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L.H. Nosanow 

Division o f  Materials Research, National Science Foundation, 
1800 G S tree t ,  N .  W., Washington, D.C. 20550, USA. 

Resume.- On donne une revue des p ropr ie tes  thermodynamiques des systPmes quantiques macroscopiques 
du p o i n t  de vue du Theoreme Quantique des E ta ts  Correspondants. Ces r e s u l t a t s  sont u t i l i s e s  pour 
p red i re  e t  d i scu te r  l e s  p ropr i6 tes  thermodynamiques des systemes quantiques sp in-polar isgs.  

Abstract.-  A review o f  t h e  thermodynamic p roper t ies  o f  macroscopic quantum systems i s  given from 
the  u n i f i e d  p o i n t  o f  view provided by t h e  Quantum Theorem o f  Corresponding States. These r e s u l t s  
a re  used t o  p r e d i c t  and discuss t h e  thermodynamic p roper t ies  o f  sp in-polar ized quantum systems. 

In t roduc t ion .  One o f  the most e x c i t i n g  areas o f  

i n v e s t i g a t i o n  i n  t h i s  century has been and con- 

t i n u e s  t o  be macroscopic quantum systems. Re- 

search i n  t h i s  area has uncovered an unexpected- 

l y  r i c h  ve in o f  unant ic ipated phenomena, t h e  

study o f  which has l e d  t o  an ever deeper under- 

standing o f  the  laws of nature. New inves t iga -  

t i o n s  have recen t l y  been undertaken on a new se t  

o f  such macroscopic quantum systems; namely, 

sp in-polar ized quantum systems such as sp in-  

p o l a r i z e d  a tomic  hydrogen 101-061 and s p i n -  

po la r i zed  he1 i um-three /07, 081. Recent exper i  - 
mental r e s u l t s  109, 101 have been a major step 

forward and have brought an a i r  o f  optimism t o  

workers i n  t h i s  f i e l d  t h a t  it w i l l  be poss ib le  

t o  prepare these systems and keep them i n  s tab le  

form long enough t o  study t h e i r  proper t ies,  even 

e q u i l i b r i u m  proper t ies,  i n  d e t a i l .  

The present review has as i t s  goal a  d iscuss ion 

o f  t h e  p o s s i b l e  thermodynamic p r o p e r t i e s  o f  

these systems. It tu rns  out  t h a t  i t  i s  poss ib le  

t o  do t h i s  from a u n i f i e d  p o i n t  o f  view because 

o f  t h e  extension o f  t h e  Quantum Theorem o f  Cor- 

responding States recen t l y  developed by Nosanow 

and co-workers 111-131. This  theorem was o r i g i -  

n a l l y  proposed by de Boer /14/ and i t s  i n i t i a l  

app l i ca t ions  c a r r i e d  out by the  him and h i s  

co-workers 1151. The f i r s t  d i s c u s s i o n  o f  

sp in-polar ized atomic hydrogen using the  quantum 

theorem o f  Corresponding s ta tes  was g iven by 

Hecht /01/. Thus, a  general, o v e r - a l l  p i c t u r e  

of t h e  thermodynamics o f  macroscopic quantum 

systems wi 11 be presented and then corresponding 

s ta tes  arguments w i l l  be used t o  p r e d i c t  the  

thermodynamic p r o p e r t i e s  o f  s p i n - p o l a r i z e d  

quantum systems. 

Th is  review i s  organized i n t o  the  f o l l o w i n g  

Sect ions : 

o macroscopic quantum systems, 

o phenomenol og i  ca l  p o t e n t i  a1 s, 

o  quantum theorem o f  corresponding s tates,  

o  extended quantum theorem o f  corresponding 
states, 

o  thermodynamic p roper t ies  o f  macroscopic 
quantum systems, and 

o sp in-polar ized quantum systems. 

Macroscopic  Quantum Systems. A macroscop ic  

quantum system i s  a system o f  approximately 10 
23 

p a r t i c l e s  which manifests quantum e f f e c t s  on a 

macroscopic scale. These systems e x h i b i t  phe- 

nomena, which are s o l e l y  due t o  quantum e f f e c t s  

and have no c l a s s i c a l  analog: 

o  superconduct iv i ty  i n  metals, 

o  s u p e r f l u i d i t y  o f  both hel ium isotopes, 
and 

o the existence o f  the  1 i q u i d  phase o f  both 
hel ium isotopes a t  zero temperature. 

They a lso  e x h i b i t  phenomena, which are due t o  

quantum e f fec ts ,  bu t  do have c l a s s i c a l  analogs: 

o  the l i q u i d - t o - c r y s t a l  phase t r a n s i t i o n  
which occurs i n  both hel ium isotopes a t  
zero temperature, and 
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o the  phase separat ion which occurs i n  both 
s o l i d  and l i q u i d  mixtures o f  the  hel ium 
isotopes. 

There are two aspects o f  quantum mechanics which 

g ive  r i s e  t o  these e f f e c t s :  

o the  quantum-mechanical zero-point k i n e t i c  
energy (energet ics) ,  and 

o t h e  symmetry o f  t h e  wave f u n c t i o n  
( s t a t i s t i c s ) .  

Th is  review w i l l  emphasize those aspects o f  

macroscopic quantum systems which depend more 

s t r o n g l y  on e n e r g e t i c s  t h a n  t h e y  do on 

s t a t i s t i c s .  

The most important aspect o f  the  physics o f  

macroscopic quantum systems i s  t h a t  t h e  zero- 

p o i n t  k i n e t i c  energy per p a r t i c l e  i s  comparable 

t o  t h e  magnitude o f  the  p o t e n t i a l  energy per  
p a r t i c l e .  This  f a c t  has several consequences: 

o the  b ind ing  energy o f  the  system i s  much 
less  than t h e  magnitude o f  the p o t e n t i a l  
energy, 

o the densi ty  o f  the system i s l p m a l l  corn; 
pared t o  t h e  densi ty  o f  a c l a s s i c a l  
system, and 

o the  ground s t a t e  o f  the  system can, as a 
consequence, be a so l id ,  a l i q u i d ,  o r  a 
E! 

There are a lso  important aspects o f  the  physics 

o f  macroscopic quantum systems t h a t  are due t o  

s t a t i s t i c s :  

o t h e r e  i s  an " e f f e c t i v e "  i n t e r a c t i o n  
caused by t h e  s t a t i s t i c s  -- i t  i s  repu l -  
s i v e  f o r  fermions and a t t r a c t i v e  f o r  bo- 
sons and introduces s t rong c o r r e l a t i o n s  
between the  p a r t i c l e s  i n  both cases, and 

o the re  i s  a c h a r a c t e r i s t i c  temperature a t  
which the  e f f e c t s  o f  s t a t i s t i c s  become 
i m p o r t a n t  -- i t  i s  o f  t h e  o r d e r  of 

~ ~ / ~ / k ~ m  (p i s  the number density,  kB i s  
Boltzman's constant, and m i s  t h e  mass of 
a p a r t i c l e )  -- f o r  an i d e a l  Fermi gas, 
t h i s  i s  t h e  Fermi temperature, whereas, 
i t  i s  t h e  B o s e - E i n s t e i n  condensa t ion  
temperature f o r  an idea l  Bose gas. 

These are on ly  a few o f  the  most important 

aspects o f  t h e  physics o f  macroscopic quantum 

systems. 

Phenomenological In te rac t ions .  This  work w i l l  

focus on a c lass o f  systems o f  which t h e  f o l -  
lowing are the known examples: 

o the  isotopes o f  hel ium ( 3 ~ e ,  4 ~ e ) ,  

o the isotopes o f  molecular hydrogen (Hz, 
D2)' 

o the heavy ra re  gases (Ne, Ar, Xe, Kr),  
and 

o t h e  i s o t o p e s  o f  s p i  n - p o l a r i z e d  a tomic  
hydrogen (H+ ,D+) . 

Although i t  i s  possible, i n  p r i n c i p l e ,  t o  calcu- 
l a t e  the  p a i r  i n t e r a c t i o n  f o r  these systems, 

t h i s  has been achieved on ly  f o r  H4 and D4 /16/. 

Many phenomenological i n t e r a c t i o n s  have been 

constructed f o r  these systems. The more recent 
of these appear t o  be q u i t e  accurate /17,18/. 

For a l l  ca lcu la t ions  repor ted i n  t h i s  work, the  
well-known Lennard-Jones p o t e n t i a l  was used; 

i .e., 

where i s  the  depth o f  t h e  we l l  and u i s  t h e  
so-ca l led c o l l  i s i o n  diameter. Values o f  these 

2 2 parameters and the quantum parameter II = H /meo 

are given i n  Table 1 f o r  the  c lass  o f  systems 
under cons idera t i  on. 

E U 

Substance 
deg ; 

Table 1: Values o f  t h e  Lennard-Jones parameters 
f o r  t h e  r a r e  gases, molecular hydrogen, and 
sp in-polar ized atomic hydrogen. The l a t t e r  are 
obtained by f i t t i n g  t h e  p o t e n t i a l s  /03/ calcu- 
l a t e d  by Kolos and Wolniewicz 1161. 



A few comments on these recen t l y  developed, more 

a c c u r a t e  phenomenologica l  p o t e n t i a l s  a r e  i n  

order. The parameters f o r  t h e  "best" o f  these 

as judged by t h e  authors are shown i n  Table 2. 

Several observat ions are apparent: 

o the  wel l  depth i s  l a r g e r  i n  each case, 

o the  "core diameter" i s  smaller, except 
f o r  He and Ne, and 

o the values o f  n are roughly 15% lower, 
except f o r  those f o r  H+ and D+, which a re  
unchanged. 

These r e s u l t s  w i l l  have an importannt bearing on 

the  assessment o f  the  v a l i d i t y  o f  conclusions t o  

be drawn i n  l a t e r  sect ions o f  t h i s  work. 

Substance 
0 

deg A 

Table 2. Values o f  constants f o r  r e c e n t l y  
developed phenomenological p o t e n t i a l  s. Those 
f o r  the  heavy r a r e  gases are taken from Barker 
/17/, those f o r  hel ium from Aziz, e t  a l .  /18/, 
and those f o r  sp in-polar ized atomic hydrogen a r e  
unchanged because the  ca lcu la t ions  /16/ are re-  
garded as accurate t o  one percent. Results f o r  
t h e  isotopes o f  molecular hydrogen /19/ are not 
inc luded because they are not  consis tent  w i t h  
t h e  r e s t  o f  the resu l t s .  It i s  important t o  
note t h a t  the  a n a l y t i c  form o f  t h e  phenomeno- 
l o g i c a l  p o t e n t i a l  var ies s l i g h t l y  from substance 
t o  substance. 

Quantum Theorem o f  Corresponding States. The 

quantum theorem o f  c o r r e s p o n d i n g  s t a t e s  was 

o r i g i n a l l y  proposed by de Boer /14/ and d i s -  

cussed by him and h i s  coworkers /15/. The 

fundamental physics under ly ing t h i s  theorem i s  

t h a t  the re  i s  a c lass of systems such t h a t  t h e  

p o t e n t i a l  energy o f  t h e  system i s  propor t ional  

t o  a coupl ing constant E w i t h  the dimensions o f  

energy, tha t  lengths i n  the p o t e n t i a l  energy 

scale w i t h  one l eng th  parameter a, and t h a t  a l l  

o ther  constants i n  the p o t e n t i a l  are the  same 

f o r  t h i s  c lass o f  systems when expressed dimen- 

s ion less ly .  Thus the p o t e n t i a l  energy W( i r .  I ) ,  
1 a 

where r. i s  the  a t h  component o f  the  p o s i t i o n  
1 a 

of the i t h  p a r t i c l e ,  may be w r i t t e n  

where W* i s  a dimensionless funct ion o f  i t s  

arguments and { c i }  stands f o r  the set o f  o ther  

dimensionless constants. It i s  important t o  

note t h a t  Eq. (1) does not requ i re  t h a t  W be 

express ib le  as a sum of p a i r  po ten t ia l s .  I n  h i s  

review a r t i c l e ,  Barker /17/ discusses the impor- 

tance o f  three-body i n t e r a c t i o n s  and compares 

the  values o f  the  t c i l  f o r  a number of systems. 

To der i ve  the theorem, consider the Hamil tonian 

With the  use o f  Eq. ( I ) ,  the introduction o f  the 

d i m e n s i o n l e s s  v a r i a b l e s  xis= ri / a ,  and t h e  

d e f i n i t i o n s  

where A *  = h / u ( m s ~ ~ / ~  i s  the  de Boer parameter, 

t h e  Hamil tonian may now be w r i t t e n  i n  the form 

The use o f  Eq. (3) i n  t h e  p a r t i t i o n  f u n c t i o n  

leads s t ra igh t fo rward ly  t o  the usual statement 

o f  the theorem; i.e., 

F* = F* (T*, V*, Q ) ,  ( 4  

where t h e  f o l  l o w i  ng dimensionless o r  "reduced" 

va r iab les  have been introduced: 
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and T i s  the  temperature, V i s  t h e  volume, P i s  

the  pressure, and F i s  t h e  Helmholtz f r e e  ener- 

gy. The form o f  the reduced Helmholtz f r e e  

energy depends on ly  on two th ings:  

o the  form of W*(ixia3, ic;}), and 

o whether the  system obeys Bose-Einstein o r  
Fermi-Dirac s t a t i s t i c s .  

Thus, f o r  t h i s  c lass o f  systems, thermo- 

dynamic p roper t ies  can be p l o t t e d  on j u s t  two 
graphs -- one f o r  Bose-Einstein s t a t i s t i c s  and 

one f o r  Fermi-Dirac s t a t i s t i c s .  Values o f  the 

quantum parameter n are given i n  Table 1 f o r  

Lennard-Jones p o t e n t i a l  parameters. It i s  

important t o  remember t h a t  n depends on f o u r  
2 constants i n  the  form n = )1 /mco2, which i s  the 

on ly  poss ib le  dimension1 ess combination o f  these 
constants. 

L e t  us now discuss t h e  phys ica l  s ign i f i cance  of 

the  quantum parameter n. For t h i s  i n t u i t i v e  

discussion, it i s  s u f f i c i e n t  t o  approximate the  

system w i t h  a " c e l l "  model, i n  which each par- 

t i c l e  i s  viewed as moving i n  a " c e l l "  formed by 

i t s  nearest neighbors. Le t  us in t roduce A, t h e  

average distance between p a r t i c l e s .  The f o l l  ow- 

i n g  crude est imates o f  t h e  k i n e t i c  energy per  

p a r t i c l e  R and the p o t e n t i a l  energy per  p a r t i c l e  

fl can be made: 

where v ( r )  i s  the p a i r  p o t e n t i a l  and the  number 

of  nearest neighbors i s  taken t o  be 12. It 

fo l lows  t h a t  

where f n ( x )  i s  some f u n c t i o n  o f  x. I n  t h i s  case 

n i s  propor t ional  t o  the r a t i o  R/lfll; i n  gener- 
a l ,  i t  i s  i n t u i t i v e l y  c l e a r  t h a t  II i s  a measure 

o f  t h i s  r a t i o  and t h a t  t h i s  i s  the  phys ica l  

s ign i f i cance  o f  n. This r e s u l t  i s  most s i g n i f i -  

cant, because it i s  j u s t  the  value of RIIBI; 
i.e., o f  n, which determines the  extent  t o  which 

macroscopic quantum systems manifest quantum 

e f fec ts .  

Extended Quantum Theorem o f  C o r r e s p o n d i n g  

States. The very form o f  the  theorem, Eq. (4 ) ,  
and t h e  phys ica l  s i g n i f i c a n c e  o f  n, Eq. (5), 

suggest t h a t  it would be most usefu l  t o  consider 

n as an independently v a r i a b l e  continuous para- 

meter and t o  t r e a t  i t  as a "conceptual" thermo- 

dynamic variable. To do t h i s ,  i t  i s  necessary 

t o  e x t e n d  t h e  usua l  thermodynamic space t o  

inc lude  t h e  add i t i ona l  va r iab le  n, so t h a t  one 

may now consider, f o r  example, P*-T*-11 space 

instead o f  the  usual P*-T* space. I n  t h i s  vein, 

i t  i s  s t ra igh t fo rward  t o  const ruct  t h e  thermo- 

dynamic v a r i a b l e  conjugate t o  II and thence t o  

der i ve  the  analogs o f  t h e  usual thermodynamic 

r e l a t i o n s h i p s  (Gibbs-Duhem, Cl ausius-Clapeyron, 

etc.). Th is  s t r u c t u r e  then cons t i tu tes  t h e  

extended quantum theorem o f  c o r r e s p o n d i n g  

states. 

On i n t u i t i v e  phys ica l  grounds, it i s  c l e a r  that ,  

although t h e  f r e e  energy i s  a continuous func- 
t i o n  of n, i t s  de r i va t i ves  w i t h  respect t o  n are  

not necessar i ly  continuous. A f t e r  a l l ,  as n i s  

increased from t h e  value f o r  Ar t o  the  value f o r  

He, the ground s t a t e  changes from s o l i d  t o  l i q -  

uid. Thus, i t i s  t o  be expected t h a t  the re  w i l l  

be values o f  n a t  which "phase" t r a n s i t i o n s  oc- 

cur. This view suggests t h a t  i t  would be usefu l  

t o  const ruct  phase diagrams i n  P*-T*-n space and 
t h a t  these would g ive  a general view o f  the  

phases o f  macroscopic quantum systems. Such an 
approach has the u t i l i t y  t h a t  it i s  o f t e n  pos- 

s i b l e  t o  c a l c u l a t e  accurate ly  t h e  values o f  n a t  

which t r a n s i t i o n s  occur; then  it i s  poss ib le  t o  

p r e d i c t  t h e  phase behavior o f  r e a l  systems sim- 

p l y  by comparing the  value o f  n f o r  t h e  r e a l  

system w i t h  t h e  ca lcu la ted  values o f  n a t  which 
phase t r a n s i t i o n s  occur. 

L e t  us now in t roduce  t h e  "thermodynamic" v a r i -  

ab le conjugate t o  n. The usual equation f o r  t h e  

Helmholtz f r e e  energy i s  

dF* = - S* dT* - P* dV* + +* dn, (6 

where 



If Eq. (3) i s  used i n  t h e  p a r t i t i o n  func t ion ,  

then  Eq. ( 7 )  w i t h  the  use o f  the  f i n i t e  tempera- 

t u r e  Feynman-Hellman theorem /11/ y i e l d s  

where t h e  average i n  Eq. ( 8 )  i s  t h e  standard 

s t a t i s t i c a l  mechanical average. This  r e s u l t  i s  

e a s i l y  understood from the  form o f  Eq. (3) by 

analogy w i t h  the  form o f  the  Hamil tonian f o r  a 

system i n  a magnetic f i e l d ,  H = - B M, where 1 
i s  the  magnetic f i e l d ,  1 i s  the  magnetic moment 

operator,  and t h e  thermodynamic va r iab le  con- 

jugate t o  B i s  <!>. Thus, t h e  quantum parameter 

s can a lso  be viewed as an "external  f i e l d "  

which can change the  k i n e t i c  energy o f  the  sys- 

tem independently o f  t h e  p o t e n t i a l  energy. 

Once the  conjugate va r iab le  i s  defined, t h e  f u l l  

formal ism o f  s t a t i s t i c a l  mechanics and thermo- 

dynamics can be u t i l  ized. Several i n t e r e s t i n g  

r e s u l t s  /13/ are as fo l l ows :  

o a new s t a t i s t i c a l  mechanical ensemble can 
be constructed i n  which O* i s  t h e  inde- 
pendent va r iab le  and on ly  average values 
o f  n are meani ng fu l  , 

o t h e  Gibbs phase r u l e  i n  t h i s  extended 
thermodynamic space becomes 

where D i s  the  number o f  degrees o f  f r e e -  
dom, C i s  the number o f  components, and P 

the  nump~r  o f  phases -- thus i n  t h i s  
conceptual space there  can be a quad- 

r u p l e  p o i n t  f o r  a % component system! 
-- there  i s  no c o r ~ f l i c t  w i th  o rd inary  
thermodynamics, which appl ies on ly  i n  a 
physical subspace i n  which n i s  f ixed,  
and 

o t h e  ana log  of t h e  Cl aus ius -C lapeyron  
equation a t  zero temperature i s  

where the  d e r i v a t i v e  i s  taken along t h e  
coexistence curve, and the  subscr ip ts  I 
and I 1  r e f e r  t o  t h e  two  c o e x i s t i n g  
phases. 

This  completes the  d iscuss ion o f  the extended 

quantum theorem o f  corresponding states. 

Thermodynamic Proper t ies  o f  Macroscopic Quant  um 

Systems. I n  t h i s  sect ion, the  thermodynamic 

p roper t ies  o f  macroscopic quantum systems w i l l  

be t r e a t e d  from a u n i f i e d  p o i n t  o f  view u t i l i z -  

i n g  the  extended quantum theorem o f  correspond- 

i n g  stdtes. The presentat ion i s  organized i n t o  

th ree  par ts :  

o ground-state r e s u l t s ,  

o t r i p l e - p o i n t  and c r i t i c a l - p o i n t  data; and 

0 general ized "phase" diagrams. 

This p o i n t  o f  view has been used t o  t r e a t  o ther  

aspects o f  macroscopic quantum systems, such as 

i t i n e r a n t  ferromagnetism /20/, quantum so lu t ions  

/21/, and two-dimensional systems /22/. These 

aspects w i l l  not  be discussed i n  t h i s  review. 

The ground-state r e s u l t s  which we w i l l  discuss 

were obtained from v a r i a t i o n a l  c a l c u l a t i o n s  of 

t h e  ground-state energies o f  f l u i d  and so l  i d  

Bose and Fermi systems /11-13/ as a f u n c t i o n  of 

t h e  quantum parameter n. They are summarized i n  

Table 3 and Figure 1. The main f a c t o r  respon- 

s i b l e  f o r  t h e  general features o f  these r e s u l t s  

i s  t h e  energet ics o f  these systems. Since t h e  

quantum parameter s fl R / I ~ I ,  the re  are th ree  

regimes : 

o " s m a l l "  n -- t h e  ground s t a t e  i s  
c r y s t a l 1  ine, 

o " in termediate"  n -- t h e  ground s t a t e  i s  
l i q u i d ,  and 

o " l a r g e "  0 -- t h e  k i n e t i c  energy i s  
dominant and the  ground s t a t e  i s  a gas; 
i .e., an unbound, many-body quantum 
system. 

Proper ty  S t a t i s t i c s  C r i t i c a l  s 

Liquid-Sol  i d  Bose 0.14 
T r a n s i t i o n  (P* = 0)  Fermi 0.18 

Liquid-Gas Bose - .. 
T r a n s i t i o n  (P* = 0)  Fermi 0.29 

C r i t i c a l  Point  Bose 0.46 
Fermi 0.33 

Tab le  3. C r i t i c a l  v a l u e s  o f  t h e  quantum 
parameter n f o r  ground-state t r a n s i t i o n s .  The 
values f o r  the  l i q u i d - s o l i d  t r a n s i t i o n  a re  a lso  
t h e  values o f  II f o r  which the  t r i p l e - p o i n t  tem- 
perature goes t o  zero; they have been adjusted 
t o  f i t  the experimental zero-temperature s o l i d i -  

f i c a t i o n  pressures /13/ fo r  3 ~ e  and 4 ~ e .  The 
other  values are taken from M i l l e r ,  e t  a l .  /12/. 
The value f o r  the  Bose c r i t i c a l  p o i n t  was shown 
t o  be exact by Bruch /23/. 
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given in Table 1. In addition, the resul ts  of 

the ground-state calculations, sumnarized i n  

Table 3,  are included in these Figures. Several 
important points emerge from these graphs: 

CRITICAL POINTS 

0 10 0 20 0 30 0 40 0 50 

QUANTUM PARAMETER q 

Figure 1. Ground s t a t e  P*-n phase diagram fo r  
Bose and Fermi macroscopic quantum systems. The 
l e f t -  and right-hand pressure scales are for  the 
liquid-solid and the liquid-gas curves, respec- 
tively. The resul ts  are taken from Nosanow, e t  
al .  111, 131 and from Miller, e t  a l .  1121. 0 2 

t t  t t 
Xe ~r &r Ne 

0 0 
10-2 

QUANTUM PARAMETER q In addition, there are also important ef fec ts  
due t o  s t a t i s t i c s :  Figure 2. Plot of the  reduced c r i t i ca l  and 

tr iple-point  temperatures versus the  quantum 
parameter 0. The data fo r  the rare gases i s  
taken from Crawford I241 and that  fo r  the Hi! 

isotopes from Roder, e t  al .  1251. The solid 
curves are only a guide t o  the eye. 

o the solidification pressure for  a given 
value of n i s  higher f o r  a Bose system 
than fo r  a Fermi system -- t h i s  resul t  i s  
due to  the higher energy of a Fermi 
l iquid because of the kinetic energy of 
the Fermi sea 1111, and 

0 the reduced values fo r  the heavy rare 
gases are independent of n, thus confirm- 
ing the applicabil i ty of corresponding 
s ta tes  t o  these systems, 

o the liquid and gas phases can coexist for  
a Fermi system a t  zero  temperature;  
whereas, these phases cannot coexist for  
a Base system a t  zero temperature -- 
again t h i s  result  i s  due t o  the kinetic 
energy of the  Fermi sea /12/. 

o a l l  of these  reduced q u a n t i t i e s  
eventually decrease with increasin n -- 
t h i s  resul t  i s  understandable intui\i vely 
in terms of the increase in the  zero- 
point kientic energy, so tha t  the  system 
requ i re s  l e s s  thermal energy o r  l e s s  

Thus, an important resul t  of these calculations 
i s  that  the general features of the ground-state 
thermodynamic properties of these systems depend 

only on the "physics" of these systems and not 
on the deta i l s  of the calculations. The precise 

CRITICAL POINTI 
numbers do, of course, depend on these de ta i l s  

as well as on the phenomenological potential. 

We believe that  the  numerical resul ts  describe 

the real physical systems with an accuracy of 
approximately t en  percent ,  because t h i s  i s  

TRIPLE POINTS probably a good estimate of the accuracy of n 

i t s e l f  as shown in Tables 1 and 2. 

Let us now t u r n  t o  a discussion of the c r i t i ca l  

points and t r i p l e  points of the class of systems 
under consideration. Corresponding s t a t e s  plots 

QUANTUM PARAMETER q 
of the reduced temperatures, pressures, and den- 

Figure 3. Plot of the reduced c r i t i ca l  and 
t r i  pl e-poi n t  pressures  versus t h e  quantum 
parameter v .  The data are obtained as fo r  
Figure 2. The l e f t -  and right-hand scales a re  
f o r  the c r i t i ca l  and triple-point pressures, 
respectively. 

s i t i e s  are given in Figures 2,  3, and 4, respec- 

t ively.  These thermodynamic quanti t ies are  "re- 
duced" ( i  .e.,  brought into dimensionless form) 
using the  Lennard-Jones potenti a1 parameters 
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Figure 4. P l o t  o f  the  reduced c r i t i c a l  and 
t r i p l e - p o i n t  d e n s i t i e s  ve rsus  t h e  quantum 
parameter s . The data are obtained as f o r  
F igure 2. 

p r e s s u r e  t o  e f f e c t  t h e  t r a n s i t i o n  i n  
question, 

o f o r  s u f f i c i e n t l y  l a r g e  values o f  s, t h e  
e f f e c t s  o f  s t a t i s t i c s  cause the  curves t o  
b i f u r c a t e  -- again these r e s u l t s  can be 
understood i n t u i t i v e l y  i n  terms o f  t h e  
e f f e c t i v e  repul  sion between fermions and 
t h e  e f f e c t i v e  a t t r a c t i o n  between bosons, 
so t h a t  the  c r i t i c a l  temperatures and 
pressures are lower f o r  fermions than f o r  
bosons, and 

o i n  a l l  cases, the curves vanish f o r  a 
c r i t i c a l  value of n -- thus, systems w i t h  
s u f f i c i e n t l y  la rge  values o f  n w i l l  be- 
have l i k e  a f l u i d  above i t s  c r i t i c a l  
p o i n t  a t  a l l  temperatures inc lud ing  T = 
O! 

A c lose  look a t  these graphs a lso  reveals  some 

nagging discrepancies: 

o the values f o r  the reduced pressures and 
dens i t i es  f o r  Ne are not the  same as 
those o f  the other heavy r a r e  gases, and 

o the  values f o r  the  isotopes o f  H2 and He 
appear t o  be a b i t  i r r e g u l a r .  

I n  our  opinion, these discrepancies are due t o  

inadequacies i n  the phenomenological p a i r  poten- 

t i a l .  I f  the  parameters determined by Barker 

/17/ are used, the  Ne discrepancies disappear 

because o f  the improved accuracy o f  the  leng th  

parameters. The i r r e g u l a r i t i e s  i n  the hydrogen 

and hel ium curves probably have the  same source; 

however, an i n t e r n a l l y  se l f - cons is tenOt  set  o f  

phenomenological p o t e n t i a l s  has not y e t  been 

deve loped  f o r  t h e s e  systems, so t h a t  t h e  

quest ion s t i l l  remains open f o r  these two cases. 

With these r e s u l t s ,  it i s  now s t ra igh t fo rward  t o  

const ruct  t h e  P*-T*-I-, phase diagrams f o r  Bose 

and Fermi systems /13/. These are given on F ig-  

ures 5 and 6. Experimental data (Crawford /24/ 

and Roder, e t  a l .  /25/) are used f o r  the  P*-T* 
3 

phase diagrams f o r  A, Hp, 4 ~ e  and He and t h e  

t h e o r e t i c a l  r e s u l t s  given i n  Table 3 are *used 

f o r  T* = 0. Figures 2 and 3 are p ro jec t ions  o f  

these curves on t o  the  T*-s and P*-n planes, 

r e s p e c t i v e l y .  Thus, t h e  i n t u i t i v e  p h y s i c a l  

arguments given t o  gain an understanding o f  

t h e i r  behavior a lso  ob ta in  f o r  Figures 5 and 6. 

Thus, we be l ieve  t h a t  these phase diagrams g ive  

a q u a l i t a t i v e l y  co r rec t  and reasonably accurate 

q u a n t i t a t i v e  p i c t u r e  o f  the  so l id ,  l i q u i d  and 

gas phases o f  Bose and Fermi macroscopic quantum 

systems. 

It i s  o f  i n t e r e s t  t o  examine the  P*-T*-n phase 

diagram f o r  Bose systems from the  p o i n t  o f  view 

o f  t h e  Gibbs Phase Rule, Eq. (9). Clear ly ,  

the re  are fou r  phases which need t o  be consider- 

ed -- so l id ,  l i q u i d ,  gas and super f lu id .  I n  

t h i s  "extended" thermodynamic space, the re  i s  

a l ready a l i n e  o f  t r i p l e  po in ts  where the  so l id ,  

l i q u i d ,  and gas coexis t .  The reduced I - p o i n t  
4 

temperature fo r  He a t  saturated vapor pressure 

can e a s i l y  be determined and another l i n e  of 

t r i p 1  e po in ts  (1  iqu id-gas-super f l  u i d )  const ruct -  

ed through i t  us ing the i n t u i t i v e  phys ica l  idea 

t h a t  the  reduced I-point temperature i s  propor- 

t i o n a l  t o  the  quantum parameter n. The p o i n t  

where these two l i n e s  cross i s  t h e  juadruple-  

point, and t h e  t h i r d  l i n e  o f  t r i p l e  po in ts  

( s o l  i d -1  iqu id-super f  1 u id )  can be constructed t o  

pass through t h i s  point.  This cons t ruc t ion  does 

not  prove t h a t  a quadruple p o i n t  must e x i s t ;  

on ly  t h a t  i t can exis t .  There w i l l ,  o f  course, 

be a B o s e - E i n s t e i n  condensa t ion  i n  t h e  gas 

phase; however, t h i s  i s  not p i c t u r e d  i n  F igure 

5. 

The P*-T*-0 phase diagram f o r  Fermi systems i s  

very much l i k e  t h a t  f o r  Bose systems. The c r i -  

t i c a l  po in t  occurs a t  a smal ler  value o f  II and 

there  i s  a l i qu id -gas  coexistence curve a t  zero 

temperature. Both of these r e s u l t s  are due t o  

the k i n e t i c  energy o f  the  Fermi sea /12/. There 

i s ,  o f  course, an extensive s t ruc tu re ,  which i s  

not shown, due t o  the existence o f  s u p e r f l u i d i t y  
3 i n  He. I n  add i t i on ,  the re  i s  another extensive 

s t ruc tu re ,  which i s  not shown, due t o  the  pos- 

s i  b i l  i t y  o f  i t i n e r a n t  ferromagneti sm i n  Fermi 
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Figure 5. Phase diagram f o r  Bose macroscopic 
quantum systems i n  P*-T*+I space. Experimental 

4 data are used f o r  the  A, H, and He curves. The 

v a l u e  f o r  t h e  4 ~ e  A - p G n t  i s  t h a t  a t  t h e  
saturated vapor pressure. The zero-temperature 
r e s u l t s  are taken from Table 3. The f i g u r e  i s  
const ructed so as t o  show how a quadruple p o i n t  
could ex is t .  The curve f o r  t h e  Bose-Einstein 
-nsation temperature f o r  W i s  taken from 
Stwal l e y  and Nosanow /03/. 

systems. This subject  i s  discussed by Guyer and 

M i l l e r  /20/. 

Th is  completes our d iscuss ion o f  t h e  thermo- 

dynamic p roper t ies  o f  macroscopic quantum sys- 

tems. Use o f  the  extended quantum theorem o f  

corresponding s ta tes  enables one t o  form a un i -  

f ied, over -a l l  view o f  these propert ies. It i s  

worth emphasizing t h a t  these r e s u l t s  depend on ly  

on the  "physics" o f  these systems and not on 

t h e o r e t i c a l  de ta i l s .  Thus, they are o f  general 

v a l i d i t y  and c e r t a i n l y  q u a l i t a t i v e l y  correct .  

We be l ieve  t h a t  they q u a n t i t i v e l y  descr ibe r e a l  

systems t o  an accuracy o f  approximately t e n  

percent. 

Spin-Polar ized Quantum Systems. I n  t h i s  Sect ion 

the  formal ism developed i n  t h e  previous Sect ions 

w i l l  be used t o  p r e d i c t  some o f  t h e  thermodynam- 

F igure  6. Phase diagram f o r  Fermi macroscopic 
quantum systems i n  P*-T*q spcce. Experimental 
data are used f o r  A, H2 and ' ~ e  curves. Data 
f o r  A and Hp are used because Figures 2, 3 and 4 

show t h a t  the  e f f e c t  o f  s t a t i s t i c s  i s  unimpor- 
t a n t  f o r  small 0. The r e s u l t s  f o r  D+ are  taken 
from M i l l e r  and Nosanow /26/. The spin-polar- 
i zed  scale i s  discussed i n  t h e  Sect ion on spin- 
po la r i zed  quantum systems. 

i c  p roper t ies  o f  sp in-polar ized quantum systems. 
F i r s t ,  Ht and Dt  a re  discussed i n  general. Then 
a corresponding s ta tes  d iscuss ion o f  t h e  proper- 

t i e s  o f  t h e i r  f l u i d  phases i s  given. A f t e r  t h a t  

a r a t h e r  speculat ive d iscuss ion o f  t h e  proper- 

t i e s  o f  s o l i d  H4 and D4 i s  presented. F i n a l l y ,  

sp in-polar ized 3 ~ e  i s  b r i e f l y  discussed. 

L e t  us f i r s t  c o n s i d e r  s p i n - p o l a r i z e d  a tomic  

hydrogen and d e u t e r i u m  i n  genera l .  It i s  

be1 ieved t h a t  H4 obeys Bose s t a t i s t i c s  because 

it i s  a t i g h t l y  bound system o f  two fermion (one 

proton and one e lect ron) ;  whereas, D4 obeys 

Fermi s t a t i s t i c s  because it i s  a t i g h t l y  bound 

system o f  t h r e e  Fermions (one p ro ton ,  one 

neutron and one e lect ron) .  This problem i s  

fundamental ly t h e  same as t h a t  o f  the  s t a t i s t i c s  



3 obeyed by He and 4 ~ e  and has been extens ive ly  

discussed by Girardeau 1271. A cursory look a t  

Table 1, shows t h a t  Ht has the l a r g e s t  TI o f  a l l  

o f  t h e  systems and should the re fo re  manifest 

quantum e f f e c t s  most s t rong ly  on a macroscopic 

scale. On t h e  other  hand, D4 has a value o f  n a 
3 1 i t t l e  l a r g e r  than t h a t  fo r  He and hence should 

behave very much l i k e  it. 

We s h a l l  now consider the f l u i d  phases o f  H*. 

Because n(H4) = 0.55 and t h e  value o f  the zero 

temperature c r i t i c a l  p o i n t  f o r  Bose systems i s  

n(Bose c r i t i c a l  po i  n t )  = 0.46, the  corresponding 

s ta tes  analys is  p red ic ts  t h a t  H4 w i l l  be a gas 
a t  zero temperature and w i l l  behave l i k e  a f l u i d  

above i t s  c r i t i c a l  p o i n t  f o r  temperatures 

inc lud ing  zero temperature! This  means t h a t  H4 

i s  predic ted t o  have a l i q u i d  phase; i.e., 

the re  can not  be coex is t ing  l i q u i d  and gas 

phases f o r  H4 under 9 condit ions. This pre- 

d i c t i o n  i s  strengthened by t h e  f a c t  t h a t  t h e  

exact values o f  n are expected t o  be roughly 15% 

lower than t h e  Lennard-Jones values f o r  a l l  sys- 

tems other  than H+ and 04 (see Tables 1 and 2). 

It i s ,  o f  course, expected t h a t  t h i s  quantum gas 

w i l l  e x h i b i t  a Bose-Einstein condensation t o  

become a s u p e r f l u i d  gas /01-03/. Results o f  

recent ca l  c u l  a t  ions by Lan t to  and Ni eminen 1281 

are shown on Table 4. 

Since Ht  i s  a weakly i n t e r a c t i n g  Bose gas, the  

usual theory should apply 1291. I n  addi t ion,  i t  

s h o u l d  be p o s s i b l e  t o  make a c l e a r  c u t  

observat ion o f  t h e  Bose condensate. 

We s h a l l  now consider t h e  f l u i d  phases o f  D4. 
3 

Because n(D4) i s  very c lose t o  n(  He), i t s  
3 p roper t ies  may be very l i k e  those o f  He. How- 

ever, it may be t h a t  use o f  accurate phenomeno- 

l o g i c a l  p a i r  p o t e n t i a l s  would reduce the  c r i -  

t i c a l  values o f  n f o r  Fermi systems given on 

Table 3 by roughly 15%, i n  which case n ( l i q u i d -  

gas) * 0.25 and n ( c r i t i c a l  p o i n t )  * 0.28. 

I f  t h i s  were t rue,  t h e  TI f o r  D4 would f a l l  i n  

between, and D4 would have a gaseous ground 

s t a t e  and t h e  p o s s i b i l i t y  o f  l i q u i d - g a s  

coexistence a t  zero temperature! I n  t h i s  event 

i t  might be poss ib le  t o  observe quantum e f f e c t s  

on t h e  s ingu l  a r i  t i e s  o f  thermodynamic func t ions  

i n  the  neighborhood o f  the  c r i t i c a l  po in t  1131. 

It i s ,  o f  course, expected t h a t  Dt  w i l l  e x h i b i t  

Table 4. Proper t ies of H 4  ca lcu la ted  by Lan t to  
and Nieminen 1281. Here P i s  t h e  number 
density,  Vm i s  the  molar volume, TBE i s  the  

Bose-Einstein condensation temperature, and nc 

i s  t h e  ze ro  tempera tu re  condensate f r a c t i o n  

(note t h a t  TBE a o ~ ' ~ ) .  The q u a n t i t y  Bmin i s  

t h e  magnetic f i e l d  necessary t o  s t a b i l i z e  H4 
a g a i n s t  decay due t o  c o l l e c t i v e  e x c i t a t i o n s  
f i r s t  s tud ied by Ber l insky,  e t  a l .  /06/. 

a phase t r a n s i t i o n  t o  a s u p e r f l u i d  s t a t e  a t  

tempera tu res  o f  t h e  o r d e r  o f  1 mK. T h i s  

behavior should be completely analogous t o  t h a t  

of 3 ~ e ;  e.g., the re  should be both A and B 

phases. This  behavior would s t i l l  be expected 

even i f  D+ were t o  be gaseous. 

L e t  us now try t o  p red ic t  the proper t ies of 

s o l i d  H* and D4 u s i n g  c o r r e s p o n d i n g  s t a t e s  

arguments. T h i s  i s  n e c e s s a r i l y  a r a t h e r  

s p e c u l a t i v e  endeavor. I n  t h e  f i r s t  p lace ,  

Ber l insky,  e t  a l .  /06/ have shown t h a t  very 

la rge  magnetic f i e l d s  are necessary t o  s t a b i l i z e  

t h e  s o l i d  against decay due t o  c o l l e c t i v e  ex 

c i t a t i o n s .  I n  addi t ion,  the  on ly  e x i s t i n g  ddta 

/11, 131 r e f e r  t o  t h e  l i q u i d - s o l i d  t r a n s i t i o n ;  

not  t o  the  l i qu id -gas  t r a n s i t i o n .  Nevertheless, 
the  p roper t ies  of the  s o l i d  a t  t h e  l i q u i d - s o l i d  

t r a n s i t i o n  appear t o  be dominated by the proper- 

t i e s  of a hard-sphere system w i t h  the  s i z e  o f  

t h e  sphere renormalized by the  e f f e c t s  o f  ener- 
2et i cs .  Thus, we be1 ieve t h a t  the  r e s u l t s  w i l l  

c e r t a i n l y  be qua1 i t a t i v e l y  c o r r e c t ,  and t h e  

numbers may serve as a guide t o  experiments. It 

i s  poss ib le  t o  make estimates o f  the zero tem- 

perature s o l i d i f i c a t i o n  pressure P the  vol ume 
s ' 

Vs o f  the  s o l i d  a t  t h i s  pressure, and the zero- 

temperature Debye Theta eo. The. former can be 

est imated from F igure  1. One f i n d s  t h a t  f o r  

both Bose and Fermi systems 
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A PZ a 7.5 (An). 

I n  add i t i on ,  Nosanow, e t  a l .  /11/ found t h a t  V c  

r a p i d l y  approached an asymptot ic value as a 

funct ion of n, so t h a t  i t  i s  approximately 

c o n s t a n t  f o r  He and H. F i n a l l y ,  a c r u d e  

e s t i m a t e  o f  eo can be o b t a i n e d  f r o m  t h e  

approximate r e s u l t  t h a t  

which fo l lows from Greywall ' s  r e s u l t s  1301, 

where e; = kBeo/c and the p r o p o r t i o n a l i t y  on ly  

holds a t  constant V*. The r e s u l t s  are given i n  

Table 5 along w i t h  those f a r  3 ~ e  and 4 ~ e  f o r  

comparison. Several po in ts  emerge from Table 5: 

o t h e  c o n v e r s i o n  f a c t o r s  c /o3  and No. 3 

d i f f e r  s i g n i f i c a n t l y  f o r  He and H because 
t h e  value o f  CI i s  much l a r g e r  f o r  H than  
f o r  He. 

o thus, t h e  molar volumes a t  s o l i d i f i c a t i o n  
o f  s o l i d  Ht  and Dt are predic ted t o  be 
very large,  w i t h  the  consequence t h a t  the  
n e a r e s t - n e i g h b o r  d i s t a n c e s  a r e  q u i t e  
l a r g e  -- these s o l i d s  would be q u i t e  open 
st ructures,  

o s i m i l a r l y ,  the  s o l i d i f i c a t i o n  pressures 
are r e l a t i v e l y  low, i n  t h e  case of D t  
on ly  12 atm, and 

o the  eo f o r  D t  i s  a lso q u i t e  low, which i s  

t o  be expected due t o  t h e  l a r g e  zero- 
p o i n t  k i n e t i c  energy; t h e  eo f o r  Ht  may 

be q u i t e  large, but  the  ex t rapo la t ion  i s  
probably unre l  iable. 

A few other  comnents are i n  order: 

o t h e  c o e f f i c i e n t  o f  t h e r m a l  expansion 
should be q u i t e  low because these systems 
e x i s t  a t  tempera tu res  such t h a t  t h e  
thermal k i n e t i c  energy i s  small compared 
t o  the zero-point  k i n e t i c  energy, 

o t h e  sound v e l o c i t i e s  and phonon spectra 
should look p r e t t y  much l i k e  those f o r  

3 e i t h e r  bcc He o r  4 ~ e  -- t h e  magnitudes 
should scale roughly w i t h  t h e  eo s, and 

o exchange e f f e c t s  due t o  t h e  symnetry of 
t h e  wave f u n c t i o n  should be l a r g e r  than " 
f o r  ' ~ e ;  however, t h i s  exchange i n t e r -  
ac t ion  i s  small compared t o  t h e  elec- 
t r o n i c  sing1 e t - t r i p l e t  exchange -- there  
would be a l a r g e  c o e f f i c i e n t  o f  s e l f  
d i f f u s i o n  which might be detectable by a 
resonance t e c h n i q u e  i n  a weak ly  
inhomogeneous magnetic f i e l d .  

Property Ht  4 ~ e  Dt 3 ~ e  

~~o~ 30.2 
3 (cm /mole) 

Vs(T=O) -= 63. 
3 

(cm /mole) 

Table 5. Corresponding s ta tes  est imates o f  

p roper t ies  o f  so l  i d  Ht and Dt. The p roper t ies  
3 4 of s o l i d  He and He are inc luded f o r  compari- 

son. Here No i s  Avogadaro's number, Ps and V s  

are, respec t i ve ly  t h e  pressure and volume o f  the  
s o l i d  a t  s o l i d i f i c a t i o n ,  and A i s  t h e  nearest- 
neighbor distance. The hel ium volume and pres- 
sure data are taken from Crawford /24/. The 
Debye eo data are taken from Greywall /30/. 

F i n a l l y ,  i t i s  o f  i n t e r e s t  t o  speculate f u r t h e r  

on t h e  p o s s i b i l i t y  o f  observing "supersol i d "  

behavior i n  s o l i d  Ht. and Dt. One might t h i n k  

t h a t  t h i s  would be poss ib le  because o f  t h e  low 

dens i t y  and h igh  zero-point  k i n e t i c  energy o f  

these systems. However, as comnented e a r l i e r  V* s 

r a p i d l y  approaches an asymptotic value as a 

f u n c t i o n  o f  TI as n increases. Since it may be 

t h e  reduced q u a n t i t y  which determines super- 

so l  i d  behavior, t h i s  f a c t  may m i t i g a t e  against  

t h e  occurance o f  t h i s  behavior i n  H t  and Dt. 

I n  conclusion, l e t  us t u r n  t o  a b r i e f  d iscuss ion 
3 of sp in-polar ized He. The essent ia l  physics o f  

t h i s  system i s  t h a t  i n  t h e  presence o f  a su f f i -  

c i e n t l y  l a r g e  external  magnetic f i e l d  on ly  one 



h a l f  o f  the  sp in states o f  t h e  Fermi sea w i l l  be 

populated. Although the  actual  c a l c u l a t i o n s  are 

q u i t e  complicated, the  general features are easy 

t o  obtain. If one considers on ly  t h e  idea l  

ground s t a t e  energy, then we f i n d  t h a t  on ly  t h e  

r a t i o  n /g2 j3  appears, where g i s  the  sp in  degen- 

eracy. Thus, t o  a f i r s t  approximation, a calcu- 

l a t i o n  fo r  a l l  n f o r  g = 1 can be deduced from a 

c a l c u l a t i o n  f o r  a l l  n f o r  g = 2 by simply 

s t r e t c h i n g  the  scale o f  the quantum parameter n. 

M i l l e r  and Nosanow /26/ found t h a t  t h e  change 

from g = 2 t o  g = 1 d i d  not a f fec t  th ings  too  

much. Thus, t h i s  e f f e c t  i s  p i c t u r e d  on F igure 6 

by a modest s t r e t c h i n g  o f  t h e  n scale. It i s  

c l e a r  t h a t  t h e  q u a l i t a t i v e  f e a t u r e s  o f  t h e  

P*-T*-n phase diagram are unchanged. Possib le  

e f f e c t s  on the  mel t ing curve and o ther  proper- 

t i e s  have been discussed by L h u i l  1 i e r  and La166 

/07/ 

A L a s t  Remark. Whenever a new macroscopic  

quantum system i s  found, i t  i s  worth examining 

i t s  poss ib le  u t i l i t y  as a r e f r i g e r a n t .  I n  t h i s  

respect HI may very we l l  be unique, because it 

may be the only substance t h a t  remains gaseous 

a t  a l l  temperatures, even absolute zero. Thus, 

i f  i t  were once cool3d below i t s  Bose-Einstein 

condenstaion temperdture, i t s  use as a r e f r i g e r -  

ant  would, i n  p r i n c i p l e ,  permi t  the  attainment 

o f  temperatures a r b i t r a r i l y  c lose t o  absolute 

zero. 
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