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Abstract. — We develop a theory for the dynamics of tilted hexatic phases in liquid-crystal films.
A renormalization-group analysis gives exponents for the softening of the optical-mode relaxation
rate near the hexatic-to-hexatic transitions. These exponents may be observable in experiments
on thermotropic and lyotropic liquid crystals.

1. Introduction.

Liquid-crystal films often exhibit tilted hexatic phases, with at least quasi-long-range order in
bond and tilt directions but only short-range crystalline order. Tilted hexatic phases can differ
from each other in the relation between the local bond and tilt directions. Two recent
experiments have studied transitions among different tilted hexatic phases. Dierker and
Pindak [1] use light scattering to investigate thin tilted hexatic films of thermotropic liquid
crystals. They observe a weak first-order transition from the hexatic-1 phase, in which the
local tilt (azimuthal) angle is locked along one of the six local bonds, to the hexatic-F phase, in
which the local tilt angle is locked halfway between two local bonds, 30° from each. Smith
et al. [2] use x-ray scattering to examine the Lg. phases of Iyotropic liquid crystals, which are
probably hexatic but may have finite in-plane crystallites. They find three distinct
L, phases: the Ly and L, phases (analogous to hexatic-I and hexatic-F) and a new
intermediate Lg; phase. in which the local tilt is locked at an angle between 0° and 30° away
from a local bond. The Lg; — Ly and Lg; — Lgp transitions are second-order.

In earlier papers [3, 4] we presented a Landau theory with fluctuation corrections for
transitions among tilted hexatic phases in two-dimensional (2D) liquid-crystal films. Our
theory is based on the interaction potential

V{0 —¢)=—-hgcos6(6 —¢)—h,cos12 (6 —¢) (1.1)

between the bond-angle field 6 and the tilt-azimuthal-angle field ¢. Using the renormalization
group, we derive a phase diagram in the three parameters kg, 4,5, and K_, the stiffness
constant for the 8_ = 6 — ¢ mode. This phase diagram exhibits the hexatic-I, -F, and -L
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phases as well as an unlocked tilted hexatic phase, in which the bond and tilt angles fluctuate
independently. Two cross sections of the phase diagram are shown in figure 1.

The purpose of this paper is to extend the Landau theory to describe the dynamics of tilted
hexatic films near the hexatic-to-hexatic transitions. This paper complements the work of
Zippelius et al. [S] and Ostlund et al. [6], who have studied the dynamics of 2D systems near
the liquid-hexatic and hexatic-solid transitions, and Pleiner and Brand {7], who have studied
the dynamics of 3D stacked hexatic liquid crystals. In section 2 we derive a kinetic equation
for the @_ (r, t) mode using the potential (1.1). This kinetic equation can be solved easily if
one approximates (1.1) by a harmonic potential. We show that the harmonic approximation is
self-consistent if and only if the restoring force at the minimum of the potential (a simple
function of kg and A;,) is sufficiently large. This condition is satisfied in most of the phase
diagram, but it is not satisfied near the second-order transitions, and it may not be satisfied
near the first-order I-F transition.

In section 3 we use a dynamic renormalization-group technique (similar to the dynamic
renormalization group for roughening [8, 9]) to find the behavior when the harmonic
approximation breaks down. By integrating out the short-wavelength components of the
noise and rescaling distances and times, we transform all the parameters of the kinetic
equation. We iterate until #4 and k,, either become large, in which case we can make a self-
consistent approximation, or else go to zero, in which case the problem is trivial. Using this
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Fig. 1. — Two cross sections of the theoretical phase diagram, for (a) constant 4, > 0 and (b) constant
hy, < 0, as a function of kg and the temperature-like variable K~ '. The double lines represent first-order
and the single lines second-order transitions. The arrows labeled (1)-(4) indicate the transitions
discussed in section 3.




technique, we derive the relaxation rate of the 6_(r, ¢) mode near each of the hexatic-to-
hexatic transitions in figure 1. Qur results are consistent with dynamic measurements near the
first-order I-F transition in thermotropics [1], and they could be tested by dynamic
measurements near the second-order I-L and L-F transitions in lyotropics.

2. Model of dynamics.
We consider the Hamiltonian for a 2D tilted hexatic film [3, 4, 10]

H 1 2, 1 2 -
E_T_fdlr[zx(,wﬂ +5Ki|V8 1>+ V6.V + V (0 ¢)]. @.1)

In the first three terms, Ky is a Frank constant for variations in the bond orientation
é(r, 1), K, is a stiffness constant for variations in the tilt azimuthal angle ¢ (r,7), and gisa
gradient cross-coupling. These 2D elastic constants are implicitly integrals of 3D elastic
constants across the thickness of the film. We neglect elastic anisotropy, which is irrelevant at
long length scales [3, 4, 11]). The function V(@ — ¢ ) is a general tilt-bond interaction
potential, which can be expressed in general as the Fourier series

V(0—¢)=—ih6,,c056n(0—¢) 2.2)

because of the local hexagonal symmetry. The first two terms of the series dominate near the
hexatic-to-hexatic transitions, and a qualitatively correct phase diagram may be obtained by
truncating the series to obtain the potential (1.1) [3, 4].

In this paper, we consider only tilted hexatic phases, in which disclinations in
0 (r, t) and vortices in ¢ (r, ¢ ) are rare and are irrelevant to the statistical mechanics. Nelson
and Halperin [10] have shown that these defects are irrelevant when the renormalized
K¢ = 72/m and the renormalized K, = 2/7. Under these circumstances, we can treat both
6(r,t) and & (r, ) as single-valued functions. We can then simplify the Hamiltonian by
defining the linear combinations [10]

0.(r,t) =ab(r,1)+B¢(r, 1), (2.3a)
0_(r,t) =6(r,t)—(r, 1), (2.3b)

where @ =1-8 = (Kg+9g)/(Ks+K;+2g). In terms of @,(r,¢), the Hamiltonian
becomes

H - 1 2,1 2
m_Jd%[§K+|V0+| +5K_|vo_| +V(0_)], 24

with K, = K¢+ K; +2¢g and K_ = (K, Ks— g*)/K, . The average value of 6_ is 0° (mod
60°) in the I phase, 30° (mod 60°) in the F phase, and between 0" and + 30° (mod 60°) in the L
phase. By analogy with the terminology for phonons, variations in 8, (r,z) and 6_ (r, ¢ ) can
be called « acoustic » and « optical » modes, respectively, with in-phase and out-of-phase
variations of bond and tilt angles [1].

In references [3, 4], the phase transitions of this model were studied by first using mean-
field theory and then examining the effects of fluctuations using the renormalization group.
We suppose that %,, is fixed and /4 decreases from positive to negative values as a function of
temperature or humidity. In mean-field theory, the nature of the phase transitions depends on
the sign of h;,. In a material with A}, > 0, there is a first-order transition from I to F at
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hg = 0. In a material with 4, < 0, there is a second-order, Ising-type transition from I to L at
he = 4|h;| and another second-order, Ising-type transition from L to F at kg = — 4 |A;,].
When we analyze the effects of fluctuations using the renormalization group, we find that
mean-field theory is valid for K_ > K, ;,, where #; and #;, are both relevant parameters,
becoming large as the renormalization-group transformation is iterated. However, for
K. ¢ < K_ < K, 13, the parameter A, is irrelevant, and there is a second-order transition from
Ito F at 25 = 0. For K_ < K, the parameters kg and %, are both irrelevant, and there is an
unlocked phase. The critical initial stiffnesses K, ¢ and K_ |, depend on the initial values of
he and h,; they are approximately K ¢ =9/(27) and K_ , = 18/w. The corresponding
renormalized stiffnesses are exactly 9/(2 ) and 18/w. Figure 1 shows the phase diagram
derived using the renormalization group.

We now investigate the dynamic behavior of a tilted hexatic film. Following references [12,
8], we assume that the low-wave-vector, low-frequency dynamics can be described by the
simplest kinetic equations that relax to the correct static limit. In this problem there are no
conservation laws for @, or 6_ However, there is a reversible coupling between the
6, mode and the transverse part of the momentum density, g(r, 7). The origin of this
coupling is that a local vorticity field causes 6, to precess, and conversely, an inhomogeneity
in 8, causes the fluid to move [5]. There is no such coupling between 6_ and
gr because the two angles @ and ¢ precess together in response to a local vorticity field, and
hence the difference 6 _ = 6 — ¢ does not change. As a result, the kinetic equations for
6. and gy can be written as [5]

36, (r, 1) 2 1,

—a-t-—-—=r+ K+ \Y 0?(r.t)+ﬁz-v><g-r(r,t)+r+f+(l’,t)+{+(l‘,t), (2.5&)
0

i) r,t

_ngt_)=_%K+ kg TEx V)V, (r,2) + vVir(r, 1) +

+vpoViAr(r, 1) + {1(r, 1), (2.5b)

and the kinetic equation for _ becomes

96_(r, )

o = F_K_V_(,t)-T_V'(O_(,tN+T_ f_(r,1)+¢_(r,1). (2.6)

In these equations I', are kinetic coefficients [13], » is the kinematic viscosity of the fluid,
po is the equilibrium mass density, and f, (r, ¢) and fr(r, 7 ) are external forces that couple to
0. (r,t) and gr(r, ¢). The functions £, (r, ) and {(r, ¢) are independent Gaussian noise
sources satisfying

(£, ()
. (q,2) ¢, (q,1'))

({_(q.1)) = ({r(q, 1)) =0, (2.7a)
2, (2w7)Y6(q+q')d(t—1t"), (2.7b)

(¢_(q,2)¢_(q',1")) =

{2r_(2vr)26(q+q')8(t—t')’ iflaf <4, 570

0, otherwise ,

(@ 1) L@ 1)) = 2 vpoks qu(a,, —% )(2w)28(q+q')6(z—z'). 2.7d)

The parameter A is an ultraviolet cutoff (of order the inverse intermolecular spacing), which
we impose on the noise £ _, as in reference [9]. We could impose a similar ultraviolet cutoff on
¢, and {1, but that is not necessary. Note that the kinetic equations are invariant under the



transformation 6, — —~ #, and g; — — g1, and independently under the transformation
6_ -—-06_.

The kinetic equations for the acoustic mode 6, and the transverse momentum density
gr have been solved by Zippelius et al. [5]. They find that the linear response function has
poles at the eigenfrequencies

1.
w = —§sz,qu, (2.8)
where
, K, kT
Di;=T, K, +vx [(I'.K, —v) - (2.9)
0

If the quantity under the square root is positive, the two eigenmodes are purely diffusive, with
relaxation rates given by y, , = 5 D,, g% If the quantity under the square root is negative,

the two eigenmodes propagate but are heavily damped, with a relaxation rate of
y = % (I', K. + v)q> The scaling of the relaxation rate with ¢ is consistent with the

experiments of Dierker and Pindak [1]. These eigenmodes and eigenfrequencies do not
change as one passes through any of the hexatic-to-hexatic transitions.

The kinetic equation for the optical mode 6_ is nonlinear and hence cannot be solved
exactly. For an approximate, mean-field solution, we assume the thermal fluctuations are
small enough that 6 _ (r, ¢) always remains close to a particular minimum of ¥ (8_) ; we will
later determine when this assumption is self-consistent. When this assumption is self-
consistent, we can approximate ¥ (6_) by a harmonic potential about the appropriate
minimum. The minima of V' (8_) are located at

0’ (mod 60°) , if hg=max (0, -4 h,);
gmin _ 30°l (mcidl 607), ° ffh6 <min (0,4 k) ; 2.10)
:-écos (he/4|h2| Y (mod 607), ifh, <0and
—4|hp| <hg<4|hpy] .
We therefore approximate
V(e_(xr,1)) z% V(™) (6_(r, 1) — 0™, (2.11)
where
36 hg + 144 by, if hg >max (0, -4 h5);
yr(gmmy — 36 hg+ 144 by, if hg < min (0,4 k) ; 2.12)

(144h‘22—9hg)/|h]2|, ifh12<0and
—4|hy| <hs<4|hp| .

The kinetic equation (2.6) now becomes linear and can be solved easily. For any particular
realization of the noise {_, we find that the Fourier transform of 68_=6_ - 6™"is

86_(q.0)=GM(q o)/ (g @)+ T2 (g )], (2.13)
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with the linear response function
GM¥qw)=[-iwl2'+K_ g%+ V"(6™™)]! (2.14)
The imaginary pole of this response function shows that the optical-mode relaxation rate is
yMF(q) = F_(K_ g%+ V"(6™)) (2.15)

in the mean-field approximation.
Equations (2.15) and (2.12) give the relaxation rate near the first-order I-F transition in a
material with A, > 0. Near this transition, we can write hg oc (T — Tig), and we have

yMF(q =0) = I'_ (36]hg| + 144 hyy) . (2.16)

As T - Ty, the relaxation rate yMF(q = 0) decreases linearly toward a nonzero limit.
We must now determine when the mean-field, harmonic approximation is self-consistent.

From equation (2.13), if the external force f_ = 0, the thermal fluctuations in #_ are given
by

n 1 K_A?
<(80_(r,t))>_47rK_ In [14"[7"(_0:_?11)}' 2.17)

The mean-field, harmonic approximation is valid if and only if the fluctuations remain well
inside one of the parabolic wells of V' (6_ ). As arough criterion, we require {((6 86 _ (r, ¢ N <
1/4 7, and hence the approximation is valid for

AZ
V(™) > xR (2.18)
e -1
For K_ = 36, this criterion simplifies to
V*(0mir) =36 A2 (2.19)

This criterion is satisfied in most of the phase diagram, whenever 44 is large. It may be
satisfied near the first-order I-F transition if 4, is of order A2 It is definitely not satisfied near
the second-order I-L and L-F transitions, where ¥ ”(8™") vanishes. Furthermore, it is not
satisfled near the second-order I-F tranmsition, where k|, is irrelevant, or in the unlocked
phase, where A and #,, are both irrelevant. To understand the dynamics in all the regimes
where the criterion (2.19) is not satisfied, we must use the dynamic renormalization group of
section 3.

3. Renormalization-group analysis.

In the regimes where we cannot solve the kinetic equation (2.6) directly, we can use the
renormalization group to transform it into an equation that can be solved. In the
renormalization-group calculation, we exploit an analogy between the dynamics of tilted
hexatic phases and the dynamics of roughening, which has been investigated by Chui and
Weeks [8] and Noziéres and Gallet [9]. Equation (2.6) for #_ (r, t) is almost equivalent to the
Kinetic equation for the height of an interface. The tilt-bond interaction potential
V (6_) corresponds to the pinning potential that tends to fix the height of the interface at an
integral number of lattice spacings. The only difference is that V(8 _) is the sum of two cosine
terms, but the potential studied in references [8] and [9] is a single cosine term. In this section,



we generalize the dynamic renormalization group for roughening to treat the potential
V(6_), and then we use the renormalization group to study the dynamics of 6_ (r, ¢) near
each of the hexatic-to-hexatic transitions.

To derive the recursion relations, we follow the procedure of Noziéres and Gallet. We first
transform the differential equation (2.6) into the integral equation

0_(r,1) = J.dzr] dr GEO)(r—rl, t—t)f (L) + M2 (rp, )= V'(0_(xr, )],

3.1
where
GOqw)=[-iel>'+K_ g4 !, (3.2a)
—rYar_ K_t .
14 mK_ t)ye - K if1>0;
GO 1y = | , ; .
= (r ) 0, otherwise . (3.25)

By iterating this integral equation, we solve for 6_(r,¢) to second order in A4 and
hy;. We then average over the Fourier components of the noise {_(q,¢) in the range
elA< |q] < A, thereby obtaining a « partially averaged » solution for #_ in terms of the
external force f_ and the unaveraged components of {_ (g, 7), with |q| < e~ ! A. Note that
the averaging procedure does not eliminate any components of f_ or 6_ The partially
averaged solution #_(r,t) satisfies an integral equation similar to (3.1), and hence a
differential equation similar to (2.6), to second order in h¢ and k,,. Using some approxi-
mations described by Noziéres and Gallet, we put the new differential equation into a form
equivalent to (2.6), but with different parameters in place of ¢, %45, K_, and I'_  As a final
step, we rescale distances by a factor of e! and times by a factor of e2!. We obtain the
following differential recursion relations, valid to second order in A¢ and A, .

dhg(f) 9 ¢t hg(£) hip()
—r— = (2——7@3 ) h6(t’)+—/-12__-.—, (3.3a)
dh,(£) 36 ) hs(g)z
S - (2_77’_1(__(7—) ) () + 222, (3.3b)
dK_(8)  cyhg(£) + cahpp(£)?
3 = ye , (3-3¢)
ar_f) _ les h(E)? + co (€)1 T_ () (.3d)

d?f Al

The ¢ coefficients are dimensionless functions of K_ that can be calculated explicitly by the
method of Noziéres and Gallet. We do not need their exact expressions for the purposes of
this paper.

In the renormalization-group transformation, we change the kinetic equation (2.6) into an
equation with the same form but with different parameters. It is straightforward to relate the
linear response function G _ for the original equation to the linear response function for the
transformed equation. Because distances and times are rescaled but the field 6 _ (r, ¢) is not
rescaled, we obtain the generalized homogeneity relation,

G (qow;hahnK T )=eG_('q e w;hg@), ). K_(£), T_(£)). (3.4)
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The static susceptibility x_ (q) defined by

(0_(q,1)6-(q, 1)) =x_@)(27)8@+q) (3.5

satisfies a similar relation,
x_@hehp K )=e x_(hq;he(0), h(0), K_(£)). (3.6)

The recursion relations (3.3) show that 4¢ is relevant for K_ =K ¢~ 9/(2 7#) and
hyy is relevant for K_ > Ky, = 18/7. If hg and h, are both irrelevant then we can iterate the
recursion relations for £ — co. In this case A and A,, are both driven to 0, and the problem of
determining G_ or y_ becomes trivial. On the other hand, if either 4 or 4, is relevant, then
we must stop iterating when { = £* such that max (|ag(£*)|, |h,(£*)]) = 0(A?) [14]. At
that point the recursion relations (derived for small ¢ and 4,,) cease to be valid, and we must
match onto some approximation for G_ or y_ that is valid for large k¢ or h;,. We consider the
dynamic behavior in four regimes, which are indicated by the arrows in figure 1.

(1) If K_ < K ¢, then hg and h,, are both irrelevant. The system is in the unlocked phase,
with independent fluctuations of bond and tilt angles. The linear response function is given by

equation (3.4) ; the right-hand side can be evaluated for { — o0 using equation (3.2a). We
obtain

G_(qo)=[-iwl}'+KFq7 !, (3.7

where the renormalized coefficients I'? and KR} are defined by

't = im I_(0), (3.8a)
f-.co

KR = 1im K_(0). (3.8b)
f-ow

The argument of references [8, 9], in the context of roughening, shows that these limits are
finite. The optical-mode relaxation rate is therefore

y_(q)=TR kR g? (3.9)
By a similar argument, the static susceptibility is
x- (@)= [KRq7"! (3.10)

At the critical stiffness K, 4, the coupling ks becomes relevant, and there is a « lock-in »
transition from the unlocked phase to the I phase (if h;=>0) or the F phase (if
h¢ < 0). This transition is exactly analogous to the transition from the rough phase to the
smooth phase in the theory of roughening, and the results of references [8] and [9] can be
carried over directly. In particular, both K® and I'R have square-root cusps at the transition.

@) f K ¢ <K_ < K_ 15, then hg is relevant but 4, is irrelevant. The system has a second-
order I-F transition at ¢ = 0. Near the transition, we can write hg oc (T — T1g). We use the
recursion relations (3.3) to iterate up to the length scale £* where [h6(l’ )| = 0(A%. A
characteristic value for X_ (f) during the iteration is K®, which is between 9/(2 7 ) and 18/.
The flow of A¢(f) is approximately

R
he(l) = hge® ™I (3.11)
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and {* is therefore given by

£* A2

= (i

By integrating the recursion relations for K_(f) and I'_(f) from £ = 0 to £*, we obtain

=kRj2 7Kk _9)
) (3.12)

a3 KR g
KRk =2 L= (1-21, 3.13a
2 <2w1<§ -9 ) ( A* ( )
mlt o K2 [t (3.13b)
n—=— = — R — - . .
' 2\2#7xKkR_9 A?

Note that K® and I'*? do not have singularities as %4 — 0.

At the length scale £*, the criterion (2.19) is satisfied, and hence we can use the mean-field
theory of section 2 to evaluate the right-hand side of equation (3.4). The linear response
function is therefore

~kRj(2 7KR - _
G = ; R-1 R .2 5 |76 27kR27kR -9)7-1
-@ @)= | -ielZT + Ko g7+ 36 A7 —5 . (19

and the optical-mode relaxation rate is

|h6| 2nkRj27kR ~9)
v (q)=r§[1<§ g+ 36A2(—A-2—) } (3.15)
Similarly, the static susceptibility is
Ihel 27kR 2 7kR ~9)7-1
x_(q) = [K_R g+ 36 A"( —T ) ] , (3.16)
and the correlation length ¢ diverges as
— kR #kR - 9)
£ oc || (3.17)
These results can be summarized by the critical exponents
2 wKR
y=2u=5._KR__9, (3.18a)
TK T —
7 =0, (3.18b)
z=2. (3.18¢0)

The results could be tested by experiments on liquid-crystal films with the appropriate
stiffness K_. Note that K , is about a factor of 5 less than the stiffness of the five-layer films
studied by Dierker and Pindak [1].

(3) If K_ = K_ | and &, > 0, then A4 and #,, are both relevant, and the system has a first-
order I-F transition at 4, = 0. Close to the transition, &g oc (T — Ty¢) is small. If the initial
value of 4y, is of order A% we can use the mean-field theory of section 2 directly ; otherwise,
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we must use the recursion relations (3.3) to iterate up to the length scale £* where
hy(£%) = ©(A?%). Near the tricritical point, as K_ — K |,, we obtain

£*oc (K. — K p)"? (3.19)

by the method of Kosterlitz [15]. At the length scale {*, we can use mean-field theory to
evaluate the right-hand sides of equations (3.4) and (3.6), and hence we obtain

—c(K. - K. )2 —de(K_ Ko p) P

G_(q0)=[-iol'?- 14 KR g2+ 36|hs| € + 144 A2e 1!

(3.20)
and

—c(K_ - K 1) P ~dc(K_ - K. )7 P

x_ (@) =[KRg?+36|hs] e + 144 A%e R € 1))

The optical-mode relaxation rate is therefore

_ Y _ _ - 12
~eK —Ken)TT | g4 p2em 4K KT (300

y_(q) = TRKR g7+ 36|k ¢
Note that y_(q = 0) decreases linearly with |Ag| oc |T — Ty¢|, and it has a nonzero
minimum value at the transition. This minimum value vanishes with an essential singularity at
the tricritical point, where K_ — K7 ,. Note also that y_ (q) has the conventional quadratic
dependence on gq (contrary to Egs.(5.3) of Ref.[4], which are incorrect because
h¢ and h,, are evaluated at an incorrect length scale). The behavior of y_ (g) as a function of
(T — T¢) and as a function of q is consistent with the experiments on thermotropic films by
Dierker and Pindak [1].

4) If K_ > K, ;and k), <0, then kg and h,, are both relevant, and the system has second-
order I-L and L-F transitions. We can use the recursion relations (3.3) to iterate up to a length
scale £ * where h¢(£*) and A,,(£*) are large. However, we cannot use mean-field theory close
to the I-L and L-F transitions, because V{.(8™") = 0O there. Instead, we must use an analogy
with the Ising model. The renormalized potential ¥;.(68_) consists of a series of valleys with
Ising-type internal structure. If A¢(£*) and A,,(£*) are of order A% then fluctuations in
@ _ are confined to one valley, and our problem becomes equivalent to a 2D continuum Ising
model with fluctuations. Because there are no conservation laws, the dynamic universality
class is model A of Hohenberg and Halperin [12]. From dynamic scaling, we have

y_-(@)=£"7"02(Iq]) (3.23)

near the second-order transitions. The relaxation rate y_ (g = 0) therefore vanishes as

|hs — h&"|”. near the I-L transition ;

Y- (@=0)ox §™ « (3.24)

|hs — h§F|™*, near the L-F transition .

For the 2D Ising model, » = 1 exactly and z = 2.18 in the ke-expansion [12]. In the lyotropic
films studied by Smith ez al. [2], 24 can be adjusted by varying either the chemical potential of
water (p) or the temperature. Near the I-L transition, (hg— Y o (p—p ) or
(T - Ty); a similar result holds near the L-F transition. The power law (3.24) could
therefore be tested by dynamic measurements near the I-L and L-F transitions in lyotropic
films.
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