
HAL Id: jpa-00222283
https://hal.science/jpa-00222283

Submitted on 4 Feb 2008

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

SYMMETRY CONSTRAINTS ON THE
ORIENTATION DEPENDENCE OF INTERFACIAL

PROPERTIES : THE GROUP OF THE WULFF PLOT
G. Kalonji, J. Cahn

To cite this version:
G. Kalonji, J. Cahn. SYMMETRY CONSTRAINTS ON THE ORIENTATION DEPENDENCE
OF INTERFACIAL PROPERTIES : THE GROUP OF THE WULFF PLOT. Journal de Physique
Colloques, 1982, 43 (C6), pp.C6-25-C6-31. �10.1051/jphyscol:1982603�. �jpa-00222283�

https://hal.science/jpa-00222283
https://hal.archives-ouvertes.fr


JOURNAL DE PHYSIQUE 

Colloque C6, supplément au n° 12, Tome 43, décembre 1982 page C6-25 

SYMMETRY CONSTRAINTS ON THE ORIENTATION DEPENDENCE OF INTERFACIAL 

PROPERTIES I THE GROUP OF THE WULFF PLOT 

G. Kalonji and J.W. Cahn 

Department of Materials Science and Engineering, Massachusetts Institute 
of Technology, Cambridge, MA 02139, U.S.A. 
*Center for Materials Science, National Bureau of Standards, Washington, 
DC 20234, U.S.A. 

Résumé - Nous présentons le groupe de la représentation de Wulff qui 
décrit la variation en fonction de l'orientation des propriétés physiques 
des interfaces, telles que les joints de grains, entre deux cristaux 
d'orientation spatiale arbitraire. A partir du groupe de la représentation 
de Wulff, nous obtenons les contraintes de symétrie sur la forme des 
cristaux croissant dans un environnement cristallin. Des exemples 
d'autres applications sont aussi donnés. 

Abstract - We present the group of the Wulff plot, which describes the 
orientation dependence of physical properties of interfaces, such as 
grain boundaries, between two crystals of arbitrary spatial 
relationship. From the group of the Wulff plot, symmetry constraints 
upon the forms of crystals grown in crystalline enviroments are 
derived. Examples of other applications are given. 

1. Introduction - It is well-known that crystals growing in isotropic media 
are constrained to adopt forms compatible with their point symmetries [1]. In 
this paper we derive symmetry constraints on the orientation dependence of of 
physical properties of interfaces between crystals, and hence upon the 
morphologies of crystals grown in crystallographic environments. The case in 
which the two crystals are of different phases reduces to a restatement of 
Curie's principle of symmetry [2], which states that the group of symmetries 
of two or more objects regarded as a whole is the highest common subgroup of 
the symmetry groups of these objects. However, for grain boundaries, stacking 
faults and antiphase boundaries, where the two crystals are of the same phase, 
symmetry operations relating the two crystals can arise which lead to new and 
unexpected results. 

2. Procedure - A concept that has been found useful in interfacial symmetry 
problems when the two crystals are of the same phase is the dichromatic 
pattern, or dcp [3, 4]. The dichromatic pattern consists of two infinite 
crystals interpenetrated and exhibiting the relative misorientation and 
relative translation that will characterize their spatial relationship at 
distances beyond the range of the local distortions at the interface. We will 
denote the rigid body rotation and translation which describe the relationship 
between the crystals by (R|t), using the Seitz notation. In our analysis, we 
employ the black and white, or Shubnikov, symmetry groups. One crystal is 
called white and the other black. Symmetry operations of the dcp which relate 
atoms equivalent in every respect except color are called colored symmetry 
operations. Operations relating black atoms to black atoms and white atoms to 
white atoms are termed classical symmetry operations. The structure of the 
Shubnikov point groups is well-known [5]. They consist of three types. The 
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f i r s t  type c o n s i s t s  of the  32 c l a s s i c a l  point groups, containing no colored 
operat ions .  In a l l  cases  i n  which the  two c r y s t a l s  belong t o  d i f f e r e n t  
phases, the  dcp group belong t o  t h i s  c l a s s ,  as  well  a s  some cases where t h e  
two c r y s t a l s  a r e  of the  same phase. The second type c o n s i s t s  of the  32 grey 
groups, which desc r ibe  s t r u c t u r e s  i n  which every s i t e  i s  simultaneously black 
and white. They a r e  of no i n t e r e s t  for  our purpose s ince  these  correspond t o  
symmetry groups of superimposed s i n g l e  c r y s t a l s .  The t h i r d  type c o n s i s t s  of a 
s e t  of c l a s s i c a l  elements which themselves form an halving subgroup, and a s e t  
of colored elements. Tne groups thus have the  form 

M = {HI u {(G-H)}' 
Brackets denote a l l  the  operat ions  of the  cose t s ,  and the  prime i n d i c a t e s  
symmetry operat ions  t h a t  a r e  combined with the  color  change operat ion,  which 
is equivalent  t o  interchanging the  g ra ins .  G i s  a group from which the  black 
and white group M is derived and H i s  a halving subgroup of G. Because 
r o t a t i o n s  of one c r y s t a l  by x/4 and n/6 about 4 and 6-fold r o t a t i o n  axes 
common t o  both c r y s t a l s  y ie ld  colored 8 and 12-fold r o t a t i o n  axes 
respec t ive ly ,  G is  not r e s t r i c t e d  t o  c rys ta l lograph ic  point  groups. B must, 

however, be c rys ta l lograph ic .  For a l l  type I Shubnikov groups M = H a s  the re  
are  no colored operat ions .  

The problem of determining t h e  symmetry of the  dcp a s  a funct ion of the  
two c r y s t a l  symmetries and the imposed r i g i d  body r o t a t  ion and t r a n s l a t i o n  of 
one of the  c r y s t a l s  with respect  t o  the  o the r  is  addressed i n  o the r  
papers (4,6).  To c r e a t e  the b i c r y s t a l ,  a mathematical su r face  having t h e  
shape of t h e  desired i n t e r f a c e  i s  introduced i n t o  the  dcp. Black atoms a r e  
re jec ted  from one s i d e  of the  su r face  and white atoms from the o the r .  

We approach the  problem of morphological c o n s t r a i n t s  i n  the  following 
manner. Consider two c r y s t a l s  B and W meeting a t  a planar  i n t e r f a c e  of 
a r b i t r a r y  locat ion.  The s p a t i a l  r e l a t i o n s h i p  between c r y s t a l s  8 and W is 
f ixed ,  i . e . ,  t he  symmetry group M of the  dcp is given. We adopt t h e  
cotlventiotl tha t  the  boundary normals point from B t o  Id. Now we wish t o  solve 
for  the  s e t  of i n t e r f a c e s  t h a t  a r e  physical ly  equivalent  t o  the  f i r s t .  This 
w i l l  g ive  us the  symmetry group W of the  Wulff p l o t ,  o r  t h e  v a r i a t i o n  of 
i n t e r f a c i a l  energy with c rys ta l lograph ic  o r i e n t a t i o n  of the  boundary plane and 
hence the  morphological c o n s t r a i n t s  upon c r y s t a l l i n e  inclusions .  Clear ly  i f  
we opera te  on the  e n t i r e  b i c r y s t a l  with one of the  symmetry operat ions  common 
t o  both c r y s t a l s  and superimposed i n  t h e  dcp. holding t h e  i n t e r f a c e  p l m e  
f ixed ,  we w i l l  generate  an i d e n t i c a l  i n t e r f a c e .  These common operations from 
the  c l a s s i c a l  subgroup H of M s ince  t h i s  subgroup is obtained by a procedure 
of taking the  i n t e r s e c t i o n  of symmetry operat ions  of B and W ,  taking account 
of t h e i r  r e l a t i v e  o r i e n t a t i o n  and loca t ion ,  which may be w r i t t e n  a s  

H = Gw n ( R I  T)G,(RI T)-I  where G and G a r e  symmetry groups of t h e  black and 
w B 

white c r y s t a l s  and ( ~ 1 - c )  is t h e  operatloll  generat ing the  r e l a t i v e  
misor ien ta t ion  and t r a n s l a t i o n  of the  c r y s t a l s .  

I f  we instead operate  on t h e  b i c r y s t a l  with one of the  colored 
operat ions ,  i .e., those present in  the cose t  { (G-H) 1, and subsequently inver t  
the  boundary plane normal n, we w i l l  have again generated a physical ly  
equivalent  i n t e r f a c e .  Combining these  two s e t s  of operat ions  we ob ta in  a 
group of symmetry operat ions  t h a t  generate  equivalent  in te r faces .  
This means tha t  f o r  the  type 111 Shubnikov point groups the  s e t  W of symmetry 
operat ions  tha t  generate  equivalent  i n t e r f a c e s  is  found by 

W = {HI u {(G-H)) 1 (1 )  
where 1 i s  the  invers ion operator .  

We can now make use of t h e  well-known group t h e o r e t i c a l  p roper t i e s  of 
cosets .  Since H is a halving subgroup of G, i ts number of cosets  i s  two 151. 
Cosets of a given subgroup contain  e i t h e r  a l l  elements i n  common o r  none. 

This makes it simple t o  d iv ide  the var ious  cases we w i l l  observe i n  t h e  
morphological problem i n t o  th ree  ca tegor ies .  



Case 1: B {(G-H)) . The invers ion center  is among the  colored symmetry -- 
elements of the  dcp. Thus it cannot be contained i n  the  c l a s s i c a l  subgroup H. 
Since the  i i lvers ior~ is its own inverse ,  E e {(G-H)) f where E is the i d e n t i t y .  
Because the  two cose t s  {HI and {(G-H)} r contain  the  common element E, we 
know tha t  a l l  t h e i r  elements a re  i d e n t i c a l .  Then: 

w e  {HI U {HI = H  (2)  
The morphological s e t  W thus reduces, i n  t h i s  case, t o  the c l a s s i c a l  subgroup 
H i n  s p i t e  of the  presence of add i t iona l  symmetries. 

Case 2: f Q {H) . Since the  invers ion i s  present  i n  {HI i t  cannot be -- 
included i n  {(G-HI) . Therefore the  i d e n t i t y  can ' t  be i n  {(G-H)) T. Since 
t h e r e  is one element not shared by both cose t s ,  then no elements can be 
shared. 

A l l  elements,  c l a s s i c a l  and colored,  then y i e l d  invar iances ,  i . e . ,  
W = G (3 )  

Again, the s e t  W i s  a group. Although, i n  t h i s  case ,  the  b i c r y s t a l  symmetry 
w i l l  be a t  most H, for  t h e  morphological group, W, a l l  operat ions  of the  coset  
{ (G-H) a re  i a c  luded . 
Case 3: T #. G . Invers ion i s  present  i n  ne i the r  {HI nor {(G-H)}. In t h i s  -- 
case the morphology i s  constra ined by a group which w i l l  be given by 
equation (1) and which is  not contained i n  the  dcp symmetry. That t h i s  group 
w i l l  be of the  same order  a s  G i s  evident from the  f a c t  tha t  i t s  halving 
subgroup i s  unchanged. 

The dcp group M = {HI U {(G-H))' has the  following p roper t i e s :  
1)  Hi Hj6{H} , 2) (G-H)i.(~-~) . 6  {H}, and 3) (G-H); H j  e { ( G - H I } .  

3 
Here (G-H)i and Hi a re  a r b i t r a r y  colored o r  c l a s s i c a l  operat ions  of the  group 
respec t ive ly .  Since the  invers ion commutes with a l l  point  symmetry operat ions  
and is its own inverse ,  the  new group s e t  W w i l l  be an isomorphic t o  the  
o r i g i n a l  group G. In a l l  four cases the  s e t  W has been found t o  be a group. 

Table 1 gives  the morphological group W both f o r  the  58 type 111 
crys ta l lograph ic  black and white point groups, and f o r  the  add i t iona l  groups 
containing colored 8 and 12-fold r o t a t i o n  axes. It i s  i n t e r e s t i n g  t o  note  
from examination of Table I, tha t  some of the  c rys ta l lograph ic  point groups 
never represent  type 111 groups of t h e  Wulff p l o t  symmetry. These a r e  po in t  - - 
groups 1, 3 and m3. 

3. Discussion - The point group M of a dcp is f u l l y  determinable from t h e  
rel-ntatio~~ and t r a n s l a t i o n  of two c r y s t a l s ,  The group of  symmetry 
operat ions  tha t  generate  equivalent  o r i e n t a t i o n s  of i n t e r f a c e s  between these  
two c r y s t a l s  have been show1 t o  be simply derived from M. When M i s  e i t h e r  a 
type I Shubnikov group o r  a type 111 case 1, i n  which the  invers ion i s  one of 
t h e  colored operat ions  of M, those i n t e r f a c e  p roper t i e s  which a r e  a funct ion 
of i ts  c rys ta l lograph ic  o r i e n t a t i o n  must conform t o  the  c l a s s i c a l  subgroup H 
of M, which i s  M i t s e l f  fo r  the  type I. These two cases  a re  equivalent  t o  
Curie ' s  p r inc ip le  of symmetry. 

For the  o the r  two cases  of Shubnikov type 111 groups, the  morphological 
group W contains  H a s  a halving subgroup. I f  invers ion i s  present  i n  H,  W 
becomes G, which is simply the  group of the  dcp disregarding co lo r .  I f  
invers ion is not present i n  G, W is a new group isomorphic with G. 

A s  an example of the  app l i ca t ion  of our procedure consider ant iphase 
boundaries i n  Fe3A1, which has  the  DOg s t r u c t u r e ,  with space group Fm3m [71. 
There e x i s t  two d i f f e r e n t  APB's i n  t h i s  system. The dcp 's  f o r  both in te r faces  
a re  generated by pure t r a n s l a t i o n s ,  i . e . ,  ( R ~ T )  = ( E ~ T ) .  The t r a n s l a t i o n s  
a t e ,  i n  the  c r y s t a l  coordinate  system, 1/2[100] and 1/4[111]. Fig. 1 
i l l u s t r a t e s  the  dcp s t r u c t u r e s  r e s u l t i n g  from these t r a n s l a t i o n s .  For t h i s  
example the  determination of the  symmetry of the  r e s u l t i n g  dcp's is  simple 
enough t o  be accomplished by d i r e c t  inspect ion.  A r e l a t i v e  s h i f t  of two 
in te rpene t ra ted  l a t t i c e s  having space group Fm3m of T = 112 [ loo]  y ie lds  the  
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NaCl s t r u c t u r e .  A s h i f t  of 1/4[111] gives  211s. Thus t h e  dcp r e s u l t i n g  from 
the  1/2[100] t r a n s l a t i o n  has m3m for  i t s  morphological group. The 1/4[111] 
APB, on the  o the r  hand, has a s  i ts  space group Fd'3m and colored point group 
m'3m. This group f a l l s  i n t o  case  1, and i ts  morphological group W becomes i t s  
c l a s s i c a l  subgroup, i . e . ,  %3m. This means t h a t  fo r  the  1/2(100) APB a p lo t  of 
i n t e r f a c i a l  s c a l a r  p roper t i e s  can be condensed i n t o  a spher ica l  t r i a n g l e  with 
corners  a t  (001),  (101) and (111). For the  1/4(111) APB however, a l a r g e r  
t r i a n g e  (OOl), (111) and (111) is  required because (hk l )  and (iiE1) a r e  no 
longer equivalent by symmetry. 

In  examining s tacking f a u l t s  and s tacking f a u l t  i n c l u s i o t ~ s  we found t h a t  
the  1/4[111] s h i f t  i n  fcc c r y s t a l s  is a t  a symmetry d i c t a t e d  extremum i n  
energy. As with the  Fe3A1 example t h i s  has the  morphological group 53m. We 
have found t h a t  1/4[111] s h i f t s  lead t o  a simpler desc r ip t ion  of  t h e  
morphology and energy of s tacking f a u l t  t e t r ahedra .  

The idea l i zed  90° ant iphase boundary i n  CuAu leads  t o  a dcp with black 
and white point group symmetry 4'/mmm1. The c l a s s i c a l  subgroup is  only mmm. 
This i s  a s  expected. The 4-fold axes i n  t h e  two domain a r e  a t  r i g h t  angles.  
No 4-fold ax i s  su rv ives  t h e  i n t e r s e c t i o n .  The 4 '  o r i g i n a t e s  from a 90' 
r o t a t i o n  and color  change about a 2-fold ax i s .  The symmetry of W is 4/mmm, 
which includes  a &-fold ax i s  t h a t  was present  i n  n e i t h e r  domain. 

F i n a l l y ,  it is worth point ing out t h a t  while operat ions  i n  W y i e l d  
equivalent  i n t e r f a c e s ,  they a re  general ly  not symmetry operat ions  of 
b i c r y s t a l s .  The shape of an i n t e r f a c e  imposes a symmetry cons t ra in t .  A 
b i c r y s t a l  cons i s t ing  of a c r y s t a l l i n e  inc lus ion  within  a matr ix  c r y s t a l  with a 
shape t h a t  co~lforms t o  the  group W has a symmetry belonging only t o  H. An 
operat ion i n  (W-H) w i l l  superimpose i n t e r f a c e s  with equivalent  p roper t i e s  but  
w i l l  convert t h e  matr ix  i n t o  the  o r i e n t a t i o n  of the  inc lus ion  and v i c e  versa .  

111 conclusion, the  procedure developed i n  the  previous s e c t i o n  allows one 
t o  make r igorous statements about morphologies permitted t o  c r y s t a l s  growing 
i n  c r y s t a l l i n e  environments. The c rys ta l lograph ic  form adopted must include 
t h e  point  symmetry operat ions  of the  group W a s  must a p l o t  of i n t e r f a c i a l  
s c a l a r  p roper t i e s  a s  a funct ion of i n t e r f a c i a l  o r i e n t a t i o n .  Def in i t ive  
s ta tements  may now be made about allowable morphologies i n  phenomena such a s  
p r e c i p i t a t i o n  and e u t e c t i c  s o l i d i f i c a t i o n .  
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Fig. - a )  Dichromatic pattern fo r  the 1/2[100] APS in Fe Al. I t s  
colored soace group i s  F m3m, with classical  poin2 symmetry 
m3m. b ]  Dichromatic oat*ern for  the 1/4[111] APB i n  Fe3A1. 
I t s  colored space qrouD i s  Fd13m, with classical  point 
symmetry P3m. 
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Table 1: The group o f  t h e  X u l f f  p l o t ,  U, and i t s  c l a s s i c a l  
subgroup, H, f o r  a l l  p o s s i b l e  proups, K, d e s r i b i n g  
d i ch roma t i c  p a t t e r n  syzmetry. 

T' 1 (C,) 1 (C,) 

2' 1 (cl) " (Clh) 
m'  1 (C1) 2 (Cz) 
2/m' 2 (Cz) 2 (C,) 
2 ' 6  (Clh) m (Clh) 
2'/mt l- (C,) 2 h  (Cph) 

2'2'2 2 (C2) (C2") 
m'm'Z 2 (C2) 222 (D2) 
pl'1112' m (Clh) mn2 (CpV) 

m'm'm 2/m (Cth) m (DZh) 
m'm'm' 222 (D2) 222 $1 
m ' d ( C Z v )  mn2(Czv) 

4' 2 (C2) T (54) 
T' 2 (Cp) 4 (C4) 
42'2' 4 (c4) h (c4,) 
4'22' 222 (02) T2m (DZd) 

4/m1 4 (C)) 4 (C4) 
4'/m' T (s4) a (s4) 
4'/m 2/m (Czh) 4/m (C4h) 

4m'm' 4 (C4) 422 (D4) 

4 ' m '  d (Cpv) (Dpd) 
TZ'n' a 4) (DZd) 
T'h' 222 (D2) 422 (D4) 

T'n2' mn2 (Czv) 4,"" (C4,) 
4/m'm'm1 422 (D4) 422 (D4) 
4/m'nm h (C4") 4"m (C4,1 

4'/mmt1 rnrm (Dph) 4 / m  (D4h) 
4'/m'm'm T h  (DZd) T2m (DZd) 

4/nm1m' 4/m (C4h) 4 / m  (Dqh) 

8 '  4 (c4) 8 (58) 

8' 4 (C4) 8 (C8) 
8'/m 4/m (C4h) 8/m (Cgh) 

8'm' 4,"" (C4,,) 82m (D4d) 

B'm12 422 (04) 822 (D8) 

8'nQ' h ( C 4 , )  8mn(C8v) 

8'22' 422 (D4) 8h (Dad) 

8'/mmtt 4 / m  (D4h) 8 / m  (Dab) 
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R.C. POND : I would like to comment on the elegance of your work, and to men- 

tion that Pond and Vlachavas have carried out an investigation of 

dichromatic symmetry (communicated to Phil. Trans. Roy. Soc.) 

using a different methodology. We have used the theory of the 

symmetry of composite objects, and have identified the nature of 

crystallographic variants produced as a result of each stage of 

dissymmetrisation (modifications which reduce symmetry) starting 

from an initial configuration which exhibits the highest possible 

symmetry for the case in question. 

This methodology emphasizes the differences which can arise bet- 

ween interfacial structures in materials with different symmetries. 

For example, quite distinct consequences arise as a result of 

dissymetrisation due to the existence of non-holosymmetric as com- 

pared to non-symmorphic symmetry. In the latter case, for example 

[100]rotations in diamond-structure materials, modifications to the 

set of dsc (structure-conserving) displacements arise . 


