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Filling the gap between individual-based evolutionary models and
Hamilton-Jacobi equations

Nicolas Champagnat*  Sylvie Méléardf Sepideh Mirrahimi* ~ Viet Chi Tran $

June 15, 2022

Abstract

We consider a stochastic model for the evolution of a discrete population structured by
a trait with values on a finite grid of the torus, and with mutation and selection. Traits
are vertically inherited unless a mutation occurs, and influence the birth and death rates.
We focus on a parameter scaling where population is large, individual mutations are small
but not rare, and the grid mesh for the trait values is much smaller than the size of mu-
tation steps. When considering the evolution of the population in a long time scale, the
contribution of small sub-populations may strongly influence the dynamics. Our main re-
sult quantifies the asymptotic dynamics of sub-population sizes on a logarithmic scale. We
establish that under the parameter scaling the logarithm of the stochastic population size
process, conveniently normalized, converges to the unique viscosity solution of a Hamilton-
Jacobi equation. Such Hamilton-Jacobi equations have already been derived from parabolic
integro-differential equations and have been widely developed in the study of adaptation
of quantitative traits. Our work provides a justification of this framework directly from a
stochastic individual based model, leading to a better understanding of the results obtained
within this approach. The proof makes use of almost sure maximum principles and careful
controls of the martingale parts.

Keywords: stochastic birth death models, large population approximation, selection, mutation,
viscosity solution, maximum principle.

MSC 2000 subject classification: 92D25, 92D15, 60J80, 60F99, 35F21.

1 Introduction and presentation of the model

Long-term evolutionary dynamics of biological populations may be strongly influenced by small
populations and local extinction in some areas of the phenotypical trait space. Survival of small
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populations in very large populations is crucial when evolution proceeds by selective sweeps
[20] or for the evolution of antibiotic resistance for bacteria [24] 27]. For example, in bacterial
populations involving horizontal transfer, it was shown in [3] [6] that the individual-based long-
term dynamics is very sensitive to random survival of very small populations, which may either
drive the population to evolutionary suicide or to cyclic dynamics. In such context, the bacterial
population is very large making the tracking of small populations very challenging.

From a point of view of mathematical modeling, one wishes to consider large population
scalings allowing for survival of much smaller populations. Two approaches emerged: a purely
deterministic one, based on partial differential equations (PDE), and a stochastic one, based
on birth and death processes (so-called individual-based models in biology). Both approaches
describes exponentially small populations sizes and characterize the dynamics of the exponents.

An analytical approach allowing to deal with negligible but non-extinct populations was pro-
posed in [I3] and then widely developed (see for instance [25] 2, 21]) for the asymptotic study
of parabolic integro-differential selection-mutation models. Let us present it in a setting close
to [2]. We consider a population whose individuals are differentiated by a trait « € T, the torus
of dimension 1, identified below with the interval [0,1). The trait can vary from an individual
to the other. The evolution of the population is driven by two effects: mutation of the traits,
and selection as the reproductive and survival abilities of an individual depend on its trait x.
For an individual of trait « € T, let us denote by b(z) (resp. d(z) and p(z)) the clonal birth
rate (resp. the death rate and the birth rate with mutation), and by G(h) the mutation kernel.
Assuming that the population density solves the PDE

edue(t,z) = ue(t, ) (b(z) —d(z)) + [7 1G (22) p(y)uc(t,y)dy  (t,x) ERy x T w1)
ua(t,0) = exp (242, zeT |

in the limit € — 0 of small mutations and large time, and applying the Hof-Cole transformation

l,
Be(t,x) = elogus(t,x), or wu.(t,xr)=exp (M) , (1.2)
€
it is proved in [2] (in a slightly different setting, considering z € R and taking into account a

competition term) that S, converges to the unique solution 8 of the Hamilton-Jacobi equation

{a‘iﬁ(t, ) = b(z) — d(z) + p(z) [ G(h)e"=FtDdh, (t,z) e Ry x T 13)

B(0,z) = Po(x), zeT

Scaling limits of individual-based models on a discrete trait space with rare mutations and
large population, and allowing to deal with negligible populations and local extinction, were
proposed in [14] 5], [0, [T, 4]. These references focus on population sizes of the order of K?
and characterize the asymptotic dynamics of the exponent 8. In particular, local extinction
is possible when the exponent 8 hits 0. The fact that the trait space is discrete allows to
describe separately the dynamics of each small sub-population. However, this makes the detailed
description of the asymptotic dynamics very complicated (see [10} [I1]). Note that mutations
are assumed individually rare in these references, but they are more frequent than in the scaling
limits of adaptive dynamics (see e.g. [22, 12,7, [9]), where negligible populations either fixate or go
extinct fast, due to the fact that the populational mutation rate vanishes here. Scaling limits with
non-vanishing populational mutation rates partly solve the criticisms raised by biologists [28]



concerning the too slow evolutionary speed in adaptive dynamics, particularly in microorganism
populations. Biological criticisms were also raised for the analytical approach [26], because of
the so-called tail problem: exponentially small populations, which may actually be extinct, can
have a strong influence on the future evolutionary dynamics of the population. In particular,
evolutionary branching is too fast. Modification of the Hamilton-Jacobi equation were proposed
in 26, 23] [I6] to solve this problem, but we believe that an individual-based approach is crucial
to provide a more realistic and biologically relevant solution to the tail problem.

The purpose of our work is to provide a stochastic individual-based justification of Hamilton-
Jacobi equations. To our knowledge, this is the first proof of this kind in the literature. We follow
an individual-based approach, assuming a continuous trait space with a vanishing discretization
step dx, where K is a scaling parameter such that the population is of the order of K 6K(t’x),
assuming frequent and small mutations. In the individual-based model, individuals with trait
x € T give birth to a clone at rate b(z), die at rate d(z) or give birth to a mutant at rate
p(x). Mutant traits are drawn according to a discretization of the distribution log K G(log K-).
Mutation steps are of the order of 1/log K and the discretization step dx is assumed much
smaller than 1/log K. In this first work, we focus on the understanding of the relevant scales
allowing to capture the limiting Hamilton-Jacobi dynamics. Thus, we consider a simplified
model where the birth rate b is assumed larger than the death rate d, making the stochastic
process super-critical, and the trait space has no boundary. Generalization is a work in progress.

The proof of our main result makes use of uniform Lipschitz bounds on the finite variation part
of X, obtained using an almost sure maximum principle and careful bounds for the martingale
part. The identification of the limit is done by checking that it is almost surely viscosity solution
of . We describe the model and state our main result in Section [2l The proof is divided
into two main steps—proof of tightness and identification of the limit—which are detailed in
Sections [3] and [4] respectively.

Note that the Hopf-Cole transformation is reminiscent of large deviations scalings. How-
ever, our scaling is more of a law of large numbers type. As far as we know, the large deviations
interpretation of the Hamilton-Jacobi equation can be done through a Feynman-Kac interpreta-
tion of the PDE [8]. However, the stochastic process involved in the Feynman-Kac formula
does not seem to be directly related to the biological population process, even though some
works suggest that it may be related to the ancestral trait process of living individuals [I5].

2 Model and main result

2.1 The model

We consider a super-critical stochastic birth-death-mutation model describing an asexual popu-
lation of individuals characterized by a quantitative phenotypic or genetic trait x € T. Starting
from a finite population whose initial size is parameterized by K € N, our goal is to recover,
in the limit K — 400, an evolutionary dynamics described by the Hamilton-Jacobi partial dif-
ferential equation . For this, we consider a discretization of the trait space T with step
dx — 0. For the sake of simplicity, we will consider in what follows that 1/0x € N. Then, the
population is composed of individuals with traits belonging to the discrete space

1
Xi = {i&K:iG{O,l,"',—l}},
0K
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embedded with the torus distance: Vz,y € [0,1),

p(z,y) =min {|z’ — /|, 2’ =2 mod 1, y' = y mod 1}
=min (jz —y[,1 - [z - y|).

It’s enough to define p(x,y) for z,y € T by considering their representative in [0, 1).
The number of individuals with trait idx is described by the stochastic process (N (¢),t > 0).
The total population size at time ¢ is then given by

1/65—1
NE@) =) NE@).
=0
An individual with trait x € X
e gives birth to a new individual with the same trait x at rate b(z);
e dies at rate d(z);

e gives birth to a mutant individual with trait y € Xk at rate
p(x)dxlog K G ((y —x) log K), (2.1)

where Z is the unique real number of [—1/2,1/2) that is equal to z modulo 1, i.e. zZ =
z— |z +1/2], where |-] is the integer part function.

In the rest of the paper, the following assumptions are made:

Assumption 2.1. 1. We assume that b, d and p are nonnegative Lipschitz continuous functions
defined on T, such that for all x € T,

b(x) > d(z) and p(z) > 0. (2.2)

This means that the birth-death process for each trait is super-critical. In the sequel, we denote
by b, p and d the upper bounds of these functions on T, by p > 0 the lower bound of p, and by
6|l zip, [|d]|Lip and ||p||Lip their Lipschitz norm.

2. The function G defined on R is nonnegative, continuous, satisfies fR G(y)dy = 1 and has
finite exponential moments of any order. Moreover, we assume that there exists R > 0 such that
G is nonincreasing on [R,+00) and nondecreasing on (—oo, —R)].

An example of function G satisfying Assumption 2 is given by the Gaussian kernel G(h) =

1 _—h%/202
27r06 7
3. There exists a constant ay > 0 such that, for all K € N and all i € {0,1,--- ,i -1},
NE(©) > K. (2.3)
4. There exists ao < a1 such that
1
K_a2/4 < 6[( < @ as K — 4o0. (24)

4



Point 4 above implies that
hi = 5KlogK < 1. (2.5)

Therefore, the interpretation of (2.1)) is that the rate at which x gives birth to a mutant individual
is close to p(z). Indeed, for an individual with trait xx = ixdx with ix = |2/dx| and x € T
fixed,

5L 16k —1—[1/26]
Klililwp(mK) Z hkG ((zK —J)0K logK) = Kngp(xK) Z hikG (hi?)
§=0 l=—|1/26k |

— p(a) /R Gy) dy = p(o), (2.6)

where we used Assumption [2.1]2 to control the tails of the Riemann sum.

Therefore, the individual mutation rate is order 1 and mutation steps are small: conditionally
on being a mutant, the trait y of the offspring has the distribution G scaled by a factor 1/log K
representing the order of magnitude of the mutation steps. Note also that means that the
mesh size is much smaller than the mutation step.

Our goal is to study the asymptotic behavior (when K tends to infinity) of the population
sizes NX when N/(0) is of the order of K for some a; > 0. Note that in the case where
p(z) =0 for all z € T, the process N/ (¢) is a super-critical one-dimensional branching process,
hence E(NX (t)) = E(N/(0))et(#x)=d@x))t  Therefore, if the initial condition is of order K%,
then E[NX (tlog K)] ~ K+ (0@0x)=d@x))t This suggests to study

_ log(N/(tlog K))

B (®) oK) (2.7)

with the convention that 85 () = 0 if N/(tlog K) = 0. So the sub-population of trait iéx at
time ¢log K has size N/ (tlog K) = K5,

We make the following assumption on the initial condition 55X (0).
Assumption 2.2. Assume that there exists a constant A > 0 such that

K(0) — gK (o
i P(up 200
K—too \z;  p(idK,joK)

> A) —0. (2.8)

Notations: (i) We shall use the following Riemann approximation repeatedly in the proofs:
for all a > 0,

L1
K
: . _ 4 OclOng(j(SK,iK(sK)
K1_1>r£OO jzo hrG ((zK J)OK logK) e
/65 —1—|1/265
- ah |0 — alyl
Jim Y kG e [ ecway. 29
t=—|1/25k |



and thus, there exists a constant G(a) depending only on « > 0 such that

L1

K
sup Z hxkG ((zK —J)0K logK> Llog K p(i0r:ikdx) — . G(a) < +00. (2.10)
K>1 T
ii) In what follows and for any function f on {0,1,---, <= — 1}, we will use the notation
)
K

AKfz— fH—l fz

oK

with the convention that fy/s, = fo.

2.2 The main result - Sketch of the proof

Since we are interested in the convergence of the quantities BZK to a continuous function defined
on the trait space T, when K — +o00 and dxg — 0, we introduce the following interpolation of
the 85’s: for all x € T and K > 1, let i be such that x € [i6k, (i + 1)dk), and define

B () =@-K(t)(1—§+i) + 8K )(%—i), (2.11)

with the convention that B{%K (t) = B (t). The sequence of processes (Bt € [0,T))k belongs

o D([0,T],C(T,R)), where C(T,R) is endowed with the topology of uniform convergence and

D([0,T],C(T,R)) is the Skorohod space of cadlag paths with the associated Skorokhod topology.
Let us state our main theorem.

Theorem 2.3. Let T > 0. Under the Assumptions and and assuming that BE(-)
converges in probability for the topology of uniform convergence on C(T,R) to a deterministic
function By(-) € C(T,R), the sequence (%) converges in probability in D([0,T],C(T,R)) to the
unique Lipschitz viscosity solution of the Hamilton-Jacobi equation

{gtﬁ(t,a:):b(x) 7) Jp G(h)e" = 0dh, - (t,7) € Ry x T (2.12)

B(0,z) = Bo(x), zeT.

The proof of Theorem [2.3] will be classically obtained in two steps: tightness and identification

of the limiting values. Therefore we will prove the two next results, respectively in Sections
and [4

Theorem 2.4. The sequence of laws of (B, t € [0,T)) i is relatively compact in P(D([0, T],C(T,R))).

Theorem 2.5. The limiting values 8 of (Bg’(,t € [0,T))k are characterized as the unique vis-
cosity solution of the Hamilton-Jacobi equation

0

;5 (%) = b(z) = d(z) + p(z) /R G (h)eh8(t2) g,

The proofs of these two results require to control the increments of the functions E,:K (.). This
functions can also be written as

B (@) = (x — 0w ) Ax B (1) + B (1)



From this expression, we observe that two technical steps are required: to estimate uniformly

BE(t) and to control uniformly AgBE(t) = %}W (the second estimate being the
harder part, it is a major difficulty and constitutes the technical interest of the paper). Such
estimates are also obtained in the deterministic derivation of Hamilton-Jacobi equations of
type from parabolic integro-differential equations using the maximum principle and the
Bernstein method which consists in applying again the maximum principle to the equation
satisfied by the increments (see [2]). Here, since we have stochastic processes we cannot apply
the Bernstein method directly. Using the Doob-Meyer decomposition, the stochastic processes
can be separated into a finite variation part and a martingale part. We show indeed that the
martingale part remains small with our rescaling and we apply the maximum principle almost
surely on the finite variation part.

Let us detail now the semimartingale Doob-Meyer decomposition of the processes BiK , 1=

0,---,1/0x — 1, which can easily be deduced from the Doob-Meyer decomposition of the semi-
martingales NX i =0,---,1/5 — 1.
We have
BIE() = M (1) + Af (2) (2.13)
with
X X 1 tlog K X 1
AK () = BE(0 (b'5 NE(s)log (1 2.14
K0 =80+ g [ (bmonEoos (14 55 ) (2.14)

: K 1
1/6—1—|1/20k] tlog K 1
> hep(( +5)5K)G(hf<f)/ Nifo(s)log (1 tVE > ds,
0=—|1/26x | 0 N ()
= K

. 1
log K

with the conventions that, when the index j ¢ {0,...,1/0x — 1},

NJK = NJ‘IEL]'(;KJ/(SK and  p(jox) = p((j — [JoK]/0Kk)0K), when j > 1/0k, (2.15)
NE = NE o s and pliox) = p((+ [ilx1/6x)0k),  whenj<0.  (2.16)

The process MZ-K is a local martingale with quadratic variation

(M), =

7

10;2 _ /OtlogK <b(z‘5K)NiK (s) log? (1 + Nl}(s)) (2.17)

1
- K 2 (1 _
+ d(i0x )N;* (s) log (1 NZK(S))>d8
| Wer—1=l1/20k)

tlog K 1
—— hip((i + )0k )G (hil N y(s)log? (1 ds.
R, Ll ) [ VB o108 (14 s ) o
= K

In Section |3} we will prove technical uniform estimates on the martingale part Ay MX (¢) and
the finite variation part AxAX(¢) of the processes AgBX(¢). In that aim, let us introduce
sequences of stopping times playing an important role in the proofs.



Let a € (az,a1) be fixed during the rest of the proof, a; being defined in (2.3) and ag in(2.4).
For any K, we define

1
e = inf {t >0,3i € {01, — 11 N/ (tlog K) < K“}. (2.18)
K

Recall Assumption on the initial condition. It implies that N5 (tlog K) > 1 for all t < 7.
For all L > 0, we also define

Tk = T (L) = inf {t >0:3ie{0,1,--- ,% -1}, |/8£1(t) - 55((75)‘ > L5K} ) (2.19)
K

with the usual convention that 55 Sk = ﬁé( . It is easy to check that

. . 1 , .
7K (L) = inf {t >0:3i,5€{0,1,--- Tt 1Y, |85 t) - ﬂ]K(t)] > Lp(uSK,j(SK)}
and
— . 3K 3K
i (L) = inf {t >0:3z,yeT, |B5(x) - BE(y)| > L p(x,y)} . (2.20)
We will study the processes until the stopping time
Ok (L) ITK(L)/\T}(. (2.21)

Before the stopping time 0k (L), the functions @K are Lipschitz and the population size of each
trait is controlled by K%, by definition. For each L fixed, we will provide uniform estimates on
the martingale parts MX (t) and Ax MX (t) and the finite variation parts AX(t) and Ax AK(¢)
of the processes 35 (t) and AxBX(t), before the stopping time 6 (L). This will allow us to
prove the next lemma:

Lemma 2.6. For all T > 0, there exists Lo > 0 large enough, such that

KI_I)IEOOP(QK(LQ) > T) = 1.

An expression for Ly will be given in (3.18)) in the proof.

3 Proof of the tightness

We will use the criterion of Theorem 3.1 in Jakubowski [18]: let us consider the set F of functions
Fy, for f € C(T,R), defined on C(T,R) by

Vg € C(T,R), Fyla) = [ falgla)da.

We have to prove that [ satisfies the required properties:
(i) For each £ > 0, there exists a compact set C. C C(T,R) such that

VK, P (EK c D([O,T],Cs)) >1-—e

8



(ii) For each f € C(T,R), the sequence of laws of real-valued processes
- [ G wys (3.1

Point (i) is the hard part of the proof. Using Ascoli’s characterization of compact subsets of
C(T,R), we need to obtain estimates related to equi-boundedness and to equi- cont1nu1ty for the
processes 3(.). The proof relies on Lipschitz estimates (in ) of the functions SX. In Section
we show that the martingale part of BZK remains small with our rescaling and in Section
we apply the maximum principle almost surely on the finite variation part of ﬁiK . This allows
us to prove Lemma in Section The proof of the tightness is ended in Section

is tight.

3.1 Control of the martingale part

Our first estimate will be useful to prove the tightness of the laws of EK . In the sequel, C
denotes a constant not depending on any parameter and that may change from line to line.
The following estimate will be used repeatedly: by (2.20)), for all ¢ < 7x(L) and all i,j <
1/0k — 1,
K
Nj*(tlog K)
NE(tlog K)
Lemma 3.1. For all T > 0, there exists a constant C' independent of K, T, L and i such that,
almost surely, for allt < T and all i € {0,...,1/5x — 1},

<M1‘K>t/\0K(L) < <Kc;ifgL;(> t. (3.3)

— exp(log K (B;(t) — Bi(t)) < el oo log (3.2)

In particular,

CG(L)T
E sup  sup MK —_— 3.4
(th/\eK( L) i < >) Kalog K (34)
and for all A > 0, B
CG(L)T
P sup  sup MiK >A —_— 3.5
(t<T/\9K(L) i | 0l ) A2 Kelog K- (3.5)

Proof. 1t follows from (2.17)) that

T (tAGR) log K
<M@K>t/\9KSCM/ ds
0

log? K NE(s)

(tNOK) logKl/dK 1-[1/26K]
10g K/

z+l( ) s
2 OO

Therefore, using and (| . . ) follows. Then

1/6k—1
IP( sup sup\M |>A> Z IP’( sup |Mz-K(7f)’2A>
t<TAOk i t<TNOk
1/5K 1
Z E( s [MF@0)P),
t<TANOg



so we obtain (3.5 using Doob’s inequality and (3.3)). O

The second step is a technical lemma that we state now.

Lemma 3.2. Let t <T. Then, for anye >0 and any i € {0,...,1/6x — 1}

C G(L)t
P( sup |AgME(s)>e) <2 ——nt—, 3.6
(sgtAeK(L)| - ) > e\ 62 Klog K (3.6)
where the constant G(L) is defined in (2.10)).
Proof. Let € > 0. By the submartingale maximal lemma, we have that
1 1
P(sup A M (s)] > ¢) < “E(1AxMF (1)) < ZE(|AxMF (1)),
s<t
Now, Lemma [3.1] yields
2 4CG(L)t
K K K
<AKMi >t/\9K < g(<Mi+1>t/\9K + <Mz >t/\9K) < W'
Hence (3.6) and thus Lemma are proved. ]

Using a similar argument as in the proof of Lemma we have the following result.
Corollary 3.3. Let T >0 and e = 5;{1 (K*log K)~Y*. We define the event
Qg (L) = { sup AR ME(t)] < 51(} .
0<i<1/6p—1, t<TAOk (L)
Then there exists a constant C > 0 such that

P(Q (L)) < cyer cye

- (5K5K5K\/KalogK 5K(KalogK /4

Note that, by (2.4), 63 K®log K tends to infinity, so P(Qx (L)) tends to 1, as K goes to infinity.
In addition, since |j —i|dxg <1 for all 0 <i,5 <1/6x — 1, we also have that

Qk (L) C sup | M () — M (t)| <ex g,
0<4,j<1/8x—1, t<TAOk (L)

so it also follows from the last corollary that

P ( sup | M) — M) > 5K> < Cy\/G(L)Tek. (3.7)
0<i,j<1/85—1, t<TAOk (L)

From now on, we will work on the probability subspace Qp (L).

10



3.2 Control of the finite variation part

Let us now focus on the finite variation part AX. We will prove that

Proposition 3.4. Let T' > 0. Then, there exists a constant C1 such that for K large enough,
forallt <T and alli € {0,...,1/0x — 1} the following inequality holds almost surely on Qp (L):

AK @ N0k (L)) < K(0) + C4t. 3.8
| A7 (EA Ok ( ))|—0§j;nl%;_lﬁz()+ 1 (3.8)

Proof. We only provide the proof of the upper bound on AZK (t A Ok). The lower bound can be

obtained following similar arguments.
Let ¢ and s be less than T such that s < ¢. Using that log(1 + z) < z and (3.2]), we have

AB (A Og) — AR (s N k)
1 (tNOk ) log K

(b(i&K)NZ-K(u) log (1 + N.Kl(u)> + d(i65 )N/ (u) log (1 . NKl(u)> )du

B log K (sNOk ) log K i

1/65—1—1/265 ]

1 Z (tN\Ok ) log K K 1
+ hxp((i + €)6K)G(h;<£)/ Niio(u)log <1 T VK ) du
log K Py (sAOx)log K N;* (u)
1/6x—1-[1/20k| (thOk)log K NK
- 1 . KO8R Nito(u
<Ch+d)(t=9)+ > hiep((i + 00k ) G (hicl) / N}}K((u; du
=—[1/26x | (sN\Ok ) log K i
< COh+d)(t—s)
1/6x—1-[1/20k | (tAOg ) log K
41 S th(@%—@éK)G(hKEX/1 S axp(log K(BE ,(u) — B (u))du
10g K (sNOk ) log K " ‘

0=—|1/26]

Recall that on Qg (L),
B (u) = B (u) = AJ (u) — AT (u) + M (u) — M (u) < Af (u) — AF (u) + ek

Thus we obtain that, on the event Qg (L),

1/6x —1—|1/26k )

- = 1
Af‘(tAeK>—A{<<sA6K>s0<b+d><t—s>+logK > hep((i+0)0k)G(hi!)
=—[1/20x]

(tNOk ) log K
l[ o ¢ 198 K oxp(log (AKX, (u) — A (u)))du.
sNOg ) log

We deduce that, almost surely on Qg (L) and for all ¢ < Ox (L),

aAK ()
dt

< C(b+d)

1/65—1—|1/26 |
S hip((i 4 00k)G(hit)e™< B K exp(log K (A ,(t) — AF (1)) (3.9)
=—1/26k]

—_

+ log K

11



Defining AX(t) = AK(t) — 2C (b + d)t — 2jpt, we deduce that for any t < 0,

1/65—1—|1/26K | N N
< pecrlogK > hicG(ht) exp(log K (AE ,(t) — AK (1)) — 2p. (3.10)
(=—|1/26K]

dAK(t)
dt

Let us introduce

(irx,tx) = (ix (W), tx (W) = argmaxie{o,...,i71},te[o70K(w)]AiK(t)-

We can prove that tx = 0. Indeed, if conversely we assume that tx > 0, then the right term
of , for K large enough, is non positive for ¢ = ix and ¢t = tx and then the left term is
negative, contradicting the fact that gf; (t) is maximal for t = tx. Hence, we have proved that
for K large enough, almost surely on the event Qg for all t < g and 0 < <1/ — 1,

AR = AF @) + 200+ d)t +2pt < max_ AK(0) +20(b+ d)t + 2pt
0<i<1/dK

= K 20(b + d)t + 2pt.

OS?%%)/%K B;*(0) +2C (b + d)t + 2pt

O

The last result has a consequence that will be useful to prove the tightness of EK in Section

Corollary 3.5. For all T > 0, there exists C(T) such that,

lim P ( sup sup  BE@) > C(T)> = 0.

K—=+oo  \ 0<i<1/6x—1t€[0,TA0K(L)]

Proof. We use the semimartingale decomposition ([2.13)) of ,BiK , Proposition (3.5) with A =1
and Corollary to deduce that, for all ¢ < T and K large enough,

BE(EAOK) < sup  |Bf(0)]+ CiT +1
0<j<1/6k—1

with probability at least 1 — éfggﬁ))gTK _ 6K(C;( ﬂlGo(ng)(fl/ -

to Bo, P(sup; B (0) > ||Bollec + 1) converges to 0 when K goes to +oc. Hence the result follows
with C(T) = ||Bollos + C1T + 2. O

Since &K (0) converges in probability

3.3 Proof of Lemma [2.6]

The proof of Lemma [2.6] results from the following two results:

Lemma 3.6. Under Assumption[2.1.1 and[2.1].3, for all T > 0,

. / > -1

12



Proof of Lemma([3.6. By a coupling procedure, it is easy to prove that for each i, the process
(NJ(t)): is pathwisely bounded below by a branching process (ZX(t)); with birth rate b(idx),
death rate d(idx) and initial condition K°*¢ for ¢ = a; —a > 0. In addition, the processes
(ZE(#)) for 0 <i < i — 1 are independent. Let us define

1
" :inf{t >0,3ie€{0,1,---,— —1}: ZK(tlog K) < K“}.
0K

In order to prove that limg oo P(7, > T') =1, it is enough to prove that

lim P(0% = +oo) = 1.
K—o0

We have
" . 1 K a
PO, = +oo) = P(Vze {01, 5= =1}, vt 2 0 2K (tlog K) > K )
K
ifl

— ; K a
= H) ]P’(gng (tlogK) > K )

Fixi € {0,..., i—l}. It is usual to prove (by time change) that the probability P(inf;>o ZX (tlog K) >
K a) is equal to the probability for a random walk M ( G 6;2()?5()@‘ 50 50 5}?()?5& 6K)) on Z4 (adding

+1 with probability m and —1 with probability %) with initial value K%*¢

never to attain K“. This quantity is well known and equal to

- (G

Since o = maxger d(z)/b(z) < 1, it follows from (2.4) that

1 a—+¢g a
PO = +o0) > e><p((510g(1—()zK+ K ))
K

1 aT+& a
~ exp(—(sl(ozK+_K)

ate__pra
> 01— Ka2/4aK K ’
which tends to 1 when K tends to infinity. O

Proposition 3.7. Under the Assumptions and [2.9, for all T > 0, there exists Lo in the
definition (2.19) of Tx (L) such that

li P L T)=1.
i Pl (Lo) > )

Proof of Proposition[3.7. For i € {0,...,1/dx — 1}, let us consider the increments

BE(tN0Kk) — BE(t A Ok)

ABEENOK) =
oK

= AKMI-K(t VAN 9[{) + AKAlK(t VAN 9[()

13



Our aim is to prove that Ax B85 (t) — AxBE(s) is close to its finite variation part for large K
and to apply to the latter an almost sure maximum principle.

Let us introduce

oK (1) = A AK (1 00) + ”p‘]‘j“)Aﬁl(meK), (3.11)

Using (2.14)), we obtain for K large enough and 0 < s <t < T,

gi (t) = g (s)

1 (tA0k) log K { X 1 % 1

= — b((i + 1)0k)IV; ulog(l—l—)—bid N; ulog(1+ )]du
hic J(snox)tog K ( WOk )Niga () NE | (u) (10k)Ni" (v) NE(u)
1 (tAOk ) log K [ ) ) K ) 1 ( K( 1

+— d((i + 1)0k)IV; ulog(l— )—dié N; ulog(l— )]du
hi J(snoi) 108 K ( N NE (u) ) ) NE (u)

1 (tAOk ) log K 1/6x—1—[1/26k]

+ = > hiG(hil)

hic Jisnox)tog i r=—|1/20 |

. 1 . 1
[p«z 1 05N () log (1 . w) = (i + 0)65)NE () log (1 T NK(U)) >] du

||p||Lip (tNOk ) log K

, 1
IS K Jrororson i [b((z—&-l)éK)Nﬁl(u)log <1+>
il SN\UK ) log

N (w)
+d((i +1)0x)N{ (u) log (1 - f‘”ill(u))] du

(tAOx ) log K 1/0kx —1—]1/20k |

1
> hG(hl)p((i + 1+ )5k )N, o (u)log (1 + K) du
f=—|1/26k | N (uw)

IpllLip

p log K (sNOk ) log K
_ Cl+d)
= hi

(tAOk ) log K 1 1 B _
+ du + (C1(b+ d) + [Iblluip + |dl|Lip) (¢ A Ox — s A fk)
n/(s/\GK)logK |:NZI<<F1(U’) NZK(’U’):| ' P P

1 (tN0k ) log K 1/0k —1—|1/26k |

1
L hacp((€ + )55 Ghict) {NZK oo () log (1 + )
hic J(snox)tog i Z:_Lzl/:%m o Nt (w)

—N{$i(u)log (1 - NKl(u)ﬂ du

7

(tNOk) log K 1/6x—1—11/26k |

3|pllLip . K ( 1 >
—_ hxp((€ + )0k )G(hgl)Njy ;i1 (u)log [ 1 4+ ——— | du, (3.12
BlOgK (sAGx) log K éz_g/:Q&KJ K (( ) K) ( K ) £+ +1( ) Nﬁl(u) ( )
where we used that for all 2 such that |z| < 1/2 we have
1
‘ log(1+x)| <C, (3.13)
x
1 1
Llog(1-+2) — ~log(1 +3) < C(le] + ). (3.14)

14



and the fact that (recalling the convention (2.15)) and that p is periodic)
Ip(({+i+1)0k) — p((£+ 1)K
p((€ +14)dx)

<W{p((z+i)&<) (3.15)

Ip((€ + i+ 1)0k) = p((£+ )0k )| =p((€ + 1)dK)

in the last inequality. Note also that, to obtain this last inequality we have taken K large enough
such that

|pllLipdx <1,
p

so that
p((€+i+1)dk) < 2p((€ +1)dK).

Next, notice that for all 2/, ¢/, z, y such that |z|, |y| < 1/2,
1 | 1 Yy T Y T
J og(l—}—y)—?log(l—&—m)§?—;+C(f—|——). (3.16)

Using this inequality and (3.2)), we have

1 (tNOk ) log K 1/6x—1-[1/20k]

hiep((£+ )0k )G (hicl) [Nﬁmm) log <1 + NKl (u)>
i+1

—~ N, (u)log (1 + NKl(u)>] du

hk (snOk ) log K 1=—1/26k]

1 (tNOk ) log K 1/6x—1-[1/20K] . NKZ' U NKi U
< — hiep((L + )0k )G (hct) ]@}“( ) _ N‘;( )
K J(snk)log K 0=—|1/20k] i+1(u) i (u)
_ [0k —1—[1/26K |
Cp (tAOk)log K 1 Thls 1 1
+ = hiG(hgct)e =1t + du.
e J(snosc)tog K Z_LXI/:Q(SK | Nfy(u) N ()

Therefore, using (2.10)) and the definition of 7, we have proved that

#0-at ) < (CLEE 1 C) -0

1 (tN\0k ) log K 1/6k—1—1/20k]

Y. hep((E+D)dK)G(hict) [

NZI—(H'+1 (u) Nﬁz’(“) ] du

hi J(sn0) log K =172 ] Nﬁl(U) N (u)
1/0x—1—[1/26K] K

3|[pl|Lip (indx) log K - Nitiga(w)

—_ th((f + z)éK)G(hKE) du.

p log K (sNOk)log K Z—LZI/:25KJ NZ{(H (U)
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Using that for any real numbers \, o, e* < e® + eA()\ — «) and then (2.13)), we have

NZI-(HH(U) B fom(u)] du
N () Nf(w)

1 (tNOk ) log K 1/0x—1—1/26k]
- > hpl(C+ D0x)G i) [

(sAOK)log K-y 11 /95,

log K (tA0x ) log K 1/0x —1—11/20k ]

du.

z hip((£+ 1)k )G (hicl)
K J(sn0k)log K 1=—]1/26k |
K
ek K U N€+z+1()
<Bé+z+1(] og K ) ﬁ”z( K) (Hl(lo K) bi (logK))> N (u) e
(tAOx) log K 1/6x—1-11/20k]
- / ST hep((¢+i)8K)G(hict)
(sN0g)log K 0=—|1/26x]
K
KUy Ky U Nt (u)
<AKﬁe+i(logK) AP (logK)> NE | (u) a
(tA0xc) log K 1/ =12 L1/20xc]
- / S hrp((£+1)0k)G(hkl)
(sNOr)log Ky /95, |
A ME ()~ M () A AR () ageat () M)
K i\ og K K g i “og K " log K N ()

Thus, using (2.4]) and (3.11)), we deduce that
gi (t) = g (s)

(tA0x) log K 1/0x —1—[1/20k | " " NE (u)
- hiep((£+ )8k )G (hil) (ge i(—=) - ) il du
~/(s/\9K)logK E——Lzl/:zéKJ (( ) ) + (logK) (logK) Nﬁl(u)
3 ; (tNOk ) log K 1/6x—1—[1/26Kk]| . NKZ (u)
< Co(K,L)(t —s) + ”f;”L]g > hicp((€+ )0 )G(hgl) fvtjé ) du
plog (sn0k)log Ky (7705, i1

_ lIplleip

(tA0x ) log K 1/0k —1—|1/26k |
)/

S hep((+D)6K)G(hct)

sN\Ok)log K t=—|1/265% |

NE. ()
(ﬁe+z+1(1g ) - 5”1(10;K)> ]@iz“) o

> hip((€+1)0k)G(hkl)

plly [0 108 K 1/6x—1-11/20x]
(sn0r)log Ky 1795,

p

” 4 u NZI-{i-z-I-l( )
(Me+z+1(1ogK)Ml+l(logK)) N (u) du

> hip((€ +14)0k )G (hil)

(tA05 ) log K 1/0x —1—[1/20k |
o
(sAbk)log K 0=—|1/26x |

K
X« u K, U Nitiya(u)
() AR M d
(AKM[J,»z(lOgK) K v (IOgK)> Nz{(i»l(u) "
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where

CG(L)
dgKae '
Now, using Corollary and (3.2), on the event Qg (L),

Co(K,L) = C +

Z hrp((€ + 1)k )G (hit)

/(t/\GK) log K 1/6kx—1—-[1/20k]
(sNOk ) log K (=—|1/26x ]

A ME (——) = A MK (——) Nitin () )
Ko K B Nog K| NE (u)
< 2plog K(t — s)ek Z hiG(kpl)e <1 < 2plog Ke e G(L)(t — ).
LEL
Similarly, using (3.7]), on the event Qg (L),
(tAO5) log K 1/ —1—11/26k ]
/ hacp((€ + )55 G (hicl)
(sNOk ) log K 0=—|1/26 ]
u i ~ _
X M£+i+1(@) M1 ( ’ 41:1 du < plog KexgG(L)(t — s).

To conclude, we use the inequality e®(3 — z) < €2 for all € R to deduce that

Nfl—(‘rz—f—l( ) u ‘ u 9
W {3 —log K <5€+z’+1(10gK) _BZJrl(logK))] < e’

Combining the four previous inequalities, we deduce that

gi (t) — g (s) < C(K, L)(t — s)
(tA0y) 1/ Ox —1-11/20K ] N
+ plog K Z hxG(hgt) [gﬁi(v) — gzK(v)] el gy,
($M0K) — |1 /28]
where [z]* = 2 V 0 is the positive part of z and

CG(L)
oK@

C(K,L)=C + + <2 + M}L“") plog KexG(L).

Thus
1/65—1-[1/20x|
= +
<C(K, L) +plogK > hicG(hict) [, () — g ()] eIt
t=—[1/26x]

dgk (t)
dt

We will now use the maximum principle for w € Qg (L) fixed. Defining g¥(t) = gX(t) —
2C (K, L)t, we deduce that for any t < O,

1/6—1—]1/26 |
<plogK Y hxG(hxt) [FE(0) — g 0] " i, (3.17)
=—|1/26]

dgi* (1)
dt
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Let us introduce
. . ~K
(ix tx) = (ix (W), tk(w)) = ATBMAK e (0,... 51}, te[0,0k ()] (t)

and let us prove that
tx = 0.

By contradiction, if we assume that tx > 0, then the right term of is non-positive for
i = ix and then the left term is negative, contradicting the fact that §5{ (t) is maximal for
t = tx. Hence, we have proved that, almost surely on the event Qg (L), for all ¢ < 0k and
0<i<1/og —1,

K)=gK@t)+20(K, L)t <  max gE(0)+2C(K,L)t= max g¢(0) +20(K, L)t
g (1) = g;" (t) (KLt max g7 (0)+20(K Ljt= max g5 (0) (K, L)t,

so that, by Proposition (3.4

(2

ABEtNOK) = gE(t) — ”]’LLL“’A{;@ AOk) + A ME (t A O)

< K(0) 4 20(K. L)t + IPllLip K(0) + Cyt .
_Oggr;al>/<5Kgg()+ (K, L)t + p Osjg}%(_lﬂz(%r 1t ) +ex

A similar argument applied to (85 (¢t A 0k) — B85 (t AOk))/Sk gives the converse inequality, so

we finally obtain that there exists a constant C independent of K, i, t and L such that, almost
surely on the event Qg (L), for all i € {0,...,1/6x —1} and ¢t < T,

-~ 1
K < K K -
| Ak B (tA0k)| < C [09?1??;{1 (IAKB(0)] + B (0) + 1+ T + G(L)T <5KKa + ek log K)] 7

Finally, defining x as the event of probability converging to 1 where maxg< <1 ﬁ,l |A g BE0) |+

BE(0) < A+ ||Bollo + 1, where the constant A comes from Assumption 2.2} on the event
Qe (L) N Qk, we have

_ 1
IABE{tAOK) < C [A+ 1Bolloc +24+ T + G(L)T <6KKa +EKlogK>] .

To conclude the proof of Proposition [3.7, we first fix 7' > 0, set

Lo =C(A+Bolloc +3+T) (3.18)

and choose K large enough such that C'T G(L) (ﬁ + ek log K) < 1. Then

P(rx(Lo) > T) > P(Qx (Lo) N Q) — 1.

K—o0

Hence Proposition is proved. ]
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3.4 Proof of Theorem tightness of g%

Our goal is to prove that the sequence of laws of (5[, t € [0, T])k is tight in P(ID([0, T],C(T,R))).
We will see in Corollary [3.8| that it is actually C-tight.

Let us recall that the random functions 5% € ([0, T],C(T,R)) is defined in as follows.
For all z € T, let i € {0,...,1/dx — 1} be such that = € [idk, (i + 1)dk ), and set

~ ~ x . €T .
B (2) = B (t,2) = BEW (1 == +1) + 8.0 (5= — i),
) K 5K
where, by convention, B{%K (t) = BE®).
Let us recall that the proof of Theorem [2.4]is based on the criterion of Jakubovski [18] recalled
in Section |3} Our goal is to prove Conditions (i) and (ii) therein.
Let us first prove (i). By Ascoli’s Theorem, we know that a compact set K. is a set of equi-

continuous and equi-bounded functions. By Corollary and Proposition [3.7, we have, on an
event of probability converging to 1 when K tends to infinity, that, for all z € T and all ¢ € [0, T7,

B (x) = (z — i0k) A BE(8) + BE(t) < Lok + C(T),

so the sequence (NtK ,t € [0,T])k is equi-bounded. Furthermore, recall that, by (2.20]), for
z,y €T,

515[((1:) - B;K(y) = p(:c,y) sup |AKBJ[((t)’ < LP(%Z/)
0<j<1/6x 1

We deduce that the sequence is equi-continuous and (i) is proved.
Let us now prove (ii), i.e. that for all f € C(T,R), the sequence of laws of the real-valued
processes

XK (1) = /T BR () f () dx

= 1/§<:—1 [@K(t) /(:Hl)éK <1 +i— %)f(x)dac + 85, (1) /6(1'+1)6K (i B Z)f(w)dx}
i=0 10K K

is tight. Recalling that 85 (t) = AX(¢) + MX (t), the process XJ{( is a local semi-martingale with
Doob-Meyer decomposition X Jf( = Aff + M J{( , where

(i+1)d5

(i+1)5x . .
Q=Y [afw [ 0 D@ Ao [ G < asw]

- Sk K Sx 0K

and M ]f( is defined similarly using M (¢) instead of AX(2).
We use Aldous and Rebolledo criteria (see for example Joffe-Métivier [19]) to prove the tightnes
of the sequence (X ]{( ). Let S be a stopping times for the filtration of the underlying Poisson

point measures, a.s. in [0,7]. We need to estimate for o« > 0, the quantity P(|A5f((5’ +a) A
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T)— A?(S)] > n) for n > 0. From ([2.14)), we deduce

AF((S+a)AT) — AF(S) =

(i+1)65 . ((S+a)AT) log K
Z { (/ " (1+41i- )f(a:)da:) [ ! " ) (b(io’K)NiK(s) log <1 + ; >

Ok 0K IOgK Slog K Nz (S)
1

+ log K

+ (s )NE () log <1 - N; (8)> )ds

1/65—1—|1/26x |
> hip((£+ 1)dx )G (hil)

t=—|1/25K |
((S+a)AT) log K K 1
X Npii(s)log | 1+ > ds
Lo E(oos NE(s)

/ R i) L sV (o) !
+ — — 1) f(x)dx b((s+1 Ni(s)log | 1+ ———
Sk 0K log K Js10g i S ® it1(s)

+d((i + 1)0k )N/ (s) log (1 — 1) )ds

Nz{(i-l (S>

1/6x—1—1/26K |
> hp((£+ i+ 1)8x)G(hgl)

o=—1/26]
((S4a)AT) log K X 1
X Niyivi(s)log | 14+ ——— | ds| .
/SlogK o +1( ) g Nz{f—l(s)

Using (3.13]) and the definition of 0, proceeding as in the proof of Proposition we have

1

* log K

E(JAF((S+ o) Aok AT) — AF(S A 0K)))

o 1/6—1

log K =
165 —1—|1/20K |
Y kel DIR)G (i OE( /

=—11/26k] (SA0k) log K NZK(S)

1/0r—1—[1/26K | ((S4+a) A8 AT) log K Neli‘-s—l(s) )}

+ Y hep((E+it 1)5K)G(hK£)E(/

0=—1/26%] (SNOk) log K Nil—(‘,—l(s)

< aC [2(b+ d) + 2pG(L)] || floo-

<

%

(i+1)85 -
/ |f(:p)|d:v{2(b+d)ozlogK

((S+a)r0xAT g K NK (s) ] )

By Proposition 0 > T with probability converging to 1, so we deduce from Markov’s
inequality that, for all € > 0 and 7 > 0, there exists a such that,

limsupsupIP(]Afc(((S +a)A\T) — A?(S)\ >1n) <e,
K—+4oo S

where the supremum is taken over all stopping times S < T'. This is Aldous criterion for A? (t).
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It remains to to prove a similar property replacing Aff by <M K ). This can be done similarly
using . Computations are actually simpler by Lemma O

Hence we have proved Theorem 2.4l We prove in the next corollary that the sequence of laws
of (Bf,t € [0,T))k is actually C-tight.

Corollary 3.8. The sequence of laws of (8Kt € [0,T))k is C-tight in P(D([0,T],C(T,R))).
In addition, for all T > 0, given a value of L as in Proposition for any B distributed as a
limiting value of the laws of (B, t € [0,T))x, we have almost surely

sup sup
te[0,T] z,y€T s.t. z#y p(a:, y)

< L.

Proof. Since |85 (t) — pF(t—)| < C/log K for any K, i and t, we have

lim P(sup |35 — BE | > €) = 0.
K 4<T

Then, we deduce from Proposition 3.26 in Jacod-Shiryaev p.351 [I7] that, for all f € C(T,R),
the sequence of laws of X J{( defined in (3.1)) is C-tight. We proceed by contradiction to deduce

that EK is also C-tight: if this is not true, there exists an event {21 of positive probability such
that, for all w € €, there exists fp(w), a(w) and a ball B(w) C T of positive radius such that,
for all x € B,

1B (@) = Bfs_ ()] > . (3.19)

Therefore, there exists non-random o > 0 and ¢ > 0 and i € {0,1,...,[1/e| — 1} and an event
Qo C Oy of positive probability such that holds true for all x € [ig, (i + 1)¢] and for
this non-random «. Now, we define f; € C(T,R) with support in [ig, (i + 1)e] and positive on
(ie, (i + 1)e). Then, for all w € Qo,

liminf | X (to) — X (to—)| > > 0.
lminf [Xf(to) - X (o) 20 inf (@)
This is a contradiction with the C-tightness of X ;(
We now prove the Lipschitz estimate for j3. Usmg the Skorohod representation theorem, we

can construct copies BE of BX and S of [ such that BK converges (up to a subsequence) almost
surely for the L* norm on [0,7] to 5. We then define

K Ak,
K = inf infdt>0: 1 (t’Z(SK) B (t, 0 )| A
z;éjG{O ..... 1/5[(—1} p(l&K’jéK)

Then 7k is distributed as 7x in (2.19)). It then follows from Propostion that 7 > T with
probability converging to 1. Hence, for all x # y € T, almost surely

B(t.x) = Bt.y)| = lim |B%(t,2) — 35 (t,y)| < Lp(a,y).

K—+4o0c0

By continuity of B we deduce that this property holds, almost surely, for all z,y € T. ]
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4 Identification of the limit as a viscosity solution of a Hamilton-
Jacobi equation

In the previous section, we obtained the tightness of the laws of (3Kt € [0,T])x for all T > 0.
Hence, the sequence of laws of (8Kt € [0,400))x admits at least one limiting value. Our
aim is now to identify the limiting path as the unique viscosity solution of the Hamilton-Jacobi
equation

%m, z) = b(x) — d(z) + p() /R G(h)e"*P2)dh,

Let 3 be distributed as a limiting value of the laws of (55, t € [0, +00))k. By Corollary
B belongs to C([0, +00) x T,R). In the sequel and with an abuse of notation, we denote again
by (BtK ,t € [0,400))k the subsequence that converges in distribution to f.

It also follows from Lemma that AK — BK converges in law, and thus in probability, to
0. Therefore (fTK — EK,EK) converges in law to (0,/3) and thus (ZK,BK) converges in law
to (B, 8). Using Skorokhod’s representation theorem, there exist a new probability space, still
denoted (by abuse of notation) by (£, A, P), and random variables still denoted by AK BK M! MK
and 8 on this space, such that (AK , BK ) converges almost surely to (3, 3). Let us denote by Qo
the event where the convergence holds.

We also define for the value L defined in Theorem

Qx = {w €Q : sup sup |ME(t,2)] <, 185 |Lip < Lo} ,
z€T te[0,T)

where ¢/ = (5[_(1/ 2R —a/2 converges to 0 by (2.4). It follows from Lemma and Proposition
that P(2x) — 1 when K — +o0. Hence, the set

Qo := §~20 N lim sup S~2K
K—+o0

has probability 1

To prove that § is a viscosity sub-solution of Equation , we work w by w in €g. Let
w € Qo and T" > 0 and consider a continuous function ¢ : [0,7] x T (depending on w) such
that S(w) — ¢ attains a strict global maximum on [0, 7] x T at the point (¢{(w), Z(w)) such that
t(w) > 0. We will prove that

Since A (w) converges in L>®([0,T] x T) to 3, there exists for K large enough a local maximum
of AX(w) — ¢ on [0,7] x T at a point (tx(w), zx(w)) such that (tx(w), zx(w)) = (F(w), T(w))
as K — oo. Assume K is large enough so that tx(w) > 0. From now on, we will omit the
dependencies with respect to w € €y to avoid heavy notation.
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Defining i € {0,...,1/0x — 1} such that ixdx < zx < (ix + 1)dx, we have

aA (tK,xK) = (1 — g + ZK)%AiK(tK) + (g - ZK)EAiK+1(tK)
TK . K . 1 . 1
=(1--— N; log (1 + ——— —
(-5 +ir) ,K(tK)(b(zK(sK) og (1+ W (S)) +d(ixx) log (1 wE (S)))
TK . K . 1 . 1
+ (— —ix)N; t) | b((ix +1)0K) log (1 + ———) +d((ix +1)dk)log (1 — ———
(5K 1IN K)( (( " ) K) g( Nilf((-i-l(s)) (( K ) K) g( Nli((-‘rl(s)))
. 1/65—1—|1/26]
+ (1 - 5K + 7JK) Z th((f + ZK)éK)G(hKE)Ng-’LK(tK) log (1 + NK t )
K (=—11/25x) i (LK)
. 1/65c—1—[1/26x !
+(57K—’L'K) Z th((e‘i‘iK‘i‘1)5K)G(hK£)NiniK+1(tK) log (1+W).
K 0=—|1/25 | iK+1( K)
Using that forall x > —1/2,
blog(1+ x) + dlog(l —z) < (b — d)x. (4.1)

and using Lemma we deduce that

thK(tK,xK) <(1- % +ix) (bindx) — d(ixdx)) (1 + %)
+ (% - ’LK)(b((ZK + 1)(5[{) — d((ZK 4 1)6K))(1 4 %)

e MWoRmizlzng ‘ log(K) (8K, (te)—BK (txc) (1 , C
+ (1 - = +ik) > haep(€+ i) 0 ) G (e €)e ™ e T U )
0=—|1/26k]
e 1/6x—1—|1/26k ] . log(K)(BE.. . (tx)—BE . (tk)) ¢
K i) Z hp((€+ix + 1)k )G(hgl)e ® i1 () =85 1tk (1+ﬁ)
t=—|1/20k ]

We next use the fact that p, b and d are C! functions in T to obtain, modifying the constant C
if necessary,

gtAVK(tK,xK) < (b(.%'K) — d({L‘K) + C(SK)(I + %)
A= log(F) (8K, _(tx)—BE (tx) 1, C
+(1- 5 T iK) > hi(p(zk) + Cox (€| +1))G(hil)e Frig TR (T 4 Ka)
(=~ [1/26]
A= S log(K)(BK. ;1 (tr)—BE 41 (k) , C
+ (g —iK) > hg(p(zk) + Cox (|¢| +1))G(hil)e ripe T Pt (] Ka)
(=—[1/25]

(4.2)
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Since (tx,zx) is a maximum point of AK — o, we deduce that
B (tx) — B (tk)
= B%(tx, jor) — BX (tr, vx) — < K (tk) — BVK(tIOxK))

< lti 30K) = et o) + M¥ (b, jox0) = M¥ (trc, o) = (B (tr0) = B (b, ) )

and similarly for ,lej_l(tK) - 55(+1(t1()'
In addition,

o(ti,j0K) — oltr,2x) < (J — ix)0kOxp(ti, vx) + O(|zk — ik |) + O — ix|*6%).

Therefore, since w € lim sup Q K, there exists a subsequence in K (still denoted K') along which

BE(ti) — Bl (tk) < (j — ik)0kOep(vk) + C (lrk — ixdx| + |j — ix|*0% + €k)
< (j — ix)0kOep(zi) + C(|j — ix|*65 + 0k + k)

and
1 (tk) — Bl 1 (te) < ( — ik)0k0z(ti, xx) + C(|j — ik|*6% + 0k + €k).

Combining these inequalities with (4.2)), we obtain

0 AR (tg,2k) < (b(wk) — d(zk) + Cok ) (1 + Q)

g (t )<7
UK, TK _8t Ka

ot
1/8—1—[1/26k | (g2 c
> k() + OO (M + D)) AT N (1 D) (4.3)
¢=—1/26x |

Since p(rx) — p(Z) when K — 400, to prove the convergence of the sum in the right-hand side
of (4.3)), it is sufficient to study the convergence of

1/5}(-1-'_1/2(51{] (hKé)Q
S= 3 hxG(hut)et RO
e=11/20x

Recall from Assumption [2.I] that G is continuous and that there exists R > 0 such that G is
nonincreasing on [R, +00) and nondecreasing on (—oo, —R]. We first notice that

LR/hx] 2
+C (hK[)

So = Z hix G (hit) el tOep(ticmi) +C o
{=|—-R/hk]

is a Riemann sum which converges to ffLR G(y)eyaﬁ(f@ dy. Hence we only have to deals with
the remainder S — Sy. We detail the analysis for

1/5K717L1/25KJ . (hKE)Z
Sy = Z hKG(hKf)ehKédW(tK’xKHc log K
K:I_R/hKJ-‘rl

A similar computation applies to the lower tail.
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For all € > 0, there exists K such that for K > Ky, |0:p(tx,xKx) — Or(t,Z)| < . Hence,
setting a = 9,p(t, Z) and recalling that G is nonincreasing on [R, +00), for K large enough,

1/6x—1—[1/26k] ¢
Z hKG(hKf) ahKHC(loglz +ehcll]
0=|R/hs|+1
1/6k—1-[1/20K]| .pyep (hg0)?
(= Rjhc )41 TR

Sy

IA

hic /20K @lyl+hg)
S/ Gly)e ay+\a|hK+C%+e(|y\+hK) dy
R
IOgK 2h e |yl
< / Gl OB e (1 ) ay.
R
Observing that, for |y| < (log K)'/3, % < (log K)~'/3 + 26k (log K)Y/3 — 0 when K —
+o0 and that, for |y| < log K, %
as [R,log K] = [R, (log K)'/3) U [(log K)'/3 log K] to deduce that, for K large enough,

<y + 2hg, we can decompose the domain integration

(log K)1/3 log K
G(y)e™ Wl dy + (1 + 2¢) / G(y)ele+Clvtelyl gy

(log K)1/3

S, < (1+25)/

R

<(14L9 +OOG ay+elyl gy, 4 1+ 2 G a+C+2)\y|d
< (1+2¢) : (y)e YVt el Y.

Now, by dominated convergence,
“+oo +oo
Gler iy —s [ Glyeray.
R e—0 R
To conclude, we have proved that

limsup S < / G(y)eyax“"({’i)dy.
K—+oco R

Therefore,

&2|

9 o(t,z) < b(z) — d(z) + p(z) / G(h)eP=# ) g,
We conclude that f is a viscosity sub-solution of in (0,7] x T.

Following similar arguments, we can prove that [ is a viscosity super-solution, and hence a
viscosity solution of (2.12)) in (0,7] x T. The result then follows from uniqueness of a Lipschitz
viscosity solution of (2.12)) [1].
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