(k)
et F(k) sont choisis & coéfficients bornés et pouvant dépendre de 8, mais de facon au
moins Lipschitzienne.
Démonstration:

Premiére étape: (1.169) est satisfuite:
D’aprés les Propriétés 1.1 et 1.2, tout modéle (4,5, B,,) donne une erreur de modélisation
d,, véifiant, avec B, et B, des suites bornées:

o soit:
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ol dnlluk S Boo(k) + Yoo su(k) (A.230)
o soit:
|dn(k)| < Ba(k) + y2su(k) (A.231)

D'aprés la Propriété 1.3 et le Lemme 1.2, linégalité (1.169) est donc satisfaite avec 7, propor-
tionnel & 72 01 72s. On pourrait méme prendse un moddle instationnaite (A (K)S', Bn(F).
1l faudrait alors ajouter & 7, un terme ifiant cette i é. Les

résultent en fait des limitations que nous introduisons sur 7, (et vy dans le cas instation-
naire) dans (1.169) (et (1.168)) et du fait que nous voulons une suite 8, solution de:

An(k)S, =Bu(k)) = W, — (8(k)'P+Q) Vi (A.232)
pouvant servir de suite de comparaison pour la Propriété 1.4, ie. §(k) appartient T(k).

Dans le cas stationnaire, ceci signifie que les coéfficients de A,, et B,, doivent étre dans la
préimage par 'application définie par (A.232).

Deusiéme étape: les hypothéses du Lemme 1.6 sont satisfaites:

D’aprés ce qui précéde, nous pouvons supposer Uexistence d’une suite de comparaison (con-
stante pour un modéle stationnaire) @ telle que:

o (k) appartient X(k),

o la suite des erreurs de modélisation associée wp vérifie (1.169). Ceci implique que la
w, ¢
suite —‘ est bornée et, suivant la Propriété 1.4, il en est de méme de —, ¢ étant erreur
d'adaptation.

Posons alors:
(An(k)S, =Ba(k)) = Wi = (6(k)'P+Q)V;U (A.233)

le systéme bouclé est décrit par:

N(g™) 0 0 (k)
“1 Ankg™)S(e™) —Balk,g et || uk) | = (A.234)
Blk,g™)  D(kq™') Clk,q™) u(k)

det{U(g™)) e(k) + (k)
e 0
F(k,q ")r(k)
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avec la suite § donnée par (1.116) et satisfaisant (1.121). On en déduit:

N(g™) 0 0 (k)
0 R(k,¢ " )N(¢™") 0 y(k) | = (A.235)
0 0 R(k,qg)N(g7Y) )\ ulk)
1
= Clk,q™") = Bal(k,g ) E(k,g™) (det{U(g™")} e(k) + 8(k)) +
= [Dk,a™) + Ak, g7 )S(a7)E(k,g7)]
0
+ Bo(k,g™)N(g™) | Flkg™)r(k) + A(k)
An(k,q™)S(qN(g™)
ol A résulte de la non ivité des opé i i i Une écriture explicite

est sans aucun intérét. Remarquons seulement que A contient des termes tels:
(Ba(k, g™ IN(g™") 0 Bk, q™) = Bk, g )N (g™ )E(kyq ™)) dm(k)
ou
(Clhk,a )N 0 Anlk,g™)S(4™") = Clk, e IN (™) An (R, 7)) w(k)
et:

1. L’application associant C(k), D(k) et E(k) & 8(k) est Lipschitzienne.

det{U(¢™")} e+ 6

2. La suite étant bornée et N étant p-exponentiellement stable, la

o
relation entre s, et o et le point 2.2 du Lemme A.2 impliquent Dexistence d’une
constante et d’'une suite 4 dont la limsup ne dépend pas des conditions initiales
telles que:
[dn(B)| < B(K) + vs,u(k) (A.236)
3. Par définition u(k) et y(k) sont majorées par s, (k +1).

A(k) vérifient donc une inégalité du type:
d

1A < Ta o N6(k = i) = 8k =i = 1)l su(k = i) + Ba(k) (A.237)
=

ott B4 est une suite bornée et sa limsup ne dépend pas des conditions initiales.

Considérons alors I'état X:
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dn(k=1)

dn(k=ny)
y(k—1)
X(k) = . (A.238)
y(k —ny —ng)

u(k—1)

u(k —ny —ng)
Ceci nous permet d’obtenir une représentation d’état du type (1.154) ot:

o (1.156) est vérifiée grace au choix de N et R.

o (1.155) et (1.157) résultent de la bornitude de § et r et de la régularité de Iapplication
associant C(k), D(k) et F(k) a 6.

o (1.158) vient du fait que les composantes de 7 sont celles de A ou 8.
o (1.159) & (1.162) sont données par la Propriété 1.4.
o (1.163) & (1.165) sont données par le choix que nous avons fait pour s,, et o.

o (1.166) vient de (A.236).
Bibliographie

[1] Praly L.: MIMO indirect adaptive control: stability and robustness. Rap. CAI A118.
Décembre 1982.

105



A.17 Démonstration du Lemme 1.7

Définissons une suite £ de la fagon suivante:

L(k) = Lo(k+1) + z(k+1) (A.239)

st 22

= Ly(k+1) + ;[L,(i—l}—L,(iJ]% (A.240)
2k -2(k)

R . Y PR L S O (a241)

2ok 1) 2 gk + 1)

La suite Lg étant bornée et la suite =%, (k)? étant croissante, la suite £ est aussi bornée:
L(k) < sup{Lo(i)} (A.242)
Maintenant, ’hypothese:

z(k) > e Vk€]Ko, K| (A.243)
est équivalente a:

L(k—1) = Le(k) > ¢ Vk €]Ko, K[ (A.244)

Utilisant Ihypothese (1.214), on a done pour tout k dans ] Ko, K; [:
2 (k4 1)2 — 2R g (k)

Lk=1) = L(k) > € T (1) (A.245)
v 2 2 g 4 1) — o (k)?
2 (%) e — (A.246)

La bornitude de £ et la somme de ces inégalités nous donnent pour tout k dans | Ko, K, [

k —2(k+1), 2 _ -2k 2 2
” o(k +1)? = p~%o(k)? _ 1 (c)
w2 (2) sup{LoGi A.247
2 g 2 5) stz (A2a7)
Mais la suite =%, (k)? étant croissante, ceci implique:

~%g(k)? 1(e\* i
Iogm =3 W a-:p(La(z)} (A.248)

D'ot, avec (1.214):

2
o(k)? < pdeE0) G(Kn)2£ exp ((5) sqp(Ls(z')}) Yk €] Ko, K [ (A.249)
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A.18 Démonstration de la Propriété 1.6

La démonstration de cette Propriété est assez fastidieuse et demande un certain nombre de
préliminaires.

Préambule:

o Nous noterons 7 toute suite scalaire ou vectorielle y-exponentiellement décroissante.

o Rappelons Pégalité:

(:)

« Pour simplifier les notations, nous poserons par exemple:

= p*s,(k) (A.250)

ke

Fy & N
Fo(@ D uk) = 3 h(k = i)u() (A.251)
n =
. R ) Fo(=Y)
ot est I réponse impulsionnelle dont la fonction de transfert est 5”0
NE

D’aprés (Desoer et Vidyasagar [1]), utilisant la notation (1.218), on a Iinégalité sui-
vante entre normes ly(p):

“%"HM < 7{5_.:} i (A.252)

En particulier, puisque:

Y(R) = (V™) Yala™) [q" ( yiz )] (A.253)
1¥llue < 71, Y)) n7%su(k) (A.254)

o Notons enfin le résultat technique suivant:

Lemme A.3 Soit ¥ et = deus suites définies par:

Wk

(k) = Jsup{o, f;[L,(i- 1) — Lo(i)] M} (A.255)
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= ~ ~ t
) = £ 080 i)~ 86 ¥+ (A.256)

Si Vinégalité (1.99) est satisfaite avec Wy nulle et:

1Y lr < vu*s,u(k) (A.257)
alors on a:
lzllue < 7g{h} [\/F—oE(k)lf"o(k) + T,Ty ”wally,k] (A.258)

avec la notation:

G\ ?
%) }} (A.259)

Preuve: Par application de I'inégalité de Schwarz, on obtient:

. »w
o = e

-1 PR N :
() = [zuho,amw,z (9<l)—9(l~1))] (A260)
i= =141
2
C S RGD gy S AD == (2T
E*”' (i +1) 1=.Z+. (f)'_i (H) (A.261)

IN

i (e —di-1) 2(1-9)
(v +1y)" 3 (MM) b (3) ](A.ZGZ)

=t Ol iRV

] i[ne(z)—e(l—l)u’ZA’“‘“ NG DI (a2s)

=1

Slar $

2

S [hG)
Nt

Comme on a aussi:

S [Z (10 - e D 0= i 4 o)
=0 =1 1=0

k _ _ -1 £ 212070
B (Ilﬂ(l) =0 =P X Y G ety [ﬂ ) (A.264)
=1 =0 =

4 ko o
e P CUBL G g (A.265)
Linégalité (1.99), nous donne le résultat désiré. o

Démonstration:
Premiére étape: une majoration de |Jwo|l,.:

De (1.210), nous obtenons:
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) = ™) [0+ g 6] + nth) + @+ (A266)

1 Gy
det{T} det{U) B,

B Y )+ Ik = ]+ ) Rl + )] )

Evaluons la norme (1) de chacun des termes de cette somme:

1- D’aprés la Propriété (1.98) donnée par la loi d’adaptation et sachant que la suite W est
nulle ici, nous obtenons, avec la notation (A.255):

~k

llelue < [ (A.267)

2- D'apres (1.195) ot

Z(k) = )(«1 DY (k) + n(k) (A.268)

det{U

on obtient:

1 o =y 13 P ton g
— = h(k—1i) |0(k —1)—6(i—1)| Y1 — 1)
Ty W) = k=) [k - -8 -D]YG) + Ak -1ah) (A209)
M(B()
. _det{UD)
Appliquant le Lemme A.3 et puisque,  étant bornée, la norme ly(u) de f(k — 1)'n(k) est
bornée, nous obtenons:

en notant h la réponse impulsionnelle dont la fonction de transfert est

W‘“"')EHM < (A270)

< of 24100, Y0 [V Bt ot + VT ] + G

3- La suite r étant bornée, il existe une constante R telle que:

o, < et (a2m)

det(U)B

4- Puisque:

#Y() + T ulk-1) = (%) 0Ya(a™) + T(a™)] {q-' ( "’E’; )] (a272)
u

on a:
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1Y (K) + J(a™)ulk = Dllux < v{(6%;, 6%+ 1)} w7 5,(k) (A273)
De toutes ces inégalités, on déduit:

hools < < {32} [—%H{%}H(%Yu)) \/r“,] Butolk) +

{0 oo ot} 3105 Y0 VAR fols +
+Cy 4+ Rp™* +
er e (05,05 )t +

M

+ v{m (o7 + J)} v s, (k) + put (A.274)

ot nous avons utilisé (1.206) et la bornitude de f. Posons alors:
B [T MB
n = 7{?m} [\/—r—q*‘f{m}‘i((yy,yﬂ) \/I‘_a] (A.275)
B

7 =TI ”{JW} 7{(¥,, ¥)} yTols (A.276)
w = 2 {(e%, 0%+ )} 7{%{“} (A277)
o= v{ﬁ (O‘Yu+J)} (A.278)
Nous avons établi:
[1—727{;?—"}] lwolle < (A.279)

A
< mE@ o) + [y { g} 0] it e ) + 6+ Tyt

Deuziéme étape: le systéme bouclé:

Réunissant (1.194), (1.198), (1.192) et (1.205), on obtient:

ot = 2L BE 0+ S + (k) (A.250)
wtr) = 258 [owr + gy o) + (as1)

[0y Yula™) + 3] ulk) = (k) = [6(k)Y,(a7") + Lg™)] w(k) = Bla™)w(k)(A.282)

B¢ g ' B(g™ ) ulk) = R(¢™)A(g)u(k) — Ag™ ) u(k—1) — R(g™")d(k) (A.283)
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Et, les polyndmes 8(k)'Y, + J et B étant uniformément strictement premiers entre eux, il

existe a(k) et B(k), des polynémes & coefficients bornés, tels que, pour chaque k:

a(k) (6(k)'Y. +J) + B(k)Bng™'B = Bn (A.284)
Ceci nous permet d’écire le systéme bouclé sous la forme:
1 0
TS w(k)
@ ~ e O 1| y(k) | =n(k)+ (A.285)
a(k)E( - a(k)o[g(k)rygm-ﬂ(k)RA(q,,) O aw
det{U
2 9D ) [eth) + iy () 000
| 26 | e+ 0
B 518 - B2 qyuge-) - BB oy g
ot
(k) [@(k)Ya] — (k) o [(B(k)Y.]
Sy = (k) [@(k) Ya] = a(k) o [(B(k)Y:] ) (A.286)
et, utilisant le Lemme A.3, on a:
16"l < 7 {¥a} y{%k)} [\/ﬁz(k)p"‘a(k) + /I,Ts uwguu,k] (A.287)
Posons alors:
1-¢'BE
= = ”’[[ a(k) o (B(K)Y, + 1)~ FUORA 1= 'BE _ a()E ]] (A-288)
R B, R " "Ba
. 7{[a(/c)o(ﬂ(lc)xy;;; L)~ B(k)RA 174};-3;5 B aglE] Oﬂ(k)} (A289)
S V{H(k)ﬂ(o(k)‘yyu-:[z)_HUC)RA l—qI;IBE B a(;iE} (A.290)
= (Y)g{am}\/_a (A.291)
P = 7{¥} 9{a<k)} VIaTs (A.292)
S LCHUCEATE L ZREYAl L ) P01 S
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Nous obtenons:

y 1 N
<G+ Dop™ + wm {TE(k)u *o(k}ﬂ\wgu,‘k] + (A.294)
=

A
et {5} k) + o B0 o) + 6 alls] + oen~ 5,(8)

Utilisant la relation entre s, et la norme ly(x) de u et y et le résultat de la premitre étape,
on obtient:

[1—727{5—1}] pFsu(k+1) € Gy + Tap* 4 (A.205)

) (7 +‘71‘7s)] S(k)ypFo(k) +

5
) ()t +
}

+ [‘n (312 +777) + (1—7,»,{

+ [7: (1572 +77%) + (1 - -rm{

B,
Fy
+ | (s + ) + 17-,27{3— ) Yo| v ¥ 5,(k)
Conclusion:
Notons:
1. La suite 5 est bornée (voir la démonstration du Lemme 1.7).
2. La constante Cy, résultant des normes (j) des suites 7, prend en compte tous les
effets des conditions initiales.
3. Par définition, on a:

sup{1, s,(k)} = o(k) (A.296)

Linégalité (A.295) nous montre donc que Phypothése:

)2
1,7”{_5} >0 (A.297)
B,
implique D'existence d’une constante ¢ telle que, pour tout k:
o(k+1) < co(k) (A.298)
De plus, il existe un instant ko, pris comme origine des temps dans la suite, tel que, pour
tout k supérieur a ko, cette constante ¢ peut étre prise indépendante des conditions initiales
et, par ailleurs, Cy u* est inférieur 4 une constante donnée. Nous pouvons donc utiliser le

résultat du Lemme 1.7 Par ailleurs, la suite y~*o(k) étant croissante, linégalité (A.295)
nous donne aussi:

[(1 7717{;—’}) (qu/sw{BA} fmw) - (737{? }-Mnd) (757:+7779)] o(k) <
S Copf+Ta+ | (12 +7770) + (1 - 717{ }) (sm+ ‘YV’YA)] T(k) o (k) (A.299)

Done, il existe une So, indépendante des conditions initiales, telle que:
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S(k) < e (A.300)

implique:
o(k) < So (A.301)
ot:
_ (= {2 (emrer {8} - mone) = Gor{B} +9m) Gsma+ 70

2 [n (s +70%) + (1= 17 {£2]) (57 +7779)] (4:902)
Considérons donc un intervalle Ko, Ki[ , Ky pouvant étre infini, tel que:
o(Io) < S, oK) < So Vk € Ko, Ki[ : o(k) > So (A.303)
on on pose:
5 = { S i Ko 70 (A.304)

sup {So,0(0)} sinon

Liimplication précédente, nous permet d'éerire:
k) > e, VEe Ko, K| (A.305)
Appliquant le Lemme 1.7, il existe une I, indépendante des conditions initiales,
telle que:
o(k) < TS ptX | Yk e Ko, Ky (A.306)

Cette décroissance exponenticlle implique que K; est fini. On en déduit lexistence d’un
instant Ko tel que:

o(k) TS0 , VYk>Fk (A.307)

o, rappel , I et So ne dépendent pas des conditions initiales et la stricte positivité de
& définie en (A 302) est suffisante pour Dbtemr cette inégalité.
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Annexe B

Compléments techniques sur le
chapitre 2
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B.1 Démonstration de la Propriété 2.1

Le résultat de stabilité étant bien connu (Goodwin et Sin [1, Lemma B.3.1]), concentrons
notre attention sur le résultat d’existence.

Condition suffisante:
On vérifie facilement avec (2.21) que X (k, ), donnée par (2.20) est solution de (2.18).

Condition necessaire:
Remarquons tout d’abord que (2.18) peut s'écrire, omettant I'équation et la dépendance en
 pour simplifier les notations:

(U(k+1)) (z o)(v(k)]
- (B.1)
X(k+1) BI A X(k)
avec:
uy 2 (k)
Z = disg(z) , U(K) = . . I=(.D (B.2)
i 7m(K)

et nous devons nous intéresser aux solutions dont chaque composante de U est non nulle.
Appelons A la matrice du systéme (B.1). D’aprés LaSalle [1, Section 8], les solutions de ce
systeme définies et bornées sur | — 0o, +oo| s’écrivent nécessairement:

Y(k) = 1N, (B.3)
7

oii \, est valeur propre de module égal & 1 de A et Y, est un vecteur propre associé. Les
valeurs propres de A étant celles de Z et de A, deux cas sont & considérer:

1. A, = 2, est valeur propre de Z: Dans ce cas, le vecteur propre associé s'écrit:

Y, = (B.4)

avec X; vérifiant:

17



(o) (a)=-(x)

Bu, doit donc étre dans I'image de 2,1 — A.

N

A, est valeur propre de A: Dans ce cas, le vecteur propre associé s'écrit:

=10 (B.6)
v

avec:

AV, = AV, (B.7)

(2:20) est alors obtenu en écrivant la composante X de (B.3).

Bibliographie

[1] Goodwin G.C., Sin K.S.: Adaptive filtering, prediction and control. Prentice-Hall. 1984.

[2) LaSalle J. P.: The stability and control of discrete processes. Applied mathematical
sciences 62. Springer Verlag. 1986.
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B.2 Démonstration de la Propriété 2.2

D’aprés les propriétés de régularité des fonctions A, B et C, pour tout k fin, (X(k), p(k)),
solution de (2.4) issue de (X(0), (0)) est une fonction continue de (X(0), ¢(0), ¢). Notons
(X(k,e) , ¢(k,€)) la solution périodique de période M donnée en hypothése. Considérons
une suite de valeurs ¢, tendant vers zéro, telle que (X(0,¢), (0, ) converge vers (X*,¢").
Pour tout k, (X(k,e) , ¢(k,<)) converge aussi et, par continuité, converge vers une solution
périodique de période M du systéme gelé. La deuxitme partie de la Propriété est alors une
conséquence directe de la continuité de la fonction C, vu que pour tout £ non nul, on a:

0 «p(M@)E- ©(0,¢) (B5)
M=

= Z] C (X (k,e), 0k, €), u(k), ev(k)) (B.9)
=
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B.3 Démonstration de la Propriété 2.3

Existence de solutions périodiques:
Pour démontrer l'existence de solutions périodiques, nous appliquons la méthode proposée
originellement par Poincaré pour I'étude des systémes critiques ( Miller et Michel [5]).

Les suites u et 7 étant périodiques de période M, (X(k,e),¢(k,e)) est une solution
de période M du systeme (2.4) si et seulement si (X(0,¢),(0,¢)) est un point fixe de
Vapplication Ty qui associe & (X, ) la valeur (X(M),o(M)) de la solution de (2.4) &
Pinstant M partant d’une condition intiale (X (0), (0)) égale & (X, @) (Arnold [1, Théoréme
3.28, Assertion 1]):

(X(M), p(M)) = Tu(X(0),(0),¢) (B.10)

Au lieu de chercher des points fixes de Ty, on peut de fagon équivalente, pour & non nul,
chercher des zéros de Zar, Vapplication définie par:

Iu(X,p0e) = (Z”‘(X’“”S)) - (' (1)) o MulX,6,6) — 1] ®B.11)
T, r) 0!

soit:
X(M) - X(0)

Zm(X(0),¢(0), = M-
OO0 =S 00,0, er()

(B.12)

Zar, étant la composition de M applications de classe C?, est aussi de classe C?

Par hypothése, nous savons que (X*,¢",0) est un zéro de Zy, avec X* vérifiant, selon

(2.30)
X = 2060 + Yy (B13)

Vue la propriété de régularité de Papplication Zy, nous pouvons appliquer le Théoréme des
Fonctions Implicites pour obtenir Dexistence et la régularité de zéros pour & non nul. En
particulier, notre résultat sera établi si:

OZms,yu o Zmz e
S 61,0 FEE(X,e7,0)

AN 0T o o W at e #0 (B14)
x (Xe70) % (X7,¢7,0)

Pour calculer ce déterminant, utilisant la notation (2.43), nous introduisons une nouvelle
variable:
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= X - =(0,9) — V* (B.15)

Aucun des z, n’étant valeur propre de A(w"), Z(k, ) est une application de classe C? locale-
ment autour de ¢* et uniformément en k. Ceci nous permet de décomposer, sans perte de
régularité, lapplication Zy en:

(X,0,6) — (X,p,8) ~—— Zu(E0,0)+ V" + X, ¢, ¢) (B.16)
Le déterminant (B.14) est alors le produit des déterminants des différenticlles des deux
i dans cette d ion.

La différentielle de la premiére application en (X*,¢*,0) est:

I 0,¢%)

(B.17)

0

Appelant Zp, la deuxié lication, nous les égalités:
(A(so W-1)x

Zy (X, 9",0) = (B.18)

E C (2k,97) + ALY + V7, o7, u(k), 0)

(Al 1) v
e
2000 T C(Ee)+ AV 0, k), 0) (519

Avec la définition (2.31), sa différentielle en (0,",0) est donc:

M
A -1 eV
-1 oc (B.20)

. 02 (B )+ AV ), 0) A S

"M‘

Dol notre résultat.

Stabilité:

D'apres Arnold [1, Théoréme 3.28, Assertion 2], une solution périodique de période M a les
mémes propriétés de (in)stabilité que le point fixe correspondant de I'application Ty. Par
ailleurs, appliquant le Théoreme de Lyapunov (LaSalle (4, Théoréme 7.1], des conditions
suffisantes de (in)stabilité de ce point fixe sont données par la position des valeures propres
de la différentielle de Ty en ce point. Etudions donc la matrice VT (X*,¢",0) dans le cas
ot A(*) n'a pas de valeurs propres sur le cercle unité (V* est nul):

Premiérement, nous remarquons qu'avec les étés de Ty
X(k,e) et (k,¢), nous pouvons utiliser le Lemme d’Hadamard (Aubin ot Ehaand 2]) pour
démontrer Uexistence d’une fonction A(e), bornée au voisinage de zéro et satisfaisant:
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VZu(X(0,6),¢(0,6),6) = VZu(X",¢",0) + € Ale) (B.21)

Deuxiémement, la matrice VT est équivalente a:

o= o=
I -= I =

I+8= | VTy 9 (B.22)
0 I 0o I

Enfin, VT étant reliée & VZy par (B.11), VZy pouvant étre caleulée & partir de la dé-
composition (B.16), en utilisant (B.20) ct (B.17), nous obtenons:

S(XG Orehe) = Ap M =TI +eA(e) £ As(e)
(0,),9(0,2),2) = A0) e%(a;’w_)+£2A‘(e) (B.23)

ot les quatre fonctions A, (&) sont bornées au voisinage de zéro. Maintenant, d’aprés Koko-

tovic [3. Lemma 1], puisque A(¢*)™ —I est non on singuliére, il existe une fonction L(e), bornée
sur un voisinage de zéro, telle que S soit équivalente & (omettant I €):
A" — I+ (A +eLAg) 0
oF B.24
Ay €2 (a3,¢") + & (Ag = Ag L) (B24)

9

On en conclut que les valeurs propres de VT (X*,¢",0) sont:

M 9B, . .

MA@} +0(1) 14 eR{A %(a,,w + ofe) (B.25)

o o(1) et 22 °(5) sont des fonctions continues de ¢, tendant vers zéro lorsque ¢ tend vers zéro.
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(4] LaSalle J. P.: The stability and control of discrete processes. Applied mathematical
sciences 62. Springer Verlag. 1986.
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B.4 Démonstration de la Propriété 2.5

Cette Propriété est une conséquence directe du point 3 de la Propriété 2.4. 1l suffit en effet
de remarquer que (2.2) implique:

C(0,¢,0,7) = 0 (B.26)
On vérifie alors facilement que la fonction M, de la Propriété 2.4 peut étre prise égale & 0.

Dans ce cas, le systéme (2.59) n'est rien d’autre que le systéme gelé (2.18). La conclusion
résulte de [1, Lemma 6]).

Bibliographie

(1] Praly L.: Topological orbital cquivalence with ic phase for a two time scales
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B.5 Démonstration du Lemme 2.1

Démonstration de (2.79)
Démontrons cette inégalité par récurrence. Définissons %, T et A par:

Z, = Z“)f(-,kﬁ (B.27)
=
et:
I+ ell, = p (I+ef(k)) (B.28)
2
= I+ e, + A, (B.29)

Appelons o, 7 et § leur norme Euclidienne. On a:

& =0 (B.30)
T < o+ Eb, (B.31)

De plus, les fonctions f étant bornées par S et de constante de Lipschitz L, en , on obtient:
0, < nS (B.32)

IfC+ely,nt+1) = f(,n+ 1)l < eLi(on+eby) (B.33)

d'aprés nos

[ +ef(on+1)] o [[+ell,] =

=Tt ell, + ef(-+elly, nt1) (B.34)
B II,, 1) — f(-, 1

Y R A..+W+)/(H) (B.35)
Donc, on obtient par récurrence:

el nt1)—f(,n+1
Aosr = An o+ w (8.36)
On en déduit:
Sn1 S 8+ Li(on+eén) (B.37)

< (L+eL)b, + nL S (B.38)
Dlow:
" _

5, < Qtel) —nelizl, o (B.39)

- (e Lr)*
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Démonstration de (2.80)
II, £, m et o étant définies ci-dessus, posons:

n a] & k=1 }
= ; %(-, );ﬂ-.z) (B.40)
et:
I+ ell, =1+¢e8, +&E, + %A, (B.41)

Soit < et & leur norme Buclidienne. Utilisant les propriétés des fonctions f, on obtient:

o < "("7‘1)“. (B.42)
et:
of
Ilf(-+el'I,.,n+1)—f(~,n+1)—6%(-,nﬂ)&l! <
S fC ey, nt 1) = f(-+eSan+ 1| + (B.43)

+ | [f(-+€Smn+1) = f(,n+1)] —¢ Z—i(-,n + 1)

1 [of of
sulraras] + [ [Lerrsanin-Zenrn]aen]  ma
Lo?
<L [Pates] + @2 (B.45)
2
< L6, + 57%5 [BB+sLy (B.46)
d’aprés nos définiti nous avons:
(I+ef(-,n+1)) o (I+ell,) =
=1 +4ell, +ef(+elly,n+1) (B.4T)
= [ +eSun +e50n + (B.48)
Fetemnen - fen 1) —e Linins,
+&* A+ = a2
et, donc, par récurrence:
aof
fletellyns )= fln+D-eglinss,
Anpr = An + £ (B.49)

2
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Nous avons établi que la norme de l'erreur vérifie:

2

bun S (el b + 55 [L+ 5L (B.50)
(2+el)(Q+ely) P —[(n+DeLy +1 — (1+¢Ly)

< CIGAE s[L+sm) (B
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C.1 MIMO indirect adaptive control: stability and ro-
bustness

Rapport CAT A118. Décembre 1982.
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ABSTRACT : Ve present an indireci adaptive control scheme. At euch stage,
it involves identification of a linear model within a prescribed class
(this model must lie in a prescribed sphere and it has imposed degree

of the numerator polynomial matrix and imposed column degrees of a column
proper denominator polynomial matrix), followed by a computatior of the
feedback matrices to match a priori given poles and on line optimized
zeros. Inherent to the a priori class of models, there are residuals
between the true plant and Lhis linear model. Our procedure takes

into account residuals which are bounded from above by the norm of the
input-output signals. In this way We encompass some problems of higher order
plant, time variation effects, nonlinearities or ill-modeled disturbances.
This allovs us to stale robust boundedness of input-output signals.

However this result needs an extra assumption which may be phrased in

terms of a lLeft-primeness property of the identified model.






I - INTRODUCTION

During the last years, major steps have been taken in the theoretical
development of adaptive control systems.

For direct schemes, global boundedness of single input single output
minimun phase systeus has beer established for bolh contimuocs time [1], [2],[3]
[i6], P7 and discrete time systems [3], [4], [5]. The asymptotic
behaviour has been studied in [6] and the extension to the multivariable
case has been provided in [7]. Moreover an existence theorem established
in [11] gives some insight into the boundedness of direct schemes for
non minimm phase systems.

For indirect schemes, for single input single output systems and under
an assumption about the stabilizability of the identified model, boundedness
has been established for discrele time systems in [8], [22], [24] and
for continuous time systems in [9]. The asymptotic behaviour (for
‘the minimum phase case) has been studied in [10] and the extension to the
multivariable case has been provided in [14], [18]. Moreover the
question of stabilizability is discussed in [12], [13].

Hovever all Lhese resulls are stated for linesr time invariant systens
with known order and well modeled disturbances. Here we do use a linear moder
bui we want to take into account that the true plant may be of higher order
(even infinite), may contain non linearities and time variations, and may be
subject to ill-modeled plant and measurement disturbances.

Nore precisely, consider a NIMO system for which at time n, we note u
the control input vector in R" and y  the output vector in R . Ve
define a linear model by choosing integers N , N, and a matrix & such

that the modeled output f  is given as :

_ ot
LR (1)

where ® is the following block vector

1t t + i
@y = (g eee Yo, ulee. “n—Ng (2)

We call residuals Lhe error LS between the true output 3y and the

modeled output § :

(3)




The issue we want to address in this paper can be formiluted as follows :
what assumptions sbout w  are sufficient to ensure boundedness of
adaptive control schemes in practical use ? In other words how robust
is the boundedness with respect to residuals ?

Some interesting results have been obtained in the continuous time case :
in [9] Kreisselmeier shows the exisience of stable domains for an indirect
scheme using relatively weak assumptions. 1In [15], these domains are
made explicit for a direct scheme in the case when fast modes are
neglected. In {17], Rohrs et al. show the necessity of modifying classical
adaptation laws. In the discrete time case we have shown [11], [21] thst

some direct schemes yield global boundedness when

N
el < o vaxto, 3 1o} @
i=0

where ® is some positive constant, N is a fixed integer which depends on the
true vlant, € is defined from the expected closed loop characteristics.
Here, the same kind of boundedness proverty is stated for an indirect
schene for discrete time systems (see also [23]). However an extra nondition
of left-primeness of the identified model will be needed.
Amomg ihe works we are aware of, very few MIMO indirect schemes have
been presented. Let us mentionn Prager ei al [14] which propose an on-line
role placement technique but without proving boundedness and with a strong
restriction put on the model structure. Here we study the scheme presented
in [18]. It is based on an on-line pole placement and a zero optimization
Gesign. It requires a restriction about the model structure which is weaker
than in  [14].
Section IT
Section III, we describe our indirect control scheme. The algorithm

devoted to the siaement of the robustness problem. In

and its propertiesare given in section IV and V. Finally in section VI

we state our boundedness iheorem and we draw conclusions.



I - THE ROBUSTNESS PROBLEM

In order to motivate the formulation of this robustness problem we
first offer an example of a system which would enter in this forthecoming

framework.

IT-1. An example.

Let the output of the true system be defined as :

+ (o) +u, (5)

n " n'n

where -9 is the following block vector

t t t t
[CAmE IRES n—l‘ib-l‘() (6)

- T, is a tine varying matrix which represents a linear component of

the system.

- f, is a time varying non linear [unction which represents a non
linear component of the system.

- w, is a sequence of vectors which represents an unstructured
component.
When compared with the a priori linear model defined in the introduction,
we get the residuals as :

gt
W, AT g+ fn(rpn) +o, (1)

let suppose that :

lar Il < &, (8)
lo < (9)
llggo Ml < &, llg Il + 1, (10)

Inequality (8), together with Lhe presence of a strictly positive
integer N in (6), means that some fast poles or zeras are neglecied in the



zodel.

Inequality (9) requires the uniform boundedness of the unstructured
disturbances w .

Inequality (10) implies that the non linearity is linearly dominated with
respect to the input-output signals.

With these assumptions, we get :

(6,+5,) +M=5+E— (1)
llo 1 llg, I

lle I

Therefore a possible assumption for the residuals is that when normalized
by the input-output signals, they are uniformly bounded from above.
However this property imolves |lp || which is unknown for our model

(since N is unknown). Then let us introduce a sequence of positive real
numbers s as follows :

s =As ‘+Maxfs,“‘1;1“ (12)

n n-

where A and s verify

0<A<l, s>0 (13)
Noting that

Il < 2 lo, 0 < %2 )

n=-i’

we readily get

"
HS—"“ <& (15)
n A

and since s can be chosen arbitrarily large the bound of this "normalized"
residue mainly depends on 6.

For this system a robustness problem would be : given the linear model
(Na, ua,e), £ind a linear control law such that this & may be strictly
positive.

Let us now come back to our general farmework and formulate

an assumption about the residuals in order to state our robustness problem.



TI.2. The robustness problem
Ve need two additional definitions :

mean 7-smallness : Let %’K(sn) be the set of pairs of integers (q,k)

such that :

4 () =tk >k 5 ¥ €la,an] 5 5 > 5}
Note that :

s < s
Sy €Sy K <K, = %Z,Kz(sn) ’%}VK'(“..) (16)

4 sequence v, of bounded positive real numbers is said to have the property

of mean n-smallness relatively to s if
1 §\“‘
a5 k) = vigk) € 4 PR X voen (“7)
’ n=q+
In words : for any time interval of lenglh larger than K where sn remains

above some threshold S, the average of v, becomes smaller than 1.

other model representation : Let us introduce the classical equivalent
fornulation of (3) : following the block decomposition of & , we decompose 6

as
of = (-a' ... - A% 3°...8%) (18)
Then (3) can be rewritten as :
Ay, =Bl +w (19)
where A(b) (resp. B(b)) is a polynomial matrix with matricial coefficient A
(resp. BY).
£(0) is equal to the identity matrix

b is the backward shift operator

bu =u (20)



i : G > N 5 i
Assumption BS avout the true system : Civen N <“1)wsl<1 with
= Max{N.} (21)

1<i<l

Given a matrix O, and a positive sealar p , we suppose that :

« There exists relatively left prime polynomial matrices A(b), B(v) such that:

A(b) is column proper (always possible) with N, as its i*® cotumn
degree (i.e. N, is the maximal effective autoregressive order of the 1™ outpur)
B(b) has degree 1.
4(0) is equal to the identity matrix.
) which is made up of the matricial coefficients of 4(b), B(b)
(see (18)) satisfies :

le-o Il < o (22)

« The residuals corresponding to this model satisfy

v - (23)
A
—_— <
< (24)
a
2
[EAl 2
< has the property of mean 1 - smalluess relatively to s , with sy

as defiﬁed vy (12).
Remark : (22) means that © is assumed to be bounded with a known bound.
We are now in a position to formilate our robustness problem :
the robustness problem : find a control law such that

(i) under assumption HS
8 >0 :¥n, <n =,y are unifornly bounded.

(ii) if there are no redisudals the output y, tracks some reference output

as "well" as possible.



Note that ultimately our assumption and our problem are on the magnitude
of the "mormalized" residuals. As apparent from (23), these residuals
depend on the true system on the one hand and on the class of models on the
other hand. As a matter of fact, © involved in (23) is unknown. Only
its existence within the specified class is required.
The property of boundedness of the "normalized" residuals are more
likely to hold for larger N, W but this increases the complexity of on-line
computations. This choice of (N ,N ) is to be made off-line in our
approach using all a priori knowledge about the true system. Then the role

of the explieit identification algorithm is to search that 6

within the specified class for which the normalized residuals are less

(i.e. n, 1is the smallest one). On the one hand, the role of the

control algoriihm would be to influence the value of n so that ihe inequality
n, <7 mentionned in the statement of the robustness problea would hold,

that is the regulation property. On the other hand the control algorithm

has to force the output of the system to trake some reference output,

that is the traking property with its inherent problems of delays and

non minimum phase (see [25]).



IIT - AN INDIRECT ADAPTIVE CONTROL SCHEME

As a stepping stone to our adaptive scheme, let us first look at the linear

control problem.

IIT.1. A linear pole placement and zero_optimization control law
Supposing temporarily that A(b), B(b) are known, from assumption =S,
it follows thal there exists two polynomial matrices C(b), D(b) such that :

() -bB(b)
det =r(v) (25)
() c(v),

where det. denotes the determinant and r(b) is an arbitrary polynomial
(see [18]). The implication of the sbove is that if the input uoa
is generated by Lhe feedback control law :

c)u == Dy, +r()E@y* - Flo)u, (26)

where E(b), F(b) are arbitrary polynomial matrices and y% is the output
reference, ihen the resulting closed-loop system has the characteristic
polynomial r(b).

More precisely, using the general comparison principle technique [19]
or the same technique as the one used in appendixz C, one can prove

the following theorem :

Theorem 1 : If :
HS holds, but with A(b), B(b) known
r(b) is a strictly stable polynomial
y% is bounded.
Then the feedback control law (26) solves the first part of our

robustness problem. This makes this problen meaningful.

Note that E(b), F(b) are arbitrary in (26) and can be chosen
to solve the second part of the robustness problem : let us look at the
closed-loop equations .

tet X (b), b8, (b), (o), &, (b) be polynomial given by the adjoint

matrix as follows :



x() b8 () a(o) -bB (b)) 1 0

=r() (27)
-r(e) oA () D(o) c() o I
Then with (19), (26) we have :
w(b)y, = ()08, (G)F(®) ), + r()2, (0)B0) v2_, (28)

Therefore F(b) mey be chosen in order to reduce ihe residuals w by
getting the matrix (X(b)-b B‘(h )F(b)) as close as possible to the null
matrix and E(b) may be chosen to get bB, (0)E(v) as close as possible
to the identity matriz. Simply looking at the static gains we can take
+
Ple) =8 =c(1)8 (29)
+ 1
B() =& = [0(1) + c(1)7a(1)] 77y (30)

.
where B is a pseudo inverse of B(1).

III.2. An indirect adaptive control law

since in fact A(b), B(b) are unknown, the previous control law
is implemented ai each time n in Lhree main steps :

1 - On-line identification of the linear model (3) or (19) (see section 1V ).
This gives time varying polynomial matrices An(b), Bn(h) and an a posteriori

error €
n

a0y, =B () +e (1)
2 - 1. On-line computation of polynomial matrices Cn(b), D“(b) as solulions of:

b)) —vB, (o)

» () ¢ ()

det =r(b) (32)

From a practical point of view, one may just use an approximation procedure

as aiscussed in section V.



2.2 - On-line optimization to get the polynomial matrices Fn(h ), En(b).

3 - Compatation of the next control u .,

D )y, + B ®)r@) - 7 ®) e

ey = (33)

In the SISO case this algorithm reduces to that of Goodwin and Sin [8]
(except for step 2.2).

In the following, we make these steps more explicit.

-10-



IV - MODEL IDENTIFICATION

Looking at assumption HS and at the robustness problem suggests to use
>
an estimation procedure which roughly minimizes( [%0ll\". e propose the

s
n/
following algorithm :

¢
net®n G4

(35)

(36)

(37)

\_Ouli(s“'%—%) (projection)  (38)

PP L (regularization) (39)

where . s is defined by (12)

. (39) means that P is any positive definite matrix greater than

P and such that :

1
"2
0<A <Amin P <Amax P <A (40)

o n no 1

For instance, we can take

B Tol ¢ (-8 a1 (41)
with

Ay
0<p<B <1-7— (42)
1

11 -



o @ 5 By P are chosen such that
n’ “n’ "n

O<a<a <1 (43)

o <N (44)

A,
L -
L

I L-el (a5)
o

z
This algorithn is essentially the least squares algorithm with regularization
by the projection (38) and the inequality (39). Note that (45) explicitely
involves assumption BS (see (22)) and ihe presence of s in €, (35) takes
the properties of lhe residuals into account.

Let € bedefined as in (31) or equivalently as :

n

1
-8, @ (46)

the properties of this algoritim are summarized in the following Lheorem :

Theorem 2 : with assumption BS, the sequence {6 } as defined by (34)-(39)
has the following properties :

I

. | <
< [lo,-ell < u,

1Enil
I3: ls—“‘- has the property of mean n _-smallness relatively to

n s, with
n

RN (a7)

-

uen-en 1I\ has the property of mean ng - smalless relatively

to s, with

ng < Lo M, (48)

- 12 -



V - CONTROL COMPUTATION

V.1. Properties of the determinantal eguation

Using fairly standard techniques about polynomial matrices (see [18] or
[26]), one can prove the following :
Theorem 3 : If :

A(b), B(b) are relatively left-prime.
A(b) is column proper with N, as its i** oolumn degree.
X is the degree of B(b).

1

deg r(d) < % N, +u =a (49)
it

r(0) =1 , a(0) =1 (50)

Then there exists polynomial matrices D(b), C(b) such that :
The i'® colum degree of D(b) 1is strictly less than N;.
The degres of C(b) is less than or equal to X,
c(0) is equal to the identity matrix
A(p) -08 (b))
det =r(v) (51)
D(v) o)

In the following C(b), D(b) are taken as given by this theorem.
Let us introduce the following block decomposition

(n(b)c(b)):(ﬁ(b) To)\ o1 (52)

i) ) )1

where d(b), c(b) are polynomial row vectors. A consequence of theorem 3
is that (d(v) (b)) has d unknown coefficients and that :

Corollary 1 : 1If A(b), B(b) are relatively left prime, Lhere exists a pair
(D(v), T(b)) such that the pairff A(b) ~b B(b)
-
() c(b)

is relatively left prime. lMoreover, for any left prime pair (D(b), C(b)),
A(b) b B(b)
s

D) To)

the pair has a generic occurence to be left prime.



On the other hand, the expansion of (51) with respect to (d(b) e(b))

gives a linear system equivalent to (51), we note it :

ax=8 (53)

where X 1is a vector in l-ld which includes the coefficients of the coordinates
of d(v), elb).

@(resp. B) is a matrix (resp. a vector) which includes the coefficients

of r(b) and of the minors of :

A() b B(b)

D)  Th)

Ve have :
Corollary 2 : If A(b), B(b) are as supposed in theorem 3, then there exists
submatrices D(b), C(b) such that ¢ is a square invertible matrix.

V.2. Algorithm 1 (exact procedure)
With the previous properties, we propose the following algorithm :
1 - Choose left prime polynomial submatrices En(b), En(b) such that the

matricial coefficient of highest power in C (b) is full rank.

For instance :

c,(b) =T () , (54)
2 - Compute ﬂn, /Sn.
3 - Compute 4 (v), ¢ (b) as
(55)

To give the properties of this algorithm, let us introduce the following
block matrix :

N -1
Lo 5 1 Ny
o= (0 wen® 1o 0”) (56)



Theorem 4 : If we have :

llz |l < a (57)
llzll <8 (8)
laet 7| > a (59)
then the sequence {i} given by (54), (55) has the following
properties :
oz flell <,
€2 : Moreover, there exists an integer K such that for any pair (a,k)
such Lhat :
Qi
1
x>k, ¢ 2 la-q | +le-g_ Il <n (60)
n=q#
then
gtk

1 -6 ll<n, =In
= n:qﬂ[n -1 ()

M, L, ave pesitive constants which depend on A, B, &

Proof :

It is easily derived from Lhe fact that the entries of cz;1 are
rational functions of the emtries of @ (see [18]).

Since T (b), T (o) are chosen and the fact that @, B, are polynomial
functions of the entries of 6 , we see that (57), (58) are consequences of ihe
boundedness of 0 (11 in theorem 2) and (60) is a consequence of Ti, Id, C1.

Therefore this algorilhm essentially requires the invertibility of ¢ . However,
using a classical continuity argument we have the following result (see [ 18]):

Theorem 5 : With assumption HS, these exists D, such that if

llo-6ll <& (61)



then there exists submatrices D(b), C(b) such that taking
D,() =D(), T (v) =)

yields :

|aet anl > a (62)

To complete the statement, note that with the indentification algorithn (see I1)
(61) will hold if :

<p (63)

i.e. if the identification algoritnm starts sufficiently close to the
assamed model 8.

On the other hand, from (35), (3%), (38) we see that the evtries of © 1
are linear in @  with 2

@ =0 =06 1 =6 (64)
3 -

and the entries of @n are linear in [N with 1

pn=0 Y en=e° (65)

Hence, if (54) is used in the algorithm to compute by det @ 1 s
a polynomial in @ and det & is a polynomial in p . As a consenuence

we have that if

det @_, #0,det q #0 (66)

1
A1

then we can find «  in [a,1] and b, in [A— pa,p] such that
o

det @ #0 (67)

This means that (55) can always be computed.
However ihis technique does not prevent lim inf|det anl from being null
n—e

which is not allowed by (59). Therefore assumption (59 cannot be derived



from our identification procedure and requires an extra condition for our
boundedness study to be developped.
In order to reduce the computational complexity of algoritim 1 with

its problem of finding @1 P,s We propose an other algorithm.

V.3. Algorithm 2 (approximation procedure)

— - -
1 - Choose left prime polynomial submatrices Dn(b), Cn(b) with a full ranc C .

2 - Compate @, &
3 - Compute d,(b), cn(b) as (see [20]) :
7 =% -c (@ %, -8) (e8)

where for instance Gn is taken as :

ot 1
Ch = % T rtrace & @ >0 (69)
n n “n

Note that the value of % as computed by (68) does no exactly solve
32) in general. Then let r (b) be defined as
n

A, (0) - (o

() = detf (70)
o) ¢ (v)

We have :
deg r (b) <a (11)

Let R (resp R) be a vector in R? whose coordinates are the coefficients of
tn(b) (resp. »(b)). Using the equivalence between (51) and (53), we have that :

laz -l =l - &l (72)

The properties of this algorit'm are :

Theorem 6 : If we have :

-7 -



lall< a (13)

gl < B (74)

n -
20 -y < (75)
J=1 J a3

5o A2
Vi, E n_;(t- _J_:‘?“tj%race j”j) < M, (76)

Then the sequence {4} a¢ cefined by (54), (68), (69) has the following
properties :
\
H =<
o ol M,

€2 : lNoreover, there exists an integer K , such that for any
pair (a,k) such that :

o, t Y lg-a .|l +lz-5_ 1<
ek 0 e n -1 n

then

§+k I |
o -4 <n, =1L
neqe BT g

H
% IR =Rl < =L n
R S

W=

s Ly L, are positive constants which depend on A, B, M, N,

Proof : See appendix B.

Note that the condition of strict invertibility required by algorithm 1
is here substitued for a condition of some "mean" strict invertibility.
However as for algorithm1, this condition is an extra condition to be
added for our boundedness study.

Note also that if lim ”%‘%.w”‘ 0, then algorithms 1and 2 yield
o~

lim flo ¢, I =0 and lin IR -RI = 0.
n —e



V.4. Choice of B (b), ¥ (v)

A simpler choice can be as follows :

1 - Compute a bounded pseudo inverse B of B (1) as :

ol +
winf|T-8 (18] (17)
over all bounded B
2 - Take
+
B (o) =B =c (1A (1) +D (1) (78)
(79)

F (o) =F =c (1))

However in what follows we only assume the following two conditions

N

R
g gid
F(b) = 2 b
i0
c3: No .
E(®) =2 EV
" i0 ™
i
izl < Mg
VR
]
[En“sne

Therefore mich more sophisticated procedure for the computation of

B (v), F (b) are allowed.

V.5. Feedback control law

with (33), (45), (56) the next control w . is implicilely given as

(80)

We L B m) r®) vx- T k) e (81)

-19-



VI-ROBUST BOUNDEDNESS THEOREM
Theovenm 7 : Let u , y = be sequences of vectors which satisfy (80), (81).
I

+I1-TI4, C1-C4 hold

.r(b) (which appears in C2) is strictly stable.
.y% is bounded.

then :

& >0 ¥n, ngs nys ) s En o+ Hong o+ Hong o+ B <

= w,y, are unifornly bounded

where Hr’ He, H¢, Ht are positive increasing functions of MG’ M‘V M,

Pl
and 1 only depends on r(b) and A (in (12)).

Proof : see appendix C.

Note that : . I1-I4 are derived from the identification algorithm and
assumption HS (see theorem 2).
. C3-C4 can always be satisfied.
. if (59) (vesp(75), (76)) holds, then C1-C2 are
derived from I1-I4 (see theorem 4 (resp. theorem 6)).
.+ My Mgs My and n_ can be expressed linearly in terms of n,
(see theorem 2, 5 or 6).

Then theorem 7 gives :

@n : En <M= u,y are uniformly bounded.

W ere H deperds essentially on t&e, "

n .“[E and the invertihility of ﬂ‘n and

anc is inuependant of .
Therefore we have established the following :

Corollary 3 : If :
Assumption HS holds

r(b) is strictly stable.
6, is given by (34)-(39).

s, is given by (54), (55) (resp. (54), (68), (69)).

Inequality (59) (resp. (75), (76)) is satisfied
B (b), F (o) satisfy ©3, C4.

u ., is given by (33).



Then the first part of the robustness problem is solved.

On the other hand, the behiviour of this scheae is studied in [18],
uhen the residuals w — are bounded. In particular if there are no
residuals we have (compare with (28)) :

lin r(0)(y,-B, (0)B (0)y* ) =0
n—o

where B, (b) is computed from A (b), B (v), ¢ (b), D (v) as in (27)
and En(b) nay chosen to get b E1n(b)zn(b) as close as possible to the
identity matrix.

Then we conclude that our indirect adaptive scheme completely solves
the robustness problem up to some extra condition. This condition has
been phrased in terms of (59) or (75), (76)) i.e. in terms of some
left-primeness property of the identified model. Eowever theorem 5
claimes that (59) or ((75), (76)) hold if the identification algorithm
starts in a neighbourhood of the assumed model given by HS. Hence our
indirect adaptive pole placement algorithm is at least a local solution to
the robustness problem.

Conclusion

An indirect adeptive control scheme has been presented. It involves
at each time identification of the unknown model matrices followed by the
computation of the adaptive feedback matrices. Ti is based on an on-line
pole placement and zero optimization technique for a linear model which
lies in a prescribed sphere and has prescribed degree of ihe numerstor
polynomial matrix and preseribed colum degrees

of a colunn proper denominator polynomial matrix. We called residuals an
additive term on ihe output of this model to account for discrepancies
between this model and the true system output. This sysiem might be
nonlinear or linear but not necessarily time invariant and possibly of
higher order (or degrees) than the rational model. It might also be
corrupted by boundied disturbances. Our assumption about these residuals
is essentially that for some unknown values of the model matrices

the ratio of the residual norm over the signals norm is bounded. Then

we proved a boundedness theorem. However this theorem requires an

extra condition, namely a left-primeness property of the identified



model matrices. This assumption has been already made for the unknown
model referred to above, and it will be met for the identified values too if
the identification starts close enough to this unknown model.

Although as mentionned in the introduction, this algorithm solves the
open question of robust boundedness of a MIMO indirect scheme, it needs
further developpments to get around the extra condition. Another point
which has not yet been completely explored is the on-line zero optimization
allowed by the tracking and regulation polynomials E(b) and F(b).

At last let us emphasize the Lecinique used here to prove the robust
voundedness. It relies upon a state representation of the nonlinear

time varying system given by the adaptiive scheme
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APPENDIX A
OUTLINE OF PROOF OF THEOREM 2

The technique used here s by now standard and we only point out Lhe
major steps :
Let V ~ be defined as follows :

_ to-1
v, = trace (6.-6)"P7'(6 -0) (a.1)

From (3), (34)-(45) the following relations are deduced :

g
o I 17 - g, o i® (8.2)
1 g@t @ n' n = n
nn n—! n
<
v, vn_% (4.3)
llg -all<(p +p ) (8.4)

(A.4) direetly gives T1 and with (40) yields the boandedness of V-
Then (£.2), (&.3) give

M4+A,
(5 < By e e (Mll y? (a.5)
S'n
vl R
Therefore _n" is bounded
iy
v Wh, Iy weh,
al) 1 2 0_y2 1
N <2—1. ¢} (|+A1 ). L W (a.6)

,
and f"“n”) has the property of mesn—r)i smallness Telatively to s

with\ °n
prh,
° g;\_1. n (A7)

e

_ To get I2-T4, we just need to note that

\\(1w)< “;n'_ (2.9)

"
lle-e, 13||< o, -

1
-7



s
n

€ 1
It ":n (1-g, T2, 2 e fl2 WLlle e 1l (4.9)
n

A Vall
< TL — (4.10)
o n



APPENDIX B

OUTLINE OF PROOF OF THEOREM 6

Theorem 6 can readily be proved by noting that :

= (e, @) ... (1.c1a|) A +§:=2(I—Gndn) e (e +e B (8.1)

1—11\ n

(1-qg) ... (1-q .C (aqzq-sq)

qHTaH
ar-g = n+ (8.2)
iin (-ag) ... (mae)la-a,_ W, -(5-5_)]
7, =%y =c (@ % -8 ) +c@-a )% -B-8 )] (8.3)
Za,
My
e gl <1 i, +trace AL (8.4)
mlnan d
- ae,'<1 - St (®.5)
n n %

- Bl -






APPENDIX C

PROOF OF THEOREM 7

Introduction : Here we follow the scheme introduced in [18] which essentially

relies upon the following lemma :

Lemna 1 : If a, b are sequences of posilive real mumbers such that :

W:¥n, 0<a
n

<
” <(y4bn)an+ma 0<y<i

2V, bo< M

15 :b_ has the proper

v of mean Ty = smallness relatively to 2 with

m<t-¥

then a, is bounded

Proof : Let K,S be given by assumption L3 (see section II.3), and let n
be the first integer n >0 such that

ar>s (co1)
o
Note that if n; does not exist, a, is bounded.

We introduce two increasing sequences of stopping time recursively defined
as follows (see fig.i) :

a <5} if the set is non empty

s s if not (c.2)

. + JU
Min {n/n >0y s oa =5} ir ng , is finite

=t if not (c.3)
let I be the set of indices i such that n; is finite. Ve have
built a partition of the set of integers [N as

- C1 -



i+

@ - 0,50 Y {(ngT U e ) (c.0)

To get our conclusion, it is sufficient to show that a  is bounded
from above or each of those time intervals by a bound independant of this
interval

Fig. 1

-C2 -



Using 11, 12 and definitions, we readily have that

vn €[o,n0[, a < nax(ao,sl

. + -
¥i €1, ¥ €lnSn [, e <8

Y, <As 4, &= (yar)

Moreover from L1, we get

Sy +b,
Y J

But the definition of yields

then

~ n
Yn > s a Hs(n
RS

n-

n n
cj)AS+(|+ o

i

And for any n and any j we have

n n n

0 o =exp(2 Ioge)<exp (N (1))
i=i i=j i=j ¥
then with I3, let

g=ep-(1-y-n) <1

2, I5 yield

V3 E[n;,n;[ , §<n

n-j+

=3+ > K = o, <L

it € K >

(c.5)
(c.6)

(c.7)

(c.8)

(c.9)

(c.10)

(c.11)

(c.12)

(c.13)

(c.14)



from  (C.7), (C.11), (C.14) we get

¥ e[n;,Inr{ni,n;}[

a

3
ey €A (ASHM) + (c.15)

And if n, <n} we have
S0y

+
Vnﬁ[ni,ni[
n-n +1 n-K . n
<
fan SE T gsi(ie B ™M L % (c.16)
i P o
Therefore we have obtained that
+
n E[ni,ni[
a ., <A +(1+ 1=+ xim (c.17)
0+ (=3 L .

Then with (€.5), (C.6), (€.7), (¢.15), (C.17) we may conclude that a  is
‘bounded.

Lemma 2 : let s, be a sequence of strictly positive real numbers such
that :

sn>hsn-‘ s 0<A<

and let d be an integer.

The~ for any sequence of positive real numbers c_ we have the following

"
property :
c, ; [ poale)
s T o s ————— oy
n“%e® L T T e



Moreover if has the property of mean nc-smsllness relatively

to s then

n has tihe property of mean né - smallness relatively to s,

with
nt =
c

Proof : it is readily obtained from the property of spe

Outline of the proof of lheorem 7 with Lhe intent to use lemma 1, we will

proceed in four steps :
step 1 : We deduce I from a state representation ¥ = of equations (80),

(81), and taking

s |
n
La =
"k
s,
n
Sv a function of 0 -0 ., & =& R =R 0,0 .
step 2 :12 is a direct from the of 6, 4.

step 3 :In order to get I3, we state that when a is growing at a high

level so is s .
Here we use the link between s =~ and ¥ .

step 4 :13 is directly deduced from the properties of mean n-smallness
llenll
1 n
of flo~6 Il ana "0

n
First step (11) : Let X (b), ¥ (v), B Am(b) be polynomial matrices

given by the adjoint matrix of

n,(b) o8, (b))
D (v) ¢, )
as follows
Xn(b) me(b) A (o) _an(b) T o

= z,(0) (c.18)
-y (v) A,0) /\p ) c () o I



With definitians (2), (18), (56), we apply (c.18) o the vector
(v5u' )Y or equivalently to equations (80), (81)

n’ ‘n#H
Ny M 4
i i
) xn(yn_i_ w2 ) +y Bm by o= Gy (c.19)
i=0
N31 . 4
i
- 2 Y (’ i~ n—l) f D oAl = ) (e.20)
i=0
i i 1ot iel
W] e Xn, Y N |n \n are the matricial coefficients and Nx’ N, Nb1’ NM

are ihe time varying degrees of the polynomial matrices X (b), vn(b), B, (b),
A, 0.

Using their definition from the adjoint matrix we have :

1
Max (N, L NM} siE LITES ) (c.21)
4 wsing T1, Ci.
i i, i i <L m
max (XM, (e 0, By 0, ||An]|) <M =T Mg M (c.22)
where I is a positive constant which only depends on 1, m, N, N and
g +Iloll (c.23)
Now, with (80), (81), (c.19), (€.20) yiela
i t,
e x (e + 3 X (6 -8 )@
T et V7 Tt
it
rn(b )yn =! Wy Ny,
3
* §=0 BBy OI I  oF g (e )+Z Em(“‘n'“‘n_l_ Yoy
(c.24)
N,
L
ERACLE @L ¥ (en i) Pos
EACICNES B n
* §=o Aa o (B )=y, - F e )’Z Am“’n ) s

(c.25)



We introduce a new vector ¥, made up of the coordinates of ¢, ..., ®

and defined as follows :

i
¥ - (c.26)
Now (C.24), (C.25) may be written in a siate space form :
Yo = (F«ﬁAFn)‘Yn +OYE 4 H A (c.27)
where
. P is a companion matrix of (r(b))?
. AFn incorporates the following differences :
(22 ), xn(en o) Yn(sn i) Am(wn by m( iy
. G includes the coefficients of the entries of B E ®)r(v),
n in ne-i-1
AEE L G)e(o).
Y% i3 a vector defined as follows
t tyt
=(y*
bEd (yn ceeyxl) (c.28)
where, using C3 :
e<2d 4N # (c.29)
includes the coefficients of the entries of
X, ®), ¥ (o), B F s ), A R ()
8, is a vector defined as follows
t v
o= (g eee e o) (c.30)

where using C3.

£Sd 4N, +1 (c.31)



Now with the strict stability of r(b), there exists a consistent norm
such that (see p. 46 of [20])

IFll <o <1 (c.32)
Hence using this norm (which is time invariant)
141 < Cosllsr Dlig 1+ floleiegll « i, -l (c.33)

but with help of norm equivalence in finite dimensional vector space,
we have :

1 et
Esd(”x“”’”vn”] Z 18-, ;!

IaF I < IR ~Rll+ as (c.34)
hex e} u,HA,nU I!¢n sl
i J i J
fle i < g:;i:{d mamu.u)an_i_1 Il HAmH.”En_iH} (c.35)
03,
i i 3 14 Ipd
fls_ 1 < hax Ut e, s e el w2y (c.36)
0<3,
5o
la < 3 el .37
fla 2 lle, ;! (c.37)

Note that using lemma 2 and 12, I3, we have

L1l Lﬁ(iﬁ_) 1 (c.38)
e Ton T
el

has the property of mean n'_ -smallness relatively to s , with

aroo 20ed) f;‘ e (c.39)

A

n

Moreover wilh (C.22), C4 and the boundedness of ||y;l\ (c.34)-(c.36)
may be reduced to :



a#

flaw, I < IR -R]| + m,( E l\en 6 4+ Z ”%“”n_l') (c.40)
g lllexll < 1 re =, (coat)
I Il < M, = (c.42)
Then (C.33) yields
Il fi< (n4l|AFn")||‘an+ mylla I +m, (c.43)
let us join the definition (12) of s, to this inequality to get the
following system :
Bl
lle,,l1< Caloe iy i g, " Poll 5w,
(c.44)
o, —ax bl ns,,
But we have
oI < e, (ct5)
then
s, <lgll #xs 45 (c.46)
Therefore (C.44), with (C.38) yields
HA i HA i
”‘!’m_‘ i< (o+llar, |1+ m, o Ny e, s, + s
(c.47)
s, < le it + x saq s
To simplify notations,
n 4,
& = llar Il +m, ns_nL (c.28)
n

oy 1l
> =AML N (c.49)



Since
A<, o< (c.50)

We can choose positive constants p,, p, such that :
1

Py O (5 0 — [
6 max Py <yv<t (c.51)
1
0 b 1 A 0 —
2 ,

Moreover we have

», 0 5 & — 0 B
o omax | 1 2 1 L Fo sk, (e52)
o p,/) \o 0 0 e 2
With this notation, (C.47) yields :
2 2.2 1/ |/2
(671, 1P40362) 72 < (oo V(B3 e 1P 40302, ) (c.53)
Thus if we let :
> 2 2, 22
T (c.54)
[
v, = e |l + (1+ M j ' (c.55)
°n

we have established In.

Second step (I2) : Since ]!enll, lle, I are bounded (using I1, €1) and R
is a multilinear function of 0, ¢ ,(38), (C.40), yield tre
boundedness of bn

b <M (c.56)
Third step : From definitions (2), (12), (C.26), we have

d
|
flg, |t < gﬂ oIl < s, (c.57)
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As a conclusion we have
<

9,k (8,) = 85 y(s,)
with

5 B,

42

8= (— +7%

N ) s

Fourth step (I3) : From (C.55) we get

Yq, ¥k > d

e e b,
5 u 3 e I+ (M\P_w)mzi 1y
n=#d * n=d O 2, n=td B

But with help of (C.40), we have

. -

5

+ H
3 I -l + a® 3 10,9
n=q 4 n=q+

n -1 1

(d+1 )2Mx %ﬂt

o =4 1+ M flo -0 1l
=+ et Mgt

and with C1 :

M
. = gy Il <
W, >0, Wk >K o Iq,q ¢q_1| v

] 1 k 1o T
and with the boundedness of b
qid
Yo, 20 &, 1Kok . bo< 2oy
V2 i 2 n k 2
n=q+

(c.59)

(c.60)

(c.61)

(c.62)

(c.63)

Vg (c.64)

Now with I3 (resp. I4) and lemma 2 we have (KE,SE) (rasp.(Ks, se))
for the property of mean ! (resp. “e) -smallness relatively to s and

with C2 we have Kc' Then let

K =Max {K, s Ky» K, Koy Ky d}.

- c11 -

(c.65)



We have with (16)

V(ak) € g 5 (s,)

2 2
[n, +aMng + (as) w0,

a+k
b <k X (c.67)
n=q+d
v +(ien BLyw !
x1 7,02 T
Then with (C.59), (C.60), I3, 14, C2, we get
v(ax) € g (o) (c.68)

with, using (C.39), (c.42)

_ 2 2 b3} 2(e41)
My =V, b+ dM g + (a+1) "[x”u, U v (|+>\g) MXMfAf— n (c.69)

But we may take

x 1 T2 T2 (c.70)

Hence using Lemna 1 we get our conclusion :

n : There exists n =%"— such that for any (n, n_, n,, n )
e’ e’ Ty Tr
such that

2 2 2 2(£+1)
n, + Mg+ (a4 ) Mo, + (1 'pE)‘lfo K] n<n (c.11)
then y  and u_ are bounded.
n n
Recall that : p,,p, only depend on X, &
o= T (c.72)
x x 6 ¢ .

where I, depnds on 1, m, N, N..
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1. Introduction

Modern adaptive controllers guarentee boundedness (may be not stability) of all the solutions when
placed in feedback with a physical process for which the main sufficient property is:
Let ny, ng, p, 5 be two integers and two positive real numbers respectively, obtained from the adaptive
controller, with + strictly positive and p strictly smaller than 1, the physical process input-output signals
satisfy:
[A(e™w(t) BleMu(t-1)] <ys(t)+8t)
(0 = o (E-1F + u(t-1 + g (e-1) 4)

where 3 is a bounded sequence and A , B are polynomials in the unit delay operator q~'

whose coefficients
inR™ R respectively, are arbitrary but lic in a compact set given by the controller.

Assumption (A) is unusual compared with those used in linear system theory, such as singular per-
turbations or norm restricted multiplicative or additive uncertainties, for example. The topic of this
report is to discuss the meaning of this assumption, to study what class of physical processes can be
represented this way and to sce how it is related to more standard approaches.

The main aspect of assumption (A) is the fact that it involves two components available to the
designer:

- the collection of the input-output signals (u ,y ) which is the only way the physical process is known,

- the model (4 ,B), element of a parameterized family of mathematical dynamical systems.

This parameterized family of dynamical systems is chosen for providing an adequate description of the
physical process without being excessively complicated. But this limited complexity and the idealization of
representing a physical process by a mathematical dynamical system lead to the unability of explaining
exactly the output signals from the input signals. Consequently approximation is involved and motivates
assumption (A). This assumption is meant to qualify if not to quantify the allowable misfit between this
limited complexity idealization and the physical process as it is observed from its input-output signals.

A fundamental factor affecting this misfit is the way the input-output signals we are trying to relate,
are measured. For instance if the mean values are the only measurements, a (may be nonlinear) gain will
be sufficient for explaining the input-output relation. Let u,,y, be the physical process input output

sequences respectively. From these primitive” signals, we define measurements = as the signals given by:

Uig™) 2 (t) = Vala™) p(t) Wala™) wy(t) (2

where Us,V,,W, are respectively prime polynomials, U, is monic (i.c. lim U, (:™)—1) and "exponen-
tially stable” In other words, = is the output of an exponentially stable completely reachable finite
dimensional time invariant linear system with inputs the physical process input-output signals. In particu-

lar we define a measured input sequence  , by:



Uslg™Mu(t) = Va(a ™M (6)  Wala™)up(t) ®)
where in this case W, is monic to allow the computation of u, by:
Wala ™)y (6) = Valg ™)y (£) = Usg™)u (1) (4)
Similarly, we define a measured output sequence y by:
Uy (g™ (6) = Vy (e (1) Wyla™up(t-1) (5)
Note the delay in u, The roles of (Uy, Vi, W, ) and (U,,V,,W, ) will be precised by studying the misft
between the process limited complexity idealization and the physical process itself.

In Section 2, we define the model, our process limited complexity idealization. In Section 3, we give
a mathematical description of physical processes candidate for satisfying assumption (A). In Section 4. we
propose a measurement system aiming at making the measured process to satisfy (A) effectively. Then

Section 5 summarizes our results by introducing the notion of almost exactly modelled processes and by

giving their properties. Finally, we give in Section 6 some notes and references related to our topic.

2. Model

The model is an idealization of the physical process input-output relation. It is used for the design
of the adaptive control law and for the evaluation of the "ideal” closed loop system behavior. We have
mentionned our choice of the model as an clement of a parameterized family of mathematical dynamical
systems. But, both the parameter fitting problem and the control law design impose a limited complexity

system. The model is i only an i process iption. Typically for realizing the

compromise between admissible complexity and better approximation, we prefer a model of a pragmatic
mathematical nature motivated by the input-output relation representation more than a deduction from
known basic physical laws motivated by the description of the mechanisms involved in this relation.
Even more, in the adaptive control context, the input-output relation needs only to be represented as far
as it is sufficient for meeting the control objective at each time.

Typically, the model is a discrete time linear time invariant finite dimensional system, leading to an
adaptive linear controller. Noticing that unobservable modes do not modify the input-output signals, com-

plete observability can be assumed. There are many equivalent ways to represent such a system. With the



complexity minimality requirement, we prefer canonical forms among which the more convenient for our

specific application happens to be the:

Backward shift operator observable representation: With u, y the measured input output signals

respectively, we describe the model by:
Alg™y(t) = B(gu(t-1)+C (g7 (t) m

A,B,C are polynomials in ¢ A, C being monic and C' exponentially stable. We use u (¢ -1)
instead of u (t) to express the necessary delay present somewhere in the closed-loop system. The model
family of dynamical systems among which we are looking for our model is completely determined by
choosing ny ,ng,ng the degrees of A, B, C respectively. Within this family, a model is obtained by
(may be implicitely) choosing the polynomial coeflicients.

- v is an extra sequence needed to fully explain the measured output y from the measured input u

Namely C(gq™')v(t) is the part of y(t) which cannot be explained from the only knowledge of
{y(i),u @), r<‘}A In fact the correct definition of v is:

Given the model polynomial A, B, C on the one hand and the measured input-output signals on the

other hand, v is defined by:
ClaMe(e) =AMy (t) Blg™u(t-1) (@)

Consequently v depends on the model and is called the modelling error. We can think of our model as

being a good model if all the meaningful i fon of the input-output relation has been extracted. This
means that knowledge of {y (@), < 1} should give no information on the actual value v (t). We

will say (in a very loose sense) that v is unpredictable. We could appeal to the stochastic framework to
precise this notion (see Goodwin and Sin [11]):

v is said unpredictable if v is a sequence of integrable random variables on a probability space such that

if F(t) is the increasing sequence of sub-o-fields generated by {11 (D) (), 751}, we have:

E(u(t)/F(t-1) =0 a. )
E(v(t)*/F(t-1)) < +o0  as. (4)
0 , in practice, the imation inherent with any modelling implies the unability of

reaching this absolute property of unpredictability. To be more pragmatic, it is sufficient to define a pro-
perty related to an objective and expressing the idea that this particular objective can still be achieved.

Assumption (A) in the Introduction has been proved to be sufficient for replacing this unpredictability



property as far as the boundedness problem is concerned. However, it is known to be insufficient for more

specific performance problems.

3. Process

To allow a i iption to more physical weaker structures

must be used. Typically inequalities replace equalities. Looking for a wider class of physical processes
candidate for satisfying assumption (A), we consider those which are lincarly dominated systems charac-

terized as follows:

Definition 1: Let t be a given positive constant strictly smaller than 1, a process with input u, , output
4, is said to be a linearly dominated system if y, can be scaled, namely, if there exist a bounded sequence
8, depending on the initial conditions and a positive constant y such that for any input sequence u, , we

have at each time t:
95 (] < 78 (1) + A1) )

where s, is defined by:

(0 = 2 gy 60+ Loy () = iy (¢ 0+ Gy (0 -0F + [y (¢-1)) @

Tnequality (1) expresses that the output at time ¢ can be bounded in terms of the past inputs-

outputs weighted by a forgetting factor. Formally, the square of the process output is dominated by the
At

output of ———J—m—r

1t (er)e

unusual, but it has been shown to be well adapted to our topic. To get a better grip of this definition, let

with the square of the process input as input. This process representation is

us state several properties:

Property 1: Any discrete time linear time invariant finite dimensional system is a linearly dominated
system for any s, 0<p<1, where the corresponding 3 sequence can be chosen ji-exponentially decaying.
Proof: < Choose any 4, 0<u< L. From the canonical structure theorem, this system can be represented

in the following state-space form:



oyt +1) A 0 Agy(at) B,
zft+1)| = | 0 Am Au||zt) |+ [B2]u(¢) )
z4(t+1) 0 0 Ag]|zs(t) Bs
z(t)
% (t)=(0 0 Cg) |zst) (4)
z4(t)

where the pair (4 ,Cs) is completely observable, the eigenvalues of A g are in the open disk of radius ji.
From the complete observability property, we can find K such that the eigenvalues of (A4 s5-KCs) are in

the open disk of radius 4 Then let us consider the following non minimal representation of (3), (4) with

#5(0)

2(t4+1) Aw 0 Aw Ap ()
zo(t+1) An  Ap Am z4(t) o (1)
st+1) dg(t+1) 0 AwKC, «amz; [v,(r)] ®)

2(t+1) o o A:u‘l‘ca

°

o o

With the properties of Az, Ag-KCs, there exist positive constants @, A with A<y, such that, with .|
denoting the euclidian norm:
Az Az
|| 0 AwKCy 0 HSG(/\' Vn 20 ©)
0 AsKCy
Hence applying the variation of constants formula and taking the euclidian norm, we obtain for some
positive constants 7, f;:

0| < O B o o "

‘With the Cauchy-Schwarz inequality, we obtain:

- - * -1 %
ey () oy (1)) < [_x'(f)”"""] [_gnu*""‘-lﬂu,(n)hmn)F) ®

()

The result follows with (4). >

Remark 1: On our way of proving this property, we have established that the state components which

are either in the observable subspace or in the unobservable subspace but with an “unobservable” pole



strictly smaller than j, can be scaled by s,

sz(ll

,a(,]HSws,(lhﬂ(l) (10)

For this reason,
Definition 2: We call s, (t) a scaling signal for the system.

Its main property is its availability from the process input-output signals. As soon as u is given, we do
know how to compute s, (t) and therefore have the possibility of scaling all the signals in the process. In
order to prove that this scaling property extends to measurements given by time varying systems, let us

prove the following Lemma:

Lemma 1: Let w be a sequence scaled by s, , let C(t) be a monic and exponentially ji-stable time vary-
ing polynomial. The sequence v defined by:

g (t)=w(t) (11)

is scaled by &, with a sequence 4 p-exponentially decaying if the same holds for w
Proof: < Since C(t) is monic and exponentially u-stable, there exist positive constants 4, (depending on

the initial conditions), 7y, \; and X, \; <\ <, such that, for any sequence w

o)) < BN+ £ 0w (6)] (12)

But, since w can be scaled by s, , there exist 7 and a bounded sequence § such that:
.
[o (0] S BN+ 1 E N (55 (1) + BE) (13)

The conclusion follows since, 1 s, (t)? being an increasing sequence, the Cauchy-Schwarz inequality

yields:
NS (LR VI Ll (S G
Ean < | BGe) [ 20 (19)
Au
T e ) )

o) < sy z[%] s Aosefly > (15)

= =Y
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Property 2: Let u, y, be respectively the input and output of a linearly dominated system, let
A, (¢),B,(¢),C, (1) be any time varying polynomials with bounded coefficients, C(t) monic and

exponentially p-stable. The measurement v defined by:
Gyt (1) = Ay (t,07)wy (1) = By (¢, u, (£-1) 17)

is scaled be s, , namely, there exist some constant  and bounded sequence 4, independant of ,, 3, , such

that:

(O] < v (t) + A1) (18)
Moreover, 3 is a p-exponentially decaying sequence if the same holds for the system.

Proof: < Since u, and y, are scaled by s, and the coefficients of A, (1), B, (1) are bounded, w defined
by:

w(t) = Ay (t,g7)5, (t) = By (t,q ), (t-1) (19)

is scaled by s, . The conclusion follows with Lemma 1. >

Property 8: For a process with u, ,y, as input and output respectively, if there exist time varying poly-
nomials A, (¢),B, (),C, (t) with bounded coefficients and A, (¢) and C, () monic, such that the meas-
urement v, given by:

Cpt g™ ()= A, (t,a ™y, (1) By (t,q7)uy(t-1) (20)
satisfies for some constant , some bounded sequence 8 and some i, 0<u<1:

[o ()l < vsp () + Alt) (21)
then the process is a linearly dominated system.

Proof: < Since 4, (1) is monic, (20) can be rewritten in:
9 (1) = [g (14, (.07 )]wp (6=1) + By (6,07, (£-1) + G, (70 (1) (22)

which means that y, (t) is a (finite) linear combination, with bounded coeflicients, of terms which can be

bounded in terms of s, (¢). The conclusion follows readily. >

Remark 2: i) With Properties 2 and 3, we sec that if a particular measurement v, , given by some triple
(Ago (£),Byo (1),Cyo (1)) is scaled by s,, then any measurement v given by (4, (t),B, (¢),C, (1)) is scaled
by s, if the cocflicients of these time varying polynomials are bounded and C, (t) is exponentially -
stable.

ii) One could propose an alternative definition of linearly dominated systems:



A process is a linearly dominated system if one can find some time varying polynomials
Ay (1), By (1), Cy(t) with bounded coefficients,Cj (¢) exponentially p-stable and A, (t), C,(t) monic,
such that for the measurement v given by:

Cyt,g™o(t) = A (t,g () B, (t.a™ ) (t-1) (23)

there exist a constant y and a bounded sequence 4 satisfying:

[0 ()] < vsp(t) + Bt) (24)
This definition is more attractive for the similarity of equation (23) and the model equation (2.1). Unfor-
tunately it is in fact very ambiguous for the arbitraryness of the triple of polynomials
(A (£),B, (1),C, (1)). Using one triple instead of another would simply change A and ~.

It is also worth noticing that though (23) and (2.1) can be similar, replacing the unpredictability
property of v for the model, by inequality (24) for the process allows us to encompass much more effects.
We illustrate this aspect by mean of examples.

Example 1: bounded disturbance: Let the process be described by:
vp ()=~ ayy (t-1) + buy (t-2) + n (t) [(n(0)]<8 (25)
Clearly (23) , (24) are satisfied by choosing:

=t Gl =1 (26)

A,(q7) =1+ag™  By(g
>0  y=0 w(t)=n(t)

Also, we can check that we have a linearly dominated system. Indeed:

s (07 2 [y (=D + 4 [u (¢ -2) (27)
and (1) is satisfied since:

9 () < 8 (a2ly, (-1 + 82, (¢-2) + |n (1)) (28)
vy (1)) < V3 Maz {|al,[b[}s, (¢) + BV (29)

Remark that § is a constant in this case.

Example 2: infinite dimensional system: Let the process be described by:
.

95 (0) = —ayy (01 + by (£-2) + 5 (o (£=5) 4 by (1)) (30)

where the infinite impulse responses a; b; satisfy, for all ¢ and with A<1:

lag X\ [ <e b N | <e (31)
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Let us take:

A(g)=1+a" B, A<p<l (32)

we get:

()= B0 )+ b (1-0)) )

Hence:

(O] S ¢ Z Ny ()] + [y (60D 30)
S BRI @ L gl (-4 (o - (35)

‘where we have used the Cauchy-Schwarz inequality in the last step. It follows that (24) holds with:

T=eV2 s=0 (39

Example 3: non linearities: Let the process be described by:

9
w(t) = ay(t-1)+ % (37)
We notice that the nonlinear function:

O )
is linearly dominated since:

Il < (@)
This linear domination property of f implies that of the process. Taking:

Ap(¢7) =trag™  Be) =t G =1 (40)
yields:

v(t) = (1-2) (41)

)
L4u, (£-2)7
And (24) holds with:

v=0 p=4l 2)



Another very important property of linearly dominated systems is that, when placed in feedback

with a linearly dominated controller, the signals cannot grow faster than exponentially. Namely:

Property 4: Let u, be the input of a linearly dominated system with output y, and be such that, with
B. 2 bounded sequence:

Jup ()] < e (5 (£)+wp () + B (1) (43)
There exists a constant M and a bounded sequence a such that:

5 (1) S M s, (t-1) + oft) (44)
Remark 3: With arguments similar to those used in the proof of Property 3, we can see that (43) holds if
the input u, is given by:

R(t,g7)uy (8) == S(6,a7)g (¢) + T(t,97")un (2) (45)
where R (t), S(t), T (t) are time varying polynomials with bounded coeflicients, R (t) is monic and u,
is a bounded set point sequence.

Proof: < With (1), (2) and (43), we get casily:

5 (1) < 8y (E-1)7 (W2 + 29%(14842) + 343) + 268(¢ (1 #3+2) + 36, (¢ )? (46)

The conclusion follows taking the square root. >

Up to now, we have established that a linearly dominated system can incorporate a wide class of
phenomena and is characterized by the existence of an (available) scaling signal Let us now study
linearly dominated systems in terms of the Graph Topology, i.e. the weakest topology in which feedback
exponential ji-stability is defined on open neighborhouds of time invariant linear systems and closed loop
transfer functions are continuous (sce Vidyasagar [24]). Though the general scope of this report prevents
us from persuing too far this topic, this will allow us to relate the results, obtained for adaptive linear
controllers, to those obtained for time invariant linear controllers.

First we notice that, may be up to a change of § in (24), one can add to v(t) in (23) (with

(4y,B, ,C, ) time invariant), any p-exponentially decaying sequence &t ) satisfying:
Gya™)E(t) =0 (47)

This justifies to rewrite (23) in:

v(t)=Pla)y(t) Qa)u,(t-1) (48)

where P Q are exponentially ji-stable proper fractions, P being monic. This type of representation in



terms of stable fractions is called the factorization approach and gives the context in which one can
define the Graph Topology. For this topology, a basic neighborhood of a system represented by (P,Q ) is
simply defined by the set:

V((P.Q)e) = {(PhQn)/ |§i‘§y{ IPA(z)-P () + 172 |Qu(2)-Q ()] } < (?} (19)

Property 5: Given 4, 7 and A,,B,,C, polynomials in "' A,,C, monic C, exponentially p-stable
the set of linear time invariant finite dimensional systems whose input-output signals satisfy for some -

exponentially decaying sequence f:
Cy(g7)w(t) = A, (a7, (1) By (a7)uy (t-1) (50)

lo(e)l < 7 (t)+B(t) (51)

BP

A,
contains the open neighborhoud V((-z-, %) of the Graph Topology of exponential u-stability.
A

v
Proof: < The main point of this proof is to notice that for any P exponentially u-stable proper frac-

tion, we have, as a consequence of Plancherel Theorem (with zero initial conditions):

Ep P @O < m{lp(:n’} Ep e F (=)

e
Then let P Q be defined by:

By(a™)
Gpla™)

Apa™)
Gla™)

Q)=

Plg)=
and consider V((P,Q), %]‘ Our proof will be established if any process in this neighborhoud satisfies
(50), (51). Hence let (P, @) represent such a process i.c. its output is obtained by:

Pi(a)y, (1) = Qula)uy (t-1) (54)

With (50), v is defined by:

v(t) =Pla)y(t) Qlg)u(t-1) (55)
n()

=(P@P(0) Q) QW) [y (56)

In the following, we assume zero initial conditions. As already menti the only of this

assumption would be a modification of 8 (thanks to the exponential p-stability with s<1). We notice
that P and P, being monic, g (P-P,) is proper. Then applying a 2-dimensional version of inequality

(52), we get:
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S (3, ()Pl () )

S < Svﬂ{lP(t PP+ 11Q () @ )P}

T leize

Since (P),Q,) belongs to V((P,Q), %) , with (49), we get:

7.

e (OF + 1y (O) =)

T
- =t a
W (T)F < ST ()F < G

The conclusion follows multiplying by u?? >

With this fact, we have established that if a property holds for a set of systems satifying (50), (51),
it is preserved in presence of, we say is robust to, any (sufficiently small) linear time invariant perturba-
tion for which linear feedback exponential p-stability is preserved and closed loop transfer function
remain continuous.

It is important to notice the role of  in the above analysis. In property 1, we have remarked that
state components in an unobservable subspace associated with an eigenvalue larger o equal in modulus to
1 may mot be scaled by s,. However as mentionned earlier unobservability does not affect input-output

signals. It is not the case of ity. This property to the existence of common factor

of A, and B, in (51) or of both the numerator and denominator of P and @ in (48). Since P Q must
be exponentially p-stable, in our framework, we cannot consider as a small perturbation the fact of intro-
ducing a nearly unreachable mode corresponding to an eigenvalue larger or equal to . This point will be

illustrated in the following Section.

4. Misfit between Model and Process and the Measurement System.

The process is known to be a linearly dominated system as defined by (3.1). However based on some
complexity consideration we fix the degrees ny ,np,nc and therefore define the model family of Section 2
Is it possible to find a model of the process within this class? More precisely, is it possible to determine the

coeflicients of 4, B, C' such that the measurement v , given by:
Clg () =A™y (t) Blau(t-1) (1)

where u, y are measured input and output respectively, can be an "unpredictable” sequence in the sense

of (2.3) - (2.4) for example ?
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For instance, let us consider the process described by:

(=(\teg 1) ™) (1+ag7~carq ™) 4, (¢) = (1N + €92)g™) (-ebr+bg ~ebag™®) w, (¢-1) + n(t) (@)

where n (t) is a sequence bounded by . If ¢ were very small and |\|<1 so that stable cancellation could

oceur, one would like to take a simpler model defined by:

Al =1+ Bl =1tg

(3)
taking the measured input-output equal to the process input-output. In fact, in doing so, we neglect:

- the nearly mode ing to the nearly A+eg)  Ategy pole-zero pair,

a
the fast stable pole —
@

by
the fast stable zero -

- and we represent the fast unstable zero % by a pure delay.

For this model, v is given by:

v(t) = (1+ag )y, (t)  bg~'uy(t-1) (4)

Hence with (2), we obtain:

(1-3g ™o (1) = €[ (9:(1-+ag " ~earq )+ (1-Xg")g™") y, (¢-1) + (5)
+ (ga(eb1-bg ' +eb2g )-(b1+bag ) (1-Xg ™)) u, (¢-1) | + n (¢)

Choosing 1, 1>u> |\ | we can apply Property 3.2 and obtain existence of a constant 7 and a bounded

sequence § such that:

[o(e)] < v (t) + Alt) (6)

The constraint > | X | illustrates the last remark of the previous Seetion: for our analysis to apply, the

neglected nearly unreachable modes must be associated with eigenvalues strictly less than

As predicted at the end of Section 2, the "unpredictability” property is not satisfied. Instead, with

(6), we have a "scaling” property. However, as menti in the ion, as far as is
concerned, this scaling property is sufficient provided the associated 7 is sufficiently small. Hence the
question: the model family being chosen in (3), how can we reduce ~ (without increasing s, )?

An answer is obtained from the general principle:
*To process data by a system with limited possibilities, they should be formatted according to these possi-

bilities”



In our case formatting is obtained by the measurement. The main idea, we wish to develop now, is

to consider the possibility of transforming the process by feedback, by-pass and filtering in  order to allow
a better fit betweeen this transformed process, called the measured process, and an a priori fixed complex-
ity model.

For specificity, in the above example, assume that X is known and n (¢) is constant:
(1) () =0 @)

We choose the following model (still two parameters):

Alg (1+ag™)(1-¢™")  Blg) =t  Clg ®)
and the following measurements:

wie) = U200 ) ®
Now, v is given by:

v(t) = (1+ag")(1-¢ My (t) bg7u(t-1) (10)
and with (2), it satisfies:

v(t) = (1-g7)[ ( 9:(1+ag "-€a1g7) + a;(1-xg)g ™) w, (£-1) (11)

+ (galebi=bg™ebog ) (bitbag Y1 NgT)) w,(t-1)]
Hence v(t) no more depends on n(t) or {u,(r),y,(r),n(t).rSt—l} but only on

{y,(:—l), U (£-4),u, (1), ,u,,(e-A)} . In particular this means that if the input-output signals
were large in the past, say at time -5, then, in the former case, v(t) is influenced by those large terms
(though weighted by X?) . In the latter case, this influence is removed.

Notice that our measurement procedure is a disguised way of reintroducing complexity in the model
However the model incorporates free parameters to be adapted on line, whereas the measurement system
do not.

In the general case, the measured input-output signals are:

Uya™) () Vy(a™) @ Wyla™) (w0
[ (12)

Uu(a™) u(t) Vale™) Wele™) (1)

and, given (A ,B,C) as an element of the model family, we obtain its associated modelling error v by:

g (t) =A(ew(t) Bl u(t-1) (13)



The problem of choosing this element being taken care by the adaptation law, here, we are interested in
choosing the measurement system for any possible model. A first objective is clearly:
Objective 1: v should be made as unpredictable” as possible. Practically, the process effects which
cannot be represented or we choose not to represent by the model should be made as unobservable as pos-
sible by the measurement system. Or equivalently, the measured signals should be as insensitive as possi-
ble to the unmodelled effects.

To understand how this can be achieved, let us assume that the process is exactly a finite dimen-

sionnal linear time invariant observable system, i.

Ay (a7, (8) = By (g7 up (¢~ (14)

for some polynomials A,, B, , with A, monic. In this case, the measured input-output signals are related
by:

PRTSIRETXTE Bl | IR |5 1)
That is:

Ag™y(t) = B(g™Mu(t-1) (16)
where:

A = (-4, W, +¢"'B, V,)U, (17)
B = (-4, W, +¢7'B, V,)U, (18)
Hence:

the measurement y , obtained by by-passing the process, may be used to move and/or add zeros.
- the measurement u , obtained by a feedback around the process, may be used to move and/or add poles
Clearly, reduced complexity models may be obtained by conjunction of both measurements leading to
stable pole-zero cancellation. However, by the same way, this shows the drawback of this measurement
system, namely, the possibility of creating an unstable pole-zero cancellation. In such (very unlikely) case,
the measured process is not stabilizable even if the process is.

An other objective, assigned to the measurement system. is:

Objective

: The control law will be designed for the model to impose some properties to its input-
output signals i.c. to the measured signals. The measurement, system should be such that these properties
are transferred to the actual process input-output signals. The least requirement is: ”boundedness of

u, y” implies "boundedness of w, ;"



Let us see how these objectives can be met.

About objective 1, typically the unmodelled effects are divided into two components: unmodelled
dynamics and exogenous signals.

The unmodelled dynamics prevent the restricted complexity model from fitting the process fre-
quency response at all frequencies. On the other hand, in objective 2, we are usually interested in the pro-
perties of the input-output signals only in a restricted frequency range. Practically, we may define this fre-
quency range as a finite set of values given by the zeros of a monic polynomial D with all its zeros on the
unit circle. Then objective 2 may be: y (t) and y, (¢) should have same amplitude and phase at each fre-
quency given by a zero of D and this whatever the corresponding amplitude and phase of u, may be.

Invoking linearity of the measurement system and Fourier decomposition, we write this objective in:

Vu, s.t. D(q7)u(t) =0 D(g ™y (t) =D(¢M (1) =0 => y(t) =y (t) (19)
For example, if we choose:
D(g")=1-¢" (20)

(19) implies equality of the d.c. components of y and g,

We have the following property:

Property 1: Let U, and D be relatively prime then (19) is satisfied if there exist two polynomials ¥,
W, such that:

U, =V,+V,D W,=W,D (21)
Proof: < We have:
U, (a7 ()4 () ==V, (a™)D (a7, (1) a7 W, (a7)D (¢"), (1) (22)

Hence:
D(g™ (1) =D (g, (1) =Dlg (1) =0

=> U, (a") (W ()4 (1) =D(g™) (y(t)-y, () = 0 (23)
But D and U, being relatively prime there exist two polynomials a,§ such that:

1 (24)

aD + BU,

Applying this operator identity to y (¢)-y, (¢) gives the result with (23). >
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With this property, choosing U, exponentially stable, we can rewrite the measurement y in (up to

the addition of an exponentially decaying sequence):

W, (a7

0] (AN

D (g7")up(e-1) (25)

|, Bpe
y(’)*[l G

This expression can be understood as follows:

v, D
Interpret (1 l;— ) and U’— as pass band filters in the frequency range of interest and its complemen-
Y v

tary respectively. Then we have y =gy, in the bandwidth of (1

W, u, inits
complementary. Writing a model for y, this allows us to fit model and process in the bandwith. But out-

side the fitting may also be obtained trivially by choosing W, ¥, so that - is simply the model

transfer function.

Let us now treat the problem of corrupting exogenous signals. Among these signals the one which

will prevent v from being unpredictable are those strongly autocorrelated and in particular the sequences

n, solution of (i.e. the purely ini in the Wold stationnary process d

(Ash and Gardner [3)):
E(g7)n(t) =0 (26)
where E is monic with all its zeros on the unit circle.

For specificity, let us assume that the process can be described by:
A5 (07w, (1) = By (a7 Yup (¢ 1) + n(2) (27)
with A, monic and n satisfying (26). We wish to remove the dependance of (i.e. to decouple) y, on n

According to objective 2, this should be made at least in the frequency range of interest. But if y,

equals y in this frequency range, it is sufficient to decouple the measured signal y from n

Since:
Uy (g7 (1) Vyle?) o'W, (q Bt
[U. (™) m] = [V.(q") Wi o ” ] )
Proceeding as in (15), (27) can be rewritten in
(i)~ Blahu(t-1) + Alg™)n (1) 29)
where A is the determinant:

A=gV, W, VW, (30)
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Property 2: Assume that (27) holds. Given u, any sequence y , solution of (29) for some n satisfying
(26), is also solution for any other n satisfying (26) iff there exists a polynomial A such that
A=AE (31)

Proof: < If:
With (29) and (31), we obtain readily:

Al ()= B(g™u(t-1) + Blg™E(g)n (1) = B(g™u(t-1) (32)

Only if:

Let ny, n be sequences satisfying (26). The same sequence y being obtained for n, ng, we have:
A(g™y(t) = Blg™u(t-1) + Alg™)ny(t) = Bg™)u (t-1) + Alg)nsft) (33)

This implies:

Ag")(n(t)-ns(t)) =0 (34)

In particular choosing for n the zero sequence, we have established:
Vay st E(g7)ny(t) =0 Alg)ny(t) =0 (35)

The conclusion follows. >

‘With (29) and Property 3.1, we have also established:

Property 3: If the process is any linear system which can be described by (27), with a corrupting exo-
genous signal nsatisfying (26), then, choosing the measurement system so as to satisfy (31), the measured
process is a linearly dominated system. More precisely, for any i, 0.< <1, there exist a constant 5 and a

p-exponentially decaying sequence 8 such that:

IyO] <750+ A0 (35)
with:
R = S P L)) @

In practice E is unknown, but with objective 2, restricting our interest to the frequency range

defined by D, we take:

E=D (38)
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With Property 1, this yields:

AD =A=q"'V,W,D U,W, + V,W,D (39)
Consequently D should divide U, W,  But, choosing U, exponentially stable, we have to take:

W, = W.D (40)
In these conditions, the measurement u may be rewritten in:

We(a™)D (g7, (¢) = Usla™ult)  Valg™yy(t) (41)

This expression can be seen as an application of the Internal Model Principle:
"The polynomial acting on the process input in the control law should have in factor the annihilating
polynomial of both the set point and the exogenous disturbances™

In objective 2, we have mentionned also that the measurement system should imply the process sig-
nal boundedness from the measured signal boundedness.

We know now:

Bgy, (1) ‘ [W. @ 6
= (42)

Ag™)D (g7, (¢) “Vala™) Uyla™) V(a)D (a7

[U:(q")v(l)
Ualg™u(t)

Hence, if u,y are bounded, so are Ay,, ADu, And if A is exponentially stable, y, and Du, are
bounded. Therefore:

Property 4: Assume that V, W, , W, satisfies (21),(40) , if ¢”'V, W, -V, W, is exponentially stable then
v, is bounded whenever u, y are bounded. Moreover u, is bounded if D is chosen such that u, is
bounded whenever y, and Du, are bounded.

Remark 1: To understand this last assumption, notice that if the process is completely described by:

Ap (979, (1) = By (g7 )up (t-1) + n (t) (43)

with A, monic and n bounded, then the condition holds if B, and D are relatively prime. Indeed in this

case, there exist two polynomials , 4 such that, with D monic:
aq™'B, + D =1 (44)
Hence:

() = alg™)A, (07w () + Bla™ID (7w (t) alg™)n(t) (45)
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from which the condition follows.

In fact, pushing a bit further we have:

Property b: i) Assume that V,,W, W, satisfy (21) (40) if 7'V, W, V,

, is exponentially p-
stable then there exist a u-exponentially decaying sequence 8, (depending on the initial conditions) and a

constant 7, such that:

(B, (O < 2y 0(0) 5 8,(0) (15)
with s defined in (37). Moreover if D is chosen such that:

(00 GO < e (2 % (O + 1D (07 6N + 54 (0) )

for some positive constant v, and bounded sequence 8, (depending on the initial conditions), then there

exist a bounded sequence 8, (depending on the initial conditions ) and a constant -, such that:

5 (8) S 8 (8) + By (L) (48)
ii) If U U, are exponentially p-stable, there exist a bounded sequence § and a constant  such that

s(t) < vs(t)+A(t) (49)
Remark 2: i) (48) and (49) show that s and s, can be exchanged. In particular, we can use s , computed

in terms of measured signals, instead of s, as scaling signal (see Remark 8.1).

i) Again notice that (47) holds if (43) holds and B, and D are relatively prime.

Proof: < i) From (42), we notice that we can write:

7. (0)0 (a”" W, (a0 (a™) | (¢
yp(t)=[ '("Z(:_,'](q - ’("Z(: )(" ]][:((,))]u(:) (50)
with the sequence & satisfying:
B(g)(e) =0 (]

From the assumption on A, & is A-exponentially decreasing for some A< and:

LGN T EIED L )
|W<')U< ) TG

P )
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With (3.52), this proves the existence of a constant 9, , such that:

i‘ 2 |y, (§)-8(0 ) < ‘f_ e 2, -2(t-1) ’71 2

w5 N ()-8 < 5 (ly ()P (D)) = w0 o (1) (53)
(46) follows readily since:

v (V7 < 205, (V)-8(0))° + 28 ) (54)

and:

% N
wt [:E:u""'”\ﬁ(fl\’] < ‘L‘ s-:p{ -%)L} [v (5)

With exactly the same procedure an inequality equivalent to (16) can be obtained for Du, , i.c.:
I . _ =
(22D (), (D < 30 0 () + Bu(t) (56)

for some constant 7, and p-exponentially decaying sequence B, Then (48) follows with (47) and the
definition of 5, in (3.2)
ii) is established in the same way from (14) with U, or U, playing the same role as A. >

Finally, let us treat the typical case where objective 2 is written as a tracking problem. Namely, we
want to impose the following property to the process output:
v (1) = va(t) (57)
where y; is a desired known output sequence. Again, relaxing this objective to be met in a frequency
range, we suppose:
D(a)ua(t) =0 (58)
With in mind the idea of transforming the tracking problem into a regulation problem and applying Pro-
perties 1 to 5, we modify the measurement system into:

")v ‘) U(q V(a0 (a) ¢ W, (e (™) [y,(t) MU]
(a7 W(a WD (a7 (1)

We have:
Property 6: i) Let us assume that the process is any linear system which can be described by (27) with

A, monic and a corrupting exogenous signal n_ satisfying (26). If the measurement system is given by (59)

with y, satisfying (58), then the measurement system is a linearly dominated system. More precisely, for
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any u, 0<p<1, there exist a constant  and a p-exponentially decaying sequence 3 such that:
ly(O)] < vs(t)+A(t) (60)

with s given by (37).
i) I g7V, W, V, W, is exponentially u-stable then there exist a u-exponentially decaying sequence f,

(depending on the initial conditions) and a constant 7, such that:

(2, () (P < 3y 5 (0) 4 B, (0) 1)

with s defined in (37). Moreover if y4 is bounded and D is chosen such that (47) holds then there exist a

bounded sequence 8, (depending on the initial conditions ) and a constant , such that:
5(t) S s (1) +5,(t) (62)

Proof: < i) As for Property 3, this follows from Property 3.1 and the fact that (27), (59) imply an equa-
tion of the type:

Alg ™y () = Bla™u(t-1) + Alg™)(n (£)-4, (¢7)va(1)) (63)
with &, B some polynomials and:

A=13D (64)
ii) follows exactly as in Property 5, noticing that:

I () < 2019 ()-va ()P + v (D)) > (65)

‘With Properties 1 to 6, we have proposed a solution to meet objectives 1 and 2. Let us complete

this introduction to the notion of measured process by the following remarks

Remark 8: i) With Properties 1, 2, if V, is zero, A, defined in (17), can be divided by D This leads to
write the model family as the set of triple (AD ,B,C') with D given by the control objective

ii) The notion of measured input is also helpful for dealing with actuator limitations such as amplitude
and/or speed constraints. For this, we introduce a distinction between (lincarly) computed inputs and
(actual) inputs. Precisely, let u, (t) be the computed measured input as computed by the controller av

time ¢, whereas u (¢) is the actual measured input as sent back to the controller at time ¢ . Similarly, let

Uy , u, be the computed and actual process input . We the ial W, into:
We =W, o'W,' (66)

where W,, is monic and exponentially stable. Its zeros characterize the so called "tracking mode”. We
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choose to relate computed and actual inputs by:

W (070 (8) = Va (g™ (6) + Wo' (97 (¢-1) = e () (g (Uu(g™)-1)u(t-1) (67)

wp () = f (upe (1)) (68)
() = W (a7 (e ()0 (1)) + e (1) (69)
where f describes the actuator limitations. We can check that:

S (upe) (70)

And on the other hand, if / is not the identity, this decomposition guarentees that u , u, are bounded if
Uy, Yy are bounded.
iii) More generally, the concept of the measurement u can be extended so as to allow linearization of

some nonlinearities by feedback.

5. Almost Exact Modelling

With the previous Sections, we are now motivated for introducing the main definition of this report.
Given the integers ny , ng, nc and given a real i, 0Su <1, we define a model family as the set of triple
(4,B,C) of polynomials with degree ny, ng, ng respectively, with A, C monic and ' exponentially

p-stable.

Definition 1: We say that a process can be almost exactly modelled if one can find a model within this
model family such that the modelling error given by the measured signals is scaled by s obtained from
these signals. Namely, there exist a positive constant v, a bounded sequence 4, depending only on the ini-
tial conditions, and (4 ,B,C), an element of the model family, such that the process ouput y, satisfies,
for any process input u,

lv(e)] S 7s(e)+ A1) (O]

where:

S0 = S (Ol () = s (0 (-0 + [y () ®
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[U,(r‘)y(z)l [V,(q g "][mx z)]
Ugu)) T Wate™ Wale) (1) ®)
Clg™Mw(t)=A(ey(t) Blau(t-1) (4)

or respectively, if Properties 4.1, 4.2 are applied with E =D and V,

Clg v (t)=A(g)D (g (t) Bla™)u(t-1) ()

where y is a bounded sequence given by the control objective.

Comments:
1- Following Properties 4.1 to 46, U, V, W, and U, V,, W, may be chosen as:

(5)

where, to obtain process signal boundedness from measured signal boundedness, it is sufficient to choose
U,, U, V, W,~q'V, W, exponentially u-stable monic polynomials and D satisfying (4.47) of Property
4.5. However, as explained in Remark 4.3, if V, is zero, the model family should be the set of triple

(4D ,B,0).

2- Using Remark 5.2 and Property 3.2, we know that inequality (1) holds for linearly dominated systems
as defined in Definition 3.1 and for which Property 3.1 and Examples 3.1 to 3.3 are illustrations.

3- With Remark 3.2, we see that if a process can be almost exactly modelled, then we can use in (4) time
varying polynomials A (), B(t), C(t), with bounded coefficients and, conversely, if (1) and (1) hold for
time varying polynomials, they hold for time invariant polynomials. In particular, we can always impose
C(t)=1. Using one triple or another changes the constant  and the sequence f. And this possibility of

modifying 7 is crucial for meeting ion (A) in the i However, ictions have to be

imposed on the time variations. For example:
)y (t-1)+a ()u(t-1) -, o u(t-1)-a(t)y(t-1 o
(g1 O (ult-1) o gy O Dayt-1) oo g
Al Py L et ey ey (=1 ©
give a zero modelling error. But not only this model is non causal and may have unbounded coefficients,
but also its time variations may be very large. Actual proofs of boundedness of all the solutions ask for

constraints on these time variations.

4 With Properties 4.6.i and 3.2, we know that 8 in (1) is a u-exponentially decaying sequence if the meas-

urement system (3) is chosen according to (5), v, satisfies:



D(g7)ya(t) =0 )

and if the process input-output relation is given by:

Ay (a7 (8) = By (a7 )up (1-1) 4 m(t) )

with A, , B, polynomials, A, being monic and n a bounded sequence satisfying:

D(gMn(t)=0 (9)

5- With Property 4.6.ii, we know that y, -y, tends to zero if the same holds for s

6- With Property 3.4, we know that if a linear time varying controller with bounded coeflicients is placed
in feedback with this almost exactly modelled process, then the signals cannot grow faster than exponen-

tially.

7- With Property 3.5, we know that all the linear time invariant systems belonging to the neigborhoud

V((%,%), %) of the Graph Topology of exponential ju-stability satisfy (1)

8 Since on the one hand, we expect a better fit between model and measured process (3) and on the other
hand the properties of the measured signals can be transfered to the physical process signals, using Pro-
perties 4.1 to 4.6, it is sufficient to developp the theory for the measured process. However, recall that an

unfortunate choice of the measurement system may render the measured process not stabilizable.

9 From the Introduction, we know adaptive controllers which, in closed loop with the measured process
guarentee boundedness of all the solutions if the corresponding process is almost exactly modelled by the
model family with a constant 5 imposed by the controller. As mentionned in Section 2, this establishes

that the scaling property is sufficient to replace for this b problem the i pro-

perty. Moreover, with Property 3.4, this also establishes that boundedness of all the solutions is a robust

property with respect to the Graph Topology of exponential u-stability for linear systems.
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8. Notes and References

As far as we are aware of, the first proofs of boundedness of all the solutions under assumption (A)
have been given in (Praly [17]) (see also Praly [18]) and (Praly [20]) for indirect and direct schemes respec-
tively. First extensions to time varying models can be found in (de Larminat [14]) and (Tsakalis and
Joannou [23]) for indirect schemes and direct schemes respectively.

However, though bounded, the solutions may be unstable and/or correspond to very bad perfor-
mances. This has been observed by Egardt [7] and Anderson [1] for example and some elementary cases
have been analyzed by Marcels and Bitmead [15] and Praly and Espana [21]. On the other hand, Goodwin
and Sin [11] prove that good, if not optimal, performances are obtained for "ideal” systems, i.e. those
leading to unpredictable modelling errors.

The problem of modelling from process signals only is not particular to adaptive control. It has
motivated Willems (25 for defining dynamical systems as a family of time series.

We have introduced the class of systems which can be almost exactly modelled. For such systems,
closed loop solution boundedness is established. We have shown that this way of representing unmodelled
dynamics encompasses the more classical singular perturbations (Kokotovic et al. [13]) or norm bounded
additive or multiplicative uncertainties (Vidyasagar [24]). However, for linear systems, these latter two
uncertainty representations have also the advantage of allowing us the study of performances.

The measurement system introduced in this report is only a formalization and a synthesis of many
fixes used in almost each implementation of adaptive and even linear controllers (see Harris and Billings
[12] and Astrom and Wittenmark [4]). They have also been motivated theoretically. For example, among
many others:

- Clarke and Gawthrop [6] have introduced by-pass to round the unstable zero problem (see also M'Saad
et al. [16]).

Bar-Kana [5], Gawthrop [9] and Riedle and Kokotovic [22| have proposed by-pass to counteract the
effects of unmodelled dynamics.
- Elliott and Goodwin [8] and Gawthrop [9] have proposed to use the internal model idea to take care of

deterministic disturbances. Goodwin et al. [10] have proved that, in presence of unmodelled dynamics (but

no this achieves asymptotic optimal
Astrom and Wittenmark [4] have described how a measured input allows us to handle actuators limita-
tions.
An important fix not represented in this measured system is the adaptation signal filtering when it is
different from the control signal filtering (see Anderson et al. [2] and Egardt [7]).
The almost exact modelling assumption has been relaxed in the two following ways:

1- To guarentee closed loop solution boundedness, it is sufficient that, instead of (5.1), the mean value of



28 -

the scaled modelling error be smaller than ~ when the mean is taken on a time interval on which s is
always larger than S and of length larger than T Precisely (see Praly [19]):

There exist a positive real § and an integer T such that for any (¢,7) in Is 7 (s ), we have:

)
Sl | ST O]

‘where:

=

l;ﬂx):{(l,v) | ©>T and V«'s[r,wﬂ,a(:)gS}

2- Since (5.1) has to be satisfied by a fixed element of the model family, for all process inputs u, , the con-
stant 4 needed to satisfy this global property may be very large. In fact, most of the above results would

hold even if the model were allowed to depend on the process input, provided that the polynomlal

coefficients are bounded uniformly in this process input. U , such an is

as long as the process input is not precised. On the other hand, in practice, it would be suficient to
satisfy (1) for the actual process input. The possibility of working with a model or a bound 7 related to
an input is offered when studying the system around some particular solutions. This is the objective of

the "local analysis” (see Anderson et al. [2]).
(1] Anderson B.D.O.: "Adaptive systems, lack of persistency of excitation and bursting phenomena”
Automatica, Vol. 21, No. 3, 247-258, 1985.

[2] Anderson B.D.O., Bitmead R.R., Johnson C.R., Kokotovic P.V., Kosut R.L., Mareels LM.Y., Praly L.,
MIT Press. 1986.

Riedle B.D.: "Stability of adaptive systems: passivity and averaging analysis
3] Ash R.B., Gardner M.F.: " Topics in stochastic processes”. Academic Press 1975
4] Astrom K.J., Wittenmark B.: "Computer controlled systems: theory and design” Prentice Hall 1984.

[5] Bar-Kana L: "On parallel feedforward and simplified adaptive control” Proc. 2nd [FAC workshop on

adaptive systems in control and signal processing. Lund. July 1986.
6] Clarke D.W., Gawthrop P.J.: "Self-tuning control”. IEE Proc., 126, 633-640, 1979.

(7| Egardt B.: "Stability of adaptive controllers” Lecture notes in control and information sciences

Springer-Verlag, 1979.
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1 INTRODUCTION 1
1 Introduction

1.1 Background

Boundedness ofall the solutions of adaptive lincar systems is now a well established property
under realistic jons. However boundedness is not sufficient. For i
we need also to know the sensitivity of the solutions with respect to their initial conditions,
their stability, their transient and asymptotic behavior, ... In brief, we would like to know
the phase portrait of the adaptive system. This problem has received much less attention
than the boundedness problem. For the time being, essentially local results have been
btained. They are all ined in (Ljung, Sod 1984), (Anderson
et al., 1086), (Riedle, 1986) and (Benveniste et al., 1987). Some heuristic description of the
global behavior has also been given (sce Egardt (1979) for example).

In this paper, we analyze the phase portrait of a simple adaptive linear discrete time
system and explain some non-local behavior of the solutions. Though particular to our
example, more general conclusions can be obtained since we use mathematical tools as
integral sets (Praly (1985, 1986), Riedle, Kokotovic (1986)), existence of periodic solutions
(Ljung (1977), Bodson et al. (1986), Praly, Pomet (1987)) which have been shown to be
applicable in more general situations.

1.2 Problem Formulation

We consider the following plant:

W) = ay(t—1) + u(t—1)+d o)
with the proportional adaptive feedback law:

y(t =Dyt —r)

0w = o -1) + L

(2)
u(t) = - 6(y(t) + r (3)

d is an unknown disturbance ; r is a reference signal. The adaptation law corresponds to
the projection algorithm studied by Goodwin and Sin (1984). As shown in that reference,
when d is zero but 7 is not zero, (6(t), y(t)) converges globally exponentially to (a,r).

The system (1), (2), (3) in its closed loop form is as follows (with ¥ = 6 — a):

y(t+1) = —p(t)y(t) ;rdd +Tt ’ s
Wi+1) = (o) + u( )(1;;((2))y( )) (=)
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It must be noted that the proportional adaptive feedback law may not be used as it
is written in (2), (3). In practice, several fixes are added (dead zone or leakage (Egardt,
1979), normalization (Praly, 1983), internal model principle (Elliott, Goodwin, 1984), fil-
tering (Anderson, et al., 1986) ...). However, if those fixes are not appropriately chosen,
a qualitatively similar behavior may be observed for these more intricate cases, as for our
simplified example (Praly, 1988). This motivates our interest in describing the dynamical
behavior of the system 5y when d is not zero. For the sake of simplicity the external signals
(r,d) are chosen constant.

A transformed version of £; by means of the change of variables
z=y/d ; v=v i a=r/d )

valid for d non zero, is:

2(t41) = —pB(t) + 1 + a
w1 = v + oA ®

The transformed version £ will be instrumental for our analysis of 5, This transformation
puts in relief the role played, in the qualitative behavior of the solutions, by the reference-to-
disturbance energy relationship a, called by Narendra and A (1986)
excitation of the reference relative to the disturbance” Notice also that d? controls the
adaptation speed of the algorithm. Moreover, for any a, if d goes to zero, r and y go to zero
and d close to zero in ¥ has the same effect as y close to zero in 5

The objective of this paper is to explain the phase portrait of the solutions of the adap-
tive system ¥ , seen as a map on the plane (,z). More precisely, we wish to understand
why, as shown by simulations, for small values of |d|, the behavior of the solutions of ¥ is
characterized by the following facts:

a) Exponential growth of the z-component modulus in the “instability” set: { || > 1}.

b) Exponential decrease of the ¢-component modulus in the set: {|z| large , 1| > 1}.

¢) Exponential decrease of the z-component modulus in the “stability” {ly| <1}

d) Possible drift of the parameter ¥ leading a solution from the “stability” set to the “in-
stability” set.

€) When d) does not occur, a globally attractive equilibrium exists and coincides with the
desired working conditions.

Stage a to ¢ are very short in time. When stage d occurs, these four stages are the de-
composition of an oscillatory behavior. Moreover, under some conditions, stage d may be
performed very slowly. In such a case, two successive occurrences of stages a to ¢ are sep-
arated by a very long period of time. The resulting intermittent phenomenum (Pomeau,
Manville, 1980), when observed from the z-component, suggested the name “bursting” to
some authors. Anderson (1985) specifically defines this notion as corresponding to reference
signals not frequency rich enough as to allow accurate determination of the involved param-
eters. Jaidane-Saidane and Macchi (1988) have proposed an heuristic explanation of this
behavior and attributed to it a “self-stabilizing” property implying bounded signals of closed
loop adaptive linear system. The general validity of the last conclusion has, however, been
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already criticized by Egardt (1979) who has established that bounded perturbations and
reference signals may produce unbounded outputs unless the parameters remain bounded.

Here, we show that the “bursting” ph is the projection on some
of oscillatory solutions. Also, these nonlinear oscillations may subsist and even unbounded
solutions may take place if the reference, though persistently exciting, has not enough energy.

A similar 1 rning only the unbounded soluti has been drawn by Narendra
and A (1986) in the i time domain.
We arrive to these lusions by giving a 1 expl ion of facts a to e described

above. This is done by applying the well-established technique of graph (Shub,
1978) and showing the existence of two graphs which are invariant by ¥ locally on their
domain of definition. The first one is repellent and allows us to explain fact a. The second
one is attractive and allows us to explain facts c, d and e. Finally, fact b results from fact a,
when the disturbance d becomes negligible with respect to the z-component. These locally
invariant graphs are easily computed when the t-component remains constant (d = 0).
Indeed, in such & case, one can check that the graph {(1, (%))} is invariant by % and
has exactly the properties associated with stages a and ¢ when:

1+a)

W) = 5

, Yy £ -1 (5)

This graph defines the so-called "frozen parameter invariant set” It seems reasonable to
expect that, when |d| is not zero but still small, locally invariant graphs still exist and can
be approximated by h. The idea of using locally invariant sets or more generally locally
integral sets has been introduced by Riedle and Kokotovic (1986) and Praly (1985. 1986).
However, their existence was used to explain the adaptive linear systems restricted to the
“stability” set: { 1| < 1} and locally with respect to the z-components.

1.3 Organization of the paper

Some critical elements - fixed points and periodic solutions - of the system ¥ are considered
in Section 2. In Section 3, we establish existence and properties of locally invariant sets.
Critical elements and locally invariant sets are combined in section 4 to obtain theoretical
results on the system global dynamics. These results are interpreted in Section 5. Concluding
remarks are given in Section 6.

2 Equilibrium point and period-2 solutions

One can easily verify that ¥ has a fixed point if and only if a is non zero, it is unique if and
only if  is not equal to —1.

=r/d P = = d/r. (6)
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In terms of the original system, this equilibrium corresponds to the output equal to the
reference signal. The control objective is thus perfectly achieved. In order to study the local
behavior of the system near its equilibrium, we consider the Jacobian matrix of S at this
point:

— 1/« —a
Jo= ( [ S (7
1+ d?a? 1+ d2a?

Denoting by S, P the sum and product respectively of the eigenvalues of J, we have:

&
P=—1/a ; S=Ptl- 5w (@) (8)
Notice that P is (up to the sign) the disturbance-to-reference ratio. In terms of S,P ,
exponential stability of the equilibrium point is given by:

1-S+P >0 (B); 145+P >0 (C); 1-P >0 (D) (9)
and the eigenvalues are real if:
S$2—4P >0 (E) (10)

The equilibrium point is exponentially stable if and only if the disturbance-to-reference
ratio belongs to the interval (—1,—Py) , with P; the unique solution of:
&
AP+Y) = Fw an
d ) ) -

Consequently, unless = belongs to (~1,~P,) , the “desired working conditions” do not
correspond to a stable equilibrium point. Of particular interest are the points of intersection
of curves (A) and (E). They correspond to the transition from real to complex eigenvalues
and vice versa. They all occur for o negative and depending only on d, there may be up
to six such intersections. Then, for & negative, one may have a stable (o < 1) ) or an
unstable (a > —1) equilibrium point, and a node or a focus depending on d?. For P =1
the Hopf condition is satisfied (see (Tooss, 1979)) and, for this particular value the whole
y-axis is a set of fixed points, implying a global bifurcation. For a positive, we have either
a stable node (1/a < —P;) or asaddle (1/a > —P,) When P crosses the value Py ,
an eigenvalue passes through —1 and a stable period-2 solution may bifurcate (see (Arnold
(1983) and Tooss (1979)) from the stable fixed point while the latter becomes unstable. This
motivates our interest in looking for period-2 solutions.

A solution (1(t),z()) is periodic with period 2 if and only if ¥(0) = ¥(2) . 2(0) = 2(2)
or equivalently for d non zero if (1(0),2(0)) is solution of:

Fyzp,d) & — (w+d’¢)(fwz+1+a)+5{1)+u—z) -
def (=pz+1+a)1 - (¥ +d*¢)(—pz+1+a)]
Rlavd) = ¢+ T+ &bz +1+a)

o o
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with:
z(1 —yz)
1+ @) (13)
For d = 0, the system (12) has 3 solutions:
l+atVi-o?
(o = o™, 2o = a) ; (wmzu Ty = %) (14)

The first one is the equilibrium point; the two others exist if and only if the disturbance-to-
reference ratio 1/a is larger (in modulus) than 1. We remark:

Lemma 1 (Existence of periodic solutions):
4 necessary condition for (yer(t,d), @per(t,d)) t0 be a period-T solution of %> which remains
bounded as d goes to 0, is that the accumulation point of its initial condition be one of the
3 points in (14).

Proof: see (Praly, Pomet (1987)). o

To show that the existence of zeros for (14) is also sufficient for having period-2 solutions,
we apply the Implicit Function Theorem with the fact that the following Jacobian matrix
of (12) is non-singular for |a| < 1:

Aot
OF(212;%12;0) = ;\/107—02 = N (15)

where the (2,2)-term is unimportant. Compared with our discussion on the stability of the
fixed point of ¥ , we notice that, when |d] is small enough, the period-2 solutions exist not
only when an cigenvalue of J in (7) passes through -1 (@ &~ —1 ), but also when a pair of
conjugate eigenvalues of J crosses the unit circle when a = —1 The latter corresponds to
a global bifurcation

To summarize, we have:

Theorem 1 (Critical elements):

i) The system S has a unique fised point for allr/d different from 0 or —1. It is the solution
of the control objective. It is czponentially stable for d/r in (=1,—P) and ezponentially
unstable for d/r outside [~1,~P|]

ii) For any a =r/d, |r/d| < 1 one can find a strictly positive constant d, , such that for all
d,|d| < d, there ezit two locally unique period-2 solutions which can be approzimated by:

_ltatVi-o?
- 2

o(d*) 5 + O(d) (16)

ad*1+aFV1-a?
e I

These solutions are foci, eaponentially stable for r/d strictly positive, czponentially unstable
for v/d strictly negative with a pseudo period:



2 EQUILIBRIUM POINT AND PERIOD-2 SOLUTIONS 6

an

Proof: i and existence of the period-2 solutions follow from the above discussion. (16) can
be easily checked by noticing that £ maps

2 A= T—a?
(17a;11+a 2\/1 (x7+0(dq)’1+a+21 °2+O(d‘)) (1)
into

—a? — -
(14a21‘1+ck+2\/1 o o), 1+a 2\/1 a2+0(d2)) (19)

Hence it remains to study the stability of the period-2 solutions. The result follows from
looking at the Jacobian matrix of £2 We have:

) = (37) 8y Sy o) + 0@ o

Denoting (o, o), (1,21) the period-2 solution, whose approximation is given by (16), we
obtain:

052 (o,0) = 91, ) OX(o, 70) 1)
_ [ o ot —z.) dz( —a1(1 — 2wt)0) B

*( 0 1 )TN - 2wt~ (1 20ty 23— mof1 — 2y — o7 ) FO@)
Tt follows that the characteristic polynomial is, up to O(d*)-terms:

Xt - x[z+f(1+a)(ga-2)} + 1-(1"@ —0 (22)

a| being smaller than 1, for |d| < 4, the roots of this polynomial are complex and in the
open unit disc if and only if a is strictly positive. Their argument is up to a O(d?)-term:

Arg = d\/2(1 - a?) (23)

o
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3 Locally invariant sets

In the Introduction, we have observed that for d = 0, the set:

5 = {w,z) x:ﬂ—:,w—l} (24)
is invariant umder 3. This sct is & graph and we have:

_ +a _ _l+ta (14 a)z(t)(x(t)p(t) — 1)
(v - s ) =0 (’“’ TrD) * T Fo(O(T + 700

when this makes sense, i.e. when () and z(t) are such that 1+ t(t) and
1+ 1(¢) + d*z(t)(1 + (1)) are non-zero. The presence of d? in the second term on the right
hand side shows that S, is close to be a locally invariant set of £ with d non-zero. Finally,
for d = 0, this expression proves that:

S, N {(%,z)| [ > 1} is exponentially repellent.

S, N {(4.2)] [v| <1} is exponentially attractive.

These remarks lead us to look for locally invariant sets which will be close to . being

repellent in the set {[| > 1} and attractive in the set {|| < 1}

3.1 Repellent locally invariant set
Given any non-zero d, let € be the smallest positive root of:

]
T+e

Ale) = (e — ) -2 (25)
For any function M: {[$|>1+¢} — R . we define its image by an operator T as:

1 - M
@) = LEO w (én(¥)) 6)

with the function ¢ defined as follows:

N 1— M|

hu(o) = ¥ + PG en
o Pu(¥) i Y om(¥) > 0 and [gu(¥) = 1+e

@ = { (1 ) it o) <0 o 1ol < 14+ 28)

By definition, ¢y maps { [} > 1+¢ } into { 1| 2 14¢ }. It is a continuous function with
pém(¢) positive.

We are interested in the operator T because, if it has a fixed point H, then H satisfies
the local invariance property:
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H(pn(¥) =1+a—pH) if vdu(®)>0, [Pl>1+e, [du(y)>1+e (29)
The graph { (v, H()) / [ 2 1+ €} has two connected components in the plane (i,2)
They are such that, with its initial condition in one of these sets, any solution of ¥ will
stay in it unless its #)-component leaves its corresponding definition interval {1 > 1+ ¢}
or {1 < —(1+e€)}

To exhibit the fixed point H, we consider the set:

B = {M|0(M,0) < mg and sgn(y1) = sgn(2) = |M(1) — M(%2)| < malby — |} (30)

As a subset of C°({|$| > 1+¢},R), it is a complete metric space with the distance 9 defined
as:

My, My) = sup [Mi() = My(¥)| (31)
(Iwi21+9)

The constants mo,m; are:

[1+af

my = (32)
2[1+a|

m = ——— g 33

T de - D) (33)

The next Lemma and the Uniform Contraction Theorem (see Hale, 1980) allow us to
prove that T has a fixed point in B:

Lemma 2:
For any non zero d, let € be given by (25), then:

i) T maps B into B
ii) For M,, i = 1,2, in B, we have:

A(TMy, TM;) < 7 8(My, My) (34)
with:

- _ldl
Tt MmO <1 (35)
Proof: See Appendix A o

Another important property of H can be established as follows:
Let (1o, 20) bea point such that || > 1+¢ We denote by (w1,2;) its image by T,
namely:



3 LOCALLY INVARIANT SETS 9

(1~ ozo)
» :wn+d’zoﬁ; o = —tozo + 1+a (36)
Suppose that:
sgn(y) = sgn(vo) and || >1+e€ (37)

With Lemma 1 and the properties of H (27)-(20), we have:

HE) — o |, [ Heutio) — B
fo = B < |EB = | | Hlonlo) = HO) | (59)
[H@) == [$n(o) =
< | Vo | + my | %o | (39)
B —n |, om (] d (0= vor)
< 'w—o + T M;p{ dz( e )} |H (o) — zo| (40)
1) — 1 d|
< |2 |y (14 4L ) - 2 )
s m : 2
< T e - =l @

Since 7 is strictly smaller than 1, this shows that the distance from a solution to its projec
tion, parallel to the z—axis, on the graph of H, must increase as long as its i)-component
stays in the same interval {y > 1+ €} or {y < —(1+¢€)}.

Using the above derivations and the definitions (25), (33) it can be shown that:

ma|d|(1 + |d]/(1 +€))

L (6u) = AW < T2 e S ey

e = H(y)] (43)
If one replaces in (43) the value of m, given by (33) and uses again (25), one obtains:

1
0 < mldl(1+dl/(1+9) < 5 (44)
which jmplies:

[H(éu(o)) — H($)| < lon — H(wn)| (45)

Then computing the following product from the definition of ¥ and the invariance property
of H
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" — 2 — Ty —
(0 = B0} (sx—H(B) = _<H<wllza @) | (H(gu(b) H,Lf‘))( L= @)
we have:
sgnl(a, — HG,) (a1 — H@)] # sqn(ih,) (47)

To summarize, we have established:

Theorem 2 (Repellent locally invariant set):
For any non-zero d, let ¢ be given by (25). There egists a bounded Lipschitz continuous
function H defined on {[p| > 1+ €} such that:

i) If:

[6] > 14 e, [$n(¥) > 1+¢€, sgn(du(¥)) = sgn(4) (48)
then

H(u($)) = 1+a — yH(®) (49)

ii) There caists p positive such that:

(¥,2) € {[¥|21+e} xR; (4,9) = B(p,2) € {[Y[>21+€e} xR; ¥¢ > 0 (50)

implies:
sgn((z — H($))(y — H())) # sgn(y) (51)
and:
ly = H@P) =2 A +p)lz — H()| (52)
iii) Approzimation of H-  su { 1‘1{(11,) 1*”‘} bounded.
i) Approsima : - - 2l s bounded.

" st | @ 1+
Proof: (i) and (ii) are already established (i) is proved in Appendix B. o

Further properties of H are given in Appendix C.

Remarks: 1 With (i) and (ii), this theorem thus establishes the existence of an expo-
nentially repellent locally invariant set which, following (iii), can be approximated by the
“frozen parameter invariant set”, for |d| sufficiently small.

2- According to the sign of its $-component, the z-component of a solution changes side or
not with respect to the graph of H (see (51)).
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3- Though T has a unique fixed point H in B, H needs not be the unique function in B
satisfying (49). This non-uniqueness comes from the arbitrariness of the function ¢y which
is not determined by % However, in Appendix C (see Remark following Property A3), it is
shown that, if 1/a is larger than 1+¢ (resp. 1/a is smaller than —(1+¢) ), then in the
definition of T, ¢a can be replaced by dar in (28) for {¥ > 1+¢} (resp. {1 < (1/a)}
or {¢) > 1+¢}). In this case, the restriction of H to {1 > 1+¢} (resp. {1 < 1/a)} or
{t > 1+¢} ) is the unique locally invariant graph of £ in the corresponding set. Moreover,
when 1/a is larger than 1+ €, the graph of H, restricted to {3 > 1+ €}, is the local
stable manifold of the fixed point of £ (see looss, (1979)).

3.2 Attractive locally invariant set

In the set {|] < 1}, we know from Section 2 that, when a is kept at a fixed negative value
and d is increased, the equilibrium point becomes a focus. This means that, on the contrary
of what happens in {[| > 1} , for |d| too large, there may be no time scale separation
between the dynamics of the and ¥ ly, there may be no
locally invariant set which is also a graph. This fact is one of the motivation for introducing
the following constant to bound |d]:

2 1 1+3|1+°““
= irar (T 2firal ! (33)

Taking |d| in (0,d") , let 7 be the smallest positive root of:

&in}
P ./ SR
Alm) = (n lergno) (54)
where n, is defined by:
l+a
no = 55
o (55)

With our constraint on d, A(0)A(1) is strictly negative. This implies that 7 is strictly
smaller than 1.

For any d, 0 < |d| < d* , we define an operator P acting on functions N: R — R by:

L 1ta - on@ONGN@) I el < 1o
PV = { o) (e PNG D) 55 1—n (e < ~-n)) O

where n(¢) mapping { | <1—75} into { | < 1-n},is a function implicitly

defined by the next two relations:

_ in(d) + EN(n(9) .

¢ T T AN (o)
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_ [ () i [n(e) <1-n -
@ = {5 e —-n) (o 1—n e <—(—my O9

We are interested in the operator P because, if it has a fixed point G, then G satisfies
the local invariance property:

G(9) = - ba($)C(e(d) + 1+a i : |<1-n and We(d)<1-1 (59)

As for H in the “instability” set, the graph { (,G(¥)) | [¢| < 1—n} defines a set in the
plane (1,z). It is such that, with its initial condition in this set, any solution of % will
stay in it unless its ¢-component leaves the set of “strict stability”* { || <1—7}.

To exhibit the fixed point G, we consider the set:

(1) 8(N,0) < n,
N | @ Viuh€R, IN(W) = No)l < mfhy — 4o

c= : (60)
C[Na-w) it w>1-g
@ NO=\ N-n) it v<-(-0)
As a subset of C"(R, R), it is a complete metric space with the distance 9:
200 N) = sup (IN(9) = o)) (1)

n, is defined in (55) and

(1 + d*n?)n,
= 62
" J W+ 2m) ©
Before studying the operator P acting on C, we have to be sure that }y(¢), implicitly
defined by (57), makes sense. For this we have:

Lemma 3:
For any d, 0 < |d| < d* and n given by (54), there evists a function

D: Cx{4<i-n — R (63)

satisfying for (Niy@,) in Cx{|¢|<1—n) andi=1,2:

|D(Ny, 61) = D(Na, 62)| < bolés — d2| + b,0(N1, N2) (64)
[D(N,;8:)] < mo(1 + no) (65)
D(N,¢) = N(¢—d'D) (1 ~ ¢N(¢—d°D)) (66)

with:
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b, = (1+2n,)ny +n2 b = 142n,
¢ T 1@t om0 " T T-d(1+ onm (67)

Proof: See Appendix D. o
With this function D , we can rewrite (57) in:

In(¢) = ¢ — d*D(N,¢) (68)

The next Lemma and the Uniform Contraction Theorem (see Hale, (1980)) allow us to prove

that P has a fixed point in C:

Lemma 4:
For any d, 0 < |d| < d* and 1 given by (54), we have:

(i) P maps C into C
(i) For all N, ,i=1,2,in C, we have:

(PN, PNy) < X 9(Ny, V) (69)
with:

1 - (142n)dn
G<x\~——1+dan <1 (70)
Proof: See Appendix E. [s]

We next establish an important feature of the graph of G with respect to the solutions
of & Let (1,,2,) bean element of {|$| < (1—n)} x {|z] <€} and (1,2,) its image
by ¥ Whenever [i] is smaller than 1— g, from (68), (59), (56) one has,

loy = Gl = | = to 30 + va(11)G(Pa(¥))| (71)
S [l|G(e) = zo| + [Wol|G(va($1)) = G(¥o)l + 1G($a(¥1)l¥a(vr) = ol (72)
< allG(p) = 2ol + (no + [Yolnn)lda(¥r) — ol (73)

But using Lemma 3, we obtain:
[Pa(s) = ol = dlao(l—zot1) — Ga(¥))(1 — G (de(¥1)| (74)

< P+ E+ny)|ze — Gbo)| + d(1+2n0)malb, — da(r)] (75)
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- P(1+E+n,)

B+ 2y e G (76)

Hence, we have established:
ey = G| < 0(8) |20 — G(wo)] (77)
where, using (54) and (62):

1 — (1+42n,)d*ny N &*ny
1+ dn? 1+dn?

a(§) = (€= n0) (78)

This shows with (70), that any solution, staying in the set {[%| < (1 —n)} x {|z| < €} ,
exponentially approaches the graph of G, if o(€) is strictly smaller than 1, i.e. if:

n2 4+ (1 + 2n,)
£ < n, + - (79)

Moreover, with the above derivations, one has:

i s
Walh)Gba(h) — 0G| < TEEELRIN 12— Gy (s0)

But, since the invariance property of G implies:
bo(@r = G(1))(o = G(1ho)) = =1(z0 = G(10))” + Yoo — G(¥0)) (Y6 (Y1) G(H6(¥1)) — $hoG(15,))

it follows that:

P+ E+no)n

ool < € and SEEEEE <y < 1oy (81)
implies
sgn (a1 = G1))(wo — G(¥) # san(ih,) (82)

To summarize we have established:

Theorem 3 (Attractive locally invariant set):

For any d, 0 < |d| < d*, let 7 be given by (54), there ezists a bounded continuous Lipschitz
function G such that:

(i) If

[¢1< 1-n end [da(¢)l < 1-n (83)

then:
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G¥) (1 - ¥G(¥)

_ o _ "
G(¢) = 1+a — vG(¥) and ¢ = § + d T ) (84)
(i4) Let € satisfy:

.
"u<5<"»+%f””°) (55)
there exists , depending on € and strictly smaller than 1 such that:
(¥,2) € {l <1—n} x{|z| <€} and ($,y)=Z(y,z) € {|o| <1-n} xR (86)
implies:
ly = G()| < o lz—Gw) (87)
and if morcover:
P+ E+n)m
LTLrm =)
then:
sgn((y — G(&)(z = G(¥))) # sgn(¥) (89)
(i) Approzimation of G:_sup { ;—2|G(¢) - i::\} is bounded.

)

Proof: (i) is a direct consequence of Lemma 4 (ii) follows from (77). The proof of (iii)
can be found in Appendix F o

Remarks: 1- This theorem thus establishes the existence of an exponentially attractive set
of bounded solutions which can be imated by the “f invariant set”,
for |d| sufficiently small. | .

2- If its th-component is larger than ‘—I‘ﬁﬁ%ﬂx (resp. smaller than —L(‘]—‘;é;—:gm), the =
component of a solution changes side with respect to (resp. remains on the same side of)
the graph of H

3- Eventhough G is the unique fixed point of P in C, its graph needs not be the only
one satisfying (59). This comes from the arbitrariness of the definition (58) which is not
determined by E.
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4 Global behavior of the solutions: technical results

Knowing the existence of critical elements and locally invariant sets, we are now in position
for studying the behavior of the solutions. We decompose the plane (1, ) into nine subsets:

{(W,2)| ¥ < ~(1+¢))

{(#,2)] —(1+€) < <—(1—p)and x <x}
{(,2)] —(1+€) <¥ < ~(1-n)and x| <x}
{(#,2)] —(1+€) <y <—(1-n)andx< —x}
{(,2) —(1=n) <¥p<1-n}

{(#,2)| 1 -9 <y <1+eand x <x}

{(h,2)| 1=n < <1+ecand x| < x}
{($,2)| 1—np<v <1l+eand x < —x}

= {(®,2) 1+e< 9}

lal--Eolo N RwNoN-- R
]

with € given by (25), 7 given by (53) and:

1
X > i (90)

The global behavior of the solutions can be understood by looking at their evolution in each
of these sets.

Theorem 4 (Solutions in the repellent locally invariant set, sets: A , I):
For any non zero d and with € given by (25):
(i) The fized point of S, belongs to the repellent locally invariant set if and only if |1/a| <1+ ¢

(ii) Let ((t),2(t)) be a solution such that:
[0 =1+e, =2(0) = H((0) (91)
and let T be the largest integer such that:

sgn((t)) = sgn(w,) and ()] 21+e , VO<t<T (92)

Case a < —1: For all t in (0,T), ((t) — w(t— 1))(t — 1) is negative. With (i), this implies
that [1(1)] goes monotonically to and crosses 1+ €. Consequently T is finite.

Case a = —1: H($) = 0 and any point in the repellent locally invariant set is a fized point
of 3.

Case —1 < a < 0: If $(0) is positive, (2) is strictly increasing and therefore converges to
400 while o(t) goes to zero. Consequently, T is infinite.

If $(0) < min{l/a,~(1 + €)}, b(t) is strictly decreasing to —co while 2(t) goes to zero.
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Consequently, T is infinite.
If 1/a <(0) < —(1+€) , (?) is strictly increasing and crosses —(1 + ). Consequently,
T is finite.

Case 0 < a: %(t) is monotonically going toward 1/a. Consequently, T is finite if and only
if ¥(0) is negative and/or 1/a <1+ .

Proof: (i) holds since any solution, not belonging to the locally invariant set, must diverge
from it. (ii) is direct consequence of the Properties A1, A2 and A3 of Appendix C a

Comment: For ain (~1,0], ¥ has unbounded solutions lying on the repellent locally
invariant set. Hence, even though the reference is sufficiently "exciting” to estimate a single
parameter, if its level does not exceed the disturbance, unbounded solutions are possible,
This has also been noticed for a continuous time example by Narendra and Annaswamy
(1986).

Theorem 5 (Solutions in the "strict instability” set outside the repellent locally
invariant set, sets: A , I):

For any d# 0 and with ¢ given by (25):

(i) If for some time to, a solution satisfies:

[b(to)l = 1+, 2(to) # H(¥(to)) (93)
then there exists a (finite) time t, such that:
[p(t)] < 1+e (94)

Hence, there is no solution satisfying for ever @ # H(p) and [ >1+e

(ii) Moreover, while the solution remains in {p > 1+¢€} (resp. { < —(1+€)} ), it
eaponentially diverges from the graph {(, H(¥))} and crosses the repellent locally invariant
set at each time t (resp. it remains on the same side).

Proof: (i) is a direct consequence of (51)-(52). For (i), we have:

A=) a-g )d » (95)

1+ d?2? 1+ d%z
and whenever (| > 1, |¢| > 14¢) we can obtain:

1 € d*a? &
-4 > T > —=—
! Yo T 14e’ 14 d2? T 14+ &2

(96)

Hence by Theorem 2, if for all s in [£,, t], we have:

Y(s) = 1+e (resp. < ~(1+¢) (97)
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then:
[2(t) — H@@O) 2 (14)7" fa(te) — H((t))] (98)

Now since H(3) is bounded for || larger than 1+ ¢, there exists a first time #; (depending
on x(,) , (%)) such that either [(t)] < 1+ ¢ or [o(ty)] > 1. In the latter case, from
(95), (96) and the equations of £ , we have:

ed?
[l < T OrouEd [(t VE> (99)

which means that there exists t; > #; such that [1p(t;)| <1 +e. o

Theorem 6 (Solutions in the attractive locally invariant set, set: E ):

For any d, 0<|d| <d", and withn, d* given by (54), (53):

(i) The unique equilibrium point of T is in the locally invariant set if and only if |a| is
strictly larger than 1/(1—7). And any solution starting on it, monotonically approaches the
equilibrium point.

(ii) if || is strictly smaller than 1, all the solutions in the locally invariant set have their
W-component strictly increasing while it remains in {|Y| < 1=n}  Consequently, with
(i), the solutions in the atiractive locally invariant set leave the “strict stability” set in finite
time, through the boundary ¥ =1—r7.

Proof: (i) Property (87) implies that the unique equilibrium of £ . (1/a,a) , must be in
the graph {(#, G(%))} The rest of the proof needs similar developments as the ones used
in the proofs of Properties A1, A2, A3 in Appendix C and it is omitted.

(ii) Let us first establish the following two properties of G:
$G() is strictly smaller than 1:
With (84), we obtain:

1+a
1+

WGW) =1 = § =¥ = G¥) = = =1 (100)

But since the assumption on a implies that |1/a| > 1 -7, there is no ¢ such that $G(1) is
equal to 1. On the other hand, for & = 0, $G(v) = 0, hence, G being continuous, we have:

la| <1 = ¥G)<1, V[Y| < 1-9 (101)
G() is strictly positive:

Let us first show by contradiction that G cannot change sign. If, by continuity, there would
be [141] strictly smaller than 1 — n for which G(31) would be zero, we would have:

v= v e SOCZ O gy — oo = G(on) = Gl = Glda(en) (102)
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and therefore:

G(¢) = 1+ a = G) (103)
But 1+« being strictly positive since [a| is strictly smaller than 1, this proves that G(1)
cannot be zero.

Now take any 1 strictly positive and smaller than 1 —7. With:

G(¥) (1 - ¥G(¥))

¢p=v+d FwTamE (104)
and (84), we have:

Gy) <0 = G(¢) = 1+a + Pp(-G¥)) > 0 (105)
Since G has a constant sign, this is impossible. We have proved:

lal <1 = G)>0, V[p|<1-9 (106)

Now, G being continuous on the compact set {|1)| < 1-n} , there exists 1, strictly positive,
such that:

G(p) > m and 1~ ¢G(y) > (107)
This implies:

GO -¥6W) )\ p it 10s)

_ :
¢ =0+ P ey T+ &2

Therefore, in the graph of G, (f) increases with increments bounded away from zero. This
proves (ii). o

Theorem 7 (Solutions in the "strict stability” set outside the attractive locally
invariant set, set: E ):
For any d, 0 < |d| < d*, with , d* given by (54), (53):

(i) Any solution in {|)| <1 —n} x R ezponentially approaches the graph {(¥,G(v))}.
Moreover a solution starting wn {|| <17} x R remains in this set as long as it remains
in the set {|z| 2 1L}

(ii) if |a] < 1 and for some time to, a solution satisfies:

lb(to)] < 17 (109)

then there exzists a (finite) time t, such that:
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[p(t)] > 179 (110)

Hence, for |a| <1, there is no solution satisfying for ever || <1 —1.
(iii) Moreover, while a solution. mmama:‘n the set (ﬂ‘,—;é;—:gm <Y < 1-n) x {lz[ <€)
(resp. in the set {=(1—n) <9 < J—l‘,—jé;,—t:gm) x {|e| < €} ), it crosses the attractive
locally invariant set at each time t (resp. it remains on the same side).

Proof: (i) Since:

[¢| £ 1-n and |[z] > = (111)
implies:
¥+ &z
Tra| ST (12)

a solution starting in {|¥| <1 -7} x R remains in this set at least while it remains in
the set {|e| > 5} To complete the proof of (i), with property (87), we only need to
show that any solution remaining in {|| <1—7} xR enters the set {|z| < ¢} in a finite
number of steps. Let the constant & be:

n < &% % <¢ (113)

and [2(t)] > € then, from the equations of  , and (55), one has:

z(t+1) 1+af 2n,
—-— < 1- 1- — 1

FO) EO] + (1-9) < n + 5+"0n < (114)
i.e. the absolute value of the d fally as long as |z| > &

(ii) We have:

EOW) = PO | () g - EOE) + G
{

YD =90+ T R oR T3 PGP + E2(17)

From (i), either the %-component of the solution leaves the interval [~(1—15),1—n] or,
after a finite time, @(t) — G($(t)) will be as small as we want. The result follows from the
proof of Theorem 6 (ii).

(iif) is a direct consequence of (i) of Theorem 3. o
Theorem 8 (Solution in the critical stability” set, sets: B, D , F, H ):

As long as a solution remains in the set

{(¥,2)] 1-n<jp|<l+e and |x|>x},
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its -component is ezponentially decaying. Hence there is no solution satisfying for ever
1-np<|pl<l+e and |z|2x

Proof: Tt follows exactly the same lines as in (95), (96) and (99). o

Theorem 9 (Solution in the ”critical stability” set, set: G ):
If |1/a| is larger than 1 + € and, for |d| small enough, the period-2 solutions exist and are
in the set:

G = {(¥,2)] 1-n<db<1+e and x| <x} (115)
Proof: This is a direct consequence of the following facts:
o According to Theorem 1, for |d| small enough, period-2 solutions exist and their ¥
component is close to 1.
 From Theorems 4 to 8, there is no solution remaining for ever in the sets A, B, D, E,

F, H, I, except may be those converging to the fixed point. o

Theorem 10 (Solution boundedness, sets : A to I ):
(i) If o lies in (~1,0], © has unbounded solutions.
(i) If o is not in [~1,0], all the solutions of % are bounded.

Proof: (i) is immediate from Theorem 4 (i) and related comments. (if) is proved in Ap-
pendix G. o

Notice that from (ii) and Theorem 4 all the solutions are bounded if the ones on the
repellent locally invariant set are also bounded.

5 Global behavior of the solutions: interpretation

With the technical results of the previous sections, we are now in position to explain the
five stages observed in the solution’s behavior and mentioned in the Introduction. For this
1 let us luce the d ition of the plane (1,) :

o According to Theorem 5, a solution in the set A or I, but not in the repellent locally
invariant set, diverges exponentially from a set which is the graph of a uniformly
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bounded function of . This explains an exponential growth of the z-component
which becomes and remains large. Moreover, for a solution in the set I , at cach time
#, the z-component changes side with respect to this graph. This explains a burst with
a very high frequency content of this component, Conversely, for a solution in the st
A, the z-component remains on the same side of the graph. It correspond a burst
without oscillations. We conclude that the observed stage a takes place in the sets A
and I for any value of the disturbance and the reference.

Looking at the proof of Theorem 5 and according to Theorem 8, a solution in the set
A or I with a large a-component or in the set B , D, F or H has its 1-component,
exponentially decaying. This corresponds to the observed stage b which exists for any
value of the disturbance and the reference.

According to Theorem 7, as soon as a solution enters the set E , it is exponentially
attracted towards a set which is once again the graph of a uniformly bounded function
of 1 at least for a sufficiently small disturbance. This explains the exponential decrease
of the z-component and the fast decay of its high frequency content if it were present.
Consequently the observed stage ¢ takes place in the set E It happens for any value
of the reference and at least for small values of the disturbance (see (53)).

While a solution, in the set E , goes to the attractive locally invariant set, its evolution
is more and more similar to these of the solutions in this set. According to Theorems
3 and 5, this explains a “speed” of the y-component of the order of d*. Moreover,
according to Theorems 1 and 6, if the reference to disturbance ratio |a| is strictly
larger than 1, the solutions converge to the fixed point which corresponds to the
“desired working conditions” But if this ratio is strictly smaller than 1, according
to Theorems 6 and 7, the solutions leave the sct E and, very likely, enter the set G
This explains the observed stage d and the conditions for its existence among which
are smallness of the disturbance.

After entering the set G , a solution may either leave it, going to the set 1, F or
H and restarts a stage a, or remains in G According to Theorems 1 and 9, for a
reference to disturbance ratio strictly smaller than 1 and for a disturbance sufficiently
small, there exist two period-2 solutions in G They are attractive if reference and
disturbance have same signs and repellent in the opposite case. The former case
explains why the solutions may remain in the set G and why we can expect the
“bursting” ph to di asy ically. Moreover, also from Theorem
1, as the reference to disturbance ratio is closer and closer to (though smaller than) 1,
the rotation of the solutions around these period-2 solutions is slower and slower and,
therefore, the “bursts” are less and less frequent.

From simulations, it seems that the attractive locally invariant set and the repellent
locally invariant set are hl | through the set G From a theoretical
point of view, we know that if the fixed point lies in the set I , the repellent locally
invariant set is the stable manifold of this critical element. Its intersection with the
boundary © =1+ ¢ being transverse, we expect that it extends in the set E , giving
a candidate for an attractive locally invariant set. Using this conjecture as a working




5 GLOBAL BEHAVIOR OF THE SOLUTIONS: INTERPRETATION 23

hypothesis, the more a solution approaches the invariant set while it is in the set E,
the more its evolution will be similar to the solutions in this invariant set even in the
set 1. But, according to Theorem 4, for a reference to disturbance ratio strictly smaller
than 1 in absolute value and negative (resp. positive), the solutions in the set I and in
the repellent locally invariant set are unbounded (resp. bounded). On the other hand,
the bigger its ¥-component is, the more the z-component of a solution in the set I but
not in the repellent locally invariant set, is "pushed-away” (exponentially) from this
invariant set. This reasoning also explains the possibility of a very high sensitivity
to initial conditions of solutions starting in the set E , close to the attractive locally
invariant set or to remain simple and according to Theorem 3, close to the graph of
the function:
l+a

= (116)

Moreover, according to Theorem 10, this also explains the possibility of having un-
bounded solutions when the reference to disturbance ratio is strictly between -1 and
0 and this for any disturbance.

According to Theorem 1, a reference to disturbance ratio strictly larger than 1 corre-
sponds to a exponentially stable fixed point. According to Theorem 10 each solution
remains in a compact set. According to Lemma 1 and for a sufficiently small distur-
bance, there is no periodic solution other than the fixed point. This suggests that the
fixed point is a global attractor. In this case, the bursting phenomenum should not
take place. Qualitatively speaking, this case most resembles to the ideal case.

Summarizing, according to the value of a, the reference to disturbance ratio, three es-
sentially different behaviors of the solutions of ¥ can be predicted:

o Ja| > 1 (high level excitation): bounded solutions, no bursting, no periodic solution,
a global attractive fixed point is conjectured, behavior similar to the ideal case.

+ 0<a <1 (low level excitation): bounded solutions, periodic solutions exist and arc
d to be global the fixed point is a saddle, bursting is present but
is conjectured to disappear asymptotically.

o -1 « a <0 (low level excitation): unbounded solutions exist, periodic solutions
exist, bursting is present, the fixed point is an unstable node.

Since a is a relative quantity, drastic qualitative changes of the systems behavior may be
expected when both r and d are close to 0 which is the natural working condition for an
adaptive linear controller.
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A Proof of Lemma 2

(i), (ii) are satisfied if:

A(TM,0) < me VM € B arm
and . with sgn(¢;) = sgn(y,) and M, and M, in B, we have:

[TM;(s1) — TMo(t2)| < i [ — to| + 7 O(My, My) w18

where 7 is smaller than 1. (117) is clearly satisfied from (26) and the definition (32) of
my  For (118) we have:

(M, M, b — b, (¢
| TMy () — < 1+ —i| + (1‘+€ 2) |y ‘ ('p’)%‘”‘ ("‘)I (119)
Where, thanks to definition (28) we used:
[baelt1) = Smla)l 2 lon(r) — dmr(¥a)l (120)

Now defining the function §: {|M|<mo) x {|$}| >1+€¢} — R by:

def M1 — vM)
§(M,4) =1 + A T M) (121)
We have:
. ) (5“P| \ + m sup\mh [thr =
’W_?(%')‘; b + supla \@(M],Mﬁ (122)
sl Y
¥
Since:
d|

Migmolizire { o) o1, w)|} = 2(1 +€)?

90 ld|
IM\S::EQH( {‘6M (M,w)‘} s ld (1 + 1+e) (123)

14|

5(M _ld

Migmoluizire {160} TG

We obtain from (119):
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27

o 1 d|
ITM () — TM()] < [l"'?ml (m+ﬁ+mlm( 1‘J£))]|¢.w2\

Id|

+ [1‘? +mld] (1 + —)] (M, My)

The result follows since, with (25) and (33), m, is the unique positive root of:

mo __
T+e 1+ep !
with
Id! mo
= d| (1+— - =
=t m| I( + g

and (125) implying that 7 is strictly smaller than 1.

(124)

d
T 9
o
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B Proof of Point (iii) of Theorem 2

Let H, . {[$|>1+¢) — R be:

Ho(¥) = (1+a)/(1+9) [#]>1+e (126)

We observe that:

1 + o
sup |Ho(1)] < Lo _ o, (127)
¥]>1+¢ €
dH, (1) 1+ o aer
) < L e
S T | S T a my (128)

Since (25) and (33) imply that m{ is smaller than my, it follows that H, is in B. Now since
H is a fixed point of T, using Theorem 2, one obtains:

O(H,, H) < O(H,,TH,) + O(TH,,TH) < — (H,TH,) (129)

To conclude, we observe that:

H(6) - TH(p) = om0 = L) (130)

This implies:

[H.(5) — TH®)| < W (131)
< @ mi w4 m) (132)

The last inequality follows from (27) and (28). o
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C Extra properties of the repellent locally invariant
set

In order to prove other properties of the function H, we introduce B, , a closed subset of
B . defined as the following set of functions M:

e Case 1ja<—1:

M) < 1/% Vi € [1/a,~(1+¢€)]
1/$p < M%) <0 Y € [—o0,~(1+¢€)] N[~00,1/ar] (133)
0 < MY < 1+a W € [1+€00]

o Case —1<1/a<0:

02 M®) £ 2 W€ o014
. 4 (134)
;“ < M@) <0 Ve [l+eoo]

o Case 0<1/a-

1< M@y Ve [~o0,~(1+€)]
a < M) < 1% Ve [1+€61/a] (135)
1/ < M) < a W € [1+e00] N[1/a,00]

Property Al: For all a, H, the fized point of T, belongs to B,

B, being a closed subset of B, to prove this Property, it suffices to show that TB, is
contained in B,. A separate analysis is needed for each of the cases in a. We illustrate the
technique just with the first case.

Property A1’ If 1/a < —1, H belongs to B,.
Proof. Let M be a function in B,. From the definition of B, and (26), (27), (28),

e Forall ¢ in [1/a,—(1 + €)], when 1/a is strictly smaller than —(1 + ¢), we have:

M(om(¥)) < 1/¢m(¥) and a — 1/ém(¥) > o — 1/% > 0 (136)
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This implies:
Y TM) 21+ a — 1/ou) 21 (137)
and therefore

TM(Y) < 1/% (138)

For all ¥ in [—00, 1/a], we have:

M(om(¥)) <0 (139)
This implies

$TM(p) 21+ a 20 (140)

and therefore

TM(4) <0 (141)
Also, we have:
M(¢u(¥)) 2 1/om(¥) and o = 1/¢u($) < « = 1/$ <0 (142)
This implies:
$TM($) <1+ a - 1/¢u(®) < 1 (143)

and therefore:
TM(v) = 1/¢ (144)

o For all ¢ larger than 1+ ¢, we have:

du) = o) > ¥ and M(ow(9)) < S5 (145)
This implies:
YTM®) 2 1 + a — «":MJ::) > (14a)(1-1/) 2 0 (146)
Also, we have:
M(ém(v)) = 0 (147)

This implies
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¥ TM($) < 1+a o

One now can prove the following Properties of £ on the repellent locally invariant set

{(w, H($))}

Property A2: Suppose 1/a is not in [~1,0):

(1) If & # 0 and sgn(ib) # sgn(a) then du (1) is larger than

(2) if & #0 and sgn(p) = sgn(a) then (u(p) —1/a)($ — 1/a) is positive and:
|4() — 1/al is smaller than | — 1/al, if 1/a is positive,

|$5() — 1/al is larger than [ — 1/al, if 1/a is smaller than —1.

(8) if a is zero, du(w) — > is positive.

Property A3: If 1/a is in (—1,0), then (fu(¥) — )¢ is negative.

Remarks: 1- If 1/a is larger than 1 + ¢, from Lemma 1, % = 1/a is the unique fixed point
of $, considered as a map: {1 > 1+¢} — {1 >1+¢}. From Property A2, it is a global
attractor of this map. In this case, $5(.) = ¢p(.) on the set {¥ > 1+¢}.

2- If 1/a is smaller —(1 +¢), ¥ = 1/a is a global repellent fixed point of ¢y, considered
asamap: { < —(1+€¢} — {» < —(1+¢)}. In this case, 5 = $y on the set
{¥<-(1+} Ufp <1/a}

Proof of Property A2: (1) follows from the fact that, with (27), dx(1) is larger than ¢,
if and only if H(1)(1— wH(1)) is positive. This latter property holds since H is in By and
a # 0 and sgn(y) # sgn(a).
(2): From (27), we have:

. SHY ) gy = le

- b — = - 2 LY Hy)

(u(®) = 1/a)(b = 1/a) = (¥ 1/a) (1 R e (149)
Again H being in B, and having sgn(a) = sgn(1), the result follows from the fact that

—1/a and % - 1/a have same sign.

H(y)

Now, if & is positive, since:

p _ EH() !

(du(p) = 1/a) = (¥ —1/a) - T @) (3 H_(w)) (149)

and (¥ —1/a), (du(¥)—1/a) and (¥ —1/H(1)) bave same sign, we obtain:

PH ) ‘ 1
T+ EH (D) (A

1) — 1/al = &= 1/al - ‘ (150)
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Similarly, If a is smaller than —1, ¥ — 1/ and 4 — having opposite sign, we have:

L
H(Y)
PH W)

[6n() = 1/al = [b—1/a] + T aH ) ‘H(d)) '1" o

Proof of Property A3: (¢(1) —)¥ has the sign of #@P) —1 But H being in B,,

with a in (~1,0) , we have:
1,1 o
pH(y) ~ 1+a
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D Proof of Lemma 3

For each (N, 4) in Cx {|$] < 1-n} , we consider the following application R(vs : R — R
defined by:

Rine(D) = [1 — ¢N(¢—d*D)] N(¢ —d*D) (151)
For any (N,,6,,D:) in Cx {|¢| <1—-n} x R and withi =1 or 2, we have:

|R(v,0)(D:)] < no(1+71,) (152)
and:

|Ry 00)(Ds) = Ry (D2)| € (142n0)|Ni(dy — d*Dy) — No(ds — d*D2)| + n2lén — 4o

< (14 2n,) (61 = bal + Dy = Daf) + O(Ny, Ny)] + nlby — ba (153)
The result follows from the Uniform Contraction Theorem (Hale, (1980)) if:
&1+ 2n,)n, < 1 (154)

But from (54) and (62), since 7 is strictly smaller than 1, we obtain:

P+ 2n)m = @1+ P21+ 2n,) < % o
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E  Proof of Lemma 4

(i): From (55), (56) to (60) we can easily check that (PN, 0) is smaller than n, for all N'
inC.

3) in definition (60) is direct consequence of (56).

In order to prove 2) of (60) we compute with N, ¢, in Cx {|¢| <1—7} andi=1,2:

[PN1(81) = PNx(82)] = [, (81)N1 (v, (1)) = ¥y (82) Na(ow, (62))] (155)
< [$n(@0)N($n(81)) = ¥na(61)Na(¥na(60))] + (156)
+ [on (01)N2(¥no(61)) — Yny(82) Na(¥ny(2))] (157)

< [m(8)[IN(n(61)) = Na(¥my(@))] + [9m(91) = ¥my()lno + (158)
+ [n(80)] | Na(¥,(61)) = Na(¥my(82))] + noltomy(61)) — Una(82)] (159)

< (1=n) [nifwm(81) = ¥m(d0) + (N, N)] + nod?b,0(Ny, Ny) (160)

+ (@ =n) [ulbr = 2l + mdbelor — bal] + nodbslés — 02l + moler — 65| (161)
< (1= + dbunn) + nobad? AN, Na) + (1= m)ny +no)(1+ dby)| by — | (162)
The result will follow if the following two inequalities are satisfied:
A (1= )1+ dam) + nobud® < 1 (163)
((T=mni+1n,) (1 +d,) < m (164)
Using the value of by given in (67), the latter may be rewritten in:
n? d¥(1+ 2n,) + my(d*n? — n(1+ d*n2)) +no(1+d*n?) < 0 (165)
This inequality is satisfied thanks to our choice of 7 in (54) and ny in (62).

The former inequality is also satisfied since with the value of b, given by (67) and using
(54), we have:

1 — (14 2n,)dny

L CENCE TS s r e Bl
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F  Proof of Part (iii) of Theorem 3

Let G, {|¢|<1-75} - R be:

G,(¢) = (1+a)/(1+¢) (166)

We observe that:

sup |Go(9)| < =n, (167)
lé|<1-n n

dG.(¢) +al ar ,
. < e 168
‘;;gﬂl s | < = 1 (168)

Since (54) and (62) imply that n¢ is smaller than ny, it follows that G, is in C. Now since
G is a fixed point of P, using Lemma 4 (if), we obtain:

%6,6.) < 15 APG.LG) (169)

On the other hand, since:

Go(9) — PGo(6) = 16,(8)Go(t6,(9)) — ¢Go(4) (170)

we have:

|Go(¢) = PG(¢)l < (no +n7) [a,(¢) — 4| (171)
< (no +n3) [f,(6) - 6| (172)
< dng(ne +nf)(no + 1) (173)

The last inequality is obtained from (65). o
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G Proof of point (ii) of Theorem 10

With Theorem 4.1 of (Egardt, 1979), we know that this result holds if the sequence [1(¢)]
obtained from each solution of ¥ is bounded. To prove this sufficient boundedness property,
we will use the two following facts obtained from the second equation of I :

fact 1:
e+ ) = ROETE, < o+ ] ()
fact 2:
d* a(t -1
et = ol - P
It follows that:
PO - 1)

RETOR e O ()
implies:
[t + 1)l < [$(2)l (177)
But the condition (176) is met if
HOR() £ 10,1] and VO] > 375 (11s)

From (178), the idea of the proof is to show that as long as [1(£)| is large, o(t) has to be
such that (£)z(t) is not in [0,1] except, may be, for one time instant denoted Ty in the
following. This implies that [15(t)] cannot be increasing and is therefore bounded.

To simplify our following notations, let:

o it a>0
B = {—(1+a) if a<0 (79)
I sup{l’;”, %} (180)

From the Theorem assumption, § is strictly positive.

Now given a solution (z(t),%(t)) of T, let T, be the smallest time ¢ such that:

e = 7 (181)
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Clearly if no such time T, exists [1)(£)] is bounded by 7.
Then let T, may be infinite, be the first time such that [1)(¢)] <7 , namely:

[t zv VeILT] , [W(T+1)<y (182)
Our result will be established by proving that:

[p() < W(TG)H% Vvt € [T, T (183)

[p(t)] < y+1dl i t<T, or t>T (184)

From fact 2 and (A.27), (182), we know that for ¢ in [T, T3] , if z(t)$(t) is not in [0,1] .
then, necessarily,

[t + 1) < ()] (185)
Hence consider T}, the first time instant in [Z,, T3] for which z(t)(#) isin [0,1] If no
such Ty exists (10) is established. If 7} exists and Ty is strictly larger than T, , then from
its definition and (185), we have:

(1) < [p(t=1)| < W(T)| Vte|L,T1] (186)
Now from the first equation of T, we obtain:

[z(Ty+ 1) = [[1=@(T)e(Ty)] +af = [B(T)a(T) - (1 + o) (187)
Hence the definition of 7; and (182) imply:

l2(Ty+ 1) = 8 (188)

On the other hand, with fact 1, (177) and since T is in [T,,T)] which means that (182)
applies, we have:

d| d|
b WD) < )+ < )+ (189)
Therefore, with fact 2:
[T+ Dp(h+ 1)) 2 78 > 1+28 > 1 (190)

which implies:

[o(Ti+2)] < (T + 1) (191)
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Moreover, if Ty + 1 is strictly smaller than Ty, for any ¢ in [T} + 1, T3] , we obtain the
following implications:

le®) 28 = le(t+ D28 = W(t+Da(t+1)|>1 = [t +2)| < [1h(t + 1)|(192)
where the first implication comes from (182) and:
la(t+1)] = [z~ 1+al > 1+28~[1+a] > 8 (193)

Hence (183) is established since we have:
)] < [p(t=1)] < [¥(T)| Ve [T, T]
ld|

[T+l < W)+ 5 (194)

[w(t+ 1) < (O] < [T +1)] VE€[l+1,T5)

This proves also that whenever the sequence |¢)| enters the set {|¥)| > v} at time T larger
than T, then for all time ¢ after T and as long as ¥(t) remains in this set, we have necessarily:

d
(ol < e+ 4 (195)
But since we have by defintion,
[p(T) + 1) < v (196)

fact 1 shows that the solution can reenter this set at time t, after T} only with a 1-component
satisfying:

Wl < v + % (197)

This proves (184). o

Remark: With (194) , (184) we have established that if r(d+r) is strictly positive, for
any solution (z(t), (1)) of T, the only possibility for [(1)| to be larger than

1+ 2sup{|al,|1 — af} ﬂ
o { suplal, 1+ al} 'z\/i} +

s if its initial condition 1(0) satisfies this property. In this case we have a transient behavior
where 1(t) is strictly decreasing except may be at a unique time instant and after a finite
time [12(#)| will remain smaller than the above bound.
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Abstract: Existence, imation and i of a locally integral manifold are

established for the following two time scales discrete time system:

Xt = A(0:) Xi + B(6c) ue
O = Oyt € C(Xe k)

This manifold is defined as a graph [M((ﬁ,k ),9] on the set S of 6 such that A (8) is "Hurwitz” It con-

tains all the solutions remaining in a compact subset C of R* XS. It allows us to define a (locally) topo-

logically orbitally equivalent system (with asymptotic phase):
XMy = AN X+ B0 u
oM, = oM ¢ O[M(((?",k+1),0,;",k +1]

Tt follows that (in)stability properties and existence of solutions of our original system, remaining in C
after time ko, can be established from the 6 -subsystem.

We study this reduced order system for a weakly non-stationary case by applying the stoboscopic method
to approximate it by a practically meaningful slowly time varying system.

This work is motivated by the study of time varying linear systems whose time variations depend on the

state itself or the study of adaptive linear systems.
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1. Introduction

The objective of this paper is to provide a tool for the local analysis of the following discrete time
system:
Xewr = A(0) X + B(,) ue
O = Ous + € C(X ferk) 59

For ¢ small enough and A (6) without any eigenvalue on the unit circle, this system exhibits a two time
scales property. The state of the fast subsystem is X in R and the state of the slow subsystem is # in
R? w represents a (closed loop) foreing term.

To determine in which conditions S, has solutions bounded on Z or a semi-infinite time interval and

when these solutions are stable, our idea is to consider S, as a small pertubation of the ”frozen” system:

Nisy = A (0) Xe + B(0) ue
O = Ok (So)

which can be seen as a family of linear systems in X, , indexed by f;

§, arises from the study of linear time varying systems where the time variations, though small,
depend on the state itself. Also, as noticed by Lijung and Soderstrom (1983) for example, S, describes
most of the actually studied adaptive linear systems.

When the sequence u; satisfies the so-called test input assumption (see (Riedle, Praly, Kokotovic,
1986), (Praly, Rhode, 1985)), i.e. when there exists a solution of S, on Z or a semi-infinite time interval
whose f-component is constant, Riedle and Kokotovic (1985) have performed the stability analysis by
linearization and by invoking the Krylov-Bogoliubov-Mitropolski averaging theory (see (Hale, 1980)). This
theory was used for a long time for the case when w; is a stationnary stochastic process. Tn particular, it
has been used by Ljung to derive the associated differential equation technique for the case when
C(X,8,k) decreases to zero as k tends to infinity ((Ljung, 1977),(Ljung, Soderstrom, 1983), (Kushner,
Clark, 1978)). This technique has been also justified for the case where C(X,6,k) is small but not
decreasing ((Benveniste et al., 1987), (Derevitskii, Fradkov, 1974)). In the deterministic case and for the
specific system S, its use as a heuristic mean in the non-decreasing case has been considered by Astrom
(1983, 1984). Based on a linear averaging technique, but incorporating total stability arguments, some
relaxation of the test input assumption has been obtained (Anderson et al., 1986).

When w, has only I, -stationary properties (periodic, almost period

existence of a particular
Z-bounded solution has been established using nonlinear averaging theory ((Bodson et al, 1986) or
Poincaré expansion method ((Praly (b), 1985), (Praly, Pomet, 1987)). It relies on the existence of a solu-
tion of a bifurcation equation. Again stability properties are established by linearization.

In this paper, up to section 4, no other assumption, besides boundedness, will be needed on u,

Moreover, we are interested in a complete description of all the bounded solutions. Such a description is



casily obtained for So for any f-set where A (6) is non critical whith respect to uy . For example, all the
Z-bounded solutions of S whose f-component lies in S (subset of R? for which the eigenvalues of A (9)

are in the open unit disk), are given by the graph of the function Mg R? X Z — R*

Mok = 3 A@TBEO) W

This graph is an integral manifold which, restricted to S for example, is normally attractive. A general
theory is available proving the persistence of normally hyperbolic invariant manifolds under small pertur-
bations (sce Fenichel (1971), Hale (1980), Hirsch, Pugh, Schub (1976), Osipenko (1985)). Therefore we
expect the existence of a function M, whose graph is an integral manifold of .. And like M, for So, M,
should describe (at least locally) all the Z-bounded solutions of .

After section 2 where we introduce our assumptions and notations, in scction 3, we apply this gen-
eral theory to establish existence and regularity of this function M, and we prove that any solution
(Xi 41,06 ) of S which remains for ever in B(0,2) X S (B(0,z) is the closed ball of center O, radius
x) lies in the graph of M.

Our main result is given in section 4. We prove that the so called "reduction principle” applies with
an asymptotic phase. This "principle” has been introduced by Pliss (1964) and generalized by Aulbach
(1982), Henry (1981), Kelley (1967). It is of practical importance since it shows that stability properties
and existence of solutions of §, remaining in B(0,z) X S after time ko can be established from the
reduced order system given by the restriction of S, to the graph of M,, ie. from the system SM ¢
obtained from the f-equation of S, by replacing X; by M (6;_,,k). We will see that this "principle” or

more precisely the existence of a ical orbital equi isa of Bowen’s
Lemma (see proposition 8.19 of (Schub, 1978) or Hirsh, Pugh, Shub (1976)) which is again an aspect of
normal hyperbolicity.

In section 5, we study the system SM for the case where u; is weakly non-stationary. We apply
Minorsky’s stroboscopic method ideas (Minorsky, 1962). This allows us to define a subset of R? where
the solutions of SM ! are hyperbollically attractive (and therefore, the same property holds for solutions
of §,). This proves in particular that Astrom’s heuristic approach is technically sound when restricted to
this subset.

Some of the results presented here have been established for the continuous time case by Riedle and

Kokotovic (1986). For the discrete time case, they have been announced in (Praly (a),1985).



2. Assumptions and notations

In the following, || || denotes the euclidian norm. The case when u, and C (X 6,k ) are periodic in
ks called the periodic case. Through out this paper, ¢ is positive.

The following assumptions will be used:

Al: The sequence 1, is bounded

lwp || < u Vkez

Let S be a compact set in R? with a non empty interior:

A2:1f 0 lies in S, the cigenvalues of A (6) are strictly in the unit circle:
IN{A@} | S X VoeS Ao <1

A3: The functions A (6) , B (6) are Lipschitz continuous on S with a, , b, as respective Lipschitz con-

stant.

A direct consequence of A2, A3 is the existence of a, b, X such that (see (Fuchs, 1982)):

8@ l<? HA@Y [I<aX  X<a<t voeS VieN

Let B(O ,z) be the closed ball of R* with center O and radius x:

Ad: C is Lipschitz continuous uniformly on B(0,2) X S X Z:

[CX oK)l < clz)

o(X°@k) CXR) < e(z) (X0 XM +11¢ 6 )

where ¢, ¢, are positive non decreasing functions (typically z%) whose argument is omitted when no con-

fusion is possible. In the following, the C' function could also depend on e.

To study the smoothness properties of M (0,k ), we will need:

A5: A, B, C arc Lipschitz continuously differentiable. Precisely, there exist linear applications
9B 9C . 9C ) L
G5 x wnd g such thay, with (X,) an interior point of B(0 ) X S and h hy two

(sufficiently small) vectors in R* R respectively, the functions &, 65 8¢ defined as (similary for
64 bp)

So(X 0k hi) = C(X4h, 0k ok) COX0K) 22000k, SEX 0k) A



satisly (similary for 6, 65):
limoup 1 60 (X .0,k hs o) ||
a=oh =0 [[he [T+ A4 |
M oA
oreover the functions W“J’ (5),—()( 0,k ) and —(\' 0,k) are Lipschitz continuous uni-

formly on B(0,z) X 8 X Z with az, by, cofz) and ¢z ) as respective Lipschitz constant.

Assumptions Al, A3 to A5 are smoothness conditions. Assumption A2 concerns the pmbnuy of
finding a constant § such that the (lincar) X -subs is stable. These are

very similar to conditions C1 and C2 of p.158 (Ljung, Soderstrom,1983), introduced to derive the associ-
ated differential equation technique. One of the consequence of the results presented in this paper will be
to provide a geometric justification of the substitution of X, ., by Mq(f; k) in the d-equation of S, used
to derive this associated differential equation. However, notice that for the time being no stationnarity
nor decaying ¢ is needed compared with C3 to C6 used in the above reference. These extra assumptions

will be discussed in section 5, when studying a reduced order system.

To obtain this geometric insight, we consider S as a map:

S :R*XR*XZ — R*X R X Z
X AW X + B(¥) w
0 — |v=0+eccwror)
k k+1

Similary given the function M,: $ X Z — R we consider the system SM, defined by:

XM YM = AWM) XM+ B@WM)
s, |0 — | WM =M O(M(0Y k)07 )
k kL

The difference between S, and SM, is that, in the -equation, X is replaced by the M,. Consequently,
SM , being "lower triangular” is structurally much simpler than S

To study boundedness and stability properties of these systems, we consider the following sets:
Let © be a compact subset of S, we define B([kok1),0) (resp. BY([kok,).0) ) as the st of
sequences (Xi 11,04)  (resp. (X, 08 ) solutions of §, (resp.SM.) for k in [ko,k ) and satisfying:

zm))

Xegrt M0y gkot1)
0 €6 (resp. M€ 0) Yk € [koky)

(resp. Xl M(6}kqt1) € B(O,

where m , o will be precised later. For sequences in these sets we define the elevation above the manifold



as (similary for EM):
Bror = Xesr M{0p k+1)

In the following, we will say that the graph of M is an integral manifold of S, locally on © if for

¥ (62) solution of:
0, — 0M 4 ¢ C(M (0K +1),0Mk +1) (sm!)
such that 6 lies in © for all k in [ko,k;) , the sequence (X; 11,05 ) defined by:

KX pr= M08k +1)

is a solution of S on [koky). Note that this implies that the graph of M, is an integral manifold of SM,
locally on ©.

Our interest in this paper lies in studying the properties of solutions of S, remaining in
B(0,z) X S. To facilitate this study, we use the classical trick consisting in modifying the system §,
into §,, such that §, and 5, coincides on a compact subset of B(0,z) X S:

For a compact set © in R? we denote by © -+ n, the "n-augmented” compact set of ©:

e+q:{ﬁen’ /3 weS:IH'@IISn}

Since S has a non empty interior we can find 7 and compact sets Sy, S, with non empty interior, such
that:

S,+nCS, S, +ncCS

We call stopping function s : R? = [0,1] a C" ~function (0<r <co) given by Urysohn Theorem satisfying:
s =1 <=> €S, 0¢S, => s5(6)=0

Let 5, s denote the Lipschitz constant of s and its differential respectively. We can take s =1/ if s is

only Lipschitz continuous. We define the function C': R" X R? X Z — R” by:
T(X,0.k) = 5(0) C(X Bk)

T as the same properties as C, with in particular:

F<ec TS sie boey Ty < sge +2a8ycy 4 ¢

In our paper we will always assume ¢ < e with:

enSMm[%, L
B




In this condition, if v is defined as:
Y=0+ecT(X0k)
we have:

€S, => yeS YES-S, => 0=y
0€S => the segment [0,y C S

with @, we define the modified system 3, (similarly for SM ):

X Y =AW X + B u
S, |0 | = |v=0+eT(X0k)
k k1

In 3, we smoothly stop the ~component of any solution trying to leave S,. Clearly a solution of 3, is a
solution of S on [ko,k ) if, for all kin [ko,k,), 6 lies in So. The idea of preventing the 6-vector to leave
an admissible region is also used in practice ((Egardt, 1979), (Ljung, Soderstrom, 1983)).

To end this section, let us mention that the non explicit form of S, is chosen to simplify the forth-

coming derivations. However, this is done with no loss of generality since the system:

Yigr = A(0) Yi + B(0) u
Bpay = O + € C(Ye 04 k+1)

can also be written in:

Yisr A0) 0) (Vi B(6y)
[n]’ roo)|via)tl o)

b Opy + € C (Yoo k)
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3. Existence of a normally attractive locally integral manifold.

Theorem 1: Under assumptions Al to A4, for any compact set S strictly contained in S, there exists ¢.
such that for any €, ¢ < €. one can find constants a, % ', f%, a function 7{e,z), 0 < 7 < I and a
(may be non-unique) function M, S X Z — R" which is periodic in k in the periodic case, such that:
i) the graph of M, is an integral manifold of S, locally on S,

ii) smoothness: M, is bounded and Lipschitz continuous uniformly on S X Z with bounds m and m,
respectively. Moreover, if A5 holds, M is Lipschitz continuously differentiable in § with m 4 as Lipschitz
constant of its differential,

iii) approximation: let M be the function defined in (1), then uniformly on SgX Z

| M6k) Mf6k) || <ef®

Moreover, if A5 bolds, Mo is continuously differentiable in 6 and letting (Mg (6,k)) be the unique
Z-bounded solution of:

Xem = AO)X B0 w < AO I 0k) COM0E) k)

we have uniformly on SgX Z:

oM,
5-08)

M,
g0k [ < e

[ M8k) M (@k)| <0 II
iv) attractiveness: let (X; 41,0, ) be a sequence of B([k1),So), with (E, ) its corresponding sequence of
elevations above the manifold, we have for all &', k ko < k' S k < ky:

Il Bear ] < amfee) 1| By, |l

Moreover if (Xp.41,0: ) is a solution of S, which lies in B(0,z) X S for all k in Z, then this solution lies
in the graph of M, namely: for all k

Xe vy = M (0 K +1)

v) all these properties hold for SM,.

All the constants appearing in this statement will be clarified in the proof.

Remark 1: 1- For the continuous time case, existence of M., aproximation by Mg and exponential decay-
ing of the elevation above the manifold are established in (Riedle, Kokotovic, 1986).
2 This theorem is a technical step towards our main result of section 4. However it gives us a first

important geometric property of S

Any solution of §, remaining for ever in the compact set B(O ,z) X Sy lies in the graph of M.



The end of this section is devoted to the proof of this Theorem. 1t is sufficient to establish this
result for the modified system 5. A possible proof would be to call upon more general Theorems on per-
sistence of normally hyperbolic integral manifolds as those mentionned in introduction. We prefer a less
technical direct proof. It is an adaptation of the proof of Theorem 5.2 of (Shub, 1978) and is based on the
graph transform technique

Consider the image by 5 of the graph:

{(X=M‘(9,k),9,k)/ﬁes k€ z}

We obtain a set of (Y 1,k +1) contained in R® X S X Z. If the graph is an integral manifold, this set

is contained in the graph itself i.e.:
Y = Mgk 1)
‘This means that the following diagram commutes:

X = MJo.k)] 5 5 [¥ = Mwren
0
k k+1

o] W]

SM 4

(0.) — (¥, +1)
This means also that M. is a fixed point of the operator T, called the graph transform and defined as:
T(M)=35,0 M o (SM!)*
Our problem is reduced to study the properties of this operator. Let us first introduce an
adapted metric: Given 0 in S, for any vector X in R* we define its norm ||| X |||, by:
WX U= 35w la@x ) r<u<i
From assumptions A2, A3 it can be seen that:
DX MX Al <allX |l =

@) (1L A )X Nl < 11X (Tl

i) Xy < (81 e-p ) X [l
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Remark 2: This metric allows us to exhibit the normal hyperbolicity property:

Let (X%6°k), (X',6'k) be two points in B(O,2) X S X Z and (Y°°k+1), (Y',6',k+1) be their
respective image by 5, We have the following inequalities (compare with eq. (2. 21), (2. 22) of (Pliss,
1966)):

Y=Yt llyo < o (14687) (I X°-X" o + @ (@12 +5 ) || °-4 ||
o=t 2 ea 11 X°X llpo + (1-e2) || -6 ||

Introducing the positive function { (z ) satisfying:

A (eE () 1)
ey afaz+bu) < U(z)

we obtain the following key technical triangular system:
Y-yl Ll e-et Il < o) (I1X-X" 111 #-0'1))
(2 2 e (XX L]0 1) + (1-emi1+0) 1] 00" |

with

o) = (L+efe(2) [1+:‘¢]
1-eTy(z )1+ (z))

The normal attractivity property appears here. In particular 7,z ) characterizes the contraction pro-

perty of S, in the direction normal to the integral manifold (see attractiveness). (1 ¢ &, (1+0))"* charac-

terizes the possible expansion along the manifold (see Lemma 1). From these characterizations and follow-

ing (Penichel, 1971) or (Hirsh, Pugh, Shub, 1976) we expect the existence of an integral manifold which

can be up to r continuously differentiable if r is the largest integer such that:

| .
nle,z) — <1 3)
ol [ 1=z 1+ (2)) ] ®
This means that existence and smoothness of this integral manifold depend directly on how sharper S,
contracts in the normal direction than expands in the tangent direction or else on how faster the X

component converges to its ”steady state” value than the d-component is changed.

Let M be the set of functions M: S X Z — R" satislying uniformly:

M@kl <m <2

1l M (@& )-M (8" k) lll,e < o]l 0" | i=01

where m , m, will be precised later. In the periodic case, M (6,k ) is chosen periodic in k. Equipped with



the distance associated with the norm:

IM = Sup || M@F)ls
weSuez

M is a complete metric space.
In our above definition of the graph transform, we used (SM/ ). Let us prove that this makes
sense.

Lemma 1: There exists ¢. such that for any ¢, ¢ < c., M in M and k in Z. one can find a unique func-
tion D (M ,k): S — R” such that uniformly on M X Z x S:

i) DMk Il < e

W) 1D (ME))-D (M E)) I < dy || 000t ||

i) || D (MOk)W)-D (MUEY) || < af | MO-M" |

) D(M k)W) = 5[M('HD (M E)@)k) s w—eD (M k )(¥) , lc]

Proof: Given Mk, in M X Z X S, we consider the complete metric space of vectors D of R? such

that:

o<z

With our assumption on ¢, if % is in Sy, y~eDis in S. On D, we define an operator T (M 3,k ) as:
T(M 6,k )(D) = T(M(g-eD k );—eD k)

We have:

I T(MO0°k )(DO)-T (M*91E)DY) || < 7 [(H-"u) 959" 1| + e(14my) || DO-D* || + | M“~M‘\]
From the Uniform Contraction Mapping Theorem (Hale, 1080, the result follows with:

o EOEm)
T e, (1emy) T e (14my)

However up to now ¥ was restricted to lie in S,. The extension to S is obtained by taking:
D(Mk)¥) =0 VeSS,

Using the properties of ', one can casily check that this is a licit extension satisfying i to iv .

This Lemma proves:

Yy=0+ecC(M(Bk)0k) <=> 0=1v ¢D(Mk)¥)
vES-S, => D(MK)¥)
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We remark that this implies the periodicity of D (M & )(u) in the periodic case.
Having established that the graph transform is well defined, we study its properties in a slightly
more general context:
Let us consider a graph transform 7' defined on M by
T(M)(pk+1) = A(6) M(8.k) + Bw,M(0k)k)
0=1v eD(MFk)y)
where B': S X B(O,m) X Z — R® satisfies uniformly:

i) I B'(w.X k) lils < 0
W) Il B X0k )-B XY (e < 0° 190 1+ e b (I XX, i

Lemma 2: T (M) is contained in M and T is a contraction.
Proof: a) T'(M)is in M:

i) With our adapted metric, we have:
7 M@k +1) [lly < o (1+687) 1| M(0,%) [lls + b
Hence m_ should satisfy, with ¢ sufficiently small:
F(1+eBE)m + b <m

ii) Using the properties of M D, for v°, ¥ in S, we have:

I T OOk +0-T (-1l S [(rtes D Yarese)m (ted ) raeym 08 ]l vyt |

Hence m | should satisfy, with ¢ sufficiently small:
(Led ) (a+eb T J(1+¢8) my + aaym + bF < m,
iii) 7'(M ) is periodic in k in the periodic case.

b) T is a contraction:

Let M® M" be two elements of M, we have:

I 7R 1)-T Yk +1) [l < Crred+e87) [ MU )M ) o
< (b 0resE) [| MM e D (M Y0)-D (400 ]
S lrreb D) ke ) | MO |

Since 4 < 1, taking the supremum on S X Z gives the result for ¢ sufficiently small .

To prove existence of M [0,k ), we apply this Lemma with:

B(W,X k) = B(¥) um



It follows that the graph transform has a fixed point in M if:

y(1+efE(m) m + bua<m <z

:f_n("‘m v (1+efe(m)) + a (byu+aym) < m,

nlem) = o (1+€BE(m)) [m%] <1

In particular, this confirms condition (3) of Remark 2.

We have proved the existence of a Lipschitz continuous function M, : S X Z — R" whose graph is
an integral manifold of S, locally on S and which is periodic in the periodic case. We etablish now that
under assumption A5, M, is Lipschitz continuously differentiable in 6. Assuming for the time being that
this property holds and denoting by L (6,k) what the differential of A(6,k) should be, formal deriva-
tions show that L (0,k) satisfies:

Lk +1) = A(Y) L{0k) + BWL (0.k)F)
v=0+¢C(M[0,k)0,k)

‘where, with® denoting the tensor product:

BWY k)=

CAW) Y VT(Y 6k) (I +¢ VT(Y 0k)" + %w]@ M(0k) + g—:(w)@: u
VT(Y 6k) = %?(M‘(B.k )0k) + gw,(u MOk) Y

Hence L, should be the fixed point of the following operator:

T(L )Wk +1) = A(Y) L(6,k) + B'(,L(0,k)k)
0=1 €D(Mk)¥)

Let us prove that this operator has a fixed point. From its definition and assumption A5, B' satisfies
assumptions of Lemma 2 with in particular:

Ey(1+my)

XMl < my => (I B@X k) [ily < €3 (1+687) my— T +a(am+biu)

Noting that m, plays the role of m and m (the Lipschitz constant of L) the role of m,, Lemma 2

applies if:
— my

‘7(l+(ﬂc[m])m+a(n,m+hlu)s m

(regr(m) — DM bp < my

1-€&y(m )(1+m )

lem) = (1+e8(m)) (v+ebi) [m 17“""‘_‘('"’




e

Remark that the condition 7{ < 1 guarentees not only existence but also Lipschitz continuity of L
To complete our proof let us show that the candidate L is indeed the differential of M, i.e. for any

6 interior point of S we have uniformly in k:

o MR RSMO YL ORI

timsup —— 2 7 PP N0

(e T T
To prove this equality, we consider v an interior point of S and J a (sufficiently small) vector in R? and
we introduce the following notations (see AS5):
1=y D(ME)W)
b=+ [DMk-D (M ) ) |
b0k h) = M(0+h k) M0k) LJ0k)h
Tol0k h) = S5 (M), 0,k M6+)-M0K), h)
111 630 8,k ) [lls

Iy

Note that § is also an interior point of S. From A5 and since M. is Lipschitz continuous, we have:

= i
A(ok) = timsup

i JE2 ORI
(o) Al

Let us find a recurrence satisfied by ). The definition of M, yields:

S (W +1,E) = A (Y+h) 8y (0, h) + A(G+h) L (0,k)h L[k +1)k +
+ (A (U+R)-A (¥) M (0,k) + (B ($+h )-B () u

We have also:

i

[[+eVT(L{BK)0k) b + ¢ —(M (0.6),0k) 6u (0.6 1) + ¢ 5o (6% h)

Lk +1) = AW LOE) U +eVTLL)LB + T ® M(04) + 220)® uy

This yields:

Bag (9, + 1R J=A (R )y (Ok b )+85 (U B)M (“H%(W’f Yy H(A (GR)-A (W)L (0% )b +
A ()L [0k (I +eVT (M [0,k ),0,4)) [ (M (0,6 ),0,k Yoy (0% )45 (0, 1 )]

Noticing that:

LA <y 7)< rem@em) 1 1)

1+ed,

taking the ||| [|-norm, dividing by || h || and taking the limsup for h going to zero, we obtain:
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1

AWk+D

- mye
< 7 (1+efT) [1+em] A0,k )

On the other hand, for any interior point 0 of S, the properties of M., L, give for all k:
A(Gk) < 2m,
Given k and 6, an interior point of S, we construct a sequence (0;)  j € N as:

b5 =

€D (M k=j-1)(0;) 4
By induction, 6 is an interior point of S and we have:
A0k) < nilem) A9 k-j) S n(em) 2m,

with

mEy(m) 1

nlem) = alrdem) | ety | T

1

= nlem) 1-€¢y(m )(1+m,)

Since our relation holds for all positive j, and as expected from Remark 2, we have established that L , is

the differential of M if:

Alem) <1 .

Approximation: We know now the existence of M, solution of
Mk +1) = A () M (p-eD (M Kk )(0)k) + B(¥) ue

Getting a solution of this system for cach 1, would be equivalent to getting all the solutions of 3,
bounded on Z. However we notice that this equation can be rewritten in:

BEGk+1) = A () MUBE) + B0 w + AW) [M (5D Mo0)0E) Mok |

This is a lincar system with a non linear forcing term which disappears for e=0. Using Poincaré method
of expansion with respect to a small parameter, we can obtain a family of approximations:
"07-order approximation: taking ¢=0 gives:

Mo(,k+1) = A(Y) Mo(¥,k) + B(¥) up

This is the solution of Sy.

»1”-order approximation: retaining the first order term in ¢ gives:
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Mk +1) = A () My(k) + B(¥) we € A(¥) Lo(k) C(Mo(w,k) k)

again a linear system.

Quality of these approximations can be characterized as follows:

i) We notice that M belongs to the set M, hence the graph transform properties imply:

PRAEE

But:

Il Mo(sh,k +1) T M),k +1) [lly < v || Mo(v—eD (Mo,k )(¥)k )-Mo(,k )l
It follows:

myc

| Mo M| < e —P

1-7o(e,m )
Similary for the gradient matrix. we get:

Lo T(Lo)|

ILo Lils— om)
and

Lok +1)-T (LoJ(k +1)=A (D)L ok )-L o0k NI +eV T (Lof0,k ) 0k ))"]+%('D)®(Mu('lﬂk =M (6,k))
with:

6=1 ¢D(Mok)¥)

Hence:

+ aaymy(em @ +ef°)

m,T,(1+m,)(14¢87)
1-¢2,(1+m,) ]
U n(em)

=ef?

[Lo L. <

ii) M¢ defined in iii of Theorem 1, is given by a non critical linear system with bounded input. Hence, it
is uniquely defined and bounded. Denoting:

Awk) = M{pk) M (0k)

we have:
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Ak +1) = A () [A(w,k )M [0,k )M (v, k )+fLo($,l‘)6(MD(vﬁ,k],‘/A,k)]
0=y eD(M,k)v)
We know that the segment [0,y)] is contained in S. The Mean Value Theorem gives for some § 0<E<1:
MJ6k) M(bk)= ¢L(V+E6-¥)k) Z‘[M,(B,k ).8.k)
Hence, using the properties of L, Lo-L, Mq-M,, D, we get:
Il MA6k) Mk Vel ok )T (Mol )k ) [lly < mo§E* 10T +em & 3(e(14m )7 +ef?)

This yields:

(M, M| < Mg H0T +m 7y (T (14+m ) +1°)
R

Kl

Attractiveness: let (X 6,k) be an element of B(O,z) X S X Z, for ¢ > m, and (Y 1,k +1) be its
image by .. Paying attention to the fact that we have X only in B(O ,z) and not in B(O,m ), we can
however proceed as in Lemma 1, to get:

€ilz)

[ D(Mok)w) CX0k) < di (@)X MUoE) lls H'KZJ:W
1 !

Then, as in Lemma 2, we obtain:
Y Mpk+1)llly < nlez) Il X MGF) s

Applying this inequality to a sequence (Xii6:) of B(lkgk)So), we obtain for all
kR koSE Sk <k

I Xeor MO k1) || < o) all Xy, MGk +1) ]

41
Moreover if Xi 41,05 lies in B(0,2) X So for all k, then this inequality holds for all & k'<k This
implies

Xeyr = M (0 k+1) .

This completes the proof of Theorem 1.

In the following, we will be interested in charatecterizing the set B([k,00),Sc). The attractiveness
property implies that this set is subsct of {s (R* XR?) from which it inherits a complete metric space
property. We see also that the corresponding sequences of elevation above the manifold have a preferred

exponentially weighted supremum norm:
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|E|*k52"[°{l’ II £ H} p<1
For p=ny{é,z ), we know that the map:

B([ko0).S)) — R*
x0 - E

is bounded. We have even:

Lemma 3: Under assumptions Al to A5, there exists ¢, such that for any ¢, ¢ < ¢., one can find p<1

such that the above map is Lipschitz continuous

A key technical Lemma to prove this statement is the following consequence of Hadamard’s Lemma
(Aubin, Ekeland, 1984):

Lemma 4: Let f be a Lipschitz continuously differentiable function rf C C R® — R"  with f,, f, as

Lipschitz constants. If the segments [z° 2%+, [¢' z'+8'] are contained in C. then:

[1 62 +89) (2 )40z -0z 48 || < (0 + 1/2 8 || & ]]) || -8 || + 2 || 8 ] [| 2= |

Proof of Lemma 3: Let (X%f°k), (X'6'k) be two points in B(O,2) X Sgx Z and
(YO4%k), (Y, 6!,k ) be their respective image by S,. For i =0,1, we define:

£ ~M {6 k) FF MW k) GI=X'-M# +&7 k)
AF =y 6 -eD (M k(¥ )=¢ [c(x- Bk )-C (M (0 +07 k)6 m",k)]

We have:
1A%l < eer(ll GOl + 11 4% 1GNNS B+ my &
which implies:

lcc,

[la%il <e IHES I IR )I\E"\I

L3
1-€cy(14+m,) = l-€cy(l4+m,
On the other hand, by definiton:

FO F'=A@W)(G-GY) + (AW)-AWY) G

But, noticing that, for ¢==0,1, the segments [X* M (0'+A" k)] and [6' 6 +A'] are contained in
B(0,z)and S, respectively, we apply Lemma 4 to M, and C' to obtain:
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W6°-G llyo < Il E®E" [llyo+ (myt1/2moll A° []) [| A%A" || + my || A || || 66" ||
lla%-atj < e [(tuﬂ/?fz(ll A GO (I GG+ A%-AM[]) +
+ ez (LA I G I (11 XO-X* ||| e-0" HJ]
It follows that:

[1,( (et1/2¢2 ([1A°+1Gll) (1+M.+1/?"‘2HA"H)] NG6°-G e <
< e (er+1/2¢2 (|ANNGOD] NE-Ellyo + [(1=cc ymall A% + ceqmy (||A%I+1GOID) [16°-6']| +
+ eeq ([[A%+IGOl) (my+1/2mf|A%]) [IXO-X|

This implies existence of a constant qq such that:
W FO-F Hllyo < o [l E®E* lllo + go [l | (1| X°-X* [|+]] €-6" |])

with:

A(1+€8c) [l—s[cﬁml\ E° II] ]

c2 macy
l“[" eyl 2 ”][”"" eeim B ”]

p=

Now we apply these inequalities to two sequences (X% ,09), (Xl ) of B([ko00),So):

we have:

IEN < (@-m)m L [ B I L
hence:

1 B Bl g < 2 W BBl + g0 (a-m) 70 (1 2! [1+1] 08-0 )

which yields:

k-
I B -Bela [ S 0 %=X [+ 0262 )

with:

g =Maz (a,m,, go(z-m)) .



4. T logical Orbital i with A ic Phase

In this section, we establish the existence of an homeomorphism between subsets of B([k(,00),S,)
and BY ([k,00),S).

For such a strong property to hold, solutions of S, have to be very close to solutions of SM,. As a
consequence of attractivencss, we know that for any sequence (Xiiy0) (resp. (X240, ,0) of
B([k600),S0) (resp. (B¥([koo0),So)) we have forall k  k >ko:

P (Xeaa b b +1)-SM (X 04 1k) | S € (1+(a 248 u ))e (2 -m ) » = nles)
respectively:
PN O 0 +1)-S (XF0MK) || S € (1+(a sz +byu))e (2 -m) p=1(1+eBe)

This means that (X; ,1,06) (resp. (X%, ,6)) is an e-pseudo solution of SM, (resp. S) in the
neighborhoud of a normally attractive integral manifold. Invoking the Shadowing Lemma, we may expect
the existence of a unique solution (X M,,8) (resp. (X,41,8:)) of SM, (resp. S,) e-close to the
corresponding e-pseudo solution for the exponentially weighted supremum norm. This allows us to define

amap B(kq) (resp. &M (ko)) as:

X (resp. M (ko)(XM,64), = (X, 100k) )

ko)X B = (X
Clearly from the nice e-closeness property, this map is a very good candidate for the homeomorphism we
are looking for.

To obtain the Shadowing Lemma in our context, we have to shrink the set S; again:

let So, S, be compact sets with non empty interior such that:

Se+ncS, S, +nC S

Theorem 2: Under assumptions Al to A4, for any compact set S, strictly contained in S, there exists €.

such that for any €, ¢ < ., one can find g* ¢* g,, 0, 0<o<1 and for any kg, maps:
ko) : B([kqo0),S)) = B¥ (ko00)So)  and @ (ko) : BY (ko,00),S1) — B(lko0),S0)

such that (similarly for & ):
i) For any sequence (X 11,0 ) in B([ko00),S,), its image (X 41,6 by ®(ko) satisfies for all & k >k

2 - v . ok 5
KXegn = X0 ST X S o (Bl T 10BN S € 0 (11 Begnll)

where g% ¢’ are positive non decreasing functions of the norm of the elevation above the manifold at

time ko.



ii) ®(ko)(X ,0)r = (kg )J(X,0) ko<kg <k
iii) If A5 holds, then (ko) is Lipschitz continuous in the following strong sense: for all k& >k

- . . ke
11X 2a=X b I+ 18008 1 < 1 X% =Xkt [+ 11 6202 || + o

2o Sup (6% - I+ lof-0ly))
Moreover  ®(ko) (resp. ® (ko)) s injective and the restriction of ® (ko) o ®(ko)
(resp. (ko) 0 ®¥ (ko)) toB([koo0),Se) (resp. BM ([k6,00),S,)) is the identity map.

Remark 8: 1- For the continuous time case, Riedle and Kokotovic (1086) have shown that if there exists
a uniformly stable solution (6) of SM/ remaining in S, after time ko, then B([kq00),Sq) is not empty
and has a non empty interior.

2 Since we have only:
ok M
T G-ty || S

we have to take 0 in So  (resp. S;) to guarentee that 3 isin S, (resp. S).

3- Since we have an exponentially decaying distance between (Xi,1,0¢) and (X 2,8, ®(ko) is an
asymptotic phase.

4 We have established:

B((ko0)Se) © #¥ (ko) (BY ([koc0)S1))

This means that any solution (Xi41,64) of S, which remains in B(0,z) X Sy on a semi-infinite time
interval (i.e. belongs to B([k,00),So) for some ko) can be approximated with an exponentially decaying
distance by a solution of SM, satisfying the same property. Moreover these two sequences have the same
Xevalues Xg .1 at time ko and their 6-value at this time are at an e-distance, the magnitude of this dis-
tance increasing with the norm of the elevation above the manifold at time ko.

These two solutions have the same type of Lyapunov stability in each of the following cases: stability,
uniform stability, asymptotic stability, uniform asymptotic stability, instability. Uniformity follows from
: koko

ii and the independence of @, 9% ¢’ g, in ko. Asymptotic or exponential property results from the o

term in iii. (In)stability is a consequence of the continuity property iii as shown in the following Lemma:

Lemma 5: If the sequence (Xi11,0)  (resp. (X, 0)) in the interior (in the I, (R® XR? ) sense)
of B([ko0),Se) (resp. B¥([koo0),S5)) s a stable solution of S, (resp. SM,), its image by
(ko) (resp. M (ko)) is a stable solution of SM, (resp. S,).

Proof: As above let (X *),,5,) denote the image of (Xi 11,0k ) by (ko). Let (Xi% ,6) be the stable solu-

tion of S, in the interior of B[koo0)So). Stability implies existence of an open neighborhoud
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V(X041 ,08) in R* X R? on which the injective application associating a solution of $, to its value at
time kg is continuous. Composing by ®(k ), we obtain a continuous injective application:
v VXS, 08 BY (ko) S))
(Xigenlr > (X 440,00
Restricting ¥ to time k =kg, we have a continuous injective application:

Wi, V(4% 65) CR* X R? = R" X R’

o

(e gonie) — (XM,

It follows from the Brouwer’s Domain Invariance Theorem (Dugundji, 1966) that this application is an
homeomorphism from the open set V(X% ,05,) in its open image V(X #3,5% °). We conclude that

the following application is continuous and is defined on a non empty open subset of R® XR?
Yo gt V(XM 50 — BY([kooo),S))

This is nothing but the application associating the solution (X ,,0%) of SM, to its value ()“(,J;‘,,a;‘;] at
time ko. Since this can be done for any ko kg > ko, we have proved stability of (X £, ) .
From this Lemma, instability is obtained by contradiction.
Noticing that if (X, ,42) belongs to B ([k0,00),So) then this solution of SM  and (6) as solution
of SM? have the same type of Lyapunov stability or instability, we have established the main following

result of this paper:

Main result: Under assumptions Al to A5, for each z z>m there exists €. such that for any

¢ ¢ <e. the systems S, and SM,, when restricted to B(O,z) X Sy, are topologically orbitally

equivalent with asymptotic phase. More precisely, for any ko, each solution (Xg 1,64 ) of S, such that:

9 €Sy Vk k>ko 1 X MOgkort) || < £22
can be obtained from a solution (6) of SM ! satisfying:
9MeS, Vi k>ko

and X;,,~M (6k+1) and 06, decay exponentially. Moreover, () and (X;,,04) have the same

type of Lyapunov stability or instability.



To prove Theorem 2, we study an auxiliary system defined as follows:

Let (¢) be a sequence whose elements lie in S and satisfy uniformly on N, the set of positive intgers:
[l esr-ee IS T1+€Be

We consider the following auxiliary system on R* X R?

0X 1= A gy +00;) 9X, + B0, k) X, €B(0,

0y = 005, + ¢ C'(0X; 0051, k) (0s)

where B C" are defined and Lipschitz continuous on B(0 )X N and B(O,z -m )X B(O )X N respec-

tively with b, ¢, as respective Lipschitz constant and such that uniformly on N:
B0k) =0 [ C100k) || < eizy ot p<1

For two sequences (67), (¢, satisfying uniformly on N:

Il 8- || < v

we will be interested in the relation between the solutions of the corresponding auxiliary systems

98° 35! assuming that:

1| B0k B @0 k) || < b5 [aaz (o] loa) v + 100001 |

|| C¥@x°,06°k )-C"(@X" 06 k) || < 5

Maz (|| +1108| 10X [[+1]08') + 47 ) v +
+ |;ax°7.9xlu+|\astae‘\|}

As for describing the ¢-pseudo solution property, we use an exponentially weighted supremum norm to

study this system:

- _ su(ot -
10X |= S (@ 10X l)  1901=Fy @ llon ) p<o<

The following Lemma states the existence of a unique solution of @S which is bounded for this
norm.

Lemma 8: Under the above assumptions and assumptions A2, A3, there exists ¢, such that for any

):

z-m

€, ¢ < €., one can find constants 3* g¢,. o such that for any initial dX -condition X, in B (O,

i) the system S has a unique bounded solution satifying:

ertectz)

10X | < oy = Moz (alloXill ") [09] S =

ii)IF (8%, ,069), (8%, ,6,) are these solutions for the systems 85° 95" respectively, we have:
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| 0X°%-0X" | + | 06°-00" | < g,(|loX P -0X ' ||+v)
9,9 and g, will be explicited in the proof.
Let us explain the interest of this Lemma for proving Theorem 2:
1 16 (X 41,0 ) is a sequence of B([k,00),S,), we define its auxiliary system 95 by choosing:
b = 0k, ax, =0

B0k ) = (A (b4 +00)(A (68)) X siy + (B (6 +00)-B (84 )) ws 1x,
C'0X,00,k) = C(M (¢p1+90,k +o) b1 +08,k +ko)  C(Xi e ybeor,k +ho)

Using the properties of the elevation above the manifold and Lemma 4, one can check that B" O satisfy

our assumptions with b, b7, ¢, ¢5 independant of ko, p given by Lemma 3 and:
ai=all Beg v o= Sup (1065 2% li+liod-21)

Then if (9} 1,80y ) is the particular solution of @S given by Lemma 6, we define:
BENX O = (Kb 14k 0Xi 11 G sa+00)

From the properties of (9., 11,00 ), it follows that ®(ko) satisfies i, ii, iii of Theorem 2.

2 Similarly, if (X, 6/ is a sequence of B ([k00),S}), we define 85 by

b =64, Xy = Xf4 M 0lGko+1)
B0k) = (A (¢4 +00)-A (65 )) M {$x-1,k +ko) + (B (95 +00)-B (0¢)) w1,
C0X,08,k) = C (M (bg-1k +ko)+0X bp 1 +00,k +ko)~C (M b4 .1,k +ko),de 1,k +ko)

Again our assumptions are satisfied with in particular:

AR 2=0
With (8X; ;6 ) the corresponding solution of 8 , we define:

Y (k)(XH 6% ) = (MU0 p k14K, }+0Xi 1, 0k 400, )

M (ko) satifies i, i, iii of Theorem 2. Note that, in this case, we have:

afayz+byu) aac,

97(e) = oA(l+eBe) l-ocer

This is obtained by studying the sequence (X 4 4;-X, ), knowing that (for ¢ larger than €d” ):
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- ey -
X 1062 < e —L—ae o™

X

Proof of Lemma 6: i) Let D be the set of sequences (90, ) in R? such that for all positive k , we have:
|a6] <cd <n

D is a complete metric space for the distance associated with the norm | 86 |.

For any sequence (90, ) in D, we consider the sequence (9X; ) uniquely defined as solution of:
X1 = A(P) 80X, + B100; k)
with 8X, as initial condition and:
br = bx + 30
Since @y is in S, we have:
12X [, < 7 (481l ~Beal) 1 05 N5, + @by 110 1]
1t follows that:
[0X | < 2, = Maz (al|9X,||,")
ife, 0,9, 0% satisfy:
o (1+atee +edlt(1+0))) 07 + b oo < 0 0F
Also for two sequences (30f), (94}) in D, we have:
Il 9X:% 0%k [llg0 < A1+BI1S-S8- 1D Il 92X~ lllgo + alasay'o*'+6.7) || 90-004 ||
This implies:
| 9X°-0X" | < o7 | a¢°-a0" |
if:
o (1+8lec +c%0* Har0))) 07+ alazi ot +bi0) < 7 07
Let us now define an operator T on D by:
T(00) = 004y ¢ COXe 11,005 k+1)

Clearly from the above inequalities (9Xj 4,96 ), defined this way, is the solution mentionned in the
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Lemma if and only if (96, ) is a unique fixed point of 7' in D.
a) T(96) is in D:
We have:

I| T(a0) || |80 0**" + € ¢ (|0X |+]|96]+2,) o*

<
< o e (00, (2 +ed’+z))
which means that ¢, z, , &', o should satisy:
p<o<l o & + ¢ (2,42, +ed') < &°
b) T is a contraction (uniformly in 29X ,):

| T@0P)-T @0 || < o+ | 00-00' | + € ¢, (1+07) * | 00°-00" |

<
< oF (otecy (1407) | 96°-00" |
Therefore the first part of our Lemma holds if:

ed" < p<o<i 2, = Maz (a]j0X,]|,€d" )
ab[0' < [0 (retle +(140)) | &7

afayz; +bi0) < [:7 v (1+eB(c +3'(1+:7)])] aF

e (2] ) S o ec))d

01 o cof(145)

i) Proceeding as for i, we obtain:
1l 9X%0 -0k Hllzp < Al1+eBe +0%*(1+0)) Il 9X0-0,! ;. +

ta [a \20 0 Yot 08008 1b 5 (0" viot |aa°w'1)]
It follows that:
| 0X0-0X1| < all X 2-0X} ||+ 3¢ v+ 9! | o000 |
with:

o (1+eB(c +0'*H(1+0)) g1 + aayz, +edb50) < o g
5 (1+eBlc +3'F(140)) 9! + alaszio* +b5o) <o gl

Now since (907),(6;) are fixed points of the operator T defined in i, we have:

| 869-00} || < o* [o 10600 | + <oy (a1 +e0+1) v + | 8X-0X" | + | 000" ) ]
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Our conclusion follows with:

alayz; +ebg d%0) < [vf'y(l+<ﬂ(c+6’(l+v)))] 9

ales, 450 < [0 ALeehle +0%014a)) ] o

c;(1+y{)(z.+<a'+1)] - [ c;(w.‘)]
= T o o

1 o

To complete the proof of Theorem 2, we have to study the relation between ® and &
Tet (X 1,00 ) be a sequence in B([k(,00),Sg). From part i of the Theorem, its image (X M, by ®(k )
lies in BM ((k.00),S;). Similarly the image (X4 ,1,0) by ® (ko) of (X5 lies in B([ko00),Sy).

Moreover, we have:

Koy = Xagn = Xign

By uniqueness, ® (ko) o ®(ko) is the identity map if:
By = O,

From i, we have:

106-8; 1| < o0 g 1183 | < " oeg?
Hence:

o0 1 < 20" 0e g’

But since (Xg 11,04 ) and (X, 41,0, ) are in B(0,2)x S for all k. k >k, we apply inequalities (2) itera-
tively to get for all &k >k

- N pobg .
I XX on Ml 01100 Il < nole,z) O] OOk, ||

. ek .
11060 I = (t-ees(1+0))" 0[] OO |

Therefore, for all k& >ko:

-5, < L) [ —
63, | S 2e0 [l u.uu)]

Hence our result holds if:

0<1 o eci(1+l)

Proofs of ®(ko) 0 & (ko) = I, and injectivity properties follow the same lines .
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5. Study of the reduced order system M

With Theorem 2, we have established that stability and existence of solutions of §, remaining in
B(0,z) X S, after time ko can be obtained from similar properties of solutions of SM/ Therefore, we
can concentrate our attention on this system. Iu is a nonlinear nonautonomous system and many
approaches can be used to study stability and existence of bounded solutions.

In the [ -stationary (stochastic process) case, averaging theory, leading to the associated differential
equation technique, turns out to be a very appropriate tool to round the difficulty due to the time depen-
dence. This has been demonstrated by Ljung in the C(X,,k)-vanishing case ((Ljung, 1977), (Ljung,
Soderstrom, 1983), (Kushner, Clark, 1978)), and by Anderson et al. (1986) and Benveniste et al.(1987) in
the non-vanishing case. Noticing that, as ¢ is made smaller, SM ! becomes closer to a first order approxi-
mation of an ordinary differential equation, our result allows us to decompose the associated differential

equation technique into three steps:

of the ical orbital equi to replace S, by SM,,
application of the averaging theory to SM !

- approximation of a difference equation by a differential equation.

In the non-stationary case, a possibility to simplify the time dependence is to extend to the discrete
time case the stroboscopoic method ideas according to Minorsky (1962) (see also (Fedorenko, 1974)): if u,
and C(X,0,k) have a "slowly varying period” p(K), then by flash illumination at times ¢(K),
C(K p (K), LK Y p (K )+p (K +1),.. one sees a weakly non-stationary advance map, i.c. the solutions
of SM! observed on the time interval [t (K ),t (K )+p (K )) are very similar to the solutions observed on
the time interval [¢ (K }+p (K0 ),t (K )+p (K )+p (K +1)). The idea is then to approximate this advance
map:

Let (p (K )) be a sequence of bounded positive integers:
P(K)<p

Given ko, we define flash illumination times after kg, by:

LK +1) = t(K) +p(K) H0) = ko
The advance map SM 'k from ¢ (K ) to t (K +1) of SM/ written as:

8l 1) = 6y + € CF (0fic) K +1) (SMfx)
is obtained from:

ka
fM = “(K] +e Y C(M(BMi+1),0Mi+1) KL<k < t(K+1)
[}

To approximate SM /i , we introduce the system SM¢
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Yk = vk + € OF (¥x K +1) (SMdx)
with

K +1)-1
CF (WK +1) C(Mo(th,i +1),0,i +1)

=t(x)

Under assumptions Al to A5, C¢° is Lipschitz continuously differentiable on S X N with ¢ ¢ ¢f as

respective Lipschitz constant:
of Spoca(limy) ef <p (eg(ttm ) e ymg)

SMd is simpler than SM Tn particular, for adaptive systems, the C' function is given by the
controller designer and is typically the product of a gain vector times an adaptation error. In this case,

a0¢ Mo
0

¢§ and are correlations on the time interval [t (K ),t (K +1)) of components of My or 5

M,
a8

vation of the feedback system using a constant parameter vector , i.e. in a classical linear feedback con-

And, from its defintion, M and ——2 can be obtained by implementation of sensitivity filters and obser-

text. This latter aspect makes the assumptions on C'¢ interpretable in terms of signals properties
Though simpler, SM(x is very helpful to understand the behavior of solutions of SM/ This is

possible since SM ¢k is an ¢*-approximation of SM /i . Indeed, from Theorem 1, under assumptions Al to
A5, we have uniformly on S5 X N:
a0f

ack
I eFwK) CEWK) IS v | k) == (wK) I < e vy

where v, v, can be obtained by induction on p as:
vo € perfre el vy < p(esim e f e s i bt (e (Lim )P 1) ¢i(14m))

Again invoking hyperbolicity properties, namely conservation of stable and unstable manifolds of hyper-
bolic solutions under small perturbations (see (Hale, 1980), (Shub, 1978)), we may expect that, to any
hyperbolic solution of SM{c , it corresponds an e~close solution of SM ! with the same hyperbolicity pro-
perty.
However, a difficulty remaining in the study of stability of solutions of SM¢x is the time variations.
They have two causes: the time variations of the system itself and the motion of the studied solutions:
- To take care of the system time variations, we are going to consider the case where, uniformly on
= =
k-dependence of C(X 0,k ) and u; . In particular, it is trivially satisfied in the periodic case by choosing

Sy X N, || (¥, +1) || is ”small” This assumption concerns essentially the

p (K') constant, equal to the period. It holds also in the almost periodic case, i.e. if there exists a Lipschitz
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continously differentiable function C'¢” (¥) such that, for any ¢, one can find p for which we have uni-
formly on § X N:
acy

lleFWK) CEWII< e Il 55

acs 5
k) Sl <

el

In this case, one replace CF (¥,K ) by C¢” (¥) in the definition of SM

To take care of the motion of the solutions, we will consider those evolving in a set where @ (1K ) is

"small” uniformly in K This condition would be tri

i.e. if there exits %° such that for all K

ally satisfied if SMj would have a fixed point,

CF (' K) =0

This equation is precisely the bifurcation equation obtained by averaging theory in (Bodson et al., 1986)
and (Riedle, Kokotovic, 1986) or critical systems theory in (Praly, Pomet, 1987). Existence of solutions
for this equation has been studied for model reference adaptive systems with a fixed point argument (Rie-

dle, section 4.5, 1986) or applying degree theory (Pomet, Coron, Praly, 1988).

From this discussion, we introduce the following definition:

Definition: Given strictly positive constants g, ¢, we define the set P(g,¢) as:
acF o .
ABL =) Zm@K A ||+ eed || OF (WK < ew <o

P(e)={veES, ] VK
A62: Max Re(n (2EE KDy o
) v

where Re () and X; {.} denote the real part and the ith cigenvalue respectively

Remark 5: In the adaptive linear systems context, the inequality A6.2, involved in the definition of
PY5,), is related to the so-called ”the signal dependent positivity condition” In the test input assumption
case (sce introduction), it can be interpreted as the positivity of an operator restricted to act on specific

signals (see (Anderson et al., 1986), (Riedle, Kokotovic, 1985), (Riedle, Praly, Kokotovic, 1986)).

Theorem 3: Under assumptions Al to A5, there exists €+ such that,
if one can find ¢ and ¢, 0<e<e., for which P(e) contains a solution of SM{x
then SM/ has an exponentially stable solution remaining in S, after time ko and e—close to (¥ ) at

times ¢ (K), i.e. for all K

68k vx 1 <ed
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The constant §, appearing in this statement, will be clarified in the proof.

Remark 68 1- This stroboscopic method approach extends to more general situations the local averaging
technique proposed by Kosut, Anderson and Mareels (1987) (see also (Anderson et al., 1986)) to study
SM{ after linearization under a relaxed test input assumption.

2- With Theorems 2 and 3, we have established the following result:

For ¢ sufficiently small, if SM{ has a solution remaining in a set P(s,¢), then S, has ezponentially stable
solutions remaining in B(0,z) X So after time ko.

In other words, this proves that, as far as stability is concerned, the heuristic technique proposed by
Astrom (1983, 1984) is theoretically sound when restricted to the set P(g,¢).

3 (¢x) would be an ¢*-approximation of a solution of SM/x if CF were replaced by CF an

e%-approximation of C'F involving M, the ¢~ approximation of M.

As a key step to prove Theorem 3, we establish the following result:

Lemma 7: Let F'(K,,K) be the transition matrix of:

acE
E

Aga = +e (Vi K +1)) Dy

2

with (¥ ), the solution in P(s,¢) given by Theorem 3. For any ¢, 0 < ¢ < ¢ '“2 F there exists o

(independant of v ) such that for any Ko, K1, 0 < Ko < Ky

P UKD IS A5 (0 e

with:

/2
[aren) 0-es) u] v o= () ¢

where w is obtained from A6.1.

Proof: Given K |, the transition matrix satisfies for any N Ko < N < K:

acd acE
ok LKD) F(N K + e | =50

acy
FIN+1LKo) = (I + ¢ (n N +1) TJ(W\—-J‘O] F(N Ko

To derive the property of F (K 1,K o), we will use the following three inequalities:
i) From A6.2 in the definition of the set P(ge), we have uniformly on P(s¢) X N:

acy
1T+ S 1t eed
acE 2y 908
: KOS |1 26+ WK
Moz | N AT reg v} | < e+ € Il =K I



s
Then it follows from Theorem 5 of (Fuchs, 1982) that for any ¢, 0 < ¢ < ¢—¢ (G  there exists
v (v>c{) such that, uniformly on P(g,¢) X N:
aof .
I (4 EO) I S (1rev) (65 VieN
ii) From A6.1 and the fact that (yx ) is a solution of SM 'y , we obtain:
acE ace Kol acE acE
<
Il =gy N+ KD S 8 5 WenK) 50 K1)

< ew (K -N-1)

iii) Let u, be a sequence of positive real numbers satisfying for any & 1 < k
L

wp < a Nug+ b 3 N (ki) 420 b>0 A>0
=

then one can check by induction that:

uy < (RN *‘2“" (n 4 VRE i A AT 2”“ O VAT | up

Let us now use the variation of constants formula, take the Euclidian norm and use our two first

inequalities to obtain:

. Kt 1-
I F (KK Il S (ren) (1-6) 70+ @ w (14e0) 33 (106) ™™ (K 1N || F(V ) )]
v,
The result follows from the third inequality .

Proof of Theorem 3: a) Existence: The idea is to find a solution (6)) of SMx satisfying:
6y ¢x Il <eé

“This will solve our problem, since the corresponding solution (6) of SM ! satisfies,

forallk t(K) %5 F<UK)+ %;

10y 6211 < e e

In particular, knowing that ¢ liesin S, 6 liesin S, if 6 and e satisly:
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s< 2
P

Hence, let Ay be defined recursively by:

Bo=0
acF
i

acf
E

A = (T+e (U K+1) Bk + e [OF Uk +8k K +1)  OF (v K +1) (e K +1) Ak

(¥x + Ag ) is a solution of SM !y
We remark that for any A such that the segment [x ,¥x +A! is contained in S, application of the Mean
Value Theorem yields for some &, 0<¢<1:

acd
I OF (r+a, K+1) OF (we K+1) (e K+ 4) || <
Fletd acE
S cvot || - x HEAK ) e KA I AN S cog e (AR

Let us now apply the variation of constants formula and apply Lemma 7. We get:

1ter' K 'S o
Haxull < e e 5 (1-eY N (evg + e 1A 1)
-« Ko

Hence, we have established:
llag I <es
and therefore, existence of a solution () of SM remaining in S, after time ko, if ¢, § satisfy:

Cwred® __n
3 - 7 2

¢ €

b) Exponential stability: For any two solutions (), (6') of SM ! remaining in S, we have uniformly
in K
16 62 || < (ree,(1+m)) |10 0/ 1l HEK) Sk < T(K+1)

Hence exponential stability of the solution () obtained in part a follows from exponential stability of
(6c)), solution of SM/x  But, from the Lyapunov's Theorem on stability with respect to the first
approximation, for this property to hold, it is sufficient that the origin be an exponentially stable solution

of the following linear system:

a0k

=1+ e 5

(0 K +1)) Ak



From part a, we know:

Fled
W(K,,Kﬂ Tl KA S vyt ees

Therefore, with Lemma 7 and Lemma B.5 p.118 (Aulbach, 1984), our property holds if:

2 Lrev

1o+ € (vytef8) <1
In conclusion, our Theorem holds if ¢ and 5 satisfy, with v given by Theorem 5 of (Fuchs, 1982):

<) 2 . . n_»
0<d < <(2) §=g [(l+eu](1»e;)w]2 vi=v (€)= §

v L
(Iev )(1-¢)

. g
1+_“" Toteed ¥ cgcn o2
1-¢5" ; « 2

1o+ 7 L (vier s <1
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