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ANALYSIS OF THE SMOOTHLY AMNESIA-REINFORCED
MULTIDIMENSIONAL ELEPHANT RANDOM WALK

JIAMING CHEN AND LUCILE LAULIN

ABSTRACT. In this work, we discuss the smoothly amnesia-reinforced multidimensional elephant
random walk (MARW). The scaling limit of the MARW is shown to exist in the diffusive, critical
and superdiffusive regimes. We also establish the almost sure convergence in all of the three
regimes. The quadratic strong law is displayed in the diffusive regime as well as in the critical
regime. The mean square convergence towards a non-Gaussian random variable is established
in the superdiffusive regime. Similar results for the barycenter process are also derived. Finally,
the last two Sections are devoted to a discussion of the convergence velocity of the mean square

displacement and the Cramér moderate deviations.
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1. INTRODUCTION

The study of reinforced processes and reinforced random walks has known a growing interest
over the last decades. In particular, random walks on graphs, or more precisely edge [37] or vertex
[39] reinforced random walks, have been the subject of a great number of contributions, see also
[1, 12, 27] and the references therein. The insight of introducing reinforcement mechanisms to
stochastic processes has also shed light on more applied models. In [30], the adaptive strategy of
an agent who plays a two-armed bandit machine was described as a self-reinforced random walk.
The philosophy of stochastic reinforcement has also been discussed in the topics of evolutionary
ecology [4] and machine learning theory [17]. Another manifestation of reinforced Pélya urn models
on financial economics can be found in [35]. We also refer the readers to [38] for a comprehensive
and extensive survey on the subject.

The Elephant Random Walk (ERW) is a discrete-time random walk, introduced by Schiitz and
Trimper [40] in 2004. It was referred to as the ERW in allusion to the traditional saying that
elephants can always remember anywhere they have been. As it was pointed out [12] by Bertoin
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FIGURE 1. The two-dimensional ERW with amnesia (in blue) and its barycenter
(in red).

who relied on Kiirsten’s work [29], the ERW is a special case of step-reinforced random walk. In
fact, the ERW is reinforced because its behavior is influenced by its past : the ERW may have
a tendency to do the same thing over and over, or on the contrary, it may try to compensate its
previous steps. This different types of behavior, here-called regimes, are ruled by the memory
parameter p and it is well-known that the ERW shows three regimes of behavior and that the
critical value is p = 3/4.

The ERW in dimension d = 1 has received a lot of attention from mathematicians and physicists
over the last two decades. The almost sure convergence and the asymptotic normality of the
position of the ERW were established in the diffusive regime p < 3/4 and the critical regime
p = 3/4, see [3, 9, 16] and the references therein. In the superdiffusive regime p > 3/4, Bercu
[5] proved that the limit of the position of the ERW is not Gaussian and Kubota and Takei [28]
showed that the fluctuation of the ERW around this limit is Gaussian. To obtain those asymptotics,
various approaches have been followed : Baur and Bertoin [3] went with the connection to Pélya-
type urns while martingales were used by Bercu [5] and Coletti et al. [16] and the construction of
random trees with Bernoulli percolation have been explicited by Kiirsten [29] and Businger [13].

Other quantities of interest regarding the ERW have been studied. For example, Fan et al.
[20] provided the Cramer moderate deviations associated with the ERW in dimension 1 and, more
recently, Hayashi et al. [26] studied the rate of quadratic mean displacement.

Bercu and Laulin [9] introduced the multidimensional ERW (MERW), where d > 1, and estab-
lished the natural extensions of the results [5] in dimension d = 1. Then, they investigated the
center of mass of the MERW [8]. In both papers, they extensively used a martingale approach.
Bertenghi [10] made use of the connection to Pélya-type urns in order to establish functional
results for the MERW.

Finally, the ERW with changing memory has also been introduced. The ERW with linearly
reinforced memory has been studied by Baur [1] via the urn approach, and Laulin [31] using
martingales. Gut and Stadmiiller [25] proposed an amnesic ERW where the elephant could stop
and only remember the first (and second) step it tooks. They also investigated the case where
the elephant only remembered a fixed or time-evolving portion of its past (recent or distant)
[24]. In the recent work [32], Laulin introduced smooth amnesia to the memory of the ERW and
established the asymptotic behavior of this new process.

The idea of our paper is to generalise the work [32] in dimension 1 to the dimension d > 1.
In other words, we introduce smooth amnesia to the memory of the multidimensional elephant
random walk.
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Our paper is organized as follows. In Section 2, we introduce the basic setting of the elephant
random walk (Sp)nen placed under an amnesia reinforcement mechanism, which is controlled
by the memory sequence (3,)nen. This type of multidimensional reinforced random walked is
named as the multidimensional amnesia-reinforced elephant random walk (MARW). Similar to
the ERW with the amnesia reinforcement, the MARW also admits a martingale structure, which
is discussed in Section 2. Unlike the usual ERW, the additional amnesia-reinforcement induces
two discrete-time martingales, instead of a single martingale, which are strongly correlated in a
nontrivial fashion. Such strong correlation of martingales will eventually pose some computational
difficulties when we analyze the limiting behavior of the MARW in Section 4. For instance, when
we compute the pointwise limit and the scaling limit of (S,),ecy in the diffusive regime, the two
strongly correlated martingales have to be dealt with separately, see [8, 31, 32] for the same
methodology.

As a courtesy to our readers, we give a preview of some of our main results, whose proofs will
be deferred to Theorem 4.1, Theorem 4.2, and Theorem 4.3. In the diffusive regime, we have the

almost sure convergence,

1
-S,—0 as n—o0o P-—a.s.
n

Another logarithmic scaling to the MARW yields the quadratic strong law,
1 & SkSF

1
logn 2= TR C(p,(Br)nen) - =1la as n — oo P-as.

d

where the constant C(p, (8, )nen) > 0 depends only on the parameter p and the control sequence
(Bn)nen of the amnesia-reinforcement. Using square-root scaling factor, we observe that the
MARW also admits a scaling limit in the diffusive regime, or convergence in distribution, in the
Skorokhod space ©(R;) of cadlag functions, in the sense that

(\}HSWJ, t> 0> - <Wt, t> 0>

where (W};):>0 is a continuous Ré-valued centered Gaussian process such that Wy = 0 and with
covariance structure given in (4.6).

It is also of interest to look at the barycenter process (G, )nen of the MARW. Its definition as
well as its limiting behavior are discussed in Section 5. Similar to the discussion of the MARW,
we obtain its pointwise convergence, quadratic strong law, and its scaling limit. In particular,
Theorem 5.5 states that the barycenter process admits a scaling limit at the diffusive regime, or
convergence in distribution, in the Skorokhod space D([0,1]) of cadlag functions, such that

1
1
<\/’FLGLntJ7 tz 0) — (/Wtrdn t>0)
0

where (Wy)¢>0 is a continuous Ré-valued centered Gaussian process defined in Theorem 4.3 with
its covariance structure defined in (4.6).

A natural question to ask is how fast the limiting Theorems in Section 4 are carried on. Section
6 provides a quantitative estimate on the mean square convergence velocity of the pointwise limit,
quadratic strong law, and the scaling limit of the MARW. It should be possible to derive similar
convergence velocity to the barycenter process, which is not computed in this work. In Section
7, we end this work with a discussion on the Cramér moderate deviations of the MARW in the
diffusive and critical regimes. As a preview of our result in this Section, let (J,),en € R be a
non-decreasing sequence so that 9,/v/n — 0 as n — oo, and w,, the sequence with asymptotic
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behavior described in Lemma A.1. Take any non-empty Borel set B C R?, then we have
. 1 2 . . -2 anﬂnSn
_ — < _nrntn
Lot 5ol < liminf o, logp(qan. o © B
( anMnSn
PpA/Wn

where int B and cl B denote the interior and the closure of B C RY, respectively. This is the

(1.1)

< limsup ¥, ?log P

e B) <— inf 2zl
=300 z€cl B 2
Cramér moderate deviations for the MARW in the diffusive and critical regimes.

Moreover, we chose to postpone some technicalities regarding the analysis of the random walk
to the Appendix A. That way, the reader can focus on the main Theorems and the ideas of their
proofs. However, some analogous technicalities are displayed in the proof of the Theorems on the
barycenter such that the reader can also have a complete overview of the work needed.

Other probabilistic aspects of interest to the MARW include the statistical inference and an
analysis on the Fisher information, see [7], as well as the Wasserstein distance of the reinforced
random walk, see [21]. Perturbations of the amnesia intensity and its stability for the MARW is
also of independent interest. A similar topic for another type of stochastic process, the Schramn-
Loewner evolution, has been considered in [2, 15]. The transience and recurrence property of the
MARW remains unknown, to the best of our knowledge. Readers are referred to [11, 20] for an
exposition on the ERW without the amnesia reinforcement mechanism.

2. THE AMNESIA-REINFORCED ELEPHANT RANDOM WALK

To begin with, let us properly introduce the MARW. It is the natural extension to higher
dimensions of the one-dimensional MARW, defined in [31]. For an arbitrarily given dimension
d > 1, let (S,)nen be a (reinforced) random walk on Z? starting from the origin at time n = 0,
i.e. Sg = 0. At time n = 1, the reinforced random walk moves to one of the 2d nearest-neighbors
with equal probability 1/2d. After that, at time n > 1, the reinforced random walk chooses at
random an integer 1 < k < n among the past times and performs the same step with probabily p,
or goes in any of the 2d — 1 other directions with probability (1 — p)/(2d — 1). This random walk
possesses the amnesia property, in the sense that it remembers its most recent past steps better
than its remote past steps. Colloquially, this random walk has higher probability to choose its
recent steps than its earlier steps.

From a mathematical perspective, the position of this reinforced random walk at time n+1 > 1
is given by

Sn+1 =5, + Xnt1
with X, 1 being defined as the step of this random walk at time n + 1, satisfying

Xn+1 = An+1Xﬁn+1-

Here A, 41 is a random d x d matrix given by
]P(An = +Id) =D,

and, forall 1 <k <d-—1,
1-p
2d — 1
where I is the identity matrix of order d, I = (0; j)q¢ and Jq = C(0,1,0,...,0) is the circulant
matrix of order d such that J = (6;41,5)a. It is easy to observe that the fixed permutation matrix

P(A, = —I) =P(A, = +J)) =P(4, = —J}) =

Jg satisfied Jj = I4. The distribution of the memory 3, of the reinforced random walk is such
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that the probability of choosing a fixed past time k& € N decays approximately with rate k% /nf+1,
where 8 > 0 is the amnesia parameter.

B=0 0.10 p=0
0.5 B=1 B=1

B=2 0.08 B=2
0.4 B=5 8=5

A=10 0.06 A=10
0.3 - ’
0.2 0.047
01 ; 0.02
004 . - 0.00

2 4 5 8 10 0 20 20 60 80 100
(A) n=10 (B) n =100

FIGURE 2. Evolution of the distribution of the memory g depending on the value
of 8 and the time.

To be precise, this random walk chooses 3,41 according to

r k)T
P(Bny1 = k) = (sz_kil)“(éﬁ—i——’—nj— 1()71) = ﬁ: L. H/:-kH forall 1<k<n,
where .
T (148~ _fB+n
Mn_kl;[l(HE)_F(n)F(ﬂJrl)' (2.1)
(A)d=1 (B) d=2 (c)d=3 (D) d=10

F1GURE 3. Competition between the dimension and the amnesia.

Figure 3 aims to give a better understanding on how amnesia affects the MARW in various
dimensions. The horizontal axis corresponds to p (from 0 to 1) and the vertical axis corresponds to
B (from 0 to 10, arbitrary chosen). The diffusive regime, ie. when p < % ora<1— m,
is in blue while the superdiffusive regime is in red, see Lemma A.1 for the definition of the regimes.
One can observe that when the amnesia parameter 8 grows, the superdiffusive regime tends to be
less represented. It should also be noted that when the dimension grows the superdiffusive regime
is more important. Hence, the amnesia is somehow leading the MARW to a behavior closer to
the one in dimension 1. When 3 vanishes, i.e. 8 = 0, the MARW reduces to the multidimensional
elephant random walk (MERW) introduced in [9].

The two random variables A,, and (,, are constructed to be conditionally independent. At each
time n, define the o-algebra F,, = o(X1,...,X,). Then (F,)nen is a discrete-time filtration to
which the MARW is clearly adapted.
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Since A,, and f,, are conditionally independent, we clearly have

E[XnJrl |§n} = ]E[An]]E[Xﬂn+1 |?”]

2dp —1_, & 2dp—1 B+1 & (2.2)
= E X1 | Tn| = . X
2d — 1 [; k {BTL+1_k}| ] 2d —1 N1 kz::l'u‘k k
We further denote
2dp — 1 -
a=—- and Y, = ];,uka (2.3)
such that )
a(p +
with v, = 1+ a(8 + 1)/n. Hereafter, for each n > 1, let
n—1 n
_ F'n)INa(B+1)+1)
1 2
Gn = Ve = and  w, = Y (agpr)’- (2.4)
S e g
From a Gamma function estimate, also see in [31], we have that
nP e, 5 T(aB+1)+1) as n— oo (2.5)
and
nPu, - TB+1)"! as n— oo (2.6)
3. A CORRELATED MARTINGALE APPROACH
Define the following two R%-valued processes by
a(B+1)
M, =a,Y, and N,=S85,+————7"u, Yo 3.1
F-a(@+ 1" -1

Proposition 3.1. The R-valued processes (My)nen and (Ny)nen defined in (3.1) are locally
square-integrable martingales adapted to (F,)nen-

Proof. Since, both M,, and N,, are finite sums for each n > 1, the square-integrability and adapt-
ness are immediate. By (2.3) and (2.4), we have

E [M7z+1 ‘an] = an%len + anﬂn’Yr:lE[Xn+1 |3~n] =anYp.
And by (2.2), we have

+1 B +1 _
E[Nnt1|Fn] = E|Sns1 + 2 ))“n}rlymlﬁn = Sn + 24 ))Un1Yn~

B—a(B+1 B—a(B+1

Hence the assertion is verified. O

Notice that via introducing the martingales (M), ),en and (Np)nen, we can write .S, as
a(f+1)
B—a(B+1)

This writing is the key on which rely all of our analysis and our martingale approach.

S, =N, — (G ftn) M. (3.2)

Moreover, the asymptotic behavior of (M, ),en is closely related to w,, defined in (2.4). In fact,
we have the following asymptotic result, which states the three regimes of the MARW.

Lemma 3.1. In the diffusive regime when p < % ora<1-— m, we have
n —=1(B) as n— o (3.3)

nl—2(a(B+1)—B)
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with

1) = 1 (r(a(6+1)+1)>2.

1+2(8—a(f+1)) r(g+1)

In the critical regime when p = %7?;31 =1- 2’(5711)’ we have
r 1+ 3
Wn (B+1+3) as n — oo. (3.4)
logn rpB+1)

In the superdiffusive regime when p > %%ng ora>1-— m, we have

(@(B+1)+ T8+ k)
wnﬁz( T(a(B+ 1)+ k(B +1)

) <oo as n— oo. (3.5)

In order to investigate the asymptotic behavior of (S, )nen, we first introduce an arbitrarily
fixed test non-zero vector u € R? and we define

M, (u) = uTM, and Np(u) = uTN,, foreach neN.

It is then clear that (M, (u))nen (Nn(u))nen are real-valued locally square-integrable martingales
for each fixed u € R%.  We further infer that (S,,(u))nen satisfies an equation analogous to (3.2). In
this setting, we have reduced the multidimensional martingales to real-valued martingales without
loss of generality. This technique greatly simplifies our martingale analysis. From now on, we fix
the test vector u € R? and we introduce the two-dimensional martingale (£,,(u))nen defined as

Lp(u) = (]\]\;L((Z)J for each n eN. (3.6)

Denote the martingale increment €,11 = Y,11 — 7,Y, for each n. Then (e,)nen satisfies the
martingale difference relation E[e,1|F,] = 0. We obtain that

ALpi1(u) = Lny1(u) — Ln(u) = (Snﬂ(u) = Sn(u) + Ba(aﬁ(gi)n (g1 Yo () — NEIYn(W))

an+1Yn+1( ) anYn(u)

— ([%(ﬂn+an+l(u> — (T — 1)Yn(u))>

Ap+1€n+1 (U)

ﬂ”;il
= B—a(B+1) 6n+1(u).
an+1

4. SCALING LIMIT AND CONVERGENCE

In this section, we discuss the scaling limit as well as the almost sure convergence in the
diffusive, critical and the superdiffusive regimes, depending on the value of p with respect to
(4dB+2d+1)/(4d(5+1)). We also give the quadratic strong law in the diffusive regime as well as
in the critical regime. Afterwards, the mean square convergence is established in the superdiffusive
regime.

4.1. The diffusive regime.

Theorem 4.1. We have the almost sure convergence

1
-S, =0 as n—oo P-a.s.
n
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Proof. We have from [18, Theorem 4.3.15] again that, for all v > 0

2
W = o((log Tr(M),) 1+7) P-a.s.

(4.1)
From equation (A.9) and the fact that Apax (M), < Tr(M), < w,, we get
[M,]* = o(wy, (logwy,) 1er) P-a.s. (4.2)
By (3.3), we observe
HMWHQ _ 0(n1—2(a(5+1)—ﬁ) ( log n)1+’>’) P-a.s
Since M,, = a,Y,,, we have from equations (2.5) and (2.6)
HYnH2 -1 14~
CTRNE = o(n (log n) ) P-a.s.
which implies
Y,
—0 as n—oo P-as.
Nfbn41
(A.10) and [18, Theorem 4.3.15] again, we find that
| N, ||? = o(n(logn) 1+ﬂ/) P-a.s. (4.3)
Moreover, we obtain from equation (3.2)
1 1 ?
s, + a(B+1)
n

Y, =o(n"t(logn MY plas.
(B—=a(B+1))pns1 (™ ) )
Hence, we conclude that

Sn, _alf+1) Yo

. —0 as n—oo P-as.
n B - a(ﬁ + 1) Nfn+1
and the proof is complete.

O
Theorem 4.2. We have the quadratic strong law
1 & SkSF 28+1—a 1
logn e k2

I—ai-—2a@+n-p) a* * "7 Fos

Proof. We will check that all the conditions of [32, Theorem A.3] are satisfied, see also [14, 41].
The condition (H.1) is satisfied thanks to Lemma A.4 while the condition (H.2) directly follows
from Lemma A.5 and the condition (H.4) is exactly the statement of Lemma A.7. Therefore

(det Vk — (det Vk+1)2) T T 1+
E Vil (w)Lp(u)' Vi — —u' uVizq
log (det log (det Vi) ( (det V)2 Jorl) Vi = b

as n — 0o P-a.s. On the one hand, we have from (A.24) that
1

(et Vi)? — (det Vi) 21— a)(B+1)

as n — 0o P-a.s. On the other hand, by (2.5), (2.6) and (A.24), we have
. ( (det V;,)% — (det Vi, 41)?

CEAAE ) —2(1—a)(B+1) as n—oo0 P-as
Finally, we obtain from (A.17) and (4.4) that

uTuVi—y (4.4)

1 ~ul'SpStu 1 = 0TVl (u) L (w) TV, 0 T 1 4
= Viciv- = 4.5
logn; 2 1ognZ % T Vs g (4.5)
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as n — oo P-a.s. Since u € R? is arbitrary, the assertion follows from (4.5). g

Theorem 4.3. The MARW admits a scaling limit at the diffusive regime, or convergence in
distribution, in the Skorokhod space D(R.) of cadlag functions, in the sense that

1

where (W;)i>0 is a continuous R%-valued centered Gaussian process such that Wy = 0 and with

covariance
™ _ a(B+1)(1—a)+af t a—B(1—a) . 1
B[W.W/] = (2(,8—|—1)(1—a)—1)(@—6(1—@))(1—a)8<s) ql W)
+ b s-lId forall 0<s<t<oo.

(b1 —a)—a)(l-a) d
Proof. We will check that all the conditions of [32, Theorem A.2] are satisfied, see also [14, 41].
The condition (H.1) is satisfied thanks to Lemma A.4 while the condition (H.2) directly follows
from Lemma A.5 and the condition (H.3) is exactly the statement of Lemma A.6. Consequently,
we have the convergence in distribution in the Skorokhod space ©(R.) such that

(Vokimg (o 10) = (i, 0)

where (W;(u))¢>0 is a continuous R?-valued centered Gaussian process such that Wy = 0 and with
covariance ]
E[W,(u)W(u)"] = EuTuV5 forall 0<s<t<o0.

From (2.5), (2.6), and (3.2), we see that S|, (u) is asymptotically equivalent to

a(8 1+ 1)
B—a(B+1)
Multiplying on the left side by v; = (1,t*B+D=A)T e obtain

(\}ESWJ (), t > o) — (Wt(u), t> o)

with W (u) = v Wi (u). Hereafter, when 0 < s <t < 0o, we have the covariance

Nl_TltJ (u) —+ tﬂ*a(ﬁ«kl) (a/n,un)ilMLntJ (u) P-a.s.

E[Wy(w)Wi(u)"] = vIE[W,(w)We(u)" v, = é( TuyI V. (4.7

Solving (4.7), we have

1
= gvasvt forall 0<s<t< oo
and the assertion (4.6) is verified. O

SUA

4.2. The critical regime.

Theorem 4.4. We have the almost sure convergence

1
msn —0 as n—>o00 P-a.s.

Proof. We still have (4.1) and (4.2) such that
| M,|1* = o(wn(logwn)l—w) forall v>0 P-as.

However, in the critical regime, we have (3.4) rather than (3.3), and

logn—>< CEr ) a5 1 .
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Since (2.5), (2.6), and since M,, = a,Y,,, we observe for all v > 0 that

Y, ? - .
B oo togogn)* ™) P
In this regard
Y,
—— " 30 as n— oo Poas. (4.8)
vnlognpin

Similarly, we still have (A.10) and
||NnH2 = o(n(logn) 1+W) forall v>0 P-as.

Then )
_INa " =o((logn)’"') forall v€(0,1) P-as.
n(logn)?
and therefore
Nn
—— =0 as n—o00 P-as.
Vnlogn
By (3.2), we can hereafter conclude that
Sh a(B+1) Yy
. 0 P-a.s.
Vilogn " B-a(B+1) Valognp, 0 1T
Combining with (4.8), the assertion is verified. O

Theorem 4.5. We have the quadratic strong law

n

LS S 517 2w nvoo Pras
loglogn £~ (klogk)? a h

Proof. We will check that all the conditions of [32, Theorem A.3] are satisfied. The condition
(H.1) is satisfied thanks to Lemma A.8 while the condition (H.2) directly follows from Lemma
A.9 and the condition (H.4) is exactly the statement of Lemma A.10. Therefore,

1 zn: ((det Wk)Q — (det Wk+1)2
log(det W{l)2 b1 (det Wi)?

as n — oo P-a.s. On the one hand, we have from (A.34)

1 i (det Wy)? — (det Wy 1)?
loglogn (det Wy)?2

1
)WkLk(u)Lk(u)TW,;[ - guTuW (4.9)

1
)Wkﬁk(u)l}k(u)TWkT — guTuW
k=1
as n — oo P-a.s. On the other hand, by (2.5), (2.6), and (A.33), we have
(det Wk)Z — (det Wk+1)2
1
ntoan (T

Then, we obtain from (A.17) and (4.9) that

) —(28+1)? as n— oo P-as.

1 n T T 1 n T TwywT 2 1)2
Z w SpSpu Z w! WLy (uw)Lp(uw) Wi w . (26+1) T (4.10)
loglogn — (klogk)?  loglogn — klogk d
as n — oo P-a.s. Since u € R? is arbitrary, the assertion follows from (4.10). g

Theorem 4.6. The MARW admits a scaling limit at the critical regime, or convergence in dis-
tribution, in the Skorokhod space ® (Ry) of cadlag functions, in the sense that

1
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where (By)i>o is a continuous d-dimensional canonical Brownian motion with covariance
T 1
E[BSBt] :s~gld forall 0<s<t<oo.

Proof. We will check that all the three conditions of [32, Theorem A.2] are satisfied, see also [42,
Theorem 1]. First of all, by (3.4) and (A.7) we know that

4
w*1/2<M(u)>anw;1/2 -5 -uTu as n— oo P-as. (4.11)

n

Hence the condition (H.1) is satisfied. Notice that

Ln') n'
1 wLan 1
wan [AM(u)* 1 fyansy () zeymry | Te-1] < Z( > ol E[AM;(u)*|Fy-1], (4.12)
k=1 k=1 L]
since (2.5), (2.6), and (A.21), we observe that
Ln') Ln') Ln') 1
Z |AM(u)*] < CLB)[lull® Y (arpe)* < CoB)l[ull* > — 5 Pas. (4.13)
k=1 k=1
with constants C1(8),C2(8) > 0. Therefore, by (4.12) and (4.13), we have
\_ntJ 1 ) 4 t2 1
£ UTE[AMIC(“) ]l{IAMk(u)\ze\/W}Hk—l] < C3(B)||ul|” - 'W P-a.s.
Simplifying the above expression, we obtain
Ln') 1
Z ;E[AM]f(u)QﬂﬂAM,ﬂ(unzem}|3~k_1} —0 as n—oo P-as. (4.14)

k=1 "

Then the condition (H.2), or the Lindeberg condition, is satisfied by (4.14). In this particular case
at critical regime, (4.11) implies that the condition (H.3) is satisfied. Hence

(\/%MW (0, 120) = (B, 0 20)

where (B;(u))i>0 is a continuous real-valued centered Gaussian process such that By(u) = 0 and
with covariance
E[B(u)By(u)] = 2 Ty forall 0<s<t< oo

In the critical regime, from (3.2) we can write

Mnt (U)
i) () = Nyt (u) + (28 + 1) —2 122 (4.15)
(] [t ] At [t |
From (A.8) we know that
N Ny
% —0 and w —0 as n—oo P-as. (4.16)
ntlogn \/m
Using (2.5), (2.6), and (3.4) again, we conclude that
1
(\/tiSLntj(u)7 t> O) = ((26 +1)Bi(u), t > 0)
ntlogn
with
ulu
E[Bs(u)Bt(u)] =5 — forall 0<s<t. (4.17)

Solving (4.17), we get
1
E[B,B]] =s- Eld forall 0<s<t.
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which completes the proof. O
4.3. The superdiffusive regime.

Theorem 4.7. We have the almost sure convergence

1

Wsn — Lﬁ as n— oo P-as.

where the limiting Lg is an R%-valued random variable.
Remark 4.1. In fact, from Theorem 4.8 below, we will see the random vector Lg is non-degenerate.

Proof. From (3.5) and (A.7), in the superdiffusive regime, we have

> (F(a(/a’ + 1)+ DI(B + k)

Tr(M), < w, < ; L(a(B+1)+k)T(B+1)

By [18, Theorem 4.3.15], this leads to

2
) < oo forall neN.

M, - M as n—oo P-as. with M = Zakek.
k=1
By (3.1), M,, = a,,Y,,, and by (2.5), we observe that
Y, 1
%
naB+) " T(a(B+1)+1)
Moreover, equations (4.3) still holds and, as 2a(5 + 1) > 28 + 1 in the superdiffusive regime, we
find that

M as n—oo P-as. (4.18)

2
- O(n—(l—za(6+1)+26)(log n)lﬂ) P-as.

af+1)
(B —a(B+1)hnt1 "
Thanks to (2.6), we obtain

Sn, af+1) T(B+1)Y,
na(BT1) B ﬁ—a(ﬂ—i—l). A BT -0 as n— oo P-as. (4.19)

Combining (4.18), it yields

Sp +

1
2B+ —5) ‘

S

W — LB as n — oo P-as.
where ) r )
a(B+1)—p T(aB+1)+1)
and the assertion follows. O
Theorem 4.8. We have the following mean square convergence
1 2
E|: W&L — Lﬁ :| —0 as n— oo. (421)

Proof. For each test vector u € R?, we have
1
E[M,(u)?] = E[(M(u)),] < EwnuTu forall neN.
From (3.5), we obtain
sup E[M,, (u)?] < o0

n>1

which implies that (M, (u))nen is a martingale bounded in L?. Therefore

E[|M,(u) — M(u)’] =0 as n — oc. (4.22)
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Moreover, on the one hand (4.22) together with (4.18) implies that
1
E Yo (u) — Y (u)

2
W n :| —0 as n — oo. (423)
On the other hand, from (A.8) we know that

2] = 1 L Qnu u T n
E [Ny (u)?] = E[(N(u))n] §d<ﬁ_a(ﬁ+l)> Tu forall neN.

Since a(f+1) > 8+ % in the superdiffusive regime, we have

E{ Wln_[a]vn(u) 2] —0 as n— oo. (4.24)

The proof is complete by combining (4.23) and (4.24). O
Remark 4.2. The expected value of Lg is

E[Lg] =0 (4.25)

whereas its quadratic deviation is

2 2 a—
[ (RUCES I LR T VCUES TGRS RS OR A

[((2a —1)(B+1) +1)? d
Theorem 4.9. The MARW admits a scaling limit at the superdiffusive regime, or convergence in
distribution, in the Skorokhod space D(Ry) of cadlag functions, in the sense that

1
<na(B+1)—ﬁSL”tJ’ t= 0> = (Qt, t> 0) (4.27)
with the limiting Q; = t*P+N=B Ly for all t > 0.

Proof. For all t > 0 and from (4.19), we observe that

SLntj a(ﬁ + 1) YLntj
LntJa(ﬂJrl)*ﬁ B—a(f+1) : LntJa(ﬁJrl) —+0 as n—o0 P-as.

which implies
1

na(ﬁ"‘l)—ﬁ
The P-a.s. convergence in (4.28)holds in all finite-dimensional distributions which characterizes

S, = t*PD=PL. as n— oo P-as. (4.28)

the Skorokhod space topology. Hence, we have (4.27) and the assertion is verified. O

5. SCALING LIMIT OF THE BARYCENTER PROCESS

The study of the scaling limit of the MARW (S,,),en gives us some information on its asymptotic
behavior. Nonetheless, to understand its pathwise geometric features, we need to discuss its
barycenter, or center of mass process. Such topics have been raised and discussed in [36, 43]. In
this Section, we turn our attention to the above-mentioned barycenter process (G, )nen defined
by

1 n
G, = EI;S’“ (5.1)

Our work contains the discussion on the scaling limit and the almost sure convergence in the
diffusive, critical and superdiffusive regimes. The quadratic strong law in the diffusive and crit-
ical regimes is also discussed while the mean square convergence in the superdiffusive regime is
established.
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5.1. Almost sure convergence. The barycenter process was discussed in [8] for the elephant
random walk in dimension d, which is a special case of the process we study here when g = 0. We
first begin with the almost sure convergence.

Theorem 5.1. We have the almost sure convergence, in the diffusive regime,

1

-G, —0 as n—o00 P-as (5.2)

n
while in the critical regime,

1

mGn =0 as n—ooo P-as (5.3)
and, in the superdiffusive regime,
1 1

e L
neGH—3 " T Ty a(Br1) -8 "

where Lg was characterized in Theorems 4.7 and 4.2.

as n—oo P-as. (5.4)

Proof. In the diffusive regime, from (5.1) we observe that
— k 1 —~ 1 k
Z 72 s T = Z ESka,/n’k with a;l,k = ﬁ
k= k=1

Since Y 1, a;% < 1forall n € N and the almost sure convergence in Theorem 4.1, from Lemma
A.12 we can conclude that

1 =1
an = Z %Ska;)k —0 as n—oo P-as.
k=1

such that (5.2) is verified. In the critical regime, we have from (5.1) that

1 1 k2 log k
e Gh= 5= S, with L8k
Vnlogn n3/2logn g b g Vklogk K Witha, = n3/2logn

Since Y p_, a nk <1 for all n € N and the almost sure convergence in Theorem 4.4 holds, we get
from Lemma A.12 hat

1
Vnlogn Gn Z \f klogk
and we obtain (5.3). Finally, in the superdiffusive regime, we also get from (5.1) that

1 = = " . " ka(ﬁ""l)_ﬁ
a3 = ST kzl kz a<,8+1> T B ok WIth - an = e

———Skay >0 as n—oo P-as.

Since
n

Z a’, — 1 as
ot T 1t a(B A1) - B
by a simple calculation, and because of the almost sure convergence in Theorem 4.7, we can

n — oo

conclude using Lemma A.13
1 1
A0 O Trap gl * no oo Pas

and (5.4) is verified. O

5.2. Quadratic strong law.
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Theorem 5.2. In the diffusive regime, we have the quadratic strong law

1 < r 1
Gkgk —4I(a,B) - =1y as n— oo P-as.
logn — k d
where I(a, B) is given explicitly
1 2a%(1 —a)(B+1)3

I(a7ﬁ) =

T(a(B+1)+1)°2T(B+1)2 3(8—a(B+ 1)1 —a(B+1)+f)

Proof. We will check that all the three conditions of [32, Theorem A.2] are satisfied. Looking back
o (5.1), we observe that

n

RS 1 aB+1) < 1 1, 1 oaB+
Gniﬁsziﬁﬁ—a(ﬁ—i—l)kz MkinZNk np—a(f+1) Zakukzalq

a
1 = OkHk k=1

Then, changing the order of summation, we have

n

1 aB+1) & 1

ZN’“_M—@(BH 27
_ 1 a(B+1)

- N

where we define 6, = Y, _, (axpr) " for all n € N. Moreover, we denote

Zn—ZN - B+1 Zn:aktsk 1€k

ag(8p — Op—1)ex

TM: i M

such that we have

1 6o a(B+1) < a(B+1) >
Gn=—Zp— — = - 75nMn .
R e e DR | GO vy
For a fixed text vector u € R?, we define
Hp(u) = (]\Z/[::((Z))> for all neN. (5.5)

which implies

Nn n -1 a(Bt n (Sn
A}Cn(u) _ }Cn-i-l (u) . f}Cn(u) _ ( +1(U)€ +1(U)a a(,3+1)a +1 €n+1(u)-
n+1

v 1 1 0 d 1
= — a(B—i—l an: v = .
"2 0 S sG, -1

Then it is immediate that

Then, let

1
vV, H o (u) = ﬁGn forall neN (5.6)
and that
n—1 2
, 1 ({1 1 a(f+1)
T 2 2 2
i V() Vil = Jim 2 <1 | ) 2 (725 Bl

1 a’(1—a)(B+1)3uTu 1 -1
=B AE—eB+ PO —a(BT D)+ 5) <—1 ) Z Sokapn s
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By (2.5) and (2.6), we know that
1 1
L+a(@+1)—F T(a(F+1)+1I(E+1)

Hence the above calculation leads us to

n—(1+a(5+1)—B)5n_> as n — o0.

1 -1
Vi H(u))n VI — I(a, B)u’u - é ( 1 ) as n—oo P-as. (5.7)

where

I(a,B) = 1 . a*(1—a)(B+1)3 '

’ 1=2(a(B+1)=8) (B-aB+1))*(A-a(f+1)+p)
Consequently, (5.7) ensures that the condition (H.1) is satisfied. Notice that by (2.3) and (3.1),
there exists some constant Ci(a,) > 0 and similarly, by (2.5), (2.6), (A.22), there exists some
other constant Ca(a, 8) > 0 such that

(5.8)

INL|I> < Cia, B)n® and  ajer(u)? < Co(a, B)n?6;2 forall 1<k<n.

Moreover, notice that for all 1 < k <mn,

1 [ Ne(u)ep(u)~" = %%51«—1
VaAHy(u) = —7 ( a(+1)” <§+1) ex(u).
K B—a(B+1) Uk0n

Hence, for all 1 < k < n, we observe that

2 _ 4a} a(B+1) ? B—a(B+1) Ni(u) ? 2 2 2 _ Cla,B)
Waas ol < o (L) (P o)+ et <

for some constant C(a, 8) > 0. Consequently, we
n 1
ZE[HVnAJ-Ck(u)||4] < —-C(a,f) =0 as n— oo P-as.
k=1 n
since, for all € > 0,

n

Z E[[|Va AR ()| Lgv, A, (u) >3 [ Frm1] <
k=1 k=1

1 n
= IE[HVnAin(u)Hﬂ —0 as n— oo P-as.
(5.10)
Then the condition (H.2), or the Lindeberg condition, is satisfied by (5.10). Hereafter, by (2.5),
(2.6), and by the definition of §,,, we know there exists some constant C’(a, 8) # 0 such that

2
log(det V-1
M — C'(a,B) as n — occ.
logn
This ensures that there exists some other constant C”(a, 8) > 0 such that

o0 o0

1 4 1 4
E[[[Va A, (u) || [Fn-1] < C2(a,B) T VR A, (W)[||Fn-1].
; (log(det Vit 2)2 [ ] ; (logn)? [ ]
Finally, using (5.9) leads to
oo 1 . o] 1
nAg_Cn S 5 — P-a.s.
3 g A" < C08) S i <00 Pas
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for some constant C(a,3) > 0 depending only on a and 8. The condition (H.4) is satisfied by
combining the above with (5.10). On the one hand,

1 zn: ((det Vi)? — (det Viy1)?
log(det anl)Q 1 (det Vi )?

1 -1
V= I
(_1 1 ) (@)
and I(a, B) has been specified in (5.8). Then, we have

1 i (det V)2 — (det Vi1 1)?
logn (det V)2

1
)Vk%k(u)%k(u)TVkT — guTuV (5.11)

as n — oo P-a.s. where

—2(a(B+1) - B)
7 uTuV

>ka}{k(u)9{k(u)TVkT — 4

as n — oo P-a.s. since
logn
log(det Vn_1)2
On the other hand, by (2.5) and (2.6), we have

. (det V;,)% — (det Vi, 41)?
(det V},)?

Using (5.6) and (5.11), we observe that

—2(a(B+1)—5) as n— oo

>—>4—2(a(ﬂ+1)—ﬁ) as n—oo P-as.

1 ~ul'GLGFu 1 = 0TV (w)H (w) TV v T 1 5
= V A
1ognZ K2 1ognZ k v
k=1 k=
as n — oo P-a.s. Since u € R? is arbitrary, the assertion follows from (4.5). O

Theorem 5.3. In the critical regime, we have the quadratic strong law

1 " GLGT 428+1)% 1
- =1 P-a.s.
loglognkz::l(klogk)Q - 9 gl @ onTee a5

Proof. We will check that all the three conditions of [32, Theorem A.2] are satisfied. Denote

1 1 0 1
W, = ———— and w = .
ny/nlogn (0 ;(67;;)1)5 ) <—1>
Then, for H defined in (5.5), it is clear that
1

——G, forall eN
NG or all n

wT W, 3, (u) =
and that

1
lim W, (H(u)), WL = lim <

oo n—oco n3 logn

n—1
> Z 254—1 5kak+1E[5k+l( )2|3~k]

k=1

28412 WTu 1 -1\
= lim u d( 1 1>Zéiai+1ui+l P-a.s.

n—oo m3logn

y (2.5) and (2.6), we know that
2 T(B+1)

*3/25 — o9~ as n — 0.
3 I'(B+1+13)
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Hence, the above calculation leads us to

W (H(u)n W, = I(B)u"u - ;(_11 _11> as n—oo P-as. with I(8)= %

(5.12)
Consequently, the condition (H.1) is satisfied thanks to (5.12). Notice that by (2.3) and (3.1),
there exists some constant Cq(3) > 0 and similarly, there exists some constant Ca(5) > 0 such
that
INLI> < Ci(B)n®  and  aler(u)? < Co(B)n?5;2logn forall 1<k <n.
Then, notice for all 1 < k < n that

1 Ny (w)ex(u) ™! — 7280046,y
WAy (u) = ——— " p-a(B+1) er(u).
" ny/nlogn %akén
The ensures that, for all 1 < k < n,
4a? _o Ni(u) C(B)
A 2 < 28+ 1)2( ((28+1)72 2 2 < 1
W23 017 < ek k02 ((254 )2 i+ )at? < S Gy

for some constant C(3) > 0. Hence,

- 1
S E[|WaAH(w)[|'] < =C(8) =0 as n— oo Pas.
k=1 n
since, for all € > 0,

n n
SR [ Wa AT () 2L, a5t o151 | Fr1] < iQ SOR[[WaATG ()] 50 as 0 .
= o (5.14)
Therefore, the condition (H.2), or the Lindeberg condition, is satisfied using (5.14). Hereafter, we
know that

log (det V[/n’l)2

loglogn

This ensures that there exists some constant Cy(3) > 0 such that

Z

— log detW ))2

—4 as n — oo.

E [ W A (u) [ *|Fn 1 sz 1og10gn E[[| W, AT (u)[[*1Fr 1]
n=1

(5.15)
We get from (5.13) that
- 1 A - 1
—— [|W, AT, < P-a.s.
; (loglogn)? W, W™= C(ﬂ); (nlognloglogn)? <0 a8

for some constant C(3) > 0 depending only onf. The condition (H.4) is satisfied using the above
together with (5.15). Then,

Z det Wk (det Wk+1 )2
det Wk)

A8+ ( 1 _1>'
9 -1 1

1
)Wk:}ck(u)%k(u)TW,? — —uTuW
log (det Wy d

as n — oo P-a.s. Where
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Furthermore, on the one hand we have

n

1 (det W)? — (det Wyy1)? TyT LT
E WiH H W, — = W
loglogn £~ < (det Wy)?2 £ ()3 () W at

as n — oo P-a.s. since
loglogn

—_— as n — 0o.
1og(det Wn_l)

1
4

On the other hand, we have
nlogn ( (det W,,)% — (det W,,41)?

>—>1 as n — oo [P-as.

(det W,)2
By (5.6) and (5.11), we observe that
1 " uTGrGTu 1 " wT Wi H (w) Hg (w) TW w T 1
= Ww-—u"u  (5.16
loglogn kz:; (klog k)2 loglogn kz:; 4k log k T 4d" ( )
as n — 0o P-a.s. Since u € R is arbitrary, the assertion follows from (5.16). g

Theorem 5.4. In the superdiffusive regime, we have the mean square convergence, given by
1 1 ?
IE[ na(ﬁﬂ)*ﬁGn_l—ka(ﬁ—kl)—ﬁ }—>0 as n — oo. (5.17)
Proof. For all test vector u € R?, it is immediate that
1 1 2 2
E[ } < 2E{ nlta(B+1)—8 =" ]
]

a7 ) = Ty — g

1 - a(B+1) B 1 I
BB gB+1)—B " " 1+a(B+1) -8 "

By (4.20) and (5.7), the second term converges to zero. Looking back to the first term in (5.18),

we observe

?

Lg

L—

(5.18)

+2]E{

1

airaErn g Zn ()

2 4 n
] < IT2@(BrD—F) ZE[NI@(U)Q]
k

=1

4 B+1) 2 n 2 (5.19)
a
+ nl+2(a(B+1)-RH) (a(ﬂ - 5) IE[ ;ak&c—wk(u) }

The first term in (5.19) converges to zero because E[N(u)] < (uTu)n for all 1 < k < n, and
moreover, in the superdiffusive regime we have a(8+1) > §+1/2. The second term in (5.19) also

converges to zero because
1 1

—(1+a(B+1)—-8) .
" " ITaBrD) B TA+a@r DG = "7

Finally, using the above and that M (u) = Y ;- | axex(u) is bounded in L?, the assertion follows.
(]

5.3. Scaling limit.

Theorem 5.5. The barycenter process admits a scaling limit at the diffusive regime, or conver-
gence in distribution, in the Skorokhod space ©([0,1]) of cadlag functions, such that

1
1
<G|_ntja tZ 0) — </Wt7«d7", tZO)
n
vn )
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where (Wy)i>0 is a continuous R%-valued centered Gaussian process define in Theorem 4.3 with its
covariance defined in (4.6). In particular,

1 1
EK/Wd)(/Wd“ﬂ - =g =" 1"

2(a(f+1)(1 — a) + af) pa—B(1—a) 1—a+B(1—a) |
2B+ —-a)-1)(a—-pl-a)l—-a)dl+(1-a)(B+1))

I
(5.20)

ISH

+3
forall0 <s<t<oo.

Proof. An easy calculation leads to

1 1

nh_}rr;@ %GLHH = nh—{r;o/ %SL””’J dr = /WW dr
0 0

which ensures that G|,,;] is a continuous function of S,,;,| in ®([0,1]). Then, the last convergence

in law is due to the functional central limit Theorem 4.3, with (W;):>o defined there. Hence, the

barycenter process (G, )nen admits a Gaussian scaling limit in the diffusive regime as well, with

covariance
1 1 . 1w
E{(/Wﬂ,dv> (/Wtudu> } :2//E[WSUW£] dv du.
0 0 00
Using (4.6), the formula (5.20) and the assertion follows. O

Theorem 5.6. The barycenter process admits a scaling limit at the critical regime, or convergence
in distribution, in the Skorokhod space ©([0,1]) of cadlag functions, such that

1
1
(GLntJ, tZO) = (/(25+1)Btrdr, t> 0)
v/ntlogn J

where (By)i>0 s a continuous Re-valued centered Gaussian process define in Theorem 4.6 with its
covariance defined in (4.17).

Proof. For each r € [0,1], (3.2) and (4.11) implies that

1 M ntr . 1
lim ntr) (0 _ lim 7(ntr(logn+glogr))lﬂﬁw(u) P-a.s.

n—oo , /ntlogn . A ntr|Hntr] 70 (/ntlogn

for all u € R%. Moreover, (4.16) yields

1 1
lim ————=N|pt,|(u) = lim ri/2. ———=N|pt,|(u) =0 P-as.

n—oo \/ntlogn n—00 v/ntrlogn

for all u € R%. By (4.15), we have

(w%ognsw (0, 120) = (@28 + )Br(w). ¢ 20)

for all u € R? and r € [0, 1]. Hence, we use again

lim ————G,| = lim

1
/ 1
n—oo /ntlogn oo vntlogn

and the assertion is verified. O

1
SLntrJ dr = /(26 + 1)Btr dr
0
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Theorem 5.7. The barycenter process admits a scaling limit at the superdiffusive regime, or
convergence in distribution, in the Skorokhod space ©([0,1]) of cadlag functions, such that

1
1
(na(b’Jrl)BG[mJ’ t= 0) = (/Qtr dr, t > 0>
0

with the covariance specified in (5.3) and the limiting Lg characterized in Theorem 4.8 and Q; =
t“('@“‘l)_ﬁLg characterized in Theorem 4.9 for all t > 0.

Proof. Again, we find that
1

1

. 1 1

A e =B Cnt) = / a5 lnir) AT = / Qor dr
0 0

which ensures that G|,,;] is a continuous function of S|4, in D([0,1]). Then, the last convergence
in law is due to the functional central limit Theorem 4.9. Hence the barycenter process (G )nen
admits a non-degenerate scaling limit in the superdiffusive regime as well, with covariance

1 1 T 1 u
B . el -Bga(B+1)-p .
E[(/qudv) </deu> ] _2//]E[QSUQW] dv du = RS 7ﬂ)2E[L5L5}
0 0 0 0

_ a(B+1)=B ga(p+1)-p ( a(B+1) )2 L2 a-1)(B+1)+1)
)

1
(I+aB+1)—B2\B—a(B+1)) T(2a—1)(B+1)+1)2 d ¢
forall 0 < s <t < oo. O

6. VELOCITY OF QUADRATIC MEAN DISPLACEMENT

In this Section, we investigate the velocity of the mean square displacement of the MARW.
This quantitative estimates give us the information on how fast the limit Theorems in Section 4
are carried on. Similar convergence velocities have been discussed in [20, 26], where the authors
analyzed the convergence velocity of the moments of a one-dimensional elephant random walk of
all orders. In the superdiffusive regime, the convergence velocity was discussed in [6]. Here, only
the rate of quadratic moment convergence for the MARW in all of the three (diffusive, critical,
and superdiffusive) regimes are discussed.

Following the limit Theorems in Section 4, we expect the asymptotic behavior of the mean
square displacement is as follows,

n- (a=2B)(1=a)(B+1)+B(a+1) Yy 1
2(B+1)(1-a)-1)(a—p(1—-a))(1-a) d 2(B+1)

2
. (_ey ) reenEine
e (Bawm) MeanErnn? afd when a>1-=

when a<1-—

1
2(B+1)°
where the notation ~ indicates two sequences a,, ~ b, if and only if a, /b, — 1 as n — oc.

The aim of this Section is not only to show that the above estimates (6.1) are valid, but also
to investigate the exact velocity of their convergence in the diffusive and critical regime.
6.1. Diffusive regime.

Theorem 6.1. For all p < (4dB + 2d + 1)/4d(8 + 1), we have, as n — o,
(=201 -a)F+ D) +Be+D) 1
CE+ D1 —a) - )a—fli-a)i-a) d
1
~ —(C’ln”(l*‘l)(ﬂﬂ) + anil) . Eld

1 T
~E[$.5,] -
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Proof. Take the vector v = (1,—1)T and V,, € R?*? as in (A.16). Then, ﬁSn(u) =0TV, L, (u),
where £,,(u) = (N, (u), M, (u))T is as in (3.6). In particular,

%UTE (S0 S Ju = vV, E[Ly () L0 (w)T ]V, v

UTVnE

UTVnE

Therefore,

RUTE[S,STu = SE[V)] + o (5o ) Bl ()

na22 \ B — a(f + 1

2 a(f+1)
B NG (ﬂ —a(f+ 1)>E[<M(u), N(“))n]

Since the test vector u € R? is taken arbitrarily, we get from Lemmas A.15 and A.16 that

(=201 -a@E+D+Ba+l) 1
@B+ DI —a) - Va-Bl-a)l-a) d

1
—(Cyn2A= B+ | gLy Eld as n — oo.

1 T
~E[9.5;] -

6.2. Critical regime.

Theorem 6.2. When p = (4d + 2d 4+ 1)/4d(B + 1), we have, as n — oo,
1
nlogn

B[S,51] - (28 + 12 31d ~ ~(C(logn) " +Con™") - g1d.

Proof. Take w = (1,—1)T and W,, € R?*2 as in (A.28). Then
(A.29) for all u € R?. In particular,

WS (u) = wIW, L, (u) as in

T T, _ T 17T
nlognu E[S,S! ] u=w!W,E[L,(u)Lp (w)" W, w.

Hence,

1
nlogn

uT T = wT E[(N(u))x] E[(N (u), M(u))n] T
ELSnSn] W"EKERM@),N@»”] E[(M ()] )]W '

Therefore, we get by (3.4) as n — oo,

L uTIE[SnSE]u B (E[(N(u))n] + (252—'—21)ERM(U)>H})>

nlogn nlogn

which implies
1
nlogn

1 1
E[SnSﬂ —(28+1)%- Eld ~ —(Ci(logn)™t + Cyn™1) - gld as n — 00.

6.3. Superdiffusive regime.
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Theorem 6.3. When p > (4df + 2d + 1)/4d(8 + 1), we have, as n — oo,

1 T aB+1) \’TRa-1)B+1)+1) 1
B350 ) T D5 D e i
~ f(01n74(a(5+1)*5)+1 + C2n72(a(6+1)7ﬁ))'

Proof. Similar to previous computations for the diffusive regime, we have for all u € R,

1 1
P25 s =p BN ()]

e (et ))QERM(u»n]

(@(B+D)=Pa2p2 \ B —a(f+1

2 a(B+1)
n2(a(ﬁ+1)*ﬂ)an‘un B — a(ﬂ + 1)

Hence, by (2.5), (2.6), (3.5) and since u € R? is arbitrary,
S Y P (Rt "TRa-DE+H+Y 1
n2aB+D=-p) L\ g (1)) T(2a—1)(B+1)+1)2 d
~ _(Cm—4(a(6+1)—6)+1 + an‘Q(“(5+1)‘B)) as 1 — oo.

u'E [SnS,ﬂu =

+n2

)l N ),

7. CRAMER MODERATE DEVIATIONS

In this Section, we discuss the Cramér moderate deviations for the multidimensional reinforced
random walk (S, )nen. The similar statistical quantity as well as the Berry-Esseen bound for the
one-dimensional elephant random walk (ERW) without amnesia-reinforcement has been given in
[20]. Our derivation of Cramér moderate deviations for the MARW does not rely on a Berry-
Esseen bound. The discussion of such statistical quantities is expected to reveal the transience
property and the central limit Theorems for the MARW. For this direction, readers are refereed
to [3, 16]. Thanks to Lemma A.21 and Lemma A.22, we can properly state the Cramér moderate
deviations principles for the MARW.

Theorem 7.1. In the diffusive and critical regimes, we have the following Cramér moderate
deviations for the MARW. Let (9,)nen C R be a non-decreasing sequence so that ¥, /+/n — 0 as
n — co. Take any non-empty Borel set B C R%, then we have
L gl < it g P (52 € )
anhn Sy
(ﬁnyﬂﬂn

where int B and clB denote the interior and the closure of B C RY, respectively.

< limsup ¥, ?log P

n— oo

L2
B) <— inf -
€ > =T Lcun 2||x|| ’

Proof. Our proof will only present the Cramér moderate deviations for the MARW in the diffusive
regime. The same property for the critical regime follows from exactly the same steps. First, take
zp = infyep|lz. Then it is obvious that infyeqp ||z < zp and infeeqp|z]?/2 < 2%/2.
Henceforth,

d

A fin Sn
_nimEn <
P<ﬁn — eB) _;1@(

Qi S?,
w

VWn

> ﬁ";ff) < (1= ®W,2p))F(B,0,n),  (T.1)
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where we write
F(B,d,n) = 20d - exp(ﬁ(ﬁgﬁﬁ’) L(2422)? ¢ L (1+ Llogn)(1+ —%33))
+20d- eXp(ﬁ(ﬁrézB)g + oD (0223) + T(l + 3 logn)(n!/2 (7O e ))

Hence,

. _ A i Sn 1 . 1 2
hrrlnﬁsolip19"2logp<19n T € B) < 7§z23 < fzugf —|lz]|”.

To achieve the asymptotic lower bound, we first notice that this assertion automatically holds if
int B = (), whence — inf,¢q ||z]|°/2 = —oc. Consequently, we assume that int B # (). Notice that
int B is open in R<. Hence, for all €, > 0 sufficiently small, we could find z, € int B with

1 2 e Lo . ; .
0<§Hx*|| <$ellrrlli;B§Hx|| +e and O0<min{|z]|: 1<j<d}.

Choose €,, sufficient small such that 0 < e,, < |27| for each j = 1,...,d. Then,

U(Zy,€xx) Cint B C B, where U(Zy, €)= {x e RY: |xj

for all ]}
On the other hand,

an/LnSn Ap n S
P B|>P 5 Cxx
(19”\/107 € > > < €0y - Uy, € >

:k:

d
From Lemma A.21 and Lemma, A.227 we know that

. an//*nSn j anﬂnSn _ :
nl;rl;op<wn > 9 (] —i—e**))/IP’(wn > 9, ( e**)) =0 foreach j.

Similar to (7.1),
Qp fn Sn

. _92
llnrggfﬁn logﬂl’(ﬁn o

1
€ B) > 5l - |-

Letting €, — 0, we observe that

o g G i Sy 1 2
lim inf ¥, % log P —" B)>—Z|z.]* >~ inf = €x-
mint 0,20 P( S22 € ) >~ >~ _int Sl -
Since €, > 0 was take arbitrarily, letting e, — 0, we verify the assertion. O

APPENDIX A. TECHNICAL LEMMAS

A.1. Asymptotics of the processes. We start by introducing the following processes that are
of great influence on the behavior of the random walk. Let (e1,es,...,eq) denote a canonical
Euclidean basis of R?. For each n € N and 1 < j < d, define

n

d
N,i((]) = Z ]l{Xi;éo}/Jk and X, = ZNg(j)eJe?a (Al)
k=1 j
such that (3, )nen is a matrix-valued process.

Lemma A.1. We have the following almost sure convergence in the three regimes.
1 1
Yn —
NHn41 d(B+1)

I; as n— oo P-as. (A.2)
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Proof. For each n € N and 1 < j < d, define

NX(j
Ax() = M)
n
It follows from (A.1) that
Ay () = e 1An (J) + m]l{XjHl;ﬁo}MnJrl-

Moreover, we observe thanks to (A.12) that

a(f+1)
n+1

AX(5)

. n . 1
A () = ) A (G) + 71{Xi+17&0}ﬂn+1 -
n N Mntl L (I =a)ngr
:n+1'%A§(J) et 5n+1( )+d(n7+f)+

with
51)f+1(j) = l{XiH?ﬁO} - ]P)(Xgl-‘rl 7 0‘3“71)~
Then, by (2.4) we know

AX0) = (A0 + Y g+ 1Y)

X(]) = Zakﬂkéli((ﬁ
k=2

with

25

(A.4)

It is clear that for a fixed 1 < j < d, the real-valued process (H;X(5))nen is locally square-integrable

since it is a finite sum. Afterwards, this process appears to be a martingale adapted to (Fy,)nen

because (67 (j))nen satisfied the martingale difference relation E[5;Y, (j)|F,] = 0. It is obvious
that .
(HX(j))n < wp = Z(akﬂk)Q P-a.s.
k=1
Hence, we get by [18, Theorem 4.3.15] that for all v > 0
HX j 1+
i E ))> o( (1og(H* (7)) ) P-as, (A5)
Since (HX(j)),, < w, and by (A.5), we obtain that
HX (5)% = o(wn (log wn)Hv) P-a.s.
In the diffusive regime, by Lemma A.1 and (3.3), we have
HX(j)? = o(n'2@B+D=8) (1og n) ") P-ass.
By (2.5) and (2.6), we observe that
HX . 2
("(‘7)) =o(n""(logn) 1+W) P-a.s.
NGp fin+1
Hence <
X (i
ﬂ%O as n— oo P-as.
Nann+1
By (2.5) and (2.6) again, we observe further
1
. A6
Zak,uk—> [(EIEE) as n — oo (A.6)

nanMnJrl
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Hence, we have

1
X
‘LLn+1A ()%*}m as n — o0.
y (A.3) and (A.4), we can then conclude that
1 1

Yn — I; as n—oo P-as.
Npn+1 d(ﬁ + 1) ¢

in the diffusive regime. In the critical regime, where a =1 — we have from (3.4))

1
2(B+1)°
HX(5) = o(logn(loglog n)1+7) P-a.s.

Hence
(Hf(j)

NaGp fn+1

2
) zo(n_llogn(loglogn)l—ﬂ) P-a.s.

which implies that
H (j)
Nan fhn+1
Similar to the convergence in (A.6), in the critical regime, we observe

—0 as n—oo P-as.

1
72%#1@ — — P-a.s.
Napfin+1 2

Hence, we conclude that

1 1 1
A d by I P-a.s.
:u’n+1 ( ) (ﬁ I 1) an Nt n —7 d(ﬁ T 1) d as m— o0 a.s

which proves (A.2). In the superdiffusive regime, we have

HX(j)>=0(1) P-as.

X/ N 2
<Hﬂ(])> :a(n_z(l—a)(ﬁ+l)) P-a.s.

nan,un-i-l

and then

which implies

HX(j
ﬂﬁo as n—oo P-as.
Nann+1
We can similarly show that
1
i A (5) = m as m — o0.
which then ensures that
1 1
X — I; as n—oo P-as.
Npln41 d(B+1) ¢
Consequently, the assertion is verified. O

The next result follows directly from the definition of M,, and N,

Lemma A.2. We have the following formulas for the predictable matriz-valued quadratic varia-

tions
= 1)°
(M), = (a1p1)*E[X1 X{ ] +Z uk+12k+d AR (_1) vy, (A7)
b1 k+1 Qg A1
and

2
<N>n: (ﬂaﬁ)) X1X1 +Z ﬁ+1 Y+ 1_aId— (’Yk—l) YkYkT. (AS)

= ke d Pre+1
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In particular, we have
n

TH(M), = wn — 3 (o — 12 i, (A.9)
k=1
and
- L Qn_n—l M 2 )
)= (5= ) Z( o) e (A.10)

Lemma A.3. We have the following estimate for the matriz-valued conditional expectation.

a(B+1)

1—a
E[€n+1€£+1|3rn} = P10 + TH’?L+1Id — (Yo — 1)2YnYnT-

And as a consequence
E[llent1l*[Fn] = 1 — (n = D?|Yal™
Proof. Observe that
E[€n+167€+1|§n} = E[Yn+1YnT+1|5rn] - ViYnYnT
with
E[Yn+1yg+1|§n} = YnYnT + 2Mn+1YnE[Xg+1|?n] + Mi+1]E[Xn+1X7:zF+1‘?n]

2a(8 + 1 (A.11)
= (1 + (ﬁn)>Yan + MEL+1E[XH+1XT?+1|?”}'
d
For all k > 1, we know that X, X} = > e ]I{Xi?éo}ejejr. Then
P(X7., #0[Fn) = P(Bug1 = k) - P((AnXx) # 0[F,)
k=1
- B+ | v (B + D
= 1yviomP(A, =)  ——— + 1-1,4; P(A, =+xJ4)  —.
; {Xx]#0} ( d) N1 /; ( {Xk;éo}) ( d) N1
Hence
P(X),, #0|F,) = N\ P(An = +14) —P(An = +Ja) | N; (j) + 2P(An = +Ja)
Nptn+1 (A 12)
aB+1) ux., 1—a .
=——N} () +—.
— ) +—;
Therefore
d
; a(B+1 l1—-a
BXo XL l%] = 3Py #08)ese] = s, 10y, (A.13)
i=1 nr
And from (A.11) and (A.13) we can conclude that
]E[en+1€£+1‘3rn] = E[Yn+1YnT+1|3rn] - ’szLYnYnT
2a(6+1 a(B+1 1-a
= <1 + (ﬂ)>YnYnT + Lﬂn—i—lzn +——pp i la— 7YY, (A.14)
n n d
a(B+1 l1—a
= %Mn—&-lzn + T,U?H-ljd - ('Yn - I)ZYnYnT-
On the other hand
To(S,) = ot (A.15)

T B+1°
Taking traces in (A.14) and by (A.15), we have

2 2
E[HenJrIH |?n] = /'1’72’7,+1 - ('Yn - 1)2||Yn||

which ensures that the assertion is verified. O
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A.2. Scaling limits of the random walk and the barycenter.
A.2.1. The diffusive regime.

Lemma A.4. For each n € N and test vector u € R?, let

1 (1 0 1
V,=— u _ and v= . (A.16)
Vi (o G (@npin) ) <_1>
Then )
vV, Lo (u) = ﬁSn(u) (A.17)
And for all t > 0, we have
oI
Vil L(u )>LntJVT — TVt as n— oo P-a.s. (A.18)
where
Vi = L B 2 GB tHB o (A.19)
t— Ta A 1\\2 —a _2a . .
(B—a(B+1))? \ L ¢1+A-alF+1) %tuw 2a(f+1)

Proof. From Lemma A.3 and the fact that (M (u)), = u? (M), u, we see that
(M(w)) ) = aipfu"E[ X1 X] Ju
[nt]—1

B +1) —a
+ Z ak+1uk+1u TS u —l— d ak+1uk+1u u— (Y — 1)2Gi+1UTYkYkTu

and

2 [nt]—-1 2
’ (Ba(ﬁﬂJrl)) 2 7“5“)“&%*1;%%_ (%_1) WYY

= ke Hkt1

Using a similar token and Lemma A.1, we can work out the off-diagonal entries in (£(u))|n¢ |, and
we obtain that

. T
Jim Vi (£(w)) () Vi

uTu B%|nt| a(f:;i )8 ZtntJ Wt fiin
= lim
n—eo nd(f — a(f + 1)) a(ﬁj},}ﬁ ST e (w) T @ g )?
UTU ( 62t f’itlf(a(ﬁ+1)7ﬁ) > UTU
= 9 = — P-a.s.
— 2\ a8 j1-(a(Br1)-8 a®(B+1)>  1-2(a(B+1)—8 Vi
A —alB T D) \ £ ti-(+)-0) @@ p1-2a(3+1)-5) d
where the last equality is due to (2.5) and (2.6). Thus, it implies that
Za I ! and E”: (arp !
klk kHk)
nanﬂn - (a(ﬂ + 1) - /8) an/ln 2 b1 1 - 2(“(/8 + 1) - /8)
as n — oco. Hence, equation (A.18) holds and the assertion is then verified. O

Lemma A.5. The MARW satisfies the Lindeberg condition in the diffusive regime. That is, for
allt >0 and all € > 0,

[nt] ,

ZE[”VHAL]C(U)H ]l{HVnLk(u)||2>e}“rfk7*1] —0 as n—>o0 P-a.s.

k=1
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Proof. On the one hand, it is easy to compute from (3.7) and (A.16) that, for all 1 <k <n,

Vo AL, (u) = ! <@§>%w>

V(B —a(B+ D)pn \ ol

which implies

1 82 a2a?
Vo AL 2= =+ k ) (u)?.

IVaALa(w)] m&—wﬁ+uﬁ<@ Y

Hence ) g ‘4
ALk (u)||* < N ‘ A2

ALK < ey (G + a0 20

On the other hand, from (2.5) we observe that
I IR
3 Zai < Ci(a, )" and e Z aj < Cy(a,p)™" forall neN (A.21)

" k=1 " k=1

and where C1(a, 8),Ca(a, ) > 0 are constants depending only on a and 3. Moreover, we get that

sup [ex(u)] < sup |lexl[lull < sup (B + 2)upllull < (B + 2)un|ull. (A.22)
1<k<n 1<k<n 1<k<n

Hence, we deduce from (A.21) and (A.22)

2
n?(8 —a(B +1))

as n — oo P-a.s. This implies that

(a8 +2)) "l
C2(aa 6)

S Vahliw) < (606 +2) 1l + )o@
k=1

S E[IVaALi(w)[[|Fr-1] -0 as n— oo P-as.
k=1

Therefore, for all € > 0, we obtain

n 1 n
Y E[IVaALL (@) "Ly, g, ()51 Fr—1] < = E[|VaALk(w)]|*|Fe1] =0
k=1 k=1

as n — 0o P-a.s. This yields finally
[nt]

[nt)
1 _ 4
> E[IVa ALk @I Ly, o, s Fea] < 5 D IE)[H(anmh)VWJALk(u)H sf“] =0
k=1 k=1

as n — oo P-a.s. since VnVL;LiJ converges as n — Q. O

Lemma A.6. The deterministic matriz V; defined in (A.19) can be rewritten as
Vi=t"K +t% Ky + - +tYK,
with ¢ € N, aj > 0 and each Kj is a symmetric matriz for all 1 < 7 < 1.

Proof. A direct computation analoguous to the one in [32] shows that V; = t** K1 +t*2 Ko +t* K3,
where
ap=1, a=1-aB+1)>0, az3=1-2a(f+1)>0

since a < 1 — m is in the diffusive regime. Moreover

B 32 10 B a8 0 1
K“Wwﬁ+n—ﬁv<oo>’ K”‘u—@ww+n—ﬁﬁ<1o>’
K a*(B + 1)2 (0 0>.

(1=2a(B+1)+26)(a(B+1)=p)> \0 1
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O
Lemma A.7. Given the matriz-valued process (Vi )nen define in (A.16), we have
E|||Vo AL, (w)]]"|Fr—1] <0 P-a.s.
- (log(det Vn_1)2)2 [ ]
Proof. From (A.16), it is immediate that
1 B—-a(B+1)
detV,l =22 g, . A.24
By (2.5) and (2.6), we obtain
log(det V1)
log(det Vi, )" 21—a)(f+1) as n— oo P-as. (A.25)
logn
Hence there exists a constant C'(a, 8) > 0 depending only on a and 8 such that
o0
1 4
E[[VaALn(@)]|Fn-1] < Cla,8) Y ——5E[[IVaALn (w)||*Fp1].
z:: (log(det Vi ) )2 : " -] nz::l(logn)2 VAL )
(A.26)
Hereafter, equations (A.20), (A.22), (A.23) together imply that
— 1 1
— VL AL, <C'(a ——< P- A2t
> g Vel g o < Pas (A2

for some other constant C’(a, 3) > 0 depending only on a and 3. Consequently, equation (A.27)
together (A.26) ensures that the assertion is verified. O

A.2.2. The critical regime.
Lemma A.8. For each n € N and test vector u € R?, let

1 1 0 1
W, = —— 9 +1> and w = < ) . (A.28)
vnlogn (O afﬁ -1

Then for all t > 0, we have
1

"W, L, (u) = —=5, A29
W, (1) = Z— S (429
and
ulu 5[0 O
W (L(u) W, — TW as n—oo P-as. where W;=(26+1) 0 1] (A.30)

Proof. Tt is clear that (A.29) follows from (3.2). Using a similar token than for the proof Lemma
A.4, we have
lim W, (L(u)),W,"
n—oo
4uTu #%n '81(15723) SohCo Gkep1 ikt
= lim 2

(nlognyd | £6+1) s~n—1 B+ -1
n—voe (nlogn)d | ZEEZL ST 4y kg (an,jl> Do (@i iri1)?

_ 4uTy <O 0 ) _ uTuW Poas

d \0 (B+1) d
and the proof is complete. O
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Lemma A.9. The MARW satisfies the Lindeberg condition in the critical regime. That is, for all
t >0 and all € > 0, given the (Wy)nen defined in (A.16), it satisfies

ZE HW ALk )||2]l{”WnLlc(U)H2>€}|§k_1:| —0 as n—>o00 P-a.s.
k=1

Proof. We state that equations (A.20) and (A.21) remain true with V,, replaced by W,. More
precisely, they can be rewritten as

32 B4 atat
WAL (u)||* < ( + k) ep(u)? A.31
N P & R (A31)
and
4Zak<c )™t forall meN
na
k=1

where C(a, ) > 0 is a constant depending only on ¢, a, and . Since (A.22) is not affected by
switching regimes, we have that

32 1 0, (a(B+2) ull*

as n — oo P-a.s. This implies

ZE[HWHALk(u)Hﬂ&"k,l] —0 as n—oo P-as.
k=1

Therefore, for all € > 0, we obtain

- 1
ZE[IIWan(U)||211{Hwnzk(u)n2>e}Iﬁ"k 1] < 32 [IWa AL (u)[||Fe1] — 0
k=1 =1

as n — oo P-a.s. and the assertion is verified. O

Lemma A.10. Given the matriz-valued sequence (Wy)nen define in (A.28), we have

> 1
el (log(det 1/1/771)2)2

Proof. From (A.28), it is immediate that

E[|[WnAL, ()| Fnoi] <00 P-as.

det W, L=

Vnlogn - anfiy,. (A.33)

T8 +1
Then, we obtain by (2.5) and (2.6) that
log(det W, 1)
M —1 as n—oo P-as. (A.34)
loglogn

Hence, there exists a constant C'(a, 8) > 0 depending only on a and 8 such that

E:

— log deth ) )2

E[|[Wn AL (u)]| T gz loglogn E[||Wn AL, () Fos]-

(A.35)
Hereafter, (A.31) together with (A.32) imply that

o0

1 oo
—— |[W,o,AL, < C'(a < P-a.s.
;::1 (loglogm)? I (u) Z nlognlog logn)? > as

for some other constant C’(a, 8) > 0 depending only on a and . Finally, using the above equation
together with (A.35) completes the proof. O
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Lemma A.11. Fiz the test vector u € R?. The growth rate of the compensator of the partial sum
of (N, (u)?)nen is less than cubic growth, in the sense that

1 n—1

3 ZE[Nkﬂ(u)Qw’n] =0 as n—o oo P-as.

k=1

Proof. The law of iterated expectations and (A.8) yields

%E[E[Nn+1(u)2|3"n” = %ERN(U)M] — <6_aé+1>) u'u as n—oo P-as.

The strong law of large numbers then yields

n—1 2
124 8
— —E|N, 2|7, - T P-a.s.
n;k [ k+1(u)|k]_><ﬂa(ﬁ+1)>uu as n — o0 a.s
Hence
1 n—1 1 n—1 1
— ZE[NHl( )2 Fn] < — EE[NkH(u)Qb’k} —0 as n—oo P-as.
k=1 k=1

A.2.3. The barycenter process. For the following Toeplitz Lemmas, see [18] and [33].

Lemma A.12. [33, Theorem 1.1 Part I} Let (ay k)1<k<k,,nen be a double array of real numbers
such that for all k > 1, we have an ) — 0 as n — 0o and sup,,cn Zﬁll | k| < 00. Let (xn)nen
be a real sequence. If x, — 0 as n — oo, then ZZL an 1k Tk — 0 as n — 00.

Lemma A.13. [33, Theorem 1.1 Part II] Let (an k)1<k<k,,nen be a double array of real numbers
such that for all k > 1, we have anr — 0 as n — 0o and sup,cn Zﬁll |an, k| < co. Let (zn)nen
be a real sequence. If x, — © as n — oo with x € R and Z]le an,k = 1, then Z:’;l n, Tk — T
as n — 0o.

A.3. Quadratic rate estimates. Our first result is about the convergence rate of the process
(Yy)nen defined in (2.3).

Lemma A.14. For allp € (0,1), then we have, as n — oo,

E[Y, YT n2e(0+) LY ni Ly
Yny ]~ F(1+2a(B+1)) d + T(B+1)2(1+28—2a(B+1)(B+1) d

Proof. From (A.11) and (A.13), we see

2 1 1 1-—
E[YonY, D] = (14 a(ﬂ—'—)>YnYT T (a(ﬁ ks )Zn + afd)
n Nflni1 d

Then, remember that
n

d d

E[En]:ZE[Nf( eje; 72 IPXJ#O ,uk eje f
j=1 j=1k=1

Lemma A.1 yields E[(njn+1) 'S,] ~ (84 1)7! - 11d. Hence,

2
n

2 1
E[Yni1Y,] ~ (1 + “(ﬁ;))E[YnYE ]+ g l

SR
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A recursive argument then gives

L(n+2a(8+1)) P4 kT 2a(8 +

1)
T+ 2a(5 + D) T *Z RS

E[Y,YT] ~ (
1+ k-12a(8 4 1))

1
-=1Id
d

1 (
T'(n+2a(B8+1)) 1 T(n+2a(8+ 1))

)1
~ i +2a31 1) a0t Z i TGt 2aB 1)) 4%

Employing the asymptotics in (2.1) and (2.6), the assertion follows. O

The process Y, = > p_; px Xy differs from S,, by a multiplicative factor at each step. When
there is no amnesia, the asymptotics of these two processes coincide. However, when 5 > 0, we
have to treat the general case in another way.

Lemma A.15. For all p € (0,1) and test vector u € R, we have, as n — oo,
E[<M(u)>n] ~ wnUTU — (C’ln + C2n a(B+1)— B))UTU
and

2
E[(N(w))n] ~ <B+1)) nulu — (Cynt =200+ 1 0y .

Proof. By Lemma A.2
E[(M(u)),] = E[ Tr(M),]u"u = wyu"u — Z(vk —1)%a; W E[VY,] |u
k=1
By Lemma A.14 and a finite summation,

E[(M(u))y] ~ wpu"u— ni: Chbi (k + 1) 2B+ (Cy 20D 4 Cok 2P )T
n n 12 1 2
k=1

~ wpulu — (Cin~t + C’gn_Q(“(ﬁH)_B))uTu

Similarly,

2 n—1 a2

2 n—1
E[<N(U)>n] ~ </B—a(ﬁﬁ+1)> nufu — Z W(k + 1)72,8(C1k2a(5+1) + C2k1+2B)UT'U,

Lemma A.16. For all p € (0,1) and test vector u € R?, we have, as n — oo,

s TBE+)I(a(B+1)+1) (=) (BF+1),, T,
B—a(B+1) (1-a)(5+1)

— (Cyn~ =B+ 4 0y (1-a) (B =1y, Ty

E[(M(u), N(u))n] ~

Proof. By (3.7) and Lemma A.2, for all test vector u € R?

. ﬂﬂn-',-l g
AL”_H(U) = m 6n+1(“’)a
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and therefore,

n

8 .
N = 3 gy E|a(uen w151

Taking the trace will give us

Te(M,N), = S E— Zakﬂk - B) Zakﬂlzl(% — 12| V],
=1

F—aBT1) & B—a(B+1

Taking the expectation and using Lemma A.14 completes the proof.

1

A.4. Moderate deviations.
Lemma A.17. For allp € (0,1) and for allj=1,...,d,
|AM]| < (a(B+ 1)+ 1)anps for all n€N.

Proof. By (2.3) and (3.1),
. ) . . n—1 ]
AM) = a,) Y —an_1Y, | = anpun X} — (@ — an—1) Z e X3
k=1

Since || Xi|| = 1 for eack k < n, then by (2.4),
‘AM%‘ S A fhn + (n - 1)(an—1 - an)ﬂn—l S Qn n + a(ﬂ + 1)an,un
And the assertion is verified.

Lemma A.18. For allp € (0,1) and for all j=1,...,d,

B

for all m eN.

Proof. By (2.3) and (3.6),
Blinia g Bliy i
B—a(B+1) " B —a(B+1)

Taking absolute value on both sides, and the assertion is verified.

n
: (Mn+1X7JAL+1 + (1 =) ZlecM’f)'
k=1

AN/ =

Lemma A.19. For allp € (0,1) and for all j =1,...,d,

1 ] nHn
‘ AM; g(a(ﬁ—i—l)—i—l)a H for each 1<k <n,
Wnp, n
and in the diffusive and critical regime,
-1 1
1<Mj>n—1‘< C-n when a<1—m
W C - (logn)~! when azl—m.

Proof. Dividing by /w,, from both sides of (A.36), we get (A.37). Moreover, by (A.9),

(M7}, — wy| < Z(% — 120} |Vl < CZ %
k=1 k=t

Dividing both sides by w,, and following (3.3), (3.4), the assertion is verified.

Lemma A.20. For allp € (0,1) and for allj=1,...,d,

anun ; 6 CLn,LLn
\/UTnANIg §(2a(ﬂ+l)+ﬁ_a(6+l))m for each 1<k<n,

(A.36)

(A.37)

(A.38)
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and in both the diffusive and critical regime,

—2(1— 1 1
ai,u%<Nj>n_1)< C -n-20=a)(B+1)  hen a<1- 3550

Wp C - (nlogn)~* when azl—m.
Proof. Dividing by /w,, and multiplied by a,, i, from both sides of (A.18), we get (A.38). Then,
by (A.10), we make use of the estimates and the inequalities hold. O

Denote by ®(+) == (27)~1/2 I e~t*/2 dt the cumulative distribution of the standard normal
random variable. The following lemmas are straightforward derivations from [19, Theorem 1], see
also [22].

Lemma A.21. There exists an absolute constant o' (p,3) > 0 depending only on p, 3 such that
forallj=1,...,d and all 0 < x < o/(p,B) - n~Y/2, in the diffusive and critical regime,

P(M//wy > x) _ P(M/\/wn < —x)

1—®(x) N 1—®(—x)
3 2
B C -exp %+%+T(1+1logn)(l+x)) when a<l—m

3 2
C - exp % + g T ( logn 2f logn)(1 +a:)) when a=1-— m
Lemma A.22. There exists an absolute constant &’ (p,8) > 0 depending only on p, 8 such that
forallj=1,...,d and all 0 < x < " (p,B) -n~'2, in the diffusive and critical regime,

P(anunNg/m > ) _ P(anMnN£/m < —x)
1—®(x) 1—®(—2)

3 2
C - exp % + Saoeo t ﬁ(nl/zf(l’a)(ﬁ+l) +1 5 logn)(1+ x)) when a <1— 72([314_1)

5133 (132
C - exp T T wlogn T (Tzlloﬁ + Q\f logn)(1 + )) when a=1-— 72(51“).
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