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HIGHER-ORDER MATCHING MODULO (SUPER)DEVELOPMENTS
APPLICATIONS TO SECOND-ORDER MATCHING
GERMAIN FAURE

Parc Orsay Université, 4 rue Jacques Monod, 91893 Orsay Cedex, France
e-mail address: germain.faure@inria.fr

ABSTRACT. To perform higher-order matching, we need to decide the fn-equivalence on
A-terms. The first way to do it is to use simply typed A-calculus and this is the usual frame-
work where higher-order matching is performed. Another approach consists in deciding a
restricted equivalence. This restricted equivalence can be based on finite developments or
more interestingly on finite superdevelopments. We consider higher-order matching mod-
ulo (super)developments over untyped A-terms for which we propose terminating, sound
and complete matching algorithms.

This is in particular of interest since all second-order [S-matches are matches modulo
superdevelopments. We further propose a restriction to second-order matching that gives
exactly all second-order matches. We finally apply these results in the context of higher-
order rewriting.
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INTRODUCTION

Higher-order matching and unification are two operations fundamental in various fields
such as higher-order logic programming [Mil90] and logical frameworks [Pfe01], compu-
tational linguistics [DSP91], program transformation [HL78, Shi94, Vis05], higher-order
rewriting [vOvR93, MN98, NP98], proof theory etc.

Higher-order matching and unification in the A-calculus cannot be studied directly since
this requires to decide the equality between two terms and the equality modulo 8 of terms
of the A-calculus is undecidable as it was shown by Church. Nevertheless, in practice we do
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2 GERMAIN FAURE

not need the full power of the pure A-calculus. For example, in the context of automated
deduction we study unification in a typed setting (Curry-Howard-de Bruijn isomorphism).
Unification in this context is still undecidable [Hue75] but the terms written in practice often
satisfy some properties that make unification decidable [Mil91] and even linear [Qia96].

The work presented in this paper is dealing with higher-order matching. Higher-order
matching is usually defined as the following problem: given a set of equations s; = t; between
typed A-terms where the terms ¢; do not contain free variables, is there a substitution o
such that for all ¢ s;0 is equal to ¢; modulo the usual §(n) relation. If we solve the equations
modulo the 87 relation, the problem is known to be decidable [Sti09]. But if we solve the
equations modulo the 3 relation, it is undecidable [Loa03].

Even if higher-order matching is a particular case of unification, it requires dedicated
works (see e.g. [HL78]). But until now, most of the algorithms are specializations of the
general unification algorithm introduced in [Hue75]. This makes them unnecessarily difficult
to understand and to use in practice.

We propose a new approach to deal with higher-order matching. Instead of deciding
the equality modulo the (-equivalence in the typed A-calculus, we propose to decide the
equality modulo a restriction of the (-equivalence in the pure A-calculus. The standard
restriction of the S-equivalence is given by finite developments [Bar84]. Unfortunately, this
restriction is too rough for being useful in the context of higher-order matching. We will
show that it is neither complete for tackling second-order matching problems nor matching
of patterns a la Miller .

We thus consider the more general notion of superdevelopments [vR96, vR93]. A su-
perdevelopment is a reduction sequence that may reduce the redexes of the term, its residu-
als (like in developments) and some created redexes but not those created by the substitution
of a variable in functional position by a A-abstraction.

In this work, we thus consider matching equations built over untyped A-terms and
solve them modulo superdevelopments. The matching problems are of interest particularly
because the set of matches modulo superdevelopments contains, but is not restricted to,
second-order (G-matches.

We propose a sound complete and terminating algorithm for matching modulo su-
perdevelopments. We show that we can decline this algorithm in several ways: to deal with
matching modulo developments, to deal with second-order matching etc. We also show that
whereas in a typed context the use of n-long normal form is fundamental, in the context
of matching modulo superdevelopments the use of the n-equivalence does not impact our
algorithms.

The paper also deals with higher-order rewriting [Ter03]. Higher-order rewriting is
usually build on a given instance of the A-calculus, called the substitution calculus [O0s94],
for which matching is decidable. Typically, we consider simply typed A-calculus mod-
ulo On [MN98] or untyped A-calculus modulo developments [Klo80, KvOvR93]. Higher-
order matching is used in the context of higher-order rewriting to decide whether a rewrite
rule can be applied. Our contributions in this context are (1) to give an algorithm for match-
ing modulo developments and (2) to show that the A-calculus modulo superdevelopments
is a very good substitution calculus.

Higher-order matching in an untyped setting was already been studied in [Sit01, dMS01]
where matching equations are solved modulo a one-step reduction that generalizes the Tait



68
69
70

71
72
73
74

75
76
77
78
79
80
81
82
83
84
85
86

87
88

89

90
91
92
93
94
95

96
97
98
99

100
101
102
103
104
105

106
107

HIGHER-ORDER MATCHING MODULO (SUPER)DEVELOPMENTS 3

and Martin-Lof parallel reduction. But this one-step reduction is, like the authors of the
original paper said, difficult to understand. We show in this paper that it is nothing but a
parallel reduction that corresponds [vR96, vR93] to superdevelopments.

The theory of superdevelopments plays a central role in the work presented here. It
makes clear the comparison of higher-order match modulo superdevelopments and other
approaches, it gives nice intuitions for the properties as well as their proofs. These proofs
are per se simpler than the one given in the original paper [Sit01, dMSO01].

This paper is structured as follows. Section 1 deals with normalization in the A-calculus.
It sets the notations and presents the material used through the paper. In particular, it
gives a detailed presentation of the notion of superdevelopments. Section 2 recalls the basic
definitions for higher-order matching modulo 3 in the simply typed A-calculus. Section 3 de-
fines higher-order matching modulo superdevelopments and studies its expressiveness w.r.t.
other approaches. Both sections consider the case of 1. Section 4 presents an algorithm for
matching modulo superdevelopments. We study its properties mainly termination, sound-
ness and completeness. Section 5 presents an algorithm for matching modulo superdevel-
opments and 7. We prove the minimality for Miller patterns. Section 6 and 7 present two
declinations of the algorithm for matching modulo superdevelopments: one for second-order
matching and one for matching modulo developments. Finally Section 8 applies the results
in the context of higher-order rewriting.

An abstract of this work was presented in [Fau06]. The thesis of the author [Fau07]
also contains part of the work presented here.

1. NORMALIZATION IN THE LAMBDA-CALCULUS

In this section, we first recall some basic definitions and set some notations related to
the A-calculus. We refer the reader to [Bar84, Dow01] for the fundamental definitions and
results on the A-calculus.

We then define developments, resp. superdevelopments, in two different ways: using
the underlined, resp. the labelled, A-calculus and using appropriate parallel reductions.

This section is freely inspired by the second chapter of [vR96].

1.1. Typed A-calculus and [-reduction. Given a set of base types T, we define the set
of types ¥ inductively as the smallest set containing €y and such that if & and g € ¥ then
(o — () € T. The order of a type a denoted o(«) is equal to 1, if & € Ty. The order of a
type a — (3 is equal to maz(o(a) 4+ 1,0(3)).

Definition 1.1 (Typed A-terms). Let K be a set of constants, having a unique type. For
each type a € T, we assume given two countably infinite sets of variables of that type,
denoted X, and V,. Let X = UyexX, be the set of variables and let V = UgyexV, be the
set of matching variables. The set 7; of typed A-terms is inductively defined as the smallest
set containing all variables, all matching variables and all constants, and closed under the
following rules:

o If A, B € 7, with type resp. a — [ and « then (A B) € 7; with type [.

o If A € 7; with type 3, and x € X, then Ax. A € T; with type a — S.
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4 GERMAIN FAURE

There are two different sets of “variables”: the variables belonging to X on which we
abstract and the matching variables belonging to V.

The symbols A, B, C, ... range over the set 7; of terms, the symbols x,y, z, ... range
over the set X’ of variables (X C 7;), the symbols a,b,c, ..., f,g,h range over a set K of
term constants (K C 7;). The symbols X, Y, ... range over the set V of matching variables.
Finally, the symbol ¢ ranges over the set of atoms, which consists of variables, matching
variables and constants. To increase the readability, we often write (A1, Ag, ..., A,) for
(...((e A1) Ag)...) A,) where ¢ is an atom and Aj, ..., A, are arbitrary terms. All symbols
can be indexed. Positions in A-terms are denoted by py, ..., p,. We denote by =< the order
on positions (prefix order). The subterm of A at position p; is denoted by Ay, .

Given the term AjAs, by definition the term As is said to be in applicative position
while the term A; is said to be in functional position.

The order of a constant or a matching variable is defined as the order of its type. The
order of a redex (Az. A) B is defined as the order of the abstraction Az. A. We consider the
usual notion of free and bound variables that concerns the variables (matching variables
cannot be bound). A term is said to be V-closed if it contains no matching variables and it
is X'-closed if it contains no free variables. We denote by fv(A) the free variables of A.

The substitution of variables is defined as usual and avoids variable capture using a-
conversion when needed. The substitution of the variable z by A in B is denoted by
B[z := A.

As in any calculus involving some binders, we work modulo the a-conversion of Church,
and modulo the hygiene-convention of Barendregt, i.e., free and bound variables have dif-
ferent names.

It may be helpful for the reader familiar with the Combinatory Reduction Systems
(CRS) terminology [Klo80, KvOvR93] to note (1) that our matching variables are nothing
but the meta-variables of CRS, (2) that terms containing matching variables are nothing
but meta-terms of CRS and (3) that V-closed terms are nothing but the terms of CRS. In
the same way, substitutions of matching variables defined below correspond to assignments
of CRS.

The relation 3 is defined over the set 7; of typed A-terms by
(Ax. A)B —3 Az := B]

and we denote by —»3 its reflexive and transitive closure and by =4 its reflexive, symmetric
and transitive closure. A A-term is said to be G-normal or simply normal if it is in normal
form for the B-rule. We recall that the g-reduction over typed A-terms is confluent and
strongly normalising.

A substitution of matching variables is a function from matching variables to the set
of V-closed terms. It is denoted B{A/X}. We use the standard definitions for domain,
codomain, union and composition of substitutions. When it is clear from the context,
substitutions of matching variables are simply called substitutions. Substitutions can be
compare using the usual subsumption order: for two substitutions ¥ and ¢, we say that
1) < ¢ when there exists a substitution & such that ¢ = £ o 1) where o denotes substitu-
tion composition. In this work, we only consider closed and normal substitutions that are
substitutions of closed and normal terms.
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HIGHER-ORDER MATCHING MODULO (SUPER)DEVELOPMENTS 5

1.2. Untyped A-calculus and developments. We define developments as a subset of
the B-reduction which reduces only the redexes initially present in the term as well as its
residuals. This is formalized by defining the underlined \-calculus : we initially underline all
the redexes present in the term and we replace the S-reduction by the 3,-reduction which
only reduces underlined redexes. Then, the redexes created during reduction are no longer
reduced (since they are not underlined).

1.2.1. Untyped underlined \-calculus and [B,-reduction. We define the set of underlined
terms. In case they do not use any type information, we use without ambiguity the defini-
tions and notations given for typed A-terms in the previous section.

Definition 1.2 (Underlined A-terms). Let IC be a set of constants. Let X and V be two
countably infinite and disjoint sets respectively for variables and matching variables. The
set 7, of underlined A-terms is defined as the smallest set containing all variables, matching
variables, constants and closed under the following rules:

e If A and B are elements of the set 7, then (AB) is an element of 7, ;
e If A is an element of 7, and x is a variable of X', then Az. A is an element of 7, ;
e If A and B are elements of 7, then (Az.A)B belong to 7.

Note that the set of underlined terms is not closed by subterm: for example Ax.A is
not an element of 7,,.

The relation 3, is defined over the set 7, of underlined terms by
(Az.A)B —p3, Alx := B]

The (B,-reduction is consuming at each step an underlined redex, it can duplicate but
cannot create new ones. This relation is thus strongly normalising. Moreover, the relation
is confluent. These results are known as the finite developments theorem (see below).

1.2.2. Untyped A-calculus and developments. The set of terms in the pure A-calculus is
defined in the same way of typed A-terms except that we do take care of type constraints.
It is denoted by 7. We can define a mapping T from underlined terms to terms that
replaces (-redexes by their corresponding (-redexes'. This mapping can be extended to
any sequence of G,-reductions. We can then define developments.

Definition 1.3 (Developments). A sequence of (-reductions ( is a development (also called
a complete development) if there exists a sequence o of (,-reductions in the underlined
A-calculus which terminates on a term in [3,-normal form and such that Y (o) = (.

Theorem 1.4 (Finite developments [Bar84]).

e Fvery development is finite.
o [f two developments (1 and (o start with the same initial term then the two final
terms must be equal.

We now introduce a big-step semantics [Des98] of developments. This definition is
due to Tait and Martin-Lof and can be given for every left linear higher-order rewrite

systems [Ter03].

IThe formal definition will be given in the more general case of superdevelopments.
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6 GERMAIN FAURE

Definition 1.5 (Parallel reduction). The parallel reduction in the A-calculus is inductively
defined by

N M=ol gy
=5 (fled—¢) o AL = o Ay (Fed= )

Ay =3 Ay By =43 B Ar. Ay =3 \x. Ay By =3 B

L=70 72 17 7P 2 (Red — @) DO AR T2 (Red — )

AlBl =3 AQBQ ()\.’L‘ Al)Bl =3 AQ[Q? = BQ]

Theorem 1.6 (Parallel reduction and developments). The notions of parallel reduction and
developments coincide in the following sense. For every terms A,B € T

there exists a development A—3 B iff A =3 B

This characterization of developments is the essence of the corresponding matching
algorithm.

1.3. Untyped A-calculus and superdevelopments. We have seen in the previous sec-
tion that developments reduce the redexes initially present in the term and its residuals.
This gives a first approximation of the S-normal form. Unfortunately, this approximation
is too rough for being useful in the context of higher-order matching as we will see in
Section 3.5.

We then introduce a generalization of developments called superdevelopments. A su-
perdevelopment [vR93] is a reduction sequence that may reduce the redexes of the term, its
residuals and some created redexes. The redexes created by the substitution of a variable
in functional position by a A-abstraction are not reduced.

The notion of superdevelopments is related to the three ways redexes are created in the
A-calculus. This taxonomy was proposed in [LévT78].

(type 1) ((Az.(\y. A))B)C —p (Ay. Alz := B])C
(type 2) (A\x.z)(M\y. A))B —3 (\y. A)B

(type 3) (Az. A)(\y. B) —3 Alx == (\y. B)]
if dp such that Al, = A

For the first two ways of creating a G-redex, one can say that the creation is “upwards”,
whereas in the last case it can be said to be “downwards”.

Note that in the first and second ways, the redex is created by the reduction of a term
in functional position whereas in the third way the redex is created by the substitution for a
variable in functional position of a A-abstraction. This gives the intuition for the equivalence
between superdevelopments and the strong parallel reduction defined below.
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HIGHER-ORDER MATCHING MODULO (SUPER)DEVELOPMENTS 7

1.3.1. Untyped labelled \-calculus and G;-reduction. By definition, labels are simply elements
of N.

Definition 1.7 (Labelled A-terms). Let I be a set of constants. Let X and V be two
countably infinite and disjoint sets respectively for variables and matching variables. The
set 7; of labelled A-terms is defined as the smallest set containing all variables, matching
variables, constants and closed under the following rules:

o If Ac 7 and p € N, then \,x.A € 7.

e If M,N € 7; and p € N, then (MN)?P € 7.

The relation F; is defined over the set 7; of labelled A-terms by
((A\pz.A)B)P  —p Alzx := B]

In order to define superdevelopements we will restrict attention to terms that are labelled
such that the label of an application cannot be equal to the label of a A-abstraction that is
not in its scope. This corresponds exactly to “upwards” redex creations.

Definition 1.8 (Well-labelled and initially labelled terms). A labelled term A € 7; is said
to be well-labelled if for all positions such that A, = (BoB1)? and A),, = A\pz.C then
p1 2 p2. It is initially labelled if moreover for all positions such that A‘pl = M\p2.C and
A, = Ap2'.C" then p; = p,.

1

In the following, we will suppose that all labelled terms are well-labelled. We can remark
that the set of well-labelled terms is closed by gj-reduction.

1.3.2. Untyped A-calculus and superdevelopments. Before giving the formal definition of su-
perdevelopments, we define an erasing morphism from labelled A-terms to A-terms. Without
any ambiguity, we overload the notation of the previous section.

Definition 1.9 (Erasing mapping). The mapping Y : 7; — 7 that erases labels is defined
as follows

e T(e)=¢

e T((AB)P) =T(A)Y(B)

e T(\px.A) = Az.T(A)

Note that the mapping T can be extended into a morphism from [;-reductions to
(B-reductions.

A superdevelopment is a [-rewrite sequence that may reduce both the redexes that
are residuals of redex occurrences in the initial term (like in developments) and the redex
occurrences that are created in the first or second way. In the A-calculus, superdevelopments
are, as developments, finite.

Definition 1.10 (Superdevelopments). A [-rewrite sequence ¢ of the A-calculus is a [-
superdevelopment if there exists a (§;-rewrite sequence ¢ in the labelled A-calculus that
starts with an initially labelled term and stops on a term in §;-normal form and such that

Y(o) =5.
We extend the finite developments theorem to superdevelopements.

Theorem 1.11 (Finite superdeveloppements [vR96]).

e Fuery superdevelopment is finite.
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8 GERMAIN FAURE

o If two superdevelopments (1 and (o start with the same initial term then the two
final terms must be equal.

As finite developments coincide with the parallel reduction of Tait and Martin-Lof, finite
superdevelopments coincide with Aczel’s parallel reduction [Acz78] called in the following
strong parallel reduction. It is denoted by =5, and we say that a term A 3 -reduces to a
term B if A =45, B.

Definition 1.12 (Strong parallel reduction). The strong parallel reduction in the A-calculus
is defined inductively by

W (R€d—€)

A1 :>ﬂsd A2 Bl :>/85d BQ
AlBl :>ﬂsd AQBQ

A1 = Boa A2
Ax. Al =B )\x.AQ

(Red—Q)

(Red—\)

A1 = B /\(L‘.AQ By = B B
AlBl = B Ag[x = BQ]

(Red—[3)

The only difference with the parallel reduction of Tait and Martin-Lof is the rule
(Red—p;) that replaces the rule (Red—/() of the parallel reduction. The redex reduced
by the rule (Red—pfs) is obtained from the reduct of A;. This redex is not necessarily
present in the initial term A;As. It may have been created and this creation is of type 1
or 2 but not of type 3 (an upwards creation but not a downwards creation).

Theorem 1.13 (Strong parallel reduction and superdevelopments). The notions of strong
parallel reduction and superdevelopments coincide in the following sense. For every terms
A BeT

there exists a superdevelopment A—»g B iff A =45, B.

This characterization of superdevelopments is the essence of the corresponding matching
algorithm. We conclude this section by examples.

Example 1.14. In this example, we show how to associate, when it exists, the Fj-rewrite
sequence corresponding to a J-rewrite sequence.

e The [-rewrite sequence
Az dy.xy)zz' —5 (Ay.zy)z —p 22
is a superdevelopment since it corresponds to the [;-rewrite sequence
(Mzdayay)2))2)? =5 (Oeyz)?)? —p 22 .
e However, the rewrite sequence
(Az.zx)(Ae.xx) —g (Av.zx)(Ae.zx) —p

is not a superdevelopment. We show that it is not possible to label the term
(Az.zz)(Az.xx) and find an adequate [j-reduction sequence. We can first try to
label the A-abstractions. Since we consider only initially well-labeled A-terms, each
A-abstraction must have a different label. Moreover, if we want the term to be
0;-reducible, we necessary have

((Mz . zx)(Nox . zx))t.
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To conclude the labelling of (Az.zx)(Az. zz), we have to find two labels p; and ps
such that the term

(. (z2)) Rz (22)P2))!

267 is well-labelled. Since we want the term to be reducible after one gj-reduction then
268 p1 must be equal to 2. But this is impossible since we consider a well-labelled term.
269 Given a A-term, we can thus “label” this term (and thus obtaining a labelled A-term)

270 in order to f-reduce redexes created in the first or in the second way but not in the third
271 way. This is exactly why we restrict ourselves to well-labelled terms.

272 The corresponding F;-rewrite sequence associated to a superdevelopment is no more
273 given in the following.

274 Example 1.15. In this example, we illustrate the link with developments, superdevelop-
275 ments and redex creations.

276 e Finite development Residuals of redexes present in the initial term can be con-
277 tracted:

(Az. f(z,2)) (Ay.y) a)

—5 f(Ay-y) a, (Ay.y) a)

B f(av >‘y y) a’)

B / ((L, a’)
278 e Redex creation of type 1 In the following superdevelopment, the new redex
279 obtained after one B-rewrite step is reduced:

((Az. Xy. f(x,y))a)b
—g (Ay. f(a,y))b

B f(av b)

280 ¢ Redex creation of type 2 As in the previous example, a redex is created and
281 reduced during the reduction, but in a different way:

(Az.z)(Ay.y))a

—5 (Ay.y)a

_>ﬁ a
282 ¢ Redex creation of type 3 There is no superdevelopment from the term (Az. za)(Ay. y)
283 to the term a:

(Az.za)(Ny.y)

—8 (Ay.y)a
284 2. MATCHING MODULO BETA (AND ETA)
285 In this section, we consider terms of the simply A-calculus that is, elements of 7;. We

286 are going to solve equations modulo the full S-equivalence (possibly with 7).
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10 GERMAIN FAURE

2.1. Matching modulo (.

Definition 2.1 ((-equation/system). A [-equation is a pair of S-normal typed A-terms of
the same type denoted A < B such that B is V-closed. A (-system is a multiset (possibly
empty) of F-equations.

Union of multisets is written using the symbol U. If F; and Fy are matching equations,
we simply write (E7) U (E2) for the multiset of the two matching equations.

For example, let us consider a base type ¢, a constant a of type ¢ and two matching
variables X and Y with respective types ¢ — ¢ and ¢. Then, the pair (XY, a) is a S-equation.

Definition 2.2 (f-match). A substitution ¢, that preserves types, is a S-match for the
matching equation A <g B if and only if Ap=gB. A substitution is a 3-match for a system
S if it is a f-match for each equation of S.

For example, the substitution {Az.z/X, a/Y} is a B-match for XY <z a.

2.2. Nth order matching. In practice, we only consider algorithms to solve a subset of
B-equations (higher-order matching modulo ( is undecidable [Loa03]). Either we consider
some restrictions on the order of matching variables and constants or we consider matching
modulo Gn.

Definition 2.3 (Order of an equation/system). A (-equation is said to be of order at most
n if all its matching variables are of order at most n and all its constants are of order at
most n+ 1. A system is said to be of order at most n if it is composed of equations of order
at most n. We define the nth order matching as the operation that solves (-equations of
order at most n.

For example, the above equation XY <g a is of order 2.

2.3. Matching modulo 7. In practice, the adequate equivalence modulo which we want
to consider matching equations is the Sn-equivalence where the equation 7 is defined as
(n) Az. (Ax) = A
if z & fv(A)

The decidability of second-order matching was proved in [HL78], of third order matching
in [Dow94] and of fourth order matching in [Pad00]. The general decidability proof appears
recently in [Sti09] using game theory.

In this section, we simply reformulate the previously given definitions to take into
account n-equivalence.

Definition 2.4 (8n-equation/system). A (n-equation is a pair of typed A-terms in (n-long
normal form of the same type denoted A <g, B such that B is V-closed. A (37n-system is a
multiset (possibly empty) of Sn-equations.

Definition 2.5 (fn-match). A substitution ¢, that preserves types, is a fn-match for the
matching equation A <g B if and only if Ap=g,B. A substitution is a #n-match for a
system S if it is a On-match for each equation of S.
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2.4. Matching of Miller patterns. We first define Miller patterns.

Definition 2.6 (Miller Patterns). A simply typed A-term A in S-normal form is a (higher-
order) Miller pattern if every free occurrence of a variable X is in a subterm X (uq,...,u,)
of A such that (ui,...,uy) is n-equivalent to a list of distinct bound variables.

Unlike the higher-order unification which is undecidable in general [Hue73, Gol81], the
unification of Miller patterns is decidable and there exists a more general unifier (when the
equation has a solution) that can be computed in linear time [Qia96]. In Section 5, we will
give an algorithm for matching modulo superdevelopments and 71 that gives exactly (when
it exists) the more general match for equations based on Miller patterns.

3. MATCHING MODULO SUPERDEVELOPMENTS (AND ETA)

In this section, we first define matching modulo superdevelopments, that we also call
B..-matching. We then relate it with second and third order matching.

3.1. Matching modulo superdevelopments. In this section, we consider terms of pure
A-calculus (elements of 7). We are going to solve equations modulo superdevelopments.
We first define the notion of equation and then the corresponding notion of solutions.

Definition 3.1 (3,,-matching equation/system). A (3 ,-matching equation or simply a match-
ing equation is a pair of terms denoted A <g, B such that B is normal and V-closed. A
matching system is a multiset (potentially empty) of matching equations.

We say that a matching variable belongs to a system S and we note X € S if X occurs
in one equation of S.

For example, the pairs (XY, Az. x) and ((Az.z) X, a) are (3, ,-matching equations whereas
(XY, (Az.x)a) is not since the term (Az.z)a is not normal.

Higher-order matching and unification algorithms that can be found in the litera-
ture [Hue75, SG89, Dow01] usually consider matching equations of terms in normal form
and this property is preserved during the matching process by using normalizing substi-
tutions. Note that this is not the case here: the term A of an equation A <z, B is not
necessarily in normal form.

Definition 3.2 (8, match). A substitution ¢ on matching variables is a (,4-match or
simply a match for the matching equation A <g, B if there exists a superdevelopment
from Ap and B (that is, Ap =5, B). A substitution is a match of a system if it matches
each equation. The set of all matches of a system S is denoted M(S).

We can associate to a typed A-term an untyped term. In the same way, we can associate
to a B-equation a [3,-equation. By a little abuse of notation, we simply denote by A <g, B
the (3 ,-equation associated to the S-equation A <z B.

Recall that we only consider substitutions of closed and normal terms. In particular, a
B.¢-match is thus a substitution of closed and normal terms.

The application of a substitution to a matching equation B <g, C is the equation
By <g, C. The application of a substitution ¢ to a system, denoted S¢ consists in the
application of the substitution ¢ to each matching equation of S.
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Example 3.3 ([, -matches). Consider the equation (XY)Z <g,, ab and the substitutions

o1 = { M.z /X, a/Y, b /Z}
09 = { Xe.dy.zy /X, a/Y, b /Z}
o3 = { X Ayy /X, ab /Z}
o4 = { M. e.zy /X, b)Y, Xz.az [Z}
The substitutions o1, o9 and o3 are (,,-matches since
(XY)Z)or = ((Ax.x)a)b =5, ab
(XY)Z)os = ((Az.M\y.zy)a)b =35, ab

(XY)Z)os = ((Az.M\y.y)Y) (ab) =35, ab

The substitution o4 is not a (3,-match since
(XY)Z)oy, = ((A\y.Az.2y)b)(Az.az) #5, ab

even if these terms are (3-convertible.

A (.4-system can have an infinite number of solutions but we can always find a finite
set of minimal solutions such that every solution is subsumed by a minimal solution.

Example 3.4 (Infinite number of f,,-matches). Following Example 3.3, we can notice that
all the substitutions that coincide with o3 are solutions of the equations, independently
from the term associated to the matching variable Y. For example,

o5 ={\x. \y.y/ X, \z.x/Y,ab/Z} and  og ={\v. \y.y/ X, x. \y.y/Y,ab/Z}.
are solutions. They are subsumed by o3 in the following sense

o3 < 05 and o3 < 0g
The following example shows that there is no most general match.

Example 3.5 (Independant f,-match). Following example 3.3 we can notice that the
substitution o1 and oy are not comparable since o1 £ 09 and g9 £ 07.

In the following we are going to solve §,4-equations by transformation rules. We simplify
a system until getting a ‘normal form’ for which we can extract a substitution (if it exists).
Such a system is said to be in solved form in the sense of the following definition.

Definition 3.6 (Solved form). A matching equation X <g_, A is in solved form if A contain
no free variables. The corresponding substitution is defined by {A/X}. A system is in
solved form if all its equations are in solved form and if the left-hand sides are pairwise
disjoint. The corresponding substitution of such a system is the union of the corresponding
substitutions of each equation (of the system). It is denoted by os.

Definition 3.7 (Complete match set). Let S be a matching system. A complete match set
of S is a set of substitutions M such that:

(1) Soundness For all ¢ € M, ¢ is a §,-match of S.

(2) Completeness For all ¢ such that ¢ is a (,-match of S there exists ) € M such
that ¥ < ¢, i.e., there exists a substitution ¢ such that ¢ = £ o ¢ where o denotes
substitution composition.

The following lemma gives the relevance of solved forms.
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Lemma 3.8. If S is a system in solved form then {os} is a complete match set of S.

3.2. Comparison with second-order matching. In this section, we are going to prove
that matching modulo superdevelopments is complete for second-order matching. The fol-
lowing results were already proved in [dMSO01]. Nevertheless, the technical material pre-
sented here (creations of redexes, superdevelopments) gives simple and intuitive proofs.
First, a technical result on the creation of redexes.

Lemma 3.9. For all terms Ay, Ag,- -+, A, such that A,, contains a redex of third order (or
more) and there exists a superdevelopment Ay —g Ay —g ... —g Ay, then Ay contains also
a redex of third order (or more).

Proof. We prove the result by induction on n. We look at the induction case. By induction
hypothesis, we know that Ay contains a redex of a least third order that we call in the
following R = (Ax.C) D. First, if R is a residual of a redex of A; then the result is obvious.
Secondly, if not, and if R is created during the reduction from A; to As in the first way
mentioned before then A; must contain a subterm of the form (((Az.A\z.C’) E) D with
C = C'[z := E]. Then the order of the redex (Az. \x.C") E is greater or equal to the order
of R. This concludes the case. Finally, if not, and if R is created during the reduction from
Aj to As in the second way mentioned before then A; must contain a subterm of the form
(Ay.y) (Az.C) D. The order of the redex (Ay.y) (Az.C) is strictly greater than the one of
R. This concludes the case. L]

Proposition 3.10. Consider a second-order 3-matching equation. If a substitution ¢ is a
B-match then it is a (B,4-match.

Proof. The proof is by contradiction. Let ¢ be a (-match of the S-matching equation
A <g B that is not a 3,match. Then we have that A does not contain any 3-redex and
that ¢ does not contain any term of order greater than 2. Finally, Ap=#45, B and Ap=3DB.
Thus there exist (A;); such that Ap —3 A1 —g -+ —3,, Ay is a superdevelopments and
A, contains a (-redex (Az.C)D which is not reduced by superdevelopments. This means
that this redex is a residual of a redex created when reducing A;,. Since the redex is not
reduced by superdevelopments then this creation is of type 3 and thus induces a redex of
order at least 3. Lemma 3.9 implies that Ay contains a redex of order at least 3. Since
both A and ¢ range in the set of S-normal forms, then there exists a position p; and a term
E such that A, = XE where X is mapped by ¢ to a A-abstraction of at least third order.
This contradicts the hypothesis on the order of the initial matching problem. L]

This proposition for second-order B-equations can be easily generalised to second-order
(B-systems.

Creations of redexes in the third way induce intrinsically redexes of at least third order.
This intuitively explains why second-order matches modulo g are (3, ,-matches. The reader
familiar with the second-order matching algorithm of G. Huet and B. Lang may notice that
during their matching process, we can restrict S-normalization to 3,,-normalization.
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3.3. Comparison with third-order matching. Assoon as we consider third-order match-
ing problems, the set of minimal solutions may be infinite. Since matching modulo superde-
velopments generates finitely many minimal solutions, we remark that matching modulo
superdevelopments cannot be complete w.r.t. third-order matching.

Example 3.11. The substitution {A\z. Af. fx/X} is a f-match for the matching equation
Az. (X z (A\y.y)) < Az.z whereas it is not a G ,-match. In fact, A\z. (Az. Af. fz) z (Ay.y))
B.a-reduces to Az. (Ay.y)z but not to Az. z.

The last example is classical and taken from [Dow01]. The third-order matching equa-
tion has an infinite number of (minimal) solutions of type ¢ — (¢ — ¢) — ¢ that are given
by the Church numbers Az. Af. (f...(fx)...).

3.4. Comparison with matching of Miller patterns. In the case of matching of Miller
patterns [Mil91, Qia96], the restriction of the f-reduction given by superdevelopments is
powerful enough:

Proposition 3.12. Let ¢ be a match of an equation P <g A where P is a Miller pattern.
Then there exists a superdevelopment Py —»3 A.

Proof. For all Miller patterns, only a subset of the [-reduction is needed [Mil91]. This
restriction is defined by

(A\y. M)z —8 My := 7]

We recall that redex creations of type 2 or 3 require to reduce a redex whose term in
application position is a Ad-abstraction. Then since Gp-reduction only reduces redexes whose
term in application position is a variable, only redex creations of type 1 can occur in the
context of the Fy-reduction. These created redexes will be reduced by superdevelopments. [ ]

3.5. Matching modulo superdevelopments and eta. In the simply typed A-calculus,
matching modulo 37 strongly relies on the n-long normal form. This makes an important
difference with matching modulo (: using the n-equivalence, we move from a undecid-
able [Loa03] to a decidable problem [Sti09].

In the context of matching modulo superdevelopments, the use of n does not influence
neither fundamentally nor technically the design of matching algorithms, as we will see in
Section 5.

The use of n-long normal form is here replaced by the use of n-reduction to consider
terms in n-normal form. We recall the definition of n-reduction.

Az. (Az) — A
if x & fv(A)

Definition 3.13 (f3.,n-equation and f,n-system). A [,n-matching equation is defined by
a pair of terms (A, B) such that B is fn-normal and V-closed. We denote such an equation
by A <gsd B. A [ n-system is a multiset of equations.

Definition 3.14 (4,,n-match). We say that ¢ is a (3,,n-match for the f,,n-equation A ggsd B
if there exists a term C' such that Ap =5, C —», B.

These two notions will be illustrated in Section 5.



450

451
452

453
454
455

456
457
458
459
460
461
462
463
464
465

466
467

HIGHER-ORDER MATCHING MODULO (SUPER)DEVELOPMENTS 15

(x <p, x)US —g, S
(a <g, a)US —e. S
(X Shud A) us —Ex (X Shua A) U {A/X}S

if fv(A) =0 and X €S

(Az. A<g, \e. B)US ~A (A <g

sd

B)US

(AlBl LBy C)US —aQ, (Al LBy )\x.C’)US
where z fresh variable

(A1B1 <3, C)U S —a, (A1 <g, Ar-A2) U (B1 <g, B2) US

where As[z := By] =C
and z fresh variable x € fv(Aj)
and As, By S-normal

Figure 1: Matching modulo superdevelopments

4. ALGORITHM FOR MATCHING MODULO SUPERDEVELOPMENTS

In this section, we present an algorithm for matching modulo superdevelopments in the
pure A-calculus. We illustrate it on examples and we finally study its main properties.

4.1. Presentation of the algorithm. Rules for matching modulo superdevelopments are
given in Figure 1 using transformation rules [MM82, Kir84, SG89, JK91]. By transformation
rules, we mean rewriting rules only applied at the top position. Then,

e a system is transformed step by step until getting to a normal from (the set of rules
is terminating); this normal form can be a resolved form and then gives a solution
to the original matching problem (the algorithm is sound);

e by exploring all the possible reductions (the application of rules is non deterministic
meaning that two reductions of the same initial system may lead to different nor-
mal forms) and collecting all the resolved forms we get a complete match set (the
algorithm is sound and complete).

We denote S — S’ when one of the transformation rules given in Figure 1 can be applied
to transform S into S§'. We also denote S —S’ when it exists n > 0 systems Sy, ...,S,, such
that S=S; — ... —» S, =¢§".

The transformation rules of Figure 1 mimicked the definition of strong parallel reduction
as we explain now in details by examining transformations rules one by one.
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The ¢ rules deal with atoms. The rules (e.) and (e,) are removing directly solved
equations. Note that when the rules (e.) is applied to the singleton system a <g, a then
the resulting system is the empty multiset.

The rule (ey) is substituting a matching variable with its corresponding value. Note
that we substitute only X'-closed terms. For the reader familiar with ‘classical’ presentation
of higher-order matching algorithms, it may be useful to recall again that we do not consider
normalizing substitutions. This is not a matter of taste but rather a matter of soundness.
In fact, let us consider the following variation of the ex rule

(X' <g, AUS =1 (X<, HUELA/XD) |

where (S{A/X?}) | denotes the [, ,-normal form of S{A/X}
and the following equation

F(XYZ, XY, Z) <p, f(L, \z. Ay. xy, Az. 2, 1)
which can be transformed into
(XYZ <, 1) U (X <g, Ax. Ay 2y) U (Y <, A\z.2) U (Z <, 1)
By applying the (%) rule three times and the (g.) rule once we get:
(X <g, A\z. Ay.2y) U (Y <g, A\z.2)U(Z <g, 1)

We obtain a normal form in solved form whereas the corresponding substitution is not a
match modulo superdevelopments (even if this is of course a match modulo 3): the rule

(%) is thus not sound.

Finally, note that the side condition X € S of the (ex) rule is used to guarantee the
termination of the algorithm (see the proof of Proposition 4.8).

The (\)) rule is dealing with A-abstractions like the (Red-\) does. Note that this
way to deal with abstractions is sound since we only consider closed substitutions. In many
higher-order matching algorithms, the A-abstractions are kept prenex. The two choices are
possible. We will present the algorithm for matching modulo superdevelopments using the
second choice. A similar rule to (Ay) can be found in the context of higher-order unification
in the A-calculus with de Bruijn indices and explicit substitutions [DHEKO00].

The @ rules deal with the application. The rule (Qq) is directly related to the rule
(Red-@) and thus requires no more comments. The rules (Q,) and (Qg) are both related
to the rule (Red-fs). We are trying to express the right hand side C' of the equation as the
result of a [-reduction, let us say As[z := Bs]. Depending on the belonging of x in Ay, we
obtain either the rule (@) or the rule (Qg).

e If x does not belong to Ag, we obtain the rule (Q.): we associate the left hand side
with an abstraction ignoring its argument and returning the right hand side of the
initial equation.

e If not, that is if  belongs to Ay, then we obtain the (Qg) rule by mimicking the
(Red-f3s) rule for all terms such that C' = As[z := Bs] where x belongs to Ay and
As and By are -normal. Let us examine how we can find such terms. First, remark
that Bs is necessarily a subterm of C' (since x belongs to As). Let us consider one of
this subterm. We choose a subset of the set of positions of C' such that the subterm
of C' at these positions is Bs. The term A, is obtained from C by replacing the
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501 subterm at each of the position of the chosen subset by x. Note that there exists
502 only a finite number of such pairs (Ag, By) which satisfy these conditions.
503 Comparing with the approach like the one presented in [HL78], we do not introduce

504 new matching variables during the matching process. The solutions of a system S given by
505 our algorithm have then a domain included in the matching variables of S. The advantage
506 is that when we compare such a solution with an arbitrary solution of S, it is not technically
507 necessary to restrict this comparison to matching variables of S unlike for example in [Biir90].

508 Example 4.1 (Computing the solutions of a [,-equation). We consider the equation
500 XY <g, ab. As the left and right hand sides of the equation are applications, we can
510 apply the rules (Qq), (@) or (Qg).
(1) Rule (Qq):
(XY B ab) — (X SBoa a)U (Y B b).
(2) Rule (Q):
(XY gﬁsd ab) — (X <gsd )\x.ab).

511 (3) Rule (@g): to find A; and Ay such that Ai[z := As] = ab, we first choose Ay as
512 a subterm of “ab”: a, b and ab. The set of positions of ab for which Ay is the
513 corresponding subterm of C' is a singleton since each subterm of ab appears only
514 once in ab. We obtain three ways to apply the rule (Qg) corresponding to the three
515 subterms of the right hand side of the equation XY <g, ab:

516 (a) (XY <5, ab) = (X <g, Az.2b) UY <z, a).

517 (b) (XY <g, ab) — (X <g, Ax.ax) U (Y <g, b).

518 (c) (XY <g, ab) — (X <g, Az.z) U (Y <z, ab).

519 Example 4.2 (Computing the solutions of a (,equation). We consider the equation
520 X(YX) <g, a. We can apply the rules (@Q,) or (Qg).
(1) Rule (Qg):
(X(YX) <Bsd a) - (X <ﬂsd A$Q)
(2) Rule (Qg):
(X(YX) </Bsd CL) - (X <ﬁscl )\fl:l‘) U (YX gﬁed a)'
521 To simplify Y X <z, a we can apply the rule (@) or the rule (Qg).
(a) Rule (Q):
(X <g, Az.2)U(YX <g,a) = (X <g, Av.z) U(Y <g, Az.a).
(b) Rule (@p):
(X <Bsd Ax 33) U (YX <Bsd (I)
- (X <ﬁsd )\x 33) U (Y <Bsd )\.’L‘ x) U (X <Bscl CL)
— (X <g, A 2)U(Y <g, Av.2) U (Az.x <g,, a).
522 In the last case, the system is not in solved form (even if it is in normal form) and thus
523 does not give a solution. The initial matching problem has thus only two solutions.

524 Remark 4.3 (Application of the (Qg) rule). The application of the rule (Qg) is driven
525 by the choice of the term Bs which must match the term Bj. In implementations of the
526 algorithm, this restriction on the choice of Bj is very useful. For example, if Bj is a constant
527 or a variable then necessarily Bo = Bj. This is always the case in the case of Miller patterns
528 since a matching variable can only be applied to bound variables.
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4.2. Termination property. We show that the algorithm is terminating. We first define
the size of a term (resp. of a matching equation, resp. of a system).

Definition 4.4 (Size). The size of a term A denoted & (A) is defined by induction

S (¢) =1 for all atoms ¢ ¢
S(\x.B) = 6(B)+1
S(BC) = 6(B)+6((C)+1

The size of a matching equation A <g, B is the size of A. The size of a system is the sum
of the sizes of each equation of the system. We use the same notation for the size of terms,
equations and systems.

For every system S, we denote by L (S) the number of unsolved variables of S in the
sense of the following definition.

Definition 4.5 (Solved variable). A matching variable of an equation X <z, A belonging
to a system S is a solved variable if X occurs nowhere else in S.

Lemma 4.6 (Unsolved variables). For all systems S and S' such that S — S’ we have the
following inequality

U(S) = U(s)
The inequality is strict if the reduction is done using the rule (ex).
Lemma 4.7 (Size decreasing ). For all systems S and S’ such that S — S’ using any of the
transformation rules of Figure 1 except the rule (ex ), we have

S(S)>6 (S’)

Proof. We prove that the inequality is valid for each transformation rule. Note that the
size only depends on the right hand side of equations: the inequality is thus in particular
true for rule (Qg).
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—~

(A1By <g, A2B2) US)

S (A1By) + & (S)

1+6 (A1) +6(B1)+6(S)

S (A1 <, A2) + 6 (B1 <g, B2) + & (S)

)
S (A1B1)+6(S)
1+ 6 (A1) +6(B1)+6(S)
S (A1 <g, Az. A2) + 6 (S)
((A1B1 <g, C) US)
S (A1B1)+6(S)
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Proposition 4.8 (Termination of the algorithm). The set of transformation rules given in
Figure 1 is terminating.

Proof. For all systems S and S’ such that S — §', the lexical product of the number of
unsolved variables 4 (_) and the size of the system & (_) decreases for each rule:

U | 60)
Ev = >
Ec = >
Ax = >
€x >
Qo | > >
Q. | 2> >
@/5 > >
Note that the rule (ex) makes decrease the number of unsolved variables thanks to the
side condition X € S. ]

4.3. Completeness property. We define an extension of the relation =5, to multisets.
To ease the reading in this section, we write (A1, B1) € §, for Ay =4, B.
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555 Definition 4.9 (Multiset extension of =45, ). We note () the empty multiset. The multiset
ss6  extension of =4, is defined by

557
558

559

560
561

562
563

564

(A1,B1) €8s E€ps
Q)Eﬁs (AlvBl)UEE/BS

(A1, B1) € Bs (A1, BY) € B
(A1, By) € Bs (A}, B) U(AY,BYYUE € j
(AlaBl) UFE € ﬁs

(A}, BY) € Bs
(A1,B1) € Bs (A},B])UE € (s
(A1, B1) UE € S

Proposition 4.10 (Completeness). For every system S, if ¢ € M(S) then there exists a
sequence of transformations

S=Sg—S1—...—= S,
where Sy, is in solved form and og, < .

Proof. We suppose given a system Sy such that ¢ € M(Sp). We want to show that there
exists a derivation such that
S=Sg—S1—...—= S,
where S,, is in solved form and os, < ¢. Let Sg = (41 <g, B1)U... (4, <z, Bp) and let
FEy be the multiset defined by
Ey = (Alga, Bl) U...U (Ap(p, Bp)
Note that ¢ € M(Sp) is equivalent to Ey € B5s. We show the proposition by induction on
Ey € ﬁs.
(1) If Ey = 0 then Sp = () and o, is the identity substitution id. The result is obvious
since for every subsection ¢ we have id < (.
(2) If Ey = (A1p,B1) UE € (35 with (A1, B1) € (s is proved without hypothesis and
E € 5. By induction hypothesis, there exists a derivation (D)
— S
such that oy < ¢. Thus if X € Dom(o},) then Xo,, = By.
Suppose first that A is a constant or a variable. Then the derivation

SO _>gc (A2 <ﬁgd BQ) u...uU (Ap <ﬂsd Bp)
v
— ...

— S,
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is the desired one.

Suppose now that A; is a matching variable. Then if there is no reduction step
in the derivation (D) where X is substituted (application of the rule (ex) to the
matching variable X), the derivation

(X <ﬁsd Bl) U (A2 </Bsd B2) U : (AP \/Bsd B )

— .
~ (X <4, B)US,
is the desired one.
In the other cases (that is to say if there exists a derivation iy in (D) where X
is instantiated) then X must be instantiated by B; and the following derivation is
the desired one:

(X <ﬁed Bl) U (A2 gﬁqd B2) u. (Ap XBiq )
—iy  (B1<g, B1)US 1,
- S;0+1
N
— S’n

If By = (A1p,B1)UE € (35 with (A1p, B1) € (s is provable using two hypotheses.
We analyze the last rule used in the proof of (419, By) € fs.
e Rule (Red — @) Then we have FEy = (Al@A3p, B1B2) U E € 3 with
(A%SO7B1) € /88 (A%QO, B%) € ﬁs
(A%SOAIQDa B%B%) € ﬁs

and
(Ale, B1) U (Alp, B) UE € §5;
By induction hypothesis, there exists a derivation such that

(Al \ﬁd ) (Al X6 %) U (A2 Shua BQ) U. (A;D XG4 p)
Sn
with og, < ¢.

If Ay = X we also have (since then A} = B} and A2 = B? and thus the two
corresponding equations are V-closed and do not influence the derivation)

(A2 Shua BQ) U. (Ap XG4 P)

—>S;L

—
—

such that g, < ¢. We conclude like in the previous case.
If not then the derivation

(A1 <g, B1)U ... U(4p <p, Bp)

= (AiA% <BsdlB%B%)2U (A2 <gsd BQ) . (AP <ﬁd Bp)
— (A} <g, B1)U (Af <g, B) U (Ap <pa Bp)

— .

— Sn

is the desired one.
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e Rule (Red — 3;) Then we have Ey = (AlpA2¢p, B[z := B?]) U E with
(A%QO, AZ. Bl) € 58 (A%SD? BQ) € /65
(AI@A ‘paBl["E _BQ]) Gﬁs

and
(AIQOv)‘x' Bl) (A1QO7B%)UE 6/68
By induction hypothesis, there exists a derivation such that
(A% B AL Bl) (Al Xbsa B%) (Ap X p)

— .
- s
with og < ¢. The derivation
(A1A] <g, Bilz = BY]) U (4] <z, Az 31) (A% <g,, BY)
U. (Ap \ﬁsd p)

N
— Sn
is the desired one if € fv(B{). If not, the derivation
(A1A? <g, Bilz := BY]) U (A1 <g, Av. By)
U...U(4p < X By)

-
— Sn

572 is the desired one

573 (4) This case is similar to the previous one.

574 0]

575 4.4. Correctness property.

s76 Lemma 4.11. For all systems S and S' such that S — S’ using the rules (g.), (£,), (Ax)
577 or (ex), we have M(S") = M(S).

Proof. The only trivial case concerns the rule (ex). Let X be a matching variable, S be a
system and A be a term such that fv(A4) =0 and X € S.
v e M((X <3, A)US) & Xy =3, Aand ¢ € M(S)

Pramal x o — Aand po {A/X} € M(S)
& X =p,Aand p € M(S{A/X})
& peM((X <4, A) US{4/X})

578 []
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579 Lemma 4.12. For all systems S and S’ such that S — S’ using the rules (Qq), (Q,) or
ss0  (Qg) we have M(S') C M(S).

Proof. We prove the result for each rule.

Q@ p e M((Al LA Ag) U (Bl LBy Bz) U S)
— peM(A <5, A2) and ¢ € M(B; <z, B2) and ¢ € M(S)
— Ajp =4, Az and By =4, By and ¢ € M(S)
— (AlBl)cp =B Ao By and (RS M(S)
— pE M((AlBQ <5sd A2B2) U S)

Q, (RS M((Al <ﬂsd Ax. AQ) U S)
= Algo Sy Azx. Ay and (RS M(S)
= (A1B1)p =4, A2[z := (Bip)] and ¢ € M(S)
< (AlBl)(p =B As and (RS M(S)
since x is fresh from Aq, B1, A2, S
— ¢ eM((Ai1B1 <g, A2) US)

Qg p € M((A1 <g, M. A2) U (B1 <, Ba2) US)
= A1p =4, \r. Ay and Bip =5, B and ¢ €S
= (A1B1)p =4, A2lr :=B]and p €S
— pE M((A1B1 Lhg Ag[l' = Bl]) U S)

581 ]

ss2 Proposition 4.13 (Correctness). For all systems S and S’ such that S—S' and S’ is in
583 solved form we have oy € M(S).

584 Proof. The proof is a simple induction on the length of the sequence of transformations and
585 is using the previous lemmas for the induction step. L]

586 4.5. Finite complete match set property. The correctness and completeness properties
587 entail that there exists a complete match set. It is obtained by exploring all the possible
se8 reductions and by constructing the set of substitutions obtained from the solved forms. We
589 know that this process is finite since the algorithm terminates and thus the complete match
500 set is also finite.

591 Proposition 4.14 (Finite complete match set ). For a given system S, there exists a finite
502 complete match set M given by

M = {o§ | S—S' and S’ is in solved form} .

593 5. ALGORITHM FOR MATCHING MODULO SUPERDEVELOPMENTS AND ETA

5.1. Presentation of the algorithm. The algorithm for matching modulo superdevel-
opments given in Figure 1 must be customized to take into account n-conversion. First,
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(A\Tp.x <g, \Tpn.z)US —e, S
(ATp.a <g, A\Tp.a)US —e, S
(A& X <g, A\Tp. A)US —ey  (ATn. X <g, AT, A) US{A/ X}
if fv(A) =0 and X €S
()\EA <fg )\:Un_k.B) usS -\ ()\EA <fg )\xn_k+1.an_k+1) us

()\Tn (AlBl) <gsd ATp. (AQB2)) usS —>@@ ()\ﬁ Ay gﬁsd ATy, AQ)U
()\E B, gﬁsd ATy, BQ) usS

(Azy. (A1B1) <p, A\T,. C)US —Q, (Azy. A1 <g, ATp. (Ay.C))US
where y fresh variable

Az (A1B1) <p, A\Z,.C)U S ~ay, (ATp. A1 <g,, ATy (Ax. A))U
()\Tn By <gsd ATp,- Bg) UusS
where As[z := By] =C

and z fresh variable, z € fv(Ay)
and \z. Ay, By fn-normal

Figure 2: Transformation for matching modulo superdevelopments and 7

n-expansion is done on the fly using the following rule
(A\z. A <st B)uUS — (A< Bx)US

\ﬁsd
if B is not M-abstraction

and z is a fresh variable

This rule replaces the right hand side B by Az. Bx and eliminates (like in the rule (\y) of
Figure 1) one head A-abstraction. Then, we must add a side condition to the rule (Qg) for
Az. Az and A; to be in fn-normal form (and not only in S-normal form).

By making these two changes, we obtain an algorithm for matching modulo superdevel-
opments and 7. We give it explicitly in Figure 2. We have chosen to present this algorithm
in a slightly different way: instead of removing A-abstractions, we keep them prenex (and
thus the rule (A)) is no more useful).

We can prove that this algorithm has the termination, soundness and completeness
property. The termination and the correctness proofs are similar to the one given in the
previous section. The completeness proof is slightly more technical although it is funda-
mentally the same as the one given in Section 4.3.

Example 5.1 (3,,7-matches). Consider the equation given in Example 4.1. If we solve this
equation modulo G,;n we obtain only 4 solutions. In fact, the two solutions

(X B a) Uy Shud b) and (X g AL ar) U (Y B b)
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are n-equivalents.

Example 5.2 (Solutions of a (3,n-equation). Consider the pair of terms (Az. X (Yz),a).
This pair is a [,4-equation with no §,,-match. But this equation has two [,,m7-matches given
by

{a/X, \z.2/Y} and {Az.2/X,a/Y}.
In fact,
Az (X(Yz) <j , a) — (M. X (Ya) <}, Az.ax)
— (Ax. X <nsd Az.a)U (Ax. Yo ggsd Az. )
— (Ar. X < Az.a) U (A2 Y < Az Az 2)
(M. X (V) < a) — (M. X (Y) <}, Az.ax)
— (Ar. X ggsd Az.Az.z)U (Az. Yo gg,sd Az.ax)
— Az X <j Az dz.2) U (A2 Y < Az.a)

5.2. Minimality for Miller patterns. In Section 3.4, we show that matching modulo
superdevelopments is complete for matching of Miller patterns. In this section, by Miller
pattern equations we mean a (3,-equation whose first term is a Miller pattern.

We show that the algorithm for matching modulo superdevelopments and 7 given in
Figure 2 gives at most one solution when it is applied to a Miller pattern equation. Since
the algorithm is sound and complete this gives the most general match. First, note that all
the reducts of a system of Miller pattern equations are systems of Miller pattern equations.

Proposition 5.3. Let P ggﬁd B be a Miller pattern equation which has a solution and let A
be a typed term. Then the set of solved forms given by the transformation rules of Figure 2
s a singleton.

Proof. First, we can remark that when the rule (A_) can be applied, it is the only one and
thus does not introduce any non-determinism in the application of the transformation rules.
We thus exclude it in the remaining of this proof. We prove the result by induction on the
size of patterns. We distinguish three cases according to the head symbol of the pattern.
(1) If P = A\%z,. f(A1,...,A,) then for the equation to be a solution, the term B must
be of the form B = A\z,,. f(Bi,...,By). All derivations that lead to a solution must
reduce P <g, B into

(ATp. A1 <g,, ATy B1) U...U (AT Ap <5, ATp. Bp)

(modulo the application order of the rules).
Since A\Ty,. A1, ... AT,. A, are Miller patterns we can apply the induction hypoth-
esis and conclude that

AT,. A1 <g, ATp. B1 has 01 as a unique solution

AT,. Ap <g,, \Tp. B, has 0, as a unique solution

then the initial problem has a unique solution o1 U ... U o).
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(2) The case P = \Zy,. x(A1,...,A,) is similar to the previous one.
(3) If P = A\z,. X(x;,...,2;,) where the variables x;,, ..., x;, are pairwise distinct.

Then three rules (Q), (Qq) and (@Qg) can be applied. We show that in all cases
only one of this choice leads to a solution. In the remaining of this proof, we will
always use the fact that if the application of the rule (Qq) leads to a solution then
we must have B = Byz;,. In the same way, if the rule (Qg) leads to a solution then

()\E.X(l'il, L. 71'@',,) <ﬁsd ATy, B) — ()\EX(l’“, S ,:L‘Z'pil) <@Sd ATp,- /\Z.ClU)

()\ﬁ. T, LBy ATp,- :El'p)

with B = C[z := x;,] and z € fv(C1)

and thus z;, € fv(B).

Let us suppose first that the application of the rule (Q) leads to a solution. We
show that neither the application of the rule (Qgq) nor the application of the rule
(@g) lead to a solution. We have

()\E.X({L'il, ce ,wip) LBy AT, B)
— ()\ﬁ.X(l‘il, .. .,:cipfl) Lha ATp,- /\y.B)

The term B cannot contain the variable z;, (since none of the variables z;,, ..., z;,_,
are equal to x;,). The result is thus obvious.

Let us suppose now that the application of the rule (Qq) leads to a solution. We
show that neither the application of the rule (@;) nor the application of the rule
(@Qg) lead to a solution. We have

()\ﬁ X(:L’il, R 7-1:1;,7) <gsd AT leip)
— (ATn.X(xil, e 733ip71) gﬁsd ATp,- Bl) U ()\ﬂ Ti, <gsd ATp. Ti,

From the second equation, we deduce z;, € fv(B) and thus (see below) the rule
(@) does not lead to a solution. From the first equation we deduce x;, ¢ fv(B1).
Let us try to apply the rule (@Qg). We are looking for a term C such that we
have Bz, = Ci[z := x,]. But since z;, ¢ fv(B1), we must have C; = Byz with
z ¢ fv(B1) but the term Az.Bjz is not #n-normal and thus the rule cannot be
applied. This concludes the proof.

U

6. ALGORITHMS FOR SECOND-ORDER MATCHING

In this section, we consider second-order matching modulo #n. We show that the

algorithm for matching modulo superdevelopments applied in a typed context gives an
algorithm for second-order matching. We first recall the second-order matching algorithm

given in [HL78]. A more efficient algorithm has been proposed in [CQS96].
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(Decomposition) (A\T.e(A1,...,Ap) <py AT.€(By,...,By))US,0)

!
<()\T Ay Sgn AT. Bl) U...U (/\f A, ggn A\T. Bn) Us, J>

(Projection) (A\T. X(A1,...,Ap) <gp A\Z.B)US, 0)
1
(Az. (Aio") <pp AT.B) U (So’),0’ 0 o)
where o' = {\y,.v;/ X}
for 1<i<n

(Imitation) (A\Z. X (Aq,...,Ay) <py AT.€(By,...,By)US,0)

1
(/\T. Hl(Ala', - ,A;ldl) ggn A\T. Bl)
U...UAZ. Hy(Aro,. .., AL 0") <gp AZ. By,), o' oo
U So’

where o = {\y,. e(H1(y1,-- - Yn)s- - Hn(y1,- -, yn))/ X}
and Hi,..., H, are fresh variables
of adequate types

Figure 3: Transformation rules for Huet and Lang second-order matching algorithm

6.1. Second-order Huet and Lang matching algorithm. The second-order match-
ing algorithm presented in [HL78] is a refinement of the unification algorithm proposed
in [Hue75] and presented by transformation rules in [SG89]. We adapt this presentation to
the second-order case as it was done in [CQS96]. We must recall that for this algorithm we
only consider term in S-long normal form. The application of substitutions is normalising.

The set of transformations rules given in Figure 3 are managing a pair made with a
multiset of equations and a substitution. Given a pair (S, id) the algorithm is said to be
successful if there exists a sequence of transformations ending on ((), o). The substitution o is
a match for S (correctness). The first rule (Decomposition) simplifies equations whose head
symbols are identical. The rules (Projection) and (Imitation) are dealing with equations
whose left hand side head symbols are matching variables. In the first case, the variable is
instantiated by a projection function. We then have to require that the projected argument
is equal to the right hand side. In the second case, the variable is partially instantiated in
the following sense: the head symbol of the term associated to that variable is set to be
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equal to the right hand side head symbol; we introduce new matching variables to postpone
the remaining choices?.

The algorithms given in previous section could also have been presented by constructing
the substitution at the same time as we transform the system. We did not do it to simplify
the presentation (whereas here it is strictly necessary). We now illustrate the algorithm

given in Figure 3 on an example.

Example 6.1. We consider the equation (Az. X (z,a) <g, Az. f(a,x,a)) where a and f are
constants of adequate types. It is clear that the rule (Decomposition) cannot be applied.
Applying the rule (Projection) leads to a blocking state since the two arguments of X (that
is, = and a) are not matching with the right hand side. Nevertheless, the rule (Imitation)
can be applied and gives
(A\z. Hi(z,a) <gy Az.a)
U (/\.73 HQ(xv a’) gﬁn AT. l’) ) {Ay1y2- f(H(yl, y2)7 HQ(ylv y2)7 H3(y17 y2)/X}>
U (A\x. H3(x,a) <, Av.a)

The solving of the equations related to Hy, Ho and Hj gives the following solutions

{Az122.a/H 1} or {Az129.29/H1}
{Az129.21/Ha}
{A\z129.a/H3} or {Az122. 29/ H3}

The initial problem has thus four solutions given by
{Ay1y2. fla,y1,a)/ X}
{Ay1ye. fla,y1,92)/ X}
{My1y2. f(y2,y1,0)/ X}
A1y f(y2, y1,92)/ X}

6.2. Second-order matching algorithm based on superdevelopments.

6.2.1. Matching modulo superdevelopments and types. We say that an (untyped) term is
typable when it belongs to typed terms. A system is typable when for each equation the
two terms are typable and of the same type. Otherwise, we say it is untypable.

First, we can remark that if a system is build only with typable terms then its reducts
are also build with typable terms. The algorithm given in Figure 1 has a nice behaviour
w.r.t. types in the following sense: a sequence of transformations ending with a typable
system involve only intermediate systems which are typable.

Proposition 6.2. For all systems S and S' such that S—S', if the system S’ is typable
then the system S is also typable.

This proposition is directly obtained from the following lemma

Lemma 6.3. For every system S and S' such that S — S, if S is not typable then S’ is not
typable .

2The partial instantiation implies that we can now substitute matching variables by term not necessarily
V-closed. We are then out of the scope of the framework defined above but this is only to give the standard
presentation of Huet and Lang algorithm.
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Proof. We suppose given a system S which is not typable. We show that all reducts of S
are not typable by case analysis on the transformation rule involved.

o Rules (e,) and (c.): obvious.

e Rule (ex): The systems S and S’ are defined by S = (X <g, A) USp and S’ =
(X <g, A) USe{A/X}. If the equation (X <g, A) is not typable then the result
follows. If not (that is if X and A are typable and of the same type), the system Sy
is not typable. But since X and A are of the same type, So{A/X} is not typable.

e Rule (\y): obvious.

e Rule (Qg): If S = (AB <3, C)USy and Sy is not typable then the result follows.
Otherwise, we suppose that the equation AB <g, C is not typable. Then let o be
the type of AB and 7 the one of C with 7 # ¢. There exist vy and vy possibly equal
and such that the term A is of type vg — ¢ and the term Ax.C is of type v; — 7.
The equation A <g,, Az.C is not typable. This concludes the case.

e Rule (Q;) and (Qgq): Similar to the previous case.

U

Nevertheless, the reducts of a typable system are not necessarily typable, as the follow-
ing example shows.

Example 6.4 (Reducts of a typable system). Suppose given the equation XY <z, fa.
If we suppose that X is of type s — ¢, that Y is of type s, that f is of type r — ¢
and a is of type r where ¢, 7 and s are three different basic types then the equation is a
typable system. Nevertheless, by applying the transformation rule (Qq) we get the system
(X <g, f)U (Y <g, a) which is not typable. By the way, this equation has a solution
{A\z.2/X, fa/Y} which is typable.

At this point, one may wonder if there exists a second-order typable [,,-equation with
only untypable solutions. If no, one would prove the NP-completeness of matching modulo
superdevelopments from the NP-completeness of second-order matching [Bax77]. But the
answer is positive as the following example shows.

Example 6.5 (Typable (,,-equation with only untypable solutions). Let a and b two con-
stants of type r. Let f be a constant of type r — ¢ and let g be a constant of type ¢ — ¢ — .
Let X be a matching variable of type s — ¢. Let Y and Z be two matching variables of
type s. Let us consider the second-order typable equation

9(XY, XZ) <g, 9(fa, fb)
The equation XY <z, fa has 5 solutions given by

X <pyq f U Y <g,a

X <g, A\z. fa

X<, v fe U Y <4, a

X<g, Av.ea U Y g, f

X<g, v.x U Y g, fa

In the same way, the equation XZ <g, fb has 5 solutions given by:

X g/Bsd f U Z <Bsd b

X <g, Az. fb

ngsd Ax. fx U Zggsdb

X <g, \v.ea U Z<g, f

X<, Av.e U Z<Lg, fb
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In each case, only one solution is typable: X <g, Az. fa and X <g, Az. fb respectively.
But these solutions are of course incompatible. The only solution to the initial equation is

(X <ﬁsal f) U (Y g/Bsd a) U (Z g/Bsd b)

which is untypable. We have exhibited a second-order (-equation with no solution while
the corresponding (3,,-equation has one.

6.2.2. Second-order matching algorithm based on superdevelopments. The context of this
section is the typed A-calculus. We want to determine 3-matches of second-order equations.
Note that the n-rule does not have a fundamental impact on the algorithm. This section
could have be written for second-order matching modulo 87 (including the paragraph related
to the comparison with Huet and Lang algorithm).

First, we can remark that we can restrict ourselves to typable equations (this is justified
by Proposition 6.2). Then the rule given in Figure 1 are applied only if the system obtained
after reduction is typable. This is a common restriction when dealing with higher-order
matching in a typed context (see for example the rule (Projection)).

Moreover, we have shown (Proposition 3.10) that every [-match of a second-order
equation is also a (3,-match for the corresponding equation. We thus deduce that the
algorithm given in Figure 1 applied in a typed context (only typable systems) gives an
algorithm for second-order matching

Theorem 6.6 (Second-order matching algorithm). The rules of Figure 1 applied in a typed
context give a sound and complete algorithm for second-order matching.

We illustrate the algorithm on an example.

Example 6.7. We consider the equation A\z. X (x,a) <g, Az. f(a,x,a) given in example 6.1.
We first apply the rule (\)) to remove all head A-abstractions. We now look at the different
opportunities to apply the (Qg) rule, namely how we can instantiate the terms B; and Bs
(following the notations used in Fig. 1). Since we must have a <g_, B2, necessarily By = a.
Then there are three choices for By

(1) By :AyQ'f(y%mva) )
(2) By :AyQ'f(y%xva) )
(3) By :AyQ'f(a7x7y2>'
Each of these choices lead to the solutions

{Py1ye. f(y2,y1,92)/ X}
{Mye. f(y2,91,0) /X }
{y1ye. fla,y1,y2)/ X}

Finally, by applying the rule (@Q;) we found the fourth solution given by
{Ay1y2. fa,y1,a)/ X

Remark 6.8 (Comparison of second-order matching algorithms). The Huet and Lang
second-order matching algorithms and the one based on superdevelopments are quite differ-
ent. If we think of terms as trees, Huet and Lang algorithm compares term in a backwards
manner (head symbol) while the algorithm based on superdevelopments compares terms in
an upwards manner.
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7. ALGORITHM FOR MATCHING MODULO DEVELOPMENTS (AND ETA)

In the previous sections, we have presented some works on matching modulo superde-
velopments. One may wonder if these works can be adapted for the more restrictive notion
of matching modulo developments. We show in this section that it is indeed the case.

This section is organised as follows. We first give a precise definition of matching
modulo developments. We show that it is neither complete for second-order matching nor
for Miller pattern matching. We finally conclude by giving explicitly a sound, complete and
terminating algorithm for matching modulo developments.

7.1. Matching modulo developments.

Definition 7.1 (4-matching equation/system). A (3;,-matching equation or simply a match-
ing equation is a pair of terms denoted A <z, B such that B is normal and V-closed. A
matching system is a multiset (potentially empty) of matching equations.

Definition 7.2 (4-match). A substitution ¢ on matching variables is a (3;-match for the
equation A <g, B if there exists a development from Ay and B (that is, Ap =3 B). A
substitution is a match of a system if it matches each equation.

Example 7.3 (Incompleteness for second-order matching). We consider the matching equa-
tion (XY)Z <g, ab, following Example 3.3. We also consider the substitutions

o = | Xe.x /X, a )Y, b /Z}
o9 = { Xe.dy.zy /X, a JY, b /Z}

Only the substitution o7 is a G,-match while the substitution oy is a second-order G-match.

Example 7.4 (Incompletenes for Miller pattern matching). Consider for example the equa-
tion of Miller patterns (Az. \y. (Xx)y), Azx.A\y.zy). The substitution {Az1. A\z2.2122/X}
is not a (;-match of the corresponding equation while it is a S-match.

7.2. Algorithm for matching modulo developments. The algorithm for matching
modulo developments mimics the definition of parallel reduction given in Section 1.2.2, in
the same way the algorithm for matching modulo superdevelopments mimics the definition
of strong parallel reduction.

We recall that the parallel reduction and the strong parallel reduction differ only on one
rule: the (Red—/3) of the parallel reduction is replaced by the (Red—[3;) of strong parallel
reduction. Then the corresponding algorithms only differ on the rules in relationship with
the (Red—[3) and (Red—[3s) rules: the transformation rules @, and Qg for matching modulo
developments are given in Figure 4.

Theorem 7.5 (Algorithm for matching modulo developments). The algorithm for matching
modulo developments consisting of the rules (€y, €¢, €x, Ax, Qa) given in Figure 1 plus the
rules (Q) and (Qg) given in Figure 4 is sound, complete and terminating. It has the finite
complete match set property (there is no most general match).

Proof. To prove these results, it is very easy to adapt the proofs given in Section 4. L]
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(()\ac.Al)Bl gﬁsd C) us —Q, ()\acAl gﬁgd )n’L‘C) us
where z fresh variable

((Aw.Al)Bl <5Sd C) Us 4)@,6’ ()\xAl gﬁsd )\xAQ) U (Bl gﬁsd Bg) us

where As[z := By] =C
and z fresh variable z € fv(Aj)
and As, By -normal

Figure 4: The @, and Qg transformation rules for matching modulo developments

The case of matching modulo developments and 7, not presented here, is also easily
deduced from the previous sections.

8. APPLICATIONS TO HIGHER-ORDER REWRITING

Higher-order rewriting can be defined [MN98] modulo the (n-equivalence of the simply
typed A-calculus. Since this calculus is used to instantiate terms, we call it a substitution
calculus according to the terminology of presented in [O0s94, vR96].

Other higher-order rewriting frameworks choose other substitution calculi. For exam-
ple, Combinatory Reduction Systems (CRS) [Klo80, KvOvR93] use the A-calculus modulo
developments as a substitution calculus. To our knowledge, the work presented in this paper
is the first one giving an algorithm for the CRS matching, that is for higher-order matching
modulo developments.

Polyadic developments and superdevelopments. Higher-order rewriting frameworks
that use the A-calculus modulo developments as a substitution calculus are enough ex-
pressive. We give examples where matching modulo developments is too rough. This was
already noticed [vOvR93] when comparing CRS and HRS. Indeed, to encode HRS in CRS
we use instead of developments the more general notion of polyadic developments. Polyadic
developments are developments with steps of the form

It is a generalization of developments that also reduce redexes created in the in the first way
(according to the taxonomy given page 6). The only difference with superdevelopments is
then that polyadic developments do not reduce redex occurrences that are created in the
second way.

In the context of higher-order rewriting, we do not see the added value of reducing the
redexes created in the second way when instantiating a term. We believe that polyadic
developments and superdevelopments are essentially the same. We consider redex creations
of type 2 as syntactical accidents.

Although A-calculus modulo polyadic developments is a natural choice to be a substi-
tution calculus for higher-order rewriting (as suggested in [Ter03]), we are not aware of any
algorithm dealing with higher-order matching modulo polyadic developments. In particu-
lar, polyadic developments do not have a big step semantics that can guide the design of a
corresponding algorithm in the spirit of this paper.
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Untyped M-calculus modulo superdevelopments as a substitution calculus. It
thus appears that A-calculus modulo superdevelopments is a very good compromise to be a
substitution calculus for higher-order rewriting: the matching is complete for second-order
and Miller pattern-matching and the corresponding matching algorithm does not depend
one a particular type system and makes an optional use of n-equivalence.

CONCLUSION

We propose a new approach to study higher-order matching: instead of working in the
typed A-calculus modulo the full §-reduction we propose to work in the untyped A-calculus
modulo a restriction of the $-equivalence, namely superdevelopments. This is in the spirit
of J.J. Levy works: we prefer to use the (hidden) typing on the reduction than the typing
on terms. Higher-order matching modulo superdevelopments is of particular interest since
all second-order B-matches are matches modulo.

We present and study an algorithm for matching modulo superdevelopments. We prove
it to be sound, complete and terminating. We also show that this algorithm can be adapted
to deal with second-order matching as well as with matching modulo developments. We
show that since we consider untyped frameworks, the use of the n-equivalence does not
influence the design and behavior of our algorithms. We describe the algorithms in a
mathematically elegant way that allow us to write intuitive proofs.

We finally apply these ideas in the context of higher-order rewriting. We give an algo-
rithm for matching modulo developments, which is at the heart of Combinatory Reduction
Systems. We also notice that higher-order rewriting with the untyped A-calculus modulo
superdevelopments as a meta-language is of particular interest.

Even if unification modulo superdevelopments is undecidable (by reduction to the unde-
cidability of second-order unification [Gol81]), it might be relevant to study it. In particular,
one may wonder if the work presented in this paper suggests another approach for unification
of Miller patterns.

As far as it concerns the transformations of pattern-matching programs, the work
of [dMSO01] motivates by several examples higher-order matching in extensions of A-calculus
with patterns such as the pure pattern calculus [JK09] or the rewriting calculus [CKO1].
Since a simple type system that ensures termination is difficult to find in this context, this
paper should give useful guidelines.
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