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Abstract

One-dimensional cut-and-project point sets obtained from the square lattice in the
plane are considered from a unifying point of view and in the perspective of aperiodic
wavelet constructions. We successively examine their geometrical aspects, combinato-
rial properties from the point of view of the theory of languages, and self-similarity
with algebraic scaling factor #. We explain the relation of the cut-and-project sets to
non-standard numeration systems based on 6. We finally examine the substitutivity, a
weakened version of substitution invariance, which provides us with an algorithm for
symbolic generation of cut-and-project sequences.
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1 Introduction

Initially introduced by Y. Meyer [, iJ] in the context of Harmonic Analysis and more
specifically of harmonious sets, the cut-and-project sets or model sets have become during
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the two last decades a kind of geometrical paradigm in quasicrystalline studies. Qua-
sicrystals are those alloys whose first sample was discovered in 1982 by Shechtman, Blech,
Gratias, and Cahn [B1]], namely the alloy AlggeMmnog.14, characterized by

i) a diffraction pattern like a dense constellation of more-or-less bright spots, which is
an indication of a long-range order,

ii) a spatial organisation of those Bragg peaks obeying five- or ten-fold symmetries, at
least locally, which indicates a sort of icosahedral organisation in real space with
five-fold symmetries,

iii) a spatial organisation of those Bragg peaks obeying specific scale invariance, more
precisely invariance under dilations by a factor equal to some power of the golden

mean 7T = # and manifestly consistent with the five-fold symmetry since 7 =

2
2 cos 15

One-dimensional examples which are usually presented as toy geometrical models of
quasicrystals [[i(]] appertain to the so-called Fibonacci chain family. They are discrete
quasiperiodic subsets of the real line and are often presented as an illustration of the cut-
and-project method, mainly developed in this context by 3, BJ]. Consider a semi-open
band B obtained by translating the unit square through the square lattice Z? along the
straight line Dy of slope €. D; is referred to as a “cut” or “parallel” space or “physical
space”. Then project on D; and along a straight line Dy the lattice points lying in B.
Note that the latter points belong to a unique path made of horizontal segments (A) and
vertical segments (B). The resulting sequence of points lying in D; are the nodes of a
specific Fibonacci chain if € = % and Dy = Di. Let us denote this set of nodes by F. The
chain itself is made of the projected paths and reads ... ABAABABAABAA.... Note
that a short link B is never adjacent to another B whereas two adjacent long links A can
occur. Ds is called the “internal” space, and BN Dy is the “window” or “acceptance zone”,
or also “atomic surface”.

The set of Fibonacci nodes is equivalently obtained through a purely algebraic filtering
procedure. Let us first consider the so-called extension ring of the algebraic integer 7:

Zir)={zx=m+n7t |mneZ} =7+7Lr.

It can be obtained as the projection onto D; and along Ds of the whole square lattice Z2.
There exists in this type of a ring an algebraic conjugation, called Galois automorphism,
and defined by:

r=m+nt — 2 =m+nr,

where 7/ = -1 = % is the other root of the golden mean equation 2> = x + 1. Then

=
define the point set ¥(Q) using an internal sieving rule in the ring Z[7] itself [5J:

Z(Q):{x:m—i-nTeZ[T] x’:m—n%EQ} = (Z[r] N Q).



The Fibonacci point set F in the above, with link lengths A = 72, B = 7, is precisely that
set () with Q = [0,1).

As was previously mentioned, self-similarity plays a fundamental structural role in the
existence of quasicrystals. That property is perfectly illustrated by the Fibonacci point
set F = 30, 1) since we check from the algebraic definition that 72 X[0,1) = %[0,1/72) C
¥[0,1) and so 72 F C F: this particular Fibonacci point set is self-similar with scaling
factor equal to 72. Immediately we get the infinite nested sequence

CC FTTE C Fp=F Y C FAT o (1.1)

as increasing aperiodic discretizations of R. Since the distance between two adjacent points
of Fj is equal to 1/7% or 1/7%%1 it is clear that the inductive limit Fo, := lim F; densely

—00

fills the real line. It is precisely this property which led us to examine iil recent works
(see B9, B, [ and references therein) the problem of constructing wavelets by following
discretization schemes of the real line like ([.1). In [d], the construction was based on mul-
tiresolution analysis with spline wavelets earlier elaborated by Lemarié-Rieusset [Bg] and
Bernuau [[L], [Z] (more details will be given below). Our aim was to eventually apply these
wavelets to the analysis of aperiodic structures, like diffraction spectra of Fibonacci chain
or some other related spectral problem, and to compare our results with more standard
wavelet analysis (e.g. dyadic wavelets) [f].

Let us recall the main features of wavelet analysis in the framework of the Hilbert
space L2(R). More complete information can be found in comprehensive textbooks, like
[E3. We shall just outline here the essential of that field whose development since the
beginning of the eighties amazingly parallels that one of quasicrystals. Under the name
wavelet is commonly understood a function ¢(z) € L?(R) such that the family of functions
Vx(x) = 21/2(22 — k) for j,k € Z forms an orthonormal (in a restrictive sense) or at
least a Riesz basis for L?(R). A family of vectors (v,) in a separable Hilbert space V is a
Riesz basis if and only if each v € V' can be expressed uniquely as v = ), a,v, and there
exist positive constants Ko and Ko, 0 < Ky < K», such that

K, Z |an|2 < H Zanvn i < Ko Z |an|2
n n n

for all sequence of scalars a,,. We can say that the v,,’s are strongly linearly independent
and, if K; = 1 = Ko, then the basis is orthonormal. A function (or a set of functions)
generating through dilations and translations an orthonormal basis for L?(R) can be found
using a multiresolution analysis of L?(R) (shortly MRA), a method settled by S. Mallat
[E4) and precisely based on an increasing sequence of periodic discretizations of R. The
genuine MRA ingredients are:

(i) one scaling function ¢(x) € L?(R) such that {o(z —k)}rez is an orthonormal system,



(ii) the Hilbert subspace Vi which is the linear span of {¢(z — k)|k € Z} and which
corresponds to the “central” element of the sequence of discretizations of R,

(iii) the increasing sequence of nested Hilbert subspaces ---V;_1 C V; C Vj41--- which
are defined by f(x) € Vy & f(2/x) € V; and are such that N;V; ={0} and U, V; is
dense in L%(R),

(iv) one wavelet, i.e. a function ¢ (z) such that {¢)(x — k) |k € Z} spans the orthogonal
complement Wy of Vg in Vi = Vy @ W,

Note that the orthonormality of the basis {¢(x — k)}rez of the subspace Vj is a strong
constraint. This condition is usually weakened by just imposing that the system {¢(x —
k)}rez be a Riesz basis of V.

We thus note that the dilatation factor is genuinely # = 2. Indeed, the construction
of a wavelet basis within the MRA framework relies on the fact that the lattices 277Z are
increasing for the inclusion. This property is preserved only when 6 is an integer. Then,
what about choosing another number 6 as a scaling factor? Auscher considered the
following problem: given a real number 6 > 1, does there exist a finite set {11,%2,..., ¢}
of functions in L?*(R) such that the family 67/24;(#z — k), j,k € Z, 1 < i < {, is an
orthonormal basis for L2(R)? Then he proved that a basis of this type exists if § is a
rational number. More precisely, for § = p/q > 1, p and ¢ being relatively prime integers,
there exists a set of p — ¢ wavelet functions satisfying the previous condition. Now, what
about an irrational scaling factor? We already mentioned the works [LT, [J] and [H], the
latter being mainly devoted to the cases in which  is encountered in quasicrystallography,
like 7 = (14++/5)/2 or 72 = (3+1/5)/2. Other “quasicrystallographic” numbers have been
observed: 1++/2, 24+/3. All of them belong to the class of quadratic Pisot-Vijayaraghavan
units. To such numbers are associated discretization sequences like in (1)),

S C Ay C A=A C Ay C e (1.2)
where A = Ag is a selfsimilar Delone set with scaling factor 8, 6 A C A and is such that the
inductive limit Ao := lim A; densely fills the real line. Recall that by Delone set we mean

J]—00

that A is uniformly discrete (the distances between any pair of points in A are greater than
a fixed r > 0) and relatively dense (there exists R > 0 such that R is covered by intervals
of length 2R centered at points of A).

In 1992 Buhmann and Micchelli [[§] proposed a construction of a wavelet spline ba-
sis corresponding to non-uniform and non-self-similar knot sequences, which are actually
nested sequences of Delone sets

"'CAj_1CAjCAj+1C"'. (13)

They consider only two successive elements, say Ag and Ay D Ay for their purpose of
proving the existence of what they call prewavelets, with minimal support, which span the



orthogonal complement Wy of Vj in Vi = V & Wy. Here, V) and V; are the spaces of
linear combinations of B-splines on Ag and Aq respectively. They first suppose that the
“refining” of the “coarse” knot sequence Ag leading to the “finer” A; consists in adding
a new knot between each two adjacent knots of Ag. The case of multiple insertions is
eventually examined. Let us now give some insight on these spline functions, so intimately
linked to the notion of a Delone set.

Any Delone set A determines a space of splines of order s, s > 2, in the following way.

Definition 1.1 Let s > 2. Then VO(S) (M) is the closed subspace of L*(R) defined by

j;sf(x) = ZCL)\(S)\} .

AEA

Vi) = {f(w) e I*(R)|

An equivalent definition is given in terms of the restriction of functions to intervals
determined by consecutive elements of A. Suppose A = {\,, | n € Z}, where \,, < A\,,11 for
all n € Z. There results from Definition [[.T that

VO(S) (A) = {f € C* 2N LAR) ‘ fion is a polynomial of degree < s—l} .

’>‘n+1]

Therefore, VO(S) (A) is the space of splines of order s with nodes in A. Let us now give a

classical result about the existence of a Riesz basis for VO(S) (A) .

Theorem 1.2 For all Delone sets A = {\, | n € Z} C R and for all s > 2, there exists
a Riesz basis {Bgs) | A € A} of VO(S) (A). The function Bgs) (called B-spline) is the unique
function in VO(S) (A) satisfying the following conditions:

(i) supp Bgs) = [\, X], where X € A.

(i1) The interval (\,\') contains ezactly s — 1 points of A.
S )\/ A
(iii) /Bg\) =—.
R S

See [6(] for proof. Note that (i) and (ii) give precise information on the (compact)
support of Bgs) whilst (iii) is a normalization condition.

The construction of Bg\s) (z) can be carried out in various ways, by recurrence, by
using the condition of minimal support, or by inverse Fourier transform. In the latter
case, one can prove that the Fourier transform of B/(\i)(x + An) depends on the s-tuple
(A1 — Ay -y Ants — Ap) only. Now suppose that the Delone set A is of finite local

complezity, which means [B§, Bf] that, for all R > 0, the point set

U{A-Nn(-RR)}

AEA



is finite, i.e. local environments of points in A are not different in infinite fashions. Typically,
such sets A are mathematical models for one-dimensional structures having a long-range
order, like quasicrystals. We can then assert the following:

Proposition 1.3 Let A C R be a Delone set of finite local complexity. Then the B-
splines of order s based on A are of the form B/(\s)(x) = ¢r(r — A), X € A, where the set
{&r(x) | X € A} is a finite set of functions with compact support.

Therefore, in the finite local complexity case, it is possible to partition the indexing set
Z for A into a finite set of equivalence classes 0, 1, ..., q, where the equivalence between
k and n is given by

Bg\? (+ ) = Bﬁf} (x4 ), for all x.

q
Correspondingly, for a given s, the point set A is partitioned into A = U Az with Az =
n=0
{A\r € Ak € n}. The equivalence between k and n means that A\; and A, are left-hand

ends of identical s-letter words if we identify each interval (A, Agy1) with a letter of the
allowed alphabet. To each class 72 is biunivocally associated the function ¢z (z) = ¢y, (z) =

Bgi)(x + Ai), k € n. In this way, the space VO(S) (A) decomposes into the direct sum

q
Vo2 (A) = PVos.
n=0

where Vj 5 is the closure of the linear span of the functions ¢ (x — \g), k € n.

Let us now go back to the case in which there is self-similarity (like in ([.2)) and
finite local complexity and let us see which issue holds in term of MRA and existence and
properties of wavelets. More concretely, let A be a Delone set of finite local complexity
and self-similar with inflation factor § > 1, 6A C A. Changing the scale allows us to define
subspaces Vj(s) (A), jE€Z, as

Vi) - {f(x)GLQ(R) | dd;ﬂw):ZaAém}-

AEA

Therefore, Vj(s) (A) is the space of splines of order s with nodes in the jth scaled version of
A.

We now have at our disposal an inductive chain of spaces allowing analysis at any scale.
More precisely, with the above notations, we have the following statement.

Proposition 1.4 The sequence of subspaces (Vj(s) (A))jez is a O-multiresolution analysis
of L*(R), i.e.



(i) for any j € Z, Vj(s) (A) is a closed subspace of L*(R),
(ii) - c VY c ) c W) -
(i) Ujez Vj(s) (A) is dense in L*(R),

(iv) Mjez V™ (A) = {0},
(v) f(w) € VI (A) if and only if £(0~7x) € Vi~ (M),

(vi) there exists a finite number of functions ¢z (x) € VO(S), called scaling functions such
that {dn(z — M)} ren 0<n<y @8 @ Riesz basis in VO(S).

The proof is straightforward from definitions and Proposition [[.3.

As a consequence of the the above statements, we have the important result obtained

by Bernuau [[L1], [[J]:

Theorem 1.5 Let A = {\, | n € Z} C R be a Delone set of finite local complexity, self-
similar with factor @ > 1. Let us denote the elements of 07 A by k, = 07\, n € Z. Then
for all s > 1 there erists a Riesz basis of L*(R) of the form:

{9]/21#’(53 (9]$ _ K/n), Knp € 9_11\, Kn+1 ¢ A, j c Z},

where {1#,(53} is a finite set of compactly supported functions of order C*2.

Such a result offers the possibility of constructing explicit (spline) wavelet basis for a
large class of self-similar Delone set of finite local complexity, like in particular those ones
obtained through the cut-and-project method. It was done for some very specific cases in
[d]. Nevertheless, we think that a systematic study of the properties of (not necessarily
self-similar) cut-and-project sets is still lacking.

The aim of the present paper is to fill this gap. Its content is devoted to the study of one-
dimensional cut-and-project sets built in a rather generic way, without supposing a priori
any algebraic nature for the respective slopes of Dy and Dy and by using the freedom of
making the window {2 vary in a continuous way. Hence, our results can be viewed as paving
the way to further investigations concerning explicit wavelet constructions for arbitrary cut-
and-project sets. Indeed, what we learn from previous works is the importance of knowing
in a precise way the environment of each point in the Delone set, i.e. its complexity, in
order to build the scaling functions and the associated wavelets. Moreover, we should not
underestimate the structural importance of the nested sequence ([.3) in five of its features,
namely



(i) the way in which the new points (i.e. the details) intertwine the old ones at each step
Aj C Ajy of the increasing sequence ([[.3), or, equivalently, the characteristics of the
detail sets Aj 1\ Aj,

(ii) the way in which the sequence behaves at the limit j — oo, i.e. the structure of its
inductive limit which should be dense in R,

(iii) the specific advantages brought by the self-similarity hypothesis,

(iv) related to (i) and (iii), the specific advantages brought by the substitivity hypothesis,
a notion which is introduced in (p.2).

(v) the relevance of a specific choice of a nested sequence with regard to the domain of
application of the corresponding wavelet analysis.

Note the crucial importance of the first point in connection with the so-called scaling
or refinement equations which couple with the inclusion Vo C Vi = Vo @ Wy. Suppose there
exist spline bases (¢g ) KTy (P1,1) rer,cz for subspaces Vp and Vi respectively, and a
wavelet basis (Yo 1) ,c Jocz for Wo. Then the following hilbertian decomposition should
hold:

p1i(@) =D crppor@) + Y digrbor(). (1.4)
keTo keJo
The way the tendency coefficients c¢; ;. and the detail coefficients dy j; behave for large k
is a crucial question in wavelet analysis, and so the way this question depends on the set
inclusion Ag C Ay deserves special attention.

In consequence, we have organized the paper by following the hierarchy of questions
(i)-(v), and furthermore including in the scheme other aspects of possible interest, like
some considerations on numeration systems related to cut-and-project scheme. Section
2 is devoted to the geometrical aspects of those point sets in the line issued from the
square lattice in the plane through “cut” and “projection”: definition, study of distances
between adjacent points, properties of invariance or covariance under the group SL(2,7Z) x
{—1,1} acting on the square lattice. The material presented there is not specifically new.
However it represents an original overview, in which one focuses on the universality of many
features of these cut-and-project sets, independently of specific algebraic or substitutional
characteristics.

In Section 3 we examine the combinatorial aspects of the cut-and-project sequences
from the point of view of the theory of languages: subword complexity, Rauzy graphs,
and occurrence of specific classes of finite words (or factors) in the bidirectional word
biunivocally associated to cut-and-project sequences. One can find there original results
(Propositions B.§, B.11], and B.16). The important case of sturmian words is also considered
and we establish three properties, .18, B.19, B.20, describing their factors.

Self-similar cut-and-project sets are the object of Section 4 in which we solve (Theorem
1)) the precise relation between self-similarity and algebraic properties of the irrational




scaling factor(s) on one hand and the irrational numbers involved in the cut-and-project
scheme on the other hand.

In Section 5 we revisit the important notion of S-integers, i.e. those real numbers which
do not have “f-fractional” part when expanded in “basis” 8 > 1, in the light of their
possible or not relation with cut and projection, and we give a necessary and sufficient
condition for 8 (Proposition p.4) under which the positive 3-integers coincide with the
positive part of a cut-and-project set.

Another original part of the paper is found in Section 6. It is well known that infinite
words associated to many cut-and-project sets present the so-called substitution invariance,
and this property can be crucial for understanding or even for creating the relation A; —
Aj4+1 in a multiresolution sequence of sets and the scaling equations (L4) issued from the
companion inclusion V; C Vji1q1. Now, even though the substitution invariance is absent
for a given bidirectional infinite word u = - - - u_su_1|ugujusg - - -, where uy belongs to some
alphabet A, there exist cases in which it could be “hidden” behind the weaker notion of
substitutivity, which means that there exists another infinite word v = - - - v_gv_1 [vgv1vg - - -
over an alphabet B which has substitution invariance and a letter projection ¥ : B — A
such that u = - u_su_1|uguiug - - = - - - Y(v_2)(v_1)|1p(ve)(v1)th(va) - - - .

With regards to this property, we shall give in Section 6 an algorithm (Theorem [.6)
allowing to “pull back”, a given word u pertaining to the algebraic cut-and-project scheme
to the word v mentioned in the above. In order to illustrate this result, the algorithm is
carried out on an example of cut-and-project set defined by the algebraic (Sturm) number
1/V2.

Eventually, we shall give in the conclusion some hints about possible applications of
our results, mainly in direction of wavelet constructions, of mathematical diffraction, and
of design of aperiodic pseudo-random number generators.

2 Cut-and-project sequences

In this section we define cut-and-project sequences arising by a projection of a 2-dimensional
lattice. We also describe their basic properties, including the invariance under certain trans-
formations. We further show that cut-and-project sequences are geometric representations
of a three or two interval exchange. Codings of two interval exchanges are in one-to-one
correspondence with mechanical words s, 5, 54,8, (see definition by (R.16) and (2.17)),
which are in fact sturmian words (Definition B.J).

2.1 Definition and properties

The construction of a cut-and-project sequence starts with a choice of a 2-dimensional
lattice L and two straight lines D1, Ds. One of the lines plays the role of the space onto
which the lattice L is projected, the other line determines the direction of the projection.
If A is an arbitrary non-singular linear map on R?, then the cut-and-project sequence



constructed using a lattice AL and straight lines AD;, AD5 is the same as the cut-and-
project sequence constructed using a lattice L and straight lines Dy, Ds. Therefore it is
not necessary to consider general L and Di, Dy. Some authors allow arbitrary lattice L
and for Dy, Do take mutually orthogonal straight lines. Others, including us, prefer to fix
the lattice Z2 and consider arbitrary straight lines Dy, Ds.
Let us take two distinct irrational numbers €, n and let us consider straight lines
Dy :y=cex, Dy:y=nx. If we choose vectors
1 1

(1,e) and I =
e—n n—e

3?1 - (1777)

in the subspaces Dy, Do of R?, then for every lattice point (a,b) € Z? we have
(a,b) = (b —an)@1 + (b — ae)@s .

Obviously, the projection of Z% on D along D is the set

where Z[n)] is the abelian group
Zn] :={a+be|a,beZ}.

Similarly, the projection of Z? on Do along D; is the set Z[e]Z, Since numbers ¢, 1 are
irrational, the mappings (a,b) — a+bn, (a,b) — a+ be are bijections between Z? and Z[n),
resp. Z? and Zlg]. Therefore there exists also a bijection

* 1 Z[n) — Zle]
defined by the prescription
r=a+by +— " =a+be,
which is called the star map. Directly from its definition we obtain
(x+y) =" +y" for every z,y € Z[n].

Let us now introduce the definition of cut-and-project sets. It is easy to observe that,
as a consequence of irrationality of € and 7, the sets Z[e], Z[n] are dense in R. However,
if instead of all the lattice Z2, we project only those points in Z? that belong to a chosen
strip parallel to D;, the resulting set in D; has no limit points. The width and position
of the projected strip is determined by an interval in Ds. Formally, we have the following
definition.

10



Definition 2.1 Let e, n be distinct irrational numbers and let 0 be a bounded interval.
The set
e Q) ={a+bn|a,beZ, at+beeQ}={xcZp|z*ec}

18 called a cut-and-project sets, or CEP set. The interval € is called the acceptance window

of Een(€2).

The above definition is a special case of the very general ‘model sets’. Important
contributions to the study of model sets as mathematical models of quasicrystals are due

to (50, B8 [, B0, F3. F).

Let us mention some of the properties of cut-and-project sequences that follow directly
from the definition or were derived by cited authors.

Remark 2.2
1. Trivially from the definition we have
Ee,n(Ql) C 25777(92) fOT 0 CQy.

More generally, if (Q;)icz is a sequence of nested bounded intervals such that

"'CQi_lCQZ‘CQZ’_HC'“ and UQZ':R,
1EL
then
CC e (Qim1) C 3y () C Ee g (Qigr) C -+
and

U Sen(@i) = 2]

1€Z
2. Since Zln] and Z[e] are additive groups, the CE&P sequence satisfies
T+ X n(Q) =2,(Q2+ 2) for every x € Z[n).

This property further implies that ¥ ,(§2) is not invariant under any translation, i.e.
1$ aperiodic.

3. Any model set is Delone, see [BQ]. In our one-dimensional case it implies that there
exists a sequence (Tp)nez, and two positive numbers 11,1y such that 1y < Tpy1—x, <
ro, for alln € Z, and 3., (Q) = {z, | n € Z}.

4. The density of points of 3. ,(S2), defined as

o (NNNS,0)
0 (Beq() := \lim N1

is proportional to the length of the interval Q, see [51].

11



2.2

Since € is an interval, it is easy to see that there exists a finite set F'* C Zle] such
that Q — Q C Q + F*. Hence there also exists a finite set F' such that

Yen(Q) — 2. 5(Q) C X () + F.

Thus X () satisfies the so-called Meyer property. In fact, every model set A C R"
is a Meyer set, i.e. is Delone and satisfies A— A C A+ F for a finite set F, cf. [54).
Note that in this sense a cut-and-project set is a generalization of a lattice, because
a lattice satisfies the above property with F = {0}.

Since 3. ,(2) is a Meyer set, it is of finite local complexity, i.e. it has only a finite
number of local configurations of a fized size [34]. More precisely, for o > 0 we define
the o-neighbourhood of a point x € X, ,(Q) as

No(x) = {y € Zey () | |2 —y[ < 0} .

The family of o-neighbourhoods {N,(z) —x | x € 3. ,()} is finite for any positive
0. In particular, there is only finitely many distances between adjacent points of any
CEP sequence, i.e. the set {xp41 — @y | 0 € Z} is finite.

The boundary of the acceptance interval Q influences the structure of the CEP se-
quence only trivially. The sets ¥ plc,c+£), X e, c+L), e (¢, c+20), and X. (¢, c+/]
differ at most in two points. If c,c+ € ¢ Z[e|, then all these sets coincide.

If the acceptance window €) is chosen to be a semi-closed interval, then the number
and shape of o-neighbourhoods of a CEP sequence does not depend on the position
Q, but only on its length |Q].

The set ¥ »(§2), where Q2 = [c,c+L) or Q = (¢, c+{] contains every finite configuration
infinitely many times. More precisely, for every o > 0 and every x € 3., (Q) there
exists infinitely many points y € X (), such that

No(#) =2 = No(y) =y

We say that such CEP sequences are repetitive.

Distances

As it was mentioned in (6) of Remark P.J, any cut-and-project sequence has only a finite
number of distances between adjacent points. It turns out that the number of distances
does not exceed 3. We quote the result of [BQ], which is a generalization of the famous 3-
distance theorem, and provide algorithms for determining the distances for any particular
acceptance interval.
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Theorem 2.3 Let 2 be a semi-closed interval. For every X.,(S2) there exist positive
numbers A1, Ay € Z[n] such that the distances between adjacent points in Y. ,(S2) take
values in {A1, A9, Ay + Ao}, The numbers Ay, Ao depend only on the parameters e,m
and on the length |Q| of the interval Q. They are linearly independent over Q and satisfy
AT >0, A5 <0, and AT — A5 > |Q].

D/ Y =€x

D,

y :h

/

/ /

A1 AHAA A2 Ay A1+A2 Ay A Ay A1+A2 Ay Ao A1 A+HAz Ay AHAg
P S " S~ ———————————
'""A"B B A B ACAf{B ACA B A B
0

Figure 1: Construction of a cut-and-project sequence and assignment of the infinite word
which codes the order of distances in the cut-and-project sequence.

More precisely, every C&P sequence ¥, ,(Q) = {x, | n € Z} has always two or three
type of distances between adjacent points, namely
{Al,AQ,Al—I-AQ} if AI—AE > |Q|,

2.5
{A1, As} if A7 — A3 =0 22

{xn+1—:ﬂn|n€Z}:{

13



Therefore one can naturally assign to it a binary or ternary bidirectional infinite word
Uen(Q2) = (un)nez, for example in the alphabet {A, B,C}, by

A lf .Z'n+1_xn:A17
Uy, = B if Tptl — Tp = A+ As, (26)

C if xn+1—xn:A2.

An example of construction of a cut-and-project sequence together with the assignment
of the infinite word is shown in Figure [I.

The successor of a point x in the C&P sequence is determined using its star-map image
z*. If Q = [c,c + ¥), then the inequality A} — A% > ¢ from Theorem P.5 ensures that the
nearest right neighbour of the point = in 3. ,(€2) is equal to x + Ay if 2* € [¢,c+ £ — AY),
tox+Agif * € [c— A5, c+ L), or to .+ A+ Ag if z* € [c+ € — A}, c— A%). Thus we can
define a piecewise linear map f : [¢,c+ ¢) — [c,c + £) which satisfies f(z*) = y* if y is the
nearest right neighbour of x. This mapping plays an important role in our considerations.

Definition 2.4 Let ¢ € R, ¢ > 0. The stepping function of the interval [c,c + {) is a
mapping [ : [c,c+ L) — [c,c + {) defined by

y+ A7 if yele,e+l—AY),
fly) =< y+AT+AY if yele+l—Af,c—A3),
y+ A3 if yele— A5 c+1).

The graph of the map f is illustrated on Figure J.

The stepping function f of Figure P has been studied in the field of dynamical systems
under the name of three interval exchange (in case that f has two discontinuity points) or
two interval exchange (if f has only one discontinuity point). In the former situation, the
two discontinuity points divide the acceptance interval €2 into three disjoint intervals, say
Q4, Qp, Qc, from left to right. The image f(Q2) = Q is again divided into three disjoint
intervals f(Q¢), f(Q2B), f(24), in the order from left to right. Therefore one sometimes
uses the graphical notation shown in the following scheme.

04 Q. Q¢

TH Qo) fQs) F(9)
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c+1+A3

c c+4 Y

Figure 2: Stepping function f associated to X, ,[c,c + ). If the distances between neigh-
bours in the C&P set ¥ ;) [c, ¢ +¢) take only two values Ay, Ag, i.e. £ = A} — Aj, then the
discontinuity points ¢ +¢ — A} and ¢ — A} coincide.

The relation of three interval exchange to simultaneous approximation of a pair of
irrational numbers is treated in [, 6, p7]. In the theory of symbolic dynamical systems
one studies the orbit of a point x € €2, under the mapping f, i.e. the sequence (f("))neNol.
Therefore C&P sequences can be viewed as geometric representations of three interval
exchange transformations.

Changing continuously the length ¢ of the acceptance interval Q = [c,¢ + ) causes
discrete changes of the triplet of distances (A, Ag, Ay + Ag). Recall that the triplet does
not depend on ¢, therefore we consider ¢ = 0. Let ¥, ;[0,¢) be a C&P sequence with three
distances between its neighbours, and let A7 > 0, A5 < 0, AT+ A7, be the star map images
of these distances. According to (P.§), we must have ¢ < A} — Aj. Growing ¢ up to the
value AT — A% causes appearance of new points in the C&P sequence, which split the large
distance A; + Ay into two distances A; and Aj. When ¢ reaches the value A7 — A3, the
large distance A1 + Ao disappears completely.

On the other hand, diminishing the length ¢ of the acceptance interval causes that the
frequency of the distance A; + Ay grows to the detriment of occurrences of the distances
A1 and A,. This happens until £ reaches a certain limit value for which one of the distances
A1 or Ay disappears.

Starting from a given initial value ¢y, for which the set X, ,[0,¢y) has two distances
between adjacent points, we can determine by recurrence the increasing sequence of lengths
ln, n € Z, of the acceptance windows for which X, ,[0,/,) has only two distances. The
initial value ¢y is determined below (Remark P.§).

'Note that we use the notation N = {1,2,3,...} and No = {0} UN.

15



Let A¥; > 0 and A%, < 0 be the star images of distances occurring in the sequence
Y 5[0, £4y), ie., according to (B9), €, = Af; — Af,.

If A%, + A%, >0 then

o1 = Dhy, Al Ly = AN F AR, AL, = AR 27
If A%, + A%, <0 then '
bo1i= =A%y, AL,y = Ak ALy = ARy + A,

Similarly, the algorithm which determines the triple £;,41, A 41)1, A(n41)2 from the triple
ln, Ap1, Apo has the inverse form

If Anl > Ang then

bny1:= A%y — 2A7,, A)(kn—i-l)l =A% — AR A€n+1)2 = AR, (2.8)
If A1 < A, then '
b1 := 280, = Ao, Al gy = A% Al = An — A%

From this algorithm it can be seen that the C&P sequences ¥, [0, £,,) and X, [0, €,,—1)
have exactly one type of distances in common. It is the shorter one among A, _1y1, A(,—1)2-
Moreover, the distances in X, ,[0,¢), for £,y < ¢ < £y, are three, and they are given by
the union of the sets of distances for X, [0, ¢,) and X, ,[0,€,—1).

2.3 Transformations

We would like to identify those parameters €, 7, 2 which provide essentially the same cut-
and-project sequences. For example, we have

a+bn+ 3. ,(Q) =3 ,(Q+a+be), for a,beZ. (2.9)

Such translation of the C&P sequence corresponds to a translation of the lattice Z2. The
group of all linear transformations of the lattice Z? onto itself is

G={Ae€M(Z) | detA =+1}.

16



Consider the matrix A = (g 2). For arbitrary irrational numbers ¢,  and arbitrary interval
Q) it holds that

Sen(Q) = {p+an | g€l ptecQ}=
= {(Ln)(%) | pacZ (1Le)(h) e} =
= {(LmA(E) | paeZ (1L,)A(L) e Q) =
= {(a+enb+dn)(h) | p,a€Z, (a+ce,b+de)() €} =
- (G+C77){(1’Zi‘i2)( ) ‘ p,qGZ (72162)(5)6&_&089}:

— 1
- (a + CT/)Eb—i—da b+dn (a—l—ce Q) :
a+ce’a+tcn

Let us study the consequences of the above relation if we choose for the matrix A one of
the three generators Ay = ((1) }), Ay = ( ) Asg = ( ) of the group G,

ZE,U(Q) = Z1-i-e37 1+n(Q) (2’10)

en() = Zoepn(—9), (2.11)

Sen(Q) = n311(29). (2.12)
e

The mentioned transformations were used in [B{] for the proof of the following theorem.

Theorem 2.5 For every irrational numbers €,m, € # n and every bounded interval €2,
there exist € € (—1,0), 77 > 0 and an interval Q, satisfying max(1 + &, —&) < |Q| < 1, such
that

Yen(Q) = sX:4(Q), for some s € R.

Moreover, if |Q| # 1, then the distances between adjacent points in EEW(Q) are 7, 1 + 17,
and 1+ 27. The distances take only two values i, 1 + 1, only if |Q| =1.

According to the above theorem, every C&P sequence is geometrically similar to an-
other C&P sequence whose parameters satisfy certain restricted conditions. In particular,
without loss of generality we can consider € € (—1,0), n > 0 and the length of the accep-
tance interval Q in the range (max(1 + ¢, —¢),1]. If moreover we are interested only in
the ordering of the distances in the C&P sequence and not on their actual lengths, i.e. we
consider only the infinite word wu. ,(2) we can choose any fixed > 0. The words u. ,, (£2),
Ug o () for m1 # ma coincide. Therefore choosing 1 = —%, which corresponds to a cut-and-
project scheme with orthogonal projection, causes no loss of generality when studying only
combinatorial properties of C&P sequences. The choice of n however influences geometry
of the sequences, such as existence of self-similarity factor, etc. (cf. Section ).
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Remark 2.6 Note that according to Theorem 2.4, the length |Q| of the interval 0 being
equal to 1 is the only case among (maX(l +&,-8), 1] for which the CEP set has only two
distances between neighbours. We shall thus take it as the initial case for the algorithm

gwen in (1), B-§). We have
lo=1, Ay =1+e Aly=c. (2.13)

Example 2.7 As an example, let us study the case |Q] = 1, which gives a CE&P sequence
with two distances between adjacent points. Set o« = —e € (0,1) and put Q = (8 — 1, 5]
for some B € R as the acceptance window. Since the condition a 4+ be € Q rewrites as
B—1<a—ba<f, weobtain a = |ba+ (| and the CEP sequence is of the form

S aun(B — 1, 8] = {{bor + 8] + by | b€ Z}. (2.14)

Since a,n > 0, the sequence x,, := |na-+ 3] +nn is strictly increasing and thus the distances
between adjacent points of the CEP set ¥_, (8 — 1, 3] are of the form

n+1,

", (2.15)

bui — =+ L0+ Da-+ 6] — na-+5) = {
From this expression it can be seen that the distances in the CEP sequence are arranged
in the same order as 0’s and 1’s in the so-called lower and upper mechanical word. Recall
that the lower mechanical word s,, 5 : Z — {0,1} is defined by the prescription

Sa,8(n) = [(n+Da+ ] = [na+ 5], (2.16)

where o is called the slope and (3 the intercept of the word s, . Similarly, upper mechanical
word 3o, : Z — {0,1} is defined by the prescription

Sap(n) =[(n+1)a+ B3] — [na+F]. (2.17)

The infinite word ue,(6 — 1, 3] with parameters n > 0, € = —a« is in fact the lower
mechanical word s, 5. Similarly, the choice [3,3 + 1) for the acceptance window provides
the upper mechanical word 3., 3. The mechanical words are in fact related to the well-known
sturmian words, see Definition -3 and Remark B.3.

3 Combinatorial properties of C&P sequences

Ordering of the distances in the C&P sequence ¥, ,(€2) on the real line defines naturally
an infinite binary or ternary word u. ,(Q) (cf. equation (R.6)). In this section we describe
some combinatorial properties of these infinite words. Some of the results derived here can
be found in [P7]. Nevertheless, the geometric approach to three interval exchange makes
the proof simpler.
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Obviously, geometrically similar C&P sequences correspond to the same infinite words.
Therefore according to Theorem P.J we can consider only

e€(-1,0), >0 and Q=]c,c+¥), (3.18)
where max(l+e¢,—¢) < ¢ < 1.

In this case the stepping function has the form

y+1l+e if y € [c,e+l—1—¢) =: Qu,
fy) =2 y+1+2 if y € [c+l—-1—¢c,c—¢e) = Qp, (3.19)
y+e if y € [c—e,c+0) =: Q¢.

For simplicity, we denote the discontinuity points of the stepping function
bp=c+Ll—-1—¢, dp:=c—¢.

As was already mentioned, the infinite word wu.,(2) is defined over a binary alphabet if
and only if the length of the acceptance window is £ = 1, because in that case §; = d9 and
thus Qp = (. Otherwise the alphabet of u.,(2) has three letters.

Let us recall some basic notions of combinatorics on words. An alphabet A is a finite
set of symbols - letters. A finite concatenation w of letters is called a finite word. The set
of all finite words (including the empty word €) over the alphabet A is denoted by A*. The
concatenation of n letters a is denoted by a™. The length of a word w is the number of
letters concatenated in w, it is denoted by |w|. One considers also one-directional infinite
words

U = ugujiugus - - -

and bidirectional infinite words
U= "U_2U_1UQULU2 """ .

In relation to C&P sequences, mainly bidirectional infinite words are important. We denote
the set of such words by A%. A word w = wow; - - - wy_; is called a factor of a word u € A%
if w = w;ui41 - - U1 for some i. Note that such i is called the occurrence of w in u. The
set of factors of a word u € A% with the length n is denoted by

ﬁn = {uiuiﬂ c Ujdn—1 ’ 1€ Z} .
The set of all factors of the word u (the language of u) is denoted by
L=Jcn.
neN

The number of different n-tuples that appear in the infinite word is given by the so-called
complexity function, see for example [f]
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Definition 3.1 The complezity of a word u € A% is a mapping C : N — N such that
C(n) = #{utjy1 - Ujyn—1 |1 € L} = #L,, .
Obviously, if u is an infinite word over a k-letter alphabet, then its complexity satisfies
1<C(n) < k", for every n € N.

It is known [pJ] that if there exists an n € N such that C(n) < n, then the word u is
periodic, i.e. of the form v = ---wwww--- for a finite word w. An aperiodic word of
minimal complexity thus satisfies C(n) = n + 1 for all n € N. An example of such a
word is the word ---0001000--- on the alphabet {0,1}. The structure of such words is
little interesting, since the occurrence of the letter 1 is singular. Obviously, they cannot
be obtained by a cut-and-project scheme. In order to avoid such strange phenomena, we
consider only those words which have reasonable density of their letters. The density of a
letter a in the infinite word u = - - u_ou_juguius - - - is defined by

. #{ieZn[-kk] | ui=a}
0q = lim )
k—o00 2k +1
if the limit exists.

Definition 3.2 An infinite word u € A% is called sturmian if C(n) = n +1 for alln € N
and the densities of its letters are irrational.

Such words have been extensively studied. We shall focus on them later in this section.
Let us mention that the condition C(n) = n+ 1 for all n € N in the case of one-directional
infinite words already implies irrationality of the densities of letters. Our notion of sturmian
words follows [f4], however, sturmian words are often considered only as one-directional.
A survey of properties of one-directional sturmian words can be found in [{1]].

3.1 Complexity

For the determination of the factors in the infinite bidirectional word wu.,(£2) associated
with the C&P sequence ¥, ,)(€2) it is essential to study the stepping function f. Its prop-
erties imply that the word w = wow; - - - wg_1 in the alphabet A = {A, B,C} is a factor of
ue(€) if and only if there exists an x € 3., (€2) such that

T € Qwo ) f(ﬂj‘*) € QU)1 st fk_l(:p*) € ka,l )
where Q4, Qp, Q¢ are defined in (B.19). This means that

w=wow; - wp_1 € Ly = Qg N FTHQuy) NN fFEDQ,, ) #£D.
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In case that w = wow1 - - - wi_1 € Ly, we denote
Quy = Quy N fH Q) N -0 f7ED@Q,, ).

Properties of the stepping function f imply that 0, is an interval, closed from the left,
open from the right. Obviously, we have

o= J Qu,

weLy

where the union is disjoint. In order that points 2*, y* € € belong to different intervals z* €
Q,0, y* € Q,), where w® £ w® W Ww? e £, there must exist i = 0,1,...,k—1
such that at least one discontinuity point of the function f lies between fi(x*) and f*(y*).
Thus boundaries between intervals €, for w € L, are all points z such that fi(z) is a
discontinuity point of the function f, i.e. f%(z) € {d1,d2}. This implies that the number
of different factors of the word u,. ,(£2) of length % is equal to the number of elements

#‘Ck = #{Cv 517 f_1(51)7 cee af_k—l—l((sl)v 527 f_1(52)7 s af_k+1(52)} . (320)

For determination of the cardinality of the set L, i.e. complexity of the infinite word,
we need to use two properties of the stepping function f, which follow from the irrationality
of e.

1) Let z € Q. Then fi(x) # x for all i € Z, i # 0.

, (3.21)
2) Let x,y € Q. Then 3i € Z, such that f'(x) =y iff x — y € Zle].

Since ¢ = f(d2), the property 1) implies that ¢, da, f~5(82), ..., f7*¥F1(63) are distinct.
Thus
Clk)=#Lx>k+1, for all ke N.

Equality holds only in the case that §; = d. Therefore for C&P sequences u.,(£2) with
parameters €, 7, {2 satisfying (8.1§) it holds that

Clk)y=Fk+1 — Q] =1.
We have thus derived the following well known fact.

Remark 3.3 Every mechanical word (R.14) or R.17) is a sturmian word. The opposite

is also true [23, B4).

The results about the complexity function of all C&P sequences are summarized in the
following theorem.
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Theorem 3.4 ([BQ]) Let C be the complezity function of the infinite word u. () with
Q=lc,c+¥), and let f be the corresponding stepping function.

o Ifl & Zle|, then
Cln)=2n+1, for neN.

o Ifl € Z[e|, then there exists a unique ng € Ny such that

2n+1 for n < ng,
C(n) =
n+ng+1 for n>ng.
Obviously, generic cut-and-project sequences have complexity 2n + 1. In case that the
length of the acceptance window is in Z[e], the cut-and-project sequence has a specific
property which is explained in the following remark.

Remark 3.5 Theorem says that infinite words ue () with Q| € Z[e] have complex-
ity C(n) = n + const. for sufficiently large n. One-directional words with such complexity
are called quasisturmian by Cassaigne in [21]. This author shows that such words have a
sturmian structure, i.e. up to a finite prefix they are images under a morphism of a one-
direction sturmian word. Following the same ideas, one can show that the bidirectional
infinite word u. () with || € Z[e] corresponding to a CEP sequence satisfies the fol-
lowing: there exists a sturmian word v = ---v_yv_1|vguivy - -- € {0,1}* and finite words
Wo, Wy € {A, B,C}* such that

UE,n(Q) — e Wv,QWU,1 |WU0WU1 WU2 cee

i.e. Uz () can be obtained by concatenation of words Wy, Wy in the order of 0’s and 1’s
in the sturmian word v.

Example 3.6 Consider ¢ = —1 and n = 7, where 7 = (1 +/5), (see Introduction).
For the acceptance window choose 1 = [—% + 4, —1—: + 11), Qo =01 4+2— % Since the
length of the acceptance windows € = |Qq| = |Qs| satisfies £ =T — % IS (max(l +¢,¢), 1] ,
according to Theorem [2.8, the distances between adjacent points in the CEP sequences
Yen(), ¥ey(Q2) are 14 7, coded by the letter A; 14 27, coded by the letter B; and T,
coded by the letter C.

Using (R.9) the sequences Sc (1), e ,(Q2) are the same, up to a shift by 2+37. Both
of them contain 0, since 0 € Q1, 0 € Qo. Figure [} shows a segment of the infinite words
coding these sequences, where we mark the point 0 in both of them.

It can be shown that the word uc, (1) can be obtained from the upper mechanical
sequence 3%7_% by substituting for 0 the word wg = BACAACA and for 1 the word

wy = BABACA. Similarly, the infinite word u. ,(2) can be obtained from the upper
mechanical sequence 51 _1 by substituting for 0 the word wg = BACABA and for 1 the

T T

word wy = CAACA.
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0e 25777(91)
0 1 0 0

—
BACAACABACABABACABACAACABACABACAACABACA---

Figure 3: Block structure of quasisturmian words.

3.2 Properties of the language

Let us study the language of the infinite word w.,(€2). Since the stepping function fo
corresponding to the C&P sequence X, ,,(£2) and the stepping function fq.. corresponding
to the C&P sequence ¥, (£ + z) satisfy the relation

foy(x) = 2+ fa(z — 2),

the language £ and the complexity C of a C&P sequence depend only on the length of the
acceptance interval {2 and not on its position.
First we determine the density of a given factor. Recall that the density of a particular

factor w in the infinite bidirectional word u = - - u_ou_juguqus - - - is defined by
. #{Z eZnN [—k‘, k‘] | Uilit] o Uidp—1 = w}
=1 .22
Qu = Jim 211 ! (3.22)

if the limit exists. Elements x € ¥, ,(£2) such that the word corresponding to the k-tuple
of the right neighbours of = is w = wow; - --wg_1 € Ly satisfy x* € Q,,. Therefore the
occurrences of the factor w in the infinite word wu. ,(€2) are given by the set

{r €Z[n] | z* € Qy}.

Since 2y, is a semi-closed interval ,, C €, it is a C&P set, and its density is proportional
to the length of the acceptance window (see fact 4 of Remark P.9). This implies that the
density of a factor w € £ in u.,(12) is given by

1l
€2

Another important property of the language of the infinite word wu. ,(€2) is given by the
following proposition.

Proposition 3.7 The language L of the infinite word ue y[c,c + €) is stable under mirror
1mage, 1t.e.

W= wWowy -+ Wp_1 €L — W= Wy_1Wp_9---wy € L.

Moreover, the densities of the factors w and w coincide, 0, = 0.
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ProofSince the language of the infinite word u. ;[c, ¢+ ¢) depends only on the length ¢
of the acceptance interval and not on its position, it suffices to show the statement for the
infinite word ug,n[—g, %), which codes the C&P sequence Zam[—g, g) If —g ¢ Zle], then

0 ¢ (¢
Yenl=2:5) = Bem(=3,3)

and thus it is a centrally symmetric set and the statement of the proposition is obvious. If
—% = a + be € Ze], then for the proof it suffices to realize that the central symmetry of
the set 25,7;[—%7 g) is broken by a unique point, namely a + bn. Since every factor w € £
occurs in ue,n[—é, g) infinitely many times, we can still use the same argument to justify
the proposition. [

For sturmian words the above property is well known, its proof can be found in [[].

For different lengths ¢1, ¢y € (max(—&?, 1+ ¢), 1] the languages of the infinite words
Ueplc, ¢ + £1), Ueylc,c + o) are different. However, if we are interested only in factors
of a given length n, the sets £, can coincide even for infinite words corresponding to
acceptance intervals of different lengths. Let u. ,(£2) be an infinite word with the length
of the acceptance window 2] = ¢. We denote £, (¢) its set of factors of length n. For
example £1(¢) is equal to the alphabet {A, B,C} for every length max(—¢,1+¢) < £ < 1.
Let us now see how much we can change the length ¢ of the acceptance interval €2 without
changing the set £, ().

Proposition 3.8 Let n € N be fized. Denote by Cy the complexity function of the infinite
word ue () with Q = [c,c+ £). Define

Dy, ={{ | max(—e,1+¢)<l<1, Cn) <2n+1}.

Then elements of D,, divide the interval (max(—e, 1 + ¢€),1] into a finite disjoint union of
sub-intervals, such that L, (€) is constant on the interior of each of these intervals.

The proof for special case ¢ = —%, n = 7, can be found in [f7]. The demonstration of
the general statement follows analogous ideas.

Example 3.9 Consider again the parameters € = —%, n = 7. For the sake of illustra-
tion of the previous proposition, let us choose n = 4 and find the division of the interval
(max(—e,1+¢),1] = (,1] into intervals such that the set L4(€) is constant on the interior

of these intervals. For that, we need to find ¢ so that Cy(n) < 2n+1 forn = 4. Using (B.20)
this happens if

f(k)(él) =0y or f(k)(ég) =041, for some k=0,1,2,3.

For solving these equations, one has to realize that not only the discontinuity points 61 =
c+Ll—1—¢, 0o =c—e depend on £, but also the prescription for the function f depends
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on it. However, since every iteration of f is piecewise linear, the above equations can be
easily solved. We find that
Dy={4—27,—4+37,1}.

The division of the interval (%, 1] by the elements of Dy is illustrated in Figure[]. The figure
also shows the set of factors of length 4 for each of the subintervals and for the singular
lengths £ € D4. Note that the set of factors corresponding to the interior of a subinterval
18 a union of sets of factors corresponding to the boundary points of the subinterval, for
example

L4(l) = L4(4—=27)U Ly(—4+ 37), forall €€ (4—21,—44371).

1
- 4 — 21 —4 4 37 1
T

AﬁAB ABAB AJCA AXCA AAbA AAéA
ABAC ABAC ABAB ABAC ABAC AcAA
ABBA AcAB ABAC ACAA ACAA Ao AC
ACAB BABA ACAA ACAB ACAB (CAAC

BABA BacA ACAB BACA ACAC (cACA
BABB cABA BABA CAAC BACA

L4(l) :

BACA BACA CcABA CAAC
BBAB CAAC CABA
CABA CABA CACA

Figure 4: The appearance of factors of length 4 in 2_1;(—9) in function of the length of
the acceptance window.

3.3 Special factors

Let us introduce some important notions which help us understand the structure of fac-
tors in the language £. The notions have been introduced in [R0]. Consider arbitrary
bidirectional infinite word v in an alphabet A,

vV =--- 'U_Q'U_l'U(]'UI'UQ o

For every factor w € L of v there exists at least one letter a € A such that aw € £. Such
letter a is called a left extension of the factor w. The set of left extensions of the factor w
is denoted by Lext(w) C A.

Remark 3.10 If @ is a prefix of the factor w, then

Lext(w) D Lext(w).
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Since for every factor w € L,4+1 we have w = aw for some w € L, and a letter
a € Lext(w), the increment of the complexity function can be computed as

AC(n)=C(n+1)—C(n) = #Lpy1 — #Ln = Y (#Lext(w) —1). (3.23)

wéﬁn

Similarly one can define the notion of right extension of a factor and obtain analogical
relation
AC(n) = > (#Rext(w) —1). (3.24)
wELnp

Obviously, for determining the increment of complexity, only such factors w are interesting
that have #Lext(w) > 2 or #Rext(w) > 2. Such factors are called left (resp. right) special
factor.

Let us study these notions for infinite words corresponding to C&P sequences. Propo-
sition B.7 implies

w is a left special factor of u. ,(£2)

)

w is a right special factor of ., ().

Therefore we can limit our considerations to the study of left special factors. Theorem B.4
implies that
1 <AC(n) <2.

Thus for every n € N there exists at least one and at most two left special factors of length
n. Let us explain how one can decide whether a given factor w € L,, is a left special factor
or not. Recall from the beginning of Section B.J| that every factor w € L, is linked with
an interval ,, C Q of the form Q,, = [a,b), where

a, b € {Cv 517 f_l((sl)v s af_k+1(51)7 527 f_1(52)7 s af_k+1(52)} )

and d1, 02 are the discontinuity points of the stepping function f.

For every x € 3. ,(Q2) such that * € €, the n-tuple of distances in the right neigh-
bourhood of the point z corresponds to the word w. The nearest left neighbour of the
point x is determined by f~!(z*). In order that the word w is a left special factor, the
interior S, must contain at least one discontinuity point of f~!. If the discontinuity point
of f~! lies only on the boundary of €2, then w has only one left extension and thus is not
a left special factor. The discontinuity points of the function f~! are

c+l+e=f(0) and c+1+4e=flc)= f*(5).

Properties (B.2T]) of the stepping function imply that if ¢ ¢ Z[e], then the discontinuity
points of f~! do not belong to the set

{er00 17100, o 00, 02 F 7 B T ) }
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for any n € N, and, therefore, if a discontinuity point of f~! lies in €2, then it lies in its
interior. We can therefore conclude with the following proposition, which is proved in a
different way in [R7].

(3),() 3, 0, D)

Proposition 3.11 Let{ ¢ Z[e]. Consider the one-directional infinite word u® = uy’u}”uy ug” - -

i = 1,2, coding the orbits {f"(c+€+¢)|n € Ny} and {f"(c+1+4¢) | n € No}. Then a
finite word w is a left special factor of uc, () if and only if it is a prefix of u® or @,

Remark 3.12 Since ¢ + £ + ¢ is the image of 01, which is on the boundary between in-
tervals Qp, Qc, then every prefiz of the infinite word u™™) has {B,C} as its left extension.
Similarly, every prefiz of u® has in its left extension letters A, B. It can happen that a
word w is a prefix of both u") and u®®. Then Lext(w) = {A, B,C}. However, since the
infinite words uY, u@ are different, starting from a certain length of the factor w we have
#Lext(w) = 2.

3.4 Rauzy graphs

Another important tool for the study of combinatorial properties of infinite words are the
so-called Rauzy graphs, [bd, [

Definition 3.13 Let u be an infinite word in the alphabet A and let L,, be the set of its
factors of length n, n € N. Rauzy graph I',, is a directed graph whose set of vertices is Ly,
and set of directed edges is L, +1. The edge e € L, 11 starts at a vertex x € L, and ends
at a vertex y € Ly, if ¢ is a prefiz of e and y is its suffiz, i.e.

€ = Wowy " Wp-1Wn
[ J [ J

T = wWowy -+ Wp_1 Y=wi Wy_1Wy

The number of edges starting at a vertex x is called the outdegree of x and denoted by
d*(z), the number of edges ending at = is called the indegree of x and denoted by d~(x).

From the definition of a Rauzy graph, we have
dt(w) = #Rext(w) and d” (w) = #Lext(w) (3.25)

Remark implies that if I';,11 contains a vertex with outdegree K, then the graph
I',, contains a vertex with outdegree > K. Similar statement holds also for indegrees.
Therefore

max d”(w) > max d (w) and max d*(w) > max dF(w). (3.26)

wWELn wELy 41 wWELn wELy 41
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Example 3.14 Let us consider the lower mechanical word

T

n ez, where T =
T 2

u”:{wrlJ_LnJ, 1+\/5'

Using Exzample .7, this infinite word in the alphabet {0,1} is a coding of the C&P sequence
E_;m(ﬁ —1,8]. According to Remark [3.3, it is a sturmian word, i.e. of complexity C(n) =
n—+ 1. It can be easily computed that

L3 = {010,011,101,110},
£, = {0101,0110,1010,1011,1101},
L5 = {01011,01101,10101,10110,11010,11011}.

The Rauzy graphs I's, Ty are illustrated on Figure [j.

110e e 011 10108 —— @ 0101
s 101 Iy
<'> 110le—— e 1011
[ )
010 0110

Figure 5: Rauzy graphs for the Fibonacci word.

Let us list some of the properties of the Rauzy graph I, of the infinite word w. ,[c, c+¥)
corresponding to a C&P sequence.

1. The graph I'), is strongly connected for every n € N. It means that for every pair
of vertices x,y of the graph, there exists a directed path starting at xz ending at y.
This is a consequence of the repetitivity of the infinite word u. ,[c, c + £), see (9) of
Remark P.32.

2. For the length of the acceptance window ¢ = 1, the infinite word ue,c,c + 1) is
sturmian and thus AC(n) = 1 for every n € N. Using (B.23), (B.24) and (B.29) for
every n the graph I'), contains exactly one vertex = € £,, with outdegree 2 and exactly
one vertex y € L, with indegree 2. These vertices may or may not coincide, as we
have seen in Example B.14.

For ¢ € Ze| the Theorem B.4 implies AC(n) = 1 for sufficiently large n. Therefore
the graphs have the same indegrees and outdegrees as in the sturmian case.
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3. If £ ¢ Z[e], then using Theorem B.4 we have AC(n) = 2 for all n € N. Since the lan-
guage of the infinite word . ,[c, ¢+ () is stable under mirror image (Proposition B.7),
relations (B.29) and (8.24) imply that in the graph T',, there is either one vertex with
indegree 3 and one with outdegree 3, or there are two vertices with indegree 2 and
two with outdegree 2. Remark states that a vertex with out or indegree 3 can
occur only in a graph I'), for small n.

4. Let us denote by T',, the graph created from I',, by the change of the orientation of
the edges. Then T, and I, are isomorphic graphs, i.e. there exists a bijection 7
between the vertices of ', and I',,, such that for every two vertices x,y of I',, there is
a directed edge from x to y if and only there is a directed edge in the graph I',, from
7(x) to m(y). This property follows from Proposition B.7.

The last mentioned property can be stated in an even stronger version, if we consider
the densities of factors in £, 11 as labels of the edges in the graph T',,.

Definition 3.15 If the densities of all factors of the infinite word u are well defined, every
edge e in the Rauzy graph 'y, can be assigned a non-negative number, namely the density
0e of the factor e. The resulting graph is called a weighted Rauzy graph.

For every vertex x of the weighted Rauzy graph I';,, we have obviously a ‘conservation

Z Qe = Z oy - (3'27)

law’,
edge e ending in x edge f starting in x

With the mentioned properties we can prove that the factors in a C&P word take at
most 5 values.

Proposition 3.16 Let L,, be the set of factors of length n of the infinite word u. ,[c, c+1),
0 ¢ Z[e]. The densities of factors in L, take at most 5 values, i.e.

#{ow|we Ly} <5.

ProofConsider the weighted Rauzy graph I';, of u. ,[c,c + £). If for every vertex x of
I',, we have d™(z) = d~(z) = 1, then the relation (B.27) implies that the density of the
edge e ending at = and of the edge f starting at x coincide. Since the graph is strongly
connected, these edges are different, e # f. Denote by y the starting vertex of the edge e
and by z the ending vertex of the edge f. From the graph I',, we remove the vertex x and
edges e, f and replace it by a new edge starting at y and ending at z. We assign the new
edge with the weight g, = gy. This reduction of the graph is illustrated of Figure .

The reduction of the Rauzy graph I, is repeated until there are no vertices with both
outdegree and indegree 1. The resulting graph is called the reduced weighted Rauzy graph
RI',,. The construction implies that also RI',, is a strongly connected graph, the weights of
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o&o&o is reduced to o&»o

Y x z Y z

Figure 6: Reduction of the weighted Rauzy graph.

its edges satisfy the conservation law and the set of weights of the graph RI',, is the same
as the set of weight of the graph I',,. Moreover, the graph RIL,, created by reversing the
direction of edges in RI',, is isomorphic to RI,.

Using the property 3 of the Rauzy graph I'), for sufficiently large n there are two
vertices with outdegree 2, the outdegree of the remaining vertices is 1. Similarly, there are
two vertices with indegree 2 and the indegree of other vertices is 1. It may happen that
a vertex with outdegree 2 coincides with a vertex with indegree 2. This implies that the
reduced Rauzy graph has 2, 3 or 4 vertices.

Let us discuss the case that RI',, has 4 vertices, i.e. the case when none of the vertices
has in the same time indegree and outdegree 2. It can be easily derived that the reduced
weighted Rauzy graph has one of the forms illustrated on Figure [ Since all the possible
reduced graphs have six edges, the original weighted Rauzy graph has at most six different
densities. We can eliminate the sixth value in graphs G1, G2 and (3 using the conservation
law. In the graph G; we have g1 = p4 + 06 = 03. Similarly in the graph Gs we have
01 = 02 + 05 = ¢3. In the graph G5 we have 01 = 04 — 06 = 03.

G1 Go
@Q<+——©0 @<————©O
01 01
{\92 QA| 06 05 \92 QA| 06
.L. .L.
G5 Gy 96
oe~———0 o~———o
01 04
{\92 QA| 06 01 05 ‘QB
.L. ) °

02
Figure 7: Possible reduces weighted Rauzy graphs.

The conservation law is not sufficient for reducing the number of densities in the graph
G4. Here we use the property 4 of the Rauzy graph of a C&P, namely that by changing the
direction of the edges in G4 we obtain an isomorphic graph G4. The graphs are illustrated
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on Figure §. The only permutation 7 of the vertices which realizes the isomorphism of
the graphs G4 and G4 is the permutation n(z) = v, 7(y) = z, 7(z) = y, 7(v) = x. The
isomorphism preserves the densities, thus 0o = 04, 05 = 0s.

06 06
Ga ‘e 04 o Gy ‘e 04 o
01 05 ‘93 01 05 03
2* o %y 2o %y

Figure 8: Isomorphic reduced graphs G4 and Gy.

We have thus solved the case that the reduced weighted graph RI',, has 4 vertices. If
RI',, has 2 or 3 vertices, then such a graph has at most 5 edges. Therefore there are at
most 5 values of densities.

For small values of n it can happen that the graph I';, has one vertex with outdegree 3
and one vertex with indegree 3, the other vertices having both outdegree and indegree 1.
In this case the reduced Rauzy graph RI',, has 1 or 2 vertices and at most 4 edges, thus
the number of different values of densities is less or equal to 4. [

Remark 3.17 In case that ¢ € Z[e], then the densities of factors of length n of the infinite
word ug plc,c + ) take at most 3 walues for sufficiently large n , because the resulting
word is either sturmian or quasisturmian and the number of densities can be read from the
corresponding reduced Rauzy graph, which has always at most three edges. Let us mention
that the fact that the densities of factors in sturmian words take at most three values has
been stated in [[I4], in fact, it can be deduced already from [63].

3.5 Sturmian words

As we have seen, sturmian words can be defined in several different equivalent ways, namely
as

e bidirectional infinite words with complexity C(n) = n + land irrational densities of
letters,

e mechanical words s, 3, Sa,g With irrational slope «,
b

e codings of cut-and-project sequences u. ,(€2), where Q2 is a semi-closed interval of unit
length, and €, n are irrational numbers satisfying € € (—1,0), n > 0.
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There exist other equivalent definitions, for example using the number of palindromes
of given length or using the so-called return words. For a nice overview of these definitions
see [13, (1]

The arithmetical definition of mechanical words allows one to easily derive further
combinatorial properties of sturmian words. In Example P.7 we have shown that the
upper mechanical word 5, g corresponds to a cut-and-project sequence with an acceptance
window which is closed from the left and open from the right. The upper mechanical word
Sq,3 corresponds to a cut-and-project sequence with acceptance interval of opposite type.
Since ¥, (=) = =3, () and since the language of a sturmian sequence is closed under
reversal, for the study of the properties of the language we can limit our considerations to
upper mechanical words 3, 3, see (B.17).

Let us now prove three properties which have been used in [f] for the construction of
aperiodic wavelets. Note that Property can be found already in [T].

Property 3.18 The number of letters 1 in a factor of length n of the mechanical word
Sa,3 15 equal to [no] or [nal.

ProofConsider a factor w of length n, w =3, (:)Sa3(i + 1) -S4 3(i +n —1). Since
the alphabet of the mechanical word is {0, 1}, the number of letters 1 in w is equal to

1
Sap(i+7) = [(1 + n)a+ f] = [ia + 4] =

n

<.
Il
o

I_naJ Y

[nal.

= {na—l—ioﬂ—ﬁ— (z'oH—ﬁﬂ = {
€(—1,0)

Property 3.19 All n+ 1 factors of length n of the mechanical word 5. 3 appear in the
factor w of length 2n of the mechanical word 34, —q, given by

W =3a-a(-n+1)50,-a(-n+2) 34,-a(0)Fa-a(n).

ProofExample R.7 says that 54,8 codes the distances in the cut-and-project sequence
Y_anlB,B8 + 1) for arbitrary n > 0. Since the language of a cut-and-project sequence
does not change by translation of the acceptance interval, we can study without loss of
generality the language of the mechanical word 3, _q, i.e. of the cut-and-project sequence
Y _an[—o,1 — ). The stepping function has a unique discontinuity point, namely d; = 0.
The same considerations as for determining the complexity in Section B.J] lead to the
fact that the acceptance window Q = [~a,1 — ) is divided by n points 81, f~(61),
ooy f7(81) into m + 1 disjoint subintervals closed from the left and open from the
right, say €,0), Q,@, .-, Q@+, with the following property: if x,y are elements of
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Y _apl—a,1 — ), then the n-tuples of distances starting from z and from y coincide if
and only if z*, y* belong to the same interval € ) for some 1 < i < n + 1. Since the
left boundary points of all the intervals belong to Z[a], these boundary points are star
map images of points of ¥_, ,[—a,1 — «). The boundary points of the intervals w® are
explicitly given by:

—a= f(61),0 = 517f_1(5)7 T 7f_n+1(51) :

Therefore it suffices to consider all n-tuples of distances in ¥_, p[—a, 1 — «), starting at
point 0, at its right neighbour, and at its n — 1 left neighbours. From Example .7 we know
that every element x, € ¥_, p[—a,1 — ) has the form z, = [ka — o] + kn for k € Z.
Thus z¢p = 0 and we must study the n-tuples of distances between points z_,11, T_nt9,

.y LY, T1y .., Tpyl. SiNce 5o (k) codes the distance between zj, and x4, the proof
is finished. [ |

Property 3.20 The number of factors of length n in the mechanical word 3, 5 prefived by
1 is equal to [na].

ProofProperty implies that, for the description of the first letter of all n + 1
different factors of length n, it suffices to focus on letters 5o _o(—n + 1), Sq —a(—n + 2),
..y 8a,—-a(0), Sa,—a(1). The number of letters 1 among them is

1
> Ba—alk) =[a] — [-na] =1—[-na] = [na].
k=—n+1

]
Let us mention an interesting consequence of Property B.1§. If w and w’ are factors
of 54,5 of the same length, then the numbers of letters 1 in w and in w’ differ at most by
1. This obviously implies that also numbers of letters 0 in w and w’ differ at most by 1.
Infinite words with this property are called balanced. Sturmian words are balanced. On
the other hand, every aperiodic balanced infinite word is sturmian. We have thus obtained

another equivalent definition of sturmian words. The above implies other properties:

e Either 00 or 11 is not a factor of a sturmian word.

e If 00 is not a factor of 5,4 or s, 3, and if 0170 is a factor, then z =bor x = b+ 1,

where b = [12=].

Other interesting properties of sturmian words concern substitution invariance. This is
the topic of the following section.

Remark 3.21 Generic cut-and-project sequences with three distances between adjacent
points do not have explicit formula for determining the n-th letter, which exists for sturmian
words. Therefore the study of properties analogous to that mentioned in this subsection is

significantly more difficult [B7].
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4 Selfsimilarity of C&P sequences

We now turn our attention to cut-and-project sequences with self-similarity. We say that
a set A C R is self-similar if there exists a factor v > 1 such that

YA CA.

An infinite bidirectional word corresponding to a self-similar C&P set may have many
interesting properties, namely under some very general condition it is a fixed point of a
nontrivial morphism, or it is an image of such a fixed point. These properties are studied
in Section .

In this section we describe the conditions on the parameters €, 1, and interval €2, under
which the C&P set X, ,(€2) is self-similar. For that we need to recall some basic number
theoretical notions that will be useful also in studying the invariance of C&P sets under
morphisms. It turns out that ¢ and 7 are different roots of one quadratic equation with
integer coefficients. Therefore, we restrict ourselves to notions connected to quadratic
numbers.

For an irrational number o we denote by Q(«) the minimal number field containing Q
and a. If « is a quadratic number, i.e. an irrational solution of a quadratic equation with
integer coefficients, then

Qo) ={a+ba|a,beQ}.

The other root o of the quadratic equation is the algebraic conjugate of o and obviously
we have o/ € Q(«). On Q(«) one defines the mapping

r=a+ba € Q(a) — ¥ =a+bd €ae€Qa),

which is (the so-called Galois) automorphism on Q(«). This means that it satisfies (z+y) =
' + vy and (zy) =2’y for all z,y € Q(a).

A root of a monic quadratic polynomial with integer coefficients is called a quadratic
integer. A quadratic integer v is a quadratic Pisot number, if v > 1 and its algebraic
conjugate 7' satisfies |[/| < 1. The following result may be found also in [[Lq].

Theorem 4.1

1. The CEP sequence X, (Q2) is self-similar if and only if € is a quadratic number,
n = €' s its algebraic conjugate, and the closure Q of the acceptance ) contains the
origin. In that case

Den(Q2) = Te e (Q) = Ty () = {z € Z[n] | 2" € O} .

5

2. If v is the self-similarity factor of ¥,/ ,(2), then v is a quadratic Pisot number in
Q[n).
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ProofFirst let us show that if £ and 1 are mutually conjugated quadratic numbers and
0 € Q then X, ,(Q) is self-similar. For that we have to find a self-similarity factor -, such
that 7277'777(9) C 2,7/’,7(9).

Let €,n be the roots of the equation Mx?> = Kx + L for some integers K, L, M. We
look for «y in the form v = a + Mbn for some integers a,b. Such -~ satisfies v € Z[n] and
yn = an + Mbn? = Lb +n(a + Kb) € Z[n]. Therefore yZ[n] C Z[n].

Since v € Z[n] € Q(n), we determine the image of v under the Galois automorphism
v =a+ Mbr. Clearly, v € Z. Since 1/ is irrational, the set Z[r] = Z + Zn' is dense in
R and thus there are infinitely many choices of a,b € Z so that 4" € (0,1). Together with
the fact 0 € Q it follows that 7/Q C Q. We use the above to obtain

Vo () = {z € Z[n] | 2’ € Q} = {yz € vZ[n) | 7’2" € 7'Q} C
C{yz eZn) |y €} C{yeZn |y €} =%, ,(Q).

Since 4" € (0,1) and vy’ € Z, we have |y| > 1. If v > 1, it is the desired self-similarity
factor, in the opposite case we choose 42 for the self-similarity factor.

Let us prove the necessary condition for the self-similarity of a C&P set. Let v > 1
satisfy 73.,(€2) C X ,(2). For a chosen point x = a + by € . ,(Q) we have vz €

Y (Q) C Z[n]. Therefore there must exist integers a, b such that vo = y(a+bn) = a+bn.
This implies

d+577 —a+ay
= and n=—"7":
a+bn b— by

Therefore Q(v) = Q(n).
Let (2n)nez be the strictly increasing sequence such that X.,(2) = {z, | n € Z}.

Recall that the distances between neighbouring points of 3., (€2) take values x, 41 — z, €
{A1, Ay, A1 + Ay}, where Ay, Ay are positive numbers in Z[n| linearly independent over
Q. Take an index n such that z,41 —x, = Ay. Since X, () is self-similar with the factor
7, both vz, and yx,41 belong to ¥, ,(€2). Therefore the gap between the two points is
filled by distances A1, Ag and Ay + As. It follows that the distance vz, 11 — vz, is an
integer combination of Ay, Ao with positive coefficients,

VAL = YTnt1 — YTn = k111 + k129
for some non-negative integers ki1, k12. Analogously we obtain
VA2 = ko1 A1 + k222, ko1, ka2 € No .

We denote by K the 2 x 2 matrix K = (k;;) and write the above as
Ay Ay
K = .
<A2> ! <A2>
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This means that ~ is an eigenvalue of the integer-valued 2 x 2 matrix K and as such is a
root of a monic quadratic polynomial with integer coefficients. Since Q(n) = Q(vy) and 7
is irrational, v is a quadratic integer.

The eigenvector corresponding to v is (ﬁ;) As A1, Ay belong to the quadratic field
Q(n) = Q(v), we can apply the Galois automorphism to obtain the other eigenvector and

eigenvalue of the matrix K,
A A
K( ) =711
QQ ”<%>

The Perron-Frobenius theorem for positive integer matrices implies that |y/| < 7.

We now explain the relation between the Galois automorphism and the star map in the
cut-and-project scheme. Take any pair of points z,y € 3., (€2), v < y. Their distance y —x
belongs to X, ,(2) — 3., (Q2) = 2. (2 — Q). From the definition of the C&P set, we have
(y—z) € Q—Q. Now let x = vz, y = v xp41 for any integer power m and for some
n such that x,11 — x, = A1, or 11 — T, = As respectively. From the self-similarity of
Y (), the points z, y belong to X, ,(£2), and hence (7" A1)*, (7" Ag)* € Q—. Therefore
the sequence of vectors

(5= (1) = ((R) = (Gay) e

is bounded with m — oo. In the above we have used the property of the star map
(kx)* = ka* for x € Z[n] and any integer k. Since the eigenvectors of the matrix K form a

basis of R?, we can write
AT\ N Aq e Al
As) T\ A, \ Ay

for some real coefficients ay, as. Substituting into (4.2§) we derive that the sequence of

vectors
™ Al +a m A/1

is bounded. Since v > 1, we have a; = 0 and |y/| < 1. We can conclude that ~ is a
quadratic Pisot number and (ﬁi) = g (2}). The lengths Aj, A belong to Z[n] and hence
2 2

can be written in the form Ay = ay + b1, As = ag + ban for some integers aq, ao, by, bo.

We have
ar+bie  ay+ by

as +boe  as+bon’

a9y =

which implies (a1by — a2b1)(e — ') = 0. Since A, Ay are linearly independent over Q,
we have a1by — asby # 0 and thus € = 1 as the theorem claims. The star map in such
a cut-and-project scheme coincides with the Galois automorphism on the quadratic field
Q) = Q) = Q). -

The last to be verified is that {2 contains the origin. Since v, (2) C 3, (Q2), it follows
easily that 4/Q C Q. This implies 0 € Q. [
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From the proof of the above theorem it follows that if €,  are mutually conjugated
quadratic numbers and 0 € Q, (i.e. .,(Q) is self-similar) there exists infinitely many
factors v such that vX.,(2) C X.,(€2). It can be shown that all of these factors are
quadratic Pisot numbers in Z[n]. The exact description of all self-similarity factors of a
given C&P set is straightforward, but rather technical. For a generalisation of self-similarity
studied on the most common example = 7 we refer to [[Ij].

Finally, let us mention that first results about self-similar Delone sets with Meyer
property (which include C&P sets) have been obtained by Meyer in [9). He shows that
the self-similarity factor of such sets must be a Pisot or Salem number, i.e. an algebraic
integer > 1 with all conjugates in the unit disc. In a even more general setting, self-
similarity of Delone sets has been studied in [B4, B3]

5 Non-standard numeration systems and C&P sequences

Another example of self-similar sets are sequences formed by S-integers. We show how they
are related to C&P sequences. For the definition of S-integers we introduce the notion of
-expansion, which has been first given by Rényi [5g]. The B-expansions are studied from
the arithmetical point of view for example in [59, p3, B3, [[q].

Let 3 be a real number greater than 1. For a non-negative x € R we find a unique k
such that g% <z < BF! and put

€ k
Tp = | =1, rpi=x —xp8".
=
The coefficients x;, 1 € Z, i < k — 1 we define recursively

T = [Briva] i = PBriy1 — T
The described procedure is called the greedy algorithm. It ensures that

k

T = Z zi 3.

1=—00

The above expression of z using an infinite series is called the S-expansion of z. For g = 2
or 6 = 10 we obtain the usual binary or decimal expansion of x. The real numbers x
for which the coefficients z_j, _9, x_3, ...in the [-expansion of |z| vanish, are called
B-integers. They form the set denoted by Zg,

k
Zﬁ = {i2$zﬁl

=0

k
Z:Eiﬁi is a (B-expansion of an x > 0} .
i=0
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k

i oo Ti* is the (-expansion of a number z,

The greedy algorithm implies that if x = 5
then ZkH xi_13" is the B-expansion of Bz. Therefore we trivially have for B-integers

1=—00
ﬁZﬁ C Zﬁ.

Let us mention that Zg has also many other self-similarity factors.

If B is an integer greater than 1, the set of B-integers coincides with rational integers,
Z = 7. Drawn on the real line, the distances between adjacent points of Zg are all 1, and
all integers > 1 are self-similarity factors of Zg. In this case the coefficients (digits) z; in a
[-expansion take values 0, 1, ..., 8 — 1, and every finite sequence formed by these digits
is a B-expansion of some number x.

The situation is very different if 3 ¢ Z. As a consequence of the greedy algorithm, the
digits in a f-expansion take values 0, 1, ..., [#] —1. However, not all strings of these digits
correspond to a number z as its f-expansion. Which sequences of digits are permissible
in B-expansions and what are the distances between adjacent points in Zg depends on the
so-called Rényi development of 1. We define a mapping

Ts(z) = px — [Bx], for = €[0,1].
Put ¢; := [ﬁTﬁi_l(l)] for i =1,2,3,.... The sequence
dﬁ(l) = titotsy- -

is called the Rényi development of 1.
In order to decide, whether a series > ;3" is a (-expansion, we use the condition

of Parry [F5].

Proposition 5.1 Let > 1. Then Y ", x; " is a B-expansion of a number x if and only
if the word x;z;—1 - - - xq is lexicographically strictly smaller than titats -+ for all0 <1i < n.

In [69] it is shown that the distances between neighbouring points in the set Zg are of
the form

ng’“ for i=0,1,2,....
k=1

A necessary condition in order that Zg has only finitely many distances between neigh-
bouring points is that the Rényi development of 1 is eventually periodic. The construction
of dz(1) implies that

1=) —. (5.29)
2

If moreover dg(1) is eventually periodic, § is a root of a monic polynomial with integer
coefficients. Such ( is an algebraic integer.
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Our aim is to describe which parameters have to be chosen in order that the sets 3 ;,(€2)
and Zg coincide on the positive half-axis?, i.e. when

e, N R = Zg N Ry (5.30)

In [[9] an example of such a relation is given together with the parameters e,7,. In
particular, the authors study the case of quadratic Pisot units. All quadratic Pisot units
can be expressed as the positive roots of a quadratic equation

2=mB+1, form>1 or B2=mB—-1, form>3.
It is shown that
1
25/,5[—1,—@) NRY = ZgNR{ for fZ=mB+1, m>1, (5.31)

1
Ew[o,ﬁ) NRI = ZgNR{ for BZ=mB—1, m>3. (5.32)

The above equalities imply that the C&P sequences with given windows have two
distances only between adjacent points. Thus from Theorem P.§ they are geometrically
similar to C&P sequences with unit acceptance interval, and therefore the infinite binary
words corresponding to [-integers are sturmian words.

In the following proposition we prove that a quadratic Pisot unit 3 is the only example
of a basis for which positive S-integers coincide with the restriction of a cut-and-project
set to its positive part.

Proposition 5.2 Positive part of the set Zg coincides with the positive part of a cut-and-
project set X¢ () if and only if B is a quadratic Pisot unit.

ProofOne implication is obvious from (5.31)) and (5.39). Let us prove =-. Since Zg
is a self-similar set, we impose the requirement of self-similarity also on the C&P sets,
which implies that e, n are mutually conjugated quadratic numbers, i.e. ¢ =1’ and 0 € €.
According to Theorem [I.]] the self-similarity factor § is a quadratic Pisot number. Thus
it remains to show that ( is a unit.

All quadratic Pisot numbers can be expressed as the positive roots of a quadratic
equation

2=mB+n, forl<n<m, or fEZ=mB—-n, forl<n<m-—2.

Our considerations can thus be divided into two cases.

2Positive half-axis [0, +-00) is denoted by R7.
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1. Let 32 = mB+n, m >n > 1. Then the conjugated root to 3 is the number 5’ € (—1,0).
The Rényi development of 1 has the form

and the distances between (-integers are
Lt =t
i i+1
Zﬁ—i:l and Zlﬁz =B-t1i=F—-—m=
i=1 =1

In this case a series Zf:o x;* with non-negative integer coefficients x; is a S-expansion if
x;x;—1 is strictly lexicographically smaller than mn, i.e. z;x;-1 < mn for all 1 <1 < k,
which means that z; € {0,1,...,m} and every digit z; = m in the string xxxg_1 - - 120
is followed by a digit z;_1 <n — 1.

Since in a self-similar C&P set the star map and the Galois automorphism coincide, we
can find a candidate for the acceptance interval { in order that (5.30) be satisfied. In the
following estimations we use ' € (—1,0). For z = Zf:o z;3" € Zg we have

|3

k

o=z <mAmBampty =
> il 87+ mp T
Similarly,
k . mﬂ/
=N 28" >mb +mB’ +mp’ + = ——.
; 8" >mp +mp"” +mp T
Clearly, the only candidate for €2 is the interval [%, %g) It is obvious that for such

a window one inclusion of (p.30) is verified,
Sya() NRE D Zg N RY.

Since Zg has only two possible distances between neighbouring elements, namely 1 and %,
the equality in the above inclusion is reached according to 8. of Remark .7 if || = Aj —Al,
ie. if
m mpg om "
1-6% 1-p% 1+p s

Using the quadratic equation 32 = mf’ +n we obtain the condition (1 —n)3’ = 0 which
implies n = 1. Thus [ is a unit.

2. Let us study the case 82 = mB3 —n, m —2 > n > 1. Here the conjugated root 3

belongs to the interval (0,1). The Rényi development of 1 has coefficients ¢; =m — 1 and
t;i=m—n—1fori>2,ie.

dg(1)=(m—-1)(m —n—-1)(m—-n—-1)---=(m—1)(m —n—1).
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In this case a [-expansion of a number z has digits in the set {0,1,2,...,m — 1} and
forbidden are the strings of digits equal or lexicographically greater than (m — 1)(m —
n — 1)%(m — n) for arbitrary non-negative integer s. The distances between neighbouring
(-integers are

ot N n
— =1 and —=F-th=Ff—-(m-1)=1——.
25 2 o

ek g

Again, using the Galois conjugation of x = Zf:o x;f € Zg we find a candidate on the
acceptance interval Q for (p.30),

K
0<a' =) zfi<m—1+(m-2)+(m—-2)8"+---=1
=0

+m—2
1-4"

Let us therefore set Q2 = [0, 1+ ;”__52,) In order that a C&P set with such an acceptance

window have only two distances between neighbours, we must have

m— 2 n n
\Qy:1+1_5, :A’l—A’2:1—1+@:ﬁ.
After manipulations we obtain (n — 1)’ = 0 which implies n = 1. This completes the
proof. [

6 C&P sequences and substitutions

Construction of an arbitrarily long segment of a C&P sequence directly from the defini-
tion of 3., (€2) is numerically very demanding, since precise computation with irrational
numbers requires a special arithmetics dependent on the form in which the irrational num-
bers ¢, are given. For a class of self-similar C&P sequences the sequence of distances
between adjacent points (i.e. the infinite word u. ,(£2)) can be generated effectively using
substitution rules. For this purpose we introduce the following notions.

The set A* of finite words on an alphabet A equipped with the empty word e and the
operation of concatenation is a free monoid. A morphism on the monoid A* is a map
v A* — A* satisfying p(wz) = p(w)p(z) for any pair of words w,z € A*. Clearly, the
morphism ¢ is determined by ¢(a) for all a € A. The action of a morphism ¢ can be easily
extended to one-directional infinite words u = ugujus - -+ over A by the prescription

o(u) = p(uguruz - -+ ) = @(uo)p(u1)p(uz) - - -

Let uw = uguius - -+ be an infinite word over an alphabet A and let ¢ be a morphism on
A* satisfying |p(a)| > 1 for all a € A and |p(ug)| > 1. We say that the word u is invariant
under the substitution ¢ if u is its fixed point, i.e. p(u) = u.
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The @-invariance of u implies that ¢(up) has the form ¢(ug) = upu’ for some non-
empty word v’ € A* and that ¢"(u) = u for every n € N. The word ¢"(ug) is a prefix of
the fixed point u and its length grows to infinity with n, therefore we can formally write
u = limy, o ¢"(up). The substitution under which an infinite word u is invariant allows
one to generate u starting from the initial letter ug repeating the rewriting rules infinitely
many times.

As an example of a substitution invariant C&P sequence let us recall the (G-integers, as
presented in the previous section. Consider first Zg for 3?2 = mB + 1, where the distances
are A1 = 1 and Ay = % Associating the letter A to the distance 1 and the letter B to

the distance % we create a one-directional infinite word u in the alphabet {A, B}. It can
be easily seen from the properties of S-expansions and from the Parry condition that, if
x,y are neighbours in Zg such that y — x = 1, then, between the points Sz and By, there

is m times the distance 1 followed by one distance % Similarly, if z,y are neighbours in

Zg such that y —x = %, then the points Gz, By are also neighbours and have distance 1.
The above considerations imply that the infinite word u is not changed, if every letter A
is replaced by the finite word A™ B, and every letter B is replaced by A. We say, that the
word u corresponding to Zg is invariant under the substitution ¢ given by

p(A) = A"B, »(B) = A.

Similarly we can derive that for (-integers where 32 = mf — 1, the infinite word u
corresponding to Zg is invariant under the substitution

w(A)=A""1B,  ¢(B)=A"B.

We have presented the substitutions only for those (-integers that correspond to C&P
sequences. However in general, every Zg which has a finite number of distances between
neighbours is invariant under a non-trivial substitution [2].

To every substitution ¢ on the alphabet A = {aj,...,ax} one associates naturally the
substitution matrix M € M (Np), where

M;; = the number of letters a; in the word ¢(a;) .

If all letters a; of the alphabet A have a well defined density g; in the infinite word «
invariant under the substitution ¢, then the vector (o1, 02, ..., 0x) is a left eigenvector of the
matrix M. If the matrix M is primitive, i.e. it has a positive power, then the substitution is
called primitive. A fixed point of a primitive substitution can be represented geometrically
as a self-similar sequence in the following way.

According to the Perron-Frobenius theorem, the matrix M has an up to a scalar factor
unique positive right eigenvector (y1,¥s,...,yx)’ corresponding to the dominant eigen-
value, say A. To the infinite word u = ugujus - -- we associate the sequence (z,)nen, such
that

20 =0 and Znal — 2Zn =y if u, = a;. (6.33)
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The sequence (zp)nen, is self-similar, since we have

Mzn |neNo} C {z,|neNp}.

6.1 Substitution invariance

Infinite words corresponding to C&P sequences are bidirectional. From the property 2 of
Remark P.9 it follows that, without loss of generality, we can consider only those C&P se-
quences which have 0 € 2, i.e. 0 € ¥ ,,(£2). We define a pointed bidirectional infinite word
Ue () = - u_gu_1|ugurug - - - such that upuius - -- corresponds to the order of distances
between adjacent points of X, ,(£2) on the right of 0, and - - - u_3u_su_; corresponds to the
order of distances between adjacent points of X, ,(€2) on the left of 0. This word is ternary
or binary.

Let u=---u_su_q|uguius - - - be a pointed bidirectional infinite word over an alphabet
A. Let ¢ be a morphism on A* such that |p(u_1)] > 1 and [p(ug)| > 1. We say that the
word w is invariant under the substitution ¢, if it satisfies

U= u_gu_tlugurug - = - p(u—2)p(u_1)|p(uo)p(ur)p(us) - -+ = p(u).

In this case we formally write
u= lim @"(u_1) | ¢"(ug)-.
n—oo

Let us mention what is known about the substitution invariance of infinite words asso-
ciated to C&P sequences. First consider the binary words. As explained in Example R.7,
all such words coincide with lower and upper mechanical words s, 3, Sa s for irrational
a € (0,1) and any real $ € [0,1). The question about substitution invariance of mechani-
cal words has been solved independently by different authors [54), [[3, {]. In order to state
the result we need to introduce the notion of a Sturm number.

Definition 6.1 A quadratic irrational number o € (0,1) whose algebraic conjugate o
satisfies o' ¢ (0,1) is called a Sturm number.

Let us mention that originally Sturm numbers were defined by a special form of their
continued fraction. The characterization presented here is due to [J. The necessary and
sufficient condition for substitution invariance of mechanical words is given by the following
theorem [J].

Theorem 6.2 The mechanical word s, g, resp. Sa,g, for irrational o € (0,1) and real
B €10,1) is invariant under a substitution if and only if

(i) « is a Sturm number,

(i) B € Q(a),
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(i) o/ < <1—a orl—o <p <.

If we represent the substitution invariant lower mechanical word s, g geometrically, as
described in (.39), we find that this geometrical representation coincides with the C&P
sequence X, /(8 — 1, 3], where o = —e. Similar statement is valid for the substitution
invariant upper mechanical word 5, g. This implies that substitution invariance of a binary
word u associated to a C&P sequence forces existence of a self-similar C&P sequence
Ye () such that v = u, ().

Substitution invariance of ternary words corresponding to C&P sequences has not yet
been solved completely. The authors however conjecture that, even in this case, substitu-
tion invariance forces self-similarity of the corresponding C&P sequence.

6.2 Substitutivity

The original aim for studying substitution properties of C&P sequences was the possibility
of symbolic generation of u.,(f2). For our present purpose, it is enough to consider a
property weaker than substitution invariance, namely the substitutivity. We take the
formulation of Durand [4].

Definition 6.3 We say that the infinite word u over an alphabet A is substitutive if there
exist an infinite word v over an alphabet B and a letter projection ¢ : B — A such that v
is invariant under a substitution @ on B* and

e p(v_2)P(v_2)[P(vo)Y(vi)P(ve) - -+ = - - u—_gu_1|uguiuz - - -

If moreover ¢ is a primitive substitution, then the infinite word u is said to be primitive
substitutive.

If an infinite word w is substitutive, it can be constructed in such a way that generating
by substitution the word v and using the projection v allows us to obtain wu.

Using Theorem P.J we can without loss of generality consider the ternary words asso-
ciated to C&P sequences X, ;c,c + £), where

ee(-1,0), >0, c¢<0<c+{¢ and max(—e,1+4+¢e)<l<1. (6.34)

The description of infinite words associated to C&P sequences which are substitutive
can be derived from the paper of Adamczewski [[If.

Theorem 6.4 Let €,7,c,? satisfy (6.34). The infinite word ue y[c, ¢ + £) is primitive sub-
stitutive if and only if € is a quadratic irrational number and ¢, f € Q(g).
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From a practical point of view it is important to know the procedure which, given
a substitutive word u over a ternary alphabet {A, B,C}, allows to determine an alpha-
bet B, a substitution invariant word v over B and a projection ¢ : B — A such that
¥(v) = u. The bidirectional pointed word v = ---v_ov_1|vgvivy is in fact given by the
initial letters v_j|vg and the substitution ¢ under which it is invariant, since we have
v = limy, o0 " (v_1)|¢" (vo).

In the rest of this section we describe the algorithm for solving this problem in case
that the parameters satisfy besides the necessary conditions (f.34), an additional condition
that —e is a Sturm number, i.e. the algebraic conjugate &’ of ¢ satisfies & < —1 or & > 0.

Using the transformations (R.1() and (R-11]) we have
Es,n(Q) = E—l—s,—l—n(_Q) )

and thus we can without loss of generality consider only & > 0. As for the parameter 7, we
know that, for fixed ¢, ¢, £ satisfying (.34), the words u.,|c, ¢ 4 ¢) coincide for all choices
of 7 > 0. In case that &’ > 0, it is suitable to put n = ¢’. In this case X, o[c,c + ) is
a self-similar set. This is a crucial property for proving the correctness of the algorithm
presented below.

Remark 6.5 The sequence X o/[c,c + £) with parameters satisfying (0.34) has according
to Theorem P.J three types of distances between adjacent points, namely €', 1 + &', 1 + 2¢’.
According to Theorem [[.1 it is a self-similar set. The stepping function f on the acceptance
interval Q@ = [c,c + {) has in this case the form

r+1l+e for welce+l—1—¢) =:Qy,
fle)=¢ z+1+2 for ze€fc+l—1—c,c—¢e) =:Qp,
x+e for xE€lc—e,c+l) =:Q¢c.

This function is a bijection on the acceptance interval 2, i.e. is invertible.

Algorithm:

Input: quadratic € € (—1,0) with & > 0, ¢,£ € Q(¢), such that ¢ <0 < ¢+ ¢, max(—e, 1 +
e) <l<1.

Output: alphabet B, letters v_1,vy € B, morphism ¢ on B*, projection ¥ : B — A.

Step 1 Find a quadratic unit vy € (0,1) such that yZ[e] = Z[¢] and its conjugate v > 1. It
results in solving a Diophantine equation (more precisely the so-called Pell equation)
which has always a solution.
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Step 2

Step 3

Step 4

Step b

For x € Q we define
1 . )
gy(x) = ;f_md(x)(m), where ind(z) =min{i € No | f7*(z) € vQ}.  (6.35)
Find the minimal set S C €2 such that

{e,c+l—-1—¢c,c—e} CS and g4(S)CS.

Such a set is finite, let us denote its elements by S = {cg,c1,...,cr}, where ¢ = ¢y <
c1 < -+- < ¢, and denote ciy1 := ¢+ ¢. Note that the elements of the set S divide
the acceptance window into small subintervals

k

Q= U[Ci, Ci+1) .

i=0
Define the alphabet B := {0,1,...,k} and to every letter i € B associate the number

ji = min{j € N | fi(y¢;) € v}

and the word (i) = wéi)wgi) e wx)_l by the prescription

wgi) =meB if fj(')/ci) € [em, Cmt1) -

Define the initial letters of the infinite word v = - - - v_gv_1|vgvivy - - - over the alpha-

bet B as
’UO = m 6 B lf 0 6 [Cmycm—i-l)?

v_1 = mekB if  f7Y0) € [cm,Cma1)-
Define the projection ¢ : B — A ={A, B,C} by

Aif e € Qu,
1/1(2): BifCiEQB,
Cifec €Qc.

Theorem 6.6 Let parameters €, n, ¢, { satisfy (6.34). Let moreover € be a quadratic
irrational number, such that ¢ > 0, and let ¢,f € Q(e). Then the alphabet B, letters
v_1,v9 € B, morphism @ on B*, and projection ¢ : B — A, defined in the above algorithm,
satisfy

Ueple.c0) = (), where v= lim " (v_1)|e" (v0).
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The proof of the theorem follows the same ideas as in [[id], where the correctness of the
algorithm for e = —% is shown. Note that the crucial point in the algorithm is to ensure
that the set S of Step 2 is finite.

Remark 6.7

1. Given the infinite word u. ,(Q2), the substitution ¢ is not given uniquely. Indeed, the
ambiguity is found in the choice of the unit v in Step 1 of the algorithm. Note that if
has required properties, then so does any power 7, j € N.

2. The cardinality of the alphabet B is given by the cardinality of the set S, which
depends on the choice of v. Taking a power of v as the unit factor may reduce the number
of letters in the alphabet.

3. In case that the word u.,(€2) is not only substitutive but is also a fived point of a
substitution, then suitable choice of v (sufficiently high power of minimal factor satisfying
Step 1) in the algorithm yields the substitution under which ue () is invariant.

Let us illustrate the algorithm for finding the substitution on an example.

Example 6.8 Consider the C&P sequence Y. y[c, c + £) with parameters

1 |

= =& = —F,
vz NG

Such parameters clearly satisfy the assumptions of the algorithm. The distances between

adjacent points of Xe ylc,c+ L) are Ay =1+n=1+ %, Ay =n= %, and A + As =

1421 =142, and therefore the explicit expression of the stepping function in our case
18

£=— c=0, (=—-242V/2=—-2—14¢.

x+14+e for x€[0,-3-5e) =:Qa,
flx)=4 z+1+2 for ze[-3—-be—e) =:Qp,
r+e for xz€[—e,-2—4e) =:Qc¢.
From that we derive the formula for the inverse function
x—e for x€[0,—-2—3¢),
flla)={ 2—1-2¢ for x€[-2—-3e1+¢),
x—1—¢ for xze€[-1—¢g,-2—4e).
We know that 0 € ¥c plc,c +€). We can generate other elements of the CEP sequences

on the right from 0 using the stepping function f. The elements on the left are generated
using f~. We have

Yeple,e+0) ={...,—5—-8n,—4—6n,-3 —5n,—2 —3n,—1 — 2n, —n,
0, 1+mn, 242n, 3+4n, 4+5n, 5+6n, 5+7T,...},
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and graphically,

A Ar+Ay Ay A Ay Ay Ay A+ Ay Ay A Ay

T
0

The corresponding bidirectional infinite word u. ylc,c + £) is obtained by replacing Ay
with the letter A, Ag with the letter C and A1 + Ao with the letter B, i.e.

Ueplc,c+0) =--- BABAAC|AABAAC - --

Let us now use the algorithm described above to derive the substitution generating the
word ue yc,c+ £). We proceed according to the steps of the algorithm.

Step 1

Step 2

Put v = 3+ 4e = 3 — 2V/2. It is obvious that v is a unit in Z[e] N (0,1) and its
algebraic conjugate v satisfies v = % =3 —4e =3+2vV2 > 1. We have yet to verify
that yZ[e] = Z[e]. For that it suffices to show that ve € Z[e] and vy~ ‘e € Z[g]. We

have
v = e(344e) = 243 € Zg,

7 le = e(83—4e) = 243 € Z[,

where we have used that €2 = %

We need to find the minimal set S C Q) closed under the action of g, containing the
points
c=0, c+l—1—e=-3->5¢, c—e=—c¢.

Thus we search for values of all iterations g% (x), j € N, of the above points. Important
for the definition (b.39) of the function g, is the index of a point x, i.e. the first
exponent i € Ng such that f~'(x) belongs to the interval

Q= (3+4¢£)[0, -2 — 4e) = [0, —14 — 20¢) .

Let us find the image under g, of the point x = 0. Clearly, 0 € ¥Q, thus ind(0) = 0.

Therefore g,(0) = %fO(O) =0. gZ‘,(O) =0 for all j € N.

Let us find the image under g, of the point x = —e. We have
f2(—e)=fH(~1-2)=-2-3 €0,
which implies

ind(—e) =2 and  gy(—c) = % F2(e) = (3—de)(—2—32) = —z.

Thus g%(—e) = —¢ for all j € N.
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Let us now find the image under g, of the point x = —3 — 5. We have

=3 —5¢e) = f3(—4—62) = f2(=5 —8) =
= f71(=6—9¢) = —7— 10 € 102,

which implies
1
ind(—3—5¢) =4 and g,(—¢) = ;f—4(—3 —5¢) =
=(3—4e)(—=7—10e) = -1 — 2¢.

Therefore the set S must contain the point —1—2¢. In order to find further iterations
of gy on the point —3 — be, we determine g,(—1 —2¢). We have seen that (-1
2e) = =2 —3e € . Thus

1
ind(—1—-2¢) =1 and gy(-1—2¢)= ;f_l(—l —2) = —¢.

Altogether, we obtain

2(0) = 0, for all j €N,
gf,(—s), = —¢, for all j €N,
gy(=3—=5e) = —1—2¢,
@(=3-5e) =  —¢ forall jEN, j>2.

We can conclude that S contains four elements,
co=c=0, cqg=-1—-2e, cg=-3—-5, c3=—¢,

and we put cg = —2 — 4e.

Note that the elements of the set S divide the acceptance window into small subin-
tervals

3
0=

[ciyciv1) =
1=0
=1[0,—1—-2)U[-1—2¢,—-3 —5e)U[-3 — 5e,—¢) U[—¢,—2 — 4e),

as it is illustrated on the following figure.
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Step 8 Since S has four elements, we have the alphabet B := {0,1,2,3} on four letters. In
order to define the substitution we compute the iterations f7(yc;) and we stop when
i (ve;) € 8. First take i = 0. We have yco = 0 and the iterations

fO(O) = 0 S [CO, Cl)
fl(O) = 1+¢ € [CO,Cl)
f2(0) = 242 € [62, C3)
f3(0) = 3+4e € [CO, c1)
f4(0) = 445 € [Cl, C2)
f5(0) = b+4+6e € [Cg, cq),
F50) = 547 € A,

Note that the word ¢(0) = 002013

thus

Jjo=06 and
©(0) = 002013.

is formed by the indices m of the left-end-points

of the intervals [cp,Cm+1), Tead in the column. Similarly for i = 1, we have ye; =
v(=1—2¢) = -7 —10e. Thus

fO(=7-10e) =
fHU(=7—-10e) =
f2(=7-10e) =
f3(=7—-10e) =
fA=7-10e) =
f2(=7-10e) =

For i =2, we have yco = v

fO(—=19 —27¢) =
fHU =19 -27¢) =
(=19 —27¢) =
(=19 -27¢) =
fH=19 —27¢) =
f3(—=19—27¢) =
fO(—19 —27¢) =
f1(=19—-27¢) =
f3(—=19 —27¢) =
fo(=2-3¢) =
fi(=2-3¢) =
fA(-2-3¢) =
FA(-2-3¢) =

—7—10¢
—6 — 9¢
—5 — 8¢
—4 — 6¢
-3 — 5¢
-2 — 3¢

M MMMMM

(=3 —b5e) =

—19 — 27¢
—18 — 26¢
—17 — 25¢
—16 — 23¢
—15 — 22¢
—14 — 20¢
—13 —19¢
—12 — 18¢
—12 —17¢

—2—-3 €
—1—-2¢ €
—€ S
0 €

50

MMMMMMMMM

—19 — 27e. Therefore

[ )7
[ )7
[c2, ¢3),
[ )7
[62763)7
[ )7
[61762)7
[03764)7
9,

[60701)7
[c1, c2),
[63704)7

YL,

Jj1 =5 and
(1) = 00202.

hence jo =8 and
©(2) = 00202013.

j3 =3 and

o(3) = 013.



Altogether, we have the substitution

0(0) = 002013,
p(1) = 00202,
0(2) = 00202013,
0(3) = 013.
Step 4 Since 0 € [cg,c1) and f~1(0) = —e € [e3,¢4), we put as the initial letters vy = 0,

v_1 = 3. Note that 0 is a prefiz of p(0) and 3 is a suffix of ©(3), thus the word
v = limy oo @™ (v-1)|¢" (v0) = limy, 00 ™ (3)|™(0) is well defined.

Step 5 Since cy,c1 C Qa, ca C Qp, c3 C Q¢, we have the projection ¢ : {0,1,2,3} — A =
{A,B,C} by

Let us write the subsequent iterations of the substitution @ on the pair of initial letters
3|0, i.e. ©"(3)|¢™(0). We have forn =0,1,2,

3]0
013]002013
00201300202013 | 0020130020130020201300201300202013

Since each row is a factor of the next one, in the limit we obtain the infinite word

v = ---00201300202013|0020130020130020201300201300202013 - - - .

Now we apply the letter projection 1, which collapses the letters 0 and 1. We have

v=---1300202013/0020130020130020201300---

N Ty
Ueplc,c+0) = --- ACAABABAAC|AABAACAABAACAABABAACAA. -

Let us study the second iteration of the above substitution . We obtain

©*(0) = ©(002013) =
0020130020130020201300201300202013 ,

S2(1) = (00202) =

= 0020130020130020201300201300202013 ,
©2(2) = (00202013) =

= 002013002013002020130020130020201300201300202013 ,
¢’(3) = ¢(013) =

= 00201300202013.

ol



Note that ©*(0) = ¢?(1). Therefore we can consider the letters 0 and 1 as identic. It
enables us to define a new substitution ¢ : {A, B,C}* — {A, B,C}* by

#(A) = AABAACAABAACAABABAACAABAACAABABAAC,

$(B) = AABAACAABAACAABABAACAABAACAABABAAC o
o AABAACAABABAAC,

3(C) = AABAACAABABAAC,

under which the word ue y[c,c + €) is invariant, we namely have
Ueylecc+0) = lim GO (A).

Note that the symbol o in the formula for the substitution stands for concatenation.

7 Conclusions

In this paper, we have attempted to give a unifying view of the one-dimensional cut-and-
project point sets obtained from the square lattice in the plane. A part of the work is a
review of former results which had to be recalled for the sake of clarity. Let us now indicate
some possible continuations or applications of our results.

First, it would be interesting to extend the work [[f] to the case of splines of larger regu-
larity for other cut-and-project sets, with quadratic self-similarity, or without self-similarity
at all, especially having in view the relation between scaling equations and substitution
properties of the considered discretizations of R.

Mathematical diffraction of such aperiodic sets obtained by cut and projection should
be also envisaged in a systematic way, in relation with the existence of those multiresolu-
tion analysis and related wavelets. Concerning diffraction, one can find in the literature
on quasicrystals many works devoted to this important subject, in which substitutional
properties, or self-similarity, or cut and projection from higher-dimensional lattices, play a
central role in the elaboration of rigorous results (see for instance [[7, B2, 3] and [B7] for
a recent review on these questions). The analysis of diffraction spectra by using adapted
wavelets, i.e. wavelets “living” on the diffracting aperiodic structure, is a project which
remains to be really developed.

Another nice application of the results of this paper can be envisaged in the construc-
tion of a new type of pseudo-random number generators. First step in this direction has
been made in [BI], where the authors use sturmian sequences to combine classical periodic
pseudo-random sequences to produce an aperiodic pseudo-random sequence. These aperi-
odic pseudo-random number generators (APRNG) have been tested using the DIEHARD
test suite and using the Maurer test and it turned out that statistical properties of these
APRNG’s are significantly better than of the original periodic sequences. Moreover, the
authors prove that the APRNG passes the spectral test. It would be very interesting
to pursue the study of the APRNG’s extending the definition to generic (i.e. ternary)
cut-and-project sequences.
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