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THEORY OF THE PHASE TRANSITION IN M I  COMPOUNDS (*) 

Joseph L. BIRMAN 

Physics Department, New York University, New York, N. Y 

R6sum6. - La thkorie thermodynamique des transitions de phase du second ordre dans les 
cristaux avec les modifications et les simplifications faites rkcemment par l'auteur et ses collabora- 
teurs, est appliquke a la structure du sel gernme pour prkdire plusieurs phases de plus basse syme- 
trie rkalisables par des transitions de dkplacement du second ordre qui ne changent pas la cellule 
unitk, en plus de la structure trigonale vue dans GeTe. Nous proposons un modele microscopique 
pour de telles transitions qui impliquent une instabilitk configurationnelle de groupe d'espace 
(Jahn-Teller) d'un modele propose pour les liaisons de valence dans ces composes. Nous donnons 
des propositions de ~Qifications expkrimentales de ces hypothkses. 

Abstract. - The thermodynamic theory of second order phase transitions in crystals with the 
modifications and simplifications recently made by the author and co-workers is applied to the 
rocksalt structure. We predict several lower symmetry phases achievable via second-order displacive 
transitions which do not change the unit cell, in addition to the trigonal structure seen in GeTe. 
A microscopic model is proposed for such transitions, involving space-group configurational 
(Jahn-Teller) instability of a proposed valence-bond model of electronic structure of binding of 
these compounds. Some experimentally verifiable tests of these proposals are given. 

1. Introduction. - In this paper a theory of the 
phase transition in IV-VI Compounds will be given. 
The paper consists of two parts. 

First, the thermodynamic theory of second order 
phase transitions in crystals is applied to rocksalt 
structure. It  is found that several lower symmetry 
space groups can be achieved by second order phase 
transition without change of unit cell. One of these, 
the trigonal (rhombohedra]) has been observed in 
GeTe. The others are new predictions. It is found that 
the transformation from rocksalt may be driven by 
the physical tensor field of the optic mode displace- 
ments. 

Secondly a proposal is made that the observed GeTe 
phase transition represents a space group configura- 
tional instability. I t  is proposed that cohesion in the 
GeTe structure be understood on the basis of valence 
bonds. The phase transition is then a configurational 
instability of such bonds with respect to the optic mode 
displacement. 

Experiments are proposed to test these results and 
proposals. 

(*) This work supported in part by the Aerospace Research 
Laboratories, Office of Aerospace Research, Wright-Patterson 
AFB, Ohio and the U. S. Army Research Office (Durham). 
Travel to attend this Colloquium was supported by a travel 
grant from the C.  N. R. S. (France). 

2. Theory. - In the thermodynamic theory [l]  of 
second order phase transitions in crystals attention is 
focussed upon two interrelated basic quantities des- 
cribing the state of the crystal : the thermodynamic 
potential sP and the density function p. Both @ and p 
are functions of temperature, pressure, and some set 
of order parameters ( cP)(") ). The density function 
is also a function of position in the crystal, so we may 
write 

and p(r, { c?)(~) }) . (2.2) 

If the density function p of the crystal is specified, then 
one may determine the corresponding symmetry 
group of the crystal : Q : it is the invariance group of 
p(r), and consists of all transformations of space 
which send the crystal into itself. 

Let '2, be the symmetry group of the high symmetry 
phase. Then a set of order parameters can be defined 
by first considering the set of all functions ( $:k")(m)(r) ) 
where +?jf"'(r) belongs to the ath row of the irredu- 
cible representation D(*~)(") of '3,. We write the density 
function as : 

In (2.3) only the members of one single irreducible 
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representation appear, as will be later emphasized, and 
the c?)'") are coefficients which are dependent upon 
T and P. The cp""' will be the order parameters in @. 
In (2.3) po(r) is invariant under Go, and p(r) will be 
characterized by an invariance group 9. If some 
c ~ " " '  f 0 then 9 is not isomorphic to Go. Instead 
of considering the functions +pu)("'(r) to transform 
amongst themselves, we consider the c2kb)(m) to be so 
transformed. 

The representation D(")(") used in (2.3) corres- 
ponds to a single physical tensor field [2]. If the tensor 
field transforms reducibly (for example, the strain ten- 
sor [a] in a cubic crystal) then only one irreducible 
component appears in (2.3). 

For the thermodynamic potential ds, we write an 
expansion into a series of scalar homogeneous poly- 
nominals in the order parameters : 

when @(') is of sth degree in the ( c?)("' ). The ther- 
modynamic potential @ applies to the system in high 
and low symmetry states. At given T and P, the non- 
vanishing { cik"'("' ) in ds and p, are determined by 
requiring that ds shall be a minimum ; the minimum 
must correspond to symmetry So above the transition 
(T, P)  > (T,, PC), and to a lower symmetry 9, below the 
transition (T, P) < (T,, PC). Then for (T, P) > (T,, PC) 
we must have the stable situation : all c? ) (~ )  = 0, 
giving minimum @. For (T, P) < (T,, PJ the stable 
situation must correspond to some c?)'"' # 0, and 
therefore from Equation (2.3) : p(r) # po(r). 

A transition from 9 ,  to 9 ,  can occur continuously as 
a second order transition if 

9, is a subgroup of Go . (2.5) 

If c?)'") = 0 is stable for sP above (T,, PC) we require 
that the linear, cubic, ... terms in (2.4) shall vanish 
identically, or that the symmetrized cube of D(")(m) 
shall not contain the identity : 

For the groups '3, and Go to be compatible via second 
order phase transition driven by the acceptable repre- 
sentation D(")(") it is required that [3] 

To eliminate superfluous lower symmetry groups, 
a chain criterion also can be proven [4] : 

and ~ ( * k ) ( " )  of SOL D ( ~ ) ( ' + )  of S ,  (once) 

and D(")(") of Go J ~ ( ~ ) ( l + )  of 9; (once) 

then So -+ 9; is eliminated . (2 - 8) 

The novel general aspects of our recent work [2], 
[3], [4] are : the emphasis on using a concrete physical 
tensor field for D(*~)(") ,  and equations (2.7), (2.8). 
Early applications of the thermodynamic theory [5] 
did not insist upon using a physical field, nor did they 
have available (2.7), (2.8). With these results, plus 
equations (2.5) and (2.6), detailed and concrete pre- 
dictions can be made regarding symmetry changes 
which may occur from 9,.  

3. Phase Transition in IV-VI Systems with Rocksalt 
Structure. - For a displacive second-order phase 
transition in GeTe-type systems [6] without change of 
unit cell we choose the physical field invoked to be 
that of the atom displacements in the optic normal 
mode at k = r = (0, 0, 0) in the high temperature 
cubic rocksalt structure [7]. This mode is of the symme- 
try of a polar vector : r ( I 5 ) .  Since 

the representation is acceptable, i. e. meets the crite- 
rion (2.6), related to stable equilibrium of the rock- 
salt structure. Using this physical field means that we 
shall obtain lower symmetry space groups which are 
related by relative motion (inner strain) of the Ge and 
Te sub-lattices. To obtain the axial distortions which 
also can occur, in trigonal, or tetragonal etc. systems, 
requires including the effect of the strain field [a]. This 
will be done later. 
Using criterion (2.5), it is found [8] that there are 32 

(( equi-translation >> sub-space groups of the rocksalt 
structure 0:. Each of these is a candidate, in principle, 
for lower symmetry space group achievable via second 
order transition. 

Now we combine the acceptable representation 
r(15) with the potential sub-space groups. The sub- 
duction criterion (2.7) can be simply applied to this 
case. We ask : on which of the 32 cc equi-translation >> 
sub-space groups of 02 will r'I5' of 02 subduce 

(the identity representation) ? Since the transla- 
tion group is unchanged, it does suffice to concern 
ourselves only with the point group of each such sub- 
space group : these are the corresponding factor 
groups G/S. Straightforward examination of the rele- 
vant character tables reveals 8 possibilities given in 
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Table I. Application of the chain subduction criterion 
reduces these further, as is shown in Table 11. 

TABLE I 
Subgroups of 0;-~m3m Consistent 

with Subduction Criterion 

Class Space Group 
- - 

Trigonal c:, - R3m . C: - R3 

Tetragonal c:, - 14mm ; C: - I4 

Orthorhombic c:: - Imm2; ~ ; , 8  - Fmm2 

Monoclinic C;  - B2 or C2 .  

C: - Bnz or Cm. 

TABLE I1 
Compatible Subgroups of 0;-~m3m 

Class Space Group 
- - 

Trigonal c:, - R3m 

Tetragonal c:, - 14mm 

Orthorhombic c:: - Imm2 ; 

Monoclinic C: - 8 2  or C2 ; 

C: - Bm or C m .  

A compatible sub-space group is c:, - R3m, which 
is the trigonal group that has been observed 191. In 
addition, tetragonal orthorhombic, and monoclinic 
sub-space groups are predicted. These possibilites 
besides the trigonal, require examination on the basis 
of the dynamics of the displacements which might 
produce the distorted structure. 

The major conclusions to be drawn from this exa- 
mination of the GeTe phase transition from the view- 
point of the thermodynamic theory are : 

1. The optic mode displacements at long wave 
length of symmetry I?('') may be identified as the 
irreducible physical tensor field driving the second 
order phase transition from the rocksalt structure. 
This field is fully consistent with the requirements of 
the thermodynamic theory. 

to include the strain tensor [a]. In a cubic space group 
this field transforms as [lo] 

[ a ]  w A,, O E, O F z ,  . 
Let us illustrate the nature of the necessary analysis 
on the trigonal group. To obtain a trigonal distorsion 
requires use of the shears in F,,. Then the form of 
p(r) will be 

p(r) =  PO(^) + [Flu1 + CF2,'I (3.2) 

where the notation indicates which of the irreducible 
~ ( * ~ ) ( m )  contribute cr order parameters D. The corres- 
ponding expression for the thermodynamic potential 
@ will be given, also using a symbolic notation, as : 

@ = @O + A(P, T )  [F1,1(2, f C(P7 T )  [FI,](,) + 
+ Af(P, T )  L-F2,1(2) 4- 

4- D(P,  T )  (~Fl , l , , ,  @ F2,) + .-. . (3.3) 

In (3.3) the first line represents the expansion of 6, 
in the order parameter, like (2.4), with 

determining the line of second order phase transitions. 
The second line in (3.3) represents normal elastic 
energy density. The last line represents a coupling of 
elastic distorsion and inner strain : it occurs because 
an invariant can be constructed from 

[FlUI(2)  O F2, 

and will then appear in (3.3). It  is easy to prove that 
minimizing (3.3) T, P < T, PC will produce a non- 
zero inner strain displacementplus a coupled macrosco- 
pic shear strain. Thus while the T and P on the line of 
second order phase transitions is determined by (3.4), 
the full thermodynamic potential @ of (3.3) including 
coupling, is needed to obtain the lower symmetry 
group (in this case the trigonal group c:,), in toto [I 11. 

4. Mechanism of the Phase Transition. - a) CONFI- 
GURATIONAL INSTABILITY OF VALENCE-BONDS. - Let 
us examine a configurational instability mecha- 
nism [I21 for the phase transition from rocksalt struc- 
ture driven by the I?('') optic mode. In examining 
this proposal we use a localized (valence-bond) for- 
mulation, as the Bloch (molecular orbital) formula- 
tion cannot give the required effect owing to vanishin- 
gly small values of the integrals which arise [13] ; 

2. The observed trigonal space group, as well as this necessitates summing up such contributions over 
others listed in Table 11, can arise via second order an entire partially filled valence bond, wich is very 
phase transitions without change of unit cell. inconvenient (see Discussion at the end of the paper). 

To obtain the axis distorsion (i. e. c/a # 1) in In the rocksalt structure each atom of Ge is sur- 
various lower symmetry cases of GeTe, it is necessary rounded by 6 first neighbor atoms of Te at the corners 
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of a regular octahedron. All 6 bond lengths are equal, 
all bond angles are 900. It has been suggested [14] that 
the bonding here is : pure p3 bonds from each ligand 
to the other (in Ge 4 p ; in Te 5 p). These orbitals have 
the requisite angular property, but are not the opti- 
mum equivalent octahedral set [15]. To test the suita- 
bility of these orbitals we form the symmetrized square 
of their representation. The p orbitals transform as 
[Flu]. The symmetrized square [Flu](,, only contains 
even orbitals, hence p states (even if partially filled as 
in the present case) are not configurationally unstable 
in 0, configuration. 

A better set of localized orbitals 1161 are the hybri- 
dized octahedral orbitals sp3 d'. These are to be 
composed from Ge 4 s 4 p 4 d and from Te 5 s 5 p 5 d, 
The two atoms per cell contribute 10 electrons to these 
hybrids : there must then be some (( resonance )> 

amongst the 2 unoccupied hybrid orbitals. Owing to 
the larger energy separation [17] between Ge 4 s and 
4 p-4 d states than the Te 5 s to 5 p-5 d separation, 
we may assume that the residual instability of the 
rocksalt structure in this case is related to the energy 
cost of promoting the Ge 4 s electron. The use of d 
orbitals in forming hybrid bond orbitals in metals 
and alloys was already proposed [18]. 

The hybridized octahedral valence bond orbital 
sp3 d2 is unstable with respect to distortion based on 
a normal mode of symmetry Flu. This result was recen- 
tly proved by us [19], for molecules of 0, symmetry, 
and the proof applies here without modification. Ini- 
tially the 6 bond orbitals per atom are degenerate 
(call the energy E,). Then define the matrix elements 

which are matrix elements of the electron-ion inter- 
action in the normal mode r(15). Then call 

Now if [20] 

then the perturbed spectrum for a trigonal distorsion 
of the octahedron is 

E' = Eo + cl Q + kQ2/2 (three times) 

E -  = E ,  - c,  Q + k ~ ~ / 2  (three times) . 
Here Q is the amplitude of the trigonal distortion 
based on Flu mode, and k an ordinary bond spring 
constant. The perturbed equilibrium values of Q are 
obtained easily by differentiation. Clearly we obtain 
in this fashion 2 sets of three degenerate states each. 

With 10 electrons available, the lower 5 states are 
occupied, resulting in a net lowering of energy. In 
fact the minimum energy in each case corresponds to 

E' (min) = E,  - c,/k + c t / 2  k 

with 

Hence in three cases we have a positive space trigo- 
nal displacement, in three cases a negative trigonal 
displacement. 

We interpret these results as showing that configu- 
rational instability tends to lengthen three bonds and 
shorten three others, to produce a new stable equili- 
brium which involves the trigonal distortion of the 
octahedron. The energy gain on distortion in this 
fashion (5 filled orbitals) is approximately 

in appropriate units. We have not determined the new 
bond eigenfunctions (eigenvectors) corresponding to 
these eigenvalues, but we take them to be consistent 
with observed distortions in GeTe (see next para- 
graph). 

b) STRUCTURE OF GeTe, AND VALENCE BONDS. - 
For preliminary confirmation of these results, we 
consider the array around each atom in the distorted 
GeTe structure [6]. The six formerly equivalent octa- 
hedral bonds are now divided into two groups of 
three. Three bonds are shorter, three bonds longer. 
Ratio of the lengths (first neighbor distances) are : 
0.66210.735. The geometrical configuration of these 
six bonds is that of two trigonal prisms sharing a 
common apex (formerly the center of the octahedron). 
Bond angles were formerly all 900. Now the angle 
between two short bonds is 920 30'; the angle between 
two long bonds is 81° 50'. The long-short bond angle 
is 90020'. These numbers were obtained using the 
room temperature parameter values [6] for GeTe of : 
rhombohedra1 angle a = 570 14', relative parameter 
u = 0.237. 

It will be recalled that one cannot obtain a bond 
angle of less than 90° by use of s and p orbitals 
alone [21]. However, angles of greater than 900 can be 
obtained by s and p, or by p and d. As a significant 
key to what is going on, we must consider the bond 
angle of 810 50'. It is possible to obtain three equiva- 
lent trigonal prism bonds which are orthogonal, and 
make this angle with one another by eliminating the 
cc s )) contribution to these bonds, and constructing 
bonds with nominal composition d 2  p. For the other 
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three equivalent trigonal prism bonds at angle 9 2 O  30' 
some admixture of <( s )) atomic state remains neces- 
sary [22]. 

In summary our picture of the bonding in GeTe 
utilizes some established principles of chemical valence 
theory. We assume the octahedral bonds are not pure 
p3, but the (( strong )> sp3 d 2  hybrids. In the rhombo- 
hedral structure one set of trigonal bonds (weaker) is 
of type pd2, the other (stronger) is composed of some 
s-p-d hybrid. 

This picture is consistent with configurational insta- 
bility in GeTe. We may assume that the transition 
temperature (650 OK) in this material is determined 
as the temperature below which sufficient 4 s eigen- 
function cannot incorporated (<< promoted ))) into the 
Ge bonds to produce strong octahedral bonds. So 
then the instability dominates, and the structure dis- 
torts with concomitant change in the nature of the 
bond hybrids. We may assume throughout that the 
Te atom sp3 d2 bond hybrids are always available 
owing to the closer proximity of 5 s state tp 5p-5 d 
in Te. This point of view will be relevant to the dis- 
cussion of structure of (GeSn) Te alloys below. 

c) THE (GeSn) Te ALLOYS. - Addition of SnTe 
to GeTe stabilizes the rocksalt structure [9]. Pure 
SnTe seems not to undergo a phase transition to a 
lower symmetry structure. The picture presented above 
is consistent with these observations. Thus, Sn is in the 
same row of the periodic chart as Te and the 5 s energy 
level separation from 5 p  and 5 d is the same in Sn 
and Te. Consequently Sn atoms form strong sp3 d 2  
octahedral bonds as easily as Te. The addition of 
SnTe replaces a fraction of the Ge sites by Sn and 
produces strong octahedral bonds which occupy that 
fraction of the replaced sites. These bonds are also 
unstable in regard to the Flu mode. It may be assumed 
however that motional averaging [23] ((( dynamic 
Jahn-Teller Effect D) over equivalent trigonally dis- 
torted configurations prevents a finite distortion in 
pure SnTe. The added factor of the dzference of 
promotion energy between 4 s and 4p-4 d and 5 s and 
5 p-5 d is absent, compared to GeTe, leading to 
stabilization. 

5. Discussion and Proposed Experiments. - What 
are the observable consequences of the analysis given 
here ? 

As a result of the application of the thermodynamic 
theory of second order phase transitions we predicted 
several new lower symmetry structures accessible by 
second order phase transitions to the systems initially 

in rocksalt structure. These should be sought experi- 
mentally. 

Also, by using the complete theory, it was verified 
that the optic mode r(15) is acceptable by the criteria 
of the theory. This puts added theoretical support to 
the proposal recently made that this mode drives the 
transition in GeTe. The proposal was made on the 
basis of lattice dynamics [7]. To date, experiments 
have been reported for SnTe, which demonstrate 
t< softening >) of this mode ; however SnTe does not 
undergo transition from rocksalt structure [7]. 

The proposal that partially filled valence bonds 
play a role in the binding may have observable conse- 
quences in regard to the magnetic properties of GeTe, 
SnTe and their alloys. We would anticipate parama- 
gnetic susceptibility associated with the partially filled 
bonds 1241. 

Observation of Knight shift, or direct NMR stu- 
dies [25] in the GeTe and SnTe lattices in both cubic 
and other structures could reveal some quantitative 
information about valence bond composition in 
conjunction with the phase transition. We anticipate 
departure from the pure p atomic orbitals and possi- 
bility of computing s and d contributions to the bond 
eigenfunctions. 

A final proposal for experiments relates to SnTe. 
Our theory is that the rocksalt structure for this mate- 
rial, is susceptible to configurational instability, but is 
stabilized by G motional averaging >>, even at low 
temperatures. This should produce anomalously large 
<< Debye-Waller )> temperature factors 1261 for the 
ions in X-Ray scattering. Especially at low tempera- 
ture, it would be desirable to measure these tempe- 
rature factors in SnTe, and attempt a quantitative 
conlparison with a theoretical estimate which neglects 
contribution due to configurational instability. This 
quantitative intercomparison could validate the ano- 
malously large amplitude of ion motion which would 
be predicted for motional averaging. 

At this point, it may be worthwhile to emphasize 
that our adoption of a valence bond approach in 
Section 4 is the result of our attempt to describe the 
phase transition as configurational instability. In this 
description we are attempting to determine the micros- 
copic or electronic basis for the (( soft mode )> whose 
existence correlates with the structural transition. Exis- 
ting theories of (( soft modes )) are to varying degrees 
phenomenological, in the context of lattice dynamics, 
and our proposal is an attempt to go beyond this phe- 
nomenology. Thus, in this model, we must determine 
the participating, unstable, electronic state. In the 
cases at hand, this leads us rather directly to the par- 
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tially filled, cc resonating D, hybridized valence bonds 
we use, since the pure p states do not satisfy the crite- 
rion for instability. While the use of valence-bond 
concepts has heretofore largely been restricted to a 
subset of << theoretical chemists D, recently the ideas 
of valence bonds have been taken up in solid state 
physics [27]. Naturally, the only validation of these 
concepts will be via quantitative agreement between 
theoretically calculated quantities and experimental 
measurements of the same observables. 

The validity of the thermodynamic theory of second 
order phase transitions in crystals, and of its applica- 
tion to the present case, is quite a separate matter. 
The results obtained here on permissable symmetry 
changes from rocksalt structure are generally valid as 
long as the thermodynamic theory applies. There is 
good reason to believe that existing criteria [28] for 
validity of this theory support its use in the present 
case, irrespective of the microscopique dynamical 
model put forth. 

6. Acknowledgement. - I thank Professor L. Mul- 
dawer for several communications. I acknowledge 
with pleasure the assistance of Professor M. Balkanski 
enabling me to attend this Colloquim. 
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DISCUSSION 

HULIN, M. - Through some Wannier-type trans- 
formations, a Bloch state and a chemical bond des- 
cription can be made equivalent. How can they lead 
to different results concerning the possible occurrence 
of an irreversible lattice distortion ? 

BIRMAN. - Some of these points are discussed in 
N. N. Kristofel', Sou. Phys. Sol. Stat., 1965,6,2613.  

Note added in proof. - The discussion in the text 
(paragraph 4) is put in the localized bond framework 
for reasons of simplicity of carrying out the argument. 
Of course, you are correct, that the two descriptions 
can be made equivalent. But to use the BLOCH state 
framework would, I believe, require summing up 
contributions to the c( instatility integral D from all 
over the Brillouin zone. It  seems that the argument 
I gave in text is more direct. 


