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Résumé. — Dans de nombreux problémes physiques, on associe les propriétés d’invariance d’échelle
a Papparition de structures fractales. Dans le cas d'un modele soluble, on montre que I'analogie
précédente conduit & considérer des indices complexes, par exemple dans les lois de puissance repré-
sentant la densité d’état. Les oscillations correspondantes sont nécessaires pour reproduire la partie
singuliére du spectre, et sont gouvernées par les singularités les plus proches de la transformée de
Mellin de la densité d’état. L’observation de telles oscillations dans des systémes réels pourrait
permettre de déterminer la dimension fractale effective des structures impliquées.

Abstract. — Fractal structures have been associated with scaling properties of many physical sys-
tems. On the basis of a solvable model, it is asserted that the above analogy leads in a natural way to
complex indices, for instance, in the power law describing the density of states. The corresponding
oscillations are, in fact, necessary to reproduce the singular part of the spectrum, and are governed
by the nearest complex singularities of the Mellin transform of the spectral density. Observation of
such oscillations in actual systems might allow the effective fractal dimension of the involved struc-
ture to be determined.

In many physical problems where scaling properties play an important réle, a detailed inter-
pretation of the observed phenomena has been proposed [1, 2] in terms of fractal structures. This
is the case for the vibration properties of proteins [3], percolation in discontinuous thin films [4],
diamagnetic properties of superconductors near the percolation threshold [5]. In fact, fractal
structures seem to generate in a natural way singular spectral measures [6] for the vibration spec-
trum, or singular continuous density of zeroes in statistical models on fractal hierarchical latti-
ces [7].

On the other hand, a singular part arises in the spectrum in some cases for the Schrodinger
equation with an almost periodic potential [8]. Such equations have been considered for incom-
mensurate structures, conducting or super-conducting linear chains [9], electronic properties
of crystals in a magnetic field [10], and more generally in the metal-insulator transition. It is a
somewhat surprising fact that almost periodicity and renormalization group properties may be
related, and there exist exact models sharing both properties [11].
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An important feature of the density of state associated with a Schrédinger Hamiltonian is its
behaviour for low energy excitations. Near the edge of the spectrum E, ;, the density of states
behaves as

p(E) ~ C(E — E )71 M)

where § is the spectral dimension of the system [12, 5]. The spectral dimension ¢ is usually diffe-
rent from the geometrical fractal dimension of the system [1].

The purpose of this letter is to show that, in the case of a singular spectrum, one should expect
that the constant C has to be replaced by an oscillating term :

p(E) ~ (E — E_ )% ! {E + Y a,cos (ktIn(E — E,.p) + @) } )
k

The « constant » C in (1) has in fact no definite limit. A simple intuitive argument follows from
the fact that a purely singular continuous spectrum has infinitely many holes near its edge, and
the oscillations are required to reproduce this feature. The same argument holds for a pure point
spectrum with support in a Cantor-like set [6]. .

In order to be more precise, we shall briefly explain the situation in a particular model : the
quadratic mapping Hamiltonian [11], which has the significant advantage of being solvable. The
model is one dimensional, discrete and semi-infinite with wave function y, defined for integer
n = 0. The Hamiltonian satisfies a renormalization group equation

HD =DH? -}, Ai=2 3)
where D is a decimation operator :

DY), = ¥y - @

The spectrum of H is invariant under the transformation
T(E) = E* — A, &)

since Dy is a (quasi) eigenstate with eigenvalue E2 — A when y is any (quasi) eigenstate with
eigenvalue E.

We recall some properties of the model [11, 13] :

i) The spectrum is purely singular, its support reduces to a Cantor set of Lebesgue measure
zero, which consists of all points of the form :

+ AtV £ Vi ©)

which is nothing but the Julia set [14, 15] J associated to (5).

ii) The wave functions are the set of polynomials P,(E) orthogonal with respect to the invariant
measure naturally associated with the set [14].

iii) The resolvant in the state y® defined by :

W), = .4 Q)]
is the generating function associated to the density of state u(E), integrated on the set J :
- d
9@ = YO | (1 — zH) 1|w<°’>=fl—“_%. ®)
J

iv) The eigenstates have chaotic behaviour [11] which will not be discussed here.
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v) The end point of the spectrum is here defined as :

E.a=a() =12+ A+ 142, ©)

which is the largest fixed point of the spectrum. Here for the sake of convenience we will analyse
the density of states near the maximum eigenvalue. An obvious change of sign in the energy
variable will make the link with the usual convention.

The « Lyapunov function » which expresses the large n behaviour of the eigenstates [16] is
given by

G(2) = f In(z — E) du(E) (10)

and is related to the resolvant g(z) by :
1.,
9(2) = - G'(1/2). 1)
We have the functional equation

G(z) = %G(zz — . (12)

First we note that the general solution G(z) of (12) is related to a particular solution G(z) in
terms of a periodic function p(x) :

p(x) = p(x + In2) (13)
through
G(2) = Gy(2) p(In Gy(2)). (149)
Using the Fourier expansion of (13) :
p(x) = +f D, €Xp(2 inmx/In 2) (15)

we get a formal expansion of the general solution of (12)

2imm
n

G(z) = _f P (Go(2) T2 . (16)

It is convenient to choose G(z) as the solution which admits an expansion around a :

In2

_ In2a o — n
Go(2) = (z 5 a“) > g,,(,(z > a") : )

Introducing the elementary solution

2imm
*n2

Gu(2) = [Go(@)]' (18)
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we get :

In2 2inm

+ _ In2a In2a
GO) = 3 1a 6ul®) = T Tmun 5°) 19

Noting that G(z) is real analytic, we get :

G(Z) i Z Pn m(z —2 )ln 2a { COoS <21 71.';” 1n<£§a_a) + (Pm,n) } (20)

m=0 n=0

where the p, ,, and ¢, are real parameters. This expression is an asymptotic expansion for the
Green function and a related expansion can be obtained for the density of states :

In2 2inm
mito <end E)ln(zs,.,d)*"*ln(zEm) ! @1

m=—w n=0

which leads to (2) in view of the reality conditions. A precise mathematical statement is expressed
in terms of the Mellin transform :

M(s) = f( s — EY p(E) dE @)

which can be proven to be a meromorphic function [17] with poles on a semi infinite lattice, at
positions :

Spn = —20—n+imt, neN, melZ
. 2 6 _ In2 23)
ln (2 nd) 2 B ln (2 Eend)'

The dominant part in the oscillations is provided by poles s, .. The proof of the meromorphy
follows from the invariance of the spectral measure under the transformation (5). Note also
that M(s) can be continued analytically toward real negative integers and one gets [17]

M(—n) =0. 4)

This relation (commonly named trace identity) may provide useful sum rules for the spectral
density.

A generalization to higher degree polynomial transformation will provide similar results [18].
Although the amplitude of the oscillations may be rather small (a few per cent in our case for
A = 3), and can only be evaluated numerically, we think the phenomenon is quite generally
related to functional equations like (12), where the transformation is an analytic function as
is T in (5). Such oscillations occur in real variable problems [19] for instance in the behaviour
of infinite products of random matrices [20], where the Lyapunov index may display a behaviour
similar to (2).

In statistical mechanics, critical complex indices have already been considered in the renorma-
lization group analysis [21] but they are usually rejected for translation invariant systems since
they imply a length scale, or a finite size. However they appear when an exact renormalization
group transformation occurs, as is the case for Ising or Potts models on hierarchical lattices [7].
In this case the fractal structure occurs for the density of zeroes itself, generating an oscillatory
critical behaviour of the thermodynamical quantities as a function of the temperature, super-
imposed on the usual scaling laws.
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We shall now discuss in more detail the relevance of our discussion to fractal structures. A
fractal object has a discrete scaling semi group, with scale parameter b, the number of degrees
of freedom being concomitantly rescaled as b, where d is the relevant fractal dimension. The
usual scaling arguments applied to the density of states give the following relation [2, 6] near
the low frequency fixed point :

Eend) = 3 P(WE — Epy)) 25)

where u is the renormalization group eigenvalue. From the latter equation we get [19]

PE = Epg) ~ (E — Ep P! fQne(E — E,,y) (26)
o =Inb
where : 27
1
T = m

and f is a periodic function with period 1.

Therefore the low frequency behaviour of the density of states is governed by two numbers 6
and 7, the knowledge of which allows one to determine the scaling factor b of the number of
degrees of freedom, as well as the fractal dimension d. In our case (Eq. 23 above), b=2, d=1,
4 = 2 a. Preliminary numerical calculations indicate that the Fourier coefficients of the func-
tion f in(26) decrease very rapidly, so that f(¢) is expected to be well reproduced by
C, + C, cos (2 nt). )

To summarize, we think that the oscillations of the density of states, as well as the corres-
ponding critical oscillations in statistical mechanics, may lead to observable phenomena in
physical systems which possess a tendency to generate a singular measure associated in a natural
way to a renormalization group transformation. This singular measure may be either singular
continuous or pure point, but in both cases the essential spectrum is a Cantor set. The models
considered may include both almost periodic and fractal structures. From a practical point of
view, the observation of such oscillations in actual systems would also provide an estimation
of the effective fractal dimensionality of the involved structure.
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