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Abstract

Thermoviscous acoustic propagation in a tube
with corrugated isothermal rigid walls is con-
sidered. At long wavelengths, it amounts to a
1D transmission line equation, in which the co-
efficients depend on the solution to a 2D dif-
fusion problem. These coefficients are shown
to display predictable behaviors at low, high,
and intermediate frequencies. These results are
demonstrated on a numerical example.
Keywords: roughness, thermoviscous acous-
tics, scale separation, losses

1 Introduction

Wind instruments made out of wood often ex-
hibit small-scale detail (roughness) on the in-
ner wall. It has been shown experimentally to
modify the effective dissipation and dispersion
of acoustic waves in the air inside the instru-
ment [2]. However, this phenomenon is usually
neglected in musical acoustics models.

This work proposes a computation method
for thermoviscous acoustics in a thin tube with
a rough (here, grooved) wall. It consists in sep-
arating the acoustic propagation, which occurs
mostly in the longitudinal direction z (1D), from
the viscous and thermal diffusion, which occurs
mostly in the transverse directions (2D).

2 Long wavelength approximation

We consider a simplified rough tube, represented
by a domain Ω = Σ×R, where the cross-section
Σ ⊂ R2 is the union of a disk of radius R =
7.45 mm, with smaller disks of radius Rrough =
0.16 mm intersecting its boundary, spaced by
w = 0.3 mm (see Figure 1).

We assume that the acoustic velocity û, pres-
sure p̂, density and temperature are solutions
to the time-harmonic linearized Navier-Stokes
equations in Ω, with no-slip and isothermal bound-
ary conditions. Assuming that the acoustic wave-
length λ = 2πc0/ω (where c0 is the isentropic
sound velocity, and parameter ω > 0 is the an-

gular frequency) is much larger than both the
tube radius R and the viscous and thermal char-
acteristic lengths, then the pressure p̂(z) and to-
tal flow Û(z) =

∫∫
Σ û(x, y, z) ·ez dx dy are solu-

tion to a 1D transmission line equation [3]{
d
dz p̂(z) + Zv Û(z) = 0,
d
dz Û(z) + Yt p̂(z) = 0.

(1)

with Zv = 1
1−Kv

iωρ0
|Σ| , Yt =

(
1+(γ−1)Kt

) iω |Σ|
ρ0c20

,

where ρ0 is the static density, |Σ| is the cross-
section area, and the coefficientsKv = 1−⟨ψβv⟩,
Kt = 1−⟨ψβt⟩, quantify the influence of the vis-
cous and thermal effects respectively, and would
be zero in the lossless case. Constants βv = µ/ρ0
and βt = κ/ρ0Cp are related to the viscous and
thermal diffusion rates, and ⟨ψβ⟩ is the mean
over Σ of the solution ψβ to a heat equation on
the cross-section{

iω ψβ(x, y)− β∆ψβ(x, y) = iω on Σ

ψβ(x, y) = 0 on ∂Σ.
(2)

We propose to solve the equations sequen-
tially, by first calculating the solutions ψβv and
ψβt of the transverse problem (§ 3-4), and then
by using the resulting values of Kv and Kt to
solve the transmission line equation (§ 5).

3 Analysis in the harmonic domain at
low, high and medium frequency

Since the solution ψβ of the transverse problem
depends on the frequency, so do Kv and Kt.
Since Kv and Kt are equal up to a frequency
scaling factor of βv/βt = µCp/κ = 0.71 for air,
only Kv is considered hereafter.

In the low frequency limit, ψβ tends to zero
and therefore limω→0 Kv = 1. In the high fre-
quency limit, boundary layers form in the vicin-
ity of the walls, with thickness δ =

√
β/ω, and

ψβ quickly approaches 1 away from the bound-
aries [1]. One can show that the influence of the
boundary layers is asymptotically

Kv(ω) = (1− i)
|∂Σ|
|Σ|

√
βv

2ω
+ o(ω−1/2).

(HF rough)
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Figure 1: Mesh of the "slice" of Σ used for the
2D simulation

This suggests that increasing the perimeter-to-
area ratio |∂Σ|/|Σ| should increase the amount
of losses. Moreover, in the high-frequency limit,
thermal and viscous effects contribute equally
to dispersion (real part) and dissipation (imag-
inary part).

As the frequency decreases, the boundary
layer thickness may exceed the characteristic size
Rrough of the asperities. We would thus expect
Kv to follow approximately equation (HF rough),
but with a frequency-dependent effective perime-
ter length. If Rrough ≪ R, a regime should ap-
pear where Σ can be approximated as a disk:

Kv(ω) ≈ (1− i)
2

R

√
βv

2ω
. (HF smooth)

4 Numerical calculations: 2D problem

Equation (2) is solved on a 2D mesh represent-
ing a small triangular portion of domain Σ. The
domain is virtually symmetrized by using Neu-
mann conditions on the cutting lines. Calcula-
tions are performed using high-order finite ele-
ment library Montjoie. Elements of order 8 are
used, leading to a relative L2 error lower than
2× 10−4 at all frequencies.

The solution ψβv is computed at 30 frequen-
cies with geometric progression spanning 6 ×
10−4 Hz to 20 kHz. The dependency of Kv with
respect to frequency is plotted in figure 2, to-
gether with the asymptotes predicted by equa-
tion (HF rough) for a smooth tube and for the
considered rough tube.

The three regimes predicted in the previous
section are visible: the low-frequency asymptote
below 10−2 Hz (below human hearing, 20 Hz-
20 kHz), the high-frequency asymptote (HF rough)
above 1 kHz, and a region from 10−1 Hz to
101 Hz where Kv is close to the "smooth tube
of same radius" approximation (HF smooth).

5 Solving the transmission line equations

System (1) is solved for the values of Kv(ω) and
Kt(ω) computed in § 4, using high-order 1D fi-
nite elements [4]. Assuming that the tube is
closed with condition Û(L) = 0 at L = 238.5 mm,
and driven with unit flow Û(0) = 1, we compute

Figure 2: Real and imaginary parts of loss co-
efficient Kv in the rough tube, as a function of
frequency.

the acoustic impedance Z = p̂(0)/Û(0). The re-
sult is plotted in figure 3 for the rough tube and
for a smooth circular tube of same radius.

We observe a resonance around 1430 Hz, which
remain of finite amplitude because of the dis-
sipation. The roughness appears to lower the
quality factor of the resonance, and to shift the
resonance frequency down by about 3Hz.

Figure 3: Calculated acoustic impedance on
tubes without/with roughness.

6 Perspectives

A first perspective is to extend the results from
the time-harmonic domain to the Laplace and
the time domain, in view of using the theory of
diffusive representations to provide time-domain
simulations of rough tubes. A second perspec-
tive is to consider the case of tapered tubes,
which encompass more musical instruments.
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