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Periodic solutions of approximated normal forms and
simplification of normal transform by using Grébner basis
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Vaulz-en- Velin Cedex, France

Abstract

The paper proposes a methodology based on the normal form perturbation
method and Grobner basis approach. Spectrum rearrangement allows to exhibit
resonant terms associated with periodic behaviors of the system. Normal forms
generate compatibility equations when one looks for periodic solutions and de-
fine amplitude-frequency conditions. Groébner generators are defined from these
equations and associated ideal is generated in order to simplify results of final
normal form using generalized Euclidean division. Normal transform are sim-
plified, and in some cases can be linearized with nonlinearity remaining hidden
in amplitude-frequency conditions.
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1. Introduction

Normal form has been introduced by Poincaré [I]. It is based on a change
of variables introduced as the identity perturbation. Then several normal forms
have been introduced, such as normal form of Birkhoff [2] or normal form of
Gustavson [3], and more detailed information on normal forms are provided in
[4H6]. In this paper, we will consider classical normal form and normal trans-
form. When using normal forms of nonlinear dynamical systems, physicists
normally introduce mono-harmonic periodic solutions of the normal form [7].
In such a case, the obtained amplitude equation provides a relation between
amplitudes of oscillations (amplitude of normal coordinates) and the different
parameters. Indeed, since the amplitude equation contains resonant terms, it
can be written directly with normal coordinates and not only with amplitudes
of normal coordinates. This leads to the following index: if amplitude equations
are seen as generators of an ideal in a rig of polynomials, is it possible to sim-
plify the expression of initial coordinates as functions of normal coordinates?
Or, is it possible to simplify the normal transform taking into account amplitude
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equations? As it is already used in nonlinear mechanics [8], a way to answer
this question is to consider Grobner basis [9] associated to the set of generators
(amplitude equations), and to calculate the rest of the generalized "Euclidean
division" for each normal transform. This is the idea that we intend to explain
and illustrate in this paper. The paper is organized as it follows: in Sec[2] one
normal form methodology is presented and illustrated for two particular cases.
Section (3| proposes an approach leading to forced or internally resonant systems.
Finally, sec[] presents a use of Grobner basis simplifying normal form results
based on generators defined for the resonant periodic system. Applications are
given in sec[5] and pros and cons are discussed in conclusion.

2. Normal form calculation

2.1. General case for autonomous dynamical systems

The normal form is applied on a general dynamical system following the
governing matrix equation:
dX
—— — AX + F(X) (1)
dt
where A is a linear operator. The system has a finite dimension and A can
therefore be defined as a 2N times 2N matrix.
X is the vector composed of the dynamics coordinates. The vector F'(X)
has a maximal chosen degree n > 2 and can be decomposed in F(X) =
F(X)+ ...+ F(X).

This approach is based on the normal form. For this matter, we introduce:

U the normal coordinates
¢ = ¢2 + ... + ¢, the normal transformation (2)
R = Ry + ... + R, the resonant terms

where ¢, and Ry are decomposed in the base of monomials of degree k in the
2N variables uq, ..., usn for each component of vector equation k.
We introduce the identity perturbation for X:

X =U+¢o(U) + ... + o (U) (3)

Injecting normal expression of X in Eq[I] we obtain:

%( = AX + F(X) = A. (U + 6o(U) + .. + 6n(U))

+F (U + ¢p2(U) + ... + ¢ (U))



The expression of normal forms reads:

dU
E:A.U+R2+...+Rn (5)

and we can write the time derivative of Eq[3] as:

dX du

— = — 6
= lat0b2+.. +06n) — (6)
Finally, resolution of normal form reads:
(Ig+0¢a+...+0¢,) (AU + Ray+ ... + Ry)
=AU+ ¢2(U) + ... + ¢u(U)) + F (U + ¢2(U) + ... + ¢ (U)) -
% =AU+ R+ ..+ R,

Using Taylor decomposition, the first equation of Eq[7] can be re-written as:

(Id +0¢s+ ...+ 8(;6”) (A.U + Ro+ ... + Rn)
= AU + Aby(U) + ... + A (U)
+G2(U)+ ...+ Gr(U) +h. o. t.

(8)
=AU+ Ap2(U)+ Go(U)+... + A (U) + G, (U) +h. 0. t.
d2 dn
In this decomposition:
G5 depends on Fy ©)
G, depends on Fs...Fy, ¢o...01,3 < k<mn
The normal form in Eq[8]is treated degree per degree as:
dy: AU=AU
d2 . 8¢2AU - A(bQ(U) - GQ(U) - R2 = F2 - R2 (10)

dy : AU — Adp(U) = Gr(U) — Ry

These equations can be set as a system of linear matrix using lexicographic
order on monomials and using vector basis of Ry (see [9]). It can be solved
using Fredhom alternative for the linear system governed by matrix £. In that
case, resonant and normal terms are defined by:

Ry = ProjKer(C)(Gk) (11)
¢ : solution of the linear system on Range(L )

Projger(c)(Gr) is the projection of matrix G, on vector of the kernel space of
matrix £ and Range(L) is the column space of Gy. According to the form of
the matrix A, we will distinguish two cases.



2.2. Matriz A being diagonal
In this section, we consider a diagonalized system. We set A = D:

A O 0
p=|¢ . o (12)
0 0 Aoy

The matrix £ (associated to homological equation of Iooss-Adelmayer [3]) is
now diagonal on the vectorial base composed by 2V vectors:

1 0

. PR (13)

0 1
In order to manipulate £, we introduce p; ...pon defining the projection uf* .. w53y
associated to the k'™ vector (1 on the k' position of the vector).
The k" diagonal term of £ has for expression:

Lik = [p1, s P2n] - A, s Aan] " =
P A

Therefore, we can distinguish two situations :

(P | A) — A\, =0 : this case provides resonant terms
(P | A) — A\ # 0 : this case is non-resonant: the corresponding monomial
can be eliminated
(15)

Ezample 1: Let us consider a single degree of freedom (dof) nonlinear system
defined as:

d? )
£+m+cx‘3:0 (16)
The matrix form of this system is:
@ . [0 -1 ca®
X_M, X_L dx+{J )

This system can be diagonalized using;:

—i 1
X—PY—{1 1]Y

(18)
2

i
_ic(yl +y2)?

7
—i —c(y1 + y2)*
! ﬂY+ -




Normal coordinates U are introduced. Third order terms are decomposed ac-
cording to four monomials u3, uuy, uju3 and u3. Solving normal form equation
at third order, matrix £ is defined:

[—2i 0 0 0 0 0 0 0] [ (dan]ud)] [ ic/2]
0 —i 00 0 0 0 0} |(¢ds31]utus) 3ic/2
0 0 00 0 0 0 0} |[(¢ds31]urud) 3ic/2
0 0 0 i 0 0O O (par |us) | | ic/2
0 0 00 —i 0 0 0 (pag | ud) | — | —ic/2 (19)
0 0 00 0 00 0} (fs2]ujug) —3ic/2
0 0 00 0 0 i 0| |(ds2]|uiud) —3ic/2
[0 0 00 0 0 0 2| (gao|ud) | | —ic/2]

L

The lines number 3 and number 6 are composing the kernel of £ and are inducing
resonant terms; corresponding ¢s components are set to 0. All other lines are

able to determine ¢35 components. Here, ¢o = {8] The calculation has been

done up to the degree 3. Finally:

-t 1
x=[7 4]y
c 3c c
Uy — ZU:{) - gu%w + 5“3 (20)
Y=U+d3U)=
c 3c c
Uz + §u‘;’ - §u1u§ — Zug

2.8. Matriz A being a Jordan matrixz

When the system can’t be turned as a diagonal system, the Jordan elimina-
tion can be applied, which permits to obtain A as a block diagonal matrix:

Joy 00 v
A=|0o . 0 with » " dim(J,;) = 2N (21)
0 0 J, i=1

dim(J,;) stands for the dimension of the matrix J,,;.

Each block J,, is a Jordan block or a diagonal matrix. For each Jordan block,
the matrix £ is defined by the same way as in the previous section. Therefore, if
the block is diagonal, the resonant terms and normal transformation are defined
the same way. If £ is not diagonal due to the couplings between equations,
Murdock [4] has developed a way to manage a simple expression of £ using
Grobner basis. This use of Grobner basis is different from what we are doing
here. Otherwise, the resolution can be proceed terms by terms and favoring
minimal resonant terms.



3. Resonant spectrum rearrangement

The normal form process can be applied with the spectrum of A without
rearrangement, but particular cases could be considered. As found in other
normal form applications [10} 1], artificial perturbation is introduced in the
system. One of interesting situations to be considered is when the linear part is
a perturbation of a matrix. For example:

A= A(e) = A(0) + ea (22)
where A(0) possesses eigenvalues A1, ..., A\an, € is a scalar representing the per-
turbation parameter and « is a matrix.

This approach permits to introduce a spectrum leading to a situation with a
bigger number of resonant terms, or to take into account external resonances
between external excitation and internal resonance.

The definition of a small parameter ¢ depends on the system: for nonlinear os-
cillations of mechanical systems, € can be set according to the damping of the
system as:

0

Without damping : # +2 4+ cz® =0 = A(0) = [1

-1
0

|

With damping : & +ei+2+cx® =0 = Ale) = {_16 _01] (23)
-1 0
= A(0) + ¢ { 0 0}
3.1. Methodology for forced systems
For the forced system, we introduce a new variable Z:
X=AX+F(X,t)=AX + F(X,2) (24)

where Z = Z(t) is the solution of a system of differential equation Z = B.Z +
H(Z) verified by the forcing,.

In particular, if time dependency occurs via external excitation or parametric
nonlinearities which can be expressed as functions of sin(wt) only, we can use:

z1 = sin(wt)

) 2
— 7-1" “lz-Bz (25)
|:2’1:| 1 0
Z =
22
We can now define a new vector X as:
X . [A 0
P 1 [ ) P a0



The forcing system is now expressed as an autonomous system with coordinate
X.

We can now work on the spectrum of [61 ]g]

The idea is to exploit a 1 : k resonance with external excitation. The nor-
mal form doesn’t justify to consider higher order nonlinearities and as it will be
explained, we will not consider higher resonances than k£ = 3.

Ezample 2: The methodology is presented through an example of the follow-
ing basic system:
i+ x = sin(wt) (27)

The procedure is the same for other types of excitation. We can define:

-l

(28)
5 [(1) —01] X4 {sm(()wt)]
Using Eq[25] we now have the equation:
) 0 -1 0 1 }
izl =l o o0 | 2] £
0 0o 1 0

The spectrum of this equation is {—i,i, —iw,iw}. In order to investigate the
1: 1 resonance, we need to set w = 1.

In order to match to the physical system, we prefer to define A = Ag + O(e)
with:

iw 00 0 1 0 00
B 0 iw 0 0] o =10 0],
A=P1l o 0 —w ol T 0 o o0 ol |F (30)
0 0 iw 0 0 0 0
D



We can then deduce:

w
—iw 0 0 0 0 —w (1) 14w
B 0 iw 0 0], |, 0
Ad=Ply o —iw o] 7 1+w )
0 0 iw 0 0 —w
0 0 1 0
31
. (31)
0 w—1 0  —
1 1+w
A= 1= -
A— A w 0 T+w 0
0 0 0 0
0 0 0

We now need to define w — 1 as a function of e. We can distinguish 3 cases of
w—1:

- as a low order polynomial;

- as a series and do a truncation in order to consider the firsts n orders n > k
for the normal forms;

- as a singular.

The definition of normal forms EqJ5|allows to only consider the firsts orders be-
cause higher order resonant terms have less effects on the behavior. Therefore,
we only consider the firsts orders of series or polynomials. Moreover, resonant
terms of high order harmonics 1 : & would need to consider high order poly-
nomials or series in order to obtain a 0 diagonal terms in the construction of
matrix £ (see Eq. Therefore, we do not consider higher order resonance
1 : k superior to k = 3.

3.2. Methodology for internally resonant systems

If the system is composed of different resonators, it’s possible to exploit
internal resonances by adding a link between different modal frequencies.
Let’s consider a system with two resonators verifying ws = 2wy + €o.

i+ wiz 4o =0
with we = 2wy + €0 (32)
i2+w§x2+~~:0

The same explained procedure can be applied, defining for example:

iy 00 0 00 0 0
0 w0 0 00 0 0

D=1"0 0 =2 0|70 0 - 0 (33)
0 0 0 2w 00 0 o

and permitting the 1 : 2 resonance between the two resonators.



4. Simplification of normal transform using Groébner basis

To describe the method, let us consider a general case Eq[I] with diagonaliz-
able matrix:
{ X=PY

Y =P LAP+ P LF(PY)with P"LAP=D (34)

Let us assume that Aaj = Agj—1, 7 =1,..., N and $(Azj_1) <O0.
The resolution is led after defining;:

Identity perturbation: Y = U + ¢2(U) + ¢3(U) + ...
dUu
Normal forms: o = DU+ Ry(U)+Rs(U) +... (35)

Normal transform: X = P.Y = P.(U + ¢2(U) + ¢3(U) +...)

The last equation is the normal transform expressing X as a function of normal
coordinates U.

4.1. Introduction of periodic solutions

Based on previous assumptions, we can look for approximated periodic solu-
tions U(t) of the normal form. We obtain approximate periodic solutions X (t)
via the normal transform. Since $(Ag;—1) < 0, j = 1,..., N, if the principal
resonance is the only one considered, we can look for:

Uy UlefiQt
v=|:|=| (30)
UsN UNeiQt

. 7 —iQt 7T it
with ugj_1 = Uje and ug; = Uje

4.2. Simplification via Grébner basis
Introducing expression of U in normal form, one obtains for the (25 — 1)
normal form equation:

, —iQt —iQt
QU217 + Agj_1Ugj_1€7 " + Rogj—1(u1, ..., uan) + ...

37
+Rp2j-1(u1, ..., u2n) =0 7

and its conjugated expressions for the 27" normal form equation. In fact,
because of resonance conditions, it is clear that this compatibility equation
(and its conjugated) can be written for j =1,..., N as:

0= ’L.QUQJ',1 + )\2j71u2j71 + R2’2j,1(ul, PN ,UQN) + ...

+Ry0-1(u1,. .., usN)

0= —iQ’LLQj + )\ngQj + R272j(u1, - ,UQN) + ...
+Ry25(ur, ... u2N)



These 2N compatibility equations can be written as:

g2j_1(u1,...,uQN)=0 . .
thj=1,...,N 39
{ goj(ut, ..., uzn) =0 Wik (39)

and they provide 2N functions, generating an ideal in the Ring of polynomials
with 2N variables. The generators of these basis are defined from amplitude
equations which are obtained by successively supposing that the normal form
solutions are periodic and averaging with respect to time the normal form equa-
tions, a methodology that is similar to the one in [10, IT]. The polynomial ideal
is now used to get the best Euclidean division decomposition of the physical
coordinates:

XW) = |;@)|, j=1,...,N (40)

For each x;, we can write:

2N
Tj = Z a(U)gr(U) + ri(U) (41)
k=1
where ¢ (standing for quotient) are polynomials in wg, ..., usy and rg (stand-

ing for rest) also. The use of Grébner basis allows to understand the Euclidean
decomposition according to each element of the ideal.

This process should reduce de degree of x; and it should lead in the best case
to a linear expression z;(U) = z; ;(U)

The simplified expression of approximated periodic solution X is then:

X(U) = |2;0)| = |r;(0) (42)

This process also justifies the choice of using a designed spectrum in order to
produce adapted terms and perform the most complete Grobner ideal to sim-
plify the expression of X (U).

In the considered examples, we will choose n = 3.

Remark: If internal resonances 1 : k; are considered, the vector must be adapted
in order to consider these harmonics. We can define:

Uy []1 6*’”@1 Qt

UaN UN eik}N Qt

with ug;_1 = Uje—”ﬂjﬂt and ug; = Ujezk,-m

10



5. Applications

5.1. Single dof forced system

The previous method will be applied on a simple single dof forced system.
The normalized dynamical equation of the system is:

&+ wi’x + cx® = fsin (wt) (44)

As explained in the first section, forcing coordinates are integrated in principal
coordinates using the following relation:

54wz =0
{ 2(0) = 0 and #(0) = w (45)
We can now adopt the matrix form:
@ 0 —w? 0 f @ —ca?
d z 1 0 0 0 x oo
dt |weos(wt) | [0 0 0 —w? w cos (wt) 0 (46)
sin (wt) 0o 0 1 © sin (wt) 0
dx A X NLsg

This system can take a diagonal form by using transfer matrix P defined as:

0 0 i 1
2w 2
1
0 0 - -
2w 2
P = , ) (47)
U if /
2w 2 2w (W?—-w?)  2(w?—w))
I f
2w 2 2w (W? —w?)  2(w?—w?)
with diagonal linear operator D:
—tw 0 0 0
0 iw 0 0
D= 0 0 —iw O (48)
0 0 0 dw

—tw 0 0 0 00 0 O
D= 0 w 0 0 n 00 0 O
o 0 —iw o0 00 ic 0 (49)
0 0 0 w 0 0 0 —ie
DO Dl

11



We introduce Y = P~'.X and NL = P~'.NLs. The system has now for
equation: '
Y =DoY +D1.Y + NL(Y) (50)

We can now solve the system using the normal form at the third order because
only cubic nonlinearity is present in the system. The coordinate matrix Y is
decomposed in normal coordinates as:

Y1

V2| U4 @y (U) + @5(U) (51)
Y3

Ya
and compatibility equations are defined by:

d
U ="DoU+ R + Ry (52)

The normal form equation presented in Eq[7]is applied to the system:

(Lo + 0Dy + O By) (C‘;U) — Dy (@5(U) + ®o(U) + U) 3)
+NL; (®3(U) + @2(U) + U) + NL3 (23(U) + ®2(U) + U)
And because we only solve up to the third order, we can write:
(Ig+ 0Py +0P3) (Rs+ R+ Do.U) = Dy (P3(U) + P2(U) + U) (54)
+NL; (22(U) +U) + NL3(U)
The first order form of Eq[54] verifies:
Dy.U = Dy.U (ordre 1)
The second order verifies:
Ry 4+ 0®2D0.U = Dy.¢p2(U) + D1(€).U (ordre 2)
and leads to:
Ry = D1.U and ¢ =0 (55)

The third order verifies:

R3 + 8<I>3D0U + 3<I>QR2 = D0¢3(U) + D1 (¢2) + NL(U) (ordre 3)

and according to second order identification in EqJ55] we have to solve:

Rg + 5'<I>3D0U = D0¢3(U) + NL(U) (ordre 3)

Both ¢3 and R3 are determined. X can now be deduced from this method

12



in normal coordinates. In this case, we restrict the solution to only the first
harmonic components of . The solution in normal coordinates is the following
highly nonlinear expression:

3cf3udug 3cfiuduy

T st dwon (W — w1)3 (W4 w1)?  dww; (w — w1 )2 (w + wp)?

3cf3uiu3 3cfuiusus
dww (w—w1)P(w+w1)?  2wwi(w—w1)?(w+ wi)?

3cfPuuguy 30f2u§u;;
2wwi (W —w1)? (w4 w1)?  dwwy(w —wp)?(w+ wy)?

3cfuiuzug 3cfuiul 3cfugul
2wy (W —wy)(w+wy)  dww(w—w)(w+w)  dww(w—wr)(w+w)

3cfusuzuy 3CU§U4 3cu?,u?1 fuq fus

2wwi (w — wi)(w + wy) dwwy dww; w2 —w? w?—w?
(56)
Compatibility equations deriving from Eq[52] are the two conjugated equations
below:

3iu§u4 3z'cf3u% Us

U) = —iuge +
9 (U) 8 2w 2w (—w + w1 )3 (w + wy)

3icf2urugus Jicf?uluy
wi(—w+wi)?(w+w)? 2w (—w+wi)?(w+w)?

L 3icfu2u§ 3icfuiusuy —0
2w (~wtw)(wHw) w(—wtw)wtw)
(57)
. Siuzu? Sicf3uiu3
U) = iuge — —
9>(U) 4 2w 2w (—w + w1 )3 (w + wry)
3icf?urusuy Jicf?udus

wi(—w+w)2(w4w1)? 2w (—w+w)2(w + w)?

7 ?n'cfulu?1 B 3icfuguguy
2wi(—wtw)(w+w) w(—w—+w)(w+w)

=0

The ideal is formed from these two equations and Euclidean division of x(U) by
Grobner ideal components gives the final simplified and linear expression of z:

Uy +u e(us +u
T=7Tr=x =u3+Ug — f(l 2) — (3 4) (58)
(w—wi)(w+ wq) 2w
This expression can’t be used when w = wy: in that case, the system can’t be

diagonalized and Jordan decomposition should be used.
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5.2. An undamped two dof free system

The system is composed of 2 equal masses, linked together via a nonlinear
function define as ca® where « is relative displacements of the two masses. Both
masses are grounded via linear springs k; and ky. Therefore, the system takes
the normalized matrix expression:

0 —w! 0 0 —c(z —y)?
. 10 0 O 0
X = 0 0 0 —w X+ c(z —y)? (59)
0 O 1 0 0

Using normal coordinates U and diagonalization of the system using matrix P,
we can write:

ic(uy +ug —ug —uy)?

- 20}1
—iwy; 0 0 0 ic(ur + ug — ug — ug)?
|l 0o w0 o0 Soor
U= 0 0 —iwy O U+ ic(uy + ug — uz — uy)? (60)
0 0 0 iOJQ 2(,«)2
de(ur + ug — ug — uy)®
2(,02

Once more, X is expressed using periodic normal coordinates and we only keep
the first harmonic of the solution. We finally have:

_ 3cu%uz 3CU%U4 3cu1u§ 3cuiususg
x(U) =u1 +uz — 5 — — 5
4wy 2w (w1 — wa) 4wy w1 (w1 — wa)
3cuiususg 3cuiusy 3cuiusy 3cuiuguy 30u1u?1
_ — —
wi(w) +we)  wi(wg —wa)  wi(wr + we) 2w? 4w (w1 — w2)
3cuqu? 3cu? 3 2 3 2 3
1Uy CUsU3 CU2U3 CU2U3 CUu2U3U4
- - - - - 2
dwwe  2wi(wy —wz)  Awi(w; —wz)  dwiwe 2wy
3cuduy 3culuy 3cuzu? 3cuzu?

2&)1 (w1 — CUQ) 2&11 (w1 —+ WQ) 2&]1 (w1 — wg) 2(,;)1 (wl —+ (.L)Q) ( )
61

14



Introducing periodic normal coordinates in normal equations, the method leads
to 4 compatibility equations conjugated two by two:

_ 3icu%u2 n 3icuiuguy

U —iup(w—wi) =0
gl( ) 20.)1 o1 zul(w wl)
31 2 3
gg(U) _ 1CUI U . 1CU2U3 U4 + iUQ(w B wl) -0
2&)1 w1
(62)
3% 3icu?
gg(U) _ 1CUTUL2US + ZCU3U4 _ iug(w _ w2) —0
w2 2LLJ2
31 31 3
g4(U) _ 1CUTU2U4 B 1CU3UY n iU4(w _ w2) —0
Wo 20J2

The ideal is formed from these two equations and Euclidean division of x by
Grobner ideal components gives the final simplified expression:

1

o 4&)1&)2(&)1 — wz)(wl + CUZ)

T (=3c(wr + wa) (ugug(2uiwe + ugwy)

+2uduzws + usuiwr ) + 2waw (wi(—(u1 + u2)) + wi (ur + uz)

+dwiws (us 4 ug)) — 2wiws (3ug + 3ug + 4(uz + ug)) + 6wiws (ug + UQ))
(63)
This process is expanded to all components of X and we can have the final
expression X = Mo(w).U + M;(U).U with My, and My, s, j, k € [1,4]* being
given in Appendix.
Solving compatibility equations in the case where wy and wo being very different
leads to set either uy, us = 0 or ug, uqy = 0 in order to satisfy the small amplitude
condition of normal form. In both cases, M; = 0 and a final linear expression
of X is obtained.

6. Conclusion

A methodology based on the normal forms has been proposed. We are
managing the spectrum in the methodology which is possible by the introduction
of a first order small parameter and of the forcing term in order to exploit
resonances with the excitation and/or internal resonances of the system. Once
the determination of normal transformation and resonant terms is achieved,
the introduction of mono-harmonic periodic normal coordinates in the normal
forms allows to obtain compatibility equations. These equations are amplitude-
frequency relations that have to be verified to ensure periodic solutions. Grébner
generators have been defined based on these compatibility equations. Because
of the previous resonant spectrum, the compatibility equations lead to the most
complete and efficient Euclidean division of the normal form solutions by the
ideal. This methodology aims to reduce the degree of final normal solutions of

15



the system but they cannot be expressed linearly in the general case. In some
cases (diagonal system without internal resonance for example), we can however
obtain a linear expression. Nonlinearity would still remain hidden because of
compatibility equations. Furthermore, system cannot be always expressed in a
diagonal manner. Jordan decomposition can be used but it will induce more
resonant terms. Solving the normal form is difficult due to number of degrees of
freedom and coupling terms and the ideal will need more calculation costs to be
obtained. Finally, Euclidean division will be less effective and more nonlinear
terms will be remaining in the final expression. When increasing the number of
couplings and degrees of freedom, computation can be simplified by considering
numerical values of the multivariate polynomials involved in Grobner generators
and X (U) expression. A perspective work could be the introduction of Grébner
basis in order to define new normal coordinates and to introduce less pairing,
especially when A takes a Jordan form. Time dependent periodic functions
could also be introduced in Grébner basis as it is the case in [12] to improve the
simplification of normal form solutions.
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Appendix
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