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Résumé. - On détermine la statistique de photons des composantes du spectre de la raie Stokes dans la
diffusion Raman collective. On calcule aussi le groupement et le dégroupement entre les composantes du
spectre de la raie Stokes, et entre la raie Stokes et la raie Rayleigh.

Abstract. 2014 The photon statistics of spectrum components of the Stokes line in collective Raman scattering
are investigated. The cross bunching and cross-antibunching between the spectrum components of the Stokes
line and between the Stokes and Rayleigh lines are investigated too.

J. Physique 48 (1987) 1671-1676 OCTOBRE 1987,

Classification

Physics Abstracts
32.80 - 42.50

1. Introduction.

In the last few years the interest in the statistical

properties of photons in various nonlinear optical
processes has increased. The antibunching, anticor-
relation, and squeezing have been a subject of
various theoretical and experimental studies [2-20].
In the theoretical work by Cohen-Tannoudji and
Reynaud [3], Apanasevich and Kilin [4], and the
experimental work by Aspect et al. [2] the cross-
correlation between the spectrum components of
resonance fluorescence for the one-atom case has
been investigated. The anticorrelation between the
Stokes and Rayleigh lines in the resonance Raman
scattering of the one-atom case have been predicted
by Agarwal and Jha [23]. The recent publications
deal with collective effects in photon statistics in

resonance fluorescence [8-10], double resonance

[17] and Raman scattering [6, 13].
In the present paper the correlations of photons in

the collective Raman scattering in an intense driving
field are studied (Fig. 1). The photon statistics of
spectrum components, correlation and anticorrela-
tion between spectrum components of the Stoke line
and between the Stokes and Rayleigh lines are

investigated.

2. Master equation.

We consider a small system (the Dicke model, 1954)
of N three-level atoms interacting with a mono-

Fig. 1. - Three-level system of atoms interacting with the
monochromatic applied field.

chromatic driving field of a frequency w and the
radiation vacuum (Fig. 1). Let us label the ground
state by 11 ) , the real excited state by 13) and the
resonant intermediate state by 12) with energies
w1, l1J3 and w2, respectively (the system of h -= 1).
The real excited state  3 ) may be a low-lying .

vibrational or rotational excitation from the ground
state. To keep the discussion general, we will not
specify these states besides saying that the inter-
mediate state 2) can be connected via the elec-
tromagnetic interaction Hamiltonian with both the
states 1 ) and 3 ) (in the dipole approximation),
but the states 13 ) and 1 &#x3E; are not connected by the
dipole Hamiltonian because of parity consideration.
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The transition 3) - 1 ) is caused by an atomic
reservoir and assumed to be nonradiative [22].

In treating the external field classically and using
the Born and Markov approximation with respect to
the coupling of the system with the vacuum field and
atomic reservoir, one can obtain a master equation
for the reduced density matrix p for the system alone
in the form [1, 6]

where 2 y 21 and 2 yn are the radiative spontaneous
transition probabilities per unit time for a single
atom to change from the level 2) to 1 ) and from
 2 ) to 3), respectively ; 2 v 31 is the nonradiative
rate for atomic transition from 3 ) to 11).
The coherence part of Hamiltonian Hcoh in the

interaction picture has the form

j = 1, 2, 3) ; 5 = W 21 - W is the frequency detuning
of resonance ; G = - d2 i Eo is the matrix element of
the driving field and atomic interaction, and

are the collective angular momenta of the atoms.
They satisfy the commutation relation:

As in references [24, 5] we introduce the Schwinger
representation for the angular momentum

where C, i obey the boson commutation relation :

Furthern we only investigate the case of an intense
external field or large detuning 5, so that :

We make the canonical transformation which per-
mits us to move from a system of atoms to a system
of dressed atoms

After performing the canonical transformation (3)
one can find that the Liouville operator L appearing
in equation (1) splits into two components Lo and
L1. The component Lo is slowly varying in time
whereas LI contains rapidly oscillating terms at

frequencies 2 nand 4 D. For the case when relation
(2) is fulfilled we make the secular approximation,
i.e., retain only a slowly varying part [5, 8]. Correc-
tion of the results obtained in this fashion will be of
an order (1’2IN/n)2, (-y23 NIO )2 or (v3l Nlf2 )2.
Making the secular approximation, one can find

the stationary solution of the master equation :

where U is the unitary operator representing the
canonical transformation (3)

I P, N 1) is an eigenstate of the operators
R = Rll + R22, Rll and

i.e.

Here Rij = Qt Qj (i, j = 1, 2, 3 ) are the collective
angular momenta of the dressed atoms.
The operators Qi satisfy the boson commutation

relation

so that

As in reference [25], for simplicity we introduce
the characteristic function :
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where

Here (B) s denotes the expectation value of an

operator B in the steady-state (4).
Once the characteristic function is known, it is

easy to calculate the statistical moments:

3. Photon statistics of spectrum components of scat-
tered light.

In this section we study the influence of collective
effects on the photon statistics of the components of
the Stokes line. One can find from the canonical
transformation (3) that :

It is easy to see that the operators R13 (t ) and
R23(t) can be considered as the sources of the

spectrum components of the Stokes line at fre-

quencies w23 - - - 0 and w23--+f2, respect-quencies 2 and 2 p
ively. For simplicity, we call them S- n and S+ n and
the steady-state normalized intensity correlation
functions of spectrum components g (2)n and g(2)n . By
using the stationary solution (4) and commutation
relations (5-6), one can find the correlation functions
gl2b in the form :

where

Here the value (Ríi Rn) s can be found in

equation (9). 
(2)The behaviour of the function g?-b against the

parameter ctg2 cp when V3l/y23 =1 and against the
parameter v31/y23 when ctg2 cp =1 are plotted in
figure 2 and figure 3, respectively. For the one atom
case both spectrum components of the Stokes line
have subPoissonian statistics (gi2b = 0 ) for all values
of the parameters ctg2 cp and v31/’Y23’ The collective
effects reduce the antibunching of spectrum com-
ponents. For the two-atom case the spectrum compo-

Fig. 2. - Normalized intensity correlation function g (2)
(solid curves) and gi2b (dashed curves) graphed against
the parameter ctg2 cp when v31/ ’Y23 =1.

Fig. 3. - Normalized intensity correlation function g2b
graphed against the parameter v 31/ ’Y 23 when ctg2 cp = 1.
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nents have subPoissonian statistics only for a suitable
region of parameters ctg2 cp or v 31/ l’ 23’ It is

interesting to note that for the collective case the two
spectrum components of Stokes line have the same
photon statistics only in the case of resonance

ctg2 cp = 1. For some region of the parameter
ctg2 cp the one-spectrum component has the super-
Poissonian statistics, while the other has subPois-
sonian statistics.

4. Cross-correlation between spectrum components
of the Stokes line.

More interesting is the question of cross-correlation
between the spectrum components. The magnitude
of the cross correlation between the spectrum com-
ponents S,n and S - n can be characterized by the
steady-state cross-correlation function C J?h, - n. By
using solution (4) and commutation relations (5-6)
one can find :

where

Here the values (R23 R32&#x3E; sand (R13 R31&#x3E; s in
equation (17) can be found in equations (15-16) and
the statistical moments (R11 Rn&#x3E; s in equation (9).
We speak about anticorrelation (cross-antibunch-

ing [15]) or correlation (cross-bunching) between
spectrum components S±n when the cross-corre-

lation function C J2) is less or more than unity. The
dependence of the function C J2) on the parameter
Ctg2 cp is shown in figure 4 for the case of

V31/y23 = 1 (dashed curves) and v31/Y23 = 0.4 (solid
curves).

For the one-atom case there is a cross-antibunch-

ing between spectrum components (CJ2) = 0 ) for all
values of the parameter ctg2 cp . For the collective
case the cross-antibunching between spectrum com-

Fig. 4. - Cross-correlation function C J2) graphed against
the parameter ctg2 cp for the case of v31/ ’Y23 = 1 (dashed
curves) and V31/y23 = 0,4 (solid curves).

ponents of the Stokes line is reduced and exists only
for a suitable region of the parameter ctg2 cp (see
Fig. 4). Thus, in some region of the parameters
ctg2 (p and v 31 / ’Y 23 the atoms have a tendency to
emit simultaneously only the photon of one spectrum
component and in the other region of the parameters
ctg cp and v31/ ’Y23 the spectrum components S:t n
have a tendency to be emitted in pairs. As is shown
in figure 4, the cross-antibunching is presented for a
large number of atoms and in this sense the cross-
antibunching is a macroscopic effect.

5. Cross-correlation between the Stokes and

Rayleigh lines.

The cross-correlation between the Stokes and

Rayleigh line of the Raman scattering for one atom
excited by two resonant fields has been considered in
reference [23]. In this section we discuss the cross-
correlation between the Stokes and Rayleigh lines of
the collective Raman scattering. For simplicity we
only consider the case of resonance ctg2 cp = 1. By
using the canonical transformation (3), stationary
solution (4) and commutation relations (5-6), one
can find the steady-state cross-correlation function
between the Stokes and Rayleigh lines C (2) in the
form

The statistical moments (Rm&#x3E; s in relation (19) can
be found in equation (9).

The dependence of the cross-correlation function
CsS,R(2) on the parameter V31/y23 is plotted in figure 5.
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Fig. 5. - Cross-correlation function Cs2R graphed against
the parameter V31/y23 for the case of ctg2 cp = 1.

For the one atom case C (2 = 0 ; thus, there is a
cross-antibunching between the Stokes and Rayleigh
lines for all values of the parameter v 31/ ’Y 23 ; this
conclusion is in agreement with the work by Agarwal
and Jha [23]. For the collective case, one can see
from figure 5 that the cross-bunching between the
Stokes and Rayleigh lines appears in some region of
the parameter v31/ ’Y23 and cross-antibunching in the
other region.
We mention that the characteristics for the three

spectrum components of the Rayleigh line can be
obtained using an analogous approach as in sec-

tions 3 and 4. It is interesting to note that the two
sidebands located at frequencies w ± 2 11i of the

Rayleigh line have a tendency to be emitted in pairs
(cross-bunching) for all numbers of atoms N and all
values of the parameters ctg2 cp and v31/ ’Y23 while
the anticorrelation between the central spectrum
component located at frequency w and’ sidebands
exists only for the collective case N 2 and in a
suitable region of the parameters ctg2 cp and

v 31/ ’Y 23; thus, the cross-correlation functions be-
tween the central spectrum component and
sidebands of the Rayleigh line provide a new tool for
the study of cooperative effects.

6. Conclusion.

In this paper we have presented analytical results for
the steady-state correlation of photons in the collec-
tive Raman scattering in an intense driving field and
investigated the influence of the frequency detuning
of resonance relation and other parameters of the
system on the statistical properties of the scattering
field. The results may be checked by an experiment
of the type described by Aspect et al. for the
resonance fluorescence [2]. In the presence of
another field applied to the transition 2) -+ 3),
the spectrum picture is complicated and the radiation
field has richer statistical properties. The photon
statistics of the spectrum components of the collec-
tive Raman scattering in two intense exact resonant
fields has been discussed in paper [6].
The two time intensity-intensity correlation and

the dynamics of the collective Raman scattering are
the object of a future investigation.
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