DISPERSIVE ESTIMATES FOR THE WAVE EQUATION OUTSIDE A CYLINDER IN
R3

FELICE TANDOLI, OANA IVANOVICI

ABSTRACT. We consider the wave equation with Dirichlet boundary conditions in the exterior of a cylinder
in R3 and we construct a global in time parametrix to derive sharp dispersion estimates for all frequencies
(low and high) and, as a corollary, Strichartz estimates, all matching the R? case.

1. GENERAL SETTING

We consider the linear wave equation on an exterior domain 2 C R? with smooth boundary; let Ap be the
Laplacian with constant coefficients and Dirichlet boundary conditions,
{ (0?2 — Ap)u=0, inQ,

Uli—o = uo, Oplt—o = w1, U|y—o =0.

(1.1)

A basic homogeneous (local) estimate says that on any smooth Riemannian manifold (€2, g) without boundary,
a solution u to the wave equation satisfies (for T' < c0)

lull Laqo,ryzr(9) < Cr([luollgrs oy + lunll go-1q)) - (1.2)

where 8 = d(5—7)— 71s dictated by scaling and the pair (g, ) is wave-admissible, i.e such that %—i— d;l < %

and (q,r,d) # (2,00, 3). Here H?(Q) denotes the homogeneous L? Sobolev space over Q. If (1.2) holds for
T = oo, Strichartz estimates are said to be global. Such inequalities were established long ago for Minkowski
space (flat metrics) and can be generalized to any smooth Riemannian manifold (€2, g) because of their local
character (finite propagation speed). They are sharp on every Riemannian manifold (2, g) with 9Q = (.
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The aforementioned results for R? and manifolds without boundary are now well understood. Euclidean
results go back to R.Strichartz’s pioneering work [17], where he proved the particular case ¢ = r for the wave
and Schrodinger equations. This was later generalized to mixed L L” norms by J.Ginibre and G.Velo [3] for
Schrodinger equations, where (g, 7) is sharp admissible and ¢ > 2; wave estimates were obtained by J.Ginibre
and G.Velo [4, 5], H.Lindblad and C.Sogge [8], as well as L.Kapitanski for a smooth variable coefficients
metric,[9]. Endpoint cases for both equations were finally settled by M.Keel and T.Tao [10]. On manifolds
without boundary, by finite speed of propagation it suffices to work in coordinate charts and to establish
estimates for variable coefficients operators in R%. For operators with C! coefficients, Strichartz estimates
were shown by H.Smith [14] (see also D.Tataru [18] for metrics with C* coefficients).

The canonical path leading to such Strichartz estimates is to obtain a stronger, fixed time, dispersion
estimate, which is then combined with energy conservation, interpolation and a duality argument to obtain

(1.2). If eF"V "2 are the half-wave propagators in (R?, (6;;)), x € C5°(]0, 00[) then the following holds:
ity /— — . a—1
X (D)™ =25 | 1y gy Ly poe mey < C(d)h™ min{1, (h/[t)) = }. (1.3)

Our aim in the present paper is to prove dispersion for (1.1) when 9 is a cylinder in R? : a parametrix
near diffractive points may be explicitly obtained in a similar way as in [7] (where the case of the wave
and Schrodinger equations outside a ball of R? was dealt with by the second author and G.Lebeau) and the
diffractive effects in the shadow region are much weaker; however, dealing with the case when both the source
and the observation points are located very close to the boundary at a long distance is a real hurdle. In fact,
this situation corresponds to rays that remain close to the boundary for a large time interval and propagate
near points where the curvature vanishes : to our knowledge, a parametrix near such points, allowing for
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sharp amplitude estimates, was only constructed in [11] inside a cylindrical domain of R3. However, while
in [11] the time is bounded (as at the time we did not know to handle the reflections in very large time in
the interior case), the parametrix we construct here is global in time, depending on the angle of the initial
directions of propagation and on the initial distance of the data to the boundary: different values of these
parameters completely modify its construction; dealing with points where the curvature vanishes requires
handling separately different situations (involving Hankel and Bessel functions). We expect that in order to
deal with general boundaries with no convexity or concavity assumption, and allowing for possibly vanishing
curvatures along lower dimensional submanifolds, we need to understand a variety of simple models and the
exterior of the cylinder is the first of them after the exterior of a sphere.

Let us provide some details : introducing cylindrical coordinates in R?, our domain becomes = {(r, 8, z),r >
1,6 €]0,27),z € R} and Ap = %4—%%4—%%4—%. With h a small parameter and 7 = hd, /i, n = hd, /i,
& = hd, /i, ¥ = hd, /i, the characteristic set of 7 — Ap is 72 = ¢2 + & n* +9? and the boundary is {r = 1}.
In [7], G.Lebeau and the second author constructed a global in time parametrix for the wave equation
outside a ball in R?, which allowed them to obtain sharp dispersion bounds. In the particular case of
[7] the model domain was {(r,6,w),r > 1,0 € [0,7),w € [0,27)} and the Laplace operator was given by
Ap = % + d;l g + %2(% + ﬁa(%)' The main difficulty came from rays that hit the boundary without
being deviated (corresponding to & = 0, n = 1 and r near 1; in fact, due to the rotational symmetry, in
the exterior of the ball the characteristic equation is £2 + %2772 = 72) : for this regime, the most efficient
tool is the Melrose-Taylor parametrix (see [20]), as it provides us with the form of the solution to (1.1) near
diffractive points £ = 0, » = 1 (recall that this parametrix was first used by H.Smith and Ch.Sogge in [16]
to obtain, in a direct way, local in time sharp Strichartz bounds for waves). In the case of the exterior
of a cylinder, the “diffractive regime” would correspond to (n/7)% + (9/7)2 =1, £ = 0, r = 1 (instead of
(n/7)2=1,£=0,r =10f [7]) : it turns out that when ¥/7 is very close to 1 the Melrose-Taylor parametrix
fails to apply (essentially because one cannot perform any kind of stationary phase arguments anymore in
the oscillatory integrals that allow to obtain the form of the solution near the boundary in terms of Airy
functions). In particular, the situation ¥/7 = 1 correspond to rays that (start and) remain close to the
boundary for all time and at our knowledge has been encountered only in [11] where the author studied
dispersive bounds for (1.1) in the interior of a cylindrical domain {(r,6,z2),r < 1,6 € [0,27),2 € R} C R3
with Dirichlet Laplacian Ap = 92 + (2 — )93 + 92 (and obtained a “sharp loss” of 1/4 due to swallowtail
type singularities in the wave front set) ; notice however that in [11] the time is bounded so when /7 is
close to 1 the estimates follow easy by Sobolev embedding (and a parametrix is naturally obtained in terms
of a spectral sum). In the exterior of a cylinder, our aim is to construct the parametrix globally in time,
which makes this situation more difficult (and the case 1 —1J/7 ~ 277 already very delicate when compared
to the exterior of a ball).

Throughout the rest of the paper A < B means that there exists a constant C' such that A < CB, such
a constant may change from line to line and it is independent of all parameters, and A ~ B means that
B < A < B. We may now state our main results.

Theorem 1.1. Let © C R? be the cylinder in R® and set = R3\ ©. Let Ap denote the Laplace operator
in Q with Dirichlet boundary condition and let x € C5°(0,00). The following estimate holds for all t > 0

ity/— 3 . h
[ x(hDy)e*" AD”LI(Q)%LOO(Q) < h™?min{1, ;}- (1.4)

Moreover, let xo € C§°(—2,2), equal to 1 on [0,3/2]. Then ||xo(Dy)eX™ =20 11 q)s 1) S 1/(1+1).

Theorem 1.2. Under the assumptions of Theorem 1.1, Strichartz estimates for the wave flow outside a
cylinder in R hold as in the flat case, globally in time.

Theorem 1.2 follows from (1.4) using the usual TT* argument and the conservation of energy. In the re-
maining of this work we focus on the proof of Theorem 1.1, first in the high-frequency situation which is by
far the most difficult one. The small frequency case will be sketched in the last part.

We recall a classical notion of asymptotic expansion: a function f(w) admits an asymptotic expansion for
w — 0 when there exists a (unique) sequence (c,,),, such that, for any n, lim,,_,ow™ "D (f(w) =) c;wd) =
Cnt1. We denote f(w) ~y Y, cpw™.
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1.0.1. The incoming wave. Let D denote the unit disk in R? and let © :=D x R C R3. We set Q :=R3\ O,
then 0 = S! x R is the infinite cylinder. We introduce cylindrical coordinates as follows: a point of @ of
Q with coordinates (z1,z2,73) € R? is defined by (r,6,z) where 7 > 1, § € [0,27) and z € R and where
21 =rcos(f),ze = rsin(f),z3 = 2z. Wealsoset r =1+, 2 >0,y:=n/2—0,0 €[0,27), z € R. In these
coordinates, the Laplacian becomes
A 0? 1 0 1 0? 0?

“o2 (1+z) 0, * (1+2)% 0y? oz
In the new coordinate system, x — (x,y, z) is the ray orthogonal to 9 at (0,y, z) € Q. Any point in Q € Q
can be written under the form @ = (0, y, z) +-27,.), where (y, z) is the orthogonal projection of ) on 92 and
U(y,») the outward unit normal to 9§ pointing towards Q. The dual variable to (x,y, z) is denoted (£, n,?9).
The principal symbol of 92 — A associated to (1.5) is p(z,&,1,9,7) = =72 + &2+ (1 +2)~2n? +92. The time
variable and its dual are ¢t and 7. We let Q = {(x,y, 2,t,&,n,9,7),2 =0}, P = {(z,y,2,¢t,&,n,9,7),p = 0}.
The cotangent bundle of 902 x R is the quotient of Q by the action of translation in £, and we take as
coordinates (y, z,t,n,9,7). A point (y, z,t,n,9,7) € T*(9Q x R) is classified as one of three distinct types:
it is said to be hyperbolic if there are two distinct nonzero real solutions £ to p|,—o = 0. These two solutions
yield two distinct bicharacteristics, one of which enters € as ¢ increases (the incoming ray) and one which
exits ) as t increases (the outgoing ray). The point is elliptic if there are no real solutions £ to p|y—o = 0.
In the remaining case 72 = n? + 92, there is an unique solution ¢ = 0 to p|,—o = 0 which yields a glancing
ray, and the point is said to be a glancing point. A glancing ray has exactly second order contact with the
boundary if we have in addition 772%(1 +2)72|,=0 = —n?/2 < 0, which means if n # 0. We set a = /7,
v = 9/7 : the glancing condition becomes a? + 42 = 1, while the hyperbolic (or elliptic) regime satisfy
1—a?—~42>0(or 1 —a?—+%<0). A point in T*(09Q x R) such that 1 > a? > 0 may be a glancing point
of order exactly two. When « = 0, it is a glancing point of order oo (as, in this case, Hgm =0forall j > 1).

(1.5)

Remark 1.3. When 1 —~% — a? > 1/16, then on the boundary £%/7% = (1 — 4% — a?) > 1/16 in which
case the corresponding point in the cotangent bundle is hyperbolic. The proof of Theorem 1.1 for such points
follows as in the case of the half-space, so we will focus on the situation 1—~%—a? < 1/16, when |£/7] < 1/4.

Let A be the Laplacian in R?, then the solution uf,...(Q, Qo,t) to the free wave equation (07 — A)ufpee = 0
in R? with wfree|t—0 = 8g,, Ot freelt—o = 0, where dg, is the Dirac distribution at Qo € R?, is given by :

oo (@ Qout) = ﬁ / ¢H@-Q0)E cos(1[e]de (1.6)

If win(Q, Qo, T) := 1t>/01;ree(Q, Qo,7) denotes its Fourier transform in time, then the following holds :

7;7_ efiTlQ*QO‘

Win s sT) = — V(- 1.7
Consider the equation (1.1) with initial data (dg,,0), where Qo € Q is an arbitrary point
(3E*AD)UZO ianR, (18)
U‘t:() = 5Q0, atu|t:0 = 0, U|6Q = 0 ’

Let u(Q, Qo,t) = cos(tv/—Ap)(dg,)(Q) denote the solution to (1.8) : in order to prove Theorem 1.1 we
construct v for all ¢ and then deduce global in time dispersive bounds. We may assume, without loss of
generality, that dist(Qg, 9Q) > dist(Q,99) : indeed, when this is not the case we can use the symmetry of
the Green function to change Qo and ). We may assume that, in the coordinates (r, 0, z), the source point
is of the form Qo = (s,0,0), where s — 1 > 0 represents the distance from @ to the boundary. Let @ be an
arbitrary point of €, then @ := (rcos@,rsiné, z). We introduce the distance between @ and Qo as follows

B(r,0,2,5) = |Q — Qo| = /12 — 257 cos  + 52 + 22. (1.9)

In the normal coordinates (x,y,z) we have Qo = (s — 1,%,0) and Q = ((1 4 xz)siny, (1 + z)cosy, 2);
letting ¢(x,y, 2, 8) := (14, 5 —¥,2,8), we have ¢(z,y,2,5) = V(I +2)2 —25(1 +z)siny + s2 + 22. The
coordinates (z,y,z) will be particularly useful when working near a glancing point; near hyperbolic (or

elliptic) points we keep the cylindrical coordinates (r, 0, z). We will switch them when necessary.
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Let wfree be given in (1.6). By finite speed of propagation, for any sufficiently small time 0 < ¢t < d(Qo, 0%2),
the solution to (1.8) in Q is just lisoUfree, Whose Fourier transform equals wj,. In the following, we
decompose w;,, according to the initial directions of propagation as follows : let ¥y(8) be a smooth function
supported near 1, equal to 1 for 1 > § > 1/36, equal to 0 for 5 < 1/64 and such that 0 < ¢y < 1. Let also
¥ € C5°(1/4,4) equal to 1 near 1 such that 1 —4o(8) = 3,5, (2% 3). Write w;, = wo + > j>1 Wy, with

ol =~ (=)ot (z=2)7) o —i76(.,5.%.5) jdz
iT at(z—2 1T¢(2,9,2:5) dovd~diid 1.10
(QQ07 27T247T/¢)xy,23 ‘ e ( )
72 P(ER¥ (1 -y )) (y=9)at(z=2)7) =it (,5,5,5) i3
- z‘r 1 a+(z—2 TO(ZY,2:8) doydrydids. 1.11
wj(QvQOa 27‘[’ 247-‘-/ J; y’z 5 ‘ e ( )

Let ¢;(8) := $(2%8). We set u} .. = lisotfree = [ € win(Q,Qo,7)dr. Using (1.10) and (1.11), we
decompose as follows U free = Ufree,0 + 2121 Ufree,; and set “}Lree,j = 14> 0Ufree,j, Where f(u}LTeeJ) = wj.

The paper is organized as follows : in Section 2 we consider h € (0, hg) for some small hg € (0,1) and s > /2
and we show that, for all u?rem- with 0 < j < %logz(s/h), we may construct the outgoing wave in a similar
way to that used in [7] in the exterior of a ball as each w; hits the obstacle at hyperbolic or glancing points
of order exactly 2. The assumptions on s and j are necessary to construct the reflected waves near glancing
points and to make sure that stationary phase methods do apply. In Section 3 we obtain dispersive bounds
first for each j < % log,(s/h) and show that the sum over j is still bounded as expected. Both Sections 2 and
3 deal separately with the glancing and hyperbolic regimes, and also with the cases dist(Q, 99) > v/2—1 or
dist(Q,09Q) < v/2—1 as each case needs to be handled in a different way. In Section 4 we consider h € (0, hg)
and either s < v/2 or s > V2 and j 2 £ log,(s/h) : in these cases we cannot construct the reflected waves
as before, either because the data is too close to the boundary or because the phase functions of w; don’t
oscillate anymore. We obtain an explicit parametrix in terms of Bessel and Hankel functions and proceed
with the dispersive bounds. In the last Section we explain why the last parametrix still allows to obtain
dispersion in the case of small frequencies.

2. PARAMETRIX FOR (1.1) WHEN s > /2, h € (0,ho) AND 2737s/h > 1
We consider the source point to be of the form Qq = (s,0,0), where s — 1 represents the distance from Qg

to the Q. In this section we consider s > v/2. Let hg € (0,1) be small and h € (0, hg).

Lemma 2.1. Let Qo = (s,0,0) with s > /2 and j such that 27%Is/h > 1. Then Ufrec jn (-, Qo,t) solves the

free wave equation and Ufree ;1 (-, Qo,0)|an = O(h™). Moreover, Ufree jn(P,Qo,t)|pcaa = O((h/t)>®) for
P =(0,-,z) with |z| > 4t.

Proof. The first statement follows from the fact that A commutes with D,; for j as above, the second
statement follows using non-stationary phase arguments for the phase 7(t+ (2 —2)y+ (y — §)a— ¢(0, 7, 2, s))
of Upree jn- If |z| > 4t, the phase is also non-stationary with respect to 7 which allows to conclude. O

Our goal in this section is to construct, for each 0 < j < Llogy(s/(hM)), the solution u; to the Dirichlet
wave equation on  whose incoming part (before reflection) equals wyree ;. To do that, we first set

1(Q.Qu.0) = { (1@ T HAE (21)

Then, using Duhamel formula and with uj = lesouy, U; reads as follows

Bl (P,Qo,t —|Q—P
Uileso = ufye.; —uf, u¥(Q,Qo.t) = /m % (47r|22—P|| Dda(P). (2.2)

Let ho € (0,1) small enough and h € (0, ho). Let x € C§°([%,2]) be a smooth cutoff equal to 1 on [3, 3] and
such that 0 < y < 1. As we are interested in evaluating X(th)gj(Q, Qo,t), let

u}r'r‘ee,j,h = X(th)u}rree,j’ ’u’;‘%h = X(hDQU;#(Q, Q07t)' (23)
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As the free wave flow e ;1 satisfies the usual dispersive estimates, we are reduced to evaluating the sum
over j < $logy(s/(M)) of ufh(Q, Qo,1t) (or, when possible, of X(th)u = h) Using (2.2) we have

wT 1
Uj&h(Q,Qo,t):/ & (hT)/PeaQF<8VU;F|BQ)(P’QO’T)47T|Q—P|

where f(ayuﬂag)(P, Qo, 7) denotes the Fourier transform in time of 6,,uj|ag(P, Qo, t).

e = Pldo(P)dr, (2.4)

Definition 2.2. For a source point Qo as above, we define its apparent contour Cq, as the set of points
P € 0 such that the ray QoP is tangent to OQ : in other words, for ¢ defined in (1.9), we have

Cqo = {P € O with coordinates (1,0, z) such that d,¢(1,6, z,s) = 0}.

, we find Cq, := {P = (1,arccos(1/s),z),z € R}.
y = arcsin(1/s)}. In the following we set 0, :=

As 9,¢ = (r — scosf) /¢ cancels at r = 1 when cosd =
In the coordinates (x,y,z) we have Cg, = {P = (0,y,z
arccos(1/s) = 5 — arcsin(1/s) and y. := arcsin(1/s).

~— |

Definition 2.3. Let h € (0,hg). We define j(s,h) := sup{j,2=%s/h > 1} so that 273" s/h ~ 1.

On the support of 1;(1 —7?) we have \/1 — 2 ~ 2727 and in this section we consider only 0 < j < j(s, h).
In the following we deal separately with the case —%— near 1, when the possible glancing points have

ﬁ
2
M)

[e3

exactly second order contact with the boundary and the case i outside a small neighborhood of 1.
-

Let xo € C3°([—2,2]) and equal to 1 on [—3, 3], fix e > 0 small enough and set x.(-) := xo((-—1)/e). We let
wj, g1 be defined by (1.10), (1.11) with additional cutoff Xs(ﬁ) supported for \\/7 — 1] < 2¢ . Define

(0]
\/1—~2 )- Then ufreea ufree,mgl + ufrew,he’

also w; pe as in (1.10), (1.11) with additional cutoff 1 — x., (

+ o itT, + o W, + = T
uf’ree,j,gl . /e U}J,gldT, ufree,j,he T /6 w]7h€dry’ ufree,j,h - X(th)ufree,j'

2.1. The glancing part of uj for 0 < j < j(s,h). We construct u g1» then dy u 415 inorder to obtain the
7glancing part” of uf from formula (2.2). For j = 0, the following result due to Melrose and Taylor holds:

Proposition 2.4. Microlocally near a glancing point of exactly second order contact with the boundary there
exist smooth phase functions (z,y, z, a,7y) and {(x,y, z, a, ) such that ¢+ = v & (—=C)3/? satisfy the eikonal
equation and there exist symbols a, b satisfying the transport equation such that, for any parameters o,y in
a conic neighborhood of a glancing direction and for T > 1 large enough,

Gy, 2, 0,7) = €700 (AL (P230) + br R4 (r230) ) AT (722 o) (2.5)

satisfies (12 + A)G, = eT(@v:207) (aooA+(72/3C) + booT VBA! (T 2/3C)) L(72/3¢y), where the symbols
VETify Goo, boo € O(T7°) and where we set (g = (|z=0. Moreover, the following properties hold
e . and ¢ are homogeneous of degree 0 and —1/3 and satisfy (de,de) — ({d¢,d¢) = 1, (dt,d{) = 0
where (-,-) is the polarization of p; the phase (o is independent of y,z so that (e, 7y) vanishes at a
glancing direction; the diffractive condition means that 0,(|z—0 < 0 near a glancing point ;
e the symbols a(x,y, z,a,7) and b(x,y, z,a,v) belong to the class S?l,O) and satisfy the appropriate
transport equations. Moreover a|,—o is elliptic at the glancing point with essential support included
in a small, conic neighborhood of it, while b|,—o = 0.

The functions ¢ and ¢ of the Melrose-Taylor parametrix solve the system of equations

)2 (9y1)? 02— 2 (%C)Z 2) _
(0u0)? + (2 g5 + (020 c((aggo iyt (0:0°) .
Oyt0yC
0,00, + —== (1 +2)° + 0,10,¢ =

The system (2.6) admits the pair of solutions ¢(y, z, o, v) = ya + 2z, {(z,a,7y) = a2/35((1 + 1)1 —7%/a),
where for p := (14 z)~ , € is the (unique) solution to 2 — CP)[C(p)2=1,¢(1)=0
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Lemma 2.5. The equation —(9,()*> +1/p*> =1, {(1) = 0 has a unique solution of the form

%(—f(p))‘?’” _ //’ 7\/102_1dw = +/p% — 1 — arccos (;) , (2.7)
1 w
if p > 1, while for p < 1 we have
- 1 )
5007 = [ e logl(1 4+ VI= ) gl = VI P, (28)
P

We note that at p =1 we have { = 0 and lim,_,; = E)( ) = 91/3,

Corollary 2.6. Let 1y(3) € C>[g,2] be a smooth function supported near 1 and such that o =1 on the
support of 1o. Consider the operator M, : £'(R?) — D(R?), where &' (R?) is the dual space of C*(R?),

o~

M- (f)(z,y,2) == (%)Q/GT(L%Z’&,V)%(I — %) f(ra, 7y)dody.

Near the glancing region (72 + A)M,(f) € O(17°°) (up to the boundary) for all f € £'(R?). Moreover, the

restriction to the boundary M. (f)|loq =: J-(f) defined by
2 . o ~
I (A2 = (1) / ez =Ia= N a(0,y, 2, 0,9, 7)o (1 = 7*) f(3, £)dadydgdz,

has a microlocal inverse J-1 as a(x,vy,z,a,~,T) is the elliptic symbol of Proposition 2.4.

We define the following operator T : £'(R?) — D(R?) for F € &'(R?)

2 . . »3
T, (F)(w,9.2) = (5-) // ettt @) (0 40T )ho(1 —92) Plra, Ty)dady.  (2:9)

According to [15, Lemma A.2], T; is an elliptic FIO near a glancing point and (72 4+ A)T,(F) € O¢e (77%°).

Lemma 2.7. Let Qo = (s,0,0) with s > \/2, y. = arcsin(1/s) and assume 7 > 1 is large enough. Then
there exists an unique function Fy satisfying wo gi(x,y, z,7) = Tr (Fr)(x,y, 2) for (z,y) in a neighborhood of
(0,y+). Moreover, Fy is explicit and has the following form

. | —iry/ToTo (= s) Xs(\/%)d’()(l -7?)
_ 3 2
F(ra,my) =T5%e v f(a’%T)(l—yz)f’/l?(ﬁ—1)1/4’ (2.10)
where f(a,v,7) is an elliptic symbol of order 0 1o(1 — 72) is the smooth cutoff from (1. 10) and x. 1s the
smooth cut-off introduced to define wo 1. For|a—1| <2, T'o(&,s) = y.&+vs? — 1+ 2\/;(1+O(1 —a)).

The proof of Lemma 2.7 follows exactly as in [7] as /1 — 42 > 1/8 on the support of 1. Our goal is to
describe, microlocally near the glancing regime, ujgl b= X(th) u; gl( t) for all 0 < j < j(s,h). For j=0:

Proposition 2.8. For Q = (x,y, z) near the glancing region we have
1 itT —
Uagl(Q, QOa t) = (27T)2 /6 K (wO,gl(xv Y,z T) - MT(JT 1(w0,gl|89)($7 Y, Z)))dTa

where, for F, provided by Lemma 2.7 satisfying wo, g (-, 7) = Ty (Fy), My (J7 (wo gilon)) reads as

2 ) , A(72/3 - ~
(%) /e”(y‘””) (aA+(72/3C) + b771/3A+(72/3C)) A_SZ—TQ/?’CE(?) Uo(1 =) Fr(Ta, 7y)dady. (2.11)

Corollary 2.9. For P = (0,y,z) € 0Q near Cg, we have
2 1T (yatzy— —~2 o s
f(awua_gl)(Pa Qo,T) = (2L) 72/3+1/6/€ (yartzy ﬁro(m )
’ s

a 2.12
Xs(\/ﬁ)l/)o(l -7?) (1 — 42)=5/1241/3 (2.12)
X b
TR A G )
where (o(a,y) = 042/35(\/1 —~2/a) with C defined in Lemma 2.5. For & near 1, bo(y, z, &, 7) is elliptic of
order 0 in T with main contribution aod_1/3(8pg)(p)|p:é, ap = alz=o-

dadry,
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Proof. Using (2.11), we can compute the normal derivatives of each of the two contributions of ua' gl and
then take the difference. As such, for P = (0,y, z) near the glancing region, we obtain the following

2 . A ~
F(Oauf ) (P, Qo,7) = (5-) / eTat=n 12/3(1 213, (A' A= )(T”%o)ﬂ(f&ﬂ)dad%

2m
(2.13)
where (1 —2)Y3bs(y, 2,a,7,7) = a(0,y, 2, a, 7, 7)(9:C) (0, o, ) + 7710,b(0,y, 2, 0,7, 7). As ap = als—o
is elliptic and as 9z(lg=0 = (1 — 72)1/3~11/3 (3,0)(p Mp=1 for & = —“= on the support of x. then

bo(y, z,&, 1) = %(6/)()( )|p 1 is elliptic, close to 1 on the support of the symbol. Replacing F. by
(2.10) and using the Wronskian relation A'(2)As(2) — AL (2)A(z) = ie71"/3 allows to conclude. O

In the remaining of this section we show that, if j < j(s, h), similar integral formulas hold for each w; g;
moreover we explicitly compute the corresponding functions Fj ; to determine F(d,u i gl)(P, Qo,T), P € 09.
For j = 0 we may follow closely the approach in [7, Section 3.1.1] (as the glancing order contact is exactly
2) to provide a detailed proof. Let 1 < j < j(s,h) : we use the explicit form of w; 4 and write it as an
oscillatory integral involving the Airy function A(T2/ 3¢) and its derivative. After the changes of variables

a=+/1- 7207 and Z = ¢(z, 3},0 s)z1 in (1.11), wj i(Q, Qo, T) becomes
wj ~ it (2y+4/1=72(y—)a—¢(x,5,0,8) (z17++/1+22 ~ ~ 7~
27r - 477/ xe(@)\/1 — 42TV I=2 (=)= 6(2.9.0.8) 217+ VI+20) G dydgd 2, .

The critical point w.r.t. z; satisfies v + \/1+72 =0 hence 1 + 2} = # Set z1 = — /1= - — 1, then the
phase is stationary w.r.t. w at w = 1 and at this point, the second order derivative of the phase equals
7é(2,7,0,8)\/1 =2 ~ 279s/h. As j < j(s,h), then 277 > 27988 ~ (s/h)~1/3 hence 277s/h > (s/h)?/?
with s > v/2. For w near 1 the stationary phase applies and the critical value of the phase depending of z;
becomes —¢(x,7,0,5)\/1 — 2. For w ¢ [1/v/2,v/2] we perform integrations by parts with large parameter
~279s/h > (s/h)*/3. We obtain, modulo O((h/2775)>) contributions,

¥ (1 —~?)xe(a FREURE B o
w;j g1(Q, Qo, T) = Crti/2 ;5/2(‘%;’ Ofi))(l —72)2"'2 izt Y ((y—9)a— ¢($y08)))dad,ydy
(2.14)

For & near 1, we can perform a suitable change of variable w.r.t. § such that the phase ga + ¢(z, 7,0, s)
transforms into an Airy type phase function of the form o3/3 + o ((+£%) + T'g(@, s), where ( is the function
defined in Lemma 2.5. Let (2,7, &, s) 1= §ga+¢(x,7,0,s). As 03¢(x,7,0,s) = —w, ngb(x,g, 0,s) =

¢
M, then agw(x,g], &, s) =0 when § = y.(z) := arcsm( ’”) and there 0,¢(x,9,0,5)|y,(z) =0

and 95¢(x,7,0,5))y.(z) = —(1 + ). For § near y.(x) there are two critical points y+ = y+(x, &) satisfying

s(1+x)sin(ys) = a* + Vs? — a2/(1+z)? — a2, ¢(z,y+,0,5) = Vs —azF V(I +z)2-a2  (2.15)

Lemma 2.10. Let § = y.(x) + Y. There exists a unique change of variables Y — o which is smooth and
satisfying j—; ¢ {0,00} such that, for ¢ given by Lemma 2.5, we have

P,y (2) + Y, 6, 5) = g toa?B{ (T )+ Lo(@s), (2.16)
where To(&, s) := v/s* — 1 + arcsin(1)a + 2(\1/:26‘%1(1 +O0(1 —@&)) for & near 1.

Proof. As the phase ¢ has degenerate critical points of order exactly two, it follows from [2] that there exists
a unique change of variables Y — ¢ which is smooth and satlsfylng ¢ {0,00} and that there exist smooth
functions ¢#(z, &, s) and I'(x, &, s) such that
3
P, yu(a) +Y,8,5) = T +0F(2,d,5) + (2, @ s). (217)

As the change of coordinates is regular the critical points Y1 := yi(z,&) — y«(x) of ¢ must correspond
to ox = £/ —(#(x,a,s). Write (#(z,a,s) := d%C#(H—‘T & s) We will show that (# satisfies the same
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equation as ¢ in (2.5). As the critical values of the two functions in (2.17) must coincide, we have

3
2

oz, y«(z) + Ya,a,8) = ( C#) (z,a,s) +(z, &, s), (2.18)

3
from which we deduce a/(— C"E)Z’(H'“c ,8) = lx,y—,&,8) — o(x,y4,a,s). Taking the derivative with
respect to z in the last equatlon yields (Wlth yr = yu(T) + Yi)

2(_815#)(_5#)% = x¢(m7 y*(x) +Y_,0, 3) - axd)(% y*(x) +Y4,0, 3)
— 0pY4 0y (2, Y4, &, 8) + Opy—Oyep(,y—, &, 5).

(2.19)

The last two terms in the second line of (2.19) vanish as y+ are the critical points of the function ¢ with re-
spect to y ; for the same reason we have that 0,¢(x, y+(z,@),0,s) = —&. As ¢(z,y,0, s) satisfies the eikonal

equation (9,¢)%(z,y,0,s) + ﬁ(%d))%x,y,o, s) = 1, then (0,¢(x,y+(),0,s8))? =1 — % Moreover,
Oy, = m(ﬁ — sin(y4+)) (with g = 2) which is non positive in the “y; case” and positive in the

“y_ case”. Eventually we obtain, using (2.19) and the right signs of 8£¢, —(H#[—0,(F]2 =1— %, which

is the same equation as in Lemma 2.5 with p = 222 = (14 x)~Y . As the degenerate critical point occurs

at ¢ = 0, hence at (# = 0, we deduce by umqueness of the solutlon that (# = ¢ = ¢( )

Next, we compute the explicit form of the function I'(z, &, s). Taking the sum in (2.18) gives I'(z, &, s) =
L(o(@,y4 (), &, s) + @(z,y—(x),a,s)) ; taking the derivative w.r.t. z yields 9,I'(z, @&, s) = 0. As such, I is
independent of x and we define I'g(&, s) :=T'(0, &, s), then
. 1 .
FO(Oé7 S) = 5 ((y-‘r + y_)Oé + (725(07 Y+, 0’ S) + (725(07 Y-, 07 5))7

where y+ = y4+(0). For small > 0 and for y in a neighborhood of y. = y.(0), y remains sufficiently close
to ys«(x) : shrinking the support if necessary, we may assume |y — y.(z)| < 1/2. For |y+ — y.| < 1/2 we may
compute, using (2.15) with x = 0, the first approximation of y+ : we have

<2 52 1
y+ = arcsin (a— +v1-a2%4/1- a—z), Y = arcsin(—). (2.20)
s s s

AsTo(@, s) = 5(9(0,y+,d,8)+9(0,y-, @ S)) and ay<P|yi = 0then 9500 = 5(y4 +y-)+5 24 Oay+0yly. =
2(y+ + y—). This yields To(1,s) = /s> —1 + arcsin L and 95¢(1,s) = arcsin(1/s). We need the higher
order derivatives : using (2.20), it follows that (y+ + y ) reads as an asymptotic expansion of even powers

of VT — a2 and with main term arcsin(% ). We find, with Zy = & +v1 - a2\/1 - %, Zy|so = L

s’

d(52+172d2)( 1 B 1 )

G G S S
5\/1723 \/1—23 232m\/1—di

1
58@(y+ +y-)=

1 1 _ Zi—27 2 2 _ &> 7 _ A2 _ a2
S (\/1—21 \/1—23) T V=23 \1-22 (/122 +/1-22) and 2% — 27 =4 s 1-a%/1-7,

2a3(s? + 1 — 2a2)

1
(\/1 7 \/1_22)_33\/1—23\/1—Z2(\/1—ZJ2F+\/1—22).

At & =1 we obtain §2Ig(1,s) = 295 (y+ + y—)|a=1 = \/5;7—1 In the same way we notice that all the higher

1
25 (y+ +y-)

order derivatives of I'g come with a factor \/% The proof is achieved. O

After the changes of coordinates § = y.(z) +Y, Y — o, 0 = (71/1 —42)~ /35 we obtain wj,61(Q, Qo,T) as
follows (with Y = Y(U) =Y((1y/1 —~2)"35))

1_1
%7%/1/}] ’72)4 6X€1( )dY zT(z'er\/i (ya—To(a,s) +a(r\/ﬁ)2/~"§(1”))dgdad7
¢1/2 (x y*( ) +Y,0,5)  do
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At this point we let again a = /1 — 7y2a. Following [2], we integrate by parts in 6 and apply the Malgrange
theorem to write w; o under the form w; o = Tj - (F} ), where the operator T} ; has the same phase as T,
and symbols a;, b; which are asymptotic expansions with small parameter h/ 2775 and where the function F o

1_1
has phase —7+/1 — 'yQFo(\/lo‘_j, s) and symbol ﬁ(l —~2) T2~ 31h;(1—~2) f;, where f; is an asymptotic
expansion with parameter h/277s. Notice that, if for j = 0 the powers of (1 —~?) in play no role in (2.10)

or in (2.12) as (1 — +?) is supported in [6—14, 2], for 1 < j < j(s,h) it is essential to keep track of them.

2.2. The ”non-glancing” parts of u;r, 0 < j < j(s,h). In this section we describe the form of uzhe’h
whose incoming part equals u?ree,j,he,h = [ e x(hT)wj pedr. We obtain as before w; e (Q, Qo, 7) under the
form (2.14) but where x.(&) is now replaced by (1—x.(&)). The phase 7(zy++/1 — v2((y—9)a&—p(x, 7,0, s)))
has two critical points y4 (z, &) satisfying (2.15) such that |y4(z, &) —y—(z,&)| 2 €, as & stays away from a
fixed neighborhood of 1 on the support of 1 — x. and it is stationary with respect to @ when y = y.

The stationary phase applies with large parameter 74/1 — 42 ~ 279 /h and gives, modulo O((h27)>) terms,

eIV I=126(2.5,0,9)) gy

W) he(@, Qo,T) = 71+1/2/ Y;(1— 72)(1¢—(;<E;%,i()x7y, 0,5))) (1 —72)%‘%6}5

ee,j,he

(2.21)

Recall from (2.15) that ¢(z, y+ (7, @),0,s) = Vs2 — a2F /(1 + )2 — a2. Here &}tree ; he are classical symbols

that read as asymptotic expansion with small parameter h2/. Let now 1 — 72 = 2722 then ¢ ~ 1 on

the support of 1;(27%¢?) = 1(p?) and dy/dp ~ 272, The phase 7(z1/1 — 2722 — 27 pp(z,y,0,s)) is
. , 3

stationary when 277(—2) ~ ¢(x,9,0, s) and its second order derivative equals 7(—2)2727/y/1 —2-2¢p . At
the critical points 7(—2)27% ~ 277s/h > (s/h)?/3, so the stationary phase yields, modulo O((h/s)>),

ij;@(Q, Q07 7_) _ TTZJ(QS(J:’ Y, 07 S)) (1 B XE(8y¢(Ia Y, 07 8))) 2—2j+j/2+j/20_:t

‘ pee” T YES) 2.92
279 (~2) o(x,y,0,s) free,j,he® ) ( )

where z/; is a smooth cutoff supported near 1, equal to 0 near 0 and such that 1/; = 1 on the support of ¥b. The
symbols U}‘:ee’ j.he are asymptotic expansions with main contribution &ﬁee’ jhe and small parameter h27 /s.
If we denote ¥ e ; the factor of e=7¢(®:%:%:5) in (2.22), then u;{me’jvh&h = [eTt=¢@Y 2\ (D7) S e AT
After the reflection on the boundary, the solution to the wave equation with Dirichlet boundary condition
reads as [ e”(t_d’R(I’y’z’s))x(hT)ER,jdr, where ¢ satisfies the eikonal equation (2.6) and the boundary condi-
tion @r|s=0 = Plu=0 and Jydr|s=0 = —0s¢P|s=0. The symbol X ; is an asymptotic expansion with small pa-
rameter (7277s)~1 that reads as X ;(-,7) = >, 7 *S gk, where L solve a system of the transport equa-
tions and Xg jlz=0 = Xfree,jlz=0. We obtain 6w“;:he,h|x=0 = feif(tf‘lb(o*y’z’s))x(hT)(—i)TEj(y,z,s,T)dT,
where X, is a classical symbol that reads as an asymptotic expansion with small parameters 771 (1275) 71
and whose main contribution equals 2i0,¢(0,y, z, 5)3;|z=0-

Remark 2.11. On the support of 1 — x. we have 1 — Oyp|o—o 2 € : from the eikonal equation, we obtain
the following lower bound : (9y¢)?|s=0 = (1 — (1+z)~2(9y¢)* — (8Z¢>)2)’ . > ¢(e), where c(e) > 0 depends
e

l—ssiny

only on . As Opdlz—o = 30.0.24) this implies s|siny, —siny| > c(s)qb(O,;J, z,8), where y, = arcsin(1/s).

For all 0 < j < j(s,h) we eventually find, for all P = (0,y, z) € 99,

8zuj+,he,h(Pﬂ Q07 t) = / eiT(t_¢(O7y7z’S))X(hT) 2_jaj,he (yu z, 8, T)dT» (223)

T
1/)(07 y’ Z7 S)

where 09-2; 5. is an asymptotic expansion with small parameters 771, (127375) ! supported for s|siny, —
siny| > ¢(e)¢(0,y,z,s) and 277 (=z) ~ ¢(0,y,0, s).

3. HIGH-FREQUENCY CASE. DISPERSIVE ESTIMATES WHEN d(Qg,0%) > /2 — 1

3.1. Dispersion for the glancing part when d(Q,0Q) > V2 — 1. Let Qo = (5,0,0), Q@ = ((1 +
rg)sinyg, (14 z¢) cosyg, zg) in Q, and assume s > r := 1 + 2o > /2. We prove the following :
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Proposition 3.1. There exists C > 0 such that for all t > h, the following holds uniformly with respect to
Q, Qo such that s > r > /2 where s =1+ xg,, r =1+ xg: Zogjgj(s,h) \uj&gl’h(Q,Qo,tﬂ < %

Proof. We write the details of the proof for j = 0 while keeping track of the factors /1 — 2. The proof of
dispersive bounds for 1 < j < j(s, h) will follows exactly in the same way as all stationary arguments follow
for such values of j and we will be able to sum up all the contributions as these bounds have additional

) eut T .
non-positive powers of 27. Let j = 0 and set Iy 4(Q, Qo,T) := fPeaﬂ %e‘lﬂp—@‘do(P). Then
1 .
0 (Q. Qo) = 5 [ XTI 10 1(Q. Q. T (3.1)

Writing |P — Q| = ¢(zg,y — yg, 2 — 2¢, 1) for a point P = (siny, cosy, z) on the boundary 9Q and replacing
(2.12) in (2.4) we find, after the change of coordinates oo = /1 — 2@,

I gl(Q; Qo,7) = /T—1+2+%eiT(Z’Y+\/1—’)’2(1/&_F0(d75))_¢(1@71/‘?/@72_26271))

~ 3.2
f(Oé,’}/,T)b@(y, 2 OZ,T) (1—72)7T52+%+%w0(1—w2)xe(&) d&d’ydydz ( )

(0, Y — Yo,z — 2Q,1) (=D)AL (r3 Co(ay))

Lemma 3.2. There exists a constant C' > 0 such that |1y, 4(Q, Qo, 7)| < C/t uniformly with respect to Q, Qo
and t such that /s%2 — 1+ zé ~ t. Moreover, for ﬁ ¢ [1/4,4], we have |1y g(Q,Qo,T)| < \/%

If ﬁ € [1/4,4], the estimate of Proposition 3.1 follows using (3.1) and Lemma 3.2. If not, the phase

of (3.1) is not stationary w.r.t. 7 and we proceed by integrations by parts which give at most O(h*°/t). O

Proof. (Proof of Lemma 3.2) We apply the stationary phase with respect to z in the integral (3.2): let
r=1+xzg and set z = zq + Z\/1+72 —2rcos(yg —y). As r > /2, this is well defined and dz/dZ =
&0, y—yq,0,1). As d(zg,y—yqg,2—29,1) = ¢(zq,y—yq,0,1)V1 + 22 the phase of Iy 4 becomes T(zgy—
V1—=72(—ya+To(&,s))+ (g, y —yg,0,1)(Zy — V1 + 22)) and its critical point with respect to Z satisfies

- . . . . L SR
zZ= T As, in case j large, this value is large, we renormalize Z by taking z =
critical point is w = 1 and the second order derivative of the phase equals 7¢(zq,y — y0,0,1)y/1 — 2. The
b0(1772)5/12

w2
1—~

> — 1; as such, the

: : : —1/2 2y—1-1 145/6
stationary phase in wNylelds a factor 71/2 x (1—~%)"2717 and the symbol 7 / P CP ST — becomes
TIHL/3(1 — 42) 123 %, where by has main contribution by. We obtain
I 1(Q, Qo 7) =74 /eif(zm—\/l—v?(—ya+ro<a,s>+¢(w,y—yQ,o,l)))
(3.3)

72)_1/3 58(3/»@7547’ T) f(Oéa%T)l/fo(l _72)X6(d)
220,y = Y@, 0,1) (s = 1)VAAL (750 (a, 7))

The phase ¢(zg,y —yq,0,1) has two degenerate critical points of order exactly two at y = yg Farccos(1/r),
where r = 1 + xg. Near yg — arccos(l/r), its first order derivative equals —1, hence for y near this

(1-— déadrydy.

point the phase of Iy g is non-stationary w.r.t. y and repeated integrations by parts yield O(\/T%) Let
Ye = Yo + arccos(1/r). Notice that, if y € [0,27) is sufficiently close to y, on the support of Iy 4 (say
|y — y«| < {5) and is such that |y —y.| > %, then 1 — & has to be bounded from below by a fixed constant
there where the phase of Iy 4 is stationary w.r.t. y. Taking e smaller if necessary, it follows that for such
value of y outside a small, fixed neighborhood of y., & cannot belong to the support of x.(&). We are
reduced to studying the integral (3.3) for [y —y.| < § < 1. Let €; > 0 be small enough. We study separately
the cases |y — y.| < 773+ and 77 1/3+ e < |y —y.| < § 5 to do that, we introduce a smooth cut-off xo
supported in [~2,2] and equal to 1 on [~3/2,3/2] and split lo g = I3, + [&ZZXO, where I, has the form
(3.3) with additional cut-off x((y — y.)7'/3~).
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3.1.1. Caser~ 3% < |y—y.| < T : study ofllllglxo. We set & = &(83,7) := 1—7-2/34 : as on the support of
Xe, (&) we have 1 —a < ¢, it follows that 7-2/38 < . This choice of coordinates is motivated by the behavior

of the Airy factor A, (73 (o(a,7)) : as 72/3¢o(a, ) = 72/3042/35(7”;72) =72/3,/1— 722/3642/3C~(é), then
= 1
o(=0)*2(2) = V2V =262 (1 4+ O(r=2p)), (3.4)
where we used Lemma 2.5. As such, for (v/21/1 —~23%/2)%/3 large enough, A+(T%§0(a,7)) does oscillate,
while for (v/21/1 — 423%/2)2/3 bounded it may be brought into the symbol. Write 1 = xo(8)+(1—x0)(3). On
the support of 1—xo(5) the Airy factor may oscillate and the phase function of I&;lxo equals zgv—+/1 — ¥2p,
where we have set
1

Pl 5,7) 5=~y + To(@, ) + Bleg,y — 1@, 0,1) — 5 (-0%(3) (35)

With ¢ defined in (3.5) we have

O

B (QuQum) =i} [ VIR (1 2By 1 xo)(y - ) )

i e Po(1 —~?%)
B =R 0N 8% X T i1 /2 (2g,y = y0.0,1)

where the factor 81/4(1 — ~42)!/12 comes from the Airy term A;' (using (3.4)).

dydydB, (3.6)

Lemma 3.3. Let y = y. +Y, where y. = ygo +arccos(1/r). There exists a unique change of variables Y — o

which is smooth and satisfying j—; ¢ {0,00} such that, for ¢ given by Lemma 2.5, we have

~ o3 YO
—(Ye +Y)a + ¢(xg,y —yo +Y,0,1) = 5+ 0a2/3C(5) +T(a,r), (3.7)
and where T'(&,7) = V1% — 1 — y.a + 2(\1/;2&%21(1 +0(1—a)).

Proof. We proceed exactly as in the proof of Lemma 2.10 (where now z = 0 and s is replaced by r). As y.
is the degenerate critical point of order 2 of ¢, there exist a smooth change of variable Y — ¢ and smooth

phase functions ¢# and T such that the LHS term in (3.7) reads as %3 + o#(a,r) + T(&,r). Exactly as in
Lemma 2.10 we obtain that (# = G2/3¢(1). It remains to determine I'. The two critical points satisfy

rcos(arccos(1/r) + Y1) = &% F Vr2 — a2y/1 — a2.

We have as before ¢(2q, ye+Y+,0,1) = V2 — a2+v/1 — a2. As cos(arccos(1/r)+Y) = sin(arcsin(1/r)—Y) we

use the computations from Lemma 2.10 to determine arcsin(1/r)— (Y. +Y_). As —y, = —yg—arccos(1/r) =
—yq — 5 +arcsin(1/7) we obtain I'(&,7) = —(yqg + §)& + L'o(&,r) where I'g(&, r) is the same as in Lemma
2.10 and compute the derivatives of this new function at & = 1 using those of I'y as follows
- ~ - 1 ~ Ck 1
D(1,7) = Vr2—1—y,T'(1,7) = —ye, D (1,7) = ———=,T® = (14 O(——=)).
(1.7) T (14 0(——)
(|
Using the changes of variable y — y. + Y, Y — o from Lemma 2.10 yields
_ o3 —9/33,1 - _ 2, - 1
(p(:% Q, T) = ? + UCV2/3C(5) + F(av T) + Fo(a, S) - g(_<)3/2(5)

Let y =y.+Y,Y — o as in the Lemma 3.3 and set moreover o = 7~ /3w : then 7¢* < |w| on the support of

the symbol (and if |[7~1/3w| > 7 the integral defining Ié;;‘o is O(77°°)). We apply the stationary phase in
w near the critical points : let x be a smooth cut-off supported in a fixed neighborhood of 1 and equal to 1
near 1 and set x4 := X(i@), a=1-—7"2/38;1et also ¥ := 1 — x4 — x_. Write

1— 1—xo0,
IO,ngO(Q’ Qo,7) = Z IO,ngO %
XE€{xx,X}

where I] ~X°X are given by (3.6) with additional cutoffs X(@)

0,9l
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Lemma 3.4. For w in a small, fired neighborhood of £+/203, we have
B (@, Qo) = P00 [ e VI (1 )2 (8,9, m) (1 - 4

0,9l
(L= xo)(Y(r—Pw) B =<1)gpo (1 — 9?)

(s2 — 1)1/4¢1/2(z¢q, arccos(1/r) + Y(r= /3wy ), 0, 1)dvdﬁ7 (3.8)

where o4 == F2(— <)3/2( )+ (&, 7) +To(a,s) — 2(- 5)3/2(a)|~:1, —2/35. Here X1 are asymptotic expan-

w

sions with parameter 7= and main contribution 9* j—Xi(r) (ye + 7~ Y3ws, B, 7).

Proof. The critical points are wy := +7/3, /ff(ﬁ) which gives wy = +£/23(1 + O(\/2772/33)).
As |w| > 7€ on the support of (1 — xo)(Y(7~/3w)7/3~41) and —5 ~ +1 on the support of the symbol,

we also have /28 2 7¢. At wy, the second order derivative of the phase equals 92 (7y/1 — Y2¢)|w, =

V1 —72ws (1 +O(r73wy)). As /1 —~2 > 1/8 on the support of ¢y and |w| > 7 on the support of
(1—x0)(wr ™), it follows that 1/1 — y2 xwx 2 7 and the stationary phase applies at w1 with a parameter

larger than 7¢'. The exponent of the factor (1 —~?)is 1/12 — 1/3 — 1/4 = —1/2. The factor 7—'/3 before
the integral (3.8) comes from the change of variables o — w. (For 1 <j < j(s,h), replace 7 by 7277). O

We now consider the integral [é’;lm,i(@, Qo,7) whose symbol is supported for ’2”—; ¢[1/2,3/2].

Lemma 3.5. The stationary phase applies in v with large parameter T and yields

Iy, (Q, Qo 1) = 737! / TITVEEEG (1= 7723B) (1 — xo) (Jw|r )

m %02 % 1 1/}0(50 +z )
)Xy, B, 7 )(SDQJFZ(%?) o2 " (2 D)2 (g, y — y0,0,1)

where ¥ is an asymptotic expansion with small parameter 7= and main contribution by f.

B (= dBdy, (3.9)

Proof. The critical point satisfies : v, = —zg//¢? +zé and at 7., the second order derivative of the

[o2 120

\/1“0723 = p X % > ¢ and its critical value equals — zé + 2. In order to show
2 \/

that the stationary phase applies we will show that ¢ > s2 — 1. From Lemmas 3.3 and 2.10 we have

[(a,7) +To(a,s) = V2 —1+Vs2 =1+ (y« —ye)a@ + O(1 —@). As y is close to y. on the support of

the symbol Il gl (|y y*| < 1—“6) and |y — yp\ < § (these constants may be shrunk if necessary), then

|ye — ys| g T <2 Whlle V2 —1>V2VV2-1> 4 . Moreover, on the support of x.(&) we have |[1—a| S e
SO we Conclude takmg 51 small enough compared to €o. The stationary phase yields (3.9). The exponent of

phase equals

(ﬁ%) equals L 35— 3 + 2, where the last term comes from the second order derivative. O
Q
Corollary 3.6. We have Ié_lx"’i(Q, Qo,7) = O(17>°/t). Moreover, modulo O(T~>°/t),

1 Xo,X:(:(Q Q07 )_7_4/3 1— 1/2/ —lTw/gai-‘erX (1_7_ 2/3ﬁ)

Ogl
ii(ﬂﬂ') io(\/wig-zg)
7z % (2~ D)/Age( —yo +Y(r~Bws),0 1)d7d5’ (3.10)
o § Qs Ye — YQ T Pwy), 0,

where Po(+) = ()21 and S_ is a classical symbol with main contribution (8, e, 7).

Proof. Using Lemma 3.5, Ié ng“ X(Q,Qo,7) of the form (3.9) : with symbol supported for w far from
wy: repeated integrations by parts yield O(7~°°/t) where the factor 1/t is obtained from the symbol

(V2 —1)"V2<1//s2 =1 S 1/tas2Vs2 — 1> o> /s2 — 1, as t ~ /2 —|—zg2 < 8¢ on the support of
o and r > /2. To obtain (3.10) we use the proof of Lemma 3.5 to (3.8) for the + signs. O
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Using the Corollary, we obtain Ié);lXO(Q,Q(),T) =>. I&;lxw& + O(77°/t), where I&;lxw& are given
in (3.10). We are left with the integration with respect to 8 in the integrals (3.10) whose symbols (1 —
x0) (VBT V) xe, (1 — 772/33) are supported for 8 > 724 and 77233 < e1. As [ takes values in a large
interval, we consider separately dyadic intervals where 3 ~ 22* and then sum all the contributions. Let ¥

supported near 1 and equal to 1 on [2, 2] such that

(1= x0) (VBT X (1= 77228) Y %(B27%) = (1 = x0) (VBT )x, (1 — 7722 ). (3.11)

k

On the support of (1 — x0)(v/B7~)xe, (1 — 772/38) we have 729 < B < £,72/3 and for each k in the
previous sum, X(827%*) localize at 3 ~ 22*. The sum is thus taken for e;logy(7) < k < §log,(7). Recall

that ¢|s = ¢|y, where p_ = [(&7) + Lo(d,s) and oy = p_ — 2(—¢)*/?(L). We deal separately with the
=+ signs. Let Ié;lXO’Xi’k denote the integrals in (3.10) with additional cutoff ¥(3272). Using (3.11) we have

(logy 7)/3
1—xo0.x+ __ 1—xo0,x%,k
Iovgl - Z IO,gl :

k=e1log, T

Lemma 3.7. There ezists a constant C = C (¢) such that |Ié;lX°’X+| < Z,(clig; ITO)g/:T |Ié;;<°’x+’k| < Ci(e)/t.

Proof. At wy = 2B(1 + O(y/27-2/3p)), the phase o, is stationary when 7'/3(y, — y.) = 2v/2B(1 +
O(\/772/3B)). Let B = 22*= on the support of x(8272%), with = € [1/2,3/2]. As

pr OB
O=(r\[ 3 +2) =~ e (04
\/m -
3.12)
130, _ (
_ P ookk (w —2V2E(1+ 0(\/772/3)) ),
2 | 2 2k
w ~ 22 ;as —2t— > 1/8 on the support of 1y and

the phase is stationary for = ~ 1 only when ©
e phase is ionary for only when E=

. . 130y _

as 23k > 73€1/2 it follows that, for |w —2V/2| >4 and E € [1/2,3/2], repeated integrations by parts

yield a contribution O(7~>°/t). We deduce that there are at most a finite number of values of k for which the
/3¢, _

phase may be stationary ; for such k the stationary phase applies at the critical point 2v/2Z ~ T (Wemy.)

2k
as, there, the second order derivative equals ——=22—23% x % and = ~ 1. For all such k, the stationary

VR
1/2
phase yields a factor 22F x 273k/2 x \Ver+ zé /gai/z, where the exponent 2k comes from the change of

variables and the exponent 273%/2 from the second order derivative at = ~ 1. As 22¢ < 72/3, the sum over
all such k yields at most 2¥/2 < 71/6 and the exponent 1/6 is canceled by the exponent of 74/3-2/3-1/2-1/3
from Ié’;lxww_ We conclude using that (¢4 v/s2 — 1)~/2 < C(¢)/t, where C (¢) depends only one. [

Lemma 3.8. There exists a constant C = C_(e) such that Z,(cligii 1733{237 |I&;IXO’X”]€(Q, Qo, )| S C_(g)/t.

Proof. We have o_ = T'(&,7) + (@, s) hence, for @ = 1 — 772/33, we have

T(p,:T(\/’f'2_1+\/52_1_(yc_y*)d

—a)?
(1 ' ) (\/7317_1(1+O(1—d))+%1(1+O(17d))>) (3.13)

g4 —

+

POpo- = e — ) + 7B S (L4 O R) + — (14 O 299))).
r

g4 —
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At = 2°*E we have 9=(7, /92 + 23) = ﬁQWCaﬁ(T@_)‘B:Q%E hence

24k7—71/3§0— ,7_2/3 1 1
O=(14/ 9% +23) = e—Y) HE(——==(14+0(r232%)) + ——(1+0(r?/32?%))) ),

24 =1/3_ 1 : 1
2 2 4 .2 o —2/362k —2/302k
2(r\/9% + 23)lae o0 N (G #0672 4 s (14 021727 ).

As s > r and for on the support of ¥y we obtain a lower bound for the second order derivative of

2_ 2
¥ +ZQ

23%3. From now on we can proceed as in the case of ¢y : if 2%3 > 7€ for some € > 0, we apply the
2/3_/
stationary phase if moreover %(y* —9y.) ~ 1 : the last condition reduces the number of such k to at
most three values for which we find
—-1/6 92k 94k —-1/3
T—x0,x_.k T w_ _ T —1/2
|Io’ngO x (Q7 QO)t)‘ 5 t X ¢1/2( )3/4 1/2 X (ﬁ) ~ 1/t, (314)

\/s02_+zé

where we used that (¢v/s2 —1)""/2 < 1/t and ¢ > 7 — 1 to obtain “2(;71/)21/4 <1.1If 72/327 g,fZ_l(y* —Ye) ¢

[1/4, 4], repeated integrations by parts yield a O(7~°/t) contribution (and we conclude using that 2% < 71/3).

k.—1/3__1
T N
we still may apply the stationary phase but we need to verify that the remainders are sufficiently small and

that we can bound their sum. There is still a finite number of k for which the phases may be stationary. At
the critical points Z., the stationary phase applies and we obtain, for all N > 1,

- _ 2k 2 2 2y|—1/2
1—x0,X—k _ . —1/6 —iT\/P% 23 _(2%E,, ) 2% x |05 (ry/ 2 JrZQ)l
Io l (Qa QOa t) =7 € ?
9 oY% (52 — 1)1/4 91/ (zq, arccos(1/r) + 771/3w_,0,1)

Fix M > 4 large enough and consider 24 € [M?, 7] for some € > 0. As this parameter is large,

24k7.71/3 N 1 22k
2 1 N -1/6 1
+0(( s L *32—1(“1)1/4)’ (3.15)

where the main contribution of Ié’_glxo’x”k(Q, Qo,t) in the first line still satisfies (3.14) and where the re-

2:3%13 )_N/t). In the second line we used ¢ > (r — 1)'/2. The bounds

for the remainders follow using sup [0Z(7y/¢% + 23)| > 24\;%3. Notice that, taking one derivative of

the cutoff x.(772/32%FZ) = x(r72/322kZ /¢) yields a factor 7-2/322% /¢ but, as = ~ 1 on the support of
x(B27%%) = x(Z), on the support of x(772/322*Z/e)x(Z) we have 772/322k /e < 1 hence for M > 4 suffi-
ciently large this factor doesn’t change the contribution of the remainder. For all k s.t. the phase is not
stationary, integration by parts yields a contribution of at most

~—1/6 2 5 X (2741@71/3 /2 DN+ = % % (2721@7_1/6 2 / ) x (2741%1/3 /2 _ v

mainder in the second line is O((

t(r—1)
for all N > 0. Let N =0 and sum over k with 24’“7"1/3\/% € [M? 7], then
1 1/2
?( 3 2—2’*“) w0 =17 < 1),

M2<24kr—1/3 /721 t<pe!

Let now k such that 76 < 2k and 24’“7_1/3\/% < M? for some large, fixed M > 1. We bound each

Ié,;lXO’Xﬂk by 771/6$ < M/t using 228 < M71/6/rZ — 1'% and conclude. O
Remark 3.9. In the two previous Lemmas, the bounds for Ié;lX”’Xi come with additional factors (7;;122 )4,
; Tig

This is useful to keep in mind for the case when 1 — 2 behaves like 2727,
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For 8 on the support of xo(5), using (3.4), the Airy factor can be brought in the symbol. The phase of I&;lxo
equals 7(2g7 — /1 — 72¢0), where g = (—(ye — yu + 7 Y3w0) (1 —772/38) + /52 — 1 + ¢(xg, arccos(1/r) +
771/3w,0,1)) > V52 — 1. As /1 — 42 xw > 7% on the support of (1 —72)(1—xo)(wr ™), it follows that
the phase is non-stationary in w as 8 < 2 < 72 < w?/2 and we integrate by parts to obtain O(7~°°/t).

3.1.2. Case |y—y.| < 2r71/3%4 : study of Iy, Lety = Yo+ V3w, with |w| < 7. As 9, ¢(zg, arccos(1/r)+
7 3,0,1) = 771/3 (1 — 77232 /2(1 + O(T‘l/?’w)))7 the derivative w.r.t. w of phase of I}, equals

P T=2 (1= 7728 = 14 7720 2(1 4 O™ Pw)) ) = VT = 2= + w?/2(1 + O(r 7 Pw)),

hence, for 3 > 724 we perform repeated integrations by parts to obtain a O(77°°/t) contribution (using
that the support in w, 3 is bounded). We introduce xo (87~ 2¢!) into the symbol of Igff;l without changing
its contribution modulo O(77°°/t) terms. If we introduce moreover a cutoff xo(8) supported for 8 < 2, the
Airy factor doesn’t oscillate and may be brought into the symbol : in this case the phase of IS“;Z is given by

T(zgy —V1— — g + 7 V30 (1 = 7723B) + /52 — 1 4 ¢(xq, arccos(1/r) + 773w, 0,1))).
Let o := — (Yo — Y« —|—T’1/3w)(1 —77238) + /52 — 1+ ¢(xg,arccos(1/r) + 7713w, 0,1), then g > /52 — 1
and the stationary phase w.r.t. < applies exactly as before. The critical point +y satisfies zg = \/17;2900.
-

The contribution of I, (Q, Qo, 7) is of the form (3.9) where moreover 8 < 2 and |w| < 7. We then obtain

F1/6-1/3

X0 < €1
|IO7gl(Q7Q07T)| ~ @é/2(82 _ 1)1/4 X T, (316)

where the exponents 1/6 — 1/3 come from (3.9) and the change of variable y = y. + 7~ '/3w, and the factor

7 from the size of the support in w. Let now 3 € [3/2,7%¢] on the support of (1 — xo (B))Xo(ﬁTzq), when
the Airy factor does oscillate. We also have ¢ > v/s2 — 1 and the stationary phase w.r.t v applies. The
corresponding contribution of [8‘?#(@, Qo, T) may be bounded as in (3.16) but with an additional factor 72
arising from the support wr.t. 3 < 72¢. Taking ; < 1/18 allows to conclude. |
3.2. Dispersive bounds when d(Q,09) < V2-1< d(Qp,00). Let 1 < r < V2 <sandlet 0 < j <
j(s,h). We proceed as in [7, Section 3.3] to obtain directly the form of the reflected wave, which may be
done using the Melrose and Taylor parametrix as the observation point @ is close to the boundary; formula
(2 4) becomes useless since d(Q, 0Q) may be arbitrarily small. By Proposition 2.8 we are reduced to prove

](S h) fx (k)T I;(Qo, Q, T)d7| < 75; for a constant independent of Qo and Q, where we set

A(T?3¢)

AL (T2/3¢)) (1 - ’72)@,7(@, ) dady

I;(7,Qo, Q) ~*T/€i7(ya+”) (ajA+(72/3C)+bj7*1/3A’+(72/3o)

obtained as done in the last part of Section 2.1.

Lemma 3.10. There ezists a constant C' > 0, such that, for all Q in a small neighborhood 0f Cqos lY—yx| <
16 and t ~ dist(Qo, OY) + dist(Q,0Q) the following holds ’ Z](S O (Qo, Q, )|

— t

The Lemma follows exactly as in [7, Lemma 3.25] for all j < j(s,h) as the observation point @ is located
near a glancing point of the boundary (notice that, in the case @ far from 952, the geometry of the obstacle
was important and the approach to obtain dispersive bounds in the case of the exterior of the cylinder was
different from the one in the exterior of a ball; when @ is near 0f) the same arguments hold in both cases so
we do not reproduce the proof here. Moreover, all stationary arguments hold for j < j(s, h)).

3.3. Dispersive bounds for the ”non-glancing” part, d(Qo,99) > /2 — 1. Let s > /2 — 1 as before.

L _o—
We let uﬁh&h( Q,Qo,t) == [5q O "’h"‘"ﬁl(TfIDg_o}il © PI)dU(P) where 0,u’, |aq has been defined in (2.23).

j,he
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Proposition 3.11. There exists C = C(g) > 0 such that for all t > h, the following holds uniformly with
respect to Q, Qo such that s >r > /2 (where s =1+ xg,, 1 =1+1g) :

j(s,h) .
Z |u}%he,h(QaQ07t)| < m
j=0

Proof. Using (2.23), it follows that the phase function of ufhe,h(Q, Qo,t) is 7(t — @) where ® := |Q — P| +

|P — Qo and the symbol is mgﬂw(y, z,8,T) with 0} e a classical symbol of order 0 with respect
to 7 supported for P with coordinates (z,y,2)p = (0,y, z) such that s(siny, — siny) > c(e)|P — Qo| and
277 (—2) ~ ¢(0,y,0,5). In the following it will be convenient to work with the coordinates (r, 6, z) (instead
of (z,y,2)). Recall that we set » =1+, § = 7 —y. In these coordinates, the support conditions for o; se
become s(cos 8, —cos ) > c(e)|P — Qo, 6« = arccos(1/s). We compute the derivative of the phase ®, where

(I):: |Q7P|+‘Q07P‘ :$(17070QarQ727ZQ)+q~5(1797572)7

where now P = (cos,sinf,z) € R?, Qo = (5,0,0) and Q = (rg cosfg, g sinfg, 2g) and where ¢ is defined
in (1.9). Let r = rg. The critical points satisfy 0y® = 0,P = 0, which is equivalent to

z z—2Q
§ T —0,
0(1,0,s,2) 91,0 —bg,r,z — 2q)

ssind rsin(6 — 6g) (3.17)
. + = Q =0.

0(1,0,s,2)  o(1,0 —bg,r,z — 2q)

We aim at applying the stationary phase with respect to both 6 and z. We evaluate the second order
derivatives of ® at Vg ,® = 0. The second order derivative of ® satisfies

1 1 2

92 ®|p. 0 0 = ( + = )(1 S ) (3.18)

' 0(1,0,s,2)  ¢(1,0 —bg,r,z — zq) #%(1,0,s,2)

Next, as 0 ,® = — ((532(3152)“802) + éﬁ:gﬂgi%i:ﬂg%), we obtain, using the system (3.17),

1 1 in 6

02 . ®lv, oo = —( . + = ) _ZSSRT (3.19)

' .’ (b(l,e,S,Z) ¢(1a9_0Q7T72_2Q) ¢2(1797572)

Finally, we compute

837‘9@ _ scosf 52 sin® 6 4o rcos(f — 0g) B r2sin?(0 — 0g) ' (3.20)

#(1,6,s,2) - $3(1,0,s,2) o(1,0 —bg,r,z — 2q) qz~53(1,9—GQ,r,z—zQ)
To evaluate 9 9®|v. s@=0 We need a refined analysis of the critical points. Using both equations in (3.17) gives
i}fi;(f) = —Tj(i::(::js)), where v(s,0) = v/1 — 2scos + s2, and hence 6 € [0g — 7, 0g]. Taking the square in
the last equality in (3.17), subtracting 1 and then using the first in (3.17) yields Scesé=L — 4 (rcos(6=6qg)—1)

(13(1,9,5,2) ¢(1,0—0¢g,r,2—2q) "
Depending on the sign, we separate three situations :
. . : scosf—1 __ ~(7"‘305(9_9(;))_1)
Different signs. Consider first the case S EN NS Sl C W p— when
scosf rcos(f — 6g) _ 1 1
(]3(179,572) qg(l,H—HQ,r,z—zQ) q~5(1,9,5,z) q/N)(l,H—&Q,r,z—zQ).
We find
1 1 s2sin”
3B o@lv,.00 = (= + Y- =2, 3.21
o0 =G T a0 tar s \' T B(10,5) 2
Using (3.18), (3.21), (3.19), the determinant of the Hessian matrix equals
1 1 2 scosf —1)?
( = - ) x L2 ) V4,.2=0 (3.22)
#(1,0,s,2) 91,0 —bq,r, 2 — 2q) ¢*(1,0,s,2)
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and on the support of the symbol o1 5. the second factor in (3.22) takes values in [c?(¢1),1]. The unique
(s,9)

" . . "
critical point w.r.t. z reads as z. = zg X TGO FOra=05)"

Lemma 3.12. When 7 X ((5(1791,372) + &(1,9—0(;;1,732—2(9)) > M for some M > 1 large enough, the usual
T

stationary phase applies for 0,z near the critical points and yields |}"(ufhe’h)(Q,Qo,7')| S T owhen t ~

q~5(1, 0.—0g,7, 2c —2Q) —|—zj~>(1, 0c,$,2.). For z,0 outside a fixed neighborhood of the critical points the previous
estimate still holds.

Proof. We let j = 0 for simplicity. When 7 x (&(1,91,3,@ + é(l,a—e(;,r,z—ZQ)) > 7€ for some € > 0, the

stationary phase obviously applies with large parameter = 7¢ : then F (u# ne.n) (@, Qo, T) takes the form

T2 et =®)zc 00 5 hc(() ,T) 1 1

-1
¢(1,9—9Q,r,z— Q)9 ( 0 8,2) <q?)(1,9,s,z) Jrg?)(l,H—GQ,T,z—zQ))

O(= :

61,0, —0g,7, 2 — 2Q) + g{)(l, Oc, Sec, 2)

for some new symbol & . which reads as an asymptotic expansion with main contribution o; . and small pa-
TG0, he(0,2,5,T)
—GQ,T',Z—ZQ)+¢(1,9,S,Z)7
for t ~ (/;(1, 0. — 0g,7,2c — 2q) + é(l,@c, 8, zc) this allows to conclude using the integration w.r.t. 7. For
t that doesn’t satisfy this condition we conclude by integrations by parts, finite speed of propagation and
support properties of the symbol. If we replace ¢ by some large constant M, the main contribution of
F (uo he, (@, Qo, ) can be bounded in the same way, but we need to bound the remainder terms as follows

]'—(Uo hen)(@; Qo, 7) =

Zc,0c

— 00

) (3.23)

rameter < 77¢ . As the main contribution of ]-"(uffhe’h)(Q, Qo, T) can be bounded by RN,

2 . 1 1
= = X T ( = + =
¢(179_9Q7T7Z_ZQ)¢(1797872) ¢(1797872) ¢(1,9—9Q,7’,Z—2Q)

)y
for all N > 1, which is enough to conclude. For j < j(s, h) we conclude in the same way.

Let now z, 8 outside a fixed neighborhood of the critical points. If moreover |z| > 2t, the phase 7(t— ®) is not

stationary w.r.t. 7; let |2| < 2t such that | = —1] > ¢ for some fixed constant ¢ > 0. If7'~¢ > M,
¢ o(1,0—0¢g,r,z—2qQ)

. . zQ 2z _
for some large M7 > 1, then we make repeated integrations by parts as 70,® = o SN — ( 1). Let

[E2e] _ 1 1 2Q
T¢~5(179—9Q77’72—2Q) <My As 70 = T(&(Le,s,z) T %(179—9@?72—2@)) ¢(1 0—0q,rz—2q)’ then if Taz(b 2 M,

for some large constant Ms > 1, repeated integrations by parts allow to conclude; 1f instead, 70,P < M
then

M 1
Py C-—— : 1
T (L0002 20) (Gaens T iesteriia)

and we directly obtain, using the size of the support of the integrand (z,6) (with 6 bounded)
2 ]\41+]V[2>< P12 <1

‘FU k) /S"""’ )
Pl )@ QoI S 5= x5

where ¢; = ¢(1,0,5,2) and ¢ = ¢(1,0 — 0g, 7,2 — 2zg). Similar arguments hold for all j < j(s, h). O
1 1 : 7
Lemma 3.13. When 7 X ((;(179)5@) + za - ZQ)> < M estimate (3.23) still holds for t ~ ¢(1,0.

9Q7T7 Ze — ZQ) + é(lveca S, Zc>~

Proof. For |z/z. — 1| > ¢ we may proceed as in the second part of the proof of the previous lemma. Let
therefore z/z. € [1/4,4] and make the change of variables z = z.Z. Then

1
T0=® = 72:0,®| sz = T2 . 2Q (E-1) =12} ¢1

TZ =E-1).
¢2 @by b1+
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2
Using (3.18), we obtain 702®|z— = 722029|,_,, = = T((z% + %)23%7 where, from the support properties of
1 2 1

the symbol, the last factor is bounded from below by a fixed constant. If 7'((2% + d%)zf > M, we apply the
1 2

stationary phase near Z = 1 only with respect to Z (and not with €) as in the previous lemma and, using
that 6 belongs to a compact set, we find the following uniform bound

2 11 T L1 \1/2
Ful Q0T S e X e x TV ()2 T -+ = 3.24
Ffhen)@QunI S s xze x4 2) g st (4 2)) T (329)

. . _ 1 _ 1 < ) i< g )
and we conclude using the hypothesis 7 x <¢(179,S’Z) + ¢(170_9Q)T72_ZQ)> < M. Same for all j < j(s,h). O

Same sign, P in the illuminated regime of (g, Q). Consider now the situation Sf;(ieg’)l = N(Z?’fne‘;_egz)*l.

The formula (3.18) remains unchanged and 8§’Z<I> is strictly positive. Moreover, from the support condition
of 1,ne we have scos@ > 1 then rcos(6 —6g) > 1 and in (3.20) we obtain a lower bound for the sum of the
first and third terms at the critical points as follows :

scosf rcos(f — 6g) S 1 1

#(1,0,s,2)  &(1,0 —0g,1,2—2q9)  &(1,0,s,2) (1,0 —0¢g,7,2—2q)
and we can proceed exactly as in the previous case.

Remark 3.14. Notice that the positivity condition scos® > 1 is equivalent to cos@ > cos0,., where 0, =
arccos(1/s), which in turn assures that the point P belongs to the illuminated region of Q (as 6 < 0.). When
both conditions hold (cos® > 1/s and cos(6 —0g) > 1/r), the point P belongs to the illuminated regions from
Qo and Q. In fact, the line QoQ is tangent to the boundary when arccos(1/s)+arccos(1/r) = 8g : if P € 9Q
is such that the cosine of the angle between QO and OP is larger than 1/r, then the point Q belongs to the
illuminated regime of Qo. As such, the previous case when £(scosf —1) >0 and £(1 —rcos(d —0g)) >0
corresponds to points P which belong to the illuminated regime of only one of the two points Qg and Q. In
the last case scosf —1 < 0 and 1 —rcos(6 — 0g) < 0 that will be dealt with in the remaining of this section,
P does not belong to the illuminated regions of Qp, Q.

Same sign, P in the shadow regime of Qy, Q. In this case we do not have a lower bound for the
reos®-6) _ _ L 4 L 4 ssinf iy the expression
b T e b1 p
(3.20) yields the following form for the determinant of the Hessian matrix at this critical point :
(i N i) y (1— fcos9) < ‘(i N i) (1— fcosﬂ) B 21/;3
o1 b2 b1 1 @2 b1 o7
Lemma 3.15. At Vy ,® = 0 the following holds
Y5 1 (1—rcos(d —bg))

determinant of the Hessian matrix as before. Replacing
|v, .®=0- (3.25)

r(r— cos~(<9 —00)) S r(r— 1).

¢§ <l~52 P2 ¢% = é%
0P L (scost) _ s(s—cosd) (s~ 1)
R 7@

The lemma is a direct computation. Taking the sum of the terms in the left hand side and using that

$; =i\ 1+ o for j € {1,2} and (1‘551059) - “‘“0;(29‘9@” yields, at Vg .® = 0,

(21%73 B (i N Ni) (1-— fCOSQ)) - s(s; 1) N r(r; 1)
o5 ¢ P2 ¢1 o 5
which further induces the following lower bound for the determinant of the Hessian matrix
1 1 1-— —1 —1
(T+~—) " ( fCOSQ) " (s(s~2 )+r(r~2 ))
é1 P2 ®1 b1 o5
From now on we may proceed as in the proof of the first case, applying the stationary phase when this

determinant is sufficiently large and obtaining bounds using the size of the intervals of integration when the
stationary phase fails to apply. Thus, we obtain the equivalent of Lemma 3.12

)
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1 1 1/2 s(s—1) r(r—1) 1/2>M I M 1
R+ Atamre) | ) 2 M for some e M > 1,

the usual stationary phase applies for 0,z near the critical points and yields |‘7:(u2)%he,h>(Q7Q07T)‘ S 7 for
t o~ qg(l,@c — 00,7, 2c — 2q) + (]3(1,96,572'0). For z,0 outside a fized neighborhood of the critical points the
previous estimate still holds.

Lemma 3.16. When 7 x (

Proof. The main contribution of F (u# ne.n) (@, Qo, T) after applying the stationary phase is bounded by

2 1 1\-1/2 -1 — 1)\ —1/2 1 1/ ¢
~T~ X T_l (T + T) (S(S~2 ) + r(r~2 )) 5 = T — X _— —|— —_ (ﬂ + @).

102 ¢1 P2 (o5} 05 ¢1 + P2 $1 po s Ar

On the support of o1 . we obtain the desired estimates. We let the other situations to the reader. O

When 1 < j < j(s,h) the phase is the same, only the symbol comes with non positive powers of 2/ : to sum
them up, notice that the phase is stationary in 7 only when ¢ ~ |z| ~ 275, hence for a finite number of j. O

4. HIGH-FREQUENCY CASE. PARAMETRIX AND DISPERSIVE ESTIMATES FOR d(Q,99) < V2 -1 AND
d(Qp,090) < v/2 — 1, OR FOR d(Q,0Q) > /2 — 1 AND /1 — 42 ~ 277 wiTH 727%d(Q,00) < 1

In this section both @ and Q¢ are close to the boundary and ¢ > 0. For convenience, we will assume this time
that s < r < /2. Denote R(Q,Qo,7) the outgoing solutions of the Helmholtz equation (72 + A)w = dg,,

2
wipn = 0 with Qo = (s,0,0) where we recall that, in cylindrical coordinates, A = 02 + % + ‘3—2 + 0%, Then
the solution of the wave equation with initial condition (ug,u1) = (dg,,0) is given by

u(QaQOat) = /; eitTR(Q7Q07T)d?T' (41)

For a given wq(r, 0, z), the solution to the inhomogeneous equation (72 + A)w = wq reads as

w(T,r,0,2) = / ey " et / G (7, 7, k(0 7)) 7200 (7, n, 9) did,
R 1

nez

where the kernel G,, is symmetric w.r.t. r,7 and, for r > 7, it is given by

G (r, 7, K) = %(m:)*% (J,L(m) — }]I’;((’;)) Hn(fn)>Hn(rf<:), .
™, 1 (— . ﬁn(k‘) ~ '
— E(T?“) 2 (Hn(’l“l{) — (k) Hn(TK)>Hn(TK).

Here J,,(2) = 3(Hn(z) + H,(2)) denotes the Bessel function and (9, 7) := v/72 — ¥2. As n is an integer,
H_,(z) = (-1)"H,(#), therefore G,, = G_,,. Taking wy = dg,, Qo = (5,0,0) and s < r yields 7 = s and

R(Qv QOv 7—) = 52 A eiZﬂ Z eineGM\ (Tv S, /43(797 T))d’ﬁ
neZ

Let 19,1 € C§° as in Section 1.0.1 such that vy is equal to 1 on [1/81,1], and to 0 on [0,1/100], ¥ €
C3°(1/4,4) is equal to 1 near 1 is such that 1 —0(8) = 3,5, %(2% ) and 0 < ¢, ¢ < 1, and set

R;(Q,Qo,7) = 52/ e’ Z (2% (1 — (9/7)2)) G (r, 5, 6(3, 7)) dY,
R nez
for j > 1 ; for j = 0, replace ¥ by (1 —~2).

Lemma 4.1. Fiz 0 < hg < 1 small enough and let h < hgy. Let x € C§°(1/2,2) valued in [0,1] and equal to

1 on [%, %] There exist a constant C > 0 such that for all 1 < s <r <~/2 and all t > 0, we have

1Q.Quut) = [ X (IMIR(Q. Qo) < . 4.3
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Moreover, for j > j(r,h) with j(r,h) defined in Definition 2.3, we have ijj(r,h) I(Q,Qq,7) < %, where
P(Q.Quh) = [ xRy (Q, Qo )i (14)
0
In the remaining of this section we prove Lemma 4.1. Let k = s(¢,7) = v/72 — 92 and set

- o B o ™ Fn(ﬁ)
Tirs (s Hn(re), G (s, /) = o g s

Substitute (4.5) in (4.2) and denote R* and I*(Q,Qo,7) the corresponding contributions, respectively, so
that I = IT4+1~. Let xo € C§°(—2,2) valued in [0, 1] and equal to 1 on [—1,1] and x4 (¢) := (1—x0(£))1+r>0-
Consider n # 0 and write [* = Z*e{o,i} Ii, where, for x. € {Xx0,Xx+}, n > 1 and j > 0 we define

. S . T2 — 92
[iﬂm ::/ eltTX(hT)/ezzﬂx*(( T
0

n
and set IF = 2250 2uneN\ {0} (emf4e~) [F:m7 for some small € > 0. Then I/ = 2 Dowc{04}) 2on cos(nB) I£m4.
Then V72 — 92 /n < 1—e, V72 — 9% /n € [1—2¢,1+2¢] and /72 — 92 /n > 1+¢ on the support of x_, X0, X+-

Gy (r,s,k) =

H, (sk)H,(rk). (4.5)

— 1)/5)82w(22j(1 - (ﬁ/T)Q))GTiL(r, s, k(0, 7))dddr (4.6)

In the following, we look for upper bounds for \If**”ﬂ first when s < 7 < v/2, then for » > v/2 and j > j(r, h)
and check that the sums over n, j remain bounded by C/(h?t) for some uniform constant C' > 0 independent

of the parameters. We may assume that n > ng for some large ng, as, for bounded values, the result is
trivial. We start with the main part Ii which corresponds to values p := (V72 —92)/n > 1+¢. Let ¥ = 7

then p=714/1—9%2/n>1+c¢. Let p € {p,rp,sp}. With &, given in Lemma 6.1 we get from (6.3)

o) ~ajn 2675 (O b4 38N [T (0 + 0 F 0 300, ) (ndEo) ), @)

_ 2
1=» 320

Wl

Ap0FE(E) i (= () (14 0((nd (), i nF(R) > 2.

On the support of the cut-off functions in (4.6) for * = +, the symbol of I)i»nyj becomes
FEni(y s, p) i notxhoaxh S (VT = 1)/e)

599 . T T :

- (rs)} ((rp)? — ¥ ((sp)2 — 1)1

where ¥4 are asymptotic expansions with small parameter n~! and with main contribution obtained as a
product of ag in (6.3) and ¢ in (6.1) hence elliptic. The phase functions of Ianﬁ , denoted ¢, read as

Se(r s, p,n)TX(hT)Y(27 (1= 77)),  (4.8)

rot = tr 4 —n(foln ) F folsp)), folrnp) = 2(=Co0)* —2(=C)E. @)

/1 —~2 .
where we recall p= ; 7~ The phases ¢ of Ii’"ﬂ are stationary when V. . (7¢;5) = 0, that is

v (filr,p) F fl(s,p)))
V1—72? P

where f1(r, p) == /(rp)2 — 1 — /p? — 1 and where the derivative of f, is obtained from Lemma 2.5.

. (4.10)

Or(ron) =t+ 27— g(h(r,p) F fi(s,0)), TOy G = (2 +

Lemma 4.2. There exists C > 0 so that for all /2 > r > s > 1 the following holds Zn>n0 >0 |I>a”*j| < &

A2t

For v > s with r > /2 and for j(r,h) given in Definition 2.3 we also have Zn>n07j>j(r’h) |I;a"’j| < %
—n,J 9] _ A2 25 (1 _ ~2)) — 2
Proof. We focus on I.;™7. Let ¢ :=274/1 — 42, then ¢ € (1/2,2) on the support of (2% (1 — %)) = 1 (¢?)

and |y| > 1/4 (when j = 0 there is no need to change variables). Let ¢, ; = ¢;|’y:\/7¢2 for o ~ 1. As

1—2-2i
r > s and p > 1+ ¢, the factor depending on r, s, p in (4.11) is uniformly bounded by 1/p.
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Let first 1 < s <r < +v2andt ~ |z]. If 2’2_j|z| 2 1 then 7|0,6, ;| = T\g—;&,(b;ﬂ ~ 12722 2 1/h :
repeated integrations by parts yield O(h™V(2727|z|)=) for all N > 1, hence for small r we find
2—2j y 82 hN(2_2J|Z|)_N
no(rs)/2 ((rp)? = 1)V4((sp)? — 1)1/*
Take N =1, then 35 5/, Doozi<po 272 /(np) x h(2%/]2]) < ﬁ Doz 2 X277 /W < %‘1/}1) where we

1
15" (Q, Qo W) S 55 % (4.11)

used (np) ™! =27h, n < 279 /h and j < log,(1/h). Same computation with N > 1 yields > o2t Iy ’J| S
w. For 27%7|z] < 1 we have again, |1 ’”’J| < & 2n;J and 32, o /p D 0252 2 3/(np) <

D025 4| 272t h x (279 /h) < D020 27 2 < 1)|z| ~ 1/t. If t/|z] & [1/2,2], repeated integrations by
parts in 7 yield the same kind of bounds with additional factors AN for all N > 1.

Let now 7 > /2 and s < r such that 727 3/r < 1; since the phase is stationary w.r.t. v when |z| ~ 2,
it follows that, if 727%|z| > 4, we may integrate by parts in ¢ (in which case the remainders may be
dealt with as before) to conclude. Let therefore 727%/|z| < 4. We notice that when t > 4(|z| + 277)
the phase 7¢, ; is not stationary in 7 : in this case we integrate by parts in 7 and obtain an upper
bound for |I>;;"’j| of the form (4.11) but with A" (2727|2])~" replaced by (h/t)N. For N > 1 gives

—2 h" log(1/h T S
Don<2-i/hy>iemm i mi| < h h2t <27 /h,j<log(1/h) % < % (where we didn’t use that j > j(r, h)).

12~

Let 2| ~ 297 and ¢ < 4(|z| + 29r) ~ 4|2/, then we have again |I; X575 | < ﬁn—;j and we are left to estimate

the sum over j > 1 satisfying 7274 |z|, 727397 < 1. If moreover 2-%/|z| < 1, we find

- 1 272 Co1 i 279 1
> I vﬂ|§ﬁ > —— xnh2! = o5 S oh2 QWXTSW' (4.12)
1<2-3 /(nh),j>j(rh) n<2-3 /h,2-2i|z|<1 272<1/|z|

, N s,
When 27%/|z| > 1 we bound from below %85,@; il Ba6m > ZTJ‘Z‘ The stationary phase yields
: y

=0 ~
[ n] . i T¢7 (T/h) 1/2

an
2
,/82¢n;|a¢¢51

where J ™9 (r, 8, 57) is the symbol with main contribution J ;™7 introduced in (4.8) and where h277 comes

from the factors 272 x Lx (4.13), notice that

the phase is stationary when t ~ |z| ~ 277, As 274 |z| < h, then |z|*/? < h'/22% and

1 h1/2‘z|1/22—2j+y
o =s

~ h2t n

+h2*j0((2*2j|z|/h)*°°))d7-, (4.13)

(Fmitrs 57—

1 . .
| < x nh2l < — o h?2%  h? > 29 <hy VS, (414)

no<n,29<1/(hn)

where we used that n < 277/h on the support of x4 . Notice that the condition j > j(r, h) was particularly
useful here in order to obtain the sharp bounds in (4.14). In the same way one may deal with I;a"’j and
obtain similar bounds. The proof of the Lemma is achieved.

Ifo’"»j whose symbols are supported for ~V 2772 € [1 —2e,1+ 2¢]. For each j > 1,
1/3

Next, we turn to

it will be convenient to take 7277 = n 4+ n'/3w : on the support of the symbol of Ii;”’j we now have
wn=2/3 € [~2¢,42¢] and 277 /h ~n > 1 as 7 ~ 1/h. Write again 1 = > sefo,4y Xx(w) where x4 (€) =

(1 = x0)(¥)11¢>0 and denote I)i’;(] the corresponding integrals (defined as in (4.6) but with additional

cutoffs x. (712/3(7”27;’92 —1))). We deal separately with the cases w > 1, |w| < 2 and w < —1.

+,n,
Lemma 4.3. For1 < s < r < /2 we have Zn2n07j21 |IXO7;<1

and j(r,h) as in Definition 2.3 we have 32, <, s (. p) |1t o

< 7, % € {0,4}. Forr > s withr > V2

< 75 * € 0,4}

Proof. On the support of x4 (w) we may proceed in a similar way as in Lemma 4.2 as the same asymptotic
expansions hold for the Hankel factors; as the computations are similar (modulo the change of variable w.r.t.
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7) we focus on ;"7 with symbol xo(w). The expansion (4.7) still holds (with the simpler form (6.5)): when

n?/3(=C(p)) < 2 (with p € {p,rp, sp}), the Airy factors don’t oscillate and may be brought into the symbol.
Let first 1 < s < 7 < /2 when the last inequality holds. The phase of I;’"’j equals 7(t + z4/1 — 2721 p2),

) (0,X0
and taking 7 = %(n + n!/3w) we are reduced to obtaining uniform bounds for

2 i —— 9 9 9—2j+j
: 5)1/2 /ez%(nJrn 13w)(t+24/1-2" 2 p )X(h;(n+nl/sw));(n+nl/Sw)w(@)xO(w)n_2/3+1/37dg0dw,
s

(4.15)
where the factors 2-2+9 22 come from v — ¢, T — w and where n ~ 22 For t < h™'/3, the sum of all
contributions of the form (4.15) may be bounded as follows

. i h1/3 1
—n, 2/3 - 5/3
DLl X e > @M< S S (4.16)
s jyn~2=3/h j,h1/329/3<1

For t > h~'/3 satisfying t > 2|z|, the phase is non-stationary w.r.t. w ; integrations by parts with the
large parameter 2/n1/3 ~ 221/3 /h1/3 yield a contribution O((2/n/3/|t|)~N) for all N > 1 and we conclude.

For h='/% < t < 4|z| we have I—i‘ < % and we apply the stationary phase in both w,p: let ¢, , ; =

%j(n + n1/3w)(t + 2y/1 —2723p2?) then anqS&n,j = 0 and the determinant of the Hessian matrix equals
(312”W¢67n’j)2 ~ (279n1/3|2])? for ¢ ~ 1. If 279n/3|z| > h=¢ for some small € > 0, we find, for small r, s,
‘ n2/3 97 ‘ n2/3
—,n,j < - —J 4/3 00\ <
Z IIXO»XO| < Z 2*jn1/3|z| ~ Z |Z| x (2 /h) (1 +O(h )) ~ B2t :
Jj,n2ng j,m~2=9/h j,20<1/h
If 277n'/3|z| < 2h™¢ then we bound the sum of [I;%7] as in (4.16) by 2 jim~2-i/h n?/3 and use that

27j/3/h1/3 ~ nl/S < 2j+1h*€/|z| which gives Z 23 /h n2/3 < hQI‘Z‘hQ/Sfe Z]‘ 2j+174j/3 5 h2h/23t—g

Jyme

Let now 7 > /2 such that n®3(—((rp)) > 1. If moreover n?/3(—((sp)) > 1, then both Airy factors
A(n2/3C(rp)), A(n2/3¢(sp)) do oscillate and we may proceed as with x4 (w) (the only differences with the case
X+ are the absence of the phase functions of H,,(np)/H,(np), which means replacing fi(r, p) by v/(rp)? — 1,
and also the fact that the factor depending on r,s,p in (4.14) may not be bounded but at most n1/3).

Consider n2/3(—((sp)) < 2, then |H,(nsp)| ~ n~/3 and the symbol of I;;"J becomes

§*%o(r, 5, p, 1) 2 L 9ipl/3
et w)x(h=—(n + n*3w))=(n +n'/3w)2"2 -
R o N (4 ) D o 2

1 1
—2X3—%§

J;O’f;’g(r, $,p)i=n
where the elliptic symbol ¥ is an asymptotic expansion with small parameter n~! and with main contribu-
tion obtained as a product of ag in (6.3), og in (6.1) and H,,(nsp)n~1/3 x %. The factor ((rp)? —1)~1/4
is always bounded by n'/6. The factors 27 (n + n'/3w) x 2727 x 2/n'/3/p occur from the changes of vari-
ables ¥ — 7y, v = o, T — w. If t < h~/3 we conclude as in (4.16). Let t > h~'/3. The phase Ponj =
T(t+2z/1 — 2*2j¢2)7%n(75(rp))3/2 is not stationary for z such that 7277|z| ~ 2/nx27%|z| ~ 27n|z| > h~¢
for some small € > 0 and we perform repeated integrations by parts to conclude. If 27/n|z| < 2h~¢, then for
[t| > 4|z| we integrate by parts, while for |t| < 4|z| we use 277n|z| ~ 27%|z|/h < 2h7¢, 277 /h > 1 to obtain

) 2/3 h1/3 2j+/3 hl—e

—n,J —25+7 -

Z Lohal < Z n*e < 2 Z 2 < n2t
j21m~270 /h n~273 /h,2720 <h1=¢/|2| h2<2-2i<2h1=¢/|z|

Let r > /2 and j > j(r,h): for s~such that n2/3(—(:,:(sp)) < 2 we conclude as before (with an additional factor
1/r in the symbol). For n?/3(—((sp)) > 1, the situation is similar to the one of y, dealt with before. O

+,n,j5 1 ;
Lemma 4.4. For 1 < s < r < /2 we have anno,jzl I>. IX[&J S 33 Forr > s with r > V2 and
1

Jj(r,h) given in Definition 2.3, we also have 3, <, s . py |24 I;—LO’;J_ S g
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Proof. Recall that 1 — 42 = 27272, with ¢ ~ 1 on the support of ¢, and p = 74/1 —42/n = 1+ n=?/3w:
as w < —1 on the support the symbol of IfOT;(]_ then pe [l —g,1— n*2/3]. It will be convenient to use the
representation of G, in terms of Bessel functions J,, instead of H,,, hence the first line in (4.2). We estimate

521 _ Z ¢ind Z/eiﬂ(w:l/?’m (t_zm)x<2jh(n + nl/Bw)) Jn(n(1 +n*%2w))
(rs)t/ n>1 i>1 4 H,(n(1+n"35w))

2 L
X () x— (w)Hp (nr(l + n_gw))Hn(ns(l + n_%w))—(n + nl/?’w)2_23+]n%dwdg0.
P

(4.17)

The Bessel function J,(np) is given by (6.4). The factor J,,/H,, corresponds to the quotient ﬁ(n%f(p)) =

4 2 .3 .
e~ 2im/3 4 g=5nlC(p)? (see Lemma 6.1). On the support of the cut-offs of L%, its symbol has the form

e w2 () () A ) A (e M0 s (ats)

for some symbol ¥_ of order 0. In the case of I}};"»7 one should replace AL (n?/3((sp)) by A(n?/3C(sp)) and

remove the exponential decreasing factor. When n2/3|C(rp)|, n?/3|C(sp)| < 2 we can proceed exactly as for
1;07;(3 with 7 — 1,5 — 1 < n~2/3 small. Assume n2/3((sp) > n?/3¢(sp) > 1 with p < 1 — # < 1, then
1 1

2 11 ~ N N
gomd . S n:°s ST anl(p) R +2nl(snitznlitraiy (4.19)

TP U )T (- o)

As we are assuming C(rp), {(sp) > 0, we have, using Lemma 2.5, %f(s,o)?’/2 — %f(p)?’/Q =—

[2 L= gy <,

2 .
is at most n'/3 when

S
(rs)/2(1=(sp)) 4 (1—~(rp)?)
1—sp~1—rp~n—2/3 while for r,s > 2 this term is uniformly bounded by 1. From now one can proceed
as in the case of I,/ as on the support of x(hr) we still have n ~ 277 /h, the phase is stationary for ¢t ~ |2|
and for 279n|z| > h~¢ we integrate by parts, while for 277n|z| < 2h=¢ we conclude as done previously. [

The phase function of I;EOT;C{ is 7(t + z7) and the factor

2

Lemma 4.5. For 1 < s < r < /2 we have ZnZno,ng'Zi I;E;"’j
Jj(r,h) as in Definition 2.3, we also have 3, ., .~ ny |2+ If’”’j

<ﬁ, Forr > s withr > /2 and

~

< L
~ h2t*

Proof. On the support of I;_’”’j we have p = Tiw < 1—e¢. The symbol of I;_’”’j has also the form (4.18).
For small r,s < v/2 and ¢ > 2(\/5— 1), wewrite l—rp=1—r+r(1 ;p) to deduce that, if p < 1—¢, then the

symbol (4.18) takes the form (4.19) where the factor 5 + is uniformly bounded by a
(rs)t/2(1=(sp)2) 3 (1—(rp)?)4 ‘ 4
constant depending only on ¢ and we conclude as before. When r, s are large (and 7272/ |2| < M, 7279r < M

for large M > 1), we separate the possible situations : the only new one is the case n?/3(1—rp),n?/3(1—sp) >

) s ; s? 1/3 n'/3
1 and r such that r < 1/p < 1/(1 —¢), in which case PERTYEYPRYTS YrmyTS <P < A
we have additional decay from the exponential factors and conclude as before. O

. In this case

5. SMALL FREQUENCY CASE

Let 7 < 1/hg for some fixed hy > 0, small enough. We use again the parametrix in terms of Bessel functions
introduced in Section 4 and keep the same notations. We split I = I* + I~, and for n > 1 large enough,
It = Doee{o,4} Ii, with If* introduced as a sum of I)i’”’j given in (4.6) where x(h7) is replaced by x(7)
supported for 7 < 2/hg. Take ng = 4/ho. We aim at proving that | > If*\ < Clho)/t.

e On the support of Ii, x € {4,0}, and for n > ng we have ng <n < = 1:72 < hio

e On the support of Ii, % € {+,0}, and for 1 <n < ng as /1 —92 ~ 277 and 7 < 2/hg, only a finite
number of j such that 29 < 1/(ho(1—¢)) may contribute. For each j,n on this finite set, the symbols
of I i are bounded and their phase may oscillate only for large ¢ or large |z|. If ¢ is bounded then if r or
|z| are larger than max{4¢, M} for some M > 1 large enough, integrations by parts allow to conclude
(using that the sum is finite); if |2],7 < 4¢ each integral is bounded and we obtain I | < C/(h).

= ny.
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If ¢ be sufficiently large, then if ¢/(]z| + 27r) ¢ [1/8, 8], integrations by parts yields a contribution
O(1/tN) for each pair (j,n) on the support of I;=™7. If ¢/(|z| + 2/r) € [1/8,8], we separate the
cases 272 |z| > M for some large M, when we apply the stationary phase in ¢ = 27,/1 —~2 and we
conclude as in (4.14) or 2727|z| < M, when we bound directly as in (4.12).

e On the support of Ii we have n > 74/1 —+2/(1 — €), hence the sum over n is unbounded but as

n > 74/1 — 2 we may use (6.7) and conclude.

6. APPENDIX

6.1. Airy functions. For w € C, the Airy function is defined as follows : A(w) = 5= [o ei(s*/3+sw) gg.
Let Ay(w) := A(eFT4™/3w), then A_(w) = A, (W) and A(w) = e™/3A, (w) + e "/3A_(w). Moreover,
Ay (w), A’y (w) are not zero for any w € R, while all the zeros of A(w) and A’(w) are real and non positive.
We say that f(w) admits an asymptotic expansion for w — 0 if there exists (¢;);en such that for any j > 0

we have lim,,_,ow ™7~ 1(f(w) — Zf) ciw') = cjp1. We write f(w) ~y, > e’

Lemma 6.1. Let Y(w) := (A (w)A_(w))Y/?, then ¥(2) = |A4 (w)| = |A_(w)| is real, monotonic increasing
in w and nowhere vanishing. We let u(w) := % log(AJrEZ)) forw < —1/4. Then As(w) = S(w)eT W), For
w < —1, the following asymptotic expansions hold

>

3 2 3j 1
B(w) ~ 1 ( Ty oi(-w) T F w) ~1 3= w)? Y ej(—w)” 7, %0 =57 eo = 1. (6.1)
7=>0 3i>0
The Airy quotient ®4 (w) = ﬁig% = ((w)) i/ (w) satisfies everywhere @' (w) = w— ®2 (w). In particular

P, (w) is bounded on (—o0,—1) and @ (w) ~1 (—w)? > s di(—w )*ﬁ do =1, for (—w) > 1 large.
For w > 1, the functions Ay (w) grow exponentially Ay (w) = X4 (w )63“’ , where ¥4 are classical symbols

of order —1/4 and we have ’: Ew; + A7/3 = O(w=°) when w — oo and 12&5; ~1 e2W) yhen w — —o0.
/2

Moreover the Airy function A(w) decays exponentially for w > 1, A(w) ~1 |w|_%e_%w3

6.2. Bessel and Hankel functions. The Hankel function H,(z) is a solution to the Bessel’s equation
w?H! (w) + wH,, (w) + (w? — v?) = 0. The couple {H, (w), H,(w)} is a fundamental system of solutions for
the Bessel equation. The real and imaginary part of H,(w), denoted J,(w) and Y, (w) respectively, are the
usual Bessel function of the first and second type. The Hankel function of order v is defined by ([1, (9.1.25)])

+oo—1m .
H,(w) = / ewsinht=vt gy (6.2)

—00
For large positive order ¥ and w = vp, the Hankel functions have the following expansions that hold uniformly
with respect to p in the sector |arg(p)| < m — €, where € > 0 is an arbitrary number [1, (9.3.37)]:

Hy(up):2ef%<%>%(yf%/l+ % Za )+ v 3A' % Zb v—27) ), (6.3)

7=>0 7=>0
) e 1 .
J,(vp) =2~ F (%_@) ) (V 3 A % Za +u738 % Zb *2] ) (6.4)
j=>0 7>0

Here a;(C), b;(C) are given in [1, (9.3.40)] and ((p) is provided in Lemma 2.5 (see [1, (9.3.38),(9.3.39)]).
When p =14 v"2/3y, v = O(1), w = vp = v + v*/3v, these formulas reduce to (see [1, (9.3.23),(9.3.24)])

21/3 22
H,(v+v'3v) = Z— A, (—2'/30) 1+Za _2]/3 Zb _23/3 (6.5)
U3
j>1 §>0
1/3 21/3 1/3y) V2913 22/ n29/3).
Jo(v+vtv) = ——A(-2 1—|—Z J Zb J (6.6)
Vi i>1 >0

where a;, Ej are polynomials in v given in [1, (9.3.25),(9.3.26)].
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Remark 6.2. The formulas (6.3), (6.4) are among the deepest and most important results in the theory of
Bessel functions. In order to prove (6.4) starting from (6.2) one may chose a suitable contour that yields
Ju(vp) = (2m)7t [ et with ¢(p,t) = psint — t; for v large enough and for p > 1, the critical point

t(p) := arccos(1/p)) is real and the critical value equals ¢(p,t(p)) = \/p?> — 1 — arccos(1/p) = %(75)3/2,
where g(p) is defined as in (2.7). As the phase function of A(VQ/P’CN) equals v(s® +SC~) and has critical points

52 = —( and critical values :I:%(—C)Wz, one obtains (6.4) by stationary phase (see [13] for details).
When the order is much larger than the argument n > w, (6.3), (6.4) reduce to (see [1, (9.3.1)])

T = (59 (1+0h). vaw) = =5 (8) (1w 0Mh), wm1 e

As we consider cylindrical coordinates we deal only with v =n € Z : in view of the well-known relations
H_,(w)=(-1)"H,(w) (see [1, (9.1.6)]), we may consider only non negative values of n in our discussion.
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