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In this paper, we are interested in the large time description of solutions of the Fisher-KPP
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Abstract
Let u be a solution of the Fisher-KPP equation

O =Au+ f(u), t>0, zeRV,

We address the following question: does u become locally planar as t — +o00?
Namely, does u(ty,x, + -) converge locally uniformly, up to subsequences, towards a
one-dimensional function, for any sequence ((t,, Zn))nen in (0, +00) x RY such that
t, — +oo as n — 4o00? This question is in the spirit of a conjecture of De Giorgi
for stationary solutions of Allen-Cahn equations. The answer depends on the initial
datum wug of u. It is known to be affirmative when the support of ug is bounded or
when it lies between two parallel half-spaces. Instead, the answer is negative when
the support of ug is “V-shaped”. We prove here that u is asymptotically locally
planar when the support of ug is a convex set (satisfying in addition a uniform inte-
rior ball condition), or, more generally, when it is at finite Hausdorff distance from
a convex set. We actually derive the result under an even more general geometric
hypothesis on the support of ug. We recover in particular the aforementioned results
known in the literature. We further characterize the set of directions in which u is
asymptotically locally planar, and we show that the asymptotic profiles are mono-
tone. Our results apply in particular when the support of ug is the subgraph of a
function with vanishing global mean.

Keywords: reaction-diffusion equations, large-time dynamics, symmetry, monoto-
nicity.

Introduction
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ou=Au+ f(u), t>0, zcRY,
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with N > 2. The Fisher-KPP condition of [9, I7] is

f(0)=f(1) =
f(s) >0 for all s € (0,1), (1.2)
f( ) .

= is nonincreasing in (0, 1].

As long as the regularity is concerned, we assume that f € C'([0,1]). These assumptions
on f will always be understood to hold.

We consider the Cauchy problem associated with . The initial condition
u(0,+) = ug is assumed to be a characteristic function 1y of a measurable set U C RY | i.e.

YT 0 ifr e RM\UL '

This Cauchy problem is well posed and, given ug, there is a unique bounded classical solu-
tion u of such that u(t,-) — up as t — 0% in L} (RY). Furthermore, 0 < u(t,z) <1
for all t > 0 and z € RY, from the maximum principle. For mathematical convenience,
we extend f by 0 in R\ [0, 1], and the extended function, still denoted f, is then Lipschitz
continuous in R.

Instead of initial conditions uy = 1y, we could also have considered multiples ol
of characteristic functions, with o > 0, or even other more general initial conditions
0 < ug < 1 for which the upper level set {x € RY : ug(z) > h} is at bounded Haus-
dorff distance from the support of ug, for some h € (0,1) (see Section [§ below). But we
preferred to keep the assumption ug = 1y for the sake of simplicity of the presentation of
the statements.

The goal of the paper is to understand whether, and under which condition on the
initial datum, the solution of eventually becomes locally planar as time goes on. To
express this property in a rigorous way, we consider the notion of the €2-limit set of a given
bounded function u : R x RV — R, which is defined as follows:

Qu):={v € L*(RY) : u(ty,x, +-) = ¢ in L, (RY) as n — +oo,

for some sequences (t,),eny in RT diverging to +o00, and (2, ),en in RN}.

(1.4)

Roughly speaking, the €2-limit set contains all possible asymptotic profiles of the function
ast — 4o00. Notice that, for any bounded solution u of , the set Q(u) is not empty and
is included in C?(RY), from standard parabolic estimates. We say that u is asymptotically
locally planar if every 1 € Q(u) is one-dimensional, that is, if ¥(x) = ¥(x - e) for all
r € RY, for some ¥ € C*(R) and e € SV, where S¥1 := {z € RY : |z| = 1}, | |
denotes the Euclidean norm in RY, and “” denotes the Euclidean scalar product in RY.
Furthermore, we say that v is one-dimensional and (strictly) monotone if 1 is as above
with U (strictly) monotone.

This property reclaims the De Giorgi conjecture about bounded solutions of the Allen-
Cahn equation (that is, bounded stationary solutions of the reaction-diffusion equation
Au+u(l —u)(u—1/2) = 0 in RV, obtained after a change of unknown from the original
Allen-Cahn equation), see [5].



Let us review the results in the literature about the asymptotic one-dimensional sym-
metry. Consider, as before, solutions emerging from indicator functions of a set U. First,
the asymptotic one-dimensional symmetry is known to hold when U is bounded, as a
consequence of [16]. The case of unbounded sets U has been much less studied in the
literature. However, the asymptotic one-dimensional symmetry is known to hold when U
is the subgraph of a bounded function, by [2, [3, 13, 19, 27]. Conversely, the property
fails when U is “V-shaped”, i.e. when U is the union of two half-spaces with non-parallel
boundaries, as follows from the methods developed in [12], see Proposition below for
further details. The properties listed in this paragraph are known to hold for other types
of function f as well, see [2, [§ 10} 111, 20, 21), 22} 25] and Section .

A possible interpretation of these results is that the asymptotic one-dimensional sym-
metry holds provided U is “not too far” from a convex set. This is indeed what we
will show.

2 Statement of the main results

In order to state our main results, we define the notion of positive-distance-interior of a
set U C RY as
Us .= {x e U : dist(z,0U) > 5}, 0 >0,

where dist(z, A) := inf{|z —y| : y € A} for a set A C RY, with the convention
dist(x, A) = 400 if A =0. Throughout the paper, we denote

B.(z) :={yeRY |z —y| <r} and B, := B,(0),

for any x € RY and r > 0. We will also make use of the Hausdorff distance between
subsets of RY, which is defined, for A, B C RY, by

dy (A, B) := max <sup dist(z, B), sup dist(y, A)),

€A yeB

with the conventions that
dyu(A,0) = dy(0, A) =400 if A#0 and dy(0,0)=0.

Theorem 2.1. Let u be the solution of (1.1) with an initial datum vy = Ly such that
U C RV satisfies
36 >0, dy(U,Us) < +oc. (2.1)

Assume moreover that U is conver or nearly convex, that is, that there exists a convex
set U' C RY satisfying dy(U,U’) < +00. Then any function in Q(u) is one-dimensional
and, in addition, it is either constant or strictly monotone.

Theorem extends the known results about the asymptotic one-dimensional symme-
try for the Fisher-KPP equation that, we recall, have been established under the assump-
tion that U is bounded [16], or it is the subgraph of a bounded function [2, [3] [13, [19] 27].

Condition means that there exists some R > 0 such that, for any x € U, there is
a ball Bs(xg) contained in U of radius ¢ and centered at a point o such that |x — x| < R.
It is fulfilled in particular if U satisfies a uniform interior ball condition. It is not hard
to see that, in dimension N = 2, for a convex set U, property is equivalent to
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require that U has nonempty interior. The role of assumption is cutting off regions
of U which play a negligible role in the large-time behavior of the solution of the Cauchy
problem. This assumption is necessary, otherwise one could take a set U’ for which the
asymptotic one-dimensional symmetry fails (for instance V-shaped), then consider the set
U:=U" U Uezn B.-x2(k): the set U is nearly convex, being at finite Hausdorff distance
from the convex set RY, but it does not satisfy and the asymptotic one-dimensional
symmetry fails for U, see Proposition below for further details.

Let us describe the idea of the proof of Theorem [2.1, in relation with the previous
proofs in the literature. First, when U is the subgraph of a bounded function, the one-
dimensional symmetry is derived combining [3] or [13] [19] 27] with the Liouville-type result
of [2], which asserts that an entire solution trapped between two translations of a planar
traveling front is necessary a planar traveling front — hence one-dimensional at every time.
The Liouville result is proved using the sliding method. The proof of [16] concerning the
case where U is bounded is much quicker. It relies on the same reflection argument as in
the moving plane method. This very elegant proof works for arbitrary nonlinear terms f,
but unfortunately fails as soon as U is unbounded. To circumvent this difficulty, we develop
an argument that allows us to extend the technique of [16] even when U is unbounded.
This is the main technical contribution of the present paper. The idea is to approximate
the solution through a suitable truncation of the initial support U. The choice of the
truncation cannot be made once and for all, but it rather depends on the time at which we
want to approximate the solution. In order to control the approximation error, we exploit
a new family of retracting supersolutions obtained as a superposition of a large number of
traveling fronts, see Lemma below.

T
@

O(z) = cos y

&\ /
\ o
P \// \\ /
™ \ / \,/N

P v \ /4

Figure 1: The definition of the opening function O.

As a matter of fact, the convex-proximity assumption on U in Theorem is a very
special case of a geometric hypothesis under which we prove the one-dimensional symmetry,
that we now introduce. For a given nonempty set U C RY and a given point 2 € RY, we
let 7, denote the set of orthogonal projections of x onto U, i.e.,

T = { €U : |z — ¢ =dist(z,U)}, (2.2)

and, for x ¢ U, we define the opening function as follows:

O(x):=  sup vo8 y=E

‘ , (2.3)
cemeyeU\(e} 1T =& |y —¢|
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with the convention that O(zx) = —oo if U = @ or U is a singleton (otherwise
—1 < O(z) < 1). Namely, when O(z) # —oo, one has O(z) = cosa, where « is the
infimum among all £ € 7, of half the opening of the largest exterior cone to U at £ having
axis x — &, see Figure [T}

Here is our most general asymptotic symmetry result.

Theorem 2.2. Let u be a solution of (1.1 with an initial datum uy = 1y such that
U C RY satisfies (2.1)) and moreover

lim ( sup O(m)) <0. (2.4)

R—+400 \ 2eRN dist(z,U)=R

Then any function in Q(u) is one-dimensional and, in addition, it is either constant or
strictly monotone.

It is understood that the left-hand side in condition is equal to —oo (hence the
condition is fulfilled) if sup, g~ dist(x, U) < 400 (and indeed in such case the asymptotic
one-dimensional symmetry trivially holds because condition yields that u(t,z) — 1
uniformly in z € RY as t — 400, see Proposition below). We remark that the limit
in (2.4) always exists, because the involved quantity is nonincreasing with respect to R,
see Lemma [4.3] below.

The optimality of hypotheses and is discussed in Section below. Hy-
pothesis means that the angle a in Figure [1| tends to a value larger than or equal
to /2 (which means that the exterior cone contains a half-space) as dist(x,U) — +o0.
Theorem yields Theorem because, firstly, convex sets satisfy O(z) < 0 for every
r ¢ U (actually, they are characterized by such condition in the class of closed sets) and,
secondly, if holds for a given set, then it holds true for any set at finite Hausdorff
distance from it, as stated by Lemma 4.3, However, the class of sets satisfying is
wider. It contains for instance the subgraphs of functions with vanishing global mean, i.e.,

U={z=(2,an) eRV'XxR : zy <~(2')}, (2.5)

with v € L (RV1) such that

loc

v(@') = ()
2" — |

As a matter of fact, when U is given by —, we derive a more precise characterization
of the Q-limit set, see Corollary below.

Theorems and are concerned with locally uniform convergence properties along
sequences of times (t,),en diverging to +o0o and sequences of points (x,),en. We now
assert an asymptotic property which is satisfied uniformly in RY. It is expressed in terms
of the eigenvalues of the Hessian matrices D?*u(t, z) (with respect to the x variables). For
a symmetric real-valued matrix A of size N x N, let \{(A) < -+ < Ay(A) denote its
eigenvalues, and let

— 0 as |2’ — | = +oo. (2.6)

or(A) = DY M (A) x-x A (A), 1<E<N,

1< < <jp <N

be the elementary symmetric polynomials of eigenvalues of A (o,(D?u(t,z)) is also called
k-Hessian).



Theorem 2.3. Let u be as in Theorem[2.2] Then,
V2<k<N, op(D*u(t,r)) =0 ast— +oo uniformly in x € RV,

The proof of Theorem is based on the asymptotic local one-dimensional symme-
try given in Theorem and on standard parabolic estimates. We point out that, if
Y+ RY — R is of class C*(RY) and one-dimensional, then oy(D%*)(z)) = 0 for all
2 <k < N and z € RV since the quantities o3(D%*)(x)) involve sums of products of
at least two eigenvalues of D%*)(z) (but o1(D?*(x)) # 0 in general). However, the con-
verse property is immediately not true (for instance, the function ¢ : (1, x3) — 2% + x9
satisfies oo(D?(z1,22)) = 0 for all (x1,22) € R?, but it is not one-dimensional).

Once the asymptotic one-dimensional symmetry and monotonicity properties are estab-
lished, it is natural to ask what are the directions in which the solution actually becomes
locally one-dimensional. Namely, we investigate the set

E:={eeS"": 3¢ e Qu) such that (z) = U(z-e)

. . . 5 (2.7)
for some strictly decreasing function ¥ € C*(R)}.

Under the assumptions of Theorems or [2.2] the set & is then the set of the directions of
decreasing monotonicity of all non-constant elements of Q(u) (by the direction of decrea-
sing monotonicity of a —necessarily one-dimensional by Theorems [2.1] or non-constant
function v € Q(u), we mean the unique e € SV~ such that ¢(z) = ¥(z-e) for all x € RV,
with U decreasing). Observe that the constant functions ¢ are excluded in the above
definition, which is necessary because they are one-dimensional in every direction. Thus,
a direction e belongs to £ only if, along diverging sequences of times, the solution flattens
in the directions orthogonal to e but not in the direction e, along some sequence of points.
We characterize the set £ in terms of the initial support U.

Theorem 2.4. Let u be as in Theorem . Then the set € defined in (2.7)) is given by

Ty — .
E = {e e sVt . |n—§n| — e as n — 400, for some sequences (Tp)nen, (En)nen in RY
Tn — Gn

such that dist(z,,U) — +o00 as n — +0o0 and &, € m,,, for alln € N}.

In particular, & = 0 if and only if U is relatively dense in RY or U = 0.

We remark that, without the assumption , the last statement of Theorem
may fail. Indeed, if U = {0} then u(t,z) =0 for allt > 0, x € RY, hence £ =0, but U # ()
is not relatively dense in RY.

When U is bounded with non-empty interior, it follows from Theorem that
& = SN¥~1. On the one hand, this conclusion gives an additional property —namely the
strict monotonicity— with respect to the result contained in [I6]. On the other hand, still
when U is bounded, the same conclusion is also a consequence of [7, 24], where it is proved
by a completely different argument. The characterization of the directions of asymptotic
strict monotonicity in the case of unbounded sets U is more involved. The proof of Theo-
rem is based on an argument by contradiction and on the acceleration of the solutions
when they become less and less steep.

Theorem [2.4] implies that if U is of class C! then & is contained in the closure of the set
of the outward unit normal vectors to U. If U is convex then £ coincides with the closure



of the set of outward unit normal vectors to all half-spaces containing U. When U is the
subgraph of a function v with vanishing global mean, i.e. satisfying (2.6)), then we show
that £ = {ex}, where ey := (0,---,0,1). Namely, in such a case we have the following.

Corollary 2.5. Let u be the solution of with an initial datum ug = 1y, where U is
given by with v € LS (RNY) satisfying ([2.6). Then any function ¢ € Q(u) is of the
form (2’ zn) = V(zy) for all (2/,zy) € RN x R, with ¥ € C?*(R) either constant or
strictly decreasing. Moreover, it holds that € = {en}.

Since, by parabolic estimates, the convergence in the definition ([1.4)) of the Q-limit set
holds true in C?_(RY), up to subsequences, Corollary implies that

ocC
Veu(t, o', xy) — 0 as t — +oo, uniformly with respect to (2, zx) € R¥ ! x R.

A way to interpret this result is that the oscillations of the initial datum are “damped” as
time goes on through some kind of averaging process. We point out that Corollary [2.5]does
not imply the existence of a function ¥ : RT x R — R such that u(t,2', xy) — ¥ (t,xy) — 0
as t — +oo uniformly in (2, zx) € R¥~1 x R, and indeed such a function ¥ does not exist
in general (as shown in [26] when N = 2 and the limits lim, 1, y(z’) exist but do not
coincide). Condition is satisfied in particular when v is bounded, and in such a case
the conclusion of Corollary can also be deduced from [2] 3], 13, 19, 27].

It is possible to relax the uniform mean condition of v in Corollary , at the
price of restricting the (2-limit set. With this regard, we will derive a directional asymptotic
symmetry result, Theorem below.

Outline of the paper. The rest of the paper is organized as follows. In Section [3] we
show a general uniform spreading result, which is itself based especially on the construction
of retracting super-solutions as finite sums of planar fronts. Section [ is the central sec-
tion, devoted to the proofs of Theorems[2.1] 2.2/ and [2.3]on the asymptotic one-dimensional
symmetry of the solutions under the general hypotheses and . Some counterex-
amples to the main results, when at least one of these assumptions is not fulfilled, are also
shown. Section |5| contains the proof of Theorem on the set of directions of asymptotic
strict monotonicity. The case of a subgraph with vanishing global mean is dealt with in
Section [6, where Corollary is proved. The case when U is only assumed to be included
into a non-coercive subgraph is considered in Section [7] where the notion of directional
-limit set is introduced. Lastly, some extensions, as well as some open questions and
conjectures, are presented in Section [§

3 A uniform spreading speed result

It is well known since [17] that, for equation (|1.1)), propagation occurs with an asymptotic
speed of spreading equal to ¢* := 24/ f'(0), and that the latter coincides with the minimal
speed c of traveling fronts, i.e., solutions of the type

u(t,r) =p(x-e—ct), 0=p(+o0)<p<p(-o00)=1, ceR, ec SV (3.1)

where ¢ : R — (0,1) is of class C*(R) and decreasing. The precise result is derived in [I]
and asserts that, for any solution u to ([1.1)) with an initial condition 0 < ug < 1 which is
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compactly supported and fulfills inf 5z 1y > 0 for some ball B C RY with positive measure,
it holds that

Vee (0,¢), |i‘nf u(t,z) —» 1 as t — +oo, (3.2)
z|<ct
Ve>c*, sup u(t,x) =0 as t — +oo, (3.3)
|z|>ct

with ¢* = 24/ f(0).
In the sequel, we will need the following uniform version of the above properties for
initial data of the form uy = 1y with U unbounded.

Proposition 3.1. Let u be a solution of (1.1)) emerging from an initial datum uy = 1y
with U C RN, Then, for any § > 0 such that Us # 0, the following convergences hold:

Vee (0,¢"), inf u(t,z) > 1 as t — +oo, (3.4)
z€RN  dist(z,Us)<ct
Ve>c, sup u(t,z) -0 as t — +oo. (3.5)

z€RN dist(z,U)>ct

The reason why involves Us instead of U is to neglect subsets of U (such as isolated
points) which do not affect the solution w at positive times. The role of hypothesis
in our main results is precisely that it allows us to replace Us with U in (3.4)).

The uniform “invasion property” will be immediately deduced from . Instead,
property does not follow from . In order to prove it we construct a family of
supersolutions whose upper level sets are given by the exterior of balls retracting with a
speed larger, but arbitrarily close, to ¢*. These supersolutions will also directly be used to
prove Theorem [2.2] Here is their construction.

Lemma 3.2. For any ¢ > ¢* and A > 0, there exist R > 0 (depending on N, f,c and \) and
a family of positive functions (v7)rsq of class C*(R x RY) such that, for each T > 0, v is
a supersolution to (1.1]) in R x RN and satisfies

(3.6)

vT(0,2) > 1, for all z such that |z| > R+ T,
vT(t,0) < A, forallt €0,T).

Proof. The functions v? will be constructed as the sums of finitely many positive solu-
tions to (|1.1)), hence they will be supersolutions to (1.1} due to the following standard
consequence of the Fisher-KPP condition ([1.2):

Va,b >0, fla+b)< fla)+ f(b). (3.7)

To show the above inequality, assume to fix the ideas that a < b, with b > 0 (otherwise the
inequality trivially holds because f(0) = 0). Then, observing that the function f, which
we recall is extended by 0 outside [0, 1], fulfills the third condition in (1.2)) on the whole
half-line (0, 400), we get

f(b)

fla+b) < T<“+b) < f(a)+ f(b).

Now, let ¢ > ¢* and A > 0. Take ¢ € (0,1/2) small enough to have that (1 —¢)c > ¢*.
Consider a finite subset S of the unit ball S¥~! such that

Vee SV dist(e,S) <e.
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The set S only depends on N and e, which in turn depends on f,c. We define the family
of positive functions (v7)7<g, of class C*(R x RY), by

vl (t,x) = 22g0<x e = (t—T)+ R/2),

e'eS

where ¢ is the traveling front with speed ¢*, as in (3.1)), normalized by ¢(0) = 1/2, and
R > 0 is such that ¢(R/2) < A\/(2n), with n being the number of elements of S. With this
choice of R (which only depends on N, f,c,\) we have, as desired, vT(¢,0) < X for all
T > 0,t € [0,T]. Observe that each term of the sum in the definition of v’ is a positive
solution to , hence v” is a positive supersolution to ((1.1)) as discussed at the beginning
of the proof.

It remains to check that each v? fulfills the first property in . Let T" > 0 and
r € RY satisfy |z] > R+ ¢T, and consider ¢ € S such that

, T
€+ —

<e.
||

We have that
v (0,2) > 2p(z - € + T + R/2).

Since z - ¢/ < —|z| + ¢|z|, we deduce

- +T+R/2<(e—1)(R+cT)+ T+ R/2

<
<(e=1/2)R+[(e = 1)c+ T,

which is negative because € < 1/2 and (1 —&)c > ¢*. Tt follows that v*(0,2) > 2p(0) = 1.
This concludes the proof. O

We can now prove the uniform spreading speed result.

Proof of Proposition 3.1 We start with . Let 6 > 0 be such that Us # () and let v
be the solution to emerging from the initial datum vy = 1p,. Take ¢ € (0,c¢*). For
any zo € Us, we have that ug(xg + ) > v in RY and therefore u(t,zo + x) > v(t,z) for
all t > 0, x € RY thanks to the parabolic comparison principle. Applying (3.2)) to v we
deduce that

1> inf wu(t,zg+x)> inf v(t,z) > 1 as t — 4oo.

z0€Us, |z|<ct |z|<ct

This is property .

Let us turn to (3.5). Take ¢ > ¢*, ¢ € (¢*,¢), A > 0, and consider the family of
supersolutions (vT)7sg given by Lemma , associated with the speed ¢’. Namely, there
exists R > 0 such that they fulfill with ¢ instead of ¢. For T' > R/(c — ) it
holds that ¢I'" > R + T and thus, if o € RY is such that dist(zg,U) > ¢T, then
dist(xo,U) > R + T and implies that 0 < ug(zo + -) < v7(0,-) in RY, hence by
comparison 0 < u(T, zy) < vT(T,0) < A. This shows that

R
VI'> ——, 0< sup u(T,xg) < A\
c—c¢ zo RN, dist(zo,U)>cT
From this, property (3.5 follows by the arbitrariness of ¢ > ¢* and A > 0. O
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4 Asymptotic one-dimensional symmetry

We first prove our most general symmetry result, Theorem [2.2], in Section 1.2} after the
proof of a preliminary approximation result in Section [£.1} Next, we derive the proof
of Theorem in Section by showing that its hypotheses imply the ones of Theo-
rem [2.2] Lastly, Section [.4] provides some counterexamples to the main results when the
assumptions or are not satisfied, while the proof of Theorem is carried out
in Section

4.1 An approximation result by truncation of the initial datum

The cornerstone of the proof of Theorem [2.2] hence of the whole paper, is an approximation
result. Before stating it, let us introduce some notation. We recall that Bg(z,) and
Bpg stand for the balls in RY of radius R and center z, and 0 respectively. A generic
point x € RY will sometimes be denoted by (2/,zx) € RY~! x R, and the ball in RY¥~! of
radius R and center zf, € RV~ is denoted by Bj(z(), or just By if zj = 0.

Lemma 4.1. Let u be a solution to (1.1]) with an initial condition ug = 1y, where U C RY
satisfies, for some 6 >0, L >0, and o € (0,c*/2),

UsNBp£0 and U\ (B, xR) C {(x’,xN)eRN_lxR : g;N<i|x'|}. (4.1)

- 2c*
Let (u®)p=o be the solutions to ([1.1)) emerging from the initial data (ul)r=o defined by
uf = Lun(s,xR)-
Then, for any e > 0, there exists 7. > 0, only depending on N, f,0, L, o, ¢, such that

V7>, |lu(r) =" <e. (4.2)

(7, ')Hol(B{,TxRﬂ

Proof. In order to get the C* estimate (4.2)), it is sufficient to show an L> estimate at a
later time, that is,

Vo2 fulr+ 1)~ 4 L) e, < (43

iy

where 7. > 0 depends on N, f,9, L, o and ¢, and C, is the half-cylinder
C, =B, xR'=DB_x(0,+).

Indeed, once is proved, observing that u — 43’7 is nonnegative (by the comparison
principle) and it solves a parabolic equation that can be written in linear form, one infers
from the parabolic Harnack inequality and interior estimates, given for instance by [1§],
that holds with ¢ replaced by Ce, where C only depends on f and N. Then, to prove
the lemma it is sufficient to derive for an arbitrary ¢ > 0.

Fix ¢ > 0. Consider the family of solutions (w)z<q to emerging from the initial
data (wf)pso given by

wi =Tyr with W= {(x’,acN) cRY xR : 2| >R, zy < %|x’|}
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By (&.1)) it holds that ug < min(uf +w{, 1) in RY for every R > L. Hence, since the KPP
condition ([1.2)) yields (3.7)), the minimum between 1 and the sum of two solutions ranging
in [0, 1] is a supersolution. We infer by comparison that, for R > L,

0 < u” <u < min(u® +w¥, 1) in [0, +00) x RY.
Thus, property (4.3)) holds for some 7. > L/(30) if we show that

V7 >7., sup|[min(e*7(r+1,2)+ w0 (t+1L2),1) - (r+1,2)] <e.  (44)
z€eCr

In order to prove (4.4)), we consider a value ¢ € (20, ¢*), that will be specified later, and
divide the half-cylinder C, into the subsets

Ci:=(B,, xR )NB.,,  Ci:= (B, xR")\B..

Let us first deal with the set C%, with arbitrary ¢ € (20,c¢*). We want to show that
u3T(T +1,-) > 1 — ¢ there for 7 large. By hypothesis, there exists a ball Bs(xg) C U
with |zg| < L, hence Bs(xg) C U N (By,; x R). It follows by comparison that
ult(t,z) > v(t,r — xo) for all t > 0 and x € RY, where v is the solution to ([.1)
with initial datum 1p,. Then, applying the spreading property to v we infer that,
for 71 > 0 large enough, depending on N, f, ¢, d, e (recall that ¢* = 24/f7(0)), it holds that

V1>, inf uF T (r+1,1) > 1 —¢.
xEBc*-Fc (CEO)
2 T

Since the family (u)z- is nondecreasing with respect to R, by the parabolic comparison
principle, up to increasing 7 so that 3o > L + 6, we derive

V712>, inf w1 ) >1—¢
IGBC*+C (*TO)
2] T

(with 7, also depending on L and o). Finally, from the inclusions C* C B.; C Beryr(70),

which hold for all 7 > 0, and B.r,1(zo) C Ber+e_(20), which holds if C*Q_CT > L, we find a
2

quantity 7 > 0 depending on N, f, ¢, 9, L, 0, e such that

V7>, inf u®(r+1,1)> inf  W*T(r+1,7)>1—e.
z€eCL z€B x 1. (x0)
— T

This shows that, for any choice of ¢ € (20, ¢*), the estimate holds when C; is replaced
by C! and 7. is equal to the above quantity 7.

Let us consider now the set C¢. We want to show that w3°™ < ¢ there by estimating the
distance between C¢ and TW3°" and then applying Lemma . In this paragraph, 7 > 0
is arbitrary and ¢ € (20, c¢*) will be fixed at the end of the paragraph. Take two arbitrary
points z = (2/,zy) € C¢ and y = (v, yy) € W?". There holds

1
\:c’|<0'7'§§|y’| and  xy >V —o0%1, yy < U]y'].

- 2c*

We compute

2 —yl* =2 =P+ (v —yn)* = |V )P + (an — yn)*

O W~

11



If oly'|/(2¢*) > V2 — 0% 7, neglecting (zy — yn)? in the above inequality we get

16 2 1
2=y 2 (5 - 1) = ()

2

since ¢ > 20 > 0. Instead, in the opposite case oly’|/(2¢*) < +/c¢* — 0?7, one has

yn < aly'|/(2¢*) <V — 0?1 < xy, whence

4 o 2
|z —y|> > §|y’|2 + (v62 — 027 — !y’!>

2c*

ly'I*

9 /
iVl e Tl

C*

4
=gl P+ =)+
and we estimate the negative terms by observing that
4 1
Sly2 = 0% = ZVE—amrly| > Iy | (5l - Ve o7 7) >0

since |y/|/3 > o1 > 0v/c? — 0?7 /c*. Thus, in such case one has
9072
4(6*)2’

0.2
4(C*>2

|5E—y|22027'2+ |y'|220272+
which is larger than (¢*)?72 for ¢ € (20, ¢*) close enough to ¢*, depending on c* = 24/ f'(0)
and o only. Summing up, we have shown the existence of some ¢ € (20,¢*) and ¢ > ¢,
depending on ¢* = 24/ f’(0) and o, such that

V7 >0, Vz el dist(z, W) >cr (4.5)

At this point, we invoke the supersolutions (v?) 7~ provided by Lemma , associated with
¢:= (c¢"4+)/2 and X\ = ¢; they satisfy with ¢ instead of ¢ and a quantity R depending
on N, f,¢ e (hence, R depends on N, f,0,¢, since ¢ depends on ¢* = 24/ f/(0) and ¢ and
the latter depends on ¢*,0). Take 73 > 0 large enough (depending on R, ¢, ¢, hence on
N, f,0,€) so that R+ ¢(T + 1) < T for all T > 73. Thus, on one hand, vT+*(0,2) > 1
for |z| > ¢T and T' > 713. On the other hand, for all 7 > 0 and xy € C¢, we know from ({4.5))
that Be,(zo) N W?3°T = (), which implies that wi®™(z + x¢) = 0 for |z| < /7. This means
that, for 7 > 73, w37(0,- + x9) < v™(0,-) in RY, and thus w® (¢, + x9) < v7T(¢,-)
in RY for all £ > 0 by comparison. We conclude by that

V71 >13, Vg €CS w3‘”(r +1,20) < UT+1(T +1,0) <e.

This yields that holds in the set C¢ too, for a suitable choice of ¢ depending
on ¢ = 24/f(0) and o, and for all 7 > 73 > 0 with 73 depending on N, f,0,¢.
Therefore (4.4) holds true in the whole C,, for some 7. > max(7,73) > 0 depending
on N, f,0,L,o0,e. The proof of the lemma is complete. ]

4.2 Proof of Theorem [2.2]

Lemma allows us to derive Theorem by applying the reflection argument
“a la Jones” [16] to the solution with the truncated initial datum. This actually yields
an additional information about the direction in which u becomes locally one-dimensional,
that will be used to prove one inclusion of the characterization of the set £ in Theorem [2.4
Here is the description of the Q-limit set that shows in particular Theorem [2.2]
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Theorem 4.2. Let u be a solution of (L.1) with an initial datum vy = 1y such that

U C RY satisfies (2.1) and 2.4). Let v € Qu) and let (tn)nen and (x,)nen be the
corresponding sequences given by definition (1.4). The following properties hold:

dist
(i) if liminf dist(n, U) < ¢ then ¢ =1;
n—-+00 n
(1) if limsup dist(za, U) > c* then ¢ =0;
n—-+00 n
dist(z,, U)

(z37) if lim
n—-—+o00 tn
n € N, then, up to extraction of a subsequence,

= c" and if (§)nen 1S any sequence such that &, € ., for all

xn_gn

—eeSV! asn— +oo,
|xn_§n|

and (x) = VU(x-e) for some function ¥ € C*(R) which is either constant or strictly
decreasing.

Hence, in any case, ¢ 1s one-dimensional, and it is either constant or strictly monotone.

Proof. Statement (ii) is a direct consequence of property , because in such a case
there is ¢ > ¢* such that, for any x € RY, dist(x, + x,U) > ct,, for infinitely many n € N.
In the case (i), there is ¢ € (0, ¢*) such that dist(x,, U) < ct,, for infinitely many n € N.
Hence, since dist(-, Us) < dist(-,U) + dy (U, Us), for given ¢ € (¢, c*) it follows from hy-
pothesis that, for any x € RY, dist(x, + x,Us) < ct, for infinitely many n € N.
The invasion property eventually yields that ¢ = 1.
We are left with statement (i), that is, calling for short k,, := dist(x,, U), we now have
kn
- ¢ as n— +oo, (4.6)
n
In order to show that 1 is one-dimensional, we proceed in several steps: we first define
some new convenient coordinate systems; next, assuming by contradiction that ¢ is not
one-dimensional, we show that a line orthogonal to a level set of u at time ¢, is far from a
suitable half-cylinder with radius of order t,, which in the following step is used to define
an approximation of u through a truncation of its initial support U. Then Lemma
will ensure that the error in this approximation is small (this is where the geometric
assumption is used), and this in turn will allow us to obtain a contradiction by
applying Jones’ reflection argument to the solution with the truncated initial support. In
the final step of the proof, we will derive the monotonicity of ¢ in the desired direction by
using again the reflection argument together with Lemma

Step 1: coordinates transformations. For n € N, let &, belong to the set m,, of the
projections of x,, onto U (i.e., &, € U and |z,—&,| = k,). Up to extraction of a subsequence,
we have by (4.6)) that &, > 0 for all n € N. We set

€n -

Next, we consider a family of N x N orthogonal transformations (M, ),en such that
M, (en) = ey, with ey := (0,---,0,1). Up to subsequences, (e,)nen and (M,,),en converge
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respectively to some direction e € S¥~! and some orthogonal transformation M, with
M(ey) = e. We define, for t > 0 and z € RY,

un(t, ) == u(t, &, + My(x)).

These are still solutions to (|1.1)), because the equation is invariant under isometry. It
follows that

Un(tns knen + ) = U(tn, T + My(z)) — O(M(z)) = (z) as n— +oo0,  (4.7)
locally uniformly in z € RY. Moreover, u,(0,-) = 1y, with

Uy = Mn_l(U) - {Mn_l(fn)}

The set U, is a rigid transformation of U and it is constructed in a way that 0 € U, is an
orthogonal projection of k,ey onto U,, whence dist(k‘neN,m) =k, = +ooasn — +00
by and therefore the geometric assumption (2.4)) (which, being invariant by isometries,
is fulfilled by U, too) yields

U, C {(:E’,:UN) ERVIXR : ay < an]a:'|} with «a,, — 0 as n — +00. (4.8)

Step 2: the choice of the truncation. Firstly, by interior parabolic estimates, the L (RY)
convergence (4.7 holds true in C2_(RY). We claim that

loc
Vy =0 in RV, (4.9)
which will yield, in the original coordinate system,

oy = V- (M) =0 in RV

for any direction ¢’ € SNV~ such that M~!(¢/) L ey, that is, ¢ L M(ey) = e. This will
imply that ¢(z) = ¥(z - €) for some ¥ € C*(R).

Assume by contradiction that the above claim fails, that is, that fo{pv(;i’) £ 0
for some € RY. Let us call for short 8 := Vi)(z), hence 8 = (8,8y) € RVN"! x R
with 5" # 0, and it holds that

Vu,(tn, kneny + &) — [ as n — 4o0. (4.10)

Take a real number ¢ > 0, that will be fixed at the end of this paragraph. Let (H,),en
be the family of closed half-cylinders in R defined by

H, = B}, x (—00,Ut,).
Consider also the conical sets (V},)nen given by
Vo= {kpen +Z+s(B+():s€R, (€ By} (4.11)
We look for ¥ > 0 small enough so that

H,NV, =0 for all nsufficiently large. (4.12)
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To this end, consider a generic point P = (P',Py) € V,. It can be written as
P =kpey + 7+ s(B+ () for some s € R, ( € By. Suppose that Py < 9t,, thus

Ut > kn — [Z] = (I8x] + D)]s].
By (4.6)), for n large enough we have k,, > (¢*/2)t,, and therefore

o> /2= 0t
N |Bn| + 9

The component P’ is estimated as follows:

(4.13)

[P = (18] = 9)|s| — |2].
We impose ¥ < || and, for n sufficiently large, we can invoke (4.13) and get

. 8= ., _) _(m )
1P| ﬁtn2(|ﬁN|+§(0/2 0)=0) = {5+ 1) lal

Thus, one can find ¥ € (0, min(|f’|,c¢*/2)) sufficiently small, only depending on ', Sy
and ¢*, such that, for n large, |P'| > vt,, ie. P ¢ H,. This means that, with this
choice of ¥, condition holds. This fixes our choice of ¥ and thus of the family of
half-cylinders (H,,)nen-

Step 3: the approximation procedure. We now apply Lemma to the sequence of solu-
tions (U, )nen. Take & > 0 from hypothesis (2.1]), and call

) 9
O'Z:§>0, L= dH(U,U5)+1>O, EI:§ > 0, (414)

where ¥ > 0 is given in the previous step. One has 0 < 0 < ¥ < ¢*/2 and 0 < L < +o0
by (2.1). We further have, on the one hand, that
(Un)s N Br, # 0, (4.15)

because 0 € U, and dy(U,, (U,)s) = dy(U,Us) < L. On the other hand, it follows
from (4.8)) that, for n large,
U, C {(a:',xN) ERVIXR : zy < %|x'|}
¢

This means that the sets U, fulfill the hypotheses (4.1)) of Lemma for n large enough.
Therefore, for such values of n, considering the solution u”' of (1.1)) whose initial datum
is given by the indicator function of the set

U, N (B{%n X R),

the estimate (4.2)) implies

¥
[ttt -) — ult (£, Wers,  wwn < oL (4.16)

Ytn /3

provided that t, is larger than a quantity depending on 9} but not on n. This means that
the above estimate holds for all n sufficiently large. Furthermore, implies that, for
all n large enough,

U, N (By,, xR) D Bs(yn), (4.17)
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for some y,, € By. Since u, fulfills (4.10)), one then infers from (4.16|) that
|V (t,, knen + @) — B| <9 for all n sufficiently large.

This entails that, for such values of n, the line I',, passing through the point k,ey + z and
directed as Vul!(t,, k,ex + Z) is contained in the set V;, defined in (4.11)), and therefore,

by (12
(Fn N Hn) C (Vn N Hn) = for all n sufficiently large.

Next, owing to (4.8)), we also have that U, N (By, xR) C H, for all n sufficiently large,
hence
suppu’(0,-) C H, for all n sufficiently large, (4.18)

Utn (one has u?(0,-) = 0 in RV \ H,).

n n

Ity
n

where supp u™ (0, -) denotes the support of u

Step 4: the reflection argument. Let H,,V,, T, and u?" be as in the previous steps. For n
large enough, the half-cylinder H,, and the line I',, are convex, closed and disjoint; we can
then separate them with an hyperplane, which, up to translation, can be assumed without
loss of generality to contain I',,. Namely, for n large, there exists an open half-space €2,
such that

r, coQ, and H, C,. (4.19)

Let R, denote the aﬂine_orthogonal reflection with respect to 0€),. Then define the
function v™ in [0, +00) X €2, by

v (t, ) = u;’;t"(t,Rn(x)).

The function v™ coincides with u2 on [0, +00) x 99,. Furthermore v,(0,-) vanishes
identically in €2, while v’ = 1 in Bs(y,) C U, N (By, xR) C H, C Q,, provided n is
large enough for , and to hold. Then, for such values of n, it follows
from the comparison principle that v < u’* in (0, +00) x €,,, and moreover, by the Hopf
lemma, that 9, v"™ > 9, u’ on (0, +00) x I, where v,, is the exterior normal to §2,,. Since
clearly 0, v" = —0,, ub™ on (0, +00) X 9, this means that 9,, u’» < 0 on (0, +00) x I,
and thus in particular that 8, u® (t,,, k,en+2) < 0, because k,ey+7 € T, C 99,. This is
however impossible because Vu" (t,, k,ey + ) is parallel to I',, and thus orthogonal to v,.
We have reached a contradiction. This therefore shows ([£.9), and then ¢(z) = U(z - €) for

some function ¥ € C?*(R).

Step 5: _the large monotonicity property. Let us now show that W is nonincreasing, that
is, O,y < 0 in RY. We fix an arbitrary ¢ > 0 and an arbitrary 7 € RY. As in Step 3,
we apply Lemma to the sequence of solutions (u,)n,en. Namely, we take 6 > 0 from

hypothesis (2.1) and call
oi=", L:=du(UUs)+1. (4.20)

As seen before, with these values, we have that the sets U, fulfill for n large enough.
Therefore, calling uf the solution with initial datum given by the indicator function of
the set

U, N (B x R),

for such large values of n, one can apply Lemma and infer that

V1 2>1., Hun(T, ) — u;*7/2<7_; .)Hcl(Bé*TﬂsXRﬂ <eg,
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where 7. only depends on N, f, 9, L,e. As a consequence, for n large enough such that the
above holds, and in addition ¢, > 7., we deduce that

|wn(tn, ) — ul 2 (t,,, ')H01(B’ (k) <E for all n sufficiently large. (4.21)

c*tn /6

Next, consider the half-space
Q=R x (—00,k, +7 - ey,

so that kpey + € 9€,. By (4.6) and (4.8) it holds that U, N (B, , X R) C Q, for n

sufficiently large (also depending on ), that is, the support of the initial datum of uf:t”/ 2

is contained in €2,. The same reflection argument as in Step 4 eventually yields

0. uc*t”ﬂ(tn, kneny +2) <0 for all n sufficiently large.

TN “'n

Combining this with (4.21)) we infer that 8;,31\,15(5:\) < ¢, and thus &BNIZ < 0 in RY by the
arbitrariness of ¢ > 0 and 7 € R¥.

Step 6: the strict monotonicity property. We have shown in the above steps that
Y(x) = W(x - e) with ¥ nonincreasing. It remains to show that W is either
constant or strictly decreasing in the whole R. To do so, consider the functions
(t,z) = u(t, +t,z, + M, (z)) for n € N, which satisfy the same equation as u, but
for t > —t,. From standard parabolic estimates, there is a solution ., : R x RY — [0, 1]
of , which is a solution also for ¢t < 0, and such that, up to extraction of a subsequence,

u(ty, +t,x, + M, (7)) = us(t, ) as n — +oo locally uniformly in R x R¥.

We apply the results derived in the Steps 1-5 to the sequences (t, — 1),eny and (z,)nen-
Observe that also these sequences fulfill the condition of statement (iii). Moreover, the
direction e associated with these new sequences, as defined at the beginning of Step 1, only
depends on (x,)nen and (&, )nen, hence it is the same before. We deduce the existence of
a nonincreasing function ® : R — [0, 1] such that u.(—1,7) = ®(x - e) in RY. Notice also
that u(0,2) = ¥(x - e) in RY. Now, if the function ® is constant in R, which means
that ue(—1,-) is constant in RY, then so is 1 (0, ) in RY (because s, solves for all
t € R), that is, ¥ is constant in R. On the other hand, if ® is not constant in R, then, for
each h > 0,

Uso (=1, 2 + he) < ugo(—1,2) and us(—1,2 + he) # usp(—1,2) in RY,

hence (0,7 + he) < ux(0,2) in RY from the strong parabolic maximum principle,
yielding W(s 4+ h) < ¥(s) for all s € R. As a conclusion, W is either constant or strictly
decreasing in R. The proof of the theorem is complete. O

Theorem is a direct consequence of Theorem 1.2 We also point out that in the
case (7i1) of Theorem it may still happen that ¢ is constant, and this actually occurs
for instance when U is bounded. Indeed, in such a case, ¥ coincides with some translation
of the profile ¢ of the critical front (hence it is not constant) if and only if the quantity

N +2
c*

dist(x,,U) — c*t, + Int,

stays bounded as n — oo (that is, if and only if |z,| — ¢*t, + 22 1Int, is bounded as

n — +00), otherwise ¥ = 1 if it diverges to —oo and ¥ = 0 if it diverges to 400, see [7],24].

17



4.3 Proof of Theorem 2.1

Let us turn to Theorem [2.1] that, as we now show, is a special case of Theorem [2.2] For this,
we need to check that the geometric condition ({2.4)) is invariant among sets having finite
Hausdorff distance from one another. This is done in the following geometric lemma.

Lemma 4.3. For any U C RY, consider the function O(z) defined in (2.3)). Then the map

R sup O(x)

z€RN  dist(z,U)=R

is nonincreasing in (0,+00). Moreover, for any U C RY satisfying dy(U,U’") < +oo,
then U fulfills (2.4) if and only if U does (with the corresponding O defined as in ([2.3))
with U' instead of U).

Proof. The monotonicity property involving O is readily derived. Consider indeed any
0 < R <R.

If the set {z € RY : dist(z, U) = R} is empty, then sup,cpn gist(r1y=r O() = —oo and
the inequality SUp, e~ gist(z, 0=k O(T) < SUDLerN dist(z,0)=r O() is trivially true. Assume
now that the set {x € RY : dist(z,U) = R} is not empty, and consider any x in this set
and any & € m,, that is, ¢ € U and |z — ¢| = dist(z,U) = R. If U = {¢} then O(x) = —o00
by our convention, hence this case is trivial too.

Assume then that U # {£}. Consider the point 2’ := £ + (R'/R)(x — ). Its unique
projection onto U is &, that is, m,» = {¢}. Furthermore, dist(2/,U) = |2’ — ¢| = R'. One
also observes that, for any y € U\{¢},

r—§ y—§ -6 y—¢§ '
. = . <O < sup O(2).
lz =& |y =&l ' =& |y =& @) 2€RN | dist(2,U)=R’ =)

Since x with dist(z, U) = R, together with { € 7, and y € U\{{}, were arbitrary, this
shows that
sup O(z) < sup O(z).
2€RN dist(2,U)=R 2€RN  dist(z,U)=R’

Let us turn to the second statement of the lemma. One considers any two subsets U
and U’ of RY satisfying dy(U,U’) < 4o0. Denote 7/, and O'(z) the objects defined as
in (2.2)-(2.3) with U’ instead of U.

Assume by way of contradiction that U fulfills and U’ does not. Then there
are £ > 0 and a sequence (1,,),en in RY\U’ such that

0 < R;, := dist(x,,U’) = 400 as n — 400, and O'(z,) > 2 >0 for alln € N. (4.22)

Calling d := dy(U,U’) < 400, one then has R,, := dist(x,,U) — +00 as n — +o0, and
moreover

R,—d< R, <R,+d foralneN. (4.23)

Without loss of generality, one has R, > 0 for every n € N. Since U is assumed to
satisfy (2.4), there holds limsup,,_,, . O(z,) < 0, that is,

O(z,)" :=max (O(z,),0) =0 as n — 4oo. (4.24)
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Now, from (4.22), for each n € N, there are &, € =

Tn

|z, — & | = dist(z,,U") = R}, > 0, and y,, € U'\{¢],} such that

that is, ¢ € U’ and

$n_£7lz y;_gw
[zn = &l yn — &

>e> 0. (4.25)

For each n € N, consider any &, € 7,,, that is, &, € U and |z, —&,| = dist(z,,U) = R, > 0,
and then there is a point y,, € U such that

Y = ypl < du(U,U) +1=d + 1. (4.26)

We estimate from above the quantities in (4.25)) by writing:

xn_g; . y:@_€; xn_f;z _ xn_fn +‘ yq/z_&z - yn_gn xn_fn . yn_gn (4 27)
|xn_§1/1| |y%_§1/1|_\|xn_£%| |In_£n|1 \|yé_§;z| |yn_§n|l an_fn| |yn_§n|/
:?I:,n :?Ig,n :?Ig,n

This inequality is understood to hold whenever y, # &,, which we will show to occur
for n sufficiently large. We will then prove that Iy ,,, I, I3, — 0 as n — 400, which will
eventually contradict . In order to estimate I; ,,, we take z, € U such that |z,—¢,| < d
and we compute

R? — O(x,)Rp|2n — &u] — Rud (4.28)

>
> Ry(R, —2(R, + d)O(z,)" — d),

where the last inequality follows from
[2n = &nl < lz0 = Gl 4+ 160 = Tal + |20 = &al < d+ Ry + Ry < 2(Ry +d),

One then derives from (4.23]) and (4.28) that

2(Ry — 2(R,, + d)O(2,) " — d ) )+
Ogll,ng\/2— ( ( E/)O(a:) )§2\/(R +d)g/(x) +d.

Together with (4.22))-(4.24)), one gets that

I, -0 as n— 4oo. (4.29)
Next, let us check that y,, # &, for n large. We first control |y, — &/,| from below. We write
Y — 2al* = lyn, — &7 + (R)* = 2(y, — &) - (2 — &),
which together with and the inequality |y/, — x,| > dist(z,,U’) = R, yields
[y = &l (lyn — & = 2eR)) > [y, — @a|* = (R})* 2 0.

Since y;, # &, this means that
lyn — &l = 2R, (4.30)
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Now, using (4.28) and R/, < R, + d, one infers
(6 = & I* = R+ (R)? = 2(2n — & w0 — &) < 4Rpd + d + 4R, (Ry + d)O ()" (431)
Gathering together the inequalities (4.26]), (4.30) and (4.31]) shows that

Y — &nl W = &0l = 1yn — ynl = 1€, — &l
2eR), — (d+ 1) — \/4Rud + d® + 4R, (R, + d)O(,) .

>
>

The right-hand side is positive for all n large enough and is equivalent to 2 R/, as n — +o0,
because of (4.22))-(4.24]). This means that y,, # &, for n large enough. Let us estimate Io ,.

One has, for n large,
(Y —&0) - (Yn — &n)
Iy, = —
vsh \/2 €l ln— &
_ \/I(ya — &) = Wn = &) P = (yn = &l = [yn = &al)? (4.32)
=)

Y = &l X |yn — &l
A=) = =&l _ Il 6=l _ d+1416-¢)
B \/Iyg—&!X!yn—ﬁnl B \/ly;z_éq/zlxlyn_fn| B \/|yg_€%|x|yn_£n‘

where the last inequality follows from (4.26]). Putting together (4.30])-(4.32)) leads to

Y

d—+1+ /4R, d+ & + 4R, (R, + d)O(z,)*

0 S IZ,n S
VIR, % \J22R, — (d+1) — \/AR,d+ B AR, (R, +d)O(w,)*

for all n large enough. Using again (4.22))-(4.24), it follows that

I, -0 as n— 4oo. (4.33)

Finally, one has that 0 < I3, < O(z,) < O(x,)" for all n, hence I3,, — 0 as n — 400,

by (4.24). Together with (4.27)), (4.29)) and (4.33), one gets that

e el
lim sup n 57 : y7 57 <0,

a contradiction with (4.25). The conclusion of the lemma then follows by changing the
roles of U and U’. O

Proof of Theorem [2.1]. If the set U is convex, then the quantity O(z) defined by
satisfies O(x) < 0 for all z ¢ U, hence condition (2.4) is immediately true in this case.
Condition holds true as well when U is at bounded Hausdorff distance from a convex
set U’, thanks to Lemma [4.3] The conclusion then follows from Theorem [2.2] O

4.4 Counterexamples without the conditions (2.1) or (2.4))

This section essentially consists of two propositions, which assert that the conclusions of
the main results do not hold in general without the assumptions (2.1)) or (2.4)).
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Proposition 4.4. Let u be the solution of (L.1)) with an initial datum ug = 1y, where U
is the union of two half-spaces with non-parallel boundaries. The set U satisfies (2.1) but
not (2.4), and Q(u) contains some elements which are not one-dimensional.

Proof. We consider the dimension N = 2 only, since the general case N > 3 follows by
trivially extending the functions in the variables x3,--- ,xy. Since the equation ([1.1)) is
invariant by rigid transformations, one can assume without loss of generality that

U= {($1,£B2) S R?: Ty < 5|l’1|},

for some 8 > 0. Denote o := arctan 8 € (0, 7/2). Notice immediately that U satisfies ,
but it does not satisfy . Let u be the solution of in dimension N = 2, with initial
condition ug := ly. Let v be the solution of in dimension N = 1, with Heaviside
initial condition vy := L(_ . As follows from [3| [13| [I7, 19, 27], there is a function
t — ((t) such that

v(t,x) —p(x — ((t)) = 0 as t — +oo uniformly in x € R, (4.34)

where ¢ is the (decreasing) profile of the traveling front p(z — ¢*t) solving (3.1]), with
N =1, e = 1, and minimal speed ¢ = ¢* = 24/ f/(0) (furthermore, it is known that
C(t) =c't— (3/c")Int + x5 + 0(1) as t — +oo, for some real number z,). Since is
invariant by rigid transformations and since f(a+b) < f(a)+ f(b) for all a,b > 0 by (3.7),
it follows from the definition of U and the maximum principle that

max (v(t, 5 cos o — xy sin ), v(t, x5 cos a + x1 sina)) (4.35)

< u(t,zy,x9) < v(t, recosa — zysina) + v(t, ro cos a + xq sin ar)

for all t > 0 and (1, z2) € R?. Together with (4.34)), one gets that
—1(1/2 —1(1 1
(t’()? )+ 11/ )) < <t707 ) + ¢ /8)> <

1
lim inf « > —
CoS «v 2 CoS «v

t—+o00

and limsupu
t——+o00

where ¢! : (0,1) — R denotes the reciprocal of the decreasing function . Consider now
any sequence (t,),en diverging to +00. Up to extraction of a subsequence, the functions
(71, 22) = u(ty, z1,((t,)/ cosa + z) converge in C?_(R?) to a function ¢ : R* — [0, 1],
which then belongs to ©(u). One has

1/)(0, 90_1(1/2)> > 1 > 1 > w(o’ 90_1<1/8)>’

COS (v 2 4 cos
hence there exists y € (¢71(1/2)/ cosa, ¢1(1/8)/ cosa) such that 1/4 < (0,y) < 1/2
and 0,,1(0,y) < 0. Furthermore, since U is symmetric with respect to the axis {z; = 0},
the function wy is even in zy, and so are u(t,-) for every ¢ > 0, and then . Thus,
O0p, (0, 29) = 0 for all zo € R. From the previous observations, the gradient of v at
the point (0,y) is a non-zero vector parallel to the vector (0,1). If the function ¢ were

one-dimensional, it would then necessarily be written as ¥ (xy, x5) = ¥U(xs) in R?, for some
C?(R) function ¥. In particular, one would have that ¥ (z1,y) = ¥(0,y) € (1/4,1/2) for

all x; € R. But (4.34))-(4.35) yield

12 ) )
1>¢(xy,y) = lim u(tn,xl, M —i—y) > lim v(t,,((t,) + ycosa — x; sin @)
COs «v

n—-+00 n——+oo

= p(ycosa — x sin @),
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hence ¥ (z1,y) — 1 as 21 — +00, leading to a contradiction. As a conclusion, the element
¥ of Q(u) is not one-dimensional. Notice finally that all shifts ¢(- 4+ a4, - + ag) of ¢ belong
to Q(u), and are not one-dimensional either. ]

Remark 4.5. In the example considered in the above proof, the set €)(u) nevertheless
contains some elements which are one-dimensional (apart from the constant elements 0

and 1, which belong to Q(u) by Proposition [3.1)). Indeed, it follows from (4.34))-(.35)) and
©(+00) = 0 that, for any g : [0, +00) — R with g(t) — +00 as t — +0o, one has

¢(t)

COs «x

u(t, o(t) + 1, o(t) tan o + + x2> — p(racosa — xysina) as t — +o0,

locally uniformly in (z1,22) € R?% Therefore, the one-dimensional non-constant function
(21, 22) — p(x9 cos a—xq sin a) belongs to Q(u). So does the one-dimensional non-constant
function (z1,x2) — @(xecosa + x;sina), by choosing g such that o(+o00) = —oo and
adapting the above limit.

The second result shows that the conclusions of the main results do not hold in general
without the assumption (2.1)).

Proposition 4.6. In any dimension N > 2, there are measurable sets U C RY, which
satisfy (2.4) but not (2.1), such that Q(u) contains some elements that are not one-
dimensional, where u is the solution of (L.1)) with initial datum uy = 1y .

Proof. Consider > 0 and U := U; U U,, with

Up = {z €RY 12y < Blay|} and Uy := ] B, (k) (4.36)

kezN

The set U; is the same as in the proof of Proposition [£.4] and as before we call
a = arctanf € (0,7/2). Notice that U satisfies (it is at finite Hausdorff dis-
tance from RY), but not . Let u, u; and us denote the solutions of with initial
conditions 1y, 1y, and Ly, , respectively. As in the proof of Proposition 4.4} one has

max(uy (t, ), us(t, 2)) < u(t,z) < ui(t,z) +us(t,z) forallt >0and x € RY. (4.37)
Furthermore, since f(s) < f’(0)s for all s > 0, there holds that
of'(0) PP ICREDT » iy
0<us(1, )< i N/QZ/ ¥ y|/dy< Sl Z/ /gy < A -lol?
kezN? B, ui2(k kezN? B -ki2(k)

for all € RY, for some positive real number A. Therefore, for any & € S¥~!, one has
0 < uy(l,z) < Ae VI OzE27O) for all 2 € RN, and using again that f(s) < f/(0)s for
all s > 0, the maximum principle implies that

0 <wus(t,z) < Ae V POz e+2f (0t for all t > 1 and 2 € RV

Since ¢ € SV! was arbitrary, this means that 0 < wuy(t,z) < Ae V/'ORIF2IOF f5,
all t > 1 and z € RY. In particular, supj, . us(t,z) — 0 as t — +oo, for any

c>c*=2f"(0).
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On the other hand, from the proof of Proposition (and the trivial extension of all
functions in the variables (z3,--- ,xy)), there is a sequence (t,),en diverging to +o0o such
that the functions = +— uy(t,, x1, ((t,)/ cos o + xa, x5, -+ ,xn) converge locally uniformly
in RY to a function ¢; € Q(u;) that is not one-dimensional. We also recall that ((t) ~ c*t
as t — 400, hence ((t,)/cosa ~ (¢*/cosa)t, as n — 400, with ¢*/cosa > ¢*. It
then follows from and the conclusion of the previous paragraph that the functions

= u(ty, 11,((t,)/ cosa + xg, 23, - ,xn) still converge locally uniformly in RY to the
function ;. Therefore, Q(u) contains the element of ¢;, which is not one-dimensional, as
well as all its shifts. ]

Remark 4.7. The sets U given in Propositions and are actually closed and equal
to the closure of their interior. By doing so, we avoid meaningless counterexamples. For
instance, if U; is as in and if Uy, = Z~, then U := U, U U, satisfies (because
it is relatively dense in RY) and it does not satisfy . But the solutions uw and w4
of with initial conditions 1y and 1y, are actually identical in (0, +o00) x RY (since
the Lebesgue measure of U, is equal to 0), hence Q(u) = Q(u;) and this counterexample
turns out to be equivalent to the one given in Proposition [4.4

4.5 Proof of Theorem 2.3

Let u be the solution of (1.1)) with an initial condition uy = 1y and a set U satisfying ([2.1))
and (2.4). Assume, by way of contradiction, that the conclusion of Theorem does
not hold. Then, there are k € {2,---, N}, a sequence (t,)nen of positive real numbers
diverging to +oo and a sequence (z,)ney in RY, such that

liminf |0y (D*u(t,, 7,))| > 0. (4.38)

n—+400

Up to extraction of a subsequence, the functions u(t,, x, + -) converge in CZ_(RY), to an
element ¢ of Q(u). By Theorem[2.2} ¢ : R¥ — R is one-dimensional, hence, for all z € R¥,
the eigenvalues of D?i(z) are all equal to 0 except at most one of them, which implies
that oy,(D?¥(z)) = 0 (because k > 2). On the other hand, since (—1)*o4(D?u(t,,x,))
is the coefficient of X¥~* in the characteristic polynomial X + det(XIy — D?u(t,,z,))
(where Iy denotes the identity matrix of size N x N), op(D*u(t,,z,)) is therefore a
polynomial function of the coefficients of D?u(t,, z,). It then follows from the convergence
u(tn, Ty + ) = ¥ in C3(RY) that op(D*u(ty,, z,)) — o1(D?*¥(0)) = 0 as n — +oo. This

contradicts (4.38)), and the proof of Theorem is complete. O

5 Directions of one-dimensional symmetry: proof of
Theorem 2.4

With Theorem in hand, the proof of Theorem consists in showing that v has some
partial derivatives which do not vanish as ¢t — +o00, around suitable sequences of points.

Proof of Theorem[2.4. The set on the right-hand side of the equivalence stated in the
theorem is empty if and only if U is relatively dense in RY or U = (). Hence the last
statement of the theorem follows from the first one.

Let us show the double inclusion between the sets, as stated in the theorem. The
inclusion “C” is a consequence of Theorem [4.2]
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Let us turn to the inclusion “>7”. Assume that U # 0 is not relatively dense in R¥.
Let e € SY1 (2,)neny in RY \ U and (&,)nen in RY be such that

lim dist(z,,U) = +oo, lim Zn = bn
n—-+0o n—-+0o00 |$n — €n|

=e, and &, € m,, foralln e N.
We need to show that e € £. For n € N, we set for short

ky = |, — &, | = dist(x,,U) and e, := Zn = e SV,

|2 — &l
We start with showing that
lglglof ( neN,lf\lef(o,l) O, u(t, A\, + (1 — )\)gn)> < 0. (5.1)

Assume by contradiction that (5.1)) does not hold. Then, for any € > 0 there exists 7. > 0
such that

Vit > Te, Vn e Na Ve (07 1)a aenu<t7 /\xn + (1 - /\)gn) > —€. (52)

Hypothesis (2.1]) implies the existence of two constants §, R > 0 such that dy (U, Us) < R.
Moreover, by parabolic estimates, there is K > 0, only depending on f and N, such that

Vi>1, Ve e RY, |Vu(tz)| < K. (5.3)

Call ¢’ := min(d, 1/(8K)). By there exists 7 > 0, only depending on f, N, § and R,
such that the solution v to (1.1) with initial datum vg = %]1 B, satisfies v(t,z) > 1/2 for
all t > 7 and x € Bg. We can assume without loss of generality that 7 > 1.

Take n € N. Because dy(U,Us) = du(U,Us) < R, there exists ¢, € Us such
that [(, — & < R. Tt follows that ug(z) > wvo(x — ¢,) for all z € RY and therefore,
by comparison,

Vi Z T, U(t,fn) Z U(tafn - gn) Z

N | —

Using ((5.2) we then deduce
. 1
u(n + 7,&, + min (—, kn> en> >
4e
We now start an iterative argument. By (5.3)) (recall that
. 1
Vee B, u(n + 7,&, + min <—,k5n>en —1—$> >
8K 4e

Since 0’ < 1/(8K), this allows us to compare u(7: + 7 + -, &, + min(5-, ky)e, + ) with v
and obtain

1 1
€ 2 ySn i <_7kn> n) > a
u(7’—|— 7,&, + min " e 2 5
whence by (/5.2)
2
U(Tg + 27,&, + min <—, kn) en> >
4e
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We iterate j, times this procedure, where j, is the smallest j € N satisfying j/(4e) > k.
Namely, for any n € N we have shown that

with 7, € N such that j, — 1 < 4ek, < j,. (5.4)

A

W(Te + JuT, Tn) >

We compute

dist(x,, U) ky, ky, 1
- = — > —
Te + JnT Te + jnT 7o+ (dek, + )7 deT

as n — +oo.

Take ¢ > ¢* and e < 1/(47c). It follows from the above estimate that dist(z,, U) > c(7-47,7T)
for n large enough, but then (5.4)) contradicts (3.5)) because (j,)nen diverges to —+oo

since (k,)nen does. This proves (5.1)).
We can now conclude. By (/5.1)) there exist ¢ > 0, a diverging sequence (ty)gen in R,

a sequence (ng)reny in N and a sequence (A )ren in (0, 1) such that
aenku(tk,yk) < —e, where y; 1= Ny, + (1 — A&, -

Therefore, by parabolic estimates, the sequence of functions (u(tg,yx + *))ken converges
in CL_(RY) (up to subsequences) towards a function ¢ € Q(u) satisfying 9.4 (0) < —e.
Moreover, since §,, € 7, , there also holds by definition of yj, that &,, € m,, and

yk_—gn’“:enk%e as k — +oo.
‘yk_gnk|

We deduce from Theorem that ¢(x) = U(x - e) for some nonincreasing func-
tion ¥ € C?*(R). We further know that ¥'(0) < —e < 0. Theorem then implies
that U is actually strictly decreasing in R, hence e € £. ]

6 The subgraph case: proof of Corollary

We now turn to Corollary 2.5, which is a consequence of Theorems and 2.4l In order
to check the geometric condition (2.4) of these two theorems, we will make use of the
following simple property of functions with vanishing global mean.

Lemma 6.1. Let v : RY=! — R satisfy (2.6). Then

N /
M := sup M < +o00. (6.1)
z'y ERN -1 |x Y | +1

In particular, |xy —(2')] < M for all (z',zy) € OU.
Proof. By (2.6)), there exists L > 0 such that
N /
sup [v(2") — ()]

/ /
2’ €RN=1 o/ eRN-1 |/ —¢/|>L |(L’ -y |

<1

Consider z/,y’ € RV~ Let 2/ € R¥"! be such that |2/ —2/| = L and |2/ — /| > L. We
have that

(@) =y < Iv(@) =&+ 1v(E) =) S L+ —y| <204+ 2" -9/,

from which the desired estimate immediately follows. The last statement of Lemma [6.1] is
an immediate consequence of ([6.1). O
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Proof of Corollary 2.5 The proof consists in showing that the assumptions of this corollary

entail, on one hand, that U fulfills the hypotheses (2.1), (2.4) of Theorems and
and, on the other hand, that

xn_fn

lim | = ey, (6.2)

n—+o0 |wn - Sn

for any sequence (z,)nen satisfying dist(z,,U) — +oo as n — +oo and any sequence
(&n)nen such that &, € m,, for each n € N.
By (2.6)), there exists L > 0 such that

Vo' € RV Yy € RYN\BY(), () 2 () ~ Iy ~ ]
It follows that, for any ' € RVN~1,
U {(y,yn) € RYNN\B) () xR : yny <~(@') — |y —2'|}.

Take 6 > 0. Since the set in the right-hand side above contains the N-dimensional ball
Bs((2' +y',v(2") + yn)), for any (v, yn) with |¢/| = L+ and yy < —L — 36, we find that

OB} . 5(z') x (—o00,y(z') = L —38) C Us for all 2’ € RV~

From this inclusion, and the fact that

V(2 zy) € U, dist ((z/,2n), 0B] s5(2')x (=00, y(z')—L—35)) < /(L +0)? + (L + 30)2,

we deduce that

dy (U, Us) < /(L +0)2 + (L + 36)2,

that is, (2.1]) holds for any ¢ > 0.
Next, we claim that

|z’ — ¢
sup —— =0 as R — +o0. (6.3)
r:(m’,mN)ERN,dist(x,U):R,ﬁ:(ﬁ’,ﬁN)enz R

To show (6.3), take R > 0, consider any point xz = (7%, xrn) € RY such that
dist(zp,U) = R and let g = (§R,Er,N) € Tap (remember that 7, C OU). The quantity
hr = xp N — V(2) satisfies hp > R. We compute

R? = (2, v(2R) + he) = (Ek Er ) = |2f — ERl* + B — 2hely(2) — Ervl. (6.4)

If 2%y — &, stays bounded as R — 400 then the limit in (6.3)) trivially holds. Suppose instead
that (up to subsequences) |z, — | — +00 as R — +o00. Then, by hypothesis (2.6) and
Lemma [6.1] it follows that |y(2;) — | < |2 — €5|/2 for R large, and thus, for such

values of R, (6.4]) yields

1 1 1
B2 > [ay — Eal? + 1 — halay — €4l > Slef — €l + 5h% > S,

that is, hg < V2R. Recalling that hr > R, we then derive from (6.4) and Lemmathat

A« / _ / _ / o /
2R — &Rl < 2hR‘7<x/R) /§R,N| < 2\/5‘7(951;2) é:R,N\ <923 v (') : ’Y(f}/a)‘ "‘M’
R RWR - fR’ ‘xR - €R| ‘xR - fR’
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which tends to 0 as R — +oo by (2.6). This shows that property (6.3) holds.
Now, consider any sequence (,,)nen in RV\U such that dist(z,, U) — +oo asn — +00,
and any sequence (&, )nen such that &, € 7, for each n € N. By Lemma , one has that

|mn - €n| Z Tn N — gn,N Z Tn,N — 7(5:1) - M Z Tn N — ’7(1‘;) —2M — Mll‘;‘L - §;|

/

for all n € N. But z, y — y(2}) = |z, — (2, v(2},))| > |zn — & since &, € m,,. Hence
|2, — & > XN —Enn > | T — &a| — 2M — M|z, — £ |, and the last quantity is equivalent
to |z, — &,| = dist(x,, U) as n — 400, by . As a consequence, T, y — &N ~ |Tn, — &4l
as n — +oo and, together with again, the property follows.

We are left to show (2.4). As before, let zp = (2, 2rny) € RY such that
dist(zg,U) = R > 0. We want to estimate O(zg) defined by (2.3) when R is large,
ie.

tp—§ y—¢&
O(xg) = sup : :
femap,yeUN{E} R ly — ¢

We first consider the set of points &,y satisfying |y — &| < v/R. Since at any & € m,,
and y € U it holds that

R <|og —yf* = R+ —y|* +2(zr — &) - (€ — ),
we derive
sup $R_§.y_§§ 1
g€ms YU, 0<|y—€|<VR R ly —¢&| 2R

—0 as R— +oc. (6.5)

It remains to estimate the above scalar product when |y —¢£| > v/R. We first observe that,
for § = (¢, &n) #y = (v, yn),
th—§ Y—& _ (WR — &l Ry = E¥)(yn —&v))
R fy=¢ R Rly — ¢
Let £ € m,,, and y € U\ {¢}. The first term of the right-hand side is handled by (6.3). As

for the second term, we notice that (6.2)) and Lemma imply that xpny — &y > 0 for R
large enough, and {y > v(§') — M. Therefore, since yny < v(y'), it follows that

(@ry = En)lyny = &n) _ (@ry = En)(VY) =) + M) _ W) = ()] + M
Rly — ¢ Rly —¢] - ly —&|

for all R large enough. From this, on one hand, restricting to |y’ — &'| > VR, it follows

from (2.6 that

(6.6)

< (6.7)

(zrN—EN) (YN —EN) (') =y (&)|+M

sup < sup — 0. (6.8)
dist(zg,U)=R, E=(€' &N )EMap R|y - 5| ¢y eRN -1 |y’ - f’| R—+o0
y=('yn)€eU, ly' —€'|> VR ly'—€'|> VR

On the other hand, when |y — ¢| < V/R, we deduce from (6.7) that

sup (xrN —EN)(yn — EN) < 2M + /R .

dist(zp,U)=R, E= (€€ ) Ema Rly — ¢ ~ VR BRotoo
y=(y' . yn)eU ly'—¢'|< VR, ly—€[>VR

Summing up, (2.4) follows from the estimates (/6.5 and , (6.3)), , and . ]
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7 Directional asymptotic one-dimensional symmetry

The arguments of the proof of Theorem can somehow be localized. Loosely speaking,
if one focuses on the asymptotic one-dimensional property around a given direction, the
global geometric assumption can be restricted to the points x around that direction,
and hypothesis can be relaxed too. Under such weaker assumptions, we derive the
one-dimensional symmetry for functions belonging to the directional Q-limit set of the
solution, which is defined as follows.

Definition 7.1. For a given bounded function u : RT x RN — R and for any direction
e € SN the set

Qe(u) :={ ¢ € L®RY) : u(ty,z, +-) = ¢ in L3 (RY)

loc
for some sequences (t,)nen in RT diverging to 400,

and (z,)nen in RN\ {0} such that x,/|x,| — e as n — +oo }
is called the -limit set in the direction e of u. Notice that Qe(u) C Q(u).

Theorem 7.2. Let u be a solution of (1.1)) with an initial condition ug= 1y, where U CRY
has nonempty interior and satisfies

Uc{(z,zy) eRV'XR : zy <7(2)}, (7.1)

for a function v € L2 (RNY) such that

loc

/
lim sup (@)

|2/ | =400 |:E/|

<0. (7.2)

Then, any function 1 € Qe (u) is one-dimensional and satisfies ¥(x',xn) = ¥(zy) in RY,
with ¥ € C*(R) either constant or strictly decreasing. In particular it holds that

Veu(t,z',zy) =0 as t — +oo, locally in 2’ €RN™ and uniformly in xy €[R, +00),
for any R € R, and moreover if the inclusion is replaced by an equality in (7.1]), then
Veu(t, o', xy) =0 as t — +oo, locally in o' €RN ™" and uniformly in xy €R.

Proof. We prove the result showing that, when restricted to the directional Q-limit
set o, (u), the arguments of the proof of Theorem can be performed with hypothe-
ses and replaced by the assumptions that U has nonempty interior and ful-
fills (7.1)-(7.2). We will also show that the functions in {2, (u) are one-dimensional pre-
cisely in the direction ey. The situation is simpler here and we do not need to introduce
any coordinates transformation.

Assume by contradiction that there exists ¥ € Qo (u) satisfying V1 (z) # 0 for
some T € RY. Let (t,)neny in RT and (z,,)nen in RV\{0} be the associated sequences given
in Definition [7.1] that is,

Tn
t, = +o0o and — ey as n — +oo. (7.3)

|0

Since U has nonempty interior, the invasion property (3.2)) applies and yields

Vee (0,¢%), |z,| > ct, forall nsufficiently large, (7.4)
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because otherwise 1 = 1 in RY. In particular, (z,,),en needs to be unbounded. Therefore,
up to replacing (x,)nen With (2, + Z)nen, We can assume without loss of generality that

Z = 0. Namely, the sequences (t,)nen, (Zn)nen satisfy (7.3) and (7.4), and by parabolic
estimates it holds that

Vu(t,,z,) = as n — 400, (7.5)
with 8 = (8, Bn), 8’ # 0. We write, for n € N, z,, = (2}, x, n). Properties (7.3)), (7.4)

immediately imply
Vee (0,¢"), x,n =, exy >ct, foralln sufficiently large. (7.6)

Similarly, (3.5) implies that limsup,_, .. dist(z,,U)/t, < c* (because otherwise
¢ = 0 in RY). Furthermore, it follows from (7.1)-(7.3) and lim,_ 4o |7,| = +o0, that
dist(xn, U) ~ z,,n as n — +00. Therefore, limsup,,_,, . xn n/t, < c*, hence

|z]| = o(t,) asn — 400, (7.7)

by using (7.3]) again.
For given v/ > 0, define the sets

H, := Bjj, x (—00,0t,], Vi={z,+s(B+() : seR, (€ By}.

Consider a point P = (P, Py) € V, satisfying Py < 9t,. Namely, P = x,, + s(8 + () for
some ( € By and s € R such that

Oty > @n,n = (|68 +0)]s].

As a consequence, if ¥ < || we derive

/
—

P'| > ’—193—:1:'>’B|—xn—19tn—x'.

[P = (18] = )|s] |n|_|ﬁN|+19(N, ) — |2
Since ' # 0 and |2}|/x,n — 0 as n — +oo due to (7.3)), using (7.6) one can find
Y € (0, min(|5’], ¢*/2)) sufficiently small, only depending on f’, By and c¢*, such that, for n
large, |P'| > ¥t,, i.e. P ¢ H,. With this choice it holds that H, NV, = ) for n sufficiently
large.

We then set 9 9
a::§>0, 5::§>0.

We further take 6 > 0 such that Us # () and finally L > 0 large enough so that
holds, the latter being possible due to ((7.1))-(7.2). Observe that 0 < o < ¥ < ¢*/2. This
means that U fulfills the hypotheses of Lemma Therefore, for n € N, the solution u”
of whose initial datum is equal to the indicator function of the set U N (By, x R)

satisfies (4.2)), i.e.

U
HU(tn, ) - Uﬁtn@n, ')HC1(B/ xR+) < 5,

9tn /3

provided n is sufficiently large. By (7.5))-(7.7)), one then derives |Vu’*"(t,,z,) — 8| < o for
all n sufficiently large. This means that, for such values of n, the line I',, passing through
the point z,, and directed as Vu?(t,, z,,) is contained in the set V}, defined before, whence

(Fn N Hn) C (Vn N Hn) = for all n sufficiently large.
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On the other hand, we have that
suppu”"(0,-) C UN(B), xR)C H, for all n sufficiently large.

We are thus in a position to apply the reflection argument. Namely, proceeding as in Step 4
of the proof of Theorem , with u%" replaced by u’"" we reach a contradiction thanks
to the Hopf lemma. This proves that any ¢ € €, (u) satisfies V¢ = 0, that is, there is
a C?(R) function ¥ such that ¢ (z) = ¥(zy) in RY. The monotonicity of ¥ can then be
shown as in Step 5 of the proof of Theorem [4.2] with w, replaced by u, k,en by z,, and k,
by z, y. Furthermore, similarly as in Step 6 of the proof of Theorem , the function ¥
is either constant or strictly decreasing.

Let us deal now with the last part of the theorem concerning the convergences of V,u
towards 0. Consider a diverging sequence (t,)neny in RT, a bounded sequence (z),)nen
in RV~ and a sequence (2, y)nen in R. By parabolic estimates, as n — 400, the function
u(ty, (2}, TN )+-) converge in CZ (RY), up to extraction of a subsequence, towards a func-
tion 7. On one hand, if up to extraction of another subsequence, z,, y — +00 as n — +o0,
then ¢ € Q. (u) and thus, by the first part of the theorem proved above, there is a C?(R)
function W such that ¢(z) = ¥(zy) in RY. On the other hand, if (z, x)nen is bounded
then ¢ = 1 in RY due to (3.2). Summing up, we have V,u(t,, ), z, n) — 0 as n — +oo
when (2, v )nen is bounded from below. This proves the first convergence of V, u stated in
the theorem. We are left with the case where, up to subsequences, =, y — —00 asn — +00
and the inclusion is replaced by an equality in . In such a case, even if it means repla-
cing U by a measurable set U’ D U such that U’ \ U has zero Lebesgue measure, the set U
contains, for given d > 0, the half-cylinder By x (—oo, essinfp; ), where essinfp, v > —o0
because v € LS (RV~1). We deduce

loc

Us D {0} x (—oo,essB;nf'y —9),
3

where 0 above stands for the origin in RV~!. It follows from property of Propo-
sition that u(t,2’,zy) — 1 as t — +oo locally in 2/ € RV~ and uniformly in
zy € (—o0, R, for any R > 0. This implies that ¢» = 1 in RY, hence Vyu(t,,x), x,n) — 0
as n — +o00o up to subsequences. The proof of the theorem is complete. O

8 Extensions and open questions

We list in this last section some extensions of the main results for more general initial data,
as well as some open questions and conjectures.

Some extensions of the main results

First of all, we point out that the conclusions of the main results of Section [2] still hold
for the solutions to ([1.1]) with measurable initial conditions ug : RY — [0, 1] more general
than characteristic functions. To be more precise, if there are h € (0,1] and § > 0 such

that (2.1)) is replaced by
dy ({uo > h},suppug) < +oo and dy ({ug > h}, {ug > h}s) < +oo, (8.1)
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and if (2.4) is replaced by

lim ( sup O(x)) <0, (8.2)
R—+o0 z€RN | dist(x,supp ug)=R

then the conclusion of Theorem [.2]— and thus of Theorem [2.2]— holds true. Indeed, first of
all, one checks that Proposition holds with U and Uy replaced by supp ug and {ug > h}s
respectively, where, for the proof of , one defines v as the solution with initial datum
vg = hlp,. Then Lemmastill holds with ull := ug 1 Bj,xr and with the assumption (4.1)
replaced by

{up > h}sNBy #0 and suppug\ (B xR) C {(a:',xN) ERV xR : 2y < %|x’|}
¢

(but now in the conclusion the time 7. depends on h too). Next, one repeats the
arguments of the proof of Theorem with the U, defined as rigid transformations of
supp ug in place of U, and L := dH({uo > h},{up > h}(s) +1in and ([4.20).

As a consequence of Theorem [2.2] the conclusion of Theorem still holds for initial
conditions ug satisfying — instead of ug = 1y with and . Similarly,
the conclusion of Theorem holds for such wug’s, with U replaced by supp ug in the
statement, while the conclusion of Corollary holds when dH({uo > h},supp uo) < 40
and dH(U, supp uo) < +oo, with U still satisfying —. Finally, the conclusion of
Theorem is satisfied when wg fulfills instead of and , and when the

convexity — or convex proximity — of U is replaced by that of supp uy.

Some open questions and conjectures

To complete the paper, we propose a list of open questions and conjectures related to our
results. First of all, let us call ¢ the traveling front profile with minimal speed, that is,
for each e € SN, p(z - e — ¢*t) satisfies (1.1)) with 0 = ¢p(+00) < ¢ < p(—00) = 1 and
c¢* =24/f(0). Based on Theorems and and according to the definition of &,
we propose the following.

Conjecture 8.1. Let u be as in Theorem[2.2] Then,
Qu)={0, 1, p(z-e+a) : e€& acR}.

This conjecture is known to hold when U is bounded with non-empty interior, by [7,,24],
and when U is the subgraph of a bounded function, or more generally when there are two
half-spaces H and H' —necessarily with parallel boundaries— such that H ¢ U C H’,
by [2, 3, 13} 19} 27].

We have shown in Lemma that the assumption of Theorem is stable by
bounded perturbations of the sets U. We could then wonder whether the asymptotic
one-dimensional symmetry is also stable with respect to bounded perturbations of the
initial support. Namely, if the solution to (1.1) with an initial datum 1 satisfying
is asymptotically locally planar, and if U’ C RY satisfies and dy(U',U) < +00, then
is the solution to with initial datum 17+ asymptotically locally planar as well?

One can also wonder whether the reciprocal of Theorem is true, in the following
sense: if the asymptotic one-dimensional symmetry holds for a solution w of (1.1) with
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initial datum 1y and U satisfying (2.1]), does necessarily U fulfill (2.4)? The answer is
immediately seen to be negative in general: take for instance U given by

U= ] 2" +1] xRV,

neN

which fulfills (2.1]) but not (2.4)), while u — hence any element of Q(u) — is one-dimensional,
depending on the variable x; only. However, the question is open if U is connected.

Our study concerns the Fisher-KPP equation, with functions f satisfying . How-
ever, the same question of asymptotic one-dimensional symmetry can be asked for more
general reaction terms f, still with f(0) = f(1) = 0. First of all, the hypothesis
should be strengthened, by requiring § > 0 to be large enough. Indeed, if f is for instance
of the bistable type

f(0)<0, f(1)<0, f<0in (0,a), f>0in (,1), /1 f(s)ds >0 (8.3)
0

for some v € (0,1), then by [6l, 28] there is dp > 0 such that the solution to (1.1 with
initial condition ug = 1, converges uniformly as t — 400 to a ground state, that is, a
positive radial solution converging to 0 as |x| — +00, hence u is not asymptotically locally
planar. However, if ug := 1g, with 6 > dy, then u(t,z) — 1 as t — +o0o locally uniformly
in z € RY. We then say that the invasion property holds if there is p such that the solution
u to (L1.1) with initial condition 1p, satisfies u(t,r) — 1 as t — +o0 locally uniformly in
x € RY. For general functions f for which the invasion property holds, if U is bounded and
U, # 0, then the solutions to with initial condition 1 are known to be asymptotically
locally planar, by [16]. The same conclusion holds for bistable functions f of the type
if there are two half-spaces H and H’ -necessarily with parallel boundaries— such that
H cUcC H', by [28, 20, 2I] (see also [23] for the case of more general functions f). On
the other hand, still for bistable functions f of the type , the solutions u to with
initial condition 1y are not asymptotically locally planar if U is V-shaped, that is, if it is
the union of two half-spaces with non-parallel boundaries, by [10, 11}, 22} 25]. These known
results lead us to formulate the following De Giorgi type conjecture for the solutions of the
reaction-diffusion equation beyond the Fisher-KPP case.

Conjecture 8.2. Assume that the invasion property holds for some p > 0. Let u be the
solution to with an initial datum ug = 1y such that U C RY satisfies dy (U, U,) < +00
and [2.4). Then any function in Q(u) is one-dimensional and, in addition, it is either
constant or strictly monotone.

Let us also mention another natural question related to the preservation of the convexity
of the upper level sets of u when ug = 1y and U is convex. It is known from [4, [I5] that,
if U is convex, then the solution of the heat equation d;u = Awu is quasi-concave at each
t > 0, that is, for each ¢t > 0 and A\ € R, the upper level set {z € RY : u(t,z) > \} is
convex. The same conclusion holds for set in bounded convex domains instead of R,

and under some additional assumptions on f, by [14]. A natural question is to wonder for
which class of functions f this property still holds for (1.1]) in RY.

Notice finally that, for any solution w to (1.1)), for any sequence (t,),en diverging
to +oo, and for any sequence (x,)n,eny in RY, the functions u(t, + -, z, + +) converge
locally uniformly in R x RY, up to extraction of a subsequence, to an entire solution
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to (that is, solution for all ¢ € R). Remembering Theorem on the asymptotic
one-dimensional symmetry for the solutions to (1.1)) with uwy = 1y and U convex, and
having in mind the question of the previous paragraph on the convexity of the upper level
sets, it is then natural to ask the following: if an entire solution v : R x RY — [0, 1] to (1.1])
is quasi-concave for every t € R, is v(t, -) necessarily one-dimensional for every t € R?
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