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Résumé.

Nous tragons un diagramme (7, C) des solutions polymériques en partant d’une

approche tricritique du point théta des polymeéres. T est la température, et C la concentration en
monomeres. Nous définissons quatre régions distinctes dans ce diagramme. Nous calculons les
dépendances de la valeur moyenne du carré de la distance bout a bout d’une chaine, de la longueur
d’écran, de la pression osmotique, et du second coefficient du viriel en T, N et C. N est le nombre
de maillons d’une chaine. Nous donnons également une forme d’échelle pour ’équation d’état.

Abstract. — Starting from a tricritical approach to the polymer theta point, we deduce a (T, C)
diagram for polymer solutions where T is the temperature, C the monomer concentration. We define
four different regions in this diagram. For each of these regions we calculate the T, N, C, dependence
of the mean square end to end distance of a chain, the screening length, the osmotic pressure, and the
second virial coefficient. We also give a scaling form for the equation of state.

1. Introduction. — In a recent set of neutron
scattering experiments [1] by polystyrene solutions,
the radius of gyration R, the screening length £ and
the compressibility have been measured in the semi-
dilute range. New scaling laws for these observables
have been established as a function of two independent
variables : @) the number N of monomers per chain,
at different concentrations ; b) the monomer concen-
tration C. In all these experiments, and the correspond-
ing theory, the only interaction taken into account
between two monomers was the so-called excluded
volume interaction. This corresponds to the case where
the repulsive part of the potential is much bigger than
the attractive part, which is equivalent to a high
temperature approximation. In fact, the attractive
part of the potential, shown in figure 1, becomes

v(r)A

F1G. 1. — Real potential between two monomers. The excluded
volume corresponds to the hard core.

important as temperature is decreased. For suffi-
ciently low temperatures, the polymer collapses.
Typical (7, C) diagrams of polymer solutions are
shown on figure 2, in the low temperature region.
As shown in these diagrams, when N increases the
maximum of the coexistence curve increases and is
shifted towards smaller C values. In the limit of infi-
nite N, the low concentration part of the curve is
reduced to a segment of the temperature axis; the
maximum itself is on this axis and has a finite value
called the theta temperature (or theta point). For
temperature below 6, the chain is collapsed. For
temperatures above 6, the problem of a chain is the
so-called self avoiding walk problem, which is equi-
valent to a second order phase transition problem [2].

TA

©

c
FiG. 2. — Typical phase diagram for dilute polymer solutions.
N, < N,. When N goes to infinity, the maximum of diagram is
on the T axis. The dotted line joins the maximum of the different
curves.
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The theta point is thus a tricritical point as was
recently pointed by de Gennes [3]. Earlier predictions
for the temperature dependences were made using
mean field theories, in the range of very dilute solu-
tions [4, 5], or in very concentrated solutions near
the 0 temperature [9]. However the development
about the tricritical point is a very powerful tool
which allows us to make a systematic investigation
of the temperature dependence : from the scaling

form of the free energy near the tricritical point, we

can deduce the equation of the cross-over line between
critical and tricritical behaviours. Combined with
previous results [1] recalled in appendix B, this allows
us to draw a phase diagram in a (tz, C) plane, t being
0
scaling forms of the free-energy and correlation
length near the tricritical point [5], we then deduce by
continuity the temperature dependence of the correla-
tion function and free energy in the critical domain,
that is for temperatures above the 6 point. This leads
us to predictions for the screening length, mean square
end to end distance, and osmotic pressure, and to
distinguish between three regions of different cha-
racteristic behaviours near the 6 temperatures. Varia-
tions in N, C, 1 of osmotic pressure, screening length,
and mean square end to end distance in the different
regions are given.

The problem of polymer solutions has a magnetic
analogue [7,1]. We will use this correspondence.
Therefore, in the following we use the language of
magnetism, unless explicitly specified. The correspon-
dence with polymer solution is given at any step. This
correspondence is derived in appendix B. M is the
magnetization, u is the temperature of the magnetic
system. 7 is an external relevant parameter, in the
magnetic analogue it always turns to be the tempera-
ture of the polymer solution. The subscript «t»
denotes tricritical [11], whereas the absence of subscript
means that we are in the critical domain. v and v, are
the exponents of the correlation length. v is also called
the excluded volume exponent. ¢, is the cross-over
exponent. v, and ¢, are close to 1/2 for d = 3[10],
v is close to 3/5 for d = 3. d is the dimensionality of

_T-10
space. T = —p—.

2. The diagram. — The free energy of the magnetic
analogue is related to the osmotic pressure of the
polymer solution. The relation is

the reduced temperature . Writing down the

0
n——AF——AG+Ma—MAG

AF = AG — MH
where AF is the free energy and = the osmotic pressure.

In the vicinity of a tricritical point, the potential
may be written in the form [§]

AG(M, 1, 7) = p2 ™ f(]‘—i - %) (1)
prop
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the notation is the same as in reference [8]. Here pu,
which is called u, in reference [8], is simply the reduced
temperature of the magnetic analogue, 7 is the reduced
temperature of the polymer solution, as indicated

. above. Eq. (1) immediately gives the equation of the

cross-over line, which is
T~ u*. 2

Now, for low concentrations, that is concentrations
for which the chains do not overlap, it is shown in
appendix B that

p~N?
so that the equation of the cross-over line is
T~ N"® 3)
~ N2 d=3. 3)

For high concentrations, that is for concentrations
for which the chains do overlap, it is also shown in
appendix B that

for

U~ Cl/(v‘d— 1)

and the equation of the cross-over line is

TC*¥*x—o/vd—1)
or
C** ~ (vd= Do (4)
d=3. 4"

For a given value of N, we can then draw a (z, C)
diagram of polymer solutions, which is shown on
figure 3.
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FiG. 3. — Typical phase diagram of a polymer solution. In the
T-0

high negative 7 region there is a coexistence curve; 7 is N

Region I’ is the so-called 6 region.



Ne 7-8

— Region I is the dilute region, it is limited by
T ~ N~ '2 and by the line C*(z). C*(t) is the monomer
concentration at which the chains begin to overlap [1].
The dependence C*(t) will be given later.

— Region II is the semi-dilute region. It is limited
by the lines C*(t) and C**(x). '

— Region I is the dilute tricritical region. It is the
so-called theta region [4].

— Region III is the semi-dilute and concentrated
tricritical region, which had not yet been mentioned
before, to our knowledge.

3. The equations of state. — 3.1 TRICRITICAL
DOMAIN. — The tricritical domain is defined by the
inequality t/u® < 1 (regions I' and III in Fig. 3).
The scaling law for AG then reads

AGM, p, 7) = p*~= g<%>- O N

We can deduce from this equation and from the
equations of the magnetic equivalence between the
polymer problem and a critical magnetic problem,
the form of the equation of state. The derivation is
given in appendix A.

FHTE = [t ©)

We immediately find a special concentration C¥,

Ct* ~ Hv',d—l

which is the concentration above which the chains
overlap. If C is less than C*, the chains do not overlap
and the solution is called a dilute solution. If C is more
than C*, the chains overlap and the solution is called
semi-dilute solution.

For dilute solutions

1
F~N

and
C* ~ Nl —ved

~ N~12 for d=3.

For dilute solutions, it is shown in appendix B that
u~ N1 and f(x) ~ x. Then

"~ )

for concentrations C > Cg, it is also shown in appen-
dix B that

U~ CHovd=1
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then

r i~ Ceditv=1)

4 ved —
7‘ ~ Cv'd/( d—1) (8)

~C* for d=3. )
3.2 CriticAL DOMAIN. — This domain is defined
by 7/u® > 1 (regions I and II in Fig. 3). In this domain,

relation (1) may be written

s (1) o
e ure\t

which is to be compared with the critical scaling law
for the potential

AG(M, , ) = u2~ g(ﬁ—f) (10)

it is easy to deduce x and y from these two relations,
then AG may be written in the form

AG(M, p, )= ’u2 —a p@=a)/ee g<ﬂﬂ T(ﬂ—ﬂ:)/m) (1)
H

and by applying the same treatment as in the tricritical
case we deduce the form of the equation of state in the
critical region.

had Il'— vd T("—Vl)d/q’t

T C 1-vd
T =f|: (v:u-V)d/w::l
T

G PO = f(Cu 5 B for d = 3) . (2)

(12

Again a special concentration C* appears imme-
diately.

C* ~ (Ve “vd~1

which is the concentration above which the chains
overlap. The difference between C* and C* lies in the
fact that for C*, the chains are brownian chains,
whereas in the case of C* the chains are swelled.

For concentrations below C* the chains do not
overlap the polymer solution is said to be dilute.

For concentrations above C* the chains overlap
the solution is then called semi-dilute solution.

For dilute solutions, u ~ N~!, and

C* ~ T(Vl_")d/q’l Nl_Vd

= ¢35 N4 for d=23.

(i) For low concentrations, u ~ N ™! and f(x) ~ x.
Then

l
zla

13)

Nia
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a result which is not surprising since it just recalls the
analogy of dilute solutions with perfect gases.

(i) For high concentrations,

u~ C Vvd—1) 2(v'=v/(1 = vd)d/o

and f(x) becomes a constant, then

T o Cv6da=1) (== 1 +vd)d/e

(14)
(149

(= C%* ¥ for d=3).

One can then make two remarks concerning the
osmotic compressibility, the elastic modulus, and the
number of chain contact points.

(i) In a neutron scattering experiment, the zero
momentum transfer intensity is related to the osmotic
compressibility [12] :

ocC
S(g =0) = TC?E (15)
by eq. (14) one then obtains
S(qk = 0) ~ C@vld=1) 1= v/(1 = vdd/e: (16)

(x C™V4773%  for d=3).
(ii) The number of chain segment contacts is [1]

proportional to /T

n o~ CO4 314

(17)

then if one is concerned with viscoelastic properties
at low frequencies the elastic modulus is then only
due to the entanglements. There are arguments [1]
for saying that E/T ~ n. Then one finds

E ;
T OO 34

(18)

4. Scaling of the correlation length. — The scaling
law for the correlation length may be written [8] near
the tricritical point

&, v) = T fpfe). (19)

In the critical domain II, we recover the critical
scaling law. For a given value of 7 :

;) =p"ve(157) (20)
whereas (19) gives, in this limit
Cws 1) = g = 0TI

and, in the tricritical region III

L= p .

Ne 7-8

(i) Atlow concentrations, u is proportional to N ~ 1.
This gives, for low concentrations

5 ~ NV v=vie:
C
(z N3/5 7115

g~ N“(= N

@n
for d = 3) in region 1

for d = 3)inregionI'.

(i) At high concentrations, pu is proportional
to C!/~1 v—wivd=dien in the critical domain and

to C14~1 in the tricritical domain. This gives

&, ~ CYIvat D) fomwiedd=vd) g region 11 (22)

=C 314 for d=3. (22)
& ~ CY/vdp region 111 (23)
~C! for d=3. (23)

At low concentrations, the unique length scale which
is introduced in the problem is the mean square end to
end distance. Then, from (21) we deduce

2N o N2V 20— W/ee (~ N6I5 22/5
(R*)>~N"1 (= N®5 725 (24)

which is a law already found by Flory [4] and
Edwards [5].
From this result we can deduce two other laws.

(i) The concentration at which the chains begin to
overlap is

N

C* ~ F = N1—vd 40— v)iee (25)
in agreement with what we found above
C* ~ N™45 7735 (ford =3). (25)

(i) The second virial coefficient.

At low concentrations, the osmotic pressure can be
developed in powers of the monomer concentration.
This development reads

== 424,C? (26)

Zla

T

T

when A4, is the second virial coefficient. This coefficient

varies as R¢, we then find that
A2 ~ N4 pdv=v)/e

(= N5 ¢3/5

27

for d=3). 7)
For semi-dilute solutions, there are two length
scales corresponding to the longitudinal and transverse
correlation lengths. The method gives us only one of
these two lengths. Comparison with previous results [1]
tells us that we obtain the longitudinal length. A
simple model, already described [1], allows us to
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TABLE 1

Mean square end to end distance, screening length and osmotic pressure in the different regions of the phase diagram.
Results for three dimensions are between brackets

Region (R?>
NZV tZ(V_Vt)/tPt
|
(NG/S ‘62/5)
I ' N
NC(V'W)/(I—W‘)I/(P‘ T(v—v:)/(l —vd)vd(1—-2¢,) + 2 1)/ 0F
II
(NC -1/4 T1/4)
111 N

calculate the transverse correlation length. The results
are

( R2S ~ NCO=IL=vdou v=v0/(1=vd) (1~ 200 +201/0t

(28)
(~ NC™ 14 4 for  d= 3) in region 11
(28")
and
{(R*Y~ N inregionIIl. 29)

Logarithmic corrections to relation (29) have already
been calculated [6].

Finally, the properties of the different regions are
summarized in table I, which shows the main results
for osmotic pressure, screening length and mean
square end to end distance.

5. Some remarks for low temperatures. — Let us
make some remarks concerning the region where 7 is
negative and TN'/? > 1. We know that in this region
there is a phase separation. Some predictions can be
made.

a) In the dilute region the polymer chain is collapsed
which imposes that R? varies as N2/3

R?* ~ N3 (30)

by using relation (19), valid near the tricritical point.
One can expand this relation in the form
& ~ NNy (31
and from relation (30) one finds x = — 3.
In the dilute region and for temperatures far below 0,
we find that the chains are totally collapsed. They can
be put in a sphere of radius

1/3
R~ (2)".
T

One can remark that the volume inside the sphere is
completely filled by the chain. This relation is valid in
domain IV (see Fig. 3).
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(32

n/T &
¢
N
C
N Const.

Cvd/(vd— 1) ,rv- ve/vd— 1 d/p C2v/(1 —vd) ,CZ(V‘ vi)/o(1 —vad)

(C9/4 1,3/4) (C -3/2 T 1/2)
c? Cc 2

b) We can then evaluate the asymptotic behaviour
of the coexistence curve : the volume fraction occupied
by one chain is f = C/t. When there are several
chains, as we are in the dilute regime, the chains do not
interpenetrate, and the volume fraction occupied by
the collapsed chains is f = ¢/t.

The demixtion occurs when f is some constant,
independent of N and 7, so that we find

(33)

We find that the coexistence curve for high concentra-
tions is a linear function. We can assume that this line
coincides with the line separating the tricritical domain
from the first order domain. We will justify this
assumption a posteriori. The two phases coexisting
are

C*NT.

i) collapsed chains,

ii) ideal chains, i.e. chains with a radius of giration
proportional to N'2 and independent of .

If we accept this assumption, we can evaluate the
coordinates of the critical point, that is the top of the
curve (C on Fig. 3).

Point C is the only point where we have both
relations (29) and (32) valid :

R = (ﬂ)m = N2
- .

which gives

7, ~ N71/2 (34
from which we easily deduce
C,~ N2, (35)

Relation (34) has been verified a long time ago [13].
The asymptotic behaviour of different curves can also
be seen on figure 3 of reference [13]. These results
justify a posteriori the assumption about the two
coexisting phases.

Now from the fact that the coexistence curve has
two asymptotes, one can guess that the curve is simply
an hyperbola.

Knowing the position of the critical point, and the

65
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two asymptotes, we easily find the equation of the

curve
1
T= - oz(C + W) (36)
where a is some positive constant.
Eq. (36) can be written in the form
TN1/? 1
— = CN'? + NG 37

that is a scaling equation, or a law of corresponding
states for chains of different lengths. It can be written
more generally

N2 = f(CN'?) (38)
where f is an unknown function.

Because we know that near the critical point the
system is equivalent to an Ising system, so that Ising
exponents must appear [14], we think that the curve
is not an hyperbola near the critical point, but we
guess that equation (38) still holds (we hope to come
back on these points soon).

6. Conclusion. — a) Earlier temperature concen-
tration diagrams for polymer solutions were charac-
terized by two sets of lines, depending upon molecular
weight :

— below the theta temperature, the coexistence
lines, defining a sharp transition ;

— above the theta temperature, the interpenetra-
tion lines, indicating a smooth change of behaviour.
The connections between these two sets of lines were
however never studied.

Use of the tricritical concept has allowed a precise
definition of the vicinity of the theta temperature, as a
function of molecular weight and monomer concen-
tration. A new set of lines is therefore established,
which indicates a smooth change of behaviour caused
by the shift from repulsive to attractive interaction.

b) The observables R, ¢ and = discussed in refe-
rence 1, in the high temperature limit, scale in mole-
cular weight and monomer concentration with critical
exponents. In the vicinity of the theta point, the
scaling exponents are both critical and tricritical for
the semi-dilute range.

The scaling laws in temperature, already calculated
in the dilute range [4], are extended to the semi-dilute
concentration. They include both critical and tri-
critical exponents.

¢) The calculations suggest an implicit law of
corresponding states for the coexistence curve.

d) The line 7 = 0 is a line of symmetry for the

Gaussian behaviour of the chain in the temperature

concentration diagram.

e) Experimental evidence for the proposed laws
can be obtained from the neutron scattering technique,
respectively with and without labeled samples.

Ne 7-8
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APPENDIX A

Equation of state. — In domains I and III, we
showed that the potential can scale as

AG(M, p) = p?~* g(M[u") . (A.1)

- Des Cloizeaux [7] has shown that there is an equiva-

lence between the magnetic problem described by
eq. (A.1) and the problem of a concentrated polymer
solution. There is a dictionary between the two
problems, which can be read :

0
C = ——AS—a(AG) (A.2)
C —lMH—lM—a—(AG) A.3
P T 27 oM (A.3)
C
Cp:N (A.4)
T 0
T= —AG+MH——AG+M:,M—4(AG) (A.5)

where C, is the polymer concentration, C the monomer
concentration, N the number of segments of a chain,
7 the osmotic pressure of the polymer solution.

By combining eqs. (A.1) to (A.4), one easily
obtains

—a 0
C=ul {a—mww—mxﬁ}(Am
—_ l 2-a _a_g
=5 Nu x= (A.7)
where
. M
;E .
Combining egs. (A.1) and (A.5) gives
E _ g2 a| ,a_g
or
ZH"? = h(x) (A.8)
T . .

Eliminating x between eqs. (A.6) and (A.8), one
obtains the general form of the equation of state

FHTT = KO (A.9)

which is the result used in the text.
A similar derivation can bé used in the critical



Ne 7-8

domain (I and II). Eq. (A.1) has then to be replaced
by the scaling form in the critical region (eq. (11))

AG(M, U, T) — HZ—a T@—ad/e gI:A_i T(ﬂ—ﬁ;)/«m] (A. 10)
M

which leads to a result similar to eq. (A.9)

Cﬂa—l

T a2 _(v—vodio _ _
T” T o — K°|:‘c‘”'_”’d/""] (A.11)

which is eq. (12) used in the text.

APPENDIX B

Values of u. — One can draw a line of constant N
(isometric line) in an (M, u) diagram in the magnetic
problem. It has been shown (see appendix [1]) that
such a line has the form indicated by figure 4. It starts
from the 7 axis at a point A situated at a distance of
order N~! from the critical point and then tends
towards the critical curve.

a) For dilute solutions, the representative point is
in the vicinity of point A. This can be seen from
egs. (A.6) and (A.7). From these two equations, one
finds

Nip|=AX);X >0 (B.1)

and | u | is of order N 1.
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MA

1 F—

M

F1G. 4. — The isometric line (N = constant) (dotted line) starts
from a point at a distance N~! from the critical point and then goes
to the spontaneous magnetization curve.

For high concentrations, the representative point
is near the spontaneous magnetization curve. Then x
goes to a given value x, and eq. (A.6) shows that

C = p' "™ h(xo) = Ku' ™™ (B.2)
that is
U~ Cl/l—m — Cl/"td_l . (B3)

Of course, in the critical domain, a similar derivation
gives similar results :
u ~ N~ in the dilute regime

U~ Clva=1 gv=wivd=1d/ee ip the semi-dilute regime .
(B.4)
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