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1 Introduction

We are interested in the probabilistic representation of the solution to a

porous media type equation given by

{ 8{& = %agx(ﬁ(u)% te [O’OO[ (11)

u(0,z) = up(z), = € R,

in the sense of distributions, where ug is an initial bounded probability den-
sity. We look for a solution of ([.1) with time evolution in L!(R).

We make the following assumption.

Assumption 1.1 e 3:R — R is monotone increasing.

e |3(u)| < constlu|, u > 0.

In particular, B is right-continuous at zero and (3(0) = 0.

o There is A > 0 such that (3 + \id)(x) — Foo when x — Foo.

Remark 1.2 (i) By one of the consequences of our main result, see Re-
mark [[.§ below, the solution to ([L.I) is non-negative, since ug > 0.
Therefore, it is enough to assume that only the restriction of 3 to Ry is
increasing such that |3(u)| < const|u| foru >0, and (B+\id)(x) — oo
when © — +o00. Otherwise, we can just replace 5 by an extension of
the restriction of B to Ry which satisfies Assumption |I.1, e.g. take its

odd symmetric extension.

(ii) In the main body of the paper, we shall in fact replace B with the ”filled”
associated graph, see remarks after Definition [2.9 for details; in this

way, we consider $ as a multivalued function and Assumption [ will
be replaced by Hypothesis [3.].

Since § is monotone, ([[-J]) implies B(u) = ®*(u)u, u > 0, ® being a non-
negative bounded Borel function. We recall that when B(u) = |u[u™ !,

m > 1, ([[J)) is nothing else but the classical porous media equation.

One of our targets is to consider ® as continuous except for a possible jump

at one positive point, say e. > 0. A typical example is

O(u) = H(u —e.), (1.2)



H being the Heaviside function.

The analysis of ([L.1) and its probabilistic representation can be done in the
framework of monotone partial differential equations (PDE) allowing multi-
valued coefficients and will be discussed in detail in the main body of the
paper. In this introduction, for simplicity, we restrict our presentation to

the single-valued case.

Definition 1.3 o We will say that equation ([I.]) or 8 is non-degenerate

if on each compact, there is a constant cg > 0 such that ® > ¢q.

o We will say that equation ([I.1) or 3 is degenerate if lim,_.o, ®(u) =
0 in the sense that for any sequence of non-negative reals (x,) converg-

ing to zero, and y, € ®(x,) we have limy, oy, = 0.

Remark 1.4 1. 3 may be in fact neither non-degenerate nor degenerate.
If 8 is odd, which according to Remark [[.3 (ii), we may always assume,
then 3 is non-degenerate if and only if liminf, oy ®(u) > 0.

2. Of course, ® in ([[.3) is degenerate. In order to have ® non-degenerate,

one could add a positive constant to it.

Of course, ® in ([.2) is degenerate. In order to have ® non-degenerate, one

could add a positive constant to it.

There are several contributions to the analytical study of ([[.1)), starting from
[ for existence, [[(3 for uniqueness in the case of bounded solutions and
[3] for continuous dependence on the coefficients. The authors consider the
case where (8 is continuous, even if their arguments allow some extensions

for the discontinuous case.

As mentioned in the abstract, the first motivation of this paper was to dis-
cuss continuous time models of self-organized criticality (SOC), which are
described by equations of type ([[J) with 3(u) = u®?(u) and ® as in ([.J),
see e.g. for a significant monography on the subject and the interesting
physical papers [[] and [[4]. For other comments related to SOC, one can
read the introduction of [fJ]. The recent papers, [{, [, discuss (1) in the
case ([.), perturbed by a multiplicative noise.



The singular non-linear diffusion equation ([L.1}) models the macroscopic phe-
nomenon for which we try to give a microscopic probabilistic representation,
via a non-linear stochastic differential equation (NLSDE) modelling the evo-

lution of a single point.

The most important contribution of [fJ] was to establish a probabilistic rep-
resentation of ([[.])) in the non-degenerate case. For the latter we established
both existence and uniqueness. In the degenerate case, even if the irregular
diffusion equation ([L.I)) is well-posed, at that time, we could not prove ex-
istence of solutions to the corresponding NLSDE. This is now done in the

present paper.

To the best of our knowledge the first author who considered a probabilistic
representation (of the type studied in this paper) for the solutions of a non-
linear deterministic PDE was McKean [RJ], particularly in relation with the
so called propagation of chaos. In his case, however, the coefficients were
smooth. From then on the literature has steadily grown and nowadays there
is a vast amount of contributions to the subject, especially when the non-
linearity is in the first order part, as e.g. in Burgers equation. We refer the

reader to the excellent survey papers 2§ and [RQ].

A probabilistic interpretation of ([L.1) when B(u) = |ufu™ !,m > 1, was
provided for instance in [[[(]. For the same 3, though the method could be
adapted to the case where 3 is Lipschitz, in [R1] the author has studied the
evolution equation ([.) when the initial condition and the evolution takes
values in the set of all probability distribution functions on R. Therefore,
instead of an evolution equation in L'(R), he considers a state space of
functions vanishing at —oo and with value 1 at +o0o. He studies both the

probabilistic representation and propagation of chaos.

Let us now describe the principle of the mentioned probabilistic representa-
tion. The stochastic differential equation (in the weak sense) rendering the
probabilistic representation is given by the following (random) non-linear

diffusion:

(1.3)

Y, = Yo+ [3 ®(u(s,Ys))dW,
Law density(Y;) = u(t,-),

where W is a classical Brownian motion. The solution of that equation may



be visualised as a continuous process Y on some filtered probability space
(Q,F, (Ft)t>0, P) equipped with a Brownian motion W. By looking at a
properly chosen version, we can and shall assume that Y : [0,7] x Q@ — R
is B([0,T]) ® F-measurable. Of course, we can only have (weak) uniqueness
for ([.3) fixing the initial distribution, i.e. we have to fix the distribution
(density) ug of Yp.

The connection with ([.])) is then given by the following result, see also [d].

Theorem 1.5 Let us assume the existence of a solution'Y for (I.3). Then
uw:[0,T] x R — Ry provides a solution in the sense of distributions of
with uy = u(0,-).

Remark 1.6 An immediate consequence for the associated solution of
1§ its positivity at any time if it starts with an initial value ug which is
positive. Also the mass 1 of the initial condition is conserved in this case.
However this property follows already by approximation from Corollary 4.5
of ], which in turn is based on the probabilistic representation in the non-

degenerate case, see Corollary [[.2 below for details.

The main purpose of this paper is to show existence of the probabilistic
representation equation ([.J), in the case where 3 is degenerate and not
necessarily continuous. The uniqueness is only known if § is non-degenerate

and in some very special cases in the degenerate case.

Let us now briefly and consecutively explain the points that we are able to
treat and the difficulties which naturally appear in the probabilistic repre-

sentation.

For simplicity we do this for 8 being single-valued (and) continuous. How-
ever, with some technical complications this generalizes to the multi-valued

case, as spelt out in the subsequent sections.

1. Monotonicity methods allow us to show existence and uniqueness of
solutions to ([L.]) in the sense of distributions under the assumption
that @ is monotone, that there exists A > 0 with (5 + Aid)(R) = R
and that [ is continuous at zero, see Proposition 3.2 of [fJ] and the

references therein.



2. If 3 is non-degenerate, Theorem 4.3 of [d], allows to construct a unique
(weak) solution Y to the non-linear SDE in the first line of ([L.3), for
any intial bounded probability density ug on R.

3. Suppose ( to be degenerate. We fix a bounded probability density
ug. We set B:(u) = B(u) +eu, &.= P2+ ¢ and consider the weak

solution Y°¢ of
t
Ve =¥+ [ ouul(s Y)W, (1.4)
0

where u®(t,-) is the law of Y7, > 0 and Y{ is distributed according
to ug(x)dx. The sequence of laws of the processes (Y¢) are tight,
but the limiting process of a convergent subsequence a priori may not

necessarily solve the SDE
t
Y= Yo+ [ Buls Y)W (1.5)
0

However, this will be shown to be the case in the following two general

situations.

(a) The case when the initial condition wug is locally of bounded vari-

ation, without any further restriction on the coefficient .

(b) The case when (3 is strictly increasing after some zero, see Def-
inition [L.20, and without any further restriction on the initial

condition.

In this paper, we proceed as follows. Section 2 is devoted to preliminaries
and notations. In Section 3, we analyze an elliptic non-linear equation with
monotone coefficients which constitutes the basis for the existence of a solu-
tion to ([L.I]). We recall some basic properties and we establish some other
which will be useful later. In Section 4, we recall the notion of C°- solution
to ([L.]) coming from an implicite scheme of non-linear elliptic equations pre-
sented in Section 3. Moreover, we prove three significant properties. The
first is that B(u(t,-)) is in H', therefore continuous, for almost all ¢ € [0, 7).
The second is that the solution u(¢,-) is locally of bounded variation if ug is.

The third is that if § is strictly increasing after some zero, then ®(u(t,-)) is



continuous for almost all ¢. Section 5 is devoted to the study of the proba-
bilistic representation of ([L.1]).

Finally, we would like to mention that, in order to keep this paper self-
contained and make it accessible to a larger audience, we include the an-
alytic background material and necessary (through standard) definitions.
Likewise, we tried to explain all details on the analytic delicate and quite
technical parts of the paper which form the back bone of the proofs for our

main result.

2 Preliminaries

We start with some basic analytical framework.

If f:R — Ris a bounded function we will set ||f|lcc = super |f(2)]-
By Cy(R) we denote the space of bounded continuous real functions and
by C(R) the space of all continuous functions on R vanishing at infinity.
D (R) will be the space of all infinitely differentiable functions with compact
support ¢ : R — R, and D’ (R) will be its dual (the space of Schwartz distri-
butions). S (R) is the space of all rapidly decreasing infinitely differentiable
functions ¢ : R — R, and &' (R) will be its dual (the space of tempered

distributions).

If p > 1 by LP(R) (resp. L} (R)), we denote the space of all real Borel
functions f such that |f|P is integrable (resp. integrable on each compact
interval). We denote the space of all Borel essentialy bounded real functions

by L*>°(R). In several situations we will even omit R.

We will use the classical notation W*P(R) for Sobolev spaces, see e.g. [fl].
| - |ls,p denotes the corresponding norm. We will use the notation H*(R)
instead of W*2(R). If s > 1, this space is a subspace of the space C(R) of
real continuous functions. We recall that, by Sobolev embedding, W1(R) C
Co(R) and that each u € W' (R) has an absolutely continuous version. Let
0 > 0. We will denote by < -,- >_1 s the inner product

<u,v>_5=< (0 — %A)_l/Qu, (0 — %A)_l/% >12(R)s

and by | - ||_1, the corresponding norm. For details about (§ — 1A)~%, see



B4, 9] and also [{], section 2. In particular, given s € R, (§ — %A)s maps
S’(R) (resp. S(R)) onto itself. If u € L%(R).

(5 — —A / Ks(z — y)o(y)dy,

with )
Ks (1) = ——e V202l (2.6)

Moreover the map (§ — %A)_l continuously maps H~! onto H' and a tem-
pered distribution u belongs to H~! if and only if (§ — 1A)™Y2u € L2

Remark 2.1 L' ¢ H™! continuously. Moreover for u € L',

L _1
Jull—16 < [1Ks|3]lullzr = (20) 77 |[u]| 11

Let T > 0 be fixed. For functions (¢,x) — wu(t, z), the notation u’ (resp. u”)

will denote the first (resp. second) derivative with respect to x.

Let E be a Banach space. One of the most basic notions of this paper is the
one of a multivalued function (graph). A multivalued function (graph)
on F will be a subset of ¥ x E. It can be seen, either as a family of couples
(e, f),e, f € E and we will write f € (e) or as a function 3 : F — P(FE).

We start with the definition in the case E = R.

Definition 2.2 A multivalued function 8 defined on R with values in subsets

of R is said to be monotone if given x1,x2 € R, (z1—2x2)(B(x1)—LF(z2)) > 0.

We say that § is maximal monotone (or ¢ maximal monotone graph)

if it is monotone and if for one (hence all) A > 0, 5+ \id is surjective, i.e.

R(B+ Mid) :== | ] (B(z) + Ax) =R.

zeR

For a maximal monotone graph 3 : R — 2R we define a function j : R — R
by
- [ rway. wer (27)



where (° is the minimal section of 3. It fullfills the property that 0j =
[ in the sense of convex analysis see e.g. [{]. In other words f3 is the

subdifferential of j. j is convex, continuous and if 0 € 5(0), then j > 0.

We recall that one motivation of this paper is the case where 5(u) = H(u —
ec)u. It can be considered as a multivalued map by filling the gap. More
generally, let us consider a monotone function ¢». Then all the discontinuities
are of jump type. At every discontinuity point x of 1, it is possible to com-
plete 1 by setting ¥ (z) = [(x—),(z+)]. Since 1) is a monotone function,

the corresponding multivalued function will be, of course, also monotone.

Now we come back to the case of our general Banach space E with norm
| - ||. An operator T': E — FE is said to be a contraction if it is Lipschitz

of norm less or equal to 1 and 7'(0) = 0.

Definition 2.3 A map A : E — E, or more generally a multivalued map
A: E — P(E) is said to be accretive if for any fi, f2, 91,92 € E such that
gi € Af;,i=1,2, we have

lf1 = faoll < lfi = fo + (g1 — 92)]Is

for any A > 0.

This is equivalent to saying the following: for any A > 0, (I + AA)~! is
a contraction on Rg(I + AA). We remark that a contraction is necessarily

single-valued.

Proposition 2.4 Suppose that E is a Hilbert space equipped with the scalar
product ( , )g. Then A is accretive if and only if A is monotone i.e.

(ft = fas 91 — 92)m = 0 for any f1, f2, 91,92 € E such that g; € Af;,i =1,2,
see Corollary 1.3 of [24].

Definition 2.5 An accretive map A : E — E (possibly multivalued) is said
to be m-accretive if for some X > 0, I + \A is surjective (as a graph in
ExE).

Remark 2.6 An accretive map A : E — E is m-accretive if and only if

I + M\A is surjective for any \ > 0.



So, A is m-accretive, if and only if for all X strictly positive, (I + X\A)~! is

a contraction on E.

If E is a Hilbert space, by the celebrated Minty’s theorem, see e.g. [d], a
mapping A 1 E — FE is m-accretive if it is maximal monotone, i.e. it is

monotone and has no proper monotone extension.

Now, let us consider the case E = L'(R), so E* = L>(R). The following is
taken from [[[2], Section 1.

Theorem 2.7 Let 3 : R — R be a monotone (possibly multi-valued) func-

tion such that the corresponding graph is mazximal monotone. Suppose that
0 € B(0). Let f € E = L'(R).

1. There is a unique u € L'(R) for which there is w € L{ (R) such that
u—Aw=f in D'(R), w(x)epP(u(x)), forae =xecR, (2.8)
see Proposition 2 of [13].

2. Then, a (possibly multivalued) operator A := Ag : D(A) C E — E
is defined with D(A) being the set of u € LY(R) for which there is
w € L (R) such that w(z) € B(u(z)) for a.e. x € R and Aw € L'(R)
and for u € D(A)

1
Au = {—§Aw|w as in definition of D(A)}.

This is a consequence of the remarks following Theorem 1 in [[3].

In particular, if B is single-valued, then Au = —%Aﬂ(u). (We will

adopt this notation also if (8 is multi-valued).

3. The operator A defined in 2. above is m-accretive on E = L*(R), see

Proposition 2 of [13]. Moreover D(A) = E.

4. We set Jy = (I + NA)~L, which is a single-valued operator. If f €
L>®(R), then |||Ixfllee < ||flloo, see Proposition 2 (iii) of [[3]. In

particular, for every positive integer n, ||J3 flloc < ||fl]oo-

10



Let us summarize some important results of the theory of non-linear semi-
groups, see for instance [@, E, E, or the more recent monograph [@],
which we shall use below. Let A : E — FE be a (possibly multivalued)

accretive operator. We consider the equation
0e€u(t)+ A(u(t)), 0<t<T. (2.9)

A function w : [0,7] — E which is absolutely continuous such that for a.e.
t, u(t,-) € D(A) and fulfills (R.9) in the following sense is called strong

solution.

There exists 1 : [0,7] — E, Bochner integrable, such that n(t) € A(u(t)) for
a.e. t € [0,7] and

t
u(t) = ug — / n(s)ds, 0<t<T.
0

A weaker notion for (R.9) is the so-called C°- solution, see chapter V.8 of
B3], or mild solution, see [ff]. In order to introduce it, one first defines the
notion of e-solution related to (R.9).

An e-solution is a discretization
D:{0:t0<t1<...<tN:T}

and an FE-valued step function
: t=1
ut(t) = 4o 0
u; € D(A) 1 E]tj_l,tj],
for which t; —t;_1 <efor 1 <j < N, and

M%—Aw,lﬁjﬁN.
tj_tj—l

0¢e

We remark that, since A is maximal monotone, u¢ is determined by D and
up, see Theorem P.7 3.

Definition 2.8 A C°- solution of (£-3) is an u € C([0,T]; E) such that
for every € > 0, there is an e-solution u® of with

llu(t) —us ()| <e, 0<t<T.

11



Proposition 2.9 Let A be a mazimal monotone (multivalued) operator on a
Banach space E. We set again Jy := (I+XA)~1, X\ > 0. Suppose ug € D(A).
Then:

1. There is a unique C°- solution u : [0,T] — E of (£-9)

2. u(t) = limy, o0 JTug uniformly in t € [0,T].

n

Proof.

1) is stated in Corollary IV.8.4. of RJ] and 2) is contained in Theorem IV
8.2 of F. u

The complications coming from the definition of C-solution arise because
the dual E* of E = L'(R) is not uniformly convex. In general a C%-solution
is not absolutely continuous and not a.e. differentiable, so it is not a strong
solution. For uniformly convex Banach spaces, the situation is much easier.
Indeed, according to Theorem IV 7.1 of [RF], for a given ug € D(A), there
would exist a (strong) solution u : [0,7] — E to (B.9). Moreover, Theorem
1.2 of [[Id] says the following. Given ug € D(A) and given a sequence (uf}) in
D(A) converging to ugp, then the sequence of the corresponding strong solu-

tions (u,) would converge to the unique C°-solution of the same equation.

3 Elliptic equations with monotone coefficients

Let us fix our assumptions on 3 which we assume to be in force in this entire

section.

Hypothesis 3.1 Let 8 : R — 2R be a mazimal monotone graph with the
property that there exists ¢ > 0 such that

w € B(u) = |w| < clul. (3.1)

We note that (B.1) implies that 3(0) = 0, hence j(u) > 0, for any u € R,
where j is defined in (2.7). Furthermore, by Hypothesis B.1],

ul
j(u) < /0 18°(9)ldy < clul® (3.2)

12



We recall from [[[Z] that the first ingredient to study well-posedness of equa-
tion ([L.1) is the following elliptic equation

u—AAB(u) > f (3.3)

where f € LY(R) and u is the unknown function in L!(R).

Definition 3.2 Let f € L'(R). Thenu € L*(R) is called a solution of (B-3)
if there is w € L} with w € B(u) a.e. and

loc
u—MNw=f (3.4)

in the sense of distributions.

According to Theorem 4.1 of [[1], and Theorem 1, Ch.1, of [, equation
(B-d) admits a unique solution. Moreover, w is also uniquely determined by

u. Sometimes, we will also call the couple (u,w) the solution to (B.4).

We recall some basic properties of the couple (u,w).

Lemma 3.3 Let (u,w) be the unique solution of (B.3). Let Jé\ : LYR) —
LY(R) be the map which associates the solution u of (B-J) to f € LY(R). We
have the following:

An
1. JﬁO =0.
2. Jé\ 1s a contraction in the sense that
| B =73, <A = falla
for every fi, fo € L'.
8. If f € LY L™, then |lull o < [If]lo

4. If f € LY L?, then u € L? and

’LL2 X )ax 2 xIjax.
/R (2)da < /R 2 ()d
and [, j(u)(@)de < [, §(f)(@)dz < const| f]] 2.

13



5. Let f € L'. Then w,w' € WHl € Cy(R). Hence, in particular w €
WP for any p € [0, 00].

Proof.

1. is obvious and comes from uniqueness of (B.J).

2. See Proposition 2.i) of [[J].

3. See Proposition 2.iii) of [[[J].

4. This follows from [[L1]], Point I1I, Ch. 1 and (B.9).

5. We define g := %(w—l—f—u). Since f € L', also u € L', hence w € L!
by (B.T]). Altogether it follows that g € L. (B.4) and (R.f) imply that
1

w = K5 * g with § = 55 and hence

1
w = Kjxg= /sign(y —x)e e vlg(y)dy,

where
-1 : <0

sign © = 0 : =0

xz > 0.

This implies w,w’ € L*(L*®. By (B.4) we know that also w” € L',
hence w,w' € Whi(C Cy).

Remark 3.4 Let § > 0. The same results included in Lemma @ are valid
for the equation

u+ AoB(u) — AA(B(u)) > f. (3.5)

In fact, [T1] treats the equation Av + y(v) 3 f, with v : R — 2% a maximal
monotone graph. We reduce equation (B-3) and B.H) to this equation, by
setting v = AB(u),y(v) = —5_1(§), where ™1 is the inverse graph of 3,
and setting v = A\B(u), ~(v)= —ﬁ_l(§) — v, respectively. In both cases 7y

18 a maximal monotone graph.

14



Since w” € L', (B4) can be written as
/Ru(x)cp(a;)da:—)\/Rw (x)p(x)dx = /Rf(a:)gp(m)dx Vo € L (R). (3.6)

Since w € L*°, we may replace ¢ by w in (B.§). In addition, v’ € L?, so by

a simple approximation argument, it follows that

/ (u(z) — f(2))w(z)dz + A / w'?(z)dz = 0. (3.7)
R R

Now, we are ready to prove the following.

Lemma 3.5 Let f € L' (L% and (u,w) be a solution to () Then
Jali(w) = j () (@)dr < =\ [ w(x)dz.

Proof. By definition of the subdifferential and since w(x) € fB(x) for a.e.

x € R, we have

((u) =3(f)(@) S w(x)(u— f)(z) ae zeR. (3.8)

Again (B.7) implies the result after integrating (B.§). ]

We go on analysing the local bounded variation character of the solution u
of (B3)-
If f:R— R, for h € R, we define

M) = fle+h) — f(z). (3.9)
Writing w"” := (w")” we observe that
ul — = (3.10)

where w(z) € B(u(x)), and w(x 4+ h) € B(u(x + h)) a.e.

Let ¢ > 0 be a smooth function with compact support.
Lemma 3.6 Assume (3 is strictly monotone, i.e.
Ba)(VBly) =0 if = #y. (3.11)

15



Let u be a solution of (B.3). Then, for each h € R

/RC(HJ)!uh(x)\dw < 4C(w)fh(x)sign(wh(x))dw+0|!C”’Hoo>\!h\ el -
(3.12)
where c is the constant from (B.1]).

Proof. (B.1I0) gives

/uh(x)cp(a;)da: = /()\wh”(az) + M) p(z)dz, Yo e L®(R). (3.13)
R R

We set p(z) = sign(u”(z))¢(z). By (B1)) we have w" # 0 on {u” # 0},
dx a.e. Hence, by strict monotonicity we have ¢(x) = sign(w”(z))¢(z) a.e.

on {u" # 0}. By (BI0), up to a Lebesgue null set, we have {u; = 0} =
{Dwh” + 7 = 0}. Hence (B13) implies

[c@ri@lae = [ ut" (@) + )i’ ) (e)ds
R {uh=£0}

= )\/Rwh”(az)sign(wh)(a;)g“(x)dx

+ /th(:n)sign(wh(x))g(x)dx.
It remains to control

)\/ wh//(:n)sign(wh(x)){(x)dw. (3.14)
R

Let o = o : R — R, be an odd smooth function such that ¢ < 1 and
o(z) =1 on [1,00[. (BI4) is the limit when L goes to infinity of

A /R W (@) @) (@)dr = A /R W ()28 (wh () () da
wh/x whx /.Z' xZ.
A/R (2)0(w”(@))¢! (2)d

Since the first integral of the right-hand side of the previous expression is

positive, (B.14) is upper bounded by the limsup when L goes to infinity of

h h ! = — o(w" () ¢ (x)dx
5\ /R W (2)0(w” (@) (x)dx = —\ /R (3" ()¢ (z)dz,
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where g(z) = fox o(y)dy. But the previous expression is equal to

= h " _ ~ "eo. — "N d.
A /R B ))¢ (@)de = A [ g (@~ 1) - ")

R

Since () < |z|, pointwise and w € B(u) a.e., u € L', the previous integral

is bounded by

)\HC”’HOO]h\/R]w(a:)]dxgc)\HC”'HOO]h\/R]u(x)\da:, (3.15)

with ¢ coming from (B.1]). ]

Remark 3.7 Using similar arguments as in Section 4 below, we can show
that u is locally of bounded variation whenever f is. We have not emphasized

this result since we will not directly use it.

4 Some properties of the porous media equation

Let 5 : R — 2R, Throughout this section, we assume that § satisfies Hy-
pothesis B.1. Our first aim is to prove Theorem below, for which we
need some preparations. Let uyp € (L' N L*>)(R). We recall some results
stated in [f] as Propositions 2.11 and 3.2.

Proposition 4.1 1. Let ug € (L*(VL*®°)(R). Then, there is a unique
solution to ([.1) in the sense of distributions. This means that there
exists a unique couple (u,m,) € (L* N L>®) ([0,T] x R)? with

t
[ utaetaris = [w@e@dr+g [ [ neoe @ cz,l)
where ¢ € C°(R). Furthermore, t — u(t,-) is in C([0,T],L') and
nu(t,z) € B(u(t,z)) for dt @ dz-a.e. (t,x) € [0,T] x R.

2. We define the multivalued map A = Ag : £ — E, E = L'(R), where
D(A) is the set of all uw € L' for which there is w € L{ (R) such that
w(z) € B(u(z)) a.e. x €R and Aw € LY(R). For w € D(A) we set

Au = {—%Aw\w as in the definition of D(A)}.

17



Then A is m-accretive on L'(R). Therefore there is a unique C°-

solution of the evolution problem

0 € v/ (t) + Au(t),
u(0) = wo.

3. The C°-solution under 2. coincides with the solution in the sense of

distributions under 1.
4 Nullos < lluolloo-
5. Let 5(u) = B(u) + cu, € >0 and consider the solution u'®) to
Ol = 17 (u))”
u®)(0,-) = ug.
Then u(®) — w in C([0,T], L*(R)) when ¢ — 0, see [T3].

Corollary 4.2 We have u(t,-) > 0 a.e. for any t € [0,T]. Moreover
Jg u(t,x)de = [y uo(x)de =1, for any t > 0.

Proof. In fact the functions u(¥) introduced in point 4. of Proposition [
have the desired property. Taking the limit when € goes to zero, the assertion

follows.

Remark 4.3 Uniqueness to (f.1) holds even only with the assumptions 3

monotone, continuous at zero and 3(0) = 0, see [[J].

Below we fix on an initial condition ug € L' () L.

Lemma 4.4 Let € > 0. We consider an e-solution given by
D:{0:t0<t1<...<tN:T}

and

w={"" 7
u = s
wj, b EJtj1,t]
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for which for 1 <j < N

ti—ti—1 gy __
— Wy = U,

Uj
wj € B(u;) ae..
We set
Bluo)  :t=0,

776(75,‘) =
Wj :tE]tj_l,tj].

When e — 0, n° converges weakly in L*([0,T] xR) to n,, where (u,mn,) solves
equation ([L1]). Furthermore, for p=1 or p = oo,

sup [|u®(¢,)l[e - < luol|ze
t<T
and (4.2)
sup [[n°(¢,)|[e - < clluollre,
t<T
where c is as in Hypothesis [3.1. Hence,
sup [[u(t, )l|ze < [luol[Lr- (4.3)
t<T
and
) r=t
191l L (to.7yxry < €T o[ oo uollz (4.4)

for all r € [1,00][.

Proof. See point 3. in the proof of the Proposition 3.2 in [f]. (f.9) follows
by Lemma B.3, 1-3. and Hypothesis B.]] by induction. (f.J) is an immediate
consequence of the first part of ({.J) and the fact that u is a C? solution.

(E4) follows by an elementary interpolation argument. Indeed, for r €
1,00, 7':=-L5, e, —0and pe (L"(L>®)([0,T]NR) we have

r—1°
T
/ /go(t,x)nE"(t,x)dxdt‘
0o JR

n—oo

T
/ /gp(t,:n)nu(t,x)dxdt‘ = lim
o Jr

T r
S HQOHLTI([O,T]XR) hnnlgf </0 /R‘TIEn(tyx)‘dedt>
r=1 1
< o lim inf sup |7 (¢, )|| ;5 T sup ||n°" (¢, )| 7
16l oy T intsup I (6 ) T4 sup P 1)
1 r—=1 1
< el qomxry T clluoll Lo llull 7,
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where we used the second part of (.9) in the last step. [
If not mentioned otherwise, in the sequel for N > 0 and ¢ = %, we will
consider the subdivision

D={ti=ci, 0<i<N}. (4.5)

We now discuss some properties of the solution exploiting the fact that the

initial condition is square integrable.

Proposition 4.5 Let ug € (L' (L™®)(R). Then the solution (u,n,) € (L'N
L>)([0,T] x R)? of (IL1]) has the following properties.

a) nu(t,) is absolutely continuous for a.e. t € [0,T) andn, € L*([0,T]; H'(R)).
b)
t
/j(u(t,x))d:n—l—% / /(77;)2(s,x)dxds < / j(u(r,z))de YO<r<t<T.
R r JR

J
R
In particular t — [ j(u(t, z))dz is decreasing and
/ /(n;)2(s,a:)da:ds < 2/j(u0(m))da: i= C < (comst.||[ug|7> < 00).
[0,7) JR R
(4.6)

¢) t— [j(u(t,z))dz is continuous on [0,T].

Proof. We consider the scheme considered in Lemma [[.4 corresponding to
e = L. By Lemma .3 5., we have w; € H'(R), 1 < j < N, and by Lemma

@
] i\ L dflf—“_ 'UJ/'CU20.1U (u;—1(x))dx Vi = AN 4.7

R
Hence for any 0 <l <m < N

) £ & )
/ (@) + 5 3 / (w])(z)2dz < / iw(@)ds.  (4.8)
R i=i+17R R
Using the notation introduced in Lemma @, forall 0 < r <t <T, we

obtain

/Rj(ue(t,a:))dx—i—%/:/R(nelf(s,m)dsdx < /Rj(ue(r,a:))dx. (4.9)
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On the other hand, Lemma .4 and Lemma B.3 4. imply that

[ ()l g2 < lluollz V¢ € [0,T]. (4.10)
Therefore,
T
/ ds/u€(8,$)2d:£ < T |juol|32 - (4.11)
0 R
Since |B(u)| < c|ul, (1)) implies that
T
sup/ ds/ne(s,m)zda: < 0. (4.12)
e>0.J0 R

(E19) and (f.9) say that 1, > 0, are bounded in L?([0, T]; H! (R)). There is
then a subsequence (¢,,) with n° converging weakly in L2([0,7]; H'(R)) and
therefore also weakly in L?([0,7] x R) to some £. According to Lemma [.4
and the uniqueness of the limit, it follows 7, = £ and son,, € L?([0,T]; H'(R)),
which implies a). We recall that

/ ds/ )2 (s xdm<hm1nf/ ds/ 2 (s, ) (4.13)

In fact the sequence (1°') is weakly relatively compact in L?([0,T] x R). It
follows by (B.2) and ({.10) that j(u(t)),e > 0, are uniformly integrable for
each t € [0, 7). Since j is continuous, and u®(¢, ) — u(t,-) in L*(R) for each

€ [0,T], it follows that j(u®(t,-)) — j(u(t,-)) as € — 0 in L'(R) for each
t €10,7). (1) and ([£9) imply that

/Rj(u(t,x))da;—i—%/nt/R(n;)z(s,m)dxds < /}Rj(u(r,m))da:, (4.14)

for every 0 < r <t < T, which is inequality b).

To prove c¢), by (.3) and Lebesgue dominated convergence theorem, us-
ing again that ug € (L' L*®)(R) C L?, we deduce that t — wu(t,-) is in
C([0,T), L?) since it is in C([0,T], L') by Proposition [£, 1. Now let t,, — ¢
n [0,7] as n — oo, then wu(t,, ) — u(t,-) in L? as n — oo, in particu-
lar {u?(t,,-)|n € N} is equiintegrable, hence by (B-3) {j(u(tn,))|n € N} is

equiintegrable. Since j is continuous, assertion c) follows. [ |

Corollary 4.6

/u2(t,x)dx < lluol2 , ¥t € [0,T]. (4.15)
R
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Proof. The result follows by Fatou’s lemma, from (}.10). ]

Inequality ({.14) will be shown in Theorem below to be indeed an
equality.

Remark 4.7 According to Proposition [f.1 1., for every » € C$*(R), we

have

/Ru(t,m)cp(a;)da:—/Ruo(m)cp(a:)da:: %/Ot/Rnu(s,x)gp”(az)da:ds. (4.16)

Since s +— ny(s,-) belongs to L*([0,T]; H'(R)), by Proposition [.4 a), we
have s — n(s,:) € L*([0,T); H-Y(R)). This, together with (f.16), imply
that t — wu(t,-) is absolutely continuous from [0,T] — H~Y(R). So, in
H~Y(R) we have

d 1,
au(t, ) = 277u(t, ) tel[0,T] a.e.. (4.17)

Before proving that (4.14)) is in fact an equality, we need to improve the
upper bound established in ([L.§).

Proposition 4.8 In addition to Hypothesis [3.], we suppose that
B(R) =R. (4.18)
Then there is a constant C > 0 such that
/Rn/u(t,x)zdx < C foraete[0,7T] (4.19)

This proposition will be important to prove that the real function ¢ —

Jg j(u(t,z))dx is absolutely continuous.

Proof. We equip H = H~!(R) with the inner product (-,-)_; 5 where
d €]0,1] and

_1 1.1
()15 = (0 = 5A) 20, (0 = SA) 20)aqe).
and corresponding norm || - ||=1,5. We define I : H — [0, oo] by

I(u) = ij(u(a:))dx, ifue LllOC

400, otherwise.
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and D(I') = {u € H|T'(u) < co}. We also consider
D(As) = {ueD)| 3n, € H' ,ny € B(u) ae.}.

For u € D(As), we set Asu = {(6 — $A)ny|n, as in the definition of D(As)}.
Obviously, I' is convex since j is convex, and I is proper since D(I") is non-
empty and even dense in H~!, because L2(R) C D(T"). The rest of the proof

will be done in a series of lemmas.

Lemma 4.9 The function I' is lower semicontinuous.

Proof.  First of all we observe that I' is lower semicontinuous on Ll (R).
In fact, defining I'y, N € N, analogously to I', with j A N replacing j, by
the continuity of j and Lebesgue’s dominated converegence theorem, I'y
is continuous in L] . Since I' = supyeyDn, it follows that I' is lower
continuous on Ll . Let us suppose now that u,, — u in H~1(R). We have

to prove that
/j(u(az))dx <liminf [ j(un(x))dz. (4.20)
R

n—oo R

Let us consider a subsequence such that [ j(u,(z))dz converges to the right-
hand side of ([.2(0) denoted by C'. We may suppose C' < co. According to

(E1§), we have
. J(R

which implies that the sequence (uy,)nen is uniformly integrable on [— K, K]
for each K > 0. Hence, by Dunford-Pettis theorem, the sequence (u,) is
weakly relatively compact in Llloc. Therefore, there is a subsequence (n;) such
that (uy,,) converges weakly in Llloc, necessarily to u, since u,, — u strongly,
hence also weakly in H~!(R). Since I is convex and lower semicontinuous
on Llloc, it is also weakly lower semicontinuous on Llloc, sse [[[5] p.62, 22.1.

This implies that

/j(u(a:))dx < hﬁ(i)lolf/j(unk (x))dx = C.

Finally, (J:20)and thus the assertion of Lemma 1.9 is proved. ]

An important intermediate step is the following.
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Lemma 4.10 D(T") = D(As) and OpT'(u) = Asu, Yu € D(I'). In particular
D(As) is dense in H™1.
We observe, that Oy depends in fact on & since the inner product on H !

depends on 9.

Proof. Letu € D(I'), h € L?(C D(T")). For z € dyT'(u) we have

T(u+h) = T(u) > (2, h)_15 = /R o(@)h(x)dx, (4.21)

where v = (6 — $A)7!z. Clearly v € H'. By (f21) it follows that v €
dr2T'(u) where T is the restriction of ' to L?(R). By Example 2B of Chapter
IV.2 in [R5, this yields that v € §(u) a.e. Consequently, D(I') = D(A;) and
Ol (u) C Asu,Vu € D(W).

It remains to prove that As(u) C 9gT'(u),Vu € D(I'). Let u € D(I), h € L?,
N € B(u) a.e. with n, € H'. Since

ju+h) —j(u) = nuh  ae.,
it follows

T(u+h) —T(u) > /

M@h()dr = (6~ A )1 (422)
R

It remains to show that ([.23) holds for any h € H~! such that u+h € D(T).
Then we have u + h, u € L{ and j(u),j(u +h) € L'. We first prove that

loc

(F23) holds if h € L'(C H™1). We truncate h setting
h, = 1{‘h|§n}h,n €N,

so that h,, € L?(R). Now

jlut b)) = { :

and it is dominated by
j(u+h)+j(u) € L',
We have

/ i+ hn)(@)dz > / Ju(e)de +4(6 — GA D) as (423)
R R
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Since h, — h in L' (and so in H~1), using Lebesgue’s dominated conver-
gence theorem, ([£29) follows for h € L!.

Let M > 0 and consider a smooth function x : R — [0, 1] such that x(r) =1
for 0 < |r| <1, x(r) =0 for 2 < |r| < co. We define

T
X () :X<M)’ z € R.
Then
1: lz| < M
xm () =
0: |z| > 2M.

Since hxar € LY, we have

[ G+ (@) - ju)@)de = (6 = F8)mba-rs. (@20

Since j is convex and non-negative, we have

Ju+hxy) = (1 —xm)u+xm(u+h))
< (= xm)j(u) + xmj(u+h) < jlu) +j(u+h).

Hence Lebesgue’s domintated convergence theorem allows to take the limit
in the left-hand side, when M — oo of (f£24)) to obtain

/R(j(u + h)(x)) — j(u(x))dx.

The right-hand side of ([.24) converges to ((§ — 3A)ny, h) -1 because of the
next lemma. Hence, the assertion of Lemma follows. [ ]

Lemma 4.11 Define hy := xarh in H=', M > 0. Then

lim hy =h weakly in H L.

M—o0

Proof (of Lemma [.1]). Let us first show that the sequence (hys) is
bounded in H!.
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In fact, given ¢ € H',

/ s () () dac
R

/ W) xa (@) (x)de
R

IN

Ill - (37 Ixarlz2 + [Ixhre + x| 1)

, M
< [l yor (62 el + 1] o + 2o

< const ||kl -1 ||ell g

for some positive constant independent of M.

Hence there is a subsequence weakly converging to some k € H~'. Since

/ har () (@)dz —p1oe / h(w)p(a)da

for any ¢ € C§°(R), k must be equal to h. Now the assertion of Lemma [L.1]]

follows. u

By Corollary IV 1.2 in 2], we know that A is maximal monotone on H '
and therefore m-accretive with domain D(As) = D(T).

We go on with the proof of Proposition [L.§. Since our initial condition ug
belongs to L' N L* and L? C D(T), clearly uy € D(As). According to
Komura-Kato theorem, see [R5, Proposition 1V.3.1], there exists a (strong)
solution u = us : [0,T] — E = H™! of

du g Asus0, tel0,T]
U(O, ) = Uuo,

(4.25)

which is Lipschitz. In particular, for almost all ¢ € [0,T], us(t,-) € D(As)
and there is &5(t,-) € H' such that &(t,-) € Blus(t,-)) ae., t — (665 —
TAE)(t,-) € H™1 is measurable and

! 1
wlts) = o+ [ (865~ 586) (5. )ds (1.26)
0
in 1.
Furthermore, for the right-derivative DV ug(t), we have

DT ug(t, ) + (As)°us(t,-) =0 in H LVt €[0,T], (4.27)
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where (A45)° denotes the minimal section of A5 and the map ¢ — [[(As)°us(t, )| _1 5
is decreasing. On the other hand (4.26) implies that

dug

8 (6,) + s(t, ) %(55)"(@ Y=0 forae. te0,T]. (4.28)

Consequently, for almost all t € [0, 7]

Jo6ste.) - 5600

T 1(As)°us(t, )l 15 < [1(A5) uoll_y 5, (4.29)
-1,

i.e. setting & = (6 — 2A)71(As)°up, we observe that it belongs to H! and
that

(RN N R0 SR (G TN A

H! H1 H1 1

for a.e. t € [0,T].

Consequently, for a.e. t € [0,T],
1
[este? + S0P
R

5 /R (x)dx + /R &% (z)da (4.30)
1€ollgr =: C

IN

IN

since ¢ < 1.

We now consider equation () from an L' perspective, similarly as for
equation ([L.1)), see Proposition [£.1] 2. Since our initial condition ug belongs
to (L' N L*™)(R), equation (f.25) can also be considered as an evolution

problem on the Banach space £ = L'(R). More precisely define
D(As) == {u € L'(R)|3w € Li,. : w € B(u) a.e. and (§ — %A)w € L'(R)}
and for u € D(Ay),
Asu = {(6 — %A)w[w as in D(A;)}.

Note that for w as in the definition of D(As), we have (§ — 2A)w € H™1,
since L*(R) C H~!. Therefore, w € H*, hence

D(/L;) - D(A(;) and /L; = As on D(/L;) (4.31)
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Furthermore, as indicated in Section 3, it is possible to show that Ay is an

m-accretive operator on L.

For A > 0, the following four points are then a consequence of Remark .4
and Lemma B.3.

1. For each f € L*(R) there is u € L', w € L' with w € 8(u) a.e. and
1
u~+ (0w — 5)\11)") = f. (4.32)
2. The map

fu:= I+ AAs)"'(f) is a contraction on L. (4.33)

3. D(As) = L.
4. We recall that whenever f € L, then v € L* and

[l < 1 flloo - (4.34)

Therefore, there is a C-solution @ : [0,7] x R — R of (i.25). Since by
(EE31)), every e-solution of ([£2§) in L'(R) is also an e-solution of (f.25) in
H~'and L' ¢ H~! continuously, @ is also a C%-solution of ({.28) in H~1.
Since, by Proposition IV 8.2 and 8.7 of [R5, the solution above is the unique
CP-solution of (.2§) in H~!, we have proved the first part of the following

lemma.

Lemma 4.12 The solution @ coincides with the H ™ '-valued solution ug.

Moreover, for p=1 or p =00 and ¢ as in Hypothesis [3.]

Sup [[us(t Mlie < lluollzs and esssupyer [€5(t ir < elluollr (4:35)

Proof.
It remains to show (f£3H). As in the proof of (f3) by (E33), ([34) and

induction, we easily obtain that for any e-solution in L' and p = 1 or p = oo,

sup [|[u” (¢, )| » < fluoll s -
t<T
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The conclusion follows because for every ¢ € [0,7T], there is a sequence (&)
such that u®"(¢t,-) — u(t,-) = us(t, ) a.e. as n — oo. The second part of
(B.35) then obviously follows by Hypothesis B.1|, since &5(¢,) € B(us(t,-))
a.e. for a.e. t €[0,7].

Lemma 4.13 We have us — u in C([0,T]; L'(R)) as 6 — 0, where u is the
solution to ([L.1).

Proof. It will be enough to prove that for § small enough, we have
/ s (t, ) — u(t, 2)|de < T |Juo] 1 . (4.36)
R

Using point 5. of Proposition [L.1] in a slightly modified form, and approx-
imating 8 by (°(u) = B(u) + eu, it is enough to suppose that [ is strictly
monotone, i.e. (B.11]) holds. In the lines below the parameter ¢ will play
however a different role.

We need to go back to the L!-e-solutions related to us and w.

For € > 0 we consider a subdivision 0 =t < ... < t; <...<tfy =T such
that t5 — ¢ ; <e,j=1,...,N. Similarly as in Lemma [.4

us(ty, ) = us(tj-1,°)
IORTIRIL IR (187

— (tj —tj—1)on5 (L5, )

[\

and
us(ty,) = u(tj-1,) + (tj — tj—l)%(ne)"(tﬁ ) (4.38)

with 15 € B(u§), n° € B(u®) a.e.. Taking the difference of the previous two

equations we obtain

ug(ty,-) —u(ty,-) = wus(tj1,-) —u(tj-1,")

(4.39)

- (%) (5 = n%)"(t5,-) = 8(t; — ti-)m5 (5, )-
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Let ¥,, : R — [-1,1] be an odd smooth increasing function such that
U, (z) — sign z as k — 0 pointwise, We integrate ([.39) against W, (n5(t;,)—
n°(t;,-)) and we get

/R(uf;(tj,a;) —u(tj,x)) Ve (n5(tj, x) — n°(tj, x))dx
Z/R(ufs(tj—hfﬂ) —us(tj—1,%)) Ve (n5(ts, ©) — n°(t;, ))dw
_(tj_tj—l) e . eN(4. 29 (rE (s o E(4. d
2 R(Ua U ) (t]7$) n(’r/é(t]v$) n (tjv$)) &
=0t = tyo1) [ (3,0 (05 05,2) = o 15 0))
Using the fact that ¥/. > 0, |¥,| < 1, that, by strict monotonicity of
sign(n (t5,-) —n°(t;,-)) = sign(ug(t;,-) — v (t5,)),
a.e. on {ui(t;,) # u®(t;,)}, and letting k — 0, by ({.9), we obtain
[ 1uits.2) = t,0)
R (4.40)
< [ ut100) = w1, + 3t = 1) ol

Since [g |u5(0,x) — u(0,z)|dz = 0, an induction argument implies that

/IR |ug(t, ) — u(t;, )|de < T fluol| 1 - &

for every j € {0,..., N}. Consequently, for any ¢ € [0, T]

| Ieitt.2) = w(t2)lde < T fuol 5.
Letting ¢ — 0, ([.36) follows and Lemma is proved. [

By (f.29), for every oo € C3°(R) and all ¢ € [0,T],

/R ug(t, z)o(x)ds = / wo(@)a(z)dz

—6/ds/§53x z)dx + = /ds/dm&;sx”)
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&s € Blug) a.e. Letting § — 0, by (£.35) and Lemma [.13, we obtain that

/u(t,x)a(a:)da::/uo(x)a(x)dx—kllim tds/fg(s,a:)a”(a:)da:.
R R 26-0Jo R

(4.41)
By ({35) it follows that for each K > 0, us — u in L*([0,T] x [~ K, K]) and
that (&), is bounded in L%([0,7] x [~ K, K]). Since, by [P Example IV.2C,
the map u — B(u) is m-accretive on L([0,T] x [-K, K]), it is weakly-
strongly closed, see [[l], p.37 Proposition 1.1 (i) and (ii). So, there is a
sequence (8,) such that £ — & weakly in L%([0,7] x [~ K, K]) for some
¢ € B(u) a.e. Hence, ([.41)) implies

/Ru(t,:z:)oz(:n)dzn:/Ruo(x)oz(x)dx—l—%/otds/Rﬁ(s,x)a”(x)dx. (4.42)

By the uniqueness part of Proposition 1] 1., we conclude that & = 1,,.

By Proposition [£5, we already knew that n,(t,) € H'(R) for almost any .
By ({30) for a.e. fixed t, there is a sequence (,,) such that (&5,)(¢, ) weakly
converges to some £(t,-) in H'(R) hence in L%(R).

Consequently &(t,-) = n,(t,-) for almost all ¢ € [0, T].
Recalling (f£.30) for a.e. t € [0,T] we get

/ dz ., (t, )% = / dr €' (t,2)* < liminf/ dz (&) (t,x)* < C.
R R 6—0 R

This finally completes the proof of Proposition [L.§. [ |

At this point, we can state and prove the following important theorem.

Theorem 4.14 Assume that Hypothesis and condition ([E1§) hold. Let

u be the solution of (1) (or equivalently of (f.1]), from Proposition [[.1).
Then the function t — [ j(u(t,x))dx is absolutely continuous.

Proof. Let0<s<t<T. Let I"and D(T') be as defined in the proof of
Proposition f.§. Since u(t,-) € D(T) for a.e. t € [0,7], Lemma applies
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and thus for a.e. t,s € [0,7] we have that (6§ — 3A)n,(t,-) € Asu(t,), and

Pt ) =Tl D] € max | < (6= 5AM (), ult) = u(s,) >-1s |

IN

1
§— =
ng}ll( 5

(eSSSUPre[O,T]\/5/]1%7711(7’733)25155+%/}R%(T@de)

[ult,-) = uls, )l -1s-

A (ry M -1llult, ) —uls, )|l -1

IN

By (f.19) and (B.J), this is bounded by
max(c, C) 5”u0”%2 + 1”u(t7 ) - U(S, ')”—1,57

where we recall that by Remark [[.7 the map ¢ — wu(t, -) is absolutely contin-
uous in H~!. Since by Proposition [ ¢), ¢ — I'(u(t,-)) is continuous, we

have
IT'(u(t,-)) — T(u(s,-))| < constl|u(t,-) —u(s,-)||-1,s, Vt,s € [0,T7,

and the assertion follows. []

We are now prepared to prove the first main result of this section, which will

be used in the next section in a crucial way.

Theorem 4.15 Under Assumption ([E13), the unique solution to ([.T]) ver-
ifies
1t 2
/j(u(t,:z:))dx :/j(u(r,x))dzn— —/ ds/n/u (s,z)dx (4.43)
R R 2 Jr R

forevery 0 <r <t<T.

Proof. For a.e. t € [0,T], ({.17) gives

d

<Eu(tv ')7 90> = <77u(t7 ')7 (10”>’ Vo € CSO(R)

N —

By density arguments,

p (Gt ) o = =5 [ (0w @)s
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for every 1 € HY(R). For ¢ = n,(t,-), we get
d 1
u

o (Gt o) = =5 [ (koo (449

Since u € (L' L*>)(

[0,T] x R) and |j(u)| < clul?, then, in particular, it
belongs to L2([0, T, L*(

R)). We need the following lemma.
Lemma 4.16 For a.e. t € [0,T]

d d [ .
Proof. Let t €]0,T] such that

h dt

Let h > 0 such ¢t — h,t + h are both positive. We have by ([.29)

u(t,-) in HY(R).

/R ](u(tv‘r)) — Z(U(t — hjw))dl‘ < <u(t7 ) - Z’(t —h, .)777U(t7 ')>L2'
Taking limsup for h — 0, we get

On the other hand
R

h T h
So
o (Lt ) () < liminf/ jut+h) —jlultz)
dt —0 R h

Consequently for a.e. t € [0,T],

limsup/ i(u(t, 7)) —i(u(t — h’$))d$ <g-1 <le—1;(t, ), u(t, )
h—0 R _ (4.47)
g [ 90 B )
h—0 Jr h

On the other hand we know already by Theorem that for a.e. ¢t € [0, 7],
the limsup and liminf-terms in (f.47) coincide. Hence the assertion follows.
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At this point (f.44) and Lemma imply that for a.e. ¢ € [0,T7],

%/Rj(u(t,x))dzn = —%/Rnf(t,x)dx. (4.48)

Theorem | says that t — [, j(u(t,z))dz is absolutely continuous. So,

after integrating in time, we get

/R i(u(t, z))dz = /R j(u(r,:n))dx—% / s /R o (s,0)2dz. (4.49)

This completes the proof of Theorem {15 []

The second main result of this section, also crucially used in Section 5 below,

is the following.

Proposition 4.17 Let Hypothesis [3.] hold and let u be the unique solution
to ([0) with initial condition ug € L' (L™ being locally of bounded varia-
tion. Then, for each t € [0,T], u(t,-) also has locally bounded variation.

Remark 4.18 1. We note that (4.1§) is not needed for the above propo-

sition.

2. Since u(t,-) has locally bounded variation, it has at most a countable
number of discontinuities. We will see that in the degenerate case, i.e.
if ®(0) =0, a suitable section of ®(u(t,-)), also has at most countably

many discontinuities, see Lemma below.

Proof (of Proposition [l.17). For h small real fixed, we set
u(t,x) = u(t,z + h) — u(t,z).

Let ¢ be a smooth nonnegative function with compact support on some

compact interval. We aim at establishing the following intermediate result:

/C Yl (t, z)|dz </C (up)" ]dx—kcHC”/Hoo\h]/ u(s, z)|dsdz.
(4.50)
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Approximating 3 with ¢ as in Proposition [L.1] 5., we may suppose that (3
satisfies (B.11]) on 3. In the rest of this proof ¢ will however be the dis-
cretization mesh related to an e-solution. We recall that u is the unique
CP-solution to ([L.1]). So for fixed ¢ €]0, T

u(t,-) = limu®(t,-) in L, (4.51)

e—0
where u°(t,-) is given in Lemma [£4.

According to Lemma B.q we have, for i =1,..., N,
/R (@l (@)dr < / (o)l (o)sign(w! (x))dz + e[ ¢" ool hle / g ()
< /R C(@)dr (@)ld + el oo Bl /R s (),

where ul! = (u;)", wl = (w;)", i € {0,..., N}, and u; is defined as in Lemma
4 with partition as in ([£3).
Let t €]0,7] and m be an integer such that ¢ €] (m;\,l)T

1=20,---,m, we get

, mTT] Summing on

/ C(@) ()] de < / ()l ()| + cuc'"uoorh\az / jui () d.
Setting u®" := (uf)" we obtain
T
/ C@) [ (1, ) da < / (@) [C(@)dz + el lool / ds / [ (s, ) da.
R R 0 R
So, letting ¢ — 0 and using ({.51) we get

/g e (1, 2 ]dx</]u0 2)¢( dx+c|]§’”|]oo\h]/ ds/\us 2)|dz

and so ([.5(). Therefore,

. 1
hmsup—/ () [u"(t, @) dz < 2|[¢]loc| ||U0||var+0||CW||oo/ lu(s, r)|dsdz,
n—o || Jr [0,T]xR
(4.52)

where || - [|var denotes the total variation.
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We denote the right hand-side of ([{.52) by C(¢). Let K > 0, ¢ € C°(R)
such that suppy C|] — K, K[, and ¢t € [0,7]. Taking ( =1 on | — K, K|, we
can replace ¢ with ¢(. Then

[ atty 2=z =) dx‘ _
R

Uh x
: [ et

gﬁnwnw /R (@)t (¢, 2)de.

So taking the limsup and using (.5J) we obtain

< el €(0)

/Ru(t, z)¢ (z)dz

Hence wu(t,-) has locally bounded variation on | — K, K[ and the assertion

follows. []

We now show that, without particular assumptions on the initial conditions,
in the degenerate case, a suitable “section” of ®(u(t,-)) has at most count-
ably many discontinuities if so has u(t,-). We again consider equation ([L.1])

in the sense of distributions

u =5, 1 € Blu)
w(0,) = ug € L L.

We recall that by Proposition [Lg a), n,(t, ) € H'(R) for a.e. t €]0, 7], hence
has an absolutely continuous version, which will be still denoted by 7,(t, -).
Likewise, since u(t,-) > 0 a.e., for Vt € [0,T], we shall take a version which

is nonnegative everywhere, which will be still denoted by u(t,-) below.

U
Xu = [~ >0} (4.53)

Here we recall that un, > 0, hence 2+ > 0 on {|u| > 0}, and that x, is
bounded by Hypothesis B.1.

Define

Lemma 4.19 Suppose (3 is degenerate, let t € [0,T[ such that n,(t, ) €
H'Y(R) and x € R. If u(t,-) is continuous in x, then so is xy(t,-). In partic-

ular, xu(t,-) has at most countably many discontinuities if so has u(t,-).
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Proof. It is enough to show that x2(¢,-) is continuous in x. Let x, €

R,n € N, converge to . We have

Wlon) ©p oyt @) > 0

u(t,xn)

0, it w(t,z,)=0.

Xi(t, xn) =

o If u(t,z) > 0, then

2 n 2
X5t xn) — u(t.7) = x5 (t,x).

o If u(t,z) = 0 then, since (3 is degenerate,

n—oo

X’l%(tVZ.W/) — 0= X’l2,t(t7x)'

We have observed that for a relatively general coefficient 3, but with a
restriction on the initial condition, u(t,-) (and therefore a suitable section
of ®(u(t,-))) is a.e. continuous, for a.e. t € [0,7], see Proposition [L.11]. We
now provide some conditions on 3 (degenerate) for which a suitable section
of ®(u(t,-)) is continuous for any initial condition in L?(R). This will prepare

the third main result of this section, crucially to be used in the next section.

Let (u,n,) be as usual the solution to ([[.1) and x,, as in ([53).

Definition 4.20 We say that (3 is strictly increasing after some zero
if there is e, > 0 such that

i) Blio,e.[ = 0-

i1) B is strictly increasing on [ec, 00].

i) If ec = 0, then lim,_o, ®(u) = 0.

Remark 4.21 1. Condition i) guarantees that 3 is degenerate.

2. A typical example of a function that is strictly increasing after some

zero is given by



where e. > 0 and H is the Heaviside function, i.e.

0 Dou<e
Hu—e)=14¢ [0,1] : u=e
1 DU > e

3. We recall that for almost all t €]0,T], ny(t,-) is continuous. This will

constitute the main ingredient in the proof of the proposition below.

4. Suppose that (3 is as in Definition [{.20. Then 37! is single-valued and

continuous on )0, 0ol

Proposition 4.22 Suppose (3 strictly increasing after some zero. Then for

almost all t €]0, T, xu(t,-) is continuous.

Proof. We first recall that by Corollary .3, u(,-) > 0 a.e. forall t € [0,T].
Let e, be as in Definition [.20. Let ¢ €]0, 7] for which (¢, -) is continuous.

Let (z,) be a sequence converging to some xy € R. The principle is to find
a subsequence (ng) such that x2(t,xn,) — X2(t,70). In the sequel of the

proof, we will omit ¢ and denote the functions u(t, z) (resp. nyu(t, x), xu(t, z))
by u(z) (resp. nyu(x), xu(x)).

We distinguish several cases

1. u(zo) € [0, ec[. Then e, > 0 and n,(zo) € B(u(xy)) = 0.
Hence xy(xg) = 0.
o If u(xy,) < e, for some subsequence (ny), then

k—
Xo () = 0=30.

e If there is a subsequence (ny) such that u(z,,) > e., then
Xi(fﬂnk) _ Nu(@n,) < Nu(@n,) k—oo 1u(Z0)

=0.
w(Tn,) € €c

2. We suppose now u(zg) €]ec, 00].
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Since 37! is single-valued, continuous on ]0, oo and 1, (7o) € B(u(zo)),

so 1y (o) > 0, we have

u(zo) = 5_1(?7u($0)) = 5_1( lim 7, (2n))

= lim ﬁ_l(nu(fpn)) = lim u(z,).
Consequently
Xi(l’n) - Xi(xo)-
. u(zg) = e

Clearly there are three possibilities.

(a) there is a subsequence (ny) with u(z,, ) €le., 00|,

(b) there is a subsequence (ny) with u(z,, ) € [0, e[,

(c) there is a subsequence (ny) with u(zy, ) = e. Vk € N.

Case (a). First we suppose e, > 0. We have n,(zy,,) — nu(zo). If
nu(zo) = 0 then

Uu(fpnk) 0= Nu(20) — 2 (g
wlom) C T ulm) )

If 1, (20) # 0 then the continuity of 37! implies
w(@n,) = 87 (@) — B (nul@o)) = ulzo) = ec,

50 Xt (n,) = Xau(0).

If e. = 0, the result follows since (3 is degenerate.

Xi(xnk) =

Case (b). In this case e. is again strictly positive. Since n,(zp,) €
B(u(xy,) = 0 we have xy(zn,) = 0, hence xy(zp,) "2 0. But 0 =
Nu(Zn, ) - nu(g). This implies that 1, (zg) = 0, so x2(z¢) = 0.

Case (c). We have u(xy,) = e.. If e = 0 the result follows trivially by

definition of x,. Therefore we can suppose again that e. > 0. Then

k—oo
wW(Tn,) =€ — €, SO

Xo () = n“(:c"’“) — n“ifo) = ?ZL((;COO)) = Xz (x0)-

This completes the proof.
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5 The probabilistic representation of the deter-

ministic equation

We again consider the 3 : R — 2R satisfying Hypothesis B.1. We aim at
providing a probabilistic representation for solutions to equation ([L.1)). Let
ug > 0 such that [ ug(x)dz =1 and ug € L>(R).

We consider a multi-valued map ® : R — 28+ such that
Blu) = ®*(u)u, u€R,

which is bounded, i.e.

supsup @ (u) < oo.
u€R

The degenerate case is much more difficult than the non-degenerate case

which was solved in [g].

Definition 5.1 Let (u,n,) be the solutions in the sense of Proposition [[.1
to equation ([.1)). i.e.

{ du = 182.(n), on L'(R)

5.1
u(0,x) = up(x). 5-1)

We say that ([[.]) has a probabilistic representation, if there is a filtered
probability space (2, F, P, (F;)), an (F;))-Wiener process W and, at least
one process Y, such there exists x, € (L' L>®)([0,T] x R) with

Y, = Yo + fif xu(5, Ys))dWs in law
Xu(t, ) € O(u(t,z)) for dt @ dr a.e.(t,x) € [0,T] x R,
Law density(Y;) = u(t,-).
u(0, ) = ug-

(5.2)

We recall the main result of [}, Theorem 4.3.

Theorem 5.2 When 3 is non-degenerate then ([.1) has a probabilistic rep-

resentation, with



Remark 5.3 In the non-degenerate case the representation is unique.

We will show that, even in the degenerate case, ([L.1]) has a probabilistic

representation.

Theorem 5.4 Suppose that (3 is degenerate. Then equation ([L1]) admits a

probabilistic representation if one of the following conditions are verified.

1. B is strictly increasing after some (non-negative) zero.

2. ug has locally bounded variation.

Proof. We will make use of Theorem p.3. Let ¢ €]0,1] and set
Oc(u) = /@*(u) + &, B°(u) = B(u) + eu.

Let (u(®), 1, ) the solution to the deterministic PDE ([.1)), with 3° replacing

G. Define

nu(5)
X5 — Wl{lu(g)‘>0} (53)

We note that since ®.,¢ €]0, 1] are uniformly bounded, so are x¢,¢ €]0, 1].

By Theorem [.9, there exists a unique solution Y = Y in law of

Y, - Yo+ fo X°(5,Ya))dWs
X°(t, x) € . (u®(t,2)) for dt @ dz a.e.(t,z) € [0,T] x R.
Law density(Y;) = ulE(t, ")
u®)(0,-) = u.

(5.4)

Since @ is bounded, using the Burkholder-Davies-Gundy inequality one ob-
tains
E|Yf — YZ|* < const.(t — )2 (5.5)

This implies (see for instance 9] Problem 4.11 of Section 2.4) that the laws
of Y & > 0 are tight. Consequently, there is a subsequence Y := Y*»
converging in law (as C]0,T]-valued random elements) to some process Y.

We set u” := ul®"), where we recall that u™(t,-) is the law of Y;*, and

X" =X
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Since

[Y“hzzjé<x“f<axzwds,

and E([Y"]r) is finite, ® being bounded, the continuous local martingales

Y™ are indeed martingales.

By Skorokhod’s theorem there is a new probability space (€2, F, P) and pro-
cesses Y, with the same distribution as Y™ so that Y converge to some
process Y, distributed as Y, as C([0, T])- random elements P-a.s. In partic-
ular, those processes Y remain martingales with respect to the filtrations
generated by them. We denote the sequence Y™ (resp. }7), again by Y"
(resp. Y).

Remark 5.5 We observe that, for each t € [0,T], u(t,-) is the law density
of Yi. In fact, for any t € [0,T], Y converges in probability to Y;; on the
other hand u™(t,-), which is the law of ul' converges to u(t,-) in L*(R), by
Proposition [[.1] 5.

Remark 5.6 Let Y" (resp. ) be the canonical filtration associated with
Y™ (resp. Y).

We set -
Wt”:/ —n(S,Ys”)dYS”.
0 X

Those processes W™ are standard ()j*) - Wiener processes since [W™]; =t
and because of Lévy’s characterization theorem of Brownian motion. Then
one has .

W=W+Awuwww

We aim to prove first that

t
Y, = Yy + / Y, Ya)dW,. (5.6)
0

where x,, is defined as in ([.53). Once this equation is established for the

given u, the statement of Theorem [f.4 would be completely proven because
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of Remark f.5. In fact, that remark shows in particular the third line of

E3).

Taking into account, Theorem 4.2 of Ch. 3 of [PJ], to establish (f.G), it

will be enough to prove that Y is a J- martingale with quadratic variation
V] = Jy x2(s,Ys)ds.

Let s,t € [0,7] with ¢ > s and © a bounded continuous function from
([0, s]) to R.

In order to prove the martingale property for Y, we need to show that
E((Y, - Y)O(Y,,r < 5)) = 0.
This follows by (p.§) because Y™ — Y a.s. as C([0,T])-valued process and

E(Y =YHe, r <s)) =0.

It remains to show that Y2 — fot X2 (s, Ys)ds, t € [0,T], defines a Y-martingale,

which in turn follows, if for ¢ > s we can verify

B (07 -2 [ raner <) <o
The left-hand side decomposes into I'(n) + I?(n) 4 I3(n) where
= B (07
S
I’(n) = E <<

P = ([ (e - ) aeyr< ).

~v2- | Y6V < 9)
o7y =077 = [ amvnar) e <))
o7 - 0 - [ e Vo) Ot <))

We start showing the convergence of I*(n). Now ©(Y,®,r < s) converges
a.s. to O(Y;,r < s) and it is dominated by a constant. so that it suffices to

consider the expectation of
t
| e = e v ar
S
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which is equal to

I(n):/stdr/R

By Proposition .7 below 1) — 1, in L([0, 7] xR) as e — 0. Furthermore,

Tlu(sn) (Tv y) - XU(T7 y)2un(T7 y)‘ dy

Proposition i1 5), see also the theorem in the introduction of [1J], implies
that u®(t,-) converges to u(t,-) in L'(R), as ¢ — 0, uniformly in ¢ € [0, T].
Hence Lebesgue’s dominated convergence theorem implies that I(n) — 0,

since X, is bounded.

We go on with the analysis of I?(n) and I'(n). I?(n) equals to zero because

Y™ is a martingale with quadratic variation given by
¢
Y= [y
0

We finally treat I'(n). We recall that Y™ — Y a. s. as random elements
in C([0,T]) and that the sequence E ((Y;*)*), is bounded, so (Y;")? are

uniformly integrable. Therefore, for ¢t > s we have
B (Y1)~ (Y20 r < ) — B (Y2~ Y2)O(Y;.r < 8)) — 0,

when n — oco. It remains to prove that

t t
E( [ yaaerr<s - | x3<r,mdr@<mr3s>) ~0. (5.7)

Under the assumptions of the theorem, for fixed r € [0,7], by the second
and third main results of Section 4 (see Propositions f.17, and Remark
B.1§), xu(r,-) has at most a countable number of discontinuities. Moreover,
the law of Y, has a density and it is therefore non atomic. So, let N(r) be
the null event of w € Q such that Y, (w) is a point of discontinuity of x,(r, -).
For w ¢ N(r) we have

Tim 3 (r, Y () = X3 Ve ().

Now, Lebesgue’s dominated convergence and Fubini’s theorem imply (b.7).

So equation (p.§) is shown.

It remains to prove the following result which is based on our first main
result of Section 4, see Theorem [[.15.
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Proposition 5.7 Let 15 := 1), > 0. Then n, — n, in L'([0,T] x R) as

e —0.

Proof. We set

1’2

(o) i= [ By = ite) + <5

where (32 is the minimal section of §° and clearly 52 (z) = 8°(z) +ex,x € R.
According to Theorem we have

e (u) (T, z))da 1 Ts V2 (s,2)dz = | j(uo(z))da
| i@ anae 5 [as [ 00 sa)de = [ s 53

In particular,

supATdsA(nZ)'Z(s,x)dx < /Rj(uo(a:))dx < 0. (5.9)

e>0
So, by ({.4)), the family {nZ, ¢ €]0, 1]} is weakly relatively compact in L2([0, T]; H'(R)),
hence also in L2([0,T]; L*(R)) = L?([0,T] x R). We recall that u(®)(t,-) —
u(t,-) in LY(R) uniformly in ¢ € [0, 7).
Let (¢,) be a sequence converging to zero. There is a subsequence (ny) such
that n¥ := 7, converges weakly in L2([0,T] x R) to some & € L2([0,T] X R).
For any a € C§°(R),

/R O (¢, 2)o(z)ds = /R uo(x)oz(x)dx+% /0 s /R e (5, 2)a () da.

Taking the limit when k& — oo, we get

/Ru(t,a:)a(a:)da::/Ruo(m)a(x)dx+%/Otds/R§(s,x)a"(x)dx. (5.10)

Let K > 0. Since [ is maximal monotone, v — ((v) is a maximal monotone
map from L?(R x [~ K, K]) to L?>(R x [~ K, K]). Therefore, [f], p.37, Propo-
sition 1.1 (i) and (ii), imply that this map is weakly-strongly closed. Since,
by (), u'®) converges to u in L([0,T] x [~ K, K]), it follows that £ € f(u)
a.e. on [0,7] x [-K, K] for all K > 0, so, £ € 3(u) a.e. By the uniqueness
of (1)) we get & = n, a.e.
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Let €, — 0. The rest of the paper will be devoted to the proof of the

existence of a subsequence (nF) := ), (eny) COMVErging (strongly) to 7, in
leoc([()? T]) X R) Since qulj € ﬂ(u(ank)), we have

] < (e + eng ) |ulmw)].
Hence {1} is equintegrable on [0, 7] x R. Therefore, the existence of such
a subsequence completes the proof.

We will need the following well-known lemma.

Lemma 5.8 Let H be a Hilbert space, (fy) be a sequence in H converging

weakly to some f € H. Suppose
. 2 2
limsup || ful|* < [ ]I -
n—oo
Then f, — f strongly in H.

We apply the previous Lemma to establish the existence of a subsequence
still denoted by () such that (n¥)’ converges strongly to 7/, in L([0, 7] xR).

For this, we will prove that
T ) T )
limsup/ ds/ dx (775)/ (s,x)dx §/ ds/ dx 1., (s, x)dx.
k—oo 0 R 0 R

We consider (p.§) for € = ¢,,, and we let k go to infinity. First, for ¢ € [0, 7]

we have

i (u® (t, ) = z i (u(t. wEN2(t, 2)de. .
/Rdu (t,2)) /Rd SO, >>+s/< P(t,a)de.  (5.11)

R

Since j is continuous,

lim j(u®) (¢, 2))de = j(u(t,z)) ae..

k—o0

By Fatou’s lemma

j(u(t, z))dr < limin i(uEm) (¢, 2))d. )
[ ituttads < mint [ oo, (512

Again Theorem implies
1T 9
/j(u(T,a:))dx+—/ ds/ ()" (s, 2)dx :/j(uo(x))da:.
R 2 Jo R R
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This together with (5.§) gives

s [trtema = 5[ s [ e
(5.13)

- /j(u(e”lc)(T,x))d:E—Eﬂ wEn) (T, z)2d.
R 2 Jr

Since by Corollary [£.4
/ (T, 2)%dx < / uo(x)?dz,
R R

the last term in (p.13) converges to zero when k — oo. Taking the limsup
when k& — oo in (p.13) and using (p.19) we get

T T
limsup/ ds/(nﬁ)'Q(s,x)dx §/ ds/ 77;2(8,:E)d$.
k—oo JO R 0 R

Consequently, by Lemma .§

k—oo

T
i ky! —nl(s,2))% = 0. .
hm/0 ds/Rds«nu) (s,2) 1 (5,2))° = 0 (5.14)

([0.7], xR). Let
r € R. We recall that 7,,1"(t,-) vanish at infinity since they belong to
HY(R) = H(R). So we can write, for = € R,

Now let us finally prove that n* — 7, (strongly) in L?

loc

T

(ki (t, ) — nu(t, 2))* = 2/ M) (t,y) — 1t y) (i (t, ) — mu(t, y))dy

— 00

<2 { JCAR ARy nu>2<t,y>dy}%

—00 — 00

Integrating from 0 to T', by the Cauchy-Schwarz inequality, the quantity

T
/0 dt(nuk - nu)2(t7m)

is bounded by

T T
2\/ /0 dt /R (k! —n;>2<t,y>dy\/ /0 dt /R () — )2t ).

On the other hand, using Corollary [.§ and (B.1]), we have

T T
/ ds/ dy nk(t,y)? < const/ ds/ dy u€) (t, ) < const T ||uo]| 2
0 R 0 R
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and likewise -
s [ dynie,) < const T ol
0 R

Consequently, maybe with another const,

T
su dt(n® — ny)%(t, z) < VT const ||u L ,
sup [ dttal = m)(0.1) < P T -
which by (b.14) converges to zero. ]
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