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Reconstruction and stability in acousto-optic imaging for
absorption maps with bounded variation*
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Abstract

The aim of this paper is to propose for the first time a reconstruction scheme and a stability result for
recovering from acoustic-optic data absorption distributions with bounded variation. The paper extends
earlier results in [3] and [5] on smooth absorption distributions. It opens a door for a mathematical
and numerical framework for imaging, from internal data, parameter distributions with high contrast in
biological tissues.
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1 Introduction

In the recent papers [3],[4], and [5], an original mathematical and numerical framework for
modeling biomedical imaging modalities based on mechanical perturbations of the medium is
developed. The objective is to enhance the resolution and stability of tissue property imaging.

Many kinds of waves propagate in biological tissues over certain frequency ranges. Each
one of them can be used to provide an image of a specific physical parameter. Low-frequency
electromagnetic waves are sensitive to electrical conductivity; optical waves tell about optical
absorption, ultrasonic waves reveal tissue’s density, mechanical shear waves indicate how tissues
respond to shear forces. However, single-wave imaging modalities are known to suffer from low
specificity as well as intrinsic instabilities and low resolution; see [2] and [I5]. These fundamental
deficiencies are impossible to eliminate, unless additional a priori information is incorporated.
Single-wave imaging modalities can only be used for anomaly detection. Expansions techniques
for data analysis, which reduce the set of admissible solutions and the number of unknowns,
allow robust and accurate reconstruction of the location and of some geometric features of the
anomalies, even with moderately noisy data.

One promising way to overcome the inherent limits of single-wave imaging and provide a
stable and quantitative reconstruction of a distribution of physical parameters is to combine
different wave-imaging modalities; see again [2] and [I5]. A variety of multi-wave imaging
approaches are being introduced and studied. In such approaches, two or more types of physical
waves are involved in order to overcome the individual deficiencies of each one of them and to
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combine their strengths. Because of the way the waves are combined, multi-wave imaging can
produce a single image with the best contrast and resolution properties of the two waves.

Three different types of wave interaction can be exploited in multi-wave imaging [8]: (i)
the interaction of one kind of wave with tissue can generate a second kind of wave; (ii) a low-
frequency wave that carries information about the desired contrast can be locally modulated
by a second wave that has better spatial resolution; (iii) a fast propagating wave can be used
to acquire a spatio-temporal sequence of the propagation of a slower transient wave.

In [3] and [5], by mechanically perturbing the medium we proved both analytically and
numerically the stability and resolution enhancement for reconstructing optical tissue parame-
ters. We showed how the high contrast of optical tomography [6] can be coupled to the high
resolution of the acoustic propagation in soft tissues. The use of mechanical perturbations of
the medium modeled by acoustics equations in fluids enhance the resolution to the order of the
front width of the acoustic wave, which propagates inside the object. It dramatically increases
the low resolution of optical tomography [14].

This paper is a continuation and an extension of the work started in [3] and [5]. We keep
here the same models for the diffusive light propagation [7] and for the acoustic perturbations.
Our aim is to extend the reconstruction algorithm developed in [3] to a large class of non smooth
functions taken in a subclass of BV(£2), the set of functions with bounded variation.

The reconstruction and the stability of the inversion are shown in this general case. Such
an extension is essential for applying the proposed hybrid method to biological tissues. Indeed,
the physiologic parameters that we want to recover cannot be considered smooth or piecewise
smooth as assumed in [5].

Under this natural assumption, new mathematical difficulties rise to prove that the acousto-
optic data contain enough information for reconstructing the absorption map. The lack of
smoothness also causes difficulties to ensure the stability of the algorithm. This paper resolves
these challenging issues. It provides both an original reconstruction formula and a new stability
result in the general setting. As far as we know, together with the recent work [I1], it is the
first work in imaging discontinuous parameter distributions from internal measurements.

Throughout this paper, we denote by S the space of Schwartz and by &’ its dual. We use the
notation H?® for the usual Sobolev spaces and set D to be the set of C*° compactly supported
functions.

As in [3] and [5], we consider a smooth bounded domain Q of R?, for d € {2, 3}, and a light
fluence field defined as the unique solution of the diffusion equation

AP +ad=0 in €, (1)
10,+P=¢g on 09,

where a € L*°(2) satisfying a > a > 0 and supp (a — ag) C D € 2 is the absorption parameter
to be recovered; see [6] and [14]. The extrapolation length [, and the bounds a and ag are known
positive constants. The incoming illumination g € HY 2(09) is a non negative non zero map
and is also supposed to be known. Moreover, the support D of a — ag is assumed to be smooth.

The acoustic perturbations are assumed to be generated by spherical pressure waves. Let n
be the front width of the acoustic wave and let w be the wave shape. The acoustic perturbations
take the form:

n T—Yyl—-ryr—y
vym(x)zrwc n| )|x_y|, Ve RN\{y}, (2)

where y € Y C R% 5 > 0 and 7 €]n, +oo[; see [4]. Here, Y C Q\ D is a smooth surface.
Moreover, the map w € D(R) is non negative and satisfies supp (w) C [-1,1], w' > —1 and
||lw|z1 = 1. The last assumption ensures that the map z — x + v(z) is a diffeomorphism.



The effect of the displacement v on the absorption map is assumed to be only a shifting
effect, that is, to say that a becomes a, implicitly defined on Q, = (Id 4+ v)(Q2) by

ay(z +v(x)) = a(x), Ve, (3)

or equivalently, by the formula a, = a o (Id +v)~!. We introduce the displaced light fluence as
the unique solution of

(4)

AP, +a,®, =0 in Q,
10,0, + P, =g on 09,

by extending a, by ag if necessary. Computing now the cross-correlation on the boundary 92
between ® and &, it follows that

;/(m(@_(pv)g:/ﬂ(av—a)qu. (5)

Assume that the term in the left-hand side of the above identity can be measured. We define
the measurement as the real quantity given by

1
M, = — / (ay —a)DP,. (6)
n=Ja
Throughout this paper, we assume that M, is known for any displacement field v given by .
For a smooth surface Y C Q\ D and 1 > 0, we assume that we are in possession of

1
M,(y,r) = ﬁ /Q(aywm — a)@@vy’m, V (y,r) € Yx]n, 4ol (7)

The imaging problem considered in this paper is to reconstruct a from the measurement
data M, given by . The aim is to prove that the reconstruction algorithm from acousto-
optic differential measurements presented in [3] can be extended for a very general class of
discontinuous absorption maps. For doing so, we start from the same differential boundary
measurements @ and consider the case where a has bounded variations. Under some additional
hypothesis, we correctly interpret the first order term in the asymptotic formula when [|v]| ;o
goes to zero. Then, by giving a weak definition of the spherical means Radon transform R, we
show how the internal data W, satisfying

$’Da =DU +V x G,

can be reconstructed stably in H*(D) with s < 1/2 and D being a smooth domain. This is
done through a stable reconstruction of R[¥] in H(@~1/2+5  Here, Da and DV are defined by
B).

The second part is to show that a stable reconstruction of the absorption map a is possible
from this internal data W. In order to do so, we establish a system of two coupled elliptic
equations for (a, ®) and solve this coupled system by the classical fixed point theorem. We also
show that the solution depends continuously on ¥ and therefore can verify the global stability
of the reconstruction.

Finally, we present numerical illustrations to substantiate the potential of the proposed
method. We consider the imaging of a highly discontinuous absorption map, chosen from a real
biological tissue data.



2 Preliminaries

In order to work with a wide set of discontinuous functions, we introduce BV (£2) and several
important subspaces of BV ().

2.1 Some subclasses of functions with bounded variation

Definition 2.1: A function u € L'(f2) is said to have bounded variation if its weak derivative Du
is a finite Radon measure. For any ¢ € C1(Q)¢, we have

/Qu(x)v'go(:c)d:z:: —/ o(z) - Du(dz).

Q

The Radon measure Du can be uniquely decomposed into three singular measures as follows:
Du = Dyu+ Dju+ Deu, (8)

which are respectively called the Lebesgue part, the jump part, and the Cantor part of Du. The
Lebesgue part is absolutely continuous with respect to the Lebesgue measure and is identified
to Dju € Ll(Q)d, which is called the smooth variation of w. The jump part Dju is such that
there exists a set S C € of Hausdorff dimension (d — 1), rectifiable admitting the existence of a
generalized normal vector vg(z) for almost every x € S. This part is written as

Dju = [u]svs - Hds_l,

where [u]g € L'(S,H% ') is the jump of u over S and HE ' is the Hausdorff measure on S. The
Cantor part D.u is supported on a set of Hausdorff dimension less than (d — 1), which means
that its (d — 1)-Hausdorff-measure is zero; see [1].

In many cases it is very difficult to deal with such a general measure derivative. We introduce
the special class of functions of bounded variation SBV(£2). This class still describes a very
large set of discontinuous functions.

Definition 2.2: A function v € BV(Q) is in the special class of bounded variation if D.u = 0.
We denote by
SBV(Q2) ={u € BV(Q), D.u=0}.

In some cases, we shall work in some specific LP framework. Hence, we use the following
spaces.

Definition 2.3: For any p € [1, +o0], we define
SBVP(Q) = {u € SBV(Q) N LP(Q), Dy e LP(Q)?, [u]s € LP(S, ’H?l)} .

Roughly speaking, a function u € SBVP(£) is a function of class W' admitting surface dis-
continuities. In the following, we state some Sobolev regularity results for functions of bounded
variation. The embedding rule for BV (£2) in the Sobolev spaces behaves like that for W11 (Q).

Proposition 2.1 (BV () embedding in Sobolev spaces): For any s € Rt ,p > 1, if WH(Q) —
W#P(Q2) continuously, then BV (Q) < W*P(Q) continuously.

If a function is in SBV®°(£2) we can expect a better Sobolev regularity. We provide the
following embedding result.



Proposition 2.2: For any 0 < a < 3, SBV>°(Q) — H(Q).

Proof. Consider u € SBV>®(Q). Du = Dyu+[u]svsHE * where S is a rectifiable surface, Dyu €
Le(Q)4 and [u]g € L>=(S, Hgﬁl). We introduce a continuous trace operator vg : H'=%(Q) —
L%(S) and consider a test function ¢ € D(2)? to write

(Du, 9) praya payd = /QDlu -+ /S[u]5V5 pHE?

(Du, ©)pr(aya.paye| < 1Dl ooy 101l L2y + Nudsll oo sy 0l 2(s)

< H75||C(H1_°‘(Q),L2(Q)) (HDlUHLOO(Q) + H[U]SHLOO(S)) HSDHHI—Q(Q) .

This proves that Du € H*1(Q)? and so, u € H*(9). O

2.2 The light fluence operator

The light fluence ® associated to the absorption a is defined as the solution of

9)

—AP+ad=0 in €,
10,2+®=¢g on 01,

where g is smooth (in H3/2(9Q)), non negative, and non zero. This problem is well posed if
a € L*>®(Q) and admits a positive lower bound. Throughout this paper, we assume that there
exist three constants 0 < a < ap < @ < +oo such that a < a <@ in Q and supp (a — ag) C D.
Under this condition, the light fluence ® is uniquely determined in H2(£2). We define the set of
the admissible absorption maps by

Ap = {aGLQ(Q), a<a<a, supp (a —ag) C D} (10)

and the light fluence operator as follows.

Definition 2.4: Let the light fluence operator F' be given by

F: Ay — H*Q)
a+— P,

where @ is the unique solution of @

As in dimensions 2 and 3, H?(Q)) < L*>°(£2) we define the following two quantities

® = inf inf F
2= 2, )

_ 11
® = sup sup Fla](z). (11)
a€Ag r€Q

The following result is from [3].

Proposition 2.3: The quantity @ is finite and depends only on g, [, 2 and a. Moreover, if g > 0
and g # 0 in 01, then ® > 0 and depends only on g, I, €, and @.



The following proposition is a direct application of standard elliptic regularity results [9] on
the equation satisfied by Fla] — F[a']:

!

{—AWM—FWD+MH@—FWD:W—@FW] in €,
10,(Fla) — Fd']) + (Fla] — Fld']) =0 on dQ.

Proposition 2.4: The operator F' is Lipschitz continuous from A to H?(f2) in the sense that
there exists a constant C' > 0 depending only on  such that for any a and @’ in A, we have

[Flal = Flal|| 2y < C2la = al| 2 -

In the following, we will suppose that a is in SBV>°(£2) and get from that a little Sobolev
regularity enhancement due to Proposition We have a € H*(Q) for s €]0, %[ For such
number s, we define a new admissible set for the absorption map:

A ={a e AN HQ), Jal sy < Ra.} (12)

where R 4, is a positive real number called the radius of A,. This gain of regularity for a implies
that of regularity for ® = F'[a], which is stated in the following proposition.

Proposition 2.5: Assume that g is the trace of a smooth function on 9. Then for any s €]0, %[
and any a € Ag, Fla] € H*3(). Moreover, the map

F: A, — H*™(Q)

is Lipschitz continuous in the following sense: There exists a constant C' > 0 depending only
on € and s such that, for any a and @’ in A,, we have

[P1a) — Fla 1. ) < O+ 19901) [~ all - i

()

Proposition follows immediately from standard regularity estimates. In dimensions 2
and 3, H2(Q)) C L*(2). Hence, ® satisfies

Ad = ad € L®(Q).

This and the smoothness of g imply ® € C1*(Q2) for some a € (0, 1).

2.3 Spherical means Radon transform

Here, we introduce the spherical means Radon transform R and the normalized spherical flow
operator R. We extend their definition to tempered distributions in order to deal with derivative
of non smooth functions. We also give several useful properties of these operators. We denote
by ¥ = Y x]0, o0l

Definition 2.5 (Spherical means Radon transform): For any function f € C%(R?), we define its
spherical means Radon transform R[f] € CO(Y x]0, +-o0[) by

RIAwr) = [+, ¥ () e,



where ¢ is the surface measure of the unit sphere. To extend this definition to distributions, we
introduce the dual operator R* : S(X) — S(RY) defined for any ¢ € S(X) by

Rolplla) = [ S oy

Then, for any tempered distribution u € §’(R?%), we define its spherical mean Radon transform
Rlu] € §'(%) as follows:

(Rlul, ©) /()53 = (U, R*[#]) s/ (ra) sy, V¢ E S(RY).
( ( (

Injectivity and invertibility issues for R have been studied in several works; see, for instance,
[12]. In [12, Corollary 6.4], the continuity of R and its inverse were proved. The following result
holds.

Theorem 2.6: Consider s € R and suppose that for some a < s and any v € H%(Q2) with
compact support, R[u] = 0 implies v = 0. Then there exist two positive constants ¢; and ca
such that

[ull oy < HR[U]HHM%(E) < ez |ull g -

In the following, we always suppose that we are in the context where this theorem applies.
Injectivity issues are essentially controlled by the set of centers Y; see, for instance, [13].

Definition 2.6 (Spherical flow operator): For any function F € C°(R%)?, we define its normalized
flow through the sphere S(y,7), R[F] € C°(Y x]0, +o0[) by

—

RIFwr) = [ Fl+re)-6o(d9). V() €. (14)

To extend this definition to distributions, we introduce the dual operator R* : §(X) —
S(R?) defined for any ¢ € S(X) by

Rleltr) = | W(a: ~ )oldy).

Then, for any tempered distribution U € &'(R%)?, we define its normalized flow through the
sphere S(y,r) denoted by R[U] € §'(X) as

5 _ 5% R,
<R[u},¢>s,@)w <“’R[9"]>3/<Rd),s<w>v ¥ € S(RY)

The following result is easy to prove.

Proposition 2.7: For any u € §'(RY), U € S'(R%)¢, we have the following identities in the sense
of distributions:

R[Vu] = 0,R[u], (15)
R[V x U] =0, (16)
RIV-U] = %ar (7). (17)

7



and
RiAu] = %ar (0, Rul). (18)

3 Recovering the internal data

The aim of this section is to recover the internal data ¥ with enough stability in order to use
it in the next section to recover the absorption map a. The section is divided into five steps.
In the first step, we prove that when a belongs to SBV>°(2), the approximation

M) = =5 | 8(@)0,(0) - Daldn) + 0 (3

holds as n goes to zero. In the second step, we link the approximated measurement to ﬁ[®2Da]
through the exact formula:

=5 [ 9 @@ Date) = ([Rl82Dal] = 1120, ]) (7).

where * is the convolution product with respect to the variable r and wy(r) = %w(r /n). In the
third step, we give a weak Helmholtz decomposition of

®?Da =DV +V x G,

where ¥ € H*(D) with s € [0,1/2[ and is of class C*> outside of supp (Da) and satisfies
Uly = 0. In the fourth step, we prove that its spherical means Radon transform R[¥] is stably
approximated in the space H(@=1)/ 2(¥) in order to satisfy the assumptions of the Palamodov
theorem. We conclude by proving the stable reconstruction of ¥ in L?(D), where D is a smooth
subdomain of interest containing supp (Da) and is such that Y € Q\ D.

3.1 Step 1: From physical to ideal measurements

Definition 3.1 (ldeal measurements): We call the ideal measurement function associated to the
absorption a € SBV*>°(2) the function defined on ¥ by

My(y,r) = —7712 /Q <I>2(a:)vy,m(x) - Da(dz). (19)

In order to prove that M, is close to Mn when 7 goes to zero, we need several definitions.

Definition 3.2 (Wrap condition): Let ' € Q be a smooth domain. We say that the surface
Y C Q\  satisfies the wrap condition around ' if there exists a constant C' > 0 such that for
any z € ', T' C S9! measurable, we have

o (Y NCone(z,I") < C o(I),

where Cone(z,T) ={z +t&, £€T, t e RT}.



Theorem 3.1: Let a € SBV>°(Q) and let € be such that dist(€',Y’) > ro > 0. Suppose that ¥’
satisfies the wrap condition around €. Then, there exists a constant C' > 0 depending on €2,
@, Y|, |Dal(f2), o and the wrap constant such that

d—1
<oy,

HM" B Mn‘ L2(%)

and

| Pl — g < oo’

where P is the operator defined by

Plely.r) = - /0 o),

To prove this result, we need several lemmas. The first one is a spherical density result for
the Radon measure |Da|. Its proof uses some measure density results and is given in Appendix

(Al

Lemma 3.2: Consider a € SBV*°(2) constant out of the subdomain D € € and let the mollifier

sequence wy(r) = %w (%),

where w is given by . Suppose that Y satisfies the wrap condition
around D. Then, the sequence of functions defined on X by

ooy 7) = /Q wy(|z — y| - r)|Dal(dz)

satisfies

1
”S%Hp(z) < Cn2d
with C' depending on |Dal|(€2), |Y|, and the wrap constant.

In the next lemma, we rewrite the measurement map M,,.

Lemma 3.3: For any (y,r) € X, we have

My(y,r) = —nlg /Q Ty o) (2, )0y () - Daa(d),

where

1 v(x -1
T[v](x,y)—/o (®B,) (z + to(z)) <1+t"x(_2> dt.

Proof. Since we fix y (supposed to be zero), r > ry and n > 0, we will not write the
dependence with respect to these variables. We first introduce an approximation sequence
of smooth functions (a)c~o such that supp (a® —ag) C ' and a® — a in L?(2). Note that its
derivative Va® converges to Da for the H~1(£)? norm.

We define now a flow ¢(z,t) = z + tv(z), ¢ € C*(R? x [0,1],R?). The condition w’ > —1
ensures that this flow is invertible in the sense that there exists a flow ¢ ~!(x,t) of class C* such



that o(p ! (z,1),t) = o~ (p(z,t),t) = z for all (z,t) € R? x [0,1]. In particular, it satisfies for
any z € R%, o~ 1(z,0) = 2 and o~ (z,1) = (Id + v) "' (x). For all z € R%, ¢ > 0, we have

o(Id+v)™* / Va (o N, t)) - Opp L, t)dt

/Q (a5 — a¥)p = / / Vas (o Nz, 1)) - Oy~ (w, t)p(x)dtda
/Q (a5 — a¥)p / / Vas ( #)) - Oy~ L (x, )p(a)ddt,
where p = 3®,.

Hence, using the change of variables z — ¢(x,t), we get

1
/ (ala) - aa)p = / VGE(x) ' atsoil((p(xa t)v t)p % QO(.%', t) det(dxgo(a;, t))dl’dt
Q 0 JQ

=— [ F-Vad',
Q

where

/@(p Yp(z,t),t)p o (x, t) det(dyp(z, t))dt.

As p € H%(Q), the function F belongs to H'(92)?. Passing to the limit when ¢ goes to zero in
the previous equation, the term in the left-hand side goes to [q(a, — a)p and as F' € H'(Q)?
and supp (Vaa) C Q cc Q, the right-hand side converges to fQ ) - Da(dx). Hence, the

formula
M = / —a)p / F(x) - Da(dx)

holds. In order to simplify the writing of F, we recall two useful properties satisfied by ¢ and
¢~ 1. Deriving the identity ¢ ~!(p(x,t),t) = z with respect to ¢t and x, we get
dw@_l (go(x, t)a t)atSO(.T, t) + 615()0_1(90(377 t)? t) =0,
dp o~ (p(, 1), )dpp(a,t) = Id.

We recall that dyp(x,t) = Id + tdv(x). Now noticing that 9y~ (p(x,t),t) = —(Id + tdv(zx)),
we rewrite F' as follows:

1
F(x)=— / p(z + tv(z)) det (Id + tdv(x)) (Id + tdv(w))_lv(w)dt.
0
Fortunately, dv(x) is diagonal in the spherical orthonormal basis B = (§,ea,--- ,€e4), where
¢ = x/|z| and (ez,--- ,eq) is an orthonormal basis of £+, the hyperplane orthogonal to £. Its

matrix in this basis is given by

ro g,y (lzl=r 0
matg(dv(z)) = | " ( K ) ole

Then,

matg(ld + tdv(z)) =

w (457)
0 (14 ey 1y, |



and from this matrix we deduce that

det (Id + tdv(z)) = {lﬂzow, (|z| —7‘)} [1+t‘v(x)|]d—1

||
(Id+tdv(m))_1v(:z:) = v(z)

N lz|—r) "
l—i-t%ow’( 7 )

Therefore, i
L v(x)| |
F(x) = /0 p(z + to(z)) [1 + t|(x]>‘] dt v(z).

Replacing |x| by |z — y| and rewriting the dependence in y, r, and 7, we finally get the expected
formula. O

The next result shows that the shifted absorption map a, stays close to a in L*(Q) if 7 is
small. The key result is optimal in the sense that it requires that a to be of bounded variation.
In fact, it shows that any reconstruction would be impossible without this minimal regularity.

Proposition 3.4: Consider a € Ay N BV () and let the internal displacement v be given by .
We have the following estimate:

lav = all1(q) < ClDal(Q)n

with C' depending only on the space dimension d.

Proof. Let us consider an approximation sequence (a).~o C C°(Q) such that supp (a®—a) C D
and [|a® — al| ;1) < €. Now, we define the flow ¢ € C* (R? x [0,1]) by o(z,t) = z + toy().
The condition w’ > —1 ensures that this flow is invertible in the sense that there exists a flow
¢~ (z,t) of class C> such that (o~ !(z,t),t) = o~ (p(z,t),t) = = for all (z,t) € R% x [0,1].
In particular, it satisfies for any x € R%, »p~1(2,0) = 2 and p~1(z,1) = (Id + v,) ().

For all z € R%, £ > 0, we get

1
a5, (2) — a5(2) = 0 0 9w, 1) — o 0 ™} (,0) = / V£ o o=z, DOy (x, 1)dt
0

a5, (@) — 0 ()|

1
< o Na,t) - O Mz, t)| dudt
v < L L I9e o w0 @) do
1
S/ /’Vag(x)-atgo_l(gp(:n,t),t)‘\detdxgo($,t)|dxdt.
0 Ja
A similar computation to the one in the proof of (3.3) leads to

o (ol ) 0 det oo )] < 14+ X0 oo

and so,

Jai,0) - @] < (14252 )0 [ el

Passing now to the limit when € goes to zero, we get the expected result. U

11



As a consequence of Proposition [3.4] we deduce that the modified light fluence ®, is close
to ® in H%(Q)) when 7 is small.
By combining (3.4)) and (2.4)), the following result holds.

Corollary 3.5: Consider a € Ay N BV (£2) and the internal displacement v given by . We have
the following estimate:

1

= 11
|®0 = @[ 20y < CB(@— a)2 | Da|(Q) 272,
where C depends on d and 2.

Lemma 3.6: Consider a subdomain Q' C € such that dist(2,Y) > o > 0. There exists a
constant C' > 0 depending on €2, ® and a such that

HT[U%TJI](':Z/) - (I)QHLOO(Q/) < Cn%

Proof. For fixed n > 0 and (y,r) € X, for t € [0,1] and z €

(2D, (z + tv(z)) — <I>2(ac)\ < \<I>2(x + tv(x)) — ‘I>2(a:)\ + (2Dy)(z + tv(z)) — 2 (z + tv(x))]
< 29|®(z + tv(x )) — ®(2)] + O|(Py(z + tv(z)) — ®(x + tv(z))]
< 20 ||(I>|| oo 1( )772 + (1301772

Recalling that for x € ', | — y| > 79, we use the previous inequality in to get the desired
result. O

Now, we are ready to prove Theorem
Proof. (of Theorem For any (y,r) € X,

My = 31 .7) < [ [Tlepa)0) 22222 Do

< Tyl = 8] g | (1 =] = Il ).
Applying Lemmas [3.6] and we get the first inequality,

d—1

vty <o

Mz (s)

Next, taking the derivative with respect to the variable y, it follows that

%wwWMwmzé%(@mM@w—@u»W@@)Dwm

n
with
%<@mmﬁﬂw—@%@fwzgm>=¢Immm%w-%%m@WT¢@
+ (Tlog ), y) — B2(2) dy"’yn;(f“)
(2)

+ dyT vy, )2, y)%

12



The vector field v, ., satisfies
dyvy .y = OrVyrm + |Vyrn| By, ),
where B(y,r,x) is a matrix uniformly bounded with respect to all variables. Moreover,
dyT[vyrn)(z,y) = O(n)

with reminder uniform with respect to all variables. Thus we write

dy ((T[Uy,nn](xa y) - (I)Q(x)) W)

=0r ((T[vy,r,n](ﬂﬂ, y) — ®*(x)) ”yv“"(x)> (r—y

n? |z —y|
+ ()Pl

)T

where the reminder R(y, r, z) = O(n'/?) uniformly with respect to all variables. Here, T' denotes
the transpose.
Using this identity, we can integrate by parts with respect to r to get

/Orpdl_2dy ((T[Un(y, p)](x’y) _ <I>2(IL‘)) 2},7(3/;75)(,1;)> i

! Vy,r V(x xr — T
o (G R
+(d- 2)/ pdl 1 ((T[Un(y Pz, y) — () Un(y;é))(ﬁ) dp(x —y

|z —yl
/ R(y. p.z) (y p)( )!dp.

Finally, we integrate over {} and use Lemma in order to control these three terms. We

)T

control all of these by 77%1. O

3.2 Step 2: Linking the measurement with ®?Dq

In the previous subsection, we have shown that the measurement M, is approximated by

~ 1
Wy(37) == [ @(@)tyla) - Dalde)
N Jo
in a certain sense when 7 goes to zero. We suggest here another form of Mn using the spherical
operators defined in subsection As Da is a finite measure compactly supported, it is a

tempered distribution on R?. Since ® € C° (ﬁ), the vector field ®2Da is a tempered distribution
on R? defined by

®2Da, @), :/@2<p~Da.
< >S (Rd)d,S(R’i)d Q

The following result holds.

13



Proposition 3.7: For any a € A, n > 0 we have the formula

M, = —% [(rd_lﬁ[CI)QDaD * wn(—.)} in 3, (20)

where * is the one dimensional convolution product with respect to the variable r and w,(r) =
1

L (L),

no\n

Proof. Consider a test function ¢ € S(X). We have

_/ZMW:—[//OOOMn(W)sO(W)U(dy)dT

3 [0 ([ [T oweatarotnniotanr) - Datao
= [ & ([ [ e ==t 2= 2ot ) - Datir)

= [ @@ ([ (w2 o= o = ot ) - Dt

3.3 Step 3: Helmholtz decomposition of ®2Dq

Since ®2Da is a tempered distribution, we can consider its Fourier transform. As a € H*(Q)
with s € [0,1/2] and Da is supported in some compact subset K of € , it follows that Da €
H37H(Q)? (see Appendixfor the definition of H$ (Q)). Moreoverﬁu_sib2 is in H?(£2), we also
have that ®2Da € H ()%, From Appendix We deduce that ®2Da belongs to L (R%)?
and satisfies

.

Let the Sobolev space H*T!(R?) be defined by

curl

2
<I>2Da‘

©) (1+1¢2) ¢V de < +oo.

HY(RY) = {A e HYRY, Vx Ac H“(Rd)d} .

curl

The following proposition gives a generalization of the Helmholtz decomposition for some com-
pactly supported distributional vector fields.

14



Proposition 3.8: Consider a € R and U € H%(Q)4, where K is a compact of . There exists
u € H*MY(RY) and A € H*T(R?) such that

curl

U=Du+VxA

in the sense of distributions.

Proof. As U € HE(Q), U € L} (R?)? We define now @ = % € LL (RY) and A = % €
Ll

L (R?)4. We have the decomposition U= € + 1€ N A. As 1€ is the Fourier transform of Vu

where u is the inverse Fourier transform of u and has the same integrability as U , we deduce
that u € H*t1(R?) and A, the inverse Fourier transform of A, is in H*"'(RY). O

curl

Using this last result, we write

®*Da =DV +V x G (21)
with ¢ € H*(R?) and therefore, we get

R[®>Va] = 8, R[] (22)
in the sense of distributions. Using this last identity in we obtain that

M, = —% [(rd—larn[qf]) . wn} in 3. (23)

Equation (23)) plays an important role to recover the internal data in the next step.

3.4 Step 4: Approximating R[V]
We can show now that from the previous identity, the quantity R[¥] can be approximated up

to a function depending only in y in H =a (3) in order to apply Palamodov’s theorem (see [12]).

Theorem 3.9: Let s € |%,2[ and @ > 0 and consider a € Ayyq. Then P[M,] converges to

R[V]—gin H %“(Z) where ¢ is a function depending only on y. More precisely, there exists
a constant C' depending on d, s, o, and > such that

| PUL) = R+ g o, < O [l gses

)

Proof. Starting from and integrating by parts, we write

,07) = [ R0, (L= ) do.

Now, applying P to Mn, we get
- T p1
To
Let us develop the test function as follows:

T pdfl pdfl pdfl
0, [ wnlo =) s =wnlp — r0)Zg — wnlp 1) ~ 64(p.7)
ro S TO T

15



with
d—2

0n(p.) = (@=1) [ wlp—s)(s— ) s

To

which satisfies ||977||H1(]0 Rp) < Cn'/2, where C' depends on ro, R, and d. Finally, we write

POV, 7) = gt / ARy, )y (p— P)dp— —— [ [ R . o = o)
L)

j[ R[¥|(y, p)On(p,7)dp.

Using Lemma |[C.1} we bound the H%(Z) norm of the third term by Cn% IRVl

d—1 .
HZ (%)
Moreover, using Lemma |C.2| we say that as R[¥] € H JrerC“( ), the first term converges to
R[¥] for the norm of H%H(E) with an error controlled by na+i | R[¥]|

Using

d—1 .
H =z tsto(s)
the same argument, the second term goes to g(y) = R[¥](y,ro) in the same manner. We finally
obtain that

| Plats] ~ Ri] ] g < OO IR s
where C depends on d and the manifold X. O

3.5 Step 5: Approximating ¥
We recall here that we have assumed the invertibility of the spherical means Radon transform.
We apply R~ to the inequality given in Theorem to get

HR‘l o P[M,] — ¥ + R‘l[g]H < Oyt 19| prsto(s) (24)

H#*(D)
for some positive constant C' independent of 7.

The problem that we have here is that we do not know the map h = R~![g]. Nevertheless,
if we assume that Y = 9D’ with D € D’ being smooth, then, since Da vanishes outside of D
and Y € Q\ D, we can find ¥ € H® such that ¥|y = 0 and the Helmholtz decomposition [16]

®2Da =DV +V x G

holds in D’. Extending W by zero outside D’ yields an H® function for s €]0,1/2[. Because
Oy R[h] = 0 and using Proposition we have R[Ah] = 0 and therefore Ah = 0 in D’. The
boundary condition \i/\y = 0 shows that h is uniquely determined by solving a Dirichlet problem
for the Laplacian.

To summarize five steps of this section, we state the following theorem.

Theorem 3.10: Consider a € Ay N SBV>(Q) satisfying supp (Da) C D € Q and assume that
Y satisfies the wrap condition around D and surrounds D. Then there exists ¥ € H*(RY) with
s €]0,1/2[ and of class C*> outside of supp (Da) satisfying ¥|y = 0 and

®?Da = DU 4+ V x G, (25)

where G € 4) and ® = Fla]. Moreover, R™! o P[M,] + h converges strongly to ¥ in

curl(

H?*(D) when 7 goes to zero at a speed bounded by O (ni>. Here, h is determined as above.
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This map ¥ will be now the starting point of the reconstruction procedure. In the next
section, we assume that ¥ is known in H*(D) up to a small error in H*(D). We will see how
to approximate the absorption parameter a from this data.

4 Stable reconstruction of the absorption map

In this section, we assume that the assumptions of Theorem are satisfied and suppose in

addition that Y = dD. This is possible since Da is assumed to be compactly supported in D.

It simply suffices to enlarge D. As a consequence, we assume the knowledge of ¥ € H*(D)

of class C* in a neighborhood of 0D, which satisfies U|gp = 0. The goal of this section is to

present a method to estimate the absorption map a from the knowledge of ¥. We choose s such

that H571(Q) is embedded in L°°(f2) in dimensions 2 and 3. This is true for any s €]1/3,1/2].
Let us take the divergence of in the sense of distributions to get

V- (®*Da) = AV,

which looks like an elliptic equation with unknown a. There are two difficulties here. The first
one is that we do not have enough regularity to deal with this equation using a variational
approach. To do so, we should have ¥ in H'(D) and look for a solution a in H'(D). The
second difficulty is that the diffusion term ®2 is unknown here and depends on a by ®2 = F[a]?,
where F' is the light fluence operator.

Finally, we recall the definition of the set of admissible absorption distributions:

A, = {a € AN H(Q), [lall ey < RAS}

and define
By={®eW"*([D), < ®<®,[|VP|~ < Rp,},

where Rp, = sup,e 4, | VF[a]l|z~(p). Note that F' maps A into Bs.

4.1 The change of function argument

The main idea is to introduce a new variable:

(26)
which is well defined in H*(D) since ® > ®.

Proposition 4.1: For all a € A5 and ® = Fla], we have @ € H}(D) .

Proof. In the sense of distributions, we have

. DU Vo
Da:Da—@—l—Q\P@,
®?Da = ®*Da — DV + 20V log @,
V- (9?Da) = V- (20V log @),

P*Aa =V - (20V log ®) — V(®?) - Da,
.1 -
Aa = @V - (2UVlog @) — 2V(log @) - Da.

17



Consider a test function ¢ € D(D) and using the fact that V& € L*°(D), which follows from
the fact that ® € H>*5(€2), we have

1 @
—V - (20Vlog @), > =(V-2¥Vliog®), —
<‘1)2 ( b D/(D),D(D) < ( ) ‘1>2>H‘1(D)»H6(D)

v
= —2/D 32 V(08 @) - (Vi — 20V (log @)
2 2
< >° 1N 2oy IVl ooy { IVl L2 () + > IV®]| oo (py 1€l 12y

< Cllell gy oy
and so 25V - (2UVlog®) € H~!(D). We also have

(2V(log @) - D, ©)pv(py p(py = (D, 2V (log ®)0) 1y, 11 ()

_ / i(p(log @) + V(log ) - Vi)
D

Vo|?
:—2/ a<ag0— | ®2| g0+V(log(I>)-V<p>
D

B _ IV® e ) IVl oo ()
< 2all 2y ( Ilz2) + ——go 2 Iz + ——g 2 IVl 2o
< Cllell gy oy
and so 2V (log ®)-Da € H~!(D). Finally, since Aa € H~!(D) and a is smooth in a neighborhood
of &D and satisfies d|gp = 0, it follows from the standard regularity theory that a € H}(D). O

From the previous computation, it follows that a is defined as the unique solution of

V- (®*Va) = V- (2¥V log @) in D, 27)
a=20 on 0D.
This system allows us to define an operator
Gy : By — Hg(Q
v ! 0(€) (28)
d+—a
and the one which gives a from @,
Gy : Bs — H*(Q)
~ \\J .
Oy )0 + Gy[®] + 2 in D, (29)
a in Q\b

The global problem that we have to solve now is to find a pair (a,®) € H'(D) x B such
that

18



o
—A@+<a0+a+¢210)q>:o in Q,
V- (9?Va) =V - (20Vleg®) in D,
0,24+P=g on 012,
a=20 on 0D,
a=0 in 00\ D,

where 1p denotes the characteristic function of D.

4.2 Fixed point algorithm

We look for a solution a as the fixed point of the map Gy o F' : A, — H*(Q2). In order to cycle
this operator, we introduce the truncation operator

T:H*(Q) — H*(Q)
a +— max (min(a, @), a)

and look for a fixed point of the operator T'o Gy o F' : As — H*(2).

Theorem 4.2: Consider ¥ in H*(D). The operator T'o Gy o F' : Ay, — H*(2) is H*-Lipschitz
and, for any a, a’ € A, we have

||T @] G\If e} FHLZp(HS(Q)) S C(Sa d7 Q?Q? 67 RBS) H‘IJHHS(Q)
and if ||| ;s (q) is small enough, T'o Gy o F' is a contraction from A, into A and admits a

unique fixed point in Ay called ay.

Proof. Reconsidering the Lipschitz estimate of the system [J] with a € H*(£2) and taking into
account that F[a] belongs to W1>°(Q) (see the last paragraph of Subsection we can deduce
that F': H5(Q)) — W1°°(D) is Lipschitz and obtain that

||F||Lz‘p(Hs(Q)7WL°O(D)) < c(s,d, Q) (RBS + 6) :

Consider now ® and @’ in By, then

IV‘P’I

1
|Vlog® — Viog @'| < 6|V(<I>—<1>’)|+ @ — @',

and so

R
[Vlog @ — Vieg /||, ., < <1+ B)H‘P [l ip1.0e ey

This inequality proves that Gy : By — HA(Q) is Lipschitz and that
Rp

HG‘I" Lip(Wleo(D),HA(Q)) — (1)3 <1+ D > H‘I’Hm

We can now control the Lipschitz norm of Gy. Noticing that

2
1 Rp,
Wwheo(D) @ ( ()] ((D) )HCI)_(I)/HWLOO(D)a

19
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we get,

HG‘P‘I’ - G‘I’(I)/HHS(Q)

IN

Hé@ ~ Gyd

s |52 ~ 32

’ 1 1

Hg(Q)

=\ 2
Rp d
3+3— (1 —
. ®(+(¢)>
=\ 2
Rp 0]
31 _
oot (11 (2))

The truncation operator 1" : H%(Q)) — H?*(£2) satisfies

Wles(D)

IN

=5 191 s () Hq’_@/levw(D)

and finally,

1
HG‘I’HLip(Wl»OO(D),HS(Q)) < B H\I’HHL"(Q) )

1T Lipars (), me0)) = 1

The proof is then complete.

In the case of a contraction map, the iterative algorithm converges exponentially to the fixed

point ay and yields a map
I:H*(D)— A

\llr—>a\p.

From the Lipschitz continuity of Gy with respect to ¥, the following stability result holds.

Proposition 4.3: For all U, ¥’ € H¥(D) such that Gy o F' and Gy o F are contractions, we have

IT1W] — I[%'] || grs(py < CII® = W' g5y

for some positive constant C.

Proof. Consider ¥, ¥ € H*(D) such that Gy o F' and Gy o F are contractions and call ay

and ay their fixed points. We have for any ® € B,

n v — v
H*(Q) P2

|Go[®] = Gur[®] 12y < ||Cul@] - Gur[9)

o)
Remarking that u := Gy¢[®] — Gy [P] satisfies

V- (@*Vu) =2V - [(¥ - ¥)VIeg®] in D,
u=0 ondD,
it follows that

~ ~ 2Rp,
HG\I,[Q] - G\P’[‘I’]’ H@) < 37 v - ‘I’/HL2(Q)
and so
4Rp,
1Go[®] = Gorl®ll o) < g5 ¥ = V'l ey -

We can now estimate
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law — awll s ) = 1Gw © Flay] — G o Flaw]|| s q)
< [[Gw o Flay] = G o Flay]|l s () + |G © Flaw] = Gu o Flaw ]| s (o)
< Gw = Gl g () + [[Gur 0 Flaw] = Gur o Flaw]| s (o)
4Rp,
< 53

U — W] o + 1Gw 0 Fll e law — aw [l (o -

Let K = ||G\I// o FHL’Lp(HS(Q)) < 1. It fOHOWS that

4Rp,
(1 - r)
which completes the proof. O

law — aw | s () < H‘I’_‘I’/HHs(Qw

5 Numerical simulations

In this section, we show how this new technique allows a very good reconstruction of highly
discontinuous absorption map. We consider here a realistic absorption map taken from a blood
vessels picture.

5.1 Forward problem

As we said in introduction, the main application of this acousto-optic method would be the
imaging of red light absorption which has high contrast in tumors due to the high level of
vascularization.

Fig. 5.1: Realistic biological light absorption map. (1) A real picture of living membrane by
transparency. (2) The absorption map chosen for the numerical experiments. The
resolution is about 132k pixels.

In the following, the domain is fixed to € =]0, 1.6[x]0, 1] and we consider the absorption map
a given by Figure (2). We define our domain D as a disk strictly included in €2 represented
by the red circle in Figure

Using the same method as in the numerical simulation in [3] we compute the forward problem
in order to generate virtual measurements. For some centers y taken on Y := 0D, r > 0 and
n = 10"* fixed, we compute a discrete form of the map
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Fig. 5.2:  Absorption map in ) and the domain of interest D := D((O.S, 0.5), 0.48) in red.

o flr—yl—-r\ z—y
Uy7r777($) - ;w /r] ’,Clj—y”

where the wave shape w is defined by

wit) = exp (tzl_l) te]l—1,1]

0 otherwise.

From this map, we compute the displaced absorption as a, = a o (Id + v)~! and the variation
of the fluence ®, — ®. Its cross correlation on the boundary leads to the measurement

Mn(y7 r) = /Q(a/'vy,'r,n - a)®¢vy,r,n7

represented in Figure (1). From that, we apply Theorems andto get an approximation
of R[¥] up to a function depending only on y.

0.8 % = 107 0.8 7‘2111 ‘
0.6 o W 0.6
£ 04f : . 0 = 04f
0.2 ; B 05 02)
0 20 40 60 80 100 120 0 20 40 60 80 100 120
v v

Fig. 5.3: Computed measurement M, (y,r) and the deduced approximation of R[¥]. We used
128 acoustic centers on 0D.

The non vertical visible lines on the illustration of R[¥] are due to the presences of blood
vessels. The vertical lines are just numerical artifacts due to the integration. As we only need to
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know R[¥] up to a function depending only on y to theoretically reconstruct the absorption, this
last numerical issue is not important. Now, from numerical spherical means Radon transform
inversion, we compute the internal data map ¥ inside D.

104
101

0.5

0

04 06 0.8 1 1.2

Fig. 5.4: Internal data map ¥ computed inside the domain of interest D.

As we can observe the blood vessels in the representation of the map W, we shall confirm
that there is a good information about the absorption map. If we try the algorithm presented
in [3], we take the derivative of the data map ¥ in order to compute the source term AW
which destroys the information due to the numerical noise. It is even worse with additional
measurement noise. Here, we use the fixed point algorithm proposed in Theorem We
compute the fixed point sequence (ay,, ®,)nen defined by

a():l inQ,

(CL(), (I)O) : ' APy +agPy =0 in €,
0 10,00+ Py =g on dQ,

and
( V- (®2Va,, 1) =2V - (UVI1og®,) in D,
an+1 . )\
" Ant1 = —(I)—% on 0D,
1+ 2 LG in D
Vne N, (an+1, CI)n_,_l) : s : + @7% + an41 m D,
1 in Q\D,
® ‘ AP, 1+ a,Ppye1 =0 in Q)
| 10,841 + Ppiy =g on 9.

After few iterations of this sequence, we get a good reconstruction of the absorption map a.
To fix the ideas, let us say that the variational information about a is in the map ¥/®2. We
correct it with a smooth function @ in order to reach the map a. The difference of these two
functions gives an approximation of a — 1 at each iteration.

Remark 5.1: The power of this algorithm is that we avoid the derivation of the data map W
and we only solve elliptic equation for smooth solutions ®,, and a. This provides a good
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Fig. 5.5: The map ¥/®? where the blood vessels are visible and the map @ after 10 iterations
of the fixed point algorithm.

reconstruction of the discontinuities of the absorption map a and illustrates the fixed point
Theorem 4.2 which works for functions in H*(2) with s < 1/2.

Remark 5.2: Our finest reconstruction is given in Figure (4). Even if the vessels are easy
to recognize, two problems occur. The first one is that the reconstructed solution is lightly
attenuated. This is due to the approximation made using the asymptotic formula given in
Theorem A nice improvement would be to solve a deconvolution problem instead of the
asymptotic formula. The second problem is the strong attenuation close to the boundary 9D.
This phenomenon is normal and is due to the fact that the measurements have no sense for
small radius r. In the mathematical part, we have supposed that a = ag in a neighborhood of
OD. In this numerical example, this hypothesis is not respected and the consequence is that
the reconstruction is not valid close to D. Nevertheless, the inside part of the reconstruction
is quite satisfying.

6 Concluding remarks

In this paper we have introduced for the first time a mathematical and numerical framework
for reconstructing highly discontinuous contrast distributions from internal measurements. The
framework yields stable and accurate reconstructions. We have illustrated our approach on a
highly discontinuous absorption map, chosen from a real biological tissue data. Many challeng-
ing problems are still open. It would be very interesting to develop an optimal control scheme
for reconstructing highly discontinuous contrast distributions and prove its convergence, start-
ing from a good initial guess. Another challenging problem is to estimate the resolution of the
developed approach in terms of the signal-to-noise ratio in the data.

A Spherical density of Da

Lemma A.1: Consider a € SBV>°(Q2) constant out of the convex < D C € and the mollifier
sequence wy(r) = %w (%) Suppose that Y satisfies the wrap condition around D, then the

sequence of functions defined on X
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Fig. 5.6: Reconstruction of the absorption map after 10 iterations of the fixed point sequence.
(1) The true absorption. (2) Reconstruction using uniform mesh of 5k triangles. (3)
Reconstruction with non uniform mesh of 13k triangles. (4) Reconstruction with non
uniform mesh of 106k triangles.

ool r) = /Q wy(|z — y| — )| Dal (dx)

satisfies

i
H‘Pn”m(z;) <Cn 2,
where C' depends on |Dal|(Q2), |Y], and the wrap constant.
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Proof. We develop ||g077Hi2(2) norm as
||SaniQ(E) = /E/Q/an(|x—y| — r)wy(|2" — y| — r)|Dal(dz)|Da|(dz")dydr
R
= [ [ [ wille = sl = mywglla’ — vl = ryar|Dal(ds)|Dal s’y
vy JaJaJo

- /Y /Q /Q (& — y| - |2’ — y|)| Dal(dz)| Dal(da')dy,

where

(1) = [ wi(r = plun(=p)ip

satisfies supp (w,) C [—27,2n], HE,]HLI(R) < 1 and w, < Let us fix ¢ > 0 and define

Z. =A{(z,2') € Q% |v — 2’| < ¢&}. First, we have

=

_ , / 1 /
// 1z =yl |~y Dal )| Dal sy < LIV L . |Dalds"|Dal(d)

1
< 11Y] [ 1Dal(B(z. ) Dal o)

Using the fact that a € SBV>°(Q2), the Radon measure |Da| can be decomposed as
|Da| = |Via|£? + |[a]s|HE

where |Via| € L>(Q) and |[a]s| € L*(S). Thus, we can control the upper (d-1)-densities of
|Da| using that for any x €

1 1 _
a1 [Pal(B(z,€)) < [[Viall g o wle + [|[Als ]l Loo(s) gdﬁHd H(SNB(x,e)).

In fact, [10, Theorem 6.2] says that for any x € S,

1
lim sup ﬁdel(S N B(z,e)) <2971 a.e. on S,
e—0 €
1
lim sup ﬁdel(S N B(z,e)) =0 a.e. on Q'\S,
e=0 €
which implies for |Da| that
. 1 .
limsup ——|Dal(B(z,¢)) < [[[Als s 2d-1 a.e. on S,
e—0 €
1
limsup —|Dal(B(z,e)) =0 a.e. on Q'\S.
e—0 gd—1

Using Fatou lemma, it follows that

1
lim sup é_d—_1|Da|(B(:L‘, e))|Dal(dx)

roe—

limsup/l Ed—l_l|Da|(B(:U,e))|Da|(d:E) < /

e—0

< [Alsll e sy 27 HTHS)-

That simply shows that the left-hand integral is bounded when € goes to zero. We finally arrive
at
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d—1
_ 5
[ [ watie sl ~ 1 ~ DiDal(a)|Dal(day < 15—, (30)
Y JZ.
where the constant C; depends on |Dal|(€2) and |Y|. The second integral that we have to control
is
| [ malle =y~ s’ = yIDal (o) Dal d)dy.
y Jo2\z.

For that, we define for any (z,2') € Q2 the set

Yo(z,2) ={y €Y, |l -yl — |2’ —yl| < 20} .
As Y satisfies the wrap condition around €', a computation leads to

H (Vy(2,2))) < 2022 Y (x,2') € O\ Z.,

where C5 is the wrap constant relative to Y and €. We can now control the second term,

/Y/Q/2\Z wy(|lz — y| — |2’ — y|)|Dal(dz)|Da|(dz")dy < 1/ H (Y, (2, 2")) |Da|(dz)| Dal(dz")

n Jqr
C
< 22| Da|(0)?
€
(31)
Finally, putting together and , we obtain
d—1
g CQ
gl 72 < Cr +2—|Dal(Q)?,
which is true for any choice of € > 0. So, we fix it at the best choice e = n'/¢ to obtain
_1
loullZacsy < (Cr+2Co|Dal ()1,
which concludes the proof. O

B Sobolev spaces with fractional order and Helmholtz decomposition

On the smooth open domain D of R? for any o > 0 the Sobolev space H*(D) is defined
as usual. We shall also consider the space of functions of H*(D) supported in a compact K
denoted Hy (D). As the functions of H (D) can be extended by zero outside of D, we can
define their Fourier transform and use the following characterization,

Definition B.1: For any a > 0, K C D compact we define

Hi (D) = { € D). supp (u) K, [ T+ €y < 400}
and for any f € H (D) we will denote

lleior = (e [, 1T+ ey )
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We define now H*(D) by duality.
Definition B.2: For any a > 0, K C D compact we define

H*(D) = {ue H*(D), supp (u) C K}
endowed with the continuity norm.

Fortunately, these spaces have also a Fourier characterization. For any v € H*(D), u is a
compact supported distribution, i.e., an element of £ (D), which naturally embeds in S’'(R9).
So, the Fourier transform 4 is defined in S’(R?).

Proposition B.1: For any a > 0, K C D compact,

(D) = {u € (D) supp (1) € K, we Ll (R, [ PO+ 1670 < oo

Proof. Let us take u € Hg*(D). As u € S'(RY), we take 1 € S'(RY), p € S'(R?) and we
compute

—

{0+ 1gr.0) = [(u [0+ TP 2]

S'(R9),S(R?) S’ (R9),S(R?)

—

1+l ,

< Nl ooy |
< @0 |lull go(py Ioll2(p)
which proves that (1 + |£[?)~*/?0 € L*(R%) and

1 1/2
(g [, PO+ 1)) < ooy

Conversely, if u satisfies these conditions, we show that it is in H*(D)’ and that

1 N 1/2
lollaoioy < (o [, 0O +1eP) ")

Then the proof is complete. U

We can now define the Helmholtz decomposition of a distribution vectorial field in the
Sobolev sense for fractional order greater than —1. This allows us to precise the regularity of
¥ depending on the regularity of a.

C Kernel operators in partial Sobolev spaces

In this appendix, we give two useful results about some kernel operators acting on one variable
of a function. These results are given for functions defined in R? in order to use the Fourier
transform. They stay valid for functions defined on any manifold isomorphic to an open domain
of R? up to a multiplicative constant depending on the isomorphism.
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Lemma C.1: Consider a kernel § € L2(R?) and the operator T : L?(R?) — L?(RY) defined by

_ / F(t.2)0(t, @1)dt
R

for a.e. x € R? with & = (29,...,24). If, for s > 0, f € H*(RY) and 0 € H*(R?), then
T[f] € H*(R?) and we have

1T N s may < 1011 gzs ey 1] s ey -

Proof. Let us compute the Fourier transform of T[f],

- i —iz1€) ,—iE€ g5
/]R/]R/]Rd—l ft, 2)0(t, z1)e € dzdzydt
R

SO )
/lft& )t [ 16 (60t

Then, using Plancherel theorem,

(178 = 5 [ 17 Pde

and
]9(t§1|dt /yeTglydT
Hence,
RGE |da/|ersl|dr
THIRE) (1 + g2 (14 167) e [ 1Bl (14 €0)° dr
@i / IT[f] 1+|£|)d5<
@y / |f 1+|§| 751 1+§1 +7) drdéy,

which completes the proof. O

In the case where the kernel is approaching a delta function, it is useful to understand how
the operator is approaching the identity.

Lemma C.2: Consider w € CZ°(R) supported in [—1,1], non negative and satisfying |[wl| ;1 gy =

1. For any n > 0, t € R we denote w,(t) = Lw (n) Let us consider the sequence of operator

"
T, : L*(RY) — L?(R?) defined by
_ / F(t, Fywn (@ — t)dt.
R
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For all @ > 0 and > 0, T, is continuous operator T;, : H*(R?) — H*(R?) and for all
B >0, fe H*B(RY), T, [f] converges to f in H*(R?). More precisely,

_B_
HTn[f] - fH(Ha(Rd) < 2P+t HfHHaW(Rd) :

Proof. Let us compute the Fourier transform of T[f],

= / / / F(t, )y wy(@r — t)e 18 e~ T diday di
Rd—1

/// Ft, &)wy(u)e e o1 g =i Sdidudt
Rd-1

= f (&)wy(&1),
where w, < 1. This proves that 1Tl o gay < I f[ o ray- Now consider 3> 0 and f €
HB(RY), we have
(T171-7) © = £&) [ wi(t)e! = 1.
TR 1] © <177 [ wntee e — 1

by convexity, and we write,

T ] © = 1FP© sup e — 112

[t|I<n

A study of the function &1 — supy,<, le=##€1 — 1|2 gives us that

. 25
sup e~ — 12 < 4T (14 [¢2)"
[tI<n

and we finally get

LRI =7 © (1) de < [ 7R (0 1) e
Rd

which is equivalent to
_B_
ITol) = oy < 20777 [1F]| oo gy -

Hence, the proof is complete. O
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