Journal of Computational Physics 462 (2022) 111251

Contents lists available at ScienceDirect

Journal of Computational Physics
www.elsevier.com/locate/jcp

A fourth-order accurate adaptive solver for incompressible
ﬂow problems
J. Antoon van Hooft a,∗ , Stéphane Popinet b
a
b

Department of Geoscience and Remote Sensing, Delft University of Technology, 2628 CN Delft, the Netherlands
Institut Jean le Rond d’Alembert, Sorbonne Université, CNRS, 75005 Paris, France

a r t i c l e

i n f o

Article history:
Received 23 September 2021
Received in revised form 7 April 2022
Accepted 20 April 2022
Available online 22 April 2022
Keywords:
Adaptive grid
Fourth order
Navier–Stokes
Flow solver

a b s t r a c t
We present a numerical solver for the incompressible Navier–Stokes equations that
combines fourth-order-accurate discrete approximations and an adaptive tree grid (i.e.
h-reﬁnement). The scheme employs a novel compact-upwind advection scheme and a
4th-order accurate projection algorithm whereby the numerical solution exactly satisﬁes
the incompressibility constraint. Further, we introduce a new reﬁnement indicator that
is tailored to this solver. We show tests and examples to illustrate the consistency,
convergence rate and the application for the adaptive solver. The combination of the solver
scheme and the proposed grid adaptation algorithm result in fourth-order convergence
rates whilst only tuning a single grid-reﬁnement parameter. The speed performance is
benchmarked against a well-established second-order accurate adaptive solver alternative.
We conclude that the present 4th order solver is an eﬃcient design for problems with
strong localization in the spatial-temporal domain and where a high degree of convergence
for the solution statistics is desired.
© 2022 The Author(s). Published by Elsevier Inc. This is an open access article under the
CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction
Computational analysis of ﬂow problems has become an important piece of equipment in the toolbox for science and
engineering [1]. The problem of ﬁnding approximate solutions to the equations for ﬂuid ﬂow may be reduced to evaluating
a numerical recipe, following from a suitable discretization for the problem. Apart from the prerequisites for the stability
and consistency of these formulations, the desire to have a practically applicable solver warrants the method to be time
eﬃcient in relation to the ﬁdelity of the approximated solution. Therefore, this works aims to contribute to this purpose
by studying a combination of higher-order accurate discrete approximations with adaptive mesh reﬁnement techniques.
More speciﬁcally, we present and benchmark a 4th-order accurate solver for the Navier–Stokes equations for high Reynolds
number incompressible ﬂows on adaptive quadtree grids (or octree-structured grids in 3D). Special emphasis is placed on
testing the convergence of the solution (and its statistics) by tuning a single grid-adaptation parameter which is introduced
herein.
High Reynolds number ﬂows are characterized by non-linear dynamics, which can give rise to a multi-scale ﬂow structure. Since the seminal works of Marsha Berger [2,3], adaptive grids have proven to be able to eﬃciently capture the
evolution of small-scale ﬂow features that are embedded in a comparatively large spatial-temporal domain (e.g. [4–6]). The
ability to focus the computational resources towards the regions in space and time that require it most is an important
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ingredient for establishing a connection between the complexity of the ﬂow that is being studied and the required computational costs [see e.g. in 7]. Apart from using more reﬁned mesh elements, the accuracy of the discrete approximations can
also be increased by using more accurate numerical schemes. By deﬁnition, the results from higher-order schemes converge
faster towards the asymptotic values compared to their lower-order-accurate counterparts with decreasing grid-element
sizes. It is well established that higher-order accurate solvers can be an effective option for error-sensitive studies of ﬂow
problems. For example, they are a popular choice for detailed numerical studies on turbulent ﬂows [8,9].
In recent literature, both advances for adaptive, and higher-order methods have been developed and are extensively
discussed [10–12]. However, the combination of these methodologies is fairly new. Notable work includes that of Chowdhury [13], who presented a 4th-order accurate adaptive solver for the shallow water equations (Saint-Venant) and many of
the ingredients for a 4th-order accurate adaptive ﬂow solver. Further, the innovative work of Kopera and Giraldo [14] has
inspired many new research to achieve an adaptive and high-order accurate ﬂow solver using the discontinuous Galerkin
formulation [e.g. 15–17]. In this work, we present an alternative to these methods, but a performance benchmark against
these methods is outside the scope of this work. In the aforementioned references, it has been explained how the combination of grid adaptivity and higher-order accuracy can be interesting for solving error sensitive problems with a high
degree of scale separation in space and time. In fact, the main advantageous feature for each of the approaches is similar:
A desired level of accuracy maybe achieved with fewer cells compared to a lower-order or static mesh solver. This in turn
can make such solver strategies more eﬃcient, although there is no general consensus on this topic. This works presents
and test such a combined adaptive and higher-order-accurate solver that does not use ﬁnite element methods and studies
the performance by comparing the results against an well-established second-order accurate adaptive ﬂow solver.
This paper is organized as follows: First, the formulation of the solver and its design are presented in Sect. 2. It entails
the details of the chosen tree-grid structure, the time and space discretization and a grid adaptation algorithm (i.e. the
reﬁnement indicator). Next in Sect. 3, the present solver is tested and exempliﬁed, starting with simple ﬂow problems with
a focus on the asymptotic convergence of the numerically obtained solution with increasingly ﬁne grid resolutions. Later
in that section, the focus shifts towards use cases in more dynamical ﬂow setups. This includes a benchmark comparison
against a second-order accurate adaptive solver. Finally, Sect. 4 brieﬂy discusses the results and concludes the present work.
2. Solver description
This section discusses the design and formulation of the fourth-order accurate adaptive solver. First, the chosen mesh
structure is discussed, next the solver methodology itself is presented, and ﬁnally, a mesh-adaptation procedure is motivated
and discussed.
2.1. The tree-grid structure
The choice of a mesh structure is a delicate issue when designing a numerical solver for partial differential equations. It
may inﬂuence the numerical schemes, algorithms and areas of application to a great extend. In the absence of a silver-bullet
option, we use a tree-structured mesh with square (or cubic in 3D) elementary control volumes for the representation of the
discretized ﬁelds [18]. It combines the ﬂexibility of a variable-resolution mesh with a locally Cartesian stencil. We use the
high-performance and MPI parallel tree-grid implementation provided by the Basilisk toolbox (basilisk.fr [19]). The methods
presented in this chapter focus on the formulations for two-dimensional (2D) ﬂow. For the details of the (straightforward)
extension to three dimensions, the reader is referred to the freely available and documented source code. Scripts and
instructions for running the setups presented herein are also available via the Basilisk website (see Table 1).
A tree grid is characterized by a parent-child hierarchy between cells at integer levels of reﬁnement. Consider a square
domain of size [0, L 0 ] × [0, L 0 ], discretized with a single cell of size 0 = L 0 . In order to increase the resolution, four
L
equidistant child cells of size 1 = 20 can be added. A child cell can become a parent when its children at a higher level of
reﬁnement are initialized (e.g. Fig. 1a). As such, a (family) tree can be constructed (Fig. 1b). The child cells at the end of the
tree branches are called the leaf cells and these are the cells with the highest resolution at any given point in the domain.
All formulations and examples in this work concern a square domain using a single tree-root cell. This limitation could
be overcome to some degree by enabling the stitching of multiple root cells as it would allow for block-based domains. This
is part of ongoing developments within the Basilisk framework. Alternatively, the schemes could be extended with an embedded boundary formulation for a more ﬂexible deﬁnition of the domain whilst maintaining the square/cubic elementary
volumes of the cells. The latter option would require algorithmic changes to the solver presented herein [e.g. 20].
2.1.1. Staggering and boundary conditions
An advantage of the underlying equidistant Cartesian grid structure is that the deﬁnition of discrete mathematical operators (gradient, interpolations, etc.) is relatively straightforward and eﬃcient compared to their uneven grid counterparts.
Therefore, rather than use formulations that work on irregular meshes, Basilisk chooses to only build operations on regular
stencils, and ﬁll the missing values near resolution transitions and the boundaries of the domain. The disadvantage of this
choice is that the missing ﬁeld values must be computed in an additional, potentially expensive, step. In order to minimize
this computational burden, only two layers of ghost cells are added to complete the 5 × 5 stencil (see Fig. 1c). Furthermore,
by demanding that the cells at resolution transitions only differ by one level and the usage of a multi grid V-cycle, the
2
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Fig. 1. An example of a two-dimensional tree-grid structure (quadtree) with 19 cells (a). The corresponding tree diagram (b) and the prolongation and
domain boundary ghost cells placement in grey and green, respectively (c). (For interpretation of the colors in the ﬁgure(s), the reader is referred to the
web version of this article.)

Fig. 2. Relative locations of possible discrete representations of a ﬁeld φ(x, y ). φi , j (grey) represent the cell averaged value, φi − 1 , j and φi , j − 1 (green)
2

2

represent the face-averaged values and φi − 1 , j − 1 (blue) the vertex-point value. Further, some neighboring values are shown (black) (a). For restriction, the
2
2
parent-cell values (saturated colors) are computed from the corresponding child values (light colors) (b).

ghost-cell values can be estimated using regular grid expressions only. The estimation of the ghost-cell values is based on
a polynomial approximation with at least 4th order accuracy. For their deﬁnition, we distinguish between three types of
cell-based discretization styles. For example, a two-dimensional dummy scalar ﬁeld φ(x, y ) can be discretized on a grid off
cells (see Fig. 2). For a square cell C i , j of size [x0 , x0 + ] × [ y 0 , y 0 + ], φ can be represented ...

• ... as cell averages; φi , j =

1

2

˜

φ(x, y )d A,

C i, j
´ y0 +
φ(x0 ,
 y0
1

• ... as face averages; φi − 1 , j =
y )d y or φi , j − 1 =
2
2
• ... as the vertex-point values; φi − 1 , j − 1 = φ(x0 , y 0 ).
2

1

´ x0 +

 x0

φ(x, y 0 )dx,

2

The staggering is chosen so that it is possible to exactly compute the corresponding parent-cell values of φ from the
child values (see Fig. 2b). In D dimensions,

• The parent-cell average is the average of its 2 D child-cell averaged values,
• The parent-face average is the average of the 2 D −1 corresponding child-face averaged values,
• The parent vertex-point value is equal to the (single) corresponding child vertex value.
After this so-called restriction operation, starting from the ﬁnest full level (i.e. the level l at which all 2 Dl cells are active),
the ghost-cell values at the domain’s boundaries are computed using polynomial extrapolation of the ﬁeld data supplemented with a physical boundary condition. We present the formulation at the left-hand-side boundary (see Fig. 3). The
other boundaries are formulated according to a rotation of the indices. For the cell-averages and tangential-face averages a
Dirichlet boundary condition with boundary value φleft = f 0 is expressed as;

φ−1, j (− 1 ) = 4 f 0 +
2

−13φ0, j (− 1 ) + 5φ1, j (− 1 ) − φ2, j (− 1 )
2

2

2

3
3

+ O(4 ),

(1)
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Fig. 3. The stencil indices of the cells and ghost cells near the left-hand-side boundary (stacked diagonal lines).

−70φ0, j (− 1 ) + 32φ1, j (− 1 ) − 7φ2, j (− 1 )

φ−2, j (− 1 ) = 16 f 0 +

2

2


A Von Neumann boundary condition,

2

3

2



∂φ
∂ x left

+ O(4 ).

(2)

= g x , is expressed for a cell size  as;

φ−1, j (− 1 ) = φ0, j (− 1 ) − g x  + O(3 ),

(3)

φ−2, j (− 1 ) = φ1, j (− 1 ) − 3g x  + O(3 ).

(4)

2

2

2

2

Although the expression is only third-order accurate, the fourth-order centered derivative at the boundary will exactly yield
(∂x φ)left = g x . For the vertex-point values and normal-face-averaged values a Dirichlet boundary condition with value f 0 is
expressed as;

φ− 1 , j (− 1 ) = f 0 ,
2

(5)

2

φ−1− 1 , j (− 1 ) = 4 f 0 − 6φ1− 1 , j (− 1 ) + 4φ2− 1 , j (− 1 ) − φ3− 1 , j (− 1 ) + O(4 ),

(6)

φ−2− 1 , j (− 1 ) = 10 f 0 − 20φ1− 1 , j (− 1 ) + 15φ2− 1 , j (− 1 ) − 4φ3− 1 , j (− 1 ) + O(4 ).

(7)

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

Herein we do not use the Von-Neumann condition for such ﬁelds.
After the domain-boundary ghost values are set, we perform the prolongation operation to obtain the values of the ghost
cells within the domain by interpolation. At each resolution boundary, we use a 5 × 5 local Cartesian stencil to estimate the
corresponding ghost-cell values at level l + 1. This is made possible by the requirement that neighboring leaf cells can only
differ by one level of reﬁnement. We again distinguish between the discretization styles,

• For the cell averaged quantities, a 4th and 5th order accurate polynomial approximation can be constructed from the
one-dimensional 4 and 5 point stencil weights, respectively,

φleft child,i , j ,4 =

φleft child,i , j ,5 =

2


2



x0 + 
2

ˆ

φ(x)dx ≈

−3φi −2 + 17φi −1 + 55φi − 5φi +1
64

+ O(4 ),

(8)

x0
x0 + 
2

ˆ

φ(x)dx ≈

−3φi −2 + 22φi −1 + 128φi − 22φi +1 + 3φi +2
128

+ O(5 ).

(9)

x0

The right-hand-side child value can be approximated by mirroring the stencil weights. This 1D child-average interpolation technique can be applied in each dimension to obtain the stencil weights for children in 2D, and 3D grids. A
two-dimensional example is given for the 4th-order accurate approximation of the bottom-left child value in Fig. 4a. It
can be easily extended to the 5-point estimation and to three spatial dimensions.
• In order to prolongate the face-average values, we distinguish between D2 D −1 faces that coincide with the parent cell,
and the D2 D −1 faces that lie along a center-lines/planes of the parent cell. For the coinciding faces with the normal
component in the x direction, we use the same weights as in Eq. (9),
4
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Fig. 4. Various prolongation procedures. Estimation of the bottom left child-averaged value (a); The green rectangle-averages are estimated using the 1D
stencil (green lines) and Eq. (8), next, the child-cell value (red) is estimated from the green-rectangle averages, again using Eq. (8). Estimation of the bottom
child-faces averages (b): The coinciding (red) face can be estimated from the 1D stencil (Eq. (9)) using the green-marked values, the child face that lies
within the parent cell (blue) is computed from the intermediate collocated interpolations (Orange using the green and purple-marked values via Eq. (11)).
The child vertex-point values (light blue, light green and pink) are taken from the 1D stencil weights in Eq. (12) using 5 aligned vertex point values.

φbottom left child,i − 1 , j
2

y 0 +( j + 12 )

ˆ

=

φ(x0 , y )d y ≈

−3φi − 1 , j −2 + 22φi − 1 , j −1 + 128φi − 1 , j − 22φi − 1 , j +1 + 3φi − 1 , j +2
2

2

2

2

2

128

y0 + j

+ O(5 ).
(10)

Which is conservative. For the child-face values that lies within the parent cell, 5 intermediate 4th-order accurate
interpolations are applied (see Fig. 4b).



−φi −1 1 , j + 9φi − 1 , j + 9φi + 1 , j − φi +1 1 , j

2
2
2
2
φ x0 + , y d y ≈
+ O(4 ).

y 0 +(
ˆ j +1 ) 

φmid, j =

2

y0 + j

(11)

16

From these intermediate values j ∈ {−2, −1, 0, 1, 2}, the 5th order accurate interpolation is reused to obtain the childface values.
• For the prolongation of the vertex-point values, there exists a single child where the parent vertex value can simply
be injected. Otherwise, we use a one-dimensional 5-point interpolation with the stencil as shown in Fig. 4c, using the
weights,




φbottom right child,i − 1 , j − 1 = φ x0 + , y 0
2

2

≈

2
3φi −2 1 , j − 1 − 20φi −1 1 , j − 1 + 90φi − 1 , j − 1 + 60φi + 1 , j − 1 − 5φi +1 1 , j − 1
2

2

2

2

2

128

2

2

2

2

2

+ O(4 ).
(12)

The expressions in this section are based on a polynomial reconstruction of the data, and the resulting interpolations
are therefore non monotonic. It is well known that such reconstructions may result in non-physical oscillations for nonsmooth data. As such, the usage of these higher-order methods comes with a more stringent requirement on the solution
smoothness compared to lower-order accurate methods. We will therefore compare the results obtained from the present
formulations against those obtained with a second-order adaptive solver. Furthermore, we note that higher-order interpolation methods with limiting have been developed by Chowdhury [13]. These could be used as a replacement of the
formulations presented herein. However, these limited methods are more computationally expensive and not conservative
for the integral quantities (as opposed to using Eq. (9)). Furthermore, with grid adaptivity, the goal is to capture the sharp
transitions in the solution data properly.
With well-timed calls to the restriction, boundary condition and prolongation operator functions, all leaf-cell computations can be formulated using a local 5 × 5 Cartesian stencil.
5
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2.2. Fourth-order accurate Navier–Stokes solver
The Navier–Stokes equations for incompressible ﬂow are,

∂u
= − (u · ∇) u − ∇ p + ν ∇ 2 u + a,
∂t
∇ · u = 0.

(13)
(14)

With u the velocity vector, t the time parameter, ∇ the gradient operator, p is the pressure, ν is the ﬂuid’s viscosity and
a is a body-force vector ﬁeld. For solving the partial differential equation we employ the method of lines, separating the
discretization for the spatial dimensions and time.
2.2.1. Temporal discretization
For time advancement of Eq. (13) we use the 4th-order accurate explicit 5-stage low-storage Runge-Kutta method of
Carpenter and Kennedy [21]. For stage with index n,

δφn = f (φn ) + an (δφ)n−1

(15)

φn+1 = φn + bn dt (δφ)n .

(16)

Where f is a function that represents the tendency of a dummy variable φ (here the r.h.s. of Eq. (13)). The coeﬃcients
an and bn are,



an = 0, −


bn =

567 301 805 773
1 357 537 059 087

1 432 997 174 477

,

,−

2 404 267 990 393
2 016 746 695 238

5 161 836 677 717

,

,−

3 550 918 686 646
2 091 501 179 385

,−

1 275 806 237 668
842 570 457 699

1 720 146 321 549 3 134 564 353 537

,

,



(17)

,

2 277 821 191 437

9 575 080 441 755 13 612 068 292 357 2 090 206 949 498 4 481 467 310 338 14 882 151 754 819


. (18)

Noting that for the ﬁrst stage (n = 1), a1 = 0 and hence δφ−1 does not need to be deﬁned. The time-step size (dt) is chosen
as the minimum of its advection limit and diffusion limit,


dt = min C F L




ui




, Di

min

2

ν


(19)

,
min

with values for the dimensionless quantities; C F L = 1.3 and Di = 0.4. This means that for small values of , the diffusion
limit will be dominant and hamper the speed performance of the solver presented herein. Therefore, we only focus on ﬂow
scenarios with a relatively small value for ν , typically corresponding to high-Reynolds-number ﬂows. It would be interesting
to overcome this limitation by upgrading to a combined implicit-explicit time-integration scheme [22,23]. By applying an
implicit formulation to the treatment of the viscous term, the burden of the dt ∝ 2 scaling can be lifted, as shown by
[24–26].
The right-hand-side is computed using the classical operator-splitting method of Chorin [27]. Here a provisional tendency
ﬁeld (f∗ (un )) is projected onto the space of divergence free vector ﬁelds,

f∗ (un ) = − (un · ∇) un + ν ∇ 2 un + an ,

(20)

∗

f(un ) = f (un ) − ∇ pn .

(21)

pn is found by solving the Poisson problem,

∇ · ∇ pn = ∇ · f ∗ (un ),

(22)

such that f(un ) is solenoidal. Because we will only solve Eq. (22) with a ﬁnite tolerance on the residual, these residuals could
potentially accumulate and result in a non-governable ﬂow divergence. As such, an additional projection of the solution (u)
is performed after each full Runge-Kutta time step (i.e. once every 5 stages).
2.2.2. Spatial discretization
Generally, the discrete solution u(x, t ) is polluted with truncation errors. However, it is regarded favorable when such
solution ﬁelds inherit physically consistent properties from the mathematical system exactly. For example, a ﬁnite-volume
method conserves the ﬁrst-order moments for a ﬂux-divergence evolution equation. Diagnosing such integral quantities is
only possible without additional discrete approximation when dealing with cell integrals (e.g. volume averages). For the
present solver, we choose to exactly satisfy the incompressible-ﬂow condition of Eq. (2). Given the choices in Sect. 2.2.1,
this is only possible when the cell-averaged ﬂow divergence can be computed exactly. It is achieved here by choosing the
discrete velocity ﬁeld to represent the normal-component average along the faces of the grid cells. Following the deﬁnitions
6
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Fig. 5. The steps taken by the solver to compute f(un ).

given in Fig. 5, the cell-averaged divergence ﬁeld of a dummy vector ﬁeld F = { F x , F y }, discretized as normal-component
face averages, for a cell with index i , j (div(F)i , j ) can be computed from the discrete solution without discretization error,

´

celli , j

´

∇ · F dV

celli , j

dV

= div(F)i , j =

1





dim F ix+ 1 , j − F ix− 1 , j .
2

(23)

2

Where dim is the summation operator for each dimension, applying a rotation among the number of dimensions in the
y
problem (e.g. for two dimensions: F x 1 → F
1 ).
i− 2 , j

i, j− 2

The general layout of the steps taken to compute f(un ) are depicted in Fig. 5. First, co-located point-values of the
provisional tendency ﬁeld are computed at the vertices of the cells. This choice helps to easily extended the solver to
include 4-th order accurate tracer advection and thermodynamics in the Boussinesq limit (see sections 2.3 and 3.6). As
such, the discrete velocity ﬁeld of face-averages un is interpolated to the corresponding values at the vertex locations (vn ).
We write for the x component (v x ) in two dimensions;

−u x
vx 1
i − 2 , j − 12

=

i − 12 , j −2


+ 7 ux



i − 12 , j −1

+ ux

i − 12 , j

− ux

i − 12 , j +1

12

.

(24)

At the grid of vertices, ﬁnite differencing methods can be readily applied to compute the derivatives that appear in the
r.h.s. of Eq. (13) [cf. 28]. In order to estimate the ﬁrst derivative (for the advection term) with fourth-order accuracy whilst
only using a 5-point stencil, we could (in principle) use the fourth-order central approximation. However, it is well known
7
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that this leads to unstable numerical integration. As such, we must resort to compact (implicit) ﬁnite difference schemes
which can be up to 8th order accurate using the 5 point stencil [29]. However, numerical experimentation revealed that
the symmetric compact schemes lead to unstable time integration with the present solver design (not shown). As such, an
upwind compact scheme for ∂x φ = φ  is derived using only the following 5-point stencil:

α φi+1 1 + βφi+ 1 + φi− 1 = aφi− 1 + bφi−1 1 + c φi−2 1 .
2

2

2

2

2

For each term we write the Taylor-series expansion around i −

a : φi − 1

(25)

2

1
2

up to 5 terms for the 5 unknown coeﬃcients,

= φ,

2

1
b : φi −1 1 = φ − φ  + 12 2 φ  − 16 3 φ  + 24
4 φ  +O(5 ),
2
c : φi −2 1 = φ −2φ  + 42 2 φ  − 86 3 φ  + 16
4 φ  +O(5 ),
24

1 : φ

2

=

+ φ

=

+ φ

+φ 

+ 12 2 φ  + 16 3 φ  +O(4 ),

α : φi+1 1 =

+ φ

+2φ 

+ 42 2 φ  + 86 3 φ  +O(4 ).

i − 12

β : φ

i + 12

2

(26)

A corresponding linear system can be constructed from Eqs. (25) and (26),

⎛

:
:
:
:
:

φ
φ
φ 
φ 
φ 

1 1
1
⎜ 0 −1 −2

0
−1

1
2
1
6
1
24

2

−1

8
6
16
24

1
2
− 16

⎜
⎜0
⎜
⎜
⎝0

0

⎞⎛

⎞

0
a
−1 ⎟ ⎜ b ⎟

⎛ ⎞
0

⎜ ⎟
⎟⎜
⎟ ⎜1⎟
⎜ c ⎟ ⎜ 0 ⎟
−2 ⎟
⎟⎜
⎟ = ⎜ ⎟.
⎟⎜
⎟ ⎜ ⎟
2 ⎠ ⎝ β ⎠ ⎝0⎠
− 86

α

(27)

0

Solving system (27) yields the coeﬃcients {a, b, c , α , β} resulting in the compact scheme,

17
197

φi+1 1 −
2

76
197

φi+ 1 + φi− 1 =
2

2



1
197



165φi − 1 − 192φi −1 1 + 27φi −2 1 .
2

2

(28)

2

The implicit problem is solved iteratively. This is preferred over a direct linear solver [cf. 30] as the adaptive grid structure
would require to continuously update the direct-solver matrix coeﬃcients. Starting from the explicit centralized 5-point
fourth-order accurate initial guess, the φ  ﬁeld is relaxed towards the solution using direct replacements,

φi− 1 ← −
2

17
197

φi+1 1 +
2

76
197

φi+ 1 +
2



1
197



165φi − 1 − 192φi −1 1 + 27φi −2 1 .
2

2

2

(29)

Five such relaxation sweeps for all leaf cells proved suﬃcient for all cases presented in this work. Experimentation revealed
that employing a multi-grid strategy [31] did not accelerate these computations, which can likely be attributed to the
accurate initial guess. According to the authors best knowledge, this upwind compact scheme, with only a single overlapping
stencil between the left and right-hand side (i − 12 ), has not been applied in previous literature. As such, a brief analysis is
presented next. It is clear that the scheme is designed for suﬃciently smooth data only. In practice it is hard to guarantee
the smoothness of all ﬁelds. For example, with artiﬁcially initialized ﬁelds, or when under resolving small ﬂow features
with high gradients. As such the appendix presents a test for the one-dimensional linear advection equation applied to
ﬁelds with varying degrees of smoothness. It appeared that the advection scheme is not total-variation diminishing, but it
is dissipative for the total variance for all test cases. Furthermore, Fig. 6 shows the classical modiﬁed wavenumber analysis
of this scheme and compares it against alternatives. Although compact schemes can have excellent spectral properties, the
present formulation has worse spectral properties than the classic 3rd-order accurate upwind scheme.
For ν = 0, the viscous term is computed using the explicit 4th order central estimation of the second derivative in each
direction,

∂xx φi −1/2 =



−φi −2 1 − φi +1 1 + 16 φi −1 1 + φi + 1 − 30φi − 1
2

2

2

2

2

122

(30)

.

If the problem is speciﬁed with a body-force term (a), it must be deﬁned as a vertex-point vector ﬁeld such that no
additional numerical estimation is required to evaluate a at the vertex locations.
The last step before projection is to estimate the face-averaged values of f∗ (u) from the vertex point values of the
tendency vector (∂t v∗ ). For the x components of f ∗ (u)x , the corresponding vertex-based tendency is stored in ∂t v x,∗ . We
write,

f

∗

−∂t v x,∗1
(u)ix− 1 , j
2

=

i − 2 , j −1 12


+ 13 ∂t v x,∗1



i − 2 , j − 12

+ ∂t v x,∗1

i − 2 , j + 12

24
8

− ∂t v x,∗1

i − 2 , j +1 12

.

(31)
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Fig. 6. Modiﬁed wavenumber analysis for various ﬁnite difference ﬁst derivative schemes, including Eq. (28) (‘4th order present’).

In order to achieve a 4th-order accurate solenoidal projection of f∗ (un ), the pressure ﬁeld (p) is discretized with
cell-averaged values and its derivative (averaged along a face) is estimated with the 4-point centered expression, cf. Chowdhury [13]. E.g. for the faces with a normal component in the x direction,

(∂x p )i − 1 , j =

p i −2, j − 15p i −1, j + 15p i , j − p i +1, j

2

12

(32)

.

The components of the gradient ﬁeld ∇ p = {∂x p , ∂ y p } are therefore staggered on the faces. Solving the Poisson problem
of Eq. (22) is done using the multigrid procedure of Brandt et al. [31] as described in Popinet [19], but it is modiﬁed to
use the 4th-order-accurate approximations following Chowdhury [13]. The cell-averaged residual ﬁeld (res) is deﬁned using
some initial guess for p, taken from the previous time-integration stage,



resi , j = div(∇ p )i , j − div f∗ (u) i . j .

(33)

Noting that for this process, the gradient ∇ p is ﬁrst computed on all faces (and coarse-faces via the restriction operator)
before the divergence operator can be applied. The ‘res’ ﬁeld is then restricted to all parent cells. Starting from the coarsest
level cells, the relaxation operation is applied to ﬁnd an update to the solution δ p (p ← p o + δ p),

δ p i, j ←



−2 resi , j + dim −δ p i −2, j + 16δ p i −1, j + 16δ p i +1, j − δ p i +2, j
15

,

(34)

with direct reuse replacements and a zero initial guess at the coarsest level. After nrelax relaxation sweeps for the cells at
level l and the leaf cells at levels lower that l, the ﬁeld δ p at level l is prolongated with 4th order accuracy to the active cells
at level l + 1. This process continues until l is equal to the maximum grid level. Then the ﬁeld p is updated, p → p + δ p,
and the residual ﬁeld is re-evaluated. If the maximum absolute residual is more than some tolerance (res max < tol ), the
multi grid cycle is repeated.
2.3. Optional scalar tracer ﬁelds
The set of equations for incompressible ﬂow (Eq. (13)) can be extended with an advection–diffusion equation for an
arbitrary number of scalar ﬁelds. E.g. for a scalar ﬁeld s,

∂s
= −(u · ∇)s + κ ∇ 2 s.
(35)
∂t
Where κ is the constant tracer diffusivity of the medium. The time-advancement of Eq. (35) is performed in tandem with
the time advancement of u. The scalar ﬁeld is discretized with vertex-point values, such that the ﬁnite difference methods
deﬁned in Sect. 2.2.2 can be reused. For the estimation of u at vertices, the intermediate vertex-vector ﬁeld values v are
taken (Eq. (24)). Furthermore, the gradient is based on Eq. (28), and the second derivative is computed using Eq. (30).
Resulting in a fourth-order accurate discretization in space and time.
2.4. A grid adaptation procedure
The ability of the automatic grid adaptation procedure to reﬁne and coarsen the mesh in the appropriate regions of space
and time is a critical ingredient for the performance of an adaptive solver. Here we follow Popinet [19] where the reﬁnement
9

J.A. van Hooft and S. Popinet

Journal of Computational Physics 462 (2022) 111251

indicator is based on a so-called multi-resolution analysis of the solution ﬁelds [7] (i.e. the velocity components and tracers
ﬁelds). This analysis characterizes the polynomial content in the solution ﬁelds. The tree-grid provides an eﬃcient and
convenient method to access this non-trivial variability of the solution ﬁeld using the underlying multilevel structure. The
prolongation methods for the scalar ﬁelds can be reused in order to check if the solution in the leaf cells can be estimated
accurately from the coarser-level data. For each leaf-cell value, the 4 and 5th order accurate prolongation operators can be
used to interpolate with said accuracy. For smooth ﬁelds that are accurately described with low-order polynomial variation
in space (say up to 3rd order), the 4th-order accurate schemes used by the solver will yield accurate discrete approximations
and hence, a high resolution would not be required. In general, for a dummy ﬁeld s, the difference between the prolongation
approximation (Psi ) and the actual value si (χi = si − Psi ) scales with the higher-order polynomial content of the solution
ﬁeld.
The χ ﬁeld has successfully been applied as a reﬁnement and coarsening indicator ( ) in studies that employ secondorder ﬁnite-volume methods [32–34]. However, due to the non-symmetric staggering of child faces and vertices with respect
to their parent, the resulting χ ﬁelds are not smooth for these quantities. As such, for a group of siblings (i.e. child cells that
share a common parent cell), the maximum χ value is chosen and smoothed with the neighbor values using a Gaussian
kernel. This smoothed χ ﬁeld (χ̂ is weighted with the grid-cell size () in order to obtain the reﬁnement indicator:

= q χ̂ ,

(36)

where we use q = 1, an exponent value that can be tuned to set a penalty on reﬁning ﬁne cells. Increasing q > 0 in practice
results in a relative decrease of cells at resolution boundaries by effectively removing small (and narrow) high resolution
islands. The user can tune the effective mesh resolution by specifying a reﬁnement criterion for each ﬁeld (ζ ), and the
algorithm adapts the grid each solver iteration with the following rule:

⎧
⎪
⎨Too coarse,

The i-th cell is

Too ﬁne,

⎪
⎩

Too coarse,

>ζ
2
i < 3ζ
i

(37)

otherwise,

with the additional constraint being that neighboring cells can only differ by one level of reﬁnement. In case of a dispute,
reﬁnement of ‘too coarse’ cells takes precedence over not reﬁning ‘just ﬁne’ cells, which in turn has precedence over the
coarsening of cells that are marked as being ‘too ﬁne’. Upon reﬁnement, the aforementioned prolongation methods can be
used to deﬁne the values of the variables within the new cells. However, the velocity components warrant special attention,
as the prolongated velocity ﬁeld (using Eqs. (10) and (11)) is not solenoidal. For this purpose we recall that the secondorder accurate local projection method of Popinet [35] can be readily applied to project the face-values deﬁned using Eq.
(11) onto divergence-free space. The fact that the helper scalar ﬁeld used in the derivation [see 35] is only deﬁned with
second order accuracy is no concern [cf. 13]. Since the prolongation uses a solenoidal velocity ﬁeld from the coarse grid,
the divergence of the prolongated cells can be attributed to the 4th-order prolongation error. The local projection scheme
therefore only applies a 4th order correction and hence, the accuracy of the solenoidal reﬁnement inherits the accuracy of
the prolongation.
The presented reﬁnement indicator ( ) is not rigorously derived from analysis of the discretization errors in the approximations for the various terms in the Navier–Stokes equations, nor how this affects the solution statistics of interest
for a given ﬂow conﬁguration [36]. Rather, it should be viewed as a simple solution-ﬁeld feature-detection algorithm. As
such, the ability of the algorithm to represent solution ﬁelds with increasing ﬁdelity by decreasing ζ is demonstrated with
convergence tests in Sect. 3.1.
3. Tests and examples
This section presents a selection of tests and examples for the present solver. The tests start with a focus on the (asymptotic) convergence in order the verify the order of accuracy for the formulations. In later tests, the focus shifts more to a
demonstration of the solver whilst including a comparison against alternative methods. This provides an eﬃciency benchmark for this solver. All the computer code required to run these tests is freely available, and links to their online locations
are presented in Table 1.
3.1. Convergence of the discrete approximations on an adaptive grid
It is not a priori clear that using the proposed grid-adaptation algorithm of Sect. 2.4 will yield improved discrete representation for the ﬂow ﬁeld evolution with decreasing reﬁnement criteria [11]. Especially, the rate at which the errors in the
discrete approximations vanish with an increasing number of automatically placed grid cells is an important characteristic
of the solver design presented in Sect. 2. From a user’ perspective, it is highly desirable to be able to tune the balance between accuracy and solver speed performance using only a single parameter. As such, we analyze the convergence rates of
the various solver steps with an increasingly strict reﬁnement criteria (ζ ). We consider a dummy ﬂow ﬁeld (u) in cylindrical
coordinates (r , θ ),
10
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Table 1
Overview of tests and examples including links to the documented setup ﬁles. The last column indicates if there
is additional movie visualization available via the link.
Implementation, Tests and examples
Name

Section

Web link

Video

The 4th-order solver
Adaptive Convergence
Taylor-Green vortices
3D vortices of Antuono [37]
Viscous layer
Shear instability
Rising plume
Dipole-wall collision
Head-on vortex rings
Non-smooth advection

2
3.1
3.2
3.3
3.4
3.5
3.6
3.7
3.8
Appendix

http://basilisk.fr/sandbox/Antoonvh/nsf4t.h
http://basilisk.fr/sandbox/Antoonvh/test_conv.c
http://basilisk.fr/sandbox/Antoonvh/tg4.c
http://basilisk.fr/sandbox/Antoonvh/antuono4.c
http://basilisk.fr/sandbox/Antoonvh/visc_boun.c
http://basilisk.fr/sandbox/Antoonvh/doublep.c
http://basilisk.fr/sandbox/Antoonvh/rise.c
http://basilisk.fr/sandbox/Antoonvh/dip.c
http://basilisk.fr/sandbox/Antoonvh/ring4.c
http://basilisk.fr/sandbox/Antoonvh/upat.c

N.A.
No
Yes
No
Yes
Yes
No
Yes
Yes
No

u = { v r , v θ } = {0, re −

 r 2
σ

}.

(38)

The ﬂow ﬁeld is discretized on a 2D square domain of size 20σ × 20σ , large enough to prevent the boundary conditions to
affect the results presented here. For a range of ζ values, the corresponding grid is generated and the errors for the various
solver steps are evaluated.
After the initialization of the grid and the face-averaged velocity component values, the convergence of the errors for the
face-average to vertex-point interpolator (e.g. (24)) are evaluated as:
x
i, j

= u x,i − 1 , j − 1 − u x,analytical ,

(39)

= u y ,i − 1 , j − 1 − u y ,analytical ,
2
 2


y
2
x
,

+
L1 =
i, j
i, j

(40)

2

2

y
i, j

i, j

L ∞ = Max



x, y
i, j

(41)


∈ all cells ,

(42)

where  is the local grid-cell size, corresponding to the i , j indexed cell. The errors are plotted against the effective resolution (N effective ) which is computed for this two-dimensional test as,

N effective =

√

#cells.

(43)

The results are shown in Fig. 7a. It appears that over a wide range the errors scale with N effective . A ﬁtted scaling line (using
logarithmic weights) is plotted and shows that the error norms vanish slightly faster than the order of accuracy of the
approximation in Eq. (24). The errors in the ﬁnite difference schemes for the ﬁrst and second derivatives are tested next
(i.e. using Eqs. (28) and (30), respectively). The results show a 4th order convergence rate for the L 1 error norm. For the
≈−2 1

2
L ∞ error norm in the second derivatives, the convergence at a slower rate (L ∞ ∝ N effective
). This is due to 1) the regions
identiﬁed for reﬁnement by the 4th and 5th order accurate prolongation method do not correspond to the regions where
the errors in the 4th-order-accurate second derivative are large, and 2) the treatment of resolution boundaries is 5th order
accurate and hence pollute the estimate of the second derivative with a 3rd-order error at such boundaries. Face vertex to
face interpolation is tested and the results in Fig. 7d show a very similar trend as for the face-to-vertex interpolator.
The last step of the solver is the projection of the provisional tendency ﬁeld. The only discrete approximation used for
this step is the face averaged gradient of the pressure ﬁeld. As such, the pressure ﬁeld corresponding to the ﬂow ﬁeld of
2
Eq. (38) is p = 14 e −2r is initialized and the face-averaged gradients are computed using Eq. (32). The results are shown in
Fig. 7e, and shows that whilst the corresponding L 1 error norm converges at 4th order with N effective , the L ∞ error converges
approximately with 3rd order. This is due to the 4-th order accurate treatment of the prolongation for the pressure ﬁeld
near resolution boundaries, which pollutes the estimation of the gradient with a 3rd order term.

3.2. Advection and diffusion of Taylor-Green vortices
The Taylor-Green vortices are a non-trivial solution to the 2D incompressible Navier–Stokes equations [38].

u x (x, y , t ) = − cos(2π x) sin(2π y )e −2ν (2π ) t ,
2

u y (x, y , t ) = sin(2π x) cos(2π y )e

−2 ν ( 2 π ) 2 t

(44)
(45)

.

The solver is tested by initializing these vortices on a periodic domain of size [−0.5, 0.5] × [−0.5, 0.5] in a translating
frame of reference with vref = {−1, −0.5}. When the vortices have returned to their initial position at t = 2, the numerically
11
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Fig. 7. Adaptive convergence of the error norms with N eff for various discrete approximations. The dashed and dotted lines represent a logarithmic ﬁt.

obtained solution is compared against the analytical solution. The face-averages of the velocity components are computed
for initialization and error computation with 6th-order accuracy using the three-point Gaussian quadrature. The test is run
for both an inviscid ﬂow (ν = 0) and for a viscous ﬂuid with ν = 0.005. Furthermore, a tracer ﬁeld with analytical solution,

s(x, y , t ) = cos(2π x) cos(2π y )e −2κ (2π ) t ,
2

(46)

is added to test the scalar-tracer schemes for both runs, using κ = ν . To study the convergence characteristics, the cases are
run on equidistant meshes with N × N cells, ranging from N = 8 to N = 64. The L 1 and L ∞ are deﬁned as:
x
i − 12 , j

x
= u ix− 1 , j − u analytical
,

y

= u

i , j − 12

(47)

2

y

y

− u analytical ,

i , j − 12

(48)

s
i − 12 , j − 12

= si − 1 , j − 1 − sanalytical ,
2
2



y
2
x

+
,
L 1,u =
1
i− 1 , j


L ∞,u = maxi , j
L 1, s =



2

i, j

L ∞,s = maxi , j

(50)

i, j− 2

2

i, j

(49)

y
x
,
i − 12 , j
i , j − 12

(51)

,

s
,
i − 12 , j − 12



s
i − 12 , j − 12

(52)


(53)

.

The error norms are plotted in Fig. 8, showing that indeed the numerical solutions converge at a 4th-order rate.
It is known that for suﬃciently small values of ν , the array of vortices described by Eqs. (44) and (45) forms an unstable ﬂow conﬁguration [39,40]. The ﬁnite tolerated residual for the iterative procedure that solves Eq. (22) introduces a
perturbation that breaks the initial ﬂow symmetries. Although these errors are small compared to the discretization errors
assessed in this section, it will result in the development of the vortex instability for extended duration [see e.g. 41]. As
such, the fourth-order convergence rate can only be expected for a limited simulation time.
12
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Fig. 8. Taylor-Green vortex advection and diffusion test case: The convergence of the vector ﬁeld u (a) and the scalar-tracer ﬁeld s (b) at t = 2 towards the
analytical solution is at fourth order.

Fig. 9. Taylor-Green vortex advection and diffusion test case: The convergence for the vector ﬁeld u is plotted against the wall-clock time for the runs with
varying resolutions. A comparison is presented for the present 4th-order accurate solver and a second-order accurate solver (see text). The Error norms are
presented for the inviscid (a) and viscous (b) advection of Taylor-green vortices (Eq. (45)).

3.2.1. Speed performance
It is interesting to compare the eﬃciency of the present solver against a second-order accurate alternative. As such, we
have repeated the numerical experiment using the state-of-the-art second-order-accurate solver of Popinet [42,35], Lagrée
et al. [43], which has been employed in many recent works. e.g. [44,7,6]. Fig. 9 compares the error norms for both inviscid
and viscous tests against the wall-clock time. It appears that for the low-resolution runs, the 2nd-order solver is able
to achieve a more accurate solution for the same wall-clock time. However, as the resolution is increased, the higher
convergence rate of the 4th-order accurate solver makes it the more eﬃcient option in the low-error regime.
Although the actual performance may be subject to case-speciﬁc optimizations and the details of the used hardware, we
highlight the generality of these results. The theoretical scaling lines for a well-behaved 2nd and 4th order accurate CFLlimited solver can be anticipated and are added in Fig. 9. For a n-th order accurate solver the error scales with L 1,∞ ∝ N −n
and the computational effort scales with t wall ∝ #cells × #steps = N 2 × N = N 3 . Thus the error should scale with the effort
−n

3
according to L 1,∞ ∝ t wall
. For the inviscid case, both solvers display a slightly favorable scaling. This is likely due to the
decreasing relative overhead of steps such as the initialization, the error evaluations and data storage. For the viscous case,
the highest-resolution run with the 4th order solver, the solver time step becomes limited by the diffusion criterion rather
than the CFL limit (cf. Eq. (19)).
For complex and chaotic ﬂow problems as encountered in science and engineering applications, asymptotic convergence
of the numerical solution is impractical. In this perspective, the performance characterization presented in Fig. 9 is not
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Fig. 10. Convergence for the steady three-dimensional vortices of Antuono (2020), (Eqs. (54) – (56)).

relevant. Rather, the accuracy of the solution is typically only expected in a statistical sense. The ﬁdelity of the obtained
statistics is subject to the judgment of experts and maybe based on a grid-convergence study. The formal order of convergence of the solver is then non-trivially related to the convergence of such statistics. Hence, in later Sects. 3.7 and 3.8, we
will analyze the eﬃciency of the solver when it is applied to approximate the evolution of more complex ﬂow setups.
3.3. Steady fully three-dimensional vortices of Antuono (2020)
Antuono [37] presents a steady fully-3D solution to the incompressible Navier–Stokes equations,

√  



5π
π
u x (x, y , z) = √ sin x −
cos y −
sin ( z) − cos z −
6
6
3 3
√  



4 2
5π
π
cos z −
sin (x) − cos x −
u y (x, y , z) = √ sin y −
6
6
3 3
√  




4 2

4 2
5π
u z (x, y , z) = √ sin z −
6
3 3

cos x −

π
6

sin ( y ) − cos

y−

5π
6
5π
6
5π
6





sin x −





sin y −





sin z −

π
6

sin ( y ) ,

π
6

π
6

(54)

sin ( z) ,

(55)

sin (x) .

(56)

The three-dimensional solver formulation is tested by initializing the solution on a triple-periodic domain of size [0, 2π ]3
and running the case until t = 1. Then the solution is compared against the analytical (steady) solution by computing the
L 1 and L ∞ error norms. Fig. 10 shows the results and reveals a 5th-order converge for this three-dimensional test case.
This unexpected convergence rate is likely due to the fact that the higher-order derivatives are self-similar versions of the
solution itself and thus allowing for compensating errors. We do not investigate this behavior herein, but continue to study
the self-convergence of the solver for more complex ﬂows.
3.4. A viscous boundary layer
In order to test the implementation of the no-slip boundary condition we consider a ﬂuid with viscosity ν = 1 moving
with a velocity u = {1, 0}. At t = −t 0 the ﬂow is instantaneously affected by a no-slip top boundary located at y = L 0 . Here
a viscous boundary layer will develop according to,



u x ( y , t ) = erf

L0 − y

√

2 t + t0



(57)

.

´φ

e −θ dθ the Gaussian error function of a dummy variable φ . We resolve the ﬂow in a periodic channel
π 0

Where erf(φ) = √2

of size [0, 15] × [0, 15] where the top boundary condition is set to no-slip and the bottom boundary condition is free slip.
We use t o = 1 and start from t = 0. The L 1 and L ∞ error norms in the numerically obtained solution are computed at t = 1.
The results are plotted is Fig. 11, a show a fourth-order convergence rate. This veriﬁes that the boundary condition for
u x using Eqs. (2) and (7) and the viscous diffusion scheme (cf. Eq. (30)) are indeed implemented correctly with 4th-order
accuracy.
3.5. Doubly-periodic shear instability
In this test we consider the Kelvin-Helmholtz instability for two shear layers in a doubly-periodic domain of size [0, 1]2 .
The ﬂow is initialized according to [45,46],
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Fig. 11. Convergence for the viscous boundary layer problem (Eq. (57)).

Fig. 12. The vorticity ﬁeld isolines (ω ∈ {−24, −18, −12, ..., 24}) at t = 1.2 for the doubly-period shear instability (see Sect. 3.5). The Magenta lines are
obtained with the present solver. The black overlay is a reference solution taken from Hokpunna and Manhart [46] and their ﬁgure 7f.


ux =

tanh (σ ( y − 0.25))

for y ≤ 0.5,

tanh (σ (0.75 − y ))

for y > 0.5,

(58)

u y = ξ sin (2π x) ,

(59)

with σ = 30 and ξ = 0.05 on a grid with 2562 cells. The viscosity is set to ν = 10−4 and the ﬂow evolution is computed
up to t = 1.2. At that stage, each shear layer has rolled-up into a vortex via the Kelvin-Helmholtz instability mechanism.
Hokpunna and Manhart [46] showed that the vorticity structure is a sensitive indicator for the ﬁdelity in the representation
of the ﬂow. As such, the results from our solver are plotted against those obtained by [46] using their fourth-order accurate
ﬁnite-volume solver at the same grid resolution. We qualitatively compare the structure of the vorticity ﬁeld (ω = ∇ × u)
in Fig. 12 and conclude that the topology of both ﬂows matches to a high degree. Small differences can be found in the
regions where the vorticity isolines have a high curvature. The results from this test case gives additional conﬁdence that
the present solver is implemented correctly.
3.6. Rise of a buoyant Gaussian plume
The solver is tested for a scenario where a scalar tracer ﬁeld is coupled to the ﬂow-evolution equation via the body force
a. Such a buoyancy-force formulation is a popular choice for studying ﬂows with density variations in the Boussinesq limit.
In this test, the acceleration vector is set as, a = {0, s} with s the scalar-tracer ﬁeld. We employ a version of a classical rising
buoyant bubble setup [47,48]. A ﬂuid with ν = κ = 10−3 , is initially at rest and the scalar ﬁeld is a Gaussian plume placed
near the center of the periodic domain of size [−5, 5] × [−5, 5],
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Fig. 13. Rise of a buoyant Gaussian plume test case (Sect. 3.6). (a) Shows the tracer ﬁeld s in blue and red at t = 1 and t = 5, respectively. The blue, orange
and green lines are the s = 0.5 isolines at t = 1, 3 and 5, respectively. Convergence of the L 1 and L ∞ error norms towards the reference solution (shown in
a) are plotted in (b).
e 2
2
s(x, y , t = 0) = e −(x− 10 ) −( y +1) .

(60)

The offset in the x direction is included to prevent symmetries in the discretized ﬁelds. Since we do not have an analytical
solution for this problem, we check the solver’s self convergence. This is not a suﬃcient condition for the solvers consistency
as the solution may converge to an erroneous one. However, it is a necessary condition and it forms an interesting addition
to the previous steady analytical-solution tests. As such, the case is run until t = 5 for grids with 32, 64, 128, 256 and
512 cells in each direction. The tracer ﬁelds obtained at t = {1, 3, 5} from the latter are used as a reference solution to
compute the errors in the results from the coarser-grid runs. The time window only covers the initial deformation of the
plume before shear instabilities are triggered. The reference solution is visualized in Fig. 13a and the convergence of the
error is presented in Fig. 13b. We see that for the initial times, the error indeed converges at a 4th order rate. However,
at later stages, the errors are non-trivially ampliﬁed due the non-linear nature of the system. It is well known that when
time-integrating such non-linear systems, accuracy can only be expected in a statistical sense.
We also check the convergence of the adaptive solver with increasingly strict reﬁnement criteria. In contrast to the
previous tests, this tests includes the treatment of resolution boundaries, the reﬁnement and coarsening operators and
the design of the grid adaptation algorithm. As discussed in Sect. 2.4, the grid adaptation algorithm is not optimized for
any speciﬁc goal. Also the reﬁnement criterion for the velocity components and the tracer ﬁelds are chosen separately,
introducing a two-dimensional input parameter space for the resulting grid structure. Here we choose p = 1 and ζu =
ζs
= ζ . ζ is varied between the runs, using values ζmax = 1.6 × 10−2 down to ζmin = 2.5 × 10−4 , so that the maximum
20
used
resolution corresponds to 256 cells in each direction at t = 5. At each time, the effective N is diagnosed as N eff =
√
#cells, where #cells is the average number of cells in all previous solver iterations. Example solutions ﬁeld for s and
the corresponding grid structures are shown in Fig. 14. The convergence of the error towards the reference solution, is
plotted in Fig. 15. For this setup, at t = 1, hyper convergence is obtained at approximately 5th order for both error norms.
At later stages, it appears that the L 1 is well behaved in the studied range. However the L ∞ error is more erratic. Especially
at t = 5, it appears that the L 1 error is not monotonically decreasing with increasing N eff .
3.7. Dipole vortex–wall collision
The dynamical behavior of vortices near a solid object is a relevant sub-problem of wall-bounded ﬂows. For this purpose
Orlandi [49] studied the evolution of a dipolar vortex targeted at a no-slip wall using numerical methods and has received
considerable attention since [50]. At the wall, a viscous boundary layer is generated with can separate from the wall and
roll up into secondary vortices, leading to a rebound of the original dipole. We compute the ﬂow evolution induced by a
double vortex with a smooth dipolar vorticity distribution ω(x, y ),

ω = −ω0 xe

−(x∗ )2 −( y ∗ )2

σ2

(61)

.
is the size of the structure and x∗

Where ω0 is a reference vorticity value, controlling the vortex strength, σ
= x−σ
y∗ =
π
y − σ 10 , are offset coordinates to prevent symmetric alignment of the initial dipole with the grid. The ﬂow in initialized
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Fig. 14. The evolution of the tracer ﬁeld s (red), the s = 0.5 isoline, and the adaptive tree grid structure. The results are obtained from the run with
ζ = 2.5 × 10−4 for t = 1, 3 & 5, left, middle and right, respectively. Note that the images only show a subsection of the domain.

Fig. 15. Error norms for the rising Gaussian plume test using an adaptive grid: The L 1 error for times t = {1, 3, 5} in blue, orange and green, respectively
(a). The L ∞ error for times t = {1, 3, 5} in blue, orange and green, respectively (b).

by solving the Poisson problem for the stream function (∇ 2 ψ = −ω ). The dipole is placed in a domain of size [−15, 15] ×
[−15, 15]σ 2 , targeted at the top boundary at y = 15σ . The boundary layer owes its existence to the ﬂuid’s viscosity (ν ).
With parameters ω0 , σ and ν , a Reynolds number (Re) can be deﬁned,

Re =

ω02 σ
.
ν

(62)

We set Re = 104 and compute the evolution up to t = 400ω0−1 . The evolution of an approximate vorticity ﬁeld and the
corresponding grid structure is shown in Fig. 16. Inspired by the work of Kramer et al. [51], Clercx and Van Heijst [50], we
are curious about the enhanced dissipation rate due to the vortex-wall collision. The setup is run ﬁve times with ζu tuned
(not shown) so that the wall-clock time is approximately equal to 25, ´50, 100, 200 or 400 ± 10% seconds. This corresponds
to u e = {5 × 10−4 , 2.5 × 10−4 }. We diagnose the total enstrophy  = ω2 d A and plot it as a function of physical time in
Fig. 17a. It appears that for the purpose of generating this plot, the 200-second run suﬃces to approximate the solution
of the more expensive simulation that used more cells and more time-integration steps (Fig. 17b), indicating suﬃcient
convergence. Apart from the convergence of the evolution of the enstrophy, the ﬁdelity of the approximate solutions from
the cheaper runs is an interesting aspect in less critical applications. It appears that the evolution of the diagnosed enstrophy
is non-smooth in the coarse simulations. This is not physical and is likely due to varying representation of the vorticity ﬁeld
on the adaptive grid as is reﬁnes and coarsens the ﬂow in the vorticity-rich boundary layer.
The experiment is repeated with the aforementioned second-order accurate adaptive solver and the results are plotted
in Fig. 18a. It appears that the statistics do converge towards the results obtained with the fourth-order solver (i.e. in the
400 s run). However, the convergence is slower compared to the 4th-order solver. In the cheaper simulations (25 s, 50 s
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Fig. 16. The evolution of the vorticity ﬁeld (ω = ∇ × u, colors) obtained from the run with wall-clock time of approximately 200 seconds. The adaptive
quadtree-grid structure is mirrored at the top boundary. Labels indicate the physical time. Note that the images only show a subsection of the domain.

Fig. 17. Results from the dipole-wall collision obtained with the 4th-order accurate solver. The enstrophy is plotted as a function of the physical time (a)
and the number of used grid cells for each time-integration step (b). The legend indicates the wall-clock time for each run.

and 100 s), we see that all runs have a more smooth evolution of the enstrophy compared to the 4th order solver. This is
a feature that is also present in the converged solution. As such, the 2nd-order solver is a more attractive alternative when
convergence for the evolution of the enstrophy is not required.
3.8. Head-on collision of two ring vortices
In their seminal lab experiment, Lim and Nickels [52] targeted two dyed vortex-rings on a head-on collision trajectory.
Their video capture shows that during the collision, the vortex rings rapidly expand radially before the vortex rings recombine into multiple smaller vortex rings that are traveling radially outward. The present solver is showcased by reproducing
their spectacular results (see also Dorschner et al. [53]) and we hope to set a benchmark for other solvers by deﬁning an
unambiguous setup that can be reproduced with other solver strategies.
The ﬂow is initialized inside a [−20R , 20R]3 domain with two vortex rings (major radius R), which are deﬁned using a
generalization of the Lamb-Oseen vorticity distribution,

˛

ω(x, y , z) =
C1



π 3/2a

˛

2

e
3

− d2
a

dl. +
C2



π 3/2a

2

e
3

− d2
a

dl.

(63)

Here ω is the vorticity vector corresponding to vortices with center lines C1 and C2 , both of equal strength , d is the
distance between the point with coordinates {x, y , z} and the line element vector dl and a is the vortex core size. In
the limiting case of a straight vortex core, the resulting vorticity distribution represents the 2D Lamb-Oseen vortex with
circulation  and size a. The curves are deﬁned as parametric curves,
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Fig. 18. Results from the dipole-wall collision obtained with the 2nd-order accurate solver and a reference result from the 4th order solver (383 sec). The
enstrophy is plotted as a function of the physical time (a) and the number of used grid cells for each time-integration step (b). The legend indicates the
wall-clock time for each run.

⎛

⎞

R cos(τ )
⎠,
R sin(τ )
C1 (τ ) = ⎝
d z + A cos(n τ )

(64)

R cos(τ )
⎠,
− R sin(τ )
C2 (τ ) = ⎝
−d z + A cos(n τ )

(65)

⎞

⎛

with

τ ∈ [0, 2π ], A and n the amplitude and mode of the perturbation, respectively. The vector dl is deﬁned as,
dl =

∂C
.
∂τ

(66)


In this work we set unitary values for a and  and choose R = 3a, d z = 10a, A = 0.05a, n = 9 and ν = 2500
. The initial
cell-averaged vorticity ﬁeld is approximated using the 8-point 4th-order accurate Gauss–Legendre quadrature rule and the
integrals are discretized with 1000 segments for each ring. The velocity-potential vector  is computed as a solution to the
3D Poisson problem ∇ 2  = −ω , which is in turn used to compute the initial ﬂow ﬁeld, u = ∇ × .
The runs with different values of the reﬁnement criteria for the velocity component ﬁelds are performed using the 6
cores of a workstation equipped with an AMD Ryzen 5 3500X CPU and 32 GB of memory. Fig. 19 visualizes the evolution of
the ﬂow ﬁeld as computed by the most accurate simulation (see below), it shows a combination of snapshots at different
times. (See also Fig. 20.) After the initial approach of the rings, they combine and move radially outward. Then an mode-2n
instability occurs, resulting in 18 smaller vortex rings that follow a radially outward trajectory. In order to benchmark the
solver, we characterize the convergence of the solution statistics obtained with increasingly more reﬁnement. Fig. 21a shows
the evolution of the number of cells as a function of the solver time step for runs with different reﬁnement criteria. The
legend shows the wall-clock time for each run. Next, the evolution of the so-called dissipation timescale (td ) is computed
as the ratio of the viscous dissipation and the kinetic energy within the domain,

td =

ν

´
D

´
1
2

J (u)2 dV
2 dV

Du

(67)

,

where J (u) is the Jacobian matrix of u. Presenting this ratio is preferred over plotting the evolution of the dissipation rate
and energy separately as its value has a smaller range over the course of the simulation. Especially at the ﬁnal stages of
the simulation, where both dissipation rate and kinetic energy are small. The evolution of td−1 is plotted as a function of
time in Fig. 21b. Here we see that the run that takes approximately 10 hours seems to correspond to the more reﬁned
runs, indicating its convergence. These results can be compared against those obtained with the aforementioned secondorder accurate solver with the data in Fig. 22. Here the maximum level of reﬁnement needed to be limited to 11 levels,
as otherwise, the second-order grid-adaptation procedure increased the cell count so that the run exceeded the available
memory space. As such, the results do not quite convergence towards the 4th-order accurate solution, even for equally
expensive runs. The fact that the 4th-order accurate solver is able to achieve converged results, without the additional
burden of selecting a maximum level of reﬁnement shows its eﬃciency for solving these types of ﬂow problems.
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Fig. 19. Visualization of the head-on collision of two vortex rings using volumetric renderings of the λ2 vortex detection ﬁeld of Jeong and Hussain [54].
The image shows snapshots taken at t = {100, 200, 300, 400}. These depict the stages of the initial approach of the rings, their rapid radial expansion, the
development of the instability and the emergence of many small vortex rings, respectively.

Fig. 20. A zoom in on a volumetric rendering of the λ2 vortex detection ﬁeld of Jeong and Hussain [54] with a slice of the adaptive octree grid and a blue
and green background. The snapshot it taken at t = 350. The maximum level of reﬁnement is 12, which corresponds to an equidistant mesh with 40963
cells.
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Fig. 21. Results from the head-on vortex ring collision obtained with the 4th-order accurate solver. The number of used grid cells for each time-integration
step (a) and the inverse dissipation timescale (td−1 , see Eq. (67)) is plotted as a function of the physical time (b). The legends indicate the wall-clock time
for each run (HH:MM).

Fig. 22. Results from the head-on vortex ring collision obtained with the 2nd-order accurate solver. The number of used grid cells for each time-integration
step (a) and the inverse dissipation timescale (td−1 , see Eq. (67)) is plotted as a function of the physical time (b). The legends indicate the wall-clock time
for each run (HH:MM) or if they have stopped due to the limited memory (DNF, see text).

4. Summary and conclusion
We have presented an adaptive solver for incompressible ﬂow problems that uses fourth-order accurate discrete approximations. The adaptive grid structure is based on the adaptive quad/octree toolbox provided by the Basilisk code as free
software. The primary variables are the velocity components which are discretized as face averages. The tendencies due to
advection and diffusion of these quantities are computed using ﬁnite difference schemes at the co-located grid of vertices.
For this step, we have derived a 4th-order accurate compact upwind scheme. The projection step exploits the fact that the
velocities are deﬁned as face averages, and hence, the cell-averaged divergence condition of the numerical solution can be
satisﬁed exactly. The solution is advanced in time using a 5-stage 4th-order accurate Runge-Kutta method. Between each
solver step the numerical mesh can be adapted based on the higher-order polynomial content of the solution ﬁelds in
conjunction with a single user-deﬁned reﬁnement criterion. Further, the formulations allow active and passive tracers to be
advected and diffused alongside the evaluation of the ﬂow evolution. The implementation of the solver, the setup ﬁles for
the cases presented herein and additional tests are freely available via the links to their online locations.
The solver design has been applied to a set of ﬂow problems ranging from simple setups with analytical solutions to a 3D
ﬂow scenario with developing sharp gradients in the ﬂow ﬁeld and vortex instabilities. The analysis shows that indeed, the
approximated solution converges more quickly to the asymptotic solution than the 2nd-order accurate alternative. Further,
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Fig. 23. A plot of the Initialized test functions (see Eqs. (68) – (73)) in a) and in b) the solution for the advection problem (cf. (74)) at t = 1. The data of
the various test functions are shifted along the x direction for clarity of presentation.

the reﬁnement indicator appears to consistently reﬁne and coarsen the mesh corresponding to the ﬂow evolution. As such,
to proposed solver is attractive to model ﬂow conﬁgurations with a high degree of localization in space and time. This is
showcased in the ﬁnal example concerning the head-on collision of two vortex rings in Sect. 3.8.
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Appendix A. 1D advection
The advection scheme (Eq. (28)) was derived using the assumption of suﬃciently smooth data. In addition to the convergence tests of Sect. 3, the advection scheme is tested for 1D functions which are initialized with varying degrees of
‘smoothness’ (cf. Fig. 23a),

Noise : n(x, t = 0) ∈ [−1, 1] (randomized)



Heaviside :

H (x, t = 0) =

1 for x ≤ 1,
0

otherwise.

⎧
⎪
⎨1 + x for − 1 < x ≤ 0,
Triangle : T (x, t = 0) = 1 − x for 0 ≤ x < 1,
⎪
⎩
0
otherwise.

cos2 (x) for x ≤ π2 ,
Squared cosine sect. : C 2 (x, t = 0) =
0
otherwise.

cos3 (x) for x ≤ π2 ,
Cubed cosine sect. : C 3 (x, t = 0) =
0
otherwise.
Gaussian :

G (x, t = 0) = e −x .
2

(68)
(69)

(70)

(71)

(72)
(73)
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Fig. 24. The evolution of the normalized variance (V , a) and total variation (D, b) for the various test functions (see text). The data is normalized with their
initial values and the color coding is the same as in Fig. 23.

The test functions are ‘advected’ by solving for a dummy variable φ(x, t ),

∂φ
∂φ
=− ,
∂t
∂x

(74)

using the discretizations of Eqs. (15) and (28) for time and space, respectively. The test functions are initialized in a periodic
domain of size [−5, 5] using N = 64 grid points and the time step size is based on the CFL condition (cf. Eq. (19)). Fig. 23
shows the initialized data and the solution at t = 1. We see that the numerical errors can introduce new extrema in the
data. Further,
 Nthe noise, Heaviside and triangle functions
 N have become notably smoothed. This motivates to plot the variance
(i.e. V φ = i =0 φi2 ) and total variation (i.e. D φ = i =0 φi − φi +1 ) over time. The data is plotted in Fig. 24. The scheme
appears to be dissipative for the second-order moment (V ) but is not always total-variation diminishing.
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