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ON THE PRODUCTION AND PROPERTIES OF INHOMOGENEOUS THIN FILMS

By ROLAND JACOBSSON,
Institute of Optical Research, Stockholm 70, Sweden.

Résumé. 2014 La fabrication des couches minces inhomogènes par évaporation thermique en
employant le contrôle automatique est discutée et les types différents des profils d’indice résul-
tants sont considérés. Les propriétés optiques sont calculées par l’intégration numérique de l’équa-
tion d’onde.

Abstract. 2014 The production of inhomogeneous thin films by evaporation using feedback
control is discussed and the different types of resulting refractive index profiles considered. The

optical properties are calculated by numerical integration of the wave-equation.
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1. Introduction. - Wave - propagation in

plane - parallel, inhomogeneous layers has been
studied by many authors and in many different
connections. Some of the first investigations
were made in the middle of the nineteenth century
in order to explain the reflection of light from
polished glass surfaces in terms of the so called
transition layer. Later investigations were con-
cerned with atmospheric reflection of light and
radio-waves and many other problems and today
the literature on the subject is very extensive.
Already in 1880 lord Rayleigh [1] observed the

remarkable reflection-reducing properties of an

inhomogeneous film with the index varying conti-
nuously from that of glass to that of air. Since
such a film cannot be realized with known mate-
rials it is not of practical interest. However, by
combining an inhomogeneous film with a homo-
geneous film as suggested by Nadeau [2] and
Strong [3] efficient reflection-reducing coatings
may be produced.

Quite apart from the eventual practical appli-
cations in anti-reflection layers and interference
filters, it is of interest to know the optical pro-
perties of inhomogeneous films. In order to cal-
culate e. g. the reflectance of a film at normal inci-
dence and with refractive index n(z), where z is
the coordinate perpendicular to the film surface,
one has to solve the one-dimensional wave-equa-
tion for the electric field strength U

Simple, approximate solutions exist when the
film thickness is small compared to the wave-
lenth X or when the index changes slowly with z.
If this is not the case, explicit solutions in terms of
known functions may be found only for certain
functions n(z), and as a rule they are quite compli-
cated. An approach which may sometimes be

very useful is to replace eq. (1) by an approximate
equation which can be solved exactly [9] but also
this method often leads to complicated expres-
sions. The starting point of previous calculations
has been to select a particular n(z) which gives as
simple solutions as possible. Among the refrac-
tive index profiles studied are those which are
hyperbolic [1, 4, 5], linear [6], and exponential [7, 8]
functions of z. The expressions for n(z) in these
cases contain two parameters, their values beeing
determined by the refractive index values at the
boundaries.
We have adopted a somewhat different starting

point by first considering the experimental possi-
bilities of making the layers and then deriving an
expression for n(z) which is based on these consi-
derations.

2. Production of inhomogeneous layers. - Inho-
mogeneous layers may be produced by varying the
rates of evaporation from two sources which are
operated simultaneously and contain substances
with different indices. In order to be able to vary
the rates in a prescribed way, a feedback system
has to be used. We have built a system similar
in principle to that described by Thun and al. [10],
see ( fig.1). The reference voltage is taken from a
special program unit and by chosing it in a sui-
table way the rates may be varied as desired. As
rate sensors we use oscillating quartz crystals,
which means that we have to transform the fre-

quency change, which is proportional to the mass
(or thickness if the density is constant) deposited
on the crystal, to a voltage (or current). The deri-
vative of this voltage is proportional to the rate
of deposition on the crystal, and is compared with
the reference voltage in the usual way to give an
error signal to the amplifiers and source power
supply. The evaporation sources used are ordi-
nary alumina crucibles and carbon boats. If the
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FIG. 1. - The block diagram of the control system.
A, Recorder. - B, Recorder. - C, Frequency to vol-
tage transformation. - D, Derivation. - E, Program
unit. - F, Magnetic amplifiers. - G, Ampl. and stabi-
lizing networks.

reference voltage is constant the deposition rate
is kept constant by the control system. From the
rate and thickness curves recorded by Varian
model 10 G recorders it seems as if rates of
10 - 20 A/s are kept constant within about 1 %.
If the reference voltage is varied linearly with

FIG. 2. - Curves showing the frequency and rate of
change of the frequency with a linear variation of the
reference signal.

time, the thickness should be a parabolic function
of time. Experimental curves for this case are
shown in figure 2. The curves are direct copies
from the recorder-paper but with another time-
scale. The curve for the rate follows a straight
line but the curve for the thickness differs a little
from a parabola at low rates. (The crosses lie on
a parabola through the end-points of the curve.)
The deviations are probably due to the bad defi-
nition of the lower end-points of the curves. By
using this method of recording it is not possible
to study the linearity of the variation of the rate
because small deviations from the average slope a
straight line are very difficult to see. In order to
make a reliable check of the accuracy of the
control system it would be desirable to use a prin-
ting counter. A full account of the control system
and its applications will be given elsewhere [11].

3. A class of refractive index profiles. - It was
shown in a previous paper [12] that if the evapo-
ration rates are varied linearly with time from
vl(O) to vl(T) A/s for source no. 1 and from v2(o)

FIG. 3. - Refractive index profiles obtained by varying
the evaporation rates linearly with time. Upper curves :
both rates varied. Lower curves : one rate varied, the
other constant.
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to v2(T) Å/s for source no. 2 the following formula
is valid under certain conditions :

where d is the total film-thickness deposited du-
ring time T and 

The refractive indices of the pure substances
are n, and n2. By using different values of the
parameters, different refractive index profiles are
obtained, see (fig. 3). Taking Vl(o) = v2(T ) = 0,

a = a’ gives the curves in the upper part of the
figure and vl(O) = v1(T), v2(T) = 0, a = a’ --1
those in the lower part.

4. Calculation of the optical properties. - The
calculation of the optical properties of an inhomo-
geneous layer in general implies a great deal of
numerical work, and without the capacity of the
electronic digital computer it would be possible to
perform but very incomplete investigations. Be-
cause of the numerical difficulties it is essential to
represent the solutions of eq. (1) in a practical way.
This may be done by the matrix theory of
Abeles [13] which caracterises an inhomogeneous
layer by a matrix the elements of which are solu-
tions of the wave-equation (1) with certain boun-
dary conditions. As is well known, the matrix
elements of a homogeneous layer are sine or

cosine functions of the variable 27rnd/X. We have
calculated the matrix elements for various inhomo-
geneous layers. Figure 4 shows the results for the

FIG. 4. - Matrix elements of a film with, n(o) = 2.3, n(d) = 4.1, and a’ = 2.

film with « -= 2 in the upper part of figure 3. The
matrix is supposed to be

with aik real. The curves differ from those of a

homogeneous film in that the extreme-value and
zeros occur at other values of the optical thickness
and that the heights of the extreme-values are not
constant. Figure 5 shows the complex reflection
coefficient of the same film, surrounded by media
with index 1 and 1.5. The broken curve is for a

homogeneous film with the same mean-index.

5. Reflection-reducing coatings using inhomo-
geneous layers. - As a simple application of inho-
mogeneous films we have studied a double layer
consisting of one homogeneous X/4 - film with
index 1.52 and one inhomogeneous x/2 - film
with index varying from 2.31 to 1.52 which is the
index of the substrate [2, 3], see (fig. 6).

This has also been done by Blaisse [14], who used
a hyperbolic profile for the inhomogeneous film.
We have calculated the reflectance for a few dif-
ferent profiles. Obviously, the profile influences
the reflectance quite strongly. This is to be
expected, partly because the mean-index of the
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inhomogeneous film depends on the profile. The
broken curve shows a double layer with two homo-
geneous films of indices 1.52 and 2.05 ; this curve
has a maximum equal to the reflectance of the

FIG. 5. - Complex reflection coefficient of inhomogeneous
film with n(o) = 2.3, n(d) = 4.1, and a’ = 2 on glass
with index 1.5. Broken curve : homogeneous film with
index equal to the mean index of the inhomogeneous
film.

bare substrate which is not the case when the high
index film is inhomogeneous.

FIG. 6. - Refractive index and reflectance of double-layer 
coating with one film inhomogeneous. nd is the total
optical thickness of the double layer.
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Discussion 

M. HAHN. - 1) How do you control the thick-
ness of films ?

2) Which material were used for visible light ?
R6ponse : 1) There is no direct control of the

thickness of the inhomogeneous film during depo-
sition. The thickness may be obtained from the
specific functions v1(t) and v2(t) according to
which the rates are varied. A check on the final
thickness may be obtained by using a third crystal
upon which the inhomogeneous layer is deposited.

1 2) We have used zinc sulfide and cryolithe but
there are other materials which may give film
with better mechanical properties, e.g.. cerium
oxide and cerium fluoride.

M. WEINBERGER. - What is the theoretical
basis for the formulae offered for the optical
constants of a non homogeneous films ? In his
reply the speaker offered the formula

However his definition of A and B which are
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constants for the materials at a particuliar wave-
length were not clear to me. An elaboration and
justification of the above formula would be appre-
ciated.

Reponse : The formula for the refractive index
profile was deduced under the following assump-
tions :

1) The rates Vl(t) and V2(T) Å/s from the two
sources are varied linearly with time.

2) The volume of a mixture of the two sub-
stances deposited is equal to the sum of the
volumes of the two components deposited sepa-
rately.

3) The refractive index as a function of compo-

sition of the mixture is described by the formula
nE-1 = ANt + BN2 (1)

where A and B are constants, that is dispersion is
neglected, N1 and N2 are the number of atoms per
unit volume of the mixture. If n1, PI’ and n2, P2
are the indices and densities of the pure substances
and C2 is the concentration of substance no 2 in
parts by weight n12 1 

The full discussion of these questions may be
found in the following references.
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INFLUENCE DES IRRÉGULARITÉS DE SURFACE
SUR LES PROPRIÉTÉS OPTIQUES DES COUCHES MINCES

Par P. BOUSQUET,
Faculté des Sciences de Marseille.

Résumé. 2014 On résoud d’abord, dans toute sa généralité, le problème de la diffraction des ondes
électromagnétiques par un réseau à profil sinusoïdal. Les équations obtenues permettent, dans
certains cas, de calculer facilement les facteurs de réflexion et de transmission d’un dioptre irrégu-
lier. Il en résulte une interprétation simple de certaines propriétés optiques des couches minces.

Abstract. 2014 One considers the diffraction of electromagnetic waves by a grating of sinusoï-
dal shape and one gives the most general solution of this problem.
Them, on compute in certain cases, using the previous solution, the reflection and transmission

factors of an irregular diopter.
As a consequence, one gives a simple interpretation of certain optical properties of thin layers.
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1. Introduction. - La surface de separation
entre les couches minces d6pos6es par evaporation
thermique et 1’air n’est j amais parfaitement plane.
Quelle que soit leur nature, di6lectrique ou m6tal-
lique, ces couches ne sont en effet qu’exception-
nellement monocristallines ; le plus souvent, elles
sont form6es d’un agglom6rat de microcristaux et
il est inevitable que cette structure granulaire
entraine des deformations superficielles dont la
dimension moyenne est de l’ordre de grandeur de
celle des grains constituant la couche.

Ces considerations nous conduisent donc à
chercher d’abord la solution d’un probl6me dont
l’int6r6t est tres general, celui de la diffraction de
la lumi6re par une surface irr6guli6re. Nous allons
esquisser les grandes lignes de cette etude ; les

r6sultats auxquels nous serons conduits nous per-
mettront ensuite d’interpréter facilement certaines
propri6t6s optiques apparemment anormales pré-B
sent6es par les couches minces diélectriques.

I I. Diffraction des ondes électromagnétiques par
un r6seau a profil sinusoidal. - Une surface quel-
conque pouvant toujours, grace a la transfor-
mation de Fourier, etre consideree comme form6e
de la superposition d’une infinite de surfaces de
forme sinusoidale, il parait avantageux de r6soudre
d’abord le problème de la diffraction par un reseau
a profil sinusoidal. Trait6 par Stroke [1] dans le
seul cas ideal ou le reseau serait trace sur un metal
parfaitement conducteur, puis par nous-m6me dans
le cas d’un reseau transparent en incidence nor-


