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Scientific problem :
Simulation & data assimilation under severe dimensional reduction

typically, 107 - 0(10) degrees of freedom
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v=w+7v’

Resolved fluid velocity:

POD-Galerkin gives SDEs for resolved modes Reduced order : 7 ~ 10
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Full order : M ~ 107

New estimator

W(X’ t) = Z?=0 bi(t)¢i(x) j ¢l(x) ) (atw + C(W' W) + C(O-B’ W) + F(W) = F ) dx » Consistency proven (At — 0)
Q

v' = 0B (Gaussian, white wrt t)

Unresolved fluid velocity: /

Variance tensor:
E{(cdB;)(cdB)T}

o) =T db(t)
dt

Advection : 2" order polynomial

c(b(t), b(t))

skew-symmetric noise

— Covariance to estimate

qu [E] = _fg ¢j ’ C(f; (I)q)

*  Numerically efficient
+ Data-based & Physics-based
— Robustness in extrapolation
HK(aB) b(O)|+ f b(t) = -

Multiplicative
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POD-Galerkin gives SDEs for resolved modes Reduond ardor - 10

v=w+7v’

New estimator

Resolved fluid velocity:

w(x, ) = N bi () j B:(0) - (dw + Cow,w) + C(oB,w) + Fw) = F ) dx (R
Q
Unresolved fluid velocity: - «  Numerically efficient
v' = oB (Gaussian, white wrt t) ~ gIOba"y balanCEd « Data-based & Physics-based
energy fluxes — Robustness in extrapolation

Variance tensor:
E{(cdB;)(cdB)T}

o) =T db(t)
dt

e

c(b(t), b(t)) H
Multiplicative  «“Tyrbulent” diffusion

skew-symmetric noise

_ , — Covariance to estimate  with a(x) = At v’ (v")T
Advection : 2" order polynomial
Kiqg[€] = — [, #; - C(& dq)
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PART IV

NUMERICAL RESULTS

a. Uncertainty
guantification
(Prior)

b. Data assimilation
(Posterior)
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n = 4 resolved degrees of freedom
No data assimilation

UNCERTAINTY QUANTIFICATION (PRIOR) Known initial conditions b(t = 0)

Temporal mode 1 Temporal mode 2
5 5
::’ 0 :E 0
One realization
v=w+v '
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Mean S 5 10 15 5 10 15
Resolved fluid velocity: Time Time
n Confidence
w =YY" _b:d:
Zi=o bii interval
Unresolved fluid velocity: Reference o omame o
. ’ Temporal mode 3 Temporal mode 4
No closure 1
=y N T )
= 0 A MM MNINTY]

, E

S

. &

5 10 15 5 10 15 @
Time Time o
&z
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n = 8 resolved degrees of freedom
No data assimilation
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DATA ASSIM“.ATION (POSTER'OR) _ From1O7to_8degreesoffreedom
On_”ne estimation Of the SOlUtiOﬂ @ Single measurement point (blurred & noisy velocity)

Reference Our method State-of-the-art
PCA-projection of the DNS POD-Galerkin with Navier-Stokes POD-Galerkin with Navier-Stokes + optimally
(Optimal from 8-dof linear decomposition) under location uncertainty (LUM) tuned eddy viscosity & additive noise
Vorticity Vorticity Vorticity

Re 100

2D
(DNS has
10* dof)

- 12 14
Q-criterion

Re 300

3D
(DNS has
107 dof)

(round) wind turbine blade

vortices
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CONCLUSION

» Unsteady CFD ROM with severe truncation (0(107) - 0(10) degrees of freedom)
= |ntrusive ROM (Combine data & physics)
= Conservative stochastic closure (LUM)
o Stabilization of the unstable modes
o Maintain variability of stable modes
= Efficient estimator for the conservative multiplicative noise

= Efficient generation of prior / Model error quantification

» Data assimilation (Bayesian inverse problem) :
to correct the fast simulation on-line by incomplete/noisy measurements

» First results at Re = 100 and 300 :
= (Quasi-optimal unsteady 3D flow estimation

= Robust far outside the training set
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= Conservative stochastic closure (LUM)
o Stabilization of the unstable modes
o Maintain variability of stable modes
= Efficient estimator for the conservative multiplicative noise

= Efficient generation of prior / Model error quantification

» Data assimilation (Bayesian inverse problem) :
to correct the fast simulation on-line by incomplete/noisy measurements

» First results at Re = 100 and 300 :
= (Quasi-optimal unsteady 3D flow estimation

= Robust far outside the training set

NEXT STEP : » Increasing Reynolds (ROM of LES, DDES) [ D :

= Hyperreduction

ITHACA - FV . | |
= Error quantification of hyperreduction valentin.resseguier@scalian.com 21
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POD-Galerkin gives SDEs for resolved modes Reduond ardor - 10

v=w+7v’

J ¢;(x) - (d;w + C(w,w)dt + F(w)dt + C(adB;,w) = dF) dx
Resolved fluid velocity: Q

w(x, t) = Yo bi(t)di(x)
| db .
—S’L) = H(b(t)) + K(oB) b(¢t)

»

v' = 0B (Gaussian, white wrt t) d

Unresolved fluid velocity:

Variance tensor:
E{(cdB;)(cdB)T}
dt

a(x,x) =

Kigl§1==J,0; - C(&dg) | =

23
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 Randomized Navier-Stokes Randomized Navier-Stokes | I
) (¢] )J' PCA modes ]
. ~ " (T < :
a(x) ~ Atv' (v') l PCA residual v’ }

23

‘ Kiql§l = — [ ;- C(&.dg) | =

- 1 (T
f=fjf
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= SCALIAN

REDUCED LUM (RED LUM) | 7
POD-Galerkin gives SDEs for resolved modes Reduond ardor - 10

v=w+7v’

J ¢;(x) - (d;w + C(w,w)dt + F(w)dt + C(adB;,w) = dF) dx
Resolved fluid velocity: 2 (n+1) x (n+1)

w(x,t) = Xizo bi(£)p;(x)

Unresolved fluid velocity:
v' = 0B (Gaussian, white wrt t)

Multiplicative skew-symmetric noise
Variance tensor:

T : :
(e, 57) = [E{(GdBtc)liadBt) } Covariance to estimate
. b, Ab; ,
2nd order polynomial E (qu(adBt) Kip(adBt)) /dt = Dt Kjq | == 5 v ]
. . A p
Coefficients given by : T A
« Randomized Navier-Stokes 4—_' Randomized Navier-Stokes ‘I I
’ (¢J ) j ] PCA modes |
° ~ ! NT <
a(x) = At v’ (v') l PCA residual v }
_ T Kjglsl = =], ¢; - C(& ¢ -
f= lj f from synthetic data ]q Ja® (. ¢d) 23
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= SCALIAN

REDUCED LUM (RED LUM) | 7
POD-Galerkin gives SDEs for resolved modes Reduond ardor - 10

v=w+7v’

New estimator

Consistency proven (At — 0)

j ¢;(x) - (d;w + C(w,w)dt + F(w)dt + C(adB;,w) = dF) dx
Q

Resolved fluid velocity: (n+1) x (n+1)

w(x,t) = Xizo bi(£)p;(x)

Numerically efficient

Physically-based

Unresolved fluid velocity:
v' = oB (Gaussian, white wrt t)

— Robustness in extrapolation

Multiplicative skew-symmetric noise
Variance tensor:

- . .
ae,x) = [E{(adBto)liadBt) } Covariance to estimate
. b Ab; ,
29 order polynomial E (Kjq(0dB,) Kip(0dB,)) /dt ~ At K, =V ]
. . A P
Coefficients given by : T A
 Randomized Navier-Stokes 4—_' Randomized Navier-Stokes ‘I I
‘ (¢J ) j D PCA modes |
. ~ "(vT <
a(x) At v (v ) l PCA residual v’ }
_ T Kiqlél=—J,®; - C(& ¢ -
f= lj f from synthetic data /4 f“ ! ( q) 23
T'Jo e ™ ReSaagUieT St T, (202 7). GIAM-ASA J Uncertain . hal- 03169957




= SCALIAN

R E D U C E D L U M ( R E D L U M ) Full order (~ nb spatial grid points): M ~ 107

Multiplicative noise covariance Do of e Stom s N 107
v=w+v
db(t) = H(b(t)) dt u, b(t) with K;y[€] = — [, ¢; - C(£dy) New estimator

Resolved fluid velocity: (n+1) x (n+1)

w(x,t) = Xizo bi(©) P (x) »  Curse of dimensionality 7 ComEEneereren (B = )

Numerically efficient
. . = Since gdB; is white in time,
Unresolved fluid velocity: ‘

. odB, Zig.ip = E (Kjq(0dBy) Kip(0dBy)) /dt ~ At K;q(v) Ky (0)

= —— (Gaussian, white wrt t)
dt

Physically-based

— Robustness in extrapolation

= K is a matrix of integro-differential operators — cannot be evaluated on v'(x, t) at every time t

Randomized Navier-Stokes = Covariance of 0dB, ~ At? (v'(x,t))(v'(, t))T : M X M ~ 103 coefficients — intractable
PCA modes

PCA residual v’

from synthetic data
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v=w+7v’

Resolved fluid velocity:

REDUCED LUM ( RED LUM ) Full order (~ nb spatial grid points): M ~ 107
Multiplicative noise covariance Reduced order : n ~ 10

=1 SCALIAN

Number of time steps : N ~ 10*

db(t) = H(b(®)) dt u’ b() with Kjgl¢]=—Jq¢; - C(&bq) New estimator

(n+1) x (n+1)

w(x,t) = Xizo bi(©) P (x) »  Curse of dimensionality 7 ComEEneereren (B = )

Unresolved fluid velocity:

= —— (Gaussian, white wrt t)
dt

Randomized Navier-Stokes -
PCA modes .

PCA residual v’

from synthetic data

Numerically efficient
Since odB; is white in time,

Zig.ip = E (Kjq(0dBy) Kip(0dBy)) /dt ~ At K;q(v) Ky (0)

Physically-based

— Robustness in extrapolation

K is a matrix of integro-differential operators — cannot be evaluated on v'(x, t) at every time t

Covariance of 0dB, ~ At? (v’(x, t))(v’(y, t))T : M X M ~ 103 coefficients — intractable

% % v'l (hybrid fitting & physics-based)
P

requires only O(n?M) correlation estimations and 0(n?) evaluations of K

Efficient estimator ¥;, ;,, = At K,

24
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= SCALIAN

REDUCED LUM ( RED LUM ) Full order (~ nb spatial grid points): M ~ 107
Multiplicative noise covariance Reduced order : n ~ 10

Number of time steps : N ~ 10*

db(t) = H(b(®)) dt u’ b() with Kjgl¢]=—Jq¢; - C(&bq) New estimator

Resolved fluid velocity: (n+1) x (n+1)

w(x, ) = Xizo bi(t) i (x) »  Curse of dimensionality SesB ey EerE (4¢ = ()
Numerically efficient

v=w+7v’

. . =  Since adB; is white in time,

Unresolved fluid velocity: , :
R Zqip = B (Kiq(0dBy) Kip(adBy)) /dt ~ At Kig(v') Kip(v')

v = 7 (Gaussian, white wrt t)

Physically-based

— Robustness in extrapolation

= K is a matrix of integro-differential operators — cannot be evaluated on v'(x, t) at every time t

Randomized Navier-Stokes = Covariance of 0dB, ~ At? (v'(x,t))(v'(, t))T : M X M ~ 103 coefficients — intractable
PCA modes =  Efficient estimator X;, ;,, = At K}, Dp Abi v’ l (hybrid fitting & physics-based)

b_zzJ At
PCA residual v’

requires only O(n?M) correlation estimations and 0(n?) evaluations of K

from synthetic data

» Consistency of our estimator (convergence in probability for At — 0, using stochastic calculus and continuity of K)

Ab; Ab; 1T 1T — _
At Kjq [ pr_tL v ] = At pr_tl Kjqlv'] = ;fo b, d < b;,Kjq(oB) > = ;fo by ¥r=0 brd < K;;-(0B), Kjq(0B) > =¥1_0 Zjqir bpbr = Zjq,ip bzz, (orthogonality from PCA)
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= SCALIAN

REDUCED LUM ( RED LUM ) Full order (~ nb spatial grid points): M ~ 107
Multiplicative noise covariance Reduced order : n ~ 10

Number of time steps : N ~ 10*

db(t) = H(b(®)) dt u’ b() with Kjgl¢]=—Jq¢; - C(&bq) New estimator

Resolved fluid velocity: (n+1) x (n+1)

w(x, ) = Xizo bi(t) i (x) »  Curse of dimensionality SesB ey EerE (4¢ = ()
Numerically efficient

v=w+7v’

. . =  Since adB; is white in time,

Unresolved fluid velocity: , :
R Zqip = B (Kiq(0dBy) Kip(adBy)) /dt ~ At Kig(v') Kip(v')

v = 7 (Gaussian, white wrt t)

Physically-based

— Robustness in extrapolation

= K is a matrix of integro-differential operators — cannot be evaluated on v'(x, t) at every time t

Randomized Navier-Stokes = Covariance of 0dB, ~ At? (v'(x,t))(v'(, t))T : M X M ~ 103 coefficients — intractable
PCA modes = Efficient estimator X, ;, ~ At K, 22 B l (hybrid fitting & physics-based)

b_zzJ At
PCA residual v’

requires only O(n?M) correlation estimations and 0(n?) evaluations of K

from synthetic data

» Consistency of our estimator (convergence in probability for At — 0, using stochastic calculus and continuity of K)

Ab; Ab; 1T 1T — _
At Kjq [ pr_tL v ] = At pr—tLqu [v'] = ;fo b, d < b;,Kjq(oB) > = ;fo by Yr=0brd < Kir(0B), Kjq(0B) > =¥1_0 Zjqir bpbr = Zjg.in bzz, (orthogonality from PCA)

P Optimal time subsampling at At needed to meet the white assumption
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= SCALIAN

REDUCED LUM ( RED LUM ) Full order (~ nb spatial grid points): M ~ 107
Multiplicative noise covariance Reduced order : n ~ 10

Number of time steps : N ~ 10*

a’ b() with Kjql¢l = = Jo &5 - €&, dq) New estimator

n (n+1) x (n+1)
w(x,t) = Xizo bi(t)p;(x) »  Curse of dimensionality

v=w+7v
db(t) = H(b(t)) dt

Resolved fluid velocity:

Consistency proven (At — 0)

Numerically efficient

: : = S dB; is white in time,

Unresolved fluid velocity: nee oty B Whe I fime : :

R Zqip = B (Kiq(0dBy) Kip(adBy)) /dt ~ At Kig(v') Kip(v')
v = 7 (Gaussian, white wrt t)

Physically-based

— Robustness in extrapolation

= K is a matrix of integro-differential operators — cannot be evaluated on v'(x, t) at every time t

Randomized Navier-Stokes = Covariance of 0dB, ~ At? (v'(x,t))(v'(, t))T : M X M ~ 103 coefficients — intractable
PCA modes = Efficient estimator X, ;, ~ At K, 22 B l (hybrid fitting & physics-based)

b_zzJ At
PCA residual v’

requires only O(n?M) correlation estimations and 0(n?) evaluations of K

from synthetic data

» Consistency of our estimator (convergence in probability for At — 0, using stochastic calculus and continuity of K)

Ab; Ab; 1T 1T — _
At Kjq [ pr_tL v ] = At pr—tLqu [v'] = ;fo b, d < b;,Kjq(oB) > = ;fo by Yr=0brd < Kir(0B), Kjq(0B) > =¥1_0 Zjqir bpbr = Zjg.in bzz, (orthogonality from PCA)

P Optimal time subsampling at At needed to meet the white assumption ‘

r » Additional reduction for efficient sampling : —
j f diagonalization of ¥ — K(odB;) = a(df;) with a n-dimensional (instead of (n+1)2-dimensional) Brownian motion § 5,4
0
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b;(t) VS reference

UNCERTAINTY QUANTIFICATION (PRIOR)

9 SCALIAN

From 107 to 8 degrees of freedom
No data assimilation

Reference
. . , (full-order simulation)
['emporal mode 1 [emporal mode 2 it
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Resolved fluid velocity:
w = Z?:o bi¢;

Unresolved fluid velocity:

1%

!

Error on the reduced solution w

v=w+7v’

NOTTL. CITor

Time

IOTIL. CITOr

Reynolds number (Re) = 100 / 2D
(full-order simulation has 10* dof)

£

IO, CITOr

20 40 60 80

NOTIL. Crror NOTI. error

IO, CIror

UNCERTAINTY QUANTIFICATION (PRIOR)

10

= SCALIAN

From 107 to 8 degrees of freedom
No data assimilation
Known initial conditions b(t = 0)

Time

Red. LUM
RMSE
/ / reference V\m‘in distan&
Red. LUM pari
: particle
. bias S
RMS/distance
Red. LUM
40 std

Red. LUM
ensemble
minimal
distance

to the reference

mean
particle

\ ensemble j

Reynolds number (Re) = 300 3D

Time . ) 7
(full-order simulation has 107 dof)
7 =
|
0.5
0!
10 20 30 40
Time
28
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Resolved fluid velocity:
w = Z?:o bi¢;

Unresolved fluid velocity:

1%

!

Error on the reduced solution w

v=w+7v’

NOTTL. CITor

Time

IOTIL. CITOr

Reynolds number (Re) = 100 / 2D
(full-order simulation has 10* dof)

i

IO, CITOr

NOTI. error

O

INOTTNL. O

UNCERTAINTY QUANTIFICATION (PRIOR)

= SCALIAN

From 107 to 8 degrees of freedom
No data assimilation
Known initial conditions b(t = 0)

Time
n =4

The Reference remains always close

to the Red. LUM ensemble

30

Red. LUM

/ RMSE
Red. LUM

' bias
Red. LUM

40 std

Red. LUM
ensemble
minimal
distance

to the reference

10 20
Time

-

\_

reference . .
min dlstan&
closest
particle
bias
RMS/distance

mean
particle

ensemble j

Reynolds number (Re) = 300 3D
(full-order simulation has 107 dof)
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= SCALIAN

DATA ASSIMILATION (POSTERIOR)
Error on the solution estimation

State of the art

State of the art

v=w+7v’

Resolved fluid velocity:
W = Z?:o bi¢;

NOMMalzea velooy emor
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& ]
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& |
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. 3 §

NOMalZea velociy emor
e 4 e e
Y kY o 3

Unresolved fluid velocity:

!

1%

NOrmanzeqa velooty error
e s e e
L*) - o o

NOrMaNZea velooity ermr
= =) = =3 -
in o ~ o

Reynolds number (Re) = 100 / 2D
(full-order simulation has 10* dof)

Reynolds number (Re) = 300 3D
(full-order simulation has 107 dof)
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