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Abstract. — A laser speckle technique is proposed for the study of diffusion in transparent
liquid mixtures. The diffusion constants may be deduced by a simple manipulation of the
speckle patterns recorded during the diffusion process. The proposed method, checked with the
LiBr-water system, gives reasonable agreement with existing deta.

1. Introduction

The study of diffusion in liquid binary systems by optical methods based on the measurement
of refractive index variation is well known [1,2]. Particularly, holographic interferometry [3-8],
and ESPI (Electronic Speckle Pattern Interferometry) [9-11] have been used to evaluate the
diffusion coefficient of a liquid mixture.

In this paper we report on an alternative method. The basic idea is to use the local correlation
degree of speckles in the image plane (also called subjective speckles) to study the refractive
index variation when two initially separated binary liquid mixtures of a solute A in solvente
B, with concentration of solute ¢;, and c¢s, diffuse simultaneously through each other.

The principle of local correlation of laser speckles consists in the evaluation of a local param-
eter which estimates the correlation of the speckles after any modification of the object under
test.

The proposed method can be considered to a certain extent a novel electronic version of
the speckle photography of transparent objects {12]. In fact, it is based on statistical speckle
properties and involves the detection of the object points not exhibiting speckle displacement.

The main advantage of the proposed method, aside from the simplicity of the optical system,
is its lower sensitivity to external vibrations with respect to other interferometric techniques.

2. Experimental Set-Up

The experimental arrangement used in this work is depicted schematically in Figure 1. As a
diffusion cell, we used a spectrophotometric glass cell measuring 10 x 10x 45 mm, equipped with
a Teflon shutting device to avoid evaporation phenomena. The cell is filled through a capillary
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Fig. 1. — Experimental set-up for measuring the diffusivity of liquid binary mixtures by speckle local
correlation.

tube from the bottom, to minimize turbulence and mixing. This allows to approximate closely
a step function in the initial refractive index gradient. First the lighter fluid is put into the
cell. Next the denser liquid is introduced slowly from below, lifting the lighter liquid without
convection movements. This filling procedure, developed by Gabelmann-Gray and Fenichel [5],
is very simple and effective. The cell is illuminated by an expanded and collimated HeNe laser
beam (P = 10 mW) by means of a diffuser (ground glass). The light rays diffracted by the
ground glass, form a speckle pattern on the photosensor of a CCD video camera which images
the diffuser. The video signal is finally processed by a frame grabber that allows arithmetic
operations on images in real-time.

3. Basic Principles

Let us consider a free diffusion process with a diffusion coefficient (D) independent of concen-
tration {c¢). Neglecting the Soret and Dufour effects, this process is ruled by Fick’s second law,
which can be expressed, for one-dimensional diffusion (along the z-axis), as in reference [13]

dc(x,t) 0% (z,t)
ot =D Ox? )

The solution of equation (1) for two binary liquid mixtures initially (¢ = 0) separated at z =0
with concentration ¢; and ¢ is [14]

c1 +co Cz—clerf< z )
2 2 2vDt/)’

where the error function erf is defined as [15]

c(z,t) = (2)

erf (u) = % /ou exp (—n?) dn .

In the diffusion cell, the refractive index can be treated as a linear function of the concentration,
call ¢(z,t), especially when the concentration gradient is small. Then, as a first approximation,
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Fig. 2. — Graphic reconstruction of the refractive index variation curve.
we can write [16]

dn

n(z,ty={— ] c(z,t)+ no, (3)
de /,

dn . .. dn . .
where (d_c) is the mean value of the derivative d—z in the applied concentration range and
0

7o 18 a constant.
The change in the index of refraction [An (z,¢;,%2)], as a function of z for two given times
ty and to > £, is

An(watl’t2) = n(x,t2)—n(x,t1)

- (&), ) ) | o

Equation (4) is plotted in Figure 2. The curve has two characteristic extremes. Their positions,
call zp and zg, may be found from the condition

o
37 [An (z,t1,82)] = 0. (5)
Using equations (4) and (5), we can write
0 z 9 x
Zerf | ——— )| - = —— | =0.
3z [ (avmm)) -3z [ (77w = @

Therefore

exp [— (a:/\/M)z] exp [— (x/\/m)z]
2v/Dts - 2Dty




1120 JOURNAL DE PHYSIQUE III Neg

Taking the logarithms of the left- and right-hand sides of equation (7) we obtain

() 20~ () m0m). o

_ 2DIn(ta/t1)
= W) = (i) ®)

from which

Hence we have

2D 1n (t2/t1) ]‘/2 [ 2D1n (t2/t1) ]1/2
ES S L LS and IB=— | 10
= ey 5= | - /) (10
In this way we obtain the separation of the two extremes on the z axis:
2D1n (t2/t1) ]1/2
=gp 2 =2 | ——t 11
w=ox-an =2 2R, =
And the diffusion coefficient turns out to be
2 pa—

81n (te/t1)

By means of equation (12), measurement of diffusion coefficients was performed through holo-
graphic and ESPI methods [4,6,8-10].

The local correlation of laser speckle images can be used to determine w without employing
interferometric techniques. This leads to a simplification of the experimental procedure.

If a transparent test object is placed in front of a laser-illuminated diffuser (as shown in
Fig. 3), a speckle pattern is formed on the photosensor of a T'V-camera. If the test object has
a non-uniform refractive index, the rays contributing to the formation of the speckle pattern
in the photosensor plane will be deflected by refraction.

If the refractive index changes, the deflection angle and the speckle pattern, formed by the
ground glass, will also change. The change of the deflection angle can be seen as a local
translation of the diffuser. The TV-camera should have a small aperture so that all rays
contributing to a particular speckle are deflected by essentially the same amount.

For light rays defined as orthogonal trajectories to the geometrical wave-front, the equation
relating the path of ray to the local index of refraction is [17]

d dr
I (na) = grad n, (13)

where r is the position vector of a typical point on a ray and s is the length of the ray measured
from a fixed point on it.

In a one-dimensional diffusion process the medium is stratified, so that refractive index can
be considered function of only one space variable. We assume that n varies in one direction
only (z-axis), which will be perpendicular to the entering ray. As shown in Figure 3, a ray
enters the medium at a location z, and it is parallel to the z-axis. In this case, equation (13)

can be rewritten as 4 o (2.2)
dz n(z,t
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Fig. 3. — Schematic illustration of local speckle pattern shift.

If the bending of the light ray is small ds ~ dz, the equation (14) can be simplified as

% [n (,t) j—ﬂ = Qﬁé—;”—” (15)

If the ray enters at z = 0 and z = x;, so that n (z;,,t) = np, equation (15) can be integrated,
with respect to z, and we obtain

dz _ 1 ean(x,t)dz__e_an(:c,t)

= — = 16
dz np )y Oz np Oz ’ (16)
where £ represents the thickness of the diffusion cell.
Therefore, the angle of refraction of a ray passing through the diffusion cell is [18-20]
dz £ On(z,t)
_dz_ £ on(at) 17
¢ dz n, Oz (17)
The corresponding local shift of the speckle pattern results
2
£ (2p,8) = Ltan ¢ ~ L0781 (18)

n, Oz
where, as the bending of the ray is small, we consider tan¢ ~ ¢. If we record two speckle

patterns at different times (z.e. ¢; and ¢2), we have two different local shifts, that is

2 on(z,ty) 2 on(z, i)
§(zp,t1) = o and  {(zp,t2) = - (19)

P zp P Zp
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If we consider a diffusion process with a small concentration gradient, the value of n, can be
considered constant between £, and #s.
Therefore, the shift of the individual speckle, during a time At = t; — #; is

2 | on(x,ts) on (z,t1)
6(xpat1’t2)=§(xpat2)_€(xp,tl):n_p [ (3:1,‘ 2 mp— 5932 ! . . (20)
There is no translation when
on (z,t2) on(z,t1)|
o . F =0. (21)

Tp

Equation (21) is equal to equation (5), therefore at the extremes x4 and zp there is no local
shift of the speckle pattern, that is

6($A,t1,t2) =0 and §(zg,t1,t2) = 0. (22)

The dependence of subjective speckle correlation on speckle displacement has been studied
by Owner-Petersen [21]. The correlation of the speckle intensity corresponding to a surface
resolution element AS has been evaluated theoretically by considering the local shift in image
plane and the global shift in the pupil plane of the speckle pattern. This second effect alters
the microstructure of the speckle pattern.
When we have no local shift and no microstructural change of the speckle pattern, the local
coefficients calculated in zs and zp relative to the speckle patterns recorded at the time ¢;
and ¢, are

p(za,ti,t2) =1 and p(zp,t1,t2) = 1. (23)

The correlation coefficient can be deduced, in real-time, by squaring and averaging the arith-
metic difference between two digital speckle images.

We indicate with I (z,y,%;) and I (z,y,%2) the intensity values, for a single point in the image
plane of the viewing lens, at two different instants ¢; and t2 respectively. As the system is
stratified along the z direction, for the sake of simplicity we can neglect the dependence upon
y. The light intensity of the speckle pattern is converted to an electrical video signal by a TV
camera. We assume that the video signals from the TV camera are proportional to the light
intensities. Commercial CCDs with typical nonlinearity about 5% are usable. The video signal
is converted to a digital picture by a frame grabber. If we subtract the two digital pictures
and if the signal after subtraction is square-law detected, the expected brightness is

Qatits) « ([(at)~I(@t))
= <12 (x,tl» -+ <I2 ($7t2)> -2 (I(x’tl) I((L‘, t2)> ) (24)

where {...) denotes a spatial average over an area that contains many speckles [22]. The last
term in equation (24) is a cross correlation between the two light intensities. Usually, the light
amplitude scattered from an optically rough surface, illuminated by coherent light, can be
treated as a circular complex random Gaussian statistics process. The cross correlation term
in equation (24) is then expressed as [23]

(I(z,t1) I (z,82)) = (I (z,t1)) (I (z,82)) [ + p (2, %1, 22)] - (25)

Assuming that the light amplitudes are stationary signals with respect to the spatial coordi-
nates we have (I (z,t1)} = (I {(z,t3)} = {I(z,¢)} (i.e. the spatial average intensities over an
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area that contains many speckles, at any time, are equal). Furthermore, taking into account
the negative exponential statistics of speckle patterns, we have

(I (z,1)) = 21 (,1))? (26)

Therefore the equation (24) turns out to be

Q(:D,tl,tz) & <[I (x,tl) - I(wat2)12> = <12 (:L‘, t)) [1 - p(a:, tl,t?)] s (27)
hence
[I(z,t1) — I(z,t2)]*
p(x,tl,tg):]."‘< > — _Q(x’t17t2), (28)
(I2 (2, 1)) B (z,t)
where B (z, t) represents the expected digital picture after squaring and averaging, i.e. B (z,t) x
<I2 (z,t))-

This demonstrates that the correlation coefficient can be deduced by squaring and averaging
the arithmetic difference between the speckle images I (x,t1) and I (z,%2).

In practice, two speckle pattern images at two different instants ¢; and ¢ are acquired
and stored in the frame grabber memory during the diffusion process. A digital subtraction,
between the speckle images I (z,t1) and I (x,%5), is performed and displayed, after a square-
law, on a monitor in real-time. Thereby, the ensemble average (...) is effected by a local
average [22]. Where there is no shift, p(z,¢1,22) = 1. Therefore, according to equation (27),
we have

(II(@,t1) - I(z,02)]") =0 (29)

so that in correspondence with za, and zg, dark fringes appear.

4. Results

Some measurements of a LiBr-water system (0.1 M) at 25 °C were carried out to check the
technique described above. Figure 4 shows an example of correlation pattern obtained with
t; =600 s and t3 = 1272 s. The dark fringes located at za and xp are indicated by the white
lines.

A set of correlation patterns, like Figure 4, was performed during a particular diffusion
experiment. From each correlation pattern a value of the diffusion coefficient D was deduced
from parameters t1, 2, w by equation (12).

The mean value of independent measurements was D = 1.25 & 0.04 x 10~% ¢cm?s~!. The
uncertainty represents the standard deviation of the measurements. It compares reasonably to
the value reported in literature [16] that is 1.279 x 107° cm?s~!

5. Conclusion

We proposed a new method to evaluate the diffusion coefficient in liquid binary mixtures. The
experimental examples clearly demonstrate the potentialities of the local correlation technique
for the study of diffusion.

The local correlation method can be considered less sensitive than holographic or ESPI
techniques, but it is relatively simple to construct and more straight to align. Furthermore,
it presents a remarkable simplicity in experimental procedure. Therefore, the local speckle
laser correlation can be used as an alternative method for routine measures of the diffusivity
of liquid binary mixtures.
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Fig. 4. — Correlation speckle pattern relative to an isothermal diffusion of LiBr-water system (0.1 M):
(t1 =600 s; t2 = 1272 5; w = 2.93 mm; D = 1.258 x 107% cm?s™1).
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