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φ
|cyu}�f?T6`sPoT'zoqshutETc|
`bj�h�}!h�}3y�ikj�}oT �

� }7	 ��
¶ªG|
h�S�zono`bj�}o�Y^syuS�zoi�j�}o�$z�h�j�}W`s^¤j�} H∩Rn
j�^&qsTc{_n?|
Tc{�`bh6|
hGS�zon_`bj�}o�'^syuS�zoi�jk}o�Yz�h�j�}G`�^¤hu�?y

^bS�h]hu`bP�PW\]z�T�q�^anCqa�®yG|
TrÄ�PohW^aTÇqbTeyuiG|�h�no}W`sT�qszCyuqb`�jm^�|�h�S�zCy�|
`�f]\6jk}W`sqbh_{_nC|�jk}C�¢^aTcÁ�Tcqsy�i�j�}_§C}ojk`bTe^aj�S,yuim^ �OQP]nC^cª]zoqshutETc|
`bj�h�},��nC}C|"`sjkhG}C^�yuqsT¢nC^bTc{ � OQPoTYy�ik�Gh�qsj¦`sPoS,^Ëy�qbT6{_T�`bT�qsS�jk}Cj�^a`bjm|$y�}C{,`sPoT�j�qK|
hGS�zoikT�Ô_j¦`E\jm^
(2D)O(n) y�qbjk`bPCSdT�`bjm| hGz?Tcqsyu`bj�h�}C^�jk} Q � vKi���Tcfoq�yujm| S,yu}oj�zonoimy�`sjkhG}C^�y�qbT!z?Tcqa��hGqbS�Tc{­`shÅy²ÁGh�jm{y£|�h�S�zon_`�y�`sjkhG}­h��28Yq:9�fC}oT�q'fCyG^aTe^�yu}?{Åi�TcyG{Å`bh£T�}?|
h_{_T |
qsjk`bjm|�yuiÇz?hGjk}W`s^�y�^�^bh�i�n_`bj�h�}?^6hu��y3Ð�T�qshu¥

{ojkS�T�}?^aj�h�}Cy�irz�h�i�\W}Ch�S�j�y�ir^a\_^a`bTcS �GT�}oTcqsyu`bj�}o�£yu}�j�{oTcyuiÇPCy²Á]jk}o� ¹u½�;Ç¹�Ì²± y£{_Tc��qsT�T 2D(2D − 1)n �X�h�qsT�h�Á�TcqcªWyui�i;`bPoT�|�h�S�zon_`�y�`sjkhG}C^�yuqsT$z�T�qb��h�qsS�Tc{!h�Á�TcqQydprnCj�^bT�n_Ô�^aTcqbj�Tc^5§CTci�{ � OQPWn?^�ª]`sPoT�qsT6j�^Q}ohPCh�z�T$`sh,h�f_`�yuj�}�y�}!T�Æ |
j�T�}W`Kzoq�y�|"`sj�|cyui;f�T�PCy²Á]j�h�noq�h���`bPCTc^bT�yui���h�qsjk`bPoS,^ �
� }<	 �G�_ª=��ª²�oª���
Íª�`bPoTQyuno`bPohGqs^�nC^aTË`bPCT5^slWnCyuqsTrhu�C`bPoT5T�nC|�ikjm{_Teyu}g{oj�^a`sy�}C|
TÇ`bh6yK��Tc}oT�qsjm|�yui�i�\Y|�PohW^aTc}z�h�j�}W`
A
j�}

Qn � vKi���h�qsjk`bPoS,^r{_Teyui�jk}C�'Ä�j¦`sP�`bPoTY|�y�^bT�Ä�PoTcqbT H jm^r}oh�`Ç^aS�h]hu`sP yuqsT�zoqsh�ÁWjm{_Te{gj�}>	 ���_ª�?
 � OQPoT�h�}oT�h��2	 �G��
&n?^aTe^�jk}o§C}ojk`bTc^bj�S�y�i&{oT
��h�qsS,y�`sjkhG}C^ � OQPoTgh�}oT'h��6	��?
&zoqsh]|�Tc^s^aTe^�f]\!z�T�qb��h�qsS�jk}C�
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y�qsTc|�noq�^aj�Á�T'^a`bnC{_\�hu�&`bPCT�^aj�}o�Gnoi�y�qKi�h]|�nC^�no}W`sjki�j¦`¢P?y�^K{_j�S�T�}C^bj�h�}
0
h�q¢j�^�TcS�z_`E\ �6 Tc|�y�nC^bT'hu�¤`bPoT|�PCh�jm|
T�hu�

A
ª�`sPoT¢{_T�`bT�qsS�jk}Cj�^a`bjm|K|
hGS�zoikT�Ô_j¦`E\dhu��`bPoTYyui���hGqbjk`bPoS hu��	 �G��
;j�^

DO(n2) � � T�Á�Tcqa`sPoT�i�Tc^s^cª�j�}zCqsyG|"`bjm|
TGª²`bPoT5§Cq�^a`¤|�PohGj�|�TËjm^¤^anCj¦`�yufoi�T5`bhYh�f_`�yuj�}�Ð�Tcqbh�¥Í{ojkS�T�}?^aj�h�}Cy�iW|�qbjk`bjm|�y�i]ikh_|
j¶ªu^bh¢`sPCy�`=no}C{oT�q¤`bPCj�^
yG^b^bnoS�z_`sjkhG}�ª ;�À]³®Ê�À ³m±5±�¹u´N³m±��Ë¸�»�³µº'¯;Èb¹�Ê�´N³®Ê�¸ ªu`sPoTK|
hGSdzCikT�Ô]jk`E\'hu��	 ����
ojm^ DO(n) � OQPoT�|
hGS�zoikT�Ô_j¦`E\�h��	��F
�jm^Q}ohu`�Ä5T�i�i¦¥Ñ|
hG}W`bqsh�i�ikTe{�T�Á�Tc}!jk��j�}3^aj�}o��nCi�y�q5^bj¦`snCy�`sjkhG}C^Qjk`Qf�T�P?y²Á�Tc^Ëf�T
`a`sT�qQ`sPCyu}!`bPoT6hG}oTc^QfCyG^aTe{
hG}'jk}o§C}ojk`bTc^bj�S�y�iW{oT
��h�qsS,y�`sjkhG}C^ � OQPoTËy�ik�Gh�qsj¦`sPoS,^«hu� 	 �Cª²��
Wn?^aT=`sPoTÇ�GT�hGSdT�`bqsj�|rqbTe^ahGikn_`sjkhG}'yui���h�qsjk`bPoSÄ�PCj�|�P�jm^'zoqsh�fCy�foj�ikjm^E`sj�| � OQPCT�j�qg|
hGS�zoikT�Ô_j¦`E\Åj�^�z?hGik\]}ohGSdjmyuiÇjk} n ª�`bPoT!T�Á�yui�nCyu`bj�h�}�|
hGSdzCikT�Ô]jk`E\�h��`sPoT'j�}ozon_`Kz�h�i�\]}oh�S�jmyui�yu}?{!y�}�j�}W`bqsjk}?^ajm|Y��T�hGS�T
`bqsjm|${_Tc��qsT�T

δ
Ä�PCj�|�P3jm^�{_h�S�j�}Cy�`sTc{�f]\

Dn �
� }g`bPoT�^bS�hWh�`bPd|�y�^bT�ª²`sPoTc^bT�|
hG}G`sqbj�fon_`sjkhG}C^¤yuqsTÇj�S�zoqbh�ÁGTc{�jk}7	 �G��
 4���Tc}oT�qsjm|rzoqshutETe|"`bj�h�}���no}C|
`bj�h�}C^y�qbTËnC^bTc{�TcÁ�Tc}�j�}�}ohG}_¥Í|�h�S�zCyG|"`&^bjk`bnCyu`bj�h�}C^&j�}C^E`sTcyG{�hu��{_j�^a`sy�}C|
TË��no}C|
`bj�h�}C^�`shYy$��Tc}oT�qsj�|Çz?hGjk}W` � OQPoT�GT�}oTcqbjm|
jk`E\�hu��`sPoT'|�Poh�jm|
TYhu��zoqbh�tETc|
`bj�h�},��no}?|"`bj�h�}?^Qj�^5}oTe|
Tc^s^syuqs\g`shgTc}C^bnoqbTYzoqsh�z�T�qs}oTc^s^ËzoqbhGz?Tcqa`sjkTe^ �v$^�j�}6`bPoTË|�y�^bT=hu�_yui���hGqbjk`bPCS�^�nC^aj�}o�K{_jm^a`syu}?|
T¤��no}C|
`bj�h�}C^cª²jk}'zCqsyG|"`bjm|
TGª�`sPoT=§Cq�^a`�|�Poh�jm|
Te^«yuqsTr^anCj¦`�yufoi�T ��$^aj�}o��Tcikj�S�jk}?y�`bj�h�}!yui���h�qsjk`bPoS,^=fCyG^aTe{�h�},`sPoT¢�GT�hGSdT�`bqsj�|KqbTe^ahGikn_`sjkhG}�ªu`sPojm^Çi�TcyG{o^=`shgy'zoqsh�f?yufoj�ikjm^a`bjm|

y�ik�Gh�qsj¦`sPoSÓÄ�PohG^bT$y�qbjk`bPoS�T�`bjm|$|�h�S�zoi�T
Ô_j¦`E\�jm^Çz�h�i�\]}oh�S�jmyui�jk}
n
ªW`bPoTYT�Á�yui�nCyu`bj�h�}�|�h�S�zoi�T
Ô_j¦`E\�h���`bPoT

j�}ozono`Qz�h�i�\]}oh�S�jmyui¶ª_yu}C{!yu}�j�}W`bqsjk}?^ajm|¢�GT�hGSdT�`bqsj�|Y{_Tc��qsT�T
δ
Ä�Poj�|�P�jm^5{oh�S�jk}?y�`bTe{ f]\

D(D− 1)n−1 ��$}CTK|�yu}�yuim^bh'nC^aT 8Yq:9�fC}oT�q=fCyG^aTe^ � X�y��]j�}o�6`bPCTKy�^s^anoS�z_`sjkhG}C^¤`sPCy�`=`sPoT�§Cq�^E`Ç|�PCh�jm|
TQhu�;zoqshutETc|
`bj�h�}C^jm^K^bnojk`syufCikTGª_`bPoT�|�h�S�zoi�T
Ô_jk`E\ f?Te|
hGSdTe^
DO(n) � OQPojm^�ÄËhGq �,jm^��GT�}oTcqsy�ikj�Ð�Te{ `sh�`bPoT�|cy�^bTYh��¤^bj�}o��noimyuqP]\]z�T�q�^anoqb�®y�|�Tc^�j�}/	 �5�F
 � OQPoTgy�ik�Gh�qsj¦`sPoS,^�qbTcik\]j�}o� hG}/	 �G��
=yuqsT'`bPoTdS�hG^a`$T�Æ,|�jkTc}W`$j�}�zoq�y�|"`sj�|�T�yu}?{y�qbTYj�SdzCikTcSdTc}W`bTc{�j�} 	 � �F
 �OQPoT'hGn_`bzCn_`¢hu�=yui�i«`sPoTc^bT�yui���hGqbjk`bPoS,^�y�qbT'|
qsjk`bjm|�yui«z�h�j�}W`s^�Tc}C|
h_{_Te{�fW\�y�qsyu`bj�h�}Cy�i«zCyuq�yuS�T�`bT�qsjk¥

Ðey�`sjkhG} 4




Xn = qn(T )
q0(T )���

X1 = q1(T )
q0(T )

q(T ) = 0Ä�PCT�qsT
T
j�^'y!}oTcÄ�Á�yuqsj�y�foi�T�ª�y�}C{

q, q0, q1, . . . , qn
yuqsTgno}CjkÁ�yuqsjmy�`bT�z�h�i�\]}oh�S�jmyuim^$j�}

Q[t] � U]n?|�P­yq�y�`sjkhG}Cyui�zCyuq�yuS�T
`sqbj�Ðcyu`bj�h�}'|�y�}'f?TËh�f_`�yuj�}oTc{6Tcj¦`sPoT�q�f]\Yi�j�}oTcy�q�yui���Tcfoq�y5|�h�S�zon_`�y�`sjkhG}C^�j�}�yKlWnoh�`bj�T�}W`a¥
y�ik�GT�foq�y ¨ ^aTcT 	 �G��
 © h�qË{ojkqsTc|
`bi�\,fW\d`sPoT$�GT�hGSdT�`bqsj�|¢qbTe^ahGikno`bj�h�}�y�ik�Gh�qsj¦`sPoS ¨ ^aTcT�	��c�oª1���Wª � �_ªo���_ªW�5�F
 ©"�v$^ËqsTc|cyui�ikTe{,yuf�h�Á�TGªu`bPCTY|�i�yG^b^bj�|cyui�^E`sqsyu`bT��G\�`shg|�h�S�zon_`sT$y�`5ikTey�^a`ËhG}oT¢z�h�j�}W`Ëj�}�TcyG|�P |
hG}o}oTc|
`bTe{
|�h�S�z�h�}oTc}G`djkS�zoi�j�Tc^g`bh�yuzozCik\�`sPoT�yu��h�qsT�S�T�}W`sjkhG}oTc{�y�ik�Gh�qsj¦`sPoS,^�j�} `sPoT�|cy�^bT�h��$y�P]\]z?Tcqs^bnoqb�®y�|�T
{oT
§C}oTe{,f]\,y�z�h�i�\W}Ch�S�j�y�iCÄ�jk`bP�|�h]T
Æ |
j�T�}W`s^Ëj�}

Q(ε) � OQP]nC^cªG`sPoT¢hGn_`bzCn_`5jm^5y'qsyu`bj�h�}Cy�iCzCy�qsy�S�T
`bTcqa¥j�Ðcyu`bj�h�}3Ä�jk`bP�|
h]T�Æ,|�jkTc}W`s^Kj�}
Q(ε) � �$}C|�T'j¦`$j�^¢h�f_`�yuj�}oTc{«ª�y,^aS,y�iki�T�}ohGno��P£^bz?Te|
jmyui�jkÐey�`bj�h�}���hGq ε jm^hGf_`sy�jk}CTc{df]\g|
hGS�zon_`bj�}o�6`sPoTK{_jm^b|�qbj�S�jk}Cy�}W`rhu�

q
Ä�jk`bP,qsTc^bz�Tc|"`=`sh

T
y�}C{�|�Poh]hG^bjk}C�6y'^bz�Tc|
jmyui�j�Ðcy�`sjkhG}

i�Tc^s^¢`bPCy�}£`bPoT�^bS�y�iki�Tc^a`$y�fC^ahGikno`bT�Á�y�iknoTghu�=`sPoTgqsTcy�i�qsh]hu`s^$hu�=`sPojm^${_jm^s|
qsjkS�j�}Cyu}W` � OQP]nC^cªC`sPoT�§?}CyuihGn_`bzCn_`�jm^�^bS�y�iki�T�q�`bPCy�}�`bPoT!qsyu`bj�h�}Cy�i=zCyuq�yuS�T
`sT�qsjkÐey�`sjkhG}ÅÄ�jk`bP |�h]T
Æ |
j�T�}W`s^�jk}
Q(ε) � X£h�qsT�h�ÁGT�qeª|�h�S�zon_`sjk}C��q�y�`bj�h�}?yuiCz?yuq�yuS�T
`sT�qsjkÐey�`bj�h�}?^=Ä�j¦`sP!|�hWT�Æ |
j�T�}W`s^Ëjk}

Q(ε)
jm^ÇP?yuq�{,jk}!zoq�y�|"`sj�|�T 4&jk}o§C}ojk`bTc^a¥

j�S,yui�yuqsjk`bPoS�T
`sj�|c^�^az�h�j�i5`bPoT3zoq�y�|
`bjm|�yui5f�T�PCy²Á]j�h�noqdhu�YT�i�jkS�j�}Cy�`sjkhG}Õyui���hGqbjk`bPCS�^d{_noT�`shÅzoqsh�fCikTcS�^
y�zoz�Tcyuqsj�}o�gj�}3S�T�S�h�qs\ S,yu}Cy���TcSdTc}W`Qy�}C{ `sPoT'h�Á�Tcqa¥Ñ|
hW^E`5hu�=yuqsj¦`sPoS�T
`sj�|Yh�z�T�q�y�`sjkhG}C^ �
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 × � 3 xKT�S,yuq:��`sPCy�`rj�},h�q�{_T�q¤`sh'h�f_`�yuj�}�h�}oT�z�h�j�}W`rjk},Tey�|�P�|
h�}C}oTc|
`bTc{�|�h�S�z?hG}oT�}W`rj�}

S+¨ qbTe^az � S− hGq S © ª�jk`¢jm^¢^bn_Æ |
j�T�}W`K`sh�^anCfC^E`sj¦`sn_`bT ¹6¯;È"³®°�È"³ `sPoT�j�}_§C}Cj¦`sTc^bjkS,yui ε y�zoz?Teyuqsjk}C�,jk} f − εf]\dy'^aS,yui�i_T�}Ch�no�GPdz�hG^bjk`bj�Á�T�q�y�`bj�h�}?yui_}]noS�f�T�q
e ∈ Q � OQPoT�zoqsh�fCikTcS�jm^¤`bh'Tc}C^anCqbTQ`sPCy�`=`sPoT¢|�PohW^aTc}q�y�`sjkhG}Cyui�}]noS�f�T�qQjm^Q^aS,yui�i;T�}ohGno��P�Ä�Poj�|�P�S�Tcy�}C^ÇPCT�qsT¢`sPCy�`Q��h�q5TcyG|�P!|�h�}o}oTe|"`sTc{�|�h�S�z�h�}oTc}G`

S
h��

S+
ªW`sPoT�qsT¢T�Ô]jm^a`s^Qy�|�h�}o}oTe|"`sTc{ |�h�S�z?hG}oT�}W`5hu�«`bPCT$qsTcy�i�|�h�no}W`bTcqÇzCy�qa`5hu��`sPoTYPW\]z�T�q�^anCqa�®yG|
T¢{_T�§C}oTe{

f]\
f − e = 0

Ä�Pojm|�P jm^Ë|�h�}W`sy�jk}oTe{�jk}
S � OQPoj�^5|�y�} f�T${_hG}oT¢f]\,{_T
`sT�qsS�jk}oj�}o� e0 ∈ R

^bnC|�P,`sPCy�`Ë��h�q
y�iki

e ∈]0, e0[
ª_`bPCT�qsT'T
Ô_j�^a`s^�y�{_j ';T�h�S�hGqbzoPCj�^bS

ϕ
^bnC|�P!`bPCyu`�`bPoT6��hGiki�h�Ä�j�}o�d{oj�y���q�yuSÏ|
hGS�S�n_`sTc^ 4

f−1(e)×]0, e0[
ϕ

π

f−1(]0, e0[)

f

]0, e0[

Ä�PCT�qsT
π
jm^«`sPoTr|�y�}oh�}ojm|�y�i�zoqshutETc|
`bj�h�}6h�}Y`sPoTr^aTe|
hG}C{YSdTcS�f�T�q�h��]`bPoTr|cyuqb`bTc^bjmyu}Yzoqbh_{_n?|"`

f−1(e)×]0, e0[ �U]n?|�P­y�`bhGz?hGikhG��jm|�yui¤zoqsh�z�T�qb`E\3j�^6hGf_`sy�jk}CTc{�f]\�Tc}C^bnoqbj�}o�!`bPCyu`6`bPoT�j�}G`sT�qsÁ�yui
I =]0, e0[

PCy�^6y�}
TcS�z_`E\ j�}W`bT�q�^bTc|"`sjkhG}ÕÄ�jk`bP¡`sPoT�^bT
` h�� ¿W¸
º;¸
Ès¹�½Î³kÉe¸�»ÕÊ�È"³µ´¶³®Ês¹u½K·�¹�½Î¾C¸
± h��$`sPoT�z�h�i�\]}oh�S�jmyui�S,yuzozCjk}o�
f̃ : x ∈ Rn → f(x) ∈ R � OQPCj�^'^bT
`6hu�5��T�}CT�q�yui�jkÐcTc{�|�qbjk`bjm|�y�i&Á�y�iknoTe^6j�^6{_Tc}ohu`sTc{Åf]\ K(f)

j�}�`sPoT
^bTclWnoTci � OQPojm^�^bT
`�j�^�{oT
§C}oTe{!y�}C{�^E`snC{_j�Tc{!jk} 	 �W��
 � vAqbTeyui;}]noS�f�T�q c ∈ R

j�^�yg��Tc}oT�q�yui�j�Ð�Tc{!|
qsj¦`sj�|cyui
Á�y�iknoT$hu��y�S�y�zozoj�}o�

f̃
jk��y�}C{,h�}Cik\�jk��j¦`Qj�^ËT�jk`bPCT�qQy�|
qsjk`bjm|�yui�Á�yui�noT¢h��

f̃
h�qË`bPoTcqbT$T
Ô_jm^E`�^Ëyg^aTelGnCT�}C|�T

h��5z�h�j�}W`s^
(z`)`∈N

^anC|�P­`sPCy�`
f(z`)

`bTc}C{o^6`sh
c
Ä�PoTc}

`
`sT�}C{o^'`bh

∞
ª
||z`||

`sT�}C{C^6`bh
∞
Ä�PCT�}

``sT�}C{C^=`bh
∞
y�}C{
||z`||.||dz`

f ||
`bTc}C{o^Ç`bh

0
Ä�PoTc}

`
`bT�}?{o^r`sh

∞ ��� }�`sPoT¢imy�`b`bT�q5|�yG^aTGª c jm^Ë^syujm{g`bh�f�Ty�} ¹²±"Ì�¼¢¯�´Ñ°�´¶³®Ê,Ê
È"³µ´¶³®Ê�¹�½&·²¹u½Î¾C¸
� �$T��GqbTcT'f?hGno}C{o^$yuqsT'zoqsh�ÁWjm{_Te{!j�}&	 �u��
 � vK}�y�ik�Gh�qsj¦`sPoS2|�h�S�zon_`sjk}o�
`sPoT�S2j�^�{oTc^s|
qsjkf�Tc{�j�} 	 �G��
 � OQPojm^�yui���hGqbjk`bPCSÒÄËhGq �_^Qy�^5��hGiki�h�ÄK^ 4={_Tc}ohu`sjk}C�df]\ I `bPoT'jm{_Tcy�i

I = 〈f − T,

(
∂f

∂Xi

− ai

)

i∈{1,...,n}

,

(
Xi

∂f

∂Xj

− ai,j

)

(i,j)∈{1,...,n}2

〉

Ä�PCT�qsT
a1, . . . , a1,1, . . . , an,n

yu}C{
T
y�qbT6}oTcÄ9Á�y�qbjmyufoi�Tc^cª_|
hGSdzCn_`bT

J = I ∩Q[T, a1, . . . , an, a1,1, . . . , an,n].

8YTc}oT�q�yui�j�Ð�Tc{!|
qsj¦`sj�|cyui«Á�yui�noTe^KyuqsTY^bh�i�n_`sjkhG}C^Qhu�
J + 〈a1, . . . , an, a11, an,n〉.

OQP]nC^cª�`bPojm^�y�ik�Gh�qsj¦`sPoS[qsTclWnoj�qbTe^Y`bh�z�T�qb��h�qsS y�ik�GT�foq�yujm|dT�i�jkS�j�}Cy�`sjkhG}�hu��Á�yuqsj�y�foi�Tc^6h�}�`sPoT jm{_Tcy�i
I{oT
§C}oTe{�Ä�jk`bP�z�h�i�\W}Ch�S�j�y�i�^�jk}]ÁGh�i�ÁWj�}o�

n2 + 2n + 1
Á�yuqsj�y�foi�Tc^ � X�h�qsT�h�Á�Tcqcª�`bPoT�{_T��GqbTcT,hu� I |cyu}TelWnCyui

Dn ¨ Ä�PCT�qsT D jm^5`bPoT�{oT���qsT�T6h��
f ©"� �$f]Á]j�h�nC^bik\Gª]j¦`s^KzoqsyG|"`sj�|cyui;f?TcPCy²Á]jkhGnoq�jm^Qjk}oT�Æ |
j�T�}W` �

� T'zoqsh�ÁWjm{_TYPoT�qsT6yu}3yui���h�qsjk`bPoSÏ|�h�S�zon_`sjk}o��T�Æ,|�jkTc}W`bi�\,`bPoT'^bT
`�hu�&��Tc}oT�q�yui�jkÐcTc{!|
qsj¦`sj�|cyui;Á�yui�noTc^h��$yÅz?hGik\]}ohGSdjmyuiQS,yuzCzojk}C����qsh�S
Rn

`bh
R � v zoqsh�fCy�fojki�jm^E`sj�|�Á�T�q�^bjkhG} hu�K`sPojm^,yui���h�qsjk`bPoS PCyG^dy

|�h�S�zoi�T
Ô_jk`E\!Ä�jk`bPoj�}
DO(n) yuqsj¦`sPoS�T
`bjm|'hGz?Tcqsyu`bj�h�}C^�j�} Q

Ä�Pojm|�P£j�^¢z?hGik\]}ohGS�j�y�i�j�}3`bPoTd^aj�Ð�T�h��=`bPoT
hGn_`bzCn_`Kjk}3Ä5h�q�^E`b¥Í|cy�^bTc^ �
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Ì��Q½���³µº

OQPojm^¢y�iki�h�ÄK^�nC^K`bh�^bnofC^a`bjk`bno`bT'`sPoT�nC^bT�h��¤j�}_§C}Cj¦`sTc^bjkS,yui&{_T
��hGqbS,yu`bj�h�}C^�f]\3y�zoqsT
¥Ñ|
h�S�zono`sy�`sjkhG}
h����GT�}oTcqsy�ikj�Ð�Te{�|
qsjk`bjm|�yui«Á�y�iknoTe^Qjk}�h�q�{_TcqË`sh,|
h�S�zono`bT�y�`�i�TcyG^E`�h�}CTYz�h�j�}W`�jk}3TcyG|�P�|�h�}o}CTc|"`sTc{�|
hGSg¥
z�h�}CT�}W`�hu��y�^bT�S�jk¥Íy�ik�GT�foq�yujm|g^bT
`d{_T
§C}CTc{�f]\­y£^bj�}o��i�T j�}oTclWnCy�ikjk`E\ � OQPoT�y�ik�Gh�qsj¦`sPoS�Ä5T h�f_`�yuj�}�j�^
T�Æ |
j�T�}W`5j�}�zCqsyG|"`bjm|
TYyu}C{�j¦`�^5zoqbhGfCyufCjki�j�^a`bjm|$Á�T�q�^bjkhG}C^rPCy²ÁGT$yg|
h�S�zoi�T
Ô_jk`E\,Ä�j¦`sPoj�}

O(n7D4n)
y�qbjk`bP_¥

S�T�`bjm|3h�z�T�q�y�`bj�h�}?^�jk}
Q �9� T�y�i�^bh�^aPCh�Ä�Poh�Ä2`bh y�zozoi�\ h�nCq�|
hG}G`sqbj�fon_`sjkhG} `sh�`bPoT£zCqbhGfoikTcS h��

{oTc|
jm{_j�}o� jk�ry,P]\Wz�T�q�^bnoqa�®yG|
T�|�h�}W`sy�jk}C^KqbTeyui�qsT��Gnoi�y�q�z?hGjk}W`�^ � �$noq$yui���h�qsjk`bPoS�jm|'|
h�}W`sqbj�fon_`sjkhG}C^�PCy²ÁGTf�T�Tc}£jkS�zoi�T�S�Tc}G`sTc{£y�}C{3ÄËT�{oTc^s|
qsjkf�T�y�`K`sPoT�Tc}C{3hu�¤`bPCT�zCyuz�T�q¢Poh�Ä `sPoT�\�PCy²ÁGTYf�T�Tc}�yuzCzoikj�Tc{�hG}
|�h�}C|�qbT�`bT6yuzozCikjm|�yu`bj�h�}C^QÄ�Pojm|�P3yuqsTYnC}oqbTey�|�PCy�foi�T$Ä�jk`bP£yu}W`sT�qsjkhGq5S�T�`bPoh_{o^ �
� /N� ( Û10 � - × %¤��% × � 3)OQPoT,zCyuz�T�q'jm^6h�qs�Gy�}oj�Ð�Tc{Åy�^$��h�i�i�h�ÄK^ � � }�U]Tc|
`bj�h�}��_ª�Ä5T�qbTe|�y�iki&`bPCT {_T
�µ¥j�}ojk`bj�h�}¡yu}C{ fCy�^bjm|!zCqbhGz?Tcqa`sjkTe^�h�� ¿W¸
º;¸
Èb¹u½Î³kÉe¸�» Ê�È"³µ´N³®Ê�¹�½�·�¹�½¦¾C¸"± Ä�Poj�|�P¬|�y�}Õf�T���h�no}C{Õj�} 	 �G��
 � � }U_Tc|"`sjkhG} �oªÇÄËT!zoqbh�Á]jm{_T �GT�h�S�T�`bqsj�|�qbTe^anoik`s^gÄ�Pojm|�P�ªrnoz `bh­y���Tc}oT�qsjm| i�jk}oTeyuq�|�PCyu}C��T h��K`bPoT�Á�yuqsj¦¥
y�foi�Tc^

X1, . . . , Xn

ª�|�PCy�qsyG|"`sT�qsjkÐcT ¿W¸
º;¸
Èb¹u½Î³kÉe¸�»�Ê�È"³µ´N³®Ê�¹�½Ë·²¹u½Î¾C¸
± y�^$`sPoT ^aT�`'hu�Q}oh�}_¥Ízoqsh�z�T�qs}oTc^s^$hu�5yzCqbh�tETc|"`sjkhG}3h�}�y,i�jk}CT�qsTc^a`bqsj�|
`bTc{!`sh�y
1
¥Ñ{_j�S�T�}C^bjkhG}Cyui�z?hGi�y�q¢Á�yuqsjkT�`E\ �6� }�U]Te|"`bj�h�}��oª?Ä5T�^bPoh�ÄAPoh�Ä`sh h�fo`syuj�}�y�§Cq�^a`$yui���hGqbjk`bPoS |
hGSdzCn_`bj�}o� �GT�}oTcqsy�ikj�Ð�Te{�|�qbjk`bjm|�y�i�Á�yui�noTe^KÄ�Pojm|�P£j�^${_j�qbTe|"`bi�\�fCy�^bTc{3hG}

`sPoT'��Tch�S�T
`sqbjm|$qbTe^anoik`s^Qh��=U_Tc|"`sjkhG}�� � OQPoT�}�ªoÄËT6zoqsh�Á�T$`bP?y�`�`bPCTc^bT6|�h�S�zon_`�y�`sjkhG}C^QqbTe{_nC|�T$`sh |
hGSg¥zCn_`bj�}o�!|�i�yG^b^bjm|�yui&|
qsj¦`sj�|cyui�Á²y�iknCTc^$h�}£`sPoTghG}oT�PCy�}C{«ª«yu}?{�|
qsj¦`sj�|cyui&Á�yui�noTc^Yy�`Yjk}_§?}oj¦`E\3hG}£`bPoTdhu`sPoT�q
P?yu}C{ �+� },U]Tc|
`bj�h�} �]ª�Ä5T�{_Tc^s|
qsj�f?TQyu}�yui���hGqbjk`bPoS |
h�S�zono`bj�}o�'y�`=ikTey�^a`=h�}oTQz�h�j�}G`=j�}�Tcy�|�Pd|
hG}o}oTc|
`bTe{|�h�S�z�h�}oTc}G`Ëhu��y�^bT�S�jk¥Íy�ik�GT�foq�yujm|Q^aT�`5{_T�§C}oTe{ f]\dyg^aj�}o�GikTKj�}oTelGn?yui�j¦`E\GªGÄ�Pojm|�P jm^Çf?y�^bTc{,hG}�`bPoT6|
hGSg¥
zCn_`syu`bj�h�},hu� ¿W¸
º;¸
Ès¹�½Î³kÉe¸�»,Ê
È"³µ´¶³®Ê�¹�½;·�¹�½Î¾C¸
±"�+� }�U_Tc|"`sjkhG} �oªWÄËTK^bPoh�Ä¬Poh�Ä¬`bh�y�zozoi�\ghGnoqÇ|�h�}W`bqsjkfCn_`bj�h�}C^`shÅ{_T�`bTcqbS�j�}ojk}C��jk�¢y�P]\]z?Tcqs^bnoqb�®y�|
T!|
h�}W`�yuj�}C^�qsTcy�iÇqsT���nCi�y�q�z?hGjk}W`�^ ��� j�}Cy�iki�\�ªÇU]Te|"`sjkhG} �£|�h�}W`sy�jk}C^^bh�S�T�f�T�}C|�PoS,y�q �_^6j�iki�nC^a`bq�y�`bj�}o��`bPCT,zoqsyG|"`sj�|cyui¤T
Æ |
j�T�}?|
\�h��5hGnoq�yui���hGqbjk`bPCS�^6y�}C{Å^bPoh�Ä�j�}o��`bPoTe^aT
S�T�`bPoh_{o^Ky�qbT6yui�qsTcy�{o\,zoqbhGS�j�^bjk}C�g`sh,{_Tcy�i«Ä�j¦`sP�zCqbhGfoikTcS,^QPCy²Á]jk}o��S�h�qsT$`bPCy�}

4
Á�yuqsjmyufoi�Tc^ �

����� ( Û]Ú / × Ü.*(� × (;�c� 3 OQPCTËyuno`bPohGq«`bPCy�} �_^�� � U_|�PChG^a`�yu}C{'p � O�q���fCnC|�PoT
`���h�q���qsnojk`a��noi]{_jm^b|�nC^s^aj�h�}C^y�}C{�|
h�S�S�T�}W`�^�yuf�h�n_`�`sPoj�^KÄËhGq � �
� � �
	3	!���&�
��	 ��	�� 	�%&����1�%¤�'1Å�Q%����
������� ����	!�Q%¤�� 
��
Ë��� 4Ë%¤�����
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#$�� ��!���

� }­`sPoj�^�^aTe|"`bj�h�}�ª�Ä5T,qbTe|�yui�i¤`bPCT�{_T
§?}oj¦`sjkhG}C^�y�}C{­fCy�^bj�|dzoqsh�z�T�qb`bj�Tc^6h��5�GT�}oTcqsy�ikj�Ð�Te{Å|�qbjk`bjm|�y�i=Á�yui�noTc^Ä�PCj�|�P3|�y�}!f�T6��h�no}?{!j�} 	 �W��
 �
��× �+(+'���' Û (���� Ê�°�¼¢¯�½k¸���º?¾_¼���¸�È c ∈ C ³m±$¹�Ê�È"³µ´N³®Ê�¹�½;·�¹�½Î¾C¸6°��¢´�Ào¸$¼,¹s¯�¯;³µºW¿ f : y ∈ Cn → f(y)
³ ��¹uº�»�°�º?½ÎÌ,³ �6´µÀC¸
Ès¸g¸��G³m±�´N± z ∈ Cn ±"¾CÊ�À3´�Ào¹u´ f(z) = c ¹uº�» ∂f

∂X1
(z) = · · · = ∂f

∂Xn
(z) = 0 �� Ê�°�¼¢¯�½k¸��'º?¾_¼���¸�È c ∈ C ³m±Q¹�º ¹�±�Ì�¼¢¯�´Ñ°�´¶³®ÊKÊ�È"³µ´N³®Ê�¹u½_·²¹u½Î¾C¸�° �Ë´µÀC¸5¼�¹�¯�¯;³µºW¿ f : y ∈ Cn → f(y)

³ ��¹uº�»�°�º?½ÎÌ,³ �6´µÀC¸
Ès¸g¸��G³m±�´N±�¹�±�¸ $
¾C¸�º�Ê�¸g° �5¯C°�³µº?´®± (z`)`∈N ⊂ Cn ±"¾CÊsÀ£´µÀC¹�´��
� f(z`) ´Í¸�º�»�±Y´Ñ° c ;�ÀC¸
º ` ´Í¸�º�»�±Y´Ñ° ∞ �
� ||z`|| ´Ñ¸�º�»²±6´Ñ° +∞ ;�ÀC¸
º ` ´Í¸�º�»�±Y´Ñ° ∞ �

���+@	��




� ¸
±�´¶³µºW¿��?³¦¿�º��r°�º;»�³µ´¶³®°�ºC±g°�º­¹���°�½¦Ì�º�°�¼d³®¹�½ �

� �
°�Èg¹u½µ½ (i, j) ∈ {1, . . . , n} ||Xi(z`)||.||
∂f
∂Xj

(z`)|| ´Í¸�º�»�±6´Ñ° 0 ;�ÀC¸
º ` ´Í¸�º�»�±Y´Ñ° ∞ �

!× � �_� ��� � ¸�¼�¹uÈ��,´�Ào¹u´Q¹uºCÌ,±"´Ñ¹�´Ñ¸
¼,¸�ºC´5°��'´�Ào¸ �
°�½µ½k°�;=³µºW¿��u³µº�» � ��j�Á�Tc}�y�z�h�i�\]}oh�S�jmyui«S,yuzozCjk}o�
ϕ : Rn → Rq

yu}C{­y3z�h�j�}G`
y ∈ Rq

ª�`bPoTcqbT�T
Ô_jm^E`�^�y3^aTelWnoT�}C|�T�hu�Qz?hGjk}W`s^
(z`)`

ik\]j�}o�3jk}�y3^aTcS�j¦¥
y�ik�GT�foq�yujm|¢^bT
`

S ⊂ Rn
y�}C{�y�z?hGjk}W`

y ∈ Rq
^an?|�P�`sPCy�`�4

� ||z`|| `bTc}C{o^Q`sh ∞ Ä�PoT�}
`
`sT�}C{C^Q`bh

∞ �
� ϕ(y`)

`bTc}C{o^5`bh
y
Ä�PCT�}

`
`sT�}C{o^�`bh

∞ �
Ê�¹�º��s¸�Èb¸Ñ¯oÀ]Ès¹²±�¸�»�¾]±"³µºW¿Õ¹ $
¾C¹uºC´¶³ �Ë¸�» �rÈ�±"´g°uÈb»�¸�È �
°�È"¼d¾_½k¹ Φ °u·²¸�È£´µÀC¸£Èb¸�¹u½ ±�� � Ào¸�º�� ��Ès°�¼� ¹�È�±��u³
	 �;¸�³®»�¸�º ��¸�ÈN¿�� ± � Ào¸�°�Ès¸
¼
�g´�Ào¸�±�¸�´g° ��¯C°�³µº?´®±!±
¹u´N³m± ��Ì�³µº]¿ Φ ³m±£¹Å±�¸�¼g³
	a¹u½ ¿G¸���Èb¹�³®Ê�±�¸
´ ;�ÀC°²±�¸� ¹�È"³m±���³
	aÊ�½k°�±�¾_Ès¸d³m±�º�°u´=Ée¸�Èb°�	a»u³µ¼�¸�ºo±"³®°�º;¹�½��¶±"³µº�Ê�¸ ||z`|| ³m±'±"¾e¯G¯o°�±
¸�»!´Ñ° ´Ñ¸
º;» ´Ñ° ∞ � � � À_¾]±��Ë¾]±"³µºW¿

´�Ào¸gÊ
¾_È"·�¸�±
¸�½k¸�Ê�´N³®°uº���¸�¼d¼�¹��r´µÀC¸'±�¸ $
¾C¸�º�Ê�¸g° �Ë¯C°�³µºC´N±6³µº�´µÀC¸g¹ ��°�·�¸'±"´Ñ¹�´Ñ¸
¼,¸
º?´5Ê�¹�º��s¸'±"¾ �"±"´¶³µ´N¾_´Ñ¸�»
��Ì�´�Ào¸,¸��G³m±"´Í¸�º�Ê�¸,° ��¹�±�¸
¼d³
	a¹�½ ¿W¸��
Èb¹u³®Ê!Ê�¾_È"·�¸ γ :]0, 1[→ Rn ±"¾CÊsÀ�´�Ào¹�´ ||γ(t)|| ´Í¸�º�»�±�´Í° ∞ ;�Ào¸�º
t→ 1 ¹uº�» ϕ(γ(t)) ´Ñ¸
º;»²±'´Ñ° y ;�Ào¸�º t→ 1 �
��� ���&% / × � �r°�ºC±�³®»G¸
È�´µÀC¸&�
°u½µ½k°�;=³µº]¿�¯o°u½ÎÌ�º�°u¼g³®¹u½�³µº Q[X1, X2]

f = X1(X1X2 − 1)

¹uº�»­´�Ào¸3¼,¹s¯G¯�³µº]¿ f̃ : (x1, x2) → f(x1, x2) � � À_³m±�¼,¹s¯G¯�³µºW¿­Ào¹�±£° �
·e³®°�¾]±"½ÎÌ�º�°�Ê�È"³µ´¶³®Ês¹u½�·²¹u½Î¾C¸
±"³µº;Ês¸ 〈f − T, ∂f

∂X1
, ∂f
∂X2
〉 = Q[X1, X2, T ] � ��¾e¯�¯C°²±�¸gº�°�; ´µÀC¹�´Q´µÀC¸
Ès¸g¸��G³m±�´N±g¹ ±
¸ $�¾C¸
º;Ê�¸g°��Q¯C°�³µºC´N±

z` ±"¾CÊ�À3´�Ào¹u´ �
� ||z`|| ´Ñ¸�º�»²±6´Ñ° +∞ ;�ÀC¸
º ` ´Í¸�º�»�±Y´Ñ° ∞ �
� �
°�Èg¹u½µ½ (i, j) ∈ {1, 2} ||Xi(z`)||.||

∂f
∂Xj

(z`)|| ´Ñ¸�º�»²±'´Ñ° 0 ;�ÀC¸
º ` ´Ñ¸�º�»²±6´Ñ° ∞ �
� À_³m±�³µ¼K¯;½Î³®¸
±�´µÀC¹�´ X2

1 (z`) ´Í¸�º�»�±6´Ñ° 0 ;�Ào¸�º ` ´Ñ¸�º�»²±�´Ñ° ∞ � ;�À_³®ÊsÀ�³µ¼¢¯�½Î³®¸
±�´�Ào¹u´ X1(z`) ´Í¸�º�»�±�´Í°
0 ;�Ào¸�º ` ´Ñ¸
º;»²±�´Ñ° ∞ �5¹�º;» X2X

2
1 (z`) ´Ñ¸
º;»²±'´Ñ° 0 ;�ÀC¸
º ` ´Í¸�º�»�±'´Í° ∞ ���Ç³µº;¹�½µ½ÎÌ�� f(z`) ´Ñ¸
º;»²±'´Í°

0 ;�ÀC¸
º ` ´Ñ¸
º;»²±$´Ñ° ∞ � � À]¾]±�� 0 ³m±�¹�º�¹²±"Ì�¼¢¯�´Ñ°�´¶³®ÊgÊ�È"³µ´¶³®Ês¹u½«·²¹u½Î¾C¸�°��6´µÀC¸6¼,¹s¯�¯;³µºW¿ f̃ ���d¸ ;=³µ½µ½�±
¸�¸
��¾_È"´�Ào¸�È'´�Ào¹�´Ë³µ´Ë³m±'´�Ào¸d°�º?½ÎÌ�°�º;¸ �

�r°�ºC±"³®»�¸�È�º�°�;Â´µÀC¸&�
°u½µ½k°�;=³µº]¿£¸ �]¹�¼¢¯�½�¸�³µº 3 ·�¹�È"³®¹ ��½k¸
±��
f = X1 +X2

1X2 +X4
1X2X3

� º��! #"%$%�Q´�Ào¸�¹�¾_´�Ào°uÈ�±�¯�Èb°u·²¸d´�Ào¹u´�´µÀC¸�±
¸�´K° �6¿G¸�º�¸�Èb¹u½Î³kÉe¸s»3Ê�È"³µ´N³®Ê�¹u½&·�¹�½¦¾C¸"±d°���´�Ào¸d¼,¹s¯G¯�³µºW¿!±�¸�º�»u³µºW¿
x ∈ Cn ´Ñ° f(x) ³m± {0} �
Ì,¾]±"³µºW¿�¹�±"³µ¼d³µ½k¹�È�Èb¸�¹²±�°�º?³µºW¿�¹²±'´µÀC¸g¹ ��°�·�¸ �

� } 	 �G��
Íª_`bPCT�yun_`sPoh�q�^Qzoqsh�Á�T$`bPoT6��hGiki�h�Ä�jk}C�gqsTc^bnoik`KÄ�Poj�|�P3|�y�}3f?T�^bT�Tc}�yG^�y���T�}CT�q�yui�jkÐcTc{!Uoyuq�{�� ^`sPoT�hGqbTcSÒ��h�q��GT�}oTcqsy�ikj�Ð�Te{�|�qbjk`bjm|�y�i«Á²y�iknCTc^ �
& - ×]Û � × � � ��¸
´ f ��¸3¹d¯C°�½ÎÌ�º;°�¼d³®¹�½Q³µº Q[X1, . . . , Xn] °���»�¸Í¿�Èb¸�¸ D � � Ào¸�±�¸
´'° �d¿G¸�º�¸�Èb¹�½¦³kÉc¸�»
Ê�È"³µ´¶³®Ês¹u½�·�¹�½Î¾C¸
± K(f) ° �'´�Ào¸�¼�¹�¯�¯;³µºW¿ f̃ : x ∈ Cn → f(x) ∈ C ³m± � ¹�È"³m±���³
	aÊ�½k°�±
¸�»�³µº C �' °�Ès¸s°u·²¸�È�� D]K∞(f) + ]K0(f) ≤ Dn − 1
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� �;¹��
¸
Ì��Q½���³µº

8Yj�Á�Tc}
f ∈ Q[X1, . . . , Xn]

ª=|
h�}?^ajm{_T�q�y3S,y�zozoj�}o�
fC : x ∈ Cn → f(x) ∈ C

yu}?{�yu}�h�z�T�}
^bnofC^bT
`

FC

hu�
C �=� T�^sy²\�`bPCyu` fC

qsTcy�ikj�Ð�Te^5ydi�h_|�yui�i�\�`bqsjkÁ]jmyui;§Cfoq�y�`sjkhG}!hG}
Cn \ f−1

C
(FC)

j¦�&��h�q�y�iki
|�h�}o}CTc|"`sTc{�h�z�T�}3^aT�` ¨ ��h�q5`bPCTYTcnC|
i�jm{_Tcy�} `bhGz?hGikhG��\ © UC ⊂ C \ FC

ª]��hGqQy�iki
e ∈ UC

{_Tc}ohu`sjk}C�gf]\
πC`sPoT�zoqshutETc|
`bj�h�}Åh�}Å`bPoT ^bTc|�h�}C{�SdTcS�f�T�q'h��Ç`bPCT |�yuqb`bTe^ajmyu}Åzoqsh]{onC|"`

f−1
C

(e) × UC

ª�`bPoTd��hGiki�h�Ä�jk}C�
{oj�y���q�yuS

f−1
C

(e)× UC

ϕ

π

f−1
C

(UC)

f

UCOQPCTÇyuf�h�Á�Tr{_T�§C}ojk`bj�h�}�jm^�y�i�^bhKnC^bTc{Y��hGq�z�h�i�\]}oh�S�jmyui�S,y�zozoj�}o�G^���qbhGS
Rn
`bh

R � � hG}C^ajm{_Tcq�y�S,yuzozCjk}o�
fR : Rn → R

yu}C{3yu}�h�z�T�}3^bnofC^bT
`
FR

h��
R �=� T�^by²\�`sPCy�` fR

qsTcy�ikj�Ð�Te^5ygi�h]|cyui�ik\ `bqsjkÁ]jmyui;§Cfoq�y�`sjkhG}
hG}

Rn \ f−1
R

(FC)
j¦�&��h�q�yui�i�|
hG}o}oTe|"`bTe{�hGz?Tc}�^bT
` ¨ ��h�qQ`bPCT'T�nC|�ikjm{_Tcy�} `sh�z�h�i�h���\ © UR ⊂ C \ FR

ª]��h�q
y�iki

e ∈ UR

{_Tc}ohu`sjk}o�3f]\
πR

`bPoT,zoqshutETe|"`sjkhG}ÅhG}�`sPoT ^aTe|
hG}C{�S�TcS�f�T�q�h��Ë`sPoT |�y�qa`sTc^bj�y�}�zoqsh_{_nC|"`
f−1

R
(e)× UR

ª_`bPoT6��hGiki�h�Ä�j�}o�d{oj�y���q�yuS

f−1
R

(e)× UR

ϕ

π

f−1
R

(UR)

f

UR

jm^�|
hGS�S�n_`�y�`bj�Á�T �OQPoT$S,yuj�} jk}W`sT�qsTc^a`Çhu�«`sPoT$^bT
` ¿G¸�º�¸�Èb¹�½¦³kÉc¸�» Ê�È"³µ´¶³®Ês¹u½;·²¹u½Î¾C¸"± qsT�i�jkTe^rhG} j¦`�^r`sh�z�h�i�h��Gj�|cyuiozoqsh�z�T�qb`bj�Tc^Ä�PCj�|�P3yuqsT'^anoS�S,yuqsj�Ð�Tc{!f�T�i�h�Ä9yu}?{�zoqsh�Á�Te{ j�} 	 �W��
 �
& - ×]Û � × ��� � Ào¸g¼,¹s¯G¯�³µºW¿ fC Èb¸�¹�½Î³kÉe¸
±�¹ ½k°eÊs¹u½µ½ÎÌ�´¶È"³µ·e³®¹�½ � �
Ès¹�´¶³®°�º�³µº Cn \ f−1

C
(K(fC)) �� ÀC¸�¼,¹s¯G¯�³µºW¿ fR Èb¸�¹�½Î³kÉe¸
±g¹,½k°eÊ�¹�½µ½ÎÌ ´¶È"³µ·e³®¹�½ � �
Ès¹�´¶³®°�º�³µº Rn \ f−1

R
(K(fR)) �

��� ���&% / × � �r°�ºC±�³®»G¸
È�´�Ào¸ ¸��]¹�¼¢¯�½k¸
±6¿�³µ·�¸
º ¹ �s°u·²¸�� �d¸�Ào¹u·²¸Y¯�Èb°u·²¸�»3´�Ào¹u´ �
°�È �s°u´µÀ�¸��]¹�¼¢¯�½k¸
± 0
³m±,¹�º ¹²±"Ì�¼¢¯�´Ñ°�´¶³®Ê�Ê�È"³µ´N³®Ê�¹u½=·²¹u½Î¾C¸ � � ¸�¼,¹�È���´�Ào¹u´�´µÀC¸ � ��¸�Èd° � ��°�´�À�Ê�°�ºC±�³®»G¸
Ès¸s»£¼�¹�¯�¯�³µº]¿�± ¹ ��°u·²¸ 0
³m±$Èb¸�»�¾CÊ�³ �
½k¸
;�À]³µ½k¸g¹Y¿W¸�º�¸�È"³®Ê � ��¸�È¢³m±$³µÈ"Ès¸s»u¾CÊ
³ ��½k¸�� � À_³m±$³m±'ÊsÀC¹�Èb¹GÊ
´Ñ¸
È"³m±"´¶³®Ê'´Ñ°�¹dÊ�Ào¹uºW¿W¸�° �$´Ñ°s¯C°�½k°s¿uÌ
¹uº�» ³m±�¸�¹�±�³µ½¦Ì ·c³m±"¾C¹u½Î³kÉe¸s»�°�º �Ç³¦¿u¾_Èb¸��,³µ½µ½¦¾]±�´¶Èb¹u´N³µº]¿ ´�Ào¸d¸ �]¹u¼K¯;½k¸ f = X1(X1X2 − 1) �

� ¸
·�¸�È"´µÀC¸
½k¸
±�±��rº�°�´Ñ¸'´�Ào¹u´5¹�¼,¹s¯G¯�³µº]¿!Ê�¹�º�Èb¸�¹�½Î³kÉe¸d¹�½k°eÊs¹u½µ½ÎÌ ´¶È"³µ·c³®¹u½ � ��Èb¹u´N³®°uºÅ¸
·�¸�º�³ �6´µÀC¸
Ès¸�¸���³m±"´N±6¹
¿W¸�º�¸�Èb¹�½Î³kÉe¸�»�Ê
È"³µ´¶³®Ê�¹�½�·�¹�½¦¾C¸�³µº I � � °�³µ½µ½Î¾]±"´¶Èb¹�´Ñ¸'´�À]³m± �
¹�Ê�´ �5Ê�°�ºo±"³®»G¸
È�´�Ào¸ �
°�½µ½�°�;=³µºW¿£¸��]¹�¼¢¯�½k¸��

f = −X2(2X
2
1X

2
2 − 9X1X2 + 12)

;�À_³®ÊsÀ9Ès¸s¹u½Î³kÉe¸"±�¹ ½�°cÊ�¹�½µ½¦ÌÕ´¶È"³µ·c³®¹u½ � �
Ès¹�´¶³®°�º ¹�Èb°u¾_º�» 0 ¹�±�±bÀo°�;=º9³µº �Ç³¦¿u¾_Ès¸ "���¾_´�³m±£±�¾CÊ�À ´µÀC¹�´
K(f) = {0} �

���+@	��




� ¸
±�´¶³µºW¿��?³¦¿�º��r°�º;»�³µ´¶³®°�ºC±g°�º­¹���°�½¦Ì�º�°�¼d³®¹�½ �

� jk�GnoqsT�� 4 * Ô_j�^a`bTc}C|
T6h��&�GT�}oTcqsy�ikj�Ð�Te{�|
qsjk`bjm|�yui«Á�y�iknoTe^�yu}C{3|�PCy�}o��TYj�}!`sh�z�h�i�h��G\

� j���nCqbT���4 * Ô_jm^E`sT�}C|�T'hu�&��T�}CT�q�yui�jkÐcTc{�|�qbjk`bjm|�y�i«Á�yui�noTc^Ky�}C{!}oh,|�PCyu}o�GT6jk}!`bhGz?hGikhG��\
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�e� �;¹��
¸
Ì��Q½���³µº

OQP]nC^cª
K(f)

j�^��;yuqsjm^ �]jk¥Í|�ikhW^aTe{«ª�{_Tc��qsT�TKf�h�no}?{o^ÇhG}
K(f)

yuqsT  ��Ðch�n_`b¥¶i�j���T¢{_Tc��qsT�TKf�h�nC}C{o^5yu}C{jk`s^5`sh�z�h�i�h��Gj�|cyui;zoqsh�z�T�qb`bj�Tc^QT�}?^anoqsTY`bPCyu`Q`bPoTcqbT'jm^Q}ohd`bhGz?hGikhG��jm|�yui«|�PCy�}o��TYj�}!`sPoT6§Cf�T�q�^Qhu�
f
`�y���Tc}

y�f?h�ÁGTYy�}]\ jk}W`sT�qsÁ²y�i«hu�
R
Ä�Pojm|�P�PCy�^�y�}�TcS�z_`E\ j�}G`sT�q�^aTe|"`sjkhG}!Ä�jk`bP

K(f) �
�$T�}oh�`bT5f]\

GLn(C)
`bPoTQ^aT�`&h��

n
¥Í^slWnCyuqsTrj�}]Á�T�qb`bj�foi�TÇS,y�`sqbjm|
Te^�Ä�jk`bPd|
h]T
Æ |�jkTc}G`�^�j�}

C � � h�}C^bjm{_T�q}Ch�Ä
A ∈ GLn(C)

y�}C{ {_Tc}ohu`sT¢f]\
fA

`bPoT$z?hGik\]}ohGS�j�y�i
f(AX)

Ä�PoT�qsT
X
{_T�}oh�`bTe^

(X1, . . . , Xn) �X�h�qsT�h�Á�TcqcªC��j�Á�T�}
{f1, . . . , fs}

jk}
Q[X1, . . . , Xn]

yu}C{£y�}�yui���Tcfoq�yujm|6Á²y�qbj�T
`E\
V ⊂ Cn

{_T
§C}CTc{£f]\
f1 = · · · = fs = 0

ª_Ä5T'{_T�}oh�`bT'f]\
VA

`bPoT�y�ik�GT�foq�yujm|KÁ�yuqsj�T
`E\�{_T�§C}oTe{!f]\
fA
1 = · · · = fA

s = 0 �OQPoT ��h�i�ikh�Ä�j�}o�3ikTcS�S�y3jm^�y�}�jkS�S�Tc{_jmy�`sT |
hG}C^aTelWnoT�}C|�T�hu� �¢T�§C}ojk`bj�h�}�� y�}C{­Ä�jki�iÇf�T,nC^bTc{�j�}
`sPoT�^bTclWnoT�i �
�Ë× � � � � ��°uÈ�¹u½µ½ A ∈ GLn(Q) � K(f) ¸ $
¾C¹u½ ± K(fA) � K0(f) ¸ $�¾C¹�½ ± K0(f

A) ¹uº�» K∞(f)
¸ $�¾C¹�½ ± K∞(fA) �� � c ³m±'¹!Ê
È"³µ´¶³®Ê�¹�½�·²¹u½Î¾C¸��ÍÈb¸
±¶¯ �6¹�º­¹²±"Ì�¼K¯;´Í°u´N³®Ê�Ê�È"³µ´N³®Ê�¹u½�·²¹u½Î¾C¸ � °�� f �=´µÀC¸
º �
°uÈg¹�½µ½ e ∈ Q � c− e
³m±�¹!Ê
È"³µ´¶³®Ê�¹�½�·�¹�½¦¾C¸��ÍÈb¸
±¶¯ �6¹�º�¹²±"Ì�¼K¯;´Í°u´N³®Ê�Ê�È"³µ´N³®Ê�¹u½�·�¹�½Î¾C¸ ��° � f + e �

�$^aj�}o� x�TcS�y�q �>�Gª]`bPoT6��hGiki�h�Ä�j�}o��ikTcSdS,ydjm^Kyuim^ahdj�SdS�Te{_j�yu`bT�y�}C{�jm^�nC^bTc{���noqb`bPoTcq �
�Ë× � � � � ��¸�´ f ��¸d¹Y¯C°�½ÎÌ�º;°�¼d³®¹�½&³µº Q[X1, . . . , Xn] ���r°�ºo±"³®»G¸
È c ∈ C ¹�º�» (z`)`∈N ⊂ Cn ��¸�¹
±�¸ $�¾C¸
º;Ês¸g° �5¯C°�³µº?´®±6±"¾CÊ�À�´µÀC¹�´��

� f(z`) ´Í¸�º�»�±Y´Ñ° c ;�ÀC¸
º ` ´Í¸�º�»�±Y´Ñ° ∞ �
� ||z`|| ´Ñ¸�º�»²±6´Ñ° ∞ ;�Ào¸�º ` ´Í¸�º�»�±6´Ñ° ∞ �
� ||z`||.||dz`

f || ´Ñ¸
º;»²±6´Í° 0 ;�Ào¸�º ` ´Ñ¸
º;»²±6´Í° ∞ �
�d¸�º�°�´Ñ¸ ��Ì X ´�Ào¸�·²¸�Ê�´Í°uÈ X1, . . . , Xn � � ÀC¸
Èb¸d¸���³m±"´N±'¹ � ¹�È"³m±��u³
	aÊ
½�°²±�¸�»,±"¾ �
±
¸�´ A ( GLn(C) ±"¾CÊsÀ
´�Ào¹u´-�
°uÈg¹�½µ½ A ∈ GLn(Q) \ A � ||AX(z`)|| ´Í¸�º�»�±Y´Ñ° ∞ ;�Ào¸�º ` ´Ñ¸
º;»²±'´Í° ∞ �

� }�`sPoT¢^bTclWnoT�i¶ªu��hGq=`bPCT¢^by ��TQhu�«^bjkS�zoi�j�|�j¦`E\GªGÄ5T�jm{_T�}W`bjk��\�y6z?hGik\]}ohGSdjmyui f ∈ Q[X1, . . . , Xn]
Ä�jk`bP

`sPoT'S,yuzozCjk}o�
fC : x ∈ Cn → f(x) ∈ C �

� � ���g-.�5��%&��4�%¤������ ����
w�T
`

f
f�T�y$z�h�i�\]}oh�S�jmyui]j�}

Q[X1, . . . , Xn]
ª
H ⊂ Cn+1 f�TË`sPoT�P]\]z?Tcqs^bnoqb�®y�|
T5{_T
§?}oTc{gf]\ f−T = 0

¨ Ä�PoT�qsT T j�^6y }CT�Ä Á�yuqsjmyufoi�T ©
� 8Yj�Á�Tc} x = (x1, . . . , xn) ∈ Cn
ª«ÄËTd{_T�}Chu`bTdf]\

Fi : Cn → Cn+1`sPoT'z�h�i�\W}Ch�S�j�y�i«S,yuzozoj�}o�,^bT�}C{_j�}o�
x
`bh 4

((∂f/∂Xi) (x), (X1∂f/∂Xi) (x), . . . , (Xn∂f/∂Xi) (x))

y�}C{!fW\
F̃i : Cn → Cin+i+1 `bPoT'z�h�i�\]}oh�S�jmyui«S,yuzozCjk}o�,^bT�}C{ojk}o� x `sh54

(F1(x), F2(x), . . . , Fi(x), f(x)) .

���+@	��




� ¸
±�´¶³µºW¿��?³¦¿�º��r°�º;»�³µ´¶³®°�ºC±g°�º­¹���°�½¦Ì�º�°�¼d³®¹�½ � �

� T�|
hG}C^ajm{_Tcq,jk}¬`bPCT�^aTelGnCT�i�`sPoT£z?hGik\]}ohGS�j�y�i�S�y�zozoj�}o� φ : Cn → Cn
2+n+1 ^bT�}C{ojk}o� x =

(x1, . . . , xn)
`sh

(F1(x), . . . , Fn(x), f(x))
Ä�PCj�|�P£|
hGjk}?|
jm{_Tc^�Ä�jk`bP

F̃n �
� hGq¢yu}]\�z�h�i�\]}oh�S�jmyui«S,yuzCzojk}C� ψ ª?ÄËT�{_Tc}ohu`sT'f]\ Γψ
`sPoT�j�S�y���T'h��

ψy�}C{�f]\
Γψ

jk`s^ �;y�qbjm^ �]jk¥Í|�ikhW^anCqbT � � h�q (i, j) ∈ {1, . . . , n}2
ª�Ä5Tgj�}W`bqsh_{_nC|
Td}oTcÄ�Á�yuqsj�y�foi�Tc^

ai
ª�yu}?{

ai,j
^bnC|�P!`bPCyu`

Γφ
jm^K{_T�§C}oTe{!f]\�y�^bT
`Kh�����Tc}oT�q�y�`sh�q�^Çh���`sPoT'jm{_Tcy�i,4

〈f − T, (∂f/∂Xi − ai)i∈{1,...,n} , (Xi.∂f/∂Xj − ai,j)(i,j)∈{1,...,n}2〉

j�}W`bTcqs^bTc|
`bTc{!Ä�jk`bP�`bPoT'z�h�i�\]}oh�S�jmyui«qsjk}C�
Q[T, a1, . . . , an, a1,1, . . . , an,n] �w�T
`

Li ⊂ Cin+i+1 f�T6`bPoT�|�hWhGqs{ojk}Cyu`bT6y�Ô_jm^Qhu� T ª]j � T � `sPoT'ikj�}oT�{_T�§C}oTe{!f]\ 4
a1 = · · · = ai = a1,1 = · · · = an,1 = · · · = a1,i = · · · = an,i = 0.

OQPCTYi�j�}oT
Ln

j�^�{oT�}oh�`bTc{�f]\
L
j�}!`sPoT�^bTclWnoT�i ��6noq�{_\=��y�yu}?{�j¦`�^g|�h�i�i�y�f?hGqsyu`bh�q�^6zoqsh�Á�T�`sPCy�`

Γφ ∩ L
TclWnCy�i�^�`bPoT�^aT�`gh��Q�GT�}oTcqsy�ikj�Ð�Te{�|
qsj¦`sj�|cyui

Á�y�iknoTe^Yhu�
f ¨ ^bT�T7	 �W�]ª��u��
 � OQPoT,^bT
`6hu� ¹²±"Ì�¼K¯;´Í°u´N³®Ê!Ê
È"³µ´¶³®Ê�¹�½r·�¹�½¦¾C¸"± h�� f ª�{_Tc}ohu`sTc{�fW\ K∞(f)

ª�jm^
|�P?yuq�y�|"`sT�qsjkÐcTc{ yG^5`bPoT'j�}W`bTcqs^bTc|
`bj�h�}�hu��`sPoT�^bT
`Khu�&}oh�}o¥¶zoqsh�z�T�qs}oTe^b^5hu�

φ
Ä�jk`bP

L �
����� �	��

�������������������������������! ��"���!
$#%
'&)('�*#��*����+��! ��-,.�/���0�����/��+21���+�3��*4536#2,����

7 ��
 7 ����#��*4849��484836� 7 ����

#64

� }�`sPoT'^aTelGnCT�i¶ª_��h�q i = n, . . . , 2
ªoÄ5T'|
h�}?^ajm{_T�qQzoqshutETe|"`sjkhG}C^ 4

Πi : Cn+1 → Ci

(x1, . . . , xn, t) 7→ (xn−i+2, . . . , xn, t)

� h�q i = 1, . . . , n − 1
ª�ikT�`

Wn−i ⊂ Cn+1 {oT�}oh�`bTc^$`sPoT �;yuqsjm^ �]jk¥Í|�ikhW^anoqsT�h��Ç`bPCT�|�h�}C^a`bqsnC|
`bj�foikT^bT
`K{_T�§C}oTe{!f]\ 4
f − T =

∂f

∂X1
= · · · =

∂f

∂Xi

= 0,
∂f

∂Xi+1
6= 0.

� h�qK^bjkS�zoi�jm|
jk`E\�ª Wn

{oT�}oh�`bTc^
H �

� }!`bPoT6^bTclWnoT�i¶ª_Ä5T$|
hG}C^bj�{_TcqQS�y�zC^Ëf?T�`EÄËTcT�}3|
h�S�zoi�T
Ô,hGq5qsTcy�i�y�ik�GT�foq�yujm|�Á�yuqsj�T
`bj�Tc^ � OQPoTY}ohu`sjkhG}h��Czoqsh�z�T�qs}oTc^s^&hu�?^bnC|�PdS,yuzC^&Ä�j�iki_f�TQqbTci�yu`bj�Á�Tr`shY`bPoT5`bhGz?hGikhG��j�Tc^�jk}?{_nC|
Te{�f]\'`sPoTQS�T
`bqsjm|r`sh�z�h�i�h���j�Tc^
h��

C
hGq

R � v S,yuz φ : V → W
hu�¤`sh�z�h�i�h���jm|�y�i�^bzCy�|�Tc^�jm^¢^syujm{�`bh f�T�zCqbhGz?Tcq¢y�`

w ∈ W
j¦�=`sPoT�qsT

T�Ô_j�^a`s^5y�}CT�j���P]f?hGqbPChWh_{
B
hu�
w
^an?|�P `bP?y�`

f−1(B)
j�^Q|�h�S�zCy�|
` ¨ Ä�PoT�qsT B {_Tc}ohu`sTc^Ë`bPoT6|
i�hG^bnoqsT¢h��

B ©"� OQPoT'S,y�z φ jm^K^syujm{ `sh�f?T'zoqsh�z�T�q�jk�¤j¦`Kjm^Qzoqsh�z�T�qKy�`¢y�iki w ∈W �
8Yj�Á�Tc}

A ∈ GLn(Q)
yu}C{

j ∈ {2, . . . , n}
ªuÄËT�^sy²\6`bPCyu`=`bPoT�zCqbhGz?Tcqa`E\

Pj(A)
jm^r^byu`bjm^E§?Tc{gj¦�«yu}C{

hG}oi�\ j¦�&��h�qKy�iki
i ∈ {j, . . . , n}

ª]`bPoT'S,yuzCzojk}C�
Πi

qsTc^a`bqsj�|
`bTe{ `sh
WA
i

jm^Qzoqsh�z�T�qKyu}?{ `sPoT'qbTe^E`sqbjm|"`sjkhG}
h���`sPoT'S,yuz

Πi+1
`bh
Wi

jm^�foj�qsyu`bj�h�}Cy�i�hG}W`bh�j¦`�^�j�S�y���T �
� }�`sPoT!^bTclWnoTciNª&Ä5T�^anCzoz?hW^aT `bPCyu`�`bPCT�qsT T
Ô_jm^E`�^�y �;y�qbjm^ �Wjk¥Ñ|
i�hG^bTc{­^anof?^aT�` A ( GLn(Q)

^anC|�P
`sPCy�`���hGqKyui�i

A ∈ GLn(Q) \ A
yu}C{

j ∈ {2, . . . , n}
ª]`bPoT'zoqsh�z�T�qb`E\

Pj(A)
jm^�^byu`bjm^E§?Tc{ �
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!× � �_� � � � ¸�¼�¹uÈ��!´µÀC¹�´���Èb°u¼�´µÀC¸�¹�½ ¿W¸ ��Èb¹u³®Ê��$¸
È"´¶³µºC³
	 �«¹�Èb»�´�Ào¸�°�Ès¸
¼ ����� $%�Q³ � P(A) ³m±�´¶È"¾C¸ � ΠiÈs¸"±"´¶È"³®Ê
´Ñ¸�»�´Í° Wi ³m±�¹ �ÇºC³µ´Ñ¸'¼,¹s¯ ¹�º�» ´µÀC¸
º WA

i Ào¹�±�»u³µ¼�¸�ºo±"³®°uº i �
� T�zoqbh�ÁGT�f�T�i�h�ÄA`bPCyu`Yjk� P2(A)

jm^6^byu`bjm^E§?Tc{«ª;��j�Á�Tc}
c ∈ K∞(f)

ª;`bPoTcqbTdT
Ô_jm^E`�^$y�^aTelWnoT�}C|�T�h��
z�h�j�}W`s^

(z`)`∈N

jk}
WA

1

^anC|�P!`bP?y�` 4
� f(z`)

`sT�}C{C^Q`bh
c
Ä�PoT�}

`
`sT�}C{C^5`bh

∞

� ||z`|| `bTc}C{o^Q`sh ∞ Ä�PoT�}
`
`sT�}C{C^Q`bh

∞

� ||z`||.||dz`
f ||
`bT�}?{o^Q`bh

0
Ä�PoT�}

`
`bT�}?{o^Q`bh

∞
^bhY`bPCyu`=`bPoT¢T
Ô_j�^a`bTc}C|
TQh��;yG^a\]S�z_`bh�`bjm|Q|
qsj¦`sj�|cyuioÁ�yui�noTe^=|�yu}�f�T�qbTey�{gh '�j�}

W1
Ä�Poj�|�P�PCyG^={_j�SdTc}C^bjkhG}

1 �
� � Û % Û � '®� ' Û ( � �r°uºo±"³®»�¸�È c ∈ K∞(f) � � Ào¸�Èb¸�¸��G³m±�´N±�¹ � ¹uÈ"³m± �u³
	aÊ�½k°²±�¸�»­±"¾ �"±�¸�´ A ( GLn(C)
±"¾CÊ�À3´�Ào¹u´-�
°�Èd¹�½µ½ A ∈ GLn(Q) \ A �r´µÀC¸
Ès¸g¸��G³m±�´N±�¹�±�¸ $
¾C¸�º�Ê�¸d° �Ë¯C°�³µºC´N± (z`)`∈N ±"¾CÊsÀ3´µÀC¹�´��

� �
°�Èg¹u½µ½ ` ∈ N � z` ∈ WA
n−1 �

� fA(z`)→ c ;�À]³µ½k¸ `→∞ �
� ||z`|| ´Ñ¸�º�»²±6´Ñ° ∞ ;�Ào¸�º ` ´Í¸�º�»�±6´Ñ° ∞ �
� ||z`||.||dz`

fA|| → 0 ;�À]³µ½�¸ `→∞ �
�5Ès°c°�� � � h�qQ`sPoT�^by ��TYhu�=^aj�S�zoi�j�|�j¦`E\Gªo^anozCz?hW^aTY`bP?y�` Pn(In)

jm^�^sy�`bjm^a§CTc{ �
� hG}C^ajm{_Tcq£`bPoTÕS,yuzozoj�}o� φ : H ⊂ Cn+1 → C2n+2 Ä�PCj�|�P yG^b^bh_|
jmy�`bTe^�`bh y*z?hGjk}W` x =

(x1, . . . , xn, t) ∈ H
`bPoT'z�h�j�}W` 4

(
x2, . . . , xn, t,

∂f

∂X1
(x), x1

∂f

∂X1
(x), . . . , xn

∂f

∂X1
(x), t

∂f

∂X1
(x)

)
∈ C2n+2

�$T�}Chu`bT�f]\
(a2, . . . , an, an+1, a0,1, a1,1, . . . , an+1,1)

`bPoT,|�hWhGqs{ojk}Cyu`bTe^¢h��Ç`bPCTg`�yuqs��T�`6^bzCy�|�T�hu�
φ �U_jk}C|�T5��h�q

i = 2, . . . , n
ª
Xi = ai

ª
T = an+1

yu}C{
X1 =

a1,1

a0,1

ª
X1, . . . , Xn

y�}C{
T
|�y�}gf�T�T
Ô_zoqsTc^s^aTe{

yG^&qsyu`bj�h�}Cy�iG��nC}C|"`sjkhG}C^=hu�;|
h]h�q�{_j�}Cy�`sTc^&j�}g`sPoTQ`sy�qb�GT
`=^az?y�|
TQh��
φ
y�}C{�`bPoTc}�ªu`sPoT�S,yuz

φ
jm^¤fojkq�y�`sjkhG}Cyui

hG}W`bh�j¦`�^Kj�S,yu��T � X£hGqbTch�Á�T�qeªG`bPoT��Gqsy�zoP�hu� φ ª�{_T�}Chu`bTe{3f]\ Γφ
j�^¢yu}3jkqsqsTc{_nC|�jkfCikT�y�ik�GT�foq�yujm|¢Á�y�qbj�T
`E\

h��
C3n+3 h��¤{ojkS�T�}?^aj�h�} n � OQPoTc}�ª_`sPoT�qsT'T
Ô_jm^E`�^Ky �;yuqsj�^ �]j¦¥Ñ|
i�hG^bTc{�^anof?^aT�` Z ( C2n+2 hu�¤S�yuÔ_jkS,yui{ojkS�T�}?^aj�h�}

n− 1
ªo^an?|�P�`sPCy�`K^bz?Te|
jmyui�jkÐcjk}o�

n
|�h]h�q�{_jk}?y�`bTe^5h�n_`�^ajm{_T

Z
ªo{_T�`bT�qsS�jk}CTc^�ydno}ojmlWnoT6z?hGjk}W`

j�}�`bPoT'zCqbT�¥¶j�S,yu��TYhu�
φ �

� }Õ`bPoT3^bTclWnoT�i¶ªr�GjkÁGT�} yÅz?hGjk}W` α = (α2, . . . , αn) ∈ Cn−1 ¨ qbTe^az � y�|
hGS�zoikT�Ô }]noS�f�T�q θ ∈
C © ªr^an?|�P�`bPCyu` (α, β) /∈ Z

ª=ÄËT�{_T�}Chu`bT!f]\
y(α, β)

`sPoT�z�h�j�}W`dj�}�`bPCT�j�S�y���T!hu�
φ
h�f_`�yuj�}oTc{ fW\

^bz�Tc|
jmyui�j�Ð�j�}o�'`bPCT¢§Cq�^a`
(n− 1)

|�hWhGqs{ojk}Cyu`bTe^ ¨ |�h�qsqbTe^az�h�}?{_jk}C�Y`sh x2, . . . , xn © `bh α yu}?{�`bPoT n+ 2
¥N`sP

|�h]h�q�{_jk}?y�`bT ¨ |
h�qsqsTc^bz?hG}C{_j�}o��`sh x1
∂f
∂X1

©"� U]j�}C|
T φ j�^�fojkq�y�`sjkhG}Cyuiry�}C{�^aj�}C|�T α yu}?{ β y�qbT,|�PohW^aTc}�GT�}oTcqbjm|�y�iki�\�ª]hG}oT'|�yu}3{_T�§C}oT
x(α, β)

y�^5`sPoT'no}ojmlWnoT'zoqsT
¥ÍjkS,y���TYhu�
y(α, β) �

� hG}C^ajm{_Tcq c ∈ K∞(f)
ª_`bPCT�}�`bPoTcqbT6T�Ô]jm^a`s^Ky�^bTclWnoT�}?|
T6hu�&z?hGjk}W`s^

(z`)`∈N ⊂ Cn
^bnC|�P!`bPCyu` 4

���+@	��
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� f(z`)
`sT�}C{C^Q`bh

c
Ä�PoT�}

`
`sT�}C{C^5`bh

∞

� ||z`|| `bTc}C{o^Q`sh ∞ Ä�PoT�}
`
`sT�}C{C^Q`bh

∞ �
� ||z`||.||dz`

f ||
`bT�}?{o^Q`bh

0
Ä�PoT�}

`
`bT�}?{o^Q`bh

∞ �
� hG}C^bj�{_TcqK`sPoT�j�S,yu��Te^¢f]\ φ hu�=`sPoTgz�h�j�}W`s^ (z`, f(z`))

y�}C{3`bPCT�j�q¢§Cq�^a`
n − 1

|
h]hGqs{_j�}Cyu`bTc^
α`
yu}?{

`sPoT�j�q
n + 2

¥¶`bP |�h]h�q�{_jk}?y�`bTe^
θ` �>� h�`bT,`sPCy�`d^anC|�P y£|�PCh�jm|
T j�S�zoikj�Tc^�`bPCyu` θ` `bTc}C{o^�`bh 0

Ä�PoTc}
``sT�}C{C^=`bh

∞ � U]j�}C|
T f(z`)
ª
1/||z`||

yu}C{
||z`||.||dz`

f ||
y�qbT � y�nC|�P]\g^bTclWnoT�}?|
Tc^cª�`sPoT${_hGnofoi�\W¥¶j�}C{_T�Ô]Te{^bTclWnoTc}C|
T

αi, θ`
jm^K^bnC|�P!`bPCyu` 4

� ¨ y © f(x(αi, θ`))
`sT�}C{o^�`bh

c
Ä�PCT�}

i
yu}?{

`
`bT�}?{�`sh

∞ �
� ¨ f © ||dx(αi,θ`)f ||

`bTc}C{o^Q`sh
0
Ä�PoTc}

i
yu}C{

`
`sT�}C{!`sh

∞ �
� ¨ | © ||x(αi, θ`)|| `bTc}C{o^Q`sh ∞ Ä�PCT�}

i
yu}?{

`
`bTc}C{!`bh

∞ �
� ¨ { © ||x(αi, θ`)||.||dx(αi,θ`)f ||

`bTc}C{o^Q`sh
0
Ä�PoTc}

i
yu}C{

`
`bT�}?{�`sh

∞ �
X�h�qsT�h�Á�TcqcªeÄ�jk`bPohGn_`=ikhW^b^&hu����Tc}oT�q�yui�j¦`E\Gª²fW\g{_j�^a`bnCqbfoj�}o�Yjk}o§C}ojk`bTc^bj�S�y�iki�\

αi
yu}C{

θ`
ªuhG}oTQ|�yu}d^anCzoz?hW^aT

`sPCy�`�4
� ¨ T © ��h�q$yui�i i ∈ N

ª
αi
jm^¢|�PohW^aTc}!hGn_`s^bj�{oT'`bPoT �;yuqsj�^ �]j¦¥Ñ|
i�hG^bTc{!^anCfC^aT�`${_T�§C}oTc{£yG^Q`bPCT �;yuqsjm^ �]jk¥

|
i�hG^bnoqsTYh���`sPoT'zoqshutETc|
`bj�h�}�hu�
Wn−2

h�}W`bh
X2, . . . , Xn �

� ¨ � © ��qsh�S2w�T�S�S,y��_ª_h�}CTY|cyu}!^bnozoz�hG^bT$`bPCyu`QnCz�`sh�yg��Tc}oT�qsjm|¢i�jk}CTcyuqQ|�PCy�}o��TYhu��|�h]h�q�{_jk}?y�`bTe^�ª
X1(αi, θ`)

`sT�}C{o^�`bh
∞
Ä�PoT�}

i
y�}C{

`
`sT�}C{!`bh

∞ �
U]j�}C|�T�`sPoT3S�y�z

φ
jm^dfojkq�y�`sjkhG}Cyui¶ª¤`bPCT�qsT�T
Ô_jm^E`�^�yu}

n
¥ÍÁ�yuqsj�yu`bT�q�y�`sjkhG}CyuiÇ��qsyG|"`sjkhG}

Q
^bnC|�P `sPCy�`

X1(x(α, θ))
jm^ÇhGf_`sy�jk}oTe{,f]\�T�Á�yui�nCy�`sjk}C��`bPCj�^5q�y�`bj�h�}?yuio��q�y�|
`bj�h�} yu`

α, θ � OQPoTc}�ª]��h�q5y'§oÔ_Te{ j�}G`sT��GT�q
i0
ª
X1(x(αi0 , θ`))

PCy�^�Tcj¦`sPoT�qYyd§C}ojk`bTgikj�S�j¦`¢hGq�`bTc}C{o^K`bh
∞
Ä�PCT�}

`
`bT�}?{o^K`sh

∞ �6� }3`sPoT�^aTelWnoT�i¶ªÄ5T¢zCqbh�ÁGTQ`bPCyu`Ëj�}�f�hu`bP!|�y�^bTc^cª
y(αi0 , θ`)

`bT�}?{o^r`shgy�z?hGjk}W`ËÄ�PChG^bT¢imy�^a`
n+ 2

|�h]h�q�{_jk}?y�`bTe^Çy�qbTK}]noi�i
Ä�PCT�}

`
`sT�}C{o^�`bh

∞ �U]nCzoz?hW^aT�§Cq�^E`$`bPCyu`
X1(x(αi0 , θ`))

PCy�^$y�§C}ojk`bTdi�jkS�jk`$Ä�PoTc}
`
`bT�}?{o^K`sh

∞ � �¢z£`bh�y,��Tc}oT�qsj�|i�j�}oTcy�q¢|�PCyu}C��T6hu�¤Á�yuqsj�y�foikTe^�ª?{_noT'`sh,zoqbhGz?Tcqa`E\ ¨ � © ª?hG}oT�|�y�}£^anozCz?hW^aT6`sPCy�` ||X1(x(αi, θ`))||
`bTc}C{o^

`sh
∞
Ä�PoT�}

i
yu}C{

`
`sT�}C{*`bh

∞ � OQP]nC^cª�h�}CT�|�y�} |�Poh]hG^bT i0 imyuqs��T£Tc}oh�no�GP¡`bhÕT�}C^bnoqsT£`bPCyu`cªjk�
X1(x(αi0 , θ`))

PCyG^ yÅ§C}ojk`bT�i�jkS�jk` Ä�PoT�}
`
`bT�}?{o^�`bh

∞
ª5`bPojm^,i�jkS�jk`�jm^�}ohu`

0 � OQPoj�^ jkS�zoi�jkTe^`sPCy�`�`sPoT
n+ 1

¥N`sP£|
h]h�q�{_j�}Cy�`sTYh��
y(αi0 , θ`) ¨ Ä�Poj�|�P£|�h�qsqbTe^az�h�}C{C^Ç`sh ∂f

∂X1
(αi0 , θ`) © `sT�}C{C^Q`bh,ÐcT�qshÄ�PCT�}

` → ∞
^aj�}C|�T'h�}oT�P?y�^K^bT�Tc}3`bPCyu` (

X1
∂f
∂X1

)
(x(αi0 , θ`))

`sT�}C{o^K`bh
0
y�}C{

X1(x(αi0 , θ`))
j�^

^bnozoz�hG^bTc{�`bh,P?y²Á�T6y�§?}oj¦`sT'ikj�S�j¦`KÄ�PCj�|�P3jm^Q}ohu`K}]noi�i �OQPojm^�yuim^bhgj�S�zoikj�Tc^5`sPCy�`Q��hGq
j = n+ 3, . . . , 2n+ 1

ª]`sPoT
j
¥¶`bP£|
h]hGqs{_j�}Cyu`bT¢h��

y(αi0 , θ`)
`sT�}C{�`bh

0
Ä�PoTc}

`→∞
^aj�}C|
TY`sPoTc^bTY|�h]h�q�{_jk}?y�`bTe^Q|�yu}!f?T6qsT�Ä�qsj¦`b`bTc}!y�^Ë`sPoT6zoqbh_{_n?|"`�hu��hG}oT'|
h]h�q�{_j�}Cy�`sT¢hu�

αi0 ¨ Ä�Pojm|�P3j�^5§oÔ_Te{ © yu}C{�`bPCT (n+ 1)
¥¶`bP�hu�

y(αi0 , θ`)
Ä�Pojm|�P�`bTc}C{o^5`bh

0
Ä�PoTc}

`
`bTc}C{o^Q`sh

∞ �X£hGqbTch�Á�Tcqcª
f(x(αi0 , θ`))

qbTcS�y�jk}?^�f�h�no}?{_Tc{ ¨ ^bjk}C|�T X1(x(αi0 , θ`))
P?y�^dy�§C}Cj¦`sT!i�jkS�jk` © ªËyu}?{P?y�^¢|�h�}C^bTclWnoTc}W`bi�\�y §C}ojk`bT�i�j�Sdjk` � � jk}?yui�ik\GªC`sPoj�^Yyui�i�h�ÄK^KnC^¢`bh�|
h�}?|
i�nC{_T'`sPCy�`$`bPoTdi�yG^E`Y|
h]h�q�{_j�}Cy�`sTh��

y(αi0 , θ`) ¨ Ä�PCj�|�P­|
h�qsqsTc^bz?hG}C{o^�`sh t ∂f∂X1
(x(αi0 , θ`)) © `bT�}?{o^$`bh 0

Ä�PoT�}
`
`bTc}C{o^$`bh

∞ � OQP]nC^cª

@.@BA�C5DFEFEFD
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j�} `sPojm^Ë|cy�^bT�ªWh�}oT$PCy�^Ëzoqsh�Á�Tc{d`sPCy�`
y(αi0 , θ`)

`bTc}C{o^Ë`bhdy�z�h�j�}W`5Ä�PohW^aT$i�yG^E`
n+ 2

|
h]h�q�{_j�}Cy�`sTc^Çy�qbT
}]noi�i �U]nCzoz?hW^aT£}Ch�Ä�`sPCy�`

X1(x(αi0 , θ`))
`bTc}C{o^�`sh

∞
Ä�PoT�}

`
`bTc}C{o^�`sh

∞ � OQPoj�^ jkS�S�Tc{_jmy�`sT�i�\j�S�zoi�jkTe^'`bP?y�`�`sPoT
n + 1

¥¶`bP�|�hWhGqs{ojk}Cyu`bT y�}C{«ª&��h�q
j = n + 3, . . . , 2n + 1

ª�`bPoT
j
¥¶`bP |
h]hGqs{_j�}Cyu`bTc^

h��
y(αi0 , θ`)

`bTc}C{Å`bh
0
Ä�PoT�}

`
`sT�}C{Å`sh

∞ � � `�qsT�S,y�jk}C^$`sh£zoqbh�ÁGT�`sPCy�`'`sPoT,imy�^a`�|
h]h�q�{_j�}Cy�`sTgh��
y(αi0 , θ`)

`bTc}C{o^Q`sh
0
Ä�PoTc}

`
`bTc}C{o^Q`sh

∞ �U]j�}C|�T
X1(x(αi0 , θ`))

`sT�}C{o^ `bh
∞
Ä�PCT�}

`
`bT�}?{o^,`sh

∞
ªKy�}C{¬nC^aj�}o� x�TcS,yuq:� �uª5��qsh�SÃ`bPoT

|�noqsÁ�Tg^bT�i�Tc|
`bj�h�}�w�T�S�S,y!yu`Yj�}_§C}Cj¦`E\ ¨ ^aTcT<	 �G�]ª�w�T�S�S,y�� � �Cª�z?yu��Td��
Íª;`bPojm^YjkS�zoi�j�Tc^$`bPoTcqbTdT
Ô_jm^E`�^$y^bT�S�jk¥Íy�ik�GT�foq�yujm|¢y�qs|
γi0 : [0, 1[→ Rn

^anC|�P!`bP?y�`

||γi0(ρ)|| → ∞
y�}C{

||γi0(ρ)||.||
∂f

∂X1
(γi0(ρ))|| → 0

Ä�PCT�}
ρ
`bT�}?{o^K`sh

1 � � qsh�S w�h�tay�^bjkTcÄ�j�|�Ð � ^�j�}oTclWnCy�ikjk`E\�yu`$j�}_§C}ojk`E\ 	 �oª«� � � � � ��ª?z � �G��
ÍªC`sPoj�^$j�SdzCikj�Tc^`sPCy�`�`sPoT�qsT6T
Ô_jm^E`�^�yu}�jk}W`bTc��Tcq
N ≥ 1

^anC|�P!`bP?y�` 4

∀ρ ∈ [0, 1[, ||
∂f

∂X1
(γi0 (ρ)))|| ≤ ||γi0(ρ)||

−1− 1
N

� h�i�ikh�Ä�j�}o�¢`bPoT�^syuS�TËqsTcyG^ahG}oj�}o�¢y�^&j�} 	 �G�]ªGw�T�S�S,yY� � �Cª�zCy���TQ��
Íª�h�}oTQ|�y�}�qsT
¥ÍzCyuq�yuS�T
`sT�qsjkÐcT γi0 ^an?|�P`sPCy�`
γi0

f�Tc|�h�S�Tc^�y�^aTcSdjk¥Ñyui���T�fCqsy�j�|g��no}C|
`bj�h�}���qsh�S
[0,+∞[

`bh
Rn

yu}C{
limρ→1 ||γ̇i0(ρ)|| = 1 �OQP]nC^cª]`bPCT6��h�i�ikh�Ä�j�}o�d\Wj�T�im{o^ 4

∀ρ ∈ [0,+∞[, ||
∂f

∂X1
(γi0(ρ))||.||γ̇i0 (ρ)|| ≤ ||γi0 (ρ)||

−1− 1
N .||γ̇i0 (ρ)||

y�}C{�`bPoTcqbT'T�Ô]jm^a`s^
B ∈ R

^bnC|�P�`sPCy�`
∫ ∞

0

||γi0(ρ)||
−1− 1

N ||.||γ̇i0(ρ)||dρ ≤ B.

U_jk}C|�T
∫ ∞

0

||
∂f

∂X1
(γi0(ρ))||.||γ̇i0 (ρ)||dρ ≥ ||

∫ ∞

0

∂f

∂X1
(γi0(ρ)).γ̇i0 (ρ)dρ||

hG}oT6PCy�^5§?}Cyui�ik\
||

∫ ∞

0

∂f

∂X1
(γi0(ρ)).γ̇i0 (ρ)dρ|| ≤ B

OQPCj�^gjkS�zoi�j�Tc^�`bPCyu`
f(X1, αi0)

jm^�f�h�nC}C{_Tc{ yui�h�}o�
γi0 � " T�}C|�T�Ä5T�PCy²ÁGT zoqsh�Á�Te{�`sPCy�` y(αi0 , θ`)`sT�}C{C^Q`bh,ydz?hGjk}W`KÄ�PohW^aT6imy�^a`

n+ 2
|�h]h�q�{_jk}?y�`bTe^�yuqsT$}]noi�i �w�T
`

yi0 = (αi0 , ci0 , 0, . . . , 0)
f?Tg`bPCTdi�j�Sdjk`'hu�

y(αi0 , θ`)
yu}?{�i�T
`

pi0 ∈ Cn
f�T

(αi0 , ci0)
yu}?{

p` ∈ Cn
f�T�`sPoTgz�h�j�}W`$Ä�PohW^aTg|
h]h�q�{_j�}Cy�`sTc^¢y�qbT�`bPoT

n
¥N§Cq�^a`Y|
h]hGqs{_j�}Cyu`bTc^Khu�

y(αi0 , θ`) �$� Tdzoqbh�ÁGT}Ch�Ä*`bP?y�`
yi0

f?TcikhG}o�G^5`shg`sPoT'j�S�y���T6hu�
φ �U]j�}C|�T¢`sPoT¢qsTc^a`bqsj�|
`bj�h�}�`sh

H
h��

Πn

jm^5^anozCz?hW^aTe{�`bhgf?TYzoqsh�z�T�qeª���hGqËyui�i
` ∈ N

ª
Π−1
n (p`)∩H 6= ∅y�}C{�`sPoT�qsT$T�Ô_j�^a`s^5y�fCy�iki«|�T�}W`bTcqbTe{ y�`

pi0
^bnC|�P,`sPCy�`

Π−1
n (B)

jm^Q|
hGSdz?y�|"` � X�h�qsT�h�Á�TcqcªGqbTcS,yuq:��`sPCy�`
x(αi0 , θ`)

f?TcikhG}o�G^5`sh
Π−1
n (p`) �

���+@	��
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OQP]nC^cª$hG}oT�|�yu}9T
Ô]`bq�y�|
`�y¬|
hG}WÁGT�qs��j�}o� ^bnofC^bTclWnoTc}C|
T���qbhGS
(x(αi0 , θ`))`∈N

y�}C{*i�T
`
xi0

f?T
`sPoTdikj�S�j¦`'hu�Ç`bPoT�|�PohG^bT�}Å|
h�}]ÁGT�qs��j�}o� ^anCfC^aTelWnoT�}C|�T � � hu`bTg`bP?y�`6ÄËTdPCy²Á�T�zoqbh�ÁGTc{�y�f?h�ÁGT'`bP?y�`6`bPoTTcÁ�yui�nCy�`sjkhG}�hu� ∂f

∂X1

yu`
x(αi0 , θ`)

`sT�}C{C^&`bh
0
Ä�PoTc}

`
`bTc}C{o^&`bh

∞
Ä�Pojm|�Pgj�S�zoi�jkTe^&`bPCyu` ∂f

∂X1

Á�yu}Cj�^bPoTc^
yu`
xi0 � X£hGqbTch�Á�T�qeªe��qbhGS�zoqsh�z�T�qb`E\ ¨ T © ª ∂f

∂X2

{_h]Tc^=}Chu`ÇÁ�yu}Cj�^bP,y�`
xi0 �+" T�}C|�T xi0 f?TcikhG}o�G^=`bh Wn−1y�}C{

φ(xi0 ) = yi0
Ä�PCj�|�P�j�S�zoi�jkTe^K`sPCy�`

yi0
f?TcikhG}o�G^K`bh�`bPoTdjkS,y���T�h��

φ � O�h T�}C{�`bPoTgzoqshWh��Eª?}Chu`bT`sPCy�`eª¤��qbhGS zCqbhGz?Tcqa`sjkTe^ ¨ y © ª ¨ | © y�}C{ ¨ { © ª (f(xi0 ))i0∈N
¨ qsTc^bz � (||xi0 ||)i0∈N

y�}C{ (
||dxi0

f ||
)
i0∈Ny�}C{ (

||xi0 ||.||dxi0
f ||
)
i0∈N

© PCy�^K`bPoTd^by�SdT�ikj�S�j¦`6Ä�PoT�} i0 `bT�}?{o^K`sh ∞ y�^
(f(x(αi, θ`)))(i,`)∈N×N¨ qbTe^az � ||dx(α

i
,θ`)f ||

yu}C{
||x(αi, θ`)||

y�}C{
||x(αi, θ`)||.||dx(αi

,θ`)f || © Ä�PCT�} i yu}C{ ` `sT�}C{!`sh ∞ �
�OQPoTg��h�i�i�h�Ä�jk}o��qbTe^anoik`¢`sT�i�i�^$`sPCy�`Yno}C{_Tcq6^bh�S�T�yG^b^bnoS�z_`sjkhG}C^¢hG}£`bPCTgzoqsh�z�T�qs}oTe^b^¢hu�Ç^bh�S�T�zoqshu¥

tETe|"`sjkhG}C^$y�}C{£`sPoT�{_jkS�Tc}C^aj�h�}Åhu�Ëy�z?hGi�y�q$Á�y�qbj�T
`E\Gª��GT�}oTcqsy�ikj�Ð�Te{£|
qsj¦`sj�|cyui&Á�yui�noTc^Y|�y�}�f�TgqsTcyG{£h '�j�}
`sPoT'z�h�imyuqQÁ�yuqsjkT�`E\

W1 �
� � Û % Û � '®� ' Û ( � �r°uºo±"³®»�¸�È c ∈ K∞(f) � � Ào¸�Èb¸ ¸��G³m±�´N±d¹£¹ � ¹uÈ"³m±���³
	aÊ�½k°²±�¸�»�±"¾ �
±
¸�´ A ( GLn(C)
±"¾CÊ�À3´�Ào¹u´-�
°�Èd¹�½µ½ A ∈ GLn(Q) \ A �r´µÀC¸
Ès¸g¸��G³m±�´N±�¹,±�¸ $
¾C¸�º�Ê�¸g° �Ë¯C°�³µºC´N± (z`)`∈N ±"¾CÊsÀ£´µÀC¹�´��

� �
°�Èg¹u½µ½ ` ∈ N � z` ∈ WA
1 �

� fA(z`)→ c ;�Ào¸�º `→∞ �
� ||z`|| ´Ñ¸�º�»²±6´Ñ° ∞ ;�Ào¸�º ` ´Í¸�º�»�±6´Ñ° ∞ �
� ||z`||.||dz`

fA|| → 0 ;�Ào¸�º `→∞ �
OQPoT�zoqbh]h��&h��&`sPoT�y�f?h�ÁGTYqsTc^bnoik`KnC^bTc^�`sPoT�^syuS�T6`bTe|�Po}ojmlWnoTc^Q`sPCyu}3`sPoT�hG}oTc^�n?^aTe{3jk}3`sPoT�zoqsh]hu�

h���prqsh�z�hG^bjk`bj�h�} � �
�5Ès°c°�� � 8YjkÁGT�}�yu} j�}W`bT��GT�q

j
jk}
{n, . . . , 2}

ª]Ä5T$^sy²\d`bPCyu`5zoqsh�z�T�qb`E\
Pj

jm^Q^byu`bjm^E§CTe{,jk�&yu}?{,h�}oi�\
jk�Q`bPoT���h�i�ikh�Ä�j�}o��yG^b^bT�qb`bj�h�}�jm^'`bqsnoT 4gi�T
`

c ∈ K∞(f)
ª¤jk�5`sPoT�zCqbhGz?Tcqa`E\

Pj(In)
jm^�^sy�`sj�^a§CTe{«ª�`sPoT�}

`sPoT�qsT6T
Ô_jm^E`�^�yd^bTclWnoTc}C|
T6h��&z�h�j�}W`s^
(z`)`∈N

^bnC|�P!`bPCyu` 4
� ��h�qKy�iki ` ∈ N

ª
z` ∈Wj−1 �

� f(z`)→ c
Ä�PoTc}

`→∞ �
� ||z`|| `bTc}C{o^Q`sh ∞ Ä�PoT�}

`
`sT�}C{C^Q`bh

∞ �
� ||z`||.||dz`

f || → 0
Ä�PCT�}

`→∞ �
OQPoT�|cy�^bT

j = n
j�^�y�ikqsTcyG{_\,zoqsh�Á�Te{ j�}�pÇqbhGz?hW^ajk`bj�h�} � �U]nCzoz?hW^aT'}Ch�Ä

Pj+1
jm^Q`bqsnoT'yu}C{

Pj(In)
jm^�^sy�`bjm^a§CTc{ �=� T�^bPoh�Ä*f�T�i�h�Ä*`bP?y�`�`bPCj�^�j�S�zoi�jkTe^ Pj �U]j�}C|�T

Pj+1
jm^6^anozCz?hW^aTe{£`bh�f�Tg`sqbnCTdy�}C{

Pj+1(In)
PohGi�{o^cª;`bPCT�}Å`bPoTcqbTdT
Ô_jm^E`�^$y�^aTelWnoT�}C|�Tgh��

z�h�j�}W`s^
(z`)`∈N

^anC|�P!`bP?y�` 4
� ��h�qKy�iki ` ∈ N

ª
z` ∈Wj �

� f(z`)→ c
Ä�PoTc}

`→∞ �

@.@BA�C5DFEFEFD



�e� �;¹��
¸
Ì��Q½���³µº

� ||z`|| `bTc}C{o^Q`sh ∞ Ä�PoT�}
`
`sT�}C{C^Q`bh

∞ �
� ||z`||.||dz`

f || → 0
Ä�PCT�}

`→∞ �
� T�zoqsh�Á�T£f�T�i�h�Ä `bPCyu`�h�}CT�|�y�}*|�Poh]hG^bT�^anC|�P*y ^aTelGnCT�}C|�T

(z`)`∈N

j�}
Wj−1

fW\¬nC^bjk}C� ^aj�S�jkimyuq
y�qb�GnoS�T�}W`s^Ë`shg`sPoT'h�}CTc^QnC^bTc{�j�}!`sPoT'zoqsh]hu��h���prqsh�z�hG^bjk`bj�h�} � �

� hG}C^ajm{_Tcq3`bPoT�S,yuzCzojk}C� φ : Wj ⊂ Cn+1 → C2j+2 Ä�PCj�|�P~y�^s^bh]|�j�yu`bTe^�`shÂyÕz�h�j�}W` x =
(x1, . . . , xn, t) ∈ Wj

`bPoT'z�h�j�}W` 4
(
xn−j+2, . . . , xn, t,

∂f

∂Xn−j+1
(x),

(
xn−j+r

∂f

∂Xn−j+1
(x)

)

r=1,...,j

, t
∂f

∂Xn−j+1
(x)

)

�¢Tc}ohu`sT�f]\
(an−j+2, . . . , an, an+1, a0,n−j+1, an−j+1,n−j+1, . . . , an+1,n−j+1)

`bPoT3|
h]hGqs{_j�}Cyu`bTc^
h��Ë`sPoT�`sy�qb�GT
`�^bzCy�|�T,hu�

φ � U]j�}C|
T���hGq i = n − j + 2, . . . , n
ª
Xi = ai

ª
Xn−j+1 =

an−j+1,n−j+1

a0,n−j+1

T = an+1
ªryu}C{«ª=^bjk}?|
T

Pj+1(In)
Poh�im{o^cª���hGq

i = 1, . . . , n − j + 1
ª
Xi

|cyu}�f�T T
Ô_zoqsTc^s^aTe{�y�^�y
q�y�`sjkhG}CyuiG��q�y�|"`sjkhG}�i�\]jk}o�Yj�}

Q(Xn−j+1, . . . , Xn)
ª
X1, . . . , Xn

y�}C{
T
|cyu}gf?TQT
Ô_zoqsTc^s^bTc{�yG^�q�y�`sjkhG}Cyui

��nC}C|"`sjkhG}C^Kh��¤|�hWhGqs{ojk}Cyu`bTe^Qjk}3`sPoT'`sy�qb�GT
`K^bzCy�|�T'hu�
φ
y�}C{!`bPoTc}3`bPoT�S�y�z

φ
jm^�fojk¥Íqsyu`bj�h�}Cy�i«h�}W`bh,jk`s^

j�S,yu�GT � X£h�qsT�h�ÁGT�qeª�^aj�}C|�T Wj

PCy�^Ë{_j�SdTc}C^bjkhG}
j
ªG`sPoTY��q�yuzoP,h��

φ
ª_{_Tc}ohu`sTc{,f]\

Γφ
jm^5yu} j�qbqsTc{onC|
j�foi�T

y�ik�GT�foq�yujm| Á�y�qbj�T
`E\�h��
Cn+2j+3 h��Y{_j�S�T�}C^bjkhG} j � OQPoTc}�ªr`sPoT�qsT3T
Ô_j�^a`s^,y �;y�qbjm^ �Wjk¥Ñ|
i�hG^bT�Tc{�^bnofC^bT
`

Z ( C2j+2 hu�rS,yuÔ]j�S,yui&{_jkS�Tc}C^aj�h�} j − 1
ª�^bnC|�P£`sPCy�`6^az�Tc|�j�y�ikj�Ð�j�}o�

j
|�hWhGqs{ojk}Cyu`bTe^�h�n_`�^ajm{_T

Z
ª;jk}

`sPoT6`sy�qb�GT
`�^az?y�|
T6h��
φ
{_T
`sT�qsSdj�}oTe^�ygnC}oj�lWnoT'z�h�j�}W`Kjk}�`sPoT'zoqsT
¥ÍjkS,yu�GT$h��

φ �8Yj�Á�Tc}3y�z�h�j�}W`
α = (αn−j+2, . . . , αn) ∈ Cj−1 ¨ qbTe^az � y�|
h�S�zoi�T
Ô�}]noS�f�T�q θ ∈ C © ª?^anC|�P�`sPCy�`

(α, β) /∈ Z
ª�ÄËT�{_Tc}ohu`sTgf]\

y(α, β)
`sPoT�z?hGjk}W`6jk}Å`bPCTdj�S,yu�GTgh��

φ
hGf_`sy�jk}oTe{�f]\�^bz?Te|
jmyui�jkÐcjk}C��`sPoT

§?qs^a`
(j − 1)

|�h]h�q�{_jk}?y�`bTe^ ¨ |
hGqbqsTc^bz?hG}C{_j�}o�'`sh xn−j+2, . . . , xn © `bh α yu}C{ `bPoT j + 2
¥¶`bP!|�h]h�q�{_jk}?y�`bT

¨ |
hGqbqsTc^bz?hG}C{_j�}o�­`bh xn−j+1
∂f

∂Xn−j+1
©"� U]j�}C|
T φ jm^ fCjkq�y�`sjkhG}Cyui¢y�}C{Â^bjk}C|�T α y�}C{

β
y�qbT�|�PohW^aTc}

�GT�}oTcqbjm|�y�iki�\�ª]hG}oT'|�yu}3{_T�§C}oT
x(α, β) ∈Wj

yG^5`bPoT'no}Cj�lWnoT'zoqsT
¥Íj�S�y���TYhu�
y(α, β) �

� hG}C^ajm{_Tcq c ∈ K∞(f)
ª]`bPoTc}�ªoy�^5j�}�`sPoT6zoqbh]h���hu�&prqbhGz?hW^ajk`bj�h�}��$hG}oT'|�y�}!|�Poh]hG^bT$^bTclWnoTc}C|
Te^

αiy�}C{
θ`
^bnC|�P!`bPCyu` 4

� ¨ y © f(x(αi, θ`))
`sT�}C{o^�`bh

c
Ä�PCT�}

i
yu}?{

`
`bT�}?{�`sh

∞ �
� ¨ f © ||dx(αi,θ`)f ||

`bTc}C{o^Q`sh
0
Ä�PoTc}

i
yu}C{

`
`sT�}C{!`sh

∞ �
� ¨ | © ||x(αi, θ`)|| `bTc}C{o^Q`sh ∞ Ä�PCT�}

i
yu}?{

`
`bTc}C{!`bh

∞ �
� ¨ { © ||x(αi, θ`)||.||dx(αi,θ`)f ||

`bTc}C{o^Q`sh
0
Ä�PoTc}

i
yu}C{

`
`bT�}?{�`sh

∞ �
� hu`sT�`bP?y�`'^anC|�PÅy�|�PohGj�|�T�j�SdzCikj�Tc^$`bP?y�` θ` `bTc}C{o^$`bh 0

Ä�PoTc}
`
`bTc}C{o^$`bh

∞ � X£hGqbTch�Á�T�qeªCÄ�jk`bPCh�n_`i�hG^s^5hu�¤��Tc}oT�q�yui�j¦`E\Gª]fW\!{_j�^a`bnCqbfoj�}o�,j�}_§C}ojk`bTe^aj�S,yui�ik\
αi
y�}C{

θ`
ªoh�}CT6|cyu}3^anCzoz?hW^aT6`sPCy�`�4

� ¨ T © ��h�q$yui�i i ∈ N
ª
αi
jm^¢|�PohW^aTc}!hGn_`s^bj�{oT'`bPoT �;yuqsj�^ �]j¦¥Ñ|
i�hG^bTc{!^anCfC^aT�`${_T�§C}oTc{£yG^Q`bPCT �;yuqsjm^ �]jk¥

|
i�hG^bnoqsTYh���`sPoT'zoqshutETc|
`bj�h�}�hu�
Wj−2

h�}W`bh
Xn−j+2, . . . , Xn �

� ¨ � © ��qsh�S2w�T�S�S,y��_ª_h�}CTY|cyu}!^bnozoz�hG^bT$`bPCyu`QnCz�`sh�yg��Tc}oT�qsjm|¢i�jk}CTcyuqQ|�PCy�}o��TYhu��|�h]h�q�{_jk}?y�`bTe^�ª
Xn−j+1(αi, θ`)

`sT�}C{o^�`bh
∞
Ä�PoT�}

i
y�}C{

`
`bTc}C{�`bh

∞

���+@	��
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U]j�}C|�T�`sPoT3S�y�z
φ
jm^dfojkq�y�`sjkhG}Cyui¶ª¤`bPCT�qsT�T
Ô_jm^E`�^�yu}

n
¥ÍÁ�yuqsj�yu`bT�q�y�`sjkhG}CyuiÇ��qsyG|"`sjkhG}

Q
^bnC|�P `sPCy�`

Xn−j+1(x(α, θ))
jm^6h�f_`�yuj�}oTc{Åf]\�T�Á�y�iknCyu`bj�}o��`bPojm^6q�y�`bj�h�}?yui&��qsyG|"`sjkhG}­yu`

α, θ � OQPoT�}�ª���h�q�y!§oÔ_Tc{j�}W`bTc��T�q
i0
ª
Xn−j+1(x(αi0 , θ`))

PCyG^'T�jk`bPoTcqgy�§C}Cj¦`sT�i�jkS�jk`�h�q'`sT�}C{C^'`bh
∞
Ä�PoT�}

`
`sT�}C{o^�`bh

∞ �
� }¬`sPoT�^bTclWnoT�i¶ª5ÄËT£zoqsh�Á�T�`sPCy�` j�}Âf?h�`bPÂ|�yG^aTe^�ª y(αi0 , θ`) `bT�}?{o^�`bh y�z�h�j�}W` Ä�PohG^bT£imy�^a` j + 2|�h]h�q�{_jk}?y�`bTe^QyuqsT$}]noi�i �U]nCzoz?hW^aTr§Cqs^a`�`sPCy�`

Xn−j+1(x(αi0 , θ`))
PCy�^�y5§C}ojk`bTËikj�S�j¦`�Ä�PCT�}

`
`bT�}?{o^«`sh

∞ � �Kz6`sh¢yQ��Tc}oT�qsj�|i�j�}oTcy�q6|�P?yu}o�GTdh��ËÁ�yuqsjmyufoi�Tc^cª�{_noT�`sh�zCqbhGz?Tcqa`E\ ¨ � © ª¤h�}CT�|cyu}�^anCzoz?hW^aTd`sPCy�` ||Xn−j+1(x(αi, θ`))||`sT�}C{C^K`sh
∞
Ä�PCT�}

i
yu}C{

`
`sT�}C{£`bh

∞ � OQP]nC^cª?hG}oTg|cyu}�|�Poh]hW^aT i0 i�y�qb�GT�T�}ohGno��P3`sh�Tc}C^anCqbT'`sPCy�`jk�
Xn−j+1(x(αi0 , θ`))

P?y�^Ky�§?}oj¦`sT�i�jkS�jk`$Ä�PoTc}
`
`bTc}C{o^K`bh

∞
ªo`sPoj�^¢ikj�S�j¦`Yj�^¢}ohu`

0 � OQPCj�^¢jkS�zoi�jkTe^`sPCy�`�`sPoT
j + 1

¥¶`bP3|
h]h�q�{_j�}Cy�`sT6hu�
y(αi0 , θ`)

`bTc}C{o^Q`sh�Ð�T�qsh�Ä�PoT�}
`→∞ �OQPojm^Ky�i�^bhgj�S�zoi�jkTe^5`bPCyu`���h�q

k = j + 3, . . . , 2j + 1
ª]`sPoT

k
¥¶`bP3|
h]h�q�{_j�}Cy�`sT$h��

y(αi0 , θ`)
`sT�}C{!`bh

0
Ä�PoTc}

`→∞
^aj�}C|
TY`sPoTc^bTY|�h]h�q�{_jk}?y�`bTe^Q|�yu}!f?T6qsT�Ä�qsj¦`b`bTc}!y�^Ë`sPoT6zoqbh_{_n?|"`�hu��hG}oT'|
h]h�q�{_j�}Cy�`sT¢hu�

αi0
yu}C{�`bPoT

(j + 1)
¥¶`bP�hu�

y(αi0 , θ`)
Ä�Pojm|�P!`sT�}C{C^5`bh

0
Ä�PoT�}

`
`sT�}C{C^Q`bh

∞ �X£hGqbTch�Á�Tcqcª
f(x(αi0 , θ`))

qbTcS�y�jk}?^rf�h�no}C{oTc{ ¨ ^bj�}C|
T Xn−j+1(x(αi0 , θ`))
PCyG^ry6§C}Cj¦`sT¢i�jkS�jk`5yu}?{

`sPoT�zoqsT
¥ÍjkS,yu�GT�hu�
C2j+2 fW\ φ ikj�Tc^Yj�} Wj © ª�y�}C{�P?y�^6|
hG}C^aTelWnoT�}W`bi�\�y�§C}ojk`bT�ikj�S�j¦` � � j�}Cyui�ik\Gª«`bPCj�^y�iki�h�ÄK^$nC^Y`bh3|
hG}C|
i�nC{_Td`bP?y�`6`bPoT�imy�^a`6|�h]h�q�{_jk}?y�`bTghu�

y(αi0 , θ`)
`bTc}C{o^Y`bh

0
Ä�PoT�}

`
`bTc}C{o^Y`sh

∞ �OQP]nC^cª�j�}�`bPCj�^=|cy�^bT�ª�h�}CTÇPCyG^�zCqbh�ÁGTc{6`sPCy�`
y(αi0 , θ`)

`bTc}C{o^�`bh6y$z?hGjk}W`¤Ä�PohG^bTËimy�^a`
j+2

|
h]h�q�{_j�}Cy�`sTc^
y�qbTY}]noi�i �U]nCzoz?hW^aT6}oh�Ä¡`sPCy�`

Xn−j+1(x(αi0 , θ`))
`sT�}C{o^Ë`sh

∞
Ä�PoTc}

`
`sT�}C{o^5`sh

∞ � OQPojm^5jkS�S�Tc{_jmy�`sT�i�\j�S�zoi�jkTe^�`sPCy�`g`bPoT
j + 1

¥¶`bP |�hWhGqs{ojk}Cyu`bT�y�}C{«ª¤��hGq
k = j + 3, . . . , 2j + 1

ª¤`bPoT
k
¥N`sP |
h]hGqs{_j�}Cyu`bTc^

h��
y(αi0 , θ`)

`bTc}C{Å`bh
0
Ä�PoT�}

`
`sT�}C{Å`sh

∞ � � `�qsT�S,y�jk}C^$`sh£zoqbh�ÁGT�`sPCy�`'`sPoT,imy�^a`�|
h]h�q�{_j�}Cy�`sTgh��
y(αi0 , θ`)

`bTc}C{o^Q`sh
0
Ä�PoTc}

`
`bTc}C{o^Q`sh

∞ �U]j�}C|�T
Xn−j+1(x(αi0 , θ`))

`bT�}?{o^&`bh
∞
Ä�PoT�}

`
`sT�}C{C^¤`bh

∞
ª���qbhGSA`bPoTK|�noqsÁ�TQ^aTcikTe|"`bj�h�}dw�TcSdS,y

yu`$j�}_§C}ojk`E\ ¨ ^bT�T7	 �G�]ª«w�TcS�S�y!� � �oª;zCy���Tg��
¶ª�`sPoj�^$j�SdzCikj�Tc^$`bPCT�qsTgT�Ô]jm^a`s^Yy�^bT�S�j¦¥Ñyui���Tcfoq�yujm|'yuq�| γi0 :
[0, 1[→ Rn

^an?|�P'`bPCyu`
γi0([0, 1[)

j�^�j�}C|
i�nC{_Te{�j�}'`bPoT5j�}G`sT�q�^aTe|"`sjkhG}'hu�
Wj

yu}?{'hu�_`sPoTÇi�jk}CTcyuq¤^bnofC^bzCy�|�T
{oT
§C}oTe{�fW\

Xk = Xk(αi0)
��h�q

k = n− j + 2, . . . , n
yu}C{

||γi0(ρ)|| → ∞
y�}C{

||Xn−j+1(γi0(ρ))||.||
∂f

∂Xn−j+1
(γi0(ρ))|| → 0

Ä�PCT�}
ρ
`bT�}?{o^K`sh

1 � � qsh�S w�h�tay�^bjkTcÄ�j�|�Ð � ^�j�}oTclWnCy�ikjk`E\�yu`$j�}_§C}ojk`E\ 	 �oª«� � � � � ��ª?z � �G��
ÍªC`sPoj�^$j�SdzCikj�Tc^`sPCy�`�`sPoT�qsT6T
Ô_jm^E`�^�yu}�jk}W`bTc��Tcq
N ≥ 1

^anC|�P!`bP?y�` 4

∀ρ ∈ [0, 1[, ||
∂f

∂Xn−j+1
(γi0(ρ)))|| ≤ ||Xn−j+1(γi0(ρ))||

−1− 1
N

� h�i�ikh�Ä�j�}o�¢`bPoT�^syuS�TËqsTcyG^ahG}oj�}o�¢y�^&j�} 	 �G�]ªGw�T�S�S,yY� � �Cª�zCy���TQ��
Íª�h�}oTQ|�y�}�qsT
¥ÍzCyuq�yuS�T
`sT�qsjkÐcT γi0 ^an?|�P`sPCy�`
γi0

f�Tc|�h�S�Tc^�y�^aTcSdjk¥Ñyui���T�fCqsy�j�|g��no}C|
`bj�h�}���qsh�S
[0,+∞[

`bh
Rn

yu}C{
limρ→1 ||γ̇i0(ρ)|| = 1 �OQP]nC^cª]`bPCT6��h�i�ikh�Ä�j�}o�d\Wj�T�im{o^ 4

∀p ∈ [0,+∞[, ||
∂f

∂Xn−j+1
(γi0(ρ))||.||γ̇i0 (ρ)|| ≤ ||Xn−j+1(γi0 (ρ))||

−1− 1
N .||γ̇i0(ρ)||

y�}C{�`bPoTcqbT'T�Ô]jm^a`s^
B ∈ R

^bnC|�P�`sPCy�`
∫ ∞

0

||γi0(ρ)||
−1− 1

N .||γ̇i0(ρ)||dρ ≤ B.
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Ì��Q½���³µº

U_jk}C|�T
∫ ∞

0

||γi0 (ρ)||
−1− 1

N .||γ̇i0 (ρ)||dρ ≥

∫ ∞

0

||Xn−j+1(γi0(ρ))||
−1− 1

N .||γ̇i0 (ρ)||dρ

y�}C{
∫ ∞

0

||
∂f

∂Xn−j+1
(γi0(ρ))||.||γ̇i0 (ρ)||dρ ≥ ||

∫ ∞

0

∂f

∂Xn−j+1
(γi0 (ρ)).γ̇i0 (ρ)dρ||

hG}oT6PCy�^5§?}Cyui�ik\
||

∫ ∞

0

∂f

∂Xn−j+1
(γi0 (ρ)).γ̇i0(ρ)dρ|| ≤ B

OQP]nC^cª]`bPCTYqsTc^a`bqsjm|"`bj�h�}!hu�
f
jm^Qf?hGno}C{_Te{�y�ikhG}o�

γi0 � " Tc}C|
T6Ä5T6PCy²Á�TYzoqsh�Á�Tc{ `bPCyu` y(αi0 , θ`) `bTc}C{o^`sh,ygz�h�j�}W`KÄ�PohG^bT6i�yG^E`
n+ 2

|�hWhGqs{ojk}Cyu`bTe^5y�qbTY}]noi�i �w�T
`
yi0 = (αi0 , ci0 , 0, . . . , 0)

f?Tg`bPCTdi�j�Sdjk`'hu�
y(αi0 , θ`)

yu}?{�i�T
`
pi0 ∈ Cn

f�T
(αi0 , ci0)

yu}?{
p` ∈ Cn

f�T�`sPoTgz�h�j�}W`$Ä�PohW^aTg|
h]h�q�{_j�}Cy�`sTc^¢y�qbT�`bPoT
n
¥N§Cq�^a`Y|
h]hGqs{_j�}Cyu`bTc^Khu�

y(αi0 , θ`) �$� Tdzoqbh�ÁGT}Ch�Ä*`bP?y�`
yi0

f?TcikhG}o�G^5`shg`sPoT'j�S�y���T6hu�
φ �U]j�}C|�TË`sPoT5qbTe^E`sqbjm|"`sjkhG}'`bh

Wj

hu�
Πj

jm^¤^anozCz?hW^aTe{'`bhYf�T5zCqbhGz?Tcqcªe��h�q=y�iki
` ∈ N

ª
Π−1
j (p`)∩Wj 6= ∅y�}C{�`sPoT�qsT$T�Ô_j�^a`s^5y�fCy�iki«|�T�}W`bTcqbTe{ y�`

pi0
^bnC|�P,`sPCy�`

Π−1
j (B)

jm^Q|
hGSdz?y�|"` � X�h�qsT�h�Á�TcqcªGqbTcS,yuq:��`sPCy�`
x(αi0 , θ`)

f?TcikhG}o�G^5`sh
Π−1
j (p`) �OQP]nC^cª$hG}oT�|�yu}9T
Ô]`bq�y�|
`�y¬|
hG}WÁGT�qs��j�}o� ^bnofC^bTclWnoTc}C|
T���qbhGS

(x(αi0 , θ`))`∈N

y�}C{*i�T
`
xi0

f?T
`sPoTdikj�S�j¦`'hu�Ç`bPoT�|�PohG^bT�}Å|
h�}]ÁGT�qs��j�}o� ^anCfC^aTelWnoT�}C|�T � � hu`bTg`bP?y�`6ÄËTdPCy²Á�T�zoqbh�ÁGTc{�y�f?h�ÁGT'`bP?y�`6`bPoTTcÁ�yui�nCy�`sjkhG}gh�� ∂f

∂Xn−j+1

yu`
x(αi0 , θ`)

`bTc}C{o^¤`sh
0
Ä�PoTc}

`
`sT�}C{o^=`bh

∞
Ä�Pojm|�P�jkS�zoi�j�Tc^¤`sPCy�` ∂f

∂Xn−j+1Á�y�}oj�^bPoTe^'y�`
xi0 � X£h�qsT�h�ÁGT�qeª;��qbhGS�zoqsh�z�T�qb`E\ ¨ T © ª ∂f

∂Xn−j+2

{ohWTe^'}oh�`�Á²y�}ojm^aP�y�`
xi0 � " Tc}C|
T xi0f�T�i�h�}C�G^'`sh

Wj−1
yu}?{

φ(xi0 ) = yi0
Ä�Pojm|�P j�S�zoikj�Tc^�`bP?y�`

yi0
f?TcikhG}o�G^�`bh�`bPoT!jkS,yu�GT�h��

φ � O�hTc}C{�`bPoT,zoqsh]hu�Eª«}oh�`bTd`bP?y�`cª���qbhGS zoqsh�z�T�qb`bj�Tc^ ¨ y © ª ¨ | © y�}C{ ¨ { © ª (f(xi0))i0∈N
¨ qsTc^bz � (||xi0 ||)i0∈Ny�}C{ (

||dxi0
f ||
)
i0∈N

y�}C{ (
||xi0 ||.||dxi0

f ||
)
i0∈N

© PCyG^�`bPoTÅ^by�SdT£i�j�Sdjk`�Ä�PoTc} i0 `bT�}?{o^,`sh ∞ y�^
(f(x(αi, θ`)))(i,`)∈N×N

¨ qsTc^bz � ||dx(αi,θ`)f ||
yu}C{
||x(αi, θ`)||

y�}C{
||x(αi, θ`)||.||dx(αi,θ`)f || © Ä�PoTc}

i
yu}C{

`
`sT�}C{!`sh
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� T6zoqsh�Á�T¢}Ch�ÄÂ`bPCyu`Q`bPoTcqbT6T
Ô_jm^E`�^Qy �«yuqsj�^ �]j¦¥Ñ|
i�hG^bTc{,^bnofC^bT
` A ∈ GLn −C)
^bnC|�P `sPCy�`Q��hGqKyui�i

A ∈
GLn(Q) \ A

ª_`sPoT'zoqsh�z�T�qb`E\
P1(A)

Poh�im{o^cª_Ä�Pojm|�P�jm^�^bnoS�S�y�qbj�Ð�Te{�j�}�`bPoT6��hGiki�h�Ä�j�}o�gzCqbhGz?hW^ajk`bj�h�} �
� � Û % Û � '®� ' Û (�� � ÀC¸
Èb¸­¸���³m±"´N±3¹ � ¹�È"³m±���³
	aÊ�½k°�±
¸�»�±�¾ �
±�¸
´ A ( GLn(C) ±"¾CÊ�À¬´µÀC¹�´&�
°uÈ�¹�½µ½ A ∈
GLn(Q) \ A ¹�º;» �
°uÈg¹�½µ½ j ∈ {1, . . . , n− 1} �

� Πj Èb¸
±"´NÈ"³®Ê�´Ñ¸s» ´Í° Wj ³m±5¯;Èb°s¯C¸
È��
� ´µÀC¸�Ès¸"±"´¶È"³®Ê
´¶³®°�º�° � Πj+1 ´Ñ° Wj ³m± �
³
	ÑÈs¹�´¶³®°�º�¹u½&°uºC´Ñ°�³µ´®±'³µ¼,¹�¿W¸ �

���+@	��




� ¸
±�´¶³µºW¿��?³¦¿�º��r°�º;»�³µ´¶³®°�ºC±g°�º­¹���°�½¦Ì�º�°�¼d³®¹�½ �e�

� } 	 �G��
Íª�`bPCT�y�n_`bPCh�q�^$zCqbh�ÁGT�`bP?y�`'��j�Á�Tc}Åy�P]\Wz�T�q�^bnoqa�®yG|
T H ⊂ Cn+1 ª«`bPCT�qsTdT�Ô_j�^a`s^6y �;yuqsjm^ �]jk¥|�ikhW^aTe{�^anof?^aT�`
A ( GLn+1(C)

^bnC|�P�`bPCyu`r��h�q
j ∈ {1, . . . , n−1}

yu}C{d��hGqÇyui�i
A ∈ GLn+1(Q)\A

ª
Πj

qsTc^a`bqsjm|"`bTe{ `sh
WA
j

jm^Qzoqsh�z�T�qKyu}?{!^sy�`sj�^a§CTc^�y ��� `bPoTcqK}oh�qsS,yui�jkÐey�`sjkhG} zoqsh�z�T�qb`E\ �OQPojm^gqbTe^anoik`�|�y�}�}ohu`df?T�nC^aTe{�y�^g^E`�y�`bTe{�jk} 	 �G��
¶ª=^bjk}?|
T Ä5T�|
hG}C^bj�{_Tcq�PoTcqbT,`sPoT P]\]z?Tcqs^bnoqb�®y�|�T
{oT
§C}oTe{£f]\

f − T = 0
y�}C{�yui�i�h�Ä hG}oi�\3|�P?yu}o�GT'hu�ÇÁ�yuqsjmyufoi�Tc^�hG}

X1, . . . , Xn � � TcÁ�T�qb`bPCT�i�Tc^s^�ª?`bPoTj�}C|�qbTcSdTc}W`syui=j�}W`bTcqs^bTc|
`bj�h�}­zoqbh_|�Tc^s^�ª�hGqbj���j�}Cyu`bTg��qbhGS 	 �e�_ª ���_ª ����
¶ª&Ä�Pojm|�PÅjm^'nC^bTc{­j�}Å`sPoT,zoqsh]hu�Ëh��
	 ����
�yui�ikh�ÄK^5nC^5`sh ^E`�y�`sT 4
� � Û % Û � '®� ' Û (�� ��°�È i = 1, . . . , n �Q»�¸�º�°u´Í¸ ��Ì ∆A

i ´µÀC¸d³®»�¸�¹�½ ±�¹²±�±�°cÊ�³®¹�´Ñ¸�»�´Í°�´µÀC¸ � ¹�È"³m±��u³
	aÊ
½�°²±"¾_Èb¸
°��6´µÀC¸gÊ�°uºo±"´NÈ"¾CÊ�´¶³ �
½k¸�±�¸
´Q»�¸ �rº;¸s» �
Ì �

∂fA

∂X1
= · · · =

∂fA

∂Xi

= 0,
∂fA

∂Xi+1
6= 0

� ÀC¸
Èb¸d¸���³m±"´N±�¹ � ¹uÈ"³m± �u³
	aÊ�½k°²±�¸�»�±�¾ �
±�¸
´ A ( GLn(C) ±"¾CÊ�À3´�Ào¹�´��
� �
°�È�¹�½µ½ i ∈ {1, . . . , n} ¹�º�» �
°uÈ5¹u½µ½�¯;È"³µ¼�¸ PA

i ¹�±�±
°eÊ�³®¹�´Ñ¸s»Y´Ñ° ∆A

i �;´�Ào¸�¸��G´Í¸�ºo±"³®°uº C[X≥i+1]→
C[X]/PA

i ³m±'³µºC´Ñ¸¶¿�Èb¹u½ � ;�Ào¸�Èb¸ X≥i+1 »�¸�º�°u´Í¸
± Xi+1, . . . , Xn ¹uº�» X »�¸�º�°u´Í¸
± X1, . . . , Xn �
� �
°�ÈQ¹�½µ½ i ∈ {2, . . . , n−1} ��´µÀC¸ËÈb¸"±"´¶È"³®Ê
´¶³®°�º °��r´�Ào¸�¯�Èb°���¸�Ê
´¶³®°�º πi : (x1, . . . , xn)→ (xi, . . . , xn) ∈

Cn−i+1 ´Í°,´µÀC¸g¹u½ ¿G¸���Èb¹�³®Êd·�¹�È"³®¸�´NÌ�»�¸ �rº�¸�» �
Ì ∆A

i ³m± �
³µÈs¹�´¶³®°�º�¹u½&°uºC´Ñ°,³µ´N±6³µ¼,¹�¿W¸��
�$^aj�}o� ¼d¾_´Ñ¹�´¶³m±�¼g¾_´Ñ¹�º;»�³m± `bPoTgzoqshWh��=hu�2	 �G�_ª;prqsh�z�hG^bj¦`sjkhG}��oª«U]Tc|
`bj�h�}�� � ��
Íª�Ä�Poj�|�P£jm^$fCy�^bTc{3hG}	 ���Cªrw�T�S�S,y­� � �c��
5qbTci�yu`bj�}o�£`sPoT!zCqbhGz?Tcqb}oTe^b^�hu� πi `sh�`sPoT��®yG|"`d`bPCyu`�`sPoT�y�f?h�ÁGT T
Ô]`sT�}C^bjkhG}C^dyuqsTj�}W`bTc��q�yui;\]jkTci�{o^5`sPoT6��h�i�i�h�Ä�jk}o��qsTc^bnoik` 4

�Ë× � � � � �g¸�º�°u´Í¸ ��Ì πi+1 ´�Ào¸�¯;Èb°���¸�Ê�´N³®°uº (x1, . . . , xn) ∈ Cn → (xi+1, . . . , xn) ∈ Cn−i � � Ào¸�Èb¸
¸��G³m±"´®± ¹ � ¹uÈ"³m±���³
	aÊ�½k°²±�¸�»�±"¾ �"±�¸�´ A ( GLn(C) ±"¾CÊsÀ�´µÀC¹�´ �
°�È!¹u½µ½ A ∈ GLn(Q) \ A ¹�º;» �
°�È�¹�½µ½
i ∈ {1, . . . , n} � πi+1 Èb¸
±"´NÈ"³®Ê�´Í¸�»�´Ñ°,´�Ào¸d¹�½ ¿G¸��
Ès¹�³®Êd·�¹�È"³®¸�´NÌ�»G¸ �Çº�¸�» ��Ì ∆A

i ³m±5¯�Èb°�¯o¸�È��
� h�Ä'ª?Ä5T�zoqsh�Á�TY`bP?y�`$jk� πi qsTc^a`bqsj�|
`bTc{!`sh,`bPoTdyui���Tcfoqsy�j�|6Á�y�qbj�T
`E\�y�^s^ah_|
jmy�`sTc{!`bh ∆A

i

j�^¢zoqbhGz?Tcqcª
`sPoT�}

Πi

qsTc^a`bqsj�|
`bTe{�`sh
WA

i

jm^rzoqsh�z�T�q � � }C{oT�Tc{�ªW^bnozoz�hG^bT�`bPCT�qsT�T
Ô_j�^a`s^ (x, t) ∈ Ci−1×C
^bnC|�P�`sPCy�`

Πi

qbTe^E`sqbjm|"`sTc{£`sh
WA

i

jm^6}ohu`6zoqsh�z�T�q'y�`
(x, t) � OQPojm^6SdTeyu}C^$`sPCy�`6`bPCT�qsTdT�Ô_j�^a`s^6y!fCyui�i B × U ⊂

Ci−1×C
|
h�}W`�yuj�}ojk}C�

(x, t)
^bnC|�P�`sPCy�`

Π−1
i (B)∩WA

i

jm^&}ohu`r|
hGS�zCy�|
` � xKT�S,yuq:�6`bPCyu`=jk}g`bPCyu`r|�y�^bT�ª`sPoT¢hG}oi�\dÁ�y�qbjmyufoi�Tc^ÇÄ�Pojm|�P�|�y�}�`bT�}?{,`bhgjk}o§C}ojk`E\�y�qbT
X1, . . . , Xn−i

h�q
Xn−i+1 � OQPojm^Çj�S�zoi�jkTe^Ç`sPCy�``sPoT'zoqshutETe|"`bj�h�}3h��

Π−1
i (B) ∩WA

i

hG}G`sh
X1, . . . , Xn

jm^�}oh�`¢|
h�S�zCyG|"` � X£hGqbTch�Á�T�qeªG`bPoT�zCqbh�tETc|"`sjkhG}h��
Π−1
i (B) ∩WA

i

h�}W`bh
X1, . . . , Xn

j�^$|
hG}G`�yuj�}oTc{!j�}3`bPoT�zCqbT�¥¶j�S,yu��T6f]\
πi
h��
B
Ä�PCj�|�P�|�h�}W`sy�jk}C^

x � OQP]nC^cªo`sPoT'}oh�}o¥¶zoqsh�z�T�qs}oTe^b^5hu� Πi

qbTe^E`sqbjm|"`sTc{�`bh
WA

i

y�`
(x, t)

jkS�zoi�j�Tc^Q`sPoT�}ohG}_¥¶zCqbhGz?Tcqb}oTe^b^5h��
πi
qbTe^E`sqbjm|"`sTc{�`bh

∆A

i

y�`
x �OQPoTY�®yG|"`5`bPCyu`5`sPoT6qbTe^E`sqbjm|"`sjkhG} hu�

Πi

`bh
WA

i

jm^5foj�qsyu`bj�h�}Cy�i�|�h�S�Tc^5j�SdS�Te{_j�yu`bTcik\���qsh�S `sPoTY�®y�|"`
`sPCy�`�`sPoT'qsTc^a`bqsj�|
`bj�h�}�h��

πi
`bh

∆A

i

j�^Qfoj�q�y�`bj�h�}?yui �OQPojm^�Tc}C{o^5`bPCT'zoqbh]h���hu�¤prqsh�z�hG^bj¦`sjkhG}�� �
� TÅy�qbT£}oh�Ä qsTcy�{o\ `bhÕ^E`�y�`bT�h�noq S,y�jk}Â�GT�h�S�T�`bqsj�|3qsTc^bnoik`�Ä�Pojm|�P*|�PCyuq�y�|
`bT�qsj�Ð�Tc^g`sPoTÅ^bT
`�h��

¿W¸�º�¸�Èb¹�½Î³kÉe¸�»�Ê
È"³µ´¶³®Ê�¹�½�·�¹�½¦¾C¸"± hu� f �
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��� �;¹��
¸
Ì��Q½���³µº

��� � � ����# ('��

�����������	���*4836+!�

OQPCT¢|
hGS�foj�}Cy�`sjkhG},hu�«prqsh�z�hG^bj¦`sjkhG}��_ªWprqsh�z�hG^bj¦`sjkhG} ��yu}C{,w�T�S�S,y��'i�TcyG{o^=`sh'`bPCTK��h�i�i�h�Ä�jk}o�'qsTc^bnoik` �
& - ×]Û � × � ����� ×]Û � × �c��'N����-&�_���o�u� × ��' ���_��' Û ( Û10 * × ( × �²�!/)'�� × Ü¬����'�� 'N����/ �o��/#
 × ��� � ÀC¸
Èb¸�¸��G³m±"´®±
¹ � ¹�È"³m±��u³
	aÊ
½k°�±�¸s»�±"¾ �
±
¸�´ A ( GLn(C) ±"¾CÊsÀ�´µÀC¹�´ �
°uÈ�¹�½µ½ A ∈ GLn(Q) \ A ´µÀC¸,±�¸�´ K∞(f) ° �
¹�±"Ì�¼K¯;´Í°u´N³®Ê�Ê�È"³µ´¶³®Ês¹u½«·²¹u½Î¾C¸
±Y° � f ³m±'Ês°uºC´Ñ¹�³µº;¸s»d³µº3´�Ào¸Y±�¸�´Ç° �$º�°uº 	�¯�Ès°s¯C¸
È"º;¸"±�±Y°��¢´�Ào¸Ë¯;Èb°���¸�Ê�´N³®°uº πTÈs¸"±"´¶È"³®Ê
´Ñ¸�»�´Í° ´µÀC¸ � ¹�È"³m±���³
	aÊ�½k°�±�¾_Ès¸d°��'´�Ào¸�Ê�°uºo±"´NÈ"¾CÊ�´¶³ �
½k¸�±�¸
´Q»�¸ �rº;¸s» �
Ì �

fA − T =
∂fA

∂X2
= · · · =

∂fA

∂Xn

= 0,
∂fA

∂X1
6= 0.


!× � �_� � � � ¸�¼�¹uÈ���´µÀC¹�´�´�Ào¸�¹ ��°�·�¸�Èb¸
±"¾_½Î´�°�ºC½¦Ì ±"´Í¹u´Í¸
±�´�Ào¹�´ K∞(f) ³m±�Ês°uºC´Ñ¹�³µº;¸s»!³µº­´µÀC¸g±�¸
´K° �
º;°�º 	�¯�Èb°�¯o¸�È"º�¸
±�± Z °�� ´�Ào¸�¯�Ès°���¸�Ê
´¶³®°�º Π : (x1, . . . , xn, t) ∈ Cn+1 → t ∈ C Èb¸
±"´NÈ"³®Ê�´Ñ¸s»Å´Ñ° W1 �� ÀC¸�½k¹u´N´Ñ¸�È$±�¸�´r³m±$Ée¸
Èb° 	a»�³µ¼,¸
ºC±"³®°�º�¹u½ �¶±�¸�¸ � " � $ � � � ¸�·²¸�È"´µÀC¸
½�¸"±�±��r´µÀ_³m±Y³µº;Ê
½¦¾]±�³®°uº­Ê�¹�º��s¸'±"´NÈ"³®Ê�´r±"³µº�Ê�¸
±�°u¼�¸�¯o°u³µºC´N±'³µº Z Ê�¹�º�»�¸Ñ¯o¸�º�»�°�º A �
��� ���&% / × � � º ������$%��´�Ào¸Y¹�¾_´�Ào°uÈ�±Q¾]±�¸ � " � � ��¸
¼d¼�¹  � �	� $K´Ñ°�Ê�°u¼K¯;¾_´Í¸K´µÀC¸�±�¸�´¤°���º�°uº 	�¯�Ès°s¯C¸
È"º;¸"±�±
°���¹�¯;Èb°���¸�Ê�´N³®°uº*Èb¸
±"´NÈ"³®Ê�´Í¸�»­´Ñ°�¹�º ¹�½ ¿G¸��
Ès¹�³®Ê£·�¹�È"³®¸�´¶Ì � �d¸�º�°�´¶³µºW¿ ��Ì IA ´µÀC¸3³®»�¸�¹u½¢¹²±�±�°cÊ�³®¹�´Ñ¸�»�´Í°
WA

1 �¤´�À]³m±6¹u½ ¿W°�È"³µ´�À]¼Ï±¶¯C¸�Ê
³®¹u½Î³kÉe¸"±6³µº�°�¾_ÈYÊ�¹�±
¸'´Í°�Ê�°�¼¢¯�¾_´¶³µºW¿�´�Ào¸'Ê�Ào¹uÈb¹�Ê�´Ñ¸
È"³m±"´¶³®Ê5¯C°�½ÎÌ�º;°�¼d³®¹�½�°��¢´�Ào¸
¼d¾_½Î´¶³ ¯�½Î³®Ê�¹u´N³®°uº �
Ì X1 ³µº Q(T )[X1, . . . , Xn]/I

A � � Ào¸d±�¸�´�°���º;°�º 	�¯�Èb°�¯o¸�È"º�¸
±�±d° �g´µÀC¸¢¯�Èb°���¸�Ê
´¶³®°�º
°uº T ³m± ´�Ào¸�Èb¸�¾_ºC³®°�º¡° �,´�Ào¸,Ée¸�Èb°�	Í±�¸�´®± ° �,´�Ào¸3»G¸
º;°�¼d³µº�¹�´Ñ°�È�±!°��,´�À]³m±!Ê�Ào¹�Ès¹�Ê�´Í¸�È"³m±"´N³®Ê�¯C°�½ÎÌ�º;°�¼d³®¹�½
±�¸�¸�ºÅ¹²±'¾_ºC³µ·�¹�È"³®¹u´Í¸g³µº X1 �

�r°�ºC±"³®»�¸�È�´µÀC¸Q¯C°�½¦Ì�º�°�¼d³®¹�½+;�À]³®Ê�À�³m±�¹�½ÎÈb¸�¹G»�Ì,±"´¶¾C»�³®¸�»,³µº��;¸�Ê
´¶³®°�º "
f = X1 +X2

1X2 +X4
1X2X3

�K¸
È �
°uÈ"¼g³µº]¿�´�Ào¸�½Î³µº;¸s¹uÈ�ÊsÀC¹�º]¿G¸�° ��·²¹uÈ"³®¹ ��½k¸"± ��¸�½k°�;
X1 ← X1 +X2 +X3

X2 ← X1 + 2X2 + 3X3

X3 ← X1 + 4X2 + 9X3

°uº�¸ �rº�»�±�¹�±,¹�±�¸�´$° ��º;°�º 	�¯�Èb°�¯o¸�È"º�¸
±�±��
°uÈd´�Ào¸6¯�Èb°���¸�Ê
´¶³®°�º¡°�º T ´µÀC¸gÉe¸�Èb°�	Í±�¸�´Y° �d´�Ào¸ ¾_ºC³µ·�¹�È"³®¹�´Ñ¸
¯C°�½¦Ì�º�°�¼d³®¹�½ ��¸
½�°�;

256T 2 (20T + 1)

�K¸
È �
°uÈ"¼g³µº]¿�´�Ào¸�½Î³µº;¸s¹uÈ�ÊsÀC¹�º]¿G¸�° ��·²¹uÈ"³®¹ ��½k¸"± ��¸�½k°�;
X1 ← 10213X1 + 41543X2 + 51532X3

X2 ← X1 + 44904X2 + 10334X3

X3 ← X1 + 58200X2 + 1597X3

°uº�¸ �rº�»�±�¹�±,¹�±�¸�´$° ��º;°�º 	�¯�Èb°�¯o¸�È"º�¸
±�±��
°uÈd´�Ào¸6¯�Èb°���¸�Ê
´¶³®°�º¡°�º T ´µÀC¸gÉe¸�Èb°�	Í±�¸�´Y° �d´�Ào¸ ¾_ºC³µ·�¹�È"³®¹�´Ñ¸
¯C°�½¦Ì�º�°�¼d³®¹�½ ��¸
½�°�;

T 2 (898540T + 117941) .� À_¾]± K∞(f) ³m±�´�Ào¸¢¿WÊ�»!°��6´µÀC¸"±�¸�¾_ºC³µ·�¹�È"³®¹u´Í¸K¯C°�½ÎÌ�º;°�¼d³®¹�½ ±d¹uº�» ³m± {0} �

���+@	��




� ¸
±�´¶³µºW¿��?³¦¿�º��r°�º;»�³µ´¶³®°�ºC±g°�º­¹���°�½¦Ì�º�°�¼d³®¹�½ � �
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8Yj�Á�Tc}

f ∈ Q[X1, . . . , Xn]
ª�Ä5TK^aPCh�ÄÕ}oh�ÄÕPoh�ÄÕ`bh�|
hGS�zon_`bTK`bPoTK^bT
`Çh����GT�}oTcqsy�ikj�Ð�Te{g|�qbjk`bjm|�y�i_Á�yui�noTc^

K(f)
hu��`bPoT�S�y�zozoj�}o�

x ∈ Cn → f(x) ∈ C � U]j�}C|�T K(f) = K0(f) ∪K∞(f)
ª?ÄËTY��h_|
nC^�§Cqs^a`Kh�}

`sPoT�|
hGS�zon_`syu`bj�h�}�hu�
K0(f)

y�}C{�`bPoTc}�Ä5T�{_Teyui«Ä�jk`bP�`bPoT�|�h�S�zon_`�y�`sjkhG}!h��
K∞(f) ��$noq6yui���hGqbjk`bPCS�^KqbTcik\3h�}�`bh]h�im^¢|�h�S�jk}C� ��qsh�S z?hGik\]}ohGSdjmyui¤^b\]^a`bTcS ^bh�i�Á]jk}C� �¢� T�n?^aT 8Yq 9Gfo}oT�qf?y�^bTc^¢y�}C{3`sPoT 8YTch�S�T
`sqbjm|'qsTc^bh�i�n_`bj�h�}�y�ik�Gh�qsj¦`sPoS � 8Yq:9�fo}CT�q¢f?y�^bTc^¢y�qbTgy�^a`syu}?{oyuq�{�`bh]h�i&j�}�z?hGik\W¥}Ch�S�j�y�ir^a\_^a`bTcS[^ahGikÁ]j�}o�3^aj�}C|
T�jk`�yui�ikh�ÄK^$`sh!`sTc^a`6`bPoT,S�T�Sgf?Tcqs^bPoj�zÅh��5y�z�h�i�\W}Ch�S�j�y�i¤`bh£yu}­jm{_Tcy�iNª

`shg|�h�S�zon_`sT$Tcikj�S�jk}Cyu`bj�h�} jm{_Teyuim^�ª_yu}?{�`bhdqbTe{_nC|�TK`bPCTY|�h�S�zon_`�y�`bj�h�}�hu��q�y�`bj�h�}?yuiCz?yuq�yuS�T
`sT�qsjkÐey�`bj�h�}?^
h���`bPCTYqsh]hu`�^Ëh��&ygÐ�Tcqbh�¥Í{_j�S�T�}C^bj�h�}Cy�iCjm{_Tcy�i;`bhdikj�}oTcy�q�yui���T�fCqsyg|
h�S�zono`sy�`sjkhG}C^5jk}3ygz?hGik\]}ohGSdjmyui;qsjk}C�
lWnoh�`bj�T�}W`bTe{�f]\3`sPoT |
hG}C^ajm{_TcqbTe{£j�{oTcyui � 8Yq 9Gfo}oT�q6fCyG^aTe^YPCy²Á�T�y!|�h�S�zoi�T
Ô_jk`E\�Ä�j¦`sPoj�} DO(n) y�qbjk`bP_¥S�T�`bjm|$hGz?Tcqsyu`bj�h�}C^Ëj�}

Q
Ä�PCT�} `sPoT6jk}Czon_`Kz�h�i�\W}Ch�S�j�y�iC�®y�S�jki�\ ��Tc}oT�q�y�`sTc^5y�ÐcT�qshu¥Ñ{_jkS�Tc}C^aj�h�}?yuiCjm{_Teyui

¨ ^aTcT 	 �G��
 ©
�OQPoT6�GT�h�S�T�`bqsj�|¢qbTe^ahGikn_`sjkhG}!y�ik�Gh�qsj¦`sPoS 	 ���_ªo� �F
«jm^QS�h�qsT¢qsTc|
Tc}W`Qy�}C{��Gh]Tc^ËfCy�|���`sh<	��c�_ª ���Wª � ��
 �OQPCT jk}Czon_`�jm^�y3z�h�i�\]}oh�S�jmyuiÇ^b\_^E`sT�S hu��TclWnCyu`bj�h�}�yu}C{�j�}oTelGn?y�`bj�h�}?^'T�}C|�h_{_Tc{­f]\­y£^a`bq�yuj���PW`b¥¶i�jk}CT
zCqbhG��q�yuS y�}C{ {_T�§C}oj�}o��y�|
hG}C^a`bqsnC|"`sjkfoi�T$^bT
` ��� `5qsT
`snoqb}?^Ç�GT�}oTcqbjm|�z�h�j�}G`�^5jk} Tey�|�P TelWnoj¦¥Ñ{_j�S�T�}C^bjkhG}Cyui|�h�S�z�h�}oTc}G`=h��?`sPoT �;yuqsjm^ �]jk¥Í|�ikhW^anoqsTrh��?`sPoTK|
hG}C^E`sqbn?|"`bj�foi�T�^aT�`Ç{_T
§C}CTc{df]\�`bPCT�jk}ozCn_` � OQPoTe^aTQ��Tc}oT�qsjm|z�h�j�}W`s^�y�qbT6T�}?|
h_{_Tc{!f]\�q�y�`sjkhG}Cyui;zCy�qsy�SdT�`bTcqbj�Ðcyu`bj�h�}C^






Xn = qn(T )
q0(T )���

X1 = q1(T )
q0(T )

q(T ) = 0

Ä�PCT�qsT
T
jm^$y,}CT�Ä~Á�yuqsj�y�foi�T � OQP]nC^¢`bPCT�h�no`bzon_`6hu�=`sPoT��GT�hGSdT�`bqsj�|�qbTe^ahGikn_`sjkhG}�yui���hGqbjk`bPoS jm^$y�ikjm^E`

h��
n + 2

¥N`snozoi�Tc^Kh��rno}oj�Á�yuqsj�yu`bT�z�h�i�\]}oh�S�jmyuim^
(q, q0, q1, . . . , qn) � OQPojm^$y�ik�Gh�qsj¦`sPoS�jm^$zoqbhGfCyufCjki�j�^a`bjm|uª

fCn_`5jk`s^Q|�h�S�zoi�T
Ô_j¦`E\,jm^ËÄËTcikik¥Í|�h�}W`bqsh�i�i�Tc{ �&� T6{_Tc}ohu`sT$f]\ M(x)
`sPoTY|�hG^a`5h���S�nCi¦`sjkzoi�\]jk}C�gno}CjkÁ�yuqsjmy�`bT

z�h�i�\]}oh�S�jmyuim^Qhu�r{_Tc��qsT�T
x
yu}?{�`sPoT�}oh�`syu`bj�h�}

p ∈ Olog (x)
S�Teyu}C^Q`sPCy�`

p ∈ O(x log xa)
��hGq¢^ahGS�T

|�h�}C^a`sy�}W`
a �

& - ×]Û � × � � �:$ Û �&% / × � '®� Ø � × � 
 /®� 0ÍÛ � * ×]Û � × ����'®��� × � Û /%
�� ' Û ( � �! ��$ ��¸�´ g1, . . . , gS ¹uº�» g
��¸,¯o°u½ÎÌ�º�°u¼g³®¹u½ ±­°���»�¸Í¿�Èb¸�¸ ��°�¾_º;»�¸�» ��Ì D ³µº Q[X1, . . . , Xn] �dÈs¸Í¯;Èb¸"±�¸�ºC´Ñ¸�» ��Ì ¹&��´NÈb¹u³¦¿eÀ_´ 	 �=³µº�¸
�QÈb°b¿�Èb¹u¼Ã° �!½k¸�ºW¿�´µÀ L � � Ào¸�Èb¸�¸��G³m±"´®±�¹uº ¹�½ ¿W°�È"³µ´�À]¼.Ê�°�¼¢¯�¾_´¶³µºW¿�¹£¿W¸s°u¼�¸�´¶È"³®Ê£Èb¸
±�°�½Î¾_´¶³®°�º*° ��´�Ào¸� ¹�È"³m±���³
	aÊ�½k°�±�¾_Ès¸ V (g1, . . . , gS) \ V (g) ;�ÀC°²±�¸�¹�È"³µ´�À]¼,¸
´¶³®Ê�Ê�°�¼¢¯�½k¸��G³µ´NÌ ³m±��

Olog (Sn4(nL+ n4)M(Dd))3

;�ÀC¸
Ès¸ d ³m±K´µÀC¸¢¼,¹��G³µ¼d¾_¼ °���´�Ào¸K±�¾_¼g±¢° ��´�Ào¸6¹u½ ¿G¸���Èb¹�³®Ê'»G¸¶¿�Èb¸�¸
±K°��K´�Ào¸¢³µÈ"Èb¸�»�¾CÊ�³ �
½�¸'Ês°u¼K¯C°�º;¸
º?´®±¢°��
´�Ào¸'³µºC´Ñ¸
È"¼,¸�»�³®¹�´Ñ¸'·�¹�È"³®¸�´¶³®¸"±�»�¸ �rº;¸�»,¹²±6´µÀC¸ � ¹�È"³m±��u³
	aÊ
½�°²±"¾_Èb¸
±�°��Y´µÀC¸�Ê�°�ºo±"´¶È"¾CÊ
´¶³ ��½k¸Y±�¸
´N± g1 = · · · =
gi = 0, g 6= 0 �
°uÈ i ³µº 1, . . . , S �

!× � �_� � � � º��! � $%�Ë´µÀC¸g¹u¾_´µÀC°�È5¯�Ès°�·�¸"±�´�Ào¹u´Ç´�Ào¸ �
³µ´�Ê�°�¼¢¯�½k¸��G³µ´NÌ!°��¢À]³m±g¹u½ ¿G°uÈ"³µ´µÀ_¼ ³m±

τOlog (Sn4(nL+ n4)M(Dd))4
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�G� �;¹��
¸
Ì��Q½���³µº

;�ÀC¸
Ès¸ τ ��°u¾_º�»²±6´�Ào¸ �
³µ´ 	Í±"³kÉc¸d° ��´µÀC¸gÊ�°e¸%�¡Ê
³®¸�ºC´N±�° �6´�Ào¸�³µº�¯;¾_´�¯C°�½ÎÌ�º;°�¼d³®¹�½�±�Ì²±"´Ñ¸
¼ �
� }ÅzoqsyG|"`sj�|�T�ª 8Yq:9�fo}oTcq¢fCyG^aTe^¢qsT�S,y�jk}�ª«j�}��GT�}oTcqsy�iNª?`bPCTg�®yG^E`sTc^a`¢`shWhGi&`bh3^ahGikÁGT�z�h�i�\W}Ch�S�j�y�i&^b\_^E¥`sT�S,^cªej�}�zCy�qa`sj�|�noimyuq�Ä�PoTc}6`bPoT5yui���hGqbjk`bPoS,^ 	����Cª �e��
]y�qbT=nC^bTc{ � OQPoTË��T�hGS�T
`bqsjm|¤qbTe^ahGikn_`sjkhG}'yui���h�qsjk`bPoSjm^Qj�SdzCikTcSdTc}W`bTc{3yG^�y����������dzCy�|���yu�GT$f]\<8 � w�Tc|�T�qb� ¨ ^aTcT�	 ����
 ©
�
" T�qsTcy��µ`sT�qeªoÄ5T6{oTc^s|
qsjkf�T'Poh�Ä9`bh |
hGS�zon_`bT K0(f)

y�}C{
K∞(f)

nC^bj�}o� 8Yq 9Gfo}oTcq�fCy�^bTc^�y�}C{!`bPoT
�GT�hGSdT�`bqsj�|!qsTc^bh�i�n_`bj�h�}¡yui���hGqbjk`bPoS �¬� PoT�}¡nC^bj�}o��8Yq 9Gfo}oTcqdf?y�^bTc^cªÇh�}CT£h�f_`�yuj�}C^,y�{_T
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 /®� � ��¸�´ f �s¸Å¹!¯C°�½ÎÌ�º;°�¼d³®¹�½K³µº Q[X1, . . . , Xn] °��3»G¸Í¿uÈb¸�¸ D¹uº�» S ��¸3´µÀC¸!±�¸
¼d³
	a¹�½ ¿W¸��
Èb¹u³®Ê£±�¸�´�»�¸ �rº;¸s» ��Ì f > 0 � � ÀC¸g¯�Ès° ��¹ ��³µ½Î³m±"´N³®Ê�·�¸
È�±"³®°�º °���´�Ào¸�¹ ��°�·�¸
¹u½ ¿W°�È"³µ´�À]¼ Ê�°�¼¢¯�¾_´Ñ¸
±d¹�´Q½k¸�¹²±"´¢°uº�¸¢¯C°�³µºC´�³µº�¸�¹�Ê�À�Ê�°�ºCº;¸�Ê
´Ñ¸�»!Ê�°�¼¢¯C°�º�¸�ºC´¢°�� S ;=³µ´�ÀÅ¹3Ê�°�¼¢¯�½�¸ �G³µ´¶Ì
;=³µ´�À]³µº O(n7D4n) ¹�È"³µ´�À]¼,¸
´¶³®Ê�°s¯C¸
Èb¹u´N³®°uºo±�³µº Q �
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� } `sPojm^Õ^bTc|
`bj�h�}�ª!ÄËTÂ��h_|�nC^ hG} `bPoT ��h�i�ikh�Ä�j�}o�~zoqsh�foi�T�S 4 ��j�Á�Tc} y z?hGik\]}ohGSdjmyui
f ∈ Q[X1,

. . . , Xn]
hu�Y{oT���qsT�T

D
ª5{_Tc|�j�{_T3jk�¢`sPoT3PW\]z�T�q�^anCqa�®yG|
T

H
{_T�§C}oTc{Õf]\

f = 0
|�h�}W`sy�jk}?^�qsTcy�i5qsT��Gn_¥

imyuq$z?hGjk}W`�^ � " Tc}C|
TGª?`sPoTdzoqbhGfoi�T�S |
h�}?^ajm^E`�^¢j�}�{_Te|
jm{_j�}o��jk�r`bPCTgqsTcy�i�{_j�S�T�}C^bjkhG}�hu�
H ∩ Rn

TclWnCy�i�^
`sPoT£|
hGSdzCikT�ÔÕ{_j�SdTc}C^bjkhG}Õh��

H � OQPojm^�zoqbhGfoi�T�SÝyuzCz?Teyuq�^gj�}¬S�y�}]\ yuzozCikjm|�yu`bj�h�}C^ ¨ j�}¬zCyuqb`bjm|
noimyuq
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¸
Ì��Q½���³µº

j�}�yun_`sh�S,y�`sTc{Å��T�hGS�T
`bqsjm|�qsTcy�^bh�}Cjk}o�!h�q6j�}�y�ik�Gh�qsj¦`sPoS�j�|���Tch�S�T
`sqb\ © ^E`snC{_\]jk}C���GT�}oTcqbjm|g��T�hGS�T
`bqsjm|^bjk`bnCyu`bj�h�}C^ �OQPojm^5|�yu}�f?T6^ahGikÁGTc{�nC^bj�}o��`sPoT � \]i�jk}?{_qbjm|�y�i?v¢ik�GT�foq�yujm| �$Tc|
hGS�z?hW^ajk`bj�h�} fCn_`Ë`sPoT$|�h�S�zoi�T
Ô_jk`E\dh��`sPojm^�S�T
`bPCh]{�jm^K{_hGnofoi�\�T
Ô_z�h�}oTc}W`bjmyui«j�}!`sPoT�}]noSgf?Tcq�hu�¤Á²y�qbjmyufCikTe^�yu}C{«ªCjk}3zoq�y�|
`bjm|
T�ª]`sPojm^�S�T
`bPCh]{
jm^Qi�jkS�jk`bTc{�`sh�zoqbhGfoi�T�S,^QPCy²Á]jk}C�

3
h�q

4
Á�yuqsj�y�foi�Tc^ �U]n?|�PÕyÅzoqbhGfoi�T�SÝ|�y�} yuim^bh�f�T!`�y�|��]i�Tc{�f]\ |
hGS�zon_`bj�}o�Å`bPoT Èb¸�¹u½5Ès¹�»�³®Ê�¹u½ h��K`bPoT3jm{_Tcy�i 〈f〉 ⊂

Q[X1, . . . , Xn] ¨ Ä�Pojm|�P�jm^�`sPoT5qsyG{_j�|cyuiGj�{_TeyuiWhu� Q[X1, . . . , Xn]
Ä�PChG^bTËy�^s^bh]|�j�yu`bTe{'yui���T�fCqsy�j�|=Á�y�qbj�T
`E\

jm^�`bPoT�^aS,yui�i�Tc^a`gh�}CT��Å��hGq�`sPoT�j�}C|
i�nC^bjkhG} h�q�{_Tcqbj�}o����|�h�}W`sy�jk}Cjk}o�
H ∩ Rn ©
� OQPojm^d|�yu} f?T�{_h�}oTf]\�nC^bj�}o�­`bPoT£yui���hGqbjk`bPCS�^�{_Te^aj���}CTc{Õjk} 	 ��
 � OQPoTe^aT3yui���hGqbjk`bPoS,^dz�T�qb��h�qsSÝyÅqsTc|�noq�^aj�Á�T�^E`snC{_\ hG}

j�S�fCqbjm|�yu`bTc{!^aj�}o�Gnoi�y�qËi�h_|
j«h���`bPoT'^a`bnC{ojkTe{�Á�yuqsj�T
`bj�Tc^ � �Kz!`bh�h�nCq �]}oh�Ä�i�Tc{o��T�ªWf�h�no}C{ojk}o�d`sPoT'{_T��GqbTcTh��¤`bPoTd^aj�}o��nCi�y�qKikh_|�nC^Kh��=y Á²y�qbj�T
`E\Gªo`sPoTg{_Tc��qsT�T�h��¤`bPoTd^aj�}o��nCi�y�qKikh_|�nC^Kh��&`sPoTg^bj�}o��noimyuq¢ikh_|
n?^¢yu}?{
^bh�h�}�\]j�T�im{o^'{_hGnofoi�\�T
Ô_z�h�}oTc}G`sj�y�i¤f?hGno}C{o^6j�}�`sPoT�}]noS�f�T�q'h��ÇÁ�yuqsj�y�foikTe^ � OQP]nC^�ª;`sPoT |
hGS�zoikT�Ô_j¦`E\h���^bnC|�P�S�T
`sPoh_{o^�^bT�T�S,^Ë`bh�f�T'{_h�nofCik\,T�Ô]z�h�}CT�}W`bjmyui;j�}�`sPoT$}]noSgf?Tcq�hu��Á�y�qbjmyufoi�Tc^5yu}?{�}ohdT
Æ |�jkTc}G`
j�S�zoi�T�S�T�}W`syu`bj�h�}�PCy²Á�T6f�T�Tc}�hGf_`sy�jk}CTc{���qbhGSÒ`bPoTe^aT'Ä5h�q:�_^ �OQPoTYqsTcyui;{_j�S�T�}C^bjkhG} hu�

H
|�y�} f�TY|�h�S�zon_`sTc{ n?^aj�}o�7	 �Wª � P?yuz_`sT�q ����
 � OQPoTY|�h�S�zoi�T
Ô_jk`E\dh���`bPCj�^y�ik�Gh�qsj¦`sPoS�jm^

DO(n2) � � TcÁ�T�qb`bPCT�i�Tc^s^�ª�`bPojm^�y�ik�Gh�qsj¦`sPoS {_h]Te^'}ohu`gzoqbh�Á]jm{_T ^sy�`bjm^a�®y�|"`sh�qs\�qsTc^bnoi¦`�^'j�}
zCqsyG|"`bjm|
TQ{_noTQ`sh6`bPoTQnC^bT�hu�;^aTcÁ�Tcqsy�iWj�}_§C}Cj¦`sTc^bjkS,yuim^=yu}?{d^bh�S�T5��qsh�ÄQ`bPdhu�;{_T��GqbTcTËÄ�Pojm|�P,yuqsT5{oj¦Æ |
nCi¦`
`sh3S�y�}Cyu�GTgj�}�zoq�y�|"`sj�|cyui¤j�SdzCikTcSdTc}W`sy�`sjkhG}C^�y�}C{�i�TcyG{�`sh£y3Pojk�GP­|�h�S�zoi�T
Ô_jk`E\�|
hG}C^E`�yu}W` ¨ Ä�Pojm|�P�j�^PCT�qsT6yG^�yu}�T
Ô_z�h�}oTc}G` ©"�v¢iki�`bPoT'S�T
`sPoh_{o^Ky�f?h�ÁGT6|�h�S�zon_`sT'T
Ôoy�|
`bi�\ `sPoT'qbTeyui�{_j�S�T�}C^bj�h�}3hu�

H ∩ Rn
Ä�Pojm|�P3j�^¢^E`sqbhG}o��Tcq

`sPCyu}Õ`bPCT�T�Ô_z?Te|"`bTe{ hGn_`bzCn_` � � } `sPoT£|�yG^aT�Ä�PoT�qsT f j�^,^slWnCyuqsT
¥¶��qsT�T�ª¤`sPoT3zoqsh�foi�T�SÝj�}¬Ä�Poj�|�PÕÄËT
y�qbTgjk}W`sT�qsTc^a`bTc{Å|�y�}�f?Td`�y�|��]ikTe{£f]\�{_Tc|�j�{ojk}o��jk�5yui�i&`bPoT�^bT�S�j¦¥Ñyui���Tcfoq�yujm|�^aT�`s^

Si ⊂ Rn
{oT
§C}oTe{�f]\

f = 0, ∂f
∂Xi
6= 0 ¨ ��hGq i = 1, . . . , n © y�qbTYT�S�z_`E\�h�q�}oh�` � * yG|�P�^bT�S�jk¥Íy�ik�GT�foq�yujm|¢^bT
` Si jm^K^a`bnC{ojkTe{�f]\^a`bn?{_\]jk}o�K`bPoTËqbTeyui�y�ik�GT�foq�yujm|=^aT�`s^�hu�

R〈ε〉n
{oT
§C}oTe{'f]\

f = ∂f
∂Xi
−ε = 0

yu}C{
f = ∂f

∂Xi
+ε = 0 � OQPoT|�h�S�zoi�T
Ô_jk`E\ hu�&`bPojm^�S�T
`sPoh_{�j�^

DO(n) fon_`KÄ5T�yuqsT$i�TcyG{!PCT�qsT$`sh ^E`snC{_\ n {_jm^a`bj�}C|"`¢^bT�S�jk¥Íy�ik�GT�foq�yujm|^bT
`�^�{_T
§?}oTc{�f]\�yu}3TelGn?y�`bj�h�} ¨ h��¤{_Tc��qsT�T D © y�}C{!y�}!j�}oTelGn?y�`bj�h�} ¨ h��¤{oT���qsT�T D − 1 ©"�
� }Å`bPoT�^bTclWnoT�i¶ª«Ä5Tg^bPoh�Ä Poh�ÄA`sh!qsTc{_n?|
Tg`bPoTdzoqsh�foi�T�S h��Ë{_T
`sT�qsS�jk}oj�}o�!`bPoTdT
Ô_jm^E`sT�}C|�Tgh��ÇqsTcyui

qsT��GnoimyuqKz�h�j�}W`s^$jk}­y,P]\Wz�T�q�^bnoqa�®yG|
T�{oT
§C}oTe{�f]\
f = 0

`bh `sPoTdzoqbhGfoi�T�S hu�Ç{_Te|
jm{_jk}C��jk�r`bPoTcqbTgT
Ô_jm^E`
(x, x′) ∈ Rn × Rn

^bnC|�P `sPCy�`
f(x) > 0

y�}C{
f(x′) < 0 � OQPoT£zoqsh�fCy�foj�ikjm^E`sj�|�ÁGT�q�^aj�h�}Õhu�6h�noqy�ik�Gh�qsj¦`sPoSÒPCyG^�yd|�h�S�zoi�T
Ô_jk`E\ Ä�j¦`sPoj�}

O(n7D4n)
yuqsjk`bPoS�T
`sj�|YhGz?Tcqsyu`bj�h�}C^5j�}

Q �
& - ×]Û � × � � � ��� 'N��� × (�� ×£Û 0 � × *(
 /N�_�,� × �!/ % Û ',(;�c��� ��¸
´ f ��¸¡¹Â±	$�¾C¹�Èb¸ 	 ��Èb¸�¸�¯o°u½ÎÌ�º�°u¼g³®¹u½d³µº
Q[X1, . . . , Xn] ¹�º;» H ⊂ Cn ��¸�´µÀC¸gÀ_Ìs¯o¸�È�±"¾_È �
¹�Ê�¸!»G¸ �Çº�¸�» ��Ì f = 0 � � Ào¸�Èb¸!¸ �G³m±"´KÈb¸Í¿�¾_½k¹�È�Èb¸�¹�½
¯C°�³µº?´®±'³µº H ³ ��¹�º;»�°�º?½ÎÌ,³ �'´�Ào¸�Èb¸d¸ �G³m±"´ (x, x′) ∈ Rn × Rn ±"¾CÊsÀ�´�Ào¹u´ f(x) > 0 ¹�º;» f(x′) < 0 �

�5Ès°c°�� � U_nozoz�hG^bTQ§Cqs^a`=`bP?y�` H |
hG}W`syuj�}C^¤qsTcy�ioqbTc��noimyuq¤z�h�j�}W`s^ry�}C{dikT�` y f�T¢^an?|�Pdy6z�h�j�}W` � U]j�}C|
T
f
j�^'^slWnCyuqsT
¥¶��qsT�T�ª;hG}oT�PCy�^

grady(f) 6= 0 ��� h�Ä'ª�|�h�}C^bj�{oT�qsjk}o�!`bPCTdi�j�}oT,zCy�^s^bjk}o�!`bPCqbhGno��P y yu}C{^bnozoz�h�qb`bTe{�fW\!`bPCT�Á�Te|"`bhGq
grady(f)

yu}C{£y O&y²\]ikhGqK{_T�ÁGT�i�h�zoS�Tc}G`Kh��
f
y�ikhG}o��`bPojm^Ki�j�}oT�}oTeyuq

y
ª?jk`

jm^�|
i�Tcy�qQ`bPCyu`
f
jm^Qz?hW^ajk`bj�Á�T'y�}C{�}oT��Wy�`bj�Á�T6yui�h�}C�g`sPojm^Qikj�}oT �U]nCzoz?hW^aT!}oh�Ä `bP?y�`

H
{_h]Tc^g}ohu`�|
h�}W`�yuj�} y£qsTcyuiËqbTc��noimyuqgÐ�Tcqbh � OQPoT�}�ª¤`bPoT�qbTeyuiËikh_|
n?^�h�� H

¨ Ä�Pojm|�P,S�y²\gf?T¢T�S�z_`E\ © jm^Ç|
hG}W`syuj�}oTe{gj�}�`bPCT¢^aj�}o�Gnoi�y�q=ikh_|�nC^rh�� H � U]j�}C|�T�`bPoT$|
hu¥Ñ{_j�S�T�}C^bjkhG}�hu�;`bPoT^bj�}o��noimyuq=i�h_|
nC^Çhu�
H
jm^=��qsTcyu`bT�q¤`sPCyu}

1
ª�`sPoT¢|
hGS�zoikTcS�T�}W`sy�qb\�h��

H∩Rn
j�}

Rn
j�^Ë|
hG}o}oTc|
`bTe{ � OQPCj�^
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j�S�zoi�jkTe^Y`bPCyu`6Tcj¦`sPoT�q6`sPoT,^aTcS�j¦¥Ñyui���Tcfoqsy�j�|g^aT�`�{_T
§C}CTc{ÅfW\
f > 0

jm^6T�S�z_`E\�hGqY`bPoT,^bT�S�j¦¥Ñyui���Tcfoq�yujm|
^bT
`K{_T�§C}oTe{!f]\

f < 0
jm^QT�S�z_`E\ �

�

& - × � /)* Û ��'®� -�� 3 OQPCT�yui���h�qsjk`bPoS2fCy�^bTc{�h�}£OQPoTch�qsT�S ��Ä5h�q:�_^�y�^Q��hGiki�h�ÄK^ � OQPoT�j�}ozon_`$hu�¤`bPoTy�ik�Gh�qsj¦`sPoSÓj�^Qy�z�h�i�\]}oh�S�jmyui
f
j�}

Q[X1, . . . , Xn]
h���{_T��GqbTcT

D � � hGSdzCn_`bT$`bPoT6^slGn?yuqsT
¥¶��qbTcTKzCyuqb`Ëh��
f � �$T
`sT�qsSdj�}oT!`bPoT�^aj���} hu�

f
h�}Õy�q�yu}C{_hGS�ik\�|�PohG^bT�}�z�h�j�}W`�yu`gÄ�Pojm|�P

f
{_h]Tc^g}oh�`gÁ�yu}ojm^bP � � }zCqsyG|"`bjm|
TGª�`bPojm^6^E`sT�z�jm^YjkS�S�Tc{oj�yu`bTdÄ�Pojki�Tdjk}�`bPoTch�qs\�ª;h�}ÅPCy�^¢`bh!`bTe^E`6TcyG|�P�z?hGjk}W`'j�}Åy �Gqbjm{£h��Ë^aj�Ð�T

Dn2 `bh f�T�^bnoqsT6`bh,§C}?{£y,z?hGjk}W`$yu`KÄ�Pojm|�P
f
{ohWTe^�}oh�`¢Á�yu}ojm^aP � U]j�}C|�T�h�noq$|
h�S�zoi�T
Ô_jk`E\�Te^E`sjkS,y�`sTc^y�qbT¢fCy�^bTc{,hG} zoqsh�fCy�foj�ikjm^E`sj�|$yui���hGqbjk`bPoS,^cª�Ä5T$^bnozoz�hG^bTK`sPCy�`5`bPoT6|
hW^E`5hu�«`sPoj�^Q^a`bTcz j�^Ç`bPCT$hG}oT¢h���`bPoT

TcÁ�yui�nCy�`sjkhG}!h��
f
ª_j � T � Olog (Dn)

yuqsj¦`sPoS�T
`sj�|6hGz?Tcqsyu`bj�h�}C^5j�}
Q �

� � f j�^6��hGno}C{Å`bh�f?T,z�hG^bj¦`sjkÁGT,h�}­`bPCT�`bTc^a`a¥Íz�h�j�}G`eª�`sTc^a`�`bPCT,T�S�z_`bj�}oTe^b^�hu�5`bPoT ^bT�S�jk¥Íy�ik�GT�foq�yujm|{oT
§C}oTe{3f]\
f < 0

ª?T�im^aT6`sTc^a`K`bPCT�T�S�z_`sjk}CTc^s^Khu�¤`sPoT�^bT�S�j¦¥Ñyui���Tcfoq�yujm|Y^bT
`Y{_T
§C}CTc{3f]\
f > 0 � �¢^bj�}o�`sPoTKyui���hGqbjk`bPCS�{_Tc^bj���}oTe{gj�} U]Tc|
`bj�h�} �YnC^bjk}C�6`bPoTK|�h�S�zon_`�y�`bj�h�}�h����GT�}oTcqsy�ikj�Ð�Te{g|�qbjk`bjm|�y�i_Á²y�iknCTc^cªu`bPCj�^

jm^�{_hG}oT'Ä�j¦`sPoj�}
O(n7D4n)

yuqsj¦`sPoS�T
`sj�|Yh�z�T�q�y�`sjkhG}C^5jk}
Q �

� (A%&��4r����4Ë�� %&�����! ��&�

� T6PCy²Á�T$jkS�zoi�T�S�Tc}G`sTc{�`bPoT'y�ik�Gh�qsj¦`sPoS,^ÇzoqsTc^bT�}W`sTc{ j�}�U_Tc|"`sjkhG}C^Q�oªC�gyu}C{!��n?^aj�}o��8Yq 9Gfo}oT�qQfCyG^aTe^ �OQPoT68Yq 9Gfo}oTcq�T�}o�Gjk}CT=Ä�Poj�|�P�j�^�nC^aTe{6j�^������ 	 �e��
GÄ�PCj�|�P'jm^�j�S�zoikTcS�T�}W`bTe{'jk}��¢f]\
	 � ¥ �$��� yunC��R�qsT �
� hGS�zon_`bj�}o�dqsyu`bj�h�}Cy�i;zCyuq�yuS�T
`sqbj�Ðcyu`bj�h�}C^Çhu��`bPoT'|
hGS�zoikT�Ô qbh]h�`s^5hu�¤y�ÐcT�qshu¥Ñ{_jkS�Tc}C^aj�h�}?yui�j�{_Teyui���qsh�Sy 8Yq:9�fC}oT�qKf?y�^bj�^�jm^¢{oh�}oT�f]\���
�Ä�Pojm|�P£j�^¢jkS�zoi�T�S�T�}W`sTc{3j�}�� f]\ �Ë� x�h�nCjki�ikj�T�q � � ^ahGi�yu`bj�h�}3hu�=qsTcyuiqsh]hu`�^Çh���no}oj�Á�yuqsj�yu`bT¢z�h�i�\]}oh�S�jmyuim^ÇÄ�jk`bP!qsyu`bj�h�}Cy�i�|�h]T
Æ |
j�T�}W`s^5jm^Q{_h�}oT$f]\���
!nC^bj�}o��`sPoT6yui���h�qsjk`bPoS
zCqbh�Á]jm{_Tc{�jk} 	 �u��
 �OQPoTQqsTc^bnoik`bj�}o�$j�S�zoi�T�S�T�}W`syu`bj�h�}dj�^¤y$zCyuqb`¤hu�C`sPoT�{_T�ÁGT�i�h�zoS�Tc}G`¤Á�Tcqs^bj�h�}�h��o`bPoT������������dX�y�zoikT
i�j�foqsy�qb\�	 � ��
 ��� TQ{_h$}Chu`={_Tc^s|
qsjkf�TÇj�S�zoi�T�S�T�}W`syu`bj�h�}d{_T
`�yuj�i�^&yui�ikh�Ä�j�}o�$nC^�`shYy²ÁGh�jm{'yu} ¸ �
¯�½¦³®Ê
³µ´ i�jk}CTcyuq|�P?yu}o�GT�hu��Á�yuqsj�y�foi�Tc^=f]\dnC^aj�}o�dy�|�Poh�jm|
T�h�����Tc}oT�qsj�|Kzoqbh�tETc|
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