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Résumé - On présente une méthode exacte pour l e ca lcu l rap ide a) de l a d i s ­
t r i b u t i o n de p o t e n t i e l é l e c t r o s t a t i q u e régnant en t re deux é l ec t rodes planes 
p a r a l l è l e s contenant une p r o t r u s i o n sphér ique ou i n s e r t i o n sphér ique con­
d u c t r i c e e t soumises à une d i f f é r e n c e de p o t e n t i e l e t b) du p o t e n t i e l image 
c lass ique ressent i par un é l e c t r o n t r a v e r s a n t l a j o n c t i o n p l ano -sphé r i que . 

A b s t r a c t - We present an exact method f o r the f a s t computat ion of a) the 
e l e c t r o s t a t i c p o t e n t i a l d i s t r i b u t i o n between two biased p l a n a r , p a r a l l e l 
e l ec t rodes con ta in i ng a spher i ca l p r o t r u s i o n or an i s o l a t e d conduc t i ng , 
spher ica l i n s e r t i o n and b) the c l ass i ca l image charge p o t e n t i a l exper ienced 
by an e l e c t r o n c ross ing the p iano -sphe r i ca l j u n c t i o n . 

I - INTRODUCTION 

I n t e r e s t i n t u n n e l i n g through non p lanar MVM j u n c t i o n s has r e c e n t l y been enhanced 
by the advent of the Scanning Tunnel ing Microscope (STM)1 . 

Theo re t i ca l mode ls 2 ' 3 ' 1 * have been cons t ruc ted aiming a t a b e t t e r understanding of 
the observed s p a t i a l r e s o l u t i o n of the microscope. 

P r i o r to t h i s , t h e o r e t i c a l work 5 had been concerned w i t h nonplanar t unne l i ng i n 
metal whisker diodes which have a geometry s i m i l a r to STM and which were ins t rumen­
ta l i n e s t a b l i s h i n g the r e c e n t l y de f ined v e l o c i t y of l i g h t 6 . A l s o , t unne l i ng through 
curved i n t e r f a c e s occurs i n e l e c t r o l u m i n e s c e n t MOM j u n c t i o n s 7 where the luminescence 
i s enhanced by roughness. 

In d i scuss ing the t u n n e l i n g i n STM, i t may be impo r tan t to use r e a l i s t i c models of 
the j u n c t i o n s 8 . In one such model the t i p sur face i s a p lanar conductor prov ided 
w i t h a hemispher ica l p r o t r u s i o n which models an atomic c l u s t e r through which the 
tunnel c u r r e n t i s be l ieved t o pass i n the actual d e v i c e . The actual imper­
f e c t i o n s are not expected to have such regu la r shapes but t h i s model permi ts a 
t h e o r e t i c a l ana l ys i s and i s expected to g ive a f i r s t approx imat ion to actual 
exper imenta l c o n d i t i o n s . The counter e l e c t r o d e rep resen t i ng the sur face to be exami­
ned by STM i s here a f l a t metal conductor separated from the t i p by a vacuum gap. 

In t h i s paper we r e p o r t on methods of s o l v i n g two problems : 
1) Determinat ion of the th ree-d imens iona l p o t e n t i a l b a r r i e r due t o the ex te rna l b ias 

f i e l d . That i s , g iven the p o t e n t i a l s a t the two e l e c t r o d e s , determine the poten-
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t i a l  d i s t r i b u t i o n  i n  the space between them. 
2) Determinat ion o f  t he  c l a s s i c a l  image charge p o t e n t i a l .  Tha t  i s ,  w i t h  the e l e c t r o -  

des grounded and a  p o i n t  charge i n  t he  space between them, c a l c u l a t e  the poten- 
t i a l  energy o f  t h e  system as a  f u n c t i o n  o f  the p o s i t i o n  o f  the p o i n t  charge. 

The sum o f  these two p o t e n t i a l  b a r r i e r s  represents  the c l a s s i c a l  vacuum p o t e n t i a l  
b a r r i e r  across which the e l e c t r o n s  i n  a  STM tunnel .  

The s o l u t i o n  f o r  the s t a t i c  p o t e n t i a l  obta ined here cou ld  a l s o  be d e r i v e d  by s o l v i n g  
Maxwell ' S  equat ions aX&indary c o n d i t i o n s  f o r  the cor responding quasi  s t a t i c  pro-  
blem i n  which the metal  e lec t rodes  are  represented by a  l o c a l ,  frequency-dependent 
d i e l e c t r i c  f u n c t i o n  & (m) .  Such an approach, which would a l s o  g i ve  the resonant  modes 
o f  t he  MVM j u n c t i o n ,  has r e c e n t l y  been adopted by Rupping (who used a  general  method 
due t o  ~ e r r e m a n l ' )  f o r  a  s i n g l e  p l a n a r  e l e c t r o d e  w i t h  one hemispher ica l  bump, i n  t h e  
con tex t  o f  Surface Enhanced Raman S c a t t e r i n g .  

As expected, f o r  r e a l i s t i c  values o f  the geometr ica l  l e n g t h  parameters, t he  t u n n e l i n g  
b a r r i e r  e x h i b i t s  s t r o n g  d e v i a t i o n s  f rom t h e  p l a n a r  MVM b a r r i e r  o f  t h e  same m a t e r i a l s .  
I n  p a r t i c u l a r ,  s u b s t a n t i a l  nar rowing o f  t h e  b a r r i e r  a long  the  a x i a l  d i r e c t i o n  o f  the 
t i p  add l a r g e  b a r r i e r  asymmetry w i t h  respec t  t o  b i a s  r e v e r s a l  are obtained. Graph ica l  
r e p r e s e n t a t i o n  o f  these numerical  r e s u l t s  wi  l 1  be presented and discussed. 

I 1  - STATIC BIAS POTENTIAL DISTRIBUTION 

We w i l l  t r e a t  the genera l  case o f  f i g .  2  which covers a l l  s i t u a t i o n s  o f  p a r t i a l l y  
p r o t r u d i n g  spheres ( a  G R) o r  i s o l a t e d  spher i ca l  i n c l u s i o n s  ( a  > R )  such as found 
i n  roughened e l e c t r o l  umi nescent MOM junc t i ons .  

The f i r s t  t h i n g  we do i s  t o  r e f l e c t  i n  t h e  p lane  z=O bo th  t h e  vacuum gap and t h e  
sphere o f  f i g .  2, as shown i n  f i g .  3. It i s  easy t o  convince onese l f  t h a t  t he  poten- 
t i a l  d i s t r i b u t i o n  i n  t h e  upper h a l f  ( z  > 0) o f  t h e  double gap co inc ides,  by symme- 
t r v ,  w i t h  t h e  p o t e n t i a l  o f  t h e  a c t u a l  j u n c t i o n  o f  f i g .  2. 

The p o t e n t i a l  a t  ? would be known i f  we knew t h e  induced su r face  charge d e n s i t y  5 

on a l l  sur faces.  I n  f a c t ,  the knowledge o f  the su r face  charge d e n s i t y  a(?o) on t h e  
upper sphere w i l l  s u f f i c e  i f  we observe t h a t  

i )  by_symmetry, the su r face  charge d e n s i t y  on t h e  l ower  sphere i s  i d e n t i c a l  t o  
a ( r  ) and 

i i )  emp?oying the method o f  images t o  s a t i s f y  t he  boundary cond i t i ons ,  the su r face  
charse d e n s i t y  on t h e  p l a n a r  conductors a t  d  and -d  can be r e ~ l a c e d  bv an i n -  
f i n i t e  s e r i e s - o f  s p h e r i c a l  charge d i s t r i b u t i o n s  ob ta ined  by imaging the  two 
spheres i n  t he  t w i n  m i r r o r s  a t  d  and -d. 

Thus the  problem i s  e n t i r e l y  reduced t o  c a l c u l a t i n g  the  p o t e n t i a l  due t o  a  l i n e a r  a r r a y  
of+i  d e n t i c a l  spheres, c l u s t e r e d  by p a i  r s  , and a1 l c a r r y i n g  t h e  same charge d e n s i t y  
a ( r o )  as the r e a l  sphere So. I t  i s  c l e a r  t h a t  i f  we o b t a i n  t h e  p o t e n t i a l  a t  ?, due 
t o  So alone, we can o b t a i n  the t o t a l  p o t e n t i a l  b y  add ing up the  image sphere'con- 
t r i b u t i o n s  through s u i t a b l e  t r a n s l a t i o n s  o f  the z  coord inate .  L e t  us w r i t e  the 
a x i a l l y  symmetric t o t a l  p o t e n t i a l  a t  f = (p,z) as 

where we have separated t h e  s imp le  p lana r  gap c o n t r i b u t i o n  Voz/d which must be reco-  
vered f o r  a s y m p t o t i c a l l y  l a r g e  0 .  The p e r t u r b a t i o n  V '  s a t i s f ~ e s  the  boundarycondi -  
t i o n s  
v l = O  f o r z = O  ( a )  
V '  = 0  f o r  z  = * d  ( b )  

\I 



L e t  us expand o i n  Legendre polynomial S : 
m + 

a ( r o )  = C AR PR(cos eO) 
R=l 

( 3 )  

where the R = 0  term i s  excluded f o r  charge n e u t r a l i t y .  The p o t e n t i a l  due t o  the 
r e a l  sphere i s  given by 

where ? i s  the p o s i t i o n  o f  p o i n t  P w i t h  respect  t o  the cen te r  o f  the sphere So. 
l n s e r t i a g  the generat ing f u n c t i o n  o f  the P 's  

and usi ng the a d d i t i o n  theorem o f  spher ica l  harmoni CS 

i n  ( 4 )  g ives 

2  1 
V; = 4'R C AR m F y;(e,@) 1 * 

dQo PR(coseo) Y; (eoy@o)  
Rkm a  S o  

Orthogonal i ty  o f  the Y;'S reduces V; t o  

where z = z - a, and BR are new unknown c o e f f i c i e n t s ,  p ropor t iona l  t o  AL. a  

Now we can add con t r ibu t ions  t o  the p o t e n t i a l  f rom a l l  spheres centered a t  zn = 
+ (a+2nd), n  = 1,2 ,... . The f i n a l  r e s u l t  i s  
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I t  i s  easy t o  v e r i f y  t h a t  F, i s  ant isymmetr ic (change n i n t o  -n) 

which guarantees the bounaary cond i t i on  (3-a).  By v i r t u e  o f  the image construct ion,  
FR a l s o  s a t i s f i e s  ( t h e  n t h  term cancels the  - (n+ l ) th  term) F~(p,+d)  = 0 which 
guarantees the boundary cond i t i on  (3-b).  F i n a l l y ,  the unknown c o e f f i c i e n t s  B, are 
determined by impoSing the l a s t  cond i t i on  (3-c) : 

f o r  a-R G z G a+R, 

p2 = R?-z2 

The BR c o e f f i c i e n t  f o r  R up t o  an upper mu1 t i p o l a r  l i m i x  L can be found as the so lu-  
t i o n s  o f  a  se t  o f  L  l i n e a r  equations obtained by imposing the cond i t i on  (11) a t  L 
d i s t i n c t  values o f  z  s u i t a b l y  chosen i n  the i n d i c a t e d  i n t e r v a l .  However i t  i s  more 
accurate t o  determine the f i r s t  L  c o e f f i c i e n t s  by l e a s t  ~ q u a r e a d j u s t i n ~ "  them t o  
a much l a r g e r  number N >> L o f  equations (11) w r i t t e n  f o r  N d i s t i n c t  values o f  z. 

For a hemispherical p ro t rus ion  ( a  = O ) ,  the s o l u t i o n  (8) ( 9 )  reduces t o  

and, by symmetry, invo lves on ly  odd mul t ipo les.  I t  turns o u t  t h a t  the convergence 
o f  the n-summation over the images i n  (14) i s  very f a s t  ( n  G 10 s u f f i c e s  t o  ge t  
the FE w i t h  10-5 accuracy). Regarding the mu l t ipo le  expansion, tak ing  R G 3 proves 
s u f f i c i e n t  t o  determine the CR's w i t h  1od5 accuracy. A few equ ipo ten t ia l s  are i l- 
l u s t r a t e d  i n  f i g .  4. The p o t e n t i a l  values along the a x i a l  z  d i r e c t i o n  ( p  = 0) are 
p l o t t e d  i n  f i g .  5. The c h a r a c t e r i s t i c  bu ldging ou t  o f  the p o t e n t i a l  , as compared 
t o  the l i n e a r  behaviour o f  a  p lanar  MVM junct ion, is  c l e a r l y  seen. I t r e f l e c t s  the  
enhancement o f  the e l e c t r i c  f i e l d  a t  the sphere apex. 

I 1 1  - - ELECTRON MULTIPLE IMAGE 

The cons t ruc t ion  o f  the s e l f  image p o t e n t i a l  o f  the tunne l ing  e l e c t r o n  i s  s t r a i g h t -  
forward when using an appropr ia te sequence o f  m u l t i p l e  images. We i l l u s t r a t e  the 
p r i n c i p l e  o f  the method f o r  the case o f  a  hemispherical p ro t rus ion  which, as i s  
w e l l  known, presents the s i m p l i f y i n g  feature o f  r e q u i r i n g  on ly  three images i n  the 
non p lanar  e lect rode ( f i g .  6 ) .  

Le t  us denote (q,pq,zg) the charge and p o s i t i o n  o f  the t ynne l ing  p a r t i c l e .  This has 
exac t l y  three images i n  the lower  e lect rodes given by ( q  , pq ,, zql) ,(-q'  ,pql ,-zql) 
and (-q ,pq ,-zq) where 



The source charge q and i t s  three images i n  the lower e lect rode are considered as 
the f i r s t  generat ion of an i n f i n i t e  s e t  o f  generations constructed as shown i n  f i g .  
6. The second generation, a l so  having 4 charges, i s  simply the images i n  the plane 
z = d o f  the previous charges. Each o f  the new charges i n  the  upper e lec t rode  gives 
r i s e  t o  exac t l y  three new image charges i n  the lower e lect rode and so f o r t h .  Thus, 
the 2nth and (2n-1)th generations have the same number o f  charges, namely 4.3"l 
( n  = 1,2, . . . , m ) .  

Once the image charge array q i  has been constructed, the s e l f  image p o t e n t i a l  energy 
of the source charge q i s  w r i t t e n  as 

where the f a c t o r  1/2 takes account o f  the induced nature o f  the images12. 

Each charge generat ion being neu t ra l ,  the p o t e n t i a l  ca lcu la ted  froms(16) converges 
very f a s t  : 10 generations s u f f i c e  t o  ge t  W w i t h  an accuracy o f  10- . One t y p i c a l  
r e s u l t  i s  i l l u s t r a t e d  i n  f i g .  7 f o r  p = 0. The image p o t e n t i a l  energy i s  a lso  s l i o h t l y  
asymmetrical as expected and, o f  course, diverges a t  z = R and z = d. I f  desired, 
t h i s  can be e a s i l y  corrected i n  the usual way by withdrawing the image planes 
s l i g h t l y  i n s i d e  the conductors. These irrage p o t e n t i a l  values must be added t o  the 
s t a t i c  b ias  p o t e n t i a l  o f  f i g .  4 t o  cons t ruc t  the tunnel b a r r i e r  through the pro- 
trusion''. 

I V  - CONCLUSION 

The most important r e s u l t  o f  the present ca lcu la t ions  i s  t o  demonstrate the  dominant 
r o l e  o f  the  c l a s s i c a l  m u l t i p l e  image p o t e n t i a l  i n  determining the  shape o f  the 
vacuum b a r r i e r  i n  the STM j u n c t i o n  where the  s t a t i c  b ias  p o t e n t i a l s  are on t h e  
order o f  10 meV. Consequently, i t  i s  essent ia l  t o  recognize the  nonseparab i l i t y  o f  
t h i s  b a r r i e r  which precludes the use o f  a one-dimensional transmission c o e f f i c i e n t  
f o r  tunnel ing ca lcu la t ions  i n  a r e a l i s t i c  model o f  the  STY. A more complete discus- 
s ion  o f  t h e  ca lcu lated b a r r i e r s  and the  s ign i f i cance  i n  three-dimensional tunnel ing 
w i l l  be publ ished elsewhere. 
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Figure l 

Model planar MVM junction with 
hemispherical protrusion. 

Figure 2 

Model planar MVM junction with 
spherical inclusion. 

Figure 3 

Antisymmetrical duplication of the junction of Fig. 2 



Figure 4 

Equipotential lines in the MVM junction biased to 5 V. 

Figure 5 

Potential distributions in the vacuum gap of a junction biased to 5 V. 
a, b, c and d correspond to a width of 5, 10, 15 and 20 a respectively. 
The hemispherical protrusion has a radius of 10 8. 
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Figure 6 - I t e r a t i o n  method t o  generate t h e  s e t  of mult iple  images of t h e  ob jec t  
charge q i n  the  vacuum gap of a  junction with hemispherical protrusion. 

Figure 7 - Self-image potent ial  along t h e  symmetry a x i s  f o r  a charge i n  a  junction 
of 30 A width having a  hemispherical protrusion of 10 a.  


