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Résumé. 2014 L’existence d’une épaisseur critique pour une cellule nématique avec orientation hybride
a été récemment démontrée en employant la théorie élastique de Frank. Ici nous analysons comment
l’épaisseur critique dépend de l’élasticité de volume du type surface et nous trouvons de nouvelles
limites pour K13 en fonction des constantes élastiques principales.

Abstract. 2014 The existence of a critical thickness for a hybrid aligned nematic cell has been recently
predicted on the basis of the Frank elasticity. The purpose of the present work is to show the depen-
dence of the critical thickness on the surface-like volume elasticity and to find new limits for K13
in terms of the principal elastic constants.
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1. Introduction.

During the last several years the Hybrid Aligned Nematic (HAN) cell has been considered by
several authors, both for the possibility of realizing new types of coloured displays [1, 2] and from
a fundamental point of view. In fact the HAN configuration appears suitable for measuring the
elastic ratio between the splay - and bend elastic constants K11/K33 by means of dielectric [3]
and optical methods [4] in the case of strong anchoring; and a HAN cell subjected to suitable
external fields presents interesting flexoelectrical properties [5, 6]. Moreover, a light beam tra-
velling in a HAN cell can be self-focused [7].
On the other hand, the usual weak anchoring conditions strongly affect the HAN cell behaviour,

determining the presence of a critical thickness, below which the cell dramatically goes to a
homeotropic (H) or to a planar (P) configuration. This critical behaviour has been calculated in
an approximate way by Labes [8] and in a rigorous way in reference [9] by taking into account
only the Frank elasticity, and has been shown experimentally for the first time in the reference [10].

Nevertheless, the surface-like volume elasticity [11, 12] has been demonstrated to play an
important role in the case of weak anchoring [13-17]. The aim of the present work is to show the
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influence of the second order elasticity on the critical thickness of a HAN cell, and to point out
some inequalities which the second-order elastic constant K13 must satisfy.

2. Theory.

Let us consider a HAN cell of thickness d ; the z-axis is chosen so as to be normal to the cell plates,
and the anchoring conditions at z = 0, z = d are H and P respectively.
For simplicity, we suppose the H-anchoring to be strong (silane anchoring) and the P-anchoring

weak with respect to the azimuth qJ, the angle between the director n and the z-axis (grease
anchoring with rubbing [10]). By taking into account only the first order elasticity, the critical
thickness of such a HAN cell yields de = L33, where L33 = K33/Wa, the de Gennes-Kleman
[18,19] extrapolation distance at the P-surface and Wa is the anchoring energy anisotropy [9, 20].
Notice that if d  d~ the whole sample has no distortion (qJ = 0 for any z in the range { 0, d }).

Of course de = L33 is obtained, following the model F,((pp) = (1/2) Wa cos2 qJp for the free
energy density at the P-surface [21-23].

Let us now consider the complete expression of the free energy density [11, 12, 24] :

The term with K22 has been omitted, because we refer to an ideal HAN cell with no-twist; on the
other hand, the contribution of the term involving K24 is identically zero, if the sample distortion
is dependent only on the z-coordinate (see Appendix 1).
Hence the free energy in the absence of external fields is given by :

where K =- 1 - K11/K33 is the elastic anisotropy, and the surface free energy, complete to
second order, is obtained as

By minimizing equation (2), the Euler-Lagrange equation is obtained in the same form resulting
in the case of the first-order elasticity [11,12], since the term involving K 13 affects only the boun-
dary conditions.
Hence we deduce [3]

being c a convenient integration constant, given by

By substituting equation (5) into equation (4), the derivative d~/dz is obtained, and equation (2)
becomes
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We point out that in the one-constant approximation equation (4) gives

Consequently equation (6) becomes F(lpp) = F$( ~pp) + (1/2 d) { K 3 3 ~p 2013 K 13 lpp sin 2 lpp },

since the volume term is proportional to (d(p/dZ)2 dz. Whence equation (3) giving the equiva-0

lent surface free energy is obtained as Fs2~(~pP) = F~p) 2013 (1/2 d) K13 lpp sin 2 lpp.
We observe that the surface orientation is connected to the second-order elasticity of the nema-

tic liquid crystal (NLC) : on the other hand, as pointed out by Nehring and Saupe [11], the easy
direction at the surface is dependent both on the substrate treatment and on the particular NLC
involved. Now, instead of calculating directly from (2) and (3) the equation expressing the boun-
dary condition [13-17, 24] (since it would be difficult to obtain in this case [25]) we note that to
find the boundary condition, it is enough to minimize the free energy F(pp) as a function of
the parameter lpp, summarizing the anchoring effect at the wall. In other words,

allows us to get quickly a relatively simple relation, describing the boundary condition.
In fact, by using equation (6), after a trivial calculation we obtain, by taking into account the

properties of the functions defined by means of integrals [26] :

Notice that such a boundary condition, influenced by the second-order elasticity, reduces to the
well known equation (7.1) of reference [9], if K13 = 0 and the model [21-23] for Fg is assumed.

Equation (8) is particularly useful because at this point the surface interaction function has
been not yet specified : it could be of the type square-sine [21-23, 27] or square-sine with a correc-
tion term [28] or square-elliptic-sine [24] and so on.

If Fs is assumed to be square-sine, we may solve equation (8) obtaining the tilt angle at the
P-wall lpp as a function of the nematic elasticity and the cell thickness.
To describe the asymptotic behaviour of the HAN cell, we consider a very thick sample (d -+ oo)

and a very thin one (d --+ ~), with de a priori not different from zero.

2. 1 d -+ oo. - Since the bulk distortion density is very small, lpp -+ n/2, e.g. lpp = nl2 - s
with B &#x3E; 0 and lim 8 = 0. By expanding conveniently equation (8) around the asymptotic

d -· ao

equilibrium configuration, we deduce

Equation (9) is useful for predicting the effective tilt angle at the wall : for instance, in the case
of MBBA (K ~ 0 [29]) we deduce s ~ (~c/2) (1 + K13/K33) (L33/d).

2.2~-~~. - It is well known that the distortion density of a HAN cell tends to increase as
the thickness becomes smaller : hence the effective tilt angle at the P-wall competitively decreases,
in order to reduce the free energy of the cell. ,

Now, let us suppose as a working hypothesis that the critical thickness exists [8, 9] (in fact it
has been found experimentally [ 10] ). With the aim of finding its value, it is necessary to expand
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equation (8) with respect to the parameter j?p. By stopping the expansion at the third order, we
get

where L 13 --_ K 13I Wa~
Since birefringence measurements show that the optical path difference changes smoothly

near the critical thickness [30], the following inequalities must be satisfied :

This means that the critical thickness does exist, also by taking into account the second order
elasticity, and is given by

Of course, if K13 could be positive [ 17], equation (13) would always be satisfied. But a molecular
approach [ 11, 12] shows that necessarily K 13 must be negative. Notice that equation (13) is a
consequence of the hypotheses of weak P-anchoring and strong H-anchoring. By permuting
these positions, L3 3 would be replaced by L - K 11 / Wa and equation (13) would become

Obviously in this case the stable configuration below the critical thickness is the P-confi-
guration.
We point out that equation (14) is the same as that obtained by Chigrinov et al. [24], considering

the effect of an electric field producing a saturated Freedericksz transition on a NLC sample in
an initial H-configuration. Notice that two different forms of the surface free energy, ie. both
square-sine and square-elliptic-sine model, result in the same inequality for K13, consistent
with the fact that K13, although playing a surface role, is a bulk property, i.e. a parameter
depending only on the NLC material.

It is interesting to observe that both equations (13) and (14) are necessary, since for commonly
used NLC K11  K33 [31, 32], but there exist other NLC compounds exhibiting K11 &#x3E; K33 [33-
35].
Whence for a given NLC the more restrictive of the two conditions (13) and (14) must be consi-

dered.
The present analysis gives a K-independent limitation for K13 due to the fact that only threshold

phenomena are considered, as well as in the paper by Chigrinov et al. [24].
Moreover, the limits of the critical thickness dd2) are given by

with K 13  O.

3. Conclusions.

The effect of the second order elasticity on the critical thickness of a HAN cell with strong
anchoring on the H-wall and weak anchoring on the P-wall has been calculated
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While K24 has rigorously no effect, to neglect K13 implies in the worst case to underestimate
d by a factor of 2, with K 13  0.

In any case, it is important to note that the simple calculation proposed results in the conclusion
that the existence of the critical thickness of a HAN cell is predictable, also by considering the
second order elasticity.
On the other hand, since the effect on the critical thickness induced by neglecting K 13 is of the

order of 100 % at the most, K 13 is expected to influence at the same order the elasto-optical
behaviour of a NLC cell, characterized by a weak anchoring. Hence, for instance, the non-linear
optics behaviour of a HAN cell described in reference [7] and the optically induced Freedericksz
transition introduced by Zeldovich et al. [36] and recently discussed by Ong [37] should be revised
A similar analysis should be performed with the aim of giving a rigorous approach to the pro-

blem of the spontaneous Freedericksz transition recently discussed by Kaznacheev and Sonin [38].
Such a work is in preparation and will be presented in another paper.
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Appendix 1

The term involving the second order elasticity K24 in the free energy density of a nematic can
be written [39] :

It is easy to show that f24 gives no contribution if the distortion depends only on one coordinate,
for instance on the z-coordinate.

In fact

hence

giving
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