N
N

N

HAL

open science

POTENTIAL METHOD AND PROJECTION
THEOREMS FOR MACROSCOPIC HAUSDORFF
DIMENSION

Lara Daw, Stéphane Seuret

» To cite this version:

Lara Daw, Stéphane Seuret. POTENTIAL METHOD AND PROJECTION THEOREMS FOR
MACROSCOPIC HAUSDORFF DIMENSION. Advances in Mathematics, 2023. hal-03606045

HAL Id: hal-03606045
https://hal.science/hal-03606045

Submitted on 11 Mar 2022

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-03606045
https://hal.archives-ouvertes.fr

POTENTIAL METHOD AND PROJECTION THEOREMS FOR
MACROSCOPIC HAUSDORFF DIMENSION

LARA DAW AND STEPHANE SEURET

ABSTRACT. The macroscopic Hausdorff dimension Dimg (E) of a set E C R? was
introduced by Barlow and Taylor to quantify a "fractal at large scales" behavior
of unbounded, possibly discrete, sets E. We develop a method based on potential
theory in order to estimate this dimension in R%. Then, we apply this method to
obtain Marstrand-like projection theorems: given a set E C R2, for almost every
6 € |0, 2x], the projection of E on the straight line passing through 0 with angle
6 has dimension equal to min(Dimy (E),1).

AMS MSC: 28AXX, 31C40
Keywords: Macroscopic Hausdorff dimension; Fine properties of sets; Potential
theory for dimensions; Marstrand-Mattila projection theorem.

1. Introduction

Fractal geometry provide a general framework for studying sets possessing ei-
ther irregular or self-reproducing (deterministic or random, self-similar or self-affine)
properties. Most definitions of fractal dimensions of sets included in R are based
on the local properties (also known as microscopic) of the set. Taking into consider-
ation that many statistical physics models are built on discrete spaces, Barlow and
Taylor |1,2] introduced a new notion of dimension to study unbounded "fractal-like"
sets on discrete space. This so-called macroscopic Hausdorff dimension (see Defi-
nition below) has proved to be useful in quantifying the behavior at infinity of
several objects, beyond the transient range of random walks in Z¢ which was the
original motivation of Barlow and Taylor in [2].

Macroscopic Hausdorff dimension is actually defined for every set (not only dis-
crete) in R [2]. Tt is a discrete analog of Hausdorff dimension, and the word macro-
scopic comes from the fact that this dimension ignores the local structure of the sets.
At the same time, the macroscopic Hausdorff dimension assesses the asymptotic be-
havior at infinity of the sets, so it is very relevant when one is interested in the
description of infinite objects, how they fill the space "at large scale". The macro-
scopic Hausdorff dimension was a key tool used by Xiao et Zheng [17] in studying the
range of a random walk in random environment. It is related to [12] where Khosh-
nevisan and Xiao are concerned with the macroscopic geometry of other random
sets. In |11], Khoshnevisan, Kim and Xiao found out a multifractal behavior for the

macroscopic dimension of tall peaks of solutions to stochastic PDEs. Georgiou et
1
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el [8] solved Barlow and Taylor question |2, Problem, p. 145] by qualifying the range
of an arbitrary transient random walk. The macroscopic Hausdorff dimension was
also useful for studying the large scale structure of sojourn sets associated to the
Brownian motion [16], the fractional Brownian motion [3,[15], and the Rosenblatt
process [4].

In this paper we are interested in building various methods for estimating the
macroscopic Hausdorff dimension. Recalling the fact that macroscopic Hausdorft
dimension is a discrete analog of the Hausdorff dimension, we start by stating the
estimating methods used for the Hausdorff dimension. In most cases, when esti-
mating the Hausdorff dimension of a set F, the difficult part consists in finding a
suitable lower bound for dimy (F). Various methods exist to find lower bounds for
the standard Hausdorff dimension, and it is a natural question to ask whether these
methods have their counterparts for the macroscopic Hausdorff dimension. The
two usual techniques are the mass distribution principle and the potential theoretic
method.

The mass distribution principle, see for instance |7, page 67|, states that if a set
E C R? and a Borel finite measure u are such that u(E) =1 and u(B(z,r)) < Cr®
for every 2 € R? and r > 0, then the s-dimensional Hausdorff measure H*(E) is
larger than p(E)/C, and so E has at least Hausdorff dimension s.

The potential theoretic method is based on an integral analysis: if for some prob-

ability measure u, u(E) = 1 and the integral / / W is finite, then again
R2)2 -

E has at least Hausdorff dimension s. In addi(tio)n to boundZing the Hausdorff di-

mension from below, the potential theoretic method plays a key role in proving the

projection theorem.

The first aim of this paper is to establish similar results for the macroscopic Haus-
dorff dimension. This happens to be very easy for the mass distribution principle,
and follows essentially from previous works. It is much more challenging for the
potential theoretic method, and a careful analysis is needed.

As an application of the new potential theoretic method, we obtain a Marstrand-
like projection theorem, describing the dimension of almost all projections on lines
of sets E € R2. Dealing with the dimensions of projections of Borel sets is a line of
research that has a long history. It started with the investigation by Marstrand [13]
of the projection theorem associated to the Hausdorff dimension. He dealt with
orthogonal projections on linear subspaces and proved that

for every Borel set F C R?, dimg(proj, F) = min{dimyF, 1}

for almost every 1-dimensional subspaces V', where proj,, denotes the orthogonal
projection onto V and dimyFE denotes the Hausdorff dimension of E. Afterwards
Marstrand’s results was proved by Kaufman but using potential theoretic methods
[10]. Subsequently in 1975 Mattila extended these results to Borel sets E C R™ and
almost all V' in the Grassmannian G(n,m) [14]. We prove analog results for the



POTENTIAL AND PROJECTION FOR MACROSCOPIC DIMENSION 3

macroscopic Hausdorff dimension, using the potential theory method we developed
above.

2. Definitions and statements of the results

Here and in the reset of the paper, let (R?, ||.||,) be the d-dimensional Euclidean
space equipped with the L2- norm.

2.1. The macroscopic Hausdorff dimension. For x € R? and r > 0, B(x,r)
denotes the Euclidean ball with center = and radius r. For E C R?, the diameter of
a set F is denoted by |F|.

Let us recall the definition of the Barlow-Taylor macroscopic Hausdorff dimension
Dimg (E) of a set £ C RY, developed in |1,/2].

Define, for all integer n € N, the n-th shell of R? by

So=B(0,1) and S, := B(0,2")\ B(0,2" ") for all n > 1. (2.1)

Like the standard Hausdorff dimension, the macroscopic Hausdorff dimension
Dimy (FE) aims at describing how a set £ can be efficiently covered by balls. Since
Dimyg is concerned only with large scale behaviors, Barlow and Taylor proposed to
study the covers of the intersections F NS, by balls, for every n € N, and the balls
used to cover the sets £ NS, will all be of diameter at least 1. Again this is justified
by the fact that this dimension is supposed to describe discrete sets (so small balls
are not relevant).

To this end, let us introduce, for £ C R?, the set of covers of E restricted to S,
defined by

Co(B) = {{B(zi,r)}lt, - mEN, 2, € Sy, >1, ENS, C UP, Blay,mi)} .
Finally, for s > 0 and n € N, set

7 (E) = inf {Z (;—n> : {B; = Blas, )}, € @(E)} . (2.2)

i=1
Observe that 7¢ is sub-additive, i.e. 72(AU B) < V:(A) + v2(B) for every sets A
and B, but is not a measure (because of the constraints on r;).

Definition 2.1. When 7¢(E) = > (ﬁ)s and ENS, C U~ B(xi,r;), the finite
family of balls {B; = B(x;,r;)},~, is called an s-optimal cover of E N S,,.

The existence of optimal covers is not guaranteed. We will deal with this issue in
Section [l
We are now ready to define the Barlow-Taylor macroscopic Hausdorff dimension.

Definition 2.2. For every s > 0 and £ C R?, define

P(E)=> Ti(E).

n>1
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The macroscopic Hausdorff dimension of £ C R? is defined by
Dimg (F) =inf {s > 0: V*(E) < +o0}. (2.3)

One easily checks that Dimy (E) € [0,d] for all E C R, that Dimp (E) = 0 when
E is bounded, and that an alternative definition for Dimy (E) is

Dimy (F) =sup{s > 0: v*(FE) = +o0o},

where sup () = 0 by convention. It is also standard that Dimy (f(F)) < Dimy (E)
for every Lipschitz mapping f : R¢ — R¢.

A key ingredient when working with the standard Hausdorff dimension is the
existence of s-sets, i.e. sets F C R? with Hausdorff dimension dimg(E) = s and
such that its s-Hausdorff measure H*(F) is finite. We introduce a similar notion for
the macroscopic Hausdorff dimension.

Definition 2.3. Let s > 0. A set £ C R? is called a macroscopic s-set when
Dimy (F) = s and 7°(E) < 400.

We prove the existence of macroscopic s-sets.

Theorem 2.4. Let E C R be such that °(E) = +oco. Then there exists a macro-
scopic s-set E such that E C E.

This extraction theorem is a key ingredient at various places in our proofs.

2.2. Methods to find lower bounds for Dimy (F). For every set B and every
measure /i, pp stands for the restriction of p on B, i.e. pp(A) = u(AN B).

As recalled above, the mass distribution principle is a powerful, albeit simple, tool
allowing to find a lower bound of the Hausdorff dimension by considering measures
supported on the set, see 7, page 67]. We prove a similar result for the macroscopic
Hausdorff dimension Dimy;.

Proposition 2.5 (Macroscopic mass distribution principle). Let E be a Borel subset
of RY and s > 0. Suppose that there exists a Radon measure p on RY such that
w(E) = 400 and a constant ¢ > 0 such that for alln e N , z € S, and 1 <r < 2",

ws,(Blar) < e (o)

E
Then, for alln € N, U3(E) > MS"T() and Dimg (E) > s.

The proof of the macroscopic mass distribution principle is not complicated. Al-
though it was not exactly stated before as we write it, it essentially follows directly
from previous results, and so it is not so innovative.

This is not the case for the potential method below. Let us first introduce the
macroscopic s-energy of a measure.
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Definition 2.6. Let s > 0, and let u be a finite mass distribution on R? The
macroscopic (u, s)-potential at a point x is defined as

;. (z) ::/]R du—(ys) (2.4)

o [le =ylyv1

The macroscopic s-energy of p is

0= [ e //Rwux—y||23)1 (25)

In the case of standard Hausdorff dimension, in the integrals (2.4]) and . the
quantity ||z — y||5 V 1 is simply ||z — y||5. This modification is Justlﬁed by the fact
that Dimg is not concerned with local behavior, so we are not interested in small
interactions ||z — yl, < 1.

Theorem 2.7. Let E be a subset of RY.
(1) If there exists a Radon measure ji on R? such that u(E) = +oo and if

Z 2n£]5(:u\5n) < +00,

n>0
then v°(E) = 400 and Dimg (E) > s.
(2) If v*(F) = +o0, then for all 0 < e < s there exists a Radon measure jif on
R? such that u°(E) = +oo and Z 2”(S’E)Is,€(uf5n) < 400.

n>0

The potential theoretic methods we demonstrated in Theorem [2.7] are very com-
parable to the ones established for the standard Hausdorfl dimension |6, Theorem
4.13]. Unlike the standard Hausdorff dimension case, for the macroscopic Hausdorff
dimension, we consider the measure y is define on R?, and we focus on the restriction
of p on every annulus S,,. For this reason, we deal with sums over n.

2.3. Application to projections. Projection theorems for Hausdorff dimensions
have recently regained a lot of attention after some breakthroughs by M. Hochman
and P. Shmerkin [9] and others, who used these theorems to tackle many long-
standing questions in geometric measure theory and dynamical systems. It is quite
satisfactory that they have natural counterparts in terms of macroscopic Hausdorff
dimensions, as stated in the following theorem.

Theorem 2.8. Let E C R? be a Borel set. Define Ly as the straight line passing
through 0 with angle 0, and projyE as the orthogonal projection of E onto Ly.
(a) If Dimy (E) < 1, then Dimy (proj,E) = Dimy (E) for Lebesgue almost every
6 € [0, 7|
(b) If Dimy (E) > 1, then Dimy (projyE) = 1 for Lebesque almost every 6 €
0, 7].



6 L. DAW AND S. SEURET

As in the standard Hausdorff dimension case, the proof is based on a subtle use
of the potential method and Theorem [2.7]

It can be expected that Theorem[2.8|can be extended in higher dimensional spaces,
and that both Theorem and Theorem 2.8 are useful in other situations that the
one we describe here.

The structure of the paper is as follows. The main three results, Theorems [2.4],
and are established in Sections [4, [b] and [6] respectively. Some necessary
technical properties of the macroscopic Hausdorff dimension are proved in Section

3l

3. First properties of Macroscopic Hausdorff Dimension

3.1. An alternative definition for the macroscopic Hausdorff dimension.
We will use an alternative, easier to handle with, definition for the macroscopic
Hausdorff dimension, based on a simple modification of the 7} quantities. We restrict
ourselves to covers centered on integer points, with integer radii. We show that,
up to a constants, this does not modify the values of the quantities involved in
the computations, and the value of the macroscopic Hausdorff dimension is left
unchanged.

We introduce for £ C R? and n > 0, the set of proper covers of E restricted to
S, by

C.(E) = {{B(xi,ri)}?il : meN, z;, €2NS,, eN", ENS, c U, B(xi,ri)}.

Definition 3.1. For every s > 0, n > 0 and £ C R?, define

=1

vi(B) = inf {Z (55) + (Bi=Blarhl cn<E>} (3.1

and

VI(E)=> vi(E). (3.2)

n>1

Due to the fact that the x; are (multi)-integers, as well as the 7;, the above infimum
(3-1) in v (E) is reached for some cover {B; = B(x;,1:)}iv; € Co(E).

Observe that v is still sub-additive, i.e. v3(AU B) < v2(A) + v3(B) for every
sets A and B.

Lemma 3.2. For every n > 0, every set E C R?, one has
Vi(E) < vi(E) < (2+ VA T(E). (3.3)
In particular, one still has

Dimpg (E) =inf{s > 0: v*(F) < +o0} =sup{s > 0: v*(F) = +o0}. (3.4)
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Proof. The fact that C,(E) g@n(E) implies directly that 73 (F) < vi(E).
Now, let {B(%;,7;)}i-, € C,(E). Each ball B(&;, 7;) is included in a ball B(x;, 7+

=1
m

\/8), where z; € Z°N E,. So {B <xi, [ﬁ, + \/E-D} € C,(FE), and using that

i=1

{ﬂ' + \/6_1—‘ <7 4+Vd+1< (24 Vd)7; (since 7 > 1), one has

> (T Zm> <@Vary (;“_n>

i=1 =1

This holds for any cover {B(Z;, 7))}, € Co(E), so vi(E) < (2+Vd)*'w:(E). O

Lemma shows in particular that the convergence/divergence properties of
v°(E) and v*(E) are identical.

The main advantage of dealing with v*(F) is the existence of optimal proper
s-covers, i.e. covers {B; = B(x;, 1)}, € Cn(E) such that v3(E) = > ", <;—;) :
These optimal covers exists because x; and r; are positive integers.

In our further analysis, the size of the balls of optimal covers will matter, justifying
the following definition.

Definition 3.3. For £ C Z%, n € Nand 0 < s < d, define
T

B2 (FE) := max {1n<1a<x o (B(xi,r;))t_, is an s-optimal proper cover of £ N Sn} .
<i<p

The quantity 82(F) will be important, in particular for Theorem about po-
tential methods and for the projection Theorem [2.§

3.2. Some preliminary results. We first prove two propositions that will be
needed later.

Proposition 3.4. Let u, be a Borel measure on S,, E C R? be a Borel set and
0 < ¢ < 400 be a constant.

B n(E
a) ]fgé%}f% <c forallze ENS,, thenv,(E) > 'ucés )

b) ]f?é%}f %éf)’:)) > ¢ forallz € ENS,, thenv, (E) < (501 + ;/c_l/Z))S

Proof. a) Let {B(x;, 1)}, € Co(E). For each 1 < i < m, there exists y; €
B(z;,r;) N EN S, such that B(z;,r;) C B(y;,2r;), so

tn (B(25,73)) < pn(B(yi, 215)) < ¢ (%)S = 2° (ﬁ)s

Mn(Sn)-

Then,

=1 =1



8 L. DAW AND S. SEURET
which is true for all covers {B(z;,7;)};~, € C,(E). Finally, taking the infimum over
all elements of C,(F), one gets
n(E) = (BN 5,) < c2°3(E).
b) Consider the family of balls
B, = {B(:z:,r) cxe ENS,, red{l,2,..,2"} and p,(B(z,7)) > ¢ (2%) } :
Then
ENS,C U B(z,71).
B(z,r)eBn
Now, we invoke the following 5r-covering Lemma |5, Lemma 4.8|.

Lemma 3.5. Let B be a family of balls in RN and suppose that sup ez d(B) < oo.
Then there exists a countable sub-family of disjoint balls By of B such that

U BclsB.

BeB 1€By

Using the previous lemma, there exists a finite family (B; = B(z;,7;))i=1,..,
disjoint balls, all elements of B,, such that (Jz.z B C U:~, 5B;. The finiteness of
the family comes from the boundedness of S, and the fact that the balls all have a
diameter greater than 1. Up to a small translation of each x; by a vector of length
at most v/d/2, one can assume that z; € Z¢ and that

U B CQ5B (x [rﬁ\/ﬁ/ﬂ).

BeB,

With the translations that we added, some balls B € B, may intersect, but this
does not affect our argument.
Using the definition of v (E), one finally gets

< i M—nﬂ/ﬂ < (5(2+ Vd/2))’ Zm: (5:)

< BRI ) B4 VA2)

=1

fn (Sh),

:un(Bz’)

where the last equality comes from the disjointness of the B;s. U

The following proposition guarantees that given a measure p on a set F, there
exists a smaller set F' C F such that the measure p has a controlled local scaling
behavior on F'.

Proposition 3.6. Let E C R? be a Borel set. Then, for every 0 < s < d there
exists a constant ¢, > 0 (depending only on s) and a set ) # F C E such that for
every n > 1,
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() 20(B) < vi(F) < wi(E)
(b) vi(FNB(z,1)) <cs (;ﬂ)s forallz € ZNE, and r > 1.

Proof. Let E C R? and set for every n > 1

_ 1, ey S E N B(z,7)) ;
F, = { €ENS,: ma Ty 5(5(2 + Vd/2)) } :

Using Proposition [3.4] (b) applied to the set F}, and the measure pu,(A) = v (ENA),
one gets

pn(Fn) < (5(2 4+ Vd/2))°571 (2 + Vd/2)) pa(Sy) = ;un(E)

Then i, (E\F,) > 2pa(E), i.e. as soon as E'N S, is not empty, (E\F,) NS, # 0.
Finally, the set ' = U E\F, satisfies the two conditions mentioned above, with

n>0

the constant ¢, = 5(5(2 + V/d/2))*. O

3.3. Proof of the mass distribution principle : Proposition For n € N,
let {B(xi, 7))}~ € Co(E), then

s, (BN Sy) < s, (UB Tiy T ) < Z“\S (xi,7i)) CZ

Taking infimum over all proper covers {B(xz;,r;)}.-, € C,(E), one gets

ENS,
c
E E
Then 7°(F) > Lnzo s, (E) = HE) = 400 and so Dimy (E) > s.
c c

Observe that the same proof works if C,(E) and 7 (E) are replaced respectively
by C,.(F) and v:(E).

4. Subsets of finite macroscopic measure
In this section, we prove a stronger version than Theorem [2.4] more precisely:

Theorem 4.1. Let E C R? such that v*(E) = +o0o. Then there exists a macroscopic
s-set B such that E C E and lim,,_, o Sup,c(o 4 55, (E) = 0.

Observe that we can either work with 7® or v*, since (v°(E) < +o0) < (v°(E) <
+00). We choose to work with ©*, and in this case 85(E) is defined without ambi-
guity.

We start with three technical lemmas, that will later help us extract a macroscopic
s-set and prove the projection theorem.
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Lemma 4.2. Let (a,)n>1 be a bounded sequence of positive real numbers, such that
+o0o

—+o00 +oo
. o B an, Up
nl_l)r_"l_loo A, = ;ak = +o00. For every e > 0, Zl Alre < 400 and Zl A +00.
= n— n=

This is a standard exercise, we prove it for completness.

A
" dx Up,
Proof. Let € > 0. Forn > 2 and € > 0, onehas]/ por E/A A1+e:A1+s'

11 _1/1 1 Ay i
Then, gfz <E—A—Z) :/A1 —ite ZZA?E So the sumsZAHE are

k=2
A1 d
uniformly bounded and the series converges. Similarly, In(A,)—1In(A4,) = / & <
A, T
Z . Since A,, — +o00 as n — 400, the series Z ak diverges. Also, since
Ag—1 c~ Ar
(an) is bounded, A, ~ A,_; and the series Z A, diverges. O

Lemma 4.3. Let (a,)n>1 be a positive sequence converging to zero, (b,),>1 be a
bounded sequence of positive real numbers, such that ) -, a,b, = +00. Then, there
exists a sequence (¢, )n>1 such that:

(1) either ¢, = by, or ¢, =0,
(2) Zn>1ancn +009,
(3) 2ons10 a7 Cn < +00.

Proof. We assume without loss of generality that 0 < a,,b, < 1 for every n, and
that (a,)nen is a non-increasing sequence.

For j > 0,letuscall D; ={n>0:27"1<gq, <277} and B; = ZneDj b,. We
call d; = max(D;), which is finite since a,, — 0. Observe that the integer sets D,
are arranged in increasing order: d; + 1 = min(D,44). Also, one has

—22 IB; <> anby = ZZanb <Z2 B,

n>0 j=0 neD;

so that Y2 1%0 279 B; =
We put n; =0, j; = 1 and ¢, = 0 for every n € Dy U D;.
Remark that »7 -, 4 anby >1/23°..,277B; = +o0.
Let us call ny the first integer n such that Zn dy41 @nbn > 1/2. Observing that

for n > dy + 1, ayb, < 27', one necessarily has 1/2 < "2 dy 41 Anbn < 1.
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We call js the unique integer such that ny, € Dj,, and we put ¢, = b, for every
n e {d +1,...,n2}, and ¢, = 0 for every n € {ny + 1, ...,d;,}. By construction,

J
1/2 < i Zancn<1.

Jj=j1+1neD;

We iterate the construction. Assume that we have built two finite sequences of
integers (ny)r=1,.., and (jx)k=1,. p such that:
(1) for k=1,...,p—1, jr+1 > ji, and for k =1,...,p, ny € D;,
(2) for k = 1, oDy en =0byifne{d;, ,+1,...n}, and ¢, =0if n € {n, +
o)
1,.

, ..., p, one has

I \)&

(3) o

Jk
D) anen <2/k. (4.1)
jzjk,1+l nEDJ-
Let us call n,, the first integer such that ZZ’:;IJH anb, > 1/(p+ 2). Observing

that for n > d, + 1, ayb, < 2797 < 1/(p+ 1) (since j, > p), one necessarily has

1/(p+2) < 302 anb, < 1/(p+2) +1/(p+1) <2/(p+1).

We call j,i1 the unique integer such that n,., € D;,,,, and we put ¢n = b, for

every n € {d, +1,...,np41}, and ¢, = 0 for every n € {n,11 +1,...,d; ., }. Clearly,
these ny41 and jp+1 satisfy the recurrence properties.
Now, gathering the information, we deduce by (4.1]) that
IS DD VD DRSS SEIE
n>0 k=1 j=jp—1+1nebD;
and, using that a, < 2~7when n > Dj, and that j,_1 > k —1,
YIS SIS DD SIES S SESD S
n>0 k=1 j=jx—1+1 TLGD k=1 j=Jx—1+1 ’I’LED
+00
<> 2 (k+1) < +oo.
k=1
This concludes the proof. ]

The same lines of computations can certainly be adapted to impose ano QpCp =
+o0 and ) - h(an)c, < +oo for any map h : RY — R* such that h(z) = o(x)
when o — 0T,

As a first step toward Theorem [4.1], we reduce the problem to sets that can be
covered by small sets only.
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Proposition 4.4. Let E C RY such that v*(E) = +oo. Then, gwen « > 0, there
eists a set E such that v°(E) = +00 and limy, o sup;co 4 04 (E) = 0.

Proof. Tt is an application of Lemma [1.2]
Call A, = >} _ vi(F) and «,, = A,;'. By assumption, o, — 0 when n — +o0.
For every n > 1, S, can be covered by at most 2a; ! balls of diameter man/?,

Call A, such a family of sets. One obviously has
)< Y w(ENA)
AcAn

Thus there must exist A,, € A,, such that v3(ENA,) > a,v:(E). Then one defines
the set L' as

E=|JEnA,.
n>1
By Lemma [4.2]
ZVZ( Z (ENA,) >Zan ) = +o0.
n>0 n>0 n>0

Now, it is clear that for every n, |E NS, < ! , so by Definition |3.3], for every
t>0

BLE) < al/d.
/d

Actually, this implies more: necessarily 1% (E) < o/, In particular, . (E) — 0 as
n — —+oo uniformly in ¢.
U

Finally, we prove Theorem [4.1]

Proof. Let E be such that v*(E) = +00. By Proposition one also assumes that
limy, 4 o0 SUP,epo g Bn(E) = 0, and that item (3) holds for some o > 0. This two

facts will not be used in this proof, but will be key in the next section.
n

Observe that since for every n v (F) < 1, then A, := Z vi(E) <n.
k=0_
The idea consists in replacmg E by a set E such that v S(E) ~ b,v:(E), such that
D ons1 Vi (E) < 400 but b, is "as large as possible". Lemma [4.2| helps to build such
a sequence.

First, for every € > 0, denote by
B =% vi(E)

n 1+¢
k>n Ak

By Lemma [4.2] one knows that B — 0 as n — oo, for every € > 0.
We build iteratively a non-increasing sequence (&,),>0 C R*, and a sequence of
integers (ng)r>1.
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1
Consider n; as the smallest positive integer such that B, <1 and set ¢, = % for
all 0 <n <ny.
Next we proceed by induction to build (g,),>0 and (ng)g>1.
Assume that n; < ng < ... < n, are defined.
Define n,,1 as the smallest integer such that

L 1
n, < nyy1 and By, < > (4.2)
1 .
Put ¢, = o1 for all n, <n < n,q;. Finally, let
b, = min {1/2, (A,) "1 (4.3)

Then by construction of €,, one has:
(i) e, — 0 as n — 400,

1

(i) By (4.2)), and the fact that B3, "' < B3, < 27k-1

D ban(BE)< ) Z‘LE) <> V’S‘fi) +y > AC/k (4.4)

—

n20 n>0 n=0 An k>1 n=ng+1 Arll+ 2ht1
ni VS (E) 1 ni Vs E 1
< Z = T + ZBT%:-H < L + + Z PNy < +00. (45)
n=0 Agp E>1 n=0 (An)2 k>1 2

Next, we construct a set E C E such that for all n € N, one has

v (E) = bavp (E)] < 277

To achieve this, observe that by Definition 2.1}, S,, contains a finite number of lattice
points, and denote by M,, 4 their cardinality. These points are denote by x; for

1€ {1, ce 7Mn,d}-
Consider the following function:

gn:{O,l,...,Mn,d} —)R+
m— v, (UEﬂ B(z, 1)) .
i=1

where ¢,(0) = 0 by convention. It is clear that g, is non-decreasing, and ranges
from 0 to v;(E). Moreover, for all m € {1,..., M, q— 1}, if {B(y;,r;)},_, is an

s-optimal cover of UE N B(z;,1), then {(B(yj,rj)ﬁ:l , B(@m1, 1)} is a proper
i=1
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m—+1
cover of U EnNB(x;,1) (not necessarily optimal). Using these two covers, one gets
i=1

gn(m +1) = gn(m) < (Zp: (;-;) + ;) - zp: (;—;) <27,

Hence, g, has only small increments.
Recalling (4.3)), 0 = ¢,(0) < b3 (E) < v3(E) = gn(M,, q), so there must exist an
integer m,, € {1,..., M,, 4} such that

bV (E) < gn(my) < by (E) + 277
Put

En:UEﬂB(xl, and F = UE (4.6)

i=1 n>0
Then by construction, ECE , and for all n € None has
b2 (E) < V3 (E) < b2 (E) + 277
And so, by (4.5 ,
Zy <Z by 2”3)<+oo.

n>0 n>0

To complete the proof, it is enough to show that for all € > 0, v _E(E) +o00. To
this end, fix £ > 0, and let (B(x;,7;));~, be an optimal (s — )-cover of ENS,, and
assume that for this specific cover, 83~ ‘5( F) is reached, i.e. there exists i € {1,...,m}

such that r; = 2"35~¢(E). In particular, v*~<(E) > (85<(E))*.
One sees that

) =30 () = Y () B 2 (B (B @)

i=1 =1

Two cases are separated.

- s(E
On the one hand, If 527¢(F) < ¢ V’;i ), then (4.7) yields
" A e/s " A e/s
s—e(E) > [ S(B) > | b V(B 4.
Bz () Bz () hen e
L B m)
— Arll-i—sn—s/s - A}L—Fan—a/s

where the fact that v5(E) < 1 has been used in the last step.
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vi(E

A

On the other hand, if 35<(E) > ¢ , one has

- - s(E 1—¢/s s(E
oA (E) > (B > L 5 S0

Finally, using the fact that €, — 0 together with the lower bounds (4.8) and (4.9),

- s(E S(E
one gets that for every large n, v3~¢(E) > % By Lemma , Z ValB) = 400,

n
n n>0 f4n

(4.9)

hence °*~*(E) =3 5, v~ (E) = +00.
This holds for every € > 0, so Dimg (E) =s. O

5. Potential Methods

5.1. First part of Theorem Consider F C R?, and assume that there exists
a Radon measure p on R? such that pu(E) = +oo and ZQ”SIS(MSR) < 4o00. We

n>0
prove that v°(E) = +o0, which implies that 7°(F) = 400 and Dimgy (E) > s.
For n € N, we write p1,, = s, and define

dty, n (B(z,
s ::/“—(i{) and F, = xGEﬂSn:maxwgl
i R Hfo—?JHle r>1

pn (B(2,72))
(55)°
/ dpn(y) >/ dpnly) o pn (Bl 1a)) 1

B(z,rg

O e AV R RN AV e T

For every x € Ef, there exists an integer 7, such that

o () =

tn(Ey), which implies that

1
Then L) = [ 65, (@) (o) = 51
Ef

Z,Un(EZ) < Z 2" I(pn) < +o00.

n>0 n>0
But as EN S, = E, U ES and Zun(E NS,) = +oo, then Zun(En) = 4o0.
n>0 n>0
Moreover, by Proposition a), one has v:(FE,) > @ Finally, v*(FE) =

> om0 Vn(En) = 400 which gives that Dimy (E) > s.

5.2. Second part of Theorem This is the most delicate part. Assume now
that 7°(E) = +o0, and fix 0 < € < s.

Our goal is to build a Radon measure pf on R? such that puf(E) = +oo and
Z 2"(8_5)15_8(;1,]55”) < +00. We are going to build each measure p = pfg .
n>0
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For this, we use the results we previously proved.

By Theoremthere exists a set £y C E such that lim,, 4o SUPsep g BL(E)) =0
and v*(E;) = +oc.

Then by Theorem [2.4] there exists a macroscopic s-set Fy C Ej such that
Dimpg (Es) = s and v°(Fs) < +00.

Consider an optimal (s — §)-cover {B(z;,7;)}i2; of £ N S,. One sees that

)"

1_1< )
3 i)

=1

Mg

(58 5/2(E2)>% S ( ) Bs 5/2 4

=1

€

65 e/2 EQ 1

Ms

where we used that 85 */*(E,) > ;—z Recalling that Dimy (E,) = s, it follows that
Z (5;"L_5/2(E2))i VZ_%(E ) = +00. Moreover as Ey C Ey, then 85 /*(Ey) — 0 as

n>
n — +oo.

Setting a, = ( o/ 2(E2)> " and b, = Vg_%(EQ), one then sees that the sequences

(an)n>1 and (by,),>1 satisfies the assumptions of Lemma . Consider the sequence
(¢n)n>1 given by this Lemma, and define the set E3 C E5 as follows: for every n > 1,

e if ¢, =0, then E5N S, =0,
e if ¢, =b,, then B3NS, = E,NS,.
s—e/2

It is immediate from the construction and Lemma that ¢, = v, '“(E3) and

S (873 i () =
and 3 (875 ()i H(B) < 4o .

4 s—£ S— s—£&
gVn (E3) S Un (E4) < Un 2(E3) (52)
and VZ_%(E4 N B(z,r)) < cs (2%)5_5 (5.3)

for all x € Z¢ and r > 1.
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Define the measures p5 (A) = (6{27% (E2)> ! V{T%(EZL N A). Then by our construc-
tion and (5.2), one has

S U(ENS) =) (62‘3(E2))i v * ()

n>0 n>0
4 § s_¢
>3 (B (B)) i (By) = oo
n>0
We are left to prove that
> 2 () Z?"”/ < (@)dp () < +oo
n>0 n>0

For x € S,,, one can write

. dus
R
s llz=ylly " V1
Every y E S belongs to the ball B(x,2"). For 1 <r < 2" denote by mS (r) =
15 (B(z,r)). By (B.3), one has
me(r) = (@2*5@2))4 v (BN Bn) <o (B(E) (55) T (54)
2n+1
Using the fact that B(z,2"*") = U B(z,r)\ B(z,r — 1), one has
r=1
2n+1
: dyz,(y)
@) <) -

~ JB@m\Bar—1 Iz —yll5" V1

n+1
. dp, (y )

= 42(B(x,1)) +Z/

B \Br-1) |z —yll5~

£

One the one hand, by (5.2)), u5(B(x,1)) < ¢ <527%(E2)> *2-1(=3) On the other
hand,

2n+1

Z/ dp;, (y)
r—o v B(z,r)\B(z,r—1) ”ZL’ - y”;is
2n+1
—Z/f%m)
2n+1

=3 (el v o) [ i)
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r=1
2n+1
§—¢ s—5 4 Hon(s—% g
§05(1+2 . )(ﬁHQ(EQ)) 9 ms=3) El (rz —(r—1)2)

o

< (i Hm)

for some constant C. So

£

@) < e, (B2 () 2D (627 ()
Moving to the integral, one gets
Lec) = [ i) la) < © (B H(E) 2 (B
Finally, recalling (5.1), (5.2), and the definition of ¢, one has
S 29 i) < 3 (5 HE) (B

n>0 n>0

£

9—n(s—¢) < 5 <B¢S;%(E2>> 4 9—n(s—e)

£
4

<O (B m) v () < o

n>0

as desired.

6. Projection of a Set

In this section we are considering the orthogonal projection of sets in R? and we
aim at proving the projection Theorem [2.8|for the macroscopic Hausdorff dimension.

Let us introduce some notations.

For every 6 € [0,2n], call ey = (cos@,sinf) the vector with angle 6, and Ly the
straight line in R? with angle 0 passing through the origin.

Then, recall that projs : R? — Ly is the orthogonal projection onto L.

6.1. Case where Dimy (E) > 1. Let us start by proving item b) of Theorem [2.§|
assuming that item a) is proved.

Consider E C R? with Dimy (E) > 1.

By Theorem , for every p > 2, there exists £, C E such that Dimy (E,) =
1 —1/p. For each set E,, by item a), there exists a set ©,, C [0, 7] of full Lebesgue
measure such that for every § € ©,,, Dimy (projg(E,)) = 1 —1/p. In particular, this
implies that Dimy (proje(E)) > 1 —1/p.

Consider now the set © = (15, ©0,. The above arguments show that © is still
of full Lebesgue measure in [0, 7], and that for every § € ©, Dimy (projo(E)) > 1.
Since obviously Dimy (proje(E)) is always less than 1 (since it is included in Ly),
the result follows.
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6.2. First extractions when Dimpg (E) < 1. Fix a set £ C R? with 0 <
Dimpg (E) = s < 1. The rest of the section is devoted to prove that Dimy (proj,F) =
Dimy (E) for almost every 6 € [0, 7).

Writing Ly = {Aeg : A € R}, we can define the n-th shells inside Ly as S? =
{v=(z,y) € Lo : |[v]]2 € [2"",2"]}. Identifying Ly with R, the results we obtained
before in dimension 1 apply to Ly and SY.

We are going to project 2-dimensional measures onto the lines Ly. For this, let
us define for every n > 0 the cylinders

CY .= proj, ' S°. (6.1)

n

We are going to prove that for every 0 < € < s, the set
Os_. = {0 € [0, 7] : Dimpy (proje(E)) > s — ¢} (6.2)

has full Lebesgue measure. The conclusion then follows using the same argument
as the one used to prove item b). More precisely, from the properties above, © :=
(p>1 ©s-1/p has full Lebesgue measure, and for every 6 € ©, Dimy (projs(E)) > s.
But since projy is a Lipschitz mapping, Dimpg (projg(E)) < s = Dimy (E). Finally
one gets Dimy (projy£) = Dimy (E) for almost all 6 € [0, 7).

Fix0<e<s.

Applying Theorem [2.7(2), there exists a Borel measure p° supported by E such
that

> pE(ENS,) = +oo, (6.3)
n>0
and Z M= (1) < 400, (6.4)
n>0

where (i, is a simplified notation for Wis,, - Observe that in fact, via the finer Theorem
and Proposition , we can impose that lim,,, . x5 (ENS,) = 0.

We need to impose an additional condition on u®, namely that

Z 27"us (ENSy) (i 2F s (B N Sk)> < 400. (6.5)

n>0 k=0

This is achieved thanks to the following lemma.

Lemma 6.1. Let (a,)n,>1 and (by)n>1 be two positive sequences converging to zero,
such that Y o a, = +00 and ) ., a,b, = +0o. There exists a sequence (cy)n>1
such that: -

(1) either ¢, = ay, or ¢, =0,
(Q) ZnZl Cp = +00,
(3) 2opz1 Cnbn < 00,
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Proof. Again, without loss of generality, we assume that 0 < a,,b, < 1. Let us call
Dj={n>0:27"1<b, <27} for j > 0.

Put ¢, = 0 for every n € Dy U D1, and ng =0, jo = 1.

We know that > .., >, p, nbn = +00. We go through each D; in increasing

order. Consider the first couple (nq, j1) such that ny € D;, and 2?;21 Y one p, Gnbn +
ZnED,-

» anb, > 1/2. Put ¢, = a,, for all n € U;gl D;U{n € D;, :n <ny}, and
¢, =0forall n € {n € Dj, : n>ny}. By our choice,

n<ni

. "
I/ZSichbn:hz: Zanbn—l— Z anb, < 1.
j=0 neD; j=2 neD; nED‘jl,nSnl

We then iterate the process: assume that we have built two finite sequences of
integers (ng)k=1...p and (Jx)k=1.., such that
(1) for k=1,...p — 1, jk41 > Jx, and for k =1, ..., p, ny € Dj,
(2) for k=1,...,p, ¢, =an ifn € Ujl;;;,l D;U{n € Dj, :n <mng}, and ¢, =0
for alln € {n € D;, : n > ng}.
(3) for K =1,...,p, one has

Jk
27K < YN b, < 278 (6.6)
J=Jjk—1n€D;
We know that 37, 1 3°,cp. anby = +00. Consider the first couple (rp11, jpi1)
pt1—1 _
such that Mpt1 € Djpﬂ and Z;p:]; ZnEDj nbn + ZTLEDjp+17n§7lp+1 by > 2 L

Put ¢, = a, for all n € U;”jjjl Dju{n e D;. . :n<ny,,}, and ¢, = 0 for all

ne€{n € Dj,, :n > ny} Then, since for all the selected integers n, a,b, <
2-irt1 < 2=(p+1) holds true.

Collecting the information, on one hand one has by
Jk
YD S5 DD DETIED SERLIpeS
n>0 k>1 j=jrx—1 n€D; k>1

On the other hand, since j, > k+1, one sees that for each n € D, for j € {jx_1, ...k},
b, < 27% so again by ,

YIRS BB DD SIS ST DI DITIED e

n>0 k>1 j=jx_1 neD; k>1 j=jk_1n€D; k>1

hence the result. O
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Setting a,, = p5(F), then (a,),>0 tends to zero when n tends to infinity. Define

then
bn =2"" Z Qkak.
k=0

Since Y ;_2% ~ 2", (by)ns0 is a generalized Caesaro mean associated with the
sequence (ay,),>0, and converges to zero when n tends to infinity.
So either > ., a,b, < 400, and is true, or Y o, apb, = +00 and we are
exactly in the situation of Lemma : there exists a sequence (¢n)n>1 such that:
(1) either ¢, = a,, or ¢, =0,
(2) D2 opz1 Cn = +00,

(3) Dnz1 Cnbn < +00.
Setting E = Uns0:a,—c, £ N S, by construction one has 1 (E) = D n>1Cn = 100,

and since pg(E'NSk) = ¢, < ar = pi(E N Sy), one has

Z 2_",qu(E NSy) <z": QkuZ(E N Sk)> < Z Cnbyn, < 400,
k=0

n>0 n>1

hence ([6.5)) is obtained for E. This property will be used at the very end of the
proof of Proposition [6.4] only. It is obvious that if Theorem [2.§] is proved for this
smaller set F, it is also true for the original set.

Finally, observe that, replacing E by U,0 E N Sy, or Unso EnN Soni1, One can
assume in addition to (6.3]), (6.4)) and (6.5]) that

if Sn 7é @, then Sn—l = Sn+1 = @ (67)

To resume this section, we have proved that the original set E contains a subset,
still denoted by E for simplification, and a measure p° supported by E such that

(6.3), (6.4), (6.5) and (6.7) simultaneously hold.

6.3. Final proof of item a) of Theorem [2.8, Consider the set E obtained after
extraction above. For all @ € [0, 7], k > n and A C Ly, we focus on the restriction
of uf on C,(0)

(1) jco (A) := p5,({z € EN Sy : projyz € AN S},

Equivalently for each non-negative function f, one has

—+00

FOAG ) = [ i)

where x.ey denotes the scalar product. Since ey is unitary, we identify x.ey with
projyz, the orthogonal projection of x onto Ly.
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Definition 6.2. The projected measure p*? is defined as p&f = Yot psf where

s =) (1)jcn- (6.8)

k>n

Note that each ;5? is a measure supported on proj,E N SY.
We are going to prove that for almost all § € [0, 7],

Zu‘;’e(projeE) = 400 and Z 2"(5_6)]5_5(/L2’9) < 00. (6.9)
n>0 n>0

for almost all # € [0, 7]. Then item a) of Theorem [2.7] will allow us to conclude that
the set O4_. defined by ((6.2)) has full Lebesgue measure, as announced.
This is the purpose of the next two propositions.

Proposition 6.3. For every 6 € [0, 7],
1 (projpE) = +o0. (6.10)
Proof. This simply follows from the observation that
0 (projoB) =Y i (projeB) = > > (pi)ica(E) = Y p5(E) = +o0,
n>0 n>0 k>n n>0

since the union of the (CY),>; cover R? (there are small overlaps (their borders)
between the C?). Hence the result. O

So the first part of is proved.

Let us move to the second part. Observe that even if *?(proj,E) = +oo, it is
likely that proj, £ has dimension less than Dimy (E). A trivial example is when the
s-dimensional set F is included in a straight line of angle ¢ passing through 0, and

0=¢+m/2.

Proposition 6.4. One has

Eg

Z2ns E)Iss 69)

n>0

< +o00. (6.11)

Proof. Remark that if (6.11) is proved, then ) ;2 2= [ (1u5%) < +oo for Lebesgue
almost every 0 € [0, 7], so (6.9) and item a) of Theorem [2.§ are proved.

We start with the following lemma.

Lemma 6.5. There exists a constant Cy > 0 such that the following holds. Let
x € Sy, for some k> 0. For all0 <n <k, the set J,,, = {0 € [0,7] : x € C?¢} is an
interval modulo m, and |J, | < Co2"*.

Proof. The fact that J, is an interval is obvious.
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Let x = (u,v) € Sk. We study the case where z; > 0, the case x; < 0 being
symmetric. Using polar coordinates, one has x = (7 cos y, 7 sin f) for some 2F~1 <
r<2¥and 6 € [-Z 5, 5] Then the projection of x on Ly is given by:

projyx = (rcos(f — y) cos @, r cos(d — 6y) sin ).
Recall (6.1]), one sees that for 0 < n <k,

reC? = 2" <rcos(f — ) < 2"
2n—1 on
< cos(f —0y) < —
,

= 2"" < cos(f — 6y) < min{1,2" 1}

< 0 € [0+ arccos (2"%) , 6y + arccos (min{1, 2" *"})]  mod .

—

1
Denote by J, . = [90 + arccos (52”'“) , 0o + arccos (min{l, 2”’““})}. The Tay-
lor development arccos(y) = 5 — y + o(y) yields that [.J, .| = 2"7%(1 + o(1)). O

From the proof, it also follows that |.J, | ~ C2"* when n/k is quite small.

Let us study (6.11). One has

> 2 fss(ui’e)]
n>0
Zzns €) I, 5 )] Ao

| n>0

6 0
/ 2n(s €) / / (U) do
>0 S0 Js9 |U—’U|8 E\/l

22"5 0 Z/ dpg () dps5(y) ]d@

Eq

>0 fion ) ENS;NCY /Emskmcg [z eg—y-egl* V1

1+2[2

0 (Ens;ncg)z (@ —y) -eg[= V1

Z / / dpj, () d/é(y) 46
ENS;nCY J EnS,nCy [(z —y)-eqls=V1

k>j3>n

n>

2n(s €)
0

n>
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Starting with I;, one has

L[5 e ]

| >0 k>n WSWCBV

_/07r Zzns E Z// Bnsy)? ]106 )ijz@v 1d’”‘i(x)d“i<y)] a6

Ln>0

100(37 Leo(y)
= on(s—e) // / didu; () dug(y
2L s o T gy v A )
SN // [ / Loccg (0)1yecy(0) dg} Ay () dpi(y)
n>0 k>n (BNSK)? [Ty - €ol*~ lz—ylly " V1

where 7,_, is the unit vector in the direction of # —y. By Lemma [6.5] when z € Sy,
one has 1,cco(0) =1, ,(0). Then

/7" :[Lxecg (Q)ﬂ.yecz (0) d6 — / do
o Ty el Ty 1€0S(Tomy, €0)[*7

By Lemma , the interval J,, N J,, has length smaller than Co2" %, So the
integral above is taken over an interval of length at most Cy2" *. Moreover, as

s < 1, the integral reaches its largest value when 6 close to g Thus

s jus n—k n—k
/ ]lxecz (Q)ﬂyecg(e) 4o < /2+002 do < /002 df _ 02(n7k)(173+€).
0 £

[Ty - o] z_coank [cos(O)]57= T J_gpon-n |07

(6.12)

where C' > 0 is some positive constant. Then going back to I; and using [6.12 one
gets

dpg(x) dug (y)
Il < C 2n s—¢) 2(n k)(1—s+e) // k k
27 s e =yl v

n>0 k>n
_ szszrk s+e—1) // dluk dluk( )
n>0 k>n Ensy? ||z — yH V1
dus (x)d
_szns—‘ra 1) ZQk/ :un Mn( )
>0 Ensw2 |7 —yll5”

< 202 M= (1) < 400,

n>0

which is finite by (/6.4]).
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Moving to 12, the same manipulations as above for I; yield

L= /” Zgn =5 / / dpg () dps(y) "
0 Ens;nc Jensncy [(T —y) eV 1

Ln>0 k>j>n
" n(s— e ]lce ]lce (y) c .
:/ 22 Z / / —dp; () dps(y) | do
0 [n>o0 k>jon ) ENS; mns, [T —y) - el
1 0)1 0 dus (x) dus
—Y 2 3 / / [/ T ) J";’_(E)de] 15 () ,usj_(;g)‘
n>0 k>jon ) ENS; JENS, L0 Te—y - €0 lz —yll5

As before, by Lemma , | Jpe| < 277F and |J;,| < 2777 for all x € Sp N CY and
y € S;NCY). Then, as k > j + 1, the same argument as in (6.12)) yields

/7r Liccy (0)Lyecy (0)
0

do < ¢2n—ki=s+e), (6.13)
|Te—y - €o*™¢ N

for some C' > 0.
Next, we make use of equation ([6.7]) : indeed, it is not possible that p5 and p,  are
simultaneously non-zero. Hence, for x € Sy and y € S; such that j < k and 5 and

15, not both equal to zero, then necessarly |k — j| > 2 and 2872 < ||z — y||, < 2~
This implies in particular that

dui(z)d
/ / i (z Mj( ) CQ—kz(s—e)Mi(E N Sk) H;(E ns;), (6.14)
ENS; J ENS, |x - y”

the inequality being in fact close to be sharp.
Finally, combining (6.14]) and (6.13))), one gets that for some C’ > 0,

I, < C’ Z 2n(s—e) Z 2(n—k)(1—s+e)2—k(s—5)uz(E N Sk) N;(E N S])

n>0 k>j>n

=02 > 27BN S))i(E N Sy)

n>0 k>j>n

:C’Z(i?”)ui(EﬂS > 27F (BN Sy)

7>0 n=0 k>n+1

<O 2 (ENS)) Y 27 ug(E N Sy)

n>0 k>n+1
<Oy 2 EmS)(ZM;(BmS@).
n>0 k=0

This last double sum is finite, because the set F was chosen so that (/6.5)) holds true.
This concludes the proof. O
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