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SEMICLRSSICaL THEORY OF ION STOPPING'1> 

R.M. MORE<2> a n d K . H . WARREN 

Lawrence Llvermore National Laboratory, Llvermore, CR 94550, U.S.A. 

Résumé - Le calcul du ralentissement d'ions multichargés nécessite l'élaboration de 
nouvelles techniques pour la détermination des forces d'oscillateur. Nous 
décrivons, ici, une méthode semi-classique donnant les éléments de matrice 
électroniques et les forces d'oscillateur correspondantes. La méthode est évaluée 
par comparaison avec des résultats connus pour le potentiel de Coulomb. Elle est 
numériquement robuste et raisonnablement précise pour toutes les transitions 
considérées. Elle est appliquée par le potentiel de Bethe pour l'excitation de 
1'hydrogène. 

Abstract - There is a need for a convenient method to ca lcu la te o s c i l l a t o r strengths f o r 

h ighly charged ions f o r app l i ca t ion to the ca lcu la t i on of stopping powers. In t h i s paper we 

describe a new semiclassical method fo r f i nd ing electron matrix-elements and o s c i l l a t o r 

s t rengths. The method is tested by comparison wi th known resu l ts fo r the Coulomb po ten t ia l 

and proves to be numerical ly robust and reasonably accurate f o r a l l t r a n s i t i o n s examined. 

I t is appl ied to ca lcu la te the hydrogen Bethe exc i ta t i on p o t e n t i a l . 

1 - STOPPING-POWER AND OSCILLATOR-STRENGTHS 

We begin wi th a b r i e f discussion of the connection between rad ia t i ve opaci ty and f a s t - i o n 
1 stopping powers. 

The electromagnetic f i e l d of a f as t ion is approximately equivalent to a c lus te r of v i r t u a l 

photons carr ied along by the i on . When the ion penetrates a plasma ta rge t , some of the v i r t u a l 

photons w i l l be absorbed by electrons of the ta rge t ma te r i a l . A f te r being absorbed, the v i r t u a l 

photons are regenerated by the e l e c t r i c current of the fas t i on , but the energy required f o r t h i s 

is taken from the center-of-mass motion of the ion and therefore the absorpt ion of v i r t u a l 

photons i s equivalent to e lec t ron ic energy- loss. From t h i s point of view, dE/dx can be regarded 

as an average or mean opacity f o r absorption of v i r t u a l photons. 

The quan t i t a t i ve expression of t h i s i n t u i t i v e p ic tu re is obtained by ca lcu la t ing the absorpt ion 

of v i r t u a l photons. We use the frequency spectrum of v i r t u a l photons, 
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Here Z1 i s  t h e  i o n  charge, v  i s  i t s  v e l o c i t y ,  c  i s  t h e  speed o f  l i g h t ,  = eL/hc i s  t h e  

f i n e - s t r u c t u r e  cons tan t  and t h e  c o e f f i c i e n t  a  i s  a  d imens ion less  number o f  o r d e r  u n i t y . 2  We 

employ a  minimum impact  parameter bmin = h/mv , as i s  normal f o r  h i g h - v e l o c i t y  i o n  

i n t e r a c t i o n s .  

The c ross  s e c t i o n  p e r  gram f o r  l i n e  t r a i l s i t i o n s  o f  bound e l e c t r o n s  o f  t h e  t a r g e t  plasma i s  

determined by t h e  bound-bound a b s o r p t i o n  opac i t y ,  wh ich  we can w r i t e  i n  t h e  n o t a t i o n  o f  t h e  

average-atom model, 

There a r e  a l s o  bound-free and f r e e - f r e e  a b s o r p t i o n  processes. 
Pn i s  t h e  number o f  e l e c t r o n s  i n  

t h e  l ower  s h e l l  o f  p r i n c i p a l  quantum number n  and ( 1  - Pn,/Dnl) i s  a  c o r r e c t i o n  f o r  p a r t i a l  
2 f i l l i n g  o f  s t a t e s  o f  t h e  f i n a l  s h e l l  n '  (Dnl = 2,,-) . I ( h v )  i s  t h e  l i n e  a b s o r p t i o n  p r o f i l e ,  

wh ich  can be rep laced  by a  d e l t a - f u n c t i o n ,  I ( h v )  = & (hv  - (Ent - En) ) ,  and fn,", i s  t h e  

a b s o r p t i o n  o s c i l l a t o r  s t r e n u t h ,  summed ove r  s t a t e s  i n  t h e  f i n a l  s h e l l  n '  and averaged ove r  

s t a t e s  o f  t h e  i n i t i a l  s h e l l  n. 

The energy l o s t  by abso rp t i on  o f  v i r t u a l  photons i s  t hen  g i v e n  by 1  

- = J hv N(hv) p Kv dhv 

T h i s  i n t e g r a l  g i v e s  t h e  f o l l o w i n g  express ion f o r  t h e  energy- loss :  

2  4 4 r  z1 e  

P ( 'no)  (a;n2) 2 n i  1, fnn '  n  3 - l o g  - 
mv n  n  n '  

T h i s  r e s u l t  i s  t h e  bound-bound p a r t  o f  t h e  Bethe formula  f o r  h i g h - v e l o c i t y  energy- loss.  2  

Severa l  i n t e r e s t i n g  p h y s i c a l  quest ions  a r i s e  a t  t h i s  p o i n t :  Does i t  m a t t e r  t h a t  t h e  photons 

cons idered a r e  v i r t u a l  photons r a t h e r  t han  r e a l  photons? Should t h i s  s l i g h t l y  mod i f y  t h e  energy- 

conse rva t i on  r e l a t i o n ?  When we a p p l y  these equat ions  t o  plasmas, shou ld  we i n c l u d e  t h e  downward 

t r a n s i t i o n s ,  i n  which an e x c i t e d  atom a p p a r e n t l y  g i ves  energy t o  t h e  f a s t  i o n ?  Could t h e r e  be 

s t i m u l a t e d  emiss ion by e x c i t e d  t a r g e t  i o n s  caused by  v i r t u a l  photons o f  t h e  f a s t  i o n ?  Whi le  we 

a r e  i n c l i n e d  t o  answer these ques t i ons  i n  t h e  a f f i r m a t i v e ,  perhaps f u r t h e r  s tudy  i s  r e q u i r e d .  

U s u a l l y  one w r i t e s  t h e  s topp ing  power due t o  bound e l e c t r o n s  as 

- 
where NR i s  t h e  number o f  bound e l e c t r o n s  p e r  atom ( i o n )  and I i s  t h e  mean e x c i t a t i o n -  

i o n i z a t i o n  p o t e n t i a l ,  de f i ned  by: 

I ,  f 1111 ,  1',(1 - Pn,/Dnl)  109 (Eni  - En) +- b f  t e r m  
nn log i - 

fnn, Pn( l  - Pn,/Dnl) + b f  t e rm  
nn '  



At this point the photoelectric (bound-free) contribution is merely indicated in a schematic 

fashion. Because of the f-sum rule, the denominator in Eq. (6) is simply NB = Z - Q , the 
number of bound electrons. 

The evaluation of T requires the energy-levels and absorption oscillator-strengths for 

transitions between these eigenstates. 
3 

There is a simple approximation for hydrogen-like ions, given by Bethe and salpeter4 and Menzel 

and pekeris5: 

Equation (7) is accurate to within a factor of two, for example, the Is + 2p matrix-element is 
2 (ao = h /me2 = Bohr radius) 

which gives an exact oscillator-strength of f(1s-2p) = 4 (2/3)' = 0.4162 , while Eq. (7) gives 

f(1.2) = 0.5808, which is 40% high. Equation (7) is more accurate for states with higher quantum 

numbers. 

Equation (7) can be derived by extrapolation of the Kramerst absorption cross-section for 

Bremsstrahlung to negative energies of both initial and final states for the absorbing 

electron. 1.6 

Reference (1) also generalizes Eq. (7) to non-hydrogenic atoms, within the context of the 

screened hydrogenic model. The electron energy-levels are taken to be 

where Qn is the effective charge for electrons of shell n 

Q , = Z - 1 0  P 
m nm m 

E(') is an outer-screening correction (also a simple function of Pn. Q, ) .  Repeating the n 
extrapolation to negative energies with this, representation of the energies, one finds: 

For the hydrogenic case EAO) is zero and the effective charges Qn are equal to Z; in this 

case the Qnts cancel an& Eq. (11) reduces to Eq. (7). For Is-np transitions of partially 

ionized heavy atoms, Eq. (11) can differ from Eq. (7) by large factors (5 to 20) and is 

systematically more accurate.' However Eq. (11) still differs from the best theoretical 

calculations by factors of two due to quantum and relativistic effects. 

For energy-loss calculation. Eq. ( 1 1 )  is not sufficient because nQ nQ1 transitions are 

important and subshell splitting'greatly affects the answer. One would like the detailed 
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o s c i l l a t o r - s t r e n g t h  which desc r i bes  t r a n s i t i o n s  between s t a t e s  o f  s p e c i f i e d  a n g u l a r  momentum, 

f ( na .n le ' ) .  

The o s c i l l a t o r - s t r e n g t h  i s  r e q u i r e d  f o r  most c a l c u l a t i o n s  o f  a tomic  processes i n  h o t  plasmas: 

c a l c u l a t i o n  o f  stopping-power, c a l c u l a t i o n  o f  emiss ion and abso rp t i on  o f  r a d i a t i o n  and i n  many 

approx imate  fo rmulas  f o r  e lec t ron - impac t  e x c i t a t i o n  and i o n i z a t i o n .  For  t h i s  reason we have 

s t u d i e d  t h e  p o s s i b i l i t y  o f  deve lop ing a  f o rmu la  more d e t a i l e d  and accu ra te  t han  Eq. (11 )  wh ich  

would r e t a i n  i t s  s i m p l i c i t y  and g e n e r a l i t y .  

7-1 8  
A l though t h i s  problem has a t t r a c t e d  a  g r e a t  dea l  o f  a t t e n t i o n ,  t h e  e x i s t i n g  r e s u l t s  a r e  n o t  

v e r y  s a t i s f a c t o r y .  

There a r e  i n t e r e s t i n g  s e m i c l a s s i c a l  r e s u l t s  based on F o u r i e r  a n a l y s i s  o f  t h e  c l a s s i c a l  mot ion  on 

an average t r a j e c t o r y  cor respond ing t o  average quantum numbers nc , ac o f  t h e  e l e c t r o n .  
11 -1 3 

These methods assume I n  - n ' l  = An << n  . For  t h e  hydrogenic system t h e  r e s u l t  i s  an 

exp ress ion  i n v o l v i n g  Bessel f u n c t i o n s  r e l a t e d  t o  Kramers' o r i g i n a l  r e s u l t ;  w i t h  an op t ima l  cho i ce  

o f  nc t h i s  method i s  ve ry  accura te .  U n f o r t u n a t e l y  t h e  r e s u l t s  app l y  t o  t h e  Coulomb p o t e n t i a l ,  

and t h e  g e n e r a l i z a t i o n  i s  n o t  s imple .  

We a r e  i n t e r e s t e d  i n  two t ypes  o f  non-Coulomb p o t e n t i a l s :  those w i t h  atomic screen ing by co re  

e l e c t r o n s ,  and those w i t h  e x t e r n a l  plasma screen ing by f r e e  e l e c t r o n s  and i o n s  o f  a  dense plasma 

environment.  

Fo r  these problems we have s t u d i e d  t h e  use o f  WKB methods. However t h e  a v a i l a b l e  WKB methods 

(e.g., r e fence  14) f a i l  f o r  s imple  problems such as t h e  Coulomb p o t e n t i a l  o r  t h e  l i n e a r  harmonic 

o s c i l l a t o r .  Something b e t t e r  i s  needed. 

2  - WKB APPROXIMATION FOR OSCILLATOR STRENGTHS 

It i s  well-known t h a t  t h e  sem ic lass i ca l  WKB approx imat ion  g i ves  ve ry  good ( e x a c t )  r e s u l t s  f o r  t h e  

ene rgy - l eve l s  o f  a  n o n r e l a t i v i s t i c  hydrogen ic  i on .  We w i l l  ex tend t h e  WKB method t o  c a l c u l a t e  

m a t r i x  elements.  Our r e s u l t s  a r e  w i t h i n  a  few pe rcen t  o f  t h e  exac t  answers f o r  t r a n s i t i o n s  i n  

t h e  Coulomb p o t e n t i a l ,  even f o r  low quantum numbers such as t h e  1s * 2p t r a n s i t i o n .  

The method developed here a p p l i e s  t o  o t h e r  mat r ix -e lements  and o t h e r  p o t e n t i a l s  w i t h o u t  

m o d i f i c a t i o n .  It has c l e a r  advantages f o r  t r a n s i t i o n s  t o / f r o m  s t a t e s  w i t h  h i g h  quantum numbers 

o r  f o r  sums ove r  many t r a n s i t i o n s .  Because t h e  method i s  n u m e r i c a l l y  robus t  we b e l i e v e  i t  w i l l  

succeed f o r  many o t h e r  a p p l i c a t i o n s .  

I n  t h e  WKB t h e o r y  f o r  spher ica l ly -symmetr ic  systems, t h e  r a d i a l  wave- funct ion  
Ynk 

i s  a  sum o f  

incoming and ou tgo ing  waves, 



where E n %  i s  t h e  energy eigenvalue. V ( r )  i s  t h e  e l e c t r o s t a t i c  p o t e n t i a l ,  and rl = rl (n ,  9.) 

i s  an i n n e r  t u r n i n q - p o i n t ,  de f i ned  by q ( r  ) = 0. The q u a n t i t y  q ( r )  i s  t h e  wave-vector, 
na 1 n  Q 

p r o p o r t i o n a l  t o  t h e  r a d i a l  v e l o c i t y ,  and q i s  t h e  phase - i n teg ra l ,  r e l a t e d  t o  t h e  a c t i o n  

f u n c t i o n  o f  c l a s s i c a l  mechanics. I n  ou r  work we a l l o w  t h e  r a d i u s  r t o  be a  complex v a r i a b l e .  

The n o r m a l i z a t i o n  c  o f  t h e  wave- funct ion  can be determined by t h e  WKB n o r m a l i z a t i o n  r u l e  n  Q 

To c a l c u l a t e  t h e  mat r ix -e lement  o f  r w i t h  WKB wave-funct ions,  we f i r s t  w r i t e  

Th is  i s  a  good approx imat ion  f o r  l a r g e  n, n 1  because t h e  om i t t ed  terms, i n t e g r a l s  o f  Y:;) 

Y" and Yn, ( n 1 a 1  (+) yn::, , o s c i l l a t e  r a p i d l y  and symmet r i ca l l y  about zero.  P h y s i c a l l y ,  t h i s  can be 

understood as f o l l o w s :  t h e  i n t e g r a l  we keep, 

corresponds t o  t h e  t r a n s i t i o n  o f  an incominq n ' e '  e l e c t r o n  on to  an incominq na o r b i t .  Th i s  i s  

t h e  t r a n s i t i o n  i n v o l v i n g  t h e  sma l l e r  change o f  momentum f o r  t h e  e l e c t r o n .  The t r a n s i t i o n  t o  an 

ou tgo ing  na o r b i t ,  cor respond ing t o  t h e  i n t e g r a l  

has a  much s m a l l e r  p r o b a b i l i t y  because i t  r e q u i r e s  a  r e v e r s a l  o f  t h e  e l e c t r o n  v e l o c i t y .  The 

photon momentum i s  n e g l i g i b l e  compared t o  t h e  e l e c t r o n  momenta, and so t h i s  r e v e r s a l  i s  ex t remely  

u n l i k e l y .  (The p r o b a b i l i t y  i s  n o t  e x a c t l y  zero  because momentum i s  n o t  conserved i n  t h e  

e l e c t r o s t a t i c  f i e l d  o f  t h e  nucleus.)  

We use E q .  (17 )  f o r  a l l  va lues o f  n, n '  and t h i s  i s  t h e  core  o f  o u r  method 

The i n teg rand  i n  Eq. (17) has a  saddle p o i n t  a t  a  complex rad ius  rSad d e f i n e d  by 

where G( r )  = G ( r  ; na; n ' a l )  i s  de f i ned  by 
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For  t h e  Coulomb p o t e n t i a l  t h e  sadd le  p o i n t  can e a s i l y  be found by  a  search ( u s i n g  Newton's r u l e )  

s t a r t i n g  a t  

I n  many cases Eq. (22)  i s  an accu ra te  approx imat ion  t o  t h e  sadd le-po in t ,  and t h i s  i s  n o t  

a c c i d e n t a l ,  because r i s  determined by t h e  c o n d i t i o n  t h a t  t h e  i n i t i a l  and f i n a l  o r b i t s  
0 

shou ld  i n t e r s e c t  w i t h  second-order con tac t .  I n  any case, Eq. (22) i s  a  reasonab ly  good f i r s t  

guess o f  t h e  s o l u t i o n  o f  Eq. (20) .  

We n o t e  t h a t  t h e  q u a n t i t i e s  G(r ) .  G 1 ( r )  and rSad a r e  c a l c u l a t e d  d i r e c t l y  f rom t h e  

P o t e n t i a l  V ( r )  , which must be known f o r  complex va lues o f  r a d i u s  r . 

The sadd le-po in t  i n t e g r a t i o n  g i v e s  

E v a l u a t i o n  o f  t h i s  express ion r e q u i r e s  i n t e g r a t i n g  Eq. (14 )  t o  f i n d  t h e  phase a t  t h e  

sadd le-po in t .  However t h e  i n t e g c a t i o n  i s  n o t  d e l i c a t e  because t h e  i n teg rand  does n o t  o s c i l l a t e ;  

even coarse zon ing produces reasonable r e s u l t s .  

The o s c i l l a t o r  s t r e n g t h  i s  now 

f o r  d ipo le -a l l owed  t r a n s i t i o n s  n9. + n '  9. 5 1. The f a c t o r  i n  b racke ts  a r i s e s  f r o m  a  sum over  

f i n a l  s t a t e s  and average ove r  i n i t i a l  s t a t e s  o f  g i ven  n.Q . n t ,Q ' .  

I n  t h e  n e x t  s e c t i o n  we w i l l  g i v e  examples, t e s t s  and a p p l i c a t i o n s  o f  t hese  formulas .  Aside f rom 

s i m p l i c i t y  and i n t u i t i v e  appeal ,  t h e  main advantage o f  Eq. (23)  i s  t h e  p o s s i b i l i t y  o f  ex tend ing  

i t  t o  non-hydrogenic systems where we o b t a i n  comparable r e s u l t s  w i t h o u t  a  s i g n i f i c a n t  i nc rease  i n  

t h e  comp lex i t y  o f  c a l c u l a t i o n .  

3  - RESULTS AND APPLICATIONS 

F i r s t  we i l l u s t r a t e  t h e  success o f  Eq. (23) i n  c a l c u l a t i o n  o f  d i p o l e  mat r ix -e lements  f o r  t h e  

hydrogen atom. 



For  t h e  1s + 2p t r a n s i t i o n ,  t h e  WKB i n t e g r a l  has a  sadd le-po in t  a t  rS = (1.576-1.649i)ao/Z 

where a, = .529 x  cm i s  t h e  Bobr rad ius .  Equat ion  (23)  g i ves  

The n o n r e l a t i v i s t i c  exact  values a re  R = 1.2903 ao/Z , f = 0.4162 w h i l e  Kramers' fo rmula  

g i v e s  f = 0.5808 . 

For  mat r ix -e lements  o f  t h e  s e r i e s  I s  + np t h e  e r r o r  grows b u t  does n o t  exceed 10%. As w i l l  

be seen f rom Tab le  1 ,  o t h e r  a l l owed  d i p o l e  t r a n s i t i o n s  have comparable accuracy.  Extended 

comparison f o r  a  l a r g e  v a r i e t y  o f  t r a n s i t i o n s  shows t h a t  t h e  method works v e r y  w e l l .  

TABLE 1  

T r a n s i t i o n  WKB R(n ,e ,n1 ,Q ' )  Exact R percentage 
d i f f e r e n c e  

The WKB method descr ibed here  a p p l i e s  a l s o  t o  p h o t o e l e c t r i c  abso rp t i on  c ross-sect ions .  Fo r  

t r a n s i t i o n s  I s  + cp t o  t h e  cont inuum s t a t e  w i t h  energy c > 0  , angu la r  momentum D  = 1  . we 

f i n d  a  WKB c ross -sec t i on  wh ich i s  c o n s i s t e n t l y  15% lower  than t h e  exac t  n o n r e l a t i v i s t i c  quantum 

c ross -sec t i on  f o r  a l l  energ ies  f r om t h e  t h r e s h o l d  a t  13.6 eV t o  seve ra l  hundred eV, i .e . ,  ove r  a  
6 

range o f  about  10 i n  c ross-sect ion .  Fo r  t r a n s i t i o n s  f r om h i g h e r  bound-states t h e  agreement i s  

b e t t e r .  

Using t h e  WK8 r e s u l t s  f o r  l i n e  and p h o t o e l e c t r i c  abso rp t i on ,  we have eva luated t h e  Bethe 

l o g a r i t h m  f o r  s topp ing  of f a s t  charged p a r t i c l e s .  Our r e s u l t  and t h e  cor respond ing comparison 

va lues are:  

- 
I (WKB) = 14.5 eV 
- 
I (Exac t )  = 14.8 eV 
- 
I (Kramers) = 14.2 eV 
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I n  e v a l u a t i n g  t h i s  sum, we c o r r e c t e d  t h e  WKB and Kramers' values f o r  t h e i r  f a i l u r e  t o  e x a c t l y  

obey t h e  f-sum r u l e .  Th i s  c o r r e c t i o n  i s  made by  e v a l u a t i n g  t h e  sum o f  a l l  o s c i l l a t o r  s t r e n g t h s  

f o r  t r a n s i t i o n s  f rom t h e  i n i t i a l  1s s t a t e  and then d i v i d i n g  by t h i s  t o  reno rma l i ze  t h e  o s c i l l a t o r  

s t r e n g t h s  as i n  Eq. ( 6 ) .  Because t h e  e r r o r  i n  t h e  WKB f-number i s  e s s e n t i a l l y  a  cons tan t  f a c t o r  

0.85, a t  l e a s t  a f t e r  t h e  f i r s t  few t r a n s i t i o n s ,  t h e  r e s u l t  o f  t h i s  c o r r e c t i o n  i s  a  r a t h e r  

accu ra te  stopping-number. 

A key a p p l i c a t i o n  o f  ou r  method w i l l  be t o  t r y  t o  develop a  r i g o r o u s  fundamental j u s t i f ~ c a t i o n  

f o r  t h e  well-known l o c a l - d e n s i t y  model f o r  s topp ing  powers o f  f a s t  charged p a r t i c l e s .  We have 

found t h a t  t h e  mat r ix -e lement  respons ib le  f o r  e i t h e r  bound-bound o r  p h o t o e l e c t r i c  t r a n s i t i o n s  

reduces t o  a  p roduc t  o f  wave-funct ions eva luated a t  a  s i n g l e  p o i n t ,  t h e  saddle p o i n t .  The sum 

ove r  many t r a n s i t i o n s  can then  be t ransformed i n t o  an i n t e g r a l  over  sadd le-po in ts ,  and t h i s  

i n t e g r a l  i s  d i r e c t l y  comparable w i t h  t h a t  assumed i n  t h e  l o c a l - d e n s i t y  t heo ry .  

We a l s o  a p p l i e d  ou r  method t o  c a l c u l a t e  quadrupole mat r ix -e lements  i n  t h e  Coulomb p o t e n t i a l ,  and 

f i n d  good agreement w i t h  t h e  r e s u l t s  o f  Oumarou e t  a l .  19 

Does t h e  method a p p l y  t o  non-Coulomb p o t e n t i a l s ,  as i n  heavy atoms o r  i ons?  We have made a  

d e t a i l e d  s tudy o f  Molybdenum i o n s  i n  a l l  charge s t a t e s  and f i n d  t h a t  t h e  WKB method succeeds i n  

rep roduc ing  t h e  l a r g e  changes i n  o s c i l l a t o r - s t r e n g t h s  produced by bound-e lec t ron screen ing.  

There have been a  number o f  s t u d i e s  o f  t h e  e f f e c t  o f  plasma screen ing on t h e  o s c i l l a t o r  s t reng ths  

f o r  bound-bound and bound-free t r a n s i t i o n s .  20'21 It i s  g e n e r a l l y  found t h a t  t h e  s t reng ths  o f  

i n d i v i d u a l  t r a n s i t i o n s  n ,Q '+  n ' ,Q t  a r e  s t r o n g l y  reduced as t h e  s t a t e  n l , Q '  comes c l o s e  t o  t h e  

( lowered)  continuum. 

Fo r  t h e  Debye-screened Coulomb p o t e n t i a l ,  

Hohne and Zimmerman g i v e  some r e p r e s e n t a t i v e  c a l c u l a t i o n s .  We compare w i t h  one o f  t h e i r  cases: 

D=20 a  D=cu r a t i o  
0 

The agreement i s  aga in  ve ry  impress ive ,  cons ide r i ng  t h e  s i m p l i c i t y  and convenience o f  t h e  WKB 

c a l c u l a t i o n .  I n  t h i s  case, w h i l e  t h e  o s c i l l a t o r  s t r e n g t h  f ( l s  + 4 p )  i s  reduced by a  f a c t o r  o f  

two t h e  saddle p o i n t  i s  o n l y  changed a  few pe rcen t  by plasma screen ing.  The main plasma e f f e c t  

i s  on t h e  n o r m a l i z a t i o n  o f  t h e  WKB wave-funct ion;  i n  t h e  screened Coulomb p o t e n t i a l  t h e  4 p  

s t a t e  re laxes  outward and has reduced o v e r l a p  w i t h  t h e  i n n e r  1s wave- funct ion .  



CONCLUSIONS 

I n  t h i s  paper we have s imply  presented r e s u l t s  o f  c a l c u l a t i o n s  based on Eq. (23 ) .  However t h e  

success o f  these c a l c u l a t i o n s  p o i n t s  t o  a  s u r p r i s i n g  and impor tan t  f a c t  about  s e m i c l a s s i c a l  

quantum mechanics. Resu l t s  f rom Eq. (23)  a r e  b e t t e r  t han  those which a r e  ob ta ined  i f  we 

no rma l i ze  t h e  wave-funct ions and compute t h e  i n t e g r a l s  d i r e c t l y  acco rd ing  t o  t h e  

quantum-mechanical r u l e s .  That i s  t o  say, Eqs. (16 )  and (17)  d i f f e r  somewhat f rom t h e  normal 

quantum r u l e s ,  th rough t h e  omiss ion o f  terms l i k e  t h a t  i n  Eq. (19 ) ,  and a l s o  work b e t t e r .  

We do n o t  advocate changing t h e  very  success fu l  r u l e s  o f  quantum mechanics, o f  course, b u t  r a t h e r  

i n t e r p r e t  t h e  r e s u l t  as i n d i c a t i n g  t h a t  t h e  o m i t t e d  terms c o n t a i n  t h e  most i n a c c u r a t e  p o r t i o n  o f  

t h e  WKB approx imat ion ,  and p h y s i c a l l y  correspond t o  processes which have ve ry  low p r o b a b i l i t i e s .  
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