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Abstract. — We show that the rate of relaxation is an important characteristic of the dynamics
of critical systems undergoing second order phase transition, which are, in fact, still in effective
motion even after the order parameter is reaching its steady state value. As a model system,
we investigate the instability of the orientational state of a nematic liquid crystal acted on by a
laser field and present the measurement of the initial fluctuations that start up the decay of the
unstable state.

1. Introduction

Although criticality is a fundamental characteristic of many phenomena, only few of them al-
low for a straightforward experimentation. In this sense, the reorientation of a Nematic Liquid
Crystal (NLC) under the influence of an external field represents an exceptional opportunity
for investigating critical phenomena and their dynamics [1-3]. In particular, this is true for
optically induced instabilities of the NLC-orientation. First of all, the use of laser beams allows
to realize a spatially localized influence on the NLC; second, non-linear optical phenomena pro-
vide an accurate and extremely straightforward mean for registration of the NLC reorientation.
The so called “self-heterodyning” technique [4] has been previously utilized, indeed, both for
the study of light-NLC interaction and for the determination of material parameters of the
NLC sample [5,6].

The director reorientation observed in a NLC acted on by a laser field is known as “Optical
Freedericksz Transition” (OFT) [7,8]. If the optical anisotropy of NLC (which is positive in
most materials of interest) is small, the OFT is essentially similar to the Freedericksz transition
induced by a quasistatic electric or magnetic fields [9]. Theoretical investigation of the dynamics
of Freedericksz transition in a magnetic field, with account of thermal fluctuations, have been
presented in several papers [3,10-13]. The dynamics of OFT has been discussed so far in
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Fig. 1. — Experimental geometry of the NLC cell.

the deterministic limit, with the purpose of carrying out a linear stability analysis of spatially
inhomogeneous orientational states that can be generated above the threshold intensity [14].
All these investigations of relaxation phenomena adopt the basic results of the theory of decay
of unstable states [15-19]. According to this theory, two characteristic times are distinguished.
One of them describes the relaxation of small fluctuations around a stationary stable state and
is referred to as the “differential relaxation time”. The second one represents the time interval
which is required for the system to leave the immediate vicinity of an unstable state, and is
called “Mean First Passage Time” (MFPT) [13-17].

In the present paper, we use OFT as a model system to investigate the dynamics of the
second order phase transition. In particular:
1) We show that the rate (speed) of relaxation from the initial to the final equilibrium state
of the system achieves its biggest value at an intermediate stage of the process, and the order
parameter of the system is in effective motion even in the immediate vicinity of the final
equilibrium state. We present the results of both theoretical and experimental investigations,
showing that the characteristic time of effective motion (together with the differential relaxation
time and the MFPT) is an important feature of the dynamics of critical phenomena. In
addition, a new physical meaning of the MFPT is suggested that allows for an unambiguous
and precise experimental characterization.
2) The initial fluctuations that start up the critical reorientation of the NLC are measured for
the first time for OFT.
3) Our results provide evidence for a new phenomenon: non-critical enhancement of the start-

up fluctuations due, probably, to a strong interaction between additive and multiplicative
noises.

2. The Model System and the Main Equations

As mentioned above, OFT in NLC’s proves to be an attractive model for the study of critical
phenomena and is highly suitable for experimentation, which can be simply realized by using
a low power cw laser and exploiting the “self-heterodyning” technique [4,5]. Self phase mod-
ulation of the laser beam due to reorientation of the NLC director gives rise to the formation
of a well known ring-shaped interference fringe pattern in the far field zone. The number of
observed rings provides a direct measure of the NLC-reorientation angle and has been used,
since many years, to characterize optically induced orientational phenomena in NLC {7,8]. Let
us consider a homeotropically aligned NLC sample: molecules are perpendicular to the sub-
strates of the cell and strongly anchored. The light beam is normally impinging and propagates
along the z-axis, which is normal to the cell substrates (Fig. 1). The spot size in the beam
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waist is considered to be larger than (or, at least, comparable with) the thickness of the NLC
layer. Then, a small area of the cell is being tested, thus ensuring smoothness of the profile of
reorientation in the plane which is transverse to the propagation direction of the beam. Such
a localization of the process appears impossible to be realized by means of quasistatic electric
or magnetic fields since, in these cases, the dynamics of the NLC reorientation is influenced by
the transient pattern formation and by the transverse modulation due to fluctuations of the
NLC [12-14,20,21]. Thus, in our case, the critically enhanced mode of director fluctuations
can be approximated by ©(z,t) = 8(t)sin(rz/L) where ©(z,t) is the reorientation angle as
a function of the z-coordinate and time ¢, while 8(¢) is the biggest reorientation angle that
is achieved, as a function of time, at the centre of the NLC-cell with hard anchoring at the
boundary layers (at z = 0 and z = L). The equation for the dynamics of §(¢) can be presented
in the form [7]

00
— =(p—1)8 — ub?
5y = P = 10— u 1)
where t' = t/7 is the time in units of the characteristic relaxation time
vL?
= 2
T 7T2K3 ( )
and 7
== 3
P=1 (3)
is the light intensity in units of the characteristic threshold value of the OFT:
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In equation (1) we have taken
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and the conventional notations are used for the light speed in vacuum (c), NLC orientational
viscosity (7), elastic constants (K,), dielectric anisotropy (€. = €)—¢1 ) at the optical frequency
(w) and cell thickness (L). We will assume g > 0 which is the case for most of NLC’s. In
deriving equation (1), the lowest order non-linear term in 6% has been retained in order to
account for the stabilizatign of the director reorientation over the threshold. Furthermore, in
equation (1) we have not included the stochastic force since it plays a significant role only near
the critical states, (particularly in the initial stage of the decay of the unstable orientational
state) while in the intermediate regime the dynamics is mainly determined by the nonlinearity
of the system [3,15,19]. In the process of interaction with an electromagnetic radiation this
dynamics reveals itself through the non-linear phase shift ® induced in the laser light when
crossing the NLC-cell. In fact, due to the large optical anisotropy of the NLC (typically, €, ~
0.5) and the very large value of the wavenumber at the optical frequency (w/c ~ 10° cm™1),
even a small reorientation of the NLC director results in a remarkable phase shift [7]:

wea L

22 62, (6)
4C, /€1
From the experimental point of view, we can register the squared reorientation angle by mea-
suring ®. Rewriting equation (1) in terms of &, we get indeed:
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where
wea L

L | ]
depn/e1 )
&, represents the steady state limit reached by ®(t) for a given value of p. From equation (6)
we have therefore:
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3. The Rate of Relaxation

The physical quantity we are aimed to study is V (¢), the “rate” of decay of the squared value
of the director reorientation angle. Measurement of this quantity has not only fundamental
but also practical interest: Reorientation of NLC induced by laser beams is demonstrated to
provide unique opportunities for the characterization of energetic parameters of the beams; by
that, the measurement of the rate of relaxation allows to carry out measurements in periods
which are one order of magnitude smaller than the characteristic relaxation time [22].

First of all, we note that V(¢) is small both at the beginning and at the late stages of the
process and reaches its maximum value V, when the phase shift becomes half of its steady
state value (i.e. ®(t) = Po/2):

(p —1)?
= : 1
Vi 2T (10)
Proceeding from the solution of equation (7)
@
®(t) = 2 (11)
P —Po__ory
14 - 70
+ Ty e
(where ®(t = 0) = ®;) we obtain that V4, is reached at the time instant
1, (P — P 1, (@ 1, (62
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where §) and 6, indicate the initial and the maximum reorientation angles, respectively. Thus,
we can introduce a quantity, t,,, which is of the order of magnitude of the MFPT but has a
new and well defined physical meaning: it is the time when the rate of escape of the squared
director orientation angle from its unstable equilibrium value is masimum. We underline that
the definition of ¢,, does not require any arbitrary choice of particular conditions and allows
for an unambiguous and precise experimental characterization.

An interesting physical consequence of our considerations concerns the concept of the achieve-
ment of the steady state. In fact, the condition that the director orientation has achieved the
1/e level of its steady state value does not imply achievement of equilibrium. The system can
be regarded as stationary only if the speed of relaxation also becomes sufficiently small. The
time ¢, needed for V'(¢) to reach the 1/e level of its maximum can be easily calculated and is:

1+yI—e1 1.1
ty = tm + 1(+ e)z%+—~ (13)
a1 Vet

r
This time interval is larger than tg, that is the relaxation time needed for 8% to reach the
1/e level of its maximum:

1 0.3
te =tm+——ln(e—1)ztm+—l_,—-

5T (14)
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Fig. 2. — Typical time behaviour of &(t)/®. and V(t)/Vi as calculated from equations (11, 7).

Figure 2 shows this difference for a particular value of (®o, — @)/ ®o: owing to the dependence
of I on p given by equation (8), in the proximity of the critical point (I ~ Ir) the difference
t, —ts =~ 0.8/T can become appreciable; we stress out that this peculiarity of the phenomenon
is due to its non-exponential relaxation behaviour.

It is also interesting to find out the time interval during which the system is in motion. This
can be calculated as the full width at half maximum of the lineshape of V(¢):

1
1-|-\/j
At= Ll 2 | o 177 (15)
1 p—1
1—a4/=
2

At is determined only by the excess of the control parameter over the critical threshold value
Ir and by the time constant 7 which is a characteristic of the medium. We note that the
stochastic nature of the phenomenon determines the relaxation time of the director and its
rate, but does not influence the effective motion time At.

4. Experimental Set-Up and the Method

The light source is an Ar% laser (Innova 90 by Coherent) operating at the wavelength
A = 514.5 nm. After a shutter and a calibrated system of beam splitter and power me-
ter, the laser light is linearly polarized and focused (f = 150 mm) on the cell (thickness
L = 50 pm). The NLC is the E7 (by British Drug Houses, parameter values ¢ = 3,
€1 = 24, Kz = 1.2 x 1075 dyne, v = 1.2 Poise), homeotropically aligned and thermo-
stabilized at 24 °C. The beam has a Gaussian profile of intensity with a spot size in the waist:
wo (HWe~M) = 35 um. The outgoing beam is chopped and its central part is detected by
a photodiode placed behind a 200 um pinhole. The detected signal is sent to a lock-in am-
plifier (model 5208 by EG&G) which improves the signal to noise ratio, and then to the data
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Fig. 3. — Typical experimental time behaviour of V(t) as determined by following the dynamics of
the ring pattern formation. In this case, A = 514.5 nm and P/Pr = 2.14 + 0.07.

{
acquisition system (Data 6000 by Data Precision) triggered by the shutter. The phase shift is

measured by registering the number of circular interference fringes at the output of the NLC:
B(t) = 27N (t) (16)
and the rate of relaxation V() is measured by registering the frequency of oscillations in the

intensity on the axis of the beam. The detailed discussion of this so called “self-heterodyning”
method is presented elsewhere [4].

5. Measurements

5.1. THE RATE OF RELAXATION. — The threshold power of the OFT has been found to
be Pr = (188 + 6) mW corresponding to the threshold power density Ir = 4.9 kW/cm?, a
value which is slightly higher than the theoretical one (4.6 kW /cm?) as calculated by means of
equation (4). This circumstance evidences that the plane wave approximation made in deriving
equation (1) is well valid.

Experiments for the determination of the rate of relaxation have been carried out at power
values up to p = P/FPy ~ 2.14. The particular experimental results presented in Figure 3 can
be perfectly fit with the aid of analytical expressions (9, 11) and parameter values ®., = 80,
®y = 4.5, T = 0.567 s~! The value of I' is in agreement with the theoretical evaluation
I' = 0.45 s~! given by expression (8), but the value ®., = 80 corresponds to a magnitude of
the steady state reorientation of the NLC of the order of 1 rad (Eq. (6)). Thus, the obtained
good fit is, in fact, quite unexpected and our physical system is an example of a system where
the analytical expressions obtained at the limit of some parameter value ¢ < 1, work fairly
wellup to z ~ 1.

Experimental values of V},, as a function of p have been obtained by the plots of V'(¢) (curves
of the kind of Fig. 3) detected by means of the “self-heterodyning” method at different values
of the impinging power. Far from the critical region (P > Pg), there is a saturation in ®,..
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Fig. 4. — Experimental values of Log(Vim) versus Log(p — 1) for all the used wavelengths. Triangles
refer to A\; = 488 nm, circles to A2 = 496 nm and squares to A3 = 514.5 nm.

Indeed, following equations (5, 8, 9), for I > Ir, ® becomes almost independent of p and
reaches the value ®oos5y. Therefore, the intensity dependence of the maximum relaxation rate
becomes linear:
Vin = (Poosat/27) (0 — 1). (17)

This kind of “saturation” is evident in Figure 4, where Log(Vi,) versus Log(p — 1) is not a
straight line with a fixed angular coefficient.

Finally, the plot of 1/At (the inverse of the linewidth of V'(¢)) is presented versus p — 1 in
Figure 5: the linear dependence predicted for 1/At by equation (15) is clearly shown.

5.2. START-UP FLUCTUATIONS. — Stochastic fluctuations play the fundamental role of ini-
tiating the transition from the unstable to the stable equilibrium states. However, because
of experimental difficulties, these fluctuations were recently characterized only for the case of
the quasistatic electric field induced Freedericksz transition in NLC [21]. It has been found
that: a) the effect of misalignment of the boundary layers of NLC is negligible compared to the
effect of fluctuations; b) the magnitude of fluctuations and their dependence on the vicinity to
the critical region is well described by the conventional theory of thermal fluctuations of the
NLC-orientation [9]; ¢) the reorientation is accompanied by transverse patterns because of the
large sizes of the electrodes (needed to apply the electric field) compared with the thickness of
the NLC-layer.

In a previous paper [5], we have underlined the opportunity, given by the OFT, to carry out
characterization of the start-up fluctuations for critical systems. Indeed, the relaxation process
can be described in its initial stage by a linearization of equation (11):

In ®(t) = In &g + 2T't. (18)
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Fig. 5. — Trend of At versus p — 1 for all the used wavelengths. Triangles refer to A1 = 488 nm,
circles to A2 = 496 nm and squares to Az = 514.5 nm.

With this approximation, the plot of In ®(t) versus time is a straight line whose extrapolation
to the time instant t = 0 gives In ®p and, thus, by means of equation (6), it allows for the
determination of the initial squared fluctuation angle §2. By that, due to the possibility to
limit the size of the beam, one can expect that the reorientation takes place smoothly across
the beam, without generation of transverse instabilities that would affect the dynamics of
the process. Measurements have been repeated up to 15 times for a given value of p, with
the aim of checking whether the initial fluctuation state is the same for all the experiments
which are carried out in the same conditions or it changes when the experiment is repeated.
Furthermore, in order to investigate the dependence of (62) on the proximity to the critical
intensity, determinations of @ have been also performed at different values of p.

In Figure 6, the plot of the experimental values of In ®(¢) versus time shows a satisfactory
agreement with the approximate linear dependence given by equation (18). The dependence of
the average (6Z) on (p—1)~! obtained from the experimental determination of In ®; is shown
in Figure 7. The large variance (o2 is of the order of 40%), is not due to experimental errors,
which always remain of the order of 8%, but reflects the stochastic origin of ®y and indicates
that, each time the experiment is repeated under the same conditions, the reorientation of the
NLC does not start from some average level of fluctuations, but basically it may be a drag
of the initial state of orientation encountered at the moment the light beam impinges on the
sample. However, the enhancement of the initial fluctuations in the critical region of light
intensity (Fig. 7) indicates that the reorientation process is proceeded by an enhancement of
fluctuations.

6. Discussion

Registered values of (#Z) turn out to be remarkably higher than that estimated by the simple
expression [9-12]:

ksT
(62) = f];?g ~ 1074 (19)
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Fig. 6. — Initial trend of In[27N(¢)] versus time; data refer to one of the 14 experiments performed
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Fig. 7. — Dependence of average 63 on (p — 1)~!. The bar does not indicate experimental errors
but the statistical ¢ value obtained from different measurements performed in the same experimental
conditions.

In order to explain this observation, we have performed an analysis of the main possible rea-
sons:

a) Pretilt or non-ideal alignment of NLC at the cell boundaries.

These contributions, though important in many situations, would be either independent on
the laser beam intensity or, would increase with it due to non-threshold effects of light-induced
reorientation: this is not our case. Moreover, the effects of pretilt has been found to be negli-
gible in [21].

b) Non-ideal normal incidence of the beam on the NLC-cell.

As for the non-ideal alignment, one would expect that the measured level of initial orientation
should increase due to non-threshold reorientation of NLC in the obliquely impinging light
beam. It is easy to evaluate that the role of the finite angle made by the director and light
beam due to focusing is negligible in our experimental situation (beam focused by a lens of
f =15 cm focal length and waist radius of the beam = 35 um).

c) Varation of material parameters.

In experiments in which use is made of laser beams, heating of the material due to absorption
of laser radiation can lead to variation of the material parameters such as viscosity, elastic
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constants and optical anisotropy. For the NLC used in our experiment, the absorption con-
stant a is of the order of 1072 cm~! Thus, only a negligible part of radiation is being absorbed
in the layer of thickness L = 50 um. Thermal effects have therefore a negligible contribution
in our results.

d) Noise introduced by the scattering of light.

Laser-induced critical phenomena are peculiar stochastic processes where the intrinsic fluctu-
ations (additive noise) result in a strong light scattering and, hence, in strong fluctuations
of external parameter (multiplicative noise). We note that, with a scattering cross-section of
NLC of the order of ¢ = 5 cm™* (for the ordinary wave), and a thickness of the NLC-layer
L = 50 pm, the intensity of the scattered light (ps = 0Lp = 2.5 x 1072p) can reach consider-
able values even when the intensity of the incident beam is of the order of the OFT threshold
{p = 1). Furthermore, if we consider that the scattering is many orders of magnitudes larger
than in isotropic liquids for a large region of incidence angles (up to 1 rad) [23], the reorien-
tation of the NLC-director due to the scattered light can reach values 8 ~ 1072, very close to
the observed ones. We also note that in the critical region of second order phase transition,
both the fluctuations and the light scattering critically enhance. As seen in Figure 7, we ac-
tually observe this critical behaviour near the OFT threshold. For large intensities, far from
the critical region, the character of the dependence of the start-up fluctuations on the light
intensity apparently changes and the level of fluctuations shows the tendency to increase with
increasing intensity. Though our data are not sufficient for final conclusions, this increase of
(63) with intensity can be treated in terms of the mentioned effect of multiplicative scattering
noises; indeed, away from the critical region, this effect may be dominant. We think therefore
that both mentioned phenomena (fluctuations of laser intensity and the multiplicative noise
induced by the additive-one) should be further investigated to describe the measured values of
the mean level of start-up fluctuations and their dependence on the proximity to the critical
point.

In conclusion, we have characterized the relaxation and stochastic properties of the unstable
orientational states of a NLC acted on by a laser beam. The rate of relaxation has a maximum
at an intermediate stage of the development of the instability and, depending on the proximity
to the critical point, it can be still large even when the relaxing parameter is considered to have
reached its steady state. The time of “effective motion” is determined by the characteristic time
constant of the medium and by the proximity to the critical point. Finally, we have measured
the director fluctuations which initiate the second order phase transition. The amplitudes of
these fluctuations are very much at variance for different measurements performed in the same
experimental conditions. Their mean square value decreases with increasing light intensity,

staying, however, considerably higher than that expected in the framework of the conventional
thermodynamics.
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