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AN HETEROGENEOUS UBIQUITY THEOREM, APPLICATION
TO SELF-SIMILAR MEASURES

Edouard Daviaud, Université Paris-Est, LAMA (UMR 8050) UPEMLV, UPEC,
CNRS, F-94010, Créteil, France

1. INTRODUCTION

Estimating the Hausdorfl dimension of limsup sets obtained from the contrac-
tions of the elements of a given family of sets is a natural question of metric
approximation theory, which arises in many contexts. In this article, given a se-
quence of balls of RY, B = (B(x,,7,))nen, We investigate in a very general frame
the size properties of the limsup sets obtained from smaller sets, i.e sets of the
form limsup,,_,, Uy, where U,, C B,.

Let us recall that the historical example of Jarnik-Besicovitch’s theorem deals
with the case U, = BS := B(x,,r?), where § > 1, x,, is a rational number £ and
T = q%. More generally in metric number theory, one often aims at computing the
Hausdorff dimension of sets limsup,,_, ., U,, where (U, ),en has some algebraic or
dynamical meaning. Generalizations of Jarnik-Besicovitch’s Theorem often con-
sider a given sequence (1, )nen of points in R, as well as a sequence of radii (7, )nen
for which the associated limsup set Ey = limsup,,_,, ., B, has a controlled size (in
terms of Lebesgue measure or Hausdorff dimension for instance); then, given a
sequence of sets U = (Uy,)neny with, for every n € N, U, C B,, one estimates
the Hausdorff dimension of the smaller limsup set E(U) = limsup,_,, . U,. The
classical case is when the set U, is a shrunk ball B?, for some ¢ > 1, that is E() is
the limsup set of the d-contracted balls, but different shapes for U,, have also been
considered (rectangles or ellipsoids rather than balls for instance). Such problems
are studied for instance in 23] 8 [7, 28, 25] among many references.

The same question arises on any topological dynamical system (X, 7") endowed
with some metric, when the sequence (z,)nen is the orbit (7™(z))nen of a well
chosen point z. Some specific cases are for instance treated in [20, 26, 27]. In
probability theory, the famous Dvoretzky covering problem consists in computing,
when it is possible, the Hausdorff dimension of the limsup set associated with a
sequence of random balls drawn independently and uniformly in a compact Baire
space, see for instance [I8| [I4] [7]. In analysis, the value of the pointwise regularity
exponents of measures and functions at a given point x often relies on the ability
to understand how x is close to remarkable points x,. The reader may refer to
123, [4] 16].

As mentioned above, in the largest part of the literature, a strong geometric
measure theoretic condition is initially imposed on B to obtain results, for instance
that the Lebesgue measure of limsup,,_,, . B(z,,r,) is full (cf [§]). But there are
many situations in which the Lebesgue measure is not the relevant measure to
work with (cf [5]).

Our purpose in this article is to obtain a general lower bound for the Hausdorff
dimension limsup,,_,, . U,, where the sets (U,) are open sets in some balls (B5,,)
satisfying the property called p-asymptotically covering property, where p is a
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probability measure on R?. This property, introduced in [I3], is proved to be
almost equivalent to verifying that p(limsup,_, . B,) =1 (e.g [13]).

The results presented here extend, for instance, both the results of Koivusalo-
Rams stated in [25] and the result of Barral-Seuret ([7]) which deals with balls and
self-similar measures under the open set condition. It is worth noticing that the
work of Koivusalo and Rams in [25] highlighted the importance of the Hausdorff
content to compute Hausdorff dimension of limsup sets and this article makes
further use of this fact.

An important advantage of the lower bound obtained in the present paper is
that its value is tractable in many cases. For instance, as a first application, a
ubiquity theorem is given in the case where p is a self-similar measure (we do not
require any condition on the possible overlaps associated with such a p).

Two other applications of our main result are treated in this article as well. The
problem of self-similar shrinking targets is studied when the corresponding iterated
function system (in short IFS) is dimension-regular and has similarity dimension
less than d, meaning in particular that for every self-similar measure, the similarity
dimension and the Hausdorff dimension coincide (see Section Definition [2.9)).

Another application in Diophantine approximation is given. Let K f% the set of

points of [0, 1] such that in their sequence of digits in basis 3, the asymptotic fre-
quency of appearance of the digit 1 is infinitely many often close to 0 (note that this

set contains the middle-third Cantor set K /3 and dimH(Kl(%) = dimpy (K/3)). We

compute the Hausdorff dimension of points of KS); well approximable by rational
(see Theorem for a precise statement).

2. DEFINITIONS AND MAIN STATEMENTS

Let us start with some notations

Let d € N. For x € R% r > 0, B(x,r) stands for the closed ball of (R%|| ||.)
of center x and radius . Given a ball B, |B| stands for the diameter of B. For
t>0,6 € Rand B = B(x,r), tB stand for B(z,tr), i.e. the ball with same
center as B and radius multiplied by ¢, and the d-contracted ball B’ is defined by
B° = B(z,19).

Given a set E C R, E stands for the interior of the E, E its closure and 0F
its boundary, i.e, OF = E \ E. If E is a Borel subset of R4, its Borel o-algebra is
denoted by B(E).

Given a topological space X, the Borel o-algebra of X is denoted B(X) and the
space of probability measure on B(X) is denoted M (X).

The d-dimensional Lebesgue measure on (R¢, B(R?)) is denoted by £%.

For yu € M(R?), supp(p) = {z € [0,1] : Vr >0, pu(B(x,r)) > 0} is the topolog-
ical support of u.

Given F C R? dimg(E) and dimp(E) denote respectively the Hausdorff and
the packing dimension of F.

Now we recall some definitions.

Definition 2.1. Let ¢ : RT — R™. Suppose that C is increasing in a neighborhood
of 0 and ((0) = 0. The Hausdorff outer measure at scale t € (0, 400] associated
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with ¢ of a set E s defined by

(1)  HS(E) = inf{ZQ(|Bn|): |B.| < t, B, closed ball and E C | J Bn}.

neN neN
The Hausdorff measure associated with ¢ of a set E s defined by
(2) HE(E) = lim HS(E).
t—0+

For t € (0,+00], s > 0 and ¢ : © — 2°, one simply uses the usual notation

H(E) = Hi(F) and HS(E) = H*(E), and these measures are called s-dimensional
Hausdorff outer measure at scale t € (0, +o00] and s-dimensional Hausdorff measure
respectively. Thus,

(3)  H;(E)=inf {Z |B,|° : |Bn| <t, B, closed ball and E C U Bn} .
neN neN

The quantity HZ (E) (obtained for ¢ = 400) is called the s-dimensional Hausdorff
content of the set E.

Definition 2.2. Let p € M(R?). For x € supp(p), the lower and upper local
dimensions of p at x are defined as

dim, . (p, ) = liminf log(u(B(z, ) and dimyc(p, v) = lim sup log(,u(B(x,r))).
r—0+ log(r) 0+ log(r)

Then, the lower and upper Hausdorff dimensions of p are respectively defined by

(4)  dimy(u) = essinf,(dim (1, 2)) and dimp(p) = esssup, (dimyec(p, 7).
It is known (for more details see [I5]) that

dim,(p) = inf{dimy(E) : E € B(RY), u(E) > 0}

dimp(p) = inf{dimp(E) : E € B(RY), u(E) = 1}.

When dim, (i) = dimp(p), this common value is simply denoted by dim(y) and p
is said to be exact dimensional.

2.1. The p-a.c property. We fix a sequence of closed balls B = (B,)nen such
that lim, ,  |B,| = 0 (otherwise the situation is trivial for the questions we
consider).

The main property (introduced in [I3]) used for the sequence of balls B is meant
to ensure that any set can be covered efficiently by the limsup of the B,’s, with
respect to a measure pu. This property is a general version of the key covering
property used in the KGB Lemma of Beresnevitch and Velani, stated in [§], using a
Borel probability measure p. Observe that such properties (like the KGB Lemma)
are usually key (cf [23] 8 5] for instance) to prove ubiquity or mass transference
results.

Definition 2.3. Let p € M(R?). The sequence B = (By,)nen of balls of R? is
said to be p-asymptotically covering (in short, u-a.c) when there exists a constant
C > 0 such that for every open set  C R? and g € N, there is an integer Ng € N
as well as g < ny < ... < ny, such that:

(i) V1 <i< Ng, By, CQ
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(ii) V1<i# j < Ng, B,,N By, =0;
(iii) also,

(5) ;4ﬁﬁ%)zcmm.

In other words, for any open set €2 and any integer g > 1, there exits a finite set
of disjoint balls of {Bn}n>g supporting a fixed proportion of pu(2).

This notion of p-asymptotically covering is related to the way the balls of B are
distributed according to the measure p. This property is a priori slightly stronger
than having a limsup of full y-measure when p is not doubling, as suggested by
the following lemma proved in [13], and whose second item will be used to apply
our main theorem to self-similar measures. However, it follows from the proof of
[8, Lemma 5| that these properties are equivalent when p is doubling.

Lemma 2.1. Let p € M(R?) and B = (B,, := B(Zpn,7n))nen be a sequence of balls
of R with lim,,_, o 7, = 0.

(1) If B is p-a.c, then p(limsup,_, B,) = 1.
(2) If there exists v < 1 such that p(limsup,_, . (vB,)) =1, then B is pi-a.c.

2.2. Essential content and statement of the main result. The key geometric
notion for the ubiquity theorem developed in this paper is the following.

Definition 2.4. Let u € M(R?), and s > 0. The s-dimensional p-essential
Hausdorff content at scale t € (0,+00] of a set A C B(R?) is defined as

(6) H(A) = inf {H](E) : E C A, u(E) = p(A)}.

One will almost exclusively look at these contents at scale t = 400 and one
refers to H!*(A) as the s-dimensional p-essential Hausdorff content of A. Basic
properties of those quantities are studied in Section and precise estimates of
H!#(A) are achieved for the Lebesgue measure and self-similar measures in Section

Note that in |25, Theorem 3.1] the key underlying geometric notion used to
handle the variety of shapes of the sets (U, )nen is the Hausdorff content. It is easily
seen from that the Hausdorff content also carries some “high scale” geometric
information (because there is no restriction concerning the diameter of the balls
(Bp) in (3)). This will also be the case in this article to handle not only the shape
of the sets (Up,)nen but also the geometric behavior related to the measure p at
high scale in the sets (U, )nen-

The s-dimensional p-essential Hausdorff content is now used to associate a criti-
cal exponent to any sequence of open sets (U, )nen such that U, C B, for alln € N.
This exponent is involved in our lower bound estimate of dimy (limsup,,_,, . U,).

Definition 2.5. Let p € M(RY). If B and U are Borel subsets of R, the p-critical
exponent of (B,U) is defined as

(7) su(B,U) =sup{s >0 : HL(U) > u(B)} .

Let B = (By)nen be a sequence of closed balls, U = (U, )nen a sequence of Borel
subsets of R, and s > 0.
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Let
(8) N.(B,U,s)={neN :s,(BnUy,) > s}.
Then, define the p-critical exponent of (B,U) as
(9) s(p, B,U) =sup {s > 0: (Bp)nen, (Bu,s) iS p-a.c.} .

It is worth noting that, for s’ < s, one has N,(B,U,s) C N,(B,U,s').
The main result of this paper is the following.

Theorem 2.2. Let B = (By)nen be a sequence of closed balls of R such that
|1B| = 0 and U = (U,)nen @ sequence of open sets such that U, C B, for all
n € N.
Then, for every u € M(R?) such that min {s(u, B,U), dim (1)} > 0 there exists
log ¢(r)

a gauge function ¢ : R™ — R such that lim, o+ =557 = min {s(y, B,U), dimp ()}

and

H*(limsup U,,) > 0.

n—-+00

In particular, for every p € M(R?), one has

(10) dimpy <limsup Un> > min {s(u, B,U), dim (@)}
n—-+00

Remark 2.3. (1) It is easily verified that the lower-bound in Theorem (2.9 equals

—oo if the sequence (By)nen is not assumed to be p-a.c. Consequently, for the

previous result to give non trivial information one has to assume that (Bp)nen 18

p-a.c. The question is then to give more explicit estimates of s(u, B,U) depending
on the specifities of (u, B,U).

(2) It is proved in Section that s(u, B,U) < dimy(p). This implies that for
exact dimensional measures, min {s(u, B,U),dim, (n)} = s(p, B,U).

(3) The case where p satisfies min{s(u, B,U),dimy, ()} = 0 could also be
treated, but although 15 still obviously true, some distinction should further be
made when investigating the existence of the gauge function. If H“*(U,) = 0 for
any n € N, the set limsup,,_, U, could, for instance, be empty. On the other
hand, if (Bn)nen i p-a.c and s,(B,,U,) > 0 for any n € N, a gauge function can
be constructed in a similar way than in the proof of Theorem [2.3. However that
the ezistence of such a gauge function in the case min {s(u, B,U),dimy (1)} = 0,
s of little interest for practical applications, and is not treated in this article.

A quite direct, but useful, corollary of Theorem is the following:

Corollary 2.4. Let 1 € M(R?) and B = (B,)nen be a p-a.c. sequence of closed
balls of Re. Let U = (U, )nen be a sequence of open sets such that U, C B, for all
neN, and 0 < s < dimy(p). If limsup,_, % <1, then s(u,B,U) > s,
so that

dimy (limsup U,) > s.

n—-4o0o

In the classical case where the sets U, are shrunk balls of the form B} (with
d > 1), it is convenient to consider the following quantity:
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Definition 2.6. Let € M(RY), ¢ > 0 and B = (B,)nen be a sequence of balls of
R?. For every 6 > 1, set

log(HA™ 115 (B2))

11 t(p,d0,e,B) = limsu

( ) (,U ) n%Jroop IOg(‘BgD
Then the (p,0)-exponent of the sequence B is defined as
(12) t(n,0,B) = lim¢(u, 6, ¢, B).

It follows from the definitions that ¢(u, 6, B) exists as a limit, since € — t(u, 0, £, B)
is monotonic. Moreover, one has dimy(p) < t(u,d,B) (see the proof of Corol-
lary .

Next result provides a more explicit lower bound estimate of the Hausdorff
dimension of the limsup of d-contracted balls; it is a consequence of Corollary [2.4]

Corollary 2.5. Let € M(R?) and B = (Bp)nen @ p-a.c sequence of closed balls
of R%. Suppose that dimy () > 0. For every § > 1, setting

55 — dl—mH(:u) ) dl_mH(M)
’ 5 t(p,0,B)’

one has )
S(N’ (Bn)n6N7 (Bz)nEN) > Ss,
hence
dimy (lim sup B%) > dimp (lim sup B%) > 5.
n—-+00 n——+o0o
2.3. Application to self-similar measures. Let us start by recalling the defi-
nition of a self-similar measure.

Definition 2.7. A self-similar IFS is a family S = {f;}.~, of m > 2 contracting
similarities of R,
Let (pi)iz1...m € (0,1)™ be a positive probability vector, i.e. p1 + -+ + ppm = 1.
The self-similar measure p associated with {fi}.-, and (p;)i", is the unique
probability measure such that

(13) p="> pipo f.
=1

The topological support of p s the attractor of S, that is the unique non-empty
compact set K C X such that K =J", fi(K).

The existence and uniqueness of K and yu are standard results [22]. Recall that
due to a result by Feng and Hu [I7] any self-similar measure is exact dimensional.

The essential Hausdorff contents of a self-similar measure g can be estimated
quite precisely.

Theorem 2.6. Let S be a self-similar IFS of RY. Let K be the attractor of S.
Let 1 be a self-similar measure associated with S. For any 0 < s < dim(u), there
exists a constant ¢ = c(d, i, s) > 0 depending on the dimension d, u and s only,
such that for any ball B = B(x,r) centered on K and r < 1, any open set ), one
has

e(d. 1, )| BI* < HEH(B) < HEH(B) < |BJ* and
(14) (d, , YHZ(QN K) < HEH(Q) < HL(QN K).
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For any s > dim(p), H&P(Q2) = 0.
Remark 2.7. (1) The system S is not assumed to verify any separation condition.

(2) In the special case of the Lebesgue measure restricted to [0,1]¢ (or some cube
K), implies that for any 0 < s < d, the Lebesque-essential s dimensional
Hausdorff content is strongly equivalent to the usual s-dimensional Hausdorff con-
tent (it is even possible to take the constant c(d, p,s) in , independent of s),
so that Theorem together with Theorem [2.9 in the this special case implies the
main theorem of Koivusalo and Rams, [25, Theorem 3.2|, recalled below.

Theorem 2.8 ([25]). Let (Bn)nsioo be a sequence of balls of [0,1]¢ verifying
|B,| = 0 and L% (limsup,,_, . B,) = 1.

Let (Uy,)nen be a sequence of open sets satisfying U, C B,. For any 0 < s <d
such that, for all n € N large enough, H:_ (U,) > L4 B,), it holds that
(15) dimg (limsup U,) > s.

n——+0oo

As a consequence of Theorem [2.6] and Corollary one gets

Corollary 2.9. Let p € M(R?) be a self-similar measure and B = (B,,)nen be a
p-a.c. sequence of closed balls of RY centered in supp(p). Let U = (Up)nen be a
sequence of open sets such that U, C B, for alln € N, and 0 < s < dim(u). If,
for n € N large enough, H*(U,) > p(By), then
dimg (limsup U,) > s.
n—-+00

One also emphasizes that in the case of a self-similar measure, conversely, any
s > 0 such that H%*(U,) < wu(B,) for every n large enough is an upper-bound
for dimy(limsup,,_,, . U,) if B verifies that, for any p € N, the balls B, with
|B,,| = 277 does not overlap too much. More precisely, in the companion paper of
the present article, [13], the following result is proved.

Theorem 2.10 ([13]). Let u € M(R?) be a self-similar measure, K its support
and (Bp)n_s100 be a weakly redundant sequence of balls of RY (see [T, Definition
1.5] ) verifying |B,| — 0 and, for any n € N, B, N K # (. Let (Uy,)nen be a
sequence of open sets satisfying U, C B,,. For any 0 < s < dim(u) such that, for
all large enough n € N, H-*(U,,) < u(B,), it holds that
(16) dimg (limsup U,) < s.
n—-+00

Combining Theorem and Corollary with Theorem and Lemma [2.1

yield the following consequence for self-similar measures.

Theorem 2.11. Let S be a self-similar IFS of R with attractor K and p be a
self-similar measure associated with S. Let (By,)nen be a sequence of closed balls
centered on K, such that lim,_, ., |B,| = 0.
(1) Suppose that (By)nen s p-a.c. Then t(p, 6, (By)nen) < dim(p); conse-
quently s(,u, (Bp)nen, (é;ﬁ)neN) > dimf;(“) and there exists a gauge function

such that lim,_o+ loli;isnr))) > din;(“) and H¢(limsup,, .. B%) > 0. In partic-

ular

o di
(17) dimy (limsup B?) > im (1) :

n—4o0o 5
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(2) Suppose that p(limsup,_,, . B,) = 1. Then, (L7) still holds but the exis-
tence of the gauge function is not ensured. Furthermore if pu is doubling,
then (Bp)nen 48 ji-a.c, so that the conclusion of item (1) holds.

Remark 2.12. Since no separation condition is assumed about the system S,
Theorem implies [7, Theorem 1.6] in the special case where the sequence of
measures (fip)pen 1S constant and equal to some self-similar measure with open set
condition p and the sequence of contraction ratio (0,)pen s constant as well.

Corollary and Theorem also make it possible to deal with more general
open sets (Uy,)p=1 than the contracted balls (B?), if one is able to compare effi-
ciently the s-dimensional Hausdorff contents of the sets U, N K with a power of
|B,,|. It is then convenient to assume that K is the closure of its interior. Here is
an example.

Let 1 <7 < .. < 74 bed real numbers and 7 = (1y,...,74). One starts by
defining a family of rectangles of R? associated with 7.

Definition 2.8. Let 1 <7 < ... <715 and 1 = (11, ..., 74). For any x = (x;)1<i<a €
R? and r > 0, the T-rectangle centered in x and associated with v is defined by
d

1 1

18 R (e.r) = [ [l — 5 + 7).

(18) (z,7) H[x 57w+ 517

Theorem 2.13. Let S be a self-similar IFS of R? such that the attractor K is equal
to the closure of its interior. Let p be a self-similar measure associated with S.
Let 1 <1 < ... <74, 7= (71,...,7a) and (B, := B(xp,7n))nen be a sequence of
balls of R? satisfying r,, — 0 and p(limsup,,_, ., . B,) = 1. Define R,, = R, (xpn,7y).
Then

(19) dimg (limsup R,) > min {

n—-+0o 1<i<d

dim(p) + 21@9 T — Tj}

Ti

dim(u)+> 21 <j<; Ti—T;
Ti

Remark 2.14. (1) Since (11,...,74) — minlgigd{ } is continu-

ous, the result stands for the sequence of closed rectangles as well.
(2) One may also apply any rotation to the shrunk rectangles, this wouldn’t
change the bound (since Hausdorff contents are invariant by rotation).

(3) Theorem extends the results of [12], where the measure was quasi-
Bernoulli or verifying the open set condition, and supported on [0,1]2.

(4) When K is the closure of its interior is that it is easy to compute HS (R,NK).
Without this assumption, the conclusion of Theorem[2.13 fails. Indeed, in general,
no formula involving only the dimension of the measure and the contraction ratio
can be accurate. For instance, consider a self-similar measure in R? carried by a
line D and a sequence (By)nen of balls centered on the attractor K and verifying
p(limsup,,_,, . Bn) = 1. Then, consider the sequence of rectangles R, with side-
length |B,|™ X |B,|™, 1 < 11 < 75 and where the largest side (of side-length
|B,|™) is in the direction of D. In this case, Theorem[2.11) yields the lower-bound
dimy (limsup,,_,, o Rn) > dimT—fl’(“). Then if R, are the rectangles R, rotated by

s

5, Theorem |2.11| gives that dimp(limsup,, ., ﬁn) > dimT—Z(“). Moreover, under
additional conditions, these lower bounds are equalities.
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2.4. Application to self-similar shrinking targets. We deal with points well
approximable by orbits under an IFS with no exact overlap and satisfying the
condition introduced by Barral and Feng ([3]) of being dimension regular with
similarity dimension less than than d, after Hochman’s work ([21]).

Definition 2.9. Let S = {fi,.... fm} be a self-similar IFS of R%. Denote by
0<cyy...,cm <1 the contraction ratio of f1,..., fm. The system S is said to be
dimension regular if, for any probability vector (p1, ..., pm), the self-similar measure
associated with S and the probability vector (pi, ..., pm) verifies

Zlgigm pilog(pi) }
7 §:1§i§n1pi10g(cﬁ

This in particular, implies that, denoting by dimg, (K) the unique real number s
satisfying Y v, ¢ =1, one has dimpy(K) = min {dimg,(K), d} .

dim(p) = min {d

Some notation useful when dealing with IFS are introduced now. Those nota-
tions will be used repeatedly throughout this article.

Let S = {fi1,..., fm} be a self-similar IFS, 0 < ¢;...,¢, < 1 the associated
contraction ratios, and K the attractor of S. Let (pi,...,pn) be a probability
vector with positive entries, p the self-similar associated with S and (py, ..., pm)-

Let A = {1,...,m} and A* = |J,5, A*. For k > 0 and i := (i1, ...,3;) € A¥, define

Ci = Cjy Gy, fitho"'ofik)

A®) = {Z = (i1,...,15) € A" : ci52_k <¢ < 2"“} .
Theorem 2.15. Let S = {fi,..., fm} be a dimension regular self-similar IFS

with contraction ratio 0 < cq,...,¢, < 1 and such that the attractor K wverifies
dimg, (K) = dimy (K). For any x € K, for any § > 1,
di K
(20) dimg (limsup B(fi(z), ) = 1m+()
iEA* -

This result extends some of the results obtained in [I] and [2], under the open
set condition.

2.5. A result motivated by a question of Mahler.

_ P -2 : . : ]
Let Q = {B(q, q )}qu*,OSqu' Recall the following result in Diophantine ap

proximation [24]:
e limsup B = [0, 1].
BeQ

1

(21) e For any § > 1,dimy(limsup B%) = ~.
BeQ 0

Unlike in the case of the points in [0, 1], the approximation by rational numbers
of elements of the middle third Cantor set K3 set is not well understood yet.
This question was raised by Mahler, and only some partial results are known (see
8], [7]). Here we consider the set Kf% of points in [0, 1] having an asymptotic lower
frequency of appearance of the digit 1 in basis 3 equal to 0. This set contains K73
and has the same Hausdorff dimension as K/3. We compute the Hausdorff dimen-

sion of sets of points in K f% which are well approximable by rational numbers.
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To describe more precisely the problem, let S = {f, f, f3} where f1, f> and f3
are the contracting affine maps of R defined by fo(z) = sz, fi(z) = 52 + 3 and
fa(z) = 32 + 2. The attractor of S is [0,1]. Let A = {0,1,2}.

The shift operation on the symbolic space AV is defined by . The canonical
projection from AN to [0, 1] is the mapping

(22) T2 = (Tp)nen nl_lﬁloo f(mhn_,mn)(()).

The set K3 is the attractor of { fo, fo} and also the image by canonical projec-
tion of {0,2}".

o) =1ifx; =1

Definition 2.10. Let ¢ : AN — {0,1} defined b
efinition et ¢ {0,1} define y{qﬁ(x):Oifxl:OorZ

and

KO :W({xEANzliminfSk%(m) :0}),

1/3 k—+o00
where (Si)ken stands for the sequence of Birkhoff sums of ¢.

It is proved in [I6] that dimy K (0) _ log

13 = 1Og§(: dimy K;/3). Let us state the main
results of this subsection.

Theorem 2.16. For every > 1,

: . (0) . [log2 1
(23) dlmH <111;1685p B5 N K1/3> — min {@’ S} .

(0)) _

Observe that a saturation phenomenon occurs : dimy(limsupgeg B° N Kyp3) =

log2 for 1 < § < o3
log 3 log 2

In Section [3] the general ubiquity theorem, Theorem [2.2] is proved as well as
Corollary Section {4 gives estimations of essential contents in the self-similar
case and Theorem [2.0]is proved.

Section [5] gives three applications to the main result, Theorem More pre-
cisely, the ubiquity theorems for self-similar measures, Theorem and Theorem
[2.13] are proved in the first sub-section. The second sub-section treats the case of
self-similar shrinking targets for dimension regular TFS with similarity dimension
less than d, e.g, Theorem is proved. In the last sub-section, one gives an
application in Diophantine approximation, Theorem is proved.

3. PROOF OF THEOREM [2.2]

3.1. Preliminary facts. We gather in this subsection a series of results on which
we will base the proof of Theorem

The following lemma, which is a version of Besicovitch covering Lemma, as well
as the subsequent one, both established in [I3], will be used several times.

Lemma 3.1. For any 0 < v <1 there exists Qq, € N*, a constant depending only
on the dimension d and v, such that for every bounded subset E C RY, for every
set F = {B(Q:,r(x)) cx € By > 0}, there exists Fu, ..., Fq,, finite or countable
sub-families of F such that:
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o V1 <i<Quu, L#L €F, one has %LH%L':Q).
e F is covered by the families F;, i.e.

(24) Ec |J UL

1<i<Qq,0 LEF:

Lemma 3.2 ([13]). Let 0 < v < 1, B = (Bp)nen @ family of balls, and B a ball
such that

() V021, |Bal 2 4B,
(i) V ny #ny > 1, vB,, NvB,, = 0.
Then B intersects less than Qq. elements of B, where Qq, can be taken equal to
the constant considered in Lemma [31.
The following lemma will also be useful later on and is also proved in [I3].

Lemma 3.3. Let L be a family of pairwise disjoint balls satisfying sup;c, |L| <
+00. Then, for any v > 1, there exists sub-families L1, ...,Lq,, (where Qq, is the
constant of the same name in Lemma of L such that L = UlSiSde F; and

forany L+ L' € L;, vLNvL = 0.
Recall the following version of Frostman Lemma, due to Carleson.

Proposition 3.4 ([10]). Let s > 0. There is a constant kg > 0 depending only
on the dimension d such that for any bounded set E C R? with H:_ (E) > 0, there
exists a probability measure supported by E, that we denote by m3, such that

HE(E)

For s > 0 and E C RY, a bounded subset such that H?_(E) > 0, m$, will always
denote such a measure associated with a (fixed) constant xg.

(25) for every ball B(x,r),  m%(B(x,r)) < Ky

In the next two lemmas, the choice of the interval [5,6] is convenient to take
enough space between the shrunk balls involved in the construction elaborated in

Section 3.2l
Lemma 3.5. Let t € (5,6), m € M(RY), and e > 0. Let x € R? be such that
ﬁloc(m, x) < B. Let Cg. = %6_%. There exists an integer n, such that for every
n 2> ng,

#{0<k<n—1: m(B(z,t7%1) > Csem(B(z,t7%))}

(26) .

>1—c.

Previous lemma is a slight extension of result by Kédenmiki [I1, Lemma 2.2],
which shows such a property at m-almost every point (where one has necessarily
dimyee(m, z) < d), and uses ¢ integer (a choice that we could make).

Thus, points with a given local dimension with respect to a measure m are for
most scales “locally doubling”.

Proof. Observe first that if for a constant 0 < C' < 1 and some integer n € N one
has
# {1 <k<n: m(B(z,tF1)) > C’m(B(x,t*k))}
n
then there necessarily exist N = [(n — 1)e] integers 0 < ky < --- < W,, < n such
that for every 1 <i < N, m(B(z,t7%71)) < Cm(B(z,t7%)).

Sl_gv
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In particular, writing ky.1 = n and ko = 0, this implies that

N

m(B(x, t ki N (B x,thi N
m(B(z,t™")) = ill n’(L(B((x,t_kl);) < le Tr(L(BE(x,t—kl)))) <C

— log(C)

S C(n—l)a S C«na/Q _ (t‘")ETg(t)_

The inequality C™™1¢ < C"/2 occurs when n is large enough. Recalling that
dimye.(m, x) < B, if this happens for infinitely many n, one should have
1 B —log(C
5> ey 2B @) |~ 1og(C)
r—0+ log r 2log(t)

which is equivalent to C' > 3.
Setting C. 3 = %6’2%, one concludes that there exists n, such that for every
n > n,, one necessarily has
#{0<k<n—-1: m(B(z,t7*1)) > C.sm(B(z,t7%))}
n
hence the result. O

21_57

Lemma 3.6. Let m and p be two elements of M([0,1]), 8 > 0 and ¢ > 0. For
every x € R? verifying dimyo.(m, z) < 3, there exists p, > 0 and t, € (5,6) so that
for all 0 < r < p, there exists r < 1’ < r'=¢ such that

(27) m(B(x,7'/t)) > Cs =m(B(z,r")) and p(0B(x,r'/t,)) = 0.

Proof. Consider z € R? such that dimy,.(m,z) < j.

We apply Lemma to x and the measure m, and for an arbitrary ¢ € [5, 6]
and ¢’ = 5: for n > n,, there must be an integer n’ such that n(l1 —¢) <n' <n
and m(B(z, ")) > C’gém(B(x,t_"/)).

Let p, = min {t‘”“‘l,t’i}. For r € (0, p.], let n be the integer such that
t™"~! <r <™. The previous claim yields an integer n’ € [n(1 — 5),n] such that
m(B(z, ™)) > C'ﬁém(B(x,t_”/H)). Also,

r< ! = < g2yl i < e T E < e
Consequently,
m(B(z,r'[t)) > Cg =m(B(x,1")).
The desired conclusion holds if we choose t, € (5,t) such that pu(0B(x,r'/t,)) =
0. U

The previous lemma will be used in the case = d in our proof the main theorem
(see step 2 of the construction in Section [3.2)).

Next, we introduce some some sets associated to a given element of M(R?),
which will play a natural role in our construction.

Definition 3.1. Let 3 > a > 0 be real numbers, m € M(R?), and ¢,p > 0 two
positive real numbers. Then define

(28)

E,[ff’m’p’g = {I cR?: dim,, (m,z) € [a, B] and ¥r < p, m(B(z,r)) < Tdifmloc(m’x)_e}
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and

[ov,B].p.¢ Flaflpe . 3 TlaBlpe
(29) Ex =qr € bk :Vr < p, Zm(B(l’,T)) <m(B(z,r)NEx )

Notice that, for every 0 < p < g/, one has Elo?#'= c glaflee

Definition 3.2. Let 3 > a > 0 be real numbers, m € M(R?), and € > 0. Define

(30) Bl = | ) Bl

n>1
Proposition 3.7. For every m € M(R?), every 3> a >0 and ¢ > 0,
(31) m(El ) = m({z : dimy, (m, z) € [a, B]}).

Notice that, for every 0 < o/ < p, one has Bl ¢ pleblete

These sets play a key role in the proofs of Theorem [2.2].
Proof. One first recalls the following result.

Lemma 3.8. [9] Let m € M(R?) and A be a Borel set with m(A) > 0. For every
r >0, set

(32) Alr) = {x €A vVr<r, m(B(x,7)NA) > Zm(B(x,f))}
Then
(33) m (U A(r)) = m(A).

Note that it is clear from Definition that
{o: dimy, (m, ) € [o, 8]} = | ] Blgfre.

p>0
Let ¢ > 0. By Definition there exists p. small enough so that
(34) m(E 00y 2 (1= ym({a : dimye(m, @) € o, 5]}).

By Lemma (and the notations therein) applied to B < there exists pu
such that

(35) (B (p) 2 (1= € ym(B o).
Finally for p = min {p., p}, by Definition and (32)), one has (ﬁﬁ’ﬂ]’pg”a)ﬁg, C
E9PPe oo that, by and

m(Ef0€) = m((Ef 0 e(pe)) 2 (1= € ym(B 7<)

> (1= &) m({z : dim(m, ) € [a, B}).

In particular
m({x : dimy,e(m, ) € [, B]}) = m(Ep?€) > (1-¢')*m({x : dimy,(m, z) € [o, B]}).
Letting ¢’ — 0 proves the result. U

Corollary 3.9. For every m € M(R?), for a = dimy(m) and f = dimg(m), for
any € > 0, one has

(36) m(ELPe) = 1.
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3.2. Construction of the Cantor set and the measure. Recall that p is a
probability measure on R%, and that B = (B,, := B(Zn,75))nen 1S a j-a.c sequence
of balls of R? with lim,_, o7, = 0. Fix U = (U,)nen a sequence of open sets
satisfying U,, C B,, for every n € N.

Set o = dim; (i), and assume that min {s(u, B,U),a} > 0.

Our goal is to construct a gauge function ¢ : R* — R such that lim,_,o+ % =
min {s(u, B,U),dim (1)} as well as n € M(R?) supported on limsup,, ,. U, such
that for all r € (0,1] and = € R? one has n(B(z,r)) < ((2r).

Let (ex)ren be a sequence decreasing to 0 and such that e < s(u, B,U). For
k>0, set

(37) sy = min {s(u, B,U),a} — .

Along the construction of ¢, we only use that s < s(u, B,U) and the fact that
sk < ais used at the end of our analysis (see equation ([73))).

Step 1. We need the following lemma.

Lemma 3.10 ([13]). Let p € M(RY) and B = (B,, := B(xy,7s))nen be a pi-a.c
sequence of balls of R? with lim,,_, o 7n = 0.

Then for every open set Q) and every integer g € N, there exists a subsequence
(B((g))) C {Bn},>, such that:

(1) VneN, BY O
QO Q
(2) V1 < #na, Boh N BE) =10,
Q
(3) 1t (Unz ) = 0@
Q)

In addition, there exists an integer Nq such that for the balls (Bén) Jn=1,..Ng, the
conditions (1) and (2) are realized, and (3) is replaced by p (Ugjl B((Q)> > 35(9).

n)

The last part of Lemma simply follows from item (3) and the o-additivity
of p.

Gsing Lemma with, (Bp)nen, (Bu,s) (Which is p-a.c since sy < s(p, B,U)),
g =0 and Q = R? one finds integers N; and ny < ... < ny, € N,(B,U, s1) such
that :

(i): V1<i< Ny, By, N By, =0,

(i) : N(U1gz‘§N1 By,) > %

By Lemma 3.3 applied to {B,, },,<y, and v = 4, the balls {B,,, },_,.y, can be
sorted in Qg4 families of balls Ly, ..., Lg,, such that

o forany 1 <i < Quu,any L# L' € L;, ALN4L =10,

° Ulgiscm Li={Bn}ici<n, -
At least one of these families, £;,, must satisfy

1
g U L)z 2Qaa

LEE»;O

In particular, if one must rename the balls of the family £; , we can assume that

the family {B,, }, <y, satisfies

20



AN HETEROGENEOUS UBIQUITY THEOREM, APPLICATION TO SELF-SIMILAR MEASURHS

(i') : forany 1 <i < j < Ny, 4B,, N4B,, =0

(#7") : and
1
(39) w( U Bu) =i
1<zL§JN1 2Q44
Set

Wi ={Up iy, and Wi= |J U
1<i<Ny
Along the construction of the Cantor set, for every U € U, the ball of B naturally
associated with U will be denoted BY! (that is Bl = B,,).
The pre-measure 1 on the o-algebra generated by the sets of W is defined by

_ By
Zﬁewl :U(B[m) .

(39) for every U e Wy,  n(U)

It is obvious that n(R%) = n(W;) = 1.

Recalling and @D, since 51 < s(u, B,U), the sub-sequence (B, )nen, (Bu,s1) 1S
p-a.-c. Recall also that lim,,_, ., 7, = 0 and for every n € N, |U,| < r,,.

So, for every n € N,(B,U, s1),

(40) HE(U,) > pu(By) and |U,| <7y,

In particular, by Definition for every n € N,(B,U,s;) for any set E, C U,
with p(E,) = w(Uy),
1(By) < HES (Un) < HE(Ey).

By Lemma [3.4] and the notations therein, one has

Ra|Un®™  ka|Un|™
SL(U)=1< .
i, (Un) = HE(E,) — u(B)

This implies that
(41) u(By) < kalUn"

By equation ([{41]), recalling the fact that the sets Wy C {U,}
every U € Wy,

nen » one has for

Bl
(1) n() < M52 < 20Ul
2Qq,4

Step 2. This step (and all the following steps) is split into two sub-steps. First,
into each open set U of W, smaller intermediary balls are selected according to
the p-essential content of U. Then in a second time, each intermediary ball will
be covered by balls of the sequence (B,,)nen according to the measure 1 and, as in
step 1, the sets U,, associated with this covering will form the generation W.

Let g € N be such that for every n > g, r,, < s min(|U] : U € Wy).
As above, since sy < s(u, B,U), the sub-sequence (B, )nen, (Bu,sy)m>g 1S H-a.C.
The same arguments as above yield for every n € N, (B,U, s2),

(43) HES (U,) > p(B)  and U] <
and

(44) (Br) < kalUp|™.
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Covering with respect to the p-essential content. Consider U € Wy. Set 8 =
dimpg(p). For 0 <k < [BE;ZO‘J + 1, define 0, = a + key. Write

_ a,f],e2 ;
(45) Ey =UnNE™ 0limsup B,.

n—-+0o00

Notice that by Proposition 3.7 and by item (1) of Lemma [2.1] one has pu(Ey) =
u(U).

In addition, using the definition (6] of H%™, the fact that Ey C U and p(Ey) =
w(U), and finally (7) applied with B, = BIYl, one gets
(46) H2(Ey) > HE2(U) > p(BY) > 0.

This allows us to apply Proposition there exists a Borel probability measure
m7,  supported on Ey such that for every ball B := B(x,r), one has

rs2

HE(Ey)
Also, since m2 (Ey) = 1 and Ey © Ef?, and recalling (30)), for any 0 < k <
[ﬂ;—zaj + 1, there exists py ., such that

m}?U(B) < Kq

mSEQU (ELek,ekJrl]vpk,sg,EQ) > ;m (EL6k79k+l]’£).

Setting py = m1n0<k<L/3 foapy Pk, One has, for any 0 < k < LB 2] +1,

€2

1
01,0541 € s 01,041

(47) mig, (B teibros) > Smiz (Efet)e),
In particular,

1
(48) mEU (E[a Blpu, 62) > 5

Let
(49) Sy := U ELQ’“’Q’““]WU’” NEyN {x e R?: mloc(mﬁj, z) < d} )
0<k<[ 222 |+1

Recalling that for every probability measure m, m({z = dimy.(m,z) < d}) =
one necessarily has my (Sy) > 1/2.
Let x € Sy; consider 0 < k, < LBE—QO‘J +1 such that z € ELekzyakm+leU,E2' Applying

Lemma , there exists 0 < 7, < min (p,, s min{|V|:V € W;}) and ¢, € (5,6)
such that:

(50) 107, < pu;

(51) B(z,r,) CU and  u(dB(z,r./t,)) =
e < radQa1 (V) 4Qa1 n(U )

(52) 25 ey 2 5 e B

(53) roke 2 < (B, 1)) < rghe TR

(54) m33 (B(z,74/ts)) > Ceya - mg (B(z,72)).

Note that in the second inequality follows automatically from the first one
since sy < o < d and the constant C; 4 is an increasing function of .
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The family {B(z,r,) : x € Sy} forms a covering of S;;. We apply Lemma
with v = 1 (i.e., the standard Besicovich covering Theorem) to this family to
extract Qg1 subfamilies of balls, G, ..., G§  such that:

o V1 <i<Qq1,VB+#B €GY, one has BN B' =),
o Su € U Upegr B-

In particular, m3 (UQd1 UBegU B) >mi (Su) > 1/2.
At least one of these families, say gm Verlﬁes that

So S
52 U B 2 mEU( U) 2 1 .
Qan 2Q4,

Writing QU {BZO kS pepy ODE Can find an integer Ny so large that

s 1
" < U Bmk) ~4Qan

1<k<Ny

Remind that each Bf  is a ball B(z,r,) satisfying (51)), and (54)).
Finally, setting GY = {B x,r./ty) s B(x,r,) € .FU} one has by construction

20

C.. 4
55 ms3 | l B| = E m32 (B) > —2=.
(55) Fu (BegU ) EU( )z 4Q 4,

One then extends the pre-measure 7 to the Borel o-algebra generated by the
balls of GV, by the formula

m, (B)
ZB’EQU mEU (B')
By construction, this formula is consistent since n(U) = >~ pcqv 1(B).

Observe that by (25)), and ([46)), one has for every B € GY,

|B’S2 4Q 41 4Q41Kq 7]( )
57 B) <n(U)k — < :
(57) n(B) < n(U)ka 2(BEy) Copa = Ceya N(B[U])

where the second inequality of was used.

(56) for every B € GY, n(B)=n(U) x

Bl < |BJ e,

This is achieved simultaneously for all U € W;.

Covering with respect to p. Now, in order to build the second generation of the
Cantor set K, we select balls of B that lie in the interior of these intermediate
balls B € GY.

Let U € W, and B € GY be one of these intermediary balls. Since B is p-a.c., the
last part of Lemma W proves the existence of a finite family F? = {U,,}, <i<Np
such that

(11) for every 1 <i < Np, one has B,,. C B and

n(B) 5d4@d1/<6d} _
58 max {2 , ’ <r-e
o GLB) O

(ig) for every 1 < i # j < Np, one has B, N B,, = 0.
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In addition, recalling that p(0B) = 0 by (51), one has

p(By,) >0 and u( U Bm)z?)u(B) 3M(B).

1<i<Np

4 4

Recall the definitions and of the sets E**7%2 and Sy;. By equations
—, there exists a < a < [ such that the center of B belongs to Sy C
Eﬂa,a+€2

PV and |B| < py, hence one has

~ 3
p(B N Bt > 1H(B)-

By (i2), and recalling (29), one has

N( U Bni) > N( U B,, N EL“’“"‘@LPU,@)

BBy, NELTe2bPU22 4 1<i<Np
=K ( U Bm) +p (ELa’a+£2]7pU’52) — I (ELa’a+£2]va752 U U Bm)
s 1<i<Np
3 3 1
2 JH(B) + 7u(B) = u(B) = Fu(B).

By a slight abuse of notations, up to an extraction, we still denote by {Bni}lgigNB

the balls B,, such that B,, N EL""%#Y £ (. The last inequality implies that
the family of balls { By, }, ;. , can be chosen so that it verifies conditions (i;) and
(i9), as well as the two following additional conditions:

o

B B
() w8 >0 md p |J B)="E 0B
1<i<Np
(14) forevery 1 <i< Np, B, N EL“’G+€2]’pU’€2 # 0.
The obtained family is still denoted by F7.
Applying again Lemma (3.3 to FZ with v = 4, as in step one (see (3§), (') and
(4i")), if one must consider a subfamily, one can assume that the family F? satisfies
(71) and (i4) as well as the following condition (i5) and (i):

(i) : for every 1 < i # j < Np, one has 4B, N 45, = (.

. B B
() w(Ba) >0 and pu(Upcion, Bu,) = 42 = 480,

Finally one defines

Wo=J U 7% and W= |J L

UeW, BeFLU LeWs

The pre-measure 7 is then extended to the o-algebra generated by the elements
of W, by setting for every U € W, every B € GY and V € F5,

pu(BM)
> vrers (B

(59) n(V) =n(B) x
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By construction, one has Y.,z n(V) = n(B). Also, (58),(59), and (¢4) imply

nv) n(B) .
60 <9 < V]2
o) LB = Qe <V,
so that by and one has
B
(61) n(V) < 200 N0 (B < |BYI| 2| < v e,

1(B)
3.2.1. Recurrence scheme and end of the construction. Let p € N* be an integer,

and set W, = R%. Suppose that sets of balls Wi, ..., W, as well as the measure 7
are constructed such that :

(1) for every 1 < ¢ <p, W, C {Up}n>q, Wy C W,—1, and 7 is defined on the
o-algebra generated by the elements of U‘Z:l W,.

(2) For every 1 < ¢ < p — 1, for every U € W,, setting, as in step 2, By =
i sup,,er, (5,5, Bn N U N ElP% then M (Ey) > 0. If my, stands for
the measure associated with Ey provided by Proposition there exists
puv > 0 such that, for every 0 < k < Lﬁg_—aj + 1, setting 0, = 9,(;1) = a+ke,,
one has '

s 1
my (By N B fkaleoce) > 5, (By N B Oiilea),
In particular,

me (Byn | BBl >

N | —

0<k<| 22|41

(3) For every 1 < ¢ < p —1, for every U € W,, there exists a finite family
GY of balls B(z,r,/t,), where z, r, < + min {|U| U € Wq} and t, satisfy
GO), (1), (B2), and (53)). Also, if B# B € GV, 3BN 3B =.

Also, for every B € GY, and hold true. Moreover W, 11 C
Uvew, gv.

(4) For every 1 < g < p — 1, for every U € W,, for every B € GY there exists
a family F8 C {Un}an of pairwise disjoint open sets such that :

o for every U # Ue FB, one has

(62) 4B A 4B = ¢,
e for every Ue FB, UcC 1-03, and hold true, as well as
n(B) 0] —<
(63) 2Qu.4 < [BH e
1(B)
and
(64) B[ﬁ] m E;[ka :GkaLl]va:&Hﬂ # @
e the following inequality also holds true:
~ B)
65 B | > MB)
(65) i U > 0

UcFB
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In item (3), the fact that 3BN3B’ =  just follows from the choice of B(x,r,/t,)
instead of simply B(z,r,).

The proof follows then exactly and rigorously the same lines as those of Step
2. We do not reproduce it here, the only differences are that Wy, W, and sy are
replaced by W,,, W, 11 and s;,41.

Finally, define the Cantor set

EK=w,= U B".

p>1 p>1VeWw,

Applying Caratheodory’s extension Theorem to the pre-measure 7 yields a prob-
ability outer-measure on R? that we still denote by 7, which is metric, so that
Borel sets are n-measurable and its restriction to Borel sets belongs to M(R?).
The so obtained measure 7 is fully supported on K. Also, for every p > 2, for

any U € W,, B € GY, and U € FB, the inequalities , , and holds

with s, and ¢, instead of sy and e5.

3.2.2. Upper-bound for the mass of a ball. One first recall the following lemma
(see, e.g., [§]).

Lemma 3.11. Let A = B(z,r) and B = B(2',7") be two closed balls, ¢ > 3 such
that AN B #£ 0 and A\ (¢B) # 0. Then v’ <r and ¢B C 5A.
Define the gauge function ¢ : Rt — R™ as follows:
o if for some p > 1, smin{|U]: U € Wy} <r < tmin{|U]|: UeW,},
then ((r) = 2Qg410%r%r 5>,
e ifr > imin{|U|: UeW}, ((r)=1,
. C(0) = 0.

Since ¢, — 0, one checks that lim, o+ loli(gc(%)) = min {s(u, B,U),dim; (u)}.

Let A be a ball of radius r. If there exists n € N such that A does not intersect
K, then n(A) = n(AN K,) = 0. Suppose that for every n € N, A intersects K.
The goal is to prove that n(A) < ((|A|) when |A] is small.

Some cases must be distinguished.
First if for every n € N, A intersects only one contracted set V,, of K,,, then by
(57)
n(A) < (Vo) < [Vof = — 0.

n—-40o

In the other case, there exists p € N such that A intersects only one element of
W,, and at least two elements of W,.,. Denote by U the unique element of W,
intersecting A.

(1) Case 1: If |A| > |U]|, then by
(66) n(A) <n(U) < U= < ((JA]).

(2) Case 2: If |A| < |U| and A intersects at least two balls of GYV: Observe
that when A intersects two balls B and B’ of GY, since by item (3) of the
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recurrence scheme 3B N 3B’ = (), one necessarily has (by Lemma [3.11)
BU B C5A. Hence, Upcgr.pnazg B C 54 and by and (55)),

ZBGQU:BﬂAiﬂmZ)Jl(B) < 4Q 4,

Ywegrmg, (B) 7 Ceppaa

Then, by (25), (@), (58) and

n(A) =n(U) x n(U)myg," (54).

4Qa,1 (5[ A)e+ 4Qa ke n(U)
A) < L Ok < o 2 Afrrir
T}( ) = Cgp_‘_hdn( )K/ngé p+1 (EU) = Cgp+17d ,U(B[U])| |
(67) < AP U2 < AP < (| A)),

where we used that|A| < |U|, and the mappings z — |U|™* and x + =%+
are decreasing.

(3) Case 3: If A intersects only one ball of GY: calling B this particular ball
and rp its radius (at this stage there should be no confusion with the radii of
the terms of the sequence (B,,),>1), two cases must again be distinguished:

(a) Subcase 3.1: |B| < |A]: by (57),
(68) n(A) < n(B) < [Bre=rtt < APre=ertt < ((JA]).

(b) Subcase 3.2: |A| < |B|: Denote by kg the integer such that its

Ok 5Ok g+1],PUEpt1
center belongs to [, 2" "B

The ball A must intersect at least two elements V' 2 V' of W, (by
definition of p). Note that those sets must belong to F?Z (because A
intersects only B). Applying Lemma to the ball A with any of
those ball V € F,i , since ANV # 0 and A\ BV £ () (because A

intersects an other dilated ball, BV by hypothesis and two such balls
verifies (62))), one has

(69) | B csa
VNA#£D

Then, and imply that

‘ ZVGWPH:VQA#@ u(BY)
> yrern p(BI)

Recalling (69), the ball 5A contains some of the balls of FZ: Hence,

~0 70 b k) . .
by (64), Bl ke kst Pt q 54 £ ) Since |A| < |B|, by (B0), since
9 ?9 b b
rp < sspu, for any x € EL'“B kb0 5 4 e has

<200 ™) (54)

(70) n(A) =n(B) (D)

(71) /~L<5A> < M(B(l’, 107’)) < (107‘)9’63_251%1'
Recalling (53) (applied to the ball B), one has
(72) H(B) > (rp)hat 2,
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Using (applied to B) (70), and (72)), one obtains

O, —2ep+1
77(14) < 2Qq 47°7§§)+1—€p+1 (107") v

Ok 5 +2ep41
B p+
r
B
€
Tsp+1—9k3— PEL _2epia
— 2@d4106k}3_25p+1 B rsp+1—9kB—5p+1—45p+1

rSpt1 =0k g —Ept1—2ep 1
< QQd4109kB —2ep+1 . Sp+1—0Ep+1
Finally, recalling (37)), sp+1 — 5ep11 < o < 0y, and since rg > r and
Sp < Spt1, ONE gets
N(A) < 2Qqa100 75+ (r) 7 7T < 2Qg 410075 AT < 2Qq 410775 A0,
hence

(73) n(A) < C(JA]).

Since for any p € N and any ball A satisfying |A] < = min{|U\ UeW,}, if A
intersects at most one element of W, the inequalities (66 . . . proves
that for any such ball, one has n(A) < ((]A]).

Hence recalling Deﬁnition 2.1l by the mass distribution principle, one deduces
that HS(K) > 1, which concludes the proof of Theorem [2.2]

3.3. Proof of Corollary [2.5|

3.3.1. Some basic properties about the p-essential Hausdorff content. In this sub-
section, basic properties of the p-essential content are established.

First, we work in this article with the || - ||oc norm for convenience. Any other
norm could have been chosen, the corresponding quantities would have been equiv-
alent.

In (3)), only closed balls are considered. Choosing open balls does not change
the value of (6)) in Definition

The following propositions are directly derived from the properties of the stan-
dard Hausdorff measures.

Proposition 3.12. Let p € M(R%), s > 0 and A C R? be a Borel set. The
s-dimensional H%?(-) outer measure satisfies the following properties:

(1) If |A| < 1, the mapping s > 0 — HM*(A) is decreasing from HMP(A) =1
to 1lmt4)+oo HM (A) =0.

(2) 0 < HMS(A) < min {|A]5, HE (A)}.

(3) For every subset B C A with u(A) = u(B), H%-5(A) = H-5(B).

(4) For every § = 1, M (A) > (i (A)3.

(5) For every s > dimpy(u), H"%*(A) = 0.
Proof. Ttems (1), (2), (3) directly follow from the definition. Item (4) is obtained
by concavity of the mapping x > |z|'/°.

(5) By Deﬁnition for any s > dimy (1), there exists a set F with dimy(FE) <
s and p(F) = 1. Using item (2), one has then 0 < HXS(A) = HES(ANE) <
H(ANE) <H(E)=0.
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3.3.2. Proof of Corollary[2.5. One starts with a lemma, the proof of which can be
found in [13].

Lemma 3.13. Let u € M(R?). Let B = (B, := B(Zn,7n))nen be a ji-a.c sequence
of balls of RY. Then for every e > 0, there ezists a p-a.c sub-sequence (Bgy(n))nen
of B such that for every n € N, pi(Byny) < (ro(m) )dmn =<,

Proof of Corollary[2.5 (1) Observe that item (2) of Proposition implies that

t(p,6,¢,B) = dimpy(p) — €, and t(p, 6, B) = dimp (p).

(1—e)dim ; (1)
5-t(11,0,6,8)

an extraction, one can assume that for any n € N,

1(B,) < |Bn|(1—62).diimH(u)'
Due to , there exists N. € N such that for any n > N,
H&@H(u)—s<éz) > |Bz‘(1+s)~t(u,5,e,8).

Now choose € > 0 so small that < 1. Recalling Lemma [3.13] up to

Then, Proposition [3.12] (4) implies that for every n > N.,

(1—e)dim py (1) X (dim gy (n) —¢) 1—&)dim g (k)

Wi RSAE T (BI) > (pyudimg (0)-¢(BS)) Fits s

1 ,0,,8 .
S 8] S =0
- n

> |Bn|(1+6)(1—s)@H(u) > u(B,).

Thus, setting ss. = (1_E)m§t((ﬁg§i%f’(”)_€), Corollary [2.4] yields

dim g (lim sup B%) > s;..
n—-+o0o

Since the result holds for any € > 0, one gets the desired conclusion. 0

4. ESTIMATION OF ESSENTIAL CONTENT FOR SELF-SIMILAR MEASURES

In this section one computes the Hausdorff content of balls in the case of the
Lebesgue measure, and estimates it for any self-similar measure.

4.1. Computation of essential content for the Lebesgue measure. When
the measure p is the Lebesgue measure, the computations are quite easy.

Proposition 4.1. Let B = B(z,r) be a ball in R, and L be the d—dimensional
Lebesgue measure. Then for any 0 < s < d, "Hfj?s(B) = Hfjvs(B) = 7S,

Proof. One starts first by computing HZ 4(B).
Let € > 0, and let E C B be a Borel set with £L4(E) = L%(B). Notice first that
since B covers E, recalling that R? is endowed with || - ||o one has

HEU(E) < HL(B) < |BI".
Consider a sequence of balls (L,,),en such that

HL(E) < Y Lol < (14 )HL(E).

n>0
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This implies
(L+e)[B* > (1+)HL(B) > (L+e)HL(E) > > |Ln|

n>0

>> LYL,) > LYE) = LY(B) = |B|*.

n>0

Taking the infimum on the Borel sets £ C B such that LI(E) = L3(A) gives
|BI* < (1+)HE *(B).
In particular,
1 d
——|B|* < H54(B) < |B|".
B < 1B < 1By

Letting ¢ — 0 shows that HZ"4(B) = |B|%. This implies, with item (4) of Propo-
sition that for any 6 > 1,

>l

B > M58 (B) > (HE(B))Y = |BIS,

o0

hence the result. O

4.2. Proof of Theorem

Proposition 4.2. Let p be a self-similar measure. For any 0 < ¢ < dim(u), there
exists a constant k(d, p,€) € (0,1) such that for any ball B = B(x,r) with v € K
(the attractor of the underlying IFS) and r < 1, one has

Ii(d,,u,e)|B|dim(”) e Hudlm(u) (B ) Hudlm w)— “(B) < |B|dim(“)_
In addition, for any s > dim(u) one has HY*(B) = 0.

Proof. Let {f1,..., fm} the underlying IFS. Denote by ¢; the contraction ration of
fi, and (p1, ..., pm) the probability vector with positive entries associated with
so that (L3) is satisfied. Set o = dim(p) and A = {1,...,m}. For k > 0 and
i:= (i1, ...,7x) € AF, define
® Ci = Cjy...Cyp, fl = fil 0...0 flk and Kl = f£<K)7 so that |K£| = CQ|K|
o AW ={i=(ij,....i5) 1 ,27F < ¢ < 27K}
Note first that item (5) of Proposition implies that for any s > dim(u),
HE5(B) = 0.
Let us consider 0 < s < dimg(p) and start by few remarks.
Recalling and Proposition , let us fix p. so that u(E%) >
write B = El0bres,
Set A* := Uy A*, and for i € A*, define E; = f;(E) and p; = u(f;'). One has

Ei={fi(zx) eR": x € KVr < p., p(B(z,r)) <r**}

filz) : x € K, ¥, ¢;r < ¢pe, M(fg_l(B(fi(a:)’rci))) = <TCZ)QE}

Ci

(14) =

|
—— —

/ a—E
Yy S Kg vr/ S CiPe, /,Li(B<y7T'/)) S (g) } ;

Also, pi(E;) = p(E) =

l\')IH
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One emphasizes that iterating the self-similarity equation gives

p= Y prhy,

i'ENF

which implies that y; is absolutely continuous with respect to p (since all p;’s are
strictly positive).

We are now ready to estimate the u-essential content of a ball B centered on K.

Let B = B(z,r) with z € K and r < minj<;<,, ¢;.

Since & € K, there exists an i such that minj< <, ¢;7 < ¢;| K| < r and K; C B.

By construction, E; C B.

Consider a Borel set A C B such that u(A) = u(B). One aims at giving a
lower-bound of the Hausdorff content of A which does not depends on A.

Consider a sequence of balls (L,, = B(zn, {s))n>1 covering A N E;, such that
l, < pec; and z, € AN E;. Since p; is absolutely continuous with respect to pu, it
holds that p;(A) = 1.

By (74) applied to every n € N, one has <|Lc—”‘> > 11;(Ly,), so that

1
Ln e 2 C?_E Q Ln Z C?_E i Ln Z C?_S q Eﬁ > —c
%|I %M()M(%)M()Q
This series of inequalities holds for any sequence of balls (L,,),en with radius less
than p.c; centered on AN E; and covering A N E;.

Now, assume that (Ln)neN is a sequence of balls covering A N E;, which still
verifies ¢, < p.c; but z, does not necessarily belongs to A N E;.

Let n € N. One constructs recursively a sequence of balls (Lnj)i<j<J, such
that the following properties hold for any 1 < j < J,:

e L, ;is centered on AN E; N Ly;

e ANE;NL, C Ulgngn L, ;;

o forall 1 <j < J,, |L,;| =|Lul;

e the center of L, ; does not belong to any L, j for 1 < j' # j < J,.

To achieve this, simply consider y; € AN E; N L,, and set Ly, = B(y1,4,). If
ANE,NL, ¢ Lln; consider y, € AN E; N L, \ L1, and set Ly, = B(ya, ().
If ANE;NL, ¢ Ly U Ly, consider y3 € ANE; N L, \ L1, ULy, and set
Ls, = B(yg,ﬁ ), and so on..

Note that, for any 1 < j § Jn, any ball L, has radius ¢, intersects L,, (which
also has radius £,,) and, because y; ¢ Ulgj/;éngn L, it holds that, for any j # j/,
%Lw‘ N %Ln,j/ = (). By Lemma this implies that J, < Qd%.

Hence, denoting by (Zn)neN the collection of the corresponding balls centered
on AN E; associated with all the balls L,,, one has by (75| applied to (Zn)neN:

Z|L’aa>_Z’L‘aa_2Q Zz

neN 4,3 neN

Remark also that any ball of radius smaller that » can be covered by at most (p%)d
balls of radius rp..
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This proves that, for any sequence of balls En covering A N Ej;, since ¢; >

%’BL it holds that

—& d
m1n1<3<m0

L a—E€ >
%| ‘ - 2d+1Q 1 L |K|a 52d+1Q 1

Recall (3)). Since is valid for any covering (Ln)pen of AN E;, one has

o~
m1n1<]<m pa

|K|a 52d+1Q 1

(76) %2 | Bl

(77) [B|*™" =2 H (A) 2 HE (AN E) = | B|**.
Taking the infimum over all the Borel sets A C B satisfying u(A) = u(B), one

gets
—€ d

_ _ mln1<]<m0
a—e H,oe—e
B 2 WA H(B) > el

The results stands for balls of diameter less than mini<;<,, ¢;. Then for any ball
B centered on K with |B| < 1, remarking that

|BI*™* = H T (B) =2 HE(min ¢;B)

1<5<m

’B|O¢ 6

2(a—e) 4
Inlnl<j<'m 5 Pe

|K|a 52d+1Qd %

and setting x(d, u, ) = yields the desired inequality. O

Remark 4.3. Note that in the proof of Proposition the estimate of HY*(B)
for s < dim(u) only relies on the absolute continuity of u(f;*(+)), for any i € A*.
In particular, the same estimates holds for any quasi-Bernoulli measures (which
are proved to be exact-dimensional, see [19]).

This result in hand, one establishes the more general Theorem
Proof of Theorem [2.6 Note first, that by item (5) of Proposition [3.12] for any
s > dim(p) and any set E, one has H"*(E) = 0.

Let us fix s < dim(p) and set ¢ = dim(u) — s > 0. Since K NQ C Q and
w(K NQ) = p(), it holds that

HEA(Q) < HL(QNK).

It remains to show that there exists a constant c(d, i, s) such that for any open

set €2, the converse inequality
c(d, p, s)HL QN K) < HES(Q)

holds.

Let E C 2 be a Borel set such that pu(F) = u(2) and
(79) H(B) < 2H2(9).
Let {Ly},cy be a covering of £/ by balls verifying
(79) He( <ZyL |* <2H5 (E).

n>0

The covering (L, )nen will be modified to get a covering (Zn)neN which verifies the
following properties
e KNQCU

nEN
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® UneN L, C UneN Zn;

e one has

T s s le
DL 8- 2 s ZIL ¥
n>0
where k(d, i, €) is the constant introduced in Proposmon and Qg is the con-
stant arising in Proposition applied with v = 1. Last item together with
and then immediately imply that

k(d, i, €)
—2 P (K NQ) < HES(Q
8.28@3717-[00( n )—Hoo( )7

H(duu'rdim(iu')fs)

ludes th f.
s2qy,  concludes the proo

and setting c(d, u, s) =

Let us start the construction of the sequence of balls (L, )nen. Let X = (K \
Unen Ln) N For every x € X, fix 0 < r, < 1 such that B(z,r,) C . One of
the following alternatives must occur:

(1) for any ball L,, such that L, N B(x,r,) # 0, it holds that |L,| < r,, or

(2) there exists n, € N such that L, N B(x,r,) # 0 and |L,, | > r..

Consider the set S7 be the set of points in X for which the first alternative holds.
By Lemma [3.1] applied with v = 1, it is possible to extract from the covering of Sy,
{B(x,r,),x € S1}, Qq,1 families of pairwise disjoint balls, F1, ..., Fg,,, such that

ssc | UL

1<i<Qq,1 LeF;

Now, any ball L,, intersecting a ball L € Ulgngd,l Fi must satisfy |L,| < |L|. In
particular, since for any 1 <14 < Q4 the balls of F; are pairwise disjoint, applying
Lemma to the balls of F; intersecting L, we get that L, intersects at most
Qa1 balls of F;, hence at most Q7 balls of U1<i<Qd71 Fi.

Let L € UlSngd,l F;. One aims at replacing all the balls L,, intersecting L by
the ball 2L.

For any 1 < ¢ < ()4 and any ball L € F;, denote by G, the set of balls L,
intersecting L. Since E' C |, ey Ln and p(E) = p(Q2), one has EN L C Upeg, B
and p(E N L) = p(L). By Definition [2.4] and Proposition this implies that

(80) w(d pe)|L < HES(L) < Y HES(B) < ) |B*

Begyr, Begr

Replace the balls of G, by the ball L = 2L (recall that Jp.g, B C 2L). The new
sequence of balls so obtained byAthe previous construction applied to all the balls
L e USiSQd _Fi is denoted by (Lg)1<k<k, where 0 < K < +o00.

It follows from the construction and that S; C UlgkgK Zk and

Tive | @2 )
o > (3 =@ g

1<k<K
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On the other hand, since for any x € Sy = X \ Sy, there exists n, € N such that
L,, N B(z,r,) # 0 and 7, < |Ly,|, one has Sy C |, cy 2Ln, so that

<nL€JNLn> U (Krm\ U Ln> c <1§g}<i’“> U (TLLGJNQL,L)

~

Putting the elements of (Lk)1<k<K and (2L,)n>0 in a single sequence (Ly)n>0,
writing (L, := 2Ly )nen, by construction, K N Q C U, GNL and due to (81

Qi @i

s T s s s s ,1 ,S
H (KN Q) <> |L| §2< T >+1>Z|Ln| <820 TS HE(D),
) ’rLEN ) Y

neN

O

Remark 4.4. The proof of Theorem[2.6 only uses Proposition[2.11. In particular,
Theorem holds for any measure i € M(R?) supported on K and verifying, for
any i € N*, p(f7'(+)) is absolutely continuous with respect to .

5. APPLICATIONS OF THEOREM [2.2]

5.1. Ubiquity Theorems for self-similar measures.

5.1.1. Proof of Theorem [2.11] Let u be a self-similar measure with support K,
and set a = dim(u). Let (B, := B(xy,7s))nen be a sequence of balls such that
z, € K for all n € N, lim,,_, 7, = 0 and p(limsup,,_,, . B,) = 1.

Fix e >0, v > 1and 6 > 1 and set B, = {vB,}, . Lemma shows that B,
is p-a.c. Then, by Proposition [£.2] for n large enough, one has

HECT(0B,)) > (d, p1,2) (vr,) 7@ > (v, @5),
Consequently,

- log HE((vB,)?)
H, 6., B,) =1 ES
(1, 90,¢,By) s VB

so t(u, d,¢,B,) < a. Due to Corollary one concludes that

<a-—

N ™

dimg (lim sup(vB,,)°) > oy
n—-+oo 5

But for any ¢ > 0, limsup,,_, , .. (vB,)° C lim supnﬁﬂo B2~ 50 that

dim g (lim sup B~) > —
n—-+0o00 5
It follows that for any ¢’ > 0 and 6 > 1 one has

dimy (lim sup B%) >
H( n—>+<>op ) T 0+ g’

dlm , hence the result.

Letting ¢/ — 0 proves that dimy (limsup,,_, . BS) >

Remark 5.1. If the sequence of balls (B, )nen is not assumed to be p-a.c, but only
to verify p(limsup,, ., By) = 1, then the same lower-bound estimate holds for
dimy (limsup,, .. B°), but the emistence of a gauge function as in Theorem
does not hold in general.
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e Let us also notice that the computation in the proof of Theorem actually

shows that, under the assumption that lim,,_, kl’fg"'g’z’]) = dim(p), it holds that,

1,5 ( RO dim(p)
for n large enough, H*(By) > p(By) & s < =55

5.1.2. Proof of Theorem [2.13 Given 1 = 1 < 1 < ... < 75 and s > 0, set
T=(7,...,74) and

gr(s) = max, {sm - > - Tz} .

1<i<k

We will need the following lemma (one refers to [25], Proposition 2.1 for the
proof, although it is stated in terms of singular values functions).

Lemma 5.2. Let ;1 =1 <1 < .. <71,

The are two positive constants Cy and Cs depending on d only such that for all
5>0,7r>0 and z € R? one has

Cyrm ) < M2 (R (2,7)) = Ho (R (1)) < Cordm®,

Recall that K is the closure of its interior, and note that since the weights p;
are taken positive in Definition one must have p(K) > 0.
Denote 1 = % and o = dim(p) = dim(p). It is easily verified that the
computation made in the proof of Theorem implies that, for any open set
Q) C K, there exists a constant ¢(d, i, s) given by Theorem , so that

c(p, d, s)H () < HES(Q) < HE(Q) if s < a
HE5(Q) =0if s > a.

Also, 11 being absolutely continuous with respect to p, the sequence (B,,),en is
p-a.c. Furthermore, up to a pi-a.c extraction, we can assume that each ball (B,,),en
is included in K (and we will do so).

Let ¢ > 0. Set R = {R,},~,. By Lemma @, up to a fi-a.c extraction, one
can assume that for every n € N, the ball B,, satisfies

i(Bn) <1
Setting 77 = (%)1§i§d7 for all 0 < s < a — &, one has

{STk — i<k Tk Ti}

1

(82)

g () = max,

From equation and Lemma one deduces that

(83) Che(d, 1, 8)rm9= ) < HES(R,).
In particular, for any s verifying
(84) Tig(s) Sa =,

if r, <1 one has

a_l "
Cre(d, i, 8)rn 2 < Cye(d, i, 8)rm97 ) < HAS(R,).
Since r,, — 0, for n large enough, this yields

(85) A(By) <107° < Cre(d, p, s)rp97 ) < HEP(Ry),
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hence (B, )nen, B,r.s) 18 fi-a.c., and s(i1, R, B) > s.
It remains to note that

<:> max

) €
{STk —Zléigkﬂg —TZ} a3

1<k<d T 7_1
STk — T — T a— &
S V1 <k<d, 2 <k o 5

T T

1
©V1§k§d7 s < 2 Zlﬁzgk 3
Tk
1
(86) < § < min { 3¢+ D acich z} .
1<k<d o

Since € > 0 was arbitrary, this implies that

{04 + D <<k Tk — TZ}

s(i, R, B) > min
Tk

— 1<k<d

and applying Theorem gives the desired lower bound estimate.

Remark 5.3. Note that the estimates made in the proof of Theorem to-

gether with Lemma can be used to show that, under the assumption that

% = dim(u), one has the following properties:

If s < minj<p<q {dim(“HZlSiS’“ Tkin} then, for n € N large enough, H"*(R,,)

Tk
w(By). If s > minj<g<q {dlm(ﬂHsziSk TFTZ} then, forn large enough, H"*(R,,)
$(Bn).

5.2. Application to self-similar shrinking targets.

lim,, o0

Y

IA

Proof. In this section, Theorem is proved and we adopt the notation of the
proof of Proposition

Set s = dimp (K). Note that, for each k € N, the set { B(fi(v),2|K]|c;)}, \x cov-
ers K. In particular, for any measure u supported on K, the family { B(fi(z), 2| K|c;)}
is p-a.c.

Set B; = B(fi(x),2|K|c;). One now focuses on proving that, for any 6 > 1,
dim g (lim sup; ey BY) = S, If this holds, since for any € > 0,

3

(87) limsup B2™¢ C limsup B(fi(z), ) C limsup BY,
iesr iexr - e
it also holds that dimg (limsup,cy. B(f;(x), ) = 2.

Note that s satisfies the equation ) ,_,., ¢/ = 1. Let also be v,, the measure
on (3,B(X)) associated with the probability vector (p; = ¢)i<i<m and p, its
projection on K by the canonical coding map.

Let 0 <t < minlgigm C; and

AP = {i= (in,o i) €A et <o <)

Ifi e Aﬁ’“), then for any ¢ € A, the word il ¢ A,ﬁ’“). This implies that for any
i#jeA? N[ =0.
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Then for any § > 1, one has, for any ¢ > 0,

Z Z (|B£|(S)éj§76 _ (4|K|)s+sz Z C;-i—a

k20 ;e A0 k20 ;e ()
< EKD™Y D w([i)
k20 ;e\ (0
Since Y., Vs (i) < 1, one obtains
ey

STN (BT < @K < oo

k20 jep (0 k>0

This shows that
(88) dimy <11m sup B5> < =
1eEA* 5
One now establishes the lower-bound estimate. By the dimension regularity as-
sumption (see Deﬁnition 9), dimp (ps) = s. Since (B;)ses- is ps-a.c, Theorem 2.11]
yields dimpy (lim sup;es. BY) > 3.

U

5.3. Study of a problem related to a question of Mahler. Let us first notice
that by Theorem [2I] one has

1 log?2
di (1 B%K”) i {—, }
11m gy leglesgp 1/3 S ImMin 5 log 3

In particular, this proves that the expected upper-bound in Theorem [2.16] stands.

Before showing that the lower-bound also holds, let us start with some facts and
remarks.

log 2

Remark 5.4. o One has Hot* (Ky3) > 0 (this is well known and easily follows
log 2
log3/"

from the fact that K3 carries an Alfhors reqular measure of dimension
Moreover, for every k € N, setting K, = {f;([0,1])}

(89) 1= 3" |1,

IeKy

ienks one has

o [or every k € N, let us define

(90) Q= JI.
TeKy

log 2

Since ch’g“(UIe,Ck I'\ Q) =0 (it is a finite set of points), it follows from
that

log2 log2 2 log 2

log 2
(91) OHE* () < HEP (Ky3) < Hlog3< U I) = Hx’ () <
Iey
log 2
with C = HlogB(Kl/P,) > 0.
e/fneNandT €T, = 3731, k?j;l [0<k<3"— 1} s a triadic interval of

generation n, denote by FT the canonical homothetical mapping which sends [0, 1]
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toT. For every I € User, Fr(J), for alln <k <n+k and all z = (x,)neny €
such that w(x) € I, one has

n

(92) Suead(a) = Suola) x

One are now ready to finish the proof of Theorem [2.16]

Let (g4)qen be a positive sequence such that lim, .., e, = 0. One constructs
a family {U,s5}s>1,gen, 0<p<q Of open sets as follows: Let 6 > 1, ¢ € N* and
0 < p < q. Consider T a triadic interval of generation n, = |logs(¢®)] + 1
included in B(g,q_%). Let N, ,s be large enough to ensure that for any z € ¥

verifying 7(z) € T, one has

g

93 Sh X — = < ..
( ) ng(l') nq _|_ Np,q,é — Z.:‘1
Set,

(94) Upgs = Fr(Qn,,.4)-

By and (93)), for all z € U, 45 one has

S”q+Np,q Qb(l‘) S Eq-

.. . 0 _
This implies that (Vs 1 Uy Uo<peq Upas C Kf/; Nos1 Ugzo Uoep<y B, 4 2,
Since U, 4.5 is an homothetic copy of Qy , (see (94)), by , due to the choice

of n, there exists C >0 independent of p, ¢ and 0 such that

log 2

(95) o53(1, 5) > Cg 2
For1 <6< iﬁi? it follows that
log 2 — p
(96) S (U 05) = Cq 2 = 5(3(5, ).

log 3

For § > 83 by concavity of x — x3ls?
log2? )

log 2 log 3 _9 log2 log3

(97) H&(Up,q,é) > ( é(<)>g3(Up,q,6))WgZ > 5’(@[ 51°g3)51°g2 - 6%(3(27(]_2))'

By Theorem (or by Rams-Koivusalo’s Theorem applied to @ = (B(%, q%))qu*,OSpgq,
U = (Up,g.5)qen+ 0<p<q and the Lebesgue measure, one gets

dimy ( nuU y Up,q,g) > 10g2 if1<0< iOg;

Q>1q¢>Q 0<p<gq log 3 08

aimg (VU U Upas) = 5 52 5

QR>1q9>Q 0<p<gq




AN HETEROGENEOUS UBIQUITY THEOREM, APPLICATION TO SELF-SIMILAR MEASURBS

REFERENCES

[1] D. Allen and S. Barany. On the hausdorff measure of shrinking target sets on self-conformal
sets. accepted Mathematika, 2021.
[2] M. Baker. Intrinsic diophantine approximation for overlapping iterated function systems.
submitted, 2022.
[3] J. Barral and D. Feng. On multifractal formalism for self-similar measures with overlaps.
Math. Z., (298):359-383, 2021.
[4] J. Barral and S. Seuret. Sums of dirac masses and conditioned ubiquity. C. R. Acad. Sci.
Paris, Sér. 1 339:787-792, 2004.
[5] J. Barral and S. Seuret. Heterogeneous ubiquitous systems in R? and Hausdorff dimensions.
Bull. Brazilian Math. Soc, 38(3):467-515, 2007.
[6] J. Barral and S. Seuret. The multifractal nature of heterogeneous sums of dirac masses.
Math. Proc. Cambridge Philos. Soc., 144(3):707-727, 2008.
[7] J. Barral and S. Seuret. Ubiquity and large intersections properties under digit frequencies
constraints. Math. Proc. Cambridge Philos. Soc., 145(3):527-548, 2008.
[8] V. Beresnevitch and S. Velani. A mass transference principle and the Duffin-Schaeffer con-
jecture for Hausdorff measures. Ann. Math., 164(3):22 pages, 2006.
[9] A.S. Besicovitch. A general form of the covering principle and relative differentiation of
additive functions. Proc. Cambridge Philos. Soc., 41:103-110, 1945.
[10] L. Carleson. Selected Problems on Exceptional Sets. Van Nostrand, 1967.
[11] M. Csornyei, A. Kdenmiki, T. Rajala, and V. Suomala. Upper conical density densities for
general measure on R™. Proc. Edinburgh Math. Soc., 53:971-992, 2010.
[12] E. Daviaud. An anisotropic inhomogeneous ubiquity theorem. preprint.
[13] E. Daviaud. Sharpness of lower bound in mass transference principles. phase finale de ré-
daction, 2022.
[14] F. Ekstrom and T. Persson. Hausdorff dimension of random limsup sets. Journal of the
London Mathematical Society, 98:661-686, 2018.
[15] K. Falconer. Fractal geometry. John Wiley & Sons, Inc., Hoboken, NJ, second edition, 2003.
Mathematical foundations and applications.
[16] A.-H. Fan, D.J. Feng, and J. Wu. Recurrence, dimension and entropy. J. London Math. Soc.,
64 (1):229-244, 2001.
[17] D. Feng and H. Hu. Dimension theory of iterated function systems. Comm. Pure Appl.
Math., 62:1435-1500, 2009.
[18] D. Feng, E. Jarvenpaa, M. Jarvenpaa, and M. Suomala. Dimensions of random covering sets
in riemann manifolds. Ann. Probab., 46:1542-1596, 2018.
[19] Y. Heurteaux. Estimations de la dimension inférieure et de la dimension supérieure des
mesures. Ann. Inst. H. Poincaré Probab. Statist., 34:309-338, 1998.
[20] R. Hill and S. Velani. The ergodic theory of shrinking targets. Inv. Math., 119:175-198,
1995.
[21] M. Hochman. On self-similar sets with overlaps and inverse theorems for entropy in R4, To
appear in Memoires of the AMS, 2022.
[22] J.E. Hutchinson. Fractals and self similarity. Indiana Univ. Math. J., 30:713-747, 1981.
[23] S. Jaffard. Wavelet techniques in multifractal analysis. In Fractal Geometry and Applica-
tions: A Jubilee of Benoit Mandelbrot, M. Lapidus and M. van Frankenhuijsen, Eds., Proc.
Symposia in Pure Mathematics, volume 72(2), pages 91-152. AMS, 2004.
[24] V. Jarnik. Diophantischen approximationen und Hausdorffsches mass. Mat. Sbornik, 36:371—
381, 1929.
[25] H. Koivusalo and M. Rams. Mass transference principle: From balls to arbitrary shapes. To
appear in I.R.M.N, 2020.
[26] L. Liao and S. Seuret. Diophantine approximation by orbits of expanding markov maps.
Ergod. Th. Dyn. Syst., 33:585—608, 2013.
[27] T. Persson and M. Rams. On shrinking targets for piecewise expanding interval maps. Ergod.
Th. Dyn. Syst., 37:646-663, 2017.
[28] B. Wang, J. Wu, and J. Xu. Mass transference principle for limsup sets generated by rect-
angles. Math. Proc. Cambridge Philos. Soc., 158:419-443, 2015.



	1. Introduction
	2. Definitions and main statements
	2.1. The -a.c property
	2.2. Essential content and statement of the main result
	2.3. Application to self-similar measures
	2.4. Application to self-similar shrinking targets
	2.5. A result motivated by a question of Mahler

	3. Proof of Theorem 2.2
	3.1. Preliminary facts
	3.2. Construction of the Cantor set and the measure
	3.3. Proof of Corollary 2.5

	4. Estimation of essential content for self-similar measures
	4.1. Computation of essential content for the Lebesgue measure
	4.2. Proof of Theorem 2.6

	5. Applications of Theorem 2.2
	5.1. Ubiquity Theorems for self-similar measures
	5.2. Application to self-similar shrinking targets
	5.3. Study of a problem related to a question of Mahler

	References

