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Internal layer intersecting the boundary of a domain in a singular

advection-diffusion equation

YOUCEF AMIRAT* and ARNAUD MUNcCH'

May 3, 2022

Abstract

We perform an asymptotic analysis with respect to the parameter £ > 0 of the solution of the scalar
advection-diffusion equation y; +M (z, t)y; —eys. = 0, (z,t) € (0,1)x(0,T), supplemented with Dirichlet
boundary conditions. For small values of £, the solution y° exhibits a boundary layer of size O(g) in
the neighborhood of & = 1 (assuming M > 0) and an internal layer of size O(¢/?) in the neighborhood
of the characteristic starting from the point (0,0). Assuming that these layers interact each other after
a finite time 7" > 0 and using the method of matched asymptotic expansions, we construct an explicit
approximation P¢ satisfying ||y® — P¢||cc 0,7,22(0,1)) = O('/?). We emphasize the additional difficulties
with respect to the case M constant considered recently by the authors.

Key words: Asymptotic analysis, Singular perturbation, Internal and boundary layers, Sobolev estimates.
AMS subject classification (2020): 35C20, 35K67.

1 Introduction. Problem statement
Let T'> 0 and Q7 := (0,1) x (0,7"). This work is concerned with the scalar advection-diffusion equation

yi (@, 1) + M(z,t) yz (2, t) — eyg, (2, 1) =0, (1) € Qr,
y8(07t) - ’U(t), ys(lvt) =0, te (OaT)7 (1)
¥ (x,0) = yo(z), z € (0,1),

where ¢ € (0,1) is the diffusion coefficient and M (z,t) > 0 is the transport velocity. For any initial
data yo € H~'(0,1) and Dirichlet condition v € L?(0,T), there exists a unique solution y° € L*(Qr) N
c([0,17; H_l(ov 1)).

This apparently simple partial differential equation appears in many situation as it is a prototype of
models where the diffusion coefficient is small compared to the others. As explained in [§], this model
can notably be seen as an embedded system of the Navier-Stokes system with non-characteristic boundary
condition and viscosity coefficient equals to €. It also can be seen as a regularization of a transport equation
and for this reasons well employed in numerical analysis (see notably [10, [25] and the references therein) when
one wants to obtain robust numerical approximation uniformly with respect to € small. Equation appears
in models of miscible displacement of compressible fluids in porous media, with small molecular diffusion
and dispersion coefficients, see [6]. Last, it also appears in the context of exact boundary controllability
when one wants to steer to zero the solution y° with a uniform control v: we mention the seminal works
[9, 14] and the recent paper [18].

We are interested in this work with a precise asymptotic description of the solution y° when ¢ is small.
This problem has been the subject of several studies in the last decades in the case for which the transport
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velocity is constant and the equation is defined over Ry x (0,7"). We refer to [23] 22]. The case of a transport
velocity depending only on the time variable has been formally discussed in [I9] and deeper analyzed in [24].

For bounded domains with respect to the space variable, the asymptotic analysis is quite involved as
several singular layers may appear in Q7 and interact each other. The constant transport velocity case has
been analyzed in [3]. More precisely, if we denote the characteristic ¢t — X (t;z, s) through (z,s) € Qr as

the solution in Q7 of

%:M(X,t), X(s;x,8) =z, (2)

then the violation of the compatibility conditions between yg and v at the point (0,0) for which yo(0) #
v(0) induces a thin inner region (called internal layer) of size O(¢'/2) in the vicinity of the characteristic
{(z,t) € Qr,x — X (t;0,0) = 0} where the solution y° exhibits rapid variations. Thus, if this characteristic
gets arbitrarily close to the line = 1 in a finite time 77 > 0 unique solution of the equation

X(T1;0,0) =1, (3)

then the internal layer interacts with the usual boundary layer of size O(e) living along x = 1 and induced by
the Dirichlet condition. Figure[I] provides a geometric description of this phenomenon in two cases: the case
in Figure Left for which the function M is constant, i.e. M(z,t) = M > 0 leading to a linear characteristic
of equation 2 — Mt = 0. The internal layer lives in the red zone {(x,t) € Qr; |z — Mt| < £'/?} and intersects
the boundary layer occupying the blue zone {(x,t) € Qr, |z — 1| < e} in a small neighborhood of the point
(1,1/M) such that T} = 1/M. This case has been extensively studied in [3] (see also [I} 2]). Figure [[}Right
corresponds to more general situation for which the function M is not constant. The characteristic starting
from the point (0, 0) has the equation z — X (¢,0,0) = 0.

£
T>+ T>T
1 —
t—M t—Tl

Yy (1,t) =0
vy (1,6) =0

Figure 1: Internal (red) and boundary (blue) layer zones for y° for a constant velocity M(z,t) = M > 0
(left) and non constant velocity M (z,t) > 0 (right).

In this paper, we extend the analysis given in [3] devoted to a constant velocity M (z,t) = M > 0 and
perform an asymptotic analysis of the solution 3¢ of . Precisely, our main result reads as follows.



THEOREM 1.1. Assume yo € C*([0,1]), v € C*([0,T]) and M € C*(Qr,R%). For e >0 small enough, let y°
be the solution of . Then, one may construct a function P satisfying

ly°(-,t) = PE(, )l 1200y < e/, Wt € [0,T],

for some positive constant ¢ > independent of €.

Compared to [3] where a rate of order O(¢/2) is obtained for the constant case, we thus get a rate of
order O(¢'/?). As we shall see, this is due to the fact that the non constant case under consideration here
involves less explicit computations and developments leading to a more tedious analysis. The outline is as
follows. In Section [2] we set up the matched asymptotic method by considering two terms in the expansion.
In particular, we employ fundamental solutions for a parabolic equation with unbounded coefficients to
construct an approximation of the solution in the internal layers of size gl/2 (we refer to Lemma . The
method leads to a so-called composite approximations P¢ given by . Then, in section |3 by considering
the system satisfied by ¥ — P° and using a Gronwall-Bellman type inequality (see Lemma, we prove an
a priori estimate for y© — P¢ leading to Theorem Some computations are collected in the appendice. In
Section [d we consider some explicit simple examples of transport velocity M and evaluate numerically the
norm ||y — P?||pe(0,7:12(0,1)) With respect to ¢ in agreement with our theoretical estimate. We conclude
with some remarks in Section Bl

2 Matched asymptotic expansions and approximate solutions

In order to construct an asymptotic approximation of the solution y¢ of 7 we use the method of matched
asymptotic expansions ([I'7, 20, 26] 111 15]). We also refer to [13] for a recent exposition. The solution y°
exhibits two inner regions: an internal layer located along the characteristic {(x,t) € Qr,x — X(¢;0,0) = 0}
and a boundary layer living along £ = 1. The internal layer is of size (9(51/ 2) while the boundary layer is of
size O(g). The outer region is the subset of (0, 1) consisting of the points far from the internal and boundary
layers, it is of O(1) size. The occurrence of these three distinct regions require to introduce three distinct
asymptotic expansions. The first one, the so-called outer expansion, lives far away from the inner regions
and is given by

Zskyk(x,t), (.’E,t) 6QTa .’K—X(t;0,0);éO, x < 1,
k=0

for some m € N*. A second one, the so-called first inner expansion, living in the neighborhood of {(x,t) €
Qr,z — X (t;0,0) = 0} is given by

Z eFPWE2(w, 1), w =

z — X (t;0,0) c (_X(t;0,0) 1— X(t;0,0)
k=0

c1/2 ez c1/2 )7 t e (0,7).

Last, a third one, the so-called second inner expansion, living along x = 1, is given by

- _ 1-— T —t

Zsk/QYk/z(z,T, t), z:= az € (0,5_1), T = 711/2 ,
€ €

k=0

where Tj is the unique solution of . In particular, these expansions make appear several variables, at
different scales, namely, z, t, z = e~ (1 — ), w = ¢~ /?(z — X(¢;0,0)) and 7 = e~ V/2(Ty — t).

We will construct outer and inner expansions which will be valid in the so-called outer and inner regions,
respectively. There are intermediate regions between the outer region and the inner regions, with size O(e7),
~ € (0,1). To construct an approximate solution we require that inner and outer expansions coincide in each
intermediate region, then some conditions must be satisfied in that region by the corresponding inner and
outer expansions. These conditions are the so-called matching asymptotic conditions.




The strategy is as follows. We first identify the functions y*, k = 0,...,m, in the outer region. Then,

we identify the functions W*/2, k = 0,...,m, of the first inner expansion satisfying the matching conditions
(with the y*). This allows to define an expansion in the form p = 3"/ ek/2pk/2 valid far away from z = 1,
as a linear combination of the functions y* and W*/2. Then, we identify the functions Y*, k = 0,...,m,

of the second inner expansion satisfying the matching conditions (with the p*/ 2). Eventually, we define an
expansion P, valid in the whole domain Qr, as a linear combination of the functions p¥/2 and Y*/2, and
supposed to be an approximation of y°. In this work, for simplicity we restrict ourselves to the case m =1
as it will allow to get an approximation with rate /2.

2.1 A property of the characteristics

We assume that M is a positive and smooth function in Q7. Let t — X (¢;x, s) be the characteristic through
(x,5) € Q7 defined as the solution in Q7 of equation . Using a classical result of differentiation with
respect to a parameter of solutions of a differential equation we get that X is a smooth function of the
variables t, x, and s. In particular,

WXy = My (X, )X, Xu(s;m,s)=1,
i.e. X, satisfies the integral equation
t
Xe(t;z,s) =1 —|—/ M, (X (o;2,8),0)X.(0;2,8) do.

We set

la(t) := X(,0,0), t>0.]

Let ~o(x,t) denote the unique solution of the equation
X(vo(z,t);2,t) =0, for z < a(t). (4)
Differentiating equality with respect to = gives
Xi(yo(z, t); 2, t)y0e (2, ) + Xo(yo (2, t);2,t) = 0 for all (z,¢) with x < a(t),
hence
Xa(v0(2,1); 2, 1)

M(0,70(z,t))
since X¢(yo(z,t);2,t) = M(X(yo(w,t);7,1),70(2, 1)) = M(0,70(z,1)).

Yoz (z,1) = — for z < a(t), (5)

2.2 Outer expansion

Putting 3°(z,t) + ey'(z,t) into equation 1, the identification of the powers of € yields

eyl + My =0, o
ey + Myl =y2,.

Taking the initial and boundary conditions into account we define y° and y! as functions satisfying the
transport equations, respectively,

Y (x,t) + M(z, )yg(z,1) =0, (,t) € Qr, (v (x,t) + M(z, )y (2, 1) = Yo, (2,1), (z,t) € Qr,
y(0,1) = v (), te(0.7), {y'0,1)=0, t€(0,7),
yo(zvo) = yO(x)a HS (07 1)a yl(:c,()) =0, T e (Oa 1)



We find explicit representations of solutions of these equations by using the method of characteristics. We
get

Yo(X(0;2,¢), x> a(t),
y(x,t) = (7)
v(vo(z,t), =z <a(t),
and .
/ y2 (X (s;2,t),8)ds, x> a(t),
g =1 "
/ Y0, (X (s;x,t),8)ds, x < a(t).
Yo(x,t)
2.3 Inner expansion along the characteristic z —a(t) =0
We consider the change of variable w = “";‘ﬁ(;) and function W¢(w,t) = y*(x,t). W€ satisfies the equation
M (eY?w + a(t),t) — M(a(t),t)
Wi (w,t) + ( i/ We (w,t) — W, (w,t) = 0. (8)
Using the Taylor expansion
ew?

M (51/210 +a(t), t) — M(a(t),t) = e2wM,(a(t), t) + —— Mo (a(t), ) + O(*/?),

2
then, putting WO(w,t) +eW2(w,t) into equation , the identification of the powers of ¢ yields

0. Wto(uut) + M, (a(t), t)w Wg(w,t) — Wgw(w,t) =0,

,w2

e W w, 1)+ M (a(t), thw W/ (w, t) = Wil (w, ) = ==

Obviously, the main difference with respect to the case M constant considered in [3] is the occurence of some

Mo (a(t), )Wy (w. 1)

aditionnal unbounded terms with respect to the variable w.
To get the asymptotic matching conditions we write that, for any fixed ¢ and large w,

WO(w,t) + e 2w 2 (w, t) = 4°(x,t) + ey (z,t) + O(£2).
Rewriting the right-hand side of the above equality in terms of w, t, and using Taylor expansions we have

WO(w,t) + eV2WH2(w, t) + eW(w, t) = ¢° (51/2w +a(t), t) + eyt (V2w + alt), t) + O(e2)

2
=y (a(t). 1) + " 2wyd(a(t),£) + -yl (alt),£) + O(/2).
Therefore, the matching conditions read
Wo(w>t) ~ yo((a(t))ivt)ﬂ Wl/g(th) ~ yg((a(t))i,t)w, as w — £oo. 9)

Consequently, we obtain that the function W9 must satisfy
W(w,t) + My (a(t),t)w W2 (w,t) — W2 (w,t) =0, (w,t) €R x (0,T),
lim Wow,t)= lim  ¢°(z,t), te(0,T).

w00 s (a(6)

(10)

In view of , we have lim,_, (q())+ y°(z,t) = yo(0) and limg s (q())~ y(z,t) = v(0). Remark that these
limits do not depend on t. Similarly, the function W1'/2 must satisfy

2
W72 (0,) + Ma(alt), 0w W (w,8) = W2, 8) = =0 Myala(®). )WS(w,0), (w,8) € Rx (0,7),

wEIﬁrzloo (Wl/Q(w,t) —y2a(t)*,1) w) =0, te(0,T).
(11)

In view of 7 Wat)t t) = (yo)(l)(O) X, (0;a(t),t) and y2(a(t)~,t) = v(l)(O) Yoz (a(t)”,t) where 7o, is
given by . Remark that these limits do depend on the variable t.



2.4 Representation of the functions W° and W/?

We express the functions W9 and W1/2 in term of the fundamental solution of the heat equation.

2.4.1 Fundamental solutions
Let us consider the differential operator
LU (w,t) = Ug(w,t) + Mz(a(t), t)w Uy (w,t) — Upw(w,t) in R x (0,T). (12)

Equation LU = 0 is a parabolic equation with an unbounded coefficient. Linear second order parabolic
equations with smooth but unbounded coefficients are studied in [5] (see also [16, 12, [7]). In [5], the authors
consider a second order linear differential operator in the form

Lu(w,t) = uy(w, 1) — Cij (W, ) U, (W, ) — ci(w, t)uy, (w, ) — c(w, t)u(w,t), (w,t) € R" x (0,T),

and prove the existence of a so-called fundamental solution for Lu=0. Our operator L is obviously of the
form of the operator £ with n =1, ¢ =0, ¢ =0 and ¢;(w,t) = M, (a(t),t)w.

DEFINITION 2.1. A function I?(w, t; &, s) defined for w,§ € R™ and 0 < s <t < T is said to be a fundamental
solution of Lu = 0 if it has the following properties:

o considered as a function of (w,t) for each fized (¢,s) € R™ x [0,T], the derivatives ofl? which appear
i L exist and are continuous;

o LK =0 inR" x (s,T);

o If g = g(w) is a continuous function with compact support in R™ then

K (w,t:€,8)g(£) d€ = g(w).

im
(w,t)=(wo,s1) JRn

We shall employ the following lemma.

LEMMA 2.1. Let f = f(w,t) be a given function in R™ x (0,T). Assume that f is Hoélder continuous on
every compact subset of R™ x (0,T). Then

uwt) = [ Rwte0g@de+ [ [ Rwtienfender

R"

s a solution of the Cauchy problem

Lu(w,t) = f(w,t) in R x (0,T), u(w,0)=g(w) inR"

In the particular case of the operator £, the solution of the corresponding Cauchy problem has an explicit
representation in term of the fundamental solution of the heat equation Hy — H,,, = 0 in R x (0,7") defined
as follows

H(v,s;6,7) =Ho(v—E&s—71), v,6e€R 0<7<s<T, (13)
with ) ,
Hy(v,s) := e" %, veR,se(0,T). (14)

Precisely, we have the following result.




LEMMA 2.2. Let L be the parabolic operator defined by and H be the fundamental solution of the heat
equation defined by , Then:

1) Equation LU = 0 has a fundamental solution given by

(€6, 7T) = L v '—g T w T
with

a(t) = My(a(t),t), B(t) := elo 2 ds, B(t)::/o@

it) Let f = f(w,t) be a continuous function in R x [0,T] and Hélder continuous with respect to w uniformly
fort €[0,T]. Let g = g(w) be a continuous function with compact support in R. Then,

U(w,t) /Kwth d§+//Kwt§, 7)f(§, 7)dEdT (16)
s a solution of the Cauchy problem
LU (w,t) = f(w,t) in R x (0,T), U(w,0)=g(w) inR. (17)
Proof. We have )

B'(t) = a(t)B(t), B'(t)= p0)=1, B(0)=0.

Bt)?
Note also that B is a stricty increasing function so that 0 < 7 <t < T is equivalent to 0 < B(7) < B(t) <
B(T). Consider the function K defined by (I5). We have

1 (at-389)”

K(w, t;€,7) = e 1BO-BOY | 0<T<t<T.

7) /4r(B(t) — B(7))

For &, 7 fixed, £ € R,0 <7 <t <T, we have by a direct calculation

LK (w,t;€,7) = m [HOS (61(2) - %,B(t) - B(T)> — Hows <ﬁ‘(”t) - %,B(t) - B(T)ﬂ .

Then, LK (w,t;&,7) =0 for any w € R and t € (0,7). If ¢ = g(w) is a continuous function with compact
support in R we have

[ Kt ngle s = 1 [ B g
w = e 4 -B(™) g .
B(1) /4n(B(t) — B(1)) Jr

£ _w_
Using the change of variable —22L_£®__ — 4 it holds that
24/(B(t)=B(7))
7)
K(w,t;€,7)g / —v* ( w—+ 203 t) — B(r 11) dv,
| - = -+ 20(r)VBE) = B7)

and deduce that
lim | K(w,t€,7)9(8) d6 = g(w) for any w € R.

t—7t Jr

According to Definition it follows that the function K given by is a fundamental solution of the
equation LU = 0. Moreover, using that 8(0) = 1 and B(0) = 0, we have

/RK(w,t;amgg df—f/ e ( +2F)




implying that
lim [ K (w,t€,0)g(€) d€ = g(w).

t—0t+ Jr

We also have, for any ¢ fixed, LK (w,#;£,0) = 0 from which we check that £ ( [ K(w,t;€,0)g(€) d€) = 0.
Consider now the second term in the right-hand side of which we denote U (w,t). We have

£O)w.6) = Tim [ K60 f(6m)de + /0 /R L(K)(w, :6,7) f(€.7) dedr

Tt

= lim K(w t; &, 1) f(&7)dE.

Tt~
€ _w
Using again the change of variable —22L_£8__ — 4 it holds that
24/ (B(t)—B(7))
_ L ot ¢ (B0 _
lim K(Wtf,T)f(&T)dfff lim f w+28(7)/(B(t) — B(7))v,7 | dv = f(w,t).
T—t— \/77'('7'—)15* R B( )

We conclude that U is a solution of the Cauchy problem . O

We now introduce the functions g/ = gi/2(w,t), & = 0,1, defined as functions on R x (0,7) and
satisfying

hgloo (gO(wvt) - yo(a(t)ivt)> =0, hm <gl/2(wvt) - yg(a(t)i,t) w) =0, t€(0,7).

w—r w—+

We also introduce the functions fj /o = fi/2(w,t), k = 0,1, defined on R x (0,7") by
w? 0
fO(w7t) = Oa f1/2(w7t) = _7Mww(a’(t)’t) Ww(wvt) (18)
2.4.2 Explicit expression of W'

In order to apply the second part of Lemma it remains to choose an initial condition g (for the boundary
value problem satisfied by W9) so that the corresponding solution W9 given generically by satisfies the
asymptotic conditions as w — £oo (see (10)), i.e. limy— oo WO (w,t) = yo(0) and limy,—— o WO(w,t) = v(0).
The simplest choice, discussed in [3], is given by g = go with

L yO(O)a w Z Oa
go(w) = {U(O), w <0, (19)

leading to the explicit expression:

~ y0(0) —v(0) or w Y0(0) +v(0)
WO(w, t) = - f<2ﬂ(t)\/W) + =, (20)

Recall that erf is the error function defined by erf(s) = \Zf fg " dy for all s € R, and that the

complementary error function is defined by erfe(s) =1 — erf(s) f f e du. Using the asymptotic
behavior of the error function, we check that W0 satisfies the prescribed asymptotic behavior in . Remark
also that lim;_,o+ W°(w, t) equals yo(0) if w > 0 and v°(0) if w < 0.



2.4.3 Integral representation of 1W'/2

The computation of W1/2 solution of the boundary value problem posed over R x (0,7T) is more delicate
since, first there is a right side, and second, because the asymptotic limits as w — oo depend on the time
variable, while the function g in not. This fact requires a special treatment.

Let us consider the function g1 /(w, t) = y2(a(t)*, t) w. We have, for (w,t) € (] — oo, 0[U]0, +-00[) x (0,T),

L(g1/2)(w, 1) = w (Y2 (a(®)*, 1) + d' (O)y2,(a(t) ™, 1)) + Mz(alt), ywyp (a(t)*, 1)
= w (4 (a(t)™,1) + M(a(t), )yga (a(t)*, 1)) + Ma(a(t), thwyg (a(t)*, ).

Differentiating equation @1 with respect to x yields
Yor(2,t) + Mo (2, )yg (2, 1) + M (2, t)yge(2,8) =0, (z,8) € QT UQT,
with QF == {(z,t) € Qr,z > a(t)} and Q™ := {(z,t) € Qr,z < a(t)}. Letting x — a(t)*, we get
yor(a(t)®,8) + M (a(t), )yg(a(t)*, ) + M(alt), t)y2, (a(t)*, 1) = 0.
Therefore, for (w,t) € (] — 00, 0[U]0, +00[) x (0,T"), we have
L(g1/2)(w, 1) = —wMy(a(t), )yg(a(t)*, 1) + wMa(a(t), t)ys (al(t)*, 1) = 0.

When y9(a(t)*,t) has a jump on w = 0, the function (g /2)ww becomes singular on w = 0. This leads to
regularize the function g, /o as follows. Let p € C°°(R) such that

1 for |w| > 2,
plw) =

0 for jw| < 1.

We define
g1y2(w,t) := p(w) g1/2(w,t), weR,te(0,T). (21)

Clearly, g1/2 € C*(R), g1/2(w,t) = g1/2(w,t) for |w| > 2 and g; /o(w,t) = 0 for |w| < 1. Define
g;/?(wat) = £(§1/2)(wat)7 w e Rat € (OvT)v (22)

and then W1/2 as follows

t
W20 = Gt + [ [ K@ t6n)(fale.n) -t pleon) dedr weRte 1)) 3

LEMMA 2.3. The function W'/? defined by satisfies (1)), namely L(W/?)(w,t) = f12(w,t) inRx(0,T)
and lim,, 4 (Wl/Q(w, t) — gl/g(w,t)) =0 for allt in (0,T).

Proof. According to Lemma [2.2{ we have L(W1/2)(w,t) = f12(w,t) in R x (0, 7).
It remains to check the asymptotic condition as w — +oo. For any (w,t) € R x (0,T), let us consider
the integral

I (w,t) = / / K(w, t:€,7)f1 a6, 7) dédr.

In view of and , we obtain explicitly

2

v a %0(0) —v(0) 2 wase (L
fupalunt) = =5 Msfate). o) (2010 ) 2 <><25(t) B(t)>,




then

(st7-5t7)"

~ yo(0) —w(0) [* 1 o R
hifw.t) = 2 /o/uw(T) VA4r(B(t) — B(7)) X

x <_522) Maa(a(r).7) (\;) & T (M) dedr.

For the convergence of the integral I;(w,t) in the neighborhood of 7 = 0, we consider the integral I1(w,t),
] , . 13 _ . .
with 0 < ¢/ <t fixed, and use the change of variable W) v. This gives

(5l —2VP)’

e ABM-BM X

. 90(0) —v(0) ¥ L

2
X (—2ﬂ(7-)2 B(’T)vz) M. (a(T),T) (ﬁ
The integrand is clearly uniformly bounded in w by ¢(¢ ,t)e_”2 with a constant ¢(¢',t) depending only on
t" and t. Moreover, for any fixed v and 7, the integrand tends to 0 as |w| — +oo. Using a result of limit
passage on integrals depending on a parameter we get lim|y,| 4o [1(w,t’) = 0.
For the convergence of the integral I;(w,t) in the neighborhood of 7 = t, we consider the integral

2
) eV dvdr.

t %,% 2
. = OO [ L S o ) B
2 v Jr B(1) \/4m(B(t) — B(1))
52) 2 o2 1
X (== | Myy(a(r),7) | —= | e #@7B0) | —————— | dédr.
( 2 VT 28(7)\/B(7)
£ _w_
Using the change of variable —5ZL_21) v, we get
2y/B(t)—B(7)

t (MerZﬂ(T) B(t) — B() 1))2
%0(0) —»(0) 1 /e,vz ~\B®
R

5 M. (a(7),7)%

B(r)

2 _ ( EIO) wHﬁ(ﬂmvf ,
X\ = )€ 4B(7)2 B(7) IR S
v 23(1)\/B(T)

and conclude as before that lim|,| 4o I2(w,t) = 0 and then that lim|,|— 4o [1(w,t) = 0.
Consider now the integral

t
Ig(w,t)::/O/RK(w,t;{,T)gf/Q(f,T)dﬁdr

(sto-5tn)"

e ngﬂ(f, T) dédr.

- /O/R B(r) \/47r(;(t) — B(7))

Clearly, g7/, is a smooth function on R x (0,7) and satisfies gy ,(w,t) = 0 for |w| = 2. The change of

& w
B(r) _B(#)

2¢/(B(t)=B(7))

variable = v gives

L(w,t) = \}%/()t/Re—fg;/Q (g((;)w—k%(ﬂ B(t) —B(T)U,T> dvdr.

The integrand is uniformly bounded in w by c(t)e‘”z, where ¢(t) depends only on t. Moreover, the integrand
tends to 0 as |w| — +o0o. Then lim)y,|_ 4o I3(w,t) = 0.
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We then have ,
tim [ [ Kw.t67) (Fy2(67) = gial6 7)) der =

|w|—+o00

It results from that, for each fixed ¢, lim,, 40 (W1/2 (w,t)—g1/2(w, t)) = 0. Since lim, s+ o (ﬁl/g (w,t)—
g1/2(w, 1)) = 0, we conclude that limy, 40 (Wl/Q(w,t) —g1/2(w, 1)) = 0. O

2.5 Composite asymptotic approximation outside the boundary layer

We now define a composite approximation of the solution far from the x = 1 obtained by adding, at each
order, the inner and outer expansions and then by subtracting their common part.

At the first order, the common part of y%(x,t) and W°(w,t) (defined by and respectively) is
equal to yo(0) for z > a(t) and to v(0) for x < a(t). Thus, the first term of the composite approximation
outside the boundary layer along x = 1 is given by

P 1) = (1) + WOlw, 1) — y°(a(t) 1) (24)

We check that the function p° is continuous along the characteristic as it satisfies limy, _q(¢) 0+ pO(x,t) =
W9(0,t). The second term of the composite approximation is given by

p'2(a,t) = W2 (w, 1) — yo(a(t)*, 1), (25)

where W1/2 is defined by (23). Clearly, p*/? is also continuous along the characteristic. Then the following
quantity is defined to be an asymptotic approximation of ¥, outside the boundary layer along x = 1,

P (2, 1) = pO(a,t) + V2p 2 (2, t),  (x,t) € Q.
We easily verify the following property.

PROPOSITION 2.1. Assume that v € C*([0,T]) and yo € C*([0,1]). Then p° belongs to C*([0,1] x (0,T7).

2.6 Inner expansion along r =1

We consider the change of variables z = PTI, T = %, and function Y*(z,7,t) = y°(x,t). Recall that
T, defined by a(T7) = 1 is the time at which the characteristic © — a(t) = 0 starting from the point (0,0)
intersects the right extremity of the domain. We assume that 7} exists. Moreover, since M > 0, T} is unique.
The function Y¢ satisfies the equation

1 M(1 — t
YE(art) - — ez - MAZE2l)

1
€ _ (S —
SR . Yi(z,7,t) ng (z,7,t) = 0. (26)

z

Using the Taylor expansion

2,2 3.3

M(1—ez,t) = M(1,t) — e2My(1,t) + ETZMM(M) _EZ

Twax(Lt) +oe )

and putting Y0(z, 7,t) 4+ e'/2YV/2(z,7,t) into equation , the identification of the powers of € yields

e YOz mt) + M(LOYO (2,7, 1) =0,
SV Y2z )+ MLOYY (27 0) = =Y (2,7, 0)

It is important to note that the functions Y* depend on three variables, namely z,t but also 7. As it is
standard, the variable z = (1 — z)/e is introduced to describe the boundary layer at = 1~. Here, the
variable 7 = :?1/_; allows to take into account the interaction of the internal and boundary layers by making

a zoom around the point (1,7}). If we do not introduce this variable 7, we see notably that Y'/2 solves the

11



same ordinary differential equation than Y, and the analysis leads to an error estimate (for the L>(L?)

norm) of order £'/4 only. Remark that the variable Ty, as a solution of a(T}) = 1 is not explicit. Therefore,
instead of 7 = ?17;, we could have introduce 7 = ;jﬁj), however, we have observed that this leads to some

incompatibilities with the matching condition.
We impose Yk/Q(O,T, t) =0 for k =0,1. To get the asymptotic matching conditions we write that, for
any fixed 7,t and large z,

Yo(z,T, t) + EI/QYI/Q(Z,T, t) = po(l‘ﬂf) + 51/2}91/2(:10,15) + (9(52).

In order to identify at each order the appropriate matching conditions, we need to rewrite the right-hand
side of the above equality in terms of z and 7, t being fixed. We have the following equalities x = 1 — €z,
w= 50 = g2 () = 1, a/(t) = Xu(0,0) = M(a(t),t), a'(T1) = M(1,Ty). Writing
a(t) =a(Ty — Y1), M(1,Ty) = M (1,t +£'/27), and using Taylor expansions we have

alt) = a(Ty) — 27 (T)) + O(e) = 1 — /e M(LTY) + O(e),  M(LT1) = M(Lt) + O(V/2),

then
1—a(t)

75 =TM(L1) + O(e"/?).
13

It results that

w=—e"2z+ 7 M(1,t) + O(?).
Writing y°(z,t) = y(1 — ez, t), WO(w,t) = WO (—e'/22 + 7M(1,t) + O(¢'/?),¢t), and
W2(w,t) = W12 (=22 + 7M(1,t) + O("/?),t), and using again Taylor expansions we have
Oz, 1) + WO(w,t) — y°(a(t)*, 1)
O(1L,8) + WO (rM(1,0),) = y°(a(t)*, 1) — e'/22W) (TM(L,1), 1) + O('/?),

POz, t) =y
y

and
81/2p1/2(x, t) =e1/? (Wl/Q(w, t) — y9(a(t)*, t)w)
—<1/2(WHM(L0,0) ~ T2 ) + O)

‘We deduce that
po(x,t) + 51/2p1/2(x,t) = Co(r,t) + 51/201/2(2,7, t) 4+ O(e),

with
CO(Ta t) :yo(lv t) + WO(TM(L t)v t) - yo(a(t)ia t)7 (27>
01/2(2,7', t) :W1/2(TM(1,t),t) - TM(l,t)yg(a(t)i,t) - 2W3 (TM(1,¢),t).
Therefore, the matching conditions read
YO(z,7,t) ~ Co(r,t), YY%(z,7,t) ~ Cipa(z,7,t), asz— co. (28)

e We define Y as a solution of

YO (2,7,t) + M(1,t)Y?(2,7,t) = 0, (z,7,t) e R xR x (0,7,
Y9(0,7,t) =0, EIJFH YO(z,7,t) = Co(1, 1), te(0,T).

The solution is

YO(z,7,t) = Co(m 1) (1 - e*Mﬂ’t)Z) , (2,7t €Ry x R x [0, 7).

12



e We define Y/2 as a solution of

Y2z t) + M(LOY2(z,7,0) = =YD (2,7, 1), (z,7:1) € RE xR > (0,T),
Y2078 =0, lim (Y'2(z,7,) = Cipa(z, 1)) =0, t € (0,T).

Writing that Y (2, 7,t) = Co - (7,t) (1 — e"M(1:92) we obtain, for (z,7,t) € R* x R x (0,7),

Y12 (2, 78) = C1 o2, 7, 1) + e~ MO0 (—cl/zm,f, )~ WO(rM(1,1), t)z), (2,7, 8) € Ry x R x [0, ]

(29)

2.7 Asymptotic composite approximation in Qr

We are now in position to define what is supposed to be an asymptotic approximation of the solution y°.

We proceed as before by adding at each order the function p¥/2, approximation outside the boundary layer
along x = 1, and the function Y*/2, approximation in the boundary layer along z = 1, then subtracting

their common part. At the first order, the composite approximation is given by

PO(x,t) = p°(,1) + Y°(z,7,1) = Co(r,t) = p"(x,t) — Co(r,t)e” 0%, (30)

i.e. explicitly
POz, t) = 3%z, t) + WO (w,t) — 3°(a(t)®,t) — (yo(l,t) + WO(rM(1,t),t) — y°(a(t)T, t))eM(l’t)Z.

Repeating the arguments at the next order, we define

PY2(x,t) = p2(w,t) + Y2 (2,7,t) — C1ja(z, 7, ), (31)

then we define an asymptotic composite approximation of ¢ in Qr by

Pe(x,t) := PO(x,t) + /2PYV2(x,t), (x,t) € Qp. (32)

3 Convergence of the sequence (F°)..() - Proof of Theorem [1.1

This section is devoted to the study of the convergence of the sequence (P¢).sq stated in Theorem (1.1).
In order to prove this theorem we need to establish a number of preliminary results. We define the error as

follows:
25(x,t) := P (x,t) — y* (z,t) — 6°(x,¢), (x,t) € Qr, (33)

where 6° is the initial layer corrector defined as a solution of the equation

0; (x,t) + M(x,1)0; — 0, (2,t) =0, (z,1) € Qr,
6°(0,t) = 6°(1,t) =0, te(0,7), (34)
0% (x,0) = P*(x,0) — y*(z,0), x € (0,1).

3.1 Preliminary results

From now on, in order to shorten some equations, we shall use the following notation:

Loy =y + M(z,t)Ys — €Yaa- (35)
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3.1.1 Estimate of the initial layer corrector 6°

The following lemma gives an exponential decay property of the initial layer corrector.

LEMMA 3.1. Let 6° be the solution of problem and v € (0,1/2]. There exists a constant ¢ independent
of € such that

M(1,0)eY

M2
105, )20,y <ce” ™ = +cellPem =Nt Ve [0, T7]. (36)

Proof. 1) We first check that the initial data 6°(-,0) is given by
0°(z,0) = —yo(1)e" 0% vz € (0,1], (37)

showing that the initial condition gets concentrated in the neighborhood of x = 1. Indeed, from 7
we have

Zskm hm PF2(2,t) — yo(x)

= }5% (P°(2,1) = Co(r,)e*) = yo(x)

+ lim £1/2 (p1/2(x,t) +YY2 (2, 1,8) = Chja (2,7, t)) oz e (0,1).

t—0

We have from
lim (@, 8) = Co(r e M%) — yo(a)

= lim (Wo(w,t) —0(0) — Co(r, t)efM(l’t)Z) = —lim Cy (7, t)e” M=
t—0 t—0

= —lim (4°(1,6) + WOrM(1,8),1) — (a(0))*, 1)) e M0 = (1) MO0,
—
Using the matching conditions of W'/2 with 9, we check that lim;_o pl/z(x, t) =0, for x € (0,1] and that

lim (Y1/2 (z,7,t) = Cy)2 (2,7, t))

t—0
~ lim (—W1/2 (rM(1,1),1) + 72 (a(t)®, 1) — 2 WO (rM(L, t),t)) MU0 — 0 for > 0.
—
It results that P/2(z,0) = 0 for all z € (0,1]. These computations lead to .
ii-a) We now introduce a C*° cut-off function X : R — [0, 1] such that X'(s) = 0if s <1 and X(s) =
if s > 2 and define, for v € (0,1/2], the function X : [0,1] — [0,1] by X.(z) = X (15%). The solution 6° of
the linear system can be decomposed as 6 = 651 4 92 with

Le65! =0, (z,1) € Qr,
0°1(0,t) = 651(1,t) = 0, t e (0,T), (38)
054 (2,0) = Xo(2)6°(2,0),  x € (0,1),

L.65? =0, (z,t) € Qr,
6°2(0,t) = 652(1,t) = 0, t € (0,7), (39)
0°%(2,0) = (1 — X.(x))6°(x,0), =€ (0,1).
In view of the definition of X., we see that 6=!(z,0) = 0 for all > 1 — &7. Then, in view of (37)), we check
ey
MO v all @ e (0,1).

that there exists a constant ¢; > 0 independent of € such that [#%!(z,0)| < cie
By a maximum principle, it follows that

M(1,0)eY

05 (@, 1) <ere™ =, V(1) € Qr. (40)
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ii-b) Concerning 652 (-, 0), we check that 0=2(z,0) = 0 for all # < 1—2¢” and that ||65:2(-, 0)llz2(0,1) < Coc?
for some constant cp > 0, independent of e. We now estimate |[652(-, )l z2(0,1)- For that, for any o > 0, we

check that the function p®(x,t) := e 0=2(z,t) with Mo := min M (x,t) > 0 solves
(z,t)EQT

My
pf —eps, + (M — aMy) p — e (&®My —2aM) p° =0, (z,t) € Qr,

p°(0,1) = p*(1,¢) =0, te (0,7), (41)

—]\/Ioa:L

p(x,0) =2 65%(a), z € (0,1),

and satisfies the estimates
d c 2 € 2 ! My 2 3 2
2177 G0N 0,0) + 28105 (5 D2 0,0) = ; M + 5= (oMo —2aM | (p°( 1)) do
1 2
M,
< [ (o4 2 - 2a) (.07 ds
0 2¢

2
with C' = max |M,(x,t)|. Gronwall inequality leads to [|[p°(-,t)||L2(0,1) < |0+, 0)[|L2(0,1) et e%(o‘z_m)t,
(z,)€QT

which is equivalent to

]Vloaa:

Mg:z 95,2( )||L2(0 e 2t6 s (a —2a)t )

072 )l L2y < lle”

Consequently,

gaT

,M
1652, )l 20,1y = lle” % E20°2(, )l 2oy < e ¥ Nlzmqoplle™

=02, 22 0,1)

Moor e o <t Mg(a —2a)t
2 (5 ('7O)||L2(071)€2 e e

0 x —
<lle™2= |lz=clle

< He fgo ||LOO 0.1) ||e 95 2( )||L2(1—2sv 1)62te Te (a —20)t
< 6%2Q67M0Q5i725 : ||0E ||L2(1 2¢7,1) € 2te 1e (a2*204)

Mga
= H9(5)’2||L2(1—2sw,1)€7t€7 2t (=267 +(1-§ ) Mot)

. My —Mga(1—2e7)
using that (recall that a > 0) ||e o ||Loo(0 1y =e 2 and [le” e HLoo(l 27,1) =€ Ze . The value
a = ¢'77 then leads to

2_1-2
Mge v 1\4 1\/1O ¢

M V2= 5% (42)

(e} 2o
167Dl 220,y < 1857 221201y €5 Moe™ T e < e

for some constant ¢z > 0, using that v € (0,1/2]. From inequalities and we deduce . The
initial layer concentrated in the neighborhood of x = 1 vanishes exponentially fast with respect to t since
the velocity transport is strictly positive. O

3.1.2 Estimate of HLEPEHLl(O,t;LZ(O,l))

Recall that L. is the differential operator defined by . We have the following result proven in Appendice
A1l
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LEMMA 3.2. Assume hypotheses of Theorem |1 . The function P¢ defined by (32) satisfies

5
Pf) =Y "I in (0,1) x (0,7),
=1
with
If(xvt) = 5ygz(x’t)7

2
IS(.’L', t) :51/2 (Mzz(lilu t) = Mm(a(t), t)) ’U)?VVVS)(’U}7 t) =+ Esz(ﬁ?h )%

(Wa/2(w,t) = 12(a)®,0))
1§<x,t>=—y?<1,t>e—M<1’f>Z+(Mt<1,t>+M<1,t> 2(2,0)) (5°(1,6) = °(a()*, 1)) ze 1=

+ (Mt(l,t) + M(].,t)Mz(KJQ,t)) ( 1, ),t) —M(1,t)z

_ (WtO(TM(l,t),t) + (TMt(l, WO (rM(1,1), ))e—M(l,t)z7

Ii(z,t)=~¢"/? (Wgt(TM(l,t),t) + <TMt(1 £ — J\/i(ll/ t)) W (r (Lt),t)) e
— e 2 M, (Ko, )WO (T M (1, 1), ) ze~ ML)
+el/2 (Mt(l, t) + M(1,t) M, (K2, t))wg(TM@ 1), t)22e~ MO0z,

I (2,1) = /2 (My(1,) + M(L, )My (k,1) ) C1 /o (0, 7, t) e~ M (102

Ci/9.(0,7,t
—et/? (Cl/Z,t(OaTa t) — 1/2;;.1</2 )> g O,

with inf{a(t),a(t) + e/?2w} < ky < sup{a(t),a(t) + 2w}, 1 —ez < kg < 1.

For the previous expansion, we get the following estimate for the L!(0,7’; L?(0, 1)) norm. Details of the
proof are given in Appendix [A-3]

LEMMA 3.3. Assume hypotheses of Theorem Let P be the function defined by . There exists a
constant ¢ independent of € such that

||LsPE||L1(0,t;L2(O,1)) < 061/2, vt € (0,T]. (43)

3.1.3 Gronwall-Bellman type estimate

We now derive a priori estimates for the function 2°. Preliminary, since 2° is not vanishing at = 0 and
x =1, we define

Z8(x,t) = 25 (2, t) — 2500, ) f2 () — 25(1, ) f2 (2), (x,t) € Qr, (44)
where f0 € C2([0,1],R") and satisfies f2(0) = 1 and f2(1) = 0, and f1(z) = f°(1 — z). The function Z°
solves the equation

LEZ& = LEPE - LE(ZE(O’t)fé)(x)) - LE(ZEG?t)fsl(x))’ (:L‘,f) € QT7

Z°(0,t) = Z°(1,t) = 0, t e (0,7), (45)

Z%(z,0) = —2°(0,0) 2 (z) — 2°(1,0) f}(z), z € (0,1),
where 2°(0,0) := lim,_,o+ 25(0,¢), 2°(1,0) := lim;_,o+ 2°(1,t). Recall that L. is defined by (B35).

In order to derive an estimate for Z¢, we shall use the following Gronwall-Bellman type inequality (see
[21]).
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LEMMA 3.4. Let I = [tg,T] CR, k,b,p € C(I,RT). If ¢ € C(I,RT) satisfies

t

C(t) < k() + / b(s)¢(s) ds + / p(s)C7(s)ds, tel,

to to

with 0 < v < 1, then fort €I,
a1

¢ . e
(1) < [Al‘W(t) +(1- 'y)/ D Jig bo) doy oy ds} i bls)ds

to

where A(t) = max k(s).

to<s<t

LEMMA 3.5. Let Z¢ be the function defined by and P¢ the function defined by . There is a constant
¢ independent of € such that, for each t in [0,T],

t
125, )22 0,0 + 2 / 1250 8)|2(0.1, ds

1/2
< | (= 0PI + =L OPI ) o)

2

te? / t ( / (LeP(0,8) — Le(f2@)0,9) — Lelz*(1, )2 () dw) " ds] e,

with C :== max |My(x,t)|.
(z,t)€Qr

Proof. Multiplying equation by Z¢ and integrating over (0,1) x (0,t) gives
1 2 ! 2
§||Z8('7t)||L2(0,1)+5/0 122( ) 220,1) ds
1 o £ 2 1 £ 2 012 1 € 2 12
=3/ ) M (2, 5) 2% (2, 5)" dzds + 5|50, Ol fe 20,1y — 51271, 0l Mz 0,1

[ ] EP ) = L (0.9)72@) = L (1) (@) 2 (0. 5)das.

Applying the Cauchy-Schwarz inequality we obtain

t t rl
125020 + 2 / 125(,8)|2(0.1, ds < C / / 7% (z, 5)? duds

ORI o) + 12 0PI o

t 1 2
2 L.P*(x,8) — Lo(25(0,8) f2(x)) — Lo(25(1, 8) f1 d
w2 [ ([ (2Pos) = L2020 ~ L2000 ) o

with C':= max |M,(z,s)|. Applying Lemmawith

(z,5)€EQT

to=0,0(s)=C, v=5, A=k=1[2°(0,0)P /2172 (0,1) + |2°(1L,0)PII£2 1720,

1

2
t

C) = 125, 0) 2aon, + 2 / 1220 9) 2200 s,

1/2

p(s) =2 (/0 (LEPE(SC, s) — Le(2°(0, S)fg(l‘) — L(=°(1, S)fsl(m)))Q d$> ’
we obtain ([46). .
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3.1.4 Estimate of Hze(l'o, ')HLl(O,s)a ||Zf($0, ')”Ll(o’s) and |Zs(l‘070)‘, To = 0, 1

We now estimate each term of the right-hand side of .

LEMMA 3.6. There is a constant ¢ independent of € such that, ¥s € (0,71,

112500, )l 22 0,) + 12°(L, )l z10,0) < e, (47)
1122 (0, )22 0,) + 122 (1 )l L1 0.0) S (48)
2% (20, 0)| < ¢, (49)

with 2°(x,0) := lim;_,0 2°(x0,t), 20 =0,1.

Proof. Let s € (0,T] be arbitrary, and wo(t) = —?1(27 wi (t) = 1;“/(;), t € [0, T]. We have from that

_ M(1,t)

25(0,1) = WOwo(t),t) — v(0) — (yO(X(O; 1,1)) + WO(rM(L,¢),t) — yO(O))e :

1  M(,t)
212 (W2 (o (0),8) = g0 Do t) ) — /2 (Caja (0,7, ) + ~WH (M (L, 1), 1)) e =
_ M@A,t)

= WO(wo(t), ) = v(0) + /2 (W2 (wo(t), 1) = y2(a(t)*, (1)) + O™ 7).

We have

‘Wo(wo(t)’t) — U(O)| — |y0(0) — U(O)| —UJQ(t) ) a2(1)

erfc < 0) —v(0)|e 2@ BO
s erse( s ) < o) —00)

then we deduce that

HWO(wo(t),t) — U(O)HLl(O,s) < ce.

By similar arguments to that used in the proof of Lemma[3.3 (point (e.2)), we show that [|[W/2(wo(t),t) —
Y2 (a(t)®, )wo ()] 11(0,5) < ce!/? allowing to conclude that |2 (0, Nrr,s) < ce.
We also have

2(18) = WO (1), £) = WO(rM(L,2),2) + £V/2 (W2 (wn (), ) - y2(a(t)*, s (1))
_ 12 (Wl/Q(TM(l,t),t) — TM(l,t)yg(a(t)ivt)) :

Writing WO(wy(t),t) — WO(rM(1,t),t) = (WO (w(t),t) — v(0)) — (WO(rM(1,t),t) — v(0), and arguing as
above we get that
HWO(wl(t),t) — U(O)HLI(O,S) + ||(WO(TM(17t),t) - v(O)HLl(o,s) < ce.
Similarly as above we have
W2 (ws (£), 1) — y2(a(t), wi ()| 11 0,0) < '/,
W27 M (1, 1)), 8) = yo(a(t)®, )T M(1, 1) || 1(0.6) < '/,

then conclude that [|2°(1,-)[|z1(0,s) < ce. Inequality follows.
Concerning the second inequality, we have

25 (1,8) = W2 (wi (1), 1) + w} (WO (wn (£), 1)
_ <WtO(TM(1,t),t) + (TMt(l,t) _ Mg(li;t)) Wg(TM(Lt),t))
+ e 2W (1), 1) + 2w (1) (W2 (wn (8),8) = 52(a(®)F,8)) + /2 Mo (a(t), Dyda(t)®, hun (2)

—PWI M (1,1), 1) — £V (TMt(l, £) - Mgg;”) (W;/Q(TM(L £),),) — y2(a(t)%, t))

— e M (a(t), t) y2 (a(t)®, t) TM(1,1), t).
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We have the following estimates, see the proof of Lemma (points (c.3), (e.3), and (e.4), respectively),

M(1,t
H (WtO(TM(Lt),t) + <7Mt(1,t) — (1/’2 )> Wg(TM(Lt),t)) <e,
€ L'(0,s)

W2 (e M1, 8), )| £ 0,0) < e/,

|wazean, 0.0 - e || | <o

L'(0,s)
Then clearly,
M(1,t
51/2 <7—Mt(17t) - (1/2 )> (Wulz/2(TM(17t)’t)7t) - yg(a(t)i7t)) < 651/2’
€ L'(0,s)

[et7200 (a(0). Byl a(®)= )21 (1,0, 1)

|20 att), 08 (alt)®, tyn (1)

<c
L'(0,s) L1(0,s) —
We have from
¢ —ct 1 2wa(t)y(t) +w—2C(t)
2 ayF NORE

then taking w = wq(t) = 1;5(;) and C = wj(t) = — Z;(/? there holds that

_ w2
e 4@ R

W(w,t) + CW2(w,t) =

IW? (w, 8) + CW(w, ) 10,5 = CO(E/?) + O(e) = O(1),

then ||[W2(w:(t),t) + wi(t)W(w; (t),t)HLl(O o S ¢ We show, as above, that
e/t (8) (W2 (w1 (1), 1) = y2(a()%,0)) ll1r 0,0 < e

As in the proof of Lemma/|3.3|(point (e.3)), we get Hel/QWtI/Q(wl(t),t)HLl( : < ce. Thus [|2:(1, )| L1(0,5) < €
0,s

Similarly [|z¢(0,-)||£1(0,s) < ¢, so that follows. Eventually, we easily check that holds. This ends
the proof of the lemma. O

3.2 End of the proof of Theorem

We are now in position to finish the proof of Theorem u It remains to choose the function f € C2([0,1]),
satisfying f2(0) = 1 and f2(1) = 0 so as to minimize the terms in the right side of , asymptotically with
respect to €. We consider the functions

1—

Ra)=Q0-w)e?, fll@)=ze =, ze01],

so that || f]|12(0,1) < ce'/? and || — 5f§” + Mfsi/HLZ(o,n <ce V2 fori=0,1. It follows that, for zo = 0,1,
and for each ¢ € (0,77,
Il 220,y (125 (o, )l 22 0,0y + 27 (w0, 0)]) < e/,

’i// i/
I = ef2" + MFE 20,0 [12° (@0, )l 10, < e/,

Coming back to Lemma [3.5] using the two previous estimates and Lemma there holds that
125 D)l 20,0 + /2125 20,1y x (0.0 < e'/?, Wt € [0, T,
Now, since 2°(z,t) = Z¢(x,t) + fO(2)25(0,t) + f1(x)2°(1,t), we deduce that

125Gyl 201y < NZ°C5O)llz20.0) + 1250, D12 20,1) + 127 (L O£ 22 (0.1)
< e 4 e(|25(0,8)] + |2°(1,1)])e/2, Ve [0,T). (50)
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Writing 2°(xo,t) = 2°(20,0) + fot z£(xo, s) ds and using , there holds that
2% (0, )| < [2%(@0, 0)| + |27 (0, )| L2(0ty S ¢, VE€[0,T].

These estimate allow to deduce from that [2°(-,%)||2¢0,1) < ce’/? for all t € [0,T]. Finally, since
P¢ — y° = 2 — 6°, using Lemma [3.1] we derive the estimate

M1, U)E’Y

M3 M3
[P, t) = y° (o t) |l p20,0) < ce'/?+ce” +eetem =t < cel/? el et Vi e [0,T).

This ends the proof of Theorem a

4 Some explicit examples

We explicit in this section some expansion of P¢ for some particular case of the function M = M (z,t) then
numerically evaluate the L>(0,T; L%(0,1)) norm of the difference y* — P¢.

4.1 The case M(z,t) =14z, yo(z) =1y in (0,1) , v(t) =v in (0,7
The characteristic starting from (0,0) is given by  — a(t) = 0 where the function a(t) solves
a'(t) = M(a(t),t), t>0,
{a(O) =0,
and is given by a(t) = e® — 1. Tg such that a(Tp) = 1 is then given by Ty = In2. Then,
) = M. =1 ()= o =t )= [ g =12
leading to 2/5(t \/B \/2 e2t —1). We obtain that y° defined by (7)) is given by

Y0, z+1>¢€,
yO(%t):{ :
v, x+1<e’,

and
0 Yo —v w Yo + v 1/2 B _x+l-—¢
Wi(w,t) = 2 e?“f( 2(e2t—1)>+ 2 W w, ) =0, w= gl/2
p? defined by is given by p°(z,t) = WO(w,t) while simply p'/?(x,t) = 0. Then, we get
1—x In2—t¢
0 0
Co(r,t) =W (2T, t), Cija(z,7,t) = —2W, (271,t), z= T
implying

POz, t) = WO(w,t) — WO (2r,t)e 2, PY%(x,t) = —ze 2 WO (27, 1).

Consequently, our approximation is given by

PE(z,t) = WO (w,t) — WO2r, t)e 2 — e/ 22e=2W0(27,t), (x,t) € Qp,
Cz+l-e 11—z  In2—¢ (51)

z= T=—
/2 c cl/2

,2

w2
Remark that awerf(ﬁ) = %e;fg} so that W2 (w,t) = y%”%. As an illustration, Figure

depicts the function P¢ in Q7 for e = 1071,1072,5 x 1072 with T = 0.8 > Ty. In particular, observe that
P¢ does not vanish at = 0 and = 1 but gets small as £ decreases. Table [I] provides some numerical
values of the norm ||y° — P®|| L (0,7;12(0,1)) for several values of the parameter . The unknown solution y°
of is obtained here using a numerical approximation. We obtain [[y® — P¢|| s (0,1;22(0,1)) = O(e"%') in
full agreement with our estimate in Theorem
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Figure 2: Function P*® given by in Qr for e =1071,1072,5 x 1073,

€ 101 5x 1072 102 5x 1073 103
0.24x 1072 [ 6.14x 1072 | 2.07x 1072 | 1.4 x 102 | 5.30 x 1073

Table 1: [|y® — P%||peo(0,7;22(0,1)) W-r.t. € for T'= 0.8, yo = 1 and v = 0.

4.2 The case M(z,t) =1+t yo(z) =yo in (0,1) , v(t) = v in (0,7T)
In this case, the function a(t) is given by a(t) = @ Ty such that a(Tp) = 1 is Ty = /3 — 1. Then,

a(t) i= My(a(t),t) = 0, B(t) = el o®)ds 1 pg) i /0 ﬁ ds =1,

leading to 3(t)y/B(t) = v/t. We obtain that y° defined by (7)) is given by

t(t + 2)
0 Yo, > 2 )
t) =
y(t) tt +2)
v, T < s
2
and ) ( 2)
0 _Yo—v w Yo + v 1/2 _ 2z —t(t+

VV(w,t)——2 erf<2\/i>+—2 , W (w,t) =0, W=

p° defined by is given by p°(z,t) = WO(w,t) while simply p'/?(x,t) = 0. Then, we get

1-— 3—1—t
Co(t,t) = Wo(2r,1), Ciya(z,7,t) = —W2(21,t), z= Tm, T= \/_61—/2,

implying
PO(z,t) = Wo(w,t) — WO(1 4+ t)7,t)e= (D2 PY2(g ) = —2e~FD2WO((1 4 t)7,1).

Consequently, our approximation is given

Pe(x,t) = WOw, t) — WO((1 4 )7, t)e” MHD2 — /26~ AF02pp0 (1 4 4) 7 8),
2w —t(t+2) 1-x V3-1-t

2el/2 7 e ' T T an

w2

R

with here W2 (w,t) = y?/:?v S
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5 Concluding remarks

We have performed an asymptotic analysis of the solution of an advection-diffusion parametrized by a small
coefficient in front of the diffusion term. The analysis takes into account the intersection of several singular
layers and leads to an approximation in an £'/2-neighborhood of the solution for the norm L>(0, T; L?(0,1)).
This analysis extends [3] to non constant, strictly positive transport velocity, leading to much technical
arguments. In particular, the solution in the internal layer (following the characteristic starting form (0,0))
solves a parabolic equation with non constant and unbounded coefficients related to the first derivatives of
the velocity. The resulting solution is expressed in term of the heat kernel of the heat equation.

The £'/? rate obtained for the final estimate is driven by our approximation W0 in the internal layer,
which depends on the choice non unique of the function gy. The choice we made here is simple but
notably involves the properties lim;_,o W°( _5(11/(;) ,t) = (y°(0) +v(0))/2 and lim, o W°(55,0) = y°(0). This
gap at the point (0,0) generates an artificial boundary layer in the approximation of the solution along the
line z = 0 above the characteristic  —a(t) = 0 in the neighborhood of ¢ = 0. This boundary layer propagates
inside the domain along the characteristic z — a(t) = 0 and affects the quality of the approximation. By
analogy with [3] Section 3] devoted to the constant velocity case, one may consider the more involved choice

y(](0)7 w Z 07

B0 =4 )4 1O ) (53)

with F':= lim;_,o+ % = d/(0) > 0 leading to WEO = WO 4+ US with
— __Fw | F2B(t)
00w, #) = U0 =90(0) e+ 5= erfc( wo F\/W),
? 2/BOAE) |

and W© defined by (20). The new function W2 still satisfies the asymptotic conditions lim, 4o W2 (w, t) =
90(0) and lim,—, oo W2 (w,t) = v(0) for all ¢t € (0, T). Moreover, we now observe that

o WE(510) =00l W2(75.0) = m0)
This allows to describe more accurately the discontinuity between the initial and Dirichlet conditions in the
neighborhood of the point (0,0). By analogy with [3], we may expect a O(g%/4) rate, but this remains to be
checked. Similarly, as in [3], in order to get a better rate, one would needs to consider additional terms in
the developments, notably the outer term y' defined by not used here, internal layer terms W1, WW3/2
involving the heat kernel and boundary layer terms Y! and Y3/2 solutions of ordinary differential equations
with respect to the variable z. Whether or not we can perform the computations and get a priori estimates
with these additional terms is an open issue.

In a futur work we plan to study the parabolic system describing the miscible displacement of compressible
fluids in a porous medium. The displacement of one compressible fluid by another, completely miscible with
the first, in a one-dimensional porous medium Q = (0,1), assuming for simplicity that the two fluids have
the same compressibility factor z, is described by the following differential system, see for instance [6],

Zatp + 8alq = 07 q= _ﬁal’pa (.f,t) € QT) (54)
$0sc + q(x,t)0zc — 0y (d(x,1)0,c)) =0, (z,t) € Qr, (55)

to which initial and boundary conditions are added. The unknowns of system , are the functions
p=p(z,t), c = c(z,t) and g = q(x,t); p is the pressure, ¢ is the concentration of one of the two components of
the fluid mixture, and q is the Darcy velocity. The function k = k(z) is the permeability of the medium, the
constant ¢ is the porosity, u = p(c) is the concentration-dependent viscosity of the fluid mixture, d = d(x;, t)
is a small term representing the molecular diffusion and dispersion in the porous medium. The viscosity
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p(c) is assumed to be determined by some mixing rule. See [4] for the existence of a weak solution to the
one-dimensional equations governing compressible flows of m miscible components in a porous medium. Our
aim is to perform an asymptotic analysis of system , when d is small and the concentration c satisfies
Dirichlet boundary conditions on z =0 and x = 1.

Acknowledgment. The authors thank the funding by the French government research program “In-
vestissements d’Avenir” through the IDEX-ISITE initiative 16-IDEX-0001 (CAP 20-25).

A Appendix

A.1 Proof of Lemma [3.2]
According to and (31)),
Pe(x,t) = POz, t) + /2 PY2 (2, t) =, t) + WO (w,t) — y°(a(t)®, 1)
- (y0(1, )+ WOrM(1,t),t) — y°(a(t)®, t))eM(l’t)z
V2 (W2 (w, 1) — (a(t)= D)
— 2 (C12(0,7,t) + WO(TM(1,1),1)z) e M2,

Let us note here that the function P® + £/2P'/2 belongs to C'([0,1] x (0,T]), and that (P° — W°) +
e'/2(PY2 —W1/2) belongs to C'(Qr). Then, from the regularity assumptions on yo, v and M, (P° —W?) 4
e!/2(PY2 — W1/2) belongs to H?(Qr). We have

0\ _ 110 a'(t) o M(z,t) o 0
Le(W®) = WP(w, 1) = 2 Wi(w,t) + = 5= Wi (w, 1) = W, (w,1)
M(el/? t), 1) — M(a(t),t
— WO (w, 1) + ME “’“(52;2) (@) 0 (4 1y — WO (0,1).

Using the Taylor expansion
2

M(e"2w + aft), 1) — M(a(t),t) = 2w (a(t),£) + =2

5 Maz(k1,1), (56)

with inf{a(t),a(t) + 2w} < k1 < sup{a(t),a(t) + e/?w}, and equation we get
0 1/2 w? 0
L. (W) =¢ 7Mm(/§1,t)Ww(w,t).
By similar calculations we get
w? w?
L.(W'/?) = —7Mm(a(t),t)W3(w,t) + 51/27Mm(m,t)wj/2(w,t).

We observe that, when calculating L.(P° 4 ¢'/2P'/?), it suffices to perform the calculation in Qt U Q~,
where QT = {(2,t) € Qr : > a(t)} and Q™ = {(z,t) € Qr : © < a(t)}. Straightforward calculations then
give

Lo (5@, 6) = 5 (@), 1)) = —ey, (2, 1). (57)

Moreover,

Lla(t)* 1w) = (b (o, 0) + ' Do), 0)) — S yRater®, 1) + 202D (a0,
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leading, using (56), to
Le(y2(a(t)®, hw) =w(y2:(a(®)*,0) + M(a(t), Dy2s (a()*, 1))
M, a0, 8200 1) + M 1) o 20al0)* )
Differentiating equation @1 with respect to x yields
Y2, () + My(x,t) y2 (2, t) + M(z,t) y2, (x,t) =0  for (z,t) € QT UQ™.
Letting z — a(t)™ and x — a(t)~, we get
Yor(a(t)®, 8) + Mo (a(t), t) yg (a(t)™, 1) + M(a(t),t) yg, (a(t)*, ) = 0.
Therefore

L((a(t)* 1pw) = /2% M (61, 1) a0,
It results that
Lo (WOw,t) + 212 (W2(w, 1) = g (a(t)*, Dy ) )
= e%QMm(m, t) (W&/Q(w, t) — y0a(t)*, )) +e /2t W0 w(w, ) (Mm(m, t) — Mz (a(t), t)>~ (58)
We have

Lo (501,00 M02) = y0(1, e 002 = y0(1,0) (My(1, 1) + M1, )M, (2, ) ) ze= 0%,
Lo (5 (a(t)*, 0)e™00%) =~y (a(t)®, 6) (Mi(1,6) + M(1, )My k2, 1) ) 2o~ 002,

L. (WO(TM(l,t),t)e_M(l’t)z) = (WtO(TM(l,t),t) + (TMt(Lt)) — 1\45(11/,;)) Wg(TM(l,t),t)> e MLDz

- (Mt(l,t) n M(l,t)Mw(mg,tDWo(TM(l, ), t)ze" MOz,
with 1 — ez < k9 < 1. We deduce that
L. <(y0(1, t) 4+ WO(rM(1,t),t) — y°(a(t)F, t))eM(l’t)z>
= 9(1, t)e" M@= _ (Mt(l, £) + M(1, )My (o, t)) (yO(l, £ — yo(a(t)ij))Ze—M(l,t)z
+ (W (TM(1,t),t) + <7-Mt(1,t) — 1\46(11/,;)) Wg(TM(Lt),t)) e M2

(Mt (1,8) + M(1 t)MI(ﬁg,t)WO(TM(l,t),t))ze_M(l’t)Z. (59)

We also have

L. (W{},(TM(Lt),t)ze*M“’t)Z)

M(1,
ez

= (Wg)t(TM(lat)vt) + (TMt(l,t))
+ Mo (2, )W (M (L, 1), t)ze” M 02
— (M1, ) + ML M, (2, ) ) W (rM (1, ), 1) 2~ M 02,

)WO (TM(l,t),t))ze’M(l’t)z
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and

C T 07 7t —
Le (01/2(0,7,15)6* (1,t)z ) <()1/2t(0 ) — VQ(T)) o~ M(1,t)z

c1/2

= Cupa0,7,0)(My(1,8) + ML )My (12, 1) ) e~ M 0%, (60)
where C/2,(0,7,t), C1/2,-(0,7,t) are given by
Cl/2,t(07 T, t) = th/Q(TM(]-a t)v t) + TMt(]-v t) (W&;/Q(TM(]-? t)? t) - yg(a(t)ia t))
+7TM(1,t) My (a(t), t)yp (a(t) ", 1), (61)

and
Cl/Q,T(Ov 7, t) = M(lv t) (Wul)/2(TM(]—a t)a t) - yg(a(t)ia t)) . (62)
Collecting equalities 7 we obtain the lemma.

A.2 An equality

LEMMA A.l. Let K, 8 and B be the functions defined in Lemma . Let y(7) := B%(7)B(7) and

11 1 2
—_Mu(a(r), 7)€% O, 1€ (0,1),6€R.

FE7) = 5 e Mes

For all (w,t) € R x (0,7,

//Kwth (&, 7)dedr

:Wﬂz — / —— ><B<T>w2+2ﬁ2<t>32<t>—252<t>B<t>B<T>)><

x \/B(t) — B(7)dr. (63)

Proof. We have, for all (w,t) € R x (0,T),

. _ 1 —o2, ((B(7)
/RK(w,t,f,T)f(f,T)df— W/Re f(ﬁ(t)w—i—QB(T) (B(t)—B(T))U,T) dv
1 1

= 71_27(7)1/2M:z:gg(a(T),T)/]Re_”zf(é((;)w +28(1)/B(t) — B(T)’U,T) dv,

with

/Re—vzf(é((;)w +28(7)\/B(t) — B(T)m> dv

(lgg;wzmﬂm“) 2
_ / - - (ﬂ(ﬂw +28(r)V/B{) — B(7) v) dv
A 50

_ —45;”% w? 2 20\ o2 \/52(7)(B(t)_3(7'))3(7')
= 207 () BT (Bl + 2020 B20) - 262 B B(r) | YO D

_ 2 TEHET 82(r) B(r) (Bmw? +26%() B*(t) — 20°() B() B m) Iz (jf;? 0 ngﬂ |
leading to - )
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A.3 Proof of Lemma [3.3

Let s € (0, T] be arbitrary. We estimate the L1(0,s;L2(0,1)) norm of each term If of the expression
L.(Pf) = ZZ 1 If, given by Lemma In particular, we use that

||Z(w)n6_M(l7t)z($)HLOO(O,S;L2(Q)) = O(e'/?) for n = 0,1 and 2(z) = 1= ’

- (64)

Formula will also be used several times. To avoid repetition, some points of the proof are shortened.

(a) Estimate of || If||£1(0,s;22(q2))- Clearly,
5l 20,8502y < ce. (65)

(b) Estimate of |15l 119 s:12(0))-

(b.1) Estimate of H51/2 (Mm(/ﬁht) - Mm(a(t),t)) %Wg(w,t)‘ . Let us denote

L1(0,5L2(2))

2
z—at)\’ o [T —alt)
61/2 Wy o1/2 't

Using the change of variable I;‘j(zt) = w, there holds that

2 s p4oo ’UJ2 2
dwdt < 53/2// ‘2W3(w,t)
0J—o0

provided that the last integral is finite. Using the explicit expression

0 _w0-v(0) 2 [ 1\ o
Wy (w,t) = 5 \/E<2B(t)\/%> DEETON

and the change of variable ——*~—= = v, there holds that

28(t)\/B(t)
( et —c—> 1, e
— | —(=v"¢e
2 Nz

Jp < E3/2// 3/2

We conclude that

J1 =£ dxdt.

dwdt,

1—a(t)
32 [° a7 | w? 0
J1:€ 7”1”(’1,0,1))
0J— al(/t)2

€

2
dvdt < ce3/2.

el/? (Mm(m, £) — My (a(t), t)) "“;Wg(w, £) < 23/, (66)

L1(0,5:L%(2))

. Let us denote
L1(0,5;L2(€2))

(b:2) Estimate of || My (s,£) (Wa/*(w,8) = y2(a(t)*, 1) )|
s (Sm0) (we (S.) sttt

0
z—a(t)

Using the change of variable —/3~ = w, there holds that

2
dxdt.

1—a(t)

Jo _65/2// e
a(t)

o172

<55/2// W2 (. 6) — o2ae)*, t)] dwdt,

2
dwdt

= (W2 w,) = yla)® 1)
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provided that the last integral is finite. We have from

t
Wa/?(w, t) = G120 (w, 1) + /O/RKw(w,t;&T) (fl/g(ﬁ,T) - gf/Q(ﬁ,T)) dédr, weR,te(0,T),

where gy /o is defined by and g} /2 is defined by . Writing
WA2(w,1) = y2a(t)*,6) = (WE/2(w,6) = G js(w,8)) + (G120, 1) = s2(alt)%,)),
and noting that g /2., (w, ) — y2(a(t)*,t) = 0 for |w| > 2, we get

2
Jo < 55/2// W1/2 (w, t) 751/27w(w,t)‘ dwdt + £°/2.
- 2
Let us show that the integral J5 := [; fj;: w ‘Wzlv/2 (w,t) — g1 /2,w(w, t)‘ dwdt is finite. We have
- s prtoo
J2 = / / w4
0J—oo

Consider the integral J2 = f0f+°o 4
tity (63]) in w gives

+oo

2
- Kw(w7t§577)(f1/2(577)—gf/Z(f,T))dde dwdt.

+oo
/ Ko, 1:€,7) f1 /(6. 7) dEdr = Ay (w, 1) + As(uw, 1),
0J—0c0

v(0) — y0(0) (—w)e_4/32<1:>23<t> y
T 2B4(t)B3(t)\/ B(t)

% /O Mm(a(T),T)\/m(B(T)w2 +252(t)B (t) — 252 )\/7(#

w2

_0(0) —y(0) 2we WwO7TEH [t )
As(w,t) := . ﬁ2(t)B2(t)\/% ; My \/73 \/7(1

It results that s oo
J} §2// w4(|A1(w,t)|2+|A2(w,t)|2) dwdt.
0J—c0

Using the change of variable ——*—— = v, there holds that

2B(t)y/ B(t)

/s/+ YAy (w,t | dwdt = //+oo 32( ?/0(0)>2 5(1:)5163_72/7;2@) x
ol B(r )( (A () B(H)?) + 262 (1) B(1) — 252<t>B<t>B<T>) x
< V/B{H) ~ Bryde| dudt,

then, using that B is strictly increasing, it results that

s p+oo 9
/ / w4‘A1(w, t)‘ dwdt
0J—o0

< C/S/+°° B3(t)B3/2(t) (/t | My (a )/ B d7'> O (v? +1)%e —20? dvdt,
0J—o0 0
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f+OOK (w,t;€,7) f12(&, 7 d§d7” dwdt. Differentiating iden-

(67)



hence [ fj:oo w4’A1(w7t)|2 dwdt < co. Similarly,

/OS/_J:C w| Ay(w, )| dwdt
< C/OS/:O B3 (t)B3/2(t) </0t |MII(Q(T);T)|\/W(17—>2,U6€2U2 dudt,

hence [ fjof wt| Az (w, t)|2 dwdt < oo. Tt results from that the integral J2 is finite.
- 2
Consider the integral J3 := fosfj;o wt fgfj:oo Ku(w,t,€,7)97 5(§,7) dde‘ dwdt. Since g7 ,(§,7) =0

for |w| > 2 we have

_ s ptoo +2
JZ = // w? Ky(w, t:€,7)g7 2(&,7) dédr | dwdt.
0 J—o0
Explicitly,
~ (3% ~ 59) Gty —ztn)”
K )(wvt;ga ) : e 4(B,(t)_B(T)) ’ (W,g) € RQ» 0 S T<t S T7
! A/mB(t)B(T)(B(t) — B(r))3/?
then, using the change of variable LG I = v gives
24/(B(t)—B())
+2
Kw(wat;EaT)gI/Q(gaT) df
-2
1 /b(w,t,T) s <B(7—)
= 2ve”" g1 )5 | =—=w + 208(7)/B(t) — B(t)v, 7 | dv,
A/mB(t)B(T)(B(t) — B(T)) Ja(uw,t,7) Y2\ B()
. g e
with a(w,t,7) := Y TEWL IO and b(w,t,7) := AN OO Since 91/2(5,7) is uniformly bounded,
we have s botor)
9 17- _,Uz
’ Ko(w, t:€,7)97 (&, 7 df’ (BE = BH) /( . 2|vle™ dv.
There are two positive constants ¢; and ¢y such that ¢; < (( )) <ecg, 0<7<t<T. Let wy = ﬁ, and
Wy = _g' We observe that:

w>w = a(w,t,7) <bw,t,7) <0; w< —wy = bw,t,7) > alw,t,7) >0,
then deduce that:

b(w,t,T) ) R R
for w > wy, / 2|’U|67U dv — e—b(w,t,'r) _ efa(w,t,'r) .

b
a(w,t,T)

b(w,t,T) . ) R
for w < —wo, / 2|U|67U dv = e—a(uut,-r) _ efb(w,t,r) )

a(w,t,7)
_ (c1w)?
For w > wy, using the inequality —2 — % < - ((:))w, we deduce that e—a(wtm)* < e 42OEBO-BM),
Then there is a positive constant cg such that
1 —a(w,t 7')2 - (o1 w)?
e 't < cze #ZWBM-BM) (70)
B()B(T)(B(t) — B(1)) B
8.\ 5r), \° 2
We also have, for w > wy, (2 — B(I) w) > (% ﬁ(:) w) > (%clw) , then we deduce that
(cgw)?
L e—b(wvtﬂ')2 < cze 8132(0(31@)73(7)). (71)
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Inequalities and hold similarly for w € (—oo,ws) so that, for w € (—oo, ws) U (wy, ),

+2
Kw(wa t7 §7 T)gI/Q(ga T) dng

(c1w)?

T 8BZ(1)(B(1)-B(1) dT.

<c e
0

Using the Cauchy-Schwarz inequality, there holds that

+2 2

t(_ (cqw)?
Koy (w,1:6,7)g8 (6, 7) dédr| < cjwj[ (7otdtmm) o
2 0

then

2

t 2 t ptoo C ew?
/ Ky(w, t;€,7)g7 (&, 7) dédr| dw < CT// |w|te” BPOEO-5E) dr dw.
0J-2 0J—o00

—+oo
/ o]
— 00

Using the change of variable m = v, we get that

+oo (cqw)2 L 5/2 +oo s o
// Jw|e” BZ®EO-BE) dew—/ 258(t)5(B(t) — B(1)) / lv|*e™ 1" dr dv,
0

— 00

then clearly, 522 < 00. Using the Young inequality, we deduce that .72 < o0, then conclude that Jo < ¢g5/2,

and
2

£ Maa (k1) (W 2w, 1) = y2(a(0)*, 1)) < e/, (72)
L1(0,5,L2(2))
It results from and that
11511 21(0,5;22()) < ce®/*, (73)
(c) Estimate of [ 15|11 g 5. z2(0)) -
(c.1) Using there holds that
0 —M(1,t)z /2
1,t <e
yt( i )6 L1(0,5,L2(Q)) ce
M(1,t) My (Ko, t )( 9(1,¢) — y°(alt %t) —M(1.t)z < cel/?,
M1, 0)Ma (2,1 (4 (1.8) =y alt)%,) ze o <

(c.2) From the explicit expression of W, see (20]), we get the uniform bound [W(rM(1,t),t)| < max{|v(0)], |yo(0)|}
then, using 7 there holds that

< cel/?.

| (Me(1,8) + M1 OM (2, 0) ) WO T M1, 1), ) ze 2002 oy S

(c.3) Let v(t) := B8%(t)B(t). By a direct calculation we have, for all C' € R,

L 2wa(th(t) +w—209(1) w2 (74)

WP, 1)+ CWe (o, p) = SO0 L el

Taking w = 7M(1,t) = le/_QtM(l,t) and C' = (TMt(l,t) — M;S’Zt)) = (le/_QtMt(l,t) - NS}’;)), we get

WY (w, ) + CW (w, )| £ 0,.6) = CO(E?) + O(e) = O(1),

then

H (WP M(L1).0) + (TMt(l,t)) - Mg(ll/;t)> WM (L,1),1))eMO05 < cell2,

L1(0,5,L2(Q2))
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From the previous estimate and the estimates in (c.1) and (c.2) we deduce that

151 21 0,5:22(0y) < &2 (75)
(d) Estimate of [|I5[[ 1 (0,5 22()) -
(d.1) A direct calculation gives
0) —yo(0) 1 —2w?a(t)y(t) — w? 4+ 2wCy(t) + 4y(t)%a(t) + 2v(t) _ w2
W2, (w,t) + CW? t) = ol 108
wt(w’ ) + ww(w’ ) 9 4ﬁ ’Y(t)S/Q €
(76)
Taking w =7M(1,t) = :Ql/_fM(l,t) and C = (TMt(Lt) - Nig’;)) = (le/_QtMt(l,t) — Nﬁ}’ﬁ), we get
IWe (P M (1)) + CW, (TM (L), )11 0.5) = O1/?) + CO(e) = O('?),
hence
M(1,t
gl/? (Wgt(TM(l,t),t) + (TMt(l,t) - <1/’2 )) Wgw(TM(l,t),t)> ze~ M)z < 82,
‘ L1(0,5:L2())
w2
(d.2) From W0 (w,t) = w@—v(©) Jrsmre 0O with w=7M(1,t) = TR M(1,1), we get
IWa(rM(1,8), )] 1105 = O("/?), (77)
then
HEl/QMI(FLQ,t)WB(TM(l,t),t)ZG_M(Lt)z < 32,
L1(0,5:L%(2))
1/2 0 2 ,—M(1,t)z 3/2
Hs (ML) + ML) M2, £) WO (T M(1, 1), )22 pomnay <
From the two last estimates and that in (d.1) we deduce that
151 21 0,0:22(0y) < €™/ (78)

(e) Estimate of [|I5][ 10,5 12(0)) -
(e.1) Using we deduce that

|7M (1, 6) M (a(t), t)y2 (a(t) )| .y = Oe™?).

(e.2) Estimate of ’|Cl/2(077—7t . We use that

) || L1(0,s)

W2, 1) = g3 a(t)*, thw = (W2(w,8) = G jaw,t)) + (G20, 8) = g (a(t)*, ),

with (§1/2(u},t) - yg(a(t)i,t)w) =0 for |w| > 2. Taking w = Bt M(1,t) in there holds that

v(0) —yo(0) e  BZ®EO® y
B2(t)B(t)/ B(t)

t ptoo _
a0 = [ [ 7 x (Bt a0, 660) yate.o) dedo -

</ M (a(0).0)/B(o) (500) (iﬂ;tMu,t))z 2520 B(0) ~ 2670 BB(9) )

x v/ B(t) — B(o)do.
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Consequently,

Tl M(1,t) 2
}JS(t)| SCT B(t) ( 81/2 M(lvt)> +1 SCT@ 272 )

where we used the bounds 0 < My < M(z,t), B(t) < By and S(t) < 53 for all (z,t) € Qr. Then

T 9 T1 _( Cim Ml>2
/ |J3(t)|" dt < cT? / e P3Pt
0 0

= 7, there holds that

I 2 +oo  (rMp)?
/ |J§(t)| dt < CT251/2/ e P3P dr < T%Y/2
0 0
When s > T, we derive similarly the estimate f;l |J§(t)’2 dt < cT251/27 then got

/ |JE(@0)|* dt < T2
0

Let J3(t) = [y [72 K (B M(1,1),:€,0) g5 (€, 0) dédo. We show similarly that
S
/ |72t dt < T2,
0

then derive the estimate

W2, - 7, 0t )| < T%2,

L1(0,s)

then

HCl/Q(O,T,t) = 0(51/2),

HLl(O,s)
and the first term of I5 satisfies the estimate

< 663/2.

1/2 —M(1,t)z
172 (M1, ) + M1, )M, (12, )) Ca (0,7 )2 oy S

‘UJ2
Let us denote Fy(w,t) := 20)=%(0) e 20B®

(e.3) Estimate of! i) : R Y TEW/TOL

(W“Q TM(l,t),t)‘

t

Fafw,t) i= | Moula(o),0)V/B(@) (B(o)u? + 250 B(0) ~ 26°0)B(0)Blo) ) VB(D) ~ B(o)do,

0
and F(w,t) := Fy(w, t)Fa(w,t). We have from (63)), for all (w,t) € R x (0,T),
t
|| Kt i) a¢.0) dgdo = Flu, )
0Jr
Differentiating the previous equality in ¢ yields
t
[ Kutw. 0017006, 0) deir + fija(w,0) = Fifw, )
0Jr

We have

w0 =) et (W (POBO+BOBW) a5 nm) +5/28'080)
el f) = == ( FOBRH  POBEY )
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Fy(w, ) = /0 M, (a(0),0)v/B(o)

x (45(1?)5'(032(15) +4B(t)B'(t)3*(t) — 45(t)8'(t) B(t)B(o) — 252(15)3’(1?)3(0)) B(t) — B(o) do

1

+ / Mas(a(0),0)V/B(@) (Bloyu? + 282 B(t) ~ 28%() BW)B(#)) 5 (B(t) — B(0)) ™/ B (t)do.

Differentiating in ¢ gives

t
WY, 1) :§1/2,t(w7t)+AAKt(w,t;§,a)(f1/2(§,U)—gf/2(5,0)> dedo + frya(w,t) — gf sp(w, ).
Then
W2 (w,t) = G joo(w, 1) + Filuw, £) — / / Ki(w,:€,0)g7 56, 0) dédor — g7 1w, ). (79)

Arguing as in (e.2), using the bounds 0 < M; < M (z,t), B(t) < B and ((t) < s for all (x,t) € Qr, we
find that

b2

'KUZ
|Fy(w,t)] < ce P32 |Fyy(w,t)] < ce 382 (w? +1), |Fap(w,t)] < c(w?+1),

|Fy i (w,t)] < ¢+ c(w? + 1) /Ot(B(t) — B(0))"Y2B'(t) do

¢ B'(t
:c+c(w2—|—1)/ (B(t) — B(0))"Y2B/(0) /( ) do < c(w? +1)
0 B'(0)
It results that ) )
|Fy(w,t)] < ce *P3P2 (w? +1) < ée *#3P2 (80)

for some constant ¢ > ¢. Taking w = 7;11/_2’5M(17 t) in we have, for £ small enough,

Wt1/2<121/_2tM(1,t) ) Ft<T€/ ) //Kt<T1 M1)€, )g;/Q(g,r)) dedo. (81)

Using inequality and the change of variable le/_zt = 7, there holds that

T
A

When s > T, we derive similarly the estimate fT ‘Ft ( 1 M(l,t),t)‘ dt < ce'/?, then get

[
(gt -5t)"

Consider the term fot Iz Ki(w,t;€,0)g1 (€, 0) dédo. We have Ky (w,t;€,0) = R(w,t;§,0)e” TEO-E@T
with

Tl —t +oo _(7241)2
F, (WM(l,t),t)‘dt < 051/2/ e 3B dr < cel/2,
€ 0

T
F, <611/M(1 t), t> ‘ dt < ce'/2. (82)

bt o) L 27 B/ (t)
Rlwt4,0) B(o) (4m(B(t) — B(o)))*?
) | i (st —5tn) B0 (5~ 59)
B(0) /4 (B(t) — B(0)) 2(B(t) — B(o)) A(B(t) — B(0))?
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& w
Using the change of variable —2Z_2Y__ — 4, there holds that
2¢/(B(t)—B(2))

+2
Y Kt(wat;gao)gI/Q(é.?O-)dg
B -~ b(w,t,o) 2 - @ — oo x
=26(0)\/B(t) B(U)/a(w,t,g) e R(w,t, ﬁ(t)w+2ﬂ(0) B(t) — B(o)wv, )
ng/z( (())w+2ﬂ( )W <t>B<o>v,o) v,

0 Blo)

()
__ T 5@ We have

- _ 256w —
with a(w,t,0) = S CNOEIC) and b(w,t,0) = OGO
Blo)

o)V B(t)—B(o) R <w,t; mw +25(0)\/B(t) — B(o) ’U7J>

1 (Boer-n  E
~ V7 \ 2(B(t) - B(0)) B(t)— B(o) |’
then
+2 1 b(w,t,o) R ﬂ(O’)
» Kt(wytéfﬂ)gf/z(fﬂ) d§ = ﬁ /( o) e’ gf/Q (Ww +28(0)\/(B(t) — B(O’))U,U) X
B -1) Fw .
2(B(t) — B(0)) B(t) — B(o) '

Using that g7, (&,7) is uniformly bounded, there holds that
+2 b(w,t,o) B/(t) (2U + 1) va?lﬁt( )
Ki(w,t;€,0)gF ,a‘d §c/ e~ A7) dv.

‘/_2 ’ t( f )91/2(5 ) 5 a(wto) (Q(B(t) B(O’)) B(t) 7B(O')

Let us denote

Ait,0) = 2D Aslt = As(t,0) == b(w, t t
1(t70') T m’ 2( U) B(t) —B(O’)7 3( 70) = (’LU, 70) _a(wv 7U)a

so that
b(w,t,o) R
TV (At 0) (207 + 1) + Ag(t, o) [ow]) dv
2

+2
[, [t tengipeafase [ e
-2 a(w,t,o

v2 -
Using the inequalities e~ (202 +1) <ce™ 7, e’ |v| < ce” 7, we have

b(w,t,o) 2
v

+2
/ ’Kt( ,t;ﬁ,g)g’{m(&g)‘ dg < ¢(Ai(t,0) + As(t, 0)|wl) /( ) e~ T dv
a(w,t,o
Sd&@@+ANJW@&@@eﬂ%Q
<0,

Let us take w = le/_;M (1,%) in the previous inequality. For e small enough and ¢t < T} we have a(w, t, o)

then
(A1(t,0) + As(t, 0)|w]) A (t,0)e

_ a(w, t )2

alwpol® c(jw| +1)e

33



Then

+2 a Tl_tlw(l,t),t,o')z
T, —t . T —t _(51/2—
[ | (st annes ) sipeo| ae < o (Btaraa +1) 4
Integrating in o, we have
t 42 t a Tl_tM(l,t),t,c,r)Q
T —t T, —t _ (5 /2

Integrating in ¢ and using the change of variable 27; = 7, there holds that
Ty pt 42
|
T

<1/2 b aMA0.0)?
< 061/2/ (TM(1,¢t) + 1)/ s el
0 0

T, —t

L —
K, <€1/2M(1,t),t;£,0> 91 /2(&, 0)| dédodt

+oo ¢ a(rM(1,t),t,0)2
§C€1/2/ (TM(I,t)—Fl)/ e SR o
0 0

< cel/2,

When s > Ty, we derive similarly the estimate fTsl fj—; ‘Kt (%M(l, t),t;€,0) gf/2(§, 0')‘ dédo < c£'/?, then

get
J

dt < ce'/?.

t
/ / Ki(w, 6:€,0)g7 5(&, o) dgdo
0JR

We conclude that

Hth/Z(TM(l,t),t)’ < e/,

L'(0,s)

(e.4) Estimate of . Let us denote

L1(0,s)

a0 (1.0) (Wl (b (10).8) = 9(a()%.1))|

T —t
J4(t) = W&/Q < ;1/2 Mt(lat)at> - yg(a(t)i’t)

We have from
t
Wit w.0) = drya(. )+ [ [ Kuw,t67) (267 = g1 plér)) detr. we Rt € 0.7).
Writing
Wq})/z(wv t) - yg(a(t)i7 t) = (W’l}]/2(w7 t) - §1/2,w(w7 t)) + (51/2,w(w7 t) - yg(a(t)ia t))a

then taking w = %Mt(l7 t) we have, for ¢ small enough,

Ty —t T 4 B T
W;/z( 511/2 Mt(l,t),t) —y0at)*,t) = W;/2< 511/2 Mt(l,t),t> — G1/2,u <€11/2Mt(1,t),t>.
Then
Tl —t t T ¢ .
wi/? <51/2Mt(1,t),t> —y0(a(t)*,1) :/O/RKW (;UQMt(l,t),t;é,T) (fl/z(f,T)—gl/Q(fm))dng,

(84)
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We have from (b.2)
) t p+oo T] —t
J4(t):: 0 K, WMt(lut)vt;gaT f1/2(£77-)d§d7—
T —t T —t
-4 (;/ZMt(Lt),t) + Ay (;I/ZMt(l,t),t> ,

w2
where Ay (w,t) and As(w,t) are defined by and (68). We have |A;(w,t)] + [A2(w,t)| < ce 2P3P2 where
we used the bounds 0 < My < M(z,t), B(t) < By and S(t) < (s for all (z,t) € Qr. Then

— 2
Ty Ty 7(3/;1‘41) +oo  (rm)2
/ |J5 ()] dt < c/ e WP gt < 051/2/ e 2352 dr < cel/?,
0 0 0

using the change of variable 7;11/_; = 7. When s > Tj, we derive similarly the estimate f;l ‘Jj(t) |2 dt < cel/?,
then get [ [J1 ()| dt < ce'/2. Let JE(t) = fot fj;f K (LZM(1,t),t:¢,0) 915(§, o) d€do. We show similarly
that [; [J3(t)| dt < ce'/2, then derive the estimates

Wi ar(1,0),0) = gl (a(t)®, 1) < 12,

L1(0,5) —

w

[P0 (WM, 0,0 - yat)®,0)|

<c
L1(0,s)

(e.5) Estimate of ||e!/2Cy5,4(0, 7, t)efM(l’t)ZHL1(075;L2(Q)). Using and the estimates in (e.3) and (e.4),
we deduce that
< cet/?.

HEl/QCl/Q’t(QT’ t)e_M(Lt)z L1(0,5:L2(Q))

(e.6) We have from (e.4) that HW&,/Q(TM(I,t),t) - yg(a(t)i,t)‘
that

{0s) < ce'/?, then, using we deduce
L1(0,s

< cel/?,

c (0 + —M(1,t)z
H 1/2,7(0, 7, t)e L1(0,s;L2(Q) —

From the previous estimate, the last estimate in (e.2), and the estimate in (e.5) we deduce that
1/2
15111 0,200 < =M% (85)

Collecting estimates , , 7 , and we get the desired result.

References

[1] Y. AMIRAT AND A. MUNCH, Asymptotic analysis of an advection-diffusion equation and application to
boundary controllability, Asymptot. Anal., 112 (2019), pp. 59-106.

[2] ——, On the controllability of an advection-diffusion equation with respect to the diffusion parameter:
asymptotic analysis and numerical simulations, Acta Math. Appl. Sin. Engl. Ser., 35 (2019), pp. 54-110.

[3] ——, Asymptotic analysis of an advection-diffusion equation involving interacting boundary and inter-

nal layers, Math. Methods Appl. Sci., 43 (2020), pp. 6823-6860.

[4] Y. AMIRAT AND V. SHELUKHIN, Global weak solutions to equations of compressible miscible flows in
porous media, STAM J. Math. Anal., 38 (2007), pp. 1825-1846.

[5] D. G. ARONSON AND P. BESALA, Parabolic equations with unbounded coefficients, J. Differential Equa-
tions, 3 (1967), pp. 1-14.

35



[6]

7]

8]

[9]

[10]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

J. BEAR AND Y. BACHMAT, Introduction to modeling of transport phenomena in porous media, Springer,
Netherlands, 1990.

W. BODANKO, Sur le probléme de Cauchy et les problémes de Fourier pour les équations paraboliques
dans un domaine non borné, Ann. Polon. Math., 18 (1966), pp. 79-94.

W. CHENG, R. TEMAM, AND X. WANG, New approzimation algorithms for a class of partial differential
equations displaying boundary layer behavior, Methods Appl. Anal., 7 (2000), pp. 363-390. Cathleen
Morawetz: a great mathematician.

J.-M. CORON AND S. GUERRERO, Singular optimal control: a linear 1-D parabolic-hyperbolic exzample,
Asymptot. Anal., 44 (2005), pp. 237-257.

P. DEURING, R. EYMARD, AND M. MILDNER, L?-stability independent of diffusion for a finite element-
finite volume discretization of a linear convection-diffusion equation, STAM J. Numer. Anal., 53 (2015),

pp. 508-526.

W. EckHAUS, Asymptotic analysis of singular perturbations, vol. 9 of Studies in Mathematics and its
Applications, North-Holland Publishing Co., Amsterdam-New York, 1979.

A. FRIEDMAN, Partial differential equations of parabolic type, Prentice-Hall, Inc., Englewood Cliffs,
N.J., 1964.

G.-M. GIE, M. HaMouDA, C.-Y. JUNG, AND R. M. TEMAM, Singular perturbations and boundary
layers, vol. 200 of Applied Mathematical Sciences, Springer, Cham, 2018.

S. GUERRERO AND G. LEBEAU, Singular optimal control for a transport-diffusion equation, Comm.
Partial Differential Equations, 32 (2007), pp. 1813-1836.

A. M. ILIN, Matching of asymptotic expansions of solutions of boundary value problems, vol. 102 of
Translations of Mathematical Monographs, American Mathematical Society, Providence, RI, 1992.
Translated from the Russian by V. Minachin [V. V. Minakhin)].

A. M. ILiN, A. S. KALASNIKOV, AND O. A. OLEINIK, Second-order linear equations of parabolic type,
Uspehi Mat. Nauk, 17 (1962), pp. 3-146.

J. KEVORKIAN AND J. D. COLE, Multiple scale and singular perturbation methods, vol. 114 of Applied
Mathematical Sciences, Springer-Verlag, New York, 1996.

C. LAURENT AND M. LEAUTAUD, On uniform observability of gradient flows in the vanishing viscosity
limit, J. Ec. polytech. Math., 8 (2021), pp. 439-506.

P. PLASCHKO, Matched asymptotic approrimations to solutions of a class of singular parabolic differ-
ential equations, Z. Angew. Math. Mech., 70 (1990), pp. 63-64.

J. SANCHEzZ HUBERT AND E. SANCHEZ-PALENCIA, Vibration and coupling of continuous systems,
Springer-Verlag, Berlin, 1989. Asymptotic methods.

J. SHAO AND F. MENG, Gronwall-Bellman type inequalities and their applications to fractional differ-
ential equations, Abstr. Appl. Anal., (2013), pp. Art. ID 217641, 7.

S. SHAO, Asymptotic analysis and domain decomposition for a singularly perturbed reaction-convection-
diffusion system with shock-interior layer interactions, Nonlinear Anal., 66 (2007), pp. 271-287.

S.-D. SHiH, A novel uniform expansion for a singularly perturbed parabolic problem with corner singu-
larity, Methods Appl. Anal., 3 (1996), pp. 203-227.

36



[24] S.-D. SHIH, On a class of singularly perturbed parabolic equations, ZAMM Z. Angew. Math. Mech., 81
(2001), pp. 337-345.

[25] M. STYNES AND E. O’RIORDAN, Uniformly convergent difference schemes for singularly perturbed
parabolic diffusion-convection problems without turning points, Numer. Math., 55 (1989), pp. 521-544.

[26] M. VAN DYKE, Perturbation methods in fluid mechanics, The Parabolic Press, Stanford, Calif., anno-
tated ed., 1975.

37



	Introduction. Problem statement
	Matched asymptotic expansions and approximate solutions
	A property of the characteristics
	Outer expansion
	Inner expansion along the characteristic x-a(t)=0
	Representation of the functions W0 and W1/2
	Fundamental solutions
	Explicit expression of W0
	Integral representation of W1/2

	Composite asymptotic approximation outside the boundary layer
	Inner expansion along x=1
	Asymptotic composite approximation in QT

	Convergence of the sequence (P)(>0) - Proof of Theorem 1.1
	Preliminary results
	Estimate of the initial layer corrector 
	Estimate of "026B30D LP"026B30D L1(0,t; L2(0,1))
	Gronwall-Bellman type estimate
	Estimate of "026B30D z(x0,)"026B30D L1(0,s), "026B30D zt(x0,)"026B30D L1(0,s) and "026A30C z(x0,0)"026A30C , x0=0,1

	End of the proof of Theorem 1.1

	Some explicit examples
	The case M(x,t)=1+x, y0(x)y0 in (0,1) , v(t)v in (0,T)
	The case M(x,t)=1+t, y0(x)y0 in (0,1) , v(t)v in (0,T)

	Concluding remarks
	Appendix
	Proof of Lemma 3.2
	An equality
	Proof of Lemma 3.3


