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Theory of the Critical State of Low-Dimensional Spin Glass
M.J. Thill(*) and H.J. Hilhorst

Laboratoire de Physique Théorique et Hautes Energies (**), Batiment 211, Université de Paris-
Sud, F-91405 Orsay Cedex

(Received 26 July 1995, accepted 6 October 1995)

Abstract. — We analyse the critical region of finite-(d)-dimensional Ising spin glass, in par-
ticular the limit of d closely above the lower critical dimension d¢. At criticality the thermally
active degrees of freedom are surfaces (of width zero) enclosing clusters of spins that may reverse
with respect to their environment. The surfaces are organised in finite interacting structures.
These may be called protodroplets, since in the off-critical limit they reduce to the Fisher and
Huse droplets. This picture provides an explanation for the phenomenon of critical chaos dis-
covered earlier. It also implies that the spin-spin and energy-energy correlation functions are
multifractal and we present scaling laws that describe them. Several of our results should be
verifiable in Monte Carlo studies at finite temperature in d = 3.

Résumé. — Nous analysons la région critique du verre de spin en dimension d finie, en parti-
culier la limite de d proche au dessus de la dimension critique inférieure d¢. Au point critique,
les degrés de liberté thermiquement actifs sont des surfaces (d’épaisseur zéro) qui délimitent
des amas de spins pouvant se renverser par rapport a leur environnement. Les surfaces sont
organisées dans des structures finies et en interaction. On pourrait les appeler protogoutteleties
(protedroplets), puisqu’elles se réduisent aux gouttelettes (droplets) de Fisher et Huse dans la li-
mite des échelles au-dela de la région critique. Cette image permet une explication du phénomeéne
du chaos critique découvert antérieurement. Elle implique aussi que les fonctions de corrélation
spin-spin et énergie-énergie sont multifractales et nous présentons des lois d’échelle qui les dé-
crivent. Plusieurs de nos résultats devraient étre vérifiables dans des simulations Monte Carlo &
température finie en d = 3.

PACS. 05.50+q —~ Lattice theory and statistics; Ising problems.
PACS. 64.60Fr — Equilibrium properties near critical points, critical exponents.
PACS. 75.50Lk — Spin glasses and other random magnets.

1. Introduction

No exact solution exists of the spin glass problem in the physical dimensions d = 2 and
d = 3. The most successful approximate description was developed by McMillan [1], Bray
and Moore [2], and Fisher and Huse [3,4]. The authors [2] speak of a scaling theory and the
authors [3,4] of a droplet theory. In both cases the main hypothesis is the existence of an
effective coupling constant K~ dependent on the length scale L and satisfying scaling laws
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near zero temperature (with thermal exponent y) and at criticality (with exponent y.). These
scaling laws may also be thought of as arising from a renormalization group (RG) for the spin
glass, and in fact real space RG arguments are used by all the authors [1-4]. In particular,
RG arguments can be put forward [5] that experimental spin glass is well described by the
Edwards-Anderson (EA) Ising spin glass model [6].

Again, no exact RG is known for the finite-dimensional spin glass in dimensions d > 1. The
most popular approximate RG is the Migdal-Kadanoff (MK) construction [7-10]. In spite of
its evident shortcomings the MKRG has been successful as an approximate calculation scheme
for ferromagnets and other nonrandom systems. For the finite-dimensional spin glass there
does not today exist a better alternative.

Upon comparison one finds that the MKRG results for the spin glass are close, if not identical,
to those obtained by the scaling and droplet theory. Most conclusions from MKRG are easily
interpreted in the language of the droplet theory and the differences where they appear can be
easily understood. There is therefore no reason at this level of approximation not to work with
the MKRG, or, for that matter, with any real space RG of the same ilk. In this work we shall
exploit the potential of the MKRG for spin glasses more fully than has been done hitherto.
Qur aim is to explain the phenomenon of “chaos” known to occur at criticality in low enough
dimensions [11,12]. We achieve this goal by our interpretation of new MKRG results. We are
led, in particular, to a characterization of the thermally active degrees of freedom in critical
Ising spin glass just above their lower critical dimension.

In order to set the stage for our work, we recall the most essential ones of the established
results on zero temperature and critical chaos.

A droplet of linear size L at a point R in space is defined as the domain of ~ L9 spins
around this point that can be reversed with respect to its environment at minimum free energy
cost. The droplets are the low free energy excitations upon which the theory by Fisher and
Huse [3,4] is based. Droplet walls have an intrinsic width of the order of the correlation length
£_ and hence the droplet concept is naturally limited to length scales L > £_(T'). In particular,
it no longer applies in the limit T~ T¢., where £_(7') diverges.

Spin glasses have the property of being chaotic, as was revealed in the work of Bray and
Moore [2], Fisher and Huse [3], and Banavar and Bray [13]. The term chaotic here denotes
the property that the thermally averaged relative orientation of two spins a distance L apart
is a rapidly and randomly varying function of temperature (see Fig. 1). I we denote the
autocorrelation interval on the temperature axis of this function by AT*, then in the ordered
phase

ATV~ ¢, asl - oo, (1)

where ( is the chaos exponent. Upon inverting (1) one finds
Lar~AT™¢ . as AT -0, (2)

which is called the overlap length associated with a temperature difference AT. Numerically
¢ takes values between 0.75 and 1 in 1 < d < 3 [11,12,14-16]. Within the droplet theory the
chaos phenomenon is elegantly explained as resulting from temperature changes that disturb
the energy versus entropy balance of the droplet walls and thereby induce random droplet
reversals. In this theory the sum 2y + 2¢ of the zero temperature thermal and chaos exponents
appears to equal the fractal surface dimension d; of the droplet walls.

The original authors [1-3] thought that chaos was limited to length scales L > £_ in the spin
glass ordered phase and to dimensions where such a phase exists, i.e., above the lower critical
dimension dy. Ney-Nifle and Hilhorst [11,12] subsequently showed that there is chaos also in
the critical region, at least for spatial dimensions d in an interval extending upward from the



Ne1 CRITICAL STATE OF LOW-DIMENSIONAL SPIN GLASS 69

\/\/]\ /\/)/\ n/\vm/\\/\v/\/
\,j\’vj UU\/\/ v Ur

(a) L large

< 8;8i41 >
+1

-IT ATE

< 8;8i4L >
+1 4

{b) L still larger

-1t ATE

Fig. 1. — Temperature dependence of the two-point correlation function < s;s;4r > for (a) large L
and (b) still larger L. At criticality AT* ~ L™ and near zero temperature ATY ~ L™¢, for L — co.

lower critical dimension d; = 2.5 [2,9,17] to some limit dimension d, estimated within MKRG
to be dy = 3.4 [11,12].
The reasoning can be summarised as follows. At a length scale L, the critical region is the
temperature interval
|T B Tcl
43

in which L < {_(T'). Here 1/y. = v is the correlation length exponent. Ney-Nifle and Hilhorst
use MKRG to calculate the effective couplings on scale L and find that inside the critical region
they vary randomly with temperature with an autocorrelation interval

L (3)

ATE ~ L6 (4)

where the (positive) critical point chaos exponent (. is a new and independent exponent (see
Fig. 1). This chaotic behaviour of the renormalised coupling K* (chaos with temperature) is
reflected in the behaviour of the two-point correlation function < s;s8;.r > as a function of
temperature, which changes sign when the effective coupling at distance L changes sign.

In view of this there is chaos inside the critical region if

Ce > ye - (5)

Figure 2 shows the dimension dependence of y. and (.. As d ™ dg¢, where d; is characterized
by y(ds) = 0, these exponents join continuously their zero temperature equivalents y(d) and
¢(d). The MKRG values for the critical exponents in dimension d = 3 are [11,12,18]

¥.(3) = 0.36, (.(3) = 0.57. (6)
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Fig. 2. — The critical exponents y.{d) and {.(d) as a function of the dimension d. They join con-
tinuously the zero temperature exponents y(d) and ((d), respectively, as d approaches d¢ from above.
This dimension is defined by y(d¢) = 0. The intersection of the curves y.(d) and {.(d) defines d+. The
curves shown are obtained from numerical evaluation of MKRG by the pool method [18].

Hence, according to these values, the 3d spin glass is chaotic at criticality.

The problem that triggered the investigation of this paper can now be stated precisely. In
view of the inapplicability of the droplet concept in the critical region, the natural question
to ask is if the chaos at criticality can be given some different geometric interpretation. Blind
analogy might lead one to suppose, for example, that the sum 2y, + 2(. would be equal to
the fractal surface dimension of objects yet to be identified whose reversal upon temperature
changes would cause the critical chaos — however we shall see that this is not true. This work
deals with answering the question raised above, but its results go beyond it.

The paper is organised as follows. In Section 2 we review and extend the existing MKRG
theory of the Ising spin glass. Introducing the scaling of various averaged derivatives of the
renormalised coupling constant KZ, we obtain multifractal scaling of the energy-energy cor-
relations at criticality. In Section 3 we show how the scaling laws deduced from MKRG can
be given a geometric interpretation. The fundamental entities are surfaces (of width zero)
enclosing clusters of spins that may reverse with respect to their environment. The surfaces
are grouped into finite interacting sets that are self-similar in the range of scales between the
lattice cut-off and their own size. Such a set of interacting surfaces is appropriately called a
protodroplet, since in the off-critical limit it reduces to a Fisher and Huse droplet. Near the
lower critical dimension there is confluency of zero temperature and critical phenomena. In
order to clarify the picture, the characteristic lengths that play a réle are analysed in Section 4.
In Section 5, based on the physical picture of Section 3, we establish the multifractal scaling
of the spin-spin correlation function at criticality. Furthermore, the effects of a magnetic field
in the ordered phase and at criticality are discussed in a unified way, within the picture of
Section 2. We use an Imry-Ma type argument to deduce scaling laws for the leading behaviour
of the magnetization in the neighborhood of the critical point, approaching 7. from below
and above. The singular situation at d is also considered in detail. In Section 6 we point
out the consequences of the strong spatial inhomogeneity of thermal fluctuations on the crit-
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ical dynamics. The picture of this paper augmented with the additional assumption that the
two-dimensional dynamics near zerc temperature dynamics is activated, together with an ar-
gument of continuity, gives a first strong theoretical support for the conjecture that the critical
dynamics of d-dimensional spin glass is activated in an interval of dimensions starting with d,.
In the conclusion, Section 7, we mention possibilities of verifying our picture in simulations of
the d = 3 EA model.

2. Extended Scaling Laws for Renormalised Couplings

2.1. INTRODUCTION. — The Migdal-Kadanoff renormalization transformation [7] was first
formulated for the spin glass by Young et al. [8,9]. In this section we start from the same basic
formulas. We briefly recall the main results known and then go on to extend some of them.
Our interest concerns in particular correlations of various finds (with respect to the disorder
average) between the renormalised and the unrenormalised couplings.

The MKRG works as follows. For a rescaling factor & one combines a set of 4% couplings at

the nth level, {K i(:)}in .1, t0 anew coupling, K™*?). This is done by arranging the K, z(") of the

Tn41
block i,+1 in %! parallel strings (labeled by the index m) of b couplings each. [Whenever we
will indicate a RG step explicitly in what follows we will label again the couplings of { K i(:)}in 4

as K ,(:k) .] The recursion relation then reads [9,19]

bdl

K = Z arctanh H tanh K7 (7)

1n+1

In the remainder we set b = 2. The couplings Ki(:) of the originally given problem are of
the form K; = k‘;—"T, where ¢ is & bond index, and the J; are the coupling constants on the

1
original lattice with root-mean-square (rms) value J. We shall also use K = K?° = 8J as
the temperature variable. With the J; given, the transformation (7) determines uniquely the
couplings at all higher levels n = 1,2,.  For the n times renormalised value of X we shall
also write
K'=K™ when L=2" (8)

and for a specific scale-L coupling
KL=k (9)

in

when 4, is the label of the coupling at R. K(™ can be calculated from the unrenormalised rms
coupling K = K{© via the transformation (7). If, as usual, after each RG step the distribution
of couplings is replaced by a Gaussian with the same variance, one finds the recursion

2

_ 2
K@) — 2% | sretanh? 11 tanhK,(:;,g
k=1

(10)
= R(K™).
The transformation R has the following properties (for some mathematically rigorous proofs

see [19] and references therein). It has the fixed points K = 0 and K = o0, and, for dimensions
d above dy, also a critical fixed point K = K.. Near the zero-T fixed point one has

K+D) oy rin) , (11)
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with y < 0 for d < dy and y > 0 for d > dy, and near the critical fixed point K = K,
K0+ _ Ko~ ove (K K (12)

By expanding (7) for § — oo, one easily shows that closely above the lower critical dimension
the equations ( 11) and (12) can be written together in the compact form

(K)? = 22(K*)? - ¢ (13)
where ¢ is a positive constant.

2.2. MULTIFRACTAL SCALING AT CRITICALITY. — Let K% be an individual renormalised
coupling on scale L. One main result of reference [11,12) is that in the critical region K% is a
rapidly and randomly varying function of temperature with rms derivative

dKEL 2~L2Cc K- K.
dK ’ K.

gL (14)

in an interval of dimensions dy < d < d4. This chaotic behaviour of the renormalised coupling
K LR is reflected in the behaviour of the two-point correlation function < s;s;4 7 > as a function
of temperature, which changes sign when the effective coupling at distance L changes sign (see
Fig. 1). From (12) we have

d —

(KD (15)
Upon rewriting (15) as
dKL
KL —L ~ L¥ 1
R dK ’ ( 6)
d L
one sees that KL and 3 .K? are correlated, while for reasons of symmetry
dKEL
=0. 17
. . e, dEE .
The relations (14) and (16) imply that, at criticality e has alarge random part, proportional

to L%, which has a random sign, and a small random part, proportional to L¥, whose sign is
positively correlated with that of KL (and which is therefore, in this sense, ‘systematic’).

Below we shall study the joint probability distribution at criticality of KL and %%Ki. We
will argue that at criticality ¢ is only the first of a family of an infinite number of exponents
describing, together with y., the scaling of the moments of the joint distribution. This is
in contrast to the behaviour at zero temperature whose scaling is entirely described by the
exponents y and (.

Since we wish to consider two-point correlation functions in Section 2.3, we investigate the
dependence of the renormalised coupling KL at a position R and at length scale L on the
set of unrenormalised couplings {K;} in the volume of order L? around R. The temperature
derivative of KX can be calculated via (7) as

dK} < OKLK;
dK —~ 0K; K

(18)
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where the sum is on the L unrenormalised couplings. Neglecting cross terms (that contribute
only to order L?¥ as L — c0), we find from (14) and (18) at criticality

KL \* _
( oK, ) ~ I (19)
Similarly (16) and (18) give
3
KL BBI;RK e (20)

The relations (19) and (20) are only two moments of a joint probability distribution of K2

and 8K K For the other moments at the critical point we make the ansatz

L 2q
(?; K) ~ L0 (21)
and
Zq—1

where C( ) = = (e
Letnow KL = K 2(:‘) and K; = K| 2.((?) and write by chain rule differentiation down the hierarchy
of couplings
OKL ﬁ 8K
OK; aK(" 1y

y—1
where ¢1,42,. . denote the locations of the couplings on the successive levels v = 1,2,. . to
which K contributes. At criticality, the factors in the product are identically distributed
random variables. If we assume them independent, then we have from (21) and (23) that at
criticality

(23)

g i 0K,
2¢9 — d = (log 2)~! log ( SE. ) (24)
The right-hand-side of this expression can be calculated from a single renormalization iteration
after which C(Q) is known [20]. Obviously there is no reason for ch) to be linear in ¢. Hence
we have found that at criticality there is multifractal scaling [20].

The above results are valid at criticality. It is instructive to compare them to their analogues
in the ordered phase. There we have for L > £_ [3,11,12}:

N2
(ﬁ&) ~ L4 ,

dK (25)
E%(KII{P ~ L% )
where d; = 2¢ + 2y, hence
%K. 2 ~ L34
(BKi ’) ’ L>§¢ . (26)

L 2y—d
KRWRK2 ~ L%
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[We shall write d, throughout but note that this exponent takes the value d, = d — 1 within
MKRG.] This scaling is due to the fact that bonds contribute to the energy fluctuations if and

only if they are cut by a droplet wall. In the limit 7" — 0, the derivative %‘1 equals +1 with

probability $ L%~ and vanishes otherwise [cf. (7) in the 8 — co-limit, equation (50)]. For the
same reason, we obtain for the higher moments:

aKL ..\ -
(Jak,- Ki) ~ Ldsd _
L>»& . (27)
K (%K)~ g
R K; i )

There is therefore no multifractal but only trivial scaling at length scales L > £_ in the ordered
phase. With the aid of ( 21) and (22) we can write the moments (27) in the scaling form

KL 29 (0 _
(5x) ~ DO
(28)
L (2KE 7\ Yt 200 —2¢c—d Fo( L
Kk (5K) ~ LY+ FoL),
with scaling functions that satisfy
Fe(0) =1
fe(l') z-—;oo xds_zgéln ,
: (29)
F0)=1,

Fo(w) TR 22v—ve—2¢{ +2¢c

In the limit d N\, d; along the critical line T,(d) we know that y. ™\, 0 and {. ™, ((d¢). Since
also (21) and (22) must then reduce to (27), it follows that

¢t ¢(de) - (30)

d\de ds(dp) _
= L =
2
It appears therefore that the zero-temperature exponent {(d;) fans out along the critical line
into the family of the Cﬁq)

2.3. ENERGY FLUCTUATIONS. — We shall now exploit our extended knowledge of the MKRG
to study energy-energy fluctuations. These are, generally, obtained as the appropriate deriva-
tives of the logarithm of the partition function

log Z = Z G (31)

v=0

with respect to the couplings. Here exp G®1 is the multiplicative constant that appears in
the partition function in the vth renormalization step. It is the contribution to the free energy
BE coming from excitations on a spatial scale £ = 2¥. Within the MKRG scheme defined by
(7) the expression for G(*) is

¥ =3 g({K Y (32)

Ty 41
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with .,
gd-—1
v 1 v v v v
9K Yivs) = 3 5 log [#cosh(K () + K1) cosh(K () — K1) (33)
m=1

where the sum in (32) runs over all blocks 7,41 of vth level couplings and we have used the
convention introduced in Section 2 to label again the ¢, in an explicit RG step.
Let
Ae, = e;— < e > (34)

where e; = s;$;, and s; and sy are neighbouring spins in the original lattice linked by a
coupling K;. The simplest energy-energy correlation function is then

52GW)
BTa(ri;) = B% < AesAe; >= ZK I ORAE, (35)
A fourth order correlation function of interest is
(v
B'Ta(ri;) = F[< AelAel > — < Aef >< Ae? >] ZKQKJ? (;;(%Kz (36)

These correlation functions are random quantities. We are now faced with the somewhat
technical task of calculating averages as well as the averages of their powers. The resulting
expressions are ( 40), (43), and (44), and their derivation is as follows. Let for simplicity 7 = 7
and %1,4s,. . denote the locations of the couplings on the successive levels v = 1,2,. to which
K; contributes and similarly for K;. Typically, the couplings K; and K fall in the same
block when » attains a value v*(4,7) such that

21/* = ’l‘ij (37)

where 7;; is the distance between the two spins concerned. They then contribute to the same

G®") and to the same Ki(::) =K J(::) Working out (35), one finds that the second derivative

leads to terms of various types. The guiding principle in finding the dominant contribution for

large r;; is that, according to (21) and (22), averages with even powers of derivatives are larger

than averages with odd powers, while some derivatives vanish due to symmetry properties of
({K(")}WA) and K(""H) Therefore we get

9 B ~ a2glv™) OK: . oK
B°Ta(r:i;) =~ oK:,.0K; . K== K=+

co v—1 2 (38)
92a) a1 K, v* 41 F, 9K; , K. IK;
Z+l BK? H+1 0K, 9K; . OK; d 6K JTOK;
v=n* ¥ u=v*

Let 8*T'%(r,;) be the term with v = n in ( 35), i.e., it is the contribution of scale L fluctuations
to B%I'a(rs;). Obviously, I'Z(r) vanishes for L < r. Using again (22) we arrive at

d—2¢c 1
T) L>r, (39)

2
F? (T) ~ (Z T2d-2yc 3
for the contribution of the energy fluctuations due to two spins a distance r apart in a volume
of linear size L > r. Hence, summing over length scales, we get the energy-energy correlation
function at distance r:

Ta(r) = ZFL P2d—2y0 2yc ) (40)
L>r
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the sum being dominated by the first term.

If one works out the expression (36) for the fourth cumulate, the fourth derivative leads
again to terms of various types. In order to find the dominant contribution for large r;; we
proceed as above. The result is

* 2 2
4 N ~ atqg™) 2 3K,~V* 9 8ij*
BTa(ry;) = k.. ook, i ek ) B\ 3RS

-1 .
+ i 34G(") v aK’-u+1 4 34K‘u*+1 K2 3Kiu* 2 K2 BKJ-D, 2
OKY + 3K, OK? 8K ~“*i \ 9K i \"8K;
(41)

The quantity 8T % (r;;), defined as the term with v = n in equation (36), vanishes for L < r;;.
For L > r, averaging on the disorder and using (21) gives

ryd-2® 1
Pﬁ'(’l’) ~ (E> WTCC (42)
Integrating this equation over length scales L as above, one finds
Zr () ~ amae (43)
L>r

because d—2§§2) is the (necessarily positive) exponent of a moment of a probability distribution
[cf. also (21) and ( 30)].
By taking powers of (38) and averaging with the help of ( 21) and (22), one finds

T2(r) o~ pMP-2 (44)
21l ~ p2eta(?~ac—2d

for the moments of the correlation function I'z(7). Analogous expressions hold for the moments
of the higher order correlation functions. Since C(q) given by (24), is a nonlinear function of
¢, this implies multifractal scaling of the energy-energy correlations at criticality.

By summing finally (40) on all 4 and j in a volume V', one obtains the mean square fluctuation
of the total energy in that volume,

1
- Vid
AE2
A /drrd ITy(r) ~ kaT2Cy(T.) V - o0, (45)
~1

valid if d — 2¢. > 0, which is the case in an interval upward from d; [cf. (21) and (30)]. By
summing ( 43) one gets similarly the fourth cumulate of the energy in a volume V,

< AE* > .. < AFE%* > - 3< AE? >2

= 4
1% v (46)
The result depends on the sign of 4. — d and reads
— vi
<AEV>;! n ~ f dr ,r.d—l]:\4(7.)
' (47)

Voo [ VA¥TL i 4(/d> 1. (a)
cst. if 4¢./d<1. (b)
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Equation (47a) is likely to hold in a narrow range of dimensions upward from dg, and equation
(47b) for higher dimensions. Equations (45) and (47b) have non analytic correction terms
in V. In nonrandom thermodynamic systems the energy cumulants tend to constants in the
thermodynamic limit. Equation (47a), in contrast, expresses an anomalous scaling of the fourth
cumulant with volume. It is easy to check that the same is true for the higher order cumulants.
Such an anomalous scaling of the energy cumulants in spin glass was first pointed out by FH
for the ordered phase [see [3], equations (7.11) and (7.12)]. The basic reason for this anomalous
behaviour of the cumulants is that the energy fluctuations are collective, even beyond the scale
&_, up to scale infinity, and involve larger and larger energy differences.

3. Geometric Interpretation of the Critical Scaling Laws

Our purpose is now to understand the scaling behaviour found in the previous section in terms
of a geometric picture. In the ordered phase, for length scales L > £_, the work of Fisher and
Huse {3,4] has made it clear how to pass from MKRG to such a picture. After recalling how
this is done, in Section 3.1, we will address the same issue in the critical region, in Section 3.2.

3.1. MKRG AND THE DROPLET PICTURE OF THE ORDERED PHASE

3.1.1. Droplets. — At length scales L > £_ the block spins of the MKRG procedure are
naturally identified with the droplets of the FH picture. Thermally active block spins, i.e.,
block spins coupled to their environment with energies less than k57", then represent thermally
active droplets. The reversal energy of a scale-L block spin is equal to twice the sum of the
couplings K that link it to its environment (with signs equal to the values of the neighbouring
block spins). We shall speak of the KL as the excitation free energies of collective spin reversals
on scale L, even though strictly speaking it is always the sum of a few K% that is involved.

The probability distribution of the KL scales with L in the same way as the probability
distribution Py, of the reversal free energies AFL of the FH droplets, viz. as

1 AFE
me” (xwm) - B )

PY(AFE) ~ T

Here Y(T') is the temperature dependent stiffness coefficient of the ordered phase with Y(0) ~ .J
and Y(7) LT £7Y [3,16]. Equation (48) implies in particular that the probability f*(T) for
a scale L block spin to be thermally active is
kT
L B
T) o, L _ . 4
D) ~ o >¢ (49)
Therefore in the large-L limit the thermally active scale L block spins become infinitely dilute
and may be considered as independent degrees of freedom.

FH argue that the droplet wall has a fractal dimension d; with d — 1 < d; < d. At low
enough temperature the droplet wall will be of zero width and cut through a well-defined set
of couplings of the unrenormalised system. The associated reversal energy is the sum of the
energies of each of the couplings cut. The number of couplings cut will grow typically as L%
MKRG gives ds = d — 1. This is easily seen if one expands the elementary renormalization
step (7) in the 8 — oo limit. It reads

2d—1

g+ Z sen (K,(,Z)sz)) min (IK%)L |K7(32)|) (50)
=1

In41
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DROPLET

(two-level system)

o
i

T

Fig. 3. — A scale-L droplet at finite temperature (L > £_). The wall of a droplet at finite temperature
has an intrinsic width of the order of the correlation length £~. In the large-L limit, scale-L thermally
active droplets get more and more dilute and therefore may be treated as noninteracting. By the same
token, it consists of one and only one main connected domain of order L% spins, whose wall width is
negligible with respect to its own linear size. Therefore droplets are two-level systems, with “up” and
“down” referring to the main domain.

at T = 0. Upon differentiating (50) with respect to the 2¢ couplings that enter into the
expression one finds that, at zero temperature, the derivatives with respect to 247! of them are
equal to +1, whereas the others vanish. After n renormalization steps with 2™ = L one sees
that the scale-L block spin corresponds to a droplet with wall area ~ L?~!. This special value
for dg, i-e., ds = d — 1, must nevertheless be ascribed to the particular choice of the MKRG
recursion relations and is not fundamental. Numerical work [21-24] points to nontrivial values
of d; and one can envisage an improved MKRG that would lead to ds # d — 1. The wall of
a droplet at finite temperature has an intrinsic width of the order of the correlation length £_
(see Fig. 3). But since the RG flow carries the system to the zero temperature fixed point,
the droplet walls coarse grained to at least the scale £_ have the same fractal dimension d; at
length scales L > £_.

In the large-L limit, scale-L thermally active droplets get more and more dilute and therefore
may be treated as noninteracting. By the same token, upon assuming that there are no
correlations between the spatial positions of thermally active droplets of different scales, one
may neglect interactions between scale-L droplets and droplets on scales just below (e.g., L/2
and L/4). As one goes down further in scale, however, droplet-droplet interactions will at some
point come into play, as may be estimated as follows. On some arbitrary linear scale £ < L, the
wall of a scale-L droplet will pass through (L/£)% blocks of size ¢ of which typically a number
FYUTH(L/E)% will contain thermally active droplets interacting with the wall. For L below a
value that following FH [3] we shall call Ay, this number will typically be larger than unity
and the wall of the scale-L droplet is “interaction widened” up to the scale Ay. An expression
for Ay can readily be found [3] but of interest here is only the property

lim —==0. (51)
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It implies that for large L a droplet consists of one and only one main connected domain of
order L? spins, whose wall width is negligible with respect to its own linear size. Therefore
droplets are two-level systems, with “up” and “down” referring to the main domain.

3.1.2. Interaction between Droplets. — How does the interaction between droplets of different
scales appear in the MKRG formalism ? To answer that question we consider a string of two
scale-L couplings K. 1(") and Kén) (contributing to a higher level coupling Kg:;l)) with in the
center a scale-L block spin Sy and at the ends two larger scale block spins S; and Sz (one of

them is necessarily a scale-2L spin and the other one belongs to a scale > 4L). The derivative
of (50) with respect to a scale-L coupling K 7(:,3 is bounded by

{n+1)
ln+t1

—m o (52)
oK)

0<

The preceding discussion implies that when its absolute value is not close to the lower or upper
limit values 0 or 1, respectively, this is the signature of thermal activity. If this is true for the
derivative with respect to K {n) or Kén), then the wall between the droplets S; and Se may cut
either bond of the string. The two positions of the wall differ by the orientation of Sy. Hence
the droplet Sy thermally decorates the wall between the droplets S; and S3. The two wall
positions will in general have different weights. Upon working out the derivatives of interest
with the aid of (7) we find

(n+1) . n
oKD L sinh(2K (™) 1 (53)
K™ cosh (K§n) + Kén)) cosh <K§n) — 2(,”))

The two derivatives are of comparable absolute value, and hence thermal activity is nonnegli-
gible, only when

210 T o

The =+ sign corresponds to the two possible relative orientations of 51 and S2. When (54) is
satisfied for one of the two signs, it will not be, in general, for the other sign. This is the
“interaction” between droplets of different scales. This feature of the MKRG also appears in
the FH droplet picture: a scale £ droplet lies on the wall of a scale L droplet (L > £), has a
wall section of linear size £ in common with it, and is thermally active for one, but not for the
other orientation of the large droplet.

At low critical temperatures the derivative (53) has a probability distribution on the interval
[—1, 1] which strongly peaks at 0 and +1 and is small elsewhere. At T = 0, it is the sum of three
delta peaks at 0 and 1. Since the ordered phase is controlled by the zero temperature fixed
point, the phenomenon of interaction widening discussed here plays no role for the large scale
properties in the spin glass ordered phase. It is important, however, for the understanding of
the crossover from zero temperature to criticality, as we shall see below.

3.2. THE Low-DIMENSIONAL CRITICAL REGION — PROTODROPLETS

3.2.1. Surfaces. — In the critical region, that is, on length scales L below the correlation length
and whether below or above T, the FH droplets cannot be defined. Yet, in the MKRG picture
thermally active block spins can be defined as before, viz. by the condition that their interaction
energy with the environment be less than some constant times kg7
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Let us consider for definiteness the critical line in the T-d plane. On this line the probability
for a block spin to be thermally active is of the order of k;T./J = p > 0, whatever the
spatial scale L. Therefore there must be interactions between these spins whose importance
is characterized by the parameter p. Similarly, from the fact that along the critical line the
derivatives (53) have a nontrivial probability distribution it follows that there are interactions
between thermally active block spins of neighbouring scales (L and 2L).

Block spins can no longer be identified with droplets and we should look for a new interpre-
tation. The key to this interpretation is to consider the limit p — 0. For d very close to d; the
scale independent probability p for a block spin to be thermally active is very small. Also in this
limit the probability law for the derivatives (53) approaches the trivial three-peak distribution,
which means that the interaction between block spins of neighbouring scales disappears.

Let us now look at the unrenormalised lattice (scale L = 1) for p extremely small. The
thermally active spins will be extremely dilute so that for the moment we may ignore the
interactions in the discussion. We could indicate the thermally active spins in a figure by
surrounding them with a surface. For L not too large we now identify a thermally active scale-
L block spin with a size-L surface that encloses a cluster of unrenormalised spins that may
reverse collectively with respect to their environment due to thermal agitation. These larger
surfaces may be irregularly shaped. The essential point is that the surfaces of the individual
thermally active spins as well as of the thermally active clusters are of width zero, because not
interacting with any other thermally active degree of freedom. These thermally active surfaces
are systems with two energy levels. They may be considered as independent degrees of freedom
under certain circumstances, e.g., in the limit p <« 1 and/or for not too large values of L. or
for the calculation of the spin-spin correlation function (see section 5.1).

3.2.2. Interaction between Surfaces. — We now ask about the effect of interactions between
the surfaces. Interactions occur due to surface sections that they have in common. In the
small-p limit, the thermally active surfaces occupy random positions in space. Let us consider
two scales L and ¢ < L. If d(T,) is the surface fractal dimension, then a size-L surface will pass
through (L/€)#7<) regions of linear size £ and interact typically with a number p(L/€)4 ) of
size ¢ thermally active surfaces. This number becomes > 1 for

1 E<1Tc) J E(;c)
it ~ | =T 55
(P) <kB > (55)

Hence beyond this length scale the surface entropy plays a role, i.e., the thermally active
surfaces are likely to interact with smaller size thermally active surfaces with which they then
form what we shall call composite thermally active surfaces.

The probability for a thermally active surface to interact with another one of size comparable
to its own is small {of order p), but is also taken into account at this level of approximation.
We should therefore ask if the interactions do not lead to a coupling, direct or indirect, between
all thermally active degrees of freedom in the lattice. It is not difficult to estimate that for
small enough p the interactions couple the thermally active degrees of freedom only into finite
disjoint sets. We call such a set an isolated thermally active composite surface (see Fig. 4). An
appropriate name which is much shorter is a protodroplet, as will appear in subsection 3.3.

The composite thermally active surfaces are many-level systems of coupled degrees of free-
dom. Since the composing surfaces may be of comparable size, the protodroplet cannot be
simply characterized by a single up/down variable. It is a hierarchical object, composed of in-
teracting two-level systems — the surfaces — which is statistically self-similar up to the scale of
its own size. Its multifractality is a consequence of the nontrivial distribution of relative weights
between the two possible orientations of each composing surface. If the above argumentation.

I

L> Lo
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Fig. 4. — A scale-L protodroplet in the critical region. The composite thermally active surfaces are
many-level systems of coupled degrees of freedom. Since the composing surfaces may be of comparable
size, the protodroplet cannot be simply characterized by a single up/down variable. It is a hierarchical
object, composed of interacting two-level systems — the surfaces — which is statistically self-similar
up to the scale of its own size. The energy fluctuations are due to thermally active bonds between
adjacent spins that are cut by the surfaces, as indicated in the figure. The multifractality of the energy
correlations is a consequence of the nontrivial distribution of relative weights between the two possible
orientations of each composing surface.

starting from thermally active surfaces and leading to the identification of protodroplets, is
supplemented with appropriate scaling hypotheses, it may be seen as an alternative — valid
in the limit d ~, dy — to the MKRG formalism in providing a basis for the theory of the
low-dimensional critical state.

3.3. SUMMARY. — Onu the critical line T.(d) in the temperature-dimension plane the spin glass
system is statistically invariant under scale transformations, and has thermal fluctuations on
all length scales. The equilibrium ensemble is not dominated by a single representative config-
uration or class of configurations, which at first sight renders a geometric analysis forbiddingly
difficult. Such an analysis is nevertheless possible, for sufficiently low 7.(d), i.e., for d close
to d¢. The simplifying feature is that at low temperatures, and whether the system is critical
or not, the fraction of couplings that effectively participate in the energy fluctuations goes
to zero. The thermally active couplings therefore determine a set of surfaces of low spatial
density. Each surface encloses a cluster of spins which may reverse with respect to a frozen
local environment in the ordered phase as well as at criticality.

What has been said in Section 3.2 holds at T' = T, as well as in the whole critical region.
Imagine now that for some T below T, we increase the length scale L. The probability for the
protodroplet to be composed of two comparable size surfaces will go down from its value p for
L < & to zero for L — oco. For L > £ a single surface will dominate and the protodroplet
has become a droplet. Hence the concept of protodroplets generalizes the concept of droplets
in dimensions near d; and permits a geometrical picture that also applies to the critical region.
Random reversals of protodroplets are at the origin of chaos in the ordered phase as well as at
criticality.
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4. Characteristic Lengths near the Lower Critical Dimension

Near the lower critical dimension there is-a confluency of zero-temperature-and critical phe-
nomena. In order to clarify the picture, we analyse in this subsection the characteristic lengths
that play a role, in particular the correlation length £_ and the overlap length Lap defined in

(2)-

4.1. CORRELATION LENGTH NEAR d¢. — The correlation length above and below T, is deter-
mined by the RG transformation R(K), whose explicit form near dy, equation (13). can also
be written as

K = WKL (KD 4+ (56)
where ¢y is a positive constant. For further analysis it is convenient to pass to continuous L.
which gives

dK*

dlog L

with ¢ a positive constant. At low temperatures we may neglect the dot terms in (57). Above

dg, the exponent y(d) is positive and-equation (57) has the two fixed-point solutions K* = oo
and K% = \/c/y = K.. The latter relation can be recast as

y:c(ﬁ‘}ﬂf (58)

Since y is linear in d—dy, this shows that T, ~ /d — dg just above d, [3,9]. At low +emptszratures
the solution of (57) for initial value K(©) = K = Dl T 18

(KL)? K?
*K2) -1 = <ﬁ - 1) L% (59)

= yKl—c(KH™ +- (57)

This shows that just above d, the critical point exponent y. is equal to 2y, as also found
by [1,3]. Correlation lengths £, (T') above T and £_(7) below T, may be defined by

(K£+)_1 = f+ )

: (60)

(KS)™ = foKT,
where f, is a fixed constant often set equal to unity and f_ a fixed constant less than 1.
These are the usual definitions; in particular, at (K¢-)~! = f K ! the renormalization group
crosses over from critical to zero temperature fixed point control. From (59) and (60) we find

o= -] - e o
e = Bt @], T<T..

Some comments are in place. Using (58), we find that for d N, d¢ the coefficient of £; has
the well-defined limit

kaT.\°
[l -(%5)

L
2

T:)? B
————710 1— ———B—Q—- __._71
€ g( >
kB Te) U7 ) e 2047 d™ de . (62)
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Hence the definition (60) fixes £, near d; up to a finite multiplicative constant. At dy, we have

1 J2
& (T) ~ o 20847 topT)? , (63)

as also found by McMillan [1] and Bray and Moore [25]. If, however, we try to take the limit
d\, d¢ with T/T, fixed in the expression for -, we find

1
Ar -1\ % T
oo - <
lim £ (T) = lim (%——) ={ ’ 7 =, (64)
T/dT?erd y\n -T% - 1 0 ’ T. < f_

so that the limit value of {_ at = I fixed is 0 or co depending on the arbitrary constant f_. Of
course, in the T-d plane, the point (T' = 0, d = d;) lies on the intersection of two lines, with
(- =0and £ = oo so that £_(T,d) has a mathematical singularity in (0, dg). Nevertheless
this feature is insignificant if one keeps d fixed. At fixed d, equation (60) remains sensible.
Equation (64) only indicates that the range of length scales L at which one is uncertain whether
being below or above £_ becomes larger upon lowering the dimension towards dy.

4.2. CHAOS NEAR THE LOWER CRITICAL DIMENSION. — Chaos in the critical region has
first been shown to exist by a RG analysis in which the density of zeros of a scale-L coupling
on the temperature axis was considered. In this subsection we will elucidate in more detail the
critical chaos near the lower critical dimension and show how it is reflected in the change in
activity of the thermal degrees of freedom.

4.2.1. The Density of Zeros of a Scale-L Coupling on the T-Axis. — It is of interest to consider
the autocorrelation function CZ(T, T+ AT) on the temperature axis of a renormalised coupling
at scale L. For this quantity, normalized to 1 at AT = 0, one expects the behaviour

1-CHT, T+ AT) ~ —AT2p (T), asAT —0, (65)

where pr(T) is the average density of zeros of such a coupling. This quantity is, in principle,
determined when a renormalization group transformation is given.

Below we will calculate pr,(T') near the lower critical dimension. Within the approximation of
the Migdal-Kadanoff renormalization group, Ney-Nifle and Hilhorst [11,12] found an expression
for pr{T) which slightly rewritten reads

n—1 .
dK&)
2 T — 2§ =

2
) u(K(j)))\(K(j+l)). /\(K(n—l))_ (66)
7=0

Here, as before, K = BT T, the functions A and p are determined by the renormalization group

with A(K) = 2*(5) increasing from 26 to 2¢ in the interval (K., co) and p(K) behaving as
w(K) =~ &2 for K — oo, where yo is a constant whose MKRG value is ~ 0.12.
Pa,ssmg to a continuous length scale and using (59) for the K(*) gives

L 7

oo de K? z rdi

T2p%(T) = 1g2K7/ 7 [1+ (K—f_l) ezy] exp [ 2 7 Q) (67)
£

In the limit of interest we can expand z(K) around K = o in powers of K1 From equation
(5.5a) of [12] we can deduce that z is even in K so that to lowest nontrivial order

A(K) = (= 5K (68)
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1

2
Using (68) and again (59), and setting 7! = % — 1, we obtain

9 d},\‘dg Ll,oo k T—Z
A ¥ e (B) T (69)
fae [ i 1 1
7 —
- —1p297% bt =2 —-172y
X /£[1+r 2] exp 2/2[4 SCK: [1+T e] }
1 ¢
2y
Changing variables to s = —, we get finally for the average density of zeros on the temperature
T
axis
dnde floo. ks L% T \& L* 1
PL(T) = log 2 (J) i ( (H L?v) W\ 7 (70)
with
L2y
1 S 7_¢"
I,=— / dss™!7vt (145)7 5 = 71

We are now in a position to consider various limits. From ( 70) and (71) we get

pr(T) * %" (72)

a2 T—0. (a)
SV [ R (B - 1) o B D) -1 <t o)

The expression (72b) shows that for large enough L the density of zeros has a negative
derivative at 7., and must therefore have a maximum between T'= 0 and T = 7.. For smaller
L, the derivative at T¢ is positive and the maximum of py(T) must occur for T > 7.. The

crossover value is ( )
log(1 + 5
L dédz exp (—g—Qy—C> (73)

In the limit d N\, dy at L and T fixed, we find

d\de Hoo 3T .
T) =~ L 74
p(T) sy (74)

valid in the whole interval of temperatures 0 < T < T.. The v/T behaviour at low temperatures
was known for d > d, [3,11,12] and for d < dy [11,12]. The present calculation shows that this
behaviour persists when d passes through d,.

4.2.2. Confluency of Critical and Zero-Temperature Phenomena near dy. — A last comment
on the confluency of critical and zero temperature properties within the geometric picture near
dy is in place. Each sign reversal of a coupling KL on the temperature axis will typically be
accompanied by a sign reversal of the correlation < sgs; > between two spins a distance L
apart in the region around R. From (74) for the total number of sign reversals of < sos;, >
between 0 and 7 -
R(L) = [dTpy(T)
2 P (75)
~ JTRITE LS,
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valid near d;. So, typically, as one passes from the ground state to the critical state there are
no sign reversals of sg with respect to sz below a length scale L,, given by

L, ~ (k—‘%) (76)

Hence below this length scale, a protodroplet around a given point R at criticality coincides
typically with the droplet at zero temperature in that region, even though an average over the
whole system yields critical scaling and statistical invariance with length scale.

R

5. Spin-Spin Correlations and Response to a Magnetic Field

5.1. SPIN-SPIN CORRELATION FUNCTIONS. — We wish to consider here spin-spin correlations
at criticality. Instead of using the MKRG formalism as we did for the energy-energy correla-
tions, we shall now make freely use of the interpretation in terms of thermally active surfaces
developed in Section 3.2. For the following calculation we consider the thermally active surfaces
as independent two-level systems, i.e., we neglect their interactions.

Let < s;5; >c=< 8;8; > — < 8; >< 8; > be the connected correlation function between
two spins a distance L = 2™ apart. In this section i and j denote spin sites and not, as before,
bonds. By a “surface” enclosing a given spin at a given scale we mean in what follows the one
with the lowest excitation energy of all possible such surfaces; it need not, and in general will
not, be thermally active. With respect to the thermally active surfaces introduced above these
surfaces are exactly what the droplets are to the thermally active droplets.

Let k be the index denoting the surface of scale 2* that encloses spin 7 but not spin j, and let
similarly [ be the index of the scale 2' surface that encloses spin j but not spin 7. Furthermore
let m be the index of the scale 2™ surfaces that enclose both spins. We shall denote the
excitation energies of these surfaces by €, €, and e,,, respectively.

The spin clusters enclosed by the surfaces introduced here can now be treated in the same
way as the FH droplets in the ordered phase [3,4]. For the spin-spin correlation it is sufficient
to work in the approximation of independent surfaces; taking their interaction into account
would only renormalise several of the constants but not lead to any new effects.

Upon treating the surfaces as independent two-level systems one finds

< 885 >c_szs Hta h Ht h@ {1— H tanhz—ﬂ%] (77)

where s?s? is the relative orientation of s; and s; in the configuration with none of the surfaces
excited. From this expression we obtain the averages

n—1] ——————7 2 [+ 2q
< 8585 > o~ [H tanh?? ﬂ;] [1 - H tanh? é;ﬂ} (78)

k=1

At criticality, all the €’s in the products are independently distributed random variables. There-
fore the last factor in ( 78) equals unity and we find

sy S o nlostaniit Bh | pma(d=2)—n(? (79)
Obviously, we have in general n(q) # qn(l) = gn.. Hence, the n(Q) are another series of
independent critical exponents, i.e., we have also multifractal scaling of the spin-spin correlation
function at criticality.
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In [26], Sourlas considered the long-distance behaviour of correlation functions of critical spin
glass using an effective field theory and the replica trick. For d > 6, he found after averaging
over the disorder that the different replicas are not coupled by relevant or marginal operators
in the effective replicated Hamiltonian. It follows as in [27] that ng"’) =0 for d > 6, i.e., the
mean-field (Gaussian) behaviour. This is not the case in d = 6 — ¢ dimensions. An ¢-expansion
around the effective field theory in d = 6 leads to multifractality, i.e., né‘” # qnél), as found in

this work by a very different approach.

5.2. RESPONSE TO A MAGNETIC FIELD

5.2.1. Introduction. — In this subsection, we will consider the magnetization in a small uniform
magnetic field H. Many of the results obtained in this section can be found scattered in
previous work by several authors [1-3,25]. McMillan [1], Bray and Moore [2,25], and Fisher
and Huse [3,4] analysed the effects of a magnetic field on the ordered phase of a spin glass
by applying a variant of the argument used by Imry and Ma [28] to determine the stability of
Ising ferromagnets to random fields. They find that the zero-field ordered states are destroyed
beyond a length scale £ given by

Y(T) =
En ~ (Wﬂ) ) (80)

with Y(T) =~ J&Z¥ and ¢(T) ~ 20&? . Equation (80) holds as long as the field H is small enough
so that £y > (—. Here T(T') and ¢(T') are the temperature-dependent stiffness coefficient and
the Edwards-Anderson order parameter, respectively. The corresponding magnetization m(H)
is calculated to be

2y

a(T) gi(TYH\ "™
mH) = ey - (W) (&1)

The behaviour of m(H) for T = T, can then be obtained on general scaling grounds [1-3,25].

The picture developed in this paper now permits us to extend the Imry-Ma type argument
to the low-T critical point. The crucial property common to both the droplets of the ordered
phase and the composite clusters at criticality is that they may reverse with respect to a fized
background. The effects of the magnetic field, in the ordered phase and at criticality, can
therefore be summarised as follows:

e The field aligns small composite clusters (thermally active or not) with a certain proba-
bility and larger ones with a larger probability and

e disrupts the fixed background by aligning practically all composite clusters from a certain
length scale (~ £g) on.

This allows us to present the effects of a magnetic field on the system in the ordered phase and
at criticality in a unified way.

5.3. A MAGNETIC FIELD AT CRITICALITY

5.3.1. Temperatures below T.. — We will first give the expressions for the correlation length
£x in a field and for the magnetization m(H) for T < T¢, valid irrespective of the relative
size of the variables ¢ and h. In order to do that, we have to know the typical reversal free
energy AF? and the typical magnetic energy E¢_ = H M* of composite clusters, of linear size

mag
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¢, where M* denotes their total magnetization. We recall that at length scales £ > £_ these
composite clusters are the FH droplets. The reversal free energies AF* are

J, ¢ < £
AFEN{T(TW’ e 25 (82)

In the ordered phase, the mean square value of the magnetization is ¢(T)£¢ for large droplets.
At criticality, we have to take into account the renormalization of the order parameter

qe(Te) = qob= 7= (83)

Hence, for general T, the expression is

3 d+24—g§
MgN Q[)lg"g ) I e S 5— y (84)
g &Lz, & g L.

From simulations (see [29] and references therein) and experiment [30] one can infer 5. =
—0.3. In both cases 7. is obtained by hyperscaling from the values of the critical susceptibility
exponents.

Flipping a domain of scale £ will change the system’s magnetization by an amount of order
¢%, the magnetization of the domain going from M?* to —M*. Half of the composite clusters
can lower their total free energy by aligning with the field. Thus, the system breaks up into
domains of typically the size of a correlation volume £%. The correlation length £ is obtained
by comparison of the reversal free energy and the magnetic energy as the solution of

AF% = Ftu (85)

mag

The typical fraction f* of domains of linear size £ < £y that will reverse to align with the field

18
4

E
£ mag
= 8
Finally, the total magnetization M (H) in a volume €% is given by the sum over all the domains,
up to scale £, that align with the field:

374 d
MH)=H / -d;f‘z (%H) M* (87)
~1
Hence the magnetization (per spin) m(H) is
1374
_ de (M*4)?
m(H)—H/7€dAFe . (88)
N

Introducing (82) and (84) into (85), and solving for £z, we get for the correlation length in

a field near criticality:

e =h-%”f(é—) , (39)

where A = v(d+2-1,.)/2 is the gap exponent and hyperscaling is tacitly understood. Numerical
values for A can be obtained with the help of the relation A = 8+ v where + is the exponent
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describing the divergence of the nonlinear susceptibility. From Monte Carlo simulations and
high-temperature series expansions one has estimated # = 0.6+0.1 and v = 2.95+0.25 (see [29]
and references therein). Analyses of experimental data give the same range of values for 5 but
favor a higher value of v = 4.5 + 0.3 [30]. The scaling (89) at criticality has been obtained by
Fisher and Huse [3] previously [their equation (5.13)]. The scaling function F(z) satisfies

FO)y = cst,
F(z) analytic for x =0, (90)
Fla) % (coy@m

The magnetization is obtained from (82), (84), ( 85) and (88):

m(H) — xH = m,, with y ~ dfzzﬁ f (91)
and the singular part of the magnetization m., verifies
1
2¢¢ 2 t
wl(th) ~ ——20 _pIF2m A — ) 92
mag(t,h) ~ — g — o (92)
with a scaling function M(z) such that AM(0) is a positive constant, and
M(x) analytic for z = 0
@ (93)

M) TET S (et

The limit  — —co is in agreement with the result obtained by Bray and Moore [2] [their equa-
tion (46)]. The linear term yH exceeds the magnetization m(H) by the singular contribution
m(t, H), because, just as in the ordered phase [3], the low-field linear response of the domains
with L > £y has saturated.

In particular, we see from (92) and (93) that the exponent of H in m,, is 1 + 27—% and

1+ 2% for x — 0 and x — —o0, respectively. Hence, the singular contribution is dominated
by the linear response. However, both values of the exponent are smaller than 3, so that
the singular term dominates over the H® term in the magnetization and causes the zero-field
nonlinear susceptibility to be infinite. Furthermore, we see from (92) that the third derivative
of the magnetization diverges, for H — 0, at the critical point as

& ok 3\ 2%
_em o 9o 4 202 —1y 4
83~ d—2+n (J) H™= (94)

For dimensions d close above d,; the following inequality holds:

Y B8 d-y
— & — 95
d~2y<A d<p vy (95)

The second one follows from the fact that, for d \, d¢, we have vy — % {3, ¥ > 0 and

B~y~7% 7 oo (see [3]). It seems reasonable to assume that (95) is valid in general dimension
d > dg, so that the divergence for H — 0 of —j—;’% is stronger in the ordered phase than at
criticality.

Summarizing the above results for H — 0 at ¢ fixed, we get:

I

ajoH — as(t)H1+di*y2‘1 +.
as(t) = aso |t]P =75 (96)

T=T.: m(H) = aoH — aCHWWE +

T<T:: m(H)
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Here, a;0, @50, and af are amplitudes, and ( 95) implies that the exponent of a,(¢) is positive.

5.3.2. Temperatures above T.. — Let £, be the zero-field correlation length for T > 7. Do-
mains of linear size ¢ < £4 behave critically, whereas much larger domains are paramagnetic.
When H is small, domains of size up to fi align partially and in order to obtain the mag-
netization we have to integrate until scale {,. When H is larger, there is £y < &4, and the
integration runs until £z as in equation (88). In the latter case, we get again the result (92),
but with small positive argument of the scaling function. In the former case, we have

7 ae ey
mi) =# [ i 0
~1
so that 9 W 5 . 2 90
m(H)_XHN_mjt H with X=m7, (98)

the singular part of the magnetization contributing a term ~ t° to the linear susceptibility.
We can write the magnetization for T' > T, from (92) and (98), in a compact form:

m(H)— xH ~m,, , (99)

with a constant contribution of the nonsingular part of the magnetization to the linear suscep-
tibility as in (98), whereas the singular part of the magnetization behaves as

902
Mg (8, 1) = ——— 2qo+ 7 WS M (Lz) : (100)

A

with M(0} a positive constant and the scaling function M(z) satisfies

M(z) analyticforz =0,
—o0 101
M(z) “=° B (101)
To study the limit A — O at small positive ¢ of ( 101), we write first
~ pl+2Z ¢
malti) kTR (;f) (102)
= mM ()
~ 2 A
where M (%A-) =5M (h%A) From (101), we have
M) ~ut u—0. (103)

For ¢ > 0, the function m,, should actually be nonsingular in h. Hence, with the assumption
that M is analytic in A%, we get in summary for the magnetization above the critical point:

T>1:: m(H) = a()H +a3(t)H® + .
al(t) = ajg — algtﬁ 5 (104>
az(t) ~ a1, t77,
where aj9, a1, and a1, are amplitudes. This shows that, for ¢ N\, 0, the linear susceptibility

x has a nondiverging singular contribution ~ #° and the well-known feature [25] that the
nonlinear susceptibility diverges as ™7
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5.3.3. A Magnetic Field at d = d;,. — We now turn to the special case of applying a small
magnetic field H at the lower critical dimension d = d;. For d ™, d;, the contribution of
the nonsingular part of the magnetization to the linear susceptibility [see (91)] diverges, be-
cause 1. /" 2 — d. However, due to the simultaneous divergence of the singular part of the
magnetization [see (92), {100)] the linear susceptibility remains finite for T > 0, because the
leading contributions of the nonsingular and of the singular part cancel each other in the limit
d = dy, as previously observed by [1,25]. This gives rise to a logarithmic singularity of the
magnetization, for H — 0 at T = 0, which can be seen as follows. To obtain the expression
of the magnetization at d = d;, we can reason as in the preceding subsection for T' > 7, with
here T.(ds) = 0. At T = 0, the reversal energy AF* and the magnetization M* of a cluster of
linear size £ are

AFY ~ T, 105
Mt~ gfed (105)
for all length scales £, so that from (85)
i
J £
§n = ( T ) (106)
%6 H
However, for T > 0, the renormalization of the reversal free energy AF* is nontrivial. Solving
(57) for y = 0 we obtain
T\ 2
AFZNJ\/l—c(kI} ) log ¢ , (107)

as McMillan did previously [1]. The magnetization, for H — 0 at T > 0, is readily calculated
in the same way as above for d > d; and T > T, the zero-field correlation length being

1 J2
Ep e ST Ty [see (63)]. One finds

%
m(T,h) = L SR My, (ksTlogh™') | (108)
ks T
with a scaling function Mg, that satisfies
z—0
Mal2) - = o, (109)
My, (z) ~ 1.

Thus, in the limit H — 0 at T fixed, we obtain the Curie law as expected in the paramagnetic
phase on general theoretical grounds [31].

6. Some Comments on Critical Dynamics

Random systems, like random field magnets and spin glasses, have far slower dynamics than
conventional pure systems (see e.g. [32-34] and references therein). This is often attributed to
fact that the competition between various types of interactions leads to free energy barriers of
height B that have to be crossed in thermally activated dynamical processes. If a static theory
like the one of the preceding sections is to be extended to include dynamical phenomena, then
additional assumptions concerning these barriers have to be made. It is generally assumed
that a barrier tvpically grows with the length scale L involved in the process as

Bl ~L¥ | (110)
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with a barrier exponent 1 > 0 and gives naturally rise to long time scales
BL

kT

L~ exp(

). (111)

This type of scaling is called activated dynamic scaling. The activated processes can be either
fluctuations in equilibrium or involve approach to equilibrium.

Generally, it has been agreed upon that this is indeed the mechanism valid at sufficiently
large length scale in the spin glass ordered phase. However, it has remained unclear whether the
critical dynamics in these systems should be described by activated or rather by conventional
(power-law) dynamic scaling. Until now, most often critical dynamics has been scaled in a
conventional manner, with anomalously large exponents, although thermally activated critical
dynamic scaling with a small barrier exponent also appears to account reasonably well for
experimental spin-glass behaviour at the critical point in three dimensions and does not seem
to be incompatible with numerical simulations [34,35]. Again, however, the scaling with either
approach can be corrupted in d = 3 due to a number of serious problems (see [29, 30] and
references therein for details).

The picture of this paper represents an extension of the droplet picture of the spin glass
into the critical region. We argue in the following that it suggests that spin glass dynamics
is activated also at the critical point, at least in dimensions close above d;. We recall that in
the FH theory the droplet walls minimize the free energy of a reversed spin domain. They are
locally optimal and the fact that they dominate the physics of the ordered phase reflects the
strong spatial inhomogeneity of thermal fluctuations in that phase. In particular, to reverse a
droplet of scale L, the domain wall must pass through regions of high free-energy cost which
are larger than the excitation free energy of the completed droplet. Therefore FH argue that
droplet reversal is a thermally activated process with barriers BY behaving as in (110) and
growing at least as fast with length scale as the free energy difference between initial and
reversed state. Therefore its barrier exponent satisfies

y(d) < ¥(d) (112)

in dimensions d above d; [3].

The same reasoning can be applied to the protodroplets of low-dimensional spin glass at
criticality. But the lower bound 0 < 4. for the scaling of the barriers at criticality, obtained
from comparison with the scaling of the free energy, is trivial. Indeed, ¥ = 0 would mean
conventional scaling. We now give an argument that points towards 1.(d) > 0 in an interval of
dimensions extending upward from d,;. Dynamics near zero temperature in two dimensions has
been argued on the basis of numerical simulations and experiments to be thermally activated.
Numerical work [36] points to ¥(2) = 1 (but see also [34] and references therein) and experi-
ments give ¥(2)/|y(2)| = 1.6 £ 0.2 and %(2)/[y(2)| = 0.9 £ 0.1 for 40 A [37] and g 20 A [3§]
thick spin glass films respectively. This would mean ¥(d) > 0, and, since the barrier exponent
is expected to increase with dimension, also ¥(d;) > 0. Hence by continuity 9.(d) > 0 in
an interval of dimensions upward from d,;. In these dimensions the barrier heights scale at
criticality like

BYT,) ~JLY, 0<e. (113)

Hence, the characteristic reversal time 77 of a composite cluster at a large scale L at criticality
is exponentially length scale dependent:

JLY¥e

Tl ~ mexp T, (114)
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Such a behaviour implies [3] that ac correlation functions should scale, in the critical region.
{wTo)

1
as functions of o8

and that
34

X3 (3w;w) ~ | log 77 (wmo)| , (115)

i.e., the cubic nonlinear susceptibility diverges only logarithmically with vanishing frequency
at criticality.

7. Conclusion

We have analysed the critical state of the low-dimensional Ising spin glass, in particular in the
limit of the dimension d approaching the lower critical dimensionality d.

The best existing approximate theory for the low-dimensional spin glass is the scaling or
droplet theory developed since the middle 1980’s by McMillan, Bray and Moore, Fisher and
Huse, and others [1-4]. The building blocks of this theory, in the language of Fisher and Huse,
are the low free energy excitations, called droplets, from the spin glass ordered state. Droplets
are reversed regions of one phase embedded in the opposite phase. Their excitation energy
has a random value on an energy scale that increases with their size. The droplet wall, like
in ferromagnetism, has a width of the order of the correlation length. Consequently droplets
exist only in the ordered phase and the droplet theory in its original formulation savs nothing
about criticality.

We show in this work that the FH theory has a natural extension into the critical region,
that is, to length scales less than the correlation length. This extension can be presented as a
heuristic expansion around the dimension d. Its main idea is summarised as follows.

In a critical state very close to d¢ most bonds are frozen, but there is a very dilute set of
surfaces (of width zero) that enclose clusters of spins able to thermally reverse with respect to
their environment. The density p of these surfaces is the expansion parameter; it is proportional
to the critical temperature 7.. Because of scale invariance there is the same density p of
thermally active surfaces at all length scales. Since p is small but nonzero, interactions between
these surfaces (through common surface sections) should be taken into account. Therefore, in
the low-dimensional critical state the thermally active degrees of freedom are organised in finite
disjoint sets of interacting thermally active surfaces. These sets have a distribution of sizes
that ranges to infinity. Each set has a self-similar structure on scales from its own size down
to the lattice cutoff. Such a set of interacting surfaces is appropriately called a protodroplet.
In the off-critical limit, that is, for length scales beyond £_, one of the surfaces participating
in a protodroplet will dominate in size so that all the others may be considered as thermally
decorating this large one and building up its wall: the protodroplet has then become a droplet.

This picture of the critical state explains the phenomenon of critical chaos [11,12]. Tt has
enabled us to discuss the effects of a magnetic field in a unified way, using an Imry-Ma type
argument in the ordered phase and at criticality. Finally, we have briefly argued, on the basis
of additional hypotheses, that in low enough dimensions the critical dynamics is thermally
activated.

The picture of this paper has the practical advantage of making definite statements about
spin glass properties on length scales below the correlation length (in contrast to the Fisher
and Huse droplet picture, which is valid on scales above the correlation length). Some of our
predictions should be easily accessible in simulations of the Edwards-Anderson model. One may
of course attempt to determine the existence and properties of the thermally active surfaces
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(they exist from the scale of the lattice distance up), but also more conventionally verify our
predictions for various spatial correlation functions.

The following three remarks about possible future simulations are in no way meant to be
exhaustive.

1. About thermally active cluster surfaces. A quantity that measures the degree of thermal
activity of the surface element perpendicular to a bond between two neighbouring spins
s; and sy is | < 8;8y > |. If this quantity is zero, the bond is strongly thermally active;
if it is close to unity the bond is nearly frozen. Its spatial (or disorder) average is equal
to 1 — O(kgT./J). Conceivably a chart of all nearest neighbor | < ;3¢ > | could be
converted at the end of the simulation into a map of all thermally active surfaces.

2. Dimension dependence. As the dimension d moves up from dg, the critical temperature
T, moves away from O and thermally active cluster surfaces become gradually harder to
distinguish, since almost all bonds will acquire some degree of thermal activity. Also,
the thermally active surfaces, even if they can be distinguished, may, from some dimen-
sion on, form infinite percolating structures and the theory of our paper is not directly
applicable. In dimension d = 2 and at sufficiently low temperature, the thermally active
cluster surfaces exist on length scales less than the correlation length &, but the corre-
lation functions are not multifractal; beyond £ the surfaces form an infinitely connected
structure. Therefore d = 3 is the ideal dimension for testing our predictions.

3. Analysis in terms of correlation functions. This is the more conventional approach. The
theory predicts power laws at distances less than the correlation length (but of course
sufficiently large with respect to the lattice cutoff; how much larger we do not know).
The powers are in general different for different moments of a given correlation function.
We extract from the preceding sections what seem to us the most important ones.

The disorder averaged energy-energy correlation function < Ae;Ae; >, equation (34),
should behave as (see equations (35) and (40)):

<AehAe; > ~ i — j|He (d>de, li—jl<é). (116)

However, the theory also says that < Ae;Ae; > has fluctuations larger than its average
value. Its variance (see Eqs. (36) and (43)) is

< Aeile; >2 — < Aehe; >~ i — |22 (117)

(The Migdal-Kadanoff values for d = 3 are y. ~ 0.36 and {, =~ 0.57 [11,12,18].) We are
not aware of any direct determination yet of the exponent ¢, in the Edwards-Anderson
model. The corresponding zero temperature exponent ¢ has in d = 3 the Migdal-Kadanoff
value ¢ = 0.75 [11,12,18]; the difference ¢ — ¢, just as the difference y. — y, measures
the distance to the lower critical dimension. The higher moments < Ae;Ae; >29 and
< Ae;Ae; >24-1 decay with powers of |¢ — j| that involve a hierarchy of exponents {.(g),
see equation (44).

A quantity that should be measurable with relatively good precision is the fourth energy
cumulant < AF4 > .. (equation (47)) in an arbitrary subvolume of linear dimension less
than the correlation length. As V becomes large,

<AET >im Vo { VAE-Lif 4¢/d> 1. (a)
|4 cst. — (terms non analytic in V) if 4¢./d<1. (b)
(118)
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The MKRG values indicate that in d = 3 the second scenario will be realized, since
numerically 4¢./d —1 = 4-0.57/3 -1 = —0.24. However, we cannot be sure of the
sign of this quantity in d = 3. At d¢, MKRG gives for the same quantity the value of
approximately 4-0.75/2.5 — 1 = 0.2. Hence the fourth energy cumulant in d = 3 provides
a — possibly rather sensitive — way of determining (..
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