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AN ENLARGED DEFINITION AND COMPLETE AXIOMATIZATION
OF OBSERVATIONAL CONGRUENCE OF FINITE PROCESSES

Philippe NDARONDEAU%

Abstract : The paper is addressed to determine an adequate notion of observational
equivalence of finite processes, and to give a complete axiomatization of
the associated congruence. We begin with establishing the fact that
recursive equivalence of processes as it has been defined in the work of
Milner and his colleagues is not a fully observational equivalence, in
that it is much more restrictive than it should be to agree in all cases
vith the judgement of an effective observer. Inspiring from CCS, an
alternative syntax is proposed for processes, bringing forward n-ary
guarding operators. Given p and q in that syntax, which allows invisible
actions to be expressed, p and q are said equivalent iff after any common
‘experiment, they both react by identical answers or absence of ansver to
any ambiguous communication offer that the observer may present. It is
shown that this equivalence is also a congruence ; a finite set of equa-
tional axioms is given for the congruence, wvhich we prove to be a complete
proof system by argumenting over canonical forms of programs. In a second
time, our language is enriched by adding it the necessary operatoers for
expressing the parallel composition of processes and the renaming of their
actions. The definition of the observational equivalence is extended
accordingly, and it is shown that we still obtain a congruence, for
vhich a complete proof system is finally given.

Résumé : UN DEFINITION ELARGIE ET UNE AXIOMATISATION COMPLETE DE LA CONGRUENCE
OBSERVATIONNELLE DE PROCESSUS FINIS.

Le propos de ce rapport est de déterminer une notion adéquate de 1'équiva-
lence observationnelle de processus finis, et de construire une axiomati-
sation compleéte de la congruence associée. Nous commencons par établir le
fait que 1l'équivalence récursive de processus telle qu'elle a été définie
dans les travaux de Milner et de ses collégues n'est pas pleinement
observationnelle, en ce sens qu'elle est trop restrictive pour étre dans
tous les cas exactement conforme au jugement d'un observateur effectif.
“Inspirée de CCS, une syntaxe alternative est proposée pour les processus,
axée sur l'emploi d'opérateurs de garde n-aires et permettant 1'expression
d'actions invisibles.Etant donné p et q dans cette syntaxe, p et q sont dits
équivalents si et seulement si aprés toute expéri mentation commune, tous
deux réagissent par des réponses identiques (y compris 1'absence de réponse)
a toute offre de communication ambigiie que 1'observateur peut leur
soumettre. On montre que cette équivalence est une congruence ; on construit
pour cette congruence une famille d'axiomes équationnels dont on prouve
qu'il s'agit d'un systeme complet en raisonnant sur les formes canoniques
des programmes. Dans une seconde étape, le langage est enrichi en lui
intégrant les opérateurs nécessaires a exprimer la composition parallele

des processus et le renommage de leurs actions. La définition de 1'équi-
valence observationnelle est étendue de pair, et on montre qu'il s'agit
encore d'une congruence pour laquelle un systéme de preuve complet est
finalement proposé. '
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1. INTRODUCTION. .

The basic notation introduced.by R. Milner in [ | ] for expressing
asynchronous behaviours has given rise to a series of programming 1anguages,
or behaviour algebras, which have béen intensively studied regarding opera-
tional congruence of programs [2 ] [31] [4] [5]. All these languages in-
corporate the idea that communication is synchronized and takes place aldng
lines. Differences between languages lay in the following points : beha-
viours may be only finite or they may be infinite, communication may engage
the passing 'of values or it may be pure synchronization, elementary éommui
nication events may be restricted to occyr one at a time or communications
may be forced to be simultaneous. According to [2], two programs are opera-
tionally congruent if they may be exchanged with one another in anj larger
program "without affecting the behaviour of the latter", which bears evi-
dence of the practical interest of proof éystems for operational congruence.
The present paper is motivated by the opinion that the precise notion of
recursive equivalence which has been used in the above referenced strudies
as a basis for defining the operational congruence of programs is more res-
trictive than needed if the only constraint to be respected is model rea-
lism. We argue that even in the simple case of finite processes without
internal actions, the recursive equivalence of Milner discriminates between
processes which cannot be distinguished from one another by any effective
observer, for every potentialities of an ambiguous process cannot be expe-
rimented in a single run (such is the case for instance with processes P,
and P, pictured in fig. 1). The above statement leads us to suggest an ex-
teqded definitionof a "fully observational" equivalence of processes as an
alternative to Milner's equivalence which is not thoroughly practical.

As it has been done in [ 2], the paper restricts to finite processes with
pure synchronization. The basic algebra of processes, excluding parallel
composition and renaming operators from its signature, is introduced and
discussed in section 2. Observational equivalence of procesées is defined
in section 3, and it is shown that such an equivalence justifies the rela-
tional representation of processes in the form of labelled trees. Section 4
gives a complete set of equational axioms for the congruence, which is
found identical to the equivalence, Parallel compbsition and renamings are
introduced in section 5 in the form of equationally defined operators upon
basic processes, and it is finally shown that the equivalence studied so

far is still a congruence for the extended signature.
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2. BASIC PROCESSES.

Let M =L U {1}, where L is an arbifrary enumerable set, the elements

A of which will be called observable action labels, T # L being the un-

observable action label. For any finite integer n > O, let Gn_= Mp, the

set of n-ary guarding operators, with G_ = {( )} = {NIL}. Our algebra of

52 the word-algebra overl = ngOGn' The intuitive meaning

is as follows. NIL is the program which has no potential actions; (Al, cees

basic processes is W

An).(p], . pn) waits for some set of action demands {Ai, ...,'Ai} such
that at least one Aj equals at least one Ai, and subsequently signals accep-
tance of one such Ai, taken arbitrarily, before entering the corresponding

Py (ul, cees un).(p], cees pn), if at least one of u; s equals T, waits

for an unforeseeable delay for some set of action demands {ii, ..., Ai}

such that at least one Xj equals My for some i, and then either b?haves as
above if such a demand-o¢curs within that delay or else enters one arbitrary
P; such that My =T for the corresponding i. It should be noticed that our
algebra is somewhat different from what would be expected in the line of
Milner's work, sincé no magic operator is provided for constructing an ambi-
guous process without explicitly guarding its alternatives. This slight dis-

tinction is in fact essential to our results.

3. OBSERVATIONAL EQUIVALENCE OF BASIC PROCESSES.

For any X ¢ L, let A be the following binary relation over Pf(Wz),

the set of finite parts of W..-

A
{NIL} > ¢
{(u; b ). )}—3‘—>

12 e n’ pl, Ve pn
A
Sy, = wJ . )
{p;/u; A}Iluj=T FJ/{pJ} > F,

FUG—>F U G' if (F # @ or G # 0) and

p=F or F—2> F') and (G=0 =G' or 6 2= G")

(F

For any non empty A € Pf(L), let +A be the following property, defined
on elements of Pf(WZ). l

{NIL} +A

~{(u1-, e un).(pl, v pn)} A _1_f_f_



(¥i) (u; # 7 and y; £ A) or (4i) (u; = 7 and {p;} +A)
F UG\ if (F# @ and F 4A) or (G # § and G +A)

Let the equivalence ~ over Pf(wz) be recursively defined as follows :

Fn G iff
i) ¥A ¢ Pf(L)\¢ F YA iff G A

i1) ¥ e L (F 2> F' and G —2> G') imply F' ~ G'.

Our observational equivalence ~ over W. is the derived equivalence

5
pvop' iff {p} ~ {p'}.

Namely, processes p and p' are equivalent iff the following conditions

*are fulfilled :

- for any sequence S = (A] > )\‘)(A2 +vk2) cee (An -> Xn) in which the oBserver
has submitted demands Ai and received corresponding agreement answers A € Ai
in the order, then S is a possible experiment with p iff it is a possible ex-
periment with p' ; -

- for any such S, any possible answer that the observer may oBtain from p,
including the absence of answer, when he has submitted a new demand A after
experiment S, might equally have been got from p' after identical experiment

(and vice-versa).

Although our equivalence is still recursively defined as was Milner's
one, recursion bears rather here on the language of experiments than on the

internal structure of the programs which make them feasible.

The definition of ~ makes it clear that for any context €[.], the

following properties hold :

B [y Hgs Hys cees )P, Pys Pys wvvs PP
VG [Cuys s Mg vees 1) (Pys Pyy Pgs wees P)]
G [Cuys gy Hys cves w)e(Pys Pys Pos vvvs )]
VB Ly Mgy eeey W) (Rys Pgs sees P

Those properties justify the relational representation of processes in
the form of labelled trees. For instance, letting equivalent processes Py»

Pys p3‘be defined as



Py = (A, A])-((Az)-(%l‘).(NIL), (Ay) . (A3) . (NIL))
= (A (g, Ags 250 ((A9) . (NIL), (Ag).(NIL), (A,).(NIL))
Py = (D.(AD. (1, 1).((A,).(A3).(NIL), (A,).(2,).(NIL)),

their respective tree images are shown in the below figure 1. None of Py

Py» Py may be found equivalent to process q = (l]).(kz).(AS, Aa).(NIL, NIL).

Three equivalent processes

tree(pl) tree(pz) tree(p3)
A A] T
A
T I
AZ 12 \ ,
2 2
A A
3 4 A3 14
NIL NIL NIL NIL

- Figure 1 -

4. AXTIOMATIZING THE EQUIVALENCE AND THE CONGRUENCE.

To begin with, let us recall the definition of observational congruence

= gver WZ"

Definition. p = p' iff for any program context 6[.], the following equivalence

holds : G [p]l ~ € (p']
The first property that we shall prove is the following

Proposition 1. The observational congruence =.over WZ is just the equivalence .

Proof. We have to establish that for any p, p' € WZ’ p vp' impliesBlplvEGIp'].

We proceed by induction on tree (6 [.]), the tree image of the program context
el.].

Induction basis. If “[.] is the empty context, then B [p]

prp' =€p'].

Induction step. We have to prove that for any context §[.] = (ul, Hys eoes un).

(o, Pys +oo pn),‘Pl NPy =>%1{p,] “a!?[p;]. From the definition of ~, the
proof is immediate for n = 1. Turning now to the other cases where n > 1, let

A
process q = (uz, cens un).(pz, ceey pn), and for apy A e L, let {q} —> QA'



From the definition of VA, %2[p1] YA iff

(Vie[l,n])(r#uiéA) or (u1=r and {pl}+A) or (}i>l)(ui=r and {pi}+A),
which is equivalent to‘e[p;] +A since P, A pi implies

(¥h) {p]} YA iff {p;} YA, :

Now, for X.e¢ L, let P, and Pi be defined as follows :

A

if M, =X then P, = {pl} else if u; = 7 then {Pl} ~A—>'PA else P, = o ;

I}

T then {pi} A5 P! else Pi = 9.

3 — ] = ] .
if u; =2 then P} {Pi} else if u, N

Clearly, P, pi implies P, Pi in any‘case.
From the definition of —l->, it is easily shown that
A 11y _A . '
(61p,1} 2> P, U Q, and (Elp}l} 2> P U Q. |
In order to complete the proof, there remains to show PA U QA N Pi U QA

which is established in the following lemma. ®

Lemma 1 : For any P, P', Q ¢ Pf(wz),
P~ P' implies P UQ ~P' U Q.

From proposition 1, we know that any axiom system which is complete
for v is also a proof system for the congruence. In order to axiomatize =,
we shall therefore content ourselves with axiomatizing ~. Some suitable no-
tational conventions are now introduced before undertaking that job.

*

Notations. For any My € M, p; € WZ’ we let (ui pi) stand for (ui).(pi)
m

(iin My pi) stand for (M , Mo qs »+es W )Py Poygs <cvs Pp)

- notice the use of brackets -

In the sequel, we shall also make free use of the following identities,

where m g m, g eee £
o ST M m

o :
i
M. P. £ L W. P.
11 j=i J ]
ml-i. m,_.1 mn mn
z . . . .o . —— .
. ul P + .Z ui Py * * .Z ul pl = .Z ul p1
1=m i=m 1=m i=m
[} 1 n—1 0

~ notice the absence of brackets in the above forms -




We are now ready to tackle the axiomatization of ~. Our first step
will be to establish the soundness of the following schemes of formulae

+
Al-A7, where f v f' stands for

n n n
2

n
(zlupple e+ Pl v (3wl pp et e 2P pY
i=1 ai=1 J i=1 j=1 33
+
AL =My pp My Py My Py + 1y Py
+
A2 -up+upnrup
A3 = (1)e(p) v (p)
n + n
Ad-u(zwu' p)n~ Iou(' py)
_— . . 1
1=1 1=1 '
n + n
A5 - TNIL + .Z My piﬁ:TNIL + r(.Z My pi)
1=1 1=1
n m + n m
A6 - Ty, p, +T(Zwu,q)ve(I w op,)+7(Z p,q,)if l smgn
i=1 1t j=1 3 3 i=1 **t j=1 1 73
n m n . m
A7- Ty, p; +1(Zu.q)~ (I p(p, +1q.) + I u.q.) ifl snsgm
— ;o i =1 3] j=1 1 1 i jen+1 ]

Proposition 2. Any interpretation of one of the schemes Al-A7 is a sound

formula.

From the definition of %, the proof is immediate for Al-A3. Now, since Al is.
sound, n, = 0 can be freely assumed for schemes A4-A7. Detailed verification
follows.

A4 is sound. K n K
PN

Letting left = ( & u{ pi + u( ' pi)) and right = (
i=1 i=1 i
~we have to prove that left v right.

From the definition of vA, proving {left} A iff {right} VA amounts to

n
prove (y = 1 and {( Z ' pi)} YA) iff u = 1 and (ﬂiefi,n])({(}t' P,-_)}l/\),
i=1



n
that is {( £ ' pi)} YA iff
i=1 _
(Fiell,n]) { (' pi)} ¥A), which is easily verified.

For A ¢ L, A # u implies {left} AL Fiff {right} SN F.

: k
Supposing now A = p # 1, let {( = u{ pi)} A G. One has
X n - i=lk ' n
{left} ——> G U {( z ' pi)}, {right} —> ¢ U Y {’ pi)}.

1=] i=1

Using the above lemma 1, soundness of A4 may be concluded from

n n

{Czyu pi)} v U (! pi)}, which is easily verified.
i=1 i=1]

A5 is sound.

k n
Let left = ( & u{ p; + TNIL + I s pi) and let
i=1 i=1
k n
right = ( Z ui p; + INIL + 1( & My pi)).
i=1 1=1

({left} vA iff {right} +A) is implied by
(¥A) ({1left} +A) and (¥A)({right} +A).

Now, for any A € L, one has ({left} LN F iff {right} LN F)

A6 1s sound.

k n m .
-— 1
Let left = (.E ui py o+ -E u; py ¥ T(.Z uj qj)), and let
1=1 i=] j=1
k n m ‘
. = ' ' ‘ ’ .
right (iilui p; * T(izlui p;) + T(jiluj qj)) ; 1 smgn.

From the definition of VA, one has {right} A iff
(Fie[1,k]) (ui = v and {p;} +1) or

(Fie[l,n]) (v # My ¢ N or (-}ie[l,-n])(ui T and {pi} +A) or

Fie[1,m]) (1 # ¥ £ A) or (ija[l,m])(uj T and {qj} +A).

Since m < n, (¥iel[l,n]) (7 # u; ¢ A) => (Vjefl,m])(T # u ¢ N,

One has therefore {right} A iff

(iie[l,k])(ui
(iiell,n])(ui

T and {pi} +A) or

T -and {pi} +A) or

(Fjel[l,m]) (1 # u ¢ A) or (ijs[l,m])(uj T and {qj} +A)), that is



{right} +A iff {leftl} ¥A.

’ . A
Now, for any A ¢ L, one has ({left}) A F iff {right} — F).

A7 is sound.

k n m
Let left = ( I ui pi + I W, Pyt ( £ u. q.)), and let
i=1 i=1 j=1 3 3
k n m
right = ( I ui p; + t( 2w (tpy + 1q;) + T 1. q:)),
i=1 i=1 j=n+1 I

where 1 ¢ n £ m. One has {right}l ¥A iff

(Fiel1,kD) (u}
(Fiel1,nD) (y;

(-]-j.e[n+l,m])(uj = T and {qj} ¥A),

t and {pi} ¥A) or (¥je[l,m]) (T # uj £ A) or

T and‘({pi} A or {qi} YA)) or

which is still equivalent to

(}ie{l,k])(u{ = 1 and {pi} +A) or (¥jel[l,m])(r # H; ¢ A) or
(}ie[1,n]) (u; = v and {p;} +A) or
('}jE[l,;n])(},lj = 1 and {qj]’ ~|rA)’

hence {left} A iff {right} JA.
For » ¢ L, (Fieg[l,n])(A # ui) implies
({left} —*—> F iff {right} 2> F).

Supposing now (}ie[l,n]) (X = uy # ), let G, Pi’ P, Qj’ Q be defined

as follows :

K
if k = 0 then G = ¢ else ( I u} p}) 2.6
- i=1
A L - -
{pi} NELANIEN Pi 3 P=1U {Pi/le[¥,n] and My 1}
{%}J»Qj;q=umyﬁUm1wd%=r}

One has from the definition of-—l—> :
{left} AscuruU QU {pi/ie[l,n] and u; = Al

U {q;/§el1,n] and u; = 2}

{right}-—l—> GUPUQU {(Tpi.+ Tqi)/ie[l,n] and W = Al

U {qj/js[n+1,m] and uj = A}



Using the above lemma 1, soundness of A7 may be concluded from
{(Tpi + Tqi)/lell,n] and u, = A} v
{pi/ie[i,n] and u; = Al U {qi/is[],n] and n; = }\},

which is easily verified. , V B R

Our next aim is to show that {Al-A7} is a complete axiom system for
the observational equivalence ~ (and thus for the observational congruence).

Another more explicit formulation is given below.

Let »» be the least equivalence over W, for which properties i and ii

z
are satisfied :

i) puvap' if p v p' is a possible interpretation of one of schemes Al-A7
ii) B lplnw G '] if pup'

Knowing from propositions 1 and 2 that pw»ip' => p v p', we shall try

to establish the reverse implication p v p' => pwnp'.

From now on, let Bl-B7 denote schemes obtained from Al-A7 when replacing
symbol n, with symbol v». The method that we shall use to establish the above
implication is to prove that for any program p, there exists a canonical

. form can(p) = can(can(p)) v» p such that for any p' ~ p" which verify
can(p') = p' and can(p") = p", p' and p" must have identical tree-image
(that is p'wy p" can be proved using Bl and B2 only). Our objective will
effectively be reached if such a canonical form is found, since
[q W can(q) => q v can(q)) entails(p '\»P' = p v can(p) v can(p")w pI=p

p vrcan(p) v can(p")er p' = purp'.

The approach towards the construction of canonical forms will bel cut
into two successive steps. The first step is to show that for any p ¢ We,
there exists § v» p such that for any sub-program q of p and for any A € L,
{q} —}‘—> Q)\ implies QA is a singleton set or Q)\ = f. The second step is to

draw can(p) from P. We now come to the first step.

Definition.

u
For w ¢ M, let —>— be the following relation over Wy e

. . - +
(ul, cees un).(p], cees pn) —Lpi for any 1 s.t. u; = M. Forme M,

M= Hyelye oo W with n 2 1, let L be the following relation over WZ‘



P —EL—p' iff there exist Py> Pys -+e» Py in We which verify
M My “a
= —_— —_— —_— = '
P =P, P Py oo- P, =P

. . . +
Then p' is a sub—-program of p iff p = p' or there exists m ¢ M

s.t. p = p'. o

Definition.

t
For any p, p' € W_, p and p' are tree-equivalent (pw p') if pw p' may

be proved from Bl and B2 only, that is if p and p' have identical tree-
image. "o
In the sequel, tree-equivalent processes will not be distinguished

any more from one another, and the ambiguous notation ( I My pi) will
' ie[1,n]
consequently be used to designate any one of processes which are tree-

equivalent to ( Z Wy Py ). Some lemmas are now needed for defining p.
i=1 :

Lemma 2.
n )
let p= (I My pi) and let A = {XelL/{p} —> F“ # 0},
i=1

then pw ( 2 ™yt LA ( Z "))
M. =T Aeh p'eFA

Lemma 3.
Let {q}-—-> {q]} U Q, then

tq + A( Z Tq )cn 1q [( Z 1q. )/Aqll + A( Z q4 ) comes from lemma 4.
i=1 i=1 i=1

where fﬂgl/Agzﬂ is obtained by substituting g, for g in f at every occurence

g of g such that

m
T A
f —>— g for some m.

Lemma 4.

Tq;, let v! = (T(...(T(Aql+si)+sé)...+sé),

Taking m 3 1 and s' =
o m

1]
[ =]

i=1

and v" = (T(...(r(x(s;)+s;)+sé)'...)+sn'n).

+
Then 1v"en t(1v' + TVv").
m m m

14



" Definition.

For p € Wy, p is a uniform program (unif(p)) iff for any sub-program
q of p and for any X € L, {q} —A—>QA implies that QA is a singleton set
or QA = . ' o

Proposition 3.

For any p € WZ, there.exists a uniform program f v» p.

Proof.
We use induction on the maximal length 1 of experiments which are

feasible with p.

Induction basis.

Let 1 = 0. Then the proposition is verified with taking § = p, since
(Mel) ((p) —2> ).

Induction step.

Supposing that the proposition holds for 1 ¢ m-1, let us consider the

case 1 = m 3 1 (whence p # NIL).

let p = (ulf s un).(p], cees pn), let A = {A], ceey Ak} =
{AeL/{p} —= Fy #0}and let 0. = ( £ 1p").
J '
p eF
A,
J

d
From lemma 2, one has

Now let fﬂ/A 'ojl denote the result obtained from simultaneously re-
. N T*X,
placing with Uj every sub-program g of f s.t. f —s>J- g, and that for any

jell,k]. Thenpw ( ¢ Tpiﬂ/x. ojﬂ + I

uizT J J=l

Aj cj) comes from repeated appli-
cation of lemma 3.

- For any j € [l,k], the maximal length of experiments feasible with Gj
is less than m, which implies by induction hypothesis that there exists a
uniform program ngn Gj‘ One has finally

; 8j) which is a uniform program. ®
] .

o
S
o
[ ]
~
11
=)
o
=
~
@
=}
+
N~
>

As it has been announced earlier, our next aim is to obtain a canonical

form for uniform programs,‘&hich is the object of the following definition.



Definition.

Let p be a uniform program.

Let A = {X

A
{p} —=> {p,}.

1 . An} = {xeL/{p} SN PA # 0}, and for i e [l,n]; let

Let'KJ,
i e [1,k], let AJ.= A\“A'J., and let A = A\U {Aj, jel1,k1}.

. Kk be the maximal subsets A' of A for which p +A' ; for

Then p is a canonical program iff pcg ;, given the following recursive

definition of 3 :

- if (p +A) then 3 = (1NIL + Ai Si), else

I

[ =

N
T( z A p.)) lo)
1 reh, TOF
o i77]

. . v, .
Noticing that for any p, p is a canonical program, we shall now try to

n ‘ .
show that p «»» p. Several lemmas are still necessary.

Lemma 5.

Let q = (t,T)(NIL,p) where p is a canonical program. Then qw 3, and
3 verifies
ook . *) t
(¥AeL) (@ —>"— q, iff p =" p, n q)).

Lemma 6.

+
s+ 1(s'" + 1y +1y)ens + s + Ty + 17’
where s,5' stand for any. 5 _ forms .
Lemma 7.

Let q = (1,7)(p,p') be a uniform program, whose sub-programs p and p'

are canonical programs, both of whichdifferent from NIL. Then q 3, and'a

verifies :
% % ‘ *
WreD) (§ B2 q, = p -5 p Sq, orpr B Gqp.
Lemma 8.
Let q = (1,1, .,.,T)(ql,qz, cees qk), with k 2 2, be a uniform program

. v v e s
whose sub-programs q; are canonical programs. Then qwn q and q verifies :

L) (§ 2 q, = (Fell,kD(q; —B2 p', & q,0).



Lemma 9.

N ‘
let q = (Ai s eees Ai ,T)(,f;i s wets Py oo p') be a uniform program

1 k 1 k

Y . V)
whose sub-programs P; and p' are canonical programs. Then qu» q, and
3

(¥Ael)

Voot T*)A t
(@ =% qy => g ~>=p, 0 q,).

Proposition 4.

For any uniform program p, pw 3 and (¥xel)-

VvooTRA T*A
(p —=—rp, = p ——0p",up,).

Proof.

For 1 > k+1, the following equivalence can be derived from B4 and B3 :

(Al, ey Ak’ T, ...,T)(p], cens pl)on
()‘1, R | Ak’ T)(pl’ RS | ka (T’ '..,T)(Pk"‘]’ L ] Pl))-

Using the above equivalence, one may first show by structural induction
over programs that for any uniform program p, one can construct a corres-

. . % . .
ponding uniform program p"w» p such that (¥ieL) (p" T p"x implies

*
P —1>A~_pxu1p"x) and such that any sub-program of p" is in one of forms :
NIL, (Al,r..., Ak)(pl, cees pk)’ (A], ...,Ak, T)(p], cees pk+]) or

(1, «vn, T)(p], cees pk)’ where k 2 | and Ai = Aj iff i = j.

As p"vr p =>p" v p = 3"‘3 3 comes froms the definition of n, one can freely
assume in the sequel that any sub-program of p is in one of the above forms.

We shall now prove the proposition by induction on the structure of p.

Induction_basis.

The proposition is immediately verified for p = NIL.

Assuming that the proposition holds for p; S, we have to prove that it
also holds for p = (ul, ceny un)(p], cees pn) if p is a uniform'program of
one of the ‘above forms.

Several cases arise.
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Case 1.

p = (>\1, ec ey Ak)(P]’ R ] Pk)-

. " N
As Bi‘n p; holds from the induction hypothesis, and as p = (I Ai pi), the
i

proposition is immediately verified.

Case 2.
p=(_‘f)(P1)- .
n
Then p »» P, (B3) and P, ;] (induction hypothesis) imply pw P,, and the

... P . ¢ oo . Y
proposition is immediately verified since p = Pq-

] Case 3.

p = (A], cees An’ T)(pl, vers Pos r').

For any i ¢ [l,n], one has the following properties :

n T*Ai T*Ai

p! —>—— q; => p' —>— qitn q; - induction hypothesis - .
q{un P; : — since p is a uniform program -
P; » 3i — induction hypothesis -

thus ;v p;-
N

. n
Now, letting r = (A, ..., AL Py -ens P, 3'), r v p comes from

the induction hypothesis, and thus p v rﬂgi/x qi] which is still a uniform
1
program with canonical sub-programs.

Since (VAeL\iA], ceey An}), one has implications

v T*)\ o Ny _TEA ' =
rﬂpi/xi yl ==z == 0 =
*)\ *)\
p' —Ee———rx v ri => p —> rx nor,,

the remaining of the proof is a direct application of lemma 8.

p=(1, ..., T)(pl, ceey pn) with n > 2.

n,
p)-

Again from the induction hypothesis, and since p is a uniform program,

From the induction hypothesis, pw (1, ..., T)(gl, e

one may find canonical programs r. v Si such that (¥iel), the following

properties are satisfied :



r—g-—x—-r=> —lﬁLr'mr
i AP A )

* %
r.——T—>->‘—r and r ——>~T>\r'=>r =r! .
1 A j A A A

Now, the remaining of the proof is a direct application of lemma 9,

since p un (1, ...,T)(rl, ceesy rn). N

Leaning on propositions 1 to 4, we shall now establish the main
result of the section, which is that {Al ... A7} is a complete proof

system for the observational equivalence.

Lemma 10.
" For p € Wes let can(p) denote any canonical program p' such that

pwp'. Then can(p) exists for any p.

Lemma 11. °

For p, p' € WZ’ pVvp' = can(p) &, can(p").

Corollary.

For p e Wy, can(p) is defined up to the tree equivglence ut:, and

can(can(p)) (E) can(p).

Theorem 1.
{Al, ... A7} is a complete proof system for either the observational

equivalence ~ or for the observational congruence = over WZ'

Proof.
Let p ~ p', then p v» can(p) »» can(p') v p' holds from lemmas 10 and

11, thus pwp'.

As pvap' => p v p' also holds from proposition 2, one may conclude
V=~ and {Al, ... A7} is a complete proof system for the observational
equivalence, and therefore for th_e observational congruence {from propo-

sition 1). | X
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5. PARALLEL COMPOSITION AND RENAMINGS.

Following [ 2 ], we shall now add tb our signature I a binary ope-
rator which represents the parallel composition of programs, together
with a set of unary renaming operators whose purpose is to modify the ob-—
servable action labéls of programs. Our final objective is to establish

an equivalent of theorem 1 for the new signature, let T.

From now on, the set L of observable action labels is assumed to be
the union of disjoint subsets .A and ‘A which are connected to one another
by reciprocal bijections "-" :oe A —> a € A —> a=ac¢cd If p =(u/v),
where "/" denotes parallel composition, then comm;nication between cdmpo—
nents u and v of p will be possible iff there exists A e L =4 U A such
that A and A are observable action labels of u and v respectively. Recalling
that M = L U {1}, let now MM be the set of partial functions s from M to M
which verify the following properties i to iii, where 4 ¢ M represents the

undefined action label :
i) sy =1 iff pn = 1 ii) s_](A) £ Pf(L) for A.# T

s(A) or s(A) =4 =s)).

iii) (¥xel) (s(A)

If p = (u[s]), where s ¢ MM and [s] is the corresponding unary operator,
then p will have some action labelled A' iff s(}) = A' for some action label

A of u.

Given the above definitions, let S = {[s]/seMM}. Our new signature is
£ =1rU{/} UY, and our algebra of extended programs is W., the word algebra
over £. As it has been done for I in section 3, our first work with wt is to
define the observational equivalence of programs, let &, As I is included in
£, a possible short cut is to associate any extended process p e WE'with an

image mp in the set W, of basic processes, and to take p & p' iff mp ~ wp'.

z
Such an indirect way is used in the following definition of the observational

equivalence & where we make abundant use of results from [ 2 ] without

justifying them again.

Definition.

For p € W., the "I-image'" of p is the basic process 7p with 7w : W > wz

b
defined up to the £ equivalence by the following recursive rules, where we
let (Z wu;p;) = 0.

ie@




RI. 1T(§ Ui Pl) = (? ui TTPi)
1 1

R2. w((Z w; p)I[s]) = ( su; m(p; [s]))
i ' sui#.l.

R'2. m(p[s]) = n((mp)[s]) if p is not a I form

3

R'3. 7(p/q) '={1r('1rp/1rq) if either p or q is not a I form

R3. If p = .(Z My pi) and q (% Vj qj) then w(p/q) =

i j
(z My Tr(pi/q) + Iv, n(p/q ) +__Z Tﬂ(p /q ).
i i My
J (o]
Definition.
For p, q ¢ WE, P and q are observationally equivalent (p & q) iff
their r-images are equivalent (mp~ 7q). o

From the above deffinitions and from theorem 1, it can be easily shown
that each of the following schemes of formulae S1, ..., S8 1is sound for

every interpretations.

S1 + : +

== WP T m Py vy Py oy Py
+

S2. wp + up @ up

$3. (1)-(p) o p .

_S_ﬁ.u(Zup)w(z up' py) ifI 49
ieI igl

8. Z wyp; +1(I o, 4:) & 1z up py) *+ qu) ifJel+9
iel . j&-:JJ ) igl jeJ '

$6. Z wy, p; +T(Z wu, Q)‘WT(Z u(rp +1q.) * & u.q.)
ier ' % jeg 3 iel Yoojeant 3

ifotiey

S7. (£ wu, p.)[s]e (2 su. (p.[s]))
ier * 7 : sui#.u Hi 1[

S8. If p = (£ =, p;) and ¢ = (I v, q.) then p/qm
. 11 J ]
1el jeJd .

(% u(p./a) + £ v.(plq.) + = .
ier ** jer 1 S “(pi/a)
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&

We shall now try to establish that equational schemes S! to S8 are a
complete proof system for the observational equivalence & and for the asso-
ciated congruence 4. The method that we shall use here again is to prove ‘
first that &4 and & are identical to one another before establishing that

S1-S8 are a proof system fora,.

Lemma 12.

- Let 6 [.] = (“1’ Hos vees un) (o, Pys +os pn)‘, with n > I, then
un v => 6 [u]aglv]. '

Lemma 13.

For u and v EWZ and s €€, v v => u[s]&v[s].

Lemma 14,

For u, v, p € WZ’

uy v => (p/u) & (pv/v) and (u/p) & (;r/p).

" Proposition 5.

For p, q € Wg, let p & q iff
(VEI[.] e Wy ) (Blpl o ¢6 [g]).

Then the observational congruence & over WE is just the observational equi-

valence 4v.

Proof. . .
We have to establish that for amny p, q e Wy, P # ¢ =>%[p]l & € [q]. We

proceed by induction on the term structure of <€/[.].

Induction basis.

1f ¥ 1is the empty context, then e [pl =po~ q = 6 [q].

. We have to prove that for 6 [.] in any one ;)f‘ forms (u], cees un)
(o, Py, ++vs Py) OF (o)) or (+/r) or (r/s), pvq => B [p]l & & [q]. Ve

proceed by case to case verification,



Case_1.

@ [.]1 = (4y5 «es W) (e, Bys ++v» By). Then pav q =>Blp] & B lq] by

lemma 12.

@ [.1= () Is] |
m(€[p]) = n(pl[s]) = 7((up)[s]) for any p,sincep = 7p if p ¢ WZ' The same
way, one has m([q]) = n((rq)[s]) for any q. '

Now, pa q => mp Vv nq, where mp, Tq € wz, and thefefore
m((mp) [s]) ~ w((mq) [s])by lemma 13, that is still 6 [p] & 6 [q].

Case 3

€ [.] = (o/1)
1(8[pl) = n(p/r) = w(mp/7r)
m(€[q]) = n(nq/wr)

Now, pao q => mp v nq, np = 7n(mp), and mq = w(wq), thus w(mp) ~v m(wq)
which entails mp & 7q..
By lemma 14 : mp & mq => (mp/7r) & (nq/7r)
=> w(wp/7mr) ~ w(nq/7r)
=>€[p] v € lal.

'"8[] = (r/o)

similar to case 3.

The final result of the paper may now be stated before some conclusions

are drawn.

Theorem 2.
Equational schemes {S1, ..., S8} are a complete proof system for either

the observational equivalence & or for the ‘observational congruence & over WS'

Proof. -

let p and q & W,

g such that pa q (or equivalently p & Q).

As (ue v => B[u]l & B[v]) holds from proposition 5, one can easily verify,
using structural induction over terms of W , that for any r e.W’:, A Tr may .

" be proved by a finite number of applications of axioms S7, S8.



Therefore, (p & mp) and (q & mq) can be given proofs in the axiomatic

system {S1 ... S8}.

Let u and v ¢ Wz such that u e v.

Tu =u and v = v => u v v (from the definition of ®).

By theorem 1, there exists a proof of u v v in the axiomatic system

{A1 ... A7}. Clearly, for any such proofg’,b, there exists a corresponding

proof $

o °f (Uo V) in the axiomatic system {SI, ..., S6}.

Therefore, (mp &4 mq) can be broved from {S1, ..., S8} since mp and mq € Wz.

x

21
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6. CONCLUSIONS.

In the paper, we have expressed the opinion that processes p and q
are equivalent iff identical answers or absence of answer may be obtained
from p and q for any ambiguous communication offer that the observer may
present to either p or q after any identical sequence of interactions with
the observed processes. We have established that the observational equiva-
lence so defined is also a congruence, and that for two different signatu-
res : I (n-ary guarding operators), and € (guarding operators, renaming
operatoré, and parallel composition). Complete proof systems have been
exhibited for the corresponding equivalences v and 4, given in the form
of finite sets of equational axiom schemas. Technical developments which
appear in the paper moreover show a possible strategy for efficient mecha-
nized proofs : in order to prove p4 q, a possible way is to prove
can(mp) k can(nq) through the following steps 1 to 4 :

1. From p and q, derive 7mp and 7q using S7 and S8 ; .

v n
2. From mp and mq, derive uniform programs 7p and Tq, using constructive

versions of prop. 3 and lemmas 2-4 ;

n 4 . o . o
3. From mp and mq, derive can(mp) and can(mq), using constructive versions

of prop. 4 and lemmas 5-9 ;

4. Verify that can(mp) and can(mq) have identical tree-image, using Sl and

s2.

Although our signature € slightly differs from signature 23 which has .
been considered in [ 2 ], our congruence 4v may appear as a proper extension of
Hennessy-Milner's congruenceﬁ3 over W23 : if p and q € Wg can be translated

by applying them the syntactical transformation trans :
trans

into programs of sz
(wf e wz3) : (u], S Un)(P], R Pn)

then trans(p) 23 trans(q) => p q. In fact, every axiom which has been

> (upy *+ (e, + (.ooup) o)),

given forg3 can be shown to derive from S1-S8 up to syntactical translation.

As was remarked in [3], "the initial algebra for laws {S! ... S8} gives
a possible denotational semantics for W, which is fully abstract with res-
pect to the operational seqantics". To the opposite, it seems not so easy
to construct a direct denotational semantics of programs in the domain of
labelled trees, although tree (can(mp)) is univoquely determined for p € Wg.
Another difficulty is to extend our results to infinite processes, which is

our next objective, without neglecting the issue of fairness.
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A €ro ‘, 4_-4- , er;
7c£. CTNIL+ T (C : .)
L (TNIL + )  -B5_. .
v (TNl T xL/’;jq» p2 N fe ) =BS5S
A rEA, F=r NEAL DT
w cTnviL + :_ ). ﬁ: ) & ?’ e i B2
: L o.
Lernma §
/.)+T(/)’+T}+Z'_y’) S A+A’+—‘Eg+l’y e e
/‘Uzoof.' ; : L U
A+Z’(/3 +z(7+z<9’)
(/+1 AN+ N7 +r/+ty +'E(A +‘EJ+ ty -._,.,,.._,B?,‘E:Z,.BB,_
LA A+D +7:g;-2’(z:/)+7:(4 +ty+tj’) L. = B3
N A+ +‘L’_y+‘c[t_y’)+/3 +7:_]+z_9 Y < 7. S
m./a+A,+.r_9+ 'Ej/ L '. U, 133 /32_.
: . . e .a.
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.
lemma 7  Let 9= (7,2 h, R') e a wriloTrm treocozam
cwhose subpreoarams h and ! axe canondeal fprogzams , Loth

c_f which c/z'_r.;’e,’zenf _[-rom NIt . Then 7(/727 5 and '7v Ucze'[c’co :
~ T * N ﬁ *
(VA(L)(7_+_9A=4>/1__>__/LAM9A oz./L___)__/z,\wqx)

/uﬂ:,?(. Fiue c{c‘//wtné’ cases Sibl fe considered .

/z(/t') Conit+ 22— A\; pp ), /Lll/b7 CTNIL+ 2 A, /1. )

€T, L€ Ty

Thernn T, # @ # Ty, comed 7/:zom the Aj/of/:c‘:u}: .

g CTp T

e CrcTnvit+ T ( l A /LL N+ Tlonit+TC 22— X /': ))) _ms-
LE€X,, ¢ :

b CTNL r( ) +INL +TC ) —34,B5 .

e (TN + 2T )\“/n:‘: + TNIL + 2 )\; /a‘ : ‘ - B5_

EA (€T,

. ¢
o (TNL+ T A;/::.) ) ’7"
£€I_,urz_

canre 2
/L._cﬁw (r~:1.+Zé_'_;__ )‘L/L )
pl (S /z+z-:(z::_x/l))

(_e‘I’ J:-

Then T, # @ # Ty v UL/ 355k 7.

| - A
g & Crlomite = A‘./L.nr(‘_tx‘-ﬁﬁ}— T (= A/L )
FE€ET, ¢ LET, ¢

*:3 LéIJ_
o CTNMLFT (e ) + T ( ) -B5,34,B83
v CTNIL * —_— ) .35
o (TNL + 27— )\L-/zl_- + 2 )\;/-:.‘- + 2 > ,)\‘-/‘1_- ) . _—m5_
€T, rE £=3 (€I ¢
' . ~ ¢
L (TNL + 2 : )\,‘-/-:.L- ) o g .

LEUlT; /A sk}



¢ ' , &
_c_a._eg’B_‘[Lm(Lé:r_)\/z),/‘Lw(%/\/i)l
wfcfce‘fz;£¢‘;é1}_‘a.n.d)\ X[ L C= L
If I, and T, arnc <ncompaxable acks , then CTp+TR') &G
comes de’zecél,’j /zom the de,['iru'éz'on. of camonical frrogTama .
Vo4

£lse , —[eé.h'nj f’oz Lnstarce I, €I, , one has

(r/,.+z/&)m(Z::XL/z -;-t(.s‘_'_é__?'.)\/-.‘.)) -B6 -
'm(.?:_____—__)/v.‘.-f-:_/\/lf-t'cz_)\/n))
- T, (€ T, LET,
e * r(%;_)\ (t/r.‘.+1.'/~.(_. ))) : BT
A (T Np T M) = -B2,33
LéI—IL (€T

Now, (f T, # T, , then = S g ¢ comes [zom the dc)['z'nz‘l':.'o‘n. of
. canenieal forma , eloe gz = CTD‘C/I/) e /‘1.' which s a

canondeal frogram, tRuwns %v t/é; /7./ and g ?

case 4 ph (A) = (I N, ‘/L'(fw (/3',«5')
A's%k‘ﬁ r  Y'= &.‘E(:)\/ﬁ.‘ R
cwhene I, ¢ P #£ I,UZ, ...U Tg and x‘. Y :;F{"L_'L..J_
(;/u»r/..t’)m Cf(4)+r(‘cccy’)+/s;)) A - /34 /33 /31..4
A lcdT Cr(‘y’l)+"t('/;))+ A1) ' _‘/37-_:
m(/)ﬂ;-r(./;)-rr(‘y-’)) - : ._/3.3,‘_/.34,.5‘:1_-_.‘
m (/)/+,t(/))+(jl') | | _/;4, /33._.

&
mC:_}/h,.+Z__.t(§:_>\/z,_
(€T }:1 L€I
Now Leb T = [o}(/{} €01, 5.7/(3} 5[4 EJ)CJ ;eJ_ 4mL.z -2 ,)}
and T’ = L1, EI_T . B) Ze/‘teaéed. a/,,lfl.ca.‘ lfor o,[ /36’ a/;.e. )

cbtalnns



! > >— - R - ))
(TR+TR!') n (Je.r = )\LA/-,.L. + %r(z X, /‘v.

Let T' (u[z /LETIINCULT /J‘GT}).‘@ze/caéc:L
a/./.f«.'caél.'on o[/uzo/‘.azé}z )\/,,.,. Z'(k/z+/)) A r(A/z+A? w/u'c/l.'.

dexives from- B7,132,/33 , one {t‘nally obtacns

(t/1.+t/1/) e ( %/\ /-.. + 5‘;" t(.?‘—;— A /7.‘ )

By constzvction o7f Z, one has *=
~ b o Lo
g v T ==p g oz comen {zorn /‘L}ZD/IOSL&(OI‘L 2 and from

the de,ﬁ’m'éz'on. of ~ o, 9’4/) z 9 £ -At_‘[fﬁ ‘ue.u'f[.ed .

cane 5 . /:.cfi (aty), /l,(/é’(/)ud,)

o= o NP ,Jsié__ r(%);/’{.) ,

A'_—__L},é_—__l_”: N Fro, c‘/lsﬁzrch—; Nefrd o,

I_,_U.---Ul'_e ;tﬁ;é Zy.. Veeo? W T 5, '\i'=:)‘j. # "‘o‘-

g e (r/;+t/z?) M(.Z‘ (/.;+T(_y))+t(téj’)+/b’) —134,33,32 .
e (TCTYC z(‘y/)+z'.(/a+t£‘7)))+/>’j)) . | 4 | _)37-_-

tr. ( A+ r(ﬁ’)+r£rc5)+/a.)) o S .--/'33,‘/32,2/5.‘/,.;
. (A’+r(rti(j)¥r(j'))+/s »ooo BT .

v Cate m',«.zg),;ricw»i . _pim4ms_
v Caral +zcj)+zcj/)) L temmas.
L Coraleyryl) - _'fﬁi""ﬁf'.)é.:,',"/s'af_ﬁ"

e (2 >\/L +~ = z(T"‘ X/z.)).
cerl u:r” _J-”' ./-

.Now fbéttn I° =TI vzI” . g . /6’5 Agown_ éb&
7 4 7 7 Y-

name coay é/»./.é A hn ca..464 5 .a/.un.j Bfand 137 R o



Lemrna 8 Lleé 7;([,1‘,...,1)(9‘,?&,...,7{@) ,

el th ﬁ; Z,

be a unifozm prograrm cohose subrprogzamns 9; are canondsecal

freogramns. Then 9m’7v and ?’ uc;u.',[:.‘e/a :

~ T X

(VAELICT )™ G, — c3¢'£f4,/37><9;f:—x-/=’x S gy ) .

/‘u:oo)[ ITmmeddiate [zom zfcr}-:rna/a Sand 7 /:"nca.{oz E >2 ,

g (r,T)(g, , (T, ..., TG, ,...,9, ) deriven along r3y4

ard B3 , and 2, '/e’/"‘x ~<mflien ‘G’L'ﬂjcf’ ‘€[/r.x1 .

lemma 9 Lel 7=.(X- ""’)"g_ 'L')(/’:- ',....~ ,/..) e a

3

W oz ogzarr wﬁose Au& ogzarrb . a.rut iazze.
7 Vit 13 /- /»

ca}zonccaﬁ ¢uzo_yzanw . Then g ’7v ; a.nci ( VA 6 L )

~z>\ T* X\ b
(7-->-—7A=°7—*—/‘>.‘/’9x)--

fmeof Let ,1,,={.z. /pECLRTS .
Ther 7m(Z__)«/z +r/1.).‘

Fouwr d[/,[efccnl'. casesn w[ﬁé .-&-e conncdered .

caqge 2 /1. (/) ('L'N/L+Z__'_ ) /1.‘ o

7:/)(:__ N ¢ TCTNIL+T Cs=—_ /L mf.—l”'

Lez
en CIN L+§:.. x +z< ))
! LéI., /1- LGI’_ /L

461‘ UI

m(t~1L+: ,,/7. ) ?’

- =124 ,33,31 -

= 135,32 _

- 35 o

3«



case 3 /1.’(/&1 ( Z A,;/"::.) ’ colth T,+¢.
‘61_0‘. ,;/1.‘— + 'CCZ_____. A /‘l— )) 7 and 'Z(/).7 'n'zaj

Le /uzou-ei —(}) ze/zeaéed a/./-»fc'caé:c'o-n', of B6 and B7, the

Aam’e way ans <t fas breen dore <n cane 4§ of Lemma T .

CMGZ,/:(/)(A#-j),/) :_X/zi ,‘

LéI"
i e d
5=§ 4 (2: Aefpe) , T,v UT, 2,

.éhe.n. |

Let o = :.e::r: A, /1. ;

7¢/{ (.A>+'E(A’+c7))(/)(/).+.;L'(/J.'+Z‘:(‘y))): - 4'_/34.,/.33‘..‘
o covrcarrigyeTign  nel

v, Corals 'E(é/);l'cry_)) . o | . . .' ;'femm.éé“
e Carals TCy)) : | , : | : ;62/,B§,é3_,

mC:...X/z +Zt(:)\/z.))s,'z.

LEZL,UTIY ’

and 7 ut 7 may agacn —6-& /ur.ou—ed é/;e pame. ciay as L

Ca/.\el,o/',femma.’?,'...,.._. R =

35
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femm.’.&_—/o. Foz }/‘:.c':' WI.‘. , fes ca (/‘1_) dernocte ary carno .

nical’ freogzarr /z_l such that !h.mfz.' . Ther canr (/‘1.) exirts

7[o-c ary /‘L'

/uzoo)[ From /'::co,kojc'ft'on. 3, there afwa;yao exerts a -
A - il e A

/c-un_ prrogeart 'lzmlfg y and [fzom /ucO/tObl_tOiL 4L, 77. =9

%) ? eoheee ;J ) @ canonical ,/L'zc;tarn,éﬁwn ro ? o

femma 17 Foe p,p' € Wg , pp! = can(p) & can (p')
//&Loo;[. From ,l/-uco/zo.sc'éz'or; Z , one Fa s ,L'm/&'ca trons
/:Lwcnn(/v.).—.-o fe o can(/a)

/v_’w canC/L/) = /c’/u car C/‘z')

Thecefore , pw p' = car (fp) e can C/z.’) .

] £ ’
Now , ca/z[/z)/ucan(/r_) =D carz(/z)(/) ca.n.C/L) com.en

fzom the a’c/.[inz'_‘cbrz. of carnonical fozrn/) o

fermma 42 Let CL.7 = ClgrparspandCes pagocrsfpmd

with my 2 , ther wu W = ClLlul wv €L[v].

/vzoo,C
TCECwI) = Cpy, T + = fo TR
L=2

TTCELvl) = Cpu, Mv + ‘::Z_z/t,_ TR

eV =p TTae W TV =p WCECLwI) T (CLu])=p CluT v ClvI. O



Lemma 43 Foz u and v € W and 21 €L, u v =p wwlfnad v aursad.

[mecf
ALYV = . UV aldnce 77'/1.='/L faz any /.e \A/Z ;

one RAan éﬁeﬁe/oze to frrove that wrU = TTCulAsI) o TFrCocnd) .
Foz‘ P= [/1.3,...,/._,1} € ’jc Cw, ) ; teb PLAT = { TR Lnd .

The above <mplicabion i a prornticvlarn case of the mo-ze
g9enezal ,(.'r;r//zfc'caét'crz.

(YUNVE P (W )) (UWV = ULsT v VE0T )

whRich e shall mow estall . ) wning Lndvcbion. on tRe maz=dmal
z’enjbﬁ: l{o[ e::c/‘ze;c[mer;tb). which ane feanible o0n mem beno of (U)u‘(v) .
Tpduction Lasis . |

Let =0 . Therr U[l.53] = U and Vs T =V ; thus UlsT A VinT.



Tnducktion step

Let .wr suppose that bRe puopenty Fofds for £<¢ A and considen
o Lhe case whore Pod > |

One Aans bo venlfy tFRe T-."ot"t’o‘w:,'n; %oa’nh :

L) fo= ./\.Ié Pr (LING , ULrJIA = VEsT Y A (a-nduv.‘c.e_u'uu.;a.)

i) for N€EL, ULAT 20" and viaT 2, v — Ul V!

fnot roint

Let A € ~ (LING , ard " A= {NEA/INELICN = AN}

we shabll prove that U[AIJJ./\. = V[T I A .

g A =@, tRen VIAT L A comes Lmmediately , nince Vg @ .
Let cn suppose cn bhe /)eéll,eﬁ Lhat A 2 @ .

From the definition of V¥ ,. ULATV A = ULaT A,

Nows, an =T Cff =T , U[AJ-¢./\.I ,cm/-;&‘e/a Hza.f theze

exinks e €U and ' = ( Z_ X ‘ali ) suck tAat
{EL
z ¥ ¥
w 5w and T CawlnT) 5 T lu'lsT) and

-

ILE€ET /) ari=T})a@p and [sr/c€T)n AN 2@

Lot A~ CA') e bhe maxcimal subsek O,C L suck tRat

! ; thern /)""(./L’) £ Pf~(L) cp;'ntA ,[zorn.

the defcrecbiorn of the et &F of renamding-s

AlA=rCcAI) = A

, c‘zndrone. fan

tRuns fzom the abouve

» .
e Sy ' and fC€T /N =T}a@ and {ANICETIN A2 (AN) =g

=0 U\‘/b-if./\.’) 7

whick Amflies V¥ 472 (A" [rom the ﬁll://xoége/l’-l./) UvV .



L

' ; . ’
TheteLoze , theze snust exint eV and v's (¢ 22 V.oulo ) sl bl

v 5. v oand 1’//_’6-7'/‘21_-:Z'}=‘¢5 q:[]_(i[‘i/‘,/. J'}/)/)”(J\.')z‘é}
cobice A _Lm/[(‘ca

T * '
T LAT) 5 (U LaT) and

z’(_;e://;&=—c}=¢' and (AV; /L€ETINA =@ ,

Lhal o At VIAT 4 N .

»econd. _7‘c olnt

Let ULs»T X, U ard VIs1 2, v'.
L B a4 Y @ , then riecessardly UI..—.-¢ =v! > v'nuv’.
let mow A=2{N} =LAy, .., An} , with m3 2.

Since €3 4 ‘.L'rrt/f"'co U d#V theze anust excint U‘- s Ve

7

€ F’f.(w}:) wuck that U ._>_‘_‘_.> Uy and V__A_‘_; V, fez 2gig .
Fzom /uza/zmé)/ Ap =T Lff K,=T and )[-zom the de/':'n:'h'on of

PLnad , one fans necessardly

L ru

V'i= ¢ U CUd)Lnd = U CULnT)
t == =41

Vi= ¢ U ¢V Lad = U CVeLad)
=2 . =2

Now , UV =p (Vi) U v V;) = _ fromthedef.ofrw

= (Vi) C Uy Lnd v Ve LT ) ~ fzom the <nduction Aj/,oé/:bo&) -
e T

=p -Ud_(U[[/"j) v U ¢V LaTd) _.fzorn-memai_
t= =21

== UI/U V’

femma 14 . Foz e, v, f € Wg ,

St AV U =p C/‘L/,(_L)/IUC,&/U') and.(a//;.)/ﬁ/(v//-;).



I//-._{_z_o_gf Fo-e Ajmeé—z_,y connideratiore: , one oy conégné ton
establish bhe Linpiicotion um v = (uf/p) W (/).

S W U =p AL AU alnce 77'/:, =/1_ :...’oz ary/r..é WZ‘.,‘

orne FRans éﬁwc[;:-ce éé/woue bRat ww U =p TlV/p) v 77’(1)‘//:.).
Foz P=ilf,,.,h,} € P,r (Wge ), R :a’y,,...,lgm} & /;; Wy J,
let PIQ = TR [ 9, .

7he above ,L‘m/.&‘caéc'on. P a/mnétcufa.n. cane o/‘ the -meze _generzal
Lmflicatbior. :

(VU, V,PE Fr W ) (VU = CUIP) v (V/kn ;
wﬁ[;ﬁ we 2 Rall mow establoR wsing Anduckion on tRke

nvm of maxirnal -[engé& of e:x:/-:.c/u'rnenéb whick are /eeuu'@z.ﬂe

on menzg'vbo o‘.C U areel P 'z&:/reCéL'U'EP)I y Let ‘Z éﬁab Aurre .

Lnducbion basi> . Llet £=0 .

If P=@ , then (UIP)=@ =(V/P)

If U=@ ,then vV = V=g , thus (U/P) =g = (VIP).

If V= , then UV =p U= , thus (U/P) =@ = (VIP).

If any ene of U,V, P differns ,[z;om & , one Fas fzorm é/;é
defenction of P/ @ :

CYAELY (Y WEF(we)) CCulP) X5 wor (VIP) 2 W) =pWap)
(VA€ Pfcu\'¢> (CUIPIIA and CVIRPIVA )

/zorn which ecoe carm conclude C(UIP) rv CVIFP) .

Arduction ,aée/v__. Let s Auppose that the /uzo/-chcé/v Bolels

foer €<k , and consider the cane where €= Aza.



by .arz/v orte ol U,V,P eyuaf/z g terv CU/PY U (V/FP) mray

e conclfuded Lfe T;._r)'.'nzs‘. coay as ealrove . Leb us mow assume
'é/,n'-"“ ary ore of U,V,P dl-r/:[e/oa I[ror‘n d . One #%as to UCR(:[/

tBe /‘O&A;Du)c'rz; Aol n £s :

i) for N E F (NG , (U/IPIYA = (VIPIY A land vice-vewsa) ,

CE) for NEL, CUIPY 2y U and ¢cvIP)As V! —=p vl v 7.
¢ ’

Fzom tRe de{z'nz'h'orz of ¥ , (UlP)V A ,-}.'m/z&.’e/a Lthat LtRerze

exirt we v, [E€E P, and w € LY suekh that, —{feél'[n_fq rn =0

Af w v emply and o= A Z N, ... Np An other cases, one hans
* N *
AL = ,u.o_z..)__)'__,u. z_>___41.n__7:>___,a (Z'/‘L'/“',:)_
____ LeT :
t*)\,_ t ’ )
oo D p It S pe €2y

where Lhe /o[t’occ)l'n_y fmo/zméde/) arze UC)ZL,[Lcd. =

(VieTI(p; #T) and ¢ ViETICV; #1T)

Lpe /€T N LY, G [pETI = @
[/L[/zer}nj\_=¢=./\_n{){*-//;éa'}.

P N
et U=vg 25 v, 2oy, 2y bhen w_ € U,

7

Let N = {-\‘);: / LET} , then Uy, v (A UN) .

VoV =p I Vg ,ece, V, PrcWe )N @ _suck that
v

) Y A

€
PN
V= Vo > V2 25V, .. =B Vo, and U, Vv,

chence Vo b CAUN) .

. /
one can £/:e;ze7£'ozc ,(cnd. Ug yoee g Uy p U £ W}: Y-
*y >
z A *
U=U°¥J ..--——-—}——"-lv__n_._z_-)_.lfl= (fZ;C— l_’q‘) )
'3

whleze the {oflowc ng fuzo/nucbce/a arce ‘U’W,[L&CL :

41



(VEEHI (ay 2 T ) and (Y ETICV 3T )

i

log /1 BeRININ, /€T =8

{op /) BEHIN N =G = A [V /7 T} .

N |
Now, mCwlp) € CviP) , TCulp) S m(v'/p') , and

TCo ) = ({{?_; T TV [ p7) +J_€ZJ ii TEU R ), which

.I[L'rzafl/ x'rn/fy tBaklk CVIRP) L A .

necond roink

We shal?f 7[{/{/3.‘_’ Antrzoduce .3o0me cornnuvertrent molkatlornn .

Defire LX 1t} » cwhere L te/;ne/;cué/a the em/-z.&)l cword .

Foz w € L* | notabtion @ will ntand [fozr 4 Af w=42Z , or ebse

W = ANy oo N

A.‘/ W = .)\,_.'.. A.n_ 6 L+.

- £ L+) tet mnotalion

Foz @,Q' € P_‘-CWZ) and w= Ag ...\

7

Q__L_DQI'/)Ean.d fez IR, Ry ,.-., @, € P/ (WZ.) such that
Q=Qs _ii_>@,_ ..._):_T'_) @'n. =QI. » éﬂux) Q‘#'¢ /oz. AL ¢ T

Foz @, QA' £ Pf (W ) ) fek —ﬁoéqé[om QQ Q' stand /OL
4 : r * .

Q'=[7'é Wz/(376Q)(7__>—7’)j-

From tARe de)[fn:'ét‘on_ of w , <t ea/.u'f)l whowr tBak

(Va, Q'€ Fp (wg)) ((REZ Q)Y = c@a@’)) |,

wince (VYA E F)';'CL.)\¢V).(Q¢./L L QRIVA) and

(VAELI(YQ) € P (W) (Q 2, @y &ff Q' 2, @y ).

Using the above mnotakrons , coe 2Pall moew ¢m.ou—e that

for UV , Cu/P) X5 0 and ¢viP) 2, V! = viw V.
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.'Delft'rz.e 0 = {c«)éL*/'U é_p Uw 7,[02 ~Sorme Uw }', ard
= fwer*/ v 2, v, for some V,, } . then G and
' are fenicbe awbosets of L® and UV = ) = ur’.

2 W
Pefine &7, ={w €L/ v ==, Uy foz nome U,, ¢, arnd
Oy = Lwel* ) v RV er some U, }; then @5, and

'y are fincte suboeks of L™ and UV =p &, = 175 2N .

' o.M
Let Uy = U {fcu"IPY)Y )y > U, 20" and p 22y P} |
wEwr .
/ " " - ] w Z ”
anduz=wéuw v P") ) U =—p U" and P =P, = F"}
PN

then U’ - V') ucU,) comen fzom the definction of (RP/IQ@) .

. oo '
Let V', = Yo tviIP /v v, 2 v anad p BX puy ,
DN ) ' w
and V', =Y tVIPY/ V= Viand P E,p 2, puy ,

A
bhern V!iz cvi,yucv',) . | ’

Foz any o £ 64.9', v" ard P" ¢ P-f (WZ ) such LthBatl

Vet Uy =Ly 0" and PEDX, p" 4l 2 fe b surm of
maxdimal Lengbtho of experiments cwhick arne feasible orn
zespective mermbern of U" and P - ther *f'{"ﬁ =% , and.
from the <nduckion ‘ﬁj/,ol-ﬁ&ulo' v'w U, <mplees thak
(vL./"/ P") w CU, | P") . one £as therefoze from Lermma Z -
Ul = U LCU"]P") ) U2yl gng p B, puy ,
and simibarly

&

V,’_ = Uaj" {(V”/P") / Vwﬁ V” and P—==q> P”} .

wE

VoV —p (Vw € LI U= U" and vy, v <myply v vy

Lhus vy v Vli. comen from the <nduction 74}/»0&.436/31}3 and



Lzom .terrirma L.
;

UV = (Ywé W V(022 0" and v 222y v

Arn/af’} v v ) ;

s U, vV, follows from the nduvction :fy/ro.f,'et/)l;) arnd /’zom

Lemma L.

As U'= U, )UU,) and vizscv,)ucVv,) |, viawv!

{L‘hal’fy corm e —6/, one mozce a/:/&'caéi’an of £Lermrma L . ' [
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