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YANG-MILLS SYMMETRIES FOR A VLASOV EQUATION APPROACH TO THE 
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Abstract - The Wigner transformation is generalized as a covariant 
operation with respect to a local gauge symmetry. The application to a 
quantum Klein-Gordon matter-f ield in the presence of the non-quantized 
self -consis tent Yang-Mills field leads to a corresponding extension of 
the Vlasov equation, in the c lass ica l l imit , and moreover to i t s quantum 
correct ions, the leading ones of which are found to be commutator terms, 
charac ter i s t ic for non-Abelian theor ies . In the application to chromo-
dynamics a semiclassical model for a plasma of spinless quarks and 
gluons is obtained, which should be of use beyond the deconfinement 
t r ans i t i on . 

S i n c e i t s i n t r o d u c t i o n t o d e s c r i b e t h e i n t e r a c t i o n of q u a r k s i n 

t e r m s of a l o c a l gauge t h e o r y , quantum chromodynamics has n o t 

o n l y been a p p l i e d t o t h e f e w - q u a r k problem of e l e m e n t a r y p a r t i c l e 

p h y s i c s , bu t a l s o t o e x t e n d e d s t r o n g l y i n t e r a c t i n g m a t t e r . Where

as c u r r e n t r e s e a r c h i s m a i n l y c o n c e n t r a t e d on q u a r k - g l u o n t h e r m o 

dynamics based on l a t t i c e QCD [1] t o s t u d y i n p a r t i c u l a r t h e d e -

c o n f i n e m e n t t r a n s i t i o n , f o r s i t u a t i o n s beyond t h i s t r a n s i t i o n , 

a t l e a s t , an a l t e r n a t i v e of a f i r s t a p p r o a c h m i g h t seem t e m p t i n g 

which i n v o l v e s a s i m p l e r t o o l a t t h e l e v e l of o r d i n a r y p lasma 

p h y s i c s : g e n e r a l i z e d V l a s o v and Maxwell e q u a t i o n s c o u p l i n g t h e 

d e n s i t y m a t r i x of qua rk m a t t e r and a c l a s s i c a l mean g l u o n ( " g l u e " ) 

f i e l d . The g e n e r a l i z e d Maxwell e q u a t i o n of such a c o n c e p t would 

be j u s t t h e n o n - q u a n t i z e d g l u o n f i e l d e q u a t i o n of QCD, w i t h a 

c l a s s i c a l q u a r k - c u r r e n t c a l c u l a t e d from t h e Vlasov e q u a t i o n . The 

Vlasov e q u a t i o n i s e s t a b l i s h e d i n t h e p r e s e n t work a s t h e s e m i -

Résumé - La transformation de Wigner est généralisée comme une opération 
covariante par rapport à une symétrie de jauge locale. L'application à 
un champ de matière quantique de Klein-Gordon en présence d'un champ 
classique self-consistent de Yang-Mills conduit à une extension correspon
dante de l'équation de Vlasov dans la limite classique et de ses correc
tions quantiques dont les principales corrections s'avèrent être des 
commutateurs caractéristiques dans les théories non-Abéliennes. Dans 
l'application à la chromodynamique on obtient un modèle semi-classique pour 
un plasma de quarks et gluons sans spin, ce qui devrait être utile au delà 
de la transition de déconfinement. 
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classical limit of the quantum equation of motion for the quark 

two-point function, in the presence of the classical gluon field. 

In combination with the Wiqner transformation of the equa- 

tion of motion, such a limit is well known as a convenient 

access to non-relativistic Vlasov equations from auantum me- 

chanics 121. In the following the concept of the Wigner transform 

is generalized to relativistic non-Abelian local qauge theories, 

the structure including chromodynamics as well as, in the Abelian 

special case, electrodynamics, for which the standard Vlasov 

equation is reproduced. To concentrate on essential treats in 

the argumentation, with neglection of spin the matter (quark) 

field is treated as a Klein-Gordon field. 

The equation of motion for the two-point function or genera- 

lized density matrix, defined as the expectation value of s~ace-time 

dependent Heisenberq field operators creating and annihilating a 

a spinless particle 

in the mean field (Hartree) approximation is obtained from the 

equation for the free Klein-Gordon field by replacing ordinary 

derivatives by covariant derivatives D imp3.ying the vector poten- 
tial /Q. of a classical Yang-Mills field t 

The gauge field and all other script-type quantities in this 

work are matrices in charge (colour) space, the charge indices 

being suppressed in the fol1.owing. We use the standard conven- 

tions of $ =  .( and of absorbing the coupl.ing constant3 by A. . 
The qeneralized Vlasov equation will be derived from the essen- 

tial anti-Hermitian part of the matrix equation 

the Hermitian part giving rise to a supplementary condition to 

its solution. The derivatives ND; + are defined in correspondence 

I We choose the signature + + + -  of the metric 



with ( 3 )  with the convention of d;' acting to the left. 

In the further transformation of eqs. (2) to the Wigner 

representation in terms of midpointx and momentum p it is 

essential to conserve the local gauge-invariant form. For the 

generalization of the standard Wiqner transformation of a charge- 

scalar density matrix to the charge-tensorn/ ( 1 )  this principle 

means, that linear combinations of this quantity taken at different 

coordinate pairs ( x l , x " )  should result in a quantity which in local 

gauge transformations transforms as a local charqe tensor at one 

definite point x ; i. e. the x,,,, ( w l , w " )  must be refered to the 

same local charge space at x by parallel transfer to x with 
regard to both charge indices. The Kigner transform of n/, or 
charge-tensor Wigner function, has thus to be defined as 

where U is a unitary charge operator of finite parallel transfer 
[ 3 ] .  The result of finite parallel transfer in general depends 

on the particular path chosen between the two points, the natural 

choice of which is the straight line, defining the matrix of 

"linear" parallel transfer UC used in ( 4 ) ,  and which should be 

generalized to the geodesic for a possible extension of the 

theory to curved space. 

On expressing N ( Y J ,  ylf) in the differential equation ( 2 )  

in terms of N(r lp )  by means of the inverted Wigner transformation, 
due to the unitarity of U given by 

in order to end up with a kinetic equation for N[rlp) , the 
problem of permuting the operations of covariant differentiation 

and finite parallel transfer arises. For its treatment it is 

convenient, instead of directly calcu3.ating the second derivatives 

needed for ( Z ) ,  to evaluate them from the second covariant 

differentials 
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To b e g i n  w i t h  t h e  f i r s t  d i f f e r e n t i a l s  f o r  p u r p o s e s  o f  demons t r a -  

t i o n ,  t h e  c o v a r i a n t  change  o f  e x p r e s s i o n  ( 5 a )  f o r  N ( Y > ~ " )  due  

t o  a  change  d x f  o f  i t s  f i r s t  a rgument  i s  o b t a i n e d  a s  

w i t h  U; =- M4 (~11x )  I uy 5 U t  ( x , ~ " ) .  The q u a n t i t i e s  AuLls tand f o r  

a v a r i a t i o n  of t h e  m a t r i x  of l i n e a r  p a r a l l e l  t r a n s f e r  be tween 

two p o i n t s  X,  and fr , d e f i n e d  a s  a  l o c a l  c o v a r i a n t  v e c t o r  w i t h  

r e g a r d  t o  e a c h  o f  t h e  two p o i n t s  and c h a r g e  i n d i c e s  ( c o v a r i a n t  

b i - v e c t o r ) .  Fo r  a r b i t r a r y  changes  o f  x, and X ,  t h i s  v a r i a t i o n  h a s  

t h e  form 

A' i n  ( 7 )  means t h e  s p e c i f i c a t i o n  o f  (81  t o  c h a n g e s  o f  t h e  

a rgumen t s  $, 2 x = ( x l - rw" ) ,  w ,  = Y '  o r  w, = u", fl = x due  ' a  change  

,Ax1 w i t h  A x i 1 =  0 ; l i k e w i s e ,  f o r  a  c o r r e s p o n d i n g  c a l c u l a t i o n  

o f  ND", A" i s  r e f e r r e d  t o  changes  d f " .  A s  i s  e a s i l y  v e r i f i e d ,  

u s e  o f  d e f i n i t i o n  (8 )  i n  t h e  f i r s t  two t e r m s  o f  ( 7 )  goes  a l o n g  .., 
w i t h  a  d i f f e r e n t i a l  a:N i n  t h e  t h i r d  t e r m ,  which  combines  t h e  

c o v a r i a n t  d e r i v a t i v e  w i t h  r e g a r d  t o  t h e  m i d p o i n t x  w i t h  t h e  

u s u a l  d e r i v a t i v e  w i t h  r e g a r d  t o  t h e  r e l a t i v e  c o o r d i n a t e  1 

i n  c o n t r a s t  t o  t h e  c o v a r i a n t  v e c t o r  d e r i v a t i v e s  and q', Dp 
i n  ( 9 )  i s  t h e  c o v a r i a n t  d e r i v a t i v e  o f  a  s econd- rank  t e n s o r  



F o r  t h e  second d i f f e r e n t i a l s  needed f o r  t h e  r i g h t  s i d e  o f  

e q s .  ( 6 ) ,  a  c a l c u l a t i o n  s i m i l a r  t o  t h e  p r e c e d i n q  one  l e a d s  t o  

t h e  r e s u l t  

h e r e  t h e  s e c o n d  v a r i a t i o n  brut o f  t h e  p a r a 1  l e l  t r a n s f e r  m a t r i x  

i s  d e f i n e d  by s u b s t i t u t i n g  A u l f o r  ULI i n  ( 8 )  and t h e  c o r r e s p o n d i n g  
12 c o n v e n t i o n s  f o r  A and A'" . T h e  ] . e f t  s i d e  o f  ( 6 b )  i s  l i k e w i s e  

g i v e n  b y  ( 1 1 )  w i t h  rep1.acement o f  A '  and D,' 

The v a r i a t i o u s  dU and ALU o f  t h e  m a t r i x  o f  f i n i t e  p a r a l . l e l  

t r a n s f e r  be tween two p o i n t s  must  b e  d e t e r m i n e d  a s  t h e  t o t a l  

e f f e c t  o f  i n f i n i t e s i m a l  c h a n g e s  o f  a l l  c o o r d i n a t e s  o f  t h e  p a t h  

c o n n e c t i n g  t h e s e  p o i n t s .  I n  t h e  f o l l o w i n g  w e  f i r s t  d e r i v e  a  

g e n e r a l  r e s u l t  f o r  a r b i t r a r y  v a r i a t i o n s  o f  a r b i t r a r v  c o n n e c t i n g  

p a t h s  which  i s  t h e n  s p e c i f i e d  t o  l i n e a r  p a r a l l e l  t r a n s f e r  

be tween two i n f i n i t e s i m a l l y  s h i f t e d  e n d - p o i n t s .  - The t r e a t m e n t  

i s  based  on t h e  d i f f e r e n t i a l  e q u a t i o n  131 f o r  t h e  p a r a l . l e 1  

t r a n s f e r  m a t r i x  Ut a l o n g  a  c u r v e  4 = t ( s )  , o r s C 4 ,  t ( o l =  x d ,  = r 2 ,  

which s o l v e d  f o r  t h e  i n i t i a l  c o n d i t i o n  

y i e l d s  U+(u,,y,) a t  L : l  . F f o r m a l  e x p l i c i t  s o l u t i o n  o f  ( 1 2 )  

i n  terms o f  t h e  Feynman p a t h  o r d e r i n g  o p e r a t o r  1 4 1  i s  f e a s i b l e  

b u t  n o t  needed f o r  t h e  p u r p o s e  o f  t h i s  work. I n s t e a d  we have  t o i n -  

v e s t i g a t e  t h e  v a r i a t i o n  o f  t h e  s o l u t i o n  due  t o  i n f i n i t e s i m a l  
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variations st of the curve t by means of Taylor expansion about 

its unvaried value. As in (12) the left point of U(u, ,x , )  
has been connected to the variable of the differential equation, 

the variations most directly accessible to calculation should be 

defined as covariant vectors with regard to the left point only, 

Insertion of t(r) + l t ( s )  for t(s) in el. (1 2) , consistent 
first-order expansion and subtraction of the zero-order equa- 

tion immediately yields an equation for the ordinary variation 

Applying the operator ; D / d s  to both sides of the definition 
(14) and using (16) and (12) one ends up with a linear-inhomo- 

geneous differential equation for $ U  which involves the field- 

strength tensor 3 in its source term 

a1.l terms beyond the first in 3- are contributed by the third 
term of ( 1 4 ) ,  the first term of (16) being cancelled. Eq. (17) 

may be regarded as the Yang-Mills analogue of the equation 

for the geodesic deviation in gravitation theory which may be 

obtained by the same Taylor expansion technique [ 5 ]  fro,m the 

geodesic equation corresponding to eq. (12). The greater 

complexity of those equations lies in the fact that the varied 

curve (geodesic) there is not independently given but determined 

as solution of the equation itself together with its unit 

tangential vector u-, which takes the place of the matrix of 

finite parallel transfer in (12) and (171. 



For obtaining a similar equation for the second variation 

hLU the same substitution t+ t + S t  and Tavlor expansion are 

now performed in eq. (17) which, after cancelling of first-order 

quantities, yield as relation between second-order terms,including 

a second variation lLt of the curve 

the final differential equation obtained by applying ibldr to 
(1 5) , inserting (1 9) and using again (12) and (17) for the last 

terms in (19) and (15) is 

with the covariant tensor derivative defined by ( 1 0 ) .  The same 

result, through a lengthier calculation, is obtained by direct 

second-order Taylor expansion in (12) with the substitution 

t - , t f S t - t t S Z t .  
According to the definitions (14) and ( 1  5 )  of and 

s Z U  , equations (17) and (20) have to be solved with the 
initial conditions 

The explicit solutions of the linear-inhomogeneous differential 

equations are easily constructed by utilizing the matrix u(t)  
for findina both a particular solution as well as the general 

solution of the homogeneous equation to be adapted to (211. As 

turns out the solutions take their simplest form just if 

accomplished as covariant bi-vectors AUandALU in conformity 
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with ( 8 ) ,  which are ultimately needed in the application of 

this work. 

a'u, ( 5 )  -- S L U t ( ~ )  - ; l U C ( 5 )  (0) & t P ( 0 )  

(~3a,b) 

The explicit solutions are successively obtained as 

or, inserting the right side of ( 2 0 )  and using ( 2 3 b )  and ( 2 4 )  

the abbreviation 

- 
together with a corresponding definition of D$- is applied, and 
use of the unitarity of U, has been made. 

The general result ( 2 4 )  and (25) now allows the calculation 

of the covariant differentials ( 1 1 )  and ( 1 1  ' )  and the following 

evaluation of the derivatives involved b y  the equation of motion 

( 2 ) .  This is achieved through the following steps: 



i )  t h e  i n s e r t i o n s  

S t ( r )  = dr, i s [du, -du, )  , = A x , - d x ,  

i n  (24 )  and ( 2 5 )  s p e c i f y  t h e s e  r e l a t i o n s  f o r  t h e  l i n e a r  p a r a l l e l  

t r a n s f e r  y i e l d i n g  AUC ( x ~ , Y , )  and AZ U p  a c c o r d i n g  t o  t h e  de- 

f  i n i t i o n  (8 )  ; 

i i )  t h e  s p e c i f i c a t i o n s  o f  and  A2Up w i t h  r e q a r d  t o  v a r i a t i o n  

o f  t h e  f i r s t  or t h e  second  c o o r d i n a t e  i n  t h e  d e n s i t y  m a t r i x ,  

a s  d i s c u s s e d  a f t e r  eq .  ( 8 )  and t o  b e  i n s e r t e d  t o  (1 1 )  and (1 1  ' ) , 
a r e  

t 
i n  ( 2 8 b ) ,  A U~ (wlX"j i s  e x p r e s s e d  by A Me (w", X )  i n  o r d e r  t o  

c o n v e n i e n t l y  s h i f t  t h e  m i d p o i n t  x t o  t h e  r i g h t  a rgument  a s  t h e  

s t a r t i n g  p o i n t  t f o )  o f  t h e  p a r a l l e l  t r a n s f e r  i n  a l l  a p p l i c a t i o n s  

o f  ( 2 4 )  - ( 2 6 ) ,  a s  w e l l  a s  t o  i s o l a t e  a  f a c t o r  u t ( y 1 y 1 ' )  a t  t h e  

r i g h t  o f  a l l  terms i n  ( 1 1 )  and ( I l l ) ,  c o r r e s p o n d i n g  t o  a  f a c t o r  

Ut (kl,r;) a t  t h e  l e f t ;  dLU i s  t r e a t e d  s i m i l a r l y ;  

i ii) i n s e r t i n g  ( 2 8 )  t o  (1 1 )  and (1 1 '  1 ,  e v a l u a t i n g  from t h e s e  

d i f f e r e n t i a l s  t h e  m a t r i x  o f  t h e  s e c o n d  d e r i v a t i v e s  d e f i n e d  by ( 6 ) ,  

and fo rming  t h e  t r a c e  o f  t h i s  m a t r i x ,  one  f i n a l l y  o b t a i n s ,  a f t e r  

a  r e t r a n s f o r m a t i o n  o f  t h e  f a c t o r s  U p  t o  t h e  l e f t  s i d e  o f  t h e  

r e l a t i o n  , 
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& d " 
+ [ ( D  I )  t ( . i i i i ( ( ; ~ , ~ f ~ r ) ; ) F ~ L y : ( x )  

r.2 d 
- 

+ ( ~ C S I ~ ( D " ~ / . ~ ) ~  2 7 ( 4 ~ s ) ' N  ] 

a <  8 lg{; \/04 d5 & [ ( q L 5 ) ( j T j )  qv ( 5 j  $Pi ( T I  

,., - d &;/I , = / . I f -  
+ o ( $ - i ]  ( , f ~ l ( q ~ i l  ?/Iv ( 5 1  FF; (7)N -t O ( ~ - I , ( ~ F S ) ( , ; S I ~ / ~  J p 9 ( $ ,  3 ( ~ 1 1 ,  

In (29) the effect of the finite parallel transfer has been 

completely absorbed by unitary transformations (26) of the field - 
tensor or its derivative; by 3' and y" we distinguish parallel 
transfer from x to X I  and to .u" . A further formal absorption 

of U by covariant derivatives is possible, if, assuminq suffi- - 
cient analytic properties of expression (26) for T ( s )  is 
replaced by its Taylor expansion about the midpoint .%' at s = O  , 
which due to (1 2), (27b) and (5d) gets a compact form involving 

the exponential of the covariant tensor derivative (lo), 

With the insertion of (30) the integrations in (29) may be 

explicitly performed; subtraction of (29a) and (29b) and - 
evaluation of the form (5c) for N by substituting ) "+ ; d l b p d  , 
;-',j /dl"-, pv would then lead to a completely equivalent form of 

the equation of motion (2a) as a formal partial differential 

equation for the Wigner transform N(w,p) (4) where all orders 

of the differential operators D, and d / J p ,  are involved. The ex- 

pansion (30) into terms involving increasing derivatives of the 

field-strength at the midpoint has the meaning of a semiclassical 

expansion of the quantum equations similar to the expansion of 

products of Wigner transforms in the non-relativistic case [611 

and can be truncated for sufficient homogeneity of the field.In 

the present work we restrict ourselves to first-order expansion 

of (30) including the gradient correction, and to expansion to 

the same order (in h )  of the equation of motion after'insertion 



o f  ( 3 0 ) .  The r e s u l t  has  t h e  compact form 

R e s t r i c t i o n  t o  t h e  f i r s t  two t e r m s  means t h e  pure  c l a s s i c a l  l i m i t  

o f  t h e  mean f i e l d  (Har t ree - )  approach  ( 2 a )  of  t h e  e q u a t i o n  o f  

motion o f  m a t t e r  coupled t o  a  Yanq-Mills f i e l d .  I n  t h e  lsbel ian 

s p e c i a l  c a s e  o f  e l e c t r o d y n a m i c s ,  where {.,, ., 5 i s  r e p l a c e d  by 

t h e  s imple  p roduc t ,  and t h e  c o v a r i a n t  t e n s o r  d e r i v a t i v e  D, (10) 

reduces  t o  t h e  o r d i n a r y  d e r i v a t i v e  d, t h i s  l i m i t  i s  t h e  s t a n d a r d  
I 

r e l a t i v i s t i c  Vlasov e q u a t i o n  171. Beyond t h i s  l i m i t ,  t o  (31)  a r e  

i n c l u d e d  f i e l d - g r a d i e n t  c o r r e c t i o n s  t o g e t h e r  w i t h  s i m i l a r  c o n t r i -  

b u t i o n s  o f  t h e  s a m e . o r d e r h ,  which, i n v o l v i n g  commutators,  o n l y  

o c c u r  i n  non-Abelian a p p l i c a t i o n s .  The s t a n d a r d  Vlasov e q u a t i o n  

appears  t h u s  a s  t h e  Abel ian s p e c i a l  c a s e  of  a l l  f i v e  t e rms  o f  t h e  

approximat ion (31) f o r  t h e  g e n e r a l  Yang-Mills c a s e .  

For a  non-Abelian s i t u a t i o n  eq. (31)  can  be f u r t h e r  reduced 

by s e p a r a t i n g  t h e  t e n s o r  e q u a t i o n  a s  w e l l  a s  i t s  t e n s o r  s o l u t i o n  

i n t o  t h e  t r a c e  and t h e  t r a c e l e s s  p a r t .  With r e s t r i c t i o n  t o  

chromodynamics, one t h u s  o b t a i n s  t h e  f o l l o w i n g  system c o u p l i n g  

t h e  s i n g l e t  p a r t  no and t h e  o c t e t  p a r t  Ng of  t h e  Wiqner t r a n s f o r -  

med d e n s i t y  m a t r i x  o f  quark  m a t t e r  

I n  a s i m i l a r  way, by a d d i n g , i n s t e a d  of  s u b t r a c t i n g , t h e  con- 

t r i b u t i o n s  of  ( 2 9 a , b ) ,  one o b t a i n s  a  s e m i c l a s s i c a l  expans ion  o f  

t h e  Hermi t i an  p a r t  o f  eq.  ( 2 )  



C6-64 JOURNAL DE PHYSIQUE 

where, to the order of the commutator terms of ( 3 1 ) ,  corresponding 

anti-commutators occur plus a product term?My. In the pure 

classical limit, this equation would read[p%m2)f= 0 and just impose 

the on-shell c~ndition~w~(~~+vy'~to the solution of the Vlasov 

equation; so ( 3 5 )  may be regarded as some quantum-mechanical 

modification of this supplementary condition to the general solu- 

tion of ( 3 1 ) .  

To close the model of quark-gluon interaction, the generali- 

zed Vlasov equation describing the motion of quark-matter coupled 

to a classical gluon field must be completed by a generalized 

Maxwell equation,which determines this field as the instantaneous 

mean gluon-field generated by the quark-matter. The mean gluon 

field may be defined by replacing in the Maxwell-type equation 

of the quantum field theory the current density operator by its 

expectation value with regard to the actual quantum-state of the 

matter 

Due to the octet character of the gluons, the Maxwell equation 

only involves the traceless part j8 of ( 3 6 )  

The current density defined by ( 3 6 )  is just given as the first 

p-moment of the solution of the Vlasov equation, and the same is 

true for the traceless parts 

this relation is easily proved by insertion of the Wigner trans- 

form ( 4 ) ,  transition to i-'d/o'Id and use of eq. ( 1 2 )  for the U 
matrix. The .covariant continuity equation for 1 or, as consistent 
with ( 3 6 ) ,  for 



is obtained by p-integration of the Vlasov equation. 

The semiclassical model developped in this work and given by 

the coupled equations (33), (341, (37) and (383, together with 

a supplementary condition of the type ( 351 ,  may be of use to 

describe nuclear matter under extreme conditions beyond the de- 

confinement transitiontin particular involving a gluon field 

sufficiently strong to justify neglection of its quantisation. 

Apart from inclusion of matter spin, and further quantum correc- 

tions of the matter density matrix which in principle are already 

provided for in this work, a consequent extension of the model, 

on the way to describe the deconfinement transition itself, 

whould also include corrections of the mean field concept due to 

the quantisation of the gluon field, such as the fluctuations on 

the background of the mean field. On the other hand, with the aim 

of some application to astrophysics, one would have to add the 

coupling to the mean gravity field of the system by a generaliza- 

tion of the formalism for curved space. 
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