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An uncoupled limit model for a high-contrast problem
in a thin multi-structure.

Abstract

We investigate a degenerating elliptic problem in a multi-structure Ωε of R3, in the
framework of the thermal stationary conduction with highly contrasting diffusivity.
Precisely, Ωε consists of a fixed base Ω− surmounted by a thin cylinder Ω+

ε with
height 1 and cross-section with a small diameter of order ε. Moreover, Ω+

ε contains
a cylindrical core, always with height 1 and cross-section with diameter of order ε,
with conductivity of order 1, surrounded by a ring with conductivity of order ε2.
Also Ω− has conductivity of order ε2. By assuming that the temperature is zero
on the top and on the bottom of the boundary of Ωε, while the flux is zero on the
remaining part of the boundary, under a suitable choice of the source term we prove
that the limit problem, as ε vanishes, boils down to two uncoupled problems: one in
Ω− and one in Ω+

1 . Moreover, the problem in Ω+
1 is nonlocal.

Keywords: Degenerating problem, multi-structure, anisotropic, reduction of dimension,
nonlocal problem.
AMS Classification: 35B25; 35B27; 35B40

1 Introduction
We investigate a degenerating elliptic problem in a multi-structure Ωε of R3, in the frame-
work of the thermal stationary conduction with highly contrasting diffusivity.

Precisely, for a small parameter ε in ]0, 1], we consider a multi-structure Ωε in R3

consisting of a fixed base Ω− surmounted by a thin cylinder Ω+
ε with height 1 and cross-

section with diameter of order ε (see Fig. 1).
We assume that Ωε is filled with two different materials. Specifically, Ω+

ε contains
a cylindrical core Fε, always with height 1 and cross-section with diameter of order ε,
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Figure 1: The domain Ωε

filled with a material with conductivity of order 1, surrounded by an insulation material
in Mε = int(Ω+

ε \ F̄ε) with conductivity of order ε2. Also Ω− is filled with a material with
conductivity of order ε2. Namely, the diffusivity matrix is given by

Aε(X
′, x3) =

(
χFε + ε2χMε

)
(X ′, x3)A

(
X ′

ε
, x3

)
+ ε2χΩ−(X ′, x3)A(X

′, x3), a.e. in Ωε,

where A is a uniformly elliptic matrix with coefficients in L∞(Ω+), X ′ denotes a generic
element (X1, X2) of R2, and Ω+ = Ω1 (i.e., Ω+

ε with ε = 1).
We assume that the source term is of order 1 in Ω+

ε and of order ε2 in Ω−. Namely,
the source term is given by

fε(X
′, x3) = f

(
X ′

ε
, x3

)
χΩ+

ε
(X ′, x3) + ε2fχΩ−(X ′, x3), a.e. in Ωε,

with f ∈ L2 (Ω+ ∪ Ω−).
By assuming that the temperature is zero on the top and on the bottom ΓD

ε of the
boundary of Ωε, while the flux is zero on the remaining part ΓN

ε of the boundary, we are
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interested in the following problem
−div(Aε∇ūε) = fε in Ωε,

Aε∇ūε · ν = 0 on Γε
N ,

ūε = 0 on ΓD
ε ,

where ν denotes the exterior unit normal to ∂Ωε.
A numerical analysis of this problem could be not available since the required dis-

cretization step could become too small for the machine precision. So an asymptotic
analysis of the problem, as ε vanishes, is needed.

First note that a similar problem was studied in [?], in the case where Ω− is filled with
a material with conductivity of order 1. In this case the authors proved that the diffusion
through the base Ω− is not seen at the limit, and only the diffusion in thin cylinder Ω+

ε is
taken into account. Moreover, they proved that the diffusion in Ω+

ε occurs mainly along the
vertical axis of its conductive part and it is described especially by a function v depending
only on the vertical variable x3. More precisely, they proved that the limit temperature
involves also other two functions which are related to the diffusion in the insulation part.
Hence the limit problem appears to be nonlocal. About nonlocal limit problems arising
from contrasting diffusivity in thin cylinders see also [?] and [?].

The novelty of our paper is the presence of material with conductivity of order ε2 also
in Ω−. In this case we prove that also a diffusion through the base Ω− appears at the limit,
but it is completely independent of the limit diffusion along thin cylinder Ω+

ε . The limit
behavior in the thin cylinder is almost the same as in [?]. Then, two uncoupled problems
appear at the limit, but some boundary conditions in the two limit problem retain memory
of the initial junction. We refer to Section ?? for the formulation of the problem and the
statement of the main results (see Theorem ??, Theorem ??, and Remark ??).

By following [?], the problem is rescaled from Ω+
ε to Ω+. Precisely, setting

u+
ε (x

′, x3) = ūε(εx
′, x3) a.e. in Ω+, u−

ε (x
′, x3) = ūε(x

′, x3) a.e. in Ω−,

the following interface condition

u+
ε (x

′, 0) = u−
ε (εx

′, 0) (1)

appears on the surface separating Ω+ and Ω−.
Section ?? is devoted to obtaining some sharp a priori norm-estimates for (u+

ε , u
−
ε ).

These estimate are sharp in the sense that they depend on the zone where the material has
a low conductivity, or a high conductivity. Then, a first convergence result is obtained.

From a mathematical point of view, one of the main difficulties of this paper is to
build suitable test functions that, roughly speaking, at the same time take into account
the interface condition in (??), but they also allow to split the problem in two uncoupled
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problems at the limit. These test functions are build in Section ?? and they are based on a
density result proved in Section ??. Section ?? is devoted to the proof of the main results
(i.e., Theorem ?? and Theorem ??).

We refer to [?] for problems in thin multi-structures. We refer to [?], [?], and [?] for
other problems in the same multi-structure of this paper.

Numerous studies have been carried out on the homogenization of high-contrast prob-
lems. We just recall the founding work of T. Arbogast, J. Douglas, and U. Hornung [?]
(see also [?], [?], [?], and [?]). Here we just focalize the reader’s attention on the homog-
enization of high-contrast problems in fibered structures: [?], [?], [?], [?], [?], [?], [?], [?],
[?], [?], [?], [?], [?] and [?].

For spectral stiff problems in domains surrounded by thin layers, we refer to [?], [?],
[?] and references therein.

2 Setting of the problem and main results
In what follows, X ′ (resp. x′) denotes a generic element (X1, X2) (resp. (x1x2)) of R2,
(X ′, x3) (resp. (x′, x3)) denotes a generic element X = (X1, X2, X3) (resp. (x1, x2, x3))
of R3, ∇′v denotes

(
∂v
∂X1

, ∂v
∂X2

)
or
(

∂v
∂x1

, ∂v
∂x2

)
, as appropriate, v′ denotes ∂v

∂x3
if v depends

only on x3, and χA denotes the characteristic function of a set A. Moreover, ε denotes a
parameter taking values in a vanishing sequence in ]0, 1[.

For each ε, we consider the multi-structure in R3 (see Fig. 1)

Ωε = Ω− ∪ (εω × {0}) ∪ Ω+
ε ,

consisting of the fixed base
Ω− =]− 1, 1[2×]− 1, 0[,

surmounted by the thin cylinder
Ω+

ε = εω × I,

where
ω =

]
−1

2
,
1

2

[2
, I =]0, 1[.

The set εω × {0} is the surface separating Ω− from Ω+
ε .

We assume that Ωε is filled with two different materials. Precisely, Ω+
ε contains a

cylindrical core
Fε = εD × I

filled with a material with conductivity of order 1, where D is the circle in R2 with centre
the origin and radius r ∈]0, 1

2
[, surrounded by an insulation material in

Mε = int(Ω+
ε \ F̄ε)
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with conductivity of order ε2. Also Ω− is filled with a material with conductivity of order
ε2.

For what follows, we set

Ω+ = ω × I and Ω = Ω− ∪ (ω × {0}) ∪ Ω+.

The aim of this paper is to study the asymptotic behaviour, as ε tends to zero, of the
weak solution to the following problem

−div(Aε∇ūε) = fε in Ωε,

Aε∇ūε · ν = 0 on Γε
N ,

ūε = 0 on ΓD
ε ,

(2)

where ν denotes the exterior unit normal to ∂Ωε, Γε
D denotes the top and the bottom of

Ωε, while ΓN
ε denotes the remaining part of the boundary of Ωε, i.e.

ΓD
ε = Γ− ∪ Γ+

ε , Γ− =]− 1, 1[2×{−1}, Γ+
ε =

]
−ε

2
,
ε

2

[2
× {1}, and ΓN

ε = ∂Ωε \ ΓD
ε ;

Aε is the diffusivity matrix defined by

Aε(X
′, x3) =

(
χFε + ε2χMε

)
(X ′, x3)A

(
X ′

ε
, x3

)
+ε2χΩ−(X ′, x3)A(X

′, x3), a.e. in Ωε, (3)

with A a 3× 3 matrix-valued function on Ω such that
A ∈ (L∞ (Ω))3×3 ,

∃α ∈]0,+∞[ : A (x)λλ ≥ α |λ|2 , a.e. x ∈ Ω, ∀λ ∈ R3;

(4)

and fε is the source term defined by

fε(X
′, x3) = f

(
X ′

ε
, x3

)
χΩ+

ε
(X ′, x3) + ε2f(X ′, x3)χΩ−(X ′, x3), a.e. in Ωε,

with
f ∈ L2 (Ω) . (5)
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The weak formulation of problem (??) is given by

ūε ∈ H1(Ωε), ūε = 0 on ΓD
ε ,∫

Fε

A

(
X ′

ε
, x3

)
∇ūε∇vdX ′dx3 + ε2

∫
Mε

A

(
X ′

ε
, x3

)
∇ūε∇vdX ′dx3

+ε2
∫
Ω−

A (X ′, x3)∇ūε∇vdX ′dx3

=

∫
Ω+

ε

f

(
X ′

ε
, x3

)
vdX ′dx3 +

∫
Ω−

f (X ′, x3) vdX
′dx3,

∀v ∈ H1(Ωε) : v = 0 on ΓD
ε .

(6)

The Lax-Milgram Theorem ensures the existence and the uniqueness of the solution to
problem (??).

As it is usual (see [?], [?]), problem (??) will be reformulated on the fixed domain Ω
through the following map

Tε : (x
′, x3) ∈ Ω → (εx′, x3)χΩ+∪(ω×{0}) + (x′, x3)χΩ− ∈ Ωε.

Precisely, setting

uε(x
′, x3) =


u+
ε (x

′, x3) = ūε(εx
′, x3) a.e. in Ω+ ∪ (ω × {0}) ,

u−
ε (x

′, x3) = ūε(x
′, x3) a.e. in Ω−,

(7)

the following interface condition

u+
ε (x

′, 0) = u−
ε (εx

′, 0) a.e. in ω,

holds true. Consequently, introducing the space

H1
D,ε(Ω) =

{
ϕε = (ϕ+

ε , ϕ
−
ε ) : ϕ+

ε ∈ H1(Ω+), ϕ−
ε ∈ H1(Ω−),

ϕ+
ε = 0 on Γ+, ϕ−

ε = 0 on Γ−, ϕ+
ε (x

′, 0) = ϕ−
ε (εx

′, 0) a.e. x′ ∈ ω
}
,

where
Γ+ =

]
−1

2
,
1

2

[2
× {1},
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problem (??) is rescaled in the following one

uε ∈ H1
D,ε(Ω),

∫
F

A

1

ε
∇′u+

ε

∂u+
ε

∂x3


1

ε
∇′ϕ+

ε

∂ϕ+
ε

∂x3

 dx+

∫
M

A

∇′u+
ε

ε
∂u+

ε

∂x3

∇′ϕ+
ε

ε
∂ϕ+

ε

∂x3

 dx

+

∫
Ω−

A∇u−
ε · ∇ϕ−

ε dx =

∫
Ω+

fϕ+
ε dx+

∫
Ω−

fϕ−
ε dx, ∀ϕε ∈ H1

D,ε(Ω),

(8)

where
F = D × I and M = Ω+ \ F.

To stating the main result of this paper, the following spaces are needed.

U = {ϕ ∈ L2(I;H1(ω)) : ϕ|F = 0}, (9)

H1
d(I) = {ϕ ∈ H1(I) : ϕ(1) = 0}, (10)

W =

{
ϕ ∈ L2(I;H1(D)) :

∫
D

ϕ(x′, x3)dx
′ = 0 a.e. x3 ∈ I

}
, (11)

H1
d(Ω

−) =
{
ϕ ∈ H1(Ω−) : ϕ(x′,−1) = 0 a.e. x′ ∈ (−1, 1)2

}
, (12)

In what follows, the subscript t will refer to test functions.
The main result of this paper is the following one.

Theorem 2.1. For every ε, let uε be the unique weak solution to problem (??), under
assumptions (??) and (??). Then, there exist a quadruple (u+, v, w, u−) in U × H1

d(I) ×
W ×H1

d(Ω
−) such that

u+
ε → u+ + v strongly in L2(M), (13)

∇′u+
ε → ∇′u+ strongly in

(
L2(M)

)2
, (14)

ε
∂u+

ε

∂x3

→ 0 strongly in L2(M), (15)

u+
ε → v strongly in H1(F ), (16)

1

ε
∇′u+

ε → ∇′w strongly in
(
L2(F )

)2
, (17)

u−
ε → u− strongly in H1(Ω−), (18)
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as ε tends to zero, where (u+, v, w) is the unique solution to the following problem

(u+, v, w) ∈ U ×H1
d(I)×W ,∫

F

A

(
∇′w
v′

)(
∇′wt

v′t

)
dx+

∫
M

A

(
∇′u+

0

)(
∇′u+

t

0

)
dx

=

∫
Ω+

f(u+
t (x) + vt(x3)) dx, ∀(u+

t , vt, wt) ∈ U ×H1
d(I)×W ,

(19)

while u− is the unique solution to the following problem
u− ∈ H1

d(Ω
−),∫

Ω−
A∇u−∇u−

t dx =

∫
Ω−

fu−
t dx, ∀u−

t ∈ H1
d(Ω

−).
(20)

In order to highlight the nonlocal character of the diffusion in the upper part of the
domain, now another representation of problem (??) will be given. Moreover, Theorem ??
will be translated in terms of the asymptotic behavior of the solution ūε of problem (??).
Theorem 2.2. For every ε, let uε be the unique solution to (??), under assumptions (??)
and (??). Then

1

ε2|ω|

∫
εω

uε(X
′, ·) dX ′ →

v(·) + 1

|ω|

(
1

|ω \D|

∫
ω\D

f(x′, ·) dx′
∫
ω\D

û(x′, ·) dx′ +

∫
ω\D

ũ(x′, ·) dx′
)

strongly in L2(I), as ε → 0,

(21)

where ũ is the unique solution to the following problem
ũ ∈ U ,∫
M

A

(
∇′ũ
0

)(
∇′ũt

0

)
dx =

∫
M

(
f − 1

|ω \D|

∫
ω\D

f dx′
)
ũt dx, ∀ũt ∈ U ,

(22)

for a.e. x3 in I, û(·, x3) is the unique solution to the following problem

û(·, x3) ∈ H1(ω), û(x′, x3) = 0 a.e. x′ ∈ D,∫
ω\D

A

(
∇′û
0

)(
∇′ût

0

)
dx′ =

∫
ω\D

ût dx
′,

∀ût ∈ H1(ω), ût(x
′, x3) = 0 a.e. x′ ∈ D,

(23)
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and v is the unique solution to the following problem
v ∈ H1

d(I),∫
I

a0(x3)v
′(x3)v

′
t(x3)dx3 =

∫
I

(∫
ω

f(x′, x3) dx
′
)
vt(x3)dx3, ∀vt ∈ H1

d(I).
(24)

In (??) the coefficient a0 is defined by

a0(x3) =

∫
D

(
2∑

j=1

a3j(x
′, x3)

∂ŵ

∂xj

(x′, x3) + a33(x
′, x3)

)
dx′, a.e. x3 ∈ I,

where, for a.e. x3 in I, ŵ(·, x3) is the unique solution to the elementary equation
ŵ(·, x3) ∈ H1(D),

∫
D

ŵ(x′, x3)dx
′ = 0,

∫
D

A

(
∇′ŵ
1

)(
∇′ŵt

0

)
dx′ = 0, ∀ ŵt ∈ H1(D).

(25)

Moreover, ŵ belongs to W ∩ L∞(I;H1(D)) and û belongs to U ∩ L∞(I;H1(ω)).
Remark 2.1. From (??) it appears clearly that the diffusion in the fixed base Ω− of the
multi-domain is completely independent of the diffusion along the thin cylinder Ω+

ε .
The right-hand side of (??) represents the limit cross-section average of the temper-

ature in the upper part of the multi-domain. The term v appearing in (??) means that the
diffusion in the thin cylinder occurs mainly along the vertical axis of its conductive part.
On the other side, v is not sufficient to determine the average of the limit temperature
since such average requires to compute û and ũ which are related to the diffusion in the
insulation part M of Ω+; hence the limit problem is not local. Moreover, the function
ŵ which depends only on the diffusivity matrix is due to the anisotropy of the conductive
part of the thin cylinder, and it is taken into account in the effective diffusivity coefficient
a0(x3). When the conductive part is made up of an isotropic material for which the entries
of the matrix A are such that A13 = A23 = 0, then w = 0 (for instance, [?], [?] and [?]).

Note also that the interface condition disappears at the limit giving rise to Neumann
boundary conditions on v and u− on the interface x′ = 0.

Finally, we point out that in the terminology of correctors, the strong convergences
stated in the Theorem 1.1 provide a corrector for uε which means that u+

ε behaves as
u+ + v + εw while u−

ε behaves as u−.

3 A priori norm-estimates and convergence results
This section is devoted to proving some a priori norm-estimates for the solutions to problem
(??). First, we recall a well-known result, the proof of which is just stated for the sake of
clarity.
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Lemma 3.1. Let A be a bounded connected open set of Rn with Lipschitz boundary and B
be a measurable subset of A with positive Lebesgue-measure. Let p in [1,+∞]. Then, there
exists C in ]0,+∞[ such that∥∥∥∥u− 1

|B|

∫
B

u dx

∥∥∥∥
Lp(A)

≤ C∥∇u∥Lp(A), ∀u ∈ W 1,p(A). (26)

Proof. Set
uA =

1

|A|

∫
A

u dx, uB =
1

|B|

∫
B

u dx.

Assume p in [1,+∞[. The Poncaré-Wirtingen inequality provides the existence of C1 in
]0,+∞[ such that

∥u− uB∥Lp(A) ≤ ∥u− uA∥Lp(A) + ∥uA − uB∥Lp(A) ≤ C1∥∇u∥Lp(A) + |uA − uB||A|
1
p ,

∀u ∈ W 1,p(A).
(27)

In the other side, the Hölder inequality and again the Poncaré-Wirtingen inequality give

|uA − uB| ≤
1

|B|

∫
B

|u− uA| dx ≤ 1

|B|

∫
A

|u− uA| dx ≤ |A|1−
1
p

|B|
∥u− uA∥Lp(A)

≤ |A|1−
1
p

|B|
C1∥∇u∥Lp(A), ∀u ∈ W 1,p(A).

(28)

Eventually, (??) follows from (??) and (??).
The proof in the case p = +∞ is similar.

Proposition 3.1. For every ε, let uε be the solution to problem (??). Then there exists a
positive constant C, independent of ε, such that

∥u+
ε ∥L2(Ω+) ≤ C, (29)∥∥∥∥∂u+
ε

∂x3

∥∥∥∥
L2(F )

≤ C, (30)

1

ε
∥∇′u+

ε ∥(L2(F ))2 ≤ C, (31)

ε

∥∥∥∥∂u+
ε

∂x3

∥∥∥∥
L2(M)

≤ C, (32)

∥∇′u+
ε ∥(L2(M))2 ≤ C, (33)
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∥u−
ε ∥L2(Ω−) ≤ C, (34)

∥∇′u−
ε ∥(L2(Ω−))2 ≤ C, (35)

for every ε.

Proof. Obviously,

∥u+
ε ∥2L2(Ω+) ≤ 2

∫
Ω+

∣∣∣∣u+
ε (x

′, x3)−
1

|D|

∫
D

u+
ε (y

′, x3)dy
′
∣∣∣∣2 dx′dx3

+ 2

∫
Ω+

∣∣∣∣ 1

|D|

∫
D

u+
ε (y

′, x3) dy
′
∣∣∣∣2 dx′dx3, ∀ε.

(36)

As far as the first integral in (??) is concerned, Lemma ?? ensures the existence of
C in ]0,+∞[ such that∫

ω

∣∣∣∣u+
ε (x

′, x3)−
1

|D|

∫
D

u+
ε (y

′, x3)dy
′
∣∣∣∣2 dx′ ≤ C

∫
ω

∣∣∇′u+
ε (x

′, x3)
∣∣2 dx′, ∀ε, a.e. x3 ∈ I,

which implies∫
Ω+

∣∣∣∣u+
ε (x

′, x3)−
1

|D|

∫
D

u+
ε (y

′, x3)dy
′
∣∣∣∣2 dx′dx3 ≤ C

∫
Ω+

∣∣∇′u+
ε (x

′, x3)
∣∣2 dx′dx3. ∀ε, (37)

by an integration on x3 in I.
As far as the second integral in (??) is concerned, the Cauchy-Schwarz inequality and

the Poincaré inequality provide that∫
Ω+

∣∣∣∣ 1

|D|

∫
D

u+
ε (y

′, x3) dy
′
∣∣∣∣2 dx′dx3 ≤ |ω|

∫
F

|u+
ε |2dx ≤ |ω|

∫
F

∣∣∣∣∂u+
ε

∂x3

∣∣∣∣2 dx, ∀ε. (38)

Combining (??), (??), and (??) gives the existence of C in ]0,+∞[ such that

∥u+
ε ∥2L2(Ω+) ≤ C

(
∥∇′u+

ε ∥2(L2(Ω+))3
+

∥∥∥∥∂u+
ε

∂x3

∥∥∥∥2
L2(F )

)
, ∀ε. (39)

Choosing uε as test function in (??), thanks to (??) and the Cauchy-Schwarz inequality,
get to

α

ε2
∥∇′u+

ε ∥2(L2(F ))2 + α

∥∥∥∥∂u+
ε

∂x3

∥∥∥∥2
L2(F )

+ α∥∇′u+
ε ∥2(L2(M))2 + αε2

∥∥∥∥∂u+
ε

∂x3

∥∥∥∥2
L2(M)

+α∥∇u−
ε ∥2(L2(Ω−))3 ≤ ∥f∥L2(Ω)(∥u+

ε ∥L2(Ω+) + ∥u−
ε ∥L2(Ω−)), ∀ε.

(40)
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Combining (??), (??) and Poincaré inequality on Ω−, leads to existence of C in
]0,+∞[ such that(

1

ε
∥∇′u+

ε ∥(L2(F ))2 +

∥∥∥∥∂u+
ε

∂x3

∥∥∥∥
L2(F )

+ ∥∇′u+
ε ∥(L2(M))2 + ε

∥∥∥∥∂u+
ε

∂x3

∥∥∥∥
L2(M)

+∥∇u−
ε ∥(L2(Ω−))3

)2

≤ C

(
1

ε
∥∇′u+

ε ∥(L2(F ))2 +

∥∥∥∥∂u+
ε

∂x3

∥∥∥∥
L2(F )

+ ∥∇′u+
ε ∥(L2(M))2 + ε

∥∥∥∥∂u+
ε

∂x3

∥∥∥∥
L2(M)

+∥∇u−
ε ∥(L2(Ω−))3

)
, ∀ε,

(41)

Eventually, estimates (??), (??),(??), (??), and (??) follow from (??). Estimate (??)
follows from (??), (??), (??), and (??). Estimates (??) follows from (??) and the Poincaré
inequality in Ω−.

Proposition ?? allows us to obtain the following convergence result.

Proposition 3.2. For every ε, let uε be the solution to problem (??). Let U , H1
d(I), W, and

H1
d(Ω

−) be tha spaces defined in (??), (??), (??), and (??). Then, there exist a subsequence
of {ε} , still denoted by {ε}, a quadruple (u+, v, w, u−) in U × H1

d(I) × W × H1
d(Ω

−),
depending possibly on the selected subsequence, such that

u+
ε ⇀ u+ + v weakly in L2(M), (42)

∇′u+
ε ⇀ ∇′u+ weakly in

(
L2(M)

)2
, (43)

ε
∂u+

ε

∂x3

⇀ 0 weakly in L2(M), (44)

u+
ε ⇀ v weakly in H1(F ), (45)

1

ε
∇′u+

ε ⇀ ∇′w weakly in
(
L2(F )

)2
, (46)

u−
ε ⇀ u− weakly in H1(Ω−), (47)

as ε → 0.

Proof. Estimate (??), (??) and (??) provide the existence of a subsequence of {ε} , still
denoted by {ε} , and

u0 ∈ L2(I;H1(ω)), (48)
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depending possibly on the selected subsequence, such that

u+
ε ⇀ u0 weakly in L2(Ω+), as ε → 0, (49)

∇′u+
ε ⇀ ∇′u0 weakly in (L2(Ω+))2, as ε → 0, (50)

and
∇′u0 = 0, a.e. in F. (51)

Equation (??) implies that in F u0 depends only on x3, i.e. there exists a function

v ∈ L2(I) (52)

such that
u0(x) = v(x3), a.e. in F. (53)

Consequently, setting

u+ : x = (x′, x3) ∈ Ω+ → u+(x) = u0(x)− v(x3), (54)

thanks to (??), (??) and (??) one has that

u+ ∈ U (55)

and convergences (??) and (??) can be rewritten as

u+
ε ⇀ u+ + v weakly in L2(Ω+), as ε → 0, (56)

∇′u+
ε ⇀ ∇′u+ weakly in (L2(Ω+))2, as ε → 0. (57)

Now, let us prove that
v ∈ H1(I). (58)

Indeed, (??) provides the existence of a subsequence of {ε} , still denoted by {ε} , and of
a function

u1 ∈ L2(Ω+), (59)
depending possibly on the selected subsequence, such that

∂u+
ε

∂x3

χF ⇀ u1χF weakly in L2(Ω+), as ε → 0. (60)

Moreover, since u belongs to U , (??) gives that

u+
ε χF ⇀ vχF weakly in L2(Ω+), as ε → 0, (61)

which implies

∂u+
ε

∂x3

χF =
∂

∂x3

(u+
ε χF ) →

∂

∂x3

(vχF ) = v′χF in D′(Ω+), as ε → 0, (62)
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since χF is independent of x3.
From (??) and (??) it follows that

u1(x) = v′(x3), a.e. in F, (63)

which combinined with (??) and (??) proves (??).
Now, let us prove that

v(1) = 0. (64)
Indeed, thanks to (??), (??), and (??)

∫
Ω+

u+
ε χF φdx →

∫
Ω+

vχF φdx,

∫
Ω+

∂u+
ε

∂x3

χF φdx →
∫
Ω+

v′χF φdx,

as ε → 0, ∀φ ∈ L2(I),

(65)

that is 

∫
I

(∫
D

u+
ε dx′

)
φdx3 → |D|

∫
I

vφ dx3,

∫
I

(∫
D

u+
ε dx′

)′

φdx3 =

∫
I

(∫
D

∂u+
ε

∂x3

dx′
)
φdx3 → |D|

∫
I

v′ φ dx3,

as ε → 0, ∀φ ∈ L2(I).

(66)

This means that ∫
D

u+
ε dx′ ⇀ |D|v weakly in H1(I), (67)

which implies (??), since ∫
D

u+
ε (x

′, 1) dx′ = 0, ∀ε. (68)

At this stage, we have proved (??), (??), (??), (??), and (??). Indeed, (??) and (??)
follow from (??), (??), (??), (??) and (??). Convergence (??) follows from (??) and (??).
Convergence (??) follows from (??), (??), and (??). Eventually, (??) is an immediate
consequence of estimates (??) and (??).

Let as prove (??).
For every ε, let us set

wε : x = (x′, x3) ∈ F → uε(x)

ε
− 1

|D|

∫
D

uε(x
′, x3)

ε
dx′. (69)

15



Thanks to (??),
∥∇′wε∥(L2(F ))2 ≤ C, ∀ε. (70)

On the other side, thanks to the Poincaré-Wirtinger inequality there exists c in
]0,+∞[ such that∫

D

|wε(x
′, x3)|2 dx′ ≤ c

∫
D

|∇′wε(x
′, x3)|2 dx′, a.e. x3 ∈ I, ∀ε, (71)

since ∫
D

wε(x
′, x3) dx

′ = 0, a.e. x3 ∈ I, ∀ε. (72)

Integrating (??) on x3 over I and using (??) give

∥wε∥L2(F ) ≤
√
cC, ∀ε. (73)

Hence (??), (??), and (??) provide the existence of w in L2(I;W) such that

wε ⇀ w weakly in L2(I;W), as ε → 0, (74)

which implies (??).

4 Density results
This section is devoted to prove a density result, which proof is obtained by adapting the
proof of Proposition 3.1. in [?].
Let us set

Ṽ =

{
(v+, v−) ∈ C1([0, 1])×W 1,∞(Ω−) :

∃Iv− ⊂ R3 neighborhood of (0′, 0) depending on v− : v− = v+(0), in Iv− ∩ Ω−,

v+(1) = 0, v−(x′,−1) = 0, a.e. x′ ∈]− 1, 1[2
}
.

(75)

Proposition 4.1. Let Ṽ be defined in (??) respectively. Then Ṽ is dense in H1
d(]0, 1[)×

H1
d(Ω

−) in H1-norm.

Proof. Let us set

V̂ =

{
(v+, v−) ∈C1([0, 1])× C1(Ω−) :

v+(1) = 0, v−(x′,−1) = 0, a.e. x′ ∈]− 1, 1[2
}
.

(76)
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To obtain the thesis it is enough to prove that Ṽ is dense in V̂ in H1− norm.
Let (v+, v−) ∈ V̂ . Let us prove that there exists a sequence {(v+n , v−n )}n∈N in Ṽ such

that
v+n → v+ in H1(]0, 1[), (77)
v−n → v− in H1(Ω−). (78)

To this aim, for every n in N, let us set

B

(
1

n

)
=

{
x = (x′, x3) : |x| <

1

n
, x3 < 0

}
,

B

(
2

n

)
=

{
x = (x′, x3) : |x| <

2

n
, x3 < 0

}
,

and
φn : x ∈ B

(
2

n

)
\B

(
1

n

)
→ φn(x) = n dist

(
x, ∂B

(
2

n

))
= 2− n|x|.

Obviously, 

φn ∈ C1(B
(
2
n

)
\B

(
1
n

)
), ∀n,

0 ≤ φn ≤ 1, in B
(
2
n

)
\B

(
1
n

)
, ∀n,

|∇φn| = n, in B
(
2
n

)
\B

(
1
n

)
, ∀n,

φn = 1, on ∂B( 1
n
), ∀n,

φn = 0, on ∂B( 2
n
), ∀n.

(79)

Now, for every n in N, let us set
v+n = v+, in Ω+, (80)

v−n =



v+(0), in B
(
1
n

)
,

φnv
+(0) + (1− φn)v

−, in B
(
2
n

)
\B

(
1
n

)
,

v−, in Ω− \B(
(
1
n

)
,

(81)

Obviously, the sequence {(v+n , v−n )}n∈N belongs to Ṽ and convergence (??) is satisfied. To
complete the proof it remains to prove that also converge (??) is satisfied. Indeed, (??)
provides that∫

Ω−
|v−n − v−|2 dx =

∫
B( 1

n)
|v+(0)− v−|2 dx+

∫
B( 2

n)\B(
1
n)

|φ|2|v+(0)− v−|2 dx

≤ ∥v+(0)− v−∥2L∞(Ω−)

16π

3n3
−→ 0, as n → +∞,
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and ∫
Ω−

|∇v−n −∇v−|2 dx

=

∫
B( 1

n)
|∇v−|2 dx+

∫
B( 2

n)\B(
1
n)

| − φn∇v− + (v+(0)− v−)∇φn|2 dx

≤ 2∥∇v−∥2(L∞(Ω−))3
16π

3n3
+ 2∥v+(0)− v−∥2L∞(Ω−)

∫
B( 2

n)\B(
1
n)

|∇φn|2 dx

≤ 2∥∇v−∥2(L∞(Ω−))3
16π

3n3
+ 2∥v+(0)− v−∥2L∞(Ω−)

16π

3n
−→ 0, as n → +∞,

which prove (??).

5 Proof of Theorem ?? and Theorem ??
5.1 Proof of Theorem ??
Proposition ?? ensures the existence of a subsequence of {ε} , still denoted by {ε}, and of
a quadruple (u+, v, w, u−) in U ×H1

d(I)×W×H1
d(Ω

−), depending possibly on the selected
subsequence, satisfying (??)÷(??).
Let Ṽ be defined in (??). Moreover, let us set

Ureg = {ϕ ∈ C1(Ω+) : ϕ = 0 in F, ϕ(·, 1) = 0 in ω} (82)

and
C1

d(Ω
+) =

{
ϕ ∈ C1(Ω+) : ϕ(·, 1) = 0 in ω

}
. (83)

Now, in (??) choosing

ϕε(x
′, x3) =



εwt(x) + u+
t (x) + vt(x3), in ω × (ηϵ, 1),[

εwt(x
′, ηε) + u+

t (x
′, ηε) + vt(ηε)

]
x3

ηε
+ u−

t (εx
′, 0)

ηε − x3

ηε
, in ω × (0, ηε),

u−
t (x), in Ω−,

(84)
as test function, with

u+
t ∈ Ureg, (vt, u

−
t ) ∈ Ṽ , wt ∈ C1

d(Ω
+), (85)

and {ηε}ε a decreasing sequence of positive numbers included in ]0, 1[, such that

lim
ε→0

ηε = 0, lim
ε→0

ε
√
ηϵ

= 0, (86)
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gives
I1,ε + I2,ε + I3,ε + I4,ε + I5,ε = I6,ε + I7,ε + I8 ∀ε, (87)

with

I1,ε =

∫ 1

ηε

∫
ω

χFA

1

ε
∇′u+

ε

∂u+
ε

∂x3


 ∇′wt

ε
∂wt

∂x3

+ v′t

 dx′ dx3,

I2,ε =

∫ ηε

0

∫
ω

χFA

1

ε
∇′u+

ε

∂u+
ε

∂x3


∇′wt(x

′, ηε)
x3

ηε
+ (∇′u−

t )(εx
′, 0)

ηϵ − x3

ηϵ
1

ηε

[
εwt(x

′, ηε) + vt(ηε)− u−
t (εx

′, 0)
]
 dx′ dx3,

I3,ε =

∫ 1

ηε

∫
ω

χMA

∇′u+
ε

ε
∂u+

ε

∂x3

 ε∇′wt +∇′u+
t

ε2
∂wt

∂x3

+ ε
∂u+

t

∂x3

+ εv′t

 dx′ dx3,

I4,ε =

∫ ηε

0

∫
ω

χMA

∇′u+
ε

ε
∂u+

ε

∂x3


[ε∇′wt(x

′,ηε)+∇′u+
t (x

′, ηε)]
x3

ηε
+ ε∇′u−

t (εx
′, 0)

ηϵ − x3

ηϵε

ηε

[
εwt(x

′, ηε) + u+
t (x

′, ηε) + vt(ηε)− u−
t (εx

′, 0)
]
dx′ dx3,

I5,ε =

∫
Ω−

A∇u−
ε ∇u−

t dx,

I6,ε =

∫ 1

ηε

∫
ω

f
[
εwt + u+

t + vt
]
dx′ dx3,

I7,ε =

∫ ηε

0

∫
ω

f
[
εwt(x

′, ηε) + u+
t (x

′, ηε) + vt(ηε)
]x3

ηε
+ u−

t (εx
′, 0)

ηε − x3

ηε
dx′dx3,

I8 =

∫
Ω−

fu−
t dx.

Now, let us pass to the limit, as ε tends to zero, in each term of (??).
Convergences (??) and (??) provide that

lim
ε→0

I1,ε =

∫
F

A

(
∇′w
v′

)(
∇′wt

v′t

)
dx. (88)

Since (vt, u
−
t ) belong to Ṽ , one has that

1

ηε
|vt(ηε)− u−

t (εx
′, 0)| = 1

ηε
|vt(ηε)− vt(0)| ≤ ∥v′t∥L∞(0,1), ∀x′ ∈ ω,

∇′u−
t (εx

′, 0) = 0, ∀x′ ∈ ω,

for ε small enough. Consequently, thanks also to (??), (??), and (??), one obtains
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lim
ε→0

I2,ε = 0. (89)

Convergences (??) and (??) give

lim
ε→0

I3,ε =

∫
M

A

(
∇′u+

0

)(
∇′u+

t

0

)
dx. (90)

Using (??), (??), and (??) provides that

lim
ε→0

I4,ε = 0. (91)

Convergence (??) provides that

lim
ε→0

I5,ε =

∫
Ω−

A∇u−∇u−
t dx. (92)

Moreover, it is obviously that

lim
ε→0

I6,ε =

∫
Ω+

f(u+
t + vt) dx, (93)

lim
ε→0

I7,ε = 0. (94)

Eventually, passing to the limit, as ε tends to 0, in (??), and using (??) ÷ (??), get

(u+, v, w, u−) ∈ U ×H1
d(I)×W ×H1

d(Ω
−),∫

F

A

(
∇′w
v′

)(
∇′wt

v′t

)
dx+

∫
M

A

(
∇′u+

0

)(
∇′u+

t

0

)
dx+

∫
Ω−

A∇u−∇u−
t dx

=

∫
Ω+

f(u+
t + vt) dx+

∫
Ω−

fu−
t dx,

∀u+
t ∈ Ureg, ∀(vt, u−

t ) ∈ Ṽ , ∀wt ∈ C1
d(Ω

+).

Consequently, Proposition ?? and classical density results ensure that (u+, v, w) solves
problem (??) and u− solves problem ??. Since these problems have a unique solution,
convergences (??)÷(??) hold true for the whole sequence.

It remains to prove that weak convergences (??)÷(??) are in fact strong convergences,
that is convergences (??)÷(??) hold true.

To this aim, first let us prove the convergence of energies. Indeed, passing to the
limit in (??), as ε tends to zero, with test function ϕε = uε, using convergences (??), (??),
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and (??), and choosing (u+
t , vt, wt) = (u+, v, w) as test function in (??) and u−

t = u− as
test function in (??) give the convergence of energies

lim
ε→0

(∫
M

A

(
∇′u+

ε

ε∂u+
ε

∂x3

)(
∇′u+

ε

ε∂u+
ε

∂x3

)
dx+

∫
F

A

(
1
ε
∇′u+

ε
∂u+

ε

∂x3

)(
1
ε
∇′u+

ε
∂u+

ε

∂x3

)
dx+

∫
Ω−

A∇u−
ε ∇u−

ε dx

)

=

∫
F

A

(
∇′w
v′

)(
∇′w
v′

)
dx+

∫
M

A

(
∇′u+

0

)(
∇′u+

0

)
dx+

∫
Ω−

A∇u−∇u−dx.

Now, for every ε set

Jε =

∫
M

A

(
∇′u+

ε −∇′u+

ε∂u+
ε

∂x3

)(
∇′u+

ε −∇′u+

ε∂u+
ε

∂x3

)
dx

+

∫
F

A

(
1
ε
∇′u+

ε −∇′w
∂u+

ε

∂x3
− v′

)(
1
ε
∇′u+

ε −∇′w
∂u+

ε

∂x3
− v′

)
dx

+

∫
Ω−

A(∇u−
ε −∇u−)(∇u−

ε −∇u−)
)
dx.

The convergence of the energies and convergences (??)÷(??) provide that

lim
ε→0

Jε = 0,

which, thanks to (??), implies all strong convergences stated in Theorem ??, except the
first one (??). The proof of (??) will follow from (??), (??), (??), and the following Lemma
?? applied with z = u+

ε − (u+ + v). Altough Lemma ?? is proved in [?], we reproduce its
proof for the convenience of the reader.

Lemma 5.1. There exists K in ]0,+∞[ such that
∀ z ∈ L2(I;H1(ω)) ∩ L2(D;H1

d(I)),

∥ z ∥L2(Ω+)≤ K
(
∥ ∇′z ∥(L2(Ω+))2 + ∥ ∂z

∂x3
∥L2(F )

)
.

(95)

Proof. We argue by contradiction. Assuming (??) false implies the existence of a sequence
{zn}n∈N in L2(0, L;H1(ω)) ∩ L2(D;H1

d(I)) such that
∥ zn ∥L2(Ω+)= 1 ∀n,(
∥ ∇′zn ∥L2(Ω+) +

∥∥∥∥∂zn∂x3

∥∥∥∥
L2(F )

)
−→ 0, as n → +∞.

(96)

21



Lemma ?? ensures existence of a contant C in ]0,+∞[ such that∫
ω

∣∣∣∣zn(x′, x3)−
1

|D|

∫
D

zn(y
′, x3) dy

′
∣∣∣∣2 dx′ ≤ C2

∫
ω

|∇′zn(x
′, x3)|2 dx′, a.e. x3, ∀n ∈ N,

from which, integrating over x3 in I, it follows that(∫
Ω+

∣∣∣∣zn(x′, x3)−
1

|D|

∫
D

zn(y
′, x3) dy

′
∣∣∣∣2 dx′dx3

) 1
2

≤ C ∥ ∇′zn ∥L2(Ω+), ∀n ∈ N. (97)

On the other side, first applying Hölder inequality and then the Poincaré inequality
ensure the existence of C in ]0,+∞[ such that(∫

Ω+

∣∣∣∣ 1

|D|

∫
D

zn(y
′, x3) dy

′
∣∣∣∣2 dx′dx3

) 1
2

≤ |ω|
1
2 |D|−

1
2 ∥zn∥L2(F )

≤ |ω| 12 |D|− 1
2C
∥∥∥∂zn
∂x3

∥∥∥
L2(F )

, ∀n ∈ N.

(98)

Combining (??), (??), and (??) leads to the contradiction:

1 = ∥zn∥L2(Ω+) ≤ C ∥ ∇′zn ∥L2(Ω+) +|ω|
1
2 |D|−

1
2C

∥∥∥∥∂zn∂x3

∥∥∥∥
L2(F )

−→ 0, as n → +∞.

5.2 Proof of Theorem ??
Taking (u+

t , vt) = (0, 0) in (??) provides that w is the unique solution to following problem
w ∈ W ,∫
I

∫
D

A

(
∇′w
v′

)(
∇′wt

0

)
dx′dx3 = 0, ∀wt ∈ W .

(99)

On the other hand, multiplying equation in (??) by ϕ(x3)v
′(x3), with ϕ in L2(I),

integrating over I, and using a density argument provide that ŵv′ solves the equation in
(??). Moreover, one can prove that ŵ belongs to L∞(I,H1(D)) (for instance, compare the
proof of (2.28) in [?]). Consequently, ŵv′ belongs to L2(I;H1(D)). Then, the uniqueness
of the solution to problem (??) ensure that

w(x′, x3) = ŵ(x′, x3)v
′(x3), a.e. (x′, x3) ∈ F.
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Replacing w by ŵv′ and choosing (u+
t , wt) = (0, 0) in the equation in (??) privide that v is

the unique solution to problem (??).
Choosing (ut, 0, 0), with ut in U , as test function in (??) implies that u+ is the unique

solution to the following problem
u+ ∈ U ,∫
M

A

(
∇′u+

0

)(
∇′ut

0

)
dx =

∫
M

fut dx, ∀ut ∈ U .
(100)

Splitting f in the following way

f(x′, x3) =
1

|ω \D|

∫
ω\D

f(x′, x3) dx
′+f(x′, x3)−

1

|ω \D|

∫
ω\D

f(x′, x3) dx
′, a.e. (x′, x3) ∈ M,

and taking advantage of the linearity ensure that

u+(x) = u+
0 (x) + ũ(x), a.e. x ∈ M, (101)

where u+
0 is the unique solution to

u+
0 ∈ U ,∫
M

A

(
∇′u+

0

0

)(
∇′ut

0

)
dx =

∫
M

(
1

|ω \D|

∫
ω\D

f(x′, x3) dx
′
)
ut dx, ∀ut ∈ U ,

(102)

and ũ is the unique solution to (??). Arguing exactly as we have done for w and bearing
in mind that M = (ω \D)× I infer that

u+
0 (x

′, x3) = û(x′, x3)
1

|ω \D|

∫
ω\D

f(x′, x3) dx
′, a.e. (x′, x3) ∈ M (103)

where û is the unique solution to (??).
Now, for each ε let ūε be the unique solution to (??). Then, (??), (??), and a change

of variable ensure that
1

ε2

∫
εω

ūε(X
′, ·) dX ′ →

∫
ω\D

u+(x′, ·)dx′ + |ω|v(·) strongly in L2(I), as ε → 0. (104)

Eventually, (??) follows from (??), (??), and (??).
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