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Etude de la propagation des ondes acoustiques
dans une jonction de fentes minces

Résumé : Dans cet article, nous utilisons la théorie des développements asymp-
totiques raccordés pour analyser la propagation d’ondes acoustiques a travers
une jonction de fentes minces. ceci nous permet de proposer des conditions de
Kirchhoff améliorées pour le probléme limite 1D. Ces conditions sont analysées
et validées numériquement.

Mots-clés : Méthodes asymptotiques, équation des ondes, temporel, fentes
minces, conditions de Kirchhoff
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Introduction

One can consider time harmonic wave propagation and time domain propaga-
tion in thin domains that are junctions of thin slots whose thickness ¢ is small
with respect to the wave length A and converge, when ¢ tends to 0, to a 1-
dimensional graph. A contrario, one can imagine that we start from a 1D graph
of straight lines that we thicken symmetrically so that we obtain a e-thickness
2D graph (an example is given by the figure 1).

1D graph 2D graph with thickness

Figure 1: Configuration of the 1D graph (left) and the e-thickness 2D graph
(right)

On this 2D graph (that will be call Q¢ in the following), one wants to solve the
following problem: find u® € CO(R*+7 HY(Q9)) N Cl(Ri, L2(Q¢)) satisfying

82u8 e * £
W(Lx)—Au (t,x) = 0 for(t,x) e R} xQ
a €
a%(t,x) = 0 for (t,x) € R} x 9Q° "
u (0,x) = f° forxeQF
aua € €
E(O,x) = ¢ forxeQ

with (f,¢°) € H'(Q°) x L?(Q°) suth that we assume, for ¢ small enough, that
these functions vanish on the different junctions, and do not depend on the
crosswise variable on the slots.

The limit model is known for very long time but its justification seems to be very
recent, with the works of Jacob Rubinstein, Michelle Schatzman [7, 8] and Peter
Kuchment [6]. In this limit model, the solution only depends of the topology
of the graph and satisfy an one-dimensional time domain acoustic equation.
Moreover, this solution is continuous at each node of the graph, and satisfy the
Kirchhoff laws. To be more precise, the sum of the outgoing normal derivatives
(with appropriate constants) is equal to zero.

For studying the behaviour of u¢ for small £, we will use the method of matched
asymptotics expansions. This is a well-known method that has been developed

RR n° 7265



4 Patrick Joly €& Adrien Semin

at the beginning of the 70’s, initially to analyse boundary layer phenomena.
This approach has been developed quasi-independently (one does not find a
lot of cross citations in the publications) by two mathematical schools, from
two rather different points of view (see also [2, 10] for more references). In this
article, the use of the matched asymptotics expansions is based on a recent work
of Patrick Joly and Sébastien Tordeux [5]. As it is classical with this type of
problem, the work can be naturally divided into three steps. The first one is
related to obtaining the formal asymptotic expansion and constitutes the most
algebraic and calculator part. The next two cover two different aspects of the
mathematical justification and make use of various techniques for the analysis
of PDE’s.

e Step 1: Derive formal expansion. One starts from an ansatz, i.e. a form
of a priori behaviour for the asymptotic expansion that is injected in the
equations of the initial (¢ dependant) problem, to deduce a series of (e
independent) elementary problem that are supposed to characterize the
terms of the asymptotic expansion.

e Step 2: Show that the various terms of the asymptotic expansions are
well defined, i.e. that the above elementary problems are well posed. This
is not necessary straightforward since these problems are quite often not
standard.

e Step 3: Justify the asymptotic expansion, namely establish error esti-
mates between the true solution and truncated asymptotic expansions.

A very particular case has been treated in [3]: in this article, we consider the
case of two slots of same width being connected by one junction. The outline
of this paper is the following;:

e in section 1, we explain the model problem we consider, and we claim the
main results of this article,

e in section 2, we use the technic of matched asymptotics to give the devel-
opment of the exact solution of the whole domain. One can remark that,
for giving our approximated model, we only need the first terms of our
development, but one can also see that the approximated model we need
is the first order of a generalized family of approximated problems,

e in section 3, we justify the expansions of section 2, and we prove that we
can build some approximate function which differs from the exact solution
with an error as small as we want,

e finally in section 4, we explain how we build one 1D problem (in space)
whose solution differs from the exact solution with an arror as small as we
want.

INRIA
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1 Model problem and main results

1.1 The model problem

In this section we introduce the geometry and the equations of our problem. We
consider a domain made of the junction of N straight slots (see figure 2). More
precisely, we consider the union of N thin rectangles and a junction zone. The
i*h rectangle has length L; and thickness c;e, where ¢ is the small parameter in
the analysis. A geometrical characteristic of this domain is the relative width
of the rectangles, given by the numbers ¢;. For the analysis, we consider in fact
a family of such thin domains denoted €2° with varying . We make the choice
(this has an influence on the asymptotic analysis) that each rectangle of Q¢
expands symmetrically from a fixed segment S; whose one of the two vertices
does not depend on i (see again figure 2).

Figure 2: Configuration of the domain for the general case

Analytically, we have
QP =QUQU...UQZUJ® (2)

with J¢ = ¢J where J does not depend on ¢, and

{95={xeR2 [ O<xtichy —F<xm<F) o

t; and n; are given by figure 2

The problem we consider is: find ¢ € C°(R*,H'(Q°) N C'(R%,L*(Q°)) such
that (we recall here the wave system (1) we want to solve)

0?uf
€ _ * e
W(t,x)—Au (t,x) = 0 for (t,x) eR} xQ
€
%iﬁ(t,x) — 0 for (,x) € R} x 90
u(0,x) = f° forxeQf
€
%(O,X) = ¢° forxeF

RR n° 7265



6 Patrick Joly €& Adrien Semin

For this system, we can define the associate energy

2

1 (>
et) = 5 [ Ve (e0P + | 00 ax ()
and we have (thanks to the Neumann boundary condition)
1
£ (tu) = £ 0°) = - [ V£GP + lo"(o)x 0

In this energy, we add the e~! term to get the initial energy independant of &
when f€ and ¢° satisfy somme good properties (namely hypothesis 1.2 detailed
below).

Remark 1.1. In the following, we assume that L; = +oo. In fact, for ¢ small
enough, solution obtained on a finite domain with homogeneous boundary con-
ditions is the same as solution obtained on a semi-finite domain. But effects of
the junction does not depend on the choice of L;, neither on conditions eventu-
ally put at s; = L;.

1.2 The 1D limit problem

When ¢ tends to 0, the domain Q° "degenerates" into a "1D domain", namely
the union of the n segments S; (left part of the figure 2). Intuitively, one expects,
assuming f¢ and ¢° have good properties (with respect to ¢), that the solution
u® "converges" to a "1D function" (in space), namely a function of time and
the arclength s; along S;, solution of a "1D problem". It remains to give a
more precise mathematical meaning to such a statement. To describe the "limit
problem" inside the slots, we will use local normalized tangential and normal
coordinates (s;,7;), that express that QS is isomorphic to the rectangle

N e

Q; =0, +00 x]——z,—z[

i =10, oo 272
through the map
X (84,7;) = (x-t;,x-n;/e)  from  into Q;

The reader can note that domains € overlap (see for instance figure 3).
Before writing our 1D limit problem, we consider additional hypothesis on f¢
and ¢°, namely:

Hypothesis 1.2. There exists ¢y such that, for 0 < ¢ < gg, for v = f€ or
vt =g,

e supp v° N J =0,
e on each 95, v°(s,v;) = v(s) (called in the following v§),

e v° converges (in an appropriate space) to a function v° (which is a 1D
function thanks to the two previous points).

INRIA
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Figure 3: Configuration of the limit domain (red dotdashed) and the 2D rect-
anges 2; (black boxes)

Under the hypothesis, let us define the following problem: find (u);<;<n such
that

92u9 82%uY

S (ts) = S (ts) = 0 for (t,s) € RYx]0, +o0]
w0.5) = 7 for s €0, +o0] ©
ou?
;’;(0757:) = ¢¢ fors; €0, +o0]

and

oul
u?(t,O) =ud(t,0) for j#k and ch%j(t,o) =0 (7)
J

The system (6) can be seen as the formal limit of the system (1) when e tends
to 0. The coupling conditions (7), known also in the literature as the Kirchhoff
conditions, link the functions at the node of the graph.

Intuition says that, on any subdomain in the slots, error between the exact
solution and the approximated solution is in O(e). More precisely, one has the
following proposition:

Proposition 1.1. Given (8;)1<i<n, one can define:

o the sets §); 5 given as (see for instance figure 4):

Qf s = {x € Qf such that x-t; > 0}

o the 2D function ;L\Za defined as

ud(t,x) =ul(t,x-t;) fort€Ry andx € Q5

RR n° 7265
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/77
177777 ISY
1IIIIII I
1777777775

Figure 4: Configuration of the sets €27 5

Then there exist some 1D function (u})i1<i<n in space such that

2

N —
1 (|owe - ) P
E:E/E | ot *WVW - i)
i=1 i,8
2 (8)
N, e Ou} ~ 2
— E / e—t| + ’sVu} +0(e*)
i=1"0i ot

Proof. The proof of this proposition is a direct consequence of corollary 3.8
taking k = 1. O

Remark 1.3. We can find Cauchy data such that u} = 0 (for example, we choose
Cauchy data such that the solution is a single wave contained in the first slot
and going to infinity - this solution does not see the junction and does not have
any interest for us). But one can see that when the junction is "excited", one

has u} # 0 for any later time.

1.3 An improved 1D approximate model

To describe our improved problem, we need to introduce some additional nota-
tions for our problem.

1.3.1 Additional information about the geometry

Definition 1.4 (Definition of o;). We introduce o;, for 1 < ¢ < N, as the
smallest value for which (see figure 5 for an example)

{x € Q such that x-t; > eo;} N | J°U U Q5| =0
J#i

One can easily see that o; does not depend of €.

INRIA
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Figure 5: Configuration of an example of junction for three slots (in scaled
coordinates).

From the definition of o;, we add additional sets: we define Q5 .., as (see for
instance figure 6)
Qf e =1x€QF [/ x-t;>e04}

and we define our new junction J¢ as

N
jE:JEUU{XEQE / x-t;<eo;}

i=1

€
2,ext

€
3,ext

Figure 6: Configuration of the new sets €27 .., and Je

Note that we also have the decomposition

t U Qg,ext U---u Q}:\/,ext uJe

Qs = Q5

1,ex

RR n° 7265



10 Patrick Joly €& Adrien Semin

with domains that do not intersect each others. We keep jj = 5j, where J is a
fixed domain (i.e. not depending of €) of R?. On domain J, we also define

o I';, for 1 < i< N (see again figure 5) as

Fiz{xeﬁf / x-t; =0; and |x-n¢|<%},

e I cy as the remaining boundary (if exists).

Remark 1.5. One can easily imagine situations where boundary I'y does not
exist (for instance, a junction of three slots of same width with an angle of 27 /3
between two slots: the junction is an equilateral triangle whose edges can be
identified to some I';).

1.3.2 Solution of auxiliary problems and DtN maps

To allow writing of Improved Kirchhoff conditions, one uses the solution of N —1
auxiliary problems. Let us introduce, once ¥; has been identified to the segment
10, ¢;[, T; as the non-local DtN operator defined as

T, : H2()0,¢i[) — H 2(]0,¢;])
o0 9)
o =32 0w, ,(0)dD ) w;
© = Tip pz:; o (/0 <P( ) z,p( )d ) i,p

where w; , is an orthonormal family of L2(]0, ¢;[) given by

~ 1 R 2 U
wio®) = /=, wip(®) =/ cos (pc, ) (10)
(2 (2 7

Proposition 1.2. We have the following properties

e Tie £ (H3(0, i), H # ()0, c:]))

e for any p € H%(]O,CZ‘D, one has < Typ,p>_11 =20

11
272

Proof. The proof is detailed in the appendix A.1. O

Once we defined our DtN operators, we can define the following problem: find
W; € H'(J), for 1 <i < N — 1, such that

AW, = 0 inJ

C; (VWl -7+ ﬂWl) = 1 onl}
Cit1 (VWZ -7+ Ti+1Wi) = —1 only (11)
Ck (VWl 'ﬁ+TkWi) = 0 onIgk 7é {Z,Z+1}

VW, it 0 on ey

with the additional condition
W,=0 (12)

T
The additional condition (12) has been added to claim the following proposition

(whose proof is detailed in appendix A.2):

INRIA
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Proposition 1.3. There exists a unique W; in H'(J) satisfying (11) and (12).
We can then compute the matrix K € My_1(R) given by

1
/ Wi (13)
Fj+1

1
Cj Ty Cj+1
Another useful property is given by the following proposition (whose proof is
detailed in appendix A.3)

1,3

Proposition 1.4. K is a symmetric definite positive matriz.

1.3.3 Build the approximate problem

Thanks to sections 1.3.1 and 1.3.2, we can now give our improved Kirchhoff con-
ditions. First, we introduce, for a family of functions (v; € c! (R, H' (5:))
with S; is the segment defined in section 1, the following vectors:

VE(t) = (v(t,e05))1<ien € RY (14-1)

1<i<N?

dsVE(t) = (s,vi(t 0y))1<jcn € RY (14-ii)

They represent the value of the i-th function and its normal derivate at the
point on the boundary eI'; (the blue circled point on figure 7).

Figure 7: Points (blue circles) used for the definition of the vectors (14-i) and
(14-ii).

One can see that this definition will remain valid even if we consider instead a
family of functions (v§ € CY(R%, H' (g0, +OO)))1<2<N indexed by .
Let us now define the "jump matrix" J , the "average matrix" A and the
"weight matrix" C by the following formulas:
e Ais the N x N matrix given by (denoting |J| the area of J):
~ 1 ... 1
_

A—N2

RR n° 7265



12 Patrick Joly €& Adrien Semin

e 7 is the N x N matrix given by
J=PIK-'P (16)

with K is the previously defined matrix and P is defined by

1 -1 0 0
o 1 -1 0 0
P= . (17)
0 0 1 -1 0
0 0 1 -1

C1 0 0
0 C2
C =
CN—-1 0
0 0 CN

The Improved Kirchhoff model that we propose is the following: find (4)1<icn
such that

2~€ 2~¢€
88;%‘(15,57;)7%(15,5@) = 0 for (£ s;) € R x]eas, +oo]
;(0,s;) = fi fors; €led;,+oo] (18)
%(O,si) = ¢ fors; €leo;, +o00]
ot
and
~ 1 9%\ A .
CosU*(t) = (2T +eAgs | US(), for t € RS (19)

Remark 1.6. It is clear that, when € tends to 0, (18) gives (6). The not so clear
point is that, when ¢ tends to 0, (19) gives (7). However, at least formally, U (t)
tends to U°(t), and the formal limit of (19) multiplied by ¢ leads to the fact
that U(t) is in the kernel of 7, which is equal to

Vect{(1,...,1)"}

This gives the left part of (7). Then, going back to (19) and doing the scalar
product with (1,...,1)¢ leads to

ous 7| — 02u,
zj:cj‘ais;(t“?Uj):z?WZ at;(t,&aj)

J

The formal limit of this relation gives the right part of (7).

INRIA
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For the Improved Kirchhoff problem (18, 19), one may define the approximate

energy
2
> ds'
(20)

ove ove
(0 S0

N +o00 2
~ C; ov
& (ta U) = E 5 / (’ s (t7 S/)
i=1 i v

1 . . €
b Vi) v+ 5 (4

Proposition 1.5. We have the following energy conversation relation

N +o00
o ~c oe ~c Ci afe /
EE(tyu):S(O,u):ZE/ <’8£(5)
i=1 € ¢

This proposition will be proved in section 4.2.

One idea, of course, is to compare the difference between the solution of the
exact problem (1) and the solution of the 1D Improved problem (18, 19). We
compare this in four steps:

+ |g€<s’>|2> ds'  (21)

e we estimate the difference between the solution of the exact problem and
an expansion in powers of €,

e we estimate the difference between the solution of the 1D Improved prob-
lem and another expansion in powers of &,

e we remark in section 4.2 that the two expansions are the same one for at
least the two first terms,

e we use some classical triangular inequality to conclude.

Finally, one gets the following proposition (which is an improvement of propo-
sition 1.1):

Proposition 1.6. Given (0;)1<i<n, one can define:

e the set Q5 5 given as (see for instance figure 4):

5= {x € O such that x-t; > ;}

e the 2D function Ef/ defined as

uf(t,x) =5 (t,x-t;) fort € Ry andx € Qf;

Then if f£ € H*(S;) and g6 € H*(S;), for 1 <i < N (see back hypothesis 1.2),
there exist some 1D functions (u;)1<i<n 0 space such that:

2

N € _ /\E . 2
1/ M(tax) + ’V(uf —uf)(ux)‘ dx
=1 € Jas; ot
| (22)
N o ptoo . 2
= [Z/ ( 52%@731‘) + ’EQVUi(t,Si)f) ds; | + 0(56)
i=1 "%

RR n°® 7265
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Proof. For this proof, we denote by €&;s the following quantity:

c’sz(v):éi_/% (\f;(t,x)

Thanks to the hypothesis on the Cauchy data, we can bring the third order
approximation for both uj and uj. We denote then by uj, the approximation

2
+ |Vv(t,x)|2> dx

of u§ to second order, and 125/2 the approximation of Efj to second order. Then
one has that

€5 (uf —uf) — €5(ui o — uf )| < E5(u; —uio) + E5(uf xuf,)  (23)
Now, for the left member size, since v = u{ and u} = u} (this point will be
proved later in section 4.2), there exist a function u; such that

5 e _ 2.
ui72—ui’2—€ u;

One can easily see that u; is 1D in space and does not depend on €. To conclude,
we use both corollaries 3.8 and 4.1 for n = 2 to treat the right member of (23),
and we obtain the desired result. O

INRIA
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2 The formal expansions

As we said in the introduction, as the problem is multi-scale (in space), it is not
possible to write a uniform expansion for the solution everywhere in the domain
QF. The method of matched asymptotics will lead us, we have to consider N +1
distinct zones, respectively N slot zones and a junction zone, in which different
expansions will be obtained. However, contrarily to the naive intuition, this
domain decomposition does not correspond to the partition (2) of Q°: in the
method of matched asymptotics, the different domains must overlap, the idea
being that the different expansions must "coincide" in the overlapping zones.

2.1 An overlapping domain decomposition

In the following, we will denote by C the class of positive continuous functions of
¢ > 0 that tend to 0 when ¢ — 0, less rapidly than £|log(e)| (a typical example
is €7, with 3 strictly less than 1).

D PR : _ L_wle)
C—{@.R+—>R+ / glir(l)go(e)_Oand shi%dlog(s)__'—oo} (24)

O2€ 02€

o1 Y o1€

76) 76)
20(¢) 2¢(¢)

Figure 8: Slots zones € (g) (left figure) and junction zone J¢(¢) (right figure).
Given ¢ in C, we define, for 1 < ¢ < N, the i-th slot zone by (see figure 8):
Qie) ={x e / ¢le)<x-ti} (CO)
The junction zone is defined by (see again figure 8):
N
Je(e) = eJ U U {xeQf / 0<x-t;<2p(e)} (contains J%)
i=1

in such a way that we have Q° = Qj(e) UQ5(e) U--- U Q5 (¢) UJ*(¢) with N
overlapping regions (see figure 9)

Oie) = Qj(e)NJI*(e)
= {(x,y) €0/ pe) <x-t; <2p(e) and f% <x-n; < C;—E}
The mapping
x— (x-t;,x-n;/¢) (25)

RR n° 7265



16 Patrick Joly €& Adrien Semin

09&

g1€

Figure 9: Configuration of the overlapping domains O;(e) (grey zones)

maps the domain Q5 (¢) into the rectangle Qi(e) with

ﬁl(e) =lp(e), +oo[x } _%’ % [

Note that ﬁl(s) increases when € decreases and converges to Q; when ¢ tends
to 0. In the same way,
X —X=x/e (26)

maps the domain J¢(¢) onto J(¢), a domain which increases when ¢ decreases
and converges to the unbounded domain:

N
J=JUlJBi, Bi={x/%t;>0, % n<c/2}
=1
2.2 Local expansions and basic equations

We formulate our Ansatz for the asymptotics expansions which consists, in each
zone after scaling ((25) or (26)), in looking for power series expansions with
respect to e'. In other words, we look for functions

uf:ﬁi—ﬂC and U":J—C, keN,

such that, at least formally

u®(t, s;,e0;) = nguf(t,si,ﬁi) +0(e*), inRY x ﬁl(a) (27)
k=0

wi(t,eX) = Y FUR(LR) +o(e), in Ry x I(e) (28)
k=0

It remains to obtain the equations that will determine the functions u¥ and
U*. For the u¥’s, we substitute formally the expansions (27) in the 2D acoustic

IThis is a particular case. In [5], one can see that the authors look for power series
expansions with respect to € and log(e). These expansions can be even more general.

INRIA



Study of propagation of acoustic waves in junction of thin slots 17

equation written in R X ﬁi(s), using the scaled coordinates (s,7), and we
identify the terms with the same power of . Straightforward manipulations
lead to:

0?u? 0%u} OPulf  9PufF 9Pubt?
o = = e e e 0 P00 @)

with the Neumann boundary condition along the "lateral" sides

ouk C; ouk c
Al t7 (2] _i) - /\l (t7 79 i) = Oa t R? ) % 07 ) k 2 0 30
8VZ_( 55 ) = g5 (B0 €R%, s €]0,+00] (30)

From (29) and (30), we deduce that
Proposition 2.1. For 1 <i < N, for k € N, one has
Uf(t, Sis /V\l) = uf(t Si), k=0 (31'1)

0*uf 9%k

1 j—

ot? ds?

= 0, k20 (31-ii)

Proof. We prove (31-1) and (31-ii) for a given i by induction on k. For k =0, 1,
the first two equations of (29) combined with (30) show that u? and u} are
independent of 7. Then, integrating the third equation of (29) written for k£ = 0
(respectively k = 1) with respect to 7 and using the boundary conditions (30)
for k = 2 (respectively for k = 3), we see that u? (respectively u}) satisfies
(31-ii).

Assume that (31-1) and (31-ii) holds up to k = p. Then, the third equation of
(29) written for k = p— 1 combined with (30) show that u”"" is independent of
v. Next, integrating the third equation of (29) written for &k = p+1 with respect
to U and using the boundary conditions (30) leads to (31-ii) for k=p+1. O

Remark 2.1. Now we may explain at least formally why the second line of
hypothesis 1.2 is almost necessary. The proposition 2.1 tell us that each term of
the asymptotic expansion (27) does not depend on ;. Now assume that there
exists a family of function (f¥)gen defined on Q; such that

fE(Si,E/U\i) = Zékfik(si,ﬁi) + O(EOO)7 in Qz(E)
k=0

We can see that u¥(0,) = fF. Since u¥ does not depend on ¥ and is continuous
with respect to ¢, one can deduce that fF should neither depends on 7. In the
same way, we get the same result for gf.

Moreover, from Cauchy data in (1), we deduce

ub(0,) = fF, 1<i<N, k>0 (32-1)
8’111? k . .
5 (0) = g, 1<i<N, k>0 (32-ii)

To obtain the equations for the U*’s, we substitute formally the expansion (28)
in the 2D acoustic equation written in J(e), using the scaled coordinates X, and
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we identify the terms with the same power of €. This permits us to see that the
U*’s satisfy embedded Laplace’s equations

02Uk PN
AU =0, AU'=0, AUZ= o REN, imRIxJ (33)
with Neumann boundary conditions
ou* ~
% :0, on 8.], keN (34)

Remark 2.2. In the sequel, we shall adopt the convention that all quantities
super-indexed by k (such as U*, u¥, ...) are 0 for negative values of k. This
will be useful to simplify some formulas. For instance, with this convention the
last equation of (33) is also valid for k = 0, 1.

2.3 Matching conditions

Equations (31) to (34) are not sufficient to characterize the functions (uf, U¥)’s:
we miss boundary conditions at s = 0 for the u¥’s and additional conditions at
infinity for the U*’s. These conditions, namely the matching conditions, will
couple the u¥’s and the U*’s. To derive them, one writes that the two expansions
(27) and (28) must coincide in each overlapping zone O;(¢). Introducing the
canonical semi-strip B; defined by

B, = {§ € EZ / Xt > ai} (see the definition of o; given by 1.4)

and calling UF the restriction of U* on the i-th canonical semi-strip let us allow
to express the following matching conditions:

“+ o0 “+o00
ZakUi’“(t7 si/e,vife) +o0(e>) = Zekuf(t, si,v3/€) +0(e™) in RY x O4(e)
k=0 k=0
(35)
To express more precisely these matching conditions, it is useful to describe the
form of the functions U}’s in the semi-strips B;: this is the object of the next
section.

2.3.1 Modal expansion of solutions of embedded Laplace equations

Let consider, for a given i, UF : B; — R satisfying

277k k
AU? =0, AU!=0, AUFM?= ol , inB;, mf' =0 for || = ¢;/2
6t2 81/1

(36)
Later, in section 2.3.2, the results of the present section will be applied to the re-
striction of the U*’s on B;, where U*’s are the coefficients of the expansion (28).

In B;, we shall use the local coordinates (8;,7;) = (X - t;,X - n;) such that

XeB, <= (5,U)€|oi,+oo[x] —¢i/2,¢:/2
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The behaviour of the fields UF in the semi-strips B; is easily described by using
separation of variables in (5;,7;) coordinates, which introduce naturally the
orthonormal family w; , defined by

SO 1 IR 2 T, T
Wi 0(V;) = e Wi (V) = Q/; cos (pc + I;) (37)
(3 3 (3

Remark 2.3. One can easily see that
Wip (Vi) = wip(Vi + ¢i/2)
where w; ,, is the family defined by (10).

The "basis" w; , is adapted to the Neumann conditions at ¥; = £¢;/2, and there
exists 1D functions (in space) UF,(t,5;) such that

k(t,5,00) ZUk (t, ) Wi p(V5) (38)
peN

with (thanks to the fact that w; , is orthonormal):
ci/2
Uk (650 = [ UF 520, 50)
—ci/2

If we substitute formally the expression (38) into the equations (36), we obtain

aQUi]Tp ~ pm 2 k -~ 1
VE<1, VpeN, 8:9\3 (t, Si) - Z Ui,p(ta 51) =0 (39_1)

82Uk pr 2 2Uk 2

7, ~ ~ i, ~ ..
Vk > 2, Vp eN, %p(t,si) - (> Ui’fp(t,si) = Tf(t,si) (39-ii)

K3
The resolution of (39) is a tedious but quite simple exercise on ordinary differ-
ential equations (the idea is to solve this system with respect to s; on a given
time ¢ fixed). In what follow, we reproduce some results of [5], that we present
in a slightly different form, more adapted to the purpose of this report. After
having remarked that the change of unknowns

~ pT ~
Uiljp(tv S’i) = exp(:l:?si)‘/i]fp,i(tv Si)

(3

leads to the equations (with the convention of the remark 2.2)

PPVl o pr OVE, rPvET
Toipt (5 2N Tt () = et ) (40)

(3

One can see, for k = 0,1, that the equation (40) does not depend on time.
We can write V¥ as sum of products of functions depending on ¢ and functions
depending on s;. The idea is to work with separation of variables and to search
VE o, for k € N, under the form V" . (t,5;) = ¢F 4 (8:)9F, . (t), and one can
see that the family ¢ has to satisfy the following equation (for this part, we
don’t care about dependance in time for functions Vilfp,i):

gl pr 09
—p () £ 2 L) = O 101, A (5) (41)

Ci
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Remark 2.4. One can see later (in the proof of lemma 2.3) that is it judicious
to take Cik,p,i =1, for each quartet (i,p,k,+). In [3] we took Cik,p,i = —1, this
coefficient being dictated by the coefficient of the right member of embedded
Laplace equations.

We introduce, for each p € N, two sequences of polynomial solutions (in space)
of (41)

(nf,.00,), keN,
which are defined inductively on k, for each p € N and are identically 0 for odd
values of k.

e The value p = 0 plays a particular role, since equation (41) degenerates
(the equation with "+ = +" is the same as the equation with "+ = —").
For kK = 0,1 one has

n)0(5) =5, nip(5:) =0,  0u(5) =1, 04(5:) =0 (42)

82117]?0 _ 6[1?0 -

g —ah (0= 50 =0 (43-0)

0%k, B ook, )

a§27 — 02027 aﬁo(o) = Tg’_(o) =0 (43-ii)
1 K3

It is easy to see that, for even k, one recovers the monomials of the series
expansion of exp(s;):

. §2mtl . 32m
ni,gl(si) = ma Di”(?(si) = dm),» (44)

e For p > 1, one starts from

0 (= _ 1o~y _ 0 (=N _ 1 (o
nm,(si) =1, ni)p(si) =0, Di}p(si) =1, %p(Si) =0, forp>1 (45)

Then, (nf’p, Dﬁp) are defined as the polynomial solutions of

0 nﬁp 2pm anﬁp

7t g = e mp(0)=0 (46-1)
7 i i

%ok 9 OO

o fﬂ = N 0,0 =0 (46-ii)

Note the difference of sign between (46-1) and (46-ii) for the first derivative
term.

The following proposition gives some properties about the functions (niC o Dﬁ p):

Proposition 2.2. Let (nﬁp,bﬁp)keN’p% be a polynomial family of func-

tions satisfying (45) and (46), then
— this family is well-defined and is unique,
— (n§7,07™) have degree m,

_ .2m41l _ 2mA4l
Nip - aim =0,
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2m

— we have a relation between w3’ and n » gien by:

niy (8:) = 073 (=51)

— we have a relation between ni and n given by:
niy (3:) = p"‘ﬂ?’?(ps )

Proof. The proof of this proposition is very similar to the proof of the
proposition 2.3 of [4]. O

Remark 2.5. The fact that the functions n and 9 are identically 0 for odd values
of k is due to the fact that the equations satisfied by UZ;%H7 for m € N, are
identical to the equations satisfied by Uf,;" (this is a choice of notation that
permit us the writing of future lemmas, regardless whether & is odd or even).

Next, we construct two families of functions n and dk from B; into R, for
(k,p) € N?, by

nf’)p(ﬁ) = exp(pwfs}-/ci)nﬁp(@)@@p(ﬁi) (47-1)
df,p(ﬁ) = eXP(—Pﬂgi/Ci)af,p(@)@,p(ﬁi) (47-ii)

that constitute particular families of embedded Laplace’s equations:

vpeN, VkeN, Anf[?=nf, Adj}?=d]

i,p? i,p?

with homogeneous Neumann boundary conditions at 7; = 4c¢; /2.

The families (n¥ dk ») allow us to express the following lemma

Zp’

Lemma 2.3 (Fundamental lemma for the expansion of UF). Let (U Jken be a
family of functions satisfying (36), then there exists two sequences (nw, 5ﬁp)(k,p)eN2
of complex functions depending only on t such that:

,,7 6l k l
ZZ a;f n! (%) + 8tl L (t)dl (X)| inRL xB; (49)

peN =0

Proof. We will prove the relation (49) by induction on k.

e Initialization: for £ = 0,1 and for a given t € R, one can see that
AU(’)C (t,-) vanishes. Hence, there exists two sequences of complex numbers,
that we call nf(t) and 6F (), such that

UF(t%) =) [nf, (0], (%) +65,(0d),(®)]  mRL x B (50)

peN

For k = 0, the expressions (50) and (49) are the same ones. For k = 1,
since n} ip = d1 = 0 for all p € N, one can see also that the expressions
(50) and (49) remaln the same ones.

e Heredity: let us admit that the sequences (nf,p,(ﬁfp) have been con-

structed up to { = k — 1. Then let us introduce (remember that n%’p =
d;, =0):
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_ k 8lnk—l 8l6k—l
k%) = ZZ[ T (tym(R) + ot <t>dé,p<ﬁ>]
peN I=1
k alnl_cfl al(sk l
— P l < 1 /=~
= ZZ[ S (bl (%) + — - ()d) (%)

We have (successively, we use (48), apply the change of index [ — [ — 2, and use
(49) for k — 2):

B L 151
AUFR) = Y az}p (t)Anﬁ,p(ﬁ)ﬂLT( t)Ad], (A)]
peEN =2 L
E [ ol k-l L k-1
3771 R 85
- Ty T onw - S 0d )
peN =2 |
k—2 [ ai4+2, k—2—1 142 sk—2-1
a nz, 1 ~ 8 6i, 1 ~
= %; T_.g(t)ni,p(x)+T_|g(t)di,p(x)
o2Ur—?

The function UF(t,-) — ﬁf(t, -) being harmonic in B;, we know there exist two
sequences complex numbers that we choose to denote respectively by (nf » (t))pen
and (67, (t))pen, such that

UF(t,R) = UF(6,%) = > [nf,(0nf,(R) + 65, (1)d?,(R)]
peN

and the proof is complete. O

From the previous lemma, it is natural to introduce the (increasing) spaces
Vk —span{ n; . d ),peN,lgk}, ViZUVZ»k
keN

and let us introduce, for the functions U € V?, the two natural families of linear
forms N; , and D; ;, defined such that:

YU eV, U®R ZN@ (x) + Dy, (U)d? (%)

Remark 2.6. One can see these linear forms as "traces" of the function on 5; = 0
(although 3; = 0 does not belong to B;).

Another way to write lemma 2.3 is

Corollary 2.4. Let (UF)ren be a family of functions satisfying (36), then:
o UF(t,-) e V¥
e It can be written as

11 k—1 . %% k-l .
ZZ aMp gtl ( ))(t)ni,p(i)—F a’DZ,P(gzl (t7 ))(t)di7p

peN [=0
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2.3.2 Derivation of the matching conditions

To express the matching conditions, we simply write that the two expansions
(27) and (28) must coincide in the overlapping zones O;(g) (see back figure 9
page 16). In such zones, we have the following relations (we recall here (35) by
denoting UF the restriction of U* to B;)

400 —+o0
N UR(t sife,vife) 4 o(e®) = wtisn) = > ub(t si,vife) + o(e®)
k=0 k=0

for t € R, ¢(e) < s; < 2¢(e) and |v;| < ec¢;/2. We denote R the right equality
of this relation and L the left one.

Treatment of R This is the simplest one. One has to consider that each
function uf does not depend on the third variable v; and the fact that ¢ belongs
to C defined in (24), which implies that s; tends to 0 as e tends to 0. By using

a Taylor development on s; = 0 for each function u¥, one has

1 omuk m oo
(t, 8i,15) Z Z (m' oor (t O)) eFs™ 4 0(e™) (51)

keNmeN

Treatment of £L Here one has more work to do. First, we use the corollary 2.4
of the fundamental lemma to express each UF on the family (", A7) (pm)enz
defined in section 2.3.1, and we get

- N Tt - 5; Vi
itsr) = Y [8 Nz,p(al'ii () (i (2.4)

keN  peNm=0

amuﬁp(gfi‘m(t’ ) (H)dy, (s! V!ﬂ +ole)

that can be rewritten as (summing for m < k is like summing for & > m, for
convergent series)

s = X5 ST g (22

meN k>m peN

0" Dip(U™(t,-))
otm

Si Vi

(ar, (2.2) ] + o)

e

Since the function ¢ belongs to C, and since the functions d;’}, are exponentially
decreasing at s; = +oo, the Correspondmg terms in the prev1ous sum can be
"put into" the o(£*°) part. For the rest of the sum, we distinguish the terms for
p = 0, for which we use the formulas (44) and (47), from the terms corresponding
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to p > 1 (which are exponentially increasing at infinity):

6777, : Uk Zm(t’)) 1 S; 2m—+1
St si i) = \ﬁz > 08t2m Oamt1) (%)

meN k>2m
9?2 'Dlo Uk 2m( )) 1 $i\ 2m
\/jm%k;m ¢ o2 O Gm (%)

#3030 3 Al e () xp (), (%)

p=2lmeNk>m

Using the change of index k — k+2m+1 in the first line (respectively k — k+2m
in the second line) of the previous equation, one gets

2m k+1 .
“(t, siyvi) Z Z N 07 (t,) (t) ! '€k82m+1

2m %
G men k>—1 ot (2m +1)
l 82mD )) 1 k.m
Z Z t2m (t) (Qm)l € Si (52)
" meN keN

+ Z Z Z Sp,m,n (€, 8is i)

p=2lmeNk>m

with

OMN; ,(UF=™ (¢, - m [ Si s\ -~ (Vi
SpmnlE: 50, 04) = *;m()%mxgﬁw(w>WA€)

Conclusion Finally, the formal identification of the expressions (51) and (52)
in the overlapping zone O;(¢), as functions of s; and e, will lead us to our match-
ing conditions.

First, for p > 1, after multiplication of (51) and (52) by @; ;, (%) and integration
over v;, we get

m (i OMN; ,(UkE=™ (¢, -
3 () | 30 PN

meN k>m

The proposition 2.2 implies that the functions n}, are linearly independent and
one deduces from that N ,(U*=2™(¢,-)) = 0, Vm 0,vk > 2m, that is to say:

NipU*(t, ) =0, p>1, k>0, 1<i<N (53)

which express the absence of exponentially growing terms. We can see that (53)
leads to the following condition

U* grows as most polynomially at infinity in J (54)
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Next, it remains to identify power series expansions.The identification of the
terms in sks;”, distinguishing even and odd values of m, leads to

82mDi,0(U’“ (t, )) anuf
o2 t) = \/EW (t,0)

O Nio(U* (1) omtlup ™!
o W= Vg (10)

Using the fact that each u solves the 1D time wave equation, we have

82mu§
2m
0s;

82muf
(t,0) = Sim (t,0)

and we get the "Dirichlet" and "Neumann" matching conditions, namely:

Dio(U () = Vewi(t,0), VEEN, VteR: (55-1)

Aul—1
VE S —(t,0), VEeN, VteR:  (55-ii)

M,O(Uk(tv ))

2.4 Summary

Finally, one gets the coupled system of equations and matching conditions, that
are (we recall here the equations (31), (32), (33) and (34), and the matching
conditions (55)):

e the equations written on the slots zone:

uf(t’ Si’l’/\i) = Uf(t, Si)v k 2 0

2,k 2,k

Tu 0w g ko0

ot? ds?
uf(0,) = fF, 1<i<N, k>0
k
85:(0,) = gf, 1<i<N, k>0

e the equations written on the junction zone:

0?U* =
AU =0, AU'=0, AU*?= =05, keN, inRixJ
k o~
8U_, =0, ondJ, keN
on
e the matching conditions between the slots zones and the junction zone:
Dio(U*(t,)) = auk(t,0), Vk €N, VteR:
ouk=1
Nio(UF() = Vei——(t,0), VEEN, VteR}
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3 Justification and error estimates

In this paragraph, our goal is to prove that the functions (u?)keN,lgigN and
(UF)ren are uniquely defined, and that there exists an approximate function
built from these functions which differs from the solution of the exact problem
with some power of € that is increasing with the order of the approximation we
consider.

3.1 Existence and uniqueness of the formal expansion

In this section, our goal is to prove that the equations (31), (32), (33) and (34),
together with the matching conditions (55), define unique families (u¥)ren1<i<n
and (U*)gen. To reach our goal, we first formulate an equivalent problem where
the unknowns (U*),en are restricted to the junction J.

3.1.1 Restriction to a bounded domain of the problem for the U*

Our goal in this section is to characterize the restrictions of the functions U kg
to the junction J by giving exact Dirichlet to Neumann boundary conditions at
the interfaces T'; (see again figure 5).

Let us start with the corollary 2.4 of the fundamental lemma, applied to the
restriction of U* to the semi-slot B;, and then apply (53), then we get, separating
{=0from!>1:

UF(t,%) = Nio(U*(t,))nlo(%) + Y Dip(UH(E,)dy, (%)
peN
O'N; o(UF(t, - ~ o'D; (U 1(¢,- ~
+ Z )O(th ( ))né,o(x> + ZZ 7P(8tl ( ))dip(x)
=1 peN =1

Remember that, for our junction zone J. , the boundary I'; is parametrized by

I, = {XG(?J / x-t;=0; and |x-my|< 52},
then, in the previous sum, we make the index change | — 2l (remember also that
néjp and dé,p vanish for odd values of 1), and the use of analytically expressions

of ni and d!

» i.p» leads to
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~ g; 1
Uf(t,ou,0i) = M,o(Uk(t,'))\/c—i+Di,o(Uk(t7'))ﬁ
pro;\ .
+ ZDJ, exp( - )wp,l-(l/i)
p>1
. 1 k2 BN o (UF21(1, ) o2t
Ci = ot (20 +1)!
. 1 k/2 82I'Di’0(Uk72l(t7~)) Ji2l
C; 8t2l (21)'
1=1
k)2 B
02D, ,(UF2(t,-)) PO\ o -
PXY T o (722 ) o ) a2

(56)
From (56), since (@, ;)pen is an orthonormal family of L?(T;), one can see that

/ UE(t, 01,04 (0;)dD; = D, (U* (2, )e(~5)
Ir;

2 (57)
O, (UF2(t, ) (_eoes
> ’p(8t2l & (- )Ozz,lp("i)

=1

Moreover, on T';, the normal derivative of U* is the same as the derivative among
si. After some computations, one has

ouk k 1
D5, (tonti) = Nio(U (t"))ﬁ

-y ’gpi,pwk(t, el 5) 3, )

p=1

2PN (U2 (1)) o

+
— EH
M\ N

— ot2l (20)!

. k/2 52Z'Di,0(Uk_21(t,-)) 012171

Vi P ot2l (21 —1)!

k/2 P 821D (Uk 2l . ( prog )0 ( )
_ Lddl (o) Wy (Vs

=1 p>1 ot v

k/2 21 k—21 21

0*D; (U (t,) ( pro; )80 o

i =1 p>1 ot ‘ O *(03) 0 (72)

(58)
The most important point is that, using (57), the sum of the second and fifth
lines of (58) is equal to

U N e e
_Z%/F UF(t, 04, D;)Wy.i(;)dD;
p>1 Ui
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We can now, by using (55-ii) and by using the definition of non-local DtN oper-
ator T; given by (9), sum up the previous information by writing the following
relation: on I';, one has

ouk Quf~1
%(tv ) + TiUk(ta ) = 818 (ta 0)

k/2 k—21—1
9241 4,h o2l
+ 0y L (t,0)

91219, 0!
=1
59
Lo 02D, (UF2 (1, ) o )
N 2! 20— 1)!

k/2

+ ZSi,k:,l(Ui)
=1

with

2y, (TTk—21(4 . N\ 902
Si,k,l(gi) _ Z 0 Dz,p(U (tv )) exp (p’/T01> i,p (Ui)wp,i

o1 8t21 C; 881
=

For the right hand side of (59), one can see that we have two parts:
e one part linked to the knowledge of U*', for k’ < k,
e one more interesting part linked to the derivative of uf_l(t, s;) at s; = 0.

Finally, we obtain a problem "equivalent" to ((31), (32), (33), (34), (55)) by re-
placing (55-ii) to the DtN condition (59). The precise statement is the following
(denoting Cy (V) = CO(R%, H' (V) N CH(R%,L*(V)):

Theorem 3.1. Let ((u¥) € 01,2(]O,Lj[))1<j<n and (Uk € O1,2,loc(3)) be a so-
lution of ((31), (32), (33), (34)) with the matching conditions (55), then

(b, b, UY) € CLa10, i) -+ x Cra(10, Lv]) x Cua(d), k> 0}

is solution of ((31), (32)), ((33), (34)) 7, (55-1) and (59), where ((33), (34)) 5 holds
the restriction of ((33), (34)) respectively to J and 0J N 9J.

Reciprocally, if ((uf) € C12(]0,L; [))KKn and (Uk € 01727100(3)) are solution
of ((31),(32)), ((33),(34)) 7, (55-i) and (59), then by estending U* to each B;
via

. ouk=1 . .
UF(t,x) = Ve B, (t,0)nf () + Y D (URE, )Y, (%)

peN

k k
Ol 1yk—1-1 R (c)lfDZ_ Uk—l t,- R
pvay St omlym + 33 TP g )
1=1 !

peN =1

s Uno

is a solution of((31), (32), (33), (34)) with the matching conditions (55)

Then {(uf, .., ub, U*) € €120, La]) x -+ x C12(0, InD) % Crape(@), k> 0}
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Proof. The direct statement has been proved. For the reciprocal, let us consider
{(h, o b U%) € C1a0, La]) x -+ X Cua(0, Ln]) % Crzioe(T), k>0 so-

lution of ((31), (32)), ((33), (34)) 7, (55-i) and (59), and let us extend U* to each
B;. It is quite easy to prove that U* satisfies embedded Laplace equations on
B; (the proof of this point is the same as the proof of the fundamental lemma
2.3). By looking the modal expansion of the corollary and the modal expansion
written above, (55-1) is immediate. A priori, the most difficult point is to show
that Dirichlet and Neumann traces are continuous on I';; however these condi-
tions are satisfied thanks to (59) (this condition has been built to satisfy such
things). O

3.1.2 Auxiliary lemmas

Existence and uniqueness is done by induction on k. According to theorem 3.1,
it suffices to consider the problem ((31), (32)), ((33), (34)) 7, (55-i) and (59). To
clearly identify the recursion process, it is useful to reformulate this problem in
a more decoupled way (we mean between uf and U*, at each step k), which is
also useful from the computational point of view.

To achieve such a decoupling the idea is first to consider (59) as a boundary
condition for U¥, next to formulate a 1D transmission problem for u¥. In this
sense, we have to prove first the following two technical lemmas.

Lemma 3.2. Given ® € Lz(j) and (g; € H*%(ri))l@,@v’ there exists U €
Hl(J), which is unique up to an additive constant, such that

AU = &, in J, 8—[f:o, on 8T\ (Un)
oU

= + iU =g,  only

on

if and only if one satisfies the compatibility condition (in a weak sense)

zi:/ngi/j@ (61)

Moreover, W; being defined by (11) and (12), any solution of (60) satisfies

N
o ey SIS Ae oy |
- U - U= WZCI) + Wig- 62
Ci Jr, Ci+1 i1 J J; T ’ ( )

Proof. The existence-uniqueness proof is a classical exercise about Lax-Milgram
lemma and Poincaré-Virtinger’s inequality (the important point is that T; :

H%(I‘i) — Hf%(Fi) is a positive symmetric operator whose kernel contains the
space of constant functions - see appendix A.1). The compatibility condition
(61) is obtained by integrating the first equation of (60), using Green’s formula
and the symmetry of T; (see again appendix A.1).
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To obtain (62), we multiply the equation for U by W; and integrate over J.
Using Green’s formula twice, and the fact that W; is harmonic, we get

ow, U
Z 5 (%U—%WZ—/jwzé

Using the boundary conditions on I'; for the Neumann traces of U and W;
together with the symmetry of T;, we obtain (62). O

Lemma 3.3. Given (§;)i1<isn—1 € Hj,.(R%) and o € L} (R%) such that
6;(0) = 0 for any i, and given (fi)1<i<n—1 € H'(]0,400[) and (g;)1<icn-1 €
L?(10, +00|) , there exists a unique family (u;)i1<i<cn € C°(R%:,H'(]0,+o0[) N
C'(R%,L*(J0, +00[)) such that

2 2
aui 8UZ‘

FTERr =0, in R’ x]0, +-00]
8ui
’U,7;O7' = Jis 07' = Y
Af )= 5 (0) =9 (63)
8ui -
> eige (0= a)

Moreover, the norm of the solution is bounded by the norm of the Cauchy data,
the norms of the Kirchhoff data and \/t.

Proof. The idea is to say that solution of problem (63) can be decomposed into
three functions:

e the solution (uf) of the following problem:

0*u?  0%uf

a2 o 0, in R7 x]0, oof
ou?
0 -) = 71 2 D)= .
U; (07 ) fla 6t (Oa ) i,

N

ou?

K2

ud 1 (-,0) —uf(,0)=0, VI<i<N-1

This problem admits a unique solution (uf)1<;<n € C*(R%, H' (]0, +00[)N
C'(R%,L*(J0, +00[)) (and one has a priori estimates about the solution).

e the solution (u}) of the following problem:

0?ul  O%u}

=0, in R} x]0,400]

ot? ds?
1
u%(o, ) =0, 8{;? (0, ) =0,
uf(0) =D 8;(), VI<i<N
j<i

The solution of this system is simply written as (extending each 6;(7) to
0 when 7 < 0):
ul(t,ss) =Y 0t —s:)
Jj<i
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and it satisfies

Uig1 (5 0) =i (-, 0) = &i()
Hypothesis on each &; ensure that (u})i<i<n € CO(R%,H'(J0, +00[) N
C'(R%,L*(J0, +o00[)). However, we have

N

Oul N
D g (0 ==2_2 ()
i=1 v

i=1 j<i

e the solution (u?) of the following problem:

0*u?  0%u? .
2 o2 =0, in R x]0, 4+-o00]
Z ou?
2 i
.0,. :() 0’, :07
#0.) "0,
0
S0 a1+ 3 T a0
=1 j<¢
i+1(70)_u12('70):01 V]-glgN_l

Solution of this equation can be written as follow:

9 1 t—s; N
us(t,s;) = —ch /0 O‘(T)dT+ZZCi5j(t_5i)

i=1 j<i

Under the hypothesis about o and each &, one has (u?)1<;i<n € C°(R%, H'(]0, +00[)N

CL (R, L2(J0, +o0])).

Finally, one can check that u; = u? +u} +u? satisfies problem (63), and unique-
ness is obtained thanks to uniqueness of the problem with classical Kirchoff
conditions (if there exists two solutions of (63), the difference satisfies the wave
equation with classical Kirchhoff conditions and null initial conditions).

Now, we compute for a given time ¢ € R’ the differents norms of the solution
of problem (63). One can easily check that

||u1( )”L2 10,400[) < ||U0 t ’ ||L2(}0,+00D + ||utl(ta ')||L2(]0,+OOD + ||ut2(t’ ')||L2(]0,+oo[)

aul 6u11 u?
50y Ly 5y
L20+m[ L2(]0,4o00() L2(]0,+o0])

Ous “ ‘ du} ’8u2
L(t,) + 5.0t ~(6

H Ds; 120400 |l O L2(0,400)) Il 95i L2(04oc) Nl O5i
By using some classical estimates, we can say that the norm Hu?(t, ) HL2(]0 o))

is bounded by square root of order 1 polynom (in t) depending on the Cauchy
datas, and the norm of its derivatives is bounded by a constant depending only
on Cauchy data. For the functions u} and u?, by using explicit computation,
one has:
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e for terms u}:

H“}(t’ ')||L2(]o,+oo[) < Z Ci ||5J'HL2(]o,t[)

Jj<i
ou!
9ur <2l
] Tl
220] < Tl

L2(J0,400)  j<i

e for terms u?:

N
1
Hu ||L2 ,+oo[) ZC \/EHOl”Lz(]o,t[) + Z Zci ||5j||L2(]o,t[)
i=1 j<i
ou? 1 ol
L s |7 2 + C; 5/-
H 5 ( T ZCJ lallzq0.4p ;; | yHLz(]o,t[)
ou? 1 ol
=(t + 2 |65
H 0s; L2(]0,+00]) ZCJ HQHLz(]O’tD ;;C H JHLz(]Ovt[)
and the proof is complete. O

Remark 3.1. In the case where a € L2(]0, +oc]) and 6; € H'(][0, +o0), we can
see that the L? norm of derivatives of solution is uniformly bounded over time.

3.1.3 Existence and uniqueness

According to ((33),(34)) 7 and (59), we can apply, for a given ¢ € R*, lemma

3.2 with U = Uk(t,-), ® = LU (¢, ) and g; = gF~(¢, ) with

b1 aukl

g = 2 (t.0)

2 g2u+1, k—20-1 21

+ Z (‘%2;851- (,0)

2 g2l k-2 21-1
(05
ot (2l 1)!

=1
k/2

21 k—2l(y oro; ) 07
n ZZ@ sz U ( ))6( ¢ >L(Uz)[&p,

21 ;
I=1p>1 ot Isi

where the index £ — 1 in 9571 is "justified" by the fact that gk 1 is known
explicitly when the uf~! and the U™ for m < k — 1 are known. Writing (61)
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gives, once we made the change of index k =k + 1,

N
ou¥ 02Ukt
ci—=(t,0) = _—
; 0s; 7 o2
N (k+1)/2 k—2l
82”1% o2
i t,0)—= 65
;C ; aias, O @ (65)
(k+1)/2 k 1-21 20—1
82l + o;
i t,0
Zc Z ath ( )(2l—1)

Remark 3.2. One could see that if we take (0})1<i;<n such that o] > o;, and if
we define J’ as

N
AUU{XERZ//Ui§X~t,’<O'; and|x-ni|<%}7
i=1

one should have

k 62 kal
Z = A 8t2

i=1
P ’ — Ot ds; (2[)!
N o (kED/Z g0 ht1—21 o211

B ZQ Z o L0 T

This point can be proved by using the modal expansion of U*~! on each rect-
angle (8;,7;) €loy, oi[x] — ¢i/2,¢:/2[.

Given 1 < i < N, integrating U* on I'; by using modal expansion (56) and
"Dirichlet" condition (55-i) - "Neumann" condition (55-ii) gives

1 Pt
ci / Uk (t7 ) = uf (t7 O) + aUl (t7 O)JZ
C; r; 5]

54

2 g2, k—20-1 20+1
? t 0 K3
* oo, G ; (66)

=1

2
82lu£€72l 1.2[
+ ; e 0 g
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82Uk—2
Then using (62) with U = U*, & = By and gF~! defined in (64), one has,
forI1<i<N-1
aQUk 2
ub (t,0) —uk,(t,0) / T W+Z/ Wigh
k=1 k—1
+ 28 (1 Yo — (t,0)0;
Si+1 Sq
521+1 k+121 1 a2l+1 k 211 (67)
AL t,0 ———(t,0
* Z s, 0T ggs, ()
=1 + 1=1
k/2 k— 21 k/2 _
. Z 92l ub ﬁl 92l k21 ©.0) 2!
o2l (21). ot (20)!
For each k, we have succeeded to decouple the calculation of uf since jump

conditions (67) and average condition (65) written for k = k 4 1 are sufficient,

when associated to equations (63), to determine u¥ uniquely (lemma 3.3).
o2Uk—2

As the solution of problem (60) with & = 0z ~1 U is defined

up to an additive constant. To fix this constant we can use again (55-i) (in a
symmetric way with respect to 4):

and g; = gf

N 1 ou k—1
z_;c/ _ ZutO ;asz (t,0)0;
N k/2 _9]_
P2l+1,, k211 g2l+1
t t t 68
* ;; ot ds; (t,0) (21+1) (68)
N k/2 k—21
anu' 21
+ Z Z o2l (t O) (21)
i=1 I=1
Finally, we obtain a problem equivalent to ((31), (32)), ((33), (34)) 7, (55-i) and

(59) by replacing (55-1) by (65), (67) and (68). More precisely

Theorem 3.4. The following two propositions are equivalent (for the clarity of
notation, we omit to mention again the functional setting):

(i) {(uf,...,ul,U"), k>0 } is solution of ((31),(32)), ((33),(34))7, (55-1)
and (59)
i) {(uf,... uN,Uk) >0 } is solution of ((31), (32), (65), (67)) and ((33), (34)) 7,
(59), (68) with gF~" defined as (64)

Proof. We just proved the implication (¢) = (i4). We will prove the implication
(i1) = (i). Let {(uf,...,u},U"), k>0 } be a solution of ((31), (32), (65),
(67)) and ((33), (34)) 7, (59), (68) with g¥~" defined as (64). The only point we
have to prove is (55-i) is satisfied. In fact, by taking the modal extension of U*
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on I';, we can rely D; o(U¥(t,-)) and the integration of U* over T;. However,
(68) gives some information about the sum of the integrals of U* over the I';’s,
and (62) gives some information about the difference of the integrals of U* over
two consecutive I';’s. By taking some linear combination, we can retrieve the
integral of U* over a given I';, and by identification, (55-i) is satisfied. O

Next, we show that ((31), (32), (65), (67)) and ((33),(34))7, (59), (68), with
gF~! defined as (64), admits a unique solution {(u’f, o uk UR), B> 0 }, by
induction on k € N.

The case k = 0. With the convention of 2.2, we see from ((31), (32), (65), (67))
that u is, as expected, the solution of the 1D wave equation with classical
Kirchhoff conditions at the node (see (6), (7)).

Moreover, we see from ((33),(34))7, (59) that U solves (60) with ® = 0 and
gi = 0, which implies that U°(t,-) is constant. Next, (68) gives

1L 1 1 Y ~
Uo(t,~):NZ;A 0Ot ) = + S ul(t,0) on ]
R i=1

i=1

The general case k > 1. Assume that {(ull, coub, UD 1<k -1 } are known,
then, according to theorem 3.4,

e We compute gf_l thanks to (64),

o We determine (Uf)lgig ~ as the unique solution of the 1D transmission
problem (63) with the transmission conditions (67, 68) (cf. lemma 3.3),

e We determine U” as the solution, cf. lemma 3.2, of the boundary value
problem ((33,34) 7, 59, 68). One must of course check the compatibility
relation (61) (written for g; = g¥ ™! and @& = M), which is a conse-

otz
quence of (65).

Finally, regrouping the above results with theorem 3.1 and 3.4, we have proved
the following theorem

Theorem 3.5. There exists a unique family
{(h,.uls,US) € CLa(0, La) x -+ x G210, LnD) % Craoe(@), k> 0}

satisfying (31, 32, 33, 34), the matching conditions (55) and the growth condi-
tion (54).

Remark 3.3. In fact, by construction, one can check that, for a given k£ < 1, the
datas « and 6; of problem (63) depends on Bzgtk;l and 3“(;:1. By recurrence,
one can check that if we want to buid u*, the real regularity on «° must be

uf € CO(RY, HM(]0, +00]) N CH(RY, HY(]0, +00]))

and since the problem satisfied by 1 is a classical problem, one can check that
we should have

fi € H'(]0, +o0)
gi € H(]0,+00])
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3.2 Error estimates

In this section, we will give some error estimates between the solution of exact
problem (1) and a function built from our matched asymptotic expansions (27,
28). We recall here the natural energy (4) associated to the exact problem:
2
) dx
whose derivative is given by (denoting [J := g—; —A):

DE= (t, uf) B 1 . ou 1 ou ouf B
T =2 | oG ea - [ Snto) e =0

R R 1 R ous
5@m)=%/<wuwwﬁw&@@

Then we have £°(t,u®) = £%(0,u°). Under the hypothesis 1.2, one can see that,
for £ small enough,

N 400 e 2
C; 15)
Es(o,uE)zzi/O ‘81;(@31.)
i=1 g

This last relation explain the % multiplicative coefficient in the definition of the
energy.

To be able to give error estimates, let us introduce a C* cut-off function y
defined on R satisfying the three following points:

+ g5 (t, 55)|* ds;

e x:R—0,1]
o x(]— 00, 1) =0
o x([2,400]) =1

From this 1D cut-off function, we can define N bi-dimensional cut-off functions
(X5)1<8<n defined as

o i(x)=x(p(e)"'x-t;) when x-t; >0

o x5(x) = 0 elsewhere
Since ¢(g)e~! is continuous and tends to oo when ¢ tends to zero, one can as-
sume that, for & < g9, e~ ' (¢) > max ;. This ensures that xjx5 = 0, for e < o
and i # j.

Once we introduced our cut-off functions, we can define our approximated so-

lution by
a; (t,x) = Z ZE (t,x - t;)

+ (1 — fo(x)> iEkUk(t et
=0 k=o

One can easily see that, for € small enough, and by using some Taylor expansion,
we get the following inequality for the intial time estimate:

2

(69)

~ n 2 n
0w =) = & (I1F IEagoroep + 19lE2g0s0p ) +OE2) (70)
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We are first looking for the normal derivative of the approximated function on
boundary 0€2°: because of the properties of the cut-off funtions, we have

52;1 (t,x) =0 Vxe o0
then it gives
a(“"a% Y itx) =0 vx € 90F

On can see, thanks to the Green-Riemann formula, that the derivate of the
energy £°(-,u® — uf)) with respect to time gives

Pl =t =1 [ o - i M exax ()

€
Next point is to compute the term OJag (¢, x), one has

O(a;, —u)(t,x) = 0O (t,x)

N n
= D Xix))_ eOuf(t,x)
i=1 k=0

+ (1 - fo(x)> ZEkD (UF(e71) (e %)
i=1 k=0

N n
ouk
—1. 7 —1y . 4. kYU 9
+ 2;:1:90(5) X (p(e)'x - t;) ;_O(s P, (t,x) (72)
k

o5 b ')

N
RO (@) e t) 3 (b (ex)

k=0

- ekUk(t,s_lx))
On the relation (72), we treat separately the four lines:

e The first line, that is the simpliest one. For each function u¥, proposition
2.1 ensures that Ou® = 0, the the first line vanishes.

e The second line. Each function U* does not satisfy OU*(-,e~ 1) = 0.
However, thanks to (33), one has

B 82Ul~c 1 82Uk—2

auk(. ¢ 1. _ =
Ue ) =% ~ = o
then the second line becomes
N
62Uk 62Uk_1
k -1 k—1 -1
(1 - ;Xf(x)> Y (t,e7'x)+¢ BT (t,e™"x) (73)

e The two groups of last lines (lines 3-4 and lines 5-6), that we can deal with
the same manner. The main point is to use the relations (53, 55) associated
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to corollary 2.4, and the fact that x'(p(¢)~!) and x”((¢)~!+) do vanish
when x - t; €]p(e),2¢(e)[. We do the computations with the fourth line
(treatment of this line is simplier than treatment of the third line). For
Uy, one starts with the modal expansion of corollary 2.4, and let us call
II* the associated function given by the sum of terms for p > 1. Since
X" (¢(e)71s;) do vanish for s, < ¢(¢), I* is a finite sum of exponentially
decreasing functions and one can see that, given ¢ € N, that we can bound
uniformly IT¥ for 0 < k < n by a constant (depending of the choice of ¢,
q and n) times 9. For the function u¥, since x”(¢(g)7's;) do vanish
for s; > 2¢(e), which tends to 0, we simply use a Taylor expansion on
sn, = 0 with Lagrange remainder at order n — k (the reason is that the
I-th derivative coeflicient of the expansion appears, thanks to the relations
(55), in the modal expansion of the function U**!): one gets

A — lal k
s) = 3 5 (0)

(74)

S 1 gtk k
+/o (n—k)! gsptiF L (t,0)(s; — o) *do

n —

and by using, as expected, the relations (55), the fifth and sixth lines

become
n

Zso T (p(e) ki) D e T + o) (75)

k=0
with

x-t; 1 an-{-l k k A
Tink = t t; — o))" "d
nk /0 =% o5 n+1 (t,o)(x- o) o

and, for x - t; < 2¢(¢e):

|Ii,n,k| < Ci,n,k@(e)nik+l
with C; ., which does not depend on ¢. In a same way, the third and
fourth lines become

k

> o(e) X (ple) x - ti) {E’“gu"(t,xti)

Si

8n k+1uk (76)

n—1 x-t;

i 1 B
I R e g (1)t — o) ’“da]
k=0 ’

with the same type of increase.

Remark 3.4. One can easily see that the constant use for bound IT* blows up
when ¢(¢) tends to e (in sense of functions) . This is due to the fact that the
exponentials exp(—pms;/€) are not small when s; tends to .

Next, we multiply [JuZ (¢,x) by the derivate of @Z with respect to time, and we
integrate over the space domain ¢, after dividing by € to get the derivative
of the energy (see back (71)). The main point is to use the fact that, for any
function ¥ € L*(QF) supported for x - t; < 2¢(e) (whose proof is done by
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using the Cauchy-Schwartz inequality and doing some calculs similar of those
of lemma 3.7 of [4]):

dic
| w0500 < s | 5 600

~E
‘ s,

L2(Q)nfx-ti<20(e) (77)

< O ¥z ey VE(t, a5,)

We apply (77) with ¥ given by various terms of (73), (75) and (76), and after
some tedious computations, one gets that

Lemma 3.6. There exist a function M depending on time, n and Cauchy data
(f,g) such that, for e small enough,

DL 0| < ot ar(o LT ) ()

By integrating the relation (78), and by using error estimate about initial state
(70), one has

(ki — ) < £, — )+ oo [ MEVERT  (19)

To conclude, one has to use the following variant of the Gronwall lemma:

Lemma 3.7 (admitted - see [1] for a complete proof in a more general case).
Let C > 0 given, and ¢(t), m(t) be two continuous positive functions defined on
[0,T7], satisfying

Yt €]0,T[, o(t) < C+/o m(1)\/ ¢(T)dr

then we have

e o < [VO+ g /Otmmmr

Using this lemma for and (79) leads to the following formula

e~ ) < | VI e+ ot [ tM(T)dTr (30)

-

Taking (80) with looking at the fact that £°(0,af — u®) < Ce"™! < ¢(e)" 2
leads to
E(t a5, —ut) < C(f,9,)0(e)*" ! (81)

Remark 3.5. This result is underoptimal. In fact, we can see that the term
responsible for the behaviour ¢(g)2"~! is “located” in the junction zone. The
idea is to get some error estimates on the slots zones, far from the junction zone.
This is the object of the following corollary

Corollary 3.8. Given n € N. Let us assume that the terms of the asymptotic
expansion may be built up to term n + 2 (this implies that f& € H"3(]0, +o0])
and gi € H"2(]0, +0c[) ). Given (6; > 0)1<i<n, one can build up
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o the sets Q5 5 given as (see back figure 4 page 8):

Qf s = {x € QF such that x -t; > 6;}

e the following 2D function

ZE Pt x-t;) for teRY andx €,

Then, one has the following error estimate

S M(E

Proof. By using inequality (a — b)? < 2a? + 2b?, one has

o(uf —us,) |’ >
Z:j / (at + |V (uf m)\)
N
2 8(“’6 - uf,n—i—Q)
) 25/5,5 ( o
al 2 a(u§n+27u§n)
+ 25/55 ot

To treat the first term of the right member of (82), we see that the sums of the
differents integrals is bounded by the integral on the whole domain Q¢, and this
integral is no other than the energy (the fact that ¢; is fixed let us allow to choose
¢ small enough such that 2¢(e) < 6;Vi, i.e. the function @, coincides with us , ,,

on each domain 25 ;). We use then (81) with n+2 instead of n. The second term
n+1un+1 + €n+2un+2
K3 7

2

-HVu-—u>r> C(fg. e

2
+ |V ~ Uf,n+z)|2> (82)

2

+mew—@mﬁ

is easier to treat: one can easily see that uf,,, —us, =¢€

i,n
with «]t! and u}"*? known: one can bound the energy of e" 1w/t 4 g2 12

by C”(f, g,t)e 2n-+2 , for € small enough. Finally, one has
i 1 a(uE - uf,n) 2
- / . ot
=1 i,8

Now, we choose ¢ : € — e3nti . One gets that ¢(g)?" 2 = 22 and the proof
is complete. O

+ |V~ uin)\2> <20(f,9.)9()*"*

+2C"(f, g, t)e*"+?

(83)

Remark 3.6. In this proof, one can check why we need to get two orders further
(one order would be not enough to get optimal estimate).
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4 Construction of an improved 1D model

4.1 Construction of Improved Kirchhoff condition

In this section, once we proved by the theorem 3.5 that the functions uf and
UF are uniquely defined, we explain how we can get the improved 1D problem
(18, 19, 70).

In the following, we shall denote by @ the function equal to u{ 4+ cu} on the ith
slot. We can see easily that

2~¢ 25€

85;1_68:21 = 0 in R} X]eo;, o0
o= O on (0o oo (89)
dus c 2
S5 = gT+O0(E) on{0}hx)ea, +oo

One can see that, neglecting the O(¢?) term and for ¢ small enough, that @S
satisfies the same Cauchy data as u®. Next point to conclude is to link the
values of (4$)1<;<n near s; = 0.

Remark 4.1. Ideally, the link of the values of (4$)1<i<n would be at s; = 0.
However, one can see that associated problem would be ill-posed in terms of
energy (for example, with a negative term of the form 1/¢).

4.1.1 Average condition

Writing (65), for k = 0 and k = 1, gives respectively:

N

ouy )
; ¢ (t0) = 0 (85-i)
N N

Oul R o%uY

7 ’ ) = YO tv - i iil tv -1
;c D5, (t,0) o (t,x)dx ;O’ Ci g (t,0) (85-ii)

In the proof of theorem 3.4, we show that U? is constant and equal to N =1 3" u?.
Rewritting (85-ii) leads to

~

N 2,0
i

Ou} al 0*u |J
> e 7. (t,O)—I—;aici E (t.0) = =

i=1

0?uf

ot2

e

(86)

i
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Finally, one gets
N ~
ou;
;cia—&(t,eai) = ZCZ

82 0
= o (B x)dx + O()

— |J|Z 8t2 tO )+ O(e?)

_ |J|Z&'t2 t,205) + O(e)

Let us now use notations (14-i) and (14-ii) of section 1.3.3, and let us introduce
the vector 1 of RY equal to (1,...,1)T. Let us also introduce the canonical
scalar product in RY

VA,B e (RY)?(A,B) =) A;B

The last line of the previous equation can be rewritten, neglecting the O(g?)

term
(CasUE (t), ) 82 .

where C and A are the matrices introduced in the section 1.3.3.

4.1.2 Jump conditions

We now take the problem (60) satisfied by U'(t,-) with ® = 0 and ¢; = BS?,
and difference of (66) for k =0,1 and 7 = j,j + 1 gives '

ud(t,0) —u)_y(t,0) = 0 (88-i)

u
uj(t, O)—i—o]g (t,0)

3u0 1 1
0 j+1 1 1 ..
—U; (t7 0) — 011 =  — U (tv ) - U (tv ) (88'11)
7+1 J+ 8SJ+1 ¢ T Cj+1 T

The idea now is to express right member side of (88-ii) with respect to u®. One
can see first that this member does not depend on the additive constant added

to U'. Then, (85-i) gives that, since <c1 9L (1,0), ..., en G (1, 0)) 1 =0,

8u1 8u9\, ’ T
< 198, —(t,0),. N Dan (t,O)) €Im P (89)

So there exists a vector ®°(¢) = (®9(¢),...,P%_;(¢)) € R"~! such that
Ouf 6u9\, ! T 30
t, t = P ®"(t
(550,01 e G R0 0
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By the definition of PT, one can see, modulo an additive constant, that
N—-1
Ul(t,) =Y ®)W;
i=1

with W; defined in (11), then one has

1 1 N-1

- Utt,) - — Ult,) = )  Ki;9(t) (90)

€ I C+1 Jrjn i=1
with K ; defined in (13). Combining (88-i) + £(88-ii) with (90) leads to (using
proposition 1.4 that ensures K is invertible):

PU® 4+ 0(?) =cK®® — <%= K~1PU* 4 O(?) (91)

Looking for (89) make us with to say that (C@Sﬁs + 0(62)> -1, and this point
is not certain. One better idea is to say that
(caSUE (1), 11)

COsU=(t) — )

1] 1=0 (92)

Then we have, since CogU*® — %1 = (cl%ﬁ(t, 0),...,cn gz(];\j (t, O))T +

O(e) and PT is continuous injective:

(C@sUE(t), 1)
(1, 1)

combining with (91) and neglecting the O(¢?) term leads to

(cas Ue(t), 1)
(1, 1)

CosU® — 1=PT (2" +0(¢e))

e{ CosU*® — 1y =PTK-1PU® (93)

Finally, dividing (93) by ¢ and introducing J = PTK~1P leads to

(casﬁs (t), 11)

COsU" =1 1)

1= %jﬁs (94)

4.1.3 Conclusion

Finally, adding (94) and (87) leads to the Improved Kirchhoft conditions (19):

rre 1 rTe & rre
COsU* = ZJU° + A= 0% (1) (95)

4.2 Analysis of Improved Kirchhoff conditions

Here, we have to show that problem (84) with Improved Kirchhoff conditions
(19) gives a well-posed problem whose solution differs from the solution of the
exact problem (1) by a smaller error than the error between the limit solution
and the exact solution. In this way, we show that the the solution of this
improved model admits an asymptotic expansion, whose two first terms (and
not only the first one) are equal to the two first terms of the matched asymptotic
expansion of the slots terms for the solution of the exact problem.
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4.2.1 Asymptotic expansions

One starts from the following ansatz:

Ansatz 4.2. For 1 <i < N, there exists a family of functions (@¥)gen defined
on R, x]0, +oo[ such that
S(t, si) Zs @k (t,s;) on Ryx]eo;, 400 (96)
keN

The idea is to prove that the error between the solution of the Improved model
and its truncated approximation is small, and the two first terms @?, @} are the

same than the two first terms u?, u} of the development of exact solution.

Equations This is the simpliest part. Using ansatz (96) in system (84), sepa-
rating in powers of ¢ leads to the fact that @ satisfy the equations (31-ii), (32-i)
and (32-ii) on each domain ]eo;, +oc[. Tending ¢ to 0 ensure us that @/ satisfy
the equations (31-ii), (32-1) and (32-ii) on the same domain as the functions u?.

Matching conditions One start from the Improved Kirchhoff conditions
(19), and do the scalar product with 1. Then one gets that

2~€
1

ous B U
ZCiaiSi(t,EO'i) = €W z:: 8t2 (t,EUl) (97)

Using ansatz (96) and taking Taylor expansion of each function @} with respect
to s; at the point s; = 0 leads to

EkO'ZI-C ak+1an |J| k 8k+2 n
ZCZ > <" ( k! sttt (6,0 ) —°N Z 2 <" k! o5z (00
keN ? keN g

i=1 neN i=1 neN

One can see that we have infinite polynomial sum with respect to €. Taking the
terms in €? and €' leads to this two relations

N a~?
Zci al;(

N
Z Oy (t,0) +Zozcla ?(t 0)
i=1

5 i=1

Il
=1
]
=)
~
S

which is nothing but (85-i) and (86).

Dealing with Dirichlet jumps is more technical, however, using some remarks
about the Neumann jump will help us. Using again the remark that 1 € Ker(7),
97 (under its matricial form) multiplied by 1 gives

(17cost"(n) 1 = (nTAaQUE( )) 1

ot?

One better idea is to say that

rTe 8%0°
(Cas((]i 1(;;)’ ) 1=¢ (4 ?;1 ](f))’ Y 1 (98)
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and to say the fact that scalar product of 1 and any vector which we removed its
average part is equal to zero. Then, is exists two functions ®¢ and V¢ depending
on time (and €) such that

(cas U= (t), 11)

COsUS(t) — ) 1 = Pros@) (99-1)
2(7e AZT (1)1
aag £ - ( 5(’]17]1) )]1 —  PTUs(t) (99-ii)

One can even see that ®9(¢) is nothing but the one defined in section 4.1.2 by
replacing each u? by @9. Now, taking £(19) — (98), using (99-i) and (99-ii), leads
to

ePT®%(t) = JUS(t) + 2 PTwe (1) (100)

Now, using the fact that PT is injective and the definition of 7, and using the
fact that K is invertible leads to:

eK®(t) = PUS(t) + 2 KW* (t) (101)

Finally, using ansatz (96) and developments of ®¢ and ¥¢ with respect to e,
using Taylor expansion of each function @} with respect to s; at the point
s; = 0 and looking at the terms in €° and €' leads to (88), writing @) and
instead of u and u} and using (90) for the right member side of (88-ii).

Conclusion One can see first that (@?);1<;<n and (u?)1<i<n share the same
equation, the same Cauchy data and the same jump conditions. Lemma 3.3
ensures that the two families are the same one (this point is normal, since the
limit problem does only depend on the topology of the graph). Then, one can
see that (@})1<i<n and (u})1<i<n share the same equation, the same Cauchy
data and the same jump conditions. Lemma 3.3 ensures again that the two
families are the same one (this point is the expected bonus point).

Matching conditions under the general form Let us keep ansatz (96),

and for a given k in N, we denote by d,U”(t) the vector in RY whose i-th
I~k

coordinate is equal to %(t,O). Injecting this ansatz in (95) and taking a

Taylor development of each vector Uk with respect to each s; gives, denoting

S the diagonal matrix whose i-th coefficient is equal to o;:

17 deny =5k U (t)
€ e o

neN keN (102)
n Ek k rrn n Ek k rrn
+eAD Y 8 0 UN(E) = CY ey 58 0w U(Y)
neN  keN neN  keN

Identifying coefficients of (102) with the same power of € gives:

e power —1 of ¢ gives R
JUt) =0
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e power 0 of ¢ gives
J (S@SUO(t) + Ul(t)) = €a,0°(t)

e power n + 1 of e, with n € N, gives

n+2
b gntek .
7 (Z (n+2— k)!S Ogna—rU (t)>

k=0
n 1 L 320k B n+1 1 - .
+A <kZ_O (n — k)‘S Ogn—r o2 ()] =¢C kZ:;) mS Ogn+2-r U (1)

4.2.2 FError estimates

As for section 3.2, we will give some error estimates between the solution of
Improved problem (18,19) and its development. Let us recall the 1D energy

(20):
N Too 2 2
Ci v , ,
;2/&” <8Si(t,s) )ds

s vy vi g (4% m) - G

E5(t,v)

ov
+‘at(t s')

ot ot

How do we get this energy? Let us consider the first line of (18). Let us multiply
by a sequence of functions (v;)1<;<n, and integer over s; €lea;, +oo:

EZ S (G - G5 i) as

On the second part of each integral, we use the Green formula, and one gets

0%us / ou® nOov ’
(G + S 2 ) as

+ (caSUE ) Ve
)

Finally, using (19) leads to
N
0%a .o ou . , 0v, ,
;an(&ﬂm><Hﬁ (1) 5 () )

+ ((1.7+5A§:2> ()) Ve

Finally, taking v = aa—f leads to the derivative of the 1D energy (20).
Moreover, one can see that we have, since matrices 7 and A are symmetric:

(103)

OEE(t,v) teo 9% § ov N 0% o, ,
ot ch/ (ata ) g5, (L) + gt 5 () | ds
. 92VE N\ ove
T <€JV()+ A ()) ()
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Using the Green-Riemann formula, one gets that

OE° (t,v Feo 81} v, 0% o, ,
% - Zcz/ ( L) gt atz(ts)at(t,s)>ds

9? VE ove

() - cosve() S0

+ <€JV5( )+ A
(104)

Now suppose that the terms of ansatz (96) exist up to k = n + 1 (this implies
that f € H""? and g € H"*'), and let us build 45" the function defined by

n
Z M(t,s;) on Ryx]eoy, +oof
k=0

Since each term of the development satisfy time-domain wave equation on each
Ry x]eo;, +o0], the truncated expansion satisfies also this equation. However,
for the node condition, one can see that, when developping (102) with powers
of €, the term in & uses U™+, More precisely, there exists a vector ®<™(t)
bounded with respect of €, for € small enough, such that

1 ~ 277E,m - -
ngE,rL( ) + EAa U ( ) _ C@SUE’” _ _EnjUn—i-l(t) _ En—i—lq)a,n(t) (105)

Using (105) in (104) gives

€= (t,iF — =)

a(ﬁz—: _ 05,n)
o ——— ()

.o (106)
8(U£ _ Ua,n) t)
"

() =" (70" (1)) -
Fentlgen () .

Finally, using that some properties on matrices 7 and A let us allow to express
the following result: there exist two vectors ®%" and ®%" such that (proof of
this result is detailed in appendix B):

Q) = T (1) + AT ()
Thanks to this decomposition, one has

aga( t,u® —u® n) _ .n(rm+l g,n T 3([75 - UE,TL)
SR = (U (t) + £0% (t)) I
8(06 o U’E,n)
—=(t

T (t)
Finally, integrating (107) between 0 and T leads to (thanks to the fact that
E9(0,a° —a=™) = 0):

(107)
+em (@5 (1) A

a(Us _ Us,n)

T - T
ENT,af —as™) = [ " (U () +e05" (1)) T (t)dt
/0 ( J ) ) ) ot (108)
a(U&‘ _ UE,n)

T
+ [ e a5
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Using a Green-Riemann formula on the first part of right member in (108) leads
to

5%71as—a&")=g”(U“+1@)+s¢2ﬁﬁﬂjx7(ﬁf@)—iﬁ”%ﬂ)

T T+l emn T 5 B
- /0 e (8([] aqu)j )(t)> T (0°(t) - 0" (1)) at

T 'TE _ TTEM
[ e @5 AT
0

(109)
By using some Cauchy-Schwartz inequality (allowed even if J and A are not
invertible), one gets that, for any vector V € RV

VvIg (05 - 0o (1)) < &2 (vIgv) Ve — an)
o= —U=")
ot

Then, there exists two functions C%(t) and C5(t) bounded with respect to &
near 0 such that

(110)

VT4 (t) < e V2 (VTAV)'? /et a — aem)(t)

E(T, i — @) < e"P3C5(T)\/E(T, i — usm)
. (7 (111)
+ﬁﬁ/‘@m Ee(t,us — usm)dt
0

with

(1) + =051 ))T T (07+10) + 2957 (1)

\J (Un+1 —|— 5<I>5 ") (t)) g 7 (8(0”“ +e95") (t)) (112)

ot

+ \/ (pE n (be n( ))
using that 2ab < a? + b2 let us allow to write that

1 1
gs(T’ € — ,&s,n) < 752n+1(015(T))2 + §€€(T, € — ﬂs,n)

2
LT
+ﬁﬁ/)@@dﬁﬁm—mMﬁ
0
which gives

EE(t,a° —a=")(T) < 2HH(CE(T))°
T
25"+%t/‘ Cs5(t)\/E2(t, us — asm)dt
0

using back lemma 3.7 gives that that, for any ¢ €]0,T[:

(113)

T7€]0,t[

E8(t, 4 — a5™)(t) < €2t ( sup C5(r / cs(r )
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Finally, using a triangular inequality (as for corollary 3.8) let us allows to express
the following error estimate:

Corollary 4.1. Given n € N. Let us assume that the terms of the asymptotic
expansion may be built up to term n + 2 (this implies that f& € H"3(]0, +o0])
and g5 € H"2(]0,+00])). Given (6; > 0)1<i<n, one defines the function 4"
by

n
ﬁf’n(t,si):ZEkﬂf(t,si) on Ryx]eo;, +00]
k=0

Then, there exists a constant C(f, g,t) depending on time and Cauchy data such
that, for € small enough,

N ~ ~
| 9uE — s
[, e

Remark 4.3. One thing that can be remark is that we need the same regularity
for both theorems 3.8 and 4.1.

2
+|V(a® —a®>™)(¢, si)|2 ds; < C(f,g,t)e*" 2
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Conclusion

We proved in this report that we are able to give conditions at the "node" of our
1D graph that are more precise that standard Kirchhoff conditions (with respect
to the exact solution). One can see that results obtained are a generalization of
those obtained in [3], directly in time domain case.

One could say that no numerical results are presented here. Indeed, we get the
same results as those observed in [4] for the time domain case, and there exists
some works where we detail the numerical resolution of these type of problems
on a more general geometry (with more than one junction, see [9]).
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A Some properties about the auxiliary problems

A.1 Some properties about the DtIN map

Here, we prove some properties about the DtN maps T; we used. We first recall
the definition of T;

T : @ Tip = Z ( /0 (p(a/)wi,p(ﬁ')dﬁ) W
p=1 €

Proposition A.1 (recall of the proposition 1.2). T; is a symmetric positive-

average continuous operator from H%(]O,ci [) to Hf%(](),ci [) vanishing for con-
stant functions.

Proof. We have several points to prove. To prove the continuity from H? (]0, ¢)
to H_%(]O,ci[), let us take ¢ € H%(}O,ci[), and let us compute < T;p, 1) > for
any test function ¢ € H%(]O, ¢i[). One has

<Tpw> = ZNW(/w iy @) ) ([ 000 s, )7

By using some trivial inequalities, one has

v 1+ pm
|<Tip0>] < ) vitp'T / (V" )w; p (U V) wi (V') d
peEN*
Then we use the Cauchy-Schwartz inequality, to obtain
N\ 12
| < Tip, b >| < Z\/l—i—p U w; (V") dv'
pEN
2 1/2
Z V1+4+p? Nw; (D) dD
peEN

We can recognize product of parts of the H? (]0, ¢;[) of functions ¢ and ¥ (see
[4] for more details). This closes proof of the continuity.
If we look back the first relation of this proof, which is

<Tip,p > = p%\]:* ]%7: (/O (p(ﬁ’)wi7p(f/\’)d/y\’) (/0 w(ﬁ/)wi,;ﬂ(ﬁ/)di/\’)

we can see that the right member is symmetric (one can invert ¢ and ), so we
have
<Tip,p >=< Tﬂ% » >

Moreover, taking ¢ = ¢ shows that the right member of the first relation is
positive, which gives < T;p, ¢ >> 0. Finally, taking T; = w; ¢ leads to

T ([ N SO
Tiwio = % </ wi,O(V')wz’,p(V’)dV') wip =0 ]
0
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A.2 Existence and uniqueness of functions W;

Here, we prove some properties about the functions W; we claimed in section
1.3.2.

Proposition A.2 (recall of the proposition 1.3). There exists a unique W; in
HY(J) satisfying (11) and (12)

Proof. The idea is to use the Lax-Milgram theorem on the space

V:{VeHl(f) / /jvzo}

On this space, the H' semi-norm is equivalent to the H* norm, thanks to the
Poincare’s inequality. We multiply the first line of (11) by a test function V,
and we use the Green-Riemann formula:

/AVWNV— /AV(Vszﬁ) =0
J oJ

We use then second, third and fourth lines, and the equation written above can
be rewritten as

1 1
/VWNV+Z/ VTjWi:—/ w— / w
J FRRAY G Jr; Cit1l T4

Finally, by using definition of T;, we can rewrite this equation as

/j Wy +3 Y % < /F j W@j,p> ( /F , V@,,,)

Jj peN* J

1 1
L / W - / W
¢ Jr, Ci+1 JTiys

Let us call a(W;,V) the left part of (114) and ¢;(V') the right one. It is an
evidence that ¢; is a continuous linear form on V. Thanks to the Poincare’s
inequality, a is a bilinear coercive form. For the continuity of this form, just
use the proposition A.1 and the fact that the trace operator is continuous from
H'(J) to H? (T;). Finally, using the Lax-Milgram theorem ensure the existence
and the uniqueness of W;. O

(114)

A.3 Properties about the matrix K
We recall here the definition of matrix K € My_1(R), given by
1 1
Km-:—/ W, — — Wi
€ Jr; Ci+1 Jrjn
Here, we prove another property we claimed in section 1.3.2.

Proposition A.3 (recall of the proposition 1.4). K is a symmetric definite
positive matrix
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Proof. The central point of the proof os this proposition is to use the proof
of proposition 1.3 given in the previous part of this appendix, in particular
equation (114) taking V' = W;. One can see that we have, thanks to definition
of K@ji

N
pT ~ ~
/\VWZVWJ + E E a < Wiwk’p> ( ijk,p> = Kj’i (115)

7 k=1peN~ L L

Equation (115) shows immediately that the matrix K is symmetric. Now let
us show that K is definite positive. Given U € NVN~1 let us define ® =
Zf\gl U;W;. One can see easily that

N
UU(U:/JV@%Z/ <I>TZ-<I>>/A|V<I>|2>O (116)
J i=1 YT J

We get immediately that K is positive. Then, if U7 KU = 0, one can see that
® = 0, and by looking at Neumann traces on each I'y, we deduce that U = 0. [

B Decomposition on 7 and A

Proposition B.1. Given V € RV, there exist two unique vectors V; and Vi
such that

V=JVs+AV4y and JVai=0 and AVy;=0

Proof. We recall some properties about matrices A and 7: these two matrices
are symetric positives matrices, are given by (15) and (16). We first decompose
V on span(1) and its orthogonal:

(v -1) (v -1)
%4 (1.]1)11-1—(‘/—(]1.]1)]1) (117)

One can see that for any vector W € RN, 1TJW = 0. Moreover, one has
A= |J|(1-1)"2117. Then by taking

Va =771 (V- 1)1

one has J V4 = 0 and

AV =J|(1- D)2 117 [J YV - 1)1 =

We have partially written V' under the form (by using the last relation in (117))

V= AVa+ (V— ((‘]f]]ll))]l) (118)

Now, one has
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So there exists a vector ® € RV~1 (that we could even compute by the hand)

such that
(- )

Since the matrix K is invertible, we denote by ¥ the unique vector in RV~!
such that ® = K~ !'U. Finally, since P is surjective and its kernel is equal
to span(1), there exists a unique vector V; € RY such that ¥ = PV; and
1-Vs =0. Finally, one gets that

(V - ((‘]f _' ]]11))]1> =PT'K'PV; and AV, =0

This last result, associated to (118) and (16), gives the result of existence. For
the uniqueness, let (V7,V4) and (V5,V}) be two decompositions such that

V:jVj—i—AVA and JV4,4=0 and AVJZU
V=JV;+AV) and JVjy=0 and AV;=0

Multiplying each of these two lines by V7 — V7 and taking the difference leads
to, thanks to the last properties on this vectors:

(V5 =V)'T(Vs —Vg) =0
Denoting ® = P(V; — V) leads to
PTK1d=0

and thanks to the fact that K is a symmetric definite positive matrix, K ! is a
symmetric definite positive matrix, then ® = 0; and we deduce that V;—V7 = 0.
In a same way, since J V4 = 0, there exists @ € R such that V4 = al; and
there exists o/ € R such that V) = o/1. Multiplying the two lines by 1 and
taking the difference leads to

M

W(a—a’) =0

This gives the last desired relation. O
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