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Résumé. — Nous étudions le gonflement intermédiaire de gels au voisinage du seuil de gélation.
Nous considérons aussi bien des gels faits de petits éléments multifonctionnels que des
macromolécules linéaires vulcanisées. Nous analysons d’abord minutieusement la structure des
gels dans le bain de réaction. Nous trouvons que des blobs branchés idéaux sont présents méme
dans le cas de vulcanisats critiques. Le gonflement de gels vulcanisés se fait en deux étapes
successives. Dans le cas classique, elles correspondent a la désinterpénétration des différents
réseaux présents dans le bain de réaction, puis au gonflement progressif des blobs idéaux. Nous
discutons la conformation des gels a toutes les échelles de distances pour les différents régimes en
concentration.

Abstract. — We consider the intermediate swelling of gels close to the gelation threshold. We
treat both gels made of small polyfunctional units and vulcanized linear macromolecules. We first
analyze carefully, within a Flory approximation, the structure of the gels in the reaction bath. We
find that ideal branched blobs are present even in critical vulcanizates. For vulcanized gels,
swelling includes two successive stages. In the classical case, these correspond to the disinterpene-
tration of the various networks that are present in the reaction bath, then to the gradual swelling
of the ideal blobs. We discuss the conformation of the gel at all distance scales in the various
concentration regimes.

1. Introduction.

A very large attention has been payed recently to static [1-12] and dynamic [13-18] properties
of branched polymers and gels close to the gelation threshold. Most of these studies were
concerned with the swelling of very large but finite macromolecules below the threshold, or
with strong gels [19, 40, 41], far above it. The swelling of tenuous gels close to the threshold
was considered theoretically [20] in the limit of the maximum swelling, when the sol is
extracted from the solution and the gel has reached its swelling equilibrium. Recently
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however, N.M.R. experiments by Cohen-Addad and coworkers [21] provided information
about the intermediate swelling of such gels. Among others, it was clearly shown that two
distinct steps are present in the case of vulcanized gels, made of cross-linked linear polymers.
The main purpose of the present paper to discuss the intermediate swelling of these
vulcanized gels and more specifically to understand the origin of these two steps in the
swelling. This will lead us to consider the conformation of gels at all length scales in various
concentration ranges.

Polymerization of small polyfunctional units is usually [43] well described by percolation
[22-24] in its critical [25] version. On the other hand, vulcanization of linear chains in a melt is
also well described by percolation. In this case however, its mean field — or Flory-
Stockmayer — [26-28] version is valid most of the time. The reason for such different
behaviors was analyzed first by de Gennes [29]. He related them to the fluctuations in
connectivity that are small in the case of vulcanization of linear polymers in a melt, and more
generally when any reacting species may interact with a large number of others [42]. Another
argument was given subsequently [20], based on a Flory type of analysis. In the latter
approach, which we will use below, one considers the free energy of a typical polymer, and
more precisely its interaction part F;. The latter is due to the excluded volume interaction that
is present between any two monomers in an actual solution. Depending on the relative value
of such interaction energy with respect to the thermal energy kg T, critical or mean field
percolation is valid. An important fact that was missed when such analysis was performed [20]
is the eventual existence of ideal (Flory-Stockmayer) blobs when the overall behavior of
typical polymers is critical. As we will show, the presence of such blobs is crucial when one
wishes to understand how two distinct steps are present, as was observed by Cohen-Addad
et al. in their N.M.R. experiments.

In the following we will first recall the Flory analysis for gelation and vulcanization. In
addition to the known results, we will carry out a detailed discussion of the (local) overlap in
vulcanized gels : the striking fact is that even the critical vulcanized gels involve overlaping
ideal branched blobs. In section 3, we recall the results for the fully swollen state [20] and
study the intermediate regimes. We find a single range for gels made of small multifunctional
units. Two swelling regimes are present for both critical and classical vulcanized gels. In the
first one, at high concentrations, there is disinterpenetration of the linear chains. In the
second regime, for lower concentrations, swelling of the branched parts only is involved. As
we will show, after disinterpenetration, the classical gel swells at local scales while larger
scales are involved in the critical case. Swelling of gels made of small polyfunctional units
occurs in a single step : only one network is present.

An important assumption we will make is that upon swelling, entanglement effects are not
important. Although this is a crude assumption [44], we believe it to be not too restrictive in
the vicinity of the gelation threshold that we are considering. Farther from the threshold,
trapped entanglements become important, and one would have to estimate their influence.

Finally in all the following we will equivalently use any of the expressions mean field,
classical, Flory-Stockmayer, and ideal for the same physical situations.

2. Initial state : the reaction bath.

In this section we recall the main results for a gel in the reaction bath within a Flory theory
[30, 31]. The free energy for a large typical polymer is

R} y N2

F=— — —
R3+NWR?

6
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The first term is the elastic contribution where it is assumed that the elastic constant is
inversely proportional to the square of the ideal (classical) radius Ry . R; is the actual radius or
mesh size, to be determined. The second term is the interaction energy F;, with v the excluded
volume parameter. The presence of the weight average molecular weight N, reflects the
Edwards screening [32, 33] of the interactions, due to the presence of smaller polymers inside
the large ones. N is the mass of the large clusters, and there is a relation between
N, and N. In the Flory theory, the classical expression for this relation is assumed :

Nw ~ N1/2 (2)
and the ideal radius is
Ry~N¥™ ¢ 3)

{ is the length of a monomer.

Minimizing the free energy with respect to R; and taking equations (2) and (3) into account,
we find the fractal dimension of the gel in the reaction bath. For small polyfunctional
precursors, the monomer is also the unit in the percolation problem, and the interaction free
energy is large. Thus in this case we get a critical gel and

N~RP (4a)

with
p =52 (4b)
For the vulcanization of long linear chains in a melt, the situation is quite different. Now the

unit in the percolation problem is a polymer chain with weight Z and radius Z2 £. Thus, using
mean field exponents, the classical Flory-Stockmayer results may be written in the following

form [20]:
N \12
N~ (z)" 2 ©

R~ (5 )" 220 ©)

Inserting relations (5) and (6) in the interaction part F; of the free energy given in
equation (1), we find

3/4
m~(%> z-1n )

Near the percolation threshold N diverges and the interaction energy is large. Thus the
problem is critical. On the other hand, far enough from the gelation point, N is smaller, so
that the free energy is smaller and the problem becomes classical. The crossover size between
these limits is

N*~ 25/3 (8)
Finally, N is related to the distance ¢ to the percolation threshold. In the Flory-Stockmayer
limit we have

N~e2Z )]



2150 JOURNAL DE PHYSIQUE N° 15

Using relations (8') and (9) we recover de Gennes’ result [29] : for £ > &*, with
e*~ Z~ 13 (8 :)

the dimensionless interaction energy F; is smaller than unity and the problem is classical : the
Flory-Stockmayer approach is valid. This implies that the fractal dimension is D, = 4. In the
opposite case, & < £*, interactions are relevant and the problem is critical : the fractal
dimension of the largest polymers (and of the gel) is given by relation (4b), and critical
exponents are needed for overall properties. It is interesting however to consider smaller
polymers or local properties of the gel. Using relations (6) and (8') and generalizing equation
(7) to smaller parts made of g monomers, the interaction energy of a smaller part is

F{=(g/2y"z" 1" (7

The latter relation shows that even when the energy of a large polymer is large, the situation
may be inverted if we consider smaller scales. More precisely, one realizes that there is a
crossover size g3 For larger scales the interaction energy is large and the behavior is
governed by relation (4b). For smaller scales the interaction energy becomes small, and the
behavior is ideal. We are thus led to introduce ideal blobs, made of g;; monomers. Equating
the local free energy, relation (7'), to unity gives the size of the ideal blob. We get

Giqa ~ VAL (10)

Note that at the cross-over between classical and critical vulcanization, € = €*, the ideal blob
has the typical mesh size.

The situation in the reaction bath may be summarized as follows :

— For small polyfunctional units, the problem is critical, and the characteristic length of
the gel (the mesh size) is

R~N%{ (11)

— For vulcanization in a melt, and for scales larger than the radius Ry ~ Z2¢{ of a linear
chain, two cases may be met : For gels made not too close to the gelation threshold, when
e > €*, the problem is classical and the Flory-Stockmayer theory is valid. The mesh size is

1/4
&~(%) R ~N¥Z1g 12)

Close to the threshold, when & < *, the problem is critical but we are led to introduce a
second length x;4 corresponding to a local ideal blob. Using (10) and (12) we get

The overall behavior is governed by equation (4b) if we take the ideal blob as unit :

R~ (N/gid)ﬂs Xid ~ N%¢ (14)

Thus the vulcanized gel does not look critical at all length scales, but only at large ones. For
small distances, it is dense. Such crossover has important implications regarding the
interpenetration of the networks in the critical case that we discuss below. Finally we note that
at £*, the ideal blob becomes of the order of the mesh size, and that relations (12) to (14)
merge.
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The interpenetration of the networks was mentioned first by Bastide et al. [34] and further
discussed in reference [20] ; we wish here to make a further step. For small polyfunctional
units, it is known [35] that only one [45] infinite network is present. In the classical case,
several networks are interpenetrating [36, 37]. Following reference [20] we estimate their
number by comparing the gel fraction G and the density p of one of them. In the mean field
case we have

-12
o~ (%)
and, using equation (6),
N N 1/4 _
e (z) 27 10

Thus the number n of nodes per unit volume is

—3/4
n=G/p~ (g_) Zn a7)

Relation (17) gives the number of interpenetrating networks in the classical case and crosses
over to the critical value, unity, at ¢*, when relation (8') is satisfied.

Note that for critical vulcanization, although there is no interpenetration for large scales, as
mentioned above, because of the existence of the ideal blobs, there is local interpenetration.
Combining relations (6) and (17) and generalizing to smaller masses and distances, we find for
a mass g or a distance r:

n(g) ~ (%)'3’4zm~ (_’_)‘3 (18)

Xid

crossing-over to unity for large masses in the critical case. For small masses, on the contrary, it
becomes larger than one. Setting n = 1 leads to the ideal blob size gy, relation (10).

3. Final state : the swollen gel.

3.1 EQUILIBRIUM SWELLING. — Upon addition of a good solvent, the gel swells. In all the
following, we will always assume that the initial state is the gel in its reaction bath. We review
first the known results concerning the equilibrium swelling, at concentration C,, when the gel
cannot absorb solvent anymore. The basic hypothesis in these results is that there are no
trapped entanglements that act as cross-links. We argue that this assumption is not too strong
because we are considering the vicinity of the gelation threshold. The breaking down of this
assumption as one goes farther from the threshold, into the stronger gel limit is still an open
question.

In a Flory approximation, the swelling of the gel corresponds to a change in the fractal
dimension [20] from its value in the bath to the fractal dimension of a dilute branched
polymer, D, = 2. The latter value is related to the absence of screening in the swollen state. In
the mean field case, in addition to this change in the fractal dimension, one has also to take
into account the disinterpenetration of the different networks. Let R; be the mesh size in the
swollen state. Thus we have

R~ N¥"{ (19)
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for the small polyfunctional unit case, and
12
R~ ( _’Z\i ) z35¢ (20)

for the vulcanization case.

Recalling that the concentration in the reaction bath is of order unity, and calling
R, the initial mesh size, in the reaction bath, that was considered above, the equilibrium
concentration C, is

Ri\? 3110
Co~ [ = ~N- (21)
Ry

~ N—3/10 zZ- 3/10 (22)
in the polyfunctional unit and critical vulcanization cases respectively, and

R \3 —4i5
C‘e ~n E ~Z (23)

for the classical vulcanization case, where the factor n takes into account the disinterpene-
tration of the networks. Note that relation (23) corresponds to the overlap concentration
C* of the linear chains. Note also that for critical vulcanizates the equilibrium concentration,
relation (22), is smaller than C* : the C * theorem [22] breaks down in the critical case. Using
relations (6) and (9) we note that relations (22) and (23) merge for £ = £* as they should.

In order to study the intermediate swelling, we will first consider the more direct case of
polyfunctional units before considering the vulcanization cases.

3.2 INTERMEDIATE SWELLING OF POLYFUNCTIONAL UNITS. — Let C be the final concen-
tration, after addition of some (good) solvent. Because the initial concentration in the
reaction bath is of order unity, we have

c- (&Y 24
“\ R (24)
Using (11) we get

R~N¥C-13¢ (25)

Note that the fractal dimension for the overall behavior is unchanged, and that we recover the
fractal dimension of swollen polymers D; =2 only at the equilibrium concentration,
relation (21). Swelling is merely related here to a change in the fractal dimension at a local
scale £&,. This corresponds to a swollen blob made of g, monomers such that

& ~ gll)/Zf (26)

Then the swollen gel has the same structure as the one it had in the rection bath if we take the

blob as unit :
N 25
R~ <_) £ @7
v

Combining equations (25) to (27) we get
g,~C™ P (28)
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and
g, ~ C 105 (29)

Thus the structure of the final gel is swollen, with fractal dimension 2, for scales smaller than
the blob size, and is the same as in the reaction bath for larger scales. Note that the blob size is
the same as in a semi-dilute solution of randomly branched polymers [38]. For these
intermediate concentrations there is no difference between the sol and the gel structures. The
different distance scales are summarized in figure 1.

Let us now turn to the less direct case of a classical vulcanized gel.

| | =) -
| gb Rf

Fig. 1. — The different length scales for an intermediate concentration, C, < C < 1, of a gel made of
small polyfunctional units. The blob size &, increases from the monomer size f to the mesh size
R; when concentration decreases from 1 to C..

3.3 INTERMEDIATE SWELLING OF A CLASSICAL VULCANIZATE. — The main difference with
the previous case is that in the case of vulcanizates, upon addition of a small amount of
solvent, linear blobs are present in a first step. In a second step, when more solvent is added,
the blobs are blanched. One realizes easily that during the first stage, linear chains disentangle
[22, 39] and thus that there is a gradual disinterpenetration of the different networks that are
present in the reaction bath. As we will see, the second state is similar to what was discussed
in the previous section.

3.3.1 Disinterpenetration. — As mentioned just above, for high concentrations, when a small
amount of solvent is added, a swollen linear blob is present. This is identical to the one in a
semi-dilute solution of linear polymers. Let g;, &, and R; be respectively the number of
monomers and radii of the linear blob and chain. We know [22, 39]

gL~C % (30)
L ~CM (31)
RL ~ ZIIZ C- 1/8 (32)

The characteristic mesh size is merely changed because the chain radius is. Thus relation (12)
becomes

1
R~ ( % ) R ~NWZWC-18 (33)

Because of the local swelling of the linear chains, we also know that the linear polymers
disentangle. This is due to the fact that we have now to take the linear blob as statistical unit
instead of the actual monomer. This implies a disinterpenetration of the networks that we
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evaluate by generalizing equation (18). Taking the linear blob made of g; monomers as unit,
the latter becomes :
N )—3/4 ( Z >1/2
n~ | = = 18’
o~ (% = (18")

Inserting (30) in (18'), it is possible to determine the cross-over concentration C; when
n; becomes of the order of unity. We find

6/5

For concentrations smaller than C;, the gel is disinterpenetrated. Above C, there is still
interpenetration ; but upon addition of solvent, the gel disinterpenetrates gradually at the
short scales corresponding to the linear blob. Finally, one may calculate the swelling ratio
QO which is the ratio of the final to initial volumes of the gel.

Vi

°=v

This is the product of a disinterpenetration and a swelling parts.

Q=§f("7§f)3~c-1 (35)

as it should.

It is important to note that for intermediate swelling, as in the reaction bath, interpene-
tration is a decreasing function of distance. Interpolating relation (18’) for intermediate
distances and using relation (33) we find at intermediate scales instead of relation (18), for

R, <r<R;:
L= ' r \-3(z\»
ni(r) ~ ( Ry ) < gL ) (36)

3.3.2 Swelling. — At C, the various networks have completely disinterpenetrated, so that if
one adds more solvent the only remaining process is the swelling of these networks. This is
achieved by a change in the fractal dimension of the gel, which goes from its initial value
D, = 4, valid both in the reaction bath and in the high concentration regime, C = C,, that we
discussed above, to the swollen value D, = 2, as discussed in section 3.1. It is important to
realize that although the various networks are disentangled at large scales, they are not at
smaller scales, in the same way as discussed in section 1 for critical vulcanizates. This is
related to the existence of ideal blobs with radius x;q inside which the interactions are still
smaller than the thermal energy. Thus a second length is present, in addition to the mesh size
R;. Both lengths may be calculated by assuming the following scaling relation :

L= N1/4 Zl/4 C-118 fR,x(C/Cl) (37)

where the first term in the right hand side is the mesh size in the high concentration range,
relation (33), and C, is given by relation (34). fg ,(x) are unknown functions with known
asymptotic behaviors. In the high concentration regime, they are analytic whereas for small
values of their arguments we assume that they behave as power laws.

fE)~x* (x<1) (38)
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The exponents a for R; and x4 are estimated by imposing that R; behaves as N2 and that
Xiq is independent of N. We find

Xig~ 22 C12 (39)
12
R~ (%) zcn (40)

The reader may check that in this low concentration regime, the structure of the gel is made of
a swollen arrangement of ideal blobs. Upon addition of solvent, the size of the ideal blob
decreases from the mesh size R; in the reaction bath, C ~ 1, until it vanishes when it reaches
its minimum value, which corresponds to the initial linear chain, relation (32), at the
equilibrium concentration C., equation (23). Finally one may also check that the swelling
ratio Q ~ C~! of the final to initial volumes is the product of a concentration dependent
swelling part and a constant disinterpenetration part. The latter part is constant because in
this concentration range the networks are already disentangled at large scales, as discussed
above, so that the final state always corresponds to n; = 1:

o~ Ut Ri)? 41
~ T/_x ~n E (41)
with » the initial number of entangled networks in the reaction bath, relation (18). Note the
difference between relations (36) and (41) about the final interpenetration. The various

swelling regimes of a classical vulcanized gel are summarized in figure 2.

2a l l l I
| 1 1 | -
Y R, R
f
2b L1 1 l !
1 1 ] 1 I >
S R X R
! ! id f
Fig. 2. — Length scales for intermediate concentrations of a classical vulcanizate. (2a), C;, < C <1,

corresponds to the disinterpenetration of the networks because of local swelling of the linear chains. At

C, disinterpenetration is complete at large scales. (2b) For C, < C < C,, there is an ideal blob and

swelling of the branched part at large scales. This ideal blob with size x;q shrinks when concentration

decreases an disappears at C.. Note that C, is of the order of the overlap concentration
¥ of the linear chains.

3.4 INTERMEDIATE SWELLING OF A CRITICAL VULCANIZATE. — The main difference
between these gels and the classical ones that we just discussed is that the former do not
overlap in the reaction bath a least on large scales, whereas the latter overlap strongly, as
discussed in section 1. Thus starting from the reaction bath, if one adds a good solvent in small
amount, swelling is related to the local swelling of the linear chains, without any change in the
fractal dimension of the gel itself. Because there is no disengagement, the final mesh size may
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be calculated directly from the knowledge of the swelling ratio Q which in the present case is
simply the ratio of final to initial volumes of the unit cell :

_ Rs \3
0-c-(F) “2)

Combining equations (42) and (14), we get
R(~N¥»C-13 (43)

Let us now turn to the more local properties. As we will see two concentration regimes are
also present in this case.

3.4.1 The high concentration range (C > C{). — On a local scale, as we just mentioned,
there is a swelling of the linear chains. There results a linear blob with radius
£, and a radius Ry for the chain given by equations (31) and (32) respectively. Because of this
local disentanglement of the linear chains, the number of monomers g;4 in the ideal branched
blob, equation (13), also changes. This number as well as the radius x;q may be calculated by
observing that the present regime is similar to the reaction bath if we take the linear blob,
made of g, monomers and with radius &, as unit. Thus equation (13) has to be replaced by

7 (&) @)
and
Xid ~ ( % )1/4 Ry (45)
Using (30) to (32), we find
Xid~ Z¥ cu2 (46)

We note that at the overlap concentration C{* ~ Z~*° of the linear chain, this ideal blob
disappears by merging with the linear chains.

At still larger distances, xiq < r < R;, the structure of the gel is made of swollen branched
blobs (see Fig. 3). The presence of such blobs may be understood easily by direct comparison

3a L1 l l | I
1 1 | I 1 | -
I & R X 3 R
! ! id b f
3b | | | Ly
| | | 1
R
R
I | S f
Fig. 3. — Length scales for intermediate concentrations of a critical vulcanizate. For 1> C > C ¥,

figure 3a, the ideal blob swells in the same way as in figure 2b, leading to both an ideal and a swollen
blobs. For C* < C < C,, figure 3b, no ideal part is left. The structure is made of swollen blobs and is
the same as in figure 1.
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with the case of semi-dilute solutions of linear chains. Moreover, it is easy to check, using
relations (43) to (46), that consistency cannot be achieved, and that an extra distance scale is
needed. Let g, and £, be respectively the number of monomers and the radius of the swollen
branched blob. Then we have

25
R~ (2)%, )
with
b 12 ,
§b~<g—_d) Xid 47
b{
Using relations (43) to (47), we find
gy~ Z°? (48a)
and
&, ~ZBC 13 (48b)

Note that in this concentration range the number g, of monomers in the swollen branched
blob remains constant and that at this scale, swelling is the same as for the ideal case, section
cB [note the similarity between equations (40) and 48)]. Thus in this regime one encounters
successively, for increasing distances, the swollen linear blob, the linear chain, the ideal
branched and the swollen branched blobs, as shown in figure 3a. As mentioned above, at the
overlap concentration C* of linear chains, the firts three ones merge, and only the last two
ones remain for concentrations less than Ci*.

3.4.2 The low concentration regime. — An important difference between the critical
vulcanizates and the other two cases that we considered before is that in the present case the
equilibrium concentration C,., relation (22), is less than the overlap concentration
C{* of the linear chains, relation (23). For concentrations below the latter concentration, as
we saw above, the local structures have merged into the linear swollen chain, with radius
R, ~ Z**{. Because there is no disinterpenetration, relation (43) is still valid for the mesh
size. This allows us to evaluate directly the size g, and radius £, of the swollen branched blob :

o ()" 20 ®

Using relations (43), (47) and (49), we get
gb ~Z" 25 C—5/3 (50)

Swelling in this concentration range is very similar to the small polyfunctional unit case
discussed in section (3.2). Note that relation (50) crosses over smoothly to (48b) for
C~C{ and to the mesh size R;, equation (20) for the equilibrium concentration
C., relation (22).

4. Conclusion.

We have discussed within a Flory approximation the intermediate swelling that occurs upon
progressive addition of a good solvent to a tenuous gel in its reaction bath. The discussion was
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carried out for « critical » gels made of small polyfunctional units or vulcanized gels very close
to the gelation threshold and for « classical » vulcanizates. In order to treat the latter cases,
we had to come back to the structure of cross-linked linear chains. In this case we showed that
ideal branched blobs are present even for the critical case of vulcanization. This is very
important, especially when gelation is performed in the presence of a solvent, so that the
critical region, where the classical theory is believed to fail, is wide. The present paper was
concerned only with the case of vulcanization in the bulk, but generalization to semi-dilute
solution of linear chains is straightforward. A very important hypothesis in this work is that
we assume that the entanglement effects are not important [44]. Although this is a strong
assumption, we argue that it should hold close to the gelation threshold. Our results may be
summarized as follows :

— in the case of small polyfunctional units, swelling occurs locally. As a consequence,
swollen branched blobs are present. This is very similar to what happens in a semi dilute
solution of linear chains ;

— for vulcanization, two steps are involved, as was recently observed experimentally by
Cohen-Addad et al. These are not identical for the classical and critical cases ;

— in the classical case several networks are interpenetrated in the reaction bath. Swelling
includes their disinterpenetration in a first stage, down to a concentration C,, equation (33).
Further swelling, between C; and the equilibrium concentration C{*, corresponds to a
progressive swelling of the ideal blobs that are present. Note that in this regime the local blobs
are ideal whereas the large scale behavior is swollen. The maximum swelling corresponds to
the overlap concentration C* of the linear chains. At this concentration the ideal behavior is
no longer presentt ;

— for critical vulcanizates, although there is only one infinite network, ideal branched
blobs, with Flory-Stockmayer behavior, are present in the reaction bath. The equilibrium
swelling concentration C. in this case is smaller than the overlap concentration C{* of the
linear chains. Again two regimes are present. For concentrations higher than C*, swelling is
related to the gradual disappearance of the ideal blobs upon addition of solvent and to the
presence of swollen branched blobs. In this range, the number of monomers in the latter is
constant. When solvent is added, the size of the ideal blobs shrinks, until no more ideal
behavior is present, at C{*. In the lower concentration range, for C, < C < C{*, there is a
second regime with no ideal blobs. Swelling corresponds to the gradual increase of the size of
the swollen branched blobs, which reach the mesh size at C..
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