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Nous étudions l’état fondamental d’un modèle unidimensionnel simple décrivant une modulation
Résumé.
incommensurable de la densité de lacunes d’un réseau périodique. Nous montrons que cette structure, bien qu’ayant
un spectre de Fourier toujours discret, ne peut pas être interprétée comme un réseau moyen modulé par une
distorsion displacive périodique, sauf pour une suite discrète de valeurs de la densité de lacunes. L’absence de réseau
périodique moyen permet de considérer ces structures comme des quasi-cristaux unidimensionnels différents des
structures incommensurables unidimensionnelles habituelles.
2014

We study the ground state of a simple one-dimensional model describing an incommensurate
Abstract.
modulation of the vacancy density of a periodic lattice. We show that this structure, though its Fourier spectrum is
always discrete, cannot be interpreted as an average crystal with a superimposed periodic displacive distortion except
for a discrete sequence of particular values of the vacancy density. The absence of any average periodic lattice permits
to consider those structures as genuine one-dimensional quasi-crystals different from the standard one-dimensional
-

incommensurate structures.

1. Introduction.

Quasicrystals
spectrum with

are
a

characterized

by

a

discrete Fourier

symmetry incompatible with that of

irrational slope, the one-dimensional quasicrystal
which is obtained can also be considered as a one-

a

Unlike the standard displacive incommensurate structures, they cannot be described as a crystalline structure the atomic positions of which are modulated by a periodic function of space. Of course, they
can be described as a quasiperiodic density modulated
structure. In that sense, they are very close to wellknown incommensurate compositionally modulated alloys. Otherwise, these quasicrystalline structures can
be considered as examples of « weakly periodic structures » the existence of which was conjectured in an
earlier paper [2].
A projection method [3-6] has been proposed for
constructing examples of such structures in any dimension. For instance, models for the structure of quasicrystals are obtained by the projection of a strip of a lattice
in six dimensions into our three dimensional space. In
the one-dimensional case, this projection method consists in a projection of a strip of a two-dimensional
lattice on a line of arbitrary slope (Fig. 1). For an

crystal [1].

Fig.

1.
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Generation of a quasi-periodic tiling in one dimenthe projection method. A is the window (cf. Fig. 5).
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dimensional displacive incommensurate structure with
an average lattice periodically modulated in space.
The purpose of this article is to suggest that there
may exist methods for constructing different quasicrystals. We exhibit a model which consists in an incommensurate density modulation of a one-dimensional chain
of atoms. Its Fourier spectrum is discrete but the
structure cannot be interpreted as an average lattice
modulated by a bounded and well-defined periodic
function. Therefore, we exhibit an example of a
quasicrystal in one-dimension which fulfills the same
property as those obtained by the projection method in
more than one dimension.
2. The model.
We consider a chain of atoms j with coordinates
uj such that the distance between two consecutive
atoms is 10 or 2 lo, 10 being an arbitrary given number.
This chain is subjected to a periodic potential with
period 2 7r (Fig. 2). For a given concentration c of links
2 lo (not too large) we can find the ground state of the
model.

This model is a particular case of the model studied
in reference [7], which is in some sense an Ising
variation of the Frenkel-Kontorova model. Instead of
having an elastic coupling between consecutive atoms,
the distance between them can only have two possible
values 11 and l2. The ground-state is obtained by
minimizing the energy coming from the 2 1T-periodic
potential by choosing the interatomic distances equal
either to 11 or to 12. In reference [7] we found unexpected properties for the ground-state of this model,
when there is no rational relations between 11,
12 and 2 17. In particular, this ground-state has been
found to be always an incommensurate structure, but
with a wavevector variation (as a function of a chemical
potential) which could be a devil’s staircase with a
locking at many incommensurate values while there
was no locking at the commensurate ones.
This model has been initially bu· as a pedagogical
example for understanding what could be the consequences of the violation of the convexity of the
interactions in the Frenkel-Kontorova model [2]. However, it can also be viewed as a simplified one-dimensional model corresponding to experimental systems in
two dimensions. These ones concern for example the
adsorbed monolayers of a mixture of two rare gas.
Considering the ad-atoms as non interacting hard
spheres which have two possible diameters, the problem
of finding the ground-state of the close-packed monolayer is similar and consists in minimizing its energy in
the periodic potential of the substrate (in two dimen-

sions).

Fig. 2. - The model. Black dots
vacancies.
We have to minimize the
chain

are

atoms, white

ones

In the present paper, the second length 12 of this onedimensional model, is chosen to be exactly twice the
length of the first one 11 so that there exists a rational
relation between l 1 and 12 (11 = 10 and 12 = 2 l o). We
focus here on the most interesting case where
I 10/2 17 is an irrational number. This situation
corresponds to a singular situation of the model of
reference [7] which had not been examined in detail.
=

potential

energy of the

3. Generation of the

the space of
constraints :
on

configurations

{ Uj }

fulfilling

the

ground-state by

a

circle map T.

In order to find the ground-state of a large system of N
atoms, one starts from a system of N (1 + c ) equidistant
sites at distance 10 with Nc vacancies and N atoms. The
sites i are at the position vi
il0 + a where « is the
location of the first site. In order to have the smallest
possible energy for the system, it is sufficient to choose
the location vi of these vacancies at the sites i which
correspond to the largest possible energy cos (vi ).
=

where V (x ) is a 2 7T-periodic function. The results of
this article apply when V (x ) has a single minimum and
a single maximum per period, but for sake of simplicity
we fix

sites

These
cos

(Vi)

&#x3E;

cos

val modulo 2
The model studied here describes the distribution of
vacancies with fixed concentration in a periodic incommensurate potential (,
10/2 ir is in general an irrational number).
=

are

determined
which defines

(d/2 ),
(called

iT

from

by a condition
symmetric inter-

a

now on

the

window) :

such that when vi modulo 2 belongs to W, the energy
(Vi) at site i is larger than the energies cos (Vi) at

cos
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the sites where vi modulo 2 ’IT does not belong to W. Its
width 4 has to be chosen such that the concentration of
sites in this interval with respect to the total number of
sites be c/ (1 + c). Since the distribution of vi mod 2 if
is uniform on the interval [0, 2 17 [, one has

{Uj}

of atomic positions in the
Therefore the sequence
ground-state is simply obtained by renumbering the old
sequence vi ilo + vo where the terms vi which belong
to W mod 2 17 are withdrawn. For instance, one would
find :
=

The circle map T is
3.
intervals.

Fig.

the

(UO

vo, ui
modulo 2 7r.
=

=

vl, U2

=

v3 ... )

if v2, V5 etc.

belong to

=

=

when

=

when

(6a)
(6b)

l o does not belong to W
u + l a does belong to W

u +

The first atom of the
chain is at the arbitrary position uo
a, which produces negligible boundary effects in the limit of an
infinite system.
This sequence {Uj} must fulfil for all j the condition
ul + 1- Uj l o or 2 10 to be the ground-state of model
equation (1-2). This means that there exists no consecutive vacancies, which implies

generates this sequence

images

of which

equivalent to the exchange of 3

are

W

Considering this interval W as an arc of the circle of
length 2 w, the mapping u’ T (u ) of the circle onto
itself defined as a piece-wise rotation by the following

equations
u’
u + lo
u’
u + 2 10

-

and [A/2, - 4/2 + lo]] respectively (Fig. 3). The first
and the third intervals are permuted by T while the
second interval is translated such that it does not
overlap the images of the two others. Transformation T
is well defined except at the intervals edges
2 7T - d/2 - l o and 2 17 + 4/2 - l o which have two
possible images. In addition, the restriction T’ of
transformation T to the interval

{Uj }.

=

=

or

equivalently

and from

now

on,

we

shall work with these conditions.

4. Some mathematical

Before

the circle map T.

the ground-state properties of the
describe the unusual properties of this
Since C is irrational the sequence
is uniformly distributed on the circle.

studying

model, let
circle

properties of

us

map.

{Vi mod 2 ’IT}

Consequently the subsequence { Uj mod 2 ’IT}
iformly distributed on the complementary part

is

un-

W’ of
the window W on the circle.
This transformation T exchanges the order of three
intervals, the union of which is W’. These three
intervals are [A/2, 2 ir - 4/Z - 101,

and

modulo 2 off is invertible except at the two points
2 7T - ¡j/2 -10 and 2 17 + 4/2 - l o where the inverse
T’ -11 has two possible determinations.
The discrete dynamical system, the trajectories of
which are defined by iterating the transformation
T’ on the initial point, has unusual properties. It is
obviously ergodic with respect to the usual Lebesgue
measure on the real axis since the trajectory of any
point is uniformly dense on W’. For most choices (in
probability) of 4 and 10, T’ is also mixing as shown in
reference [10]. This result means that for any arbitrary
interval A, the successive images T’" (A ) tend to spread
out uniformly on the whole interval W’. More precisely,
if B is any arbitrary interval, one has

JL (X) denotes the usual Lebesgue measure of the
measurable set X (i.e. the length for an interval).
The mixing property of a dynamical system is usually
associated with strongly chaotic trajectories and one
usually expects in that case a finite Kolmogorov entropy
[12]. In fact it can be shown that the Kolmogorov
entropy is zero for transformation T’. This property can
be related to the fact that its unique Lyapounov
number is zero since transformation T’ is measurepreserving (Pesin theorem (Ref. [11])). The behaviour
of the trajectories is not sufficiently chaotic to produce
a finite entropy. Transformation T’ has also the property of being « minimal » according to our general
prediction for a ground state [2]. This property means
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that the trajectories for all initial points are dense on
the whole set W’. It is a generalized form of this
property which we proved to be extendable for the
ground-state of any classical model (providing that the
atomic interactions decay sufficiently fast at infinity).
This property implied that the ground state structure
has the property of « weak periodicity » or equivalently
of « local order at all scales ».
We now analyse with more details the fluctuation of
this circle map with respect to a uniform average
rotation map. Transformation T can also be written:

where y (x) is the characteristic function of W, equal to
1 when x belongs to W and to 0 when it does not. It is
also defined

where Int

as

(x )

denotes the integer part of x i. e. the
The number of vacancies on the

largest integer , x.

and

chain of sites

consequently,

the

In

one

dimension, the simplest incommensurate

structure {un}

with

one

atom per unit cell is

where I is the interatomic

mean

given by :

distance

which determines the average lattice un)
uo + nl ,
g (x ) is a 2 7r-periodic function which describes the
modulation and q is the wave-vector of this modulation.
In order to have physical meaning, this function
g (x ) cannot be too pathological. For example a noise
function does not produce an incommensurate structure
but a random one. In the case of standard displacive
incommensurate structures, this function g (x ) is bounded and square summable in order to have a discrete
Fourier spectrum.
Let us examine whether the ground-state of model
(1-2) can be described by a form (12) where 9 (x) is a
bounded function.
The atomic mean distance is a function of the
concentration c of bonds 2lo and is related to 2l by
=

equation (5)
position u,, of atom

n is

equal to VN

fulfills

=

Nl0 + vo where N

...

The modulated average lattice if it exists is defined

with in addition the condition X (vN ) X (un ) 0.
Because
the distribution of the sequence
mod 2
on the circle is uniform, the mean value
of the characteristic function is
=

f vi

=

1T}

A theorem due to Kesten

[8, 9]

with respect to its

sum
J

--

The energy per atom cp (c
easily found :

)

of this

ground

state is also

asserts that the

and for the cosine

fluctuation

of the

by

expected value

.l-

Nd/2 ir is bounded in N if and only if the width 4 of W
is a multiple modulo 2 7r of the rotation angle 10 that is
when 11 rlo mod 2 17 for some integer r. If 2l does not
fulfil this condition, other theorems [9] assert that
8 (N ) diverges logarithmically as N grows.

potential (3)

Suppose now that there exists a hull function g(x) such
ground-state be described by (12) for some wavevector q. From equations (8) and (9), it comes out that
g (x ) is given for x = qn by
the

=

5. Ground-state hull function.

ground-state of model (1-2) appears as an incommensurate periodic modulation of the vacancy density.

The

It is similar to the kind of incommensurate structures
which are formed for example in certain alloys by
antiphase boundaries [13]. By contrast, a standard
displacive incommensurate structure is described by a
hull function which describes the modulation of the
atomic positions from their average lattice site.

where 8 (N ) is the fluctuation considered by the Kesten
theorem. When 4 # rl0 modulo 2 w, where r is some
integer, this fluctuation 8 (N) and consequently the
displacements of the atoms from their average position
are not bounded, which implies that a bounded hull
function 9 (x) cannot exist.
This result is better understood by doing the analysis
of the case where

for

some

integer

r.
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In that case, the form

(x) =

where Frac
Thus

x

(8b)

allows

one to

write the fluctuation

modulo 1.

(11)

as :

or

with
The function

Gr (x )

is defined

by

and has period 2 17. It is a « saw » function, piecewise
linear with a slope equal to r/2 17 and r discontinuities
of amplitude -1 per period located at xm
(r/2 - m) 10 mod 2 w (m = 1, 2,... r). The variation
V, per period 2 17 of Gr (x ) defined by

This function F,(x) is the sum of an average linear part,
the slope of which is (1 - d/2 17 )/10 = 1/1 and of a
periodic function Gr(x ) with period 2 17. It has the same
negative discontinuities as Gr (x ) and in between these
ones, it is linear with a slope 1/1 + r/2 w
=

=

finite ordered sequences Xm which
belong
[0, 2 7r [ is equal to 2 r.
The fluctuation15 (N)I is clearly bounded by
(Supx Gr(X) - Inf y Gr (y ) ) _ r. When r goes to infinity,
no finite bound for 5 (N ) can be found. In addition, it
becomes clear that the variation V, = 2 r of Gr(X)
diverges. For example, one can choose a subsequence
ri such that lim rlo modulo 2 w be an arbitrary given
over

all

possible

to the interval

i-+oo

number d. Then if we assume that the limit function
G(x) of Gr(x) is defined, this hull function for
8 (N ) would be highly pathological with infinitely many
discontinuities of finite amplitude - 1 located on the
dense set of points rl0 modulo 2 7r. This property
implies that G (x ) would have a non-bounded variation
V. In fact (i.e. for a set of value of x with full measure)
lim G, (x) is not defined as a measurable function (see
’-+00

the proof in the next section).
When 4 rl 0 mod 2 17 its finite, n (N
function which can be written by using
=

equation (9)

) also has a hull
equation (11) in
Fig. 4. Example
(mod 2 w).
-

of the hull function when A

=

2 10
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It is not monotonously increasing because the discontinuities of G (x ) have a negative sign while the
derivative is constant and equal to the positive constant.
Since Un vo + Nlo, equation (17a) becomes

and

=

exhibits an example for this hull function in a
case where r
2. Because F (x ) is not a monotonous
function and thus is not invertible, this formula does
not yield unambiguously the hull function for the
However, the complete calculation
ground-state
of the hull function is not explicited here.

Figure 4

=

In the limit N --+ oo the observable intensity per atom
associated to the peak Kp, q is proportional to
As for usual incommensurate structures, these vectors Kp, q are obtained by rational combinations of two
vectors of the reciprocal lattice which are :

1 ap IZ.

{ ul } .

6. Fourier spectrum of the

ground-state.

the Fourier spectrum of the ground-state
straightforward proof for the non-existence
of a non-measurable hull function can be given when
,A :A rl0 modulo 2 17.
Since the vacancy density defined by T is periodically
modulated, the Fourier spectrum of the ground state of
model (1-2) is discrete. In other words, it is the sum of a
series of Dirac functions. The atomic density for a chain
of n atoms of length Nl

which is the wavevector of the one dimensional lattice
in the absence of any vacancies and

By analysing
structure,

a

which is the wavevector of the modulating 2 17 periodic
sine potential.
Let us assume now that the ground-state
can
also be described as a displacive incommensurate
structure. This is equivalent to saying that there exists a
hull function 9 (x) such
is described by

{ un }

that {un}

where 9 (x) has the period 2 7r and K is the wavevector
of the modulation. Assuming only that function
g (x ) is a measurable function, the atomic density

is the product of two periodic functions which have the
periods 2 7T and 10 respectively. Consequently the
Fourier transform of

can

be written

p (r)

as :

has the Fourier spectrum

where

is the Fourier coefficient of the 2
and summable function

Gp(K)

periodic

or

or

S(K)
where 8 (N)(X ) becomes a Dirac function in the limit
N - oo . ap are the Fourier coefficients of the 2 17periodic function

defined

by

is the

sum

of Dirac functions with wavevectors

S(K) is also the sum of Dirac functions located at
Kp, q given by equation (23a), the sets of wavevectors
{ Kp, q} and {K;, q} must be globally identical. Since

Since

there exists no rational relation between Ko,1 and
K 1, 0’ this condition is fulfilled if and only if there exists
four integers pl, ql, p2, q2 withp1 q2 - P2 q1
± 1 such
that
=
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Using

relation

(13a)

combinations of conditions

(29)

becomes
and

Condition (30b) shows that the width of the window W
can be written with the form 4
rl0 modulo 2 7r.
Consequently, we have proven that there cannot
exist any summable periodic hull function for the
ground-state when 4 is not a multiple of l o modulo 2 iT
and that there exists one when 4 is a multiple of
=

lo.
7. Connection with the

projection

method

Finally let us note that, in the simple case
d
10(r =1 ), the ground-state of our model is an
incommensurate structure isomorphic to the one obtained by the projection method [3-6]. In that case the
hull function of the ground-state configuration of our
model is given by
=

which is the sum of a linear function of x il0 + uo
with slope 10 and of a periodic function of x (one has to
choose 4/2 uo modulo 2 7r 2 17 - d/2). The projection method in one dimension first consists in
defining the strip of points of a two dimensional square
lattice which are covered by all the translations of the
unit square, parallel to a given straight line D of slope
t
tan (0 ). Next, the points contained in this strip are
projected on the line D (Fig. 5). The distances between
the consecutive points on the line are either
c
cos (0) or s
sin (0).
It is also possible to obtain the sequence of links
{c, s) by a rotation on a circle. The length 1 + t of the
circle is equal to the width of the section of the strip by
the vertical axis. On this circle one defines a window of
width unity (Fig. 5). The rotation with a unit angle on
the circle generates a sequence of points. By associating
the links c to the points which belong to the window
and the links s to the other points, one obtains the same
sequence of links as with the projection method. In
conclusion, the sequence of links {c, s) is generated by
the transformation T defined in equation (6) for
10 4 =1/ (1 + tan 0 ) (except that now the length of
the links are not in the ratio 1 : 2). One can describe
more precisely the sequence of links denoted by
[lj ] as follows
=

5.
Equivalence between the projection method in
dimension and a rotation on a circle.

one

where X is

as :

Fig.

-

the characteristic function of W defined

=

=

1 is

given by :

=

In the same manner
sequence of links :

one

finds the hull function for the

=

where

Or

Therefore the structure generated by the projection
method in the one dimensional case is a standard
incommensurate structure with a bounded periodic
modulation.

334

8.

Concluding remarks.

We studied here a model for which the ground-state is
obtained as an incommensurate modulation of a vacancy density (compositional modulation). For a discrete
sequence of vacancy concentrations, and only for these
concentrations, the same structure can also be described
by a periodic crystal with an incommensurate displacive
modulation. For other concentrations, corresponding
to the general case, the structural configuration is
generated by a one-dimensional map having unusual
properties. The map is ergodic, mixing and has zero
Kolmogorov entropy. Thus, the type of order found in
the ground-state can be considered to be intermediate
between that of a standard incommensurate structure
and that of a chaotic disordered structure.
The nature of the fluctuation of the position of the
i-th atom, defined by the distance between its actual
position ui and its average position i 1 + a (where 1 is
the average distance between consecutive atoms), permits one to distinguish between those degrees of order.
In the case of a standard incommensurate structure this

fluctuation, described as a smooth function of the
atomic position, is bounded. For the model studied
here, this fluctuation is generally not bounded but its
root mean square diverges proportionally to Log (L)
as a function of the size L of the system. By contrast,
this root mean square diverges much faster and proporin the case of a chaotic distribution of
tionnally to

N/L-

atoms.

Although the model studied here is very crude, it
points out important aspects of the difference between
the compositional incommensurate structures and the
displacive incommensurate structures. Extensions of
this study to two and three dimensions could help to
understand the formation of incommensurate antiphase

quasicrystals which both occur
alloys (e.g. AITi and AIMn respectively).

structures and of

metallic

in
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