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Intermediate Jahn-Teller effect within an orbital triplet
I 2014 Theoretical analysis of the paramagnetic resonance
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Laboratoire de Spectrométrie Physique (*), Université Scientifique et Médicale de Grenoble,
B.P. 53X, 38041 Grenoble Cedex, France

(Reçu le 25 juillet 1979, accepté le ler septembre 1979)

Résumé. 2014 Nous étudions de manière détaillée l’évolution des propriétés spectroscopiques d’un triplet orbital
en symétrie octaédrique en fonction de l’intensité du couplage Jahn-Teller. Jusqu’à présent, seuls les cas statique
et dynamique avaient été distingués. Nous montrons que, dans le cas d’un triplet orbital 3T1 couplé à des modes
de vibration Eg, une situation intermédiaire existe entre ces deux cas bien connus et qu’elle conduit à des spectres
de résonance paramagnétique très différents de ceux caractéristiques des effets Jahn-Teller statique et dynamique.
Nous montrons également qu’un fort champ magnétique devrait stabiliser le système et que des situations existent
pour lesquelles les spectres de résonance présentent une symétrie apparemment orthorhombique. 

Abstract. 2014 We analyze in detail how the spectroscopic properties of an orbital triplet in octahedral symmetry
vary because of the Jahn-Teller coupling. Up to now, only static and dynamic cases were distinguished. We show,
in the case of a 3T1 triplet coupled to Eg modes of vibration that an intermediate situation does exist between
these well known cases, and that this intermediate situation leads to paramagnetic resonance spectra very different
from those obtained in the static and dynamic cases. We show also that a high magnetic field could stabilize the
system and that situations exist for which resonance spectra have an apparent orthorhombic symmetry.
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1. Introduction. - The study of the spectroscopic
consequences of the dynamic coupling between a
paramagnetic ion and the surrounding lattice, mainly
those resulting from the Jahn-Teller (J.T.) effect,
has led to a considerable amount of publications.
A recent review of this study in which 372 references
can be found was recently published by C. Bates [1].
When the ion in cubic symmetry has an electronic
level belonging to E representation and when the
dominant coupling is with Eg modes of vibration,
three kinds of situations have been distinguished : the
dynamic J.T. effect when the ion-lattice coupling is
not too large, the static J.T. effect which occurs when
this coupling is strong and when the so called warping
terms are of importance [2], and the intermediate
case between these two limiting cases [3]. Although
the distinction between static and dynamic depends
on the way the system is studied (more precisely on
the time scale of the experiment), it is still a common
vocabulary. Real systems have been found which
illustrate these different cases (see for instance ref. [1] ]
and [2] and for the intermediate coupling ref. [3]).
When the 3d ion has a T1 or T2 electronic triplet,

one distinguishes first between strong and weak

(*) Laboratoire associ6 au C.N.R.S.

coupling depending on the relative values of J.T.
and spin-orbit (S.O.) couplings. When these couplings
have comparable values, the problem can be solved
only by numerical calculation, the vibronic wave
functions being not simple. Such calculations have
been done for instance by Ham et al. [4] and
Parot et al. [5]. Within the so called strong coupling
case, one still get strongly different E.P.R. spectra
corresponding to the static and dynamic J.T. effects.
In this work we will analyse in details how the spec-
troscopic properties of an orbital triplet vary because
of the J.T. coupling. We show that an intermediate
situation does exist between the static and dynamic
cases, as for the E orbital doublet. In order to illustrate
this situation, we select the particular case of the 3T1
triplet coupled to Eg modes. The results of this study
will be used to interpret acoustic paramagnetic
resonance (A.P.R.) spectra obtained with V3+ : CaO
and described in the next paper [6] (hereafter referred
as II). This system is the first one reported as represent-
ing the intermediate case. Although the study done
here concerns the 3T orbital triplet, the conclusions
are roughly valid for any triplet n Ti(i= 1,2 and
n = spin degeneracy). Recently, Uba and Bara-
nowski [7] have analysed the situation for the 4T1
multiplet and claim they have illustrated the transition
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between static to dynamic J.T. effect. We will come
back to this point later.

After introducing the problem in section 2, we give
the results of calculations in part 3. Part 4 is a general
discussion of the results. Particularly, it is shown
that this intermediate situation, which remains dyna-
mic in its fundamental nature, could be stabilized
by a high magnetic field. Furthermore, this situation
can lead to spectra which look orthorhombic. It
is shown that a cautious experimental analysis should
be necessary to show that they are only pseudo-
orthorhombic.

2. Position of the problem. - The case of the
orbital triplet only coupled to Eg modes was the
first one investigated by Ham [8] in his series of papers.
This is the simplest case mathematically, and it can
be used as a model for the more complex situations.
Using Ham’s notation and keeping only linear

coupling terms, one writes the Hamiltonian of the
problem :

where HC is the electronic Hamiltonian of the ion in
the static crystal field

In these expressions (QB, Q£) and (Pe, PJ are the
coordinates and momenta of the Eg modes, oi is their
circular frequency, It is their effective mass. VE defines
the ion-mode coupling, Åf is the spin orbit constant
of the free ion and MB the Bohr magneton. Eo and E£
are two standard electronic orbital operators belonging
to E and having the following matrix form in the real
basis ox, t/J y, qlz :

Since JC is not easily diagonalized, one has to use
perturbation theory in order to solve the problem.
Two cases can be distinguished : weak and strong
coupling. In the case of weak coupling EJT  Åf
and hw ; so, Rn is applied after Hso. This is the case
studied by Ham et al. [4] for Fe2+ in MgO, where the
coupling with both Eg and T2g modes was taken
into account. Such a calculation was recently extended
by Uba and Baranowski [7] who made numerical
diagonalization using a large number of excited
vibrational levels. The case of strong coupling
EJT &#x3E;&#x3E; Af is much easier to handle since the three

leading terms of JC can be simultaneously diagona-
lized [8], and vibronic wavefunctions easily written [9].
Then, one can write an effective Hamiltonian for the
spin orbit coupling and Zeeman effect valid within
the fundamental vibronic triplet. These Hamiltonians
established by Ham [8] up to second order of pertur-
bation to take into account excited vibronic levels
are written : -

c is a reduction factor due to covalency and gL the
Wigner Eckart constant connecting L to the fictitious
orbital momentum I (I = 1) defined in the T1 triplet :
L = gL 1. The other quantities are defined by the
following equations :

where the function G has been defined by Ham [8].
When the coupling is not very large, the fine struc-

ture levels resulting from spin orbit coupling are

well separated and it is possible to calculate the
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Zeeman effect using perturbation theory : this is the
typical situation of the dynamic J.T. effect, which
corresponds to many experimental cases. When the
coupling is very strong, the fine structure levels are
close to each other and Zeeman interaction is no

longer a perturbing term. One has then to simulta-
neously diagonalize both effective Hamiltonians within
the vibronic triplet.

3. Particular study of 3T1 triplet. - For a 3T1
triplet, the spin orbit coupling lifts the degeneracy
and leads to 4 multiplets F3, F5, F4, T 1 classified in
the order of increasing energies when Af  0. The

splitting between T3 and r 5 is created by admixture
with vibronic excited states associated to the 3T1 triplet
itself but also to other excited electronic states.

In the case of V3+ : CaO, to which the results obtained
here will be applied in II, it is sufficient to consider
the 3T2 crystal field level coming from the 3F term
of the d2 configuration. This was done for
V3+ : MgO [10], but the calculation was very sim-
plified (although the sign of the coupling in the
excited state was wrong it did not lead to any conse-

quence for the rest of the study). In the appendix,
we give a more rigorous treatment of the problem.
Though it particularly applies to the d2 configuration,
it can be adapted to other situations.

Fig. 1. - Energy of S.O. levels derived from 3T orbital ground
level versus Ham reduction factor K(T 1)’ Jahn-Teller energy E,
or Huang and Rhys factor SE (Af = - 104 cm-1, cgL = - 1.2,
%M = 350 cm-1).

On figure 1, we have represented the evolution of
the multiplets position as a function of the strength
of the J.T. coupling with numerical values cor-

responding to V3+ : CaO. For strong coupling,
we find the well known situation of the static J.T. effect
with a quasi triplet (r 1 + T3) separated from a

quasi sextuplet (r 4 + TS) by K2. We see on this

figure that for usual values of magnetic field, HZeff can
be considered as a perturbation as long as

K(T1) &#x3E; 0.1 (EJT  550 cm-1). In this case, the g
factors of the r 4 and r 5 triplets are easily found to be

The last result was used to interpret the APR spectra
OfV3- MgO [10] (K(T 1) = 0.6) and Ti2+ : CaO [11] ]
(K(T1) = 0.2). These two equations show that g(T4)
and g(r5) should go to 1 when the coupling becomes
very large though one finds usually g = 2 for this
limit (the orbit is then quenched and only the spin
paramagnetism is left). This comes from the fact
that they were established by supposing a magnetic
field sufficiently small not to mix the wave functions
of the S.O. multiplets. However, if experimental g

Fig. 2. - F centers in CaO : an example of static J.T. effect

(m = 15 cm- ’, K(TI) - 10- 3, nro = 200 cm-1, EJT ~ 900 cm-’,
SE N 4.2 [12b]).
9 Upper part : Zeeman effect on the sublevels of the 3T orbital
triplet for H/Oz axis ; the three wells are denoted X, Y and Z.
0 Bottom part : transition probability versus magnetic field for an
EPR experiment at 9 GHz.
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value is found close to 1, that proves that the coupling
is relatively large but also that the (r 4 - r 5) splitting
has not been reduced to a value small as compared
to the Zeeman effect. In that case, a complete calcula-
tion with simultaneous diagonalisation of the S.O.
and Zeeman Hamiltonians is necessary.
We have done this numerical diagonalization

for two situations corresponding, one to the static
J.T. effect, the other to an intermediate case (the dyna-
mical case is simple and well known). In the general
case of a 3T1 triplet (without taking into account
other electronic levels) we have three parameters :
Àf, VE, cv. In order to illustrate the different situations,
we have selected some sets of values for these para-
meters but obviously other sets would lead to similar
results. For the static case, we have chosen approxi-
mately the values found for the F centre in CaO [12].
.Energy levels as a function of H are represented on
figure 2 when H / [001]. Those belonging to the
same well are drawn with the same line. For the
intermediate case we use the set of values which
best explain the APR spectrum of V3 + in CaO
described in II. Levels are represented on figure 3 for
H / [001] with two different scales for the magnetic
field. In addition we calculated the eigenvectors
corresponding to these levels and transition proba-
bilities for EPR experiments. Theoretical spectra
(neglecting, however, the very important effect of
random strains) are sketched under energy levels.

4. Discussion. - We first point out from our

results that spectra obtained at three different fre-

quencies for a given system are different and inter-
preted differently. It is clear from figure 3a that an

Fig. 3. - V3+ in CaO : an example of intermediate Jahn-Teller
coupling (see II) (Af = - 104 cm-1, K(Tl) - 10-3, bw = 350 cm-’,
EJT - 1 600 cm-1, SE N 4.6). Zeeman effect on the S.O. triplets
r 4 and T 5 and corresponding spectra for EPR experiments at
two frequencies : a) : v = 0.1 GHz leading to a spectrum inter-
preted on the basis of dynamic Jahn-Teller effect. b) : v = 9 GHz
leading to a spectrum interpreted on the basis of intermediate
Jahn-Teller effect.

EPR experiment using a very low frequency would be
interpreted as a consequence of a usual dynamic
J.T. effect. Figure 4 shows that an experiment at a
very high frequency would rather be interpreted as a
consequence of a static J.T. effect. These results
well confirm the idea that J.T. effect is unique but
the method of measurement makes it appear as being
static or dynamic. Of course, between these two

limits, and for the same coupling, an intermediate
case exists as shown on figure 3b (for this particular
situation, only two lines are observed by EPR techni-
que whereas APR experiment gives more significant
results since inter-triplet transitions are allowed as
shown in II). Concerning this point, we must stress
the fact that Uba and Baranowski [7] improperly
interpreted their results as an illustration of a transition
from a dynamic towards a static J.T. effect. Actually,
the evolution of the adiabatic potentials which they
present, rather illustrates the transition from a weak
to a strong coupling (as mentionned above, this

distinction is mainly needed in the perturbation
calculation). It is well known that, even when the

Fig. 4. - V3+ in CaO : an example of intermediate Jahn-Teller
coupling (see II) (Af = - 104 cm - ’, K(T1) I’0o.I 10-3, hco = 350cm-’,
EJT - 1 600 cm-1, SE I’0o.I 4.6). Zeeman effect on the S.O. levels
derived from the 3T 1 orbital ground level and corresponding
spectrum in the case of an EPR experiment at 200 GHz inter-
preted on the basis of pseudo static Jahn-Teller effect, the stabi-
lization being induced by the magnetic field. The weak field variation
of the energy levels is shown with more details on figure 4 of II.



63

adiabatic potential energy surfaces display three
well characterized wells, the J.T. effect may still
remain dynamic. Therefore it is not their existence
which is a proof of a static J.T. effect but rather, as
we have shown in our case, the admixture of states

by the magnetic field. Needless to say, static J.T. effect
cannot exist if the three wells are not well separated.
One has to keep in mind that the previous analysis

applies to the theoretical case where the site of the
ion is purely cubic. It is well known that the stabili-
zation by a magnetic field, proposed long ago in the E
doublet case [13], has always been hidden by the
stabilization by random strains [14] which hinder the
tunneling by destroying the equivalence between the
three wells. In the case of V3+ : CaO studied in II,
we qualitatively estimate from the experimental results
that the effect of strains would be sufficiently weak
not to hide the stabilization of the system by a magnetic
field of 50-100 kG. Thus, a difficult experiment
with such a magnetic field and a microwave frequency
in the range of 200-250 GHz would certainly be the
first illustration of this magnetic stabilization of the
J.T. effect.
Another surprising and interesting result is

emphasized from the calculations. When the coupling
is strong but not very strong, the EPR spectrum
shows more lines than expected for the static J.T. case.
This can be seen by comparison between figures 4
and 2. To study in more detail this situation, we have
chosen another set of values for the parameters Àf,
EJT, nw. This set (Af - - 30 cm -1, EJT ~ 1 600 cm -1,
hcv - 350 cm-1) permits to attain this situation at
lower magnetic fields, making negligible first order
and part of second order Zeeman orbital effect. It is
then possible, for a magnetic field of the order of
20 kG, to do a perturbation calculation where the
electronic Zeeman effect is the dominant term, the
terms in A’ = Àf cgL K(T1), K2 and g2 are perturbing
terms, and terms in Kl, G, = PB cgL K(Tl) and gl
are ignored. The energy levels are shown on figure 5
for two magnetic field orientations; the points show
the position of the lines for various orientations,
the radius of the full circles being representative of
the transition probability.
For H along [001] as well as along [101], the spec-

trum looks qualitatively as if it was due to a S = 1

system in orthorhombic sites with the ( 100 &#x3E; direc-
tions as principal axis. We determine the D and E
values of the well known orthorhombic Hamiltonian

which fit best the positions of the lines for
H along [001]. These values are nearly D - K2 and
E - A’. We then calculate the theoretical angular
variation of the lines within the hypothesis of an
orthorhombic symmetry in order to compare with
the positions calculated above within a moderately
strong J.T. coupling. The lines on figure 5 represent
this angular variation. This comparison is of interest

Fig. 5. - An example of pseudo orthorhombic symmetry due to.
intermediate Jahn-Teller coupling (Af = - 30 cm-1, K(T 1) N 10-3,
hw = 350 cm-1, EJT ~ 1 600 cm - 1, SE 1’000; 4,6). Upper and lower
parts show the energy levels of the system for respectively H along
[001 ] (0 = 0°) and H along [101] (0 = 45°). Central part : the

points show the position of the lines calculated within the inter-
mediate coupling scheme (the area of the points is proportional
to the line intensity) ; the lines show the angular variation for
a true orthorhombic symmetry whose D and E parameters are
fitted from the 0 = 0° spectrum.

because when obtaining an EPR or APR spectra,
looking as orthorhombic, one can be tempted to

explain it by the existence of a defect (vacancy,
charge compensation) near the resonant ion. Indeed,
if one has only the spectra for H along [001] and [101],
the conclusion for an orthorhombic symmetry is

quite natural. On the contrary, a good analysis of the
full angular variation permits to distinguish the two
situations.
Orthorhombic spectra have already been report-

ed [15] in cubic crystals but the principal axis were
along [001], [101] and [10I] instead of the cubic

 100 &#x3E; axis found here. This could be related to
calculations performed by Bacci et al. [16] : they
showed that quadratic J.T. coupling to both Eg
and T2g modes can lead to orthorhombic distortions
of the lattice. Recently, an orthorhombic spectrum
having the cubic 100 . axis as principal axis was
reported for the excited state 3T1 of Ga+ in KBr
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and KCI [17]. However, in this case the coupling
is very large, the Ham reduction factor K(T1) is
smaller than 10-10 and thus the A’ value responsible
of a rhombic symmetry is extremely small. A non
linear coupling between two different sets of Eg
modes can possibly explain the existence of such a
symmetry [18]. Thus, the situation studied here has
not yet been experimentaly observed.

5. Conclusion. - In this work, we have analysed
the situation which arises when the ion lattice coupling
strength between a system with a cubic orbital triplet
and the Eg vibrational modes is intermediate between.,
the two well known extreme situations of weak and

strong coupling. To this situation correspond EPR
(or APR) spectra which differ from the usual static
or dynamic J.T. spectra. When the coupling is inter-
mediately weak, transitions between S.O. vibronic
levels appear in addition to the intra-triplet transitions

of the usual dynamic situation. It is proved in the
following paper, that V3+ : CaO is the first illustration
of this situation. We have shown here that this situa-
tion, which remains dynamic in nature, could be
stabilized by a magnetic field. When the coupling is
intermediate, the spectrum looks as orthorhombic.
We show that there are some differences with the
true orthorhombic case resulting from a rhombic
crystal field. A careful examination of the spectra
together with a detailed analysis of their angular
variation is however necessary to distinguish between
them. Finally, we show that in this intermediate
situation the distinction between static and dynamic
is ambiguous, depending from the time scale of the
experiment and not, as was claimed recently, from the
comparative values of the vibrational frequency and
the coupling. 

Acknowledgments. - It is a pleasure for the authors
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Appendix

The ground term 3F of the d2 configuration is

split by a cubic crystal field into a ground 3T 1 triplet,
an excited 3T2 triplet and an excited 3A2 singlet.
This singlet can be discarded, the matrix elements of
S.O. coupling being zero between it and the ground
3T1 triplet. A correct calculation of the 2nd order
terms of the S.O. coupling inside the ground 3T1
triplet must take into account the vibronic levels
associated with the 3T2 excited triplet. Even if the
ground triplet is generally more strongly coupled
with the Eg than with the T2g vibrational modes,
it is not necessarily the case for the 3T2 excited triplet.
Table I shows the ratios of the coupling coefficients
calculated from a point charge model in various
situations.

In order to simplify the analysis, we first suppose
that the coupling with Eg modes is dominant for
both triplets. The vibronic wavefunctions of these
triplets have then a vibrational part which is that of a
displaced two dimensional harmonic oscillator, the
displacements being different for the two triplets.
On figure 6, we have shown the intersection by the

Table I. - Ratios of different coupling coefficients
Vi(j) of the electronic multiplet i with the vibrational
mode j, calculated from a point charge model for
V3+ : MgO, v3+ : CaO and Ti2+ : CaO systems.

Fig. 6. - Intersection by the Q£ = 0 plane of the energy surfaces
(plotted as a function of the reduced quantity aQo) associated to
3T2 and 3T electronic states derived from 3F term when only the
coupling with a pair of Eg vibrational modes Qo, Q. is considered.
The constants r and a are given by
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6g = 0 plane of the corresponding energy surfaces.
The matrix elements involved have the following
general form

where I Vi T 1 &#x3E; is the ground vibronic state asso-

ciated with the well i (i = X, Y, Z), I va T2 &#x3E; is a vibro-
nic state associated with the T2 triplet, d is the zero-
phonon splitting between the triplets and nE hwE
the vibrational energy of the va T 2 &#x3E; state. If the

couplings VE(T 1) and VE(T2) are sufficiently strong,
the three minima of each potential surface are well
separated and the vibrational wavefunctions have
the shape indicated in figure 6. Since, for the excited
states, the wavefunction is greater near the potential
curve, we can say only those contained in the hatched
region of the figure will give a noticeable contribution
in the summation Y. We can then approximate the

a

denominator d + nE hwE by a constant value L11
(in ref. [10] the crudest approximation L11 ~ d was
done) and use the closure relation for the vibrational
part of the operator va T 2 &#x3E;  Va T2 [ . It thus remains
for Y only the summation on the electronic part of

a

The case where the couplings with both Eg and
T2g modes have to be taken into account is less easy
to handle, but the final result is the same : by the
above approximation consisting to replace the deno-
minator (which would be now nE h(OE + nTz IiwT2)
by a constant value, say d’, one can use closure
relation for the vibrational part of the T2 wave-
functions. The matrix element (A ij) can then be written
as

where I .pi &#x3E; and I mi &#x3E; are the orbital and spin parts
of the wavefunctions, and where I i00 &#x3E; stands for
the ground vibrational wavefunction of the well i.

The term i00 I j00 &#x3E; is the usual K(T 1) Ham reduction
factor. The operator A is defined as

, 

It looks like the usual 2nd order spin orbit operator
and, from symmetry considerations, can be trans-
formed in an effective Hamiltonian inside the ground
3T 1 triplet [8]

where, for completness, we have included the

covalency reduction factor c. The Wigner Eckart
constants Wl and W2 can easily be calculated. The
energy of the levels issued from 3T1 by spin-orbit
coupling are then, including first order, second order
due to vibronic states of T1 and second order due
to excited vibronic states of T2 respectively :
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