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Path integral studies of positrons and positronium in fluids

B.N. MILLER, J. CHEN, TL. REESE and G. WORRELL

Physics Department, Texas Christian University, Fort Worth, TX 76129, U.S.A.

Abstract

Experimental studies of positron and positronium decay in dense fluids suggest that these
particles are capable of forming self-trapped states in some fluids in a broad region of
temperature and density surrounding the liquid-vapor critical point. A central question in
understanding the phenomena is whether the light particle (Ip) actively creates a static potential
well in the fluid in which it localizes, or randomly visits statistically favorable fluctuations. The
fact that the experimental measurements yield a single, well defined, decay rate for each decay
mode suggest that the environment of the lp is static. Earlier mean field theories could not shed
much light on this question. However, two recent applications of Path Integral Monte Carlo
show that substantial fluctuations occur in the lp environment. In this report, the two applications
of path integration to lifetime studies are reviewed. The quantitative distribution of fluctuations in
the decay rate for each particle (positron and positronium atorn) is presented. It is shown that the
apparent conflict between theory and experiment is resolved for positronium (but not positron)
decay when the time scale for the relaxation of fluctuations in the environment is taken into
account. Finally, recent results concerning the ability of the analytic reference interaction site
model (RISM) polaron theory to reproduce the exact PIMC calculations are described.

I Introduction

The basic assumption of nearly all theories of positron and positronium decay in fluids is that the
atomic and molecular translational degrees of freedom of the fluid obey classical mechanics, whereas the
light particle (positron or positronium atom) obeys quantum mechanics.[1, 2] To obtain an analytically
tractable model for the important properties of the hybrid system, theorists have been forced to radicalize
the adiabatic model, as it is known, with additional, far more drastic, assumptions.[3] This is readily seen
with density functional type theories, (DFT’s) which characterize the system by a single optimal
wavefunction and average, local, fluid density, thus ignoring both quantum and classical fluctuations
entirely.[4-6] It occurs to a lesser degree in the polaron type models which are based on a combination of
statistical perturbation theory and mean field theory.[7] In the limit of low temperatures (in practice, on the
order of 10K), it is expected that the quantum ground state will dominate, setting the stage for some
version of DFT. However, at higher temperatures, one can neither expect that the light particle (Ip) is
represented by a single quantum state, nor that the Ip-atom interaction is weak. As a consequence,
predictions based on these analytical models, ingenious as they are, cannot be taken as serious
representations of the adiabatic assumption, but rather as qualitative characterizations which approximately
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mimic some features of the source.

Unlikely as it seems, the actual test of an ana.lyucal model is not its ability to represent nature, but
rather, how well it reproduces the parent adiabatic model. Of equal, or greater, importance is the ability of
the adiabatic model to predict experimental measurements of the annihilation rate and the momentum
distribution of the annihilation photons, and our ability to directly study its propertics. Because the
quantum particle has an infinite number of degrees of freedom, this is not a-simple matter. At present, two
approaches are available; Path Integral Monte Carlo (PIMC) and Quantum Molecular Dynamics (QMD).
Each method requires prodigious computing power to implement. In addition to requiring long runs on
large machines, QMD always requires some sort of mode truncation and regularization of the
interaction.[8] In contrast, with present algorithms, PIMC can be checked for stability and convergence
without forgoing complete control of the interactions.[9]

We started investigating path integral methods at T. C. U. in 1990 and presented preliminary
computations at PPC3.[10] Since then, we have made substantial progress. We first developed analytic
methods for expressing the annihilation rate and momentum distribution in terms of the path integral.[3]
We then applied the method to a study of a thermalized positron in Xenon at 340K, where experimental
data indicates that the e+ annihilation rate is anomalously large at low to moderate density.[11] More
recently we have applied the method to the Ps-Xenon system [12] and investigated the distribution of
fluctuations for both e+ and Ps.[13] At the present time we are studying the applicability of the analytic
RISM-polaron theory to represent both the fluid and particle properties.[14]

.- In Section II we will describe the essential features of the discretized path integral and its
application to both e+ and Ps annihilation. In III the results of the studies of thermalized e+ and Ps in
Xenon will be summarized. In IV the distribution of fluctuations will be discussed for each system and the
time scales for their relaxation will be estimated. In V, the results of the application of the RISM-polaron
theory to each system will be compared with the PIMC simulations. The new information provided by
PIMC and its relative merits for future investigations will be evaluated in VL.

II The Discretized Path Integral

In the adiabatic model the atoms (or molecules) are classical objects and the Ip (positron or
positronium atom) obeys quantum mechanics. Represent the total inter-atomic interaction potential by
UQ), and the total Ip-atom interaction by W(r, R), where R represents the set of atomic (or molecular)
positions {Rj} and r denotes the position operator of the lp (positron or positronium center of mass).
Then the Hamiltonian of the quantum particle is

H=-(h?2m)A + W(r,R) M
and the statistical a;'éra:";e of the quantum operator O(r, R) is given by

O, R)) = (1/Z) | dR exp(-U) [dr (O, R) exp(~BH)Ir) , @
where Z is the configurational partition function, fdr represents the usual trace over the quantum states of

H in the position representation and, as usual, B=1/kT .[15] Typically U and W are assumed to be
pairwise additive,

UR) = L1<i<j<NURi-R), W@ER) = Lignwr-R), 3)

¢.g. u may be a Lennard-Jones (12, 6) potential while the form of w will depend on whether the lpisa
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positron or positronium atom. [1]

For the purposes of computing the statistical average, Feynman proved, by inserting p-1
intermediate positions in (2), that a single quantum particle can be represented by a classical harmonic
chain consisting of p pseudo-particles .[15, 16] In this representation,

Jar ¢r 100, B) exp(-BB)I 1) = [ dro(r;, R) expl-BO@ R)] @)

0@ R) = X 1<qep [Qmp/B2H2) Irg. 1 - Tol? + (D) Wirg, RD ®)

where [ represents the set of positions { ry} of the pseudo-particles and Tp+1=T}=T (the chain is closed).
Thus each pseudo-particle (pp) interacts with the fluid atoms via the reduced potential W/p and with its
nearest neighbors via a harmonic potential with effective temperature dependent force constant 4mp/B2 h2.
The equivalence is exact in the limit p-»00. The problem of computing the equilibrium properties of the
system is consequently reduced to sampling the scalar (classical) distribution exp[-B(U+ $)] in the
configuration space of atomic and pp coordinates (R, L). Specific algorithms have been developed to
accomplish this task and go under the name of path-integral Monte Carlo (PIMC).[17, 18]

Two structural properties of fundamental importance are the rms separation between a pair of pp’s
separated by s harmonic bonds, Dy, and the Ip-atom radial distribution function, gfp(r):

D = (Wp) Xy (Irqusral )+ pepp® =M Xy ; Bl R=1) . (©)

Here the angle brackets, which do not refer to a specific quantum state, imply the complete statistical
ensemble average, and p is the mean fluid density. In the absence of the lp-atom interaction (i.e. if W=0),
8p is unity and p?D?= 373, s(p - 5), where A1p=\/(21r[3ﬁ2/m) is the thermal wavelength of the Ip.
Clumping of the chain is indicated by strong reductions in Dy at the midpoint of the chain (s=p/2) below
the free particle value (Alp\/(3/4)) and is attributed to the dominance of localized Ip states, while deviations
of &fp from unity describe changes the average fluid environment in the neighborhood of the 1p induced by
its presence.[7]

The average annihilation rate of the positron is proportional to the overlap between the positron
wavefunction and the atomic electrons. It is given by [3]

M) = pfar ) ggp(® @

in appropriate units. For the pick-off decay rate of ortho-positronium (7) must be altered to account for the
penetration of the positron into the electron cloud of a fluid atom. This is accomplished by first convolving
f with the square of the ground state positronium wavefunction.[12] We note in passing that the
momentum distribution of the annihilating photons can also be expressed in terms of a path integral, but
here the complete off-diagonal density matrix is required and the chain is no longer closed.{3]

III Application to e* and Ps in Xenon

Our first major application of the PIMC was to the e*-Xenon system.[11] Generic plots of the et
decay rate versus density on rare gas isotherms show linear behavior in the limit of low and high densities
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with the usual “bump” in the critical region suggesting the existence of localized states.[19] Xenon was
chosen because experimental measurements of the annihilation rate exhibited an anomalously large,
nonlinear, increase with density on two isotherms (300K and 340K) above the critical temperature
(289K).[20]
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Fig. 1. Root mean square displacement between polymer particles separated by s-1 intervening particles.
The system is Positronium in Xenon at 300 K. Note the increasing polymer compression with increasing
density, demonstrating that the Ps atom is becoming more localized.

A Lennard-Jones (12, 6) potential was chosen for u and an effective e*-atom interaction potential
w(r - R) was constructed by smoothing the sharp cut-off in the potential Nakanishi and Schrader and
produced from fits to e*-Xe scattering data.[21] In units of length where the Lennard-Jones length
parameter 6=1, simulations were carried out at p=0.01, 0.05, 0.15, and 0.5 (in these units the critical
density is about 0.35) at T=340K. The simulations showed that the positron was highly localized (small
Dy) in a large cluster (strongly peaked gfp), or droplet, consisting of about 35 Xenon atoms, at the two
intermediate densities (and, to within a constant factor, reproduced the shape of the experimental plot of
{A) versus p.[11] It was surprising that the positron was less localized at the highest density considered,
and that the strongest localization occurred well below the critical density.

We also decided to study Ps in Xenon because, of all the rare gases studied experimentally, it has
the highest critical temperature. The smailer thermal wavelength helped control the system size in the
simulations, which aided convergence. In contrast with e*, analytic potentials have not been developed for
the Ps-Xe interaction potential, and Ps-Xe scattering data is not available. Since the Fermionic repulsion of
the electron in Ps dominates the interaction, we simply used a hard sphere potential with a radius of
a5+0/2 , corresponding to the geometric separation of the two atoms.[12] Simulations were carried out on
two isotherms (T=300K, and T=340K) at scaled densities p=0.017, 0.088, 0.17 and 0.35 (the critical
density). The infinitely repulsive interaction caused a very low acceptance rate in the simulations and
forced us to develop a new sampling algorithm.[12, 22]
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Fig. 2 . Polymer-fluid atom radial distribution function for positronium in Xenon at 300K. Note that the
fluid displsacement is greater at the critical density (0.35).

Consistent with the experimental data, the model predictions here were much less dramatic than for
e*. As determined from studies of Dg and Efp (Figs. 1 and 2), the degree of localization, and the size of
the cavity carved out by the positronium atom gradually increased with density on each isotherm. The
effect was slightly stronger at the lower temperature, While the experimental plots of the pick-off decay
rate versus density show a characteristically flat plateau in the critical region, the predicted reduction in -
slope was smaller (Fig. 3).[23]

IV Analysis of Fluctuations

In addition to determining the average annihilation rates at a specified density and temperature,
PIMC was used to simultaneously generate the complete decay rate equilibrium distribution. [13] This is
not possible with the earlier models since they are mean field theories and, for the first time, provides the
opportunity to answer questions concerning the constancy of the Ip's environment. This information is

quantified by £y =03 /1), where 0;‘2 is the variance of the decay rate calculated for each distribution (Fig.
4). For o-Ps in Xenon at 340K, 0.83>§x>0.44 for 0.017<p<0.35 [12]. For e* in Xenon at T= 340 K,

1.2 > >0.18 for 0.01 <p< 0.5 [11]. Thus the simulations clearly demonstrate that, in each case, the
local environment of the Ip fluctuates strongly. The question that needs to be addressed here is how these
large variations in decay rate can be reconciled with the experimental results which yield a single, easily
resolved, annihilation rate.

The quantity that is actually measured in the laboratory is the mean value of P(t), the probability of
survival at time t [24]. Since the annihilation process is Markovian, for a given positron (or positronium
atom)

PO = expl-Jy A1) dr') ®

where, here, A(t) is the instantaneous annihilation rate experienced by the unstable particle. To determine
under what conditions an experiment should yield a single value for A, let (A) represent the mean
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annihilation rate as above and let 8A(t) denote it's fluctuation at time t. Then, through second order in A,
t
In(P®) = - Wt + W2 2[ dt c@ hh) ©)

where c(T)=(SA(T)SA(0))/(SA(0)2) is the decay rate time-correlation function normalized to unity at t=0.
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Fig. 3. Positronium decay rate versus density in Xenon at 300K.

If the second term on the right of (9) is sufficiently small, the experiment will detect the average.
This can occur if (a) C;» is very small, or (b) c(t) decays on a time scale T) much shorter than t= 14A), the
time of observation. However, we have already demonstrated from PIMC that {; is of order unity so (a)
doesn't apply and we consider (b).

Because A(t) depends on the atomic positions { Rj(t)}, we assume that its evolution is slaved to the
evolution of density fluctuations in the fluid. For simplicity let's assume that the relaxation time T) is
essentially that of the density fluctuation which it has stabilized. For both e* and o-Ps, PIMC indicates that
the diameter of the disturbed region in the fluid, for which &fp is different than unity, is on the order of
204 . In the case of e*, a dense droplet is created in its vicinity [11]. Thus a good estimate of T 3\ for the

positron should be the time required for an atom to diffuse a distance of 20A in the dense fluid. In
contrast, a cavity is created around o-Ps which is nearly vacant [12]. An estimate of the relaxation time of
this structure is approximately the time for an atom to ballistically traverse the cavity. Consequently the

relaxation time for o-Ps is expected to be much less than that for e*.
Experimental measurements [25] indicate that the diffusion constant of Xenon varies slowly with
the thermodynamic parameters in a region above the critical density and temperature with a value of

approximately D=2.0 x 1078 m2s™", which yields Ty =(20A)2/D= 0.2 ns. Now typical values of
{Mt=1 for e* annihilation in Xe at 300 K range from about 0.7 to 2.0 ns, yielding O.1<tl/t<0.25 . For

the case of positronium, 14A)=t is of much longer duration, since the vacuum lifetime of o-Ps is about
140 ns. In addition, the relaxation time is controlled by ballistic motion, which is much more rapid than

diffusion. Consequently, T/t <<1 for o-Ps decay.
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Fig. 4. Distribution of fluctuating decay rate from simulation.

V RISM-polaron Theory )

Most analytical theories of self-trapping in fluids have been based on some form of density
functional theory. Their product is a unique lp wavefunction and local fluid density which, together,
extremize a thermodynamic potential. Because they are mean field theories, all of these solutions ignore
fluctuations and have the annoying property of suddenly disappearing in certain ranges of density and
temperature of the host fluid. Thus, they hold out no hope for modeling the Ip either at low or high
densities, or in the transition region between trapped and extended states, where fluctuations play a
dominant role. )

The only exception to the above is provided by the RISM-polaron theory developed by Chandler
et. al. [7, 26) Rather than being derived from DFT, it is based on the path integral and provides a statistical
distribution of the system properties. RISM theory (reference interaction site model) was originally
introduced by Chandler to study the structure of molecular fluids. Thus it was a natural choice for
modeling the “polymer” which arises from the discretized path integral. There is niot room here to give the
mathematical description of the theory, but it is only important to realize that, unlike DFT"s, its products
are gg, and Dy, so it holds out the potential for revealing the degree of localization and the annihilation rate

of e* or Ps over a wide range of circumstances. The theory results in coupled equations for Efp and o(p)
(the polymer distribution function) which are solved iteratively. While complex in nature, convergence is
obtained much more rapidly than with PIMC, and can be carried out on a workstation.

As a test of the model, we have just completed applying RISM-polaron theory to the case of e* in
Xenon.[14] We used the same interaction potential as in our PIMC studies so we were able to directly
compare the predictions with numerically accurate simulations at four different densities. We were also
able to carry out the analytical work at many other densities and temperatures. We found that the qualitative
features of the predictions agree well with PIMC. However, there were some important differences: (a)
The peak of 8ep near the potential minimum was weaker and broader; (b) The overall shape of the plot of

(M) was similar to that of PIMC, and the experimental data, but noticeably smaller at each value of the

density. It is interesting that the RISM theory predicts a local minimum in the decay rate at about p=0.5 .
The experimental data of Tuomisaari ¢t. al. suggest that such a minimum may occur, but there are

insufficient data values to resolve the issue.[20] Since there are even fewer PIMC generated values of A,
this issue can’t be resolved here either.
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VI Conclusions

The expense of carrying out path integral Monte Carlo calculations has engendered criticism.
However, it is abundantly clear from the above that PIMC provides a vital test, and in some ways the only
test, of other, less complete, theoretical models. Moreover PIMC is, to date, the most effective and
accurate means for calculating the equilibrium properties of the adiabatic Ip-fluid system. In general, it has
resulted in a clearer understanding of localization. For example, we now recognize that the degree of
localization, quantified by the reduction of D¢ from the free particle value, is only indirectly related to the
Ip-atom correlation function &fp [26] which, in turn, should not be confused with the local density profile
produced by DFT. [11, 12] Angular correlation experiments are controlled by Dy, whereas lifetime
measurements are determined by Etp:

The origin of the very large clusters revealed in the e*-Xenon system are non-intuitive and difficult
to comprehend. They are a result of the deep minimum in the e*-Xe interaction potential produced by the

large polarizability of atomic Xenon. Recent ab-initio studies of the e*-Xe system demonstrates that there
is a virtual resonance in the interaction potential near zero energy, which may contribute to the strong peak
in &fp .[27] This should be kept in mind when considering DFT type models which typically replace the
actual interaction potential with a mathematically more tractable contact potential.[28] PIMC strongly
suggests that the details of the potential strongly affect the lifetime predictions becanse they directly
influence the short range behavior of tp which, along with the electron density, determines the mean
decay rate. The same could be said for the Ps-Xenon studies, where the choice of the hard sphere
interaction [12] failed to produce the degree of localization suggested by the laboratory measurements of
the pick-off decay rate.[13]

The very large fluctuations which occur in each trial system could not be predicted by a mean field
theory. Nor could they be experimentally resolved. The estimated relaxation time for atomic clusters
surrounding a positron suggest that it may be possible to experimentally resolve, or at least detect, the
fluctuating distribution of positron lifetimes. In contrast, the “back of the envelope” estimates given here
suggest that fluctvations within a Ps “bubble” are too rapid to be experimentally detected.

Of all of the analytical theories considered to date, the RISM-polaron theory holds out the most
promise. We have shown that it replicates the essential features of the PIMC studies of e*-Xenon system
over the complete range of densities, but underestimates their strength. It will be interesting to see if
improvements in this theory are forthcoming.
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